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Abstract

We consider kinetic systems comprised of a large number of interacting particles and dis-
cuss one specific approach to modelling such an object from a physical point of view. The
subsequent kinetic model obtained through this process is a nonlinear integro-partial differ-
ential equation; namely, the Boltzmann equation. We focus, in particular, on the spatially
homogeneous Boltzmann equation for soft potentials (HBESP) and without angular cutoff
and use techniques adapted from the hard potential theory together with classical ideas
to study the instantaneous appearance (generation) and propagation of LP-norms. By con-
sidering solutions over a fixed interval of time and with sufficient assumptions regarding
their L' and L? moments, we are able to demonstrate that LP-norms of solutions to the

non-cutoff (HBESP) are both generated and propagated in time.

Keywords: kinetic theory; nonlinear Boltzmann equation; analysis of partial differential

equations; integro-differential equations; nonlocal analysis; well-posedness
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Chapter 1

Introduction

1.1 Introduction to kinetic models and equations

The aim of kinetic theory, in a general sense, is to describe the dynamics of systems com-
prised of a large number of interacting particles, such as gases or plasmas. The most obvious
approach to this problem is to solve the dynamical system which details the precise posi-
tion and velocity of every particle in the system. Of course, this approach is also highly
intractable, since one would ultimately require knowledge of the system’s initial state and
in most practical cases, due to the typically very large number of constituent particles as
well as their size relative to measurement devices, being able to accurately determine both
the position and velocity of each particle at an initial time is not physically realistic. How-
ever, even though we are physically limited in our ability to measure such quantities, we
will afford ourselves the mathematical convenience of denoting the total state of a system

of N particles at a given time by a vector

ZN = (961,962, -y TN, V1, V2, --~7"UN)7

where z; € R3 and v; € R3 correspond to the position and velocity of the i*" particle
respectively. We then refer to the 6 N-dimensional space of all possible states zx as the phase
space for the system. Now, to account for the uncertainty in any simultaneous measurement
of a particle’s position and velocity, we modify our approach to the problem by instead
modelling the system with a probability density function, f(¢,zxn), such that f(t,zn)dzn
represents the probability that the N particles occupy the volume element dzy of the phase
space at time t. While this kinetic model is more physically appropriate, it still depends
on far too many variables for the problem to be computationally feasible. It is then the
central idea of kinetic theory that for a system comprised of only one particle species, one
may consider as a kinetic model for the entire system, the one-particle marginal density,
f (1)(75,:6,11), that corresponds to the probability of finding a single representative particle
at the point (z,v) in the reduced one-particle phase space at time t. Then, if we had a

closed evolution equation for f() (or which is sometimes referred to as a kinetic equation)



that would describe how f() changes in time, this would potentially address the issue of
computational feasibility as f(l)(t,aj,v) depends only on seven variables. As we shall see
below, it is in fact possible, under certain assumptions, to derive (at least formally) such an
expression.

Let us consider, for the moment, a system whose particles are identical and follow the
laws of classical mechanics but do not interact. Then, the time evolution of a given one-

particle phase point (z(0),v) is given by
(z(t),v) = Ti(x(0),v) = (x(0) + tv,v).

In this case, the probability that a particle is in the state (z(0),v) at time ¢ = 0 must
be the same as the probability that a particle is in the state T3(x(0),v) at some later time

t; that is, for any given initial region, 2o, of the one-particle phase space, we have
FO,2(0),v)da(0) do = [ fO(t,a(t),v)da(t) do,
Qo Q

where Q = T;(Q9) = {(2(t),v) = T3(z(0),v) € R¥3 : (2(0),v) € Qp}. Then, for any time ¢,

the transformation T} has unit Jacobian determinant since

1 ¢

DT =
DT =| |

=1,

and hence
/ FO (), )zt dv = | FOt, 2(0) + tv, v)| DTy|dz(0) do
Q0 Qo

=/ FO(t, 2(0) + tv, v)dz(0) dv.

Therefore, since )y is any arbitrary region in the phase space, we may conclude from the
above integrals that

FO,z,0) = F1(0,2(0),0).
By differentiating this expression, we then obtain the evolution equation

1+ W VoV = [V 0 v, =0,

Of course, for any real kinetic system this equation is incomplete as we have yet to include
the effect of particle interactions on f(). It turns out that there are various ways in which
one may rectify this omission and, in fact, this is the primary reason why there is no unique
kinetic equation for any given system. In the proceeding section, we shall provide one such

method for dealing with particle interactions.



1.2 Boltzmann’s collision operator

We begin by first outlining the various postulates regarding the interactions between par-
ticles that will allow us mathematically describe their impact on the density function f,
through which we may also introduce the relevant terminology and notation.

It is firstly assumed that the way in which constituent particles interact is only through
elastic binary collisions; that is, collisions that conserve momentum and energy and occur
at a given position and time between two particles only. A relevant remark to make about
this assumption is that it inherently imposes a restriction on the types of systems we may
consider since they must be dilute enough for us to be able to neglect collisions simultane-
ously occurring between three or more particles. We also note that our elasticity condition
allows us to accurately describe the geometry of such collisions and, in fact, there are two
common ways for us to do this.

Indeed, if we let v’ and v), denote the velocities of two particles before collision, referred
to as pre-collisional velocities, and similarly let v and v, denote the post-collisional velocities,

then by conservation of momentum and kinetic energy we have
Vvl = v 4, (1.1)

and
[+ [l = o + o] (1.2)

By rewriting (1.1) as

it is clear that the vectors v" — v and v, — v} lie in the same plane. Moreover, by (1.1), we

have that
W + 0l = o+ v.]?

and so together with (1.2) we find that

W' + |l 200, 0) = [0 + [va]? + 2(v, 0.) = [0 + 017 + 2(0, v,
which implies (v',v]) = (v,v,). With this in mind, we may apply (1.2) again to obtain
|v" — v;|2 = |1/|2 + ‘v;|2 —2(v', L)
= ‘U|2 + ’U*|2 - 2<U,U*>
= v — v,
Geometrically, this corresponds to the lengths of the diagonals between the vectors v/ — v

and v, — v, being equal, and since these vectors are parallel we may conclude that they

form opposite sides of a rectangle in some plane in the particle phase space; see Figure 1.1.



J

v U,

Figure 1.1: Geometry of an elastic binary collision

U/_U%‘ and referring to the geometry

Defining now the spherical variable o € S? by o = o
of binary collisions described above or Figure 1.1, we see that we may relate the pre-
collisional velocities to the post-collisional velocities through the following formulas known

as the o-representation of the pre-collisional velocities

; vt v v —

0—7
2 2 (1.3)
, vt v v —
v, = - o
2 2

Note also, that we may write the post-collisional velocities in terms of the pre-collisional

velocities in a very similar manner:

v = + K,
2 2
vl v =l
Uy = — K,
2 2
where k € S?, similarly to o, is defined by k = ﬁ:g:l. With this notation, the deviation

angle between pre- and post-collisional velocities, 6, must satisfy
cos = (k,0).

For convenience, if we let x and z, denote the center positions of the two particles

involved in the collision, we may alternatively use the spherical variable w € S?, defined

by w = =2

ol to relate the pre- and post-collisional variables. The easiest way to see this

relationship is by first noticing that, at the time of collision, w must bisect the angle formed



between the relative velocities (v, — v) and — (v}, — v') and can therefore be expressed as

o (ve—v) = (u —v) _ (V' —0) + (vx —v))
(v —v) = (k=) (v = 0) + (v =)

but since (v' — v) and (v. — v}) are parallel (see Figure 1.1) we may more simply write

v —w

v — |’
Thus, referring again to Figure 1.1, we get the w-representation:

V=0 — (v — vy, w)w,

vl = v + (U — vy, W)W,

and

v=1v — (¥ —v,,ww,

(1.5)
vy = v, + (V) — v, ww.

Now that we have made precise what we mean by a collision, we may begin to discuss
their impact on f(!). Recall that f (1)(15, x,v)dx dv gives the probability that, at time ¢, there
is a particle in the volume element dx dv of the one-particle phase space. So, if our goal is to
determine how f (1)(75, x,v) evolves in time, we must therefore keep track of the number of
collisions involving particles with state (z,v) over time. Consequently, our updated kinetic

equation should take the form
ft(l)(tv x, U) +v- vxf(l)(tv €, U) = G(ta €, U) - L(t’ z, U)a (16)

where the gain term Gdx dv dt is the probability that a particle enters the volume element
dx dv during the time interval d¢ due to collision and the loss term Ldxdvdt similarly
denotes the probability that a particle leaves the volume element dx dv in the time interval
dt due to collision. Continuing with our consideration of a system of NV identical particles,
we may then write

G=(N-1)g, and L= (N-1),

where gdx dv dt and ¢dx dv dt represent the probability of a collision between any two given
fixed particles, say the starless particle (whose phase point we denote with starless variables
(z,v)) and the starred particle (whose phase point is denoted with starred variables (z., v4)).

Let us focus, for now, on computing the loss term and for simplicity we will proceed
with the assumption that the constituent particles are hard spheres with radii 5, where by
hard we mean the particles are perfectly rigid so that the joint probability of there being
two particles such that |x — z.| < r is zero. Now, let us take the starless particle as our

frame of reference. If we treat the starless particle as having twice its actual radius and



Figure 1.2: w-representation of a binary collision relative to one particle

the starred particle as being just its center point with relative velocity (v, — v), then the
cylinder whose base is given by the surface area element of the extended starless particle,
dS = r’dw (where dw denotes the surface area element about w of the unit sphere), and
side given by (v, — v) with length |v, — v|dt (see Figure 1.2), contains all possible starred
particles with relative velocity (v, — v) that will collide with dS within the time interval
dt (or have already collided with dS within d¢ time depending on the sign of (v, — v,w)).
Then, since this cylinder has volume |(v, — v, w)|dt r?dw and the probability of finding two
particles in any volume element dx dz, dv dv, of the two-particle phase space at time ¢t is
given by the two-particle marginal density f @) (t,z, T, v, vy )dz dx, dv dv,, we find that the
probability of the starred particle colliding with dS of the starless particle within dt time
is fO(t,z, x4 1w, v,v,)dx dv dv, | (v, — v, w)|dt r2dw. The total probability that the starred
and starless particles will collide in the fixed volume of the phase space dx dv within the

time interval dt is then

Cdx dv dt = r?dx dv dt /3/2 FO, 2,2 + rw, v,v) (v, — v, w)|dw du,,
Rr3 Js2

where S? is the hemisphere of S? such that (v, — v,w) < 0 since this corresponds to the

case where the particles are moving towards each other. Therefore, we may write

L= (N - 1)?"2/3 , FO(t, 2,2 4 rw, v, v,)| (Vs — v, W) |dw do,.
R3 JS2

As for the gain term, since the volume |(v, — v, w)|dtr?dw also contains all possible
particles with relative velocity — (v, —v) that have already collided with the starless particle

within dt time, we may compute G in the same way as for L only by integrating over the



hemisphere, S2 , of §? that corresponds to (v, — v,w) > 0:
G= (N - 1)7’2/3 , FO(t, @, 2 4 rw, v, v) | (Vs — v, W) |dw do,.
Rr3 Js2

If we further postulate that the pre-collisional velocities of any particles which are about
to collide are independent, an assumption which physically corresponds to a sufficient level
of molecular chaos (often referred to as Boltzmann’s chaos assumption), then we may rewrite

the loss term as
L=(N- 1)7"2/3 , FO 2,0) fO(E, 2 + 1w, va)| (Vs — v, W) |dw dv,.
R3 JS=2

We cannot, however, simply do the same for the gain term since the velocities appearing in
the joint density are understood as post-collisional and should be treated as dependent. To

deal with this, we recognize that
Oz, 2+ rw,v,0,.) = fA, 2,2+ rw, o', 0)),
in which case we may write
G=(N-1)? /1R3 . FO z,x + rw, o' vl) | (v — v, w)|dw do,
+

= (N - 1)7"2/3 , FO 2,0 fD(E, 2 + 1w, v2)| (0 — v, w)|dw du,.
R3 JS2

Moreover, since the w-representation for v" and v/, as well as |(v, — v, w)|, are even functions

in w, we see that under the change of variable w — —w we have

G= (N - 1)r2/ , FOE 2, ) FD (2 — 1w, o) (v, — v, w)|dw do,.
R3 JS?

By taking the so-called Boltzmann-Grad limit, where we let N — oo and » — 0 in
such a way that N72 tends to a constant C, then (N — 1)r? ~ N7? = C and we no longer
distinguish between z and x + rw. Therefore, in the limit we may express the right hand
side of (1.6) as follows:

Glt.aw) = Lita)=C [ [ (PO = O LO) 0 - vw)dodv., (1)
RS Js2

where we have used the abbreviations: f’(l) = (¢, z,0), f;(l) = O, x,0)), fO =
fM(t, z,v), and £ = fW(t, xz,v,). Note that for the remainder of this thesis we will
employ this notation more broadly so that for any function, say h, of velocity v we may

write for example:



We may also observe that in the Boltzmann-Grad limit, while the domain of integration
changes from S? to Si, the integrand in (1.7) is invariant under the previously performed
change of variable w — —w. Therefore, rather than integrating over the hemisphere S? , we

may instead simply integrate over the whole sphere:

G(t,x,v) — L(t,z,v) = g/Rg /S2 (f'(l)fi(l) - f(l)f*(l)) |{(vse — v, w)|dw du, (1.8)

the right hand side of which we call Boltzmann’s collision operator (with respect to w) for
hard spheres and is viewed as an operator acting on f() at the point (t,z,v). Finally, by
replacing the right hand side of (1.6) with Boltzmann’s collision operator, we then arrive

at the Boltzmann equation for a system of hard spheres
ft(l) +u- Ve f = / / (f/(l)fi(l) - f(l)f*(1)> (CKU* - v,w)]) dw dvy. (1.9)
R3 JS2 2

Now that we have a kinetic equation which is closed in terms of f(), for brevity we shall
begin writing f to represent the one-particle marginal probability density function in place
of ),

While the formal derivation leading to the Boltzmann equation for hard spheres (1.9) is a
useful exercise which highlights how the structure of the collision operator directly connects
to the postulates assumed about the system, it is not of the particular form that we shall
consider moving forward. For one, we should like to consider the Boltzmann equation with
respect to o rather than w and, in general, we will not restrict ourselves to the case of
hard spherical particles and extend the range of possible interactions to inverse-power law
potentials. Indeed, one typically expresses Boltzmann’s collision operator acting on two

functions g and h as follows:

Q(g,h)(t,z,v) = /RS /S2 (h'g, — hgs) B(v — vy, 0)do dvs, (1.10)

and the Boltzmann equation is then given by

Je+v-Vof =Q(f. /). (1.11)

Furthermore, if we consider densities, f, which are constant in the spatial variable x, the
kinetic equation for the system is given by the spatially homogeneous (or just homogeneous)

Boltzmann equation:

and it is this equation that is the central object of this thesis. We note also that in the
homogeneous setting, we may consider the further reduced phase space for one particle

where we neglect the spatial states, in which case the one-particle phase space is written



R3 (though we will generally tend not to include the subscript and simply write R3), and
the density f = f(t,v) is taken over [0,T] x R3.

The function B is called Boltzmann’s collision kernel and for inverse power law potentials
of the form =% for k > 2, it can be separated as the product of the kinetic collision kernel,
|v —v,|? for v = % € (=3,1), and an angular collision kernel denoted by b((x,o)), or

equivalently b(cos#); that is,
B(v — vs4,0) = |v — vi|"b(cos ). (1.13)

Since B depends only on the magnitude of the relative velocity and the cosine of the devia-
tion angle, we may occasionally abuse notation by writing B(|v — v, cos #). The literature
for the Boltzmann equation is often divided according to the sign of the parameter ~ ap-
pearing in the kinetic collision kernel and we typically refer to the cases when: v > 0 as hard
potentials, v = 0 as Maxwellian potentials, and v < 0 as soft potentials. The precise form of
the angular kinetic kernel is not of particular use to us and, in fact, an explicit definition of
b(cos ) does not exist in general. For our purposes, this fact bears no significant relevance,
though it is however important to note that we may treat this function as being symmetric
with respect to o and as a locally smoothing function that satisfies:
bo

sin Ob(cos 0) ~ e 0~0, (1.14)

where, as noted for example in [18], s = ﬁ € (0,1) and by is a constant. In particular this

shows that b has a nonintegrable singularity as # — 0 and is consequent not integrable over

S? since

—

b(cosf)do = |S /b(cos&)sin@d@
0

€ b ™
(/0 917f28d9+/6 b(cos 0) sin0d9>

— st (gz.%in% (_9—25 +/ b(cos 0) sinéde).
— €

SQ

I
n
2

)

Grad’s angular cutoff is the additional postulate that
/ b(cos 0)do < oo.
S2

It is not hard to imagine that Grad’s angular cutoff considerably changes how one may
mathematically approach the Boltzmann equation and for this reason it is important to
draw the distinction between the Boltzmann equation with and without angular cutoff.
As the title of this thesis suggests, it is indeed the latter that we shall be discussing and

therefore the nonintegrability of the angular collision kernel poses an issue that we will have



to address. As we will see, this is dealt with primarily through the so-called Cancellation

Lemma which we will introduce in Section 1.5.

1.3 The weak formulation of Boltzmann’s collision operator

We provide now the weak formulation of Q(f, f), as it will play a vital role in our discussion
moving forward. One of the key tools for this derivation is the so-called pre-post-collisional

change of variables:
KR>3 x 8?7 — R¥3 x §% (v, 04, 0) — (V, 0], K) (1.15)

and we claim that this transformation has unit Jacobian determinant. To see this, we first

let F' denote the entire integrand of the collision operator Q(f, f); that is,

F = (f'f, = f£.)lo = v.[ b(cos 0).

Then, similarly to observation made in the previous section regarding the invariance of the
integrand of (1.7) under the change of variable w — —w, we note, due to the symmetry of
the angular collision kernel with respect to o, that the same is true for F' under ¢ — —o.

Therefore, it remains valid to write the collision operator (with respect to o) as
QUf. f) :2/ Fdo dv,,
R3 J§%

where, similarly to before, S%r denotes the hemisphere where (k,0) > 0. Integrating the

above expression over v € R3 then gives
/ Q(f,f)dv:2/ Fdo dv, dv.
R3 R3xR3 J§2

Our goal now is to decompose K’ into a series of transformations each of which may be more
easily applied to the integral above and, since we are currently interested in the claim that
|det DK'(v, vy, 0)| = 1, we perform these transformations while focusing purely on how they
impact the differential elements and integration ranges. To this end, let us first consider the
map 7171 : (v,v4,0) = (v,v4,w). To formally describe this map we notice, referring to Figure

1.1, that in spherical coordinates we have
o = (sin 6 cos ¢, sin O sin ¢, cosf), for 6 € [0,7/2], (1.16)

and

w= <sin <9+27T) cos ¢, sin <9—;7T) sin ¢, cos (9 —ig_ W)) , for 0 e0,7/2],

10



and therefore T7(v,v,,0) may be characterized by the map 6 — 9*%. Moreover, we may

similarly characterize the inverse transformation 77 Y(v,v,,w) by the map & — 26 — m,
where ¢ is the angle between w and k. An important subtlety here is that, while v and
vy do not explicitly appear in the characterizations for Ti(v,vs,0) or Ty L, v,,w), the

parameterization of ¢ and w implicitly depends on them since the azimuthal angles 6 and &

— V—VUx
C=E

since in the case the fixed direction is ¢ which implies Tl_l(v’ , v}, w) corresponds to the map

=Tt (T0) —r =0, (1.17)

In particular this means that 77 (v/, vl, w) = (v/, %, k),

are taken with respect to k

which is precisely the (signed) angle between o and k.
Now, if we denote by u ® v the outer product of vectors u and v, by introducing the

map T : (v, 04, w) — (V,v),w) defined by

I—w®uw wRw 0 v
To(v, vy, w) = w R w IT—w®w 0]]v],
0 0 I w

we see that K’ =T Lo T5 o Ti. Furthermore, since T5 is linear, its Jacobian determinant

is simply the determinant of the matrix above. Now, since (1.5) and (1.4) imply that the

I—w®w wRw
wRw I —w®w

is an involution, it must have unit determinant and thus so must 75.

matrix

Therefore, by first switching to spherical coordinates and applying the change of variable

T1 (v, v4,0) we get

2/ Fdo dv, dv = 2‘81‘/ /5 Flsin 0]d6 dv, dv
R3 xR3 S?'_ R3xR3 Jo

3
:4‘81‘/ /4 Fsin 6]d¢ dv, dv
R3xR3 J %

sin 0

:4/ / F|l————|dw dv, dv,
RO S5y, [sin (247

11



where S;/, denotes the quarter of the unit sphere corresponding to ¢ € [7, 37]. Then, by
applying T (v, v, w) followed by Ty ! (v/, vl, w) we obtain

in 6
2 Fdo dv, dv = 4 / / Fl—22Y g dol d’
R3xR3 J§2 R3xR3 JS, /4 Sm(9 Tf)
1 sm0 P
= 4’8 ‘ / / sm£ d€ dv, dv
R3xR3 sm
= 2/ / $in 0 - sin dk dvl, dv,,
R3xR3 JS2 sm 0+7r Sm@f —m)

where, as in (1.17), £ = “779. Hence, we may compute

| sind Sin(ﬂT_a)
a sm(a;”) sin(—0)

sin 6 sin &
sm((’;“) sin(2€ — )

=1,

and therefore, again since F' is invariant under the mapping x — —k, we see altogether that
|det K'(v,v4,0)| =1, so

/ Q(f,f)dUZQ/ Fdﬁdv;dv/:/ Fdk dvl, dv’,
R3 R3xR3 J§2 R3xR3 JS2

and hence we see the validity of the claim.
Now, consider an arbitrary continuous function, ¢, of v. Then, by the pre-post-collisional

change of variable (1.3), we have

/ ’ I
J R L e B I e e D
R3xR3 J§2 R3xR3 Js2 2 2

" =Lk, o) )dK AV, du'

By relabelling (v', v}, k) as (v, v., 0), we may then rewrite the right hand side above by

v v — v -
/Ri”xR?’/S?SO( 5 + 5 U)ff*]v ve|"b({0, K))do dvy dv,

which, by the o-representation (1.3), is the same as

/R& - 90 f v — vi|T0({k, o)) do dvy dv.
X

12



With this in mind, by multiplying Q(f, f) by ¢ and integrating over all v € R3, we formally

obtain the weak formulation of Boltzmann’s collision operator:
[eunedo=[ | (=@ flo - ol b(no)dododv. (11
R3 R3xR3 J§2

An interesting observation to make here is that the transformation K£* : (v,vs,0) —
(vs, v, —0) also has unit Jacobian determinant since it is also involutory, and making this

change of variable on the weak formulation (1.18) yields
| QU npde

Lo L (e (2 =5 0)) = ) £ = b~ —0) do v,

B /IR3><R3 /S2 < (v* - 2_ v|0> - (P*> feflvs —v["0((k, 0))do dv. dv
- /H@de /S2 — ) [ fe|v — vi|"0((k, o) )do dvy dv.

Combining this result with (1.18) then gives yet another weak formulation:

/ Qf, f)pdv = ;/ / (¢ + L — 0 — @) ffelv — v T0((k, 0))do dv, dv.  (1.19)
R3 R3xR3 JS2

In this form we may now more easily verify that the object:

[ s e

is well-defined when ¢ is sufficiently smooth. Indeed, following the discussion in [17], since
cos = (k,o) we see that for fixed velocities v and v,, 0 — K as § — 0. Thus, recalling the
o-representation of the pre-collisional velocities (1.3), taking 6 — 0 gives

, Vv U — vy v+ve v —v| v— s
H — J—

2 2 2 2 |jv—u

and hence, if ¢ is at least in C?, the linear approximation of ¢’ about # = 0 can be expressed

+ <V<,0’

Moreover, with the same reasoning we may also write

as
v — s
,a—/@> :¢+Q<ngz,a—/{>.
O=K 2

/ /

2

%

2

UV — Uy
O R i — 2|<Vso*,0—fi>, 6~ 0.
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Furthermore, there exists some x* such that (k' x) = 0 and
Vo — Vo, = (Vo — Vo, k)k 4 ekt
for some constant ¢ and hence

(Vo =V, 0 — k) = (Vo = Vo, k) (K, 0) + c(k,0) = (Vo — Vi, )
= (Vo — V., k) (ko) —1)+ c(mL,a).

Additionally, similarly to (1.16), since

o = (cos ¢sinf)e; + (sin ¢ sinf)ey + (cos )k

€1

with the spherical coordinates taken about the k-axis, (k—, o) must be a linear combination

of cos ¢ and sin ¢ and therefore

2 2 v —
) @ + @ —p— pudep = / u<v¢—V<p*,a—/i>d¢
27 ‘U—’U* N
-/ ¢ = Voo, 1) (5, 0) — 1) + cfwt, 0)dg
=7m(Vyp — Vgo*,v — vy)(cosf — 1)
= 062l — w.f?)

where the last equality follows from the Taylor expansion of cos # about § = 0 and the Mean
Value Theorem. Thus, from the approximation above and (1.14), we find that

2 ) bolv — v, |2
/0 (@' — ) sin Ob(cos 0)dp ~ 0|025_1|, 0 ~0

and hence, since (2s — 1) > —1, we may conclude that the right hand side of (1.19) is finite

when

/3 Sff\v—vp 2dv, dv < oo.
R3S xR

While we will not make use explicitly of (1.19) in the main chapters of this thesis, there is
another important and quite immediate consequence of this weak formulation that is worth
mentioning. By not expanding the time derivative on the left hand side of the Boltzmann
equation (1.11) (the expansion that originally led to the PDE at the end of section 2.1) and

integrating over the whole one-particle phase space, we have

d

&/}RISXRZS fSOd.Td’U = /]R3><R3 Q(f7 f)gOd.TdU (120)
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Thus, by (1.19), when ¢ satisfies
¢+ =0+, Y(,v,0) € R xR x §%

then

d
< dax dv = 0,
dt/R3><R3fg0 ra

In particular, due to our elastic collision assumption, this demonstrates that we have the

following conservation laws for the Boltzmann equation:

1

d
&/]I@XR?’ f |v’2 dx dv =0, (1.21)
v

which correspond to conservation of total mass, momentum and kinetic energy respectively.
In a similar manner, applying the pre-post-collisional change of variable (1.3) to (1.19)

and relabelling gives

1
Lot pedo=3 [ [ (oo = =D fLBlo = v.,0)do du. dv,

which we may add to (1.19) to obtain

[ net =3 [ [ (F+el—o o) Fi= LB —ve,0)do do,dv. (1.22)
R3 R3xR3 JS2

Now, since the map (z,y) — (logz — logy)(z — y) > 0, if we take ¢ = log f, then from
(1.22) we see that

[, fdv = ~D(5) <0,

where D(f) is the entropy dissipation functional:

D) =g [ [ Goa(' 1) — g1 = S4B = vy r)dor o o

Then from (1.20) we obtain the famous result originally stated in Boltzmann’s H Theorem:

d
G =— [ D(d <0, (1:23)

where H is known as Boltzmann’s H functional (or entropy) and is defined as

H(f) = /]1{3><]R3 Flog fdx dv.

Hence, Boltzmann’s H Theorem states, in particular, that the Boltzmann entropy is non-

increasing in time.
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1.4 Introduction of main results

We now discuss the central problem that is dealt with in this thesis; that is, the generation
and propagation of LP-norms of solutions to the homogeneous Boltzmann equation (1.12).
By generation of LP-norms we mean the following: if f(¢,v) solves (1.12) with suitable initial
data fj such that fo ¢ LP(R3), then 1f )l Lp 3y < oo for any t > 0. Whereas propagation of
LP-norms refers to the case where fo € LP(R3) implies || f(¢)] e(rs) < oo forall t > 0. This
problem has been extensively studied under Grad’s angular cutoff assumption for hard and
Maxwellian potentials (y € (0, 1), and v = 0 respectively). We first note that in this case,
existence and uniqueness of solutions to the Boltzmann equation (1.11) was established in
[19] and later, existence and uniqueness of solutions which conserve mass, momentum, and
energy was proven in [13] in the spatially homogeneous setting. Then for hard potentials,
it was shown that L' moments of these solutions are generated in time, a result which
was then extended in [5] where it was shown that both generation and propagation of
ezponential L' moments hold for solutions to (1.12), where we generally refer to LP-norms
with a particular polynomial or exponential weight (see (1.27) below for the polynomial
case) as LP moments or exponential LP moments respectively. Together these papers both
imply the generation of L'-norms due to the fact that they are bounded by L' moments
(either polynomial or exponential) and that it is assumed that the initial data has finite
second moment (which corresponds to the assumption that the system begins with finite
mass and energy). A similar result for L” moments was demonstrated in [10, 14] under
the assumption that the initial data has sufficiently many LP moments. Propagation of
L*-norms was also studied and proved in [11, 6] for v > 0. Moreover, it is known from
[6, 15, 8, 20] that the results mentioned above for p € [1,00] remain true when v = 0. In
fact, with the added assumption that the angular collision kernel b is finite, [8] proves the
propagation of a uniform Maxwellian upper bound. As a final remark regarding the cutoff
theory, we note that various results related to the generation and propagation of higher L?
moments (both polynomial and exponential) have also been obtained in [7, 20, 10, 14, 5, 6]
for v > 0, and in [19, 20, 6, 15] for v = 0.

In the non-cutoff setting, weak solutions were shown to exist for (1.12) for v > —1 and
suitable initial conditions. This result was extended in [17] to show that the same is true
for all soft potentials 7 < 0 and later it was proven in [12] that, with regular enough initial
data, there exists a unique classical solution for the whole range v € (—3,1). Now, while
the problem of LP generation and propagation has been studied far less in the non-cutoff
case, due to the development of new tools, as in [2, 3] for example, the community has
seen recent progress within this context. In particular, it was proved in [16] for v > 0 and
in [15] for v = 0 that L' propagation holds for solutions to the homogeneous non-cutoff
Boltzmann equation, and in [4] it was further established that LP-norms of such solutions

are both generated and propagated for p € (1,00] when v > 0. In any case, however, the
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theory relating to soft potentials (7 < 0) remains underdeveloped and it is this gap in the
literature that we, in some capacity, strive to fill here.

Now, it is the latter paper mentioned above, [4], by Alonso which this thesis is primarily
based on and therefore we include here, together with the statements of our main results,
the parallel results presented in [4] and provide a rough structure of their proofs so that we
may draw comparison and highlight significant differences.

As is implied by the chapter titles, we treat p < oo and p = oo separately as the
approach varies between these distinct cases. As such, let us consider first the case when
p < 00. The a priori estimates given by Alonso in [4, Theorem 1] may then be stated as
follows: for p € (1,00), s € (0,1) as in (1.14), and v € [0,1], if f(t,v) is a sufficiently
smooth solution to the homogeneous Boltzmann equation (1.12) on [0,00) x R3 with initial
condition fo € U(Dy, Ey), then there is a constant C depending only on vy, s, Dy, and Ej
such that

_3(»=1)
5Ol <0 (55 1) (1.24)
Moreover, if additionally fo € LP, then
sup [|f(#)ll» < C'max {{l foll o, o} - (1.25)
Here, for Dy, Ey > 0:
U(Dy, Eo) = {g € L' |gll s > Do, glls + 119111051, < Fo} (1.26)

where

9l aogz = [, o110 (1+ lgl)de.

and for p > 1, r € R, and (v) := /1 + |v|?,
lgll e = 1<) 9l o (1.27)

which we commonly refer to as the r* LP moment of g. We note that with this new notation,
the condition fy € U(Dy, Ey) corresponds to the minimum assumption one may take for
the initial data for a system assumed to have zero total momentum and is justified by the
conservation laws (1.21) and Boltzmann’s H Theorem (1.23).

Alonso proves this result via the weak formulation of (1.12) with the particular choice
of test function being pfP~!. Specifically speaking, by multiplying (1.12) by pfP~! and

integrating over v € R? Alonso obtains

d
GO =2 [ QU p o,
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Then, using the weak formulation of Q(f, f) given by (1.18), the right hand side is bounded

and the Sobolev norm Hfg
2 v/2

by a linear combination of H f 5 given in general by

L2,
gl gzs = 11$)" gl s

where, if we denote the Fourier transform of g by F|g],
%
ol = ([, 1€ Flale)de) "
Notably, this bounding yields

d
&||f||’£p + C'Hfg for s, € R. (1.28)

2 < Hfﬁ 2

s - c 2 )
H‘r/2 Li/ 2
Obtaining such an estimate, however, relies on the fact that v > 0. Moreover, via Sobolev
embedding and Lebesgue interpolation, Alonso relates this inequality to an ODE of which

| f(#)||7, is a sub-solution; a procedure which, through inequalities such as

LIz < IFI,
r

for example, relies further on v > 0. The final step is then demonstrating that the right
hand sides of (1.24) or (1.25), depending on whether or not fy € LP, are super-solutions to
that same ODE.

As we will see, in order to obtain a similar estimate to (1.28) and furthermore, a similar
type of ODE for v < 0, we must restrict ourselves to a fixed finite time interval, impose
stronger L' moment assumptions on the initial data fj, and assume the L? moments (up
to a specified degree) of the solutions f(t,v) are bounded over our given interval of time.

More specifically, we assume
fo € Vp(Do.Bo) = {g € L' gl = Doslllyy, +lll g < Bof  (129)

for v, = max {2, 1], %pp_l)}, and that the solutions f(¢,v) satisfy

Ftv) T = {g €L |g(t)l,2 < CiVte [O,T]} (1.30)

]’

where C} is some monotonically increasing function of ¢ such that

Cr = sup Cy < o0 (1.31)
te[0,T
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and depends only on v, s, Dy, and Ey. Consequently, it no longer becomes appropriate for
us to make any claims regarding LP generation or propagation for p < 2. We lastly note that
some justification for the latter additional assumption is provided by [9, Theorem 1] and is
included in chapter 2. With these added assumptions, by following the structure of Alonso’s
proof outlined above we are able to obtain a priori estimates for LP-norms of solutions to
the homogeneous Boltzmann equation (1.12) for soft potentials (v < 0). These estimates

are stated in the first main result of this thesis:

Theorem 1.1. Let p € (2,00), s € (0,1), v € (max{—3,—2s — 3},0), V,(Do, Eo) be as in
(1.29) with Dy, Ey > 0, T be as in (1.30) for a fixed T > 0, and Cr be as in (1.31). Then, if
f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12)
on [0, T] x R® with fo € V,(Dy, Eo) and Q as in (1.10) with B satisfying (1.13) and (1.14),
there is a constant C' depending only on v, s, Dy, and Eg such that

M+1 _3(p=1)
1 (O)ll < C (max {1+ T, Cp}) 57 (t ol 1)  forallte (0,T].  (1.32)
Moreover, if we additionally assume that fo € LP, then

sup [ (1)l s < || foll e HHHETIT, (1.33)
te[0,T]

We include also our version of Alonso’s regularization result [4, Corollary 1], although

our proof has been substantially simplified due to our much stronger assumptions.

Theorem 1.2. Let s € (0,1), v € (max{—3,—2s — 3},0), Va(Dy, Ey) be as in (1.29) with
p=2and Do, Ey >0, T be as in (1.30) for a fired T > 0, and Cr be as in (1.31). Then, if
f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12)
on [0,T] x R® with fo € Va(Dy, Eo) and Q as in (1.10) with B satisfying (1.13) and (1.14),
there is a constant C' depending only on v, s, Dy, and Eg such that

/T ||f(T)||§,S/ dr < C(max{1+T,Cr})*, tel0,T].
t /2

When p = oo, Alonso is able to obtain very similar a priori estimates for L°°-norms
as was previously achieved for finite p. Indeed, the statement provided in [4, Theorem 2]
can be written: for s € (0,1) and v € [0,1], if f(t,v) is a sufficiently smooth solution
to the homogeneous Boltzmann equation (1.12) on [0,00) x R3 with initial condition fo €

U(Dy, Eyp), then there is a constant C depending only on v, s, Dy, and Ey such that

1 (8) e < C (72 +1),  for any ¢ > 0. (1.34)
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Moreover, if additionally fo € L°°, then

sup £ e < Cmax {2 foll e, Eo} (1.35)

where C' depends also on || foll 2.

While the statement of the result is similar to the case when p < oo, the idea of the
proof is quite different. This is because when p < co we could choose a convenient test
function to produce an LP-norm on the left hand side of the weak homogeneous Boltzmann
equation that one could then work to bound, but when p = oo there is no such convenient

test function. What Alonso does instead is introduce the positive level set function

fk = (f - K(l - 2_k>) X{fZK(l—Q—k)}
for k € Z>1 and K > 0, so that the weak formulation of (1.12) with test function f; gives

1d 9

—— t = dv.

SO = [ QDo

A similar bounding procedure as in the finite p case is employed again to bound the right
hand side of the expression above. As before, this procedure relies on the fact that v > 0
and therefore must be adapted for the v < 0 setting. The estimate obtained, once integrated

over a time interval [, ¢], can be written

1 2 t 2 1 2 t 2 t

Mt +C [N a7 < SN e [ WG b+ ek [ty
(1.36)

In view of the left hand side above, Alonso defines an energy functional

T
Wi === sup ka(t)H%z + C/ ka(T)”?{s dr
th v/2

1
2 tefty, 1]

where t; == t,(1 — 27%+1) for some fixed , > 0 (or in the propagation case we may simply
take instead t; = 0 in the definition above). The strategy is then to show that for a particular
choice of K, Wi — 0 as k — oo since if that were the case and due to the fact that taking
k — oo implies fr — (f — K)x{s>k}, this would then show that

H(f - K)X{fZK}’

=0
L2

and hence
[fll e < K.

Alonso achieves this by using (1.36) to relate Wy, to a recurrence relation of which, similarly

to the ODE in the finite p setting, W}, is a sub-solution. Again, the assumption that v > 0
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is used in this process. For a suitable choice of K, Alonso is able to obtain a super-solution
to that recurrence relation that can clearly be seen to tend to zero as k — oo. This choice
of K is then precisely what appears on the right hand sides of (1.34) and (1.35).

We follow the same framework to obtain a similar recurrence relation when ~ < 0, how-
ever there are multiple arguments that must be modified in the soft potential setting. These
new arguments are what make up the list of lemmas appearing in Preliminary Results sec-
tion of chapter 3. Too, in this case we must still consider only those solutions f(t,v) € T
over a finite time interval and with initial data satisfying additional L' moment require-
ments. In fact, the assumptions placed on fy end up being stronger than before. Specifically,

we enforce that

fO € VE(D(MEO) = {g S Ll : ||g||L1 > Do, HgHLlll* + ||g||LlogL < EO}’ (137)
<

where v = max {2, %} for ¢ € (1,2). With that in mind, our final main result can be

stated as follows:

Theorem 1.3. Let s € (0,1), v € (max{-3,-2s — 3},0), VZ(Do, Eo) be as in (1.4) for
any ¢ € (1,2) and with Do, Ey > 0, T be as in (1.80) for a fized T > 0, and Cp be as in
(1.31). Then, if f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann
equation (1.12) on [0,T] x R3 with fo € Vz(DO,EO) and @ as in (1.10) with B satisfying
(1.13) and (1.14), there is a constant C depending only on vy, s, Dy, and Ey such that for
any 0 < t. <T sufficiently small we have

3(3
6+8s(¢—1) 1 ?(7"'1)
( ) e (1.38)

sup |[|[f ()l < C(max{1+T,Cr}) = (—
t€[tx,T] ty

If we additionally assume that fo € L™, then

6+8s(¢—1) 3 max
sup Hf(t)HLoosmax{2|rfoum,c<max{1+T,0T}> s e “*T’CT}T}.
te[0,T ( )

1.39

1.5 Essential theorems and inequalities

For the sake of completeness, we include here (without proof) the various theorems, some
of which are standard to the field of kinetic theory and others being classical inequalities,
which we will make use of in the proceeding chapters.

The first, and perhaps most important, is the cancellation lemma due to Alexandre,
Desvillettes, Villani, and Wennberg [1]:
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Theorem 1.4 (Cancellation Lemma [1]). Let B be as in (1.13) and (1.14). Then, for a.e.
Vg € R3,

L = DB = v.0)dodo = (= S)(v.)
where

S(z) = ‘Sl‘ /072“ sin @ [cos329/2)B (COS(?;‘/2),COSQ) - B(]z\,cos&)} de.

Another standard result in kinetic theory we will make use of is the following theorem
due to Alexandre, Morimoto, Ukai, Xu, and Yang [3].

Theorem 1.5. [3] Let s € (0,1) as in (1.14), v € (=3,1), and g € U(Dy, Ey) for U as
in (1.26) with Do, Ey > 0. Then for f sufficiently smooth, there are constants ¢ and C
depending only on Dg, Ey such that

VI ~ 9 B 9
/RP)X]R?) /S g-(J' = )*lv = va["bleos O)do dv. dv > | fllz = CIISIIz2 -

We end this section now by listing three classical inequalities so that we may more easily

refer to their parameters when used in the following two chapters.

Theorem 1.6 (Sobolev inequality). Let f € H¥(R™) and ¢ be such that

Then, if
n
k< —
< R

there exists a constant C depending only on k and n such that

1fllze < CUFN e

Theorem 1.7 (Hardy-Littlewood-Sobolev inequality). Let f € LF(R™) for k > 1. Then,
there is a constant C' > 0 such that

£ 117

L <Clllg

wherea::n(l—i—%—%).
Theorem 1.8 (Young’s convolution inequality). Let p,q,r € [1,00] be such that

11 1
e
poq
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and let f € LP(R™) and g € LY(R™). Then,

L gl < 11 o llgll 2o
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Chapter 2

LP Theory

2.1 Preliminary results

Let us suppose for now that p € [1,00), v € (=3,0), s € (0,1) as in (1.14), and B(v — vy, 0)
is as given in (1.13), but note that the ranges for p and v will become more restricted in
Theorem 2.1 (the main result of this chapter) below. As it will quickly become relevant, let

us also define the class of functions as seen in section 1.4:
W(Do, o) i= {g € L1+ lglls > Do lglsy, + 19lsa0g 1 < o)

HESY

where v}, := max {Qa 7l 2sp

One of the pivotal ideas we make use of in this thesis is that for a particular choice
of test function, we may bound the weak collision operator by a linear combination of the

following integrals:

I(g, f) = /R?’XRS /S2 G [(f/)p o fp} B(v — vy, 0)do dvy dv, (2.1)

p

To(g, f) = A3XR3 /82 0. [(F)% = 18] Blo — va.0)do o dv, (2.2)

where B satisfies (1.13) and (1.14). This idea is made precise in the following lemma.

Lemma 2.1. Let Q be as in (1.10) with B satisfying (1.13) and (1.14). Then, for f suffi-

ctently smooth,

1

L, 1
L QU0 < S f 1) = e (S ),

where p and p' are Hélder conjugates.

This lemma is a consequence of [4, Lemma 1] which states that for any A > 0 and

p € [1,00], one has
h5—1<1(h2—1)—¥(h—1)2 (2.3)
—p max{p,p'} ’ '
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where equality is obtained when p = 2. With this in mind we present the proof of Lemma

2.1 as given in [4].

Proof. By (2.3) with

we see that

I\ P N 2
(%) ”]‘WK]}) —1]

(5 P =27 = e [(E - £4]).

B max{p,p’}

Then since

f f
by the weak formulation (1.18) with test function ¢ = fP~1, we find that

f {(f/)pfl _ fpfl} — fp (ﬂ>p1 —fp= P l(fl);/ _ 1] 7

Lewnga=[ | fr[@r = B - vo)do do. do
R3 R3xR3 JS2
1

- mjp(fvf)-

1
< ]?Ip(f, f)

O]

Now, if f solves the homogeneous Boltzmann equation (1.12) with fo € V,(Doy, Ey),
then for U as in (1.26), since V, (Do, Ey) C U(Dy, Ey) the conservation laws (1.21) imply
f € U(Do, Ep) and hence in this case Theorem 1.5 gives

B(f 1) = C|r? i (2.4)

_c‘

1.2

2
S
H’Y/Q v/2

for constants c and C depending only on Dy and Ey. As for I,,, we may apply the Cancellation
Lemma 1.4 with fP in the place of f to obtain

L(.0) = [ 1075 $)(w)dv.

= f (fPS(vs — v)) dv do,

R3xRR3

s 1 — 0,
:/ f*fp‘81’/2 sin@[ -7 B <]v | COS@) — B(|v — vy, cos0) | db dv dv,
RS 0 cos3 §

6
COS 5

= ‘Sl‘/ f*fp]v—v*\”/5 sin #—1 b(cos 0)df dv dv.
RR6 0 0

3+~ ¢
COS 3
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Then, by writing the MacLaurin series for (cos_(3+7) g — 1):

(o231 - omm 1)+ (Fraowm)
+ Llcs’s;:'z(()) ((4 +7) sin2(0) + 0052(0))] 6% + 0(03) (as 0 — 0),

we see that there is a constant, ¢, depending only on v such that (cos_(3+7) g — 1) ~ ch?

for  ~ 0. Therefore, if we let b(cos ) = (cos_(3+7) g - 1) b(cos ), we find that for e < 1

g

)
2
ful

/5 sin Q‘B(cos 9)‘d9
0
(c / 612540 + / Zsiné"l;(cosﬁ)‘dt?)
0 €
[ ¢ <92—25
2—12s

since 2 — 2s > 0. Thus, there exists some constant C' depending only on v and s such that

L

—

=2/S

%]
ful

=2 < 00

E + /T2r sin@’&cos@)‘d@
0 Je

L(f. )= ;/]RG FafPlo—vi” /S2 b(cos 0)do dv dv,

<C \ fefPlv — vi| dvy do. (2.5)
R

R3 x

Lemma 2.2. Letp € [1,00), s € (0,1), v € (max{—3,—25—3},0), f be sufficiently smooth,
and I, be as in (2.1). Then, there exist constants ¢, C' depending only on v and s such that

p |12
c‘ f2HL2 , —3 <y (2.6a)
/2
5 < max {1l ol boS oL 2
" |||, o sE]L o v=-3 (26b)
€ L2 HS 2
v/2 v/2

for any € > 0.

Proof. Due to the Cancellation Lemma, it suffices to show that the right hand sides of

(2.6a) and (2.6b) provides an upper bound for the right hand side of (2.5). To this end, we
first make the observation that if v — v,| < 1 we can write |v] < 1+ |vy|, so

1> |v— v,
2 2
> [0+ Jou] " = 2[ol]v]
2 2
> [0+ Jou] ™ = 2fou] (1 + Jos])

= ol — [vu* = 2lus],
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and hence

]2 + 1 < o |* + 2Jvs| +2
< 2(jou| +1)°

s (3l +3)
D

<4(jo. +1).

In particular, when |v — v, < 1 we have (v) < 2(v,).
Let us now consider the case when v > —%. In this case, with the observation above we
see that

/ JefPlv — vi|"dvy dv = / F)N )Y |0 — 0,V do, do
[v—v4|<1

[v—vy|<1
< 2l f*<v*>lvl<v>WfP|v — vi|Tdvy dv.
[v—v4|<1

Furthermore, applying Cauchy-Schwarz and using the fact that, for any fixed v, {v, € R3:
|v — vy <1} C R? we obtain

2
/ fafPlv — vi|Tdvg dv < 2l / (<U>%f%) </ v — v*|27dv*>
[v—vs|<1 R3 |[v—vs|<1

and since ||"xy.j<1y € L? for —3 <, this shows that

/| A= v do < el Tl (2.7)

g

2
y -
Lv/2

On the other hand, if we let A, := {v, € R3 : |v,| < J|v|}, then if [v —v,| > 1 for

vx € Ay, we must have |v| > 1 and hence

1 1 5 5 1
V— Vg| 2 V| — V| 2= =V = —=A\/|v|]" + |v]" > —=(v).
[0 =0l > Jol = Jou] > 5ol = oo\ ol o+ ol? > (o)
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In this case we have

[ A= v de.do < 2v2)1) Fef?(0)Vxa, dv. dv
[v—v4|>1

[v—vx[>1

< (2v2)M FofP ) )Yy 4 dv, do

|[v—vy|>1

< (2\/§)|7| /]1g?’(f%<v>%)2 /R3 f*<u*>h\du* dv
= v il 78]

L2
If instead v, € A, then (v) < 2(v,) and in which case

)Y
/ fefPlv — vi] "X g dvs dv = / f*prXAgdU* dv
Jv—vs|>1 [v—v.|>1 v — v, |1

< ohl f*fp<v*>|7| (v) X acdvs dv
|[v—vs|>1
2
< @VMISll ||1F2 ]
1 L3 /s
Therefore, we see that
2
[ -l do < sl 5] (2.8)
[v—vx[>1 v L2,

for a constant ¢ depending only on «y. Then, combining inequalities (2.7) and (2.8), we arrive

at

P 2
22
L"//2

f

for —§<
) 5 -

[, £l = oo, do < cmax {1y 1511z}
R3 ] o]

Hence, we can see that there is a constant ¢ depending only on v and s such that (2.6a)
holds.

Consider now the case when v < —%. Then, similarly to above

/ FafPlv — vi|Tdvy dv < 2l f*<v*)|7|<v>7fp]v — vi|Tdvy dv.
jv—v.|<1

lo—v.|<1

Now, by Cauchy-Schwarz

1
N
[y Bt = oo <290 ([ e )
[v—v4|<1 R3

1
2 2
R3

L, [P0 o — o ldv
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which is the same as

%_lqﬂﬂw—mWwwwS2WUM% (2.9)

(P 1]

L2’

Then, we may apply Theorem 1.7 (Hardy-Little-Sobolev inequality) with a@ = ||, £ = 2,

and n = 3 to obtain
[ A= vdvedo < el fl 17 0-20n,
|1)—1)*|§1 [v] ¥

for a constant ¢ depending only on ~. Furthermore, by rewriting the right hand side of the

above inequality and applying Theorem 1.6 (Sobolev inequality) with n = 3, ¢ = -2

= 9-2)f”
and k=5 = W we get
P 2
/ fefPlo —vi|Tdvy dv < CHf”H E [12/9-2])
‘U_U*|§1 vl v/2
P 2
<Clfle £, - (2.10)
vl ~/2
for a constant C' depending only on .
Now, since (2.8) remains true for 7 < —3, we also have
P 2
| el <l (75,
o—va|>1 vl "

which together iwht (2.10) implies that there is a constant C' depending only on v and s
such that

Il for v < 3 (2.11)
Hpo -2

(5,1) < Cuac {1715y N flsz, }]

Now, because 0 < s’ < s for v € (—2s — 3, —3), there exists some 6 € (0,1) which
depends only on v and s such that s’ = 6(0) + (1 — 0)s. Therefore, an application of Young’s
inequality shows that for any € > 0 and z € R3,

(22 = (e <z>2> (1-0)s

€

- 6(1}9)8 [(6<Z>2)9(0) (€<Z>2)(1_6)S]

1 6(0) (1—0)51

= e(1=0)s

0(e)2) 7 +(1-0) (e(2)?) 7
o

= m + (1 - 0)608<Z>2S.
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With this in mind, by Plancherel’s Theorem we have that for any € > 0

2 2

2 — 2s’ . J .P\T
]fz = ) (()2]‘2) (2)‘ d»
0 0s 25 y .2\7 2
< [ (oo + -0 ) [ (03 5) ) o
0 p 112 2

= s |12 +(1—0)e%| f2 ,

c(1-0)s L2, ",

Thus, we may finally conclude from (2.11), that (2.6b) also holds. 0O

Now, ideally we would like to treat the coefficient <max {|| £l L 7l 12, }) as constant
in time, however the problem of L? moment estimation for solutions to (1.12) with soft
potentials is currently open. The way in which we deal with this is by further restricting
the a priori estimates provided in this thesis to densities, f, which solve (1.12) with fy €
Vp(Dy, Ep) and additionally satisfy

17l < Cr.

where C; depends on <, s, Dy, and FEy, and is a monotonically increasing function of t¢.

Moreover, as in Section 1.4, we denote for any given T"> ¢ > 0
T={ge L2 lg®)lz, < Cuvt € [0,TI),

and

Cr = sup C} < .
t€[0,T]

Our assumptions regarding C; are motivated by the result due to Carlen, Carvalho, and Lu

in [9, Theorem 1], the statement of which we present as the following lemma.

Lemma 2.3. [9, Theorem 1] Let f(t,v) solve the homogeneous Boltzmann equation (1.12)
on (0,00) x R with fo € U(Do, Eo) N L and Q as in (1.10) with B satisfying (1.13) and
(1.14). Then, there exists a constant C' depending only on v, s, Do, Ey and | fol|;1 such
that

IF@®)ll < CA+).

Before we may move on to the main result of this chapter, we include one final lemma

which serves as the culmination of Lemmas 2.1-2.3.

Lemma 2.4. Let p € (1,00), s € (0,1), v € (max{—3,—2s — 3},0), V,(Do, Ey) be as
in (1.29) with Dy, Ey > 0, and T and C; be as in (1.30) for a fivxed T > 0. Then, if
f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12)
on [0,T] x R® with fo € V,(Dy, Eo) and Q as in (1.10) with B satisfying (1.18) and (1.14),
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there are constants ¢ and C depending only on v, s, Dy, and Ey such that

P 2

2 C
- - b} X
L3/2 max{p,p’} HY

/ QUf, )P dv < < max {1+1t,C} Hf%
R3 P

Proof. We first note that by Lemma 2.3, since fy € V, (Do, Ep) and f € T we have

wa {17y 1flzz, } < <C
[v] [

where C; := max{1 +t,C;} and c is a constant depending only on 7, s, Dy, and Ey. Then,
by Lemmas 2.1 and 2.2 as well as (2.4), we have for v < —%

QU neta
R3

1 1
< =1 -
—p/ P(f?f) maX{p’p/} p(f)f)
Ci(c 2 2 1 1 pp2 1l e 2
< (2t vl )+ gy (2L -l
p € L3 /o HS ), max{p,p’} L7 )2 HS o
for any € > 0. Hence, for € sufficiently small and using the fact that max{lp T < ]%, we get
— Cﬁt P 2 C 2 2
QU NP tdv < —=| f> - ||/? :
/R3 (.7) 2 L2, max{p,p'} H?
where ¢ and C' depend only on v, s, Dy, and Ejy.
The result follows similarly for the case when —% <. O

2.2 Generation and propagation of LP-norms

With the collection of lemmas in the previous section, we are now in a position to state and

prove the a priori estimates comprising our first main result.

Theorem 2.1. Let p € (2,00), s € (0,1), v € (max{—3,—2s — 3},0), V,(Do, Eo) be as in
(1.29) with Do, Ey > 0, T be as in (1.30) for a fized T > 0, and Cr be as in (1.31). Then, if
f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12)
on [0, T] x R® with fo € V,(Dy, Eo) and Q as in (1.10) with B satisfying (1.18) and (1.14),
there is a constant C' depending only on v, s, Dy, and Eg such that

3p=1) 1 [, _3(=1)
Nf)]lp < C(max{1+T,Cp}) 2» t~ "z 1), forallte(0,7T)]. (2.12)
Moreover, if we additionally assume that fo € LP, then

sup |[f ()l e < | foll e IO (2.13)
te[0,T
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Proof. By multiplying (1.12) by pfP~!, integrating over v € R3, and applying lemma 2.4,
we find that
pCCt

p

_oC

o
< ) i

< — /
H /o p

d
SFOIE

2
Lv/2

for C; = max{1 +t,C;} as in lemma 2.4 and constants c, C depending only on ~, s, Dy,

and Ejy. In particular, since (v)? <1 we have

pC I cht

d
SF@I,

1AI1Z (2.14)

HS
~

and furthermore, since 1 <

< W and > < p, we may more simply write

b
2

d
GOz, + ||

< peCi| fIIgp- (2.15)
H ,
Since (2.15) implies that

d — _
G ONze < peCull f@O)I2e < peCrllf O,

if fo € LP then we may apply Grénwall’s inequality to directly conclude that

1F @2, < | foll?,ereCrt

which proves (2.13).
Let us now proceed with the assumptlon that foy §§ LP. If we take 0 = % (0,1)
so that 1 = p(1 — 6) + pg3328

3p

1715 = [ @) 7o
= [ " ()7 f)" dv

R3
_ [ <v>|7| (<v>%f)p(l_6) <<v>%f)p93§35 . do

R3

93 2s _3p

- /R3 << >p<‘1 oy +3 f>p(19) ((vﬁf) W% g

(1-9) 0
< Hfllp ol 5

— 48
L’Y/P
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where the final inequality follows from Hélder’s inequality and the fact that % + % =

% < v, for v, as in V,(Dy, Eyp). Thus, from lemma 2.3 we may further write

0) 0 ~p(1-0) 9
11170 < [CA+PEO|fIP 5, < CCT AP s,
L3 555 L3
v/p v/p
where C' depends at most on 7, s, Dy, Ey. Furthermore, by applying Theorem 1.6 (Sobolev
inequality) with n = 3, k = s, and £ = 3228 25 gives

2
2

e 2 75] s =ellfI®
H
/2 /

’Y/P

with ¢ depending only on s and hence

C 1-6 20
1l < =500 5L (2.16)
/2
or equivalently
o T < |8 (217)
J— 2 .
C t Lp Hf,/g
Applying Young’s inequality to (2.16) yields
peCill flI7e < peCrll £l
_ _p(1— 20
< pcCr oyt
HS
v/2
1-6

where Cp := C’t’ _p , and the constant ¢ depends only on «, s, Dy, and Ey. This estimate,
together with (2.15) then gives

P
2

1
<(1-0)cCr°CY,
7/2

d
SOl + @ -0C|r
and thus (2.17) further implies that

p(1-0)

d
IOl +CCy a2 HfHLPSCCIGC
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Now, let X,(t) = [|£(1)[[5, and Y,(t) = CF

can be written

. With this notation, the inequality above

1
7 1
U UL oy
dt (Yp(t))
and hence X, is a sub-solution to the ODE
1
X X 7 L
U0, COSD _ gy, ors
dt (Yp(8)) o
If we then consider Y, := C% and X, (t) = CrYy (f% - 1> for
¢ 0
* L CCT_ 0 e
C7T = max ( e ) ,(0(1_9)> )
where ¢, C' are as in (2.18), then
* * 1 * * 1
dX,(t) C(Xp(t32: > dX,(t) N cX, (29)6
dt (Yp(8) 7 dt (Y1)
= — <1_9) C th -0 +C’(C’T)9Yp (t -0 4 1)9
4 1 sy Sy (-t 1
> (1) T oy (0T 1)
iy L 0 ) -
- C(CT)GYP + |:C(CT)9 - (1_9> CT th 1-6
o1 oL 0 -
> CCY(0) + e - (15 ) e v
Now, by construction
1 0
Vg > *
et = (125) o
and )
C(Cf)7 = Cr 7,
and hence we conclude that
1
dX(t) C(Xi(t))e 1
o) S50 cCr " Yp(t)
dt (Yp(8) 7

In particular, this implies that X (t) is a sup

IN

er-solution to (2.18) and therefore X,,(t)

X, (t) for all t € (0, T]. By recalling the definition of 6 above, we have thus shown that

1
_ 3p P — __3
150l < (©7Cr (5 1) < (@0r (57 +1), forall te (0.7,
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Finally, since ;%5 = % > 1 and Cr > 1, we may write

3(p—1) 3(p—1)

_ -1 s _
o fon ()] <ol

for some constant C' depending only on ~, s, Dy, and Ey. Therefore, combining this with

the inequality above proves (2.12). O

We conclude this chapter with a regularization result similar to that of [4, Corollary
1]. This result fits nicely into the LP theory, however we note that it will be of particular

importance in the next chapter.

Theorem 2.2. Let s € (0,1), v € (max{—3,—2s — 3},0), Va(Dy, Ey) be as in (1.29) with
p =2 and Dy, Eqg >0, T be as in (1.30) for a fired T > 0, and Cp be as in (1.31). Then, if
f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12)
on [0,T] x R® with fo € Vao(Do, Eo) and Q as in (1.10) with B satisfying (1.13) and (1.14),
there is a constant C' depending only on v, s, Dy, and Eg such that

/T ||f(7')||§{s/ dr < C(max{1+T,Cr})*, telo,T].
t /2

Proof. Similarly to how we obtained (2.14), by multiplying (1.12) by 2f, integrating over
v € R3, and applying lemma 2.4 with p = 2 we have

d — _
SFOI +CUS I | < Cullf 3 < Crlf13s,

where Cp = max{1+¢,C;}|,_s as in the preceding proof. Then, since f € T we may

further write q
I f(®))2 < T
dt

Integrating along [t, T] then gives
2 T 2 2 =3
IF(T)Iz2 + C/t IF s dr < If O)llz2 + cCp(T — 1),
and in particular

T J—
|15 dr < & (1Ol + T - )

Therefore, again since f € T we get

T 9 4
| 1@ dr < T
t /2

where C depends only on 7, s, Dy, and Ej. ]
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Chapter 3

L°° Theory

3.1 Preliminary results

We begin by letting K > 0 and defining f;- == (f — K)x¢f>Ky- We will also denote Ky =
K (1 — 2*’“) for k € Z>1 and write
fr = f;k (3.1)

As mentioned in section 1.4, our strategy will be to investigate the weak form of the homo-
geneous Boltzmann equation (1.12) with the test function being the level set function fy.
As such, we would like to obtain a result similar to that of Lemma 2.4 with f; in the place

of fP~1. The following lemma provides the first step towards that goal.

Lemma 3.1. Let Q be as in (1.10) with B satisfying (1.13) and (1.14). Then, for f suffi-
ciently smooth and fi as in (3.1),

[, QU D e < KIS i) + 3a(F,f2) = 3 (F fo) (32)

where I, and J, are as in (2.1) and (2.2) with p = 1,2.

Proof. We first observe that

f(fr = fu) = (f = Kp)(fr. = fr) + Ki(fr. = fr)
= (f = Ke)(X{r=r0} + Xis<ru}) (Fr = fr) + Ki(fr. = fr)-

Then, since

(f = Ki)xqr<ry (e — fo) = (f = Ki) = (f = Ki)xqp<r 3 fr <0,
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we further see that

U= fe) < folfe = fo) + Ki(fx — fx)

= fi (jfplé - ) + Ky (fi — fr)

= (U0 = 1)~ Uk~ 0+ KalF— fo)

where the final equality follows from (2.3) with p = 2. In particular, since K < K, one has

PO~ i) < g (G2 = ) = 5= 0 + K (i~ fo)

Now, by the weak formulation of the collision operator (1.18) with test function ¢ = fp,

we get,

[oeunsdo= [ [ £.70 - B~ v o)do do,do
R3 R3xR3 J/§2
< KN, fi) + 52 fe) = 5 fo).
O

As we can see, Lemma 3.1 bears a strong resemblance to Lemma 2.1 in the previous
chapter with p = 2, with the primary distinction being the appearance of the additional Iy
term. Now, as we will see, we are able to use the same procedure as in the proof of Lemma
2.4 for the difference of integrals I — Jo but this, however, requires us to separately bound

I;. We therefore proceed by dealing with this particular obstacle.

Lemma 3.2. Let s € (0,1), v € (max{—3,—2s — 3},0), U(Dy, Eo) be as in (1.26) with
Dy, Ey >0, T beasin (1.30) for a fized T > 0, and Cp be as in (1.81). Then, if f(t,v) € T
is a sufficiently smooth solution to the homogeneous Boltzmann equation (1.12) on [0, T] xR3
with fo € U(Do, Ep) and Q as in (1.10) with B satisfying (1.13) and (1.14), there is a
constant ¢ depending only on v, s, Dy, and Eg such that for any 0 < t. < T sufficiently

small
L f)(t) < emax{l + T, Cr}ts = | fu(®)ll s for all ¢ € [t T]. (3.3)

Moreover, if we additionally assume that fy € L, then
L(f, fr)(t) < cmax{1+T, CT}eCGTTka(t)HLl, for all t € [0,T). (3.4)

Proof. Let us start with the observation that due to Lemma 2.2 with p = 1, if —% < 7,

then regardless of whether or not fy € L we have

L(fy fx) < cCrllfrll 1, (3.5)
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where Cp := max{1 + ¢, Ci}|,_ and c is some constant depending only on 7, s, Dy, and

Fy. Notably, we may also write

L(F ) < Ot || foll - (3.6)

Let us now consider the case when v < —% and fp € L. Then, since fy € V(Dy, Ep),
we have fo € L' N L® and hence fy € LP for all p € [1,00]. So, by Theorem 2.1 we deduce
that for any p > 2,

sup | £(0)] o < | foll e ™. (3.7)
E[O,T]

Now by (2.5), Holder’s inequality with ¢ and ¢’, and Theorem 1.8 (Young’s convolution
inequality) we get

L(f, fx) < C/ Fefrlv — vi]Vdvs dv
R3xR3

=C (/ Jefrlv — vi]Tdvy dv + Fefelv — vi|Vdus dv>
[v—v4|<1

|[v—vy|>1

< C (Ifll
< (£l

fes 1 0xqen |, + el flllfll )

I FA P

1 xg1<1|

Now, by choosing 1 < ¢ < \73\’ then |-|"xy.|<1} € L9 and ¢’ > 2. Hence, by (3.7) we obtain

L(f ) < C (1 F )l + 1) I fell o (3:8)
< € (oll e ™™ +1) 1 full
< e il o, (3.9)

where ¢ depends only on v, s, Dy, and Ey. Therefore, (3.8) together with (3.5) imply (3.4)
holds for any v € (max{—3,—2s — 3},0).
Let us now continue with the case where v < —% but forgo the assumption that fo € L.

Then, by Theorem 2.1 we have for ¢, small enough
_3 _3 _3
[f(t)ll e <C (t* a4 1) <ty BT <ty ®

where ¢ depends only on v, s, Dy, Ey and ¢’ is as above. By treating ¢, as an initial time,

we may then invoke (2.13) of Theorem 2.1 to obtain

sup [[FO)l e < |1f ()| €T,
te(t«,T)
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and in particular

_3
sup |[[f(@)]l Lo < E)ll Lo < cte ™.
te(t«, T

Now, since (3.8) remains true even when fo ¢ L>°, we then see that

LU 1) < C (1l + 1) el
_ 3
<c (ct* i 1) 1 ill
_3
< CE | el

3
< CCrts > || frl

for all ¢ € [t.,T]. Therefore, together with (3.6) we deduce that (3.3) holds for all vy €
(max{—3,—2s — 3},0). O

Since the upper bound obtained above for I; differs when it is additionally assumed
that fo € L™, we save our discussion regarding the further estimation of the right hand
side of (3.2) for the proof of Theorem 3.1 in the proceeding section where the arguments
presented are separated into the L°-norm generation and propagation settings. Now, we
shall see that these arguments follow an identical procedure as in the proof of Lemma 2.4 to
bound [Is — Jo, which will consequently yield, up to some constants, the difference of L?Y /2
and Hg /o-norms. In this case, it is not immediately clear how the L!'-norm appearing on
the right hand side of both (3.3) and (3.4) will be compatible with our Iy — J; bound. The

next lemma provides an important tool that we may use to make sense of this.

Lemma 3.3. If a > 0 and g € (0, 1], then for fi as in (3.1) we have

1 2k “
X{f>Ki} < (25_1'ka‘6> '
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Proof. We first notice that since { f > Ki} C {f > Ky_g}, we have x(f>x,1 < X{f>Kk76}}‘
With this in mind, we compute

Jr—g=(f — Kk—ﬂ)X{f>Kk_ﬁ}

(R G| T
28
[f Kk+Kk—K<1—2k>

K K2°
(f K+ K - 55 = K+ =5 )X{f>Kk6}

X{fZKk—B}

26 -1
(f K+ K——— ) X{f>K_p)

28 _

1
> (f - Kt K° F )X{fsz}

and therefore
1 2k “
X{f>Ky} < 28 _ 1 ’ ?fk—ﬁ

for any a > 0. O

This lemma essentially means that, up to a constant, we may bound the level set function
fr by fi© HO‘ for any 8 € (0,1] and a > 0. This increase in power allows us to interpolate
fr between LP-norms that may not have otherwise been allowed only by moving down a

fraction of a level. This idea is made precise in the proof of the following lemma.

Lemma 3.4. Let s € (0,1), v € (=3,0), f be sufficiently smooth, fi be as in (3.1), and
denote qs == ﬁ and ¢, its Holder conjugate. Then, for p € (1,qs) and rg = % — qls’ there
is a constant C' depending only on s such that

2k\ " re(2— 2, (C—1)
kaumsc(K> LAl il (3.10)

\7|/2 s(2—

for any C € (1,min {2, %}) and

—3 2
I Il kaleng’ 1l (3.11)

<
2k; %Jrl 2s( 274) 2s(¢—1)
3|v|/2s(2— v/2

1kl < C(

for any ¢ € (1,2).

40



Proof. Let ¢ € (1, min {2, %}), q= %, and ¢ = %. Then, by Holder’s inequality

ds
2q fp_zdv> !

Il = ( /R ) 5 1)
ka

e
q
\ | s/24a qus/2q

(3.12)

We now consider separately first and second terms on the right hand side of (3.12).
Indeed, let us first focus on the first term. First of all, since £’ = ¢ € (1, min {2, %}),

we can write . ) 0
=_=(1-860 —

for = (1 - 1) € (0,1). Thus,

N
_ (/ <v>\'vl2q;q f,fqldv> pq
Iv\q /2q R3
vl T's
:(/R:;<U>2T5f]§(l 9)f d >
r9¢0

| rs¢(1-0) 5=
< (/ (v) 27sC0=9) fkd'U) (/ f,?dv)
R3 R3

52 2rs 1
= 1 full¢ Hf\VC

Liyisersca-
rs(2— 2rs 1
<> [Tl (3.13)

‘7‘ 2rs(2—¢

Iz

As for the second term, it follows from Lemma 3.3 with o = ¢q and 8 = 1, and the Sobolev
inequality with n =3, k = s, and £ = 55 2 (as in Theorem 1.6) that

1

l e, = (@ ﬂpmd)
wq /2q
2k Fq i
14 4 rq
< (K) Igpl )q+ N )
<
E\ o7 1
= (i{) . WS dv)
2k
= (K) |fk 1||L‘13
2k
0( ) el (3.14)
v/2

where the constant C' depends only on s. Therefore, (3.12) together with (3.13) and (3.14)
yields (3.10).
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To see (3.11), we first note that by Lemma 3.3 with a =1 and 8 = 3, we have

17 ! L2
kllipr < 1K fil 1/2 \@_ 1 K I7E=172{ 2
Now, using (3.10) with p = 2 and observing that in this case rs = % — é = % % =3
we get
2
C 2k 25(4371)
< — _ — s
5 < 0% | (% HfHLm Ml el
2k 3+l 2s(2—¢) 4s(¢—1) 9
— C - — s — s
=) W el el

Moreover, since % = % > 3 when p = 2, we find that (min {2, i}) = 2 and hence we see
that (3.11) holds for any ¢ € (1, 2). O

It is due to Lemma 3.4, or more specifically (3.11), that we require the introduction of

the class mentioned in section 1.4:

Vi (Do, Eo) = {g € L' : gl > Do, lgllzr, +1gllz10gr < EO}
C

where v} = maX{Q, 2;()’|2 |C)} for ¢ € (1,2), since we control the the weighted L'-norm
appearing on the right hand side of (3.11) when f solves (1.12) with fy € V}. In particular,

by Lemma 2.3, if f solves (1.12) with fy € V¢ then we may write

2s( 2:; 21@ 25(4371) 9
1fkll < CC, Ve kaleLz 1 frtllrzs (3.15)

in the place of (3.11), where C' depends only on 7, s, Dy, and Ey, and C; = max{1 +t, C;}
for Cy as in (1.30). It will also be relevant to note for later that Vi (Do, Eo) € Va(Do, Eo)

since v = max {2, 1Yl %} and for any ¢ € (1,2)

3|7

3yl o 3k
2s(v —1)

2s(v—1) = 4s

> ||, and

To conclude this section, we prove one final and fairly general lemma relating to the
energy functional, mentioned in section 1.4, that will be introduced in the proof of our next

main result.

Lemma 3.5. Let a,b,C >0, c> 1, k € Z>1, and Wy be constant with respect to k. Then,
a \k
Wk = Wo (2_5*71)
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s a super-solution to the equation

Wy = C2* KW, (3.16)
when )

K> (C2ews )’ (3.17)
Moreover, Wy, is a solution to (3.16) when (3.17) holds with equality.
Proof. The proof follows from computation:

a — c a — c(og—2 e(k—1)
C2RRKTPWE_y = C2 KW (27

= (c2 W) K (275
Then,
Wi > C2FK~PW¢ |

when (3.17) holds, and
Wy = C2*K~PW¢_,

when (3.17) holds with equality. O

3.2 Generation and propagation of L*°-norms

Let K, k, Ki, and fj, be as in the previous section.

Theorem 3.1. Let s € (0,1), v € (max{—3,—2s — 3},0), VEi(Do, Ey) be as in (1.4) for
any ¢ € (1,2) and with Do, Ey > 0, T be as in (1.30) for a fixed T > 0, and Cr be as in
(1.31). Then, if f(t,v) € T is a sufficiently smooth solution to the homogeneous Boltzmann
equation (1.12) on [0,T] x R3 with fy € Vi(Do, Eo) and Q as in (1.10) with B satisfying
(1.13) and (1.14), there is a constant C depending only on vy, s, Dy, and Ey such that for
any 0 < t, < T sufficiently small we have

sup |[|f(#)l| e < C (max{1+T,Cr}) <
te(t«,T]

3 3
6+8s(¢—1) 1 5—(—5+1)
s (t ) R (3.18)

If we additionally assume that fo € L™, then

6+8s(¢—1) 3
sup /(1) < mas {200l € (max{1 4 T, €y ST FOmmeronyrl,
tel0,T

(3.19)
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Proof. Let us forgo the additional assumption that fy € L® for now and begin by proving
(3.18). To this end, by multiplying (1.12) by fi and integrating over v € R3, we obtain

| Qu.npte = [ s

= (f — Kg) fedv
2Ky

= 53/Rg(f — Kk) X2 rp

1d )
= gaﬂfk(t)”L%

Now, by Lemma 3.1 we have
/R3 Q(f, f)fvdv < KIi(f, fr) + %IQ(fa fe) = %Jz(ﬂ fr)-

Then, we may bound %[2 — %Jg via the same procedure used in the proof of Lemma 2.4 for

I%Ip — m,]p. Indeed, by taking p = 2 in the proof of Lemma 2.4 and replacing f with

fr, we obtain
1 1 — 2 2
5 12(fs fi) = 592(f, fi) < Crllfillzz | = Cllfells
v/2 v/2

where Cp := max{1+¢,C;}|,_p for Cy as in (1.30) and ¢ and C are constants depending
only on 7, s, Dy, and Ey. Therefore,

1d

igllfk(t)lliz + CHJ‘%Hfﬁ@/2 < KIL(f, fr) + CéTlU"kHZLg/2 < KL (f, fx) + cCrl full72 (3.20)

Moreover, by integrating (3.20) over 7 € (&,t) for any £ < t, we get

t t
SIAOIE: +C [ dr < SN + K [ (7 p(r)ar+

CCT/£ | fe(T)||72d7.  (3.21)

Let us now define the times ¢ == ¢, (1 — 2_(]““)). Then, since 0 < t; = %t*, by (3.3) in
Lemma 3.2 with ¢, = ¢; we see that there is a constant ¢ depending only on v, s, Dy, and

FEy such that when ¢, > 0 is sufficiently small we have

3

— 3 2s
Li(f, fi)(t) < cCr (475*) £, forall t € [ty, T,
which we may instead simply write as

L(f, fr)(t) < CéTt*_%ka(t)HLla for any ¢ € [t1,T]. (3.22)
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Combining this result with (3.21) then gives

1 t 1 _ _3
IO+ C Ui r < SUOIEa +eCrt® (1 [ A

for all t € [¢,T].

Now, if we define the energy functional

Wk =

N |

T
swp (@32 +C [ 1)
tx v/2

te(ty,T]

the inequality above implies that for tp_1 < & <ty <t < T we have

Wkslufk(s)H%HcCTt*i(K/ I lsar+ [t \|L2d7>-

te—1
Then, since t, — t;_1 = t,2~*+1) taking the mean over ¢ € [tk—1, k] gives

1

1 2 2

- < - d

SOl < il Sl

2" 2
== [ 15,
* Jlg_q
and thus
2k 9 3 T T 9
Wes 2 [1 Idr+ @t (K [ I ildr+ [ 1A ar
* — k—1 k—1

N T Qk T 2
<t i [ i+ (241) [ o]
k—1 * k—1
. _3_4 T & T 9
<Ot (K [ 1lpdr+2° [ ol adr

k—1 k—1

for some constant C' depending only on v, s, Dg, and Ey. Furthermore, by Lemma 3.4 with
p = 2 we see that for any ¢ € (1,2) there is a constant C' depending only on s such that

s¢ 2
3

2k 2s(¢—1)
(K) ™ el Wl

2

28|\ fillze < 2*C

2s5(2—¢) 4s(¢—1)

54
25 \k (1
= C 273 +1 ( ) _ 3 _ 2 s
(275+) 177 el el
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and thus since fy € V¢ (Do, Ep) there is a constant C', by Lemma 2.3, depending only on +,
s, Dy, and Ey such that

2
%C 4s(C—1)

k 2 — 2s¢  \F /1 4s(¢=1) )
2l < 0 (25 () T Iiale” Il

Lemmas 3.4 and 2.3 similarly show that

EIS
3

—= sco\k 1 As(¢=1) 9
Kl <0 (25" () 1l ™ Nl
and in particular, this implies
& 9 i 2s¢ \F (1 5 4s(¢-1) 9
KI5l + 2l < €0 (259) ()" Mimalln” Wil @329

Therefore, we find that

s¢
—2 —2 1 /_2s¢C E/1\3 (T 4s(¢=1)
Wi < CCTty (2 3 +1) () / ”fkfl(ﬂHLz 3 kafl(T)”?{ide
-1

K tr
and hence
N 1 sC 1 23(%—1)
_9 _3_ s 3 2s(¢-1)
W, < CCat, 2" (Q%H) () o (2 sup e ()]
K 2 tE[tk_l,T]
r 2
[ Mea@), ar,
te—1 /2
from which we see that
s¢
9 _3_ s E/1\73 2sc—1) 28(¢=1)
Wi < CCpt. > (255°1) (K> T (3.24)
Now, we see from Lemma 3.5 by setting a = w, b = %, c = 25(%71) + 1 and
9 _3_
C =02, ", that
1 k
W,: = W() ()
2
satisfies (3.24) with equality when
3 25((=1) \ 3¢
9 3 _1 2s5(¢-1) S6— s
K= <002Tt* N Bt A > (3.25)

and hence
Wi, <W; — 0
k—o0
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provided Wy < oco. Indeed, since

T
Wo=3 sw [J(O)F+C [ 1/l dn
to v/2

te(to,T)

DN |

we see from Theorem 2.2, together with the fact that f € 7T, that there is a constant ¢
depending only on 7, s, Dy, and Fy such that

1 _ .
Wo < 503 +CCy < O < 0. (3.26)
Hence, if we take k — oo, then Kj, — K and t; — t.

sup || fe @)Lz =0,
te(ty,T]

from which we deduce that
ftv) <K

for any t € [t.,T] and for almost all v € R3, where K is as above in (3.25). Therefore, from
(3.25) and (3.26) we finally conclude that for ¢, sufficiently small and any ¢ € [t.,T], we

have

I

1 )i(i“) 3 (24500 Extelg-1) (1 )i(i“)

£l <05 ci _ ot

where C' depends only on v, s, Dy, and Ep, thus giving (3.18).
Let us now further suppose that fy € L*. Now, taking K > 2| fo||;« implies K} =
K(1—27%) > || foll e since (1 —27%) > £ for every k > 1. Therefore, integrating (3.20)

over T € [0, 1] gives
1 ) t ) t ot )
M@+ € [ 1A dr < & [ B f)dr+ Cr [ 1amIRadr
Additionally, by Lemma 3.2 we have the following bound for Iy (f, f):
L(f fi)(0) < Cre || fu®)]| ., for all £ € [0,7],

where ¢ depends only on v, s, Dy, and Ey. Thus, we may further write

1 t - t ot
SO +c/0 ey dr < cC’TeCCTTK/O ka(7')||L1dT+cCT/O | fe(P)|22dr

o t
< CrerT /0 KN el s+ £ 2edr
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for any t € [0,7]. Then similarly to the previous case, by defining the modified energy

functional

1 T
Weo =5 sup [fe®lF+C [ 1Dl dr
2 4efo,1) 0 v/2

we see from the above inequality that

- T
Wio < cCreCrT /0 K[| £ (7)1 + 1) ][22

Now, since 1 < 2% we see from (3.23) that

s¢
) s k(1T 4s(¢-1) )
K| fe(m)l 2 + [ fe(m)l|7: < CCr (2 3t ) (K) I fe—1ll,2° ka—1||H§/2

for a constant C depending only on ~, s, Dg, and Ey. With this inequality in mind, we may

then write
s¢
—9 C@TT g+1 k i 3 T 45(%71) 9
Wio < COerT (25 ) ()7 [ Mia(llpe ™ Ifiea (Dl a7,
and thus similarly to (3.24) we have
s
o s k/1\3 28— 2s(¢=1)
Wio < CC7.e00T (2%5°41) (K) Pt g (3.27)

Therefore, we again see that by Lemma 3.5 with a, b, ¢ as above and C = CégpeoaTT, that

1 k
WII,O = W070 <2)

satisfies (3.27) with equality when

)

3
- 2s(¢—1) 25(¢=1)\ 3¢
K= <CCTeCCTT23 R AT

where

1 T
Woo =5 sup [FOlF: +C [ 15 e
t€[0,7) 0 /2

In particular, Lemma 3.5 implies that Wg,o is a super-solution to (3.27) when

3
. = 2s(¢—1) 2s(C=1)\ 3¢
K:max{2||fo||Loo,<cc§eCCTT23 iy ) } (3.28)
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and hence Wy o < Wi, with this choice of K. Then, since the bounding in (3.26) also
applies to Wy o, we may conclude that

Wko § W]:‘(O — 0
’ ™ k—oo
and thus, similarly to above, taking k£ — oo yields
1f(®) e < K, forall ¢ €[0,T]

for K as in (3.28). Finally, from (3.26) we conclude that there is a constant C' depending
only on v, s, Dy, and Ey such that

_ 648s(¢—1) 3 0T
sup ||f(t)lpe < maxq2[follpe, CCp ™ €371 5,
te[0,7

which is precisely (3.19). O
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Chapter 4

Further research

We dedicate this final chapter to the discussion of various potential future research directions
which have emerged as a result of the work presented in Chapters 2 and 3. Throughout this
thesis, we have imposed a number of assumptions that may, to some degree, restrict the
utility of our main results. In particular, it was mentioned in Section 1.4 that the space
U(Dy, Ep), as defined in (1.26), reflects the minimum assumptions we may take for the
initial data of a zero total momentum system and therefore corresponds to the most general
set of solutions to the Boltzmann equation (spatially homogeneous or not). However, due
our need to control higher moments of solutions to the homogeneous Boltzmann equation
(1.12) (a consequence of Lemmas 2.2 and 3.4) we required that the initial data be limited the
spaces Vp(Dog, Ep), as defined in (1.29), in the LP-norm setting with p < oo, or VZ(DO, Ep),
as defined in (1.4), when studying L°°-norms. An interesting question then becomes how
one might modify Lemmas 2.2 and 3.4 in such a way that these more strict conditions for the
initial data, fy, may be relaxed so that one may, for example, only require fo € U(Dy, Ep).

Due again primarily to Lemma 2.2, we also consider only those solutions to (1.12) that
are also elements of 7 as defined in (1.30). This condition essentially corresponds to the
propagation of L? moments for solutions to (1.12) with soft potentials and, as mentioned
in Section 2.2, it is currently unknown whether or not this assumption is reasonable. Con-
sequently, the problem of L? moment generation and propagation is of particular interest
for future work.

Lemma 2.2 additionally restricts v from the full range of soft potentials, (—3,0), to
(max{—3, —2s — %},O). This assumption is enforced so that we may apply Sobolev em-
bedding (see (2.10)) to prove estimate (2.6b). Thus, in order to obtain results similar to
Theorems 2.1, 2.2, and 3.1 for the full range of soft potentials, v € (—3,0), a different
approach must be taken which therefore results in another research direction.

Finally, each of the main results presented in this thesis represent a priori estimates for
solutions to the homogeneous Boltzmann equation (1.12) and hence the important question

which remains is whether or not these results can be extended to weak solutions of (1.12).
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