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Abstract

The effective population size Ne was introduced by geneticist Sewall Wright to describe
idealized populations. Ne has been a research interest because of its mathematical theory
and population management utility. Inspired by such potential, we (re)-introduce the notion
of the effective population size N∗ in mathematical epidemiology. Our aim is to see if a
simple model with the population size as a variable N∗ can capture disease dynamics in
various data types. We introduce a simple SIR model and derive methods of estimating
N∗. We apply our methods to both simulated and real outbreak data. We compare N∗ to N
and look at how corresponding solution curves match data. We identify preferable methods
and settings where these methods are applicable. We state possible implementations of N∗

in public health management as well as extensions and limitations of our methodology.

Keywords: effective population size, epidemiology, infectious disease modelling, parameter
estimation, COVID-19
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Chapter 1

Preliminaries

1.1 Introduction

Infectious disease modeling is a subfield of mathematical biology that employs mathematical
tools to study disease dynamics. Mathematics helps to estimate key parameters and those
parameters in turn help to predict progressions of an epidemic. One of such parameters is
the basic reproduction number and it may show conditions for disease eradication. Informed
with parameters and outcomes of an emerging disease, public health management teams
decide how and what control measures (e.g. lockdowns, vaccinations) should be applied.
In addition to forecasting potential, infectious disease modeling may be beneficial in retro-
spective analysis. It allows us to look for causes and interventions of past outbreaks and to
deepen our understanding of epidemiology.

Our goal is to investigate population sizes in disease outbreaks. A population size is
a key parameter in modelling epidemics, as it shows the scope of outbreaks and appears
in other important estimates such as the basic reproduction number. In general, it is not
treated as a variable, but in this thesis, we specifically treat it as unknown. We focus
on simple methods or methods coming from standard models to explore reliable ways of
finding the number of individuals involved in disease dynamics. The aim is to see if a simple
model with an unknown population size can capture disease dynamics in outbreaks data
where one would use computationally intensive methods. In addition, the implementation of
simple methods would allow conveyance of ideas more easily compared to complex models,
even for the general public. As a simple model involves a fewer number of parameters and
compartments, a disease transmission picture would be clearer. We introduce and develop a
notion of “the effective population size” that is coming from evolutionary theory. In the field
of genetics, the effective population size Ne is defined as the number of individuals in an
idealized population that would reflect key parameters such as genetic drifts. Ne has been
implemented because the census population size is not always proportional to given rates
such as variance in gene frequency [23]. Similarly, in early outbreaks, the true population
size of a location (e.g. a city, a town, a region etc.) could be considerably larger than
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transmission analysis suggests. For example, if an outbreak was localized and/or lockdown
was implemented, and consequently, one needs to look and employ a different population
size since using the census population size and a simple model will lead to a discrepancy
between data and a prediction curve.

In this thesis, we first explore the properties of a simple deterministic model and its
fitting to data. We analyse methods to compute a population size from this model. We
test these methods on stochastically simulated data with the expectation that the methods
would provide an effective population size that is almost equal to the true population size
on average since mixing in simulations is homogeneous and unrestricted. We attempt to
identify robust and accurate ways to find an effective population size. Second, we apply
our theoretical findings to early COVID-19 outbreaks in Chinese cities. In particular, we
focus on the effective population size and look at how model captures real outbreak data.
Third, we develop a more complex model. The complexity of this model will lie in the
various mixing patterns among subpopulations. The complex model is used for simulations
and we explore whether methods for finding the effective population size and subsequent
simple model fitting are still applicable in this heterogeneous setting. We conclude with a
discussion on limitations, extensions and implications of the effective population size and
associated methods of computing.

1.2 Background

Both genetics and epidemiology saw major developments in the twentieth century and the
connection between these two fields is getting stronger both in theory and application. For
example, the rapidly expanding area of phylogenetics helps to shed a light on the origins
of infections such as influenza and has allowed for more detailed monitoring of its spread
[25]. We state relevant key concepts and review relevant topics from both fields. Then we
use those notions as a basis to (re)-introduce a new one — the effective population size in
epidemiology.

1.2.1 Effective population size in genomics

Charles Darwin founded modern biology by stating the revolutionary theory on natural
selection in the middle of the nineteenth century [10]. In the early twentieth century, the
rediscovered work of Gregor Mendel led to the emergence of one of the cores of modern
biology - genetics, the study of genes [33]. Genetics helps us to answers questions of heredity
and can be useful in various ways, for example, diagnosis of cancer [45]. Ronald A. Fisher
and Sewall Wright developed a mathematical foundation of population genetics with one
of the focal points being genetic drift — the change in gene frequencies, caused by random
sampling of individuals [9]. For example, in small populations with alleles (gene variants)
of the same proportion (with respect to the number of individuals) not all pre-existing
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genotypes might be reproduced in the next generation which leads to genetic drift. The role
of genetic drift in evolution has been in debate for a century, as its effect is compared to
one of natural selection. Nevertheless, it has continued to be a source for active research,
especially, in mathematics [15].

Genetic drift can be described by the Wright-Fisher model in an idealised (conveniently
simplified) population. This stochastic model assumes random mating, constant popula-
tion size and discrete simultaneous generations among other conditions. 2N genes replicate
themselves (or N diploid individuals mate) following those assumptions. The sampling prob-
ability follows a binomial distribution Bin(2N, p). For no drift to occur, it is expected that
there is no change in allele frequency, p,

E(pi|pi−1) = pi−1 = · · · = p (1.1)

where pk is the frequency of a gene variant at generation k. Most importantly, this model
allows us to quantify variance

var(pi|pi−1) = pi−1(1− pi−1)
2N . (1.2)

With the observed variance v̂ar of the actual (not idealised) population, one can obtain

Ne = pi−1(1− pi−1)
2v̂ar(pi|pi−1) . (1.3)

The effective population size (Ne) is then defined as the number of individuals in the
idealized population that has the same characteristics (e.g. variance of frequencies) as in
the real population of size N [46]. One of the major properties is that Ne ≤ N , because of
the consequences of simplifying assumptions. For example, not all individuals are mating
(thus their genotype is not represented) due to an uneven sex ratio. In addition, since there
are other genetic characteristics of a population such as inbreeding probability, and a single
parameter cannot summarize them all, there are various ways to define and compute this
quantity Ne [15].

Because interpretations, estimations and applications of the effective population size
are diverse and open, Ne has been studied extensively. One of the questions is to explore
the relationships between ecological or demographic features and the effective population
size [15]. These features include age structure (maturation and breeding ages), population
structure (subpopulations and isolation) and family size (heritability). Ne combined with
ecological factors is used to describe human societies as in the example of the tribe study
[47]. In this study, computation of Ne helped to develop understanding of the reproductive
mechanism in a tribal isolate and how mating was different from the outside human societies.
On the other hand, Ne solely can help in the conservation management of endangered
species. For example, if a population with small Ne may have a genetic variation loss, one

3



needs to look at the causes and construct management to maintain diversity (e.g. habitat
relocation and/or protection) [44].

Inspired by utility and potential for research, we attempt to translate this notion into
the epidemiological setting.

1.2.2 Compartmental models in epidemiology

Epidemiology in its original sense means “study upon/on people”, but its first association
with infectious disease appeared only in the early nineteenth century [31]. Nevertheless, the
first mathematical studies were conducted even before, for example, the eighteenth century
work of Daniel Bernoulli on smallpox [4]. In the twentieth century, the term started expand-
ing to include non-communicable (e.g. stroke) as well as non-human (e.g. blight) diseases.
The early twentieth century also marks the foundation of mathematical epidemiology with
the work of Ross on malaria that utilized a simple compartmental model and introduced a
notion of the basic reproduction number [39] [7]. The subject was further elevated by the
works of Kermack and McKendrick with the emergence of the first deterministic compart-
mental model with dependence on the age of infection [19] [20] [21]. This model serves as a
basis of the models utilized in this paper.

The compartmental model is a special type of epidemiological model where each indi-
vidual is in exactly one of the compartments (stages of infection) and able to move between
them in time [31]. Systems of ordinary differential equations are often used to describe the
dynamics between these classes. One of the simplest models is SIR. Susceptible, Infected,
and Removed are the respective compartments, each is a function that shows the number of
people (at the respective stage of infection) at time t. The SIR model without demography
(no birth/death/migration rates) can be described by the following system of differential
equations:

dS

dt
= −βSI

dI

dt
= βSI − γI

dR

dt
= γI,

(1.4)

where β is the infection/transmission rate and γ is the recovery/removal rate (both are per
capita). Individuals move from S to I with rate βSI (i.e. infection) and move from I to R
with rate γI (i.e. removal). The population size is N := S + I + R, and it is unchanging
in time due to earlier assumptions on demography. If one considers outbreaks of a short
period, this assumption can be valid.

A central quantity in epidemiology is R0, the basic reproduction number. R0 is the num-
ber of individuals that will be infected by a single infective in a fully susceptible population
[31]. One of the important aspects of this quantity is its threshold: if R0 > 1 disease persists
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and if R0 < 1 disease is eradicated. Note that there are various definitions and methods
to compute it such as a spectral radius of the associated next-generation matrix. It cannot
always serve as a cut-off, for example, in cases of reinfection (e.g. individuals move from R to
S). Although, importance and reliance on R0 have been debated, it still plays an important
role in the public health management, for example, as a measure of infectiousness [28] [38].

In the SIR model defined in system 1.4, using the next-generation matrix approach,
R0 = βN/γ. Using this formula, R0 can be interpreted as the product of the expected
number of infected at the beginning of outbreak per day βN (the initial force of infection)
and the length/period of infectiousness 1/γ. Another way to compute this quantity is to
use early data from the outbreak: R0 = egTg ≈ 1 + gTg, where g is the growth rate (of
the cumulative number of cases, ln(I + R)/t) and Tg is the mean serial interval (the time
between an infector having symptoms onset and infectee having symptoms onset) [29]. Note
that these two computations, although describing the same notion R0, may give different
values.

The above-mentioned SIR-model by system (1.4) will be also referred as the “standard
system” throughout this thesis. Data that corresponds to the number of currently infected
people in a day are referred to as I-data. It is computed as the difference between total
infected and recovered individuals up to the given day. Data on the number of currently
removed people in a day are referred to as R-data. This is the sum of the total and new re-
covered individuals. Similarly, I-solution and R-solution will denote respective components
in the solution of the standard system. Both data and solution can be sought as a vector of
a length equal to the duration of the outbreak and components represent a corresponding
value in a given day. Note that using prefixes “I−” and “R−” is not generally a common
way of expression in mathematical epidemiology, but they are considered standard in this
thesis.

An example of SIR system (1.4) utility is a model of the Eyam Plague in work [37]. It
was proposed that plague had come to Eyam village (England) in 1665. The population went
from 350 to 83. There were standout points with this outbreak. First, plague was highly
infectious and consequently the whole village was affected. Second, burials were recorded by
the rector, so we have outbreak data (although only for R). Third, the same rector isolated
the village, hence there was no migration or further spread (fixed N). It was reasonable
to apply SIR model (1.4) to this outbreak. It provided a close fit to data and helped to
estimate parameters [37]. For example using a root mean square error test, it was shown that
γ ≈ 3 (time unit is 1 month). Despite the relative simplicity of SIR system (1.4) (with the
census population size), it may provide reasonable results in terms of fitting and parameter
estimation; however, there should be certain “ideal” conditions to apply this model.
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1.2.3 Effective population size in epidemiology

From the previous discussion on epidemiology in section 1.2.2, it can be seen that popu-
lation sizes play an important role modeling. Although it is possible to obtain the census
population size of a city, this quantity might not be reflective of dynamics due to lock-
downs, quarantine and disparate subpopulations, as these situations are supposed to reduce
the susceptible population size. Hence, we define the effective population size N∗, in the
epidemiological sense, as the number of individuals that is needed to get the same SIR
dynamics as suggested by real outbreak data. Alternatively, it also can be described as the
number of individuals involved in a disease outbreak given data (i.e. S0 + I0, all people
who would or could be infected). Note that there are similarities between the established
genetics Ne and our new epidemiological N∗:

1. Both are expected to be less than or equal to the real population size N .

2. Both require observation or data to be estimated.

3. Depending on the definition and the parameters in consideration, there are various
ways to compute both.

4. Considering the ratio between effective and census populations may help one to un-
derstand underlying features and dynamics.

The reason for introducing this notion is that in small (but still notable) outbreaks, the
real population size may provide poor fitting (under a parameter optimization procedure)
of simple models to the data. We attempted to fit (least square fitting, the details will be
given in the next chapter) the standard SIR model to COVID-19 outbreak data in Tianjin
with city’s fixed census population size. As seen in figure 1.1, we failed and there was a clear
mismatch between data and equations that describe corresponding dynamics. Our procedure
was as follows. We needed to have computed γ and R0 in reasonable ranges (around 0.2 and
> 1 respectively, in this case). Thus, the only parameter that we could (significantly) change
was β. If β was small, it would make a fitted curve that was almost flat (a zero function) as if
there was no outbreak. If β was large, we would obtain unreasonable γ and the fitting would
still be inadequate. Even when the achieved optimum parameter values were reasonable,
the corresponding fitting was not satisfactory, as in figure 1.1. We conclude that it may not
be possible to find optimum parameter values (β and γ) so that an optimizing algorithm
would converge to provide a decent fitting.
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Figure 1.1: Early COVID-19 outbreak in Tianjin with population of 15.6 million. The
orange dots represent I-data of the city. The blue line represents the fitted I-component of

the standard model with the given population size. β = 2.12× 10−8, γ = 0.28.

On the other hand, a simple model may not capture all the vital dynamics of the
outbreak. At the same time, more complex models where usage of N is feasible may be
resource-consuming and may not be easily explainable to the general public. These relatively
complicated models for disease dynamics analysis include various methods of extending or
transforming a simple SIR model: increasing the number of compartments (e.g. adding
Exposed, Quarantine) [3], incorporating features that induce periodicity (e.g. vaccination,
seasonality) [14], [2] and introducing heterogeneity in transmission and/or recovery (e.g. age
at infection) [43]. We attempt to find whether a simple model with an effective population
size can capture outbreak dynamics and relevant specifics. Although more complicated
models may provide a better fit, we hope that a simple model with N∗ may also give a
reasonable fit without adding complexity.
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Chapter 2

Computation of the effective
population size

In this chapter, we introduce different ways to compute the effective population size, that
is, to estimate N∗. In fact, each method may provide an estimate different from others,
but this estimate will still satisfy the effective population size definition as in list 1.2.3. In
the following section, we derive several methods for computation of N∗ that come from a
relatively simple model. In section 2.2, we test the derived methods on simulated data in
different settings to explore which methods are most accurate in which settings.

Numerical computations are performed using Julia language via VSCode [5] [32]. Sta-
tistical analysis is performed using R language via RStudio [36] [40].

2.1 Method discussion and derivation

In this section, we use the standard model introduced in system of equations (1.4) to derive
ways of estimating N∗. We treat the total population size N as an unknown constant
parameter. We may remove one of the compartments as N = S + I +R. Although in most
of the mathematical epidemiology literature R is eliminated, as it does not directly play
a role in transmission, in our case, we discard S. The reason for such is that we do not
know the population size involved initially, so we do not have data for the susceptible class.
However, we usually have I-data and R-data. With β and γ having the same meaning as
before, we obtain a new reduced system:

dI

dt
= β(N − I −R)I − γI

dR

dt
= γI.

(2.1)

We have a system of two autonomous differential equations with three parameters. The
basic reproduction number is given by R0 = βN

γ . We make a substitution of N with N∗,
as it is a parameter to be found that does not necessarily match the true population size.
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N∗ can be found by fitting the system solutions to I-data or R-data using optimization.
In Julia programming language [5], we employ the LsqFit package that in turn applies the
Levenberg-Marquardt algorithm (LMA) to solve nonlinear least-squares fitting [30] [26]. It
is an iterative algorithm that requires an initial point (starting values for parameters to be
found) and approaches a local minimum by gradient estimation. At each step, the reduced
system (2.1) is solved, one of the solution components is extracted (depending on data
to be fit) and LMA attempts to minimize the sum of standard errors (SSE) between the
extracted solution and data. During this fitting approach, other parameters β and/or γ could
be assumed known or estimated alongside N∗. Alternatively, parameters can be substituted
using the R0 formula, where R0 is computed using the growth rate, i.e. R0 = 1 + gTg.

In addition to fitting methods, there are also transcendental equations for N∗ in terms of
other parameters such as R0 and given data-points. In order to state them, we first need to
derive an explicit coupled solution of the standard system. We proceed as in [31]. We divide
the differential equations for S and I in the system and get a coupled pair of differential
equations:

dI

dS
= βSI − γI
−βSI

(2.2)

dI

dS
=
(
− 1 + γ

βS

)
. (2.3)

Next we integrate and apply the initial condition (S0, I0) for an arbitrary constant C:

I = −S + γ

β
lnS + C (2.4)

I + S − γ

β
lnS = C (2.5)

I + S − γ

β
lnS = I0 + S0 −

γ

β
lnS0. (2.6)

Lastly, we substitute S = N −R− I and S0 = N − I0 into the last equation and obtain
the coupled solution in terms of I and R:

I +N −R− I − γ

β
ln (N −R− I) = I0 +N − I0 −

γ

β
lnN − I0 (2.7)

N −R− γ

β
ln (N −R− I) = N − γ

β
ln (N − I0) (2.8)

R+ γ

β
ln (N −R− I) = γ

β
ln (N − I0). (2.9)

Note that we can further substitute γ
β = N

R0
. If R0 and a data point ((I,R) value at

some t) with non-zero R are given, then it is sufficient to solve transcendental equation
(resulting from equation (2.9)) for N∗, as I0 ≈ 1 in most cases. Furthermore, in some cases
only one of the components is sufficient. If dI/dt = 0 (i.e. we have the maximum number
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of currently infected individuals, Imax), then S = γ/β and using the (S, I) coupled solution
in equation (2.6), we get:

Imax + γ

β
− γ

β
ln γ
β

= N − γ

β
ln (N − I0). (2.10)

Applying the basic reproduction number formula, it reduces to:

Imax + N

R0
(1− ln N

R0
+ ln (N − I0))−N = 0. (2.11)

Note that we do not need information on the number of removed. Equation (2.11) will
be referred as the Imax formula. On the other hand, a transcendental equation that does not
include the I-component is the final size equation that is obtained by dividing the (I,R)
coupled solution in equation (2.9) by N :

R

N
+ 1
R0

ln (N −R− I) = 1
R0

ln (N − I0) (2.12)

1
R0

ln N − I0
N −R− I

= R

N
(2.13)

R0 = N

R
ln N − I0
N −R− I

. (2.14)

Using the point (I,R) = (0, R∞) we obtain:

R0 = N

R∞
ln N − I0
N −R∞

, (2.15)

where R∞ is the final size of an outbreak, the total number of infected (and eventually
removed) individuals throughout its course.

In addition to coupled solutions, standard system (1.4) can be reduced to a single differ-
ential equation for R. We divide the differential equation for S by the differential equation
for R and integrate:

dS

dR
= −β

γ
S (2.16)

dS

S
= −β

γ
R (2.17)

lnS = −β
γ
R (2.18)

S = S0e
−β
γ
R (2.19)

S = (N − I0)e−
β
γ
R
. (2.20)

We substitute equation (2.20) into I = N −R− S:
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I = N −R− (N − I0)e−
β
γ
R
, (2.21)

and use equation (2.21) as a substitution for I in the differential equation for R in system
(2.1) to obtain:

dR

dt
= γ(N −R− (N − I0)e−

β
γ
R). (2.22)

Note that the solution to this differential equation (2.22) can be used for fitting instead
of reduced system (2.1), if we have R-data. In doing so, we avoid the extraction of the
component solution.

It would certainly be possible to derive further methods not included in the previous
discussion, for example, the ones that utilize other modelling techniques. For example, one
could use survival dynamical systems and associated algorithms to find posterior distri-
bution for N [22]. Other parameters (in form of distributions) can be found by fitting to
well-known distributions, as it is done in [12], where using clinical observations, incubation
period distribution was fitted to Γ distribution. Nevertheless, as it was mentioned, we have
focused on the methods that are directly derived from the standard model. We summarize
all the methods, which will be used in this thesis, in table 2.1. We are going to test those 7
methods on simulated data and apply them to real data.

Note that we denote data available from the first weeks of the outbreak only as partial
data. We require that at least 10 days data is available, so that it is possible to compute the
growth rate. For the transcendental equations, in most occasions, I0 ≈ 1, it is possible to
take this value as 0 for big outbreaks (where we expect N∗ to be large so that I0/N

∗ � 1)
and use corresponding approximation. Throughout this thesis, the methods will be mostly
referred to by their short names.
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Method (Short
name)

Data-type Parameters Description

3 parameters to I

(Fitting to I)
Whole or
partial data

Fit: N∗, β, γ Fitting the I-solution of
reduced system (2.1) to
I-data

3 parameters to R

(Fitting to R)
Whole or
partial data

Fit: N∗, β, γ Fitting the R-solution
of reduced system (2.1)
to R-data

2 parameters to I

with β substituted
using R0 formula (β
via R0)

Whole or
partial data

Fit: N∗, γ,
fixed: R0

Fitting the I-solution
of reduced system (2.1)
to I-data with β =
R0γ/N

∗, R0 computed
using the growth rate

2 parameters to I

with fixed γ (Fixed
γ)

Whole or
partial data

Fit: N∗, β,
fixed: γ

Fitting the I-solution of
reduced system (2.1) to
I-data with γ fixed

1 parameter to I

with β substituted
using R0 formula
and fixed γ (Combi-
nation)

Whole or
partial data

Fit: N∗,
fixed: γ, R0

Fitting the I-solution
of reduced system (2.1)
to I-data with β =
R0γ/N

∗, R0 computed
using the growth rate, γ
is pre-fixed

Transcendental
equation for max-
imum infected
individuals (Imax)

2 data-
points:
(Imax, R)
and (I0, 0)

Fit: N∗,
fixed: R0

Solving the transcen-
dental equation aris-
ing from Imax formula
(2.11),R0 computed us-
ing the growth rate

Transcendental
equation for final
size (Final size)

2 data-
points:
(0, R∞) and
(I0, 0)

Fit: N∗,
fixed: R0

Solving the transcen-
dental equation arising
from final size formula
(2.15),R0 computed us-
ing the growth rate

Table 2.1: The methods that will be used throughout this thesis for estimation of N∗.

2.2 Verifying via simulations

Our aim in this section is to see if the methods derived in the previous section are accurate
and robust. We apply them to simulated data. We investigate parameter values returned
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by the methods and compare them to parameter values used for simulations. Although in
real outbreaks N∗ < N , for simulation with homogeneous mixing, we expect N = N∗. This
is an uncertainty test in the different methods.

We simulate outbreaks as in [35]. The simulations in this work are based on stochastic
Markov chain modeling with exponential infectious periods [17], [48]. We simulate outbreaks
by simulating a Markov chain where jumps in a chain correspond to an infection event or a
removal event. In this type of process, future outcomes are always based on present ones and
those predictions do not differ if instead the whole prior history is used (“memorylessness”).
In our case, the standard system (1.4) is a deterministic version of the process, the transitions
are the same. A Markov chain consists of tuples of states that are compartments (S, I,R)
at time t. Note that although there are three components, there are only two independent
variables, since one of them could be represented as a difference of constant population and
sum of other two compartment sizes, i.e. N = S + I +R.

The time until the next event (a chain jump) is drawn from exponential distribution
T ∼ Exp(βSI + γI) [48]. The rate parameter of this distribution is composed of infection
and recovery rates. There are only two outcomes: a chain jumps to (S − 1, I + 1, R) with
probability (βSI)/(βSI+γI) (infection) or to (S, I−1, R+1) with probability (γI)/(βSI+
γI) (removal). Note that transition probability does not depend on time, the process is time
homogeneous. The population size is N . An outbreak starts with introduction of 1 infected
individual and ends when 0 infected is present. The input is parameter values: β, γ and N ,
the output is the tuples/vectors of equal length: S̄, Ī, R̄, t̄, where each element Si/Ii/Ri
is the number of individuals in the respective compartment at time ti. Here we present
pseudocode for simulation [35]:
Require: β, γ, N

S ← (N − 1)
I ← 1
R← 0
t← 0
while I > 0 do
t← t+ Exp(βSI + γI)
if Unif(1) ≤ (βS)/(βS + γ) then
S ← (S − 1)
I ← (I + 1)

else
I ← (I − 1)
R← (R+ 1)

end if
Record (S, I,R) and t

end while
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return A list of S̄, Ī, R̄ and t̄
We apply the methods derived in section 2.1 on simulated data and investigate returned

parameters. We use several settings varying in N , β, and γ. All the settings have 1000
simulations. The baseline setting is N = 1000, β = 0.0005 and γ = 0.2, so that R0 = 2.5.
This is close to real outbreaks of a COVID-like disease in terms of the recovery rate and
the basic reproduction number [42]. The other settings differ in one or two parameters.
Simulations that have a small outbreak (Imax < 50) or abnormal periods (growth rate=0
for the first 10 days) are dismissed. As for method applications, the starting points for
parameters in the numerical optimization are taken to be as true values. The methods that
require fixed values such as fixed γ were given true values. For the methods requiring R0,
we used the growth rate over 10 days and serial interval of 6 days (this value is close to the
ones of COVID-19) [13]. We focus on the computation of N∗, but we also consider β, γ and
SSE between I-data and the corresponding deterministic solution. The results for N∗ are
summarised in figure 2.1. Results for β, γ and SSE are provided in figures A.1, A.2, A.3 in
the appendix.
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(a) The baseline setting.
N = 1000, β = 0.0005, γ = 0.2.

(b) Modified rates.
N = 1000, β = 0.00025, γ = 0.1.

(c) Smaller population size.
N = 500, β = 0.001, γ = 0.2.

(d) Larger population size.
N = 5000, β = 0.0001, γ = 0.2.

(e) Smaller R0.
N = 1000, β = 0.0003, γ = 0.2.

(f) Larger R0.
N = 1000, β = 0.0007, γ = 0.2.

Figure 2.1: Box-plots for values of N∗ obtained from the discussed methods applied to
simulated outbreaks data (short names are used). The blue line denotes the true value N .
The red dot denotes the mean of 1000 simulations. “Larger” or “smaller” are with respect

to the baseline setting parameter.

We use box-plots to analyse how the methods recover parameters from stochastic simu-
lations. We define outlier as a value beyond the interval [q0.25−1.5∗IQR, q0.75 +1.5∗IQR],
where IQR is the interquartile range, and q0.25 and q0.75 are 25 and 75 percentiles respec-
tively. Note that not all methods could be implemented to all settings. In particular, we
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were not able to use the β via R0 method when the basic reproduction number is small
≈ 1.5. In particular, unlike other methods, using true values as the starting point for pa-
rameters did not work for the β via R0 method in this setting. Simulations become more
stochastic and less smooth due to the lower transmission rate (i.e. removal and infection
happen with similar probabilities at the outbreak start). It is challenging to identify the
true underlying maximum (=peak) in simulated data. In the least square fitting process,
multiple optima can be encountered. It is possible to find an appropriate starting point by
grinding through the parameter space, however, it would take additional resources to work
with each simulated data separately. In our analysis, we measure the accuracy of methods
by how averages of returned parameter values are close to parameters used for simulation.

Fitting to I produces a significant number of outliers in the computation of N∗. This
can be explained by the nature of simulated data. Stochastic simulation data might deviate
from the respective deterministic solution (the solution to system (2.1) using true param-
eter values) and fitting to I produces corresponding deviating optimum parameter values.
In addition, this method has the most spread out results with the largest IQR. As the
population increases, it gets more precise. In addition, it has the smallest SSE by far.

Fitting to R, fixed γ and final size methods provide relatively accurate results. The latter
is surprising since the final size method is a transcendental equation (computationally very
fast) and requires only two inputs. However, note that it often fails for smaller R0. Fitting
to R performs well probably because of the shape of data and curve. R-data is typically
accumulative with a clear saturation threshold, whereas R-solution is a smooth, increasing
function with no fluctuations (there are not multiple local maxima and minima). In addition,
fitting to R contains a single differential equation, so it is relatively fast compared to methods
that have a system of equations. However, if we use optimum parameters from fitting to
R to obtain I-solution, then we get poor fitting to respective I-data, if we compare SSE’s
between I solution and data. The fixed γ method performs the best in terms of giving
the least SSE among methods that return the true population size. However, knowing a
parameter value beforehand or during emerging epidemics may not be the case.

β via R0, combination and Imax seem to perform worst as their upper quantile lies
below the true value. It seems that the methods that heavily rely on R0 become worse as
this quantity gets smaller. (Although it is true for other methods, but not as drastically).
Stochastic simulation data may provide aberrant growth rates, hence the basic reproduction
numbers are not reflective of whole outbreak dynamics.

As for the other parameters summarised in figures A.1, A.2, A.3, fitting to R and fixed
γ again perform best in returning true values of β. However, for γ it is hard to conclude
which one works best by looking at the box-plots, as every method give too many outliers
and averages do not always match the corresponding true value. Not surprisingly, methods
that are centered around the fitting to I-data have the least SSE which calculated between
I-solution and I-data.

16



Modifying the rates does not change the previous findings. However, note that reducing
β leads to more dispersed simulated data. Hence all methods have a larger number of out-
liers. We further investigate these outliers. In addition to the box-plots, we also considered
plotting all of the simulations (both data and solutions) on the same grid. More precisely, we
looked at outliers and non-outliers. We have two types of multi-plots. The first one focuses
on one method for one setting with an example is given in figure 2.2. It can be seen that
outliers of data can be different depending on the considered parameter, although, most
non-outliers are concentrated around the corresponding deterministic solution.
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Figure 2.2: Fitting to I-data applied to 1000 simulations in the baseline setting:
N = 1000, β = 0.0005, γ = 0.2. Curves are either simulated data ’-data’ or corresponding
deterministic solutions ’-solution’ that use parameters computed by the method. Blue

denotes outliers (data that provided a parameter value beyond the interval
[q0.25 − 1.5 ∗ IQR, q0.75 + 1.5 ∗ IQR] or a corresponding solution), red denotes non-outliers.

The deterministic solution with true parameters is shown by the black curve.

For the second type, we look purely on data, but across all methods and settings for
one of the parameters. We compared all of the methods, although combination and Imax

methods have unsatisfactory performance based on the previous box-plot analysis. Those
plots are in appendix on figures A.4, A.5, A.6, A.7, A.8. Decreasing β leads to more deviating
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(from the corresponding deterministic solution) data, whereas for increased population size
and R0 all methods have their outliers tightly around the true solution. The former could be
explained by the way how the data simulated. β is the most consistent parameter in a way
that it is easy to identify the band of non-outliers, it does not have deviating non-outliers.
It seems that there is a specific period and timing, outside of which everything is considered
to be an outlier. On the other hand, we find γ is the least consistent in terms of having a
clear band of non-outliers. For some settings such as a smaller population size, there are two
bands of non-outliers: one is around the deterministic solution and the second one is later,
shifted by approximately 20 days. N∗ seems to combine properties of the above parameters.
It is possible to discern the band of non-outliers as in β case, but one could find few deviating
non-outliers as in the γ case. The fixed γ method provides the most distinguishable band
across parameters and methods: all non-outliers are concentrated around the deterministic
solution. The opposite is true for the β via R0 method: there are a considerable number of
deviating non-outliers.

In addition, we look at the performance of the methods in situations when only initial
data is available. This is a realistic scenario since, at the start of the outbreak, not all
information is available yet, but the demand for estimates of key parameters can be high.
We estimate the effective population size using only data from the first days of outbreaks
where the true values are the same as in the baseline setting. Another realistic scenario
we consider is the case where the contact rate is reduced after some period of time, for
example, lockdown implementation. We look at the performance of the methods in this
situation. Note that not all methods can be applied. Outbreaks are simulated from the
baseline setting. β was halved when the lockdown was implemented. We only look at the
results for the population size.

Examples of partial and reduced rate data are given in figure 2.3. There are 1000 simu-
lations. Pseudocode for lockdown strategy is given below.
Require: β, γ, N , lockdown

S ← (N − 1)
I ← 1
R← 0
t← 0
while I > 0 do
if t > lockdown then
βused ← β ∗ 0.5

else
βused ← β

end if
t← t+ Exp(βusedSI + γI)
if Unif(1) ≤ (βusedS)/(βusedS + γ) then
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S ← (S − 1)
I ← (I + 1)

else
I ← (I − 1)
R← (R+ 1)

end if
Record (S, I,R) and t

end while
return A list of S̄, Ī, R̄ and t̄

(a) Example of partial I-data of 30 days. (b) Example of partial R-data for 30 days.

(c) Example of I-data with lockdown
implemented after 30 days.

(d) Example of R-data with lockdown
implemented after 30 days.

Figure 2.3: Examples of partially available simulated data and simulated data under
lockdown. N = 1000, β = 0.0005, γ = 0.2.

Note that data could be cut after I reached maximum and lockdown could be implemented
after cases were plateauing, as in figure 2.3. We aim to show various fixed period lengths
and uniformity of what is done to data/simulation. If one wants to consider the exponential
growth phase only, then partial data of first 20 days or data of lockdown after 20 days are
the most representing in this case. The box-plots of the resulting N∗ estimates for both
situations can be found in figure 2.4.
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(a) Partial data of first 20 days. (b) Lockdown after 20 days.

(c) Partial data of first 30 days. (d) Lockdown after 30 days.

(e) Partial data of first 40 days. (f) Lockdown after 40 days.

Figure 2.4: Box-plots for values of N∗ (y-axis) obtained from the discussed methods under
varying levels of partial or lockdown data. The blue line denotes N = 1000. The red dot

denotes the mean.

If only partial data is available, fitting to R and fixed γ methods still perform the best.
However, note that it might be the case that γ could be unknown, so the latter method
might not be applicable. In addition, surprisingly, the final size method works as well (in
comparison with the others).

If a lockdown strategy is implemented, then we are able to use only a few methods,
since we could not apply a single starting point for parameters for a method. In particular,
fitting to R and fixed γ can be applied, which further confirms their robustness in different
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settings. It is worth noting that fitting to I in some cases (for example, when β is reduced
after 30 days) can perform on par with the above-mentioned two.

In conclusion, depending on the known parameters and the goal, there are various ways
to perform computations. To obtain the best fit to the infectious data, one needs to employ
curve fitting with all parameters unknown i.e. the fitting to I method, as it gives the least
SSE between I-data and I-solution. If R0 is suspected to be relatively high, for example,
> 3, one can use a simple final size formula to find N∗ or its lower bound. If γ is known,
fixed γ can be used to find N∗. Although this method gives higher SSE than fitting to I,
fits are still comparable. Otherwise, one needs to use fitting to R to find N∗. Fitting to R
and fixed γ methods can be used to find β as well, figure A.1. They are also most robust
for partial data and lockdown implementation scenarios, figure 2.4. γ is unpredictable, we
could not conclude which method is the best, figure A.2. In fact, none of the methods
that derived in this thesis may work to find the removal rate. One has to look at the
other ways to estimate this parameter by employing clinical data. For example, one can
use data of hospital patients with specifics on when they were admitted and discharged, fit
the corresponding time-delay distributions to appropriate probability distributions (e.g. Γ
distribution) and take the corresponding mean as the removal rate [12].

Although some methods such as β via R0 and Imax performed inadequately, we are
going to apply all the discussed methods to the real data in the next section. Since at
the beginning of the outbreaks the basic reproduction number is relatively high, those two
methods could still provide some satisfactory results. Real data could be less stochastic in
nature, for example, there may be one clearly defined local maximum.
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Chapter 3

Application to outbreaks of
COVID-19 in Chinese cities

In December 2019, the first known case of pneumonia caused by the novel coronavirus
(COVID-19) was identified in Wuhan — one of the major cities of China [49]. By the end
of January 2020, cases were reported at other megalopolises and agglomerations such as
Chongqing, Beijing and Shanghai. At the same time, the government implemented lock-
down and provinces activated public health emergencies [50]. The list of actions included
systematic monitoring, travel ban, and making people completely housebound [27]. Despite
such measures, COVID-19 spread to other countries and was declared a global pandemic
by the World Health Organization in March 2020 [34].

One of the features of this pandemic is the public availability of data on infected, recov-
ered and deceased individuals at various locations. Although populations in Chinese cities
can be in several million, the sizes of outbreaks were relatively small. It was seen in figure
1.1 that using the census population size for fitting purposes of the standard SIR model
may be inadequate. Thus, we suspect that outbreaks occurred within respective effective
population sizes. We apply the methods from the previous chapters to find the effective
population sizes in the early outbreaks in selected Chinese cities. In addition, we attempt
to find the most favourable model in terms of the fitting to data.

3.1 Data selection

We apply our N∗ methodology to data on COVID-19 cases in Chinese cities starting Jan-
uary 15th 2020 till approximately the end of April 2020. This period corresponds to the
early outbreaks. The datasets on cities are obtained from Harvard Dataverse [24]: daily
“confirmed”, “recover”, and “death”. Each gives corresponding cumulative numbers. The
daily number of currently infected people is obtained by subtracting “recover” and “death”
from “confirmed”. The data is further refined to include only the first outbreak in each city.
We concatenate data such that the first day (day 1) corresponds to the first case in the city
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and the last day corresponds to when the number of currently infected reached 0. Cities
with the following features were excluded:

1. The maximum number of currently (as of January-April 2020) infected was less than
50 (Imax < 50), since we are looking for outbreaks with a significant number of
cases. The outbreaks with small Imax are often short, so the growth rate cannot be
computed. In small size outbreaks, stochastic processes can dominate transmission,
thus our deterministic model methods might not be applicable. We chose to apply
methods to datasets, where I-data is similar to a bell-shaped curve and this threshold
on Imax allowed us to filter such cases. Note that we do not claim that our methods
are not applicable in small outbreaks, but we decided to work with real data that
is on par with simulated data in section 2.2 for consistency. Almost all of the cities
(≈ 270) were rejected because of this criterion.

2. Partial or anomalous data. There are cities that had considerable outbreaks, however,
we were not able to complete or amend data. By amend, we mean to make it look like a
bell-shaped graph. This would involve adjusting values and/or interpolating, however,
there is no obvious way to do this change. These cities are Jining and Wuhan.

3. A first outbreak did not end within our time frame of January-April. A city might have
experienced several waves thus the number of currently infected never reached 0 value.
These cities are Beijing, Shanghai, Guangzhou, Shenzhen, Foshan and Chengdu.

4. The major outbreak happened after April. For uniformity of conclusions, we excluded
cities that had delayed outbreaks. These cities are Dalian and Wulumqi.

5. No information on census population and/or city status. Our approach requires census
population sizes N to compare with computed N∗ and we were not able to confirm
that those locations are indeed city-like. By city-like we mean that a location is densely
populated, centralised and has systems for housing, work, transportation, education
etc. These locations are Enshitujiazumiaozu, Hubei (Direct Units), Munidiqu, Ganz-
icangzu.

In total, we have selected 53 cities that did not have any of above issues. The geographic
locations can be found in figure 3.1. Plots of outbreak data can be found in figures 3.2, 3.3.
Note that the outbreaks started between January 21st and January 26th in the selected
Chinese cities, although, it may seem they started at the same time.
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Figure 3.1: Location of 53 selected cities in China. Colors stand for the maximum number
of currently infected individuals in a day (Imax): green 50-99, yellow 100-249, orange

249-999, red 1000+.
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(a) Outbreaks in cities with Imax ∈ [50, 99].

(b) Outbreaks in cities with Imax ∈ [100, 249].

Figure 3.2: I-data for 53 cities divided into groups based on Imax.
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(a) Outbreaks in cities with Imax ∈ [250, 999].

(b) Outbreaks in cities with Imax ∈ [1000,∞).

Figure 3.3: I-data for 53 cities divided into groups based on Imax.
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3.2 Application of methods to estimate the effective popula-
tion size

We apply the methods derived in chapter 2 to each of the 53 selected cities. For the fixed γ
method, we use γ = 0.167 that corresponds to an infectious period of 6 days as estimated for
COVID-19 in [1]. In order to calculate R0 (for methods that require this estimate), we use
the growth rate over the first 10 days of the outbreak with the serial interval of 6 days [13].
A starting point for parameters in model fitting is taken as follows: N∗ = 1000, β = 0.0005
and γ = 0.15. For transcendental equations, an initial point for N∗ is to be taken as R∞+10.
Figures 3.4, 3.5, 3.6, 3.7 show the result of the computations of N∗. In case of considerable
confidence interval (CI) range (beyond set limits), a result is omitted. In this paper, only the
fitting to R method produced such abnormal results. Note that transcendental equations
do not provide CI, hence, they are also not present in the mentioned figures. All the values
and 95% confidence intervals for N∗ can be found in tables A.1, A.2, A.3 in the appendix.
Similar tables for other parameters β (table A.4), γ (table A.5) are also in the appendix.

Figure 3.4: N∗ results for cities with Imax ∈ [1000,∞). 95 % CI. x-axis is on a log scale.
Numbers in brackets indicate the census population size in millions.
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Figure 3.5: N∗ results for cities with Imax ∈ [250, 999]. 95% CI. x-axis is on a log scale.
Numbers in brackets indicate the census population size in millions.
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Figure 3.6: N∗ results for cities with Imax ∈ [100, 249]. 95% CI. Numbers in brackets
indicate the census population size in millions. Fitting to R results are omitted for

Bengbu, Zhumadian, Zhengzhou, Fuyang.
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Figure 3.7: N∗ results for cities with Imax ∈ [50, 99]. 95% CI. Numbers in brackets indicate
the census population size in millions. Fitting to R results are omitted for Liuan, Putian,

Shangqiu, Zhuhai, Huizhou, Ganzhou.
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In addition to computation of N∗, we also look at the correspondence between data and
solutions. Ideally, we want our method to provide parameters that can be used for curve
fitting of the standard model to real data. For each of the methods, we plot I-data and
the respective solution for I. For parameters that are not estimated, we use γ = 0.167 and
parametrize β = R0γ/N

∗, where R0 is computed using growth rates as defined in chapter
1. Furthermore, for fitting to R, we draw data and a solution for R. Results for three of the
cities Tianjin, Bingbo and Yichun can be seen in figures 3.8, 3.9, 3.10. These were chosen to
show the variety in how methods that do not include fitting to I-data such as transcendental
equations may perform.

(a) Fitting to I (b) Fixed γ (c) β via R0 (d) Combination

(e) Fitting to R (f) Fitting to R (g) Final size (h) Imax

Figure 3.8: Fitting results for Tianjin. Orange dots stand for data. Blue lines stand for
corresponding solutions.

(a) Fitting to I (b) Fixed γ (c) β via R0 (d) Combination

(e) Fitting to R (f) Fitting to R (g) Final size (h) Imax

Figure 3.9: Fitting results for Bingbu. Orange dots stand for data. Blue lines stand for
corresponding solutions.
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(a) Fitting to I (b) Fixed γ (c) β via R0 (d) Combination

(e) Fitting to R (f) Fitting to R (g) Final size (h) Imax

Figure 3.10: Fitting results for Yichun. Orange dots stand for data. Blue lines stand for
corresponding solutions.

Based on SSE and plot results, we can see that fitting to I, fixed γ and β via R0

provide the best fitting. We can further investigate which corresponding model is the best.
For this model selection process, we employ Akaike Information Criterion (AIC) [11]. It is
an estimator of the relative model quality. Given SSE, numbers of data points and fitted
parameters, it provides a score. A model with the lowest score is preferable. In this case,
since the number of data points is not large, we will use AICc instead, as it is more sensitive
in this type of situation (AIC tends to select models with many parameters in small sample
size cases) [8] [16]. The function is then [31]:

AICc = n
[

ln SSE
n

]
+ 2k + 2k(k + 1)

n− k − 1 , (3.1)

where k is the number of fitted parameters plus one, n is the number of data points. The
results are given in the table 3.1. It can be seen that in some cases β via R0 and/or fixed
γ methods have lower scores than fitting to I, although fitting to I offers the lowest AICc.

33



City name Fitting to I β via R0 Fixed γ
Tianjin 219.99 217.84 219.68
Haerbin 321.94 339.85 349.20
Nanjing 168.95 167.19 174.46
Xuzhou 164.00 161.64 161.75
Suzhou 167.46 213.13 218.85
Huaiyin 117.78 123.76 122.22
Hangzhou 284.67 336.11 337.11
Ningbo 180.95 178.58 181.17
Wenzhou 426.52 447.21 465.29
Taizhou 237.77 308.63 315.19
Hefei 243.09 252.75 259.05

Bengbu 191.02 194.74 196.95
Anqing 164.92 171.66 170.41
Fuyang 215.37 214.06 218.04
Liuan 86.19 84.97 85.70
Bozhou 163.07 160.69 161.15
Fuzhou 189.77 203.09 202.81
Putian 155.97 203.88 203.37

Nanchang 289.29 304.80 310.08
Jiujiang 255.85 283.98 288.96
Xinyu 206.57 207.70 208.51

Ganzhou 164.88 163.45 164.98
Yichun 195.54 193.47 193.27
Fuzhou 112.65 110.67 110.31
Shangrao 173.83 177.41 175.59
Zhengzhou 228.98 260.34 264.05
Nanyang 248.16 246.78 247.17
Shangqiu 128.59 131.76 127.02
Xinyang 341.39 345.14 348.49
Zhoukou 188.49 227.40 227.35

Zhumadian 147.31 146.44 146.90
Huangshi 461.30 476.38 493.85
Shiyan 521.31 551.51 566.83
Yichang 699.51 701.98 750.65
Xiangfan 759.49 792.36 811.11
Ezhou 651.65 675.60 702.32
Jingmen 646.18 663.75 682.65
Xiaogan 833.41 831.21 866.79
Jingzhou 626.19 627.80 662.26

Huanggang 598.65 597.21 640.27
Xianning 440.07 480.68 447.76
Suizhou 594.27 623.23 655.38
Changsha 287.23 363.66 372.18
Zhuzhou 160.61 172.22 174.25
Shaoyang 168.77 173.99 172.05
Yueyang 228.07 244.49 262.08
Changde 169.93 177.35 181.11
Loudi 100.19 105.82 119.47
Zhuhai 175.19 184.01 193.24
Huizhou 107.43 108.05 108.27
Dongguan 268.00 268.63 271.72
Chongqing 406.95 423.64 451.38

Xian 234.93 235.10 244.87

Table 3.1: AICc computed for 3 methods that provide best fitting for chosen 53 cities.
Colors denotes the order of scores in each city: highest, middle, lowest.
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Furthermore, in order to reassure that our methods indeed provide the lowest SSE
between data and the fitted curve, we looked at the respective heatmaps. In each plot, one
of the axes is N∗ and the other one is the other parameter β or γ. Figures 3.11, 3.12 show
one such example. The other cities’ and methods’ heatmaps are similar and not included.
From the first heatmap for example, it can been that the optimization of the SSE is working
as intended for the fixed γ method. The respective SSE surface is smooth with no multiple
extrema. However, we can not draw the same conclusion for fitting to R method. First,
we see a clear band (the dark region in figure 3.12) where multiple parameter tuples can
give low SSE. Second, we see that even fixed at 1 value of β, there are other parameter
combinations that can provide as low SSE as the optimum parameter do (or maybe even
lower). We cannot be sure that we are indeed obtaining the lowest SSE possible when using
the fitting to R method, unlike methods that fit a curve to I-data such as the fixed γ one.

Figure 3.11: A heatmap of SSE for fixed γ method, Tianjin. SSE is between I-data and
I-solution. γ is fixed at 0.167. The blue point denotes the parameter values computed by
this method, (βoptimum, N∗optimum). Parameter ranges are from 0.1 to 5 with respect to

optimum parameter values computed by fixed γ method, i.e. β ∈ [0.1βoptimum, 10βoptimum],
N∗ ∈ [0.1N∗optimum, 10N∗optimum]. SSE is on the log scale. The red contour denotes

log(SSE) that is 1.01 multiple of log(SSE) produced by the blue point (not present, since
there are no parameter combination giving lower SSE).
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Figure 3.12: A heatmap of SSE for fitting to R method, Tianjin. SSE is between R-data
and R-solution. β is fixed at the optimum value computed by this method, βoptimum. The
blue point denotes the parameter values computed by this method, (γoptimum, N∗optimum).
Parameter ranges are from 0.1 to 5 with respect to optimum parameter values computed
by fixed γ method, i.e. γ ∈ [0.1γoptimum, 10γoptimum], N∗ ∈ [0.1N∗optimum, 10N∗optimum].
SSE is on the log scale. The red contour denotes log(SSE) that is 1.01 multiple of

log(SSE) produced by the blue point.

3.3 Discussion on results of methods applied to real data

We observe that all methods computed N∗’s that are considerably lower than corresponding
census population sizes. Although R0 from the growth rate is ≈ 3, and we would expect
notable outbreaks, we see that Imaxs and final sizes are small as compared to N . Such
discrepancy between scales of N∗ and N can be explained by localization of the outbreaks
and implementation of lockdowns. There is no fixed ratio or even a range of N∗/N , but we
are going to explore the correlation between this fraction and other factors in this section.

We discuss how the methods computed N∗ and other relevant quantities when applied
to data on Chinese cities. We also refer to their performance on simulated outbreak data in
section 2.2.

The final size method produces the lowest estimates of N∗. This is explained by a
relatively high growth rate that results in high R0 on average (>3). If we look at final size
formula (2.15), then the bigger R0 gets, the closer to the final size N∗ is. As the final size
method produces underestimated values for N∗, fitting to I data with these N∗ and fixed
parameters are inadequate. We conclude that initial growth rates do not match the final
size, and that is reasonable since the lockdown strategy was implemented.

For fitting to R, we notice that in some cases confidence intervals are large with respect
to computed values. We observe that lower CI might even be negative. By analyzing SSE
heatmap, we suspect that there are other parameter tuples that can be used for fitting to
R-data. Compared to methods that involve fitting to I (with fixed parameters or not), there
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are no clear regions on R-data heatmaps to claim the minimum. If we apply the fitting to R
method and use optimum computed parameters to get the I-curve, we see that it provides
an inadequate fit as well, figure 3.9. In figure A.9, we observe that the fitting to R method
is the least correlated with other methods (≈ 0.22), whereas the rest of the methods are
strongly correlated among each other (≈ 0.9) β via R0, Combination and Imax give similar
values for N∗. From simulated data tests we know that none of these methods performs well
in populations of larger size (>5000), figure 2.1. In addition, none of them was applicable for
simulated data when partial data was available or lockdown was implemented. Nevertheless,
N∗ computed by these 3 methods sometimes agree with other methods such as fitting to
I and/or fixed γ. Parameters computed by β via R0, when used for obtaining the I curve,
provide good fitting to I-data. Moreover, in some cases, AICc scores of β via R0 were the
lowest among other methods that provide a decent fit. If we look at the computation of γ,
this method returns values close to 1/6 that is an actual estimate.

Fitting to I, as expected from simulation results, produces the lowest SSE and conse-
quently the best fitting. However, note that based on figures 3.8, 3.9, 3.10, other methods
such as fixed γ and β via R0 provide a decent fit as well. Moreover, this method’s AICc
score is not always the lowest. Based on tests on simulated data, we know that this method
does not return the actual number of people involved in transmission consistently. If we
look at N∗ of Chinese cities, there are some values that deviate from what other methods
suggest. Similarly to β via R0, fitting to I often returns γ values close to the actual one.
The fixed γ method is one of few methods that return the true population size when tested
on simulated data. Applying to real data of Chinese cities, we see that it also provides a
decent fit on par with fitting to I and β via R0 methods. Although the fixed γ method does
not often have the lowest AICc score, its weight is approximately the same as the other
two in consideration. One possible drawback is that we can observe that in some instances,
similar to fitting to I, the fixed γ method gives values for N∗ that are not close to what
other methods suggest, although there is a strong correlation as in figure A.9. Nevertheless,
we use this method for further analysis as it clearly performed better than other methods
in all applications we have performed so far.

If we want one overall N∗ per city, there are various ways to find it. Recall that one
of our goals is to have the same SIR dynamics as suggested by outbreak data. One can
choose the fitting to I method, as it provides the lowest SSE on average. However, we have
observed that this method did not pass the uncertainty test in chapter 2.2 as good as the
other methods. β via R0 is not applicable in all settings. Among the methods that give a
good fitting, fixed γ is the only method that does not have the above-mentioned drawbacks.
At the same, we are always sure that at least one of the parameters (γ) is within realistic
bounds. In this thesis, fixed γ is chosen as the main method of computing N∗.

We explore the potential of N∗ computed with the fixed γ method in the investigation
of outbreaks in selected Chinese cities. In particular, we search for implications of N∗ or
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N∗/N , where N is the census population size of a given city. The results can be seen in
figure 3.13. Separate plots with nonlinear fitted curves can be found in figure A.10 in the
appendix. We find that the ratio N∗/N is reciprocal to the distance between a location
and Wuhan where COVID-19 was first reported. The spatial spread of COVID-19 in China
has been studied [18], and our findings further signify the role of the geographic position
of a location when considering the outbreak size. There are some points that substantially
deviate from the curve and their respective clusters (Imax intervals). The corresponding
cities deserve investigation why this happened. For example, the rightmost blue point in
figure 3.13 is Haerbin. One could research why Haerbin is the only such distant city that
has N∗/N higher than expected (the corresponding point is well above the hyperbolic
curve in figure A.10c) and yet the outbreak in the city ended (unlike Beijing). One of the
explanations could be the position of Haerbin in the high-speed railway system. This city
is terminal in the network and connected to other cities in Northern China. It has a large
number of travellers at its platforms, hence you observe a bigger outbreak and consequently
N∗/N within the cluster. At the same time, it is easier to impose a travel restriction by
removing a corresponding edge, hence I would reach 0 instead of some non-zero minima.
Another example of a deviating point is Ezhou, a contiguous city with Wuhan, which still
has relatively small N∗/N . Unlike other neighboring prefecture-level cities of Wuhan such as
Huanggan and Xiaogan, the urban area of Ezhou is almost encompassed by rivers. Similarly
to Haerbin, it is easier to impose restrictions by shutting down bridges. There are other
points in figures 3.13, A.10 that deserve a separate investigation, and this shows how N∗

may have an expansive potential in terms of research even with such simple ideas and limited
statistics as the distance between cities.

We attempted to find the correlation between N∗/N and other factors such as density,
however, we were not able to identify the right quantity for sub-population in a city where
an outbreak happened. Since N∗ < N , we suspect that outbreaks were centralized in one
of the districts of the city. Districts within a city have a varying density, and we do not
have information on where outbreaks were centralized and what were densities of these
locations. Using the average density of a whole city yielded no strong correlation with
N∗/N . With more data and detailed census statistics available, one could further analyse
and interpret the differences in N∗ and/orN∗/N between cities. For example, the correlation
between N∗/N and the length of unrestricted transmission (the time between the first case
and lockdown implementation in a city) could shed a light on how a lockdown proceeded.
We expect that N∗/N would be proportional to the length (opposite to results in figure
3.13). Any point substantially deviating from the curve (supposedly an exponential one)
suggests that in this city lockdown was less or more strict in comparison to other locations
in a country. Upon gathering such points, it would be possible to analyse what went right
and/or wrong in terms of lockdown management and local policies. This shows how N∗ can
be beneficial in terms of informing public health teams with directions and decisions.
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Figure 3.13: The relationship between N∗/N and distance between a city and Wuhan. N∗
is computed using fixed γ method (optimum). Colors correspond to the size of outbreak
reflected in Imax: large Imax ∈ [1000,∞), big Imax ∈ [250, 999], medium Imax ∈ [100, 249],

small Imax ∈ [50, 99].
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Chapter 4

Complex model

In this chapter, we extend the standard model in system (1.4) to incorporate heterogeneous
population dynamics. The standard model does not explicitly distinguish subpopulations
of a given location. Subpopulations can be defined by age, occupation, sub-location etc.
Different populations might have different rates of transmission and/or removal. In addition,
prevalence, mortality and severity might also vary across subpopulations. An example is
childhood diseases such as chickenpox that are prevalent among children but severe among
adults. In such a case, one could employ a model that accounts for population heterogeneity,
however, we are going to explore if this is necessary. In this thesis, we focus on one such
more complex model — a patch model [41]. We stochastically simulate an SIR patch
model data and test our methods derived in section 2.1 to estimate the effective population
size and relevant parameters. We want to know if the methods that provided reasonable
fitting for simple simulation data still work for more complicated ones. We also compare
the effective and true population sizes. Since mixing is heterogeneous, we do not expect
that all populations in patches (i.e. the sum across the patches) will be involved in disease
transmission. In this way, we can explore more strengths and drawbacks of our methods.

4.1 Patch models

A patch model is a metapopulation model, where each subpopulation is a patch and mixing
occurs within and between patches [7] [6]. This model can be represented as a graph,
where each vertex is a sub-location and each edge is a route between two sub-locations.
Subpopulation sizes do not vary across patches (it is not necessarily true in a general patch
model), but relevant rates change within and between patches. In our case, each patch may
represent a city district and disease dynamics within each patch follows standard model
(1.4), although each of the patches, in theory, may follow a different compartmental model.
The difference from the standard model is that transmission happens among individuals of
the same patch and between individuals from different patches.
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dSi
dt

= −Si
M∑
j=1

βj,iIj

dIi
dt

= Si

M∑
j=1

βj,iIj − γiIi

dRi
dt

= γiIi.

(4.1)

Si, Ii and Ri are respective compartments of the i-th patch. There are M of them. γi is
the removal rate of infected people in i-th patch. βj,i is the infection rate between infected
of j-th and susceptible of i-th patches. It can be reformulated as

∑M
k=1 βkpi,kpj,k, where βi

is an infection rate of i-th patch, pi,k is a fraction of susceptible from i present in k and
pj,k is a fraction of infected from j present k. In this case, it can be viewed as a Lagrangian
model [7].

The basic reproduction number R0 can be computed using the next-generation ma-
trix approach, although the expression gets more complicated as the number of patches
increases. In addition, note that each patch has its own basic reproduction number R0,i

that may be different from R0 of the whole system. R0,i is approximately Niβi,i/γi that is
the basic reproduction number of the standard model if transmission rates between patches
are negligible. This approximation is tighter when transmission between patches gets lower.
Throughout this thesis, system 4.1 is referred to as “the complex model”.

4.2 Complex model simulation

We simulate from the complex model by extending simulation approach introduced in sec-
tion 2.2 [35]. Each compartment is a chain. For each patch, TI,i ∼ Exp(Si

∑M
j=1 βj,iIj +γiIi)

is computed, and the smallest non-zero TI,i is chosen as time of a chain jump. Similarly to
standard model simulations, there are two outcomes for a patch with the smallest TI,i: infec-
tion (Si−1, Ii+1, R) with probability Si

∑M
j=1 βj,iIj/(Si

∑M
j=1 βj,iIj+γiIi) and removal with

probability (γiIi/Si
∑M
j=1 βj,iIj + γiIi). An outbreak starts with introduction of an infected

individual in the first patch (i = 1) and ends when none of patches has infected individuals.
Pseudocode for the complex model simulation is given below:
Require: {βi,j}1≤i≤M,1≤j≤M , {γi}1≤i≤M , {Ni}1≤i≤M

(S1, S2, . . . , SM−1, SM )← (N1 − 1, N2, . . . , NM−1, NM )
(I1, I2, . . . , IM−1, IM )← (1, 0, . . . , 0, 0)
(R1, R2, . . . , RM−1, RM )← (0, 0, . . . , 0, 0)
(T1, T2, . . . , TM−1, TM )← (0, 0, . . . , 0, 0)
t← 0
while Ii > 0 for any i ∈ [1,M ] do

41



for i ∈ [1,M ] do
TI,i ← Exp(Si

∑M
j=1 βj,iIj + γiIi)

end for
Find non-zero minimum TI,i and its index i
t← t+ Ti

if Unif(1) ≤ Si
∑M
j=1 βj,iIj/(Si

∑M
j=1 βj,iIj + γiIi) and Si > 0 then

Si ← (Si − 1)
Ii ← (Ii + 1)

else if Ii > 0 then
Ii ← (Ii − 1)
Ri ← (Ri + 1)

end if
Record (S1, S2, . . . , SM−1, SM ), (I1, I2, . . . , IM−1, IM ), (R1, R2, . . . , RM−1, RM ) and t

end while
return A list of (S̄1, S̄2, . . . , ¯SM−1, S̄M ), (Ī1, Ī2, . . . , ¯IM−1, ¯IM ), (R̄1, R̄2, . . . , ¯RM−1, R̄M )
and t̄
We consider 11 settings for the complex model simulation. All patches have a population

of 1000 and a removal rate of 0.2. We change only infection rates within/between patches.
All the main settings are on 3 patches. The transmission matrices and short names are
given in table 4.1. Note that some of the matrices are 180 rotations of another, however, the
index case is in the first patch, so these cases are indeed different. We have two asymmetric
matrices (3.6 and 3.7 in table 4.1) representing cases where transmission rates vary depend-
ing on a patch pair, i.e. βi,j 6= βj,i. In addition, we have simulated an outbreak on 5 and
9 patches. Each has only 1 setting and it is an extension of 3.1 in table 4.1. For outbreaks
on 5 patches, the transmission rate within a patch is 3 and the transmission rate between
patches is 0.5. For outbreaks on 9 patches, the transmission rate within a patch is 3 as well,
but the transmission rate between patches is 0.25. These settings are labelled as 5.1 and 9.1
respectively. Since the number of settings grows exponentially with the number of patches,
we have not considered other cases, for example, settings involving isolates and clusters.
This is a topic for another research, and our aim is to show one of the possible extensions.
We use 1000 simulations for each setting and abnormal simulations were not included (see
section 2.2 for criteria).
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4.5 0.25 0.25
0.25 4.5 0.25
0.25 0.25 4.5


Basic (3.1)


4.5 0.5 0.01
0.5 4.5 0.01
0.01 0.01 5


Cluster-in (3.2)


5 0.01 0.01

0.01 4.5 0.5
0.01 0.5 4.5


Cluster-out (3.3)

4.5 0.25 0.25
0.25 5 0.01
0.25 0.01 5


Bridge-in (3.4)


5 0.25 0.01

0.25 4.5 0.25
0.01 0.25 5


Bridge-out (3.5)


6 0.25 0.1

0.5 4 0.1
0.5 0.25 2


Descending (3.6)

2 0.25 0.5
0.1 4 0.5
0.1 0.25 6


Ascending (3.7)


7 0.01 0.01

0.01 5 0.01
0.01 0.01 3


Decreasing (3.8)


3 0.01 0.01

0.01 5 0.01
0.01 0.01 7


Increasing (3.9)

Table 4.1: Transmission rate matrices {βj,i} for complex model simulation on 3 patches.
Short names and number labels are provided under each. All the values get multiplied by

0.0001.

We apply the methodology derived in section 2.1 (all 7 methods) to cumulative simulated
data (the daily sum of cases across all patches). We want to know if the derived methods
would give optimum parameter values that in turn provide a decent fit to data. For outbreaks
on 3 patches, the standard starting point for fitting is [β, γ,N∗] = [0.0005, 0.2, 1000]. For
setting 5.1 and 9.1, the starting points are [β, γ,N∗] = [0.0001, 0.2, 5000] and [β, γ,N∗] =
[0.000056, 0.2, 9000] respectively. We have a few exceptions. For setting 3.7 we could not use
the standard point, instead, we are able to use [0.0005/3, 0.2, 3000]. For setting 3.6 and the
β via R0 method we use initial N∗ = 1500. We are not able to perform certain methods in
some settings, because there is no starting point that would work for all 1000 simulations.
One has to grind through a parameter space for each simulation separately. In particular,
in settings 3.7 and 3.9, we do not have results for fitting to I and β via R0 methods and
similarly in setting 3.8, we do not have results for fitting to R method. Similarly to tests in
section 3.2, we obtain optimum values for parameters and SSE, but we choose to focus on
N∗ for discussion in the next section.

4.3 Complex model results

We discuss computed values of N∗ and the fitting potential of derived methods when applied
to complex model simulations. Once optimum parameter values are computed, we use box-
plots for N∗ to compare results across methods and with a true value of N (the sum of
3/5/9 patches). There are thresholds for population sizes on the plots, so not all outliers
are present. In addition, we pick one of the simulated datasets and plot the fitted curves
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alongside the simulated outbreak. The results and examples are demonstrated in figures 4.1,
4.2 and 4.3. We have limited the box-plot analysis to values within [0, 2N ] to look closely at
the performance around the true value. Thus, some of the methods appear concatenated.
We note similarities with simple simulation results, however, the situation changes once we
have more isolated patches and asymmetric transmission rates.

Setting 3.1 is the closest to homogeneous mixing because it is symmetric across patches
and transmission rates between patches are comparable to those within. There are no multi-
ple extrema in I-data. Setting 3.4 is almost like homogeneous mixing since the introduction
happens in the patch that is most connected to the rest. In both settings, outbreaks happen
almost simultaneously in all patches. Hence, we observe that on average N∗ is close to N ,
similarly to simple model simulations. Setting 3.5 is also close to homogeneous mixing as
patches are well-connected. There is a short delay in an outbreak in the third patch and
hence the one maximum is spread out.

Unlike settings 3.1, 3.4 and 3.5, we see that some methods provide N∗ that is clearly
less than N . Settings 3.2 and 3.3 have similar results. First, we know that in at least one
of the patches (in this case, patch 3) an outbreak may or may not happen (e.g. infection
was contained in a cluster) and if it happens it may be delayed, since the transmission rate
between patch 1 and patch 3 is low. Hence cumulative I-data have 2 maxima that are still
close (settings 3.2, 3.3). In the fitting process, we are not able to capture these nuances.
Nevertheless, similarly to setting 3.5, 3 methods (fitting to R, fixed γ and final size) are
returning N∗ that is close to true size N . In fact, on box-plots, the disparity between
methods in providing optimum N∗ that is close to N is more obvious than in simple model
simulation results, although we do not expect that N∗ ≈ N .

In settings 3.6 and 3.7, although we may observe a typical I-curve with 1 maximum,
the underlying dynamics are not that simple. In setting 3.6, we observe that an outbreak
passes quickly in the first patch and there is not enough transmission for a full outbreak in
the last patch. Hence, a smaller number of individuals are affected. This is the first setting
where we can clearly see that N∗ < N across all the methods. In addition, this setting is the
last one where we observe a discrepancy between methods in terms of how computed N∗ is
close to N . In setting 3.7, we are not able to use a single starting point for all simulations
when applying fitting to I and β via R0 methods. This can be explained by the fact that
outbreaks happen with various delays across simulations. We do not expect an outbreak to
progress quick enough in patch 1 on its own since rates are low. Nevertheless, once there
is an introduction in patch 3, cases grow across all patches almost simultaneously. This is
why we expect to see a simple cumulative I-curve with slow growth and shifted maximum.
There are simulations, where a maximum is reached after 10 weeks from the introduction.
We observe that all methods provide optimum N∗ that is close to N .

When we move to settings 3.8 and 3.9, where patches are more isolated, we observe
multiple extrema in I-data. Unlike settings 3.2 and 3.3, here 2 or more maxima can be
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distinguishable and far away from each other. Moreover, outbreaks may not happen in all
patches (similarly to setting 3.6). In setting 3.8, it leads to the case where only one of the
“bumps” is captured when we attempt to fit to data. Consequently, we obtain N∗ < N .
Note that we are not able to apply the fitting to R method in this setting, again due to the
absence of a single starting point that would work for all simulations. It may be explained
by a large variation in outbreak length. Setting 3.9 is different from setting 3.8, because
introduction happens in a patch with a low transmission rate, thus we expect slow growth in
the number of cases. Setting 3.9 is similar to setting 3.7 in the way that a global maximum
may appear with a considerable delay. Hence, we are not able to apply fitting to I and β via
R0 methods. Even if we can apply a method, none provides a reasonable fitting to data or
computation of N∗ with exception of the final size method. These two settings are examples
where our methodology is inadequate.

From the previous two chapters, we know that the fixed γ method is the optimal one since
it provides a reasonable fit to both simulated and real data and in the case of homogeneous
mixing simulations it returns N∗ ≈ N . We observe that in settings 3.1 and 3.4 of complex
simulation where one expects a single maximum, this method, fitting to I and β via R0

still can be used for fitting purposes. In settings 3.2, 3.3, 3.5-3.7, these 3 methods can still
provide a decent fit by capturing the largest extrema in I-data. However, if an outbreak
has multiple distinct extrema as in settings 3.8 and 3.9, then neither of the methods give
optimum parameters for an adequate fitting. Fitted curves either capture only one of the
bumps or go through the mean of those bumps. Other methods (fitting to R, combination
and transcendental equations) cannot be used for fitting purposes in almost all settings.

When we look at N∗ results, we have various conclusions for each of the settings. In
settings 3.1 and 3.4 that are close to homogeneous mixing, we get N∗ ≈ N similarly to
simple simulation results in section 3.2. On the other hand, in settings 3.6, 3.8, we clearly see
N∗ < N . The common feature between these 2 settings is that transmission rates decrease
from patch to patch. There might not be a fully realized outbreak in the last patch. We
conclude that not all individuals are participating in disease dynamics. In settings 3.2, 3.3
and 3.5, there are some methods that provide N∗ ≈ N . It is a surprising result, since, in
settings 3.2 and 3.3, mixing is far from homogeneous, whereas in setting 3.5, mixing is close
to homogeneous, but not all methods return N . In settings 3.7 and 3.9, where transmission
rates increase, we see that N∗ may be larger N . This can be explained by the fact that since
transmission initially is slow (β is estimated on the lower end), but there is a significant
peak in I at some point, methods compensate with higher N∗. To sum up, we observe,
except for some methods in a couple of settings, similar results as in the previous sections,
N∗ is less than N .

If we look at settings with a larger number of patches, 5.1 and 9.1, we observe that
all the conclusions that are drawn for setting 3.1 are true for these settings as well. It is
expected since 5.1 and 9.1 are extensions of 3.1. The fixed γ method is still relatively the
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best. However, we note that the fitting to I method gets less spread out results. In general,
we observe that averages (mean and median) are closer to N as the number of patches and
consequently N increase. We have already seen in simple model simulations that the larger
N is, the more accurate results are. Our extensions further confirm this conclusion.

Because we do not (and cannot) know what “true” N∗ should be, we may not really
assess the performance of the methods in terms of returning optimum N∗ as we move
to heterogeneous mixing situations. If we still expect N∗ to be close to N , then there
are methods (including fixed γ) that can accurately capture N∗ ≈ N in certain settings
(3.1-3.5 and maybe 3.7). In general, we have found that our methods that derived from
a simple model in system (1.4) are still applicable in some heterogeneous mixing settings.
Those settings are the ones where patches are well connected (transmissions rates are not
negligible), so there no isolates or isolated clusters. In settings, where none of the methods
was able to capture the dynamics, we propose possible ways of dealing with them. One may
employ or find another infectious disease model as discussed in chapter 2. Another solution
is to dissect data at local minima and reapply our methods to new data. Although finding
the optimum way of handling settings where our methods failed is beyond this thesis’s goals,
this further shows how N∗ and corresponding fitting could be a fruitful source for research.
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(a) Basic (3.1).
Box-plot results for N∗.

(b) Basic (3.1).
Example of fitting results.

(c) Cluster-in (3.2).
Box-plot results for N∗.

(d) Cluster-in (3.2).
Example of fitting results.

(e) Cluster-out (3.3).
Box-plot results for N∗.

(f) Cluster-out (3.3).
Example of fitting results.

Figure 4.1: On the left: box-plots for optimum values of N∗ obtained from the discussed
methods applied to complex simulated outbreaks data. y-axis is restricted to [0, 6000]. The
blue line denotes the sum of population sizes in patches used for simulation N . The red
dot denotes the mean. On the right: curves are fitted using optimum parameter values
computed by methods. If γ is not computed, it is fixed at 0.2. If β is not computed, it is

parametrized by R0 formula.
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(a) Bridge-in (3.4).
Box-plot results for N∗.

(b) Bridge-in (3.4).
Example of fitting results.

(c) Bridge-out (3.5).
Box-plot results for N∗.

(d) Bridge-out (3.5).
Example of fitting results.

(e) Descending (3.6).
Box-plot results for N∗.

(f) Descending (3.6).
Example of fitting results.

Figure 4.2: On the left: box-plots for optimum values of N∗ obtained from the discussed
methods applied to complex simulated outbreaks data. y-axis is restricted to [0, 6000]. The
blue line denotes the sum of population sizes in patches used for simulation N . The red
dot denotes the mean. On the right: curves are fitted using optimum parameter values
computed by methods. If γ is not computed, it is fixed at 0.2. If β is not computed, it is

parametrized by R0 formula.
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(a) Ascending (3.7).
Box-plot results for N∗.

(b) Ascending (3.7).
Example of fitting results.

(c) Decreasing (3.8).
Box-plot results for N∗.

(d) Decreasing (3.8).
Example of fitting results.

(e) Increasing (3.9).
Box-plot results for N∗.

(f) Increasing (3.9).
Example of fitting results.

Figure 4.3: On the left: box-plots for optimum values of N∗ obtained from the discussed
methods applied to complex simulated outbreaks data. y-axis is restricted to [0, 6000]. The
blue line denotes the sum of population sizes in patches used for simulation N . The red
dot denotes the mean. On the right: curves are fitted using optimum parameter values
computed by methods. If γ is not computed, it is fixed at 0.2. If β is not computed, it is

parametrized by R0 formula.
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(a) Basic on 5 pacthes (5.1).
Box-plot results for N∗.

(b) Basic on 5 patches (3.1).
Example of fitting results.

(c) Basic on 9 patches (9.1).
Box-plot results for N∗.

(d) Basic on 9 patches (9.1).
Example of fitting results.

Figure 4.4: On the left: box-plots for optimum values of N∗ obtained from the discussed
methods applied to complex simulated outbreaks data. y-axes are restricted to [0, 10000]
and [0, 18000] respectively. The blue line denotes the sum of population sizes in patches

used for simulation N . The red dot denotes the mean. On the right: curves are fitted using
optimum parameter values computed by methods. If γ is not computed, it is fixed at 0.2.

If β is not computed, it is parametrized by R0 formula.

50



Chapter 5

Conclusions

5.1 Final discussion

In the previous 3 sections, we considered 3 applications of the methods derived in chapter 2
based on outbreak data types. These applications were a simple model simulation, a complex
model simulation and real data. We had 2 main focuses: a comparison of N∗ with N and
the fitting potential of the standard model in system (1.4) based on computed optimum
parameter values.

Methods that computed only N∗ such as transcendental equations and combination did
not provide adequate fitting to data. Imax and combination methods were not consistent in
the computation of N∗ in a homogeneous mixing setting. The final size method, although
performing well on simple model-simulated data by getting N∗ ≈ N , was not found to be
applicable in real outbreak data due to discrepancy between the initial growth rate and
the final size of an outbreak. Similarly to the final size method, the fitting to R method
performed well on simple model-simulated data, however in other 2 applications, sensitivity
to an initial point for parameters, poor fitting to I-data and large confidence intervals led
us to conclude that this method might not always be appropriate.

Based on simple simulated data results, fitting to I and β via R0 were found to be
inadequate in computing N∗ in homogeneous settings, despite having low corresponding
SSE and AICs and thus appropriate for fitting purposes. Note that in some settings of
simulated data, we were not able to apply them. The main reason was the absence of a
starting point for parameter values that would work for all data and/or the data had too
many extrema making the fitting algorithms fail. On the other hand, we could apply the
fixed γ method in any derived setting for simulated data. Moreover, unlike other parameters
such as β or R0, γ is often confidently known for emerging disease and does not majorly
vary across locations. Optimum parameters computed by this method provided a decent fit
to real outbreak data. Based on simulated data tests and fittings to real data, we viewed the
fixed γ method as preferable compared to the rest. As can be seen in figure 5.1, depending
on the target and availability of information, other methods may be more appropriate. We
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did not include other criteria such as computational costs as they were not the primary
goals of this thesis.

Figure 5.1: Summary on methods performance based on their application in chapters 2, 3
and 4. The details (e.g. what data and parameters are needed) on each of the methods can

be found in section 2.1 and table 2.1.

The complex model simulations shed a light on the inadequacy of our methods in some
settings. Since standard model (1.4) can capture only one bump in I-data, neither of our
methods provided good fitting in some complex model simulations. Those settings were the
ones where subpopulations were mostly isolated. Moreover, unlike the effective population
size in genetics Ne, some methods in certain settings of simulated data provided N∗’s that
were considerably larger than the population size used for these simulations. One of the
possible reasons is that data suggested a slow initial growth of cases, thus a method would
provide smaller β, however, there was a rapid increase in cases later, thus a method had to
provide larger N∗ to compensate for that. Nevertheless, in the case of real outbreak data,
we saw that for any city and any method, N∗ is clearly less than the census population
size. Since we were confident in having N∗/N < 1 in case of real outbreak data and we had
additional information (distance to Wuhan), we further analysed implications of this ratio
with N∗ computed by the fixed γ method in Chinese cities’ COVID-19 data.

N∗/N solely could be used to assess how successfully an outbreak was contained. It could
serve as a score, and one would expect N∗/N to be small if an outbreak was contained well.
Correlations of N∗/N to other factors such as distances between locations allowed us to
look at multiple cities. For example, in figures 3.13 and A.10 we expected locations to lie
on a hyperbolic curve since there was a national lockdown implemented to all cities. Points
that were not within a defined band (e.g. a location with relatively high N∗/N and distance
from Wuhan) deserve a deeper investigation. The examples were Haerbin, the farthest city
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from Wuhan (among selected ones), that had a medium value of N∗/N (among its cluster)
and Ezhou, one of the closest cities to Wuhan, that had a relatively small value of N∗/N
(among its cluster). Again, work needs to be done to define what should be considered as
a deviating point (i.e. determine a band, range etc). The other factors that could be used
for the correlation computation are time period before lockdown and density. We were not
able to find necessary data on these factors, but this fact underlined the importance of the
availability of such data.

5.2 Summary and Future work

We have introduced a new notion of the effective population size in epidemiology. In this
thesis, the effective population size N∗ is defined as the number of individuals necessary
to get the same SIR dynamics as suggested by outbreak data. Our goals were to find N∗

in various data types, to compare it to N (the true population size used for simulation or
the census population size of a location for a real outbreak) and to observe corresponding
curve fittings to data. We provided the necessary background and elaborated on the main
definition with motivation in chapter 1. In chapter 2, we derived methods coming from
model (1.4) to estimate optimum N∗ and other relevant parameters. Then we applied those
methods to simple and complex model simulated outbreak data (chapter 2 and 4) and real
outbreak data (chapter 3).

In simple model simulations, we verified that some methods in controlled homogeneous
settings would return N∗ ≈ N , as expected. When we applied the methods to data of
COVID-19 in Chinese cities, we saw that N∗ was considerably less than the corresponding
census population size. At the same time, some methods returned optimum parameter values
(including N∗) that provided a reasonable fit to real outbreak data, in our case, of COVID-
19 in Chinese cities at the beginning of the pandemic. In general, treating a population
size as unknown allowed us to fit a simple model such as system (1.4). One of the methods
that both returned N∗ ≈ N in simple model simulations and provided a decent fit on real
outbreak data was the fixed γ method. We used optimum N∗ computed by this method
on COVID-19 outbreaks in Chinese cities to find correlations with other factors such as
a distance between a given city and Wuhan. We found that N∗/N was reciprocal to this
distance.

In our work, we focused on methods that could be derived from simple models. Such
methodology could be less resource-consuming and more interpretable in comparison with
others, for example, those with population structure. However, there are clear drawbacks and
possible extensions to our methodology. First, using a simple standard model for method
derivations limited the scope of data types that we could analyse as the methodology is
more appropriate when applied to I-data with 1 maximum. For example, we saw that in
some settings of complex simulated data, none of our methods succeeded in providing a
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decent fit to data, as fitted curves were capturing either 1 of multiple maxima or going
through their averages. However, note that this could rather be a limitation of the fitting
method. Second, none of our methods returned the same N∗ when applied to real data.
This suggests that one needs to be careful in claiming estimates and should add a used
method, e.g. instead of just saying N∗ say N∗ of fitting to I (method). Such ambiguity was
also found in the effective population size in genetics (e.g. variance Ne and inbreeding Ne).
Third, some methods required pre-estimated parameter values such as γ and the growth
rate for R0. This might not be known in outbreaks of an emerging disease. Moreover, we
applied our methods to data where I reached 0. Hence, our methods were appropriate in
retrospective analysis although some methods (e.g. fixed γ) could be performed in partial
data sets. Some of the listed drawbacks could be eliminated.

Our derived methodology can be improved in several directions. First, one needs to
investigate how to deal with outbreak data that has multiple “bumps” (similar to complex
model-simulated data in some settings). One could extend the number of compartments or
dissect data appropriately, however, it is difficult to state which method is the optimum
one and if interpretability (one of our main features) will not be lost. Second, in the case
of complex simulation, we applied the methods to a limited number of settings. One could
look at other settings (increasing the number of patches would increase the amount of
population structures) and in general other heterogeneous model simulations (e.g. diffusion
models). We expect that some of our conclusions will persist in higher dimensions. Third, it
is desirable to have information on other location statistics and features such as density when
considering real outbreaks. By computing relations between N∗ or N∗/N and other factors,
we could explore the potential of N∗ more profoundly. One could compare which factors (e.g.
density, distance to the index case, length of lockdown) are the most (positively/negatively)
correlated with N∗/N .

If we turn to the utility of N∗, correlations of N∗/N and other factors (distance, time
length, density etc.) could show which locations would deserve a deeper investigation in how
an outbreak proceeded. Such (retrospective) analysis could be useful in informing public
health teams with disease containing management directions. For example, lockdown is one
of the more restrictive strategies (compared to social distancing), and N∗ could be a tool in
assessing its effectiveness. From the theoretical point of view, N∗ is a parameter that we do
not have a standard way of computing (as far as we know) and establishing one would be
beneficial to the epidemiological community. In this thesis, we concluded the fixed γ method
is one of the candidates. Nevertheless, we observed that the fitting to I method produced
less spread results as N increased in simulations, and one could ask if there was such N that
fitting to I would be as accurate as fixed γ. Theoretical questions such as the previous one
would help to determine the best methods. Although some drawbacks cannot be eliminated
without overhauling system (1.4) and corresponding methods, we believe that similarly to
the effective population size in genomics Ne, the effective population size in epidemiology
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N∗ can be a major source of future research both in its implications on the outbreak and
its accurate and relevant estimation.
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(a) The baseline setting.
N = 1000, β = 0.0005, γ = 0.2

(b) Modified rates.
N = 1000, β = 0.00025, γ = 0.1

(c) Smaller population.
N = 500, β = 0.001, γ = 0.2

(d) Larger population.
N = 5000, β = 0.0001, γ = 0.2

(e) Smaller R0.
N = 1000, β = 0.0003, γ = 0.2

(f) Larger R0.
N = 1000, β = 0.0007, γ = 0.2

Figure A.1: Box-plots for values of β (y-axis) obtained from the discussed methods. The
blue line denotes the true value. The red dot denotes the mean.

61



(a) The baseline setting.
N = 1000, β = 0.0005, γ = 0.2

(b) Modified rates.
N = 1000, β = 0.00025, γ = 0.1

(c) Smaller population.
N = 500, β = 0.001, γ = 0.2

(d) Larger population.
N = 5000, β = 0.0001, γ = 0.2

(e) Smaller R0.
N = 1000, β = 0.0003, γ = 0.2

(f) Larger R0.
N = 1000, β = 0.0007, γ = 0.2

Figure A.2: Box-plots for values of γ (y-axis) obtained from some of the discussed
methods. The blue line denotes the true value. The red dot denotes the mean.
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(a) The standard setting.
N = 1000, β = 0.0005, γ = 0.2

(b) Modified rates.
N = 1000, β = 0.00025, γ = 0.1

(c) Smaller population.
N = 500, β = 0.001, γ = 0.2

(d) Larger population.
N = 5000, β = 0.0001, γ = 0.2

(e) Smaller R0.
N = 1000, β = 0.0003, γ = 0.2

(f) Larger R0.
N = 1000, β = 0.0007, γ = 0.2

Figure A.3: Box-plots for values of average SSE over length of an outbreak (y-axis)
obtained from the discussed methods. y-axis is on log-scale. Parameters that could not be
computed using a method (such as transcendental equations) are taken as true ones. The

red dot denotes the mean.
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(a) Baseline (b) Smaller
population

(c) Larger
population (d) Smaller R0 (e) Larger R0

(f) Modified
rates

Figure A.4: N∗-outliers in data across all discussed methods and all settings. Blue —
outliers, red — non-outliers. y-axis is the number of individuals.
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(a) Baseline (b) Smaller population (c) Larger population

Figure A.5: β-outliers in data across 3 discussed methods and all settings. Blue —
outliers, red — non-outliers. y-axis is the number of individuals.

(a) Smaller R0 (b) Larger R0 (c) Modified rates

Figure A.6: β-outliers in data across 3 discussed methods and all settings. Blue —
outliers, red — non-outliers. y-axis is the number of individuals.
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(a) Baseline (b) Smaller population (c) Larger population

Figure A.7: γ-outliers in data across 3 discussed methods and all settings. Blue — outliers,
red — non-outliers. y-axis is the number of individuals.

(a) Smaller R0 (b) Larger R0 (c) Modified rates

Figure A.8: γ-outliers in data across 3 discussed methods and all settings. Blue — outliers,
red — non-outliers. y-axis is the number of individuals.
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City name Fitting to I,
Lower CI

Fitting to I Fitting to I,
Upper CI

β via R0,
Lower CI

β via R0 β via R0,
Upper CI

Tianjin 251 328 405 300 313 326
Haerbin 303 355 407 508 539 570
Nanjing 134 184 234 196 206 217
Xuzhou 128 182 236 166 177 187
Suzhou 121 136 150 233 249 266
Huaiyin 106 129 153 170 178 187
Hangzhou 232 255 278 384 412 440
Ningbo 368 425 483 415 427 439
Wenzhou 652 748 844 990 1068 1147
Taizhou 170 186 203 326 361 395
Hefei 256 305 353 403 428 453

Bengbu 488 703 918 488 510 531
Anqing 128 158 188 209 224 239
Fuyang 251 328 406 357 378 400
Liuan 203 270 337 232 238 245
Bozhou 245 320 395 296 310 323
Fuzhou 90 113 136 178 198 218
Putian 60 70 79 150 172 194

Nanchang 282 329 377 452 486 520
Jiujiang 155 181 207 302 332 362
Xinyu 206 256 306 297 315 332

Ganzhou 145 196 246 211 224 237
Yichun 166 310 455 251 271 292
Fuzhou 182 227 272 234 242 249
Shangrao 337 435 533 331 343 356
Zhengzhou 153 180 207 310 342 375
Nanyang 258 379 499 309 330 351
Shangqiu 210 294 377 211 221 231
Xinyang 380 474 567 576 623 669
Zhoukou 82 96 109 177 200 222

Zhumadian 255 304 354 324 337 351
Huangshi 1976 2203 2431 1768 1823 1877
Shiyan 735 849 962 1279 1409 1539
Yichang 1427 1614 1801 1744 1832 1920
Xiangfan 1573 1775 1977 2445 2665 2886
Ezhou 1670 1904 2138 2514 2707 2899
Jingmen 1176 1360 1544 1821 1970 2118
Xiaogan 5584 6528 7472 6148 6444 6739
Jingzhou 2342 2675 3008 2883 3023 3163

Huanggang 4227 4781 5336 4822 5014 5207
Xianning 1572 5120 8667 1179 1292 1406
Suizhou 1815 2017 2220 2645 2829 3012
Changsha 291 317 342 546 595 644
Zhuzhou 115 138 160 192 202 213
Shaoyang 157 183 210 220 230 241
Yueyang 221 253 285 338 355 373
Changde 97 121 144 173 188 203
Loudi 132 150 168 175 181 186
Zhuhai 181 220 258 290 302 315
Huizhou 149 235 320 171 178 186
Dongguan 149 200 252 244 263 282
Chongqing 716 812 909 1040 1105 1170

Xian 237 276 314 302 313 323

Table A.1: N∗ computed using 2 methods for chosen 53 cities. Confidence intervals are
95%.
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City name Fitting to
R, Lower
CI

Fitting to R Fitting to
R, Upper
CI

Fixed γ,
Lower CI

Fixed γ Fixed γ,
Upper CI

Tianjin 144 190 237 376 390 404
Haerbin 194 266 338 595 629 662
Nanjing 68 278 488 289 303 318
Xuzhou 81 99 118 185 195 205
Suzhou 73 131 190 257 274 290
Huaiyin 51 97 143 165 171 178
Hangzhou 458 505 551 394 419 443
Ningbo 141 239 337 461 473 485
Wenzhou 645 848 1052 1269 1373 1478
Taizhou 200 265 331 366 402 438
Hefei 199 232 266 458 485 511

Bengbu -11881 3995 19872 467 485 503
Anqing 74 131 188 205 218 230
Fuyang -573 627 1826 437 461 485
Liuan -14018 5531 25080 225 231 237
Bozhou 39 193 346 283 294 305
Fuzhou 46 134 222 181 197 214
Putian -43641 7909 59458 152 171 189

Nanchang 231 278 326 500 535 569
Jiujiang 153 167 181 341 372 403
Xinyu 137 165 193 308 324 339

Ganzhou -55 281 618 234 246 258
Yichun 306 328 351 265 283 301
Fuzhou 70 128 185 216 222 228
Shangrao 146 173 200 345 356 367
Zhengzhou -26108 4109 34326 341 373 405
Nanyang 85 262 439 439 463 488
Shangqiu -48536 6566 61668 250 259 269
Xinyang 216 367 518 638 684 730
Zhoukou 9 182 356 181 201 220

Zhumadian -30877 6600 44077 331 342 354
Huangshi 1186 1245 1304 3270 3368 3467
Shiyan 1519 1652 1786 1663 1837 2011
Yichang 866 1128 1390 3179 3369 3558
Xiangfan 1234 1602 1970 3036 3317 3599
Ezhou 1538 1659 1781 3441 3740 4039
Jingmen 1895 1996 2096 2411 2617 2822
Xiaogan 2778 4445 6112 10853 11518 12184
Jingzhou 1612 1960 2308 4462 4719 4975

Huanggang 3258 3470 3681 7849 8280 8711
Xianning 445 1462 2479 2628 2776 2923
Suizhou 1401 1553 1704 3751 4058 4365
Changsha 312 341 371 619 672 724
Zhuzhou 88 95 103 201 211 221
Shaoyang 99 118 138 214 222 231
Yueyang 168 233 299 438 461 485
Changde 70 128 186 201 215 230
Loudi 68 96 125 209 215 221
Zhuhai -28601 5965 40531 346 360 373
Huizhou -32897 4964 42824 170 177 183
Dongguan 124 135 147 289 309 328
Chongqing 648 708 769 1512 1619 1726

Xian 115 140 166 370 382 394

Table A.2: N∗ computed using 2 methods for chosen 53 cities. Confidence intervals are
95%.
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City name Combination,
Lower CI

Combination Combination,
Upper CI

Imax Final size

Tianjin 323 354 386 320 144
Haerbin 547 595 643 492 209
Nanjing 207 242 276 206 98
Xuzhou 178 189 200 174 82
Suzhou 249 267 285 225 92
Huaiyin 165 172 180 176 71
Hangzhou 394 418 443 375 186
Ningbo 439 461 484 407 164
Wenzhou 1047 1207 1366 915 512
Taizhou 354 391 428 313 150
Hefei 430 467 503 387 180

Bengbu 461 483 506 484 171
Anqing 205 218 231 208 87
Fuyang 380 424 467 355 161
Liuan 226 232 238 239 77
Bozhou 281 294 308 294 114
Fuzhou 181 198 215 175 76
Putian 153 172 191 154 59

Nanchang 483 522 560 414 237
Jiujiang 326 359 391 282 123
Xinyu 307 322 338 281 136

Ganzhou 225 240 254 210 80
Yichun 262 280 299 261 223
Fuzhou 212 222 233 229 79
Shangrao 342 354 366 333 130
Zhengzhou 333 365 398 328 164
Nanyang 341 389 437 317 160
Shangqiu 228 245 263 216 94
Xinyang 615 668 720 538 282
Zhoukou 182 202 221 183 80

Zhumadian 330 342 354 336 144
Huangshi 1532 1982 2431 1753 1025
Shiyan 1337 1569 1800 1174 683
Yichang 1633 2029 2426 1744 940
Xiangfan 2626 2974 3323 2182 1184
Ezhou 2342 2863 3384 2366 1412
Jingmen 1823 2146 2469 1888 941
Xiaogan 4523 6171 7819 5834 3543
Jingzhou 2510 3169 3828 2997 1601

Huanggang 3643 4957 6272 4842 2934
Xianning 1007 1403 1799 1565 845
Suizhou 2619 3154 3688 2450 1320
Changsha 592 649 707 500 250
Zhuzhou 199 209 219 208 85
Shaoyang 214 223 233 218 106
Yueyang 366 409 451 349 162
Changde 189 205 221 174 86
Loudi 190 203 215 188 80
Zhuhai 316 339 361 307 106
Huizhou 171 177 183 193 68
Dongguan 265 290 314 262 106
Chongqing 1041 1252 1463 1004 585

Xian 325 352 378 304 126

Table A.3: N∗ computed using 3 methods for chosen 53 cities. Confidence intervals are
95%.
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City name Fitting to I,
lower CI

Fitting to I Fitting to I,
upper CI

Fitting to
R, lower CI

Fitting to R Fitting to
R, upper
CI

Fixed γ,
lower CI

Fixed γ Fixed γ,
upper CI

Tianjin 1.046 1.275 1.504 1.125 1.344 1.563 1.072 1.118 1.165
Haerbin 1.026 1.182 1.338 1.080 1.160 1.240 0.697 0.739 0.781
Nanjing 1.501 1.948 2.394 0.327 0.924 1.520 1.247 1.320 1.393
Xuzhou 2.064 2.740 3.417 2.323 3.077 3.831 2.430 2.591 2.752
Suzhou 2.968 3.328 3.687 1.568 2.224 2.880 1.657 1.777 1.896
Huaiyin 3.046 3.599 4.153 2.198 3.116 4.035 2.729 2.861 2.992
Hangzhou 2.105 2.328 2.551 1.312 1.425 1.538 1.362 1.457 1.552
Ningbo 1.018 1.141 1.264 0.882 1.156 1.430 1.020 1.050 1.079
Wenzhou 0.627 0.722 0.818 0.509 0.546 0.583 0.372 0.406 0.439
Taizhou 2.726 3.037 3.347 1.570 1.793 2.016 1.249 1.385 1.522
Hefei 1.358 1.591 1.824 1.130 1.339 1.548 1.007 1.072 1.136

Bengbu 0.636 0.805 0.974 -0.238 0.096 0.430 1.010 1.052 1.095
Anqing 2.815 3.419 4.023 1.646 2.412 3.177 2.409 2.574 2.740
Fuyang 1.120 1.402 1.684 -0.245 0.497 1.239 1.001 1.062 1.124
Liuan 1.382 1.672 1.961 -0.159 0.076 0.312 1.814 1.868 1.921
Bozhou 1.384 1.679 1.974 0.600 1.587 2.574 1.717 1.791 1.865
Fuzhou 3.724 4.745 5.766 1.048 2.053 3.057 2.477 2.741 3.005
Putian 7.464 9.103 10.742 -0.400 0.084 0.568 2.794 3.194 3.595

Nanchang 1.410 1.641 1.871 1.381 1.432 1.484 0.978 1.050 1.123
Jiujiang 2.395 2.841 3.286 1.439 1.635 1.831 1.268 1.394 1.520
Xinyu 1.667 1.999 2.330 1.972 2.109 2.246 1.556 1.642 1.729

Ganzhou 1.867 2.385 2.902 0.135 0.994 1.853 1.864 1.979 2.093
Yichun 1.100 1.680 2.261 0.903 1.037 1.171 1.677 1.806 1.935
Fuzhou 1.752 2.051 2.351 1.398 2.063 2.729 2.023 2.086 2.149
Shangrao 1.007 1.203 1.400 1.441 1.649 1.857 1.350 1.399 1.448
Zhengzhou 2.358 2.806 3.255 -0.811 0.151 1.113 1.275 1.407 1.539
Nanyang 0.854 1.169 1.484 0.745 0.964 1.183 0.923 0.988 1.054
Shangqiu 1.361 1.751 2.141 -0.543 0.089 0.721 1.845 1.935 2.026
Xinyang 0.942 1.148 1.355 0.996 1.078 1.159 0.767 0.828 0.888
Zhoukou 4.949 5.973 6.997 0.667 1.964 3.262 2.406 2.706 3.006

Zhumadian 1.570 1.822 2.074 -0.351 0.089 0.529 1.587 1.653 1.718
Huangshi 0.168 0.185 0.202 0.169 0.195 0.221 0.127 0.131 0.136
Shiyan 0.552 0.644 0.737 0.417 0.426 0.435 0.268 0.297 0.327
Yichang 0.226 0.257 0.288 0.180 0.217 0.253 0.123 0.132 0.140
Xiangfan 0.333 0.380 0.427 0.283 0.295 0.307 0.176 0.193 0.210
Ezhou 0.233 0.266 0.298 0.223 0.236 0.249 0.133 0.145 0.157
Jingmen 0.331 0.383 0.434 0.327 0.332 0.338 0.193 0.210 0.227
Xiaogan 0.057 0.066 0.075 0.060 0.068 0.076 0.038 0.041 0.044
Jingzhou 0.148 0.167 0.187 0.164 0.170 0.177 0.097 0.104 0.110

Huanggang 0.084 0.094 0.104 0.090 0.092 0.095 0.056 0.059 0.063
Xianning 0.051 0.095 0.138 0.117 0.156 0.195 0.134 0.143 0.153
Suizhou 0.235 0.263 0.292 0.206 0.211 0.216 0.123 0.134 0.145
Changsha 1.490 1.632 1.774 1.023 1.085 1.146 0.731 0.798 0.865
Zhuzhou 2.735 3.200 3.666 3.094 3.257 3.420 2.139 2.255 2.372
Shaoyang 2.685 3.101 3.517 2.550 3.117 3.683 2.491 2.612 2.733
Yueyang 1.475 1.682 1.890 1.090 1.271 1.453 0.939 0.997 1.054
Changde 3.163 4.011 4.858 1.817 2.236 2.654 2.095 2.284 2.474
Loudi 2.463 2.754 3.046 2.575 2.939 3.303 1.993 2.064 2.135
Zhuhai 1.415 1.662 1.910 -0.300 0.075 0.450 1.086 1.137 1.187
Huizhou 1.572 2.094 2.615 -0.531 0.093 0.718 2.452 2.558 2.665
Dongguan 1.638 2.106 2.573 1.716 1.914 2.111 1.372 1.474 1.577
Chongqing 0.503 0.574 0.644 0.391 0.417 0.443 0.283 0.305 0.328

Xian 1.373 1.556 1.739 1.615 1.948 2.281 1.158 1.202 1.245

Table A.4: β computed using 3 methods for chosen 53 cities. Values are in 10−3.
Confidence intervals are 95%.
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City name Fitting to I,
lower CI

Fitting to I Fitting to I,
upper CI

Fitting to
R, lower CI

Fitting to R Fitting to
R, upper
CI

β via R0,
lower CI

β via R0 β via R0,
upper CI

Tianjin 0.110 0.142 0.174 -0.025 0.058 0.140 0.132 0.135 0.139
Haerbin 0.074 0.090 0.105 0.031 0.141 0.252 0.139 0.143 0.147
Nanjing 0.074 0.103 0.133 0.113 0.178 0.242 0.112 0.116 0.120
Xuzhou 0.110 0.156 0.202 -0.064 0.072 0.207 0.145 0.151 0.158
Suzhou 0.063 0.073 0.083 0.000 0.037 0.073 0.146 0.151 0.157
Huaiyin 0.100 0.125 0.149 -0.027 0.052 0.132 0.168 0.173 0.177
Hangzhou 0.078 0.088 0.099 0.564 0.581 0.598 0.158 0.163 0.169
Ningbo 0.129 0.150 0.170 -0.022 0.050 0.123 0.148 0.150 0.153
Wenzhou 0.064 0.078 0.091 0.188 0.291 0.394 0.120 0.125 0.129
Taizhou 0.051 0.059 0.066 0.247 0.327 0.406 0.139 0.147 0.154
Hefei 0.079 0.098 0.118 0.009 0.074 0.139 0.142 0.146 0.151

Bengbu 0.173 0.236 0.299 -0.007 0.002 0.012 0.172 0.175 0.179
Anqing 0.090 0.116 0.143 -0.025 0.058 0.140 0.166 0.172 0.178
Fuyang 0.086 0.117 0.148 -0.020 0.014 0.047 0.132 0.136 0.141
Liuan 0.151 0.191 0.232 -0.001 0.001 0.003 0.169 0.172 0.174
Bozhou 0.140 0.181 0.222 -0.049 0.048 0.144 0.171 0.175 0.179
Fuzhou 0.063 0.086 0.109 -0.039 0.046 0.131 0.158 0.167 0.176
Putian 0.037 0.048 0.058 -0.001 0.000 0.002 0.154 0.167 0.179

Nanchang 0.076 0.093 0.110 0.055 0.164 0.273 0.145 0.150 0.155
Jiujiang 0.055 0.069 0.083 0.003 0.075 0.147 0.140 0.147 0.154
Xinyu 0.101 0.130 0.158 -0.015 0.125 0.265 0.157 0.162 0.166

Ganzhou 0.096 0.133 0.169 -0.010 0.015 0.041 0.147 0.152 0.157
Yichun 0.101 0.182 0.264 -0.005 0.112 0.228 0.154 0.160 0.166
Fuzhou 0.139 0.170 0.202 -0.006 0.041 0.089 0.177 0.180 0.183
Shangrao 0.160 0.201 0.242 -0.035 0.072 0.179 0.158 0.161 0.164
Zhengzhou 0.052 0.066 0.081 -0.009 0.001 0.011 0.144 0.152 0.159
Nanyang 0.094 0.138 0.181 -0.036 0.039 0.113 0.114 0.120 0.125
Shangqiu 0.139 0.187 0.236 -0.005 0.001 0.006 0.137 0.142 0.147
Xinyang 0.083 0.109 0.135 -0.048 0.179 0.405 0.145 0.150 0.156
Zhoukou 0.050 0.064 0.077 -0.008 0.020 0.047 0.154 0.164 0.175

Zhumadian 0.120 0.147 0.173 -0.005 0.001 0.007 0.160 0.164 0.168
Huangshi 0.097 0.109 0.121 0.008 0.070 0.131 0.086 0.088 0.090
Shiyan 0.049 0.060 0.072 0.495 0.544 0.592 0.117 0.123 0.128
Yichang 0.064 0.075 0.086 0.020 0.097 0.174 0.085 0.088 0.090
Xiangfan 0.059 0.070 0.081 0.138 0.256 0.375 0.122 0.127 0.132
Ezhou 0.059 0.070 0.082 0.037 0.048 0.060 0.111 0.114 0.118
Jingmen 0.060 0.073 0.086 0.462 0.490 0.519 0.116 0.120 0.124
Xiaogan 0.074 0.089 0.104 -0.011 0.134 0.279 0.085 0.087 0.089
Jingzhou 0.075 0.088 0.101 0.062 0.146 0.230 0.100 0.102 0.105

Huanggang 0.077 0.090 0.102 0.064 0.114 0.164 0.093 0.095 0.097
Xianning 0.137 0.268 0.399 -0.026 0.033 0.092 0.075 0.080 0.086
Suizhou 0.059 0.069 0.078 0.064 0.125 0.186 0.106 0.109 0.113
Changsha 0.055 0.063 0.070 0.029 0.035 0.041 0.140 0.146 0.151
Zhuzhou 0.086 0.106 0.126 0.029 0.071 0.112 0.155 0.160 0.164
Shaoyang 0.113 0.135 0.157 -0.017 0.121 0.260 0.168 0.173 0.178
Yueyang 0.074 0.087 0.100 0.012 0.036 0.060 0.124 0.128 0.132
Changde 0.066 0.088 0.110 -0.012 0.044 0.100 0.138 0.146 0.153
Loudi 0.102 0.117 0.132 -0.012 0.051 0.113 0.138 0.141 0.144
Zhuhai 0.084 0.103 0.123 -0.003 0.001 0.004 0.139 0.142 0.146
Huizhou 0.148 0.214 0.280 -0.004 0.001 0.005 0.164 0.168 0.172
Dongguan 0.077 0.108 0.138 -0.048 0.080 0.209 0.138 0.143 0.149
Chongqing 0.062 0.074 0.085 0.032 0.064 0.097 0.106 0.110 0.113

Xian 0.103 0.120 0.138 -0.032 0.090 0.212 0.134 0.137 0.140

Table A.5: γ computed using 3 methods for chosen 53 cities. Confidence intervals are 95%.
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Figure A.9: A correlation matrix between optimum N∗ results from each of the methods
applied to Chinese cities COVID-19 data.

(a) Large outbreak locations Imax ∈ [1000,∞) (b) Big outbreak locations Imax ∈ [250, 999]

(c) Medium outbreak locations
Imax ∈ [100, 249] (d) Small outbreak locations Imax ∈ [50, 99]

Figure A.10: The relationship between distance between a city and Wuhan and N∗/N . N∗
computed using fixed γ method. A curve correspond to non-linear fit of a function axb to

data.
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