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Abstract 

Cell-cell signaling is a fundamental process of organisms during development, throughout 

their lifetime and in the course of cancer growth. In mammary tumors, tumor cells interact 

with macrophages via short-ranged signaling (paracrine) involving the growth factors EGF 

and CSF-1. This paracrine signaling enhances tumor cell invasion into surrounding tissues 

and blood vessels. Here I examined the roles that asymmetric receptor distribution, ligand 

secretion and gradient detection at the cellular level play in cancer cell invasion. Although 

there are already mathematical cell models that simulate cell movements in multicellular 

systems, none have included asymmetric distribution at the cell level. We incorporated 

non-uniform receptor density, ligand secretion and gradient detection in a 3-D individual 

cell-based model, that had been used to simulate the EGF/CSF-1 paracrine signaling in a 

tumor environment Our model can be used for any multicellular systems, where cells 

secrete and chemotax towards ligand gradients. Our model was optimized to reduce the 

computational cost of including non-uniform distributions at the sub-cellular level, when 

simulating thousands of interacting cells. 

I demonstrated that even when simulating thousands of cells, at scales much larger than 

the cell, non-uniformities at the single cell scale can significantly change the results. My 

simulations showed that non-uniform gradient detection dramatically enhanced the 

invasion of both tumor cells and macrophages and that non-uniform secretion significantly 

altered the invasion patterns of those cells. With no-flux boundary condition at the bottom, 

non-uniform secretion at either the front or back of the cell delayed the tumor cell invasion. 

However, secretion at the front enhanced macrophage invasion, while secretion at the 

back delayed it. Ultimately, fewer tumor cells invaded when secretion was at the front 

compared to uniform secretion and secretion at the back. These simulations helped us 

understand how the boundary conditions can potentially have a large impact on invasion 

profiles. They suggest that in vitro experiments with artificial boundary conditions may 

behave quite differently than the in vivo experiments that do not have no-flux boundary 

conditions. Overall, my simulations provide insight into how non-uniform receptor density, 

ligand secretion and gradient detection modify cell migration patterns. These simulations 

also suggest that it is very important to incorporate non-uniformities at the cell level when 

modeling chemically interacting multicellular systems. 
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Chapter 1. Introduction 

Amongst all cancers, breast cancer is the second leading cause of death in 

Canadian women, while prostate cancer is the most common in Canadian men (Canadian 

Cancer Statistics Advisory Committee in collaboration with the Canadian Cancer Society, 

Statistics Canada and the Public Health Agency of Canada, 2021). In 2017, 26,300 

women were diagnosed with breast cancer (25% of all cancer cases) and 5,000 women 

died from breast cancer (13%	of all cancer deaths). Every day, about 72 Canadian women 

are diagnosed with breast cancer and 14 Canadians die from it (Canadian Cancer 

Statistics Advisory Committee in collaboration with the Canadian Cancer Society, 

Statistics Canada and the Public Health Agency of Canada, 2021). 

The major cause of death in breast cancer patients is due to metastasis, the spread 

of tumor cells from the primary tumor to distant organs. Great progress has been made in 

combatting cancer, but unfortunately resistance of cancer cells to many drug therapies 

has been documented. It is therefore necessary and beneficial to identify agents that can 

be used as targeted therapy for treatment of metastasis and cancer growth in general. 

One of those approaches would be to target the paracrine signalling system. 

Paracrine signaling between tumor cells and macrophages promotes intravasation 

and metastasis in breast cancer. The paracrine signaling enables tumor cells to co-migrate 

with the macrophages into the blood stream, thereby facilitating tumor cells spreading to 

secondary sites (Leung et al., 2017). If we can disrupt or interfere with the signaling 

between the macrophages and breast tumor cells, we can potentially reduce or even 

prevent metastasis. 

A 3-D individual-cell-based model proposed by Dr. Knutsdottir and Dr. Palsson 

previously explored the paracrine signaling process in mammary tissue (Knutsdottir et al., 

2016). However, this model and other models (Admon & Maan, 2017) did not explain the 

observed streaming patterns of macrophages and tumor cells migrating towards a 

signaling source (Leung et al., 2017). In mammary tumors, this streaming pattern 

consisted of alternating macrophages and tumor cells moving towards e.g. blood vessels 

(Leung et al., 2017). Cell streaming patterns have also been observed in other systems 

such as in Dictyostelium discoideum, where cells chemotax towards a cAMP signaling 

source, one behind the other in streams of cells (Almeida & Dilão, 2016).  
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One of my goals for this thesis was to improve our understanding of the paracrine 

signaling and in particular to explain the observed streaming patterns. To do this, I 

modified the previous 3-D computational model so that I could study the effect non-

uniformity, at scales smaller than the cell, might have on the streaming pattern of cell 

chemotaxis and migration. The model was enhanced to include non-uniform distribution 

of receptors and secretory vesicles of chemoattractant on the cell membrane as well as 

non-uniform gradient detection.  

I broadened the focus of this thesis to explore how this type of non-uniformity 

affects the mobility, chemotaxis, and overall pattern formation of cells for biological 

systems in general. Our work expands upon the previous model (Knutsdottir et al., 2016) 

by considering an arbitrary receptor and secretion distribution for the cell. Our simulation 

results are compared to previously known results from in vitro experimental results. These 

new considerations are sufficiently generalized that our model may be used to study other 

phenomena in biology such as in Dictyostelium discoideum. I examined how the 

distribution of receptors on the cell surface, non-uniform ligand secretion and non-uniform 

gradient detection affected the communication between cells.  

1.1. Chemotaxis 

Chemotaxis is the process where cells move towards (positive) or away from 

(negative) a chemical concentration gradient (Swaney et al., 2010). There are multiple 

examples of chemotaxis in nature such as the following: 1. Paracrine signaling between 

tumor cells and macrophages in mammary tumors, where tumor cells follow macrophages 

on their path to enter the blood stream (Knutsdottir et al., 2016); 2. Chemotaxis towards 

cAMP after the onset of starvation during the life cycle of Dictyostelium discoideum (Dd) 

cells; 3. In the inflammation response, neutrophils (specialized white blood cells) 

chemotact towards chemical signals secreted by bacteria and consequently digest them 

(Servant et al., 1999). 

Cell chemotaxis in most eukaryotic cells is initiated by binding of ligands to specific 

receptors on the cell membrane. If the ligand gradient is steep enough, the differential 

binding of ligands to the receptors enables the cell to detect the gradient direction (Baba 
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 et al., 2012). Therefore, the cell’s ability to detect a chemical gradient depends on the 

number of available receptors and their distribution on the cell membrane. Bacteria that 

are about an order of magnitude smaller are not able to detect a gradient across their body 

due to their small size (< 1 -m), versus ~10 -m for a typical eukaryote. The diffusion 

across the length of a bacteria is too fast. This can be seen from the range of the diffusion 

constants, D, for small ligands, which is around 10-100 -.&/sec. The diffusion time across 

10 -m /~(10	-m)&/10-.&/sec = 1–10 sec for a 10 -m eukaryote, but only 0.0025-0.025 

sec for a 0.5 -m bacteria. Bacteria use a run and tumble strategy to detect a temporal 

gradient rather than a spatial one (Berg, 1993). During the “run”, the bacterium moves in 

the same direction, and it chooses a new random direction during the “tumble”. Essentially, 

the duration of the “run” is extended when the bacteria is experiencing an increase in 

ligand concentration, effectively resulting in a biased random walk. 

The main purpose of this thesis was to simulate how cell chemotaxis and pattern 

formation are affected by (i) the distribution of receptors on the cell membrane (ii) the non-

uniform secretion of ligands into the extracellular matrix, and (iii) the ability of the cell to 

detect chemical gradients. Non-uniform distribution of receptor has been shown in 

neutrophils (Servant et al., 1999), and EGF receptors in mammary tumor cells (Bailly et 

al., 2000), while non-uniform ligand secretion has been observed in Dictyostelium 

discoideum (W. Wang et al., 2018). The ability of a cell to detect a gradient is often 

regulated by its state of polarization. When a cell becomes polarized during chemotaxis, 

it is much more likely to continue to move in the direction of polarization. This has been 

observed in both Dictyostelium and leukocytes (P. N. Devreotes & Zigmond, 1988). 

1.2. Cell membrane 

The cell membrane is an interface between the cell and its surrounding 

environment. It controls the movements of ions and molecules going in and out of the cell. 

The cell membrane contains many protein receptors such as G-protein-coupled receptors 

(GPCRs), intracellular receptors, ligand-gated ion channels and kinase enzyme-linked 

receptors, which will be further discussed in section 1.3.1 (Miller & Lappin, 2021). These 

receptors can diffuse within the cell membrane (Nguyen et al., 2015). When a ligand binds 

to a receptor, the signal is transmitted across the membrane to intracellular pathways that 

can trigger a number of different reactions in a cell. These include initiation of cell 

movement or chemotaxis, changes in gene expression and production, and secretion of 
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signaling molecules (A. Fletcher, 2017). Many eukaryotic cells can detect chemical 

gradients due to spatial difference in the binding of ligands to receptors across their 

membrane (Hu et al., 2011). The importance of receptor distribution on a cell membrane 

and their orientation on chemotaxis will be discussed in the next section. 

1.2.1. Receptors 

Protein receptors on the cell surface can be divided into four groups: G-protein-

coupled receptors (GPCRs), internal receptors that bind membrane-permeant signaling 

molecules, ligand-gated ion channels and kinase enzyme-linked receptors (Figure 1-1) 

(Miller & Lappin, 2021). Receptor distribution depends on the receptor and cell type. In 

some cells, the receptor distribution on the cell membrane is uniform and the receptors 

are evenly spread out across the cell membrane, regardless of the polarity of the cell 

(Bailly et al., 2000). For other cell types, receptors such as the epidermal growth factor 

receptors (EGFR) preferentially localize towards the front, in the direction of movement of 

a cell (Bailly et al., 2000). 

The first direct observation of the dynamics of a chemoattractant receptor was 

shown during migration of living neutrophils (Servant et al., 1999). In these experiments, 

chemoattractant receptors were tagged with green fluorescent protein (GFP) to track the 

movement of neutrophils (Servant et al., 1999). They found that the distribution of 

receptors was non-uniform in the polarized neutrophils due to folding of the cell 

membrane, and this asymmetric distribution of receptors affected the detection of the 

chemical gradient (Servant et al., 1999) 
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Figure 1-1.  Types of membrane-bound receptors 
There are four different types of receptors: (A) G-Protein-coupled receptors; (B) Intracellular 
receptors activated by membrane permeant signaling molecules; (C) Enzyme-linked receptors; 
(D) channel-linked receptors (Miller & Lappin, 2021). 

Non-uniform receptor distribution on a cell membrane can play a crucial role for small 

cells, such as the Saccharomyces cerevisiae yeast cells (approximately 4 -.). For small 

cells, accurate sensing of a chemical gradient is challenging because they detect less 

differences in ligand concentrations on the up-gradient and down-gradient sides of the cell 

(Henderson et al., 2019). Similar to other eukaryotic cells, yeast cells determine the 

orientation of a gradient by comparing the ligand concentration at either ends of the cell. 

Due to their small size, it is difficult for them to detect a difference in ligand concentration 

across their cell lengths, but a non-uniform receptor membrane density distribution on the 
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surface of a cell membrane can enhance the chemical-gradient detection for these small 

cells (Henderson et al., 2019). 

1.2.2. Chemo attractants 

Cell secretion of chemoattractants or other molecules is often mediated by 

extracellular vesicles (EVs) or secretory vesicles (SVs) that are released from the cells. 

EVs, together with membrane receptors, coordinate intercellular communication by 

transferring information between cells (Jena, 2009). In this thesis, we do not distinguish 

between EVs and SVs. In cancer patients, these EVs can enhance the invasion of tumor 

cells and metastasis (Peng et al., 2018). EVs can also contain metalloproteinases (MPs) 

that are enzymes whose catalytic mechanism involves a metal. The MPs are often 

involved in degradation of ligands or of the extracellular matrix (ECM) (Sung et al., 2015). 

The degradation of ECM is crucial for tumor invasion because it breaks down the 

basement membrane ECM and promotes tumor cell invasion through the basement 

membrane (Lu et al., 2011). The location of these EVs in the cell is important. For instance, 

in Dictyostelium discoideum (Dd), migrating cells transport vesicles filled with cyclic AMP 

(cAMP) to the back of the cell for secretion (W. Wang et al., 2018). During chemotactic 

migration, the cell becomes polarized and the front of a cell points towards the direction 

of the cell’s migration. 

This non-uniform cAMP secretion enhances the formation of the streaming 

patterns observed during Dictyostelium aggregation (W. Wang et al., 2018). It should be 

noted that models have shown that non-uniform secretion is not necessary for the 

formation of streaming patterns in Dictyostelium (Palsson & Cox, 1996). Streaming 

patterns of alternating tumor cells and macrophages has also been observed in vivo and 

in vitro (Leung et al., 2017). It is of interest to determine if the observed streaming pattern 

of alternating macrophages and tumor cells in breast cancer is caused by non-uniform 

release of chemo-attractants, similar to what occurs in Dictyostelium (Almeida & Dilão, 

2016). To date, there are no results showing the exact location of secretory vesicles for 

EGF and CSF-1 in macrophages and mammary tumor cells. Given this, it is of significant 

interest to use a computational model to explore how (i) non-uniform distribution of the 

receptors, (ii) non-uniform secretion of chemoattractants, and (iii) non-uniform gradient 

detection in macrophages and tumor cells alter the migration patterns in tumors both in 

vivo and in vitro.  
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1.3. Breast cancer 

Breast cancer development is commonly divided into five stages: Stage 1, Ductal 

Carcinoma in Situ (DCIS); Stage 2, Invasive Ductal Carcinoma (IDC); Stage 3, 

Inflammatory breast cancer; and Stage 4, Metastatic breast cancer (Types of Breast 

Cancer - National Breast Cancer Foundation, 2021). In DCIS, abnormal cell growth is 

detected but it has not spread into the surrounding breast tissue. The most common stage 

where almost 80% of all breast cancers are diagnosed is IDC. Here the abnormal cells 

have left the milk ducts and spread into other parts of the breast tissue. The third stage is 

inflammatory breast cancer, where tumor cells have invaded the lymph and skin. The 

fourth stage is metastatic breast cancer. In this stage, abnormal cells carried by the lymph 

or blood vessels migrate to the other parts of the body (e.g. the lungs, liver, brain and 

bones) and start forming small tumors, which are known as micro metastases (Types of 

Breast Cancer - National Breast Cancer Foundation, 2021). 

Recently, there has been more research on the supporting cells that surround the 

tumor cells, such as endothelial cells, perivascular cells, adipocytes, fibroblasts, and highly 

active immune cells such as macrophages. These cells form the tumor microenvironment 

(TME) (Williams et al., 2016). In breast cancer, the TME largely consists of highly active 

immune cells. Among these immune cells, macrophages are the most common and can 

play a key role in mammary tumors (Lewis & Pollard, 2006). 

Macrophages are a type of white blood cell around 20 -. in diameter. They usually 

engulf and digest harmful debris, and even microbes and cancer cells that are likely to be 

a threat. When monocytes or white blood cells leave the blood stream to enter into the 

tissues, they differentiate into macrophages. In healthy tissues, some of the macrophages 

were established there before birth, and others are derived from circulating monocytes. 

However, in diseased sites, the macrophages originate from circulating monocytes. 

Monocytes chemotact towards signalling molecules released from an inflammatory site. 

They enter the site through the endothelium of a blood vessel and start removing dying 

cells or cellular debris. This phenomenon is known as an extravasation (Lewis & Pollard, 

2006; Williams et al., 2016). However, as part of the TME, the normal function of the 

macrophages can be altered (Lewis & Pollard, 2006; Williams et al., 2016). 
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An in vivo invasion assay showed that the interaction between the macrophages and the 

tumor cells was a result of EGF/CSF-1 paracrine signaling between those cells, and this 

facilitated the migration of the tumor cells out of the primary tumor of mice (J. Wyckoff et 

al., 2004). This will be discussed in more details in Chapter 2. 

1.3.1. The EGF/CSF-1 paracrine signaling loop 

There are four ways that a cell can signal to other target cells in an organism 

(Figure 1-2). (i) In autocrine signaling, the signaling molecule is secreted by a cell and 

then binds to that cell’s receptors, either on the surface or inside the cell. (ii) Cell-cell 

signaling via specialized intercellular connections between adjacent cells allows a group 

of cells to coordinate their response to a signal (gap junctions). (iii) Paracrine signaling is 

short-range communication where a secreted ligand diffuses to nearby cells. (iv) In 

endocrine signaling, the target cells are far away from the original cells and the ligand 

often travels through the blood stream to the targets.  

We will focus on paracrine signaling because (i) it plays a key role in metastasis in 

cancer (Bailly et al., 2000), and (ii) the EGF/CSF-1 paracrine signaling system leads to an 

increase in the invasion of tumor cells in breast cancer (Goswami et al., 2005). The 

EGF/CSF-1 paracrine signaling plays a key role in cancer metastasis as it leads to an 

increase in the invasion of tumor cells from breast tumors (Bailly et al., 2000). 

Macrophages inside mammary tissues can secrete epidermal growth factor (EGF) and 

detect colony stimulating factor 1 (CSF-1). On the other hand, tumor cells secrete CSF-1 

and detect EGF. EGF molecules secreted by the macrophages diffuse and bind to a tumor 

cell’s receptor and activate it. The activated tumor cell in response secretes CSF-1 and 

chemotacts towards the EGF gradient. These CSF-1 molecules then diffuse and bind to 

CSF-1 receptors (CSF-1R) on the macrophages and activate them. Activated 

macrophages chemotact toward the CSF-1 gradient leading to the secretion of more EGF. 

This is the EGF/CSF-1 paracrine signaling loop (Goswami et al., 2005; Leung et al., 2017). 

This EGF/CSF-1 paracrine signaling can increase metastasis rates by recruiting the tumor 

cells from further away, and by manipulating the macrophages’ innate ability to open a 

passageway into blood vessels.  
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Figure 1-2.  Different types of signaling between the target and signaling cells 
In paracrine signaling, chemicals diffuse and bind to the receptors of a nearby target cell, 
whereas in autocrine signaling these chemicals bind to the secreting cell’s receptors. Endocrine 
signaling is over long distances, where ligands can be carried by the bloodstream to the target 
cell. Gap junctions enable small ligands, which can trigger a reaction, to pass through small 
channels to neighboring cells (Miller & Lappin, 2021). 

1.4. Computational Modeling 

A 3-D individual-cell-based (ICBM) computational framework by Knutsdottir et al. 

(Knutsdottir et al., 2016) was used to achieve a better understanding of the EGF/CSF-1 

paracrine signaling system in mammary tumors. Knutsdottir.(2016) explored the 

parameter space of the EGF/CSF-1 paracrine signaling system and determined which 

parameters disrupted the invasion pattern of tumor cells the most. They showed that the 

paracrine signaling between the tumor cells and macrophages was sufficient for both cell 

types to co-migrate towards a signal source, regardless of whether that source was EGF 

or CSF-1. They also showed that the paracrine system enhanced the invasion of tumor 

cells and macrophages, both in vitro and in vivo. 

Their simulations showed that the invasion patterns were robust for over one order 

of magnitude for both CSF-1 and EGF secretion rates, and for both local and global 

depletion of CSF-1 and EGF. In general, their simulations matched qualitatively well with 

both the in vitro and in vivo experiments (Goswami et al., 2005; J. Wyckoff et al., 2004). 
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More recent experiments showed that the EGF-CSF1 paracrine signaling between the 

tumor cells and the macrophages mediates pairing and stream formation of these cells 

(Leung et al., 2017; Sharma et al., 2012). However, the previous simulations did not show 

a streaming behaviour (Admon & Maan, 2017; Knutsdottir et al., 2016). Table 1-1 gives a 

summary of their findings and how each parameter affects the number of invasive cells.  

Table 1-1. Results from (Knutsdottir et al., 2016) in vitro simulations 

The table shows the effect increasing the given parameters had on tumor cell invasion. 

1.5. Research questions and objectives 

The goal of this thesis was to study how non-uniform distribution of membrane 

receptors, non-uniform ligand secretion and non-uniform gradient secretion modify the 

migration patterns in mammary tumors. I explored whether non-uniform secretion of EGF 

by macrophages helped attract tumor cells from deeper within the breast cancer tumor. I 

also examined whether the distribution of CSF-1 receptors (CSF-1-R) or EGF receptors 

(EGFR) on the cell surface, or the non-uniform secretion of CSF-1 or EGF or gradient 

detection could affect the communication between cells. I determined whether any of 

these non-uniform distributions could lead to enhanced metastasis and/or stream 

formation. 

Parameter Tumor cell invasion 
CSF-1 secretion Decreases 
EGF secretion Increases 

CSF-1 gradient threshold Decreases 
EGF gradient threshold Decreases 

CSF-1 membrane bound degradation Decreases 
EGF membrane bound degradation Increases 
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Chapter 2. EGF/CSF-1 paracrine signaling in 
mammary tumors 

Chemotaxis is a key driver of metastasis in breast cancer development 

(Vorotnikov, 2011). A good example is the paracrine signaling interaction between 

macrophages and tumor cells (Lim et al., 2018). Macrophages communicate with breast 

tumor cells by releasing epidermal growth factor (EGF), which triggers the tumor cells to 

release colony stimulating factor 1 (CSF-1). 

Several experiments have shown that when mammary tumor cells are exposed to 

EGF they become activated and both initiate migration towards the EGF signal and 

secrete CSF-1 (Goswami et al., 2005; Raja et al., 2010; S.-J. Wang et al., 2004). Likewise, 

macrophages chemotact towards and secrete EGF when they detect CSF-1 above a set 

threshold (Goswami et al., 2005). Experiments in microfluidic chemotaxis chambers 

(MCC) demonstrated this response for mammary tumor cells (S.-J. Wang et al., 2004). 

Tumor cells mostly moved in random directions at low EGF levels but displayed increased 

motility when exposed to > 25 ng/ml EGF levels. The authors also showed that when the 

EGF gradient across the cell length was flatter (< 4%), some of the cells did move in the 

opposite direction of the EGF gradient. However, when the gradient was >10% across the 

length of the cells, almost all the cells moved towards the gradient. The experiments were 

repeated with EGF concentrations from 0–25 ng/ml, 0–50 ng/ml and 0–100 ng/ml across 

the chamber. Doubling the EGF concentration at the end of the chamber from 50 to 100 

ng/ml did not change the directionality of the cells (the relative gradient in % across the 

cell is the same). However, increasing the steepness of the relative gradient to 10% 

dramatically increased the cell directionality. This experiment and others show that for 

concentration and relative gradients above some threshold, cells become activated and 

initiate chemotaxis towards the detected gradient. 

This positive feedback between macrophages and tumor cells is known as the 

EGF/CSF-1 paracrine signaling loop and is illustrated in Figure 2-1 (Lim et al., 2018). We 

do not know the exact value of the threshold, but it must be above background levels and 

has been estimated to be around 25 ng/ml (Raja et al., 2010; S.-J. Wang et al., 2004). In 

the code, our thresholds were estimated based on the background levels of EGF and 

CSF-1 in the extracellular matrix. Some macrophages migrate towards the blood vessels 
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followed by the tumor cells, and this facilitates spreading of tumor cells to the rest of the 

body where they can metastasize. 

 
Figure 2-1.  The paracrine signaling loop between macrophages and tumor cells 
Macrophages secrete EGF in response to external CSF-1 concentration. The secreted EGF 
diffuses and binds to tumor cell receptors. Likewise, tumor cells secrete CSF-1 in response to 
external EGF concentration. The secreted CSF-1 diffuses and binds to the CSF-1 receptors on 
the macrophages (Knutsdottir et al., 2016). 

2.1. In vivo and in vitro EGF/CSF-1 experiments 

Several in vivo experiments have demonstrated that mammary tumor cells 

chemotact towards EGF gradients and macrophages chemotact towards CSF-1 

gradients. In one of those experiments, (J. Wyckoff et al., 2004) injected pyMT mammary 

tumor cells into breast tissue of mice and let the tumors grow for 16 to 18 weeks. The mice 

were then anaesthetized and placed under a multiphoton microscope. A needle containing 

25 nM EGF was placed inside the tumor margin. In this experiment, macrophages and 

tumor cells were collected in a ratio of 3:1. When CSF-1 was placed in the needle instead 

of EGF, both tumor cells and macrophages were collected but in different ratios. These 

experiments demonstrated how the paracrine signaling helps both cell populations 

migrate, given that macrophages and tumor cells only chemotact towards CSF-1 or EGF, 

respectively. When this experiment was repeated with a MTLn3 cancer cell line that over-

expressed EGF receptors, they found an increase in the number of collected tumor cells. 

The number of collected macrophages was not reported. Overall, these results indicated 

that chemotaxis by tumor cells in the primary tumor plays an important role in tumor cell 

invasion and metastasis (J. Wyckoff et al., 2004). Figure 2-2 shows the experimental 

setup. In other experiments, a stream of alternating macrophages and tumor cells 

migrating towards the needle could sometimes be seen (J. B. Wyckoff et al., 2007). 
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Figure 2-2.  In vivo experimental setup representing the EGF/CSF-1 paracrine 

signaling 
Tumor cells (labeled with GFP) and macrophages (labeled with Texas red dextran) were injected 
into mammary breast tumors of mice. A needle containing EGF was inserted inside the tumor 
margin. This triggered tumor cells chemotaxis towards the needle and CSF-1 secretion. The 
macrophages then followed the tumor cells into the needle because of the EGF/CSF-1 paracrine 
signaling (J. Wyckoff et al., 2004) 

Additional experiments have also demonstrated the significance of the EGF/CSF-

1 paracrine signaling. For instance, tumor cells (MTLn3) plated on a 1-D in vitro collagen 

matrix showed an increased motility when paired with macrophages, due to the EGF/CSF-

1 paracrine signaling (Sharma et al., 2012). 

2.1.1. The key in vitro experiments used for this study  

The simulations in my thesis are motivated by an in vitro experiment showing that 

the EGF/CSF-1 paracrine loop between tumor cells and macrophages facilitates the 

migration of tumor cells into the overlying collagen (Goswami et al., 2005) In this 

experiment, 50,000 (~50/mm2) tumor cells (MTLn3) labeled with green fluorescent protein 

(GFP) and 250,000 (~250/mm2) BAC1.2F51.2F5 macrophages (labeled with Texas Red 

dextran) were plated on a 35-mm MatTek dish. A 750 – 1000 μm thick layer of collagen 

(5 to 6 mg/mL) was overlaid on top of the cells, with 36 ng/mL CSF-1 solution added on 

top of the collagen (Figure 2-3) (Goswami et al., 2005). 
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Figure 2-3. In vitro experimental setup 
The in vitro experimental setup from (Knutsdottir et al., 2016). Tumor cells (labeled with GFP) and 
macrophages (labeled with Texas Red dextran) were plated on a 35-mm MatTek dish, then 
overlaid by 750 μm thick collagen. A 36 ng/mL CSF-1 solution was placed on top of the collagen. 

Adding the 36 ng/mL CSF-1 solution increased the number of macrophage cells 

that had elongated protrusions to 25% of the entire population. This suggested that extra 

CSF-1 was necessary for triggering paracrine signaling. Tumor cells and macrophages 

often chemotact along collagen fibers. Time-lapse microscopy and morphometric analysis 

were used to estimate the motility of the cells and directionality, both in the presence and 

absence of the macrophages (J. B. Wyckoff et al., 2007). The results were based on the 

average speed and the net distance of cells. When only the tumor cells were cultured, 

they moved randomly at a speed of 0.61 µm/min and changed direction frequently. When 

they were cultured with the macrophages, they exhibited a pseudo-random movement 

that was biased towards the macrophages at a speed of 0.4 µm/min. This suggests that 

the tumor cells change direction less frequently when they are cultured with macrophages 

and that macrophages polarize the tumor cells. In the presence of the macrophages, more 

tumor cells invaded the collagen, and it seems that the presence of macrophages is 

necessary for the tumor cell invasion in this situation. In this experiment, a tumor cell is 

defined as “invasive” if it has migrated more than 20 μm into the collagen matrix. 

To confirm the validity of the EGF/CSF-1 paracrine signaling cycle between the 

tumor cells and the macrophages, the same experiment was repeated with human breast 

tumor cells (MDA-MB-231) (J. B. Wyckoff et al., 2007). Similar results were observed, with 

a 70% invasion of tumor cells and macrophages. In a follow-up experiment, 12.5 nM EGF 

was added to the tumor cell culture, and this resulted in an increase of the CSF-1 mRNA 
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expression in the tumor cells (J. B. Wyckoff et al., 2007). When 36 ng/ml of CSF-1 was 

added to a macrophage culture, similarly they found an increase in the EGF mRNA 

expression in macrophages. Blocking either the EGF or CSF-1 receptor resulted in a 

decrease in tumor cell invasion. 
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Chapter 3. Models of cell movements  

Great strides have been made towards understanding the detailed and complex 

mechanism of cell signaling. However, there are still areas that are difficult to explore 

experimentally, especially for in vivo studies. Computational simulations can help 

researchers test an advanced well-defined hypothesis in a controlled manner. 

In general, computational modeling through the use of computer simulation helps 

us understand complex biological systems that can be difficult to explore experimentally. 

Predicting the behaviour of a whole system can be done by assigning a set of rules to the 

unit of a system, such as individual cells or unit agents. Computational simulations of 

biological systems allow us to explore how the system responds to different sets of 

parameters that may be difficult or even impossible to study experimentally. The 

simulations can give both quantitative and qualitative results that give insight into how the 

system operates. This facilitates exploration of new phenomena, and an understanding of 

why different biological systems behave the way they do on a cellular level. 

Models of cell movements and signaling are increasingly being used in the 

biological sciences both as discrete and continuum models. Detailed cell movement 

models allow scientists to visualize cell movements in 3-D and thus facilitate insight. They 

also help us understand how simple cell-cell interactions, signaling and adhesion lead to 

complex cell movements. A model is, by necessity, a simplification and this simplification 

can reveal the most important processes and suggest what behaviour is possible by giving 

constraints. 

Some examples of biological systems where cell movement is important are found 

throughout development and morphogenesis (Weijer, 2009), during tumor growth and 

metastasis (Goswami et al., 2005; J. Wyckoff et al., 2004), and in all stages of the 

Dictyostelium lifecycle (Almeida & Dilão, 2016; W. Wang et al., 2018). In those systems, 

cell movement is driven to a large degree by chemotaxis. For example, in mammary 

tissues co-migration of macrophages and tumor cells has been observed and detailed in 

Chapter 2. Experiments and mathematical modeling have demonstrated that this co-

migration is driven by an EGF/CSF-1 paracrine signaling between tumor cells and 

macrophages (Goswami et al., 2005; Knutsdottir et al., 2016). Tumor cells secrete CSF-1 

and chemotact toward EGF and macrophages secrete EGF and chemotact toward CSF-



17 

1, respectively (Goswami et al., 2005; J. Wyckoff et al., 2004). This phenomenon 

enhances the signal between the two cell types and leads to co-migration of macrophages 

and tumor cells. A computational model was used to simulate this system and 

demonstrated how this phenomenon occurs (Knutsdottir et al., 2016). The model gave 

insight into how the paracrine signaling works and how it enhances co-migration of tumor 

cells and macrophages into the blood vessels. The model suggested how the co-migration 

of tumor cells and macrophages could be disrupted or enhanced by changing certain 

parameters. These predictions could be verified experimentally. 

3.1. Different approaches to cell-based computational 
modeling 

Cell-based models are divided into two main groups: lattice-based models and off-

lattice models (Metzcar et al., 2019). Figure 3-1 summarizes the major types of cell-based 

models. 



18 

 
Figure 3-1. Major types of cell-based models 
The table summarizes different types of individual based cell models – lattice and off-lattice 
models. It also gives examples of the type of models belonging to each group. In the figures on 
the right, each color represents a different cell and each cell can be either the same or different 
cell type. Our model, an individual cell-based model, is an off-lattice center-based model.  
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Examples of lattice-based models are: (i) Cellular Automata (CA), (ii) Lattice Gas Cellular 

Automata (LGCA), (iii) Cellular Potts Models (CPM). A good review of these types of 

models can be found in (Metzcar et al., 2019). Off-lattice models are center-based models 

and vertex type models (Metzcar et al., 2019). Below, I will briefly describe the different 

types of cell movement models to give an overview of the different models that have been 

used. This helps provide a contrast with the individual cell-based model that I am using. 

3.1.1. Lattice based models 

In lattice-based models, each lattice site represents a single unit that is restricted 

to an artificial lattice grid cube. A single biological cell is sometimes represented by many 

units.  

3.1.1.1. Cellular automaton (CA) models  

CA models are the simplest models in this category (Metzcar et al., 2019; Osborne 

et al., 2017). They consist of a regular grid where each lattice site is considered as one 

cell, with volume assumed to be equal to the volume of the lattice site. A lattice site can 

be in one of many states, such as empty, occupied, dormant etc. The grid can be one, two 

or three dimensional. Each cell has a neighbourhood, defined as all cells within a set 

distance from the specified cell. The system is initiated at time t=0 by assigning a state for 

each lattice site. Every time step a new generation is created following specific rules. 

These rules are often stochastic, and assign a new state for each lattice site based on the 

current state of the lattice site and the states in its neighbourhood. Movement of a cell is 

achieved by flipping its lattice site state with a neighbouring lattice site. Before a cell can 

move or duplicate, it must first find and select a random and unoccupied site within a fixed 

distance from the moving or dividing cell. If conditions are favorable, the cell either moves 

or creates a new copy of itself into the unoccupied site. If the cell moved, the previous site 

becomes unoccupied. In more complex CA models, when the “impulse” is high, a dividing 

or a moving cell can sometimes push neighbor cells away to make space for the new 

daughter cell. This would create a cascade of cell movements. Generally, the rules are 

the same for every cell and they do not change over time. These rules are applied to the 

whole grid simultaneously. 
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3.1.1.2. Lattice Gas Cellular Automata (LGCA) models 

In LGCA models (Deutsch, 2007; Metzcar et al., 2019), a cell is defined by its 

position and velocity. Each lattice in this model has a different number of nodes (lattice 

sites) and each node contains a small number of cells. The velocity of each cell in the 

node is associated with a velocity channel. LGCA models track the number of cells that 

move through channels between individual lattice sites rather than the motion of each 

individual cell.  

The dynamics of LGCA are governed by two principles simultaneously: local 

probabilistic interactions (collisions) and deterministic propagation (migration). The time 

evolution of the entire lattice occurs at the same time. In probabilistic interactions, particles 

can change their velocity due to collisions. In deterministic propagation, the particles can 

migrate in the direction of their velocity to another site that is one unit away. If two particles 

approach the same channel, the new scattering direction will be chosen randomly between 

available channels (Deutsch, 2007; Metzcar et al., 2019; Osborne et al., 2017). LGCA 

models can simulate large numbers of cells over long periods. This feature facilitates 

analysis and connects them to continuum methods that model cell densities instead of 

individual cells. 

3.1.1.3. Cellular Potts models (CPMs) 

Some problems may require resolution of individual cell morphologies. Cellular 

Potts models (CPMs) use multiple lattice sites to represent each cell (Graner & Glazier, 

1992;Hirashima et al., 2017). Each lattice site is assigned a unique identifier such as a 

number or color, as seen in the green, blue or red pentagon shapes in Figure 3-1. A cell 

is the summation of all the lattice sites that have the same identifier (Hirashima et al., 

2017). The state of the system is determined by a Hamiltonian (H), which describes the 

energy of a particular configuration of cells in the lattice. In a CPM, all the possible ways 

to copy a lattice site into an adjacent one are checked, and the final action depends on 

∆H. If ∆H is negative, then the change is always accepted. If ∆H is positive, the change is 

accepted with a probability of 8
'( *

+, . The Boltzmann temperature, T, represents the 

randomness of the system. 
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Typically, Δ ; is based on the energy associated with cell-cell and cell-ECM 

adhesion for all sets of neighbouring lattice sites. Some models also consider the energy 

cost when the cell’s size becomes larger than the target size. Cell growth occurs when 

new sites with the same identifier are added at given time steps. Chemotactic movement 

of cells in the CPMs occur when the Hamiltonian is modified so that it is energetically 

favourable to copy sites at the front of the cell. Due to area/volume constraints, in later 

time steps the sites at the back of the cell are removed (Hirashima et al., 2017; Metzcar 

et al., 2019; Osborne et al., 2017). Although CPMs can model cell morphologies and some 

mechanical aspects that cannot be incorporated in simple CA models, CPMs are much 

more computationally intensive especially in 3-D. This is because each cell is represented 

by multiple lattice sites, whereas in simple CA models or individual cell based models each 

cell is represented by one lattice site or one sphere or ellipsoid, respectively. Also, linking 

the Hamiltonian to real physical meanings can be challenging. 

3.1.1.4. LGCA vs. CPM 

The benefit of LGCA over CPM models is that LGCA models can easily be spatially 

scaled. However, LGCAs cannot model the exact structure of cells. LGCAs are the best 

models for local interactions between adjacent cells, where each cell has its own velocity 

and position. However, unlike other lattice-based models, CPM can model the structure 

of a cell membrane, which makes this model suitable for modeling cell morphologies. 

3.1.2. Off-Lattice Models  

In Off-Lattice models (Metzcar et al., 2019), cells can be single points, or they can 

have some shape, typically spherical or ellipsoidal, with a finite volume. The cells can 

continuously move through space and are not fixed to a grid cube (Figure 3-1). 

3.1.2.1. Center Based Models (CBMs) 

In a CBM (Drasdo, 2007), cells are defined by their centers and their trajectories 

are calculated based on the equation of motion of the cells’ centers. Cells can be rigid 

spheres, soft spheres with a rigid inner core, or deformable ellipsoids. Cell movement in 

CBMs is usually found from the equations of motion using the net force on that cell, but 

not all CBMs are force based. Cells can chemotact towards a chemical gradient or move 
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in a random direction. The net force on a cell can be a combination of drag, repulsive and 

adhesive forces between two cells, or between cells and the ECM. Cells in CBMs can 

grow by incremental increase in their volume, based on some cell growth rate. 

3.1.2.2. Vertex Models  

In vertex models (Fletcher et al., 2013; Metzcar et al., 2019; Osborne et al., 2017), 

each cell is represented by a polygon, with vertices shared between neighbouring cells as 

shown in Figure 3-1. Each vertex is a point in space that is defined by position and an 

identifying index. The polygon that represents the cell is constructed as follows. A line is 

drawn that is equidistant from the center of the cell and the center of each of its adjacent 

cells. These lines become the edges of the polygon and the vertices are formed where 

these lines cross each other. The edges of the polygon represent the cell membrane and 

thus the boundary of the cells. In 3-D, the boundary is a polygonal surface instead of a 

line. Forces are generally applied to the vertices of the polygon. These vertices are moved 

based on the equations of motion. The forces on the cell come from both the ECM and 

neighboring cells, and also from internal interactions such as viscoelastic properties or 

membrane resistance to bending or internally generated forces. The adhesion force 

between the two neighboring cells is calculated based on all of the edges they share on 

the lattice. To model cell division, a new edge is inserted often through the middle of the 

fully-grown cell, and two new vertices are placed where the new edge connects to the 

perimeter of the mother cell. This creates two cells from the original mother cell with the 

new edge as the common boundary. When a cell dies or is removed, all the edges of that 

cell are removed and replaced by a single vertex. 

3.1.3. Continuum models  

Continuum models (Milde et al., 2014; Yates, 2011) are a good alternative when 

modeling large number (millions) of cells. This is because cell-based models become quite 

computationally costly. For these situations, continuum models become preferable 

because computational cost does not depend on cell numbers and when the number of 

cells is high, averages of cell properties describe the system well. 

Continuum models ignore the cell boundaries, but a “group” of cells can be 

identified by population-level characteristics: density of cells “the number of cells per 
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volume of elements”, u(=, >), at a specific position, x, and time, t. For large-scale dynamics 

in growing tissue (millimeter to centimeter range) this model is preferable. However, as 

mentioned earlier, a continuum model cannot distinguish single cell dynamics such as 

polarization, growth and adhesion. 

3.2. A 3-D individual ellipsoidal cell-based model 

Our model, an individual cell-based model (ICBM), is a force-based viscoelastic 

ellipsoidal cell model, where cells can both detect and secrete chemical signaling 

molecules and interact via external forces. The model calculates movement and 

deformation of cells, and the cell interacts with its neighbour cells or the ECM, both 

chemically and mechanically. The model keeps track of the center of the cells and the 

orientation and length of their three ellipsoidal axes. The model was written in the C 

programming language and the results can be visualized using a code written by Palsson 

using the graphic programing language openGL (Palsson, 2008). This model is 

categorized as an off-lattice model and belongs to the center-based sub-classes.  

We used a modified version of this model to explore how the non-uniformity of 

receptors, secretion and gradient sensing in the cells affected overall cell chemotaxis and 

migration. We added new features to the previous ICBM so that we could simulate the 

following: 1. Non-uniform distribution of chemotactic receptors on the membrane; 2. Non-

uniform secretion of chemoattractant; and 3. Non-uniform gradient detection, where the 

cell is biased towards detecting a gradient at the front of the cell. We used the modified 

model to explore how types of non-uniformity affects the migration of cells toward blood 

vessels driven by the paracrine signaling between tumor cells and macrophages. 

3.2.1. The individual cells 

The cells in our model are volume-conserving deformable viscoelastic ellipsoids 

that can grow and divide. An ellipsoid has 3-unit vectors ?⃗, AB⃗  and C⃗ as shown in Figure 

3-2. In our model, ?⃗ is chosen to be along the anterior-posterior axis and points in the 

direction that the cell is moving towards.  

Cells are modeled as deformable ellipsoids with orthogonal axes aB⃗ , bB⃗  and	c⃗. For 

each axis, shown in Figure 3-2, the viscoelastic property of a cell is represented as a 
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Maxwell element in parallel with a spring. The Maxwell element is a Hookean spring with 

spring constant, G-, in series with a viscous element, -. The G- spring represents the initial 

elastic response to an applied force and the viscous element models the steady 

deformation under constant force. As mentioned, the Maxwell element is in parallel with 

another Hookean spring G& that prevents the cell from being stretched or compressed too 

much and contributes to the relaxation of the cell to its resting value, once no more forces 

are acting on it (Palsson, 2008).  

The volume of the cell is conserved under stretching and compression. Therefore, 

when one axis is compressed, the other axes must stretch so as to keep the volume 

constant. This is handled by introducing a counteracting force H./0 that represents the 

resistance of the other axes to stretching. H./0 is calculated by solving equation 3-1 and 

3-2 simultaneously.  

Here I stands for the a, b or c axis and H1 is the total force on axis i. JK2 is the 

change in axis length each time step. For instance, (K3 + JK3) is the new length of the a-

axis and similarly for the b and c axes. Equation 3-2 ensures that the cell volume, after 

the stretching or compression of each axis, remains constant. Equation 3-1 gives us three 

independent equations and combined with Equation 3-2 allows us for solve for H./0. 

	
JK1
J>

=
G-(H1 − H./0)

-(G- + G&)
+

JH1 J>⁄

(G- + G&)
− K1

G-G&
-(G- + G&)

	 3-1	

	 r4r5r6 = (r4 + dr4)(r5 + dr5)(r6 + dr6) = V
4

3
πU 	 3-2	
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Figure 3-2.  Cell (internal) 
Cells are represented as deformable ellipsoids where each axis has a Maxwell element in parallel 
with a Hookean spring !!. The Maxwell element consists of a Hookean spring, with spring 
constant, !", in series with a viscous element, ".  

In my current simulations, the cells do not deform much because they are not 

tightly packed but are instead moving freely, and the only force interactions between cells 

are collisions. Therefore, for simplicity and to save computational cost and time, we can 

consider the cell as a semi-hard sphere. However, I included the description of the 

viscoelastic aspect of the cells for completeness and to observe the elongation of the cells 

when they move. The ability of cells to deform will become essential later on when I want 

to simulate the movement of the cells through the wall of the blood vessels. 

The extracellular matrix is a 3-dimensional grid that is divided into equal sized grid 

cubes, whose edges are one cell diameter in length (10 -m). The length of these edges 

is defined to be one-unit length. In 2-D, a cell can partially occupy up to four grid squares, 

and in 3-D a cell can occupy a maximum eight grid cubes, as visualized in Figure 3-3. 
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a) b)  

Figure 3-3.  Cell (external) 
Visualization of cells in (a) 3D lattice and (b) 2D lattice. The cell can occupy a maximum of eight 
grid cubes in 3D and four grids squares in 2D. 

3.2.2. Updating the chemical concentrations 

I wanted to explore in detail how changes in the properties of the signaling system 

affect the EGF/CSF-1 paracrine signaling and thus cell migrations. In particular, I explored 

how non-uniformity around the cell membrane, and in ligand secretion and detection 

altered the signaling profile. I therefore describe the chemical secretion, detection, and 

gradient sensing of the model, in detail. 

In our model, we have two ligands, EGF (epidermal growth factor) produced by 

macrophages, and CSF-1 (colony stimulating factor 1) produced by tumor cells. The 

continuous equations describing the change in time and space of these ligands is 

governed by the reaction-diffusion partial-differential equations 3-3 and 3-4 

 

These equations represent the change in CSF-1 and EGF. ∆CSF1 is the Laplacian 

of CSF-1, Z[H1789(=, \, ]) is the CSF-1 secretion, and ^08:
6;<-(=, \, ]) is the depletion rate of 

	
JZ[H1

J>
= _∆CSF1(=, \, ]) + Z[H1789(=, \, ]) −^08:

6;<-(=, \, ])CSF1(=, \, ])	 3-3	

	
J`aH

J>
= _∆`aH(=, \, ]) + `aH789(=, \, ]) − ^08:

8:=(=, \, ])`aH(=, \, ])	 3-4	
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CSF-1 at (=, \, ]). Similar descriptions are used for EGF. We assume that the diffusion 

constant D is the same for both EGF and CSF-1 as their size is similar. In discrete form, 

these equations become 

 

These equation represent the change in CSF-1 and EGF, at each time step, within 

a grid cube [I,j,k]. ∆bCSF1 represents the discrete Laplacian of CSF-1. The change in [CSF1] 

depends on the diffusion constant _, total CSF-1 secretion by all the cells in that grid cube, 

and depletion of CSF-1 represented as ^08:
97=-!"# in the grid cube [I,j,k]. Similar descriptions 

are used for EGF. The total depletion of the ligands EGF/CSF-1 (^08:
8:=/97=-!"#) is a 

combination of local and global ligand depletion explained in detail in section 3.2.3. We 

know that if the concentration of EGF is below some threshold, tumor cells do not secrete 

CSF-1. If EGF concentration is increased above the threshold, CSF-1 secretion increases, 

however, increase in [EGF] above some maximum does not increase CSF-1 secretion 

further. We can therefore represent the secretion of EGF/CSF1 in response to CSF1/EGF 

detection, as a Michaelis Menten type kinetics combined with a threshold function 

(equation 3-7 and 3-8). 

 

[`aH]+98?? is the EGF concentration that the tumor cell detects and [Z[H1]@39A/ is 

the CSF-1 concentration that the macrophage detects. The total secretion into a lattice 

cube [i,j,k] is the sum of the partial secretion by all the cells that are partially inside grid 

cube [i,j,k] and is given by equation 3-9 and 3-10: 

	
J[Z[H1]1BC
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= _∆b[Z[H1]1BC + [Z[H1789

1BC
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[Z[H1]1BC 	 3-5	
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The sum is over all the cells (tumor or macrophages) that partially overlap grid 

cube [i,j,k]. Here, [+98??
1BC  is the surface area of a tumor cell that is inside grid cube [i,j,k] and 

I$%&''
!"#

J()*++
 is the fraction of the tumor cell’s surface area inside grid cube [i,j,k]. The CSF-1 

secretion by a tumor cell is given as k;E6D6EFFℋ([EGF]D6EFF − [EGF]GH)	
[LMN]()*++

-P[LMN]()*++
. The 

Heaviside function, ℋ(`aH − `aHQR) = 0 when [`aH] < [`aH]QR and =1 when [`aH] > 

[`aH]QR. Therefore, when [`aH] < [`aH]QR there is no secretion. Similar descriptions are 

used for the EGF secretion by the macrophages. 

A 2-D example of this partial secretion is shown in Figure 3-4, where the four cells 

all secrete ligands into grid square #1. The total amount secreted into grid square #1 is 

the weighted sum of the contribution from the four cells (the length of cell segment that is 

contained in grid square #1 divided by the total cell circumference). 

The overall (average) ligand concentration a cell experiences is the weighted sum 

of the contributions from the grid cubes that the cell overlaps and is represented by 

equations 3-11 and 3-12: 

 

As before, 
I$%&''
!"#

I$,&''
 is the fraction of the tumor cell’s surface area inside grid cube [i,j,k] 

and [`aH]1BC is the concentration of EGF in grid cube [i,j,k]. In the 2-D example illustrated 

in Figure 3-4, the multi-colored cell detects the ligand concentration in the four grid squares 
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based on the length of the cell segments 1,2,3 and 4. The average ligand concentration 

for the cell is given as the weighted sum of the contributions from the four segments 1,2,3 

and 4. For reference, grid square #1 is at location [i,j], square #2 is at [i,j+1], #3 is [i+1,j+1] 

and #4 is [i+1,j]. 

 
Figure 3-4.  A diagram that shows how cells overlap the grid squares in 2D 
A 2-D illustration of how different types of cells (multi-colored and pink) can interact with the 
underlying grid. The multi-colored cell detects the chemical ligand concentration in grid square #1 
through #4 and that signal is weighted by the length of the cell segment in each grid square 
divided by the circumference of the cell. The concentration that a cell detects is made up from the 
sum of these contributions. The ligand secretion into grid square #1 by the multi-colored cell is 
weighted by the length of the red cell segment in #1 divided by the cell circumference. The total 
ligand secretion into grid square 1 is the sum of the partial secretion by all the cells that overlap 
that grid square. 

3.2.3. External and membrane bound degradation 

The external ligand concentration is depleted by various mechanisms, such as 

perfusion, endocytosis and degradation by matrix metalloproteases (MMPs) or other 

proteases (either membrane-bound or soluble). The ligand depletion can be categorized 

into two groups, local ligand depletion (LLD) and global ligand depletion (GLD). The LLD 

can occur at the cell membrane through three processes: 1. receptor bound ligands can 

be internalized and degraded inside the cell; 2. cells can engulf extracellular molecules 
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through pinocytosis; and 3. membrane-bound enzymes break down ligands, referred to 

as membrane-bound degradation. LLD depends on the presence of cells. 

GLD can be the result of two processes: 1. Ligand degradation by enzymes, such 

as external diffusible soluble MMPs, secreted by the cell into the extracellular matrix 

(ECM). In our model we assume the external MMP concentration is uniform and does not 

depend on the presence of cells. The MMPs degrade the ligand and thus remove it from 

the ECM. 2. Fluid flow that removes ligands from the extracellular matrix by a process 

called perfusion. Constant perfusion can be modeled as an additional external 

degradation.  

Therefore, the total external depletion rate for EGF and CSF-1 is a composite of 

external and membrane-associated depletion and is given by the terms ^08:
8:=!"# and 

^08:
97=-!"#

	respectively (equations 3-13 and 3-14) 

 

Equation 3-13 shows that the rate of CSF-1 depletion, ^08:
97=-!"#, in grid cube [i,j,k] is 

the sum of the global CSF-1 depletion rate (GLD), ^6;<-8]Q
1BC  , and the membrane-bound 

degradation by all the tumor cells (^.8.
97=-

) and macrophages 	(^.8.
8:=

) that partially overlap 

grid cube [i,j,k]. The contribution each cell makes to the membrane associated degradation 

depends on the fraction of the surface area that rests inside grid cube [i,j,k], 
^-.//
012

^-.//
 . Similarly, 

for the composite EGF depletion rate, ^08:
8:=!"#, ^E_<8]Q

1BC  is the external EGF depletion (GLD) 

rate. 
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3.2.4. Chemical gradient  

The local gradient that a cell experiences depends on the ligand concentration 

Z[s, t, ^] in nearby grid cubes (squares in 2-D) as well as the cell’s location within its grid. 

In our simulations, the grid is divided up into grid cubes with edge length dx=10 -m. For 

convenience, we use 10 -m as the unit length. For example, a cell located at = = 3.1 has 

its center at a distance of 31 -m in the x-direction away from the origin. The cell is assigned 

to a grid cube [s, t, ^] based on the location of its center (=, \, ]) where i,j,k are given as: 

 s = vwxxK(=) + 1, t = vwxxK(\) + 1 and ^ = vwxxK(]) + 1.  

The floor(x) function returns the largest integral value that is not greater than x, so, 

if x=0, i=1 and if x=3.1 i=4 etc. In a 1-dimensional version of our model, the gradient is 

based on the concentration in the adjacent grid points C[i+1] and C[i-1] as well as C[i]. 

The simplest way of calculating the gradient g` for a cell assigned to grid point i, would be 

to let g` = (C[i+1] - C[i-1])/(2dx). A cell whose center is at x=3.1 or at x=3.9 will in both 

cases be associated with grid point i=4. However, if the cell’s center is close to the left 

edge of the grid point (x=3.1), it can experience a different gradient than a cell whose 

center is close to the right edge of the grid (x=3.9). To account for this difference and 

improve the gradient detection in our model, we made the gradient y⃑, a continuous 

function. Now the gradient the cell detects is a function of the cell’s position (=, \, ]). For 

instance in the x direction y] = y] (x), inside the grid cube rather than be same for all cells 

associated with the grid cube, y] = y](i). This gave us much better resolution of the 

gradient that a cell encounters and makes it possible for the gradient that the cell detects 

to change as the cell moves within the associated grid cube. To do this we had to come 

up with an approximation of the function y] (x) or g=(y],	ya,	yb) in 3-D. 

The gradient that a cell experiences is given as y⃗ = ∇(Z), where C is the ligand 

concentration. To approximate the gradient in 3-D, we separated the gradient into the x, y 

and z direction y],	 ya and	 yb respectively, and for simplicity we assume that those 

gradients are independent. In 2-D, the net gradient y⃗ = [y],	ya], with y] =
c\3
c`  and ya =

c\4
cd . The first step is to approximate the function Ze(=) centered around [s, t] with 

Ze(0) = C[i, j]. Ze(=) can be approximated as Ze(=) = ?=& + A= + C, by fitting a second-
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order polynomial to the ligand concentration at the three points Z[s − 1, t], Z[s, t], Z[s +

1, t]. This gives us the following equation: 

 

and solving for a, b and c gives us: 

 

To find y] we take the derivative of Z](=) with respect to x.  

 

We find ya and yb the same way. 

In 3-D the gradient is  

 

The concentration Z(=, \, ]) can be either EGF or CSF-1. If the EGF or CSF-1 

concentration is above a threshold for the tumor cell or the macrophage, respectively, the 

cell orients towards the gradient y⃗. This will be discussed in a later section. 

3.2.5. Forces 

To calculate the movement of a cell, all the forces that act on that cell must be 

determined. These forces come from adhesion, drag and repulsion between neighbouring 

cells and the ECM. Once the net force is calculated, the cell is moved according to the 

equations of motion. In our simulation, we assume that the adhesive forces between the 

C	 = 	 C][s, t], ? − A + C	 = 	 C][s − 1, t]	and	? + A + C	 = 	 C][s + 1, t]	 3-15	

? =
(C][s + 1, t] + C][s − 1, t] − 2C][s, t])

2
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A =
(C][s + 1, t] − C][s − 1, t])

2
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C = C][s, t]	 3-18	
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∂C]
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= 2?= + A 
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y⃗ = (y] , ya , yb)	 3-20	
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cells are negligible because cells are not tightly packed, although they do repel other cells. 

Therefore, we consider the active force, H⃗39Q1f8, repulsive force, H⃗A8gh?71f8, and the drag 

force, H⃗0A3: in equation 3-21. H⃗39Q1f8 is generated when the cell grabs onto the extracellular 

matrix to move either randomly or in response to a chemical gradient, equation 3-22. 

The sensitivity of the tumor cells/macrophages to EGF/CSF-1 is indicated by the 

concentration and gradient thresholds. When both the concentration of EGF/CSF-1, and 

ligand gradient, ∇[Z], around the tumor cell or macrophage, respectively, are above 

threshold H⃗39Q1f8 =	H9R8./Q3] ∙ ?⃑, the direction of movement is towards the chemical 

gradient. When the ligand concentration and ∇[Z] are both below threshold, H⃗39Q1f8 

=	HA3[0/. ∙ ?⃑. HA3[0/. is smaller than H9R8./Q3] and is in a random direction with a bias 

towards the direction the cell was moving in, as shown in equation 3-22. H⃗A8gh?71f8 prevents 

the cell from overlapping and passing through other cells, shown in equation 3-23. 

H⃗A8gh?71f8 depends on x, the distance between the surfaces of the two cells along the 

direction between the two cell centers. The drag force, H⃗0A3: = Å⃗1 . -89. is generated as 

the cell moves through a viscous medium and depends on the speed of the cell. 

The ?⃑ points along the cell’s a-axis and is in the direction the cell is moving. In 

equation 3-23, = = i
j)*++

, where d is the distance between the surface of the two cells along 

the vector KklBBB⃗  from centers of cell i to cell j and r6EFF is the cell radius. 

Given their small size, the cells are living in a low Reynolds number environment. 

Therefore, we can ignore inertia, and in equation 3-21 	H⃗39Q1f8 and the sum of the H⃗A8gh?71f8 

forces are balanced by the drag force, H⃗0A3:. This gives the equation of motion for the cell 

seen in equations 3-24 and 3-25, 

	 H⃗98?? = H⃗39Q1f8 + ∑ H⃗A8gh?71f8m +	H⃗0A3:	
3-21	
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where 0]!0Q  (for i = 0, 1, 2 in 3D) is the velocity of the cell at time t, and J=1 = J> ∗ Å1 	is the 

change in position of each cell each time step. -89. is the viscous drag coefficient between 

the cell and the extracellular matrix. Since the cells have a semi hard spherical shape in 

our study, we can keep -89. constant. 

3.3. Model improvement and additions 

My goal was to use the model to study how non-uniform secretion, density of 

receptors on the membrane and gradient detection affect cell migrations. Hence, we had 

to make significant modification to the earlier ICBM. Non-uniform secretion occurs when 

the ligand is released at one end of the cell. There are several examples of this cell 

behavior, such as when neurons release neurotransmitter at the axon terminal or 

chemotacting Dictyostelium discoideum (Dd) cells transport vesicles filled with cyclic AMP 

(cAMP) to the back of the cell for secretion (W. Wang et al., 2018). Neurons are also a 

good example of non-uniform density of receptors where the neurotransmitter receptors 

are all located at the dendrite end, in the postsynaptic neuron. Other examples include 

early stages of chemotactic responses of cells stimulated with a spatial gradient of EGF. 

Higher amounts of EGF bind to the side of the cell closest to the source when there is an 

EGF gradient (Bailly et al., 2000). Non-uniformity of gradient detection is strongly linked 

to the polarization of a migrating cell, which can result in non-uniform density of the ligand 

receptors and non-uniform arrangement of the cytoskeleton. Migrating Dictyostelium cells 

are polarized towards the direction of motion and show a higher response at the front of 

the cell to the chemoattractant (Devreotes & Janetopoulos, 2003). Similar behaviour has 

also been observed in keratinocytes and neutrophils. A good review of cell polarization is 

found in (Devreotes & Janetopoulos, 2003; Etienne-Manneville, 2008; Rappel & Edelstein-

Keshet, 2017). Many polarized cells demonstrate persistence in their direction of 

movement. In polarized Dictyostelium cells, new pseudopods are preferentially formed at 

the front close to previous pseudopods, and inhibited at the rear of the cell, resulting in 

strong persistence of movement (van Haastert, 2020; Weiger et al., 2010). In our model, 

	
J=1
J>

= Å1 	 3-24		
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what we refer to as “gradient detection” is the direction that the cell chooses to move in. 

This direction will be influenced by the external ligand gradient, the distribution of ligand 

receptors and the cell polarization. I included the non-uniformity of gradient detection in 

the model and separated it from non-uniform receptor density, to explore how, separately, 

signal detection and gradient detection affect cell migration. Although these two are linked 

in biological systems, other processes such as cell polarization involving the cytoskeleton 

and other proteins, also play a role. This opens up the potential to suggest targeted 

experiments that might verify our predictions.  

The release of a signaling molecule (ligand) is often focused around the back of a 

polarized cell, but not always (W. Wang et al., 2018). In our model the ?⃗ axis of the ellipsoid 

points towards the front of the cell, in the direction of movement, so the ligand release is 

in the opposite direction, at the back, Figure 3-5a shows the setup where the receptors 

(blue) and the ligands (red) are distributed uniformly around the cell. Figure 3-5b illustrates 

a scenario when the receptor membrane density (higher at the front) and ligand secretion 

(higher at the back) are non-uniform. We also have scenarios when the ligand secretion 

is uniform and receptor density is non-uniform or vice versa. 

 
Figure 3-5.  Uniform & non-uniform receptor membrane density distribution and 

secretion 
(a) A cell with uniform secretion (red) and uniform receptor membrane density (blue) distributions 
on the cell surface. (b) A cell with non-uniform distributions of receptors (high at the front of cell, 
some at the side, and almost none at the back). Here the ligand secretion is highest at the back 
of cell. 
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3.3.1. Implementation 

In our model, the cells are ellipsoidal and defined by the three axes a, b and c 

represented by the ?⃗, AB⃗  and C⃗, vectors respectively. The tip of the cell is where the ?⃗ axis 

crosses the cell surface. To incorporate non-uniformity, we had to define a function, let’s 

say F(), that represents how the density of receptors on the surface of the cell membrane 

varies. F() can depend on any variable that represents the deviation away from the tip of 

the cell to the surface element in question. This variable could be the angle ã between ?⃗ 

and K⃗, the vector that points to the surface element in question. Alternatively, H could 

depend on the distance, dd, between the tip of ?⃗ and the K⃗ vector, where JJ = 	 ||?	– 	K|| 

(see Figure 3-6). Similarly, functions that represented the non-uniform ligand secretion or 

gradient detection had to be defined.  

In our model we used the function	v(JJ) to represent the surface density of the 

receptor at a distance, dd, from the tip of the cell to any point on the cell surface. The 

function v(JJ) depends on the observed membrane receptor density distribution for the 

cells that we are looking at in general. In our simulations, the highest receptor density was 

at the cell tip and decreased as we moved away from the tip (Figure 3-5.b blue receptors). 

We included another function, y	(JJ),that represents non-uniform ligand secretion. The 

function y	(JJ) represents the density, of for instance secretory vesicles, below the cell 

membrane as a function of the distance away from the cell tip. In our simulations, the 

lowest ligand secretion rate was usually at the cell tip and increased as the distance, dd, 

increased, with maximum secretion at the back of the cell where JJ = 2|?⃗	|, Figure 3-5.b.  

We also implemented a non-uniform detection of the ligand gradient that 

determines the direction the cell moves in when the gradient is above threshold. When the 

detection is non-uniform, the orientation of the cell is biased towards the ?⃗ vector. This 

was an exploratory feature because, as discussed, the direction a cell ultimately migrates 

towards in response to a gradient depends on the distribution of receptors and the 

polarization of the cell. Although the detection of the gradient must somewhat depend on 

density of receptors; we made the function representing the non uniform gradient detection 

independent from function representing the non-uniform receptor density. This allowed us 

to look at signal detection and gradient detection separately in order to determine which 

feature had a stronger effect on the migration patterns. We do not know the relation 

between gradient determination and receptor density. It was also partially done so that the 
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cell would have the ability to detect a chemical gradient in the negative ?⃗ direction if the 

receptor density was zero at the back of the cell. Therefore, the gradient detection function 

was different than the receptor density function. With that in mind, we defined a new 

function ℎ(é) that influences the ability of a cell to detect the direction of the gradient. The 

detection of the gradient is over the whole cell and is based on the ligand concentration in 

neighbouring grid cubes, and therefore é is not the same as the è mentioned earlier. 

Instead, é1 is the angle between the ?⃗ vector and each of the three-unit vectors (ê] , êa , êb) 

that the gradient vector is resolved into. This means that if ?⃗ = [?] , ?a , ?b], then cos(é]) =

?], etc. More details are given in the gradient detection section. ℎ(é) is set to be maximum 

at the tip of the cell, where qi = 0. This means that the cell is more likely to detect a gradient 

in a direction that is close to the ?⃗ direction.  

With the functions v(JJ), y(JJ) and h(é) the ligand concentration that a cell 

detects, the partial secretions into the overlapping grid cubes and the gradient that the cell 

detects can be theoretically determined. The overall concentration that a biological cell 

detects is proportional to the number of ligand-bound receptors over the whole cell 

membrane, which in turn depends on the receptor density and on the external ligand 

concentration.  

Each cell can occupy up to 8 grid cubes and is thus divided into 8 octants. The 

number of ligands that bind to the receptors depends on the total number of receptors on 

the surface portion of the cell that is contained in an octant and the external ligand 

concentration in the corresponding grid cube. The number of receptors in each octant 

equals the average density of receptors times the surface area of that octant. Therefore, 

the overall concentration that a cell detects is the sum of the weighted contributions from 

each octant. If the external ligand concentration is uniform, then the octant with the highest 

receptor density will record the highest concentration.  

3.3.1.1. Faster numerical calculations and approximations 

To find the total number of receptors on the cell surface in grid cube [s, t, ^] would 

require us to calculate the number of receptors on the cell’s membrane at each 

infinitesimal surface segment, at a given q and f, in spherical coordinates. We would then 

need to sum up the total contribution from all of those surface segments that lie inside the 

specific grid cube and this would represent the number of receptors the cell has in that 
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grid cube. This would be prohibitively costly, as it would involve a surface integral of the 

function v(JJ) over a spherical segment bounded by three orthogonal planes. A typical 

simulation runs for 150,000 time steps so the code segments that specifically deals with 

the cell’s detection and response, both mechanical and chemical, to ligand stimulus have 

to be performed 900x150,000 ~ 108 times. Therefore, it was important that those code 

segments were optimized, and simplifications needed to be made to ensure that the code 

did not take too long to run. We came up with several simplifications and made a few 

assumptions to reduce computational cost. This made these calculations simpler and a lot 

faster, while at the same time the essential aspect of the non-uniform secretion for the cell 

was retained. These simplifications, although not exact, gave us a good qualitative 

representation of the non-uniform distributions. We simulated a few test cases numerically 

and verified that our results were consistent. 

The first thing was to define the reference axis (z-axis) of the cylindrical coordinate 

system for the cell. We used the cell’s ?⃗ axis for this. The cell’s z-axis was defined to be 

along ?⃗ with the tip of ?⃗ located at the cell’s surface. The length of ||?⃗|| is equal to the cell 

radius for a spherical cell. We assumed (biologically reasonable) that the function î(ã), 

describing the non-uniformity of for instance receptor density, only depended on the angle, 

ã , or distance away from ?⃗, i.e., it had rotational symmetry. Thus, the number of receptors 

nrR in each octant (grid cube) is the surface integral of î(ã) over the surface of the octant. 

As î(ã) is either an increasing or decreasing function of ã, the average receptor density 

in the octant is î(ãb) for some ãb ∈ [0, ñ]. Then nrR= î(ãb) [1BC, where [1BC is the partial 

surface area of the cell contained in grid cube [i,j,k]. We needed to find both î(ãb) and 

[1BC. 

Calculating the partial surface area, [1BC, of each octant was straightforward. We 

calculated the surface segment of a sphere, bounded by the three orthogonal planes 

intersecting at a point ∆x, ∆y and ∆z, away from the cell center, by numerical integration 

for ∆x,∆y,∆z	 ∈ 	 [0, R], where R is cell radius. The details of these calculations are 

discussed in detail in section 3.3.2 

Finding î(ãb) involved a few assumptions and simplifications to make the 

calculations fast. The first step was to find the “ideal point” ãb that would represent the 
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average of î(ã) in the octant. We settled on using the center of mass for the surface 

segment, as the point representing the average of î(ã).  

This is a significant assumption and the deviation from the “real” solution depends 

on both the form of î(ã) and the geometry of the surface segment. However, the exact 

biological form of î(ã) is not known at all, and we just wanted to look at what varying 

degrees of non-uniformity do to the invasion profiles. Therefore, we felt that this 

assumption was justified as it gave us a non-uniform profile for the receptor density that 

had a strong dependence on ã. We also assumed that the cell remained mostly spherical, 

given that the cells are moving individually and do not deform much during the simulations. 

For a spherical surface segment, the center of mass of a surface segment will always be 

inside the cell and contained within the grid cube that the surface segment belongs to.  

When the cell is centered in one grid cube, the entire cell’s surface is inside that 

grid cube, so the center of mass of the surface segment is at (0,0,0) relative to the center 

of the cell. If the cell is evenly split between two grid cubes along the z-axis, then the 

center of mass of the surface segment is at (0,0,R/2) for the upper grid cube and (0,0,-

R/2) for the lower grid cube, again relative to the cell center. We decided to use the 

distance, J, between the tips of the vector for the center of mass of the surface segment 

(COMBBBBBBBBB⃗ ) and ?⃗, instead of the angle	ã, as a representation of the non-uniform distribution. d 

is normalized to the cell radius. What this meant is that we essentially mapped î(ã) → 

F(d). The function F is a decreasing function, if the receptor density is highest at the front 

of the cell, with a maximum at F(0) and minimum at F(2). We could also have used the 

function î(ã) with ã the angle between the ?⃗ and COMBBBBBBBBB⃗ . I did simulations with both 

functions and got similar qualitative results. We chose to use F(d) because it had a steeper 

decline from the max value, meaning that receptor density was more focused at the tip of 

the cell.  

To summarize, we first calculate the cell’s surface area, [1BC , in each grid cube 

[s, t, ^] and use the value of HúJ̅û, as a measure of the average receptor density. J̅ is the 

distance from the tip of ?⃗ to the tip of Zü†BBBBBBBBB⃗ , d = || ?⃗ - Zü†BBBBBBBBB⃗  ||. The Zü†BBBBBBBBB⃗  vector points to the 

center of mass of the partial surface in that octant. The calculation of Zü†BBBBBBBBB⃗  will be 

discussed in section 3.3.2. The approximate total number of receptors or secretory 

vesicles on the cell in grid cube [s, t, ^] is [1BC HúJ̅û.  
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A similar approach was used to determine the ligand secretion into the eight 

overlapping grid cubes. The non-uniform gradient detection was calculated differently 

because the detection of the gradient is based on the ligand concentration in neighbouring 

grid cubes. Let the function h(é1) represent the nonuniformity. é1 is the angle between ?⃗ 

and each of the three-unit vectors (ê] , êa , êb) that the gradient vector is resolved into. i.e. 

é] is the angle between the ?⃗ vector and the ê] unit vector, and similarly for éa and éb.  

  
Figure 3-6.  Vectors and angles used for determining non-uniformity 
This figure illustrates the vectors and angles in 2-D that are used in the model to calculate the 
non-uniform distributions. The #⃗ vector is in the direction of polarization and points in the direction 
of movement. The COM(((((((((⃗  vector points to the center of the partial surface mass contained in grid 
cube [i,j,k], shown as a green arrow. The d is the distance between the tips of #⃗ and )*+(((((((((⃗ . The r⃗ 
vector goes from the center of the cell to the surface element (red arrow). - is the angle between 
#⃗ and .⃗ and dd is the distance between the tips of #⃗ and r⃗. The densities of receptors on the 
membrane (blue) and secretory vehicles (red) are also shown. 

The non-uniformity of receptors, secretion and gradient detection could be 

represented by many different functions depending on the cell type. We are exploring the 

qualitative effects of non-uniformity, so at this stage it is not necessary to know the exact 
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functions for a given cell type. For instance, for non-uniform receptor membrane density 

we had to choose a function that peaks at the tip of the cell and falls off at the back of the 

cell. The functions used for the three types were simple yet fulfilled the qualitative 

requirements. The functions for receptor density, v(J), secretion at back, yq(J), secretion 

at front y=(J) and gradient sensing, ℎ(é), are given in equation 3-26, 3-27, 3-28 and 3-29 

respectively. J is the distance from the tip of ?⃗ to COMBBBBBBBBB⃗ , normalized to the cell radius, R. é] 

is the angle between the ?⃗ vector and the 8] unit vector, similarly for éa and éb. ° is the 

degree of nonuniformity. 

 

We use J& instead of d to increase the non-uniformity. The numbers 0.9999 and 

1.5001 in equation 3-27and 3-28 were used to ensure that yq(J) and y=(J) never became 

zero for all the octants, for all possible cell locations within the grid cube. For example, at 

some specific cell locations d ≤ 1 in all the octants. This occurs at location (1.5,1.5,1.5) 

when the cell is fully contained in grid cube [i,j,k] and does not overlap any other grid 

cubes. Now for grid cube [i,j,k], COMBBBBBBBBB⃗  =[0,0,0] and thus d=1. To ensure J& – b > 0 for at 

least one octant, we must have b < 1. For numerical reasons we used b=0.9999. Similarly, 

for a different specific cell location for instance at (1.5,1. 9,¢ 1. 9b), with ?⃗ = [1,0,0], the 

smallest d found in all the octants is £3 2⁄ . Here COMBBBBBBBBB⃗  =[0,0.5,0.5] and J& = ||	?⃗ 	− 	Zü†BBBBBBBBB⃗ 	||& 

= 1+0.5&+ 0.5&=1.5.  

With the functions v(J), yq/=(J) and ℎ(é) we can calculate the ligand concentration 

that a cell detects, the partial secretions into the overlapping grid cubes at the front and 

back, and the gradient that the cell detects. 

	 v(J) = 	
2

(2 − °)
[(1 − °) + °(1 − J&/4)]	 3-26	

	 yq(J) = É
0, J& ≤ 0.9999

(J& − 0.9999)&, J& > 0.9999
			 3-27	

	 	y=(J) = É
0, J& ≥ 1.5001

(1.5001 − J&)&, J& < 1.5001
		 3-28	

	 ℎ(é) = 	
2

(2 − °)
[(1 − °) + °(1 + cos é)/2]	 3-29	
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a) b)  
Figure 3-7. Functions representing non uniform: a) gradient detection, b) 

receptor density and ligand secretion 
This figure shows the functions (a) h(0) as non-uniform gradient detection (given in equation 3-
29) and how the parameter 2 modifies the degree of non-uniformity. (b) 3(4) as non-uniform 
receptors density (given in equation 3-26) and 5#/%(4) as non-uniform secretion at the back and 
front (given in equation 3-27 and 3-28)	2 = 1	for 3(4) and 5#/%(4).  

3.3.2. Calculation of the center of mass for the partial cell surface 

As mentioned above, we needed to calculate the COMBBBBBBBBB⃗  vector for the estimate of 

the average f(d), and the partial surface area, [1BC of the cell in each octant. To do this, we 

numerically calculated these integrals for a surface segment of a sphere, bounded by the 

three orthogonal planes intersecting at a point ∆x, ∆y	and	∆z away from the cell center. 

This surface segment represents the part of a cell in an arbitrary octant ∆x, ∆y, ∆z ∈ [0,R], 

R is cell radius). We calculated these integrals at the beginning of the simulation for 

discrete increments of R/50 for ∆x, ∆y, ∆z ∈ [0,R]. For the surface calculation, this gave us 

a 50x50x50 array. This array was stored in memory and contained the area of a partial 

surface of a spherical cell bounded by three orthogonal planes intersecting at a point 

∆x, ∆y	and	∆z, from the cell center, with a resolution of R/50. We could have chosen a 

higher resolution, but this was sufficient given the uncertainty in the function representing 

the average of f(d). We also calculated numerically the center of mass for the partial 

surface area in each octant, giving us another three 50x50x50 arrays that contained the 

x, y and z component of the center of mass for an arbitrary surface segment bounded by 

∆x, ∆y	and	∆z. The steps used to find COMBBBBBBBBB⃗  are similar, except that to find the x, y and z 

component of the COMBBBBBBBBB⃗  vector we multiply each integrand by x, y and z, respectively. As 
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these surface integrals were calculated at the beginning and stored in memory, there was 

only an initial computational cost. 

Here, I describe the steps for the numerical calculation of a surface segment 

bounded by the three orthogonal planes intersecting at a point ∆x, ∆y	and	∆z away from 

the cell center. ∆x, ∆y, ∆z	 ∈ [0,R], where R is the radius of the cell.  

The surface area, S (∆x, ∆y, ∆z), of the part of a sphere, z = f(x,y) = §& − =& − \& 

cut by three orthogonal planes intersecting at a point ∆x, ∆y, ∆z away from the cell center 

can be expressed as: 

We need to calculate numerically the surface area for 50 discrete increments of 

R/50 for all ∆x, ∆y, ∆z ∈ [0,R] so we use a different approach. The surface area of a 

hemisphere is S(h) = 2ñ§(§ − ]), where radius is R and z is the distance (height) away 

from the cell center. When z=0, the hemisphere is half the sphere and S=2ñ§& and when 

z=R, the hemisphere begins at the top and thus the surface area is zero. 

In Figure 3-8a the surface has been divided into k=50 strips with thickness R/50 

and surface area ∆S, k = is the integer value of ∆]. [(^) is the surface area of the 

hemisphere from ^ to the top, thus 

 

At a given height ∆z, the surface area, SA, of the part of the hemisphere strip cut by the 

planes at ∆x, ∆y away from the cell center will be Figure 3-8b 

	
S(∆x, ∆y, ∆z) = • • ¶(

ßv

ß=
)& + (

ßv

ß\
)& + 1

√A5']5

∆a

A

∆`

	J=J\	

	

3-30	

	 S(∆x, ∆y, ∆z) = • • ¶
=& + \&

§& − =& − \&
+ 1

√A5']5

∆a

A

∆`

	J=J\	 3-31	

	 ∆S(k) = S(k) − 	S(k + 1) = (2ñ§)(R/50)	 3-32	

	 SA(∆x, ∆y, k) = (2ñ§)(R/50)(
éC
2ñ
) = (§&)(éC/50)		 3-33	
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where éC is the angle between the two vectors K]BBB⃑  and KaBBB⃑  in the z = ∆z plane, which originate 

at the center of the cell. K]BBB⃑  points to where the x=∆x plane cuts the surface of the sphere 

and, KaBBB⃑  points to where the y=∆y plane cuts the surface of the sphere (Figure 3-8c). The 

circumference around the hemisphere is 2ñ, and therefore we divide éC by 2ñ to get the 

fraction of the surface area for the strip. 

The K]BBB⃑  and KaBBB⃑  can be found as 

where K = £(§& − ∆]&), we can find éC as follows: 

 

The partial surface area of a sphere, [(∆]), cut by the two orthogonal planes at ∆x and 

∆y, on the domain ∆=& + ∆\& = §& − ©&, at height ∆z is the sum of the surface areas of all 

the strips above it is shown in Figure 3-8b. 

 

This formula can be solved easily numerically. The x, y and z components of the Zü†BBBBBBBBB⃗  

vector are found similarly, replacing ∆= with ∆\ and ∆], respectively 

	 K]BBB⃑ = ™∆=, √K& − ∆=&, 0¨	and	KaBBB⃑ = [£K& − ∆\&, ∆\, 0]	 3-34	

	 sin éC =
≠K] × Ka≠

‖K]‖≠Ka≠
=
(√K& − ∆=&£K& − ∆\& − (∆=∆\))

K&
	 3-35	

	 éC = arcsin	 ∞
(√K& − ∆=&£K& − ∆\& − (∆=∆\))

K&
±	 3-36	

	 éC = arcsin	 ∞
(√§& − ∆]& − ∆=&£§& − ∆]& − ∆\& − (∆=∆\))

§& − ∆]&
±	 3-37	

	 [(∆]) = o(§&)(éC/50)

∆b

tZu
	 3-38	

	 [(∆]) =
§&

50
o ?KC≤s≥ ∞

(√§& − ©& − ∆=&£§& − ©& − ∆\& − (∆=∆\))

§& − ©&
±

∆b

tZu
	 3-39	
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a)  b)  

c)  

Figure 3-8. Discretization of a hemisphere into strips 
a) A hemisphere with radius R=50, was divided into 50 discrete strips, for k=0 to 50, each with a 
surface area ∇:(;) = (2=>)(R/50). Only the positive quadrant of the hemisphere is shown here 
for simplicity. b) The angle 0& is in the plane z=∆D, between the vectors .'(((⃑  and .((((⃑  given in 
equation 3-35. The fraction of the strip bounded by 0& is shown in dark orange in equation 3-39. 
The full strip is represented in yellow. c) The circular cross section of the sphere in the x-y plane 
at z=∆z. The z-axis points upwards. .'(((⃑  is the vector from the z-axis at z=∆z	to the point where the 
plane x=∆x cuts the circular cross section of the sphere. Similarly, for .((((⃑ . 

	 )*+' =	
>!

50
H∆I(#.JKLM N

(√>! − Q! − ∆I!R>! − Q! − ∆S! − (∆I∆S))
>! − Q!

T)

∆*

+,-
	 3-40	

	 Zü†BBBBBBBBB⃗ = (Zü†] , Zü†a , Zü†b)	 3-41	
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3.3.3. Introducing non-uniform receptor membrane density 

The function v(J1BC) represents the average density of receptors on the partial 

surface of a cell contained in a grid cube [i,j,k]. J1BC is the distance from the tip of ?⃗ to the 

tip of Zü†BBBBBBBBB⃗  for grid cube [i,j,k]. v(J) was used to introduce non uniform receptor membrane 

density in our model. The number of receptors a cell has in grid cube [i,j,k] is ¥98??
1BC  = 

[1BC 	v(J), where [98??
1BC  is the partial surface area of a cell contained in grid cube [i,j,k]. The 

total number of receptors a cell has, ¥98??, is the sum of the number of receptors in each 

grid cube the cell overlaps: 

 
Now equations 3-11 and 3-12 become 

 
This means that the detection of ligand in each grid cube depends on the average density 

of receptors vúJ1BCû	multiplied by the surface area of that segment [98??
1BC .  

Figure 3-9 shows that when receptor density is highest at the front of the cell, the 

largest multiplier for the ligand detection comes from the segment that sits in grid square 

#3. As this segment is located at the front of the cell where the receptor density is highest. 

Even though the segment is the smallest, it might have the largest contribution to the 

overall ligand concentration that the cell detects. The smallest multiplier for the ligand 

detection would come from segment in grid square number 1. 

	 ¥98?? = o o o ¥98??
1BC

CZ[P-

CZ['-

BZ.P-

BZ.'-

1Z?P-

1Z?'-
	 3-42	

	 [Z[H1]@39A/ = o o o
¥@39A/
1BC

¥98??
[Z[H1]1BC

CZ[P-

CZ['-

BZ.P-

BZ.'-

1Z?P-

1Z?'-
	 3-43	

	 [`aH]+98?? = o o o
¥+98??
1BC

¥98??
[`aH]1BC

CZ[P-

CZ['-

BZ.P-

BZ.'-

1Z?P-

1Z?'-
	 3-44		
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3.3.4. Introducing non-uniform secretion 

Non-uniform secretion was similarly introduced to the model using the function 

yúJ1BCû. yúJ1BCû is the average density of secretory vesicles below the surface of the cell 

membrane that lies inside grid cube [i,j,k]. Equations 3-9 and 3-10 can be rewritten as 

3-45 and 3-46. 

 

 µ98??
1BC  is the number of secretory vesicles below the cell membrane contained in grid cube 

[i,j,k]. µ98?? is the total number of secretory vesicles for each cell. While µ98??
1BC
/µ98?? is the 

fraction of secretory vesicles inside grid cube [i,j,k] for each cell and represents the fraction 

of all the ligands that the cell secretes into grid cube [i,j,k]. The net secretion of ligands 

into each grid cube [i,j,k] is the sum of the partial secretion of all the cells that overlap grid 

cube [i,j,k], Figure 3-9. 

	 234189:;<= = / 5>:9??;<=

5:9??
689:>:9??ℋ([784]>:9?? − [784]@A)	

[784]>:9??
1 + [784]>:9??

.

>:9??∈(;<=)
	 3-45		

	 !"#6789:; = % &<=8>?9:;

&87@@
'678<=8>?ℋ([+,#1]<=8>? − [+,#1]AB)	

[+,#1]<=8>?
1 + [+,#1]<=8>?

.

<=8>?∈(9:;)
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	 µ+98??
1BC

= yúJ1BCû[+98??
1BC

	 3-47		

	 µ@39A/
1BC

= yúJ1BCû[@39A/
1BC

	 3-48		

	

µ98?? = o o o µ98??
1BC

CZ[P-

CZ['-

BZ.P-

BZ.'-

1Z?P-

1Z?'-
	

3-49		
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Figure 3-9.  Two different cell types with different #BB⃗  directions 
A 2-D grid square with four cells. Each cell has a vector #⃗ that points towards the front of the cell. 
The signal that the multi-coloured cell detects in grid square #1 depends on the external ligand 
concentration, in grid square #1, and the length its segment (red) times the average number of 
receptors it has in grid square #1. The total ligand secretion by the cells into grid square #1 is 
proportional to the fraction of the number of secretory vesicles in the grid square, times the total 
number of ligands secreted by that cell. The total ligand secretion into square #1 is the sum of the 
secretion by all the cells overlapping square #1. 

3.3.5. Implementing the non-uniform gradient detection  

We introduced a new function h(é1) that introduces a non-uniform gradient 

detection for the cell. é1 is the angle between ?⃗ and each of the three-unit vectors 

(ê] , êa , êb) that the gradient vector is resolved into. h(é1) modifies the gradient detection 

so that the gradient that the cell determines, from the external ligand concentration, 

depends on the orientation of the polarized cell. In our simulations, ℎ(é) is maximum at 

the tip of the cell in the ?⃗ direction, and decreases towards the back of the cell (see 

equation 3-29). This means that the ligand concentration at the front of the cell contributes 

more to the gradient determination than the concentration at the back. This will bias the 
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gradient determination towards the ?⃗ direction. The non-uniform gradient is determined as 

follows: 

As before, we separate the gradient into the =, \	and	] direction, y], ya and yb 

respectively, so the gradient y	 = 	 [y] , ya , yb]. We then calculate y], ya, and 

yb	independently. The second order polynomial Ze(=) 	= 	?=& + A= + C centered around 

s, t, ^ representing the ligand concentration in the x-direction, with Ze(0) 	= 	Z[s, t, ^], is 

found. Because of the non-uniformity, the concentration that the cell detects at [s + 1, t, ^] 

and [s − 1, t, ^] is modified as follows: 

 

The angle é] between the ?⃗ vector and the x-axis determines the degree of nonuniformity. 

Cx≤(é]) 	= 	 ?⃗. 8] 	= 	 ?], because both are unit vectors. Using equations 3-16, 3-17, 3-18 

gives: 

 

To find y] we take the derivative of Z]∗(=) with respect to x.  

 

	 Z]
∗[s, t, ^] = Ze[s, t, ^]	 3-50	

	 Z]
∗[s + 1, t, ^] 	= 	Ze[s + 1, t, ^]	ℎ(é]	)	 3-51	

	 Z]
∗[s − 1, t, ^] 	= 	Ze[s − 1, t, ^]	ℎ(180	 −	é]	)	 3-52	

	 ℎ(é]) = 	
2

(2 − °)
[(1 − °) + °(1 + cos é])/2]	 3-53	

	 ℎ(é]	) = 	
2

(2 − °)
[(1 − °) + °(1 + ?])/2]	 3-54	

	 a = 	 (Z]
∗[i + 1, j, ^] +	Z]

∗[i − 1, j, ^] − 2	Z]
∗[i, j, ^])/2	 3-55	

	 A = (Z]
∗[s + 1, t, ^] −	Z]

∗[s − 1, t, ^])/2	 3-56	

	 C	 = 	Z]
∗[s, t, ^]	 3-57	

	
y] =

JZ]
∗(=)	

J=
= 2?= + A	

3-58	
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We find ya and yb the same way except with Cx≤(éa) 	= 	 ?⃗. 8a 	= 	 ?a and Cx≤(éb) 	=

	?⃗. 8b 	= 	 ?b. The gradient is	y⃗ = (y] , ya , yb). 

3.4. Parameters 

I modified a previous model (Knutsdottir et al., 2016) and retained many of the 

parameters from that model (Table 3-1), while others were updated to fit observations 

from experiments (see Table 3-2). Key parameters include CSF-1 or EGF degradation, 

CSF-1 or EGF secretion, and the initial external chemical concentration. These 

parameters all had an effect on the invasion of tumor cells and the macrophages. The 

parameters were adjusted to ensure that the simulations were in a parameter range that 

was both biologically reasonable and where the simulation achieved results that ranged 

from no cell being invasive to all the cells invading (Table 3-2). The EGF and CSF-1 

diffusion coefficients were provided in (Knutsdottir et al., 2016). They argued that the 

diffusion rates of the two signaling molecules (EGF and CSF-1) could be considered to be 

equal given their similar size. Such an approach has also been taken in other models 

(Eikenberry et al., 2009; Elitas et al., 2016; Jiang et al., 2014; Thorne et al., 2004). 

3.5. Parameter estimates 

The parameters used in this study are outlined in Table 3-1 and Table 3-2. 

Parameters that could not be found in the literature were taken from (Knutsdottir et al., 

2016). All other parameters were assigned values based on values found in the literature. 

The average tumor cell velocity was found to be ~1	-m/min (Knutsdottir et al., 2016). We 

used that velocity measurement to estimate the magnitude of our random and chemotactic 

forces (Knutsdottir et al., 2016).  

Other parameter values were estimated based on similar systems or adjusted to 

match experimental observations. Secretion coefficients, depletion, and some other 

parameter values were changed in the simulations and the original values are listed in 

(Table 3-2). 
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Table 3-1.  Parameters that do not change in the simulations  

Parameter Symbol Value Reference 

Diffusion D 
0.0006	

mm&

min
 

(Admon & Maan, 2017) 

Cell radius K98?? 5 µm (Elitas et al., 2016) 

Spring constant 1 G- 400 ≥∑-.'-  

Spring constant 2 G& 2 ≥∑-.'-  

Chemotaxis force H9R8./Q3] 0.2 ≥∑ (Goswami et al., 2005) 

Random force HA3[0/. 0.03 ≥∑ (Goswami et al., 2005) 

Compression force H9/.gA877 30 ≥∑  
Cell Viscosity - 6 × 10−6 dyne s per μm (Knutsdottir et al., 2016) 
ECM viscosity -w\@ 8 × 10−3 dyne s per -.  (Zhu et al., 2018) 

(Newman et al., 1997) 
EGF concentration 

threshold 
[`]QR 0.001 ≥†  (Philippar et al., 2008) 

CSF-1 concentration 
threshold 

[Z]QR 0.001 ≥† (Philippar et al., 2008) 

Global ligand 
depletion 

G8]Q8A[3? 0.02 .s≥'- (Admon & Maan, 2017) 
(Karagiannis & Popel, 

2004) 
The default parameters that did not change in all the simulations. When parameter values could be found in the 
literature, they were used (see reference column). Some model parameters were adjusted to match observations from 
experiments when the values were not readily available from the literature. 

Table 3-2.  Parameters that are varied in the simulations 

Parameter Symbol Value Reference 
CSF-1 secretion G789

+98?? 0.1	≥†	.s≥'-  (Admon & Maan, 2017) 
(Scholl et al., 1996) 

EGF secretion G789
@39A/ 0.1	≥†	.s≥'-  (Admon & Maan, 2017) 

(Boccardo et al., 2003) 
CSF-1gradient threshold GQRA

97=- 2%  

EGF gradient threshold GQRA
8:= 1%  

CSF-1 Local ligand 
depletion by macrophages 

G.8.
97=-  0.04 .s≥'-   (Admon & Maan, 2017) 

(Morgan et al., 1987)  
EGF Local ligand depletion 

by tumor cells 
G.8.
8:=  0.02 .s≥'-  (Admon & Maan, 2017) 

(Sorkin & Duex, 2010) 
One of these parameters was varied in each simulation while others were fixed When parameter values could be found 
in the literature they were used in the model (see reference column).  
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3.6. Simulation steps for the model 

Initialization 

The simulations were initiated with two cell types (tumor cells and macrophages). 

These cells were randomly distributed on a surface with an initial density and tumor cell/ 

macrophage ratio.  

Steps 

1. The local ligand concentration and gradient around each cell is calculated.  

2. If the ligand gradient is above the detection threshold, the cell orients in that 

direction with some random deviation. If the gradient is below the threshold, the 

cell orients in a random direction with a slight bias towards the previous direction.  

3. All the forces on a cell are calculated.  

4. The cell is then moved according to the equations of motion. This process 

repeats every time step. These steps are shown in more detail in Figure 3-10. 
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Figure 3-10.  Flowchart of the simulations each time step. 
First the initial conditions are applied: cells with given initial density are randomly distributed. 
Then for each time step of the simulation the following sequences are performed: 1. The ligand 
concentration is updated for each grid cube based on equations 3-3, and 3-4. 2. The ligand 
concentration the cells detect is calculated. 3.The cell orientation is determined based on the 
local concentration and the gradient that the cell detects. 4. All the forces each cell experiences 
from neighbours and surroundings are calculated. 5.The cells are moved according to the 
equations of motion. This sequence is the repeated in the next time step. 
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Chapter 4. Results 

The initial motivation for my research was to understand how the observed 

streaming patterns of alternating tumor cells and macrophages in mammary tumors 

(discussed Chapter 2) might arise. (Knutsdottir et al., 2016) did not see this streaming 

behaviour in their simulations (Knutsdottir et al., 2016). To address this, the model was 

enhanced so that now cells can have a non-uniform distribution of receptors on the cell 

membrane and spatially non-uniform (asymmetric) secretion of either EGF or CSF-1. Non-

uniform gradient detection was also included, with the intent to explore if these additions 

could lead to cell streaming. This involved quite a bit of programming and it was therefore 

necessary to do a thorough testing of the model to ensure that the code was functioning 

properly. The first test was to simulate the secretion and detection of signals by a single 

cell and verify that the results were consistent with expectations (Section 4.1). After 

verifying that our model’s simulation results were satisfactory, I then moved on to more 

advanced simulations with varying degrees of non-uniformity, to systematically explore 

how these changes affected the migration patterns of the tumor cell - macrophage system. 

4.1. Simulations of a single cell with non-uniform ligand 
response 

My first simulations were done with one immobilized cell and one point source 

located more than 10 cell diameters away. I ran the simulation using either a single 

macrophage or a single tumor cell. As mentioned, the purpose for these simple 

simulations was to check the code and the new functions to ensure that the code did what 

it was supposed to do and ferret out bugs in the code. When the cell was a macrophage 

with an EGF point source, the macrophage did not secrete any EGF. This was as expected 

because macrophages do not respond to EGF. Similarly, when the cell was a tumor cell 

with a CSF-1 point source there was no tumor cell CSF-1 secretion. However, when the 

macrophage was exposed to a CSF-1 point source, it responded by secreting EGF as 

expected. Similarly, the tumor cell secreted CSF-1 when exposed to an EGF point source. 

In these simulations, °, the parameter that regulates the degree of non-uniformity was 

either 0 for the uniform simulations or 1 for the non-uniform simulations. 
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I started with a fixed-point CSF-1 source located at grid cube (11, 9, 17) and a 

macrophage at a different position within the grid cube (5,7,9). For these simulations, I 

introduced a “leaky” boundary condition to ensure that there was no chemical build-up at 

the boundaries. For the “leaky” boundary condition, I set ßC ß]U |bZx = (1 − ∏)	C(0) with 

∏=0.6 instead of the no-flux boundary condition (∏=1), which I used for the in vitro 

simulations. I ran the code for both uniform and non-uniform cell membrane CSF-1 

receptor density. I recorded the CSF-1 and EGF concentration in the grid cubes around 

the macrophage and the CSF-1 and EGF concentration that the cell detected. Recall that 

a cell at position x belongs to grid segment s, if x Î [i-1,i), and similarly for \ and ]. The 

CSF-1 concentration a cell detects is found by interpolating the concentration from all the 

grid cubes that the cell overlaps (section 3.2.2). Therefore, we must record the CSF-1 

concentration in all the surrounding grid cubes. Usually, the largest contribution comes 

from the grid cube that the cell is associated with, given that the cell’s partial surface 

contained within it is largest. However, if the receptor density is non-uniform, the largest 

contribution can come from the grid cube where the cell’s receptor density is highest. 

If the code functions as it should, then a cell at position (x,y,z) associated with a 

grid cube (i,j,k) will detect a higher concentration of CSF-1 as x,y and z get closer to the 

CSF-1 point source, while still remaining in grid cube (i,j,k). This was confirmed. 

When the cell determines the direction of an external gradient, it must compare the 

concentrations across the length of its body. A biological cell can usually detect ligand 

concentrations over several orders of magnitudes by adjusting its sensitivity by changing 

the ligand to receptor equilibrium binding constant (Duke & Bray, 1999). As the cell has to 

find a gradient over different orders of magnitudes of concentrations, it cannot rely on the 

absolute gradient to find the direction. Instead, it uses some form of relative gradient, the 

magnitude of the gradient divided by the concentration, Experiments with mammary tumor 

cells have also supported the notion that it is the percentage change in ligand 

concentration across the length of the cell that is important (S.-J. Wang et al., 2004). For 

example, if a cell detects [CSF-1]=0.2 nM at the front and [CSF-1]=0.1 nM at the back, it 

can easily detect the direction of the gradient. The average CSF-1 might be 0.15 nM. The 

absolute gradient, over the length of the 10 -. cell, is (0.2 − 0.1)nM 10⁄ -. = 0.01nM/-. 

and the relative gradient is (0.2 − 0.1)nM (0.15	nM ∗ 10⁄ -.) = 0.067-.'-. However, if 

[CSF-1]=10.1 nM at the front and [CSF-1]=10.0 nM at the back, the cell would struggle to 
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detect the direction of the gradient. Although the absolute gradient is the same 0.01 nM / 

-., the relative gradient is (10.1 − 10.0)nM (10.05nM ∗ 10⁄ -.) = 0.001	-.'-, 67 times 

smaller. 

In the simulations, the CSF-1 gradient πZ = [Z] , Za , Zb]	that the cell detects as well 

as the relative magnitude of the gradient, [wx∫8\Iy 	= ||	πZ	||/[Z[H − 1], were calculated 

using equations 3-19 from chapter 3.2.2 for Z] , Za	?≥J	Zb. We required [wx∫8\Iy to be 

above threshold to trigger cell chemotaxis.  

Table 4-1 shows the results, after 450 min (18,000-time steps ∆> = 0.025	.s≥) 

from simulations of a macrophage with uniform receptor density associated with grid cube 

(5,7,9) but at different positions. The point source at grid cube (11,9,17) was [CSF-1]=20 

nM. This is visualized in Figure 4-1a-c. We can see that the CSF-1 concentration that a 

cell detects and the magnitude of the gradient ([wx∫8\Iy) increases as the cell moves 

closer to the point source and the gradient direction changes slightly. This is as expected. 

Table 4-1 also shows that when the receptor membrane density is uniform, the direction 

of ?⃗ has no effect. Figure 4-1d shows the EGF concentration in the grid cubes the cell is 

in and that are to the left and right of the cell, in the x-direction. The dotted lines show the 

2nd order polynomial that was fitted to those three points. The detected gradient is the 

derivative of the 2nd order polynomial. For completeness, Table 4-1 also shows the relative 

magnitude of the EGF gradient, [wx∫8wzy =	 ||π`||/[`aH], that results from the 

macrophage’s EGF secretion. Not surprisingly, [wx∫8wzy depends very strongly on the 

position of the cell. Given that the EGF source is the cell itself, the EGF gradient that the 

cell detects was relatively flat ([wx∫8wzy is small). In addition, when the cell is located in 

the center of the grid cube (4.5,6.5,8.5), due to symmetric distribution of EGF in the x, y 

and z direction, [wx∫8wzy will be very small. When the cell is located in the corner of the 

grid cube (4,6,8), [wx∫8wzy is also very small because now EGF is distributed equally into 

all eight grid cubes that share the same vertex (4,6,8). Therefore, the gradient is quite flat 

at that vertex. The [wx∫8wzy increases as the cell’s location deviates from (4,6,8) or 

(4.5,6.5,8.5). We got the same results when the cell was a tumor cell, and the point source 

was EGF (data not shown). In Table 4-1 we see a big difference in the EGF concentration 

0.00155 nM at location (4,6,8) vs 0.00453nM at (4.5,6.5,8.5). This is not an error but due 

to the fact that when the cell is at (4.5,6.5,8.5) it does not overlap any other grid cubes, so 

all the EGF that it secretes goes into grid cube (5,7,9). This makes the EGF concentration 
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much higher in that grid cube than when the EGF is secreted into several grid cubes. This 

is a consequence of the numerical discretization that I use in the model. When the cell 

overlaps more grid cubes, the effective volume that EGF is secreted into increases and 

thus the concentration decreases. With the leaky boundary condition and only one cell, 

this large drop in EGF concentration from the grid cube [5,7,9] is stable as the secreted 

EGF is constantly being removed. With no-flux boundary conditions and minimal EGF 

depletion, slowly the concentration profile would flatten. This effect is also minimized as 

we move away from the cell (the EGF point source). 
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a)

 

b) 
 

 

c) 

 

d) 

 

Figure 4-1. The EGF concentration and CSF-1 gradient that a cell detects at 
different positions for the unifom control. 

The figures show the CSF-1 gradient vector, projected onto the x-z plane, that a cell, at different 
positions, detects from a 20 nM CSF-1 point source in grid cube (11, 9, 17). The cell is associated 
with grid cube (5, 7, 9) and located at (a) (4,6,8) (b) (4.5,6.5,8.5) and (c) (4.3,6.7,8.9). (d) The 
EGF concentration, due to the cell’s EGF secretion, in grid cubes [i,j,k], [i-1,j,k] and [i+1,j,k] for 
three different cell positions, (4,6,8) green curve, (4.5,6.5,8.5) red curve and (4.3,6.7,8.9) blue 
curve. The fitted 2nd order polynomials are also shown as dotted lines. The cell has uniform 
distribution. 
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Table 4-1.  Uniform control. One macrophage with a CSF-1 point source 

!"#$%$"& '((⃗  
*!
|*| 

*"
|*| 

*#
|*| ,-./0$%& cell 

CSF [nM] 
1!
|1| 

1"
|1| 

1#
|1| ,-./0'(& cell 

EGF [nM] 
(4,6,8) (0,0,1) 0.666 0.318 0.675 0.250 0.167 0.937 0.313 0.156 0.0041 0.00149 

(4.5,6.5,8.5) (0,0,1) 0.653 0.265 0.710 0.256 0.207 0.913 0.365 0.182 0.0012 0.00446 
(4.3,6.7,8.9) (0,0,1) 0.636 0.242 0.733 0.262 0.218 0.629 -0.609 -0.483 0.142 0.00194 

            
(4,6,8) (0,0,-1) 0.666 0.318 0.675 0.250 0.167 0.937 0.313 0.156 0.0041 0.00149 

(4.5,6.5,8.5) (0,0,-1) 0.653 0.265 0.710 0.256 0.207 0.913 0.365 0.182 0.0012 0.00446 
(4.3,6.7,8.9) (0,0,-1) 0.636 0.242 0.733 0.262 0.218 0.629 -0.609 -0.483 0.142 0.00194 

            
(4,6,8) (0.7,0.7,0) 0.666 0.318 0.675 0.250 0.167 0.937 0.313 0.156 0.0041 0.00149 

(4.5,6.5,8.5) (0.7,0.7,0) 0.653 0.265 0.710 0.256 0.207 0.913 0.365 0.182 0.0012 0.00446 
(4.3,6.7,8.9) (0.7,0.7,0) 0.636 0.242 0.733 0.262 0.218 0.629 -0.609 -0.483 0.142 0.00194 

A 20 nM CSF-1 point source was placed in grid cube (11, 9, 17). Three different cell positions, all associated with grid cube (5, 7, 9) were used:	# = [4.5, 6.5, 8.5] at the center 
of the grid cube, # = [4.0,6.0,8.0] at the bottom corner and # = 	 [4.3, 6.7, 8.9] at an asymmetric position in the grid cube. The simulations were repeated for different 
directions of the 1⃗ vector. cell_CSF and cell_EGF are the CSF-1 and EGF concentration that the cell detects, respectively. The cell has uniform distribution. The position, 
associated grid cube and orientation of the 1⃗ vector are listed, with the resulting normalized CSF-1 and EGF gradient, ∇4/|∇4| = [4! , 4", 4#]/|∇4 and ∇7/||∇7|| =
[7! , 7", 7#]/||∇7||, 89:;<_4>?	 = ||	@4	||/A<99_4>? and 89:;<_7B?	 = 	 ||@7||/A<99_7B?. Results after 18,000-time steps (450 min), CD = 0.025 min, dx=10 Fm. 
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4.1.1. Non-uniform receptor membrane density distribution 

To verify that the code properly simulates non-uniform receptor membrane density 

distribution, I repeated the previous simulations with a macrophage and CSF-1 point 

source, with non-uniform receptor cell membrane density shown in Table 4-2. I also show 

simulation results for non-uniform secretion and non-uniform gradient detection in Table 

4-3 and Table 4-4, respectively. When non-uniformity is implemented, the orientation of 

the cell (direction of the !⃗) becomes important and affects both detection and secretion of 

the ligands. 

As before, the macrophage was fixed at three different locations: Center, vertex 

and asymmetrical. The simulations were repeated with five different directions for !⃗: 

Positive and negative z-direction (0,0,1), (0,0,-1), at ±45 degrees in the x-y plane 

(0.707.707,0), (0.707,0.707,0) and 30 degrees in the x-y plane (0.5,0.866,0). Table 4-2 

shows the results from these simulations. When the cell is located at (4.5,6.5,8.5), it is at 

the center of the grid cube it is associated with and does not overlap any other grid cubes. 

Therefore, the orientation of the !⃗ vector does not change the results. This is because 

both the detection of the concentration and secretion only occurs in the associated grid 

cube, so the non-uniformity does not affect the results. Therefore, I only show results for 

locations (4,6,8) and (4.3,6.7,8.9). Recall, when the receptor density is non-uniform, the 

density is highest at the front of the cell, in the !⃗ direction. For non-uniform secretion, the 

secretion is highest at the back of the cell. The non-uniform gradient detection is most 

sensitive at the front of the cell. By comparing the results from Table 4-1 to Table 4-4, we 

can see how the non-uniformity affects the secretion, concentration and gradient detection 

for the cell. We can see in Table 4-2 that the CSF-1 concentration that the cell detects is 

higher when the cell is located closer to and oriented towards the point source, (!⃗ =[0, 0, 1] 
and	[0.707107, 0.707107, 0]). It is lowest when the cell is located further away and oriented 

away from the point source, (!⃗ =[0,0, −1] and [−0.707107,−0.707107, 0]). 
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Table 4-2. Non uniform receptor membrane density 

-./010.2 (4,6,8) (4.5,6.5,8.5) (4.3,6.7,8.9) 
344⃗  Macrophage cell_CSF concentration [nM] 

(0,0,1) 0.174 0.207 0.226 
(0,0, -1) 0.161 0.207 0.211 

(0.7,0.7,0) 0.174 0.207 0.223 
(-0.7, -0.7,0) 0.161 0.207 0.214 
(0.5,0.87,0) 0.173 0.207 0.222 

Simulation results for non-uniform CSF-1 receptor density (highest at the front). The table shows the resulting CSF-1 
concentration (cell_CSF) that a cell detects at different locations within grid cube (", $, %) 	= 	 (5,7,9) and different 
orientations of the ,⃗ vector. Same setup as in Table 4-1. Point source [CSF-1] =20 nM located in grid cube (11,9,17). 
Simulations were repeated for 5 different directions of the ,⃗ vector. Results after 18,000-time steps (450 min), 
dt=0.025 min. 

4.1.2. Non-uniform EGF secretion 

When the EGF secretion is non-uniform (highest at the back of the cell), the 

orientation of the cell has a large effect on the detected EGF gradient (Table 4-3). As EGF 

secretion has no impact on the CSF-1 concentration, we only show the values for EGF. 

Reversing the direction of !⃗ flipped the EGF gradient in the opposite direction, seen when 

!⃗ = [−0.707,−0.707, 0] and !⃗ = [0, 0, −1]. The location of the cell within the grid cube also 

has a large impact. These results are visualized in Figure 4-2 where the EGF 

concentration in the grid cubes the cell is in and that are to the left and right of the cell are 

plotted. When the cell’s position within the grid cube is in the negative !⃗ direction away 

from the center, it detects the highest EGF concentration. This can be seen when !⃗ = 

[0, 0, −1] and the cell is located at (4.3,6.7,8.9). EGF secretion is from the back, which is 

now at the top in the z-direction. So, most of the secreted EGF is distributed into the grid 

cube the cell is associated with. Therefore, the closer the cell is located to the upper z 

boundary of the grid cube, the higher EGF concentration it will detect. 
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Table 4-3. Non uniform secretion 

!"#$%$"& Bottom Left (4,6,8) Upper right asymmetric (4.3,6.7,8.9) 
'((⃗  *!

|*| 
*"
|*| 

*#
|*| 

cell_EGF 
10$% 
[nM] 

./012&'( *!
|*| 

*"
|*| 

*#
|*| 

cell_EGF 
10$% 
[nM] 

./012&'( 

(0,0,1) 0.005 0.002 1.000 1.486 0.537 0.0550 -0.052 0.997 1.880 1.762 
(0,0,-1) 0.005 0.002 -1.000 1.485 1.157 0.307 -0.304 -0.902 2.193 0.580 

(0.7,0.7,0) 0.708 0.706 0.001 1.489 0.686 0.783 0.364 -0.505 1.922 0.297 
(-0.7,-0.7,0) -0.704 -0.710 0.002 1.483 0.770 -0.358 -0.782 -0.511 1.919 0.295 
(0.5,0.87,0) 0.499 0.867 0.001 1.488 0.666 0.571 0.731 -0.375 1.795 0.381 

Simulation results for non-uniform EGF secretion (highest at the back). The table shows the resulting EGF concentration (cell_EGF) and normalized gradient, ∇"/||∇"|| =
["! , "", "#]/||∇"|| a cell detects at different locations within grid cube (*, +, ,) 	= 	 (5,7,9) and orientations of the 2⃗ vector. Same setup as in Table 4-1. Point source [CSF-1] 
=20 nM located in grid cube (11, 9, 17). Results after 18,000-time steps (450 min), dt=0.025 min and dx=10 5m.	, 6789:$%& = 	 ||;"||/<:77_">? is the relative magnitude of 
the gradient. 
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[EGF] around cell, !⃗ 	= (0,0,1) 
a) 

 
[EGF] around cell, !⃗ 	= (0,0, −1) [EGF] around cell, !⃗ 	= (0.71,0.71,0) 

b) 

 

c) 

 
[EGF] around cell, !⃗ 	= (−0.71,−0.71,0) [EGF] around cell, !⃗ 	= (0.50,0.87,0) 

d) 

 

e) 

 

Figure 4-2.  The EGF concentration in neighbouring grid cubes when the EGF 
secretion is non-uniform for a cell located at different positions for 
different /00⃗  orientation. 

The EGF concentration, due to non-uniform EGF secretion at the back, in response to a CSF-1 
signal, in grid cubes [i,j,k], [i-1,j,k] and [i+1,j,k]. Each figure shows three different cell positions, 
(4,6,8) green curve, (4.5,6.5,8.5) red curve and (4.3,6.7,8.9) a blue curve. The figures have 
different !⃗ orientation. a) (0,0,1), b) (0,0,-1), c) (0.71,0.71,0) , d) (-0.71,-0.71,0) and e) 
(0.50,0.87,0). 
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4.1.3. Non-uniform gradient detection 

Table 4-4 shows how the detected CSF-1 gradient by the cell changes when its 

orientation !⃗ changes. When !⃗ = [0,0,1] is rotated to !⃗ = [0,0, −1], the gradient it detects 

in the x and y directions, 3! and 3", are not affected much but 3# reverses direction. These 

results can be visualized in Figure 4-3. When we compare the results for non-uniform 

gradient detection (Table 4-4) with the uniform gradient detection (Table 4-1) it is 

noticeable how this modifies the gradient that a cell detects. When !⃗ = [0,0,1], the gradient 

vector 43= (0.666,0.318,0.675) for uniform detection. 43= (0.163,0.078,0.983) when the 

gradient is non-uniform, which is strongly skewed towards the !⃗ direction. It is clear that 

the non-uniformity of the detection shifts the gradient that the cell detects towards the 

direction of the !⃗ vector. This effectively gives the cell a directional persistence in the 

direction it was moving and can help the cell migrate in and out of regions where the 

gradient may be flat or fluctuating. Figure 4-4 shows how the gradient the cell detects is 

modified depending on the value of 5, the parameter that regulates the strength of the 

non-uniform gradient detection. The actual gradient is in the direction shown by 6⃗ when 

5=0. As 5 approaches 1 the detected gradient, 6⃗, becomes closer to !⃗.  
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Table 4-4.  Non uniform gradient detection 

position Bottom Left (4,6,8) Upper right asymmetric (4.3,6.7,8.9) 

!""⃗  $!
|$| 

$"
|$| 

$#
|$| 

cell_CSF 
[nM] 

&'()*$%& $!
|$| 

$"
|$| 

$#
|$| 

cell_CSF 
[nM] 

&'()*$%& 

(0,0,1) 0.163 0.078 0.983 0.167 1.017 0.122 0.046 0.991 0.218 1.36 

(0,0,-1) 0.242 0.115 -0.963 0.167 0.688 0.170 0.064 -0.983 0.218 0.982 

(0.7,0.7,0) 0.710 0.686 0.158 0.167 1.064 0.717 0.677 0.166 0.218 1.154 

(-0.7,-0.7,0) -0.578 -0.782 0.230 0.167 0.730 -0.586 -0.777 0.228 0.218 0.842 

(0.5,0.87,0) 0.547 0.822 0.158 0.167 1.066 0.550 0.818 0.167 0.218 1.152 

Simulation results when the gradient detection was non-uniform (largest contribution at the front). The table shows the resulting cell_CSF concentration and the normalized CSF-1 
gradient, ∇"/|∇"| = ["! , "", "#]/|∇", that a cell detects at different locations within grid cube (*, +, ,) 	= 	 (5,7,9) and orientations of the 2⃗ vector. Same setup as in Table 
4-1. Point source ["45 − 1] 	= 	20	nM located in grid cube (11, 9, 17). Results after 18,000-time steps (450 min), <= = 0.025	min, 4ABCD$%& = ||	E"	||/FDAA_"45 − 1 is 
the relative magnitude of the gradient. Results after 18,000-time steps (450 min), dt=0.025 min and dx=10 Hm. 
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 !""⃗  =(0,0,1) !""⃗  =(0,0,-1) !""⃗  =(0.71,0.71,0) !""⃗  =(-0.71,-0.71,0) !""⃗  =(0.50,0,87,0) 

A) 

    
 

!""⃗  =(0,0,1) !""⃗  =(0,0,-1) !""⃗  =(0.71,0.71,0) !""⃗  =(-0.71,-0.71,0) !""⃗  =(0.50,0,87,0) 

B) 

    
 

Figure 4-3.  The CSF-1 gradient that a cell detects at different positions for non-uniform gradient detection 
The figures show the CSF-1 gradient vector, +""⃗ , projected onto the x-z plane, that a cell, at different positions and 
different orientation of !""⃗ , detects. There was a 20 nM CSF-1 point source in grid cube (11, 9, 17). The cell is 
associated with grid cube (5, 7, 9) and located at (A) (4,6,8) and (B) (4.3,6.7,8.9). The orentation of !""⃗  is shown above 
each figure. The gradient detection is non-uniform. 
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Figure 4-4.  The CSF-1 gradient that a cell detects for !""⃗ = (&, &, −)) for different 

values of + when the cell has non-uniform gradient detection. 
The figure shows the CSF-1 gradient vector, !""⃗ , projected onto the x-z plane, that a cell detects 
for different values of $. %⃗=(0,0,-1). A 20 nM CSF-1 point source in grid cube (11, 9, 17). The cell 
is associated with grid cube (5, 7, 9) and located at (a) (4.5,6.5,8.5). The orientation of &⃗	for 
different values of α is shown. α =1 (yellow), α =0.8 (green) , α =0.5 (red) , α =0.3 (purple), α =0 
(blue) above each figure. The gradient detection is non-uniform. 

Overall, the results from Table 4-1 to Table 4-4 confirmed that our implementation 

of non-uniformity of receptor density, secretion and gradient detection are reproducing 

expected results. They also helped us understand how the different types of non-

uniformity of a cell modify the ligand concentration and the direction of the gradient that a 

cell detects.  

4.2. Simulation of the in vitro experiments 

4.2.1. CSF source at the top 

Now that we are confident that our model is functioning as expected, we can begin 

to simulate a system with multiple cells. As mentioned in Chapter 2, we want to simulate 

a system of macrophages and tumor cells plated on a petri dish with a CSF-1 source put 

on the top of a collagen matrix. This setup matches the Goswami et al. (Goswami et al., 

2005) in vitro experimental setup. Figure 4-5 shows the resulting CSF-1 profile at different 

time points as a function of height from the bottom, with a 20	nM CSF-1 reservoir located 
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750 µm above the plate. Figure 4-5 shows how diffusion of CSF-1 leads to a slow increase 

with time in the concentration closer to the bottom of the plate. Also notice (inset of Figure 

4-5) the flattening of the CSF-1 profile close to the bottom of the plate. 

 
Figure 4-5.  CSF-1 concentration at different time points uniform cell 
CSF-1 concentration profile in the z-direction (from bottom of plate, z =0 µm, to the top, z = 750 
µm) at different times, with a 20 nM CSF-1 source located at the top (z = 750 µm), due to CSF-1 

diffusion. Diffusion D = 0.0006	!!!

!"# , ./ = 0.01	mm and .2 = 0.025	min. The inset shows the CSF-
1 concentration closer to the plate with better resolution. 

In their in vitro experiment, Goswami et al. (Goswami et al., 2005) plated 200,000 

macrophages (~250/mm2) along with 80,000 tumor cells (~50/mm2) on a MatTek petri dish 

(ratio of 70% macrophages: 30% tumor cells). The cells were then overlaid with a 750 µ3 

thick 5mg/ml collagen I layer. The collagen layer was added to mimic the environment that 

breast tumor cells experience in vivo, where cells move along collagen fibers towards 

blood vessels. On top of the collagen layer, they placed a 20 nM CSF-1 solution. In their 
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experimental setup they considered cells to be invasive if they migrated >20 43 into the 

collagen. In this setup, they found that about 25% of the tumor cells migrated >20 43 into 

the collagen and seemed to cluster around the invasive macrophages, suggesting that 

proximity of the two cell types was necessary for invasion. However, in the absence of 

macrophages, no tumor cells were invasive. Recall that macrophages chemotact towards 

CSF-1 gradients while tumor cells do not. 

Knutsdottir et. al (Knutsdottir et al., 2016) used an earlier model to simulate the 

Goswami et. al. (Goswami et al., 2005) experiments, when secretion, receptor density and 

gradient detection were uniform. Knutsdottir systematically varied a number of 

parameters, such as CSF-1 and EGF secretion rates, to explore how these parameters 

regulated the invasion of tumor cells and macrophages (Knutsdottir et al., 2016). 

To verify that the new model was working as it should we wanted to get qualitatively 

similar results to the results from (Knutsdottir et al. 2016). In order to do this, simulations 

were done using 900 cells (macrophages and tumor cells) on a region that was 900 4m 

×900 4m ×750 4m giving an initial cell density of about 1100 cells/33!. This density was 

similar to the density in (Knutsdottir et al. 2016) simulations and about four times higher 

than in the experiments. I set the secretion, receptor density and gradient detection to be 

uniform. CSF-1 in our model was set to be 20 nM, 750 4m above the bottom of the petri 

dish. This approximates the large media volume of CSF-1 in the experiment. I then ran 

the simulation while changing the same parameters as Knutsdottir et. al (Knutsdottir et al., 

2016).  

We did not expect to replicate the same results as Knutsdottir (Knutsdottir et al., 

2016), because our models differ slightly. I ran my simulations for longer (67 -170 hours) 

whereas Knutsdottir ran their simulations for 30 hours. I also used slightly different 

parameters 5"#$
%&'( = 2% instead of 3% and 5"#$

%&'( = 1% instead of 2% in Knutsdottir’s 

simulations. In addition, in my simulation the baseline secretion of EGF and CSF-1 from 

un-stimulated cells was very small, but in Knutsdottir’s simulation it was about 10 times 

larger (Knutsdottir et al., 2016). We changed the baseline secretion since we felt that it 

better reflected the actual biological background secretion. 

I used the results with the uniform secretion, density and gradient detection as 

control. I then compared the control results with results from the same set of simulations 
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where different kinds of non-uniformity were introduced. All the simulations were repeated 

20 times and the results show the average of those repeats. Figure 4-6 shows a snapshot 

of one these simulations after 36 hours. Macrophages are in red, and tumor cells are 

green. 

 
Figure 4-6.  Snapshot from the simulation of the in vitro experiment after 36 hrs 
These simulations correspond to the Goswami (Goswami et al., 2005) in vitro experimental setup. 
270 Tumor cells (green) and 630 macrophages (red) were plated at the bottom of petri dish. 
Macrophages chemotact towards a CSF-1 gradient from a 20	nM [CSF-1] solution placed 750 8m 
above the bottom. The pink dotted line represents a chemically permeable, but cell impermeable 
plate at 300 8m, which was placed to help with visualization Tumor cells follow the macrophages 
due to the EGF/CSF-1 paracrine signalling loop. All parameters were as shown in Table 3-1 and 
Table 3-2. The size of the domain is 900x900x750 8m. 

In the simulations, we recorded the percentages of invasive tumor cells and 

macrophages. These are cells that invaded more than 25 4m into the collagen, from the 

bottom of the petri dish. The shown percentage of invasive cells was found by averaging 

20 different randomized simulations. 

I systematically changed one parameter at a time for multiple simulations, and 

registered how these changes affected the percentage of invasive tumor cells and 

macrophages. The parameters that I changed, discussed in in section 3.4, were the CSF-

1 secretion coefficient (8&)%*%)++), EGF secretion coefficient (8&)%,-%$.), EGF gradient threshold 

(8"#$/01), CSF-1 gradient threshold (8"#$231(), CSF-1 membrane degradation (84)4231(), and EGF 
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membrane degradation (84)4231(). The results from most of these simulations are shown in 

the appendix. In the next sections I present the results for increasing CSF-1 secretion 

coefficient (8&)%*%)++) for different degrees and types of non-uniformity. 

4.2.2. CSF-1 secretion coefficient (!!"#$#"%%)(uniform control) 

The first set of simulations was done with uniform receptor membrane density, 

secretion, and gradient detection. The macrophages and tumor cells were plated at the 

bottom of the dish. The tumor cells’ CSF-1 secretion coefficient, 8&)%*%)++, was systematically 

increased and the simulations were repeated 20 times, each with a different random seed. 

Figure 4-7 shows the average number of invasive tumor cells and macrophages that were 

recorded in these 20 simulations. The results for a given 8&)%*%)++ value was consistent, as 

can be seen by the relatively small standard deviation. When 8&)%*%)++was small (<

105!	nM/min), the macrophages chemotaxed towards the CSF-1 gradient generated from 

the source at the top. The EGF secretion by the macrophages enabled the tumor cells to 

follow the macrophages upwards. Cells that migrated more than 25 4m into the collagen 

matrix were considered as invasive. Figure 4-7 shows that about 60% of the macrophages 

and about 70% of the tumor cells were marked as invasive (mentioned in 4.2.1). Not all 

macrophages invaded. This was because the CSF-1 concentration built up at the bottom 

of the plate, thus flattening the CSF-1 gradient, and as a consequence the macrophages 

struggled to detect an upwards gradient. The cause of this gradient flattening was the no-

flux boundary condition at the bottom of the plate. The no-flux boundary condition is the 

correct boundary condition, at the bottom of a petri dish and is confirmed by the 

experimental results (Goswami et al., 2005). Knutsdottir (Knutsdottir et al., 2016) 

explained this process in detail and showed that if the boundary conditions were fixed at 

a small value or small flux, all the macrophages invaded rapidly, but often the tumor cells 

were left behind. Consistent with this, my simulations showed that when macrophages 

were plated alone only 13% of them invaded (Figure 4-8). The reason was that the 

macrophages get “stuck” in the flat CSF-1 gradient at the bottom. As can be seen in Figure 

4-8, none of those 13% invasive cells make it to the top. What registered as invasive cells 

was mostly due to random cell movements that moved the macrophages more than 25 

4m from the bottom. When tumor cells were present, they chemotacted towards the EGF 

secreting macrophages, and vice versa. These chemotactic movements of tumor cells 

towards the macrophages helped the macrophages get out of the bottom layer, by nudging 



72 

them slightly upwards, where the macrophages could better detect a CSF-1 gradient 

towards the top. At very low 8&)%*%)++ = 0.0001 the macrophages do not chemotax towards 

the tumor cells. However, the tumor cells still chemotax towards the EGF secreted by the 

macrophages, and this tumor cell chemotaxis is sufficient to nudge the macrophages out 

of the flat gradient.  

 
Figure 4-7. Invasive tumor cells and macrophages as a function of =678987::, control  
In this setup the receptors membrane density, gradient detection and secretion are uniform. The 
curves represent the average of 20 simulations for each value of 9$%&'&%((. 900 cells plated with a 
ratio of 70% macrophage to 30% tumor cells. The parameters used are given in Table 3-1 and 
Table 3-2. The simulation was run for 150000 timestep (~62 hours). The size of grid cube is 
900	8: *900	8: *750	8: and ./ = 0.01	::. The source at the top is CSF-1 at a concentration of 
20 nM. Error bars show the standard deviation. 

When the CSF-1 secretion by the tumor cells was increased, 8&)%*%)++ > 0.2 >? 3@>A , 

the CSF-1 secretion from the tumor cells began to interfere with the CSF-1 gradient from 

the top. As a result, locally the CSF-1 gradient was no longer pointing directly upwards 

and often sideways or downwards. This led to a decrease in the number of invasive 

macrophages, which in turn led to a decrease in number of invasive tumor cells. 
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Figure 4-8. An in vitro simulation with macrophages and no tumor cells  
The figure shows snapshots in time from a simulation of the Goswami (Goswami et al., 2005) in 
vitro experimental setup. 900 macrophages (red) were plated at the bottom of the petri dish. 
Snapshots were taken at 0 hr, 8 hr, 24 hr and 56 hr. Macrophages have random movement as in 
the other simulations, but they do not chemotaxis to the top. The setup is the same as in Figure 
4-7 A 20 nM [CSF-1] solution was placed 750 8: above the bottom. All parameters were as 
shown in Table 3-1 and Table 3-2. The size of the domain is 900x900x750 8:. 

In the next set of simulations, we explored how non-uniformity of receptors, 

secretion, and gradient detection, modified the cells’ movement and percentage of 

invasive cells. We used the results from the uniform simulations, shown in Figure 4-7, as 

the control that we compared all the other simulations with.  

4.2.3. Non uniform receptor membrane density, secretion, and 
gradient detection 

Just to define terms, when the receptor membrane density was non-uniform (NR), 

the receptors have a higher density at the front (tip of B⃗) than at the back of the cell (see 

equation 3-26 for the exact form). Non-uniform secretion (NS) meant that secretion was 

highest at the back of the cell (equation 3-27). For special cases, secretion was highest at 

the front (equation 3-28). Non-uniform gradient detection (NG) meant that the contribution 

of the signal towards the gradient had a higher weight at the front of the cell than at the 

back (see equation 3-29 for the exact form). This biases the gradient detection to be 
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towards the front (in the B⃗ direction). For instance, if the concentration is uniform, the 

actual gradient is zero, but the cell would detect a gradient partially towards the B⃗ direction. 

We introduced three different types of non-uniformity, NR, NS and NG and a 

combination of those. For a uniform distribution a U is put in front of the letter signifying 

type, and an N is put in front of the letter for a non-uniform distribution. We simulated 

seven different combinations of non-uniformity listed below. 

1. (UR-US-NG) 

2. (UR-NS-UG) 

3. (NR-US-UG) 

4. (NR-US-NG) 

5. (NR-NS-UG) 

6. (UR-NS-NG) 

7. (NR-NS-NG) 

4.2.4. Non-uniform receptors density (NR-US-UG) 

The first set of simulations explored the invasiveness of tumor cells and 

macrophages as a function of the CSF-1 secretion constant, 8&)%*%)++, when the density of 

the receptors on the membrane of both tumor cells and macrophages was non-uniform. 

Figure 4-9 shows the results of those simulations. For comparison, it also shows the 

results from the simulations when everything was uniform (black curves). As can be seen, 

there was no significant difference between uniform and non-uniform receptor density. 

This was not too surprising given that the cell’s chemical response to ligand concentration 

follows Michaelis-Menten Kinetics. The response is mostly linear then flattens off for 

higher ligand concentration, equation 3-7 and 3-8. In addition, the active force the cell 

applies is constant when ligand concentration is above a threshold concentration and is 

smaller and in a random direction, otherwise. Therefore, even though increasing ligand 

detection at one end of the cell might slightly increase or decrease the concentration the 

cell perceives, it will not change the results much, especially because diffusion limits the 

variation in concentration from the front and back of the cell. It might be interesting to 

consider a more extreme nonlinear active force response to ligand concentration in future 

simulations. 
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Figure 4-9. Invasiveness of tumor cells and macrophages as a function of =678987::, 

for non-uniform receptors membrane density (NR) 
The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line) as a function of 9$%&'&%(( for uniform secretion (black lines) and non-uniform receptors 
membrane density (red lines). Gradient detection and secretion are uniform. Data shows the 
average of 20 simulations with 900 cells with a ratio of 70% macrophage: 30% tumor cells. The 
parameters are based on Table 3-1 and Table 3-2. The simulation was run for 150000 time steps 
(~62 hours). The size of the grid is 900 8: ×900 8: ×750 8: and ./ = 10	8:, with 20 nM CSF-
1 source at the top. Error bars show the standard deviation. 

4.2.5. Non-uniform gradient detection (UR-US-NG)  

Figure 4-10 shows the results when the gradient detection was non-uniform, 

making the cells more likely to detect a gradient in the direction they were oriented. As 

before, the uniform invasion profile is shown in black. We can clearly see that this changes 

the results significantly from the uniform gradient detection. For low CSF-1 secretion 

constant (8&)%*%)++<0.1>? 3@>A ), all the macrophages invaded and almost all the tumor cells 

followed them to the top. 
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However, for 8&)%*%)++> 0.1>? 3@>A , cell invasion decreased for both tumor cells and 

macrophages, but the decline began earlier for the tumor cells. The decline in 

invasiveness began for a lower 8&)%*%)++ than for the uniform situation. This is probably 

because when the gradient detection was non-uniform, the direction the cell moved in 

became more binary. If the tumor cell began to follow a macrophage upwards, it locked in 

the direction it was moving towards and if not, the tumor cell remained at the bottom. When 

8&)%*%)++ became large enough, the CSF-1 secretion from the tumor cells modified the CSF-

1 gradient from the top so the CSF-1 gradient was no longer in the upwards direction. As 

a consequence, neither tumor cells nor macrophages migrated upwards. 

 
Figure 4-10.  Invasiveness of tumor cells and macrophages as a function of =678987::, 

for non-uniform gradient detection (NG)  
The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line) as function of 9$%&'&%(( for uniform secretion (black lines) and non-uniform gradient detection 
(green lines). Receptor’s membrane density and secretion are uniform. Data shows the average 
of 20 simulations with 900 cells with a ratio of 70% macrophage: 30% tumor cells. The 
parameters are based on Table 3-1 and Table 3-2. The simulation was run for 150000 time steps 
(~62 hours). The level of non-uniformity ; =1 The setup was the same as in Figure 4-9. Error 
bars show the standard deviation. 



77 

The effect uniform gradient detection had on the results was quite striking. 

Therefore, I wanted to understand how much “non-uniformity” was required to see those 

differences. I did this by running simulations increasing C from 0 to 1. C regulates the 

magnitude of the non-uniformity where C = 0 is completely uniform and C = 1 is fully non-

uniform detection (see equation 3-52 section 3.3). Figure 4-11 shows the results of these 

simulations for different values of C. We can see that for 8&)%*%)++ < 0.1 >? 3@>A  the 

invasiveness of macrophages increased as C increased and for any C > 0.02 all of the 

macrophages invaded. To understand why even a small C > 0.02 had such great impact, 

we must recall that the no-flux boundary condition at the bottom of the plate flattens the 

CSF-1 gradient. Increasing C, even just a little bit, effectively improves the cells’ ability to 

detect a shallow gradient and it reinforces the gradient detection in that same direction. 

This means that the cell does not change direction as easily and is more likely to move 

out of the bottom layers. This in turn increases the number of invasive macrophages even 

for small C’s. This suggests that a small deviation from a uniform gradient detection can 

have a significant effect, especially where the cell is encountering shallow gradients. 

Figure 4-11b shows that the invasiveness for tumor cells follows a similar trend. As C was 

increased from 0, the percentage of tumor cells that invaded, for 8&)%*%)++ < 0.04>? 3@>A , 

increased from about 70% to 100%. A high degree of non-uniform gradient detection 

allowed the tumor cells to beeline towards the macrophages and follow them to the top. 

For 8&)%*%)++ > 0.04>? 3@>A , the number of invasive tumor cell begins to drop rapidly. 

Interestingly, for higher values of C, the number of invasive tumor cells begins to drop at 

lower values 8&)%*%)++. For instance, for C = 0.001, the rapid drop does not happen until 8&)%*%)++ 

~ 0.2 >? 3@>A . The reason for the odd drop in number of invasive tumor cells for 8&)%*%)++ >

0.04>? 3@>A  when C > 0.02	can possibly be explained by understanding the macrophage 

tumor cell interactions and what increasing C does. When C was increased, the 

macrophages chemotacted towards the top more easily. Normally this leads to an 

increase in invasive tumor cells because they follow the macrophages and increasing C 

allowed them to more easily chemotact towards the macrophages. However, if the 

macrophages left the bottom of the petri dish too fast, the tumor cells may not have had 

time to get close enough and get left behind. For low 8&)%*%)++ and high C, all the 

macrophages invade rapidly, and the tumor cells manage to follow the later ones. 
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At higher 8&)%*%)++, the CSF-1 secretion from the tumor cells begins to interfere with 

the gradient from the top and more and more macrophages are left behind. If C is high, 

the tumor cells may be locking into the macrophages that are left behind and as a 

consequence, there is a large drop in invasive tumor cells for higher C’s. For lower C’s, 

the lock-in towards the non-invading macrophages is not as strong and more tumor cells 

manage to follow the invading macrophages. 

  
Figure 4-11. Invasiveness of macrophages and tumor cells as a function of =678987:: 

, for non-uniform gradient detection and increasing values of +  
The curve shows the percentage of invasive a) macrophages and b) tumor cells as a function of 
9$%&'&%((for different values of a. The value of a for each curve is given in the figure legend. The 
gradient detection was non-uniform (NG) and increased with ; from 0 to 1. The setup was the 
same as in Figure 4-9. Error bars show the standard deviation. 
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4.2.6. Non-uniform secretion (UR-NS-UG) 

The third kind of non-uniformity I wanted to study was non-uniform ligand 

secretion. I compared the invasion profile for uniform secretion to the invasion profile when 

secretion was mostly at the front or mostly the back of the cell (Figure 4-12). I first ran the 

simulation for 150,000 time steps (62.5 hrs) and with all other parameters as before. Figure 

4-12 shows that non-uniform ligand secretion significantly altered the invasion profile for 

macrophages and tumor cells. When the CSF-1/EGF secretion was at the front of both 

the tumor cells and macrophages, more macrophages invaded (increase from 60% to 

75%) while at the same time fewer tumor cells invaded (drop from 70% to 50%) relative 

to control at 8&)%*%)++ = 0.01. These results were unexpected as one would think that if more 

macrophages invaded there should also be an increase in the number of invasive tumor 

cells. When the secretion was at the back, there was a decrease in the number of 

macrophages (to 50%) and tumor cells (to 30%).To better understand the effect non-

uniform secretion has, I did a number of additional simulations.  
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Figure 4-12.  Invasiveness of tumor cells and macrophages as a function of =678987::, 

for non-uniform secretion (NS) 
The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line) as a function of 9$%&'&%(( for uniform secretion (black lines), secretion at the back (blue lines) 
and secretion at the front (turquoise lines) Receptor’s membrane density and gradient detection 
were uniform. Data show an average of 20 simulations with 900 cells with a ratio of 70% 
macrophage: 30% tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup 
was the same as in Figure 4-9. Error bars show the standard deviation. 

4.2.6.1. Only tumor cells or macrophages have non-uniform ligand 
secretion  

I performed simulation where only the macrophages or the tumor cells, had non-

uniform secretion at the back (Figure 4-13). We can see that when only the tumor cells 

have non-uniform secretion, the percentage of invasive cells is very similar to the uniform 

secretion for both types. On the other hand, when the macrophages have non-uniform 

secretion the invasion profile is very similar to the profile when both cell types have non-

uniform secretion. This suggests that it is the non-uniform secretion by the macrophages 

that is mostly responsible for the change in the invasion profile of macrophage and tumor 

cells, relative to control.  
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Figure 4-13.  Invasiveness of tumor cells and macrophages as a function of =678987::, 

for One cell type has non-uniform secretion at the back (NS) 
The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line) as a function of 9$%&'&%(( for secretion at the back. Macrophage secretion at the back (red), 
tumor cell secretion at the back (green) and macrophages and tumor cells both secrete at the 
back (blue). The curves represent the average of 20 simulations with 900 cells with a ratio of 70% 
macrophage: 30% tumor cells. The parameters are given in Table 3-1 and Table 3-2. The setup 
was the same as in Figure 4-9. Error bars show the standard deviation. 

The EGF and CSF-1 concentration profiles for the four different secretion 

scenarios (both uniform, both non-uniform, non-uniform macrophages and non-uniform 

tumor cells) are shown in Figure 4-14. These profiles were based on the average 

EGF/CSF-1 concentration at each horizontal layer, after 30 hours. 20 nM CSF-1 

concentration is 750 43 above the bottom of the dish. There is very little difference in the 

CSF-1 concentration profile at the bottom between the four different scenarios (see the 

inset in Figure 4-14a), it is less than 0.5% variation. It should be noted that the CSF-1 

concentration profile is very flat close to the bottom, and this makes it hard for the 

macrophages to detect an upwards CSF-1 gradient.  
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Figure 4-14.  CSF-1 and EGF concentration profile for different non-uniform 

secretion scenario 
The curves show the a) CSF-1 b) EGF concentration profiles from the bottom of the plate to the 
top, for different non-uniform secretion (at the back) scenarios: uniform secretion (blue) non-
uniform macrophage secretion (yellow), non-uniform tumor cell secretion (red) and non-uniform 
macrophage and tumor cell secretion (purple). A 20 nM CSF-1 source was located at 750 µm 
above the bottom. All the other parameters are as before. All the curves for the CSF-1 overlap at 
the lower resolution but the inset shows the CSF-1 concentration near the bottom of the plate. 
The EGF originates from the Macrophages secretion in response to CSF-1 stimulus. 

We used our code to visualize the data and created movies to look at the 

movements of macrophages and tumor cells, corresponding to the simulations in Figure 
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4-12. This was necessary because the number of invasive cells only tell part of the picture. 

Looking at those movies, it was clear that the invasion profile was not final after 150,000 

time steps. Therefore, I ran the simulation for a longer time by increasing the number of 

time steps to 400,000 (167 hours). Figure 4-15 shows snapshots in time for the three 

secretion scenarios: uniform, back and front. As there was very little difference in the 

results between non-uniform secretion for both cell types and non-uniform secretion for 

only macrophages, I just focused on simulation results when the macrophage secretion 

was non-uniform either at the back or front. The control was uniform secretion. We can 

see that there is a huge difference in the way the cells migrate upwards when the secretion 

is uniform, at the back or at the front of the cell. The movies gave us a much better insight 

than just looking at the numbers and invasion profile.  
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Uniform Back Front 
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Figure 4-15.  Invasion of the in vitro simulations for three different secretion 

scenarios 
Each column has ten frames taken 18 hours apart. The frames show uniform secretion (left 
column), secretion at the back (middle column) and secretion at the front (right column). The 
simulations correspond to the Goswami (Goswami et al., 2005) in vitro experimental setup. 270 
tumor cells (green) and 630 macrophages (red) were plated at the bottom of petri dish. 
Macrophages chemotact towards a gradient from 20	CSF-1 concentration placed 750 8m above 
the bottom. I placed an artificial cell barrier at 300 8m that prevents cells from going higher to 
help with visualization, but it has no effect on the chemical diffusion or migration below 300 8m. 
Tumor cells follow the macrophages due to the EGF/CSF-1 paracrine signaling loop. All 
parameters were as shown in Table 3-1 and Table 3-2. 
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4.2.6.2. Uniform secretion 

When the secretion was uniform, both macrophages and tumor cells began to 

migrate to the top after about 8 hours (500 min) and after 25 hours there was a steady 

stream of macrophages followed by tumor cells. We can see alternating macrophages 

and tumor cells in short streams in some of the frames. After about 90 hours, a majority 

of the tumor cells had migrated to the top, but upwards migration continued until about 

140 hours. About 30% of macrophages remained at the bottom at 180 hours and almost 

no tumor cells. 

4.2.6.3. Non-uniform secretion (front) 

As can be seen, non-uniform secretion delayed upwards migration of tumor cells. 

When the secretion was at the front right column Figure 4-15, for the first 72 hours the 

migration to the top consisted of almost only macrophages. After that, tumor cells began 

to follow the macrophages to the top. What is noticeable is that now groups of tumor cells 

often followed one macrophage. The migration slowed down after 110 hours, although it 

continued after that but at a much slower pace. Less than 15% of cells remained with an 

even mixture of remaining tumor cells and macrophages. 

4.2.6.4. Non-uniform secretion (back) 

For secretion at the back middle column Figure 4-15, only a few macrophages had 

migrated to the top after 40 hours and no tumor cells. It was not until after 72 hours that 

tumor cells began to follow the macrophages to the top. After 90 hours there was a steady 

stream to the top, of macrophages followed by tumor cells. Streams of alternating 

macrophages and tumor cells can be seen (e.g in frame 8 at 108 hours). The migration of 

macrophages and tumor cells is still continuing at the end of the simulation (166 hours) 

and there was a mixture of tumor cells and macrophages at the bottom. As there was still 

a stream of cells migrating to the top at 166 hours, I ran the simulations again for a longer 

time. After 333 hours, almost all the tumor cells had invaded (90%) and about 80% of the 

macrophages, and the invasion of cells had stopped. This ratio of invaded tumor cells to 

macrophages was very similar to the invasion ratio for the simulations when the secretion 

was uniform, at 166 hours. 
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4.2.6.5. Uniform vs back vs front secretion 

To summarize, when the secretion was uniform the cells began to migrate to the 

top sooner and the number of tumor cells that made it was higher than when the secretion 

was non-uniform. Interestingly, this was true for both cell secretion at the back or at the 

front. However, when the secretion was at the front of the cell, a lot of macrophages rapidly 

migrated to the top, faster than for uniform secretion, before the tumor cells could follow. 

Eventually, after about 50 hours the tumor cells chemotacted close enough to the 

macrophages so that they could follow them upwards. In addition, at this time generally 

two or more tumor cells followed each macrophage. In contrast, for uniform secretion and 

for secretion at the back, there was usually only one tumor cell per macrophage, and we 

were more likely to see streaming of macrophages alternating with tumor cells. When 

secretion was at the back, a few macrophages escape without being followed by tumor 

cells, but much fewer than when the secretion is at the front. We were hoping that 

secretion at the back of the cell would speed up cell invasion and make streaming more 

likely, but instead secretion at the back delayed the invasion of both cell types. However, 

there was a slight increase in number of streams with alternating macrophages and tumor 

cells.  

The reason for the differences in the invasion patterns, for the three scenarios, 

may be because of the interesting interactions that occur between macrophages and 

tumor cells at the bottom of the plate. As Knutsdottir (Knutsdottir et al., 2016) first showed 

and we verified, most macrophages do not migrate to the top if there are no tumor cells. 

This is because they get trapped in the flat CSF-1 concentration profile at the bottom of 

the plate. The flatness of the CSF-1 profile is caused by the no flux boundary conditions 

at the bottom and reproduces the finding from the in vitro experiments (Goswami et al., 

2005). If we relax the no-flux boundary condition for CSF-1, then all the macrophages 

migrate to the top. As explained in Knutsdottir (Knutsdottir et al., 2016), the tumor cell–

macrophage interactions nudged the macrophages out of the flat CSF-1 profile, where 

they could detect an upwards CSF-1 gradient and chemotact to the top. Without this 

interaction, the macrophages remained trapped at the bottom in the flat CSF-1 profile. 

When secretion was at the front, the tumor cell still chemotacted towards the 

macrophages and nudged the macrophages out of the flat zone, where they could migrate 

upwards. A lot of EGF was being produced by the macrophages at the bottom and that 



88 

EGF source interfered with the EGF source from the upwards moving macrophages. As 

the macrophages secreted EGF at the front, the EGF signal was stronger from the 

remaining macrophages than from the macrophage that the tumor cell was following, and 

the tumor cell was pulled back. Indeed, when watching the movie in the beginning (first 72 

hours) we could see many tumor cells that began to follow a macrophage, turn around 

and move to the bottom while the macrophages continued their migration towards the top. 

As a result, macrophages migrated to the top leaving the tumor cells behind. After enough 

macrophages had left, the EGF signal from the bottom became weaker and the tumor 

cells could follow the macrophages upwards. At this stage, there were many fewer 

macrophages, thus often multiple tumor cells would follow one macrophage. 

These interesting dynamics can be understood by thinking about the EGF 

concentration profile close to the bottom of the plate for the different secretion scenarios. 

The overall EGF concentration profile was slightly different when the macrophages 

secreted EGF at the front or at the back. When EGF secretion was at the back, initially, 

the EGF would be released close to the bottom of the plate. However, if the secretion was 

at the front, EGF was released on average at almost a cell diameter higher. Consequently, 

in the beginning the local EGF gradient was more likely to point towards the top when 

secretion was at the front. As a result, tumor cell movement in the beginning was on 

average upwards when secretion was at the front and towards the bottom when EGF 

secretion was at the back. This slight difference in tumor cell movements may explain why 

more macrophages were “nudged” upwards when EGF secretion was at the front, leading 

to an earlier migration of macrophages to the top.  

Similarly, when the secretion was at the back, the local EGF gradient was pointed 

slightly downwards, and the tumor cell movement was slightly biased downwards. This 

downward movement may have pulled the macrophages downwards as well, delaying the 

invasion of both macrophages and tumor cells. In time, some of the macrophages 

escaped, thus changing the dynamics, enabling more macrophage to migrate upwards 

followed by the tumor cells. Since the EGF secretion was at the back it was easier for the 

tumor cells to follow the macrophages. It is interesting to note that, when secretion was 

from the back, it takes many fewer macrophages to migrate to the top before the tumor 

cells begin to follow the macrophages. Although the invasion took a lot longer when the 

secretion was at the back (about 300 hours), than with uniform secretion (about 180 hours) 

at the end, the number of invasive tumor cells was similar (91% back vs 98% uniform). 
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This was much higher than when secretion was at the front where 72% tumor cells 

invaded. On the other hand, secretion at the front resulted in the highest percentage of 

invasive macrophages, 82% vs 59% for uniform secretion and 69% for secretion at the 

back. These numbers were for cells that migrated higher than 50 43 into the collagen 

matrix. We used 50 43 to only count cells that truly migrated to the top. When running the 

simulations for 180 hours, some of the cells migrated above 25 43, due to random cell 

movements. The difference in the secretion scenarios can be seen in the last frames of 

the simulations, (Figure 4-15). Notice that at the top, when the secretion is at the front of 

the cell the tumor cells remain besides the macrophages. When the secretion is uniform 

or at the back, the tumor cells stay behind the macrophages. This was expected because 

tumor cells chemotact towards the EGF gradient, which points towards the local EGF 

source, which is at the front of the cell when the secretion is at the front. In the future, it 

would be of value to explore the invasion profile for simulation of the in vivo experiments 

because the boundary condition does not play a role. 

4.2.6.6. Non-uniform receptor density with non-uniform gradient detection 
(NR-US-NG) or non-uniform secretion (NR-NS-UG) 

Figure 4-16a shows that including non-uniform receptor density with the non-

uniform gradient detection, as expected, did not result in much difference in the invasion 

profile compared to the non-uniform gradient detection Figure 4-10. Similarly, Figure 4-16b 

shows that the invasion profiles for non-uniform receptor density combined with non-

uniform secretion at the back did not differ much from the results with only non-uniform 

secretion (Figure 4-12). The results from the (NR-US-UG), (NR-NS-UG) and (NR-US-NG) 

simulations, support the findings that non-uniform receptor density does not change the 

invasion profiles significantly. 
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Figure 4-16.  Invasiveness of tumor cells and macrophages as a function of =678987:: 

for a) non-uniform gradient detection (NG) and non-uniform receptor 
density (NR) and b) non-uniform secretion (NS) and non-uniform 
receptor density (NR) 

The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line) for a) non-uniform gradient detection (NG) (green curve) and non-uniform receptor density 
and nonuniform gradient (NR NG) (yellow curve), and b) non-uniform secretion (NS)(blue curve) 
and non-uniform receptor density and secretion (NR NS) (purple curve). Macrophages and tumor 
cells both secrete at the back. The curves represent the average of 20 simulations with 900 cells 
with a ratio of 70% macrophage: 30% tumor cells. The parameters are based on Table 3-1 and 
Table 3-2. The setup was the same as in Figure 4-9. The results are similar to results when we 
had UR-US-NG for (a) and UR-NS-UG for (b). 
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4.2.6.7. Non uniform secretion (back) and non-uniform gradient detection 
(UR-NS-NG) 

Non-uniform gradient detection significantly changed the invasion profile so that 

when 8&)%*%)++< 0.1 nM/min, 100% of macrophages and tumor cells invaded very quickly, all 

together (Figure 4-10). Figure 4-17 shows the results of simulations when adding non-

uniform secretion to non-uniform gradient detection. For 8&)%*%)++ <
;.(=>
?@=

,	there was no 

significant difference between those two scenarios. However, for 8&)%*%)++ > 	0.1nM/min, 

there was a slight shift in the curves with more invasive macrophages and tumor cells for 

the same 8&)%*%)++ value, when both secretion and gradient detection are non-uniform. The 

reason for this may be that macrophage EGF secretion, at the back, helps the co-migration 

of tumor cells and macrophages towards the top when the CSF-1 secretion becomes 

higher. But this benefit only works over a very narrow range of 8&)%*%)++, between 0.1 and 0.3 

nM/min. I did not do more explorative simulations to determine the exact cause. If non-

uniform receptor density is included with non-uniform secretion and gradient detection 

(NR-NS-NG), the results do not differ from the (UR-NS-NG) simulations. This was 

expected, given that non-uniform receptor density doesn’t seem to significantly change 

the invasion profile for any of the simulations. 
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Figure 4-17.  Invasiveness of tumor cells and macrophages as a function of =678987:: 

for non-uniform receptor density (NR), non-uniform secretion at the 
back (NS) and non-uniform gradient detection (NG) 

The graph shows the percentage of invasive macrophages (solid line) and tumor cells (dotted 
line). Non-uniform gradient detection, non-uniform receptor density and non-uniform secretion at 
the back (orange), non-uniform secretion at the back with non-uniform gradient detection (black), 
non-uniform gradient detection (green) and macrophages and tumor cells both secrete at the 
back (blue). The curves represent the average of 20 simulations with 900 cells with a ratio of 70% 
macrophage: 30% tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup 
was the same as in Figure 4-9.  
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Figure 4-18 summarizes the results for the eight different simulation scenarios. 

 
Figure 4-18.  Invasiveness of cells for all the 8 different types of non-uniformity 
The figure shows the percentage of tumor cells and macrophages that invade as a function of 
9$%&'&%(( for the 8 different scenarios that I did, for (a) macrophages and (b) tumor cells. The figure is 
a summary of Figure 4-4-Figure 4-17. The overlapping curves are when the only difference is 
uniform (UR) or non-uniform (NR) receptor density. The parameters are given in Table 3-1 and 
Table 3-2. The setup was the same as in Figure 4-9. 

4.3. Non-uniform receptor density for larger cells  

All of our simulations so far showed that adding non-uniform receptor density did 

not change the invasion profile. The response of a cell depends very weakly on the 

detected concentration of the chemotactic ligand and much more on the gradient 

detection. To increase the effect that non-uniform receptor density might have, we decided 

to do those simulations with larger cells. For a larger cell, the distance between front and 

back is greater and it takes more time for ligands to diffuse from front to back. This can 



94 

create a greater difference in the ligand concentration between the front and back of the 

cell. Thus, non-uniform receptor density would potentially cause a greater change in the 

ligand concentration that the cell detects. This could increase the cell secretion and trigger 

the chemotaxis sooner. 

Given the way the code was written, it was not possible to make the cell more than 

50% larger than the grid size, (FG), without completely re-writing the code. To work around 

that limitation, we increased the grid size instead. This does decrease the resolution and 

might change the results slightly. However, we made sure that the code was still stable, 

and the chemical concentration profile looked the same as for a smaller grid size (FG). 

When grid size is increased, one must adjust all the parameter values that depend on FG. 

For instance, when FG was doubled to FGHHHH=2×dx, we decreased the value of the diffusion 

coefficient, D(dx2/min) to IJ(FGHHHH2/min) = D/4 and halved the value of KL, the number of grid 

points to the top, where the CSF-1 source was located. Given that the movement of cell 

was relative to FG, all values for the forces had to be halved as well. Figure 4-19 shows 

the average CSF-1 concentration profile as a function L, the distance from the bottom of 

the plate to the top, for different grid sizes. It can be seen that the increase in FG did not 

significantly change the CSF-1 diffusion profile and that it did not introduce significant 

numerical discrepancies. 
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Figure 4-19. CSF-1 concentration profiles for different cell sizes 
The four graphs show the CSF-1 concentration profile as a function of height (z) from the bottom, 
at time 0, 10, 30, 120 and 600 min for cells with diameter a) 10 8m, b) 20 8m, c) 40 8m, and d) 50 
8m. These profiles (Figure 4-19) indicate that increasing the grid size (dx) does not significantly 
alter the diffusion profile. CSF-1 concentration profile in the z-direction (from bottom of plate, z =0 
µm, to the top, z =750 µm) at different times, with a 20 nM CSF-1 source located at the top (z 

=750 µm), due to CSF-1 diffusion. Diffusion constant, D = 0.0006	!!!

!"# , ./ = 0.01	mm and .2 =
0.025	min. 

4.3.1. Invasiveness of larger macrophages and tumor cells for 8 types 
of non-uniformity 

Seeing that the CSF-1 concentration profile was similar when doubling dx, we 

could now look at how including non-uniform receptor density affected the results for a 

larger cell by scaling the parameters. Figure 4-20 shows the results when cell diameter 

was increased from 10 µm to 20 µm The first thing to notice is that for larger cell at low 

values of 8&)%*%)++, all the macrophages invade and almost all the tumor cells do as well. This 

clearly was not the best parameter range to explore how non–uniformity changes invasion. 

Nonetheless, we can see that, similar as for a smaller cell, non-uniform receptor density 
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had almost the same invasion profile as uniform receptor density. Non-uniform gradient 

detection increased the invasiveness of both tumor cells and macrophages. 

The reason why almost all the tumor cells and macrophages invaded when the 

cells were larger can be understood from our previous results. When the regular-sized 

macrophages are plated alone, almost none of them make it to the top because they get 

trapped in the flat CSF-1 gradient near the bottom of the plate (Figure 4-8). However, 

when plated with tumor cells, the tumor cell - macrophage interaction bumps the 

macrophages slightly upwards further away from the bottom. Now the macrophages can 

detect a CSF-1 gradient towards the top and invade. The tumor cells then follow the 

macrophages. When the cells’ diameter is twice as large, the cells are detecting the CSF-

1 concentration further away from the bottom, where the gradient is not as flat. Recall that 

the cells use the ligand concentration in the neighbouring grid cubes, a distance dx in any 

direction. To detect the gradient in the z direction, the cell checks the grid cube below and 

the grid cube above. Therefore, when the macrophages are larger, they can detect the 

CSF-1 concentration above the “flat concentration” zone that is now an upwards pointing 

gradient. Hence, they all invade, followed by the tumor cells. This is helped by slight 

random motion. 
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Figure 4-20. Invasiveness of larger tumor cells and macrophages 
The figure shows the percentage of tumor cells and macrophages that invade as a function of 
9$%&'&%(( when the cells are twice the size (20 8: cell diameter) for various types of nonuniformity: 
(a) macrophages (b) tumor cell. The black dashed curve shows the profile for uniform regular 
sized cell (10 8: cell diameter). The curves represent the average of 30 simulations with 900 
cells with a ratio of 70% macrophage to 30% tumor cells. The parameters are given in Table 3-1 
and Table 3-2. The setup was the same as in Figure 4-9. A 20 nM CSF-1 source is at the top. 

4.3.2. Invasiveness of larger macrophages and tumor cells with a 
smaller CSF-1 source 

To see a stronger effect of non-uniformity, I tried to expand the flatness of the CSF-

1 profile close to the bottom by reducing the magnitude of the CSF-1 source from 20 nM 

to 2 nM. This could possibly reduce the invasiveness of the cells, if the flatness of the 

CSF-1 profile was expanded. Figure 4-21 summarizes the results from all those 

simulations. For low 8&)%*%)++, all the macrophages still invaded. When the CSF-1 source is 

2 nM, we can see that the drop in percentage of invasive cells happens at a lower value 

of 8&)%*%)++~0.01 nM/min. This is because when the magnitude of the CSF-1 source is lower, 

the CSF-1 secretion by the tumor cells has the potential to disrupt the CSF-1 gradient from 
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the top more. The CSF-1 secretion by the tumor cells is proportional to 8&)%*%)++, and 

therefore the macrophage invasion halts at lower 8&)%*%)++ when the source from the top is 

smaller. Otherwise, the profiles for the 2 nM source look very similar to the 20 nM source 

and show that non-uniform receptor density has very little impact on the invasion profiles. 

 
Figure 4-21. Invasiveness of larger tumor cells and macrophages 
The figure shows the percentage of tumor cells and macrophages that invade as a function of 
9$%&'&%(( when the cells are twice the size (20 μm cell diameter) for various type of nonuniformity: 
(a) macrophages (b) tumor cell. The black dashed curve shows the profile for uniform regular 
sized cell (10 μm cell diameter). The curves represent the average of 30 simulations with 900 
cells with a ratio of 70% macrophage to 30% tumor cells. The parameters are given in Table 3-1 
and Table 3-2. The setup was the same as in Figure 4-9. A 2 nM CSF-1 source is at the top. 
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Chapter 5. Conclusions and Discussion 

The motivation for this work was to get a better understanding of how the 

EGF/CSF-1 paracrine signaling system between macrophages and mammary tumor cells 

operates, and how it regulates cell migration and ultimately enhances cancer cell 

metastasis.  

Improving our understanding of the paracrine signaling between tumor cells and 

macrophages and discovering system parameters that can be targeted for cancer 

treatment was one of the objectives of this study. The other objective was to gain an 

understanding of the impact boundary conditions and non-uniformity of ligand detection, 

secretion and gradient detection have on other interactive signaling systems in general. 

I used a 3-D individual-cell-based computational framework to simulate the 

EGF/CSF-1 paracrine signaling between tumor cells and macrophages and explore how 

these interactions lead to the experimentally observed, in vitro, invasion patterns. The 

computational model is a simplified model of the paracrine signaling between tumor cells 

and macrophages. In my thesis, I focused on how non-uniformity, at the cellular level of 

the signaling, changed the tumor cell and macrophage invasion profile. The findings here 

give deeper insight into the paracrine signaling system and how it operates. It also gives 

an understanding of how interactive signaling systems between cells work and what 

impact boundary conditions and non-uniformity of ligand detection and secretion has on 

those systems. Our computational results are summarized below. 

5.1. Original ICBM 

Knutsdottir et. al. (Knutsdottir et al., 2016) used their 3-D individual-cell-based 

model to simulate the EGF and CSF-1 paracrine signaling by systematically varying 

parameters related to the signaling system. These parameters were the CSF-1 and EGF 

secretion coefficients, local ligand depletion of EGF and CSF-1, and the gradient detection 

threshold to EGF and CSF-1. Table 1-1 lists some of their findings. The purpose of my 

project was to expand upon (Knutsdottir et al., 2016) findings by adding new features to 

the model and to explore how these features modified the invasion profile of the 

macrophages and tumor cells in the in vitro experiments. The new features for the cell 
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were: 1. Non-uniform density of receptors on the membrane; 2. Non-uniform secretion of 

ligand; 3. Non-uniform ligand gradient detection; and 4. Larger cell size.  

I verified my model by exploring the same parameter space as Knutsdottir et.al. 

(Knutsdottir et al., 2016) using the default uniform configuration. Our computational setup 

was slightly different as mentioned earlier so we did not get the exact same results. Table 

5-1 gives a summary of our findings and how each parameter affects the number of 

invasive cells. The figures from these simulations are shown in the Appendix and are in 

qualitative agreement with the results from Knutsdottir et. al. (Knutsdottir et al., 2016). This 

gave us confidence in our model. 

Our goal was to explore how non-uniform secretion, receptor density and gradient 

detection change the invasion patterns. We recorded and analysed the simulation results 

as we systematically varied parameters related to the paracrine signalling. We found that 

the results with increasing 8&)%*%)++ gave us the insight we needed to understand how non-

uniform distributions changed the invasion profiles. Therefore, in Chapter 4 we only 

presented the results for those simulations. The simulations with the other parameters did 

not give us much new insight but confirmed that our baseline results were in agreement 

with Knutsdottir et. al.’s findings. See the Appendix A. 

Table 5-1.  Summary of my in vitro simulations 

The table shows the effect that increasing the given parameters had on tumor cell invasion. The uniform control was 
compared to Knutsdottir et. al ‘s finding in Table 1-1. These trends were similar to results from (Knutsdottir et al., 2016) 

5.2. ICBM with non-uniform receptor density, ligand 
secretion and gradient detection. 

Adding non-uniform receptor membrane density, non-uniform ligand secretion and 

non-uniform ligand gradient detection to the previous ICBM was a non-trivial task. To 

accurately account for non-uniform distribution around the cell membrane of for instance 

Parameters that were changed Effect on invasive tumor cells 
CSF-1 secretion Decreasing (Figure 4-7) 
EGF secretion Increasing (Figure A 1) 

CSF-1 gradient threshold Decreasing (Figure A 2) 
EGF gradient threshold Decreasing (Figure A 3) 
CSF-1 MB degradation Decreasing (Figure A 4) 
EGF MB degradation Increasing (Figure A 5) 
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receptor density, we would need to calculate a surface integral for each of the eight octants 

the cell is divided into. In a typical simulation, the code segments that deal with the cell’s 

detection and response would have to be performed about 10A times, which is 

computationally very time consuming. 

To make it feasible to include non-uniformities, we came up with novel strategies 

to optimize the code and justified our assumptions, as described in Chapter 3. These 

strategies allowed us to simulate thousands of cells in a timely manner, while at the same 

time the essential aspect of the non-uniform secretion for the cell was retained. There 

were two key features that we implemented to improve computational cost.  

First, at the start of the code we numerically calculated the surface integrals for 

both the surface area and the center of mass of the cell surface. This gave us four 

50x50x50 arrays, one for the surface area and three for the surface center of mass vector, 

that were stored in memory. 

The second assumption was that the arithmetic average of M(N) could be 

represented as the value at the center of mass of the surface. Although the accuracy of 

this assumption depends strongly on the shape of M(N) and the partial surface, it gives a 

good qualitative estimate of the number of for instance receptors in the particular octant.  

There was quite a bit of trial and error involved in coming up with the optimal 

function and methodology that accurately represented the non-uniformity of the system 

and at the same time was not too computationally expensive. It also involved a lot of 

testing to ensure that the non-uniform secretion, receptor density and gradient detection 

was reasonable and that it behaved the way we anticipated (Chapter 4). I believe we have 

come up with a code that can be used to study non-uniform distribution of molecules on a 

cell surface that is biologically reasonable and can be used for thousands of interacting 

cells with a relatively low computational cost.  

This approach can be used for a multitude of systems other than just paracrine 

signaling between macrophages and tumor cells. Examples would be cAMP driven 

aggregation in Dictyostelium discoideum, chemotactically driven cell migration during 

early stages of zebrafish development, or any biological system with a multitude of 

interacting cells that have non-uniform expression of molecules on their cell surface. It 

would be of interest to explore how non-uniform distribution, at smaller than the cell scale, 
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affects the simulations results of these systems. For instance, will the cell migration 

patterns better match the experimentally observed cell migration patterns. Often modellers 

adjust the parameters to fit the observed experimental results. However, if non-uniform 

distributions in the simulation are not included, parameter estimates may not be as 

accurate. Therefore, including non-uniform distributions could improve the predictive 

ability of the model. Our results demonstrated that non-uniformity at the sub cell-size scale 

have a significant effect on cell migration patterns even in systems with thousands of cells 

on a domain that has a scale 100 times larger than the cell diameter.  

Continuum models or models where cells are treated as point sources look at cell 

behaviour as a group and often ignore details of individual cells, but can efficiently 

compute movements for millions of cells. Single cell models usually study only one or a 

few cells in great detail and keep track of the shape of the cell surface. However, they 

become too costly if they have to look at interaction between thousands of cells. There is 

a great need for hybrid models that look at scales in between the continuum models and 

single cell models. There are many such models as described in Chapter 3. 

Our ICBM model is a hybrid model that bridges the continuum models and single 

cell models. The novelty of our model is that it allows us to include non-uniform distribution 

of molecules on individual cells surfaces, while at the same time it is computationally fast 

enough so that we can simulate interaction of thousands of cells, in a reasonable time. 

5.3. Simulations of the in vitro experimental setup 

5.3.1. Non-uniform membrane receptor density 

I did many simulations for cells with only non-uniform receptor density or combined 

with non-uniform secretion or gradient detection. I also tried different types of functions 

representing non-uniform receptor density such as representing the average as a function 

of d = || B⃗ - OP?"""""""""⃗  || instead of d2 or as a function of the angle between B⃗ and OP?"""""""""⃗ . All of 

those results suggested that non-uniform receptor density did not have a significant impact 

on invasion profiles. As explained in the results section, the cell’s chemotactic response 

is either off or on if above a threshold in the model. Hence, unless the cell is in a chemical 

environment that is exactly around threshold concentration, a difference in detected ligand 

does not affect chemotaxis. Similarly, the cell’s chemical response to ligand follows 
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Michaelis-Menten Kinetics: at most linear when the concentration and ligand gradient was 

above some threshold and then flattens off. Based on this, one would expect to only see 

noticeable change if the cell was in a very regulated environment where ligand 

concentration was just around threshold values. A more extreme nonlinear active force 

response to ligand concentration might show a greater difference. These findings agree 

with some experimental results by (Hu et al., 2011), where they showed that non-

uniformity of receptors did not make any difference in a cell’s ability to detect the chemical. 

However, as discussed in Chapter 4 the cell’s ability to detect a gradient may be affected 

by receptor density and those two are most certainly linked. It might be useful to combining 

gradient detection and density of receptors in one function along with cell polarization. 

5.3.2. Non-uniform gradient detection 

Our gradient detection was based on the angle between the B⃗ vector and each of 

the three-unit vectors (QB , QC , QD) that the gradient vector was resolved into. The process 

for gradient detection is explained in section 3.2.4 When the gradient detection is non-

uniform (biased towards the front of the cell), the cell “amplifies” the detected 

concentration of ligands in the grid cubes close to the front of the cell and lowers the 

detected concentration in the grid cubes away from the front of the cell. This biases the 

gradient towards the front of the cell. Biologically, this could be the result of much higher 

concentration of ligand receptors at the front of a cell or the cell machinery involved in cell 

polarization. In our model the density of receptors is separated from the gradient detection 

to separate out the contributions, but as noted receptor density most likely influences 

gradient detection.  

Our simulations showed that non-uniform gradient detection had a huge impact on 

the invasion of both macrophages and tumor cells, especially in flat gradients. We also 

included the ability to adjust the level of non-uniformity with the parameter C. C regulates 

the degree of non-uniformity.	C = 0 is the uniform situation and C = 1 gives full non-

uniformity. We found that even a very small bias, with C as low as 0.03, changed the 

invasion profile dramatically. These results were surprising because a less than 5% bias 

towards the front does not sound that much. The reason for this dramatic change may be 

the uniqueness of the situation, i.e., the flatness of the CSF-1 profile due to the no-flux 

boundary condition. 
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Due to the flat CSF-1 profile at the bottom boundary layer, the macrophages did 

not invade without tumor cell interactions when the gradient detection was uniform. 

However, when the CSF-1 profile was flat, close to the bottom, even a 3% bias towards 

the front of the cell would result in a detected gradient that is above threshold and results 

in cell chemotaxis. This increase in cell migration, although not necessarily towards the 

top, may be the mechanism that enables the macrophages to eventually get out of the flat 

CSF-1 profile, at the bottom, and detect a stronger gradient towards the top. This is 

something that needs to be explored further. For future work, it will be important to do 

these simulations for the in vivo experimental setup where the boundary conditions are 

not no-flux. In the in vivo simulations, we could analyse how the non-uniform gradient 

detection changes the invasion profile when the CSF-1 gradient is not necessarily flat 

anywhere. These results are important because they show that boundary conditions can 

potentially have a large impact on invasion profiles. A lesson that can be learned is that in 

vitro experiments that artificially introduce, for instance, a no-flux boundary condition, may 

change the whole dynamic of the system. These can give quite different and conflicting 

results from in vivo experiments and combined with biased gradient detection can have a 

significant impact. 

5.3.3. Non-uniform ligand secretion 

Another new feature that was added to the model was the ability of a cell to have 

non-uniform ligand secretion. This meant that the cell’s secretion of the ligand into the 

ECM was highest around some region on the cell membrane, for instance at the front, 

back or even at the sides. Non-uniform secretion has been observed in many systems 

such as neurons or in Dictyostelium discoideum (Almeida & Dilão, 2016). In my thesis, I 

looked at the invasion profile when the cells secreted ligand at either the back or the front 

of the cell. What I discovered was that non-uniform ligand secretion had a noticeable 

impact on the invasion profile, but different from what I expected. In our simulations, 

because of the boundary conditions, the CSF-1 concentration profile was flat at the bottom 

and the EGF concentration profile was modified as well. This boundary effect created the 

unexpected cell dynamics that we observed for the three secretion scenarios, uniform, at 

the back or at the front of the cell. 

We discovered that when only the tumor cells had non-uniform secretion, the 

invasion profile did not change that much. However, non-uniform secretion by the 
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macrophages changed the invasion profile significantly. Non-uniform EGF secretion by 

macrophages, whether at the front or at the back, delayed the invasion of tumor cells, but 

the mechanism for that delay was not the same (see Figure 4-15). In addition, secretion 

at the front increased the invasion rate of the macrophages while secretion at the back 

delayed it. 

It is very clear from our results that non-uniform secretion significantly affects 

invasion profiles. Therefore, it may be very important to include non-uniform secretion in 

simulations of biological systems. This holds true even for systems with thousands of 

interacting cells. It will be important to simulate the in vivo experiments with our model and 

explore how non-uniform secretion affects cell movements when the boundary conditions 

are different than no-flux.  

5.3.4 Other simulations with non-uniform scenarios 

Including secretion at the back to non-uniform gradient detection did not really 

enhance invasion except for a very narrow 8&)%*%)++ range (0.1-0.3 nM/min). I did not explore 

this scenario further.  

As mentioned earlier, including non-uniform receptor density did not change the 

invasion profile for any of the simulations. This was possibly because of the less than 

linear response of chemotaxis and secretion to ligand concentration, but also by the size 

of the cell. Doubling the cell size increased the cell invasion dramatically due to the ability 

of a larger cell to detect a signal further away from the bottom. However, including non-

uniform receptor density did not significantly alter the results, even though the cell was 

larger and thus the difference between the front and back was enhanced. It might be useful 

in future simulations to make the cells’ response to ligand concentration non-linear to see 

if non-uniform receptor density is important. 

5.4. Future enhancements 

There is a lot of work that needs to be done to explore how non-uniformity affects 

cell interactions, but the analysis we have done in this thesis can help us understand how 

the paracrine signaling works. The simulations also demonstrate how important boundary 

conditions are, and how non-uniform secretion can affect cell migration profiles in ways 

that are not obvious. My simulations also highlighted how in vitro simulation, with specific 
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boundary conditions, may give us different results. The observations from the in vitro 

experiments might be completely different from what happens in the in vivo experiments 

because of different boundary conditions. This was demonstrated in our simulation results 

with uniform secretion and non-uniform secretion at the back and front and how they 

differed. The macrophages could not invade without the tumor cell interactions because 

of the no-flux boundary condition that created a flat CSF-1 profile at the bottom boundary 

layer. In the in vitro simulations, the tumor cell–macrophage interactions increased the 

macrophages’ motion, which helped them get out of the boundary layer. With flux at the 

boundary or increased random motion, the macrophages did invade alone. 

I demonstrated that non-uniform gradient detection and non-uniform ligand 

secretion changed the invasion profile significantly and that non-uniform receptor density 

does not change it much. In my simulations, I separated the non-uniform receptor density 

distribution from the non-uniform gradient detection, so that I could explore each aspect 

separately. However, in biological systems most likely those two are intertwined. For 

instance, a higher density of ligand receptor at the front may be the reason why the cell 

has a biased gradient detection towards the front, and it is this biased gradient detection 

that helps the cell remain polarized and continue moving in the same direction. So, a 

biological cell with e.g., a high density of receptors at the front is very likely to have a 

biased gradient detection. 

A classical system to look at the effect of non-uniformity would be the cellular slime 

mold Dictyostelium discoideum. During their lifecycle, Dictyostelium discoideum cells 

aggregate towards a cAMP (cyclic adenosine monophosphate) signaling center to form a 

fruiting body. The cells both secrete cAMP and respond chemotactically to cAMP. 

Experiments have shown that Dictyostelium discoideum cells secrete cAMP from the back 

of the cells (W. Wang et al., 2018). This excitable cAMP system has been modeled 

extensively by a number of researchers (Dormann et al., 2002; Iglesias & Devreotes, 

2008; Marée et al., 1999; Palsson et al., 1997; Vasiev & Weijer, 2003) but none of them 

have looked at how the system of thousands of cells behaves if non-uniformities are 

introduced at the cell level. My code could easily be adapted to explore this system, and 

that is a future project.  

Another avenue of exploration is to simulate non-uniform secretion or gradient 

detection using different functional responses (linear, non-linear, exponential etc.). This 



107 

would show us whether the observations we presented here are general or depend on the 

exact form of the function we used. Our preliminary results suggest that we get the same 

qualitative change in invasion profile even when we use different functions, as long as 

those functions are qualitatively similar. After all, a biological cell’s exact response to a 

signal is most likely different from the functions we used and different cell types may have 

different responses as well. It is thus important to know if a general model can adequately 

represent a real-life cell. 

I began my research by exploring the impact non-uniformity at the individual cell 

level has on the EGF/CSF-1 paracrine signaling between tumor cells and macrophages 

in mammary tumors. This thesis does not directly address the invasion of tumor cells in 

breast cancer, but it lays the groundwork for further study of cancer cell interactions. I 

systematically simulated various scenarios with non-uniform ligand secretion, receptor 

density and gradient detection and learned a lot about the impact it can have on cell 

migration patterns. The results I present here are applicable to a number of other biological 

systems where cells secrete and chemotact towards ligand gradients. The simulations 

also demonstrate that non-uniformity at the cell level can be important on much larger 

macro scales and should be considered when modeling multicellular biological systems. 
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Appendix. Supplementary data 

In Chapter 4, I presented migration pattern results of simulations with non-uniform 

receptor membrane density, secretion and gradient detection as a function of the CSF-1 

secretion rate. Here, I show the results of simulations with different types of non-uniformity 

and for the uniform scenario as a function of five other parameters. The parameters were 

macrophage EGF secretion rate (8&)%,-%$.), macrophage CSF-1 gradient threshold (8"#$231(), 

tumor cell EGF gradient threshold (8"#$/01), tumor cell CSF-1 membrane degradation rate 

(84)4231(), and macrophage EGF membrane degradation rate (84)4/01 ). The default values of 

these parameters are shown in Table A 1. 

The simulations were the same as the simulations in Chapter 4, except that I varied a 

different parameter than 8&)%*EFGG. 630 macrophages and 270 tumor cells were plated at the 

bottom of a 900	μm*900	μm*750	μm domain. The simulation was run for 150,000 time 

steps (~62 hours). FG = 10	μm and FR = 0.025	min. A 20 nM CSF-1 source was placed 

at the top. All the simulation scenarios were repeated 20 times with a different random 

seed and the graphs show the average of those simulations. I also compared the uniform 

simulations with Knutsdottir et. al’s results (Knutsdottir et al., 2016). 

Table A 1 Default simulation parameters  

Parameters Description Value 
8&)%*%)++  Tumor cell CSF-1 secretion coefficient 0.1 nM	min5( 
8&)%,-%$. Macrophage EGF secretion coefficient 0.1 nM	min5( 
8"#$231( CSF-1 gradient threshold 2% 

8"#$/01  EGF gradient threshold 1% 
84)4231( CSF-1 degradation coefficient 0.04 min5( 
84)4/01  EGF degradation coefficient 0.02 min5( 

For all the simulations, only one of the parameters below is varied, while the value of all the other parameters were as 
listed in the table. 

A.1. Increasing EGF secretion coefficient 

Figure A 1 shows the average number of invasive tumor cells and macrophages 

that chemotacted towards the top with increasing 8&)%,-%$.. These results are repeatable as 

can be seen by the relatively small standard deviation. 
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For the uniform scenario when 8&)%4-%$. > 0.01, about 60% of the macrophages and 

about 60% of the tumor cells were marked as invasive (Figure A 1 black curves). The 

trend is the same as in Knutsdottir’s simulations (gray dotted curve) although slightly fewer 

tumor cells and macrophages invaded. Including a non-uniform gradient, increased 

invasion for both macrophages and tumor cells, while including non-uniform secretion 

reduced invasion for both cell types. Non-uniform receptor density had no impact. This is 

consistent with our findings in Chapter 4,Figure 4-18. 

 
Figure A 1 Percentage of invasive tumor cells and macrophages as a function 

of =678HI8JKfor different types of non-uniformity for (a) macrophages 
and (b) tumor cells 

Data show an average of 20 simulations with 900 cells with a ratio of 70% macrophage: 30% 
tumor cells. The parameters are based on Table 3-1 and Table 3-2. The simulation was run for 
150,000 timestep (~62 hours). The size of the grid is 900	μm*900	μm *750	8: and ./ = 10	
μm. A 20 nM CSF-1 source at the top. The gray dotted curve represents data from (Knutsdottir 
et al., 2016).  
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A.2. Increasing the gradient threshold for EGF and CSF-1 

Different cell lines have different ability to detect a flat gradient, and this would be 

reflected in a gradient threshold, below which the cell is unable to accurately determine 

the gradient. The parameters 8"#$231( and 8"#$/01represent this threshold for the macrophages 

and tumor cells, respectively. As 8"#$231( and 8"#$/01 are increased, the cell requires a steeper 

and steeper ligand gradient before it responds chemotactically. At high enough threshold 

value, the cell will not respond chemotactically at all, although it may respond chemically. 

I systematically increased the EGF gradient threshold (8"#$/01) in Figure A 2 and CSF-1 

gradient threshold (8"#$231() in Figure A 3. 

As the 8"#$/01 is increased, there is a drop in the number of invasive macrophages 

and an even more rapid drop in the number of tumor cells. This is as expected because 

increasing 8"#$/01 reduces the ability of the tumor cells to chemotactically respond and they 

do not migrate towards the macrophages. Because the macrophage-tumor cell interaction 

is needed for the macrophages to escape from the flat CSF-l gradient at the bottom, the 

macrophages do not migrate towards the CSF-l signal from the top. The nonzero number 

of invasive macrophages at high 8"#$/01 is solely due to random cell motion and none of the 

cells moved above 50 43 from the bottom. When non-uniform gradient detection was 

introduced, all the macrophages invaded regardless of the 8"#$/01 value. However, tumor 

cells did not invade at high 8"#$/01 as was previously found. Non-uniform secretion, as 

before, reduced the number of invasive macrophages and tumor cells.  

Varying 8"#$231( gave similar results but had a slightly different effect. Increasing 

8"#$231( led to a drop in the number of invasive cells. At very high 8"#$231( > 0.5, a significant 

number of both tumor cells and macrophages invaded (40%-60%). This was surprising 

because at 8"#$231( > 0.5 the macrophages should not be able to detect the CSF-1 gradient 

from the top. It was clear from the simulation movies that this was not due to random cell 

movements. Interestingly, the upwards movement of both the macrophages and tumor 

cells was driven by the tumor cells’ chemotaxis towards the macrophages. Essentially, as 

the tumor cell chemotacted towards a macrophage, it pushed the macrophage in front of 

it in the same direction that the tumor cell was moving. I verified this by setting 8"#$/01 = 1 

after 100,000 time steps and then continuing the simulation for another 50,000 timesteps. 

If 8"#$/01 is high, tumor cells cannot detect an EGF gradient. In the first 100,000 time steps 
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both cell types could be seen migrating towards the top with macrophages at the front 

pushed by the tumor cells. However, as soon as I set 8"#$/01 = 1, tumor cells no longer 

chemotacted towards macrophages. As a result, the directed upwards movement was 

halted. Including non-uniform gradient detection, increased the number of invasive cells, 

but the numbers still dropped rapidly with increasing 8"#$231(. Although our results are similar 

to Knutsdottir et.al.’s simulations (Knutsdottir et al., 2016), it is hard to compare directly 

because they plotted the absolute gradient threshold, rather than the relative gradient. 

In the figures we can see that sometimes there is an optimum for a given 

parameter, where the number of invasive cells is highest. This is clear in Figure A 3 where 

the highest number of invasive cells is at 8"#$231( = 0.01. In order to understand this, we can 

look at Figure A 3b. When 8"#$231( = 0.001 the macrophages detect the CSF-1 gradient from 

the source at the top much earlier than when 8"#$231( is larger. Therefore, many of the 

macrophages chemotaxis upwards before the tumor cell have gotten close and many 

tumor cells are lefts behind. For higher 8"#$231( (CSF-1 threshold), the macrophages 

chemotaxis upwards later giving more tumor cells the opportunity to follow them, and we 

see an increase in invasive tumor cells. The increase in number of invasive tumor cells 

enhances the invasion of macrophages due to the paracrine signaling (Figure A 3a). As 

the threshold is increased further 8"#$231( > 0.01 it becomes more difficult for the 

macrophages to detect the CSF-1 gradient and fewer macrophages invade and thus fewer 

tumor cells. At high 8"#$231( > 0.5 the macrophages can’t detect an upwards gradient, yet 

they still migrate upwards. This upwards movement is not driven by chemotaxis towards 

CSF-1, but instead by tumor cell chemotaxis towards the EGF secreted by the 

macrophages. This chemotaxis of the tumor cells towards EGF pushes the macrophages 

upwards. 
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Figure A 2 Percentage of invasive tumor cells and macrophages as a function 

of 	=LMJNOP	for different type of non-uniformity for (a) macrophages (b) 
tumor cell 

Data show an average of 30 simulations with 900 cells with a ratio of 70% macrophage: 
30% tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup was 
the same as in Figure A 1. 
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Figure A 3 Percentage of invasive tumor cells and macrophages as a function 

of 	=LMJQRPS	for different types of non-uniformity for (a) macrophages 
and (b) tumor cells 

Data show an average of 30 simulations with 900 cells with a ratio of 70% macrophage: 30% 
tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup was the same as 
in Figure A 1. 

A.3. Increasing EGF/CSF-1 membrane-bound degradation  

In our model, macrophages deplete CSF-1 with depletion coefficient 84)4231( and 

tumor cells deplete EGF with depletion coefficient 84)4/01  as mentioned in section 3.2.3. I 

ran simulations where I systematically increased 84)4231( in Figure A 4 and 84)4/01  in Figure 

A 5, to explore how local ligand depletion modified the invasion profiles. 

In Figure A 4, we can see that as 84)4231( is increased, the number of both invasive 

tumor cells and macrophages increased. This is because the depletion of CSF-1 by the 

macrophages sharpened the CSF-1 gradient from the top, especially at the bottom. When 

the CSF-1 gradient was sharper, close to the bottom, the macrophages could detect the 

gradient and migrate upwards towards the CSF-1 source. As before, the tumor cells then 



121 

followed the macrophages. If non-uniform gradient detection was included, the local 

depletion rate of CSF-1 did not have much effect. This is because, with non-uniform 

gradient detection, the macrophages can escape from the flat CSF-1 gradient at the 

bottom for low 84)4231(. Recall that 84)4231( is the local depletion rate, which means it only 

affected the CSF-1 depletion near the macrophages. Therefore, even when 84)4231( was 

high, the CSF-1 gradient pointing to the top was still present, and macrophages 

chemotacted towards the top. For really high 84)4231( many fewer tumor cells were able to 

follow the macrophages upwards. This was partially because the macrophages left the 

bottom layer sooner. Also, the macrophages did not detect the CSF-1 signal from the 

tumor cells and did not migrate towards the tumor cells. 

Figure A 5 shows that increasing the local EGF depletion coefficient 84)4/01  did not 

change the invasion profile much, except for high values of 84)4/01 . At 84)4/01 > 1/min the 

number of invasive cells begin to drop. This is because the local EGF depletion at the 

bottom was too fast, and it became more difficult for the tumor cells to detect the EGF 

gradient from the macrophages. As a result, the macrophage tumor cell interactions that 

were needed for the macrophages to escape did not happen. Not surprisingly, when the 

cells have non-uniform gradient detection, high 84)4/01  does not prevent the macrophages 

from migration out of the bottom zone. These trends were similar to results from 

(Knutsdottir et al., 2016). 
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Figure A 4 Percentage of invasive tumor cells and macrophages as a function 

of =T7TQRPS	for different types of non-uniformity for (a) macrophages 
and (b) tumor cells 

Data show an average of 30 simulations with 900 cells with a ratio of 70% macrophage: 30% 
tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup was the same as 
in Figure A 1. The gray dotted curve represents data from (Knutsdottir et al., 2016). 
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Figure A 5 Percentage of invasive tumor cells and macrophages as a function 

of =T7TNOP  for different types of non-uniformity for (a) macrophages 
and (b) tumor cells 

Data show an average of 30 simulations with 900 cells with a ratio of 70% macrophage: 30% 
tumor cells. The parameters are based on Table 3-1 and Table 3-2. The setup was the same as 
in Figure A 1. The gray dotted curve represents data from (Knutsdottir et al., 2016). 




