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Abstract

A consequence of air becoming increasingly less dense with altitude is that the vertical
displacement of air against gravity results in up and down oscillatory motion – much like the
restoring force of a spring trying to maintain its equilibrium. This gravity-driven buoyancy
effect is what sustains the vertical atmospheric motions known as gravity waves.

Just as density decreases with height, the atmosphere is also stratified in its other thermo-
dynamic properties. It becomes lower in pressure and generally cooler with height. When air
is displaced vertically, with respect to this stratification, it alters the local thermodynamic
state. Additionally, when moisture is included it can exist in either its vapour phase or as
suspended liquid water droplets, the latter of which defines the presence of cloud. Altering
the moist thermodynamic state can lead to the condensation and evaporation of water. In
this way, gravity waves can impact the formation and dynamics of cloud.

In this thesis, a simplified model is developed extending the classical Boussinesq approxi-
mation for gravity waves to include the effects of vapour-liquid phase change. The result is
a mathematical framework that couples the fluid dynamics of gravity waves to the thermo-
dynamics of moisture giving a theory that describes the geometrical evolution of cloud.

From this model a particular wave-cloud interaction is identified which has a gravity wave
trapped in the clear region below a cloud layer. This is commonly known as a waveguide or
wave duct. In this setting, vertical motions of the wave lead to the phase change of water
at the cloud-edge boundary resulting in a newly identified mechanism for wave propagation
on the edge of cloud.

This dynamical solution is constructed within the full physics numerical model “cm1.” This
represents a first analytically derived moist dynamical solution realized within a numerical
weather model. A quantitative comparison of the cm1 computed and approximate Boussi-
nesq solutions show a high degree of agreement in the dynamics. This validates that the
moist physics of cm1 are true to the Boussinesq dynamical analysis and illustrates that the
cloud-trapped wave-duct solution is achievable in idealized atmospheric conditions.

Keywords: Boussinesq Dynamics; Gravity Waves; Moist Phase Change; Cloud Dynamics;
Moist Numerical Benchmark; Ducted Wave
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Chapter 1

Introduction

1.1 Curious Cloud Formations and Their Evolution

There are several examples of atmospheric cloud whose dynamic behaviour goes beyond
that of simple advective transport or convective activity. Of specific interest in this work
are those dynamic behaviours that are linked to the vertical motion of air associated with
wave propagation.

One such example is that of a lenticular cloud shown in figures 1.1a (courtesy of Michael
May) and 1.1b (courtesy of Prof. Kerry Emanuel). These are stationary clouds that can form
over elevated topography, such as hills and mountains, when prevailing horizontal winds
carry air over the elevated terrain [15, 17]. As air parcels are carried up, water vapour
within these parcels can condense to form suspended liquid water droplets, creating cloud.
But, as these parcels move past the terrain and back down the liquid water evaporates and
the air becomes clear again. The result is a lenticular cloud that sits stationary above the
elevated terrain, yet, is embedded in the prevailing horizontal wind.

The considerably more curious case of a holepunch cloud is shown in figure 1.1c (courtesy
of Catherine Black). This formation is typically initiated via aircraft penetrating a thin cloud
layer. The opening of the hole happens gradually over a time scale of one to two hours. The
current leading explanation of Muraki et al. [23] is that the opening of the hole is driven
by the dissipation of cloud as a result of a propagating wavefront. The wavefront pushes
air at the cloud-edge downward, leading to evaporation of liquid water, and the continued
expansion of the hole. In this case, the horizontal motion of a cloud edge is linked to the
vertical motion of air without the need for a horizontal mean wind.

Cloud patterns of the undulatus variety are defined by patches, sheets, or layers that
display undulations [29]. Undulatus cloud can be seen in a relatively dense cloud layer in
figure 1.1d (courtesy of Caroline Kavanagh) and in a considerably less dense cloud layer
in figure 1.1c, adjacent to the holepunch. The presence of undulations naturally suggests
variations in the atmosphere characteristic of atmospheric wave propagation.
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The common theme among each of these cases is that the motion and existence of cloud
are not simply tied to transport by horizontal winds or directly to convective activity. In
particular, each of these cases have highlighted that vertical wave motions in the atmosphere
can play a significant role in the horizontal structure and motion of cloud.

This thesis aims to address the following three questions:

1. Can a general mathematical framework be developed, through a systematic model
reduction, to investigate the coupling of small-amplitude atmospheric wave motions
and the dynamics of cloud?

2. Can this framework be used to identify a particular cloud-edge dynamic that is not
simple advective transport?

3. Can this cloud-edge dynamic be constructed within a numerical weather model under
idealized atmospheric conditions?

There is no textbook-level theory for non-convective, non-precipitating cloud motion
from a fluid mechanical perspective. The first question aims to address whether such a theory
can be developed by a reduction of the model equations under reasonable assumptions.

The second question addresses whether this model can be used to identify a non-trivial
cloud-edge dynamic, through the construction of a particular solution. In particular, can it
be used to identify a phenomenon that resembles what is observed in the real atmosphere?

Finally, there is not much in the way of observational data or atmospheric case studies at
the scale of cloud-edge motion. One way to investigate whether the identified phenomenon
could be observed in the atmosphere is to construct it in a numerical weather model. The
third question aims to illustrate that the full-physics environment supports the existence of
the identified phenomenon and, by extension, make the claim that it could be observable
in the atmosphere.

In addressing the third question the aim is to transition from the perspective of clas-
sical Applied Mathematics into the perspective of Mathematical Science by demonstrating
that the identified dynamics can be brought from theory into a computational atmospheric
simulation.

1.2 Stratified Fluid Flow and Moist Phase Change

To understand wave dynamics in the atmosphere it must first be understood that the
atmosphere is density stratified. From the surface of the earth, air becomes progressively
less dense with increasing altitude. The dynamical consequence of this density stratification
is that when air is displaced vertically there is a buoyancy force, due to gravity, that points
in the direction of equilibrium. This restoring force sustains wave dynamics known as gravity
waves and they are ubiquitous within the atmosphere. The particular focus in this thesis is
the effects of gravity wave motions on the geometric shape and dynamics of cloud.
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(a)

(b) (c)

(d)

Figure 1.1: (a) Lenticular clouds over Crestone Peak San Luis Valley, CO (photo credit: Mike
May) (b) Lenticular cloud in Antarctica (photo credit: Kerry Emanuel). (c) Holepunch over
Simon Fraser University (photo credit: Catherine Black). (d) Undulatus cloud in Burnaby,
BC (Photo Credit: Caroline Kavanagh)

3



The air in the atmosphere contains both “dry air” and water. The combination of the
two is referred to as moist air. For the purposes of this thesis, water can exist in either its
vapour or liquid phase, liquid is assumed to remain as suspended liquid water droplets, with
no precipitation, and the ice phase neglected. The presence of liquid defines the existence
of cloud, and the cloud-edge boundary is the location where liquid water ceases to exist.

Just as the atmospheric density varies with height so do the other thermodynamic
variables (pressure, temperature, etc.). As a result, when a parcel of moist air is moved
vertically the parcel must adjust to a new thermodynamic equilibrium. Depending on the
conditions, this adjustment can lead to a phase change of water between vapour and liquid.
The motion of a cloud edge can now be identified as a dynamic interface of phase change.
The change in the thermodynamic state of air parcels as they move vertically inherently
couples gravity wave motions to the dynamic evolution of cloud geometry.

The dynamics of stratified atmospheric flow are, in general, modelled using the compress-
ible inviscid fluid equations. In the presence of moist phase change, dynamical equations
are added to capture the evolving thermodynamic state. The system is closed with a consti-
tutive relation that includes the thermodynamic theory for moist phase change. Together,
these form a complex system of nonlinear equations that includes the effects of both gravity
and sound waves. Generally speaking, computational methods and simulations are required
to interpret the dynamics implied by the equations in this form. The construction of exact
solutions – except for dynamically trivial ones – without further simplification is unlikely
given this degree of complexity. If an analytical model analysis for the interaction of grav-
ity waves and clouds is to be conducted, further simplification of the model equations is
required.

1.3 Cloud Boussinesq Theory

In the case of dry atmospheric flow, equations describing the linear theory of small amplitude
gravity waves are obtained through the classical Boussinesq scaling theory. A detailed review
of this theory will be provided in Chapter 2. Dry Boussinesq equation sets have been used
extensively over the years to model the dynamics of gravity waves and many analytical
solutions exist, such as those presented in Sutherland [27].

One component of this thesis work extends the ideas of classical Boussinesq theory to
include the effects of moist phase change using a rigorous scale analysis [21]. In the cloud
Boussinesq theory the objective is a minimum mathematical framework containing linear
gravity wave motions and the effects of moist phase change.

Within this moist theory, a set of model equations that captures the interaction of small
amplitude gravity waves and the dynamics of cloud is obtained. The result is a piecewise-
linear, two-fluid model of clear and cloudy air. The buoyancy force is coupled to the effects
of moist phase change through the release of latent heat. This results in a piecewise-defined
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buoyancy term that depends on whether conditions are clear or cloud. The geometry of the
cloud is captured by the liquid-water field that is a diagnostic variable of the thermodynamic
state. The cloud edge is given by the zero-contour of this liquid water field and represents the
free-boundary separating clear and cloudy air. The presence of a free-boundary introduces
a nonlinearity due to the dynamically changing geometry.

This theory provides a mathematical framework in which analysis of the dynamical
coupling of gravity waves and moist phase change can be studied. Chapter 2 of this thesis
is dedicated to the ideas and derivation of the cloud Boussinesq model equations.

1.4 Particular Solution of the Cloud Boussinesq Model

It is a known result that a discontinuity in atmospheric stratification can lead to a wave-
guide environment for gravity waves, that traps wave energy, and leads to a horizontally
propagating wave [13]. Using dry Boussinesq theory, waveguide solutions of this type can
be constructed at the level of a textbook presentation such as those found in the books by
Nappo [24] and Sutherland [27].

In Chapter 3, a moist analogue is constructed within the cloud Boussinesq framework
where the presence of cloud naturally introduces a discontinuity in stratification. Begin-
ning from standard textbook techniques a gravity-waveguide solution is constructed. When
moisture is included, the vertical motion of gravity waves is coupled to the evaporation and
condensation of cloud water. The result is a non-trivial travelling wave, propagating on the
cloud edge, with the induced cloud geometry resembling that of the undulatus clouds found
in figure 1.1c and 1.1d.

This idealized approximate solution identifies a dynamic that is potentially observable
in the real atmosphere. The next objective is to investigate this by constructing this solution
in the full-physics numerical weather model cm1.

1.5 Construction Within the cm1 Numerical Model

The cm1 model and the cloud Boussinesq model are two different perspectives on the
same dynamical core. The cm1 model is a full-physics, numerical weather model designed
for idealized simulation of real atmospheric phenomena. The cloud Boussinesq model is
a limiting asymptotic scaling theory designed for mathematical analysis. The two models
are independent in their design but the dynamics of cloud Boussinesq should be contained
within the dynamics of cm1. In constructing the cloud Boussinesq solution in cm1 the
objective is to configure cm1 to run as close to the cloud Boussinesq framework as possible.
The details involved in the design is the topic of Chapter 4.

The construction of the gravity-waveguide solution in cm1 serves two independent pur-
poses:
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1. Demonstrates that the waveguide mode of cloud Boussinesq theory has a counterpart
in an idealized atmosphere

2. Provides an analytical benchmark problem, derived through dynamical analysis, for
moist atmospheric numerical models

Touched on already, the first objective is an effort to illustrate that the cloud-ducted
gravity wave of cloud Boussinesq is a phenomenon that could be observed in the real atmo-
sphere. In the absence of observational data little can be said about the exact mechanisms
behind what is actually seen. However, illustrating that the cloud-ducted gravity wave can
be constructed in a numerical weather model gives good reason to believe that it could be
observable in the real atmosphere.

The second objective is to use the cloud Boussinesq solution as a benchmark example for
moist numerical models. To the best of the author’s knowledge, the solution of Chapter 3 is
a first analytical solution with non-trivial, cloud-edge motion. In particular, it is a limiting
solution to a controlled asymptotic theory. In the limit of small control parameters, the
cloud Boussinesq solution becomes a better approximation of the full-physics dynamics. The
quantifiable decrease in the error, as the control parameters decrease, provides validation
of a numerical models moist dynamics in the Boussinesq limit. In Chapter 5 a quantitative
analysis of the agreement between the cm1 computations and the cloud Boussinesq solution
is conducted.
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Chapter 2

A Theory for Boussinesq Dynamics
and Moist Phase Change

2.1 Introduction

The foundation for the work in this thesis is the development of the cloud Boussinesq model
by the Muraki research group at Simon Fraser University [21]. The focus of this Chapter
is to introduce the classical Boussinesq theory and to extend this to include the effects of
moist phase change between vapour and liquid water. The result is the cloud Boussinesq
model.

Classical Boussinesq theory is a scale analysis based reduction of the inviscid fluid equa-
tions for small perturbations to a time-steady and horizontally-uniform hydrostatic back-
ground field. In particular, the background fields are assumed slowly-varying with respect to
the height scale of the dynamics. The principle behind Boussinesq theory is to derive a set
of equations that exploits both the weak background gradients and the resulting smallness
of the perturbations. The result is a linear incompressible equation set that describes the
dynamics of small amplitude gravity waves [27].

The cloud Boussinesq model is an extension to classical Boussinesq theory that includes
the effects of moist phase change between water vapour and liquid water. The model is lin-
earized about a background atmosphere that is slowly-varying, hydrostatic, and everywhere
at critical saturation (100% humidity). The linearization about a critically-saturated state
links small-displacement fluid mechanics to the theory of moist phase change at leading or-
der. The dynamics are assumed to be non-precipitating and adiabatic. The thermodynamic
theory is linearized and simplified by a small mixing ratio approximation which leverages
the smallness of the total-water mixing ratio in the moist thermodynamic theory.

The resultant model is a two-fluid system where moist air is considered either clear (no
liquid) or cloud (positive liquid) and liquid water is assumed to remain as suspended droplets
with no precipitation. The cloud edge is defined as the interface between the two fluids and
its motion is determined by the adiabatic advection of the thermodynamic state variables
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total water and a reduced liquid-water potential temperature. Phase change is coupled to the
dynamical motions through the latent heat release which impacts the buoyancy response in
cloudy conditions. The inclusion of dynamical moist phase change in the classical Boussinesq
theory provides a mathematical framework to examine the coupling of gravity wave motions
with the dynamics of moving cloud edges.

The remainder of this Chapter will focus on developing the Boussinesq theory and is laid
out as follows. First, in section 2.2 a detailed introduction to classical dry Boussinesq theory
is given where the perspective on Boussinesq adopted in this thesis will be presented. There is
sufficient overlap, in the derivation of the dry and cloud theories, that the analysis of the dry
theory will be leveraged off considerably in the presentation of the cloud. In section 2.3 an
overview of the cloud Boussinesq model equations is given. In section 2.4 the thermodynamic
theory and small mixing ratio approximation will be introduced. Section 2.5 will introduce
the dynamical equations for the thermodynamic state variables and section 2.6 will derive
the cloud Boussinesq model leveraging off the analysis presented for the dry theory. The
final sections will discuss some additional components relevant to later Chapters in the
thesis.

2.2 Dry Boussinesq Theory

In general, the approach taken to obtain the Boussinesq equations is not unique and there
exist several subtle variations on the Boussinesq idea [21]. Three common properties however
can be identified within the Boussinesq theme:

1. The contribution of the dynamical variations in density and the contribution of the
background density gradient are ignored in the conservation of mass resulting in an
incompressible equation set.

2. The contribution of density variations to the momentum equation happen exclusively
through the impact on buoyancy.

3. The dynamic perturbations of the thermodynamic state variables are driven by the
vertical advection of their background fields.

Many standard presentations of Boussinesq theory can be found in textbooks each with
its own flavour and various levels of rigour [12, 17, 24, 27, 28]. The approach to Boussinesq
dynamics in this thesis is to conduct a rigorous scale analysis that relies solely on the
assumption of slowly-varying background quantities to arrive at the Boussinesq equations.
The result is a Boussinesq approximation where the errors are controlled and are quantified
in terms of the ratio of the dynamical height scale to the pressure scale height of the
background atmosphere.

The departure point for the dry Boussinesq dynamics is the inviscid and non-rotating
fluid equations with adiabatic dynamics. This is an equation set for the fluid velocity ~u(~x, t),
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the density ρ(~x, t), pressure p(~x, t), and potential temperature θ(~x, t) which can be consid-
ered in either two or three dimensions:

D

Dt
log

(
ρ

ρ0

)
+∇ · ~u = 0, (2.1a)

D~u

Dt
=−RdT∇ log

(
p

p0

)
− gẑ, (2.1b)

D

Dt
log

(
θ

T0

)
= 0 (2.1c)

where ρ0, p0 and T0 correspond to reference values defined below. The density ρ(~x, t) in the
momentum equation (2.1b) has been replaced with temperature T (~x, t), using the ideal gas
law, which has the advantage of introducing a gradient of log pressure and will characterize
the buoyancy force in terms of temperature. Adiabatic dynamics refers to the total entropy
of the system being conserved. Equation (2.1c) says that the potential temperature θ(~x, t)
is simply advected and follows from the adiabatic assumption [14]. The system is closed by
including the thermodynamic state relations:

log
(
θ

T0

)
= log

(
T

T0

)
− Rd
cpd

log
(
p

p0

)
, (2.2a)

p = ρRdT. (2.2b)

Equation (2.2a) is the definition of potential temperature and (2.2b) is the ideal gas law.
The constant Rd is the dry air gas constant and cpd

is the specific heat capacity at con-
stant pressure for dry air. Together, equations (2.2a) and (2.2b) define a thermodynamic
constitutive law linking the temperature and density in equations (2.1) to the pressure and
potential temperature.

The approach taken here follows the theme of Batchelor [2] where dynamics are modelled
as perturbations in a relative sense, preserving the meaning of small perturbations over
large variations in the background. This allows for deep domain dynamics provided the
background is slowly-varying relative to the height scale of the dynamics. Dimensionless
forms of pressure, temperature, and potential temperature are introduced with the dynamics
modelled perturbations to a time-independent horizontally-uniform background

p

p0
= p̄(z)(1 + p̃(~x, t)), (2.3a)

T

T0
= T̄ (z)(1 + T̃ (~x, t)), (2.3b)

θ

T0
= θ̄(z)(1 + θ̃(~x, t)), (2.3c)

where p̃, T̃ , and θ̃ are all o(1). The reference values p0 and T0 are defined at some height z0

where the dimensionless background profiles, indicated by a bar, are normalized to one.
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2.2.1 Background Atmosphere

The background atmosphere is in hydrostatic balance satisfying

d log (p̄)
dz

= − 1
Hp

1
T̄

(2.4)

where the dry pressure scale height has been introduced Hp = RdT0
g ≈ 8km for moderate

values of T0. By introducing a characteristic scale for the vertical coordinate

z = Hz′ (2.5)

the hydrostatic relation (2.4) can be expressed in dimensionless coordinates as

d log (p̄)
dz′

= −εb
1
T̄

(2.6)

where εb = H
Hp
. The εb explicitly characterizes the slowly-varying nature of the background

pressure field and requires that εb = o(1). This implies that the height scale H should satisfy
H � HP .

The temperature lapse rate is introduced in the dimensionless coordinate as

dT̄

dz′
= −εaΓ̄ (2.7)

where εa = H
HT
. The value HT defines a thermodynamic height scale about 3.5 times

larger than Hp and is defined as HT = cpd
Rd
Hp. The dimensional scale for Γ̄ is given by

g
cpd
≈ 9.8Kkm−1.

The background potential temperature is given by differentiating (2.2a) to give

d log
(
θ̄
)

dz′
= εa

(
1− Γ̄
T̄

)
= εaN̄

2

(2.8)

where N̄2 is the scaled Brunt-Väisälä frequency squared whose dimensional scale is g2

cpd
T0

and has a value of approximately 3.3 · 10−4s−2 at 288K. Equation (2.8) relates the dry
dimensionless Brunt-Väisälä frequency to the dimensionless temperature lapse rate. A neu-
trally buoyant atmosphere corresponds to a value of Γ̄ = 1 and a dimensional Γ equal to
that of the dry adiabatic lapse rate [4, p. 109-114],[12, p. 131]. An unstable atmosphere is
characterized by Γ̄ > 1 while Γ̄ < 1 corresponds to a stable atmosphere. A value of Γ̄ < 0
corresponds to a temperature inversion. It will be assumed for the remainder of this thesis
that N̄2 is approximately O (1) and that T̄ remains O (1) over the depth of the domain.
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Note that for the specific analysis conducted in subsequent Chapters the value of N̄2 is
around 0.6.

2.2.2 Conservation of Momentum

Characteristic scales for time and velocity are introduced while the spatial coordinates scale
as in (2.5)

~x = H~x ′, t = τt′, ~u = U~u ′. (2.9)

The superscript ′ indicates scaled O (1) variables. The advective derivative expressed in
dimensionless coordinates becomes

D

Dt
= 1
τ

(
∂

∂t′
+ µ(~u ′ · ∇′)

)
= 1
τ

D

Dt′
(2.10)

where µ = Uτ
H is a dimensionless scale characterizing the contribution of the nonlinear

advection. For flow problems where µ� 1 the nonlinear term can be ignored.
Upon substitution of the perturbations, defined by (2.3), and the inclusion of the char-

acteristic scales, the momentum equation (2.1b) becomes exactly

UH

τRdT0

D~u ′

Dt′
= − T

T0
∇′ log(1 + p̃) + H

Hp
T̃ ẑ (2.11)

where (2.6) has been used to remove the hydrostatic background terms. The balance of the
pressure gradient and buoyancy terms with the velocity advection term reveals the scales
for both temperature and pressure to be

T̃ =
(
UHp

τRdT0

)
T ′, (2.12)

log(1 + p̃) =
(
εb
UHp

τRdT0

)
p′

T̄
. (2.13)

where the primes are used to indicate scaled perturbations. It is now apparent that for
a slowly-varying background pressure-field, the pressure perturbation p̃ scales an order εb
smaller than the temperature field T̃ . This is a key result that carries over to the moist
theory and leads to pressure contributions being negligible in the determination of the ther-
modynamic state. This result will exploited in Chapter 4 for setting up the benchmarking
experiments in cm1.

The scaling of the momentum equation will be completed once the time-scale τ has been
defined from the adiabatic advection of potential temperature in the next section.
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2.2.3 Thermodynamic Advection

Substituting the perturbation form of potential temperature defined in (2.3) into the poten-
tial temperature equation (2.1c) and using the potential temperature background equation
(2.8) yields

Dθ̃

Dt′
+ µεaN̄

2w′ = O
(
θ̃ 2
)

(2.14)

where the log(1+ θ̃) term has been linearized and w′ corresponds to the vertical component
of the velocity field ~u ′. The scale for potential temperature is revealed through the balance
of the advective derivative with the vertical advection of the background

θ̃ = µεaθ
′. (2.15)

With the potential temperature scale defined, the timescale τ is revealed through the def-
inition of potential temperature (2.2a). Cancelling out the background quantities, the per-
turbations must satisfy

log(1 + θ̃)− log(1 + T̃ ) = −Rd
cpd

log(1 + p̃) (2.16)

= O
(
εaT̃

)
.

The pressure term can be neglected by the assumption that εa � 1. Temperature and
potential temperature scale identically and equating their scales defined in (2.12) and (2.15)
the time-scale τ is revealed as

τ =
√
cpd
T0

g
. (2.17)

This reveals the scales of the thermodynamic variables to be

T̃ , θ̃, ρ̃ = O (εaµ) ,

p̃ = O (εbεaµ) .
(2.18)

Linearizing the log terms in equation (2.16) gives

θ′ − T ′ = O (εa) +O (εaµ) . (2.19)

Neglecting the contributions of pressure in the above equation (2.19) contributes an error
term that is O (εa) while the linearization contributes an error of O (εaµ) .
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2.2.4 Conservation of Momentum Revisited

Returning now to the conservation of momentum, using the scales for pressure and temper-
ature defined in (2.12) and (2.13) the momentum equation (2.11) has the unapproximated
form

D~u ′

Dt′
= −T̄ (1 + T̃ )∇′ p

′

T̄
+ T ′ẑ. (2.20)

Neglecting the T̃ term in the above equation introduces another error of O (εaµ) . The
coefficient T̄ (z′) can be brought inside the gradient of pressure at the expense of introducing
an error at the order of εa giving

D~u ′

Dt′
= −∇′p′ + T ′ẑ +O (εa) ẑ +O (εaµ) . (2.21)

Equations (2.19) and (2.21) when combined with the scaled potential temperature equation
from (2.14)

Dθ′

Dt′
+ N̄2w′ = O (εaµ) , (2.22)

make up three of four equations of the dry Boussinesq theory. All that remains is the
conservation of mass.

2.2.5 Conservation of Mass

Introducing a density perturbation analogous to those defined in (2.3) and the characteristic
scales for length, time, and velocity the conservation of mass equation defined in (2.1) can
be expressed as

1
µ

D log(1 + ρ̃)
Dt′

+ d log(ρ̄)
dz′

w′ +∇′ · ~u ′ = 0. (2.23)

Using the ideal gas law (2.2b) the advective derivative in (2.23) becomes

1
µ

D log(1 + ρ̃)
Dt′

= 1
µ

(
D log(1 + p̃)

Dt′
− DT̃

Dt′
+O

(
T̃ 2
))

= εbεa
D

Dt′

(
p′

T̄

)
+ εaN̄

2w′ +O
(
ε2a

)
+O

(
ε2aµ

)
(2.24)

where the order O
(
ε2a
)
and O

(
ε2aµ

)
error terms come from using equation (2.14) to replace

the material derivative of T̃ and the linearization of log(1+T̃ ) respectively. These error terms
are of a higher order than those considered to this point and of negligible contribution in the
mass conservation equation. They are included above only to indicate that an approximation
has been made. They will be dropped from here on.
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Using the ideal gas law (2.2b) the derivative of the background density can be determined
to be

d log(ρ̄)
dz′

= d log(p̄)
dz′

− d log(T̄ )
dz′

= −εb
T̄

(
1− Rd

cpd

Γ̄
)

= O (εb) .
(2.25)

The smallness of the ratio Rd
cpd

and that Γ̄ < 1 for a stable non-neutral atmosphere preserves

the quantity
(
1− Rd

cpd
Γ̄
)
as O (1) . This indicates that the log derivative of density scales

similar to pressure at O (εb) .
Substituting back into the conservation of mass equation gives the following expression

εbεa
D

Dt′

(
p′

T̄

)
+ εaN̄

2w′ + d log(ρ̄)
dz′

w′ +∇′ · ~u ′ = 0. (2.26)

A few points of note for the above conservation of mass equation (2.26)

1. The time-derivative term that generates acoustic modes is the smallest at O (εbεa) . A
consequence of this is that in the compressible cm1 model simulations of Chapter 5
the amplitude of acoustic modes can be observed to scale with

(
H
Hp

)2
.

2. If the terms containing εa are considered negligible while the terms that contain εb are
considered significant the familiar anelastic form of the mass conservation equation is
recovered ∇′ · (ρ̄~u ′).

3. If the terms containing εa and εb are considered negligible the familiar incompressible
mass continuity equation is recovered ∇′ · ~u ′ which corresponds to the Boussinesq
limit.

2.2.6 The Dry Boussinesq Equation Set

The dry Boussinesq equation set is summarized as follows:

∇′ · ~u ′ = 0, (2.27a)
D~u ′

Dt′
= −∇′p′ + T ′ẑ, (2.27b)

Dθ′

Dt′
+ N̄2w′ = 0, (2.27c)

T ′ = θ′. (2.27d)

In the derivation of these equations, three scales were introduced εb, εa, and µ where εb > εa.

The limit of negligible εa recovers an anelastic like equation set while the limit of negligible εb
recovers the sought-after dry Boussinesq equations. The µ scale characterizes the strength of
the advective nonlinearities defined in (2.10). All variables and coordinates have been scaled
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to O (1) where the relations to the true dimensional variables are given by the perturbation
definitions in (2.3) and the scales for each variable are defined in (2.18).

Each of the errors introduced has been carefully accounted for and are all of order εb,
εa, or εaµ. The largest error source comes from the conservation of mass which contains the
only neglected term of order εb. In this way the above presented dry Boussinesq equations
(2.27) represent a controlled approximation since each of the errors made are of quantifiable
scales.

Solutions can be constructed relative to a dimensional background that corresponds to
an O (1) value of N̄2. The values of T0 and p0 are taken from the dimensional background at
some height z0, normalizing the background bar variables to one at that height. Solutions
to the above-scaled Boussinesq equations (2.27) then correspond to dimensional solutions
for any chosen height scale H which gives dimensional solutions with Boussinesq error of
at most O (εb) . The value for the characteristic U scale can be set by a desired µ value. In
this way, dimensional Boussinesq solutions can be constructed with errors controlled by the
height scale H.

The remainder of this Chapter will focus on extending the dry Boussinesq theory to
include the effects of moist phase change. A small mixing ratio reduced thermodynamic
theory is used which causes the dynamics of moist but unsaturated air to be equivalent to
the dry theory presented here. The inclusion of moist phase change in this small mixing
ratio thermodynamic theory is reduced to characterizing Boussinesq dynamics in the region
containing liquid water and moist phase change. This leads to a switch in the buoyancy
response term T ′ that includes the effects of latent heat for liquid-vapour phase changes.

2.3 The Cloud Boussinesq Model

This section presents the governing equations for the cloud Boussinesq theory, the key
aspects of the model, and its similarity to the dry theory. The derivation of the governing
equations (2.28) through (2.31) will proceed in the subsequent sections of this Chapter.

The cloud Boussinesq theory developed in [21] is a dynamical scaling theory, analogous
to the dry theory in section 2.2, that has been extended to include the effects of moist
phase change. The variables mirror those of the dry theory with the potential temperature
θ replaced by a liquid-water potential temperature θl. This liquid-water potential temper-
ature accounts for the entropy contributions of liquid water and is explicitly defined in
section 2.4.1. The total-water mixing ratio rT has been introduced as the extra variable to
track the thermodynamic state in the presence of moisture. The total-water mixing ratio is
a measure for the total water content and is the sum of the vapour and liquid-water mixing
ratios rv and rl which are formally defined in section 2.4.
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The dynamical equations resemble those of the dry equations (2.27) and are given by

∇′ · ~u ′ = 0, (2.28a)
D~u ′

Dt′
=−∇′p′ + T ′ẑ, (2.28b)

Dθ ′l
Dt′

+ N̄2w′= 0, (2.28c)

Dr ′T
Dt′
− R̄w′ = 0. (2.28d)

The primes indicate perturbation variables that are dimensionless and scaled to be O (1) .
The relationship to the full dimensional variables carries over from the dry and will be
discussed in section 2.6. The dimensionless advective derivative is defined as in (2.10).
Both N̄2 and R̄ are discussed in section 2.6.1 and correspond to scaled and dimensionless
background gradients of θl and rT respectively.

The cloud Boussinesq equations (2.28) contain the three key characteristics of a Boussi-
nesq flow outlined in section 2.2:

1. The flow contains no sound waves indicated by equation (2.28a).

2. The flow is driven by the buoyancy term T ′ in equation (2.28b).

3. The thermodynamic variables are driven by the vertical advection of their background
quantities shown in equations (2.28c) and (2.28d).

Dynamically speaking there are two fundamental differences between the dry and cloud
theories:

4. The cloud theory is a two-fluid system for clear air and cloud separated by a free-
boundary cloud edge. The presence of cloud is indicated by positive liquid water
content measured by r ′l > 0.

5. The buoyancy response T ′ depends on whether conditions are clear or cloudy.

The location of the free-boundary cloud edge is a function of the thermodynamic vari-
ables θ ′l and r ′T and is indicated by the zero contour of the liquid-water function. The
liquid-water function will be derived later in section 2.6.2 and is given by

`(θ ′l , r ′T ; z′) = 1
1 + Λ̄(z′)

(
r ′T −

1
T̄
θ ′l

)
. (2.29)

The function Λ̄(z′) represents a dimensionless latent heat quantity and is also defined in
section 2.6.2. Due to the dependence of the cloud location on the solution variables the
cloud Boussinesq equations represent a free-boundary model for the interaction of gravity
waves and cloud edges. The presence of the free-boundary represents a nonlinearity in the
dynamics despite the model equations being piecewise linear.
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The equation for the perturbation temperature T ′ is derived in section 2.6.2 and is given
by the linearized relation

T ′
(
θ ′l , r

′
T ; z′

)
= θ ′l + Λ̄(z′)T̄ (z′)r ′l (2.30)

where the perturbation liquid water mixing ratio r ′l is determined from the liquid-water
function (2.29) and is given by

r ′l =

`, ` > 0

0, ` ≤ 0
. (2.31)

In the absence of liquid-water the r ′T equation (2.28d) decouples from the system and the
theory reduces exactly to the dry Boussinesq dynamics (2.27). The liquid water contribution
to the buoyancy comes from the effects latent heat characterized by Λ̄(z′).

The departure point for the cloud Boussinesq scale analysis is the inviscid and non-
rotating fluid equations (2.1a) and (2.1b). These are combined with two conservation equa-
tions for a liquid-water potential temperature and the total water content. Together, the
pressure, liquid-water potential temperature, and total water content describe the dynamics
of the thermodynamic state. The system is closed by the inclusion of the thermodynamic
relations that determine the diagnostic variables temperature, T, and liquid water content,
rl. The next section will introduce this thermodynamic theory.

2.4 Moist Thermodynamic Principles

The goal of this section is to introduce the necessary thermodynamics to establish the
variables p, θl, and rT as a set of thermodynamic state variables for moist flow. The ther-
modynamic state variables can be thought of as a set of coordinates for the thermodynamic
state [32]. Provided the coordinates are known, the state of the system is completely de-
fined, and all other thermodynamic variables, such as T and rl, are known. The relations
defined in this section form the basis for the linearized relations (2.30) and (2.29).

The variables p, θl, and rT is a natural choice for the state variables. The pressure is
both a thermodynamic and fluid mechanical variable that appears in the momentum equa-
tion. The liquid-water potential temperature θl is simply advected through the assumption
adiabatic dynamics and the total-water variable is simply advected in the absence of pre-
cipitation.

The thermodynamic theory presented here follows in the footsteps of Emanuel [12], Irib-
arne and Godson [18], and Rogers and Yau [30] where liquid water is assumed to remain
as suspended droplets and is considered a component of a dry air, water vapour, and liq-
uid water mixture. Water is permitted to change phase between liquid and vapour only,
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neglecting the ice phase, with no precipitation. Thus, the total water in the system remains
fixed and is a simply-advected quantity.

The amount of water in the system is measured using mixing ratios that are defined as
the mass fraction of vapour and liquid relative to dry air

rv = ρv
ρd
, rl = ρl

ρd
. (2.32)

The total-water mixing ratio is given by the sum of the two constituent mixing ratios

rT = rv + rl. (2.33)

The atmosphere is treated as a composite mixture of two ideal gases, dry air and water
vapour [30]. Each component has its own ideal gas law

pd = ρdRdT, e = ρvRvT, (2.34)

where e represents the partial pressure of water vapour. Dalton’s law of partial pressures
(p = pd + e) gives a composite ideal gas law

p = ρ

(
Rd + rvRv

1 + rT

)
T = ρRmT (2.35)

where the effective gas constant of moist air Rm has been introduced [12, p. 111]. The total
specific entropy, normalized on the mass of dry air, for moist air containing liquid is given
by [12, p. 119]

s = sd + rvsv + rlsl. (2.36)

with the constituent dry air and vapour entropies given by

sd − sd0 = cpd
log

(
T

T0

)
−Rd log

(
pd
p0

)
, (2.37)

sv − sv0 = cpv log
(
T

T0

)
−Rd log

(
e

p0

)
. (2.38)

The liquid-water specific entropy sl can be expressed in terms of the latent heat as

sl = s∗v −
lv
T

(2.39)

where s∗v is the specific entropy of vapour at saturation [12]. When liquid water is present
in the system sv = s∗v and (2.39) can be substituted into (2.36) to give

s = sd + rTsv − rl
lv
T

(2.40)
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which is equivalent to the definition (2.36).
Equations (2.33), (2.34), (2.37), (2.38), and (2.40) represent a set of six equations in

ten thermodynamic variables. The three thermodynamic coordinates and seven intermedi-
aries. One additional relation is required to define the thermodynamic state in terms of the
thermodynamic coordinates. The final relation depends on whether conditions are clear (no
liquid) or cloudy (positive liquid). For clear conditions

rl ≡ 0, (2.41)

and it follows that rT = rv. For cloudy conditions the vapour pressure e is a physically
defined function of temperature called the saturation vapour pressure

e = e∗(T ). (2.42)

The saturation vapour pressure is defined by the Clausius-Clapeyron relation which to a
good approximation gives the equation [12]

d

dT
log

(
e∗

e0

)
= lv
RvT 2 . (2.43)

The following section will introduce the small mixing ratio approximation. This approx-
imation, as the name implies, will leverage the smallness of the mixing ratio values. This
gives considerable simplification to the above set of thermodynamic relations defining the
moist constitutive law.

2.4.1 Small Mixing Ratio Approximation

The small mixing ratio approximation takes advantage of the fact that the total-water
mixing ratio is considerably less than O (1) . Representative values for rT can be found in
saturation tables [18, p. 274] with rT ≈ .028 at 303K, as small .0038 at 273K, and 105Pa.

Following the arguments of [18] a series of small mixing ratio (SMR) approximations
are made. First in equation (2.35) the moist gas variable Rm is approximated by the dry
gas constant Rd reducing the composite ideal gas law to

p = ρRdT. (2.44)

Using the identity ρv = ρ
(

rv
1+rT

)
the dry air and and vapour ideal gas laws reduce to

pd = ρRdT, (2.45)

e = ρrvRvT = rv
Rv
Rd

p, (2.46)
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where it is now apparent, from equations (2.44) and (2.45), that under the SMR approxima-
tion p = pd. From (2.46) the vapour pressure e contributes at O (rv) to the total pressure.
The statement p = pd is therefore consistent with an SMR reduction of Dalton’s law.

The SMR reduced specific entropy (2.40) reduces to

s = sd − rl
lv
T

(2.47)

where the magnitude of the lv parameter maintains the contribution of rl. The SMR reduced
liquid-water potential temperature is then defined as

cpd
log

(
θl
T0

)
= cpd

log
(
T

T0

)
−Rd log

(
p

p0

)
− rl

lv
T
. (2.48)

This approximate definition of liquid-water potential temperature can also be found in [9]
and is said to be an approximately conserved variable that retains the essential physics of
a saturated adiabatic process.

Equations (2.33), (2.44), (2.46), and (2.48) together with (2.41) or (2.42) form a complete
set of thermodynamic relations. These relations completely define the thermodynamic state
for the cloud Boussinesq model in terms of the thermodynamic coordinates p, θl, and rT .

In principle the relations for the diagnostic variables T and rl have been defined. It can
be noted that when no liquid water is present i.e. rl = 0 and rT = rv the thermodynamic
relations reduce exactly to the case of dry. Thus, Boussinesq dynamics of unsaturated air,
under SMR reduced thermodynamics, is equivalent to the dry theory of section 2.2.

It is a point of note that the SMR approximation has no asymptotic control parameter
and thus introduces a small but uncontrolled error to the cloud Boussinesq model. This
will be elaborated on in section 2.7 where the approximation errors in cloud Boussinesq are
summarized. The SMR approximation, however, has come with the benefit of simplifying
the thermodynamic coupling considerably and constitutes a minimal modelling environment
possessing liquid/vapour phase change.

In the next section, the conservation laws for θl and rT will be touched on briefly before
presenting the Boussinesq scaling theory for cloud.

2.5 Dynamics of θl and rT

The previous two sections discussed the thermodynamics that leads to the definition of the
moist constitutive law for T and the liquid-water field rl. In particular, the combination
of p, θl, and rT were established as a set thermodynamic state variables. The pressure p is
dynamically captured in the fluid mechanics and the choice of θl and rT is motivated by
their simple dynamical character.

The cloud Boussinesq model assumes that all thermodynamic processes are reversible
adiabatic processes. This necessarily implies that precipitation is restricted and that moist
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dynamics be in phase equilibrium at all times. With these assumptions, the total entropy is
a conserved variable [12, p. 119]. This leads to simple advection of the liquid-water potential
temperature [14]

D

Dt
log

(
θl
T0

)
= 0. (2.49)

The total water content rT is also a conserved variable in the system. Water is only allowed
to change phase from vapour to liquid and vice versa. This leads to simple advection of the
total-water mixing ratio given by

D

Dt
log

(
rT

r0

)
= 0. (2.50)

At this stage, the advection of the thermodynamic state and all relevant thermodynamics
have been established. The next section presents the dynamical scaling analysis that leads
to the final form of the cloud Boussinesq model (2.28).

2.6 Dynamic Scale Analysis for the Cloud Boussinesq Model

This section largely follows the same line of development as the dry theory in section 2.2.
A few notable differences between the dry and cloud theories are:

1. The background now contains the additional criteria that it is everywhere critically
saturated – defining the background gradient for the total water content. This back-
ground atmosphere is referred to as the marginal-cloud background.

2. There is one extra equation for the advection of the thermodynamic state.

3. There are two constitutive relations for the diagnostic variables T and rl.

The departure point for the cloud Boussinesq derivation, touched on at the end of sec-
tion 2.3, is the inviscid and non-rotating fluid equations (2.1a) and (2.1b) together with the
advection of θl (2.49) and rT (2.50). The system is closed with the inclusion of the SMR
thermodynamics that includes the definition of total-water mixing ratio (2.33), the ideal gas
law (2.44), expression (2.46) for the vapour pressure, and the definition of the liquid-water
potential temperature (2.48). The final equation depends on whether conditions are clear or
cloudy. For clear conditions the liquid-water content rl is identically zero and rT = rv, shown
in equation (2.41), and for cloud the vapour pressure is a known function of temperature,
shown in (2.42).

The analysis begins in section 2.6.1 which defines the background bar quantities N̄2 and
R̄(z′) found in the cloud Boussinesq model (2.28). These are derived from the marginal-cloud
background which describes the vertical atmospheric structure used in the cloud Boussinesq
model.
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The initial setup of introducing the perturbations and scales to the momentum equa-
tion is the same as the dry in section 2.2.2. The same scales are revealed for temperature
and pressure shown in (2.12) and (2.13). Most notably, pressure perturbations scale O (εb)
smaller than temperature. The perturbation momentum equation (2.11) remains the same
and this part of the analysis is omitted from the presentation below.

In section 2.6.2 the dynamic equations (2.28c) and (2.28d) are derived for the evolution of
the thermodynamic state variables θ ′l and r ′T . Also derived in this section are the constitutive
equations (2.29) and (2.30) for the liquid-water function and temperature perturbation T ′.

Finally, in section 2.6.3 the scalings for the conservation of momentum and mass will be
discussed briefly, completing the scale analysis for the cloud Boussinesq model.

2.6.1 The Marginal-Cloud Background

In this section the defining characteristics of the cloud Boussinesq background are discussed
defining the bar quantities N̄2 and R̄(z′) as they appear in equations (2.28c) and (2.28d).

The marginal-cloud background is described by three defining characteristics:

1. The atmosphere is everywhere critically saturated (100% humidity and zero liquid).

2. The atmosphere is in hydrostatic balance.

3. The atmosphere has a constant Brunt-Väisälä frequency.

The specification of the Brunt-Väisälä frequency in condition three uniquely specifies
the background atmosphere. It is not necessary that the background have a constant Brunt-
Väisälä frequency however this is the case for the analytical solution derived in Chapter 3
and the benchmarking of Chapter 5.

The time-steady marginal-cloud background is effectively the same as the dry hydro-
static background with the notable exception that water vapour is now present. It was
mentioned in section 2.4.1 that when no liquid water is present the thermodynamics re-
duces to that of the dry case. This results in the background pressure, temperature, and
potential temperature all satisfying the same relations in section 2.2.1. Introducing the
characteristic scale height (2.5), the equations for the hydrostatic pressure (2.6), the tem-
perature lapse rate (2.7), and the Brunt-Väisälä frequency (2.8) all remain the same and
are assumed slowly-varying.

The added condition of critical saturation specifies the background total water content as
it relates to the background pressure and temperature. The background total water content
is vapour only and is denoted by r̄ ∗(z). The ∗ here indicating the critical saturation value.
By taking the logarithmic derivative of equation (2.46) and using the Clausius-Clapeyron
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relation (2.43) the moisture profile satisfies

d log (r̄ ∗)
dz′

= d

dz′
log

e∗
(
T̄
)

e0

− d

dz′
log (p̄)

= − lv
RvT0

εa

(
Γ̄
T̄ 2 −

cpd

Rd

RvT0
lv

1
T̄

)
. (2.51)

The ratio of terms cpd
Rd

RvT0
lv
≈ 0.2 which indicates that the bracketed term above is generally

O (1) provided Γ̄ is sufficiently far from 0.2. Defining the O (1) quantity

R̄(z′) = Γ̄
T̄ 2 −

cpd

Rd

RvT0
lv

1
T̄

(2.52)

the background moisture profile satisfies

d log (r̄ ∗)
dz′

= − lv
RvT0

εaR̄(z′). (2.53)

The ratio of constants lv
RvT0

≈ 20 which suggests lv
RvT0

εa > εb > εa. Each of these scales
relate directly to the scales of the perturbation variables and are assumed o(1). Equation
(2.52) defines the scaled background gradient for the total-water mixing ratio appearing in
the cloud Boussinesq model equation for r ′T (2.28d).

2.6.2 Thermodynamic Perturbations in Cloud

This section derives the linearized equations for the thermodynamic advections of θ ′l (2.28c)
and r ′T (2.28d). The constitutive laws (2.29) and (2.30) for r ′l (θ ′l , r ′T ; z′) and T ′(θ ′l , r ′T ; z′)
are also derived identifying r ′l and T ′ as functions of the state variables θ ′l and r ′T .

Dimensionless forms for θl and rT are introduced as in (2.3)

θl
T0

= θ̄(z)(1 + θ̃l(~x, t)), (2.54)
rT

r0
= r̄ ∗(z)(1 + r̃T (~x, t)), (2.55)

with the reference values T0 and r0 defined at some height z0 where the background profiles
are normalized to one. Dimensionless forms for rv and rl are introduced as

rv
r0

= r̄ ∗(z)(1+r̃v(~x, t)), (2.56)
rl
r0

= r̄ ∗(z) r̃l(~x, t), (2.57)
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which preserves the total-water property

r̃T = r̃v + r̃l. (2.58)

The dimensionless forms of pressure and temperature carry over from the dry and are given
by (2.3a) and (2.3b).

Substituting the perturbation forms for θl and rT into the dynamical equations for θl
(2.49) and rT (2.50) and using the background equations (2.8) and (2.53) gives

D log
(
1 + θ̃l

)
Dt′

+ εaµN̄
2w′ = 0, (2.59)

D log (1 + r̃T )
Dt′

+ εaµ

(
lv

RvT0

)
R̄w′ = 0. (2.60)

From which the scales for θ̃l and r̃T are revealed to be

θ̃l = εaµθ
′
l , (2.61)

r̃T =
(

lv
RvT0

)
εaµr

′
T . (2.62)

Upon linearization of the above logarithmic terms in (2.59) and (2.60) the perturbation
equations (2.28c) and (2.28d) are obtained. Note that the errors made in the linearization
of these equations are O (εaµ) and O

(
lv

RvT0
εaµ

)
respectively. The scales for r̃v and r̃l are

the same as r̃T given by the balance of terms in (2.58).
Using the scales for θ̃l, r̃l, and p̃ the temperature scale, and consequently the time-scale

τ, is revealed through the potential temperature definition (2.48)

εaµθ
′
l − T̃ + εaµ

 l2v
cpd
Rv

r0r̄
∗(

T0T̄
)2

 T̄ r ′l =O
(
εaT̃

)
+O

(
θ̃2
l

)
+O

(
T̃ 2
)

+O
(
r̃lT̃

) (2.63)

To recover the familiar dry dynamics in the absence of liquid θ̃l and T̃ must balance which
gives the temperature scale as

T̃ = εaµT
′ (2.64)

and the time scale is defined the same as for the dry case (2.17).
Defining the quantity

Λ̄(z′) = l2v
cpd
Rv

r0r̄
∗(

T0T̄
)2 (2.65)
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equation (2.63) can then be expressed as

T ′ = θ ′l + Λ̄(z′)T̄ (z′)r ′l (2.66)

which is the cloud Boussinesq buoyancy equation (2.30). The dynamical errors made in this
equation are at largest, depending on the chosen value of µ, O (εa) or O

(
lv

RvT0
εaµ

)
. The

Λ̄(z′) coefficient in front of the r ′l term, defined in equation (2.65), is the dimensionless O (1)
latent heat coefficient. This latent heat coefficient characterizes the conditions under which
gravity wave motions and vapour liquid phase change have a comparable influence on the
buoyancy response. This coefficient is purely an environmental quantity and the fact that
this coefficient comes out to be O (1) is truly a remarkable coincidence. There is no a priori
reason for this value to turn out as O (1) . “It is truly a noteworthy conspiracy of terrestrial
arithmetic that this Boussinesq theory for cloud should find itself placed so squarely in the
heart of midlatitude soundings” [21].

The liquid-water constitutive relation is obtained from linearizing the logarithm of (2.46)
where the pressure term is ignored

log(1 + r̃v)− log

e∗
(
T̄ (1 + T̃ )

)
e0

+ log

e∗
(
T̄
)

e0

 = log(1 + p̃). (2.67)

Using the Clausius-Clapeyron relation (2.43) to linearize the above expression gives

T ′ = T̄ r ′v = T̄
(
r ′T − r ′l

)
(2.68)

where the error is of the same order as (2.63). Using equation (2.66) and (2.68) to solve for
r ′l gives equation (2.29) which recovers all thermodynamic relations in the cloud Boussinesq
model.

2.6.3 Completion of The Mass and Momentum Equations

Completion of the momentum equation proceeds exactly as in the dry case of section 2.2.4.
In the case of clear air, the conservation of mass also proceeds as in the dry case discussed

in section 2.2.5. For the case of cloud, the notable difference comes in replacing the DT̃
Dt′ term

in equation (2.24). To determine this term appropriately both (2.30) and (2.29) are required
and the thermodynamic advection equations (2.28c) and (2.28d). It can be shown however
that DT̃Dt′ = O (εaµ) the same order as in the dry case. As a result, the analysis of section 2.2.5
also carries over to the case of cloud.
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2.7 Control of Errors in the Cloud Boussinesq Model

In the cloud Boussinesq theory, there are three fundamentally different approximations:
the Boussinesq approximation controlled by the slowly-varying background parameters εb
and εa; the SMR thermodynamic approximation; and the linear advective derivatives con-
trolled by µ. Each of these approximations introduce an error to the dynamics of the cloud
Boussinesq model relative to the true dynamics of the unapproximated equations.

The errors controlled by the slowly-varying background appear in two forms. The first
comes from the scales for the o(1) perturbations. The linearization of the thermodynamic
advections and the thermodynamic state relations introduce errors on the order of both
εa and lv

RvT0
εaµ. It is a fortunate result that the errors that involve lv

RvT0
εa always come

paired with µ. This permits the use of larger height scales which would otherwise lead to
prohibitively large perturbation magnitudes. A height scale of 2500m for example leads to
a value of lv

RvT0
εa ≈ 1.9. Combined with an appropriately small µ scale, however, returns

the error scale lv
RvT0

εaµ to a more modest value, consistent with the o(1) scaling of the
perturbations.

The second form of these errors comes from the scaling of the background derivatives in
the conservation of mass and momentum equations. It is only in the limit of larger height
scales H does the distinction between the epsilons appear to matter. The magnitude of
both the εb and εa contributions are controlled linearly in H. A notable point in the mass
equation however is that the term controlling the compressibility of the flow scales one order
smaller at

(
H
Hp

)2
.

The SMR approximation is the only uncontrolled approximation and introduces error
into the thermodynamic theory used in the current presentation of the cloud Boussinesq
model. In terms of modelling the interaction of gravity waves with liquid/vapour phase
change, this error is considered to be acceptably small and has the advantage of simplifying
the coupling of the thermodynamics. In terms of the quantitative analysis of a numerical
weather model, the topic of a later Chapter in this thesis, the SMR approximation slightly
limits the degree to which the cloud Boussinesq model error can be controlled. Nevertheless,
seen in the results of Chapter 5, the cloud Boussinesq theory is still a high-quality framework
for benchmarking the dynamics of moist flows involving phase change in the Boussinesq
limit. This will be seen in the results of Chapter 5.

The final approximation addresses the use of a linear versus nonlinear advective deriva-
tive found in equation (2.10). This is controlled directly by the magnitude of the µ term.
From here on this thesis will consider only linear advections in the Boussinesq dynamics.

In Chapter 5, control over the Boussinesq approximation errors with H and the linear
advection error with µ will be exploited to design high quality benchmark simulations within
the cm1 numerical model. In principle, as the parameters εb, εa, and µ become small the
cloud Boussinesq model becomes a better approximation of the cm1 dynamics. The cm1
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numerical experiments are designed to give control over the error parameters and thus
control over the size of non-Boussinesq dynamics in cm1.

2.8 The Brunt-Väisälä Frequency of Cloud

An important quantity for gravity wave propagation in a moist atmosphere is the Brunt-
Väisälä frequency in the presence of cloud. This quantity indicates both the stability of
cloud and the dispersion relation for gravity wave propagation [10]. In the next Chapter
the cloudy Brunt-Väisälä frequency will be used in the construction of the particular cloud
ducted gravity wave solution and is a key property that identifies a cloud layer as creating
a ducting environment.

In regions of clear air (r ′l = 0) the buoyancy response is given by the potential tem-
perature T ′ = θ ′l , indicated by equation (2.30), and the Brunt-Väisälä frequency is given
by the log derivative of the background potential temperature shown in equation (2.8). In
regions of cloud the Brunt-Väisälä frequency, implied by the cloud Boussinesq model, can
be recovered by determining the appropriate equation for the advection of the temperature
variable T ′. The temperature is a function of the independent variables θ ′l , r ′T , and z′ and
the advection of temperature is therefore determined by

DT ′

Dt′
= ∂T ′

∂θ ′l

Dθ ′l
Dt′

+ ∂T ′

∂r ′T

Dr ′T
Dt′

+ ∂T ′

∂z′
Dz′

Dt′
. (2.69)

The partial derivatives are determined using the equation for T ′ in saturated conditions
given by (2.29) and (2.30). Substituting the advection equations for θ ′l (2.28c) and r ′T

(2.28d) into the above equation (2.69) yields the advection equation for temperature

DT ′

Dt′
+ 1

1 + Λ̄(z′)

(
N̄2 − T̄ (z′)Λ̄(z′)R̄(z′)

)
w′ = O (µεa) (2.70)

where the O (µεa) comes from the last term in (2.69). The cloudy Brunt-Väisälä frequency
is then revealed to be

N̄2
c = 1

1 + Λ̄(z′)

(
N̄2 − T̄ (z′)Λ̄(z′)R̄(z′)

)
. (2.71)

By taking the difference between the clear air Brunt-Väisälä frequency N̄2 and the cloud
given by (2.71) it can be shown that the cloud Brunt-Väisälä frequency is less than that of
the clear

N̄2 − N̄2
c = Λ̄(z′)

1 + Λ̄(z′)

(
R̄(z′) + N̄2

)
> 0. (2.72)
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The Brunt-Väisälä frequency being lower in saturated air then unsaturated is consistent
with the statements of Durran and Klemp [10].

The stability of cloud is determined by the sign of N̄2
c given in equation (2.71). This can

be expressed in terms of temperature lapse rates as

N̄2
c = Γ̄c(z′)− Γ̄(z′)

T̄ (z′)
(2.73)

where Γ̄ is the lapse rate for the background temperature T̄ introduced in equation (2.7)
and

Γ̄c(z′) = 1
1 + Λ̄(z′)

(
1 + cpd

Rd

RvT0
lv

Λ̄(z′)T̄ (z′)
)
. (2.74)

The stability of cloud can then be interpreted as Γ̄ < Γ̄c while an unstable cloud would
require Γ̄ > Γ̄c and a neutrally buoyant cloud corresponds to Γ̄ = Γ̄c.

For the remainder of this thesis only stable regions of cloud are considered. The next
Chapter will identify a cloud layer as being a naturally occurring atmospheric wave duct
which is a consequence of the jump in the Brunt-Väisälä frequency identified by equation
(2.72).

2.9 Constant N̄ 2 Background

The case of a constant N̄2 background state is of particular relevance for the cloud-ducted
gravity wave solution discussed in Chapter 3 and the benchmarking of Chapters 4 and 5.
In this case, the Boussinesq background fields described in section 2.6.1 can be solved for
exactly.

Equation (2.8) gives a direct integral for the background potential temperature. Enforc-
ing θ̄(z′0) = 1

θ̄(z′) = eεaN̄
2(z′−z′

0). (2.75)

Equations (2.7) and (2.8) define the ODE

dT̄

dz′
− εa

(
N̄2T̄ − 1

)
= 0 (2.76)

for T̄ (z′). Using T̄ (z′0) = 1

T̄ (z′) = 1
N̄2 −

1− N̄2

N̄2 eεaN̄
2(z′−z′

0). (2.77)
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With the above expressions for θ̄(z′) and T̄ (z′) the hydrostatic pressure field can be obtained
directly from the definition of potential temperature (2.48) to be

p̄(z′) =
(
T̄ (z′)
θ̄(z′)

) cpd
Rd

(2.78)

The moisture profile is given by

log (r̄ ∗) = log

e∗
(
T0T̄

)
e0

− log (p̄) (2.79)

which satisfies r̄ ∗(z′0) = 1.
As a final note it is a rather trivial matter to demonstrate that

εaN̄
2z′ = N2

g
z. (2.80)

The above identity shows the correspondence between the coordinates of the scaled cloud
Boussinesq profiles and dimensional profiles. The values of p0, T0, and r0 are the values at
the height z0.

Plots of the above background fields are deferred to Chapter 4 where the physical non-
SMR background profiles of the cm1 numerical model are discussed. In figure 4.1 the SMR
cloud Boussinesq fields above will be compared directly to the physical fields of the cm1
model.
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Chapter 3

A Cloud-Ducted Gravity Wave

3.1 Introduction

3.1.1 Wave Ducting in a Stratified Atmosphere

The reflection and transmission of waves at an interface of discontinuity is a classical problem
in wave theory. The usual presentation is that of an incident wave encountering an interface
of discontinuity in the medium of propagation [11]. Generally speaking, the incident wave
is both reflected and refracted. However, depending on the properties of the medium and
the angle of the incident wave, it is possible to have perfect reflection where the energy
of the wave is completely reflected with zero transmission. This is known as total internal
reflection [3, 11]. The dynamics in the reflecting layer are termed evanescent and correspond
to exponential decay into the layer.

A wave duct can be characterized by having two horizontally-oriented reflecting lay-
ers where incident waves are perfectly reflected at each reflecting surface [24]. A sample
schematic of this is shown in figure 3.1 where the bottom reflecting layer is taken to be the
ground surface and the top an evanescent reflecting layer. Provided the angle of incidence of
the wave is right for the duct, the wave energy becomes trapped between the two reflecting
layers and the result is a travelling wave that propagates horizontally within the duct.

In a stratified fluid, a discontinuity in stratification, where a more stably stratified
region is topped by a region of weaker stratification, creates sufficient conditions for a top
reflecting layer [13]. A wave duct can then be created between the upper reflecting layer
and the ground surface as depicted in figure 3.1. This idea has been used in the past to
model observed atmospheric wave propagation as in the case of [13].

In general, atmospheric gravity waves rapidly radiate their energy to the upper atmo-
sphere [25]. For a gravity wave to propagate horizontally for an extended period of time,
an atmospheric wave duct is required to trap the wave energy from being lost to the upper
atmosphere [24]. The seminal work on ducted gravity waves in the atmosphere is that of
Lindzen and Tung [20]. In this Chapter, it will be demonstrated that an idealized cloud
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Evanescent Reflecting Layer

Ducting Layer

Ground Surface

N̄R

N̄D

Figure 3.1: Schematic diagram of a wave duct in stratified flow. The stratification parameters
N̄R and N̄D are such that the stratification of the reflecting layer is less than the ducting
layer N̄R < N̄D. In this case incident waves can be perfectly reflected by the top layer.
When this happens the top layer is known as evanescent.

layer can create a wave duct environment through the construction of a special solution to
the cloud Boussinesq model in the style of Lindzen and Tung [20].

3.1.2 Cloud Induced Wave Duct

The presence of a cloud layer in the atmosphere produces a natural jump in atmospheric
stratification across the clear-cloud boundary. This was indicated in the discussion of sec-
tion 2.8 of the previous Chapter. This can create a wave ducting environment, described
in the previous section, for gravity waves, where the cloud edge acts as the top reflecting
surface. The special solution constructed in this Chapter will demonstrate that the ver-
tical motion of the ducted gravity waves will alter the thermodynamic conditions at the
cloud-edge boundary and can lead to the condensation and evaporation of liquid water. A
consequence of this is vertical displacement of the cloud edge, creating a travelling wave,
that propagates with the ducted gravity waves, as depicted in figure 3.2.

3.1.3 A Boussinesq Approach to Cloud-Ducted Gravity Waves

In this Chapter, the linear leading-order dynamics of the cloud Boussinesq model are used
to capture the dynamics of small-amplitude cloud-ducted gravity waves. The solution begins
with the introduction of a stable time-steady cloud layer to the cloud Boussinesq model.
This is discussed in section 3.2.2. The stably stratified cloud layer sits on top of a more
stably stratified clear region that extends to the ground, as depicted in figure 3.2. The
cloud Boussinesq model then gives equations describing gravity wave dynamics in both the
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Ground Surface

Cloud Region
(Reflecting Evanescent Layer)

Clear Region
(Ducting Layer)

N̄c

N̄

Condensation
here

Evaporation
here

Figure 3.2: Schematic diagram of a cloud induced wave duct with N̄c < N̄. The reflect-
ing layer in this case is the cloud edge marked in red. The transport of thermodynamic
state variables by the vertical motion of ducted gravity waves leads to evaporation and
condensation. This evaporation and condensation causes upward and downward motion of
the reflecting cloud edge.

clear and cloud regions which is discussed in section 3.2.3. Solving for the ducted wave
dynamics is the topic of section 3.3 and the induced motion of the cloud edge, captured
through the liquid-water field, is the topic of section 3.3.4. The dynamics of the wave duct
are summarized in section 3.4. The remainder of the Chapter focuses on some properties of
the duct and relation to previous work while section 3.7 summarizes the key points leading
into following Chapters.

3.1.4 Cloud Ducted Waves in a Numerical Weather Model

In the subsequent Chapters of this thesis the cloud-ducted gravity wave solution will be
constructed in the numerical weather model cm1. This construction gives reason to believe
that cloud-ducted gravity waves could be an observable phenomena that lead to corrugated
cloud edges resembling cloud formations of the undulatus variety.

The solution is also utilized in as an analytically derived moist computational bench-
mark problem for the numerical weather model cm1. One aspect of this solution that makes
it a good candidate for a moist benchmark is the presence of an active interface of phase
change, that is not simple advection, and propagates with a pre-determined phase speed.
The dynamical phase change of the cloud edge and the corresponding velocity and ther-
modynamic fields are both captured by the analytic cloud Boussinesq solution. Thus, a
direct evaluation of phase change dynamics in moist numerical models can be conducted.
This solution represents a first analytical solution of atmospheric flow involving a dynamic
interface of phase change.
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3.2 The Cloud Boussinesq Wave Duct

3.2.1 Coordinate and Variable Setup

For the remainder of the thesis only two spatial dimensions are considered x′ and z′ with the
former representing the east-west lateral direction and the latter representing the vertical
coordinate. A ducted wave, or waveguide, solution takes the form of a lateral travelling
wave. Introducing the travelling wave coordinate η = x′ − c ′t′, where c ′ represents the
phase speed, the x′ and t′ derivatives are mapped to

∂

∂t′
= −c ′ ∂

∂η
,

∂

∂x′
= ∂

∂η
. (3.1)

The velocities are represented in terms of the two-dimensional streamfunction as

u′ = −∂ψ
∂z′

, (3.2)

w′ = ∂ψ

∂η
. (3.3)

The cloud Boussinesq equations (2.28b)-(2.28d) written in terms of η and ψ, ignoring the
nonlinear advections (µ� 1), become

∂

∂η

{
∂ψ

∂z′
+ 1
c ′
p′
}

= 0, (3.4a)

−c ′∂
2ψ

∂η2 = −∂p
′

∂z′
+ T ′, (3.4b)

∂

∂η

{
θ ′l −

N̄2

c ′
ψ

}
= 0, (3.4c)

∂

∂η

{
r ′T + R̄

c ′
ψ

}
= 0, (3.4d)

where the momentum equation (2.28b) has been separated into its horizontal and vertical
components (3.4a) and (3.4b).

3.2.2 A Boussinesq Cloud Layer

The equations for θ ′l and r ′T can be integrated in η to give

θ ′l = N̄2

c ′
ψ(η, z′), r ′T = − R̄

c ′
ψ(η, z′) +

(
z′ − 1

)
(3.5)

where the ducted wave dynamics are contained within the streamfunction ψ(η, z′). In the
absence of any wave dynamics (ψ = 0), the additional linear term added to the total-water
field introduces a flat cloud edge at the height z′ = 1. In the top region of the domain
(1 < z′ ≤ zD) the increase in total water leads to the creation of liquid water forming a
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time-steady cloud layer. In the lower region (0 ≤ z′ < 1) the decrease in total water dries the
region away from the marginal-cloud background state of critical saturation. A schematic
of this setup can be found in figure 3.3.

Using (3.5) the liquid-water function, given by (2.29), takes the form

`(ψ; z′) = 1
1 + Λ̄(z′)

(
z′ − 1

)
− 1

1 + Λ̄ (z′)
1
c ′

(
R̄(z′) + N̄2

T̄ (z′)

)
ψ(η, z′) (3.6)

where the liquid-water mixing ratio r ′l follows from (2.31). In the absence of wave dynamics
(ψ = 0), inferred from the liquid-water function (3.6), the liquid-water mixing ratio becomes

r ′l =


1

1+Λ̄(z′) (z′ − 1) , z′ > 1

0, z′ ≤ 1
(3.7)

which explicitly demonstrates the introduction of the flat cloud layer, seen in figure 3.3, and
shows the fraction of total water converted to cloud. When wave dynamics are included,
the displaced cloud edge location, labelled as z∗(η), is given by the zero contour of (3.6).
The upper cloud region in figure 3.3 is the evanescent reflecting layer that traps gravity
waves to the lower clear region, creating a ducting environment below z′ = 1. The cloud
height is normalized to one and corresponds to the dimensional height scale, introduced in
(2.5), being equal to the dimensional height of the duct. The cloud depth, labelled d, is left
arbitrary with the top of the domain being z′D = 1 + d.

The introduction of liquid water in the top layer results in a linear adjustment to the
temperature. Using the state relation (2.30) and substituting (3.5) the temperature pertur-
bation becomes

T ′ =


N̄2

c
c ′ ψ(η, z′) + Λ̄(z′)T̄ (z′)

1+Λ̄(z′) (z′ − 1), in cloud
N̄2

c ′ ψ(η, z′), in clear
. (3.8)

The coefficient N̄2
c is the Brunt-Väisälä frequency in the cloud region defined in section 2.8.

The linear temperature adjustment in the cloud region leads to a corresponding hydrostatic
pressure correction

p′ = −c ′ ∂ψ
∂z′

+


Λ̄(z′)T̄ (z′)
1+Λ̄(z′)

(z′−1)2

2 , in cloud

0, in clear
(3.9)

where the z-dependent coefficients have been ignored in anticipation of freezing the coeffi-
cients.

Each of the above listed equations relate the thermodynamic variables and the velocity
fields of the cloud Boussinesq model to the streamfunction ψ. In the absence of any wave
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N̄c
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Figure 3.3: Schematic diagram of the Boussinesq cloud-layer wave duct. The lower clear
region is the wave duct environment while the upper region is the reflecting cloud layer that
traps the gravity wave in the clear region.

dynamics each of the above expressions reduces to those of the flat cloud layer depicted in
figure 3.3. The next section will discuss the wave dynamics, characterized by ψ(η, z′), in
both the clear and cloud regions.

3.2.3 The Cloud Induced Wave Duct

The equation governing the dynamics of the ducted wave comes from the vertical momentum
equation and involves the vorticity in the cross-stream direction

(
∂2ψ

∂η2 + ∂2ψ

∂z′2

)
+ 1

(c ′)2

N̄
2
c ψ, cloud

N̄2ψ, clear

 = 0. (3.10)

Equation (3.10) is a piecewise-linear equation with each piece depending only on the Brunt-
Väisälä frequency of each of the clear and cloud regions. This equation is identical in form
to those found in textbook presentations of ducted gravity waves [24, 27]. For the case of
the cloud ducted gravity wave, the Brunt-Väisälä frequency in the reflecting cloud layer N̄c

can be nonzero and the interface separating clear from cloud is determined from the wave
solution itself. Thus, equation (3.10) represents a mathematical free-boundary problem for
the motion of the cloud.

Due to the presence of the free-boundary, equation (3.10) is a nonlinear problem despite
being a piecewise-linear equation. The nonlinear free-boundary is handled by assuming a
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small amplitude scaling of the ducted wave, labelled by δ. This guarantees that the cloud-
edge free-boundary, given by the zero contour of (3.6), is perturbed only an O (δ) amount
away from the flat location giving z∗(η) = 1 +O (δ) .

When combined with the boundary and interface conditions equation (3.10) is a differ-
ential eigenvalue problem in the streamfunction ψ and the eigenvalue phase speed c ′.

The boundary conditions associated with (3.10) are that w = 0 at the top and bottom
of the domain and that the solution is periodic in the horizontal. The interface conditions
are chosen to be that all perturbation variables (u′, w′, p′, θ ′l , and r ′T ) remain continuous
across the interface. In particular, continuity is imposed on the thermodynamic variables
θ ′l and r ′T so that the dynamic evolution of the cloud edge varies continuously with the
thermodynamic advections. The two interface conditions that follow for the streamfunction
are that ψ and its normal derivative ψn̂ remain continuous across the interface. For the
leading order solution these conditions on ψ are sufficient to guarantee continuity with an
error of O

(
δ2) . Note however, that maintaining continuity of the pressure perturbation p′,

given by (3.9), becomes more involved at higher orders in δ.
Waveguide solutions to problem (3.10) are constructed by approximating the z-dependent

coefficients as constants. This approximation is consistent with the original Boussinesq as-
sumption of a slowly varying background. The z-dependent coefficients in the above equa-
tions (3.5) through (3.10) are taken to be their values at the flat cloud height z′ = 1

N̄2
0 = N̄2, N̄2

c0 = N̄2
c (1), R̄0 = R̄(1), Λ̄0 = Λ̄(1), T̄ (1) = 1. (3.11)

The liquid-water function (3.6) then becomes

`(ψ; z′) = 1
1 + Λ̄0

(
z′ − 1

)
− 1

1 + Λ̄0

1
c ′

(
R̄0 + N̄2

0

)
ψ(η, z′) (3.12)

defining the cloud-edge location as a function of the wave dynamics ψ.

3.3 Wave Dynamics in Clear Air and Cloud

In this section a waveguide solution is constructed comparable to that of Lindzen and Tung
[20]. The solution here however takes the more textbook approach similar to that presented
in Sutherland [27, sec. 3.6.6]. The leading order solution is assumed to be a single Fourier
eigenmode in η with the vertical structure of the mode determined by equation (3.10). The
solvability of this problem, with the corresponding boundary and interface conditions, will
identify the eigenvalue phase speed c ′.
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3.3.1 The Leading Order Wave

The streamfunction for the travelling wave has the form of a perturbation expansion in δ

ψ(η, z′) = δψ̂(z′) cos(kη) +O
(
δ2
)

(3.13)

where k is the horizontal wavenumber and δ = o(1). Substituting this into equation (3.10)
gives the following equation for the vertical structure ψ̂(z′)

d2ψ̂0

dz′2
+


(
N̄2

c0
(c ′)2 − k2

)
ψ̂0, cloud(

N̄2
0

(c ′)2 − k2
)
ψ̂0, clear

 = 0 (3.14)

known as the Taylor-Goldstein equation [20, 24, 27].
Derived from the coefficients in (3.14), waves with phase speeds c ′ that are intermediate

to

N̄2
c0

k2 < (c ′)2 <
N̄2

0
k2 (3.15)

can propagate in the clear region but are evanescent in cloud. Introducing the positive
constants

M2(k; c) = k2 −
N̄2
c0

(c ′)2 , (3.16)

m2(k; c) = N̄2
0

(c ′)2 − k
2, (3.17)

ψ̂(z′) has the piecewise solution

ψ̂0(z′) =


A

sinh(M(z′−z′
D))

sinh(M(1−z′
D)) , cloud

B sin(mz′)
sin(m) , clear

. (3.18)

The above solution is constructed so that w′ = 0 at z′ = 1 and z′ = z′D, the top and bottom
of the domain. The remaining consideration for the above solution is to impose continuity
across the clear-cloud interface.

3.3.2 Continuity and the Eigenvalue Relation

The conditions at the interface, mentioned in section 3.2.3, are that ψ and its normal deriva-
tive are continuous. The small displacement interface analysis puts the interface location at
z∗(η) = 1 +O (δ) . The conditions at the interface are then approximated by the values at
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the flat cloud edge z′ = 1 giving

ψ(η, z∗) = ψ(η, 1) +O
(
δ2
)
, (3.19)

ψn̂(η, z∗) = ψz(η, 1) +O
(
δ2
)
, (3.20)

which reduces to requiring continuity of ψ̂ and ψ̂z at z′ = 1. The continuity of ψ̂(1) gives
A = B in (3.18) while the continuity of ψ̂z(1) implies that

−tan(m(k; c ′))
m(k; c ′) = tanh(M(k; c ′)d)

M(k; c ′) . (3.21)

Equation (3.21) is the solvability condition that defines the eigenvalue relationship for the
wave speed c ′(k). The constant A remains arbitrary by linearity and a specific choice will
be identified in section 3.3.4 based on a normalization of the cloud-edge perturbation am-
plitude.

The following section will discuss the structure of the eigenvalue relationship (3.21). A
discussion of the complete parameter space is delayed to section 3.4.2.

3.3.3 Finite Structure of Eigenvalues

The completion of the leading order cloud-ducted wave requires a particular solution to the
eigenvalue relation (3.21) for a chosen value of k. The typical case for an eigenvalue relation
of this type is that there are an infinite number of eigenvalues c ′ for a particular k. This
can be found in the books of Nappo [24, sec. 4.5.1] and Sutherland [27, sec. 3.6.6] which
consider the case of a neutrally buoyant (N̄2 = 0) reflecting layer. In the case presented
here, because the reflecting cloud layer is stable, but not necessarily neutral (N̄2

c0 > 0), the
cloud layer only creates a waveguide for gravity waves whose phase speeds satisfy (3.15).
This implies a finite number of eigenvalues for a given k.

A visualization of the finite number of eigenvalues is presented in figure 3.4. The top
plot shows the values of m2 and M2 given as a function of c ′ for fixed k = 8 within the
permissible bounds on c ′ in (3.15). It can be seen in figure 3.4a that at the leftmost bound
on c ′ the value M2 = 0 is achieved and at the rightmost bound m2 = 0 is achieved. Any
value of c ′ in excess of these bounds leads to pure imaginary values of m or M.

Figure 3.4b shows the left and right sides of the eigenvalue relationship (3.21). The
intersection of these curves define the eigenvalues c ′. The first intersection corresponds to
the second harmonic (slower phase speed) in the vertical wavenumber m for fixed k = 8
while the second intersection corresponds to the first harmonic. No other eigenvalues exist
and no other harmonics are possible i.e. trapped by the wave duct for this value of k. For
any given k there are a finite number of eigenvalue wave speeds c ′ corresponding to a finite
number of vertical harmonics. Beyond this point waves are no longer perfectly reflected and
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Figure 3.4: (a) Plot of m2 and M2 for fixed k = 8 as a function of c ′ within the bounds
(3.15). A value of M2 = 0 is achieved at the lower bound on c ′ while m2 = 0 is achieved
at the upper bound on c ′. The requirement that m2,M2 > 0 lead to the bounds (3.15)
on c ′. (b) Plot of the intersection of the left and right sides of the eigenvalue relationship
(3.21) for fixed k = 8 within the finite bounds on c ′. Only a finite number of intersection
points are possible. The first intersection point corresponds to the second harmonic in m
while the second corresponds to the first harmonic in m. No other harmonics are possible.
(N̄2

0 = 0.5719, N̄2
c0 = 0.3508, d = 1)

instead can propagate into the cloud layer. This is expanded upon in section 3.5.1 where the
ability of the cloud to reflect a particular gravity wave is related to the angle of incidence.

For the remainder of this thesis the focus is on the fundamental vertical harmonic (lowest
mode) only. This defines a unique wave speed c ′ with corresponding vertical wavenumber
m and decay rate M – given by (3.17) and (3.16) respectively – as a function of k.

3.3.4 The Perturbed Cloud Edge

The final piece of the cloud-ducted gravity wave is to identify the leading order location
of the perturbed cloud edge. As a matter of convention, the cloud edge location is defined
by evaluating expression (3.12) using the streamfunction defined in the cloud region. Using
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(3.12) the cloud edge location z∗(η) satisfies

`(ψ(η, z∗); z∗) = 0. (3.22)

Expanding the above expression about the flat cloud edge location z′ = 1 and solving for
z∗(η) yields the following expression

z∗(η) = 1 + δ

(
R̄0 + N̄2

0
c ′

)
A cos(kη) +O

(
δ2
)
. (3.23)

With the specific choice of

A =
(
R̄0 + N̄2

0
c ′

)−1

(3.24)

the leading order interface is given by

z∗(η) = 1 + δ cos(kη) +O
(
δ2
)

(3.25)

where the physical significance of δ is understood to be the magnitude of the leading order
vertical displacement of the cloud-edge interface.

3.4 Summary of the Leading Order Wave

Putting the pieces of section 3.3 together the leading order solution for the streamfunction
is given by

ψ(η, z′) = δ

(
c ′

R̄0 + N̄2
0

)
︸ ︷︷ ︸

A


sinh(M(z′−z′

D))
sinh(M(1−z′

D)) , cloud
sin(mz′)
sin(m) , clear

 cos(kη) +O
(
δ2
)
. (3.26)

The interface perturbation δ, the wavenumber k, and the cloud depth d are free parameters.
The phase speed c ′(k) is determined via the eigenvalue relation, discussed in sections 3.3.2
and 3.3.3, which defines the decay rateM and vertical wavenumber m via (3.16) and (3.17).
The leading order cloud edge location, separating clear and cloudy air, is given by equation
(3.25). The true cloud-edge location however, is still given by the zero contour of the liquid-
water function (3.12). For small enough δ equation (3.25) is a good approximation for the
cloud-edge location, but for the benchmarking to follow in Chapters 4 and 5 the cloud edge
is defined in terms of the liquid-water function (3.12), not the approximate location. The
relations to the primitive fluid and thermodynamic variables are given by equations (3.2),
(3.3), (3.5), (3.12) together with (2.31), (3.8), and (3.9).
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Figure 3.5: (a) Black: contour plot of the streamfunction solution (3.26) plotted at intervals
of 7.5 · 10−3. The solid contours correspond to ψ > 0 and the dashed ψ < 0. Red: The
leading order perturbed cloud edge given by (3.25). Blue: Contours of dimensionless total
liquid-water potential temperature at intervals of 8.6 · 10−3. The solution is a rightward
propagating wave with negative vertical velocity on the leading edge of the solid ψ contours.
(b) Vertical slice of the streamfunction at η = 0. The solution is a sinusoid in the clear region
with exponential decay to zero in the cloud. The O

(
δ2) discontinuity at the cloud edge is

observed between the horizontal red lines indicating continuity at each point along the cloud
edge in η. Parameters: N̄0 = 0.76, N̄c0 = 0.59, k = 2.75, m = 2.06, M = 0.562, d = 1,
δ = 0.120, T0 = 263.09K, r0 = 2.4490 · 10−3kg/kg, H = 1250m, and µ = .0262.

Figure 3.5a shows a contour plot of the streamfunction solution (3.26) using black con-
tours. The dashed represent negative contours and the solid positive. The perturbed cloud
edge given by (3.25) is plotted in red. Also plotted in blue are contours of the dimensionless
total liquid-water potential temperature defined in (2.54). The contours of liquid-water po-
tential temperature look virtually flat, an indication of the magnitude of the perturbation
θ̃l. A consequence of the marginal-cloud limit is that small perturbations in the thermo-
dynamic fields can lead to large perturbations in the cloud edge location as is the case in
figure 3.5.

The solution uses a value of k = 2.75 and a cloud depth d = 1 equal to the height of
the clear layer. The Brunt-Väisälä frequencies N̄0 and N̄c0 are taken to be 0.76 and 0.59
corresponding to dimensional values of .014 and .011 respectively. The value of δ has been
taken as 0.12 which can be seen in the magnitude of the perturbed cloud edge. The solution
is plotted for two periods in η where the characteristic cellular pattern of a waveguide
eigenmode can be seen in the contours of the streamfunction [16].

Figure 3.5b contains a z-slice of the streamfunction at η = 0. The streamfunction so-
lution is sinusoidal in the vertical of the clear layer and exponentially decaying to zero in
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the cloud. The O
(
δ2) discontinuity between the clear/cloud piecewise-defined solution can

be seen within the bounds of the cloud layer perturbation indicated by the horizontal red
lines. The clear and cloud portions of the solution are O

(
δ2) continuous at each point in

the vertical between the red bounds which demonstrates the continuity at each point along
the cloud-edge interface.

The solution represents a rightward propagating wave at phase speed c ′ = 0.22. The
vertical velocity is negative at the leading edge of the solid streamlines and positive at the
trailing. A dimensional wavelength and phase speed can be attributed to the wave by a
choice of the Boussinesq height scale H – corresponding to the height of the duct. The
dimensional speed is given by c = H

τ c
′ and the dimensional wavelength given by H 2π

k . A
height scale of 1.25km for example would correspond to a wave speed of about 5.2ms−1 and
a wavelength of about 2.9km.

3.4.1 Motion of the Cloud Edge

In the cloud-ducted gravity wave solution the cloud-edge interface separating clear air from
cloud is not a material interface that propagates by simple advection. Instead, the cloud-edge
represents an interface of dynamic phase change whose motion is dictated by the advection
of the thermodynamic state variables liquid-water potential temperature θl and total water
content rT .

Figure 3.6 is a zoom in on the cloud-edge interface shown in figure 3.5. The solid red curve
corresponds to the cloud edge in figure 3.5, the dashed red curve is the cloud-edge interface
plotted a short time later, the blue curves corresponds to dimensionless total liquid-water
potential temperature, and the black contours correspond to the vertical velocity field w

with dashed representing negative velocity and solid positive.
The rightward propagation of the wave is indicated by the location of the dashed red

curve seen in figure 3.6 relative to the solid red curve. The rightward motion of the cloud edge
implies that at locations of upward vertical velocity (solid black contours) there is downward
motion of the cloud edge. At locations of downward velocity (dashed black contours) the
cloud edge is moving upwards. This indicates cloud motion that is exactly opposite that
of material advection. This point is clearer when compared to the contours of total liquid-
water potential temperature which is simply advected. The cloud edge being exactly out of
phase with potential temperature indicates motion exactly opposite to simple advection.

This behaviour can be explained in this instance using the liquid-water function (2.29).
The upward winds carry with it the local potential temperature and total water content.
Total water decreases with height and potential temperature increases. For a fixed point
in space, the upward vertical wind brings with it an increase in total water and a decrease
in potential temperature. Seen in the liquid-water function (2.29) this results in the con-
densation of water vapour corresponding to downward motion of the cloud edge. A similar
argument can be made for negative velocities corresponding to evaporation. This behaviour
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Figure 3.6: Zoom in of the cloud edge plotted in figure 3.5. The dashed red curve corresponds
to the cloud edge location at a short time later. The black contours are vertical velocity w′
plotted at intervals of .04 with the solid representing positive velocity and dashed negative
velocity. The blue contours are dimensionless total liquid-water potential temperature plot-
ted at intervals of 2.2 · 10−3. The rightward propagation of the cloud edge corresponds to
motion that is opposite vertical advection.

is consistent with the idea that upward motion of air leads to condensation of water vapour
and downward motion evaporation. This is the mechanism by which lenticular clouds are
known to form over mountain tops [15].

3.4.2 Family of Solutions

The complete parameter space for m(k), c(k), andM(k) for the fundamental (lowest) mode
can be found in figure 3.7. This figure identifies the complete set of cloud ducted modes for
N̄0 = 0.76 and N̄c0 = 0.59.

Figure 3.7a shows the contours for the vertical wavenumber m(k) indexed by the cloud
depth d. The red curve is the line

k = m

√√√√ N̄2
c0

N̄2
0 − N̄2

c0

(3.27)

which defines the location whereM2 = 0. This corresponds to a longest ductable wavelength
for a fixed depth d when evaluated at the termination value of m, discussed in section 3.5.3,
seen in figure 3.7a. In section 3.5 it will be shown that this line corresponds to the critical
angle of total internal reflection beyond which waves are no longer ducted but instead
propagate into the cloud layer. For a particular cloud depth d only waves with wavenumbers
k and m along the curves in figure 3.7a correspond to ducted wave solutions.
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Figure 3.7: The complete parameter space of cloud-ducted gravity waves for N̄0 = 0.76 and
N̄c0 = 0.59. (a) Contours of m(k) indexed by the cloud depth d. (b) The phase speed c ′(k)
for the case d = 1. The remaining phase speed curves are virtually indistinguishable at the
scale of this figure. (c) The vertical decay rates M(k) indexed by cloud depth d. The black
star on each figure corresponds to the parameter values of the solution plotted in figure 3.5.

A similar set of curves can be made for the next (and higher) harmonics where m varies
between 3π

2 and 2π. The finite structure of the eigenvalues discussed in section 3.3.3 can be
seen in this figure by considering a fixed value of k and tracing upwards to the red curve.
Beyond the red curve, ducted wave solutions cease to exist and no other vertical harmonics
are possible.

The solution plotted above in figure 3.5 corresponds to k = 2.75 along the d = 1 curve
with the associated value m = 2.06 indicated by the black star in figure 3.7. Values which
are now revealed to be close to the longest ductable wavelength for a cloud of depth d = 1.

Figure 3.7b shows the phase speed c(k) along the d = 1 curve. The dimensional version
of this curve is used later in Chapter 5 as one of the benchmarking tests for cm1. This can
be found in figure 5.4 of Chapter 5. The phase speed curves corresponding to other values
of d have not been plotted due to the considerable overlap with the d = 1 curve shown.

Finally, figure 3.7c shows the vertical decay rate into the cloud layer evaluated along
the curves of figure 3.7a. The k-axis in this figure is red to indicate that this is the same
red curve found in figure 3.7a.

Figure 3.7 can be used to construct a wide range of ducted gravity wave solutions. The
figure, and the solution parameter curves, depend only on the values of the Brunt-Väisälä
frequencies N̄0 and N̄c0 . A point in figure 3.7a represents a set of self-similar solutions in
the dimensional world in the sense that the height scale H, the advection parameter µ, and
the cloud-edge displacement δ are all arbitrary.

A few more details involving figure 3.7 will be discussed in section 3.5.
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3.4.3 A Brief Interlude

At this stage all the material required for Chapters 4 and 5 has been covered. The remainder
of this Chapter will discuss further topics regarding the cloud-ducted gravity wave solution.
Section 3.5 will discuss a couple properties of the cloud wave duct and the ducted waves
leading to a more complete understanding of the family of solutions. It will also discuss a
few comments on the physical realization of cloud-ducted gravity waves as well as a few
comments on the particular case of a moist neutral cloud layer. Section 3.6 will discuss the
relationship of the cloud-ducted waves to the classical reference of Lindzen and Tung [20]
while in section 3.7 some concluding remarks will be made to set the stage for the remaining
Chapters of the thesis. Sections 3.5 and 3.6 are marked with a * to indicate that they do
not contribute to the primary objective of this work however demoting them to the level of
appendices seems rather unjust.

3.5 Properties of the Duct and Ducted Waves*

For a particular cloud induced wave duct the set of ductable waves is a function of the
environmental parameters N̄0, N̄c0 , and d. The set of ductable waves must satisfy equations
(3.16), (3.17), and (3.21) which implies that a ducted wave can be defined by its wavenumber
k. It is also required that both m and M remain strictly real. This section will discuss a
few properties of the duct and waves deduced from these requirements.

3.5.1 Critical Angle of Total Internal Reflection

Existence of a cloud-ducted gravity wave requires that the exponential decay rate into the
cloud – defined in equation (3.16) – remain strictly real. This is true for all values of k and
m that satisfy

m2

k2 <
N̄2 − N̄2

c0

N̄2
c0

. (3.28)

The cloud-ducted gravity wave can be deconstructed into two propagating plane waves.
One incident wave propagating upward and a wave that is perfectly reflected by the cloud
propagating downward. This is seen by decomposing the solution (3.26) in the clear region
as

ψclr(x, z, t) = δ
A

sin(m)
1
2 (sin(kx+mz − ωt)− sin(kx−mz − ωt)) . (3.29)

It is sufficient to consider k,m, ω > 0. With this choice of signs the first term in (3.29)
corresponds to the incident plane wave propagating in the direction ~r1 = (k,m) while the
second term corresponds to the reflected plane wave propagating in direction ~r2 = (k,−m)
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Figure 3.8: Pictorial representation of the critical angle of total internal reflection θc. For an
angle of incidence less than θc, shown as θ1, incident gravity waves propagate into the cloud
layer and total internal reflection is not possible. For an angle of incidence greater than θc
incident gravity waves decay into the cloud layer and total internal reflection is achieved.

depicted in figure 3.8. The angle of incidence for the upward propagating wave is given by

sin(θ) =
√

1
1 + m2

k2

>
N̄2
c0

N̄2
0

(3.30)

where the inequality comes from requirement (3.28). This defines the critical angle θc of
total internal reflection for the cloud wave duct

sin (θc) =
N̄2
c0

N̄2
0
. (3.31)

The critical angle θc is the smallest angle for which total internal reflection is possible.
A pictorial representation is shown in figure 3.8. For an angle of incidence θ < θc incident

gravity waves propagate into the cloud layer and total internal reflection is not possible.
For an angle of incidence greater than θc the cloud layer is an evanescent region.

The critical angle θc is a familiar concept in optics where the critical angle is defined by
the ratio of the refractive indexes of the two mediums of propagation [3]. For a cloud layer
the critical angle is given by the ratio of the Brunt-Väisälä frequencies as shown in (3.31).

The red boundary line in figure 3.7a and figure 3.7c corresponds to the critical angle
of total internal reflection. Any values of (k,m) to the left of this curve have an angle of
incidence θ < θc that permits a refracted wave to propagate into the cloud layer. This
implies the finite number of vertical harmonics since higher-order harmonics have an angle
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of incidence that gets progressively smaller as the harmonics increase. At a certain point,
the angle of incidence becomes small enough that refracted waves propagate into the cloud
region making ducting impossible.

3.5.2 The Structure of Vertical Harmonics

The requirement that both m2 and M2 be strictly positive implies that only real valued
solutions of the eigenvalue relationship (3.21) are permitted. This is true only for values of
m that satisfy

π

2 + nπ < m < π + nπ, n = 0, 1, 2, . . . (3.32)

a stricter requirement than m2 > 0. This leads to the bounds on the m-axis seen in fig-
ure 3.7a for the fundamental n = 0 mode. Rewriting in terms of the vertical wavelength Lz
expression expression (3.32) becomes

1
4 + n

2 <
1
Lz

<
1
2 + n

2 . (3.33)

Since the cloud height has been normalized to h = 1 this indicates that the fundamental
mode contains at least 1

4 to 1
2 of a wavelength in the clear region. Expression (3.33) recovers

the Lindzen and Tung result that a wave duct must be tall enough to accommodate at least
1
4 of the vertical wavelength for ducting to be a possibility [20].

Higher-order vertical harmonics include additional integer multiples of a half-wave (crest
or trough) in the clear region. New horizontally oriented interior node lines are introduced
to the clear region for each harmonic. The n = 0 harmonic is the fundamental mode whose
only node line occurs at the z = 0 boundary and no interior node lines in the vertical.
The n = 1 case corresponds to one interior node line and a second node line at the z = 0
boundary and so on.

3.5.3 Contours m(k) for Solution Parameters

The purpose of this section is largely to maintain a record of how the contours in figure 3.7
are constructed and how one would go about determining a set of solution parameters taking
advantage of figure 3.7. This is relevant for setting up a benchmark example with specific
properties such as the cloud depth d, specific Brunt-Väisälä frequencies N̄0 and N̄c0 , or a
specific wavelength.

The contours m(k) are established through the expression

k2

m2 = N̄2
0

N̄2
0 − N̄2

c0

N̄2
c0

N̄2
0

+
tanh2

(
M
mmd

)
tan2(m)

 (3.34)
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where the M
m in the argument of tanh is a function of k

m

M2

m2 = k2

m2 −
N̄2
c0

N̄2
0

(
1 + k2

m2

)
.

Equation (3.34) establishes the contours m(k) in figure 3.7a where the bounds on k and m
are those described in sections 3.5.1 and 3.5.2. The contours of figures 3.7b and 3.7c are
given by

(c ′)2 = N̄2
0

k2 +m2 (3.35)

and (3.16) evaluated along the m(k) contours. In Chapter 5 benchmark solutions using
various values of k for a cloud depth d = 1 will be used. The parameters for these solutions
are obtained by solving equation (3.34) for m using the specific values of k and d.

The termination points for the m(k) contours shown in figure 3.7a are obtained by
taking the M → 0 limit of the eigenvalue relationship (3.21) giving

−tan(m)
m

= d. (3.36)

which determines the value of m indexed by d. The corresponding value of k is given
by (3.27) which correspond to the value of k at the critical angle θc defined in (3.31). The
termination value of m is identified purely by the cloud depth d while the value of k depends
on the Brunt-Väisälä frequencies and m.

3.5.4 Comments on Physical Realization of the Ducted Wave Solutions

For all finite values of d, a no flow through boundary condition has been imposed at the
top of the cloud layer. This is a mathematical and computational convenience. For the
remaining Chapters of this thesis, the focus is on using the cloud-ducted gravity wave as
a moist computational benchmark. Having simple no flow through boundary conditions on
top and bottom makes for easier implementation.

In the real atmosphere there is no rigid lid and instead the cloud layer can be thought
of as being topped by a third region of clear air that extends to infinity. The corresponding
solution structure in the cloud layer for this environment would be evanescent decay at
infinity, corresponding to the d → ∞ solution described in section 3.4.2. With the under-
standing that a finite depth layer will lead to an exponentially small leakage of wave energy
through the top of the layer, waves of the d → ∞ type are the closest analogue to the
real atmosphere. These waves have the potential to be observable provided the leakage is
sufficiently small.

While no specific analysis has been conducted in this context there is reason to believe
that these waves could be present and observable in the atmosphere. The Undulatus cloud
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variety discussed in the introductory Chapter of this thesis has visual characteristics similar
to the cloud-ducted gravity wave.

3.5.5 The Case of Moist Neutrality

Of particular relevance in atmospheric science is the case of a moist neutral cloud layer
identified by the cloudy Brunt-Väisälä frequency N̄2

c = 0. This is a neutrally buoyant
environment where gravity waves cannot propagate. A neutrally buoyant environment is
highlighted in the cases considered in [23, 24, 27]. A moist neutral cloud is understood in
the above discussion by taking the limit of N̄2

c0 → 0 resulting in M2 = k2 > 0 for all k. This
results in the critical angle reducing to zero and the cloud layer behaving as a reflecting
surface for all incident gravity waves. The consequence to the discussion of sections 3.4.2 and
3.5.1 is that the critical angle curve of figure 3.7a becomes the y-axis with the termination
points form given by (3.36) and k = 0. This leads to an infinite number of vertical harmonics
for all values of k and no long-wavelength cutoff.

3.6 Relation to Previous Work*

A classic reference on ducted gravity waves in the atmosphere is the Lindzen and Tung 1976
paper “Banded Convective Activity and Ducted Gravity Waves” [20]. One objective of this
paper was to investigate the quality of particular atmospheric ducting environments. Of the
several contributions of the paper, the relevant result to this thesis is a list of properties
necessary for an atmospheric wave duct. This section briefly discusses that these properties
are embedded in the context of a cloud induced wave duct. The properties are paraphrased
as in [20]:

1. The duct must be statically stable i.e. N̄2
0 > 0 such that wave propagation in the duct

is possible.

2. The duct has to be sufficiently thick so that it can accommodate a quarter of the
vertical wavelength identified by the observed phase speed.

3. The duct must be topped by a good reflector. A reflector is considered good if at least
85% of the incident wave energy is reflected.

Property 1 was implied early on in the Chapter in section 3.3.1 and simply corresponds to
conditions required for wave propagation in the duct.

With respect to property 3, the cases considered in this thesis, by virtue of the artificial
boundary conditions, are all perfect reflectors. For physically realizable cloud-ducted gravity
waves, discussed briefly in section 3.5.4, the depth of the cloud layer and the evanescent
decay rate are likely to determine the quality of the reflector.
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Finally, property 2 refers to the approximated phase speed formula derived in the anal-
ysis of [20]. Lindzen and Tung identify the phase speed of a ducted wave independent of k
as

c ′n = N̄0

π
(

1
2 + n

) , n = 0, 1, . . . (3.37)

where n represents the vertical harmonic. The above phase speed formula (3.37) is recovered
for the cloud-ducted gravity waves at the termination points of the d → ∞ contours for
each harmonic. This corresponds to the long-wavelength cutoff in k. The value of m at the
termination points is given by (3.36) to be

m = π

(1
2 + n

)
with the corresponding value of k given by (3.27). This gives the value of c ′, defined in
equation (3.35), to be

c ′n =

√
N̄2

0 − N̄2
c0

π
(

1
2 + n

) . (3.38)

In the moist neutral limit (N̄2
c0 → 0) the phase speed of [20] is recovered exactly. In the

analysis of [20] the above formula (3.37) is derived by taking the limit of k → 0. This is only
possible for the cloud ducted gravity waves when the cloud layer is moist neutral, precisely
when the phase speed of [20] is recovered.

3.7 Concluding Points and Setup for the Moist Numerical
Benchmark

The purpose of this Chapter in the broader objective of this thesis work is to set up the
idealized cloud-ducted gravity wave solution and present the parameter space for implemen-
tation as a moist computational benchmark. This was accomplished in sections 3.2 through
3.4. The remainder of this thesis will focus on the cloud-ducted wave as a benchmarking
solution for moist atmospheric numerical models.

In terms of understanding the dynamics of the cloud-ducted wave as a numerical bench-
mark the primary takeaways from this Chapter are

1. The introduction of a cloud layer to the cloud Boussinesq model produces a natural
jump in the atmospheric stratification. This jump is sufficient to provide a reflecting
layer that can create a naturally occurring atmospheric wave duct.
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2. The ducting of gravity waves by a cloud layer is coupled to an interfacial wave that
propagates on the edge of the cloud. The motion of this edge is captured by the cloud
Boussinesq model.

3. The movement of the interfacial wave is opposite that of a material interface. The
interface represents a true interface of dynamic phase change coupled to the buoyancy
dynamics.

4. The parameter space for the leading order solution identifies the solution parameters
m, M , and c all as functions of the horizontal wavenumber k which are plotted in
figure 3.7. These curves allow for the specification of solutions with particular cloud
depths and horizontal wavelengths.

5. The environmental dependence of the parameter space depends on the Brunt-Väisälä
frequencies and cloud depth only.

6. A particular point in (k,m) space represents a self-similar solution in dimensional
space for any choice of height scale H and any small advective parameter µ.

The coupling of the buoyancy dynamics to moist phase change and the propagation of
the interfacial cloud-edge wave form the foundation for this example as an analytical moist
numerical benchmark.

The environmental dependence of the parameter space depending exclusively on the
Brunt-Väisälä frequency is relevant to the setup of the benchmark solution. The value of
the Brunt-Väisälä frequency predicted by the cloud Boussinesq model in equation (2.71)
has a considerable discrepancy with the true value determined by non-SMR physics. This
discrepancy is understood as being a result of the SMR approximation made in the momen-
tum equation of Chapter 2. To compensate for this discrepancy the value of N̄2

c0 is taken to
be the full physics value and is used exclusively in the determination of the wave parameters
m, M, and c ′.

The following Chapter will discuss the setup of the cm1 numerical model to run in a
regime that is close to that of the cloud Boussinesq framework.
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Chapter 4

A Cloud-Ducted Wave in cm1

4.1 Introduction

This Chapter discusses the construction of the Boussinesq cloud-ducted gravity wave in the
open-source atmospheric numerical modelling software cm1. The cm1 model is one of many
full-physics atmospheric numerical modelling software. The term full physics, here, refers
to the model being designed to simulate true atmospheric dynamics.

4.1.1 Scientific Contribution

The construction and subsequent verification of the wave dynamics in cm1 offers two scien-
tific contributions:

1. It illustrates the efficacy of the cloud Boussinesq model as a quantitative tool for mod-
elling cloud dynamics in the marginal-cloud limit. It also demonstrates cloud-ducted grav-
ity waves as a potentially observable mechanism for generating undulations on the edge
of clouds. In particular, the computations will demonstrate the cloud Boussinesq model’s
ability to accurately quantify the geometrical evolution of cloud in the Boussinesq limit.

2. It provides an analytical benchmark containing moist phase change with a moving cloud
edge for atmospheric numerical modelling software. With the advancements in quality and
accuracy of modern weather and climate forecasting, there is little doubt in the capabilities
of modern atmospheric numerical modelling. Despite this, to the best of the author’s knowl-
edge, there does not exist an analytical benchmark solution containing a dynamic interface
of phase change. As a result of this, the dynamical core of atmospheric numerical models
has never been benchmarked against a known solution containing a dynamically evolving
cloud edge.
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4.1.2 Benchmarking Atmospheric Numerical Models

Benchmarking represents a core component of scientific computing and numerical modelling.
An important evaluation principle is the ability of a model to reproduce known solutions of
a set of idealized test cases [1]. There exist several analytical benchmark examples for dry
environments. The classic inertia-gravity waves of Skamarock and Klemp [26] is one test
case with a known analytic solution for an incompressible Boussinesq equation set and is
often used to inspect efficiency and accuracy in numerical discretization schemes [1, 8]. This
is insufficient to rigorously test compressible model cores and Baldauf and Brdar [1] derived
a modified analytic solution for the linearized compressible Euler equations (see Baldauf
and Brdar [1]; Bryan and Fritsch [8] and the references therein for a detailed overview of
several other important test cases for dry environments).

For dynamics containing moist phase change however the literature appears to focus on
the particular example of the moist rising warm thermals of Bryan and Fritsch [8]. While
this test case is not an analytical solution it serves the purpose of demonstrating agreement
between independently developed models. This method of benchmarking, however, has its
limitations. In their own words, Bryan and Fritsch say “it allows the propagation of ques-
tionable assumptions through time” [8] and there remains the open question of how well
the dynamical core captures the physics dictated in the model equations. This suggests a
need for an analytical test case that can ground moist models back to the model equations.
The cloud-ducted gravity wave as a benchmark example is a first analytical solution for
moist dynamics with a quantified dynamic interface of phase change that propagates at a
pre-determined speed.

It should also be noted that despite the lack of analytical examples to compare against,
atmospheric modelling software has proven to be remarkably robust in capturing atmo-
spheric dynamics as well as weather and climate forecasting. This is a demonstration of
how effective the current standard for benchmarking can be.

4.1.3 The cm1 Numerical Model

The cm1 model is a widely used numerical modelling system with the number of publications
utilizing it having grown annually since its inception in 2002. In 2020 alone there were just
shy of 60 publications making use of the model [7].

The name cm1 is an abbreviation for “cloud model 1.” It was developed and is currently
maintained by George Bryan at the National Centre for Atmospheric Research (NCAR) in
Boulder, CO. Quoting directly from the description on the official cm1 web page [7]:

cm1 is a three-dimensional, non-hydrostatic, non-linear, time-dependent numer-
ical model designed for idealized studies of atmospheric phenomena.
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The model is full physics atmospheric numerical modelling software that integrates a state
of the art equation set for atmospheric dynamics that encompasses the cloud Boussinesq
dynamical regime.

As mentioned in the previous section 4.1.2, the primary method for benchmarking moist
numerical models is to compare the results of two independently developed models. In
particular, the rising warm thermal of Bryan and Fritsch [8] was developed using the cm1
modelling framework. This makes cm1 a uniquely good choice for constructing the cloud-
ducted gravity wave as a benchmark example because it currently stands as a benchmark
against which other numerical models are compared.

Further, cm1 is designed for idealized studies giving control over model settings. Ex-
amples settings utilized in this work are: can be run in two dimensions with a simple grid
structure; artificial boundary conditions for idealized atmospheric channel flows (no-flow
through in the vertical and periodic in the horizontal); can turn off the effects of ice for-
mation, hydrometer fallout (precipitation), Coriolis, turbulence, and diffusive tendencies all
while maintaining numerical stability. Other features of the model include control of the
time-integration scheme used and the ability to run fully compressible, anelastic, and incom-
pressible equation sets which have proven very useful for the development of the benchmark
results in the following Chapter 5.

The primary objective of this Chapter is to describe how cm1 has been set up to run
in the cloud Boussinesq regime and how to initialize the dynamical perturbations for the
Boussinesq cloud-ducted gravity wave.

4.2 The cm1 Modelling Framework

4.2.1 Construction of Cloud Boussinesq Dynamics in cm1

Both the cm1 numerical model and the cloud Boussinesq model share their root in the same
core atmospheric dynamics. Both models handle time-dependent dynamics as perturbations
of a time-steady background. The cm1 model, in relation to the cloud Boussinesq model, is
a thermodynamically and fluid dynamically unapproximated numerical model. The cloud
Boussinesq model on the other hand corresponds to a subset of the full solution space for
the primitive equations. The goal in constructing the cloud-ducted gravity wave in cm1 is
to run the cm1 model in a way that is as close to the cloud Boussinesq dynamics as possible.

The two fundamental challenges for the construction can be summarized as:

1. Setting up cm1 to compute dynamics that are within the cloud Boussinesq regime.

2. Initializing the dynamical fields in cm1 using the approximated Boussinesq fields.

Together, these two challenges mean that the construction of the cloud-ducted gravity wave
in cm1 is not a simple plug and run setup. The construction is not unique and this Chapter
presents the particular construction this thesis work has converged on after many iterations.
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The first challenge is a statement about setting up cm1 to capture the cloud Boussinesq
modelling environment and, to run as naturally close to the cloud Boussinesq framework
as possible. Specifically, for this Chapter, this refers to creating the marginal-cloud limit
and the cloud layer ducting environment within cm1. This is the topic of section 4.3. Also
under this umbrella is a good choice of Boussinesq model parameters H, µ, and δ so that
the cloud Boussinesq scaling assumptions hold true in cm1. This however will be delayed
to Chapter 5.

The second challenge addresses the fact that the cloud Boussinesq background and
dynamical fields are approximated in relation to the cm1 fields. A benchmark construc-
tion should be careful to avoid introducing errors in the initialization that can excite non-
Boussinesq dynamics. An example of this would be initializing vapour and liquid fields that
are only in approximate thermodynamic equilibrium. This would lead to unwanted latent
heat effects at the start of the model that will propagate throughout the run. The goal is to
be careful, in both the background and dynamic initializations, to not introduce unwanted
dynamic effects. To this end, the model physics of cm1 is incorporated where possible.

The choice was made to not present the cm1 model equations and instead focus on the
correspondence between cm1 and the cloud Boussinesq model. The original primitive equa-
tions can be found in [8] with more specific information for the current cm1 implementation
being found in [6].

4.2.2 Correspondence Between the Cloud Boussinesq Model and cm1

Model Settings

In the implementation of the cloud-ducted gravity wave, cm1 is run using two dimensions
only – the lateral coordinate x and the vertical coordinate z. Only the vapour and liquid
phases of water are considered and the effects of the ice phase are turned off. All non-
adiabatic effects such as subgrid turbulence, diffusive processes, and Rayleigh damping are
switched off. The impacts of Coriolis are also ignored. The boundary conditions carry over
from the cloud-ducted wave solution as w = 0 at top and bottom and periodic in the
horizontal. A sample input file is found in the Appendix A where exact model settings can
be found.

Variable Correspondence

Under these settings the cm1 model integrates governing equations for the lateral and
vertical fluid velocities u and w and the thermodynamic variables π, θ, and the individual
mixing ratios for vapour rv and liquid water rl [6, 8]. In particular, cm1 integrates equations
for perturbation variables in π and θ, defined as additive perturbations on the z-dependent
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time-steady background [6]

π = π̂(z) + π̂ ′(x, z, t), (4.1)

θ = θ̂(z) + θ̂ ′(x, z, t). (4.2)

The hat notation ·̂ here is used to indicate the cm1 dimensional variables. The perturbation
variables are identified by having both a hat and a prime ·̂ ′ while the background variables
contain only a hat. These variables should not be confused with the scaled dimensionless
variables of the cloud Boussinesq model discussed in Chapters 2 and 3.

The variable π is the Exner function which is a dimensionless pressure variable defined
as

π =
(
p

p00

) Rd
cpd (4.3)

where p00 is a reference pressure defined as 105Pa in cm1. The variable θ is the dry potential
temperature, which does not include the entropy of liquid water, and is defined as

θ = T

π
. (4.4)

The dry potential temperature defined by equation (4.4) and the liquid-water potential
temperature defined in Chapter 2, by equation (2.48), are related through the expression

log
(
θl
T0

)
= log

(
θ

T0

)
− Rd
cpd

log
(
p00
p0

)
− lv
cpd

rl
T
. (4.5)

When no liquid water is present (rl = 0) the dry potential temperature θ is equivalent to the
liquid-water potential temperature θl. The dry potential temperature of cm1, however, uses
a different reference pressure value prescribed in the definition of the Exner function (4.3).
This gives the constant shift proportional to p00/p0 in (4.5). The rl term is the inclusion
of the entropy of liquid water in the liquid-water potential temperature. Equation (4.5)
is useful to convert between the dry potential temperature of cm1 and the liquid-water
potential temperature of cloud Boussinesq. This equation is used for introducing the time-
steady cloud layer in section 4.3.2 and when defining the initial θ perturbation in section 4.4.

Preliminary Non-SMR Thermodynamics

A few relevant concepts that will be useful in the following discussion is the non-SMR
saturation mixing ratio, the definition of density potential temperature, and the hydrostatic
relationship for the Exner function π.
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The non-SMR value of the saturation mixing ratio is a function of temperature and
pressure given by

r∗v = Rd
Rv

e∗ (T )
p− e∗ (T ) (4.6)

where the superscript ∗ is used to indicate saturation. The function e∗ (T ) is the saturation
vapour pressure and is a known empirical function of temperature. The cm1 model uses
the Bolton formula for e∗ (T ) [5]. The distribution of total water into vapour and liquid is
determined by first checking if the amount of total water is in excess of the saturation value.
If this is the case the amount of liquid is given by rl = rT − r∗v . If the amount of total water
is less than the saturation value no liquid is present and all water is in the vapour form.
It is always the case that the amount of total water is equal to the sum of the vapour and
liquid components rT = rv + rl.

The density potential temperature is used in creating the marginal-cloud background
and in the hydrostatic relation for the Exner function π. The density potential temperature
is defined as

θρ = θ
1
Rd

Rd + rvRv
1 + rT

. (4.7)

The non-SMR hydrostatic relationship is given by

dπ

dz
= − g

cpd
θρ
. (4.8)

It is essential that the cm1 time-steady background is in true non-SMR hydrostatic balance
and that both the time-steady background and perturbation initial conditions are in thermo-
dynamic equilibrium with respect to cm1. This is done to avoid introducing non-Boussinesq
dynamics into the computations.

4.3 The Time-Steady Background in cm1

The background in cm1, also known as the base state, has two components: the marginal-
cloud background of the cloud Boussinesq model, discussed in Chapter 2, and the time-
steady cloud layer introduced for the cloud-ducted gravity wave in Chapter 3. The notation
·̂ ∗ is used to indicate background variables corresponding to the marginal-cloud portion
and ·̂ † to indicate the cloud layer portion of the background. The total background in cm1
is then understood as being comprised of the sum of the two components ·̂ = ·̂ ∗ + ·̂ †. For
example, the potential temperature in equation (4.2) is composed of

θ = θ̂ ∗(z) + θ̂ †(z)︸ ︷︷ ︸
θ̂(z)

+θ̂ ′(x, z, t). (4.9)
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The background is constructed in two stages. First, the non-SMR marginal-cloud back-
ground is constructed. This portion is discussed in section 4.3.1. Next, the linear profile to
the total-water field, introduced in section 3.2.2 equation (3.5), is added to the marginal-
cloud background and the remaining thermodynamic profiles are recalculated. This portion
is discussed in section 4.3.2.

For the most part, the cloud layer portion of the background variables ·̂ † will not be
constructed explicitly. Instead, the total background ·̂ is calculated explicitly as a pertur-
bation of the marginal cloud. The notation, ·̂ †, however, will still prove useful in clarifying
the expressions that define the total background.

4.3.1 The cm1 Marginal-Cloud Background

The base state variables for cm1 differ from the cloud Boussinesq in two fundamental
ways. First, the cm1 base state variables are physical and dimensional variables. Second,
the base state variables for cm1 must be defined using the cm1 thermodynamic principles.
The marginal-cloud base state in cm1 is defined using the same three design principles as
outlined in section 2.6.1:

1. The atmosphere is everywhere at critical saturation (100% humidity).

2. The atmosphere is in hydrostatic balance.

3. The atmosphere has a constant moist unsaturated Brunt-Väisälä frequency. N2
m

A consequence of the non-SMR thermodynamics is that the moist but unsaturated
Brunt-Väisälä frequency N2

m is specified in the cm1 model. This differs from the cloud
Boussinesq because, under the SMR approximation, a dry atmosphere is indistinguishable
from a moist but unsaturated atmosphere. The choice has been made to specify the moist
unsaturated value in cm1 so the gravity wave dispersion relation of the clear region, in cm1,
matches the cloud Boussinesq. Using the above three principles the dimensional non-SMR
marginal-cloud background can be uniquely determined.

The moist unsaturated Brunt-Väisälä frequency can be defined in terms of the log deriva-
tive of the density potential temperature when no liquid water is present [12]

d

dz
log

(
θ̂ ∗ρ (z)
T0

)
= N2

m

g
(4.10)

where g is the acceleration due to gravity. The density potential temperature at critical
saturation comes from (4.7) and is given by

θ̂ ∗ρ = θ̂ ∗
1
Rd

Rd + r̂ ∗vRv
1 + r̂ ∗v

. (4.11)
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From (4.8), non-SMR hydrostatic balance expressed in terms of π̂ ∗ and θ̂ ∗ρ is

dπ̂ ∗

dz
= − g

cpd
θ̂ ∗ρ
. (4.12)

Finally, the non-SMR critically saturated vapour content comes from (4.6) and is given by

r̂ ∗v = Rd
Rv

e∗
(
T̂ ∗
)

p̂ ∗ − e∗
(
T̂ ∗
) . (4.13)

The marginal-cloud background is everywhere critically saturated with no liquid water and
hence r̂ ∗l = 0.

Property one is captured by equation (4.12), property two by equation (4.10), and
property three by (4.13). The algorithm to determine the background variables on the
cm1 computational mesh begins with specifying surface conditions for pressure psfc and
temperature Tsfc. Using equations (4.3), (4.4), (4.11), and (4.13) surface values for πsfc, θsfc,

(θρ)sfc, and (rv)sfc are determined. Equation (4.10) can be numerically integrated using a
particular value for the Brunt-Väisälä frequency N2

m to completely specify θ̂ ∗ρ (z). A simple
nonlinear fixed point iteration can be used to solve equations (4.11), (4.12), and (4.13) for
π̂ ∗(z), θ̂ ∗(z), and r̂ ∗v (z) with the inclusion of equations (4.3) and (4.4) relating the three
fields to T̂ ∗(z) and p̂ ∗(z).

Comparison With the Cloud Boussinesq Background

For the computational results in the following Chapter a standard cm1 marginal-cloud
background is defined as having a constant Brunt-Väisälä frequency N2

m of 2.08 · 10−4s−2

with a surface pressure of 105Pa and a surface temperature of 273K.
Vertical profiles of the background fields T̂ ∗, p̂ ∗, θ̂ ∗l , and r̂ ∗v can be seen in figure 4.1

plotted from the surface to a height of 5km. The bottom/left axes represents the dimensional
values and dimensional height of the corresponding variables. The top/right axes represents
the scaled dimensionless values of the corresponding variables in the cloud Boussinesq model
for a scale height of H = 2.5km. The scale height can be read from the plots in figure 4.1 by
observing that the value of 1 on the scaled vertical coordinate axis corresponds to a height
of 2.5km on the dimensional vertical coordinate axis.

Consistent with the ducted wave solution presented in Chapter 3 the cloud Boussinesq
profiles are centred about the scaled height of z′0 = 1. The cloud Boussinesq profiles are
centred at this height by taking the reference values T0, P0, and r0, introduced in Chapter 2
equations (2.3a), (2.3b),(2.54), and (2.55), from the cm1 profiles at this height. This can be
read from figure 4.1 by observing that the scaled value of each variable is exactly 1 at this
location. This is the location where the cloud layer will be introduced in the following section
and the location where the cloud Boussinesq model coefficients are frozen. The reader is
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Figure 4.1: Comparison of the non-SMR marginal-cloud background used in cm1 (black
crosses) and the SMR marginal-cloud background of the cloud Boussinesq model (red
curves). On the left/bottom axes are the dimensional height and dimensional value for
the corresponding variables (T , p, θl, and rv). On the right/top axes are the dimensionless
height and scaled background axes for the corresponding variables using the height scale
H = 2.5km. The value of N̄2 in the cloud Boussinesq is given by cpd

T0
g2 N2

m. The value of T0,
p0, and r0 are given by the cm1 background values at 2.5km. The profiles were computed
with N2

m = 2.08 ·10−4 using a surface pressure of 105Pa and a surface temperature of 273K.
The values of T0, p0, and r0 are 263.09K, 72750Pa, and 2.4490·10−3kg/kg.

referred back to Chapter 2 section 2.9 for details on how the Boussinesq marginal-cloud
background is defined.

Also plotted in figure 4.1 are the relative errors between the cloud Boussinesq and cm1
marginal-cloud backgrounds. The centre of the cloud Boussinesq profiles can be read from
the error plots by observing that an error of exactly zero is achieved at the centre.
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The cm1 non-SMR and the cloud Boussinesq SMR marginal-cloud backgrounds agree to
a relative error of less than 10−3 over the 5km domain shown for the pressure, temperature,
and liquid-water potential temperature. The largest error is achieved in the water vapour
field where a relative error of roughly 10−2 is observed. In the following section 4.3.2 the
above marginal-cloud background is adjusted to include the time-steady cloud layer for the
cloud-ducted gravity wave.

4.3.2 Time-Steady Cloud Layer

The time-steady cloud layer is constructed in cm1 the same way it was introduced to the
cloud Boussinesq model in section 3.2.2 – by prescribing a linear adjustment to the marginal-
cloud total-water profile. The three defining principles of the non-SMR cloud layer are:

1. The total-water profile r̂T (z) is a prescribed field from the cloud-ducted wave solution.

2. The background liquid-water potential temperature is unaffected by the introduction
of the cloud layer.

3. The cloud layer is in hydrostatic balance.

The prescribed total-water field comes directly from the Boussinesq ducted gravity wave
solution

r̂T (z) = r̂ ∗v (z)(1 + r̃ †T (z)). (4.14)

The r̃ †T (z) is the linear profile introduced in section 3.2.2 equation (3.5) complete with its
scale defined in (2.62)

r̃†T (z) = lv
RvT0

µεa
H

(z −H). (4.15)

Expressed in terms of an additive contribution the total background water field is

r̂T (z) = r̂ ∗v (z) + r̂ †T (z) (4.16)

which is visualized in figure 4.2.
In the figure on the left the cloud layer total water r̂T (z) is plotted over top of the

marginal-cloud r̂ ∗v (z). The steady cloud layer adjustment r̂ †T (z) to the critically saturated
vapour profile increases the total water above the cloud location z0 = 2.5km and decreases
to total water below this height. The increase in total water above z0 causes the formation
of liquid water and the creation of cloud. The reduction in total water below this height
brings the cloud-layer background away from critical saturation in the clear region below the
cloud. The creation of liquid water is shown in figure 4.2 on the right where the separation
of r̂ †T (z) into its vapour r̂ †v (z) and liquid r̂ †l (z) components is shown. Above the height z0
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Figure 4.2: Prescribed total-water profile overlaid the critically saturated marginal-cloud
vapour profile. Total water content is increased above the cloud height of 2500m. Increase
in total water content leads to condensation and cloud formation. Below 2500m the total
water content is decreased moving away from critical saturation.

there is both liquid and additional vapour present due to the total water being in excess of
the saturation value. The increase in vapour content is a consequence of property 2 above.
Below this height, the liquid water is zero and there is only a decrease in the amount of
water vapour.

The separation of r̂ †T into r̂ †l and r̂ †v is not determined from r̂T alone. The separation
can only be determined once the complete thermodynamic state is defined i.e. p̂ and θ̂ in
addition to r̂T . The remaining variables are determined by enforcing properties two and
three.

Property two is enforced by maintaining θ̂l(z) = θ̂ ∗l (z) where θ̂ ∗l (z) is defined naturally
by equation (4.5). Using the relationship between θl and θ in equation (4.5) an expression
for the total background potential temperature is found in terms of the marginal-cloud
value, the liquid-water mixing ratio, and the total background temperature

θ̂(z) = θ̂ ∗(z) exp
(
lv
cpd

r̂ †l (z)
T̂ (z)

)
. (4.17)
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Hydrostatic pressure is imposed through the density potential temperature

dπ̂

dz
= − g

cpd
θ̂ρ

(4.18)

where θ̂ρ is given by

θ̂ρ = θ̂
1
Rd

Rd + r̂vRv
1 + r̂T

. (4.19)

The algorithm for determining the cloud layer base state integrates from the cloud layer
height z0. At this height there is no change to the total water content and the cloud layer
base state takes on the same values as the marginal-cloud base state. The algorithm then
proceeds in two steps by first solving for base state values in the clear region below z0 and
then by solving for base state values in the cloud region above z0.

There is no liquid water present in the clear region and thus r̂ †l = 0 and r̂v = r̂T . In
this case no iteration is required to determine the base state fields. Equation (4.17) says
θ̂(z) = θ̂ ∗(z) which completely specifies θ̂ρ(z) and then the hydrostatic relation (4.18) can
be integrated downwards from the starting point z0.

In the cloud region above z0 because there is both water vapour and liquid present a
nonlinear fixed point iteration is necessary to determine the separation of r̂T (z) into r̂v(z)
and r̂ †l (z). Equations (4.14), (4.17), and (4.18) form a set of nonlinear coupled equations.
With the inclusion of potential temperature definition (4.4) and the formula for the satura-
tion water vapour content (4.6) a nonlinear fixed point iteration can determine the values
of the base state profiles at discrete grid points.

Comparison With the Boussinesq Cloud Layer

In figure 4.3 the comparison of the time-steady cloud layer of the cloud Boussinesq model
and the non-SMR cloud layer used in cm1 are plotted using a value of µ = .0131. The
cloud layer temperature, pressure, water vapour, and liquid-water profiles are shown. The
potential temperature has been neglected since the liquid-water potential temperature re-
mains unchanged. To a large extent, the impact on the pressure, temperature and water
vapour fields is marginal as a result of the small change to the total-water field. What is
important about the cloud-layer background is the introduction of liquid water above the
height z0 = 2.5km.

Both the pressure and temperature fields maintain a modest 10−4, approaching 10−3

in the case of temperature, relative error. Like the marginal-cloud background, the largest
errors are observed in the water vapour field and also the liquid-water field. In particular, the
comparatively large errors in the vapour and liquid fields are observed away from the location
of the cloud layer. Near the cloud edge, all profiles have demonstrably good agreement
with the errors going to exactly zero at the cloud edge location. From figure 4.3 it can be
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Figure 4.3: Comparison of the cm1 and cloud Boussinesq cloud layer profiles for the cloud-
ducted gravity wave solution.

concluded that the most severe errors generated by the SMR approximation are present in
the liquid-water field totalling about 5% away from the cloud edge location.

4.4 Dynamic Perturbations in cm1

The dynamic perturbations in cm1 are initialized by providing the additive perturbation
potential temperature θ̂ ′(x, z, 0), the initial velocity fields û ′(x, z, 0) and ŵ ′(x, z, 0), and
the total liquid and water vapour fields rl(x, z, 0) and rv(x, z, 0). The initialization of the
Exner pressure perturbation π̂ ′(x, z, 0) is handled by an internal cm1 subroutine and is not
directly accessible to the initialization setup.

There are three distinct challenges involved with initializing the cm1 perturbations:
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1. The variable scales for the Boussinesq perturbations defined in Chapter 3 must be
reintroduced.

2. The correspondence between the cloud Boussinesq perturbations and cm1 perturba-
tions must be established.

3. The water vapour and liquid-water fields should be initialized in thermodynamic equi-
librium according to the cm1 model physics as closely as possible.

Reintroducing the scales to the cloud Boussinesq perturbations is discussed in the next
section and are summarized in table 4.1. The particular challenge here primarily lies in
choosing appropriate scale values (εa, µ, δ) so that cm1 is in a dynamical regime that corre-
sponds to the cloud Boussinesq dynamics. A discussion involving the choice of parameters
and the set up of the benchmark runs will be delayed to Chapter 5.

The second challenge addresses defining the cm1 perturbations in relation to the cloud
Boussinesq perturbations. In particular, how the relative perturbations are translated into
additive perturbations for cm1. This is tied to the third challenge of thermodynamic equi-
librium because the initialization of potential temperature, water vapour, and liquid water
require the equilibrium separation of the total water content to be known.

The third challenge addresses determining the amount of liquid water at equilibrium. Ini-
tializing cm1 out of thermodynamic equilibrium should be avoided because it will introduce
unwanted latent heat effects at the initialization which can corrupt the cloud Boussinesq
dynamics. As a result, the SMR separation of total water into liquid and vapour, while
close to the true equilibrium, is not sufficient for the cm1 initialization. In section 4.4.2 an
algorithm is described that uses the cloud Boussinesq state variables rT and θl to define the
thermodynamic state in cm1.

4.4.1 Dimensional Perturbations

The Boussinesq scales and variable definitions for the velocities, liquid-water potential tem-
perature, and the total-water field are summarized in table 4.1. This table is intended as a
summary of the required Boussinesq variable definitions, notation, and relation to the total
physical fields needed for cm1. In the final column, their definitions in the cm1 model have
been included.

The table, read from left to right, begins with the marginal-cloud background complete
with dimensions. This is followed by the multiplicative contribution of the time-steady cloud
layer. These are grouped under the heading time-steady because they do not contain any
dynamical components.

The dynamic perturbations are listed beginning with the scaled order one perturbations
defined by the solution to the cloud Boussinesq model from Chapter 3. These are followed
by the unscaled definitions of each of these variables from the scales defined in Chapter 2.
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Finally, the last section of the table summarizes how each part fits together to define the
total physical fields in the cloud Boussinesq and cm1 models. Under the total Boussinesq
column, the fields are defined as they were introduced in Chapters 2 and 3. Under the cm1
column, they are written as they are utilized in cm1. The only difference between the two
is that for cm1 the Boussinesq marginal-cloud background has been replaced with the cm1
marginal-cloud background.

The next section will discuss how the initialization variables for the cm1 dynamics are
defined.

4.4.2 Initialization of Perturbations in cm1

The initialization of the dynamics in cm1 requires the initial velocity perturbations û ′ and
ŵ ′, the initial potential temperature perturbation θ̂ ′, and the total liquid water and vapour
fields. The cm1 model variables and notation are summarized in table 4.2.

In the cloud Boussinesq model, the thermodynamic state is tracked dynamically through
the evolution of the total water content and the liquid-water potential temperature. In
general, pressure is also needed to define the thermodynamic state, but, it was shown in
Chapter 2 that for dynamics at the Boussinesq scale pressure perturbations are one order
smaller. Thus, its contribution is negligible in the determination of the thermodynamic
state.

The principle behind initializing the cm1 thermodynamic perturbations in equilibrium is
to use the thermodynamic state defined by the cloud Boussinesq state variables to determine
the corresponding cm1 state variables. For this, the perturbation total-water mixing ratio
and liquid-water potential temperature fields from Boussinesq are used along with the cm1
background pressure field. The full physics thermodynamics are then used to determine
the cm1 thermodynamic variables (θ̂ ′, rv, rl). This strategy exploits the pressure scaling
from the cloud Boussinesq model and forgoes the need for the initial pressure perturbation
– which is not directly accessible. The error made by ignoring the perturbation pressure
scales with the Boussinesq parameter εb making it a controlled approximation.

Before proceeding to discuss the initialization the reader is reminded that the pertur-
bation fields prescribed by the cloud Boussinesq model are inferred from the streamfunc-
tion (3.26). The perturbations are defined piecewise dependent on whether or not cloud is
present.

The value of the liquid-water field is determined by the thermodynamic state variables
rT , θl, and the background pressure p̂. To determine the value of liquid water, initially, the
Boussinesq state variables are evaluated using only the cloudy formulae. An iteration then
calculates θ̂ ′, the saturation vapour mixing ratio r∗v , and from this the value of total rl and
total rv. If the determined value of r∗v does not exceed the total water rT then no liquid
water is present. In locations where no liquid water is present the thermodynamic state
variables are redefined from the Boussinesq solution using the clear formulae with rl = 0
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and rv = rT . In this way, the cm1 model physics determines where the initial cloud edge
location is without explicitly specifying it from cloud Boussinesq. The only information the
cloud Boussinesq model provides is the values of the thermodynamic state variables rT and
θl.

The algorithm proceeds as follows:

Step 1: Begin the iteration by using the cloud Boussinesq values of rl and rv as an initial
guess. These are used to calculate the potential temperature perturbation using

θ̂ ′ = θ̂

(
(1 + θ̃l) exp

(
lv
cpd

(
rl
T
−
r̂ †l
T̂

))
− 1

)
. (4.20)

Step 2: Using the value of θ̂ ′ the temperature is updated using

T = (θ̂ + θ̂ ′)π̂. (4.21)

Step 3: Using this value of temperature the saturation mixing ratio is calculated using
equation (4.6) as

r∗v = Rd
Rv

e∗ (T )
p̂− e∗ (T ) . (4.22)

Step 4: Using the value of r∗v updated values of rv and rl are calculated by using rv = r∗v

and rl = rT − r∗v allowing for the possibility of a negative rl.

Step 5: The iteration then repeats until it has converged to a value of r∗v . Everywhere
rl ≤ 0 the initialization is considered clear and the fields are recomputed using the clear
values for rT and θl without the need for iteration. In places where the initialization is clear
rl = 0, rv = rT , and θ ′l is determined by equation (4.20). The initial velocities are then
computed using the Boussinesq formulae.

This strategy has proven to give a high-quality initialization. There is minimal observ-
able impact from ignoring the pressure perturbations in determining the thermodynamic
equilibrium. This strategy has the added benefit that the initial cloud edge location in cm1
is not explicitly specified but is instead determined completely from the thermodynamic
state.

In the next Chapter, the choice of Boussinesq scales is discussed, the design of the
numerical test cases, and a quantitative comparison of the computed cm1 solution with the
analytical cloud Boussinesq is conducted.

67



Time Steady Dynamic Perturbations Total
Variable Background Cloud Layer Scaled Unscaled Boussinesq cm1
Horizontal
Velocity - - u′ = ∂ψ′

∂x′ u = Uu′ u u

Vertical
Velocity - - w′ = −∂ψ′

∂z′ w = Uw′ w w

Liquid-Water
Potential

Temperature
T0θ̄ - θ ′l = N̄2

c′ ψ′ θ̃l = µεaθ
′
l θl = T0θ̄(1 + θ̃l) θl = θ̂ ∗l (1 + θ̃l)

Total Water
Content r0r̄

∗ r̃†T = lv
RvT0

µεa
H (z −H) r ′T = − R̄

c′ψ′ r̃T = lv
RvT0

µεar
′

T rT = r0r̄
∗(1 + r̃†T + r̃T ) rT = r̂ ∗v (1 + r̃†T + r̃T )

Table 4.1: Summary of the cloud Boussinesq model variables used in the cm1 setup. The
cloud Boussinesq model variables are the scaled perturbations ·′. The unscaled perturbation
·̃ variables are obtained by applying the scales found in Chapter 2. The background, cloud
layer, and unscaled dynamic perturbations are combined to give the total variables found
in the second last column. The last column contains the total variables as they pertain to
their definitions in the cm1 model implementation.

Background (Time Steady)
Variable Marginal Cloud Cloud Layer Total Dynamic Perturbation Total
Horizontal
Velocity - - - û ′ = u u = û ′

Vertical
Velocity - - - ŵ ′ = w w = ŵ ′

Potential
Temperature θ̂ ∗ θ̂ † θ̂ = θ̂ ∗ + θ̂ † θ̂ ′ (4.20) θ = θ̂ + θ̂ ′

Total Water
Content r̂ ∗v r̂ †T r̂T = r̂ ∗v + r̂ †T r̂ ′T = r̂ ∗v r̃T rT = r̂T + r̂ ′T

Liquid Water
Content - r̂ †l r̂l = r̂ †l r̂l

′ (NCD) rl = r̂ †l + r̂l
′ (DBA)

Water Vapour
Content r̂ ∗v r̂ †v r̂v = r̂ ∗v + r̂ †v r̂′v (NCD) rv = r̂v + r̂′v (DBA)

Table 4.2: Summary of the variables definitions in cm1. The cm1 marginal-cloud back-
ground was defined in section 4.3.1. The time-steady cloud layer adjustment was defined in
section 4.3.2. The dynamical perturbations are calculated from the cloud Boussinesq state
variables using the algorithm described in section 4.4.2. (NCD): Not computed directly.
(DBA): Determined by algorithm.
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Chapter 5

Benchmark Measures and
Performance in cm1

5.1 The Cloud-Ducted Gravity Wave as a Moist Benchmark

The cloud-ducted gravity wave is a moist, computational benchmark in the sense that it is
an analytical solution to a Boussinesq equation set that includes the effects of moist phase
change and captures the dynamical evolution of a travelling wave propagating on a cloud
edge.

The utility of the cloud Boussinesq solution as a benchmark example is that the ther-
modynamic state-variables and velocities are known, in both the clear and cloud regions,
for a travelling wave with a pre-determined phase speed. The dynamics of the cloud-edge
are determined by the advection of the thermodynamic state-variables and was shown to
move in the direction opposite that of the vertical velocities. In this way, the cloud-edge
in this benchmark example is truly a dynamic interface of moist phase change that is not
simply advected.

The analytically known cloud-edge location and the propagation at a known phase speed
make this solution a good benchmarking example because it compares the results of a nu-
merical modelling system against known results derived through dynamical analysis [8].
Additionally, each of the approximations made, with the exception of the SMR approxi-
mation, has a corresponding model parameter that gives control over the approximation
errors.

The focus of this Chapter will be to use the cloud-ducted gravity wave solution to
examine and benchmark the performance of the cm1 numerical model against this analytical
approximation.

5.1.1 Solution Errors and Control Parameters

The gravity wave solution has six approximations, corresponding to six error sources, with
respect to adiabatic atmospheric dynamics containing moist phase change of vapour and
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liquid. Five of these are controlled approximations, in three control parameters, with only
the SMR approximation being uncontrolled. The errors can be sorted into two categories:
model errors introduced through the Boussinesq model approximations and solution errors
introduced in the asymptotic solution to the cloud Boussinesq equations.

Beginning with the top-level modelling errors, there is the controlled Boussinesq ap-
proximation characterized by the εb and εa parameters, defined in (2.6) and (2.7). These
parameters control the height scale of the dynamics and characterize how slowly varying the
background atmospheric profiles are in the scaled coordinate system of the cloud Boussinesq
model. The remainder of this Chapter will refer exclusively to value of the εa parameter
because they both scale with the height scale H, differing only by a factor of about 3.5.

There is the nonlinear advection error which is controlled by the value of µ. It will be
shown in section 5.4 that this parameter controls the dominant error source when closely
examining the location of the cloud edge.

Next is the linearization error which is controlled by the overall magnitude of the un-
scaled perturbation variables. The impact of these errors is controlled by the choice of scale
parameters εa, µ, and δ. The linearization errors are never seen to contribute at leading
order for the values of the scale parameters considered here.

The fourth and final modelling error is the small mixing ratio approximation. This re-
mains the one uncontrolled approximation. In theory, this error is controlled as the moisture
in the system approaches zero. However, because the cloud Boussinesq model is linearized
about a state of critical saturation there is always a finite amount of moisture.

The remaining two sources of error are solution errors. First, is the frozen coefficients
used to obtain the gravity wave solution. This error is controlled via the Boussinesq param-
eter εa. Second, is the nonlinearity introduced by the perturbed cloud edge. This error is
controlled by the cloud perturbation parameter δ. For the parameter regime in this study
these errors have not been seen as a significant contribution. They do however contribute to
the continuity of the initialization and can introduce small numerical artefacts of negligible
contribution.

5.1.2 Benchmark Tests

The remainder of this Chapter will focus on setting up the benchmark tests and the per-
formance of cm1. The cm1 model has several solvers available for use. This work examines
the performance of the incompressible solver, the anelastic solver, and the explicit Klemp-
Wilhelmson scheme [19] (abbreviated to KW scheme) for the fully compressible model
equations.

Three benchmark measures of cm1 performance have been conducted. The first measure
in section 5.3 focuses on the qualitative structure of the computed solution and the global
error relative to cloud Boussinesq. These results are similar to those provided in the inertia
gravity wave results of Skamarock and Klemp [26]. The second test in section 5.4 focuses
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on the agreement of the cloud-edge motion between cm1 and Boussinesq. In this test, the
resolution of the cloud edge in cm1 and its dynamical evolution is closely examined. The
final test in section 5.5 examines whether the eigenvalue phase speed relationship c(k) can
be recovered discretely by cm1.

It is clear from the results of the benchmark tests that, in the absence of an exact solution
to the true moist equations, the cloud Boussinesq solution provides an excellent step toward
analytically benchmarking moist numerical models. While the Boussinesq solution is not
sufficient to resolve the true full physics it remains a clear demonstration that the cm1 moist
dynamics are true to the analytic theory in the Boussinesq limit.

The following section 5.2 discusses the setup of the gravity wave benchmark simulations
and the parameter regime in which the cm1 model is run, for dynamics close to the cloud
Boussinesq limit.

5.2 Setup of the Computational Benchmark Simulation

The cloud-ducted gravity wave benchmark solution is designed to be a family of self-similar
solutions in the scale parameters εa, µ, and δ constructed from the scaled solutions of Chap-
ter 3. All the benchmark simulations presented here use the d = 1 solution set corresponding
to a cloud depth equal to cloud height. The scaled wavenumber k is generally taken to be
2.75 which is very close to the long-wavelength cutoff value for the case d = 1, seen in
figure 3.7a. The δ parameter is generally taken to be 0.1 corresponding to an interface
perturbation amplitude of 10% of the scale height H. The notable exception to the quoted
values of k and δ is section 5.5 where the phase speed relation c(k) is recovered using cm1.

The computational domain is set up to allow for various height scales to be used while
maintaining fixed background conditions at the location of the cloud layer. This is achieved
by anchoring the centre of the domain in the dimensional coordinates about the z0 = 2500
location of the standard marginal-cloud background constructed in Chapter 4, section 4.3.1.
With this setup, the largest possible height scale is H = 2500. Smaller height scales such
as 1250 and 625 are incorporated by using the portion of the standard background that
is 1250m above and below the anchor point. This is visualized in figure 5.1. This way, the
conditions and gradients at the flat cloud edge location, where the frozen coefficients are
defined, remains the same for all height scales. Incorporating the height scales in this way
can be thought of as shifting the ground up and ceiling down to accommodate smaller
height scale simulations. By reducing the height scale there is control over the impact of
the non-Boussinesq contributions in the cm1 computations while the underlying Boussinesq
dynamics remain unchanged. In general, the Boussinesq regime is captured well for height
scales ranging from 2500m to 312m.

The µ parameter controls the impact of the ignored advective nonlinearities and sets
the value of the velocity scale U. To maintain a constant µ value over various height scales

71



247.3 255.2 263.1 271.0 278.9
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000
SMR
CM1

4.4 5.8 7.3 8.7 10.2
104

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000
SMR
CM1

247.3 255.2 263.1 271.0 278.9
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000
SMR
CM1

1.0 1.7 2.4 3.2 3.9
10 -3

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000
SMR
CM1

Figure 5.1: The marginal-cloud backgrounds of Chapter 4 indicating the means by which
the height scale H is implemented for the dimensional cloud-ducted gravity wave. For each
height scale the background profiles are anchored to z0 = 2500 of the standard background.
With this set up the largest possible height scale is 2500 while smaller height scales such as
1250 use the portion of the standard background that is 1250m above and below the anchor
point. This can be thought of as moving the ground up and ceiling down to accommodate
smaller height scales.
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the U value is chosen to vary with H as

U = µ

τ
H

where τ is the cloud Boussinesq time scale from Chapter 2, approximately 52 seconds. To
work with even values of U the ratio of µτ is typically set. The values presented here in this
thesis range between 10−3s−1 and 1.25 ·10−4s−1 corresponding to µ values of approximately
.05 to .007.

There is a limit to how small each of the scale parameters (εa, µ, δ) can be taken in cm1
due to the model being single precision. For the simulations presented here, it is best to
keep the product εaµδ > 10−5 to avoid numerical truncation error. For example, choosing
an interface perturbation of 10% (δ = 0.1) and a µ value of .02 it is best to avoid height
scales smaller than 312m (εa ≈ .01) and for µ = .01 it is best to avoid height scales smaller
than 625m. This leads to dimensional perturbation magnitudes of roughly the same order as
those used in the Skamarock and Klemp dry inertia gravity wave benchmark (10−2 for θ̂ ′)
[26].

Finally, all computations are done using a 64×64 grid independent of height scales. The
time-steps are taken as 1 second for the incompressible and anelastic computations. For the
KW scheme the large time-step is set to 0.5 seconds with cm1 taking a maximum of 48
acoustic time-steps per large time-step. In all computations to follow, numerical accuracy
is never found to be a limitation.

5.3 Structure of the Computed Solution

The first measure of benchmark performance is to examine the qualitative structure of
the computed solution relative to the cloud Boussinesq. This is similar to the style of the
Skamarock and Klemp inertia gravity wave test [26]. Figure 5.2 contains contour plots of
the vertical velocity field for the cloud-ducted gravity wave solution after approximately
two periods of oscillation (t = 1090s). The red curve in figures 5.2b through 5.2d is the
cloud edge location produced by the liquid-water field of each solver while the red curve in
figure 5.2a is the zero contour of the cloud Boussinesq liquid-water field (3.12). The cloud
edge for each of the cm1 solvers is determined by a linear extrapolation of the discrete
liquid-water field to approximate its zero point.

This solution corresponds to a height scale of H = 625m (εa ≈ .023), a velocity scale
U = .3125ms−1 (µ ≈ .026), and an interface perturbation of 10% (δ = 0.1). The dimension-
less wavenumber is chosen to be k = 2.75 which corresponds to a dimensional wavenumber
of 4.4 · 10−3m−1 and a domain length of approximately 1.428km.

The cloud Boussinesq solution in figure 5.2a is representative of both the initial con-
dition and the solution after two periods of oscillation. The negative w velocity (dashed
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Figure 5.2: (a)-(d) Qualitative comparison of the cm1 computations using the incompress-
ible, anelastic, and KW solvers with cloud Boussinesq after approximately two periods at
t = 1090s. The black contours are the vertical velocity field w with the solid representing
positive values and the dashed negative. The red curve corresponds to the computed cloud
edge location for each run. The height scale is taken to be 625m (εa ≈ .023). The scaled
horizontal wavenumber is k = 2.75. The µ scale is ≈ .026 and the interface magnitude
is taken as 10% of the height scale with δ = 0.1. The w velocity contours are plotted at
intervals of 5·10−3ms−1. (e) The L2-error measured between the cm1 computed solutions
and the cloud Boussinesq.
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contours) on the right side of the domain correspond to evaporation or clearing of liquid
water and upward motion of the cloud edge. The positive w velocity (solid contours) on the
left correspond to condensation of water vapour and downward motion of the cloud edge.
This is consistent with a rightward propagating gravity wave.

Figures 5.2b through 5.2d have the computed cm1 solutions after two periods of oscilla-
tion for the incompressible, anelastic, and KW solvers respectively. The large scale motion
of the wave including the location of the cloud edge bears a remarkable resemblance to the
Boussinesq solution. This indicates that the large scale features of the flow are captured well
by each of the cm1 solvers. This qualitatively verifies the accuracy of each of these solvers
for flows involving moist phase change of liquid and vapour near the Boussinesq limit.

Figure 5.2e has the L2-error of the normalized solutions measured against the cloud
Boussinesq solution plotted as a function of time for all three solvers. The solutions are
normalized based on the analytic amplitude of the dimensional Boussinesq solution. The
L2-error is calculated as

L2(w) =
(

1
NxNz

Nx∑
i=1

Nz∑
k=1

(wBous(xi, zk)− w(xi, zk))2
) 1

2

where Nx and Nz are the number of grid points in x and z respectively. The L2-error demon-
strates roughly a 1− 2% relative error between the computed and analytic solutions. This
agrees well with the 1% errors presented in the similar study of Skamarock and Klemp for
their dry inertia gravity waves [26]. The error for the incompressible solver is noticeably less
than the anelastic and KW solvers. This is likely due to the fact that the Cloud Boussinesq
solution is an incompressible solution. Overall, at a qualitative level cm1 demonstrates a
high quality computation of the cloud Boussinesq solution.

5.4 Cloud Edge Motion

The second benchmark measure is to quantify the cloud edge location relative to the predic-
tion of the cloud Boussinesq model. It was discussed in section 4.4 that the initialization of
the cloud edge in cm1 is not specified explicitly but is instead determined diagnostically from
the prescribed thermodynamic state. In particular, the cloud edge location is determined
using the appropriate thermodynamic laws of cm1. In this way, the initial cloud edge loca-
tion and its dynamical evolution is purely determined by the cm1 numerical model physics.
This provides an independent verification of the cloud edge location from the Boussinesq
result given by equation (3.12). This benchmark test examines how closely matched are the
cloud edge locations from the cm1 computations and cloud Boussinesq theory.

To quantify the agreement in the cloud-edge motion, between cm1 and cloud Boussinesq,
the fundamental mode of its propagation is compared. This filters out the dynamical impacts
of higher-order harmonics in the cm1 solution not considered in cloud Boussinesq. The
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fundamental mode is extracted using the discrete Fourier transform in space on both the
Boussinesq and cm1 interface locations. Both the magnitude and phase of the fundamental
n = 1 mode is examined as a function of time.

It has become clear through analyzing the cm1 model runs that the leading error sources
are a result of the approximations made within the cloud Boussinesq solution. In particular,
for the interface location, the leading error is controlled by the µ scale. In the limit as εa,
µ, and δ are taken to zero the cloud Boussinesq solution becomes a better approximation of
the full-physics dynamics. However, the SMR approximation remains the one uncontrolled
approximation. As a result, even in the zero limit of εa, µ, and δ the cloud Boussinesq
solution is not a perfect eigenmode of the cm1 model equations and a finite error can be
observed. Due to this finite error, quantitative convergence to the cloud Boussinesq solution
cannot be measured. Convergence toward the nearby solution can, however, be quantified in
terms of the Boussinesq control parameters. In this way, it can be verified that cm1 exhibits
a scaling behaviour consistent with the cloud Boussinesq limits.

For this benchmark run a height scale of H = 1250m has been chosen and δ = 0.1. The
µ scale has been varied between .052 to .0066.

Figure 5.3a has the normalized cloud edge plotted as a function of space after one-half
period t = 272s. This is roughly the location of the maximum error in amplitude between
the cm1 and Boussinesq fundamental modes, over the computed two periods. The blue
curve is the zero contour of the liquid-water function for the Boussinesq solution while the
remaining curves are the normalized cm1 cloud edges computed using KW time-stepping
for the reported µ scales. Figures 5.3b, 5.3d, and 5.3f have the magnitude of the Fourier
coefficient for the fundamental mode plotted as a function of time for the Boussinesq and
cm1 computed solutions using the incompressible, anelastic, and compressible KW solvers
– note that the “noisy” nature of the KW solver in figure 5.3f is a result of the propagation
of acoustic modes in the compressible equation set. At the largest value of µ it can be seen
from the magnitude of the fundamental mode, in all three figures, that there is roughly a
20% relative error in the amplitude of the interface at worst. The error, however, remains
periodic oscillating near the Boussinesq value and does not accrue significant growth with
time. For the smallest reported µ value there is at worst a 4% error in the interface location
with a similar periodic behaviour.

A convergent pattern can be seen in the sequence of curves in figure 5.3a, evident
in the decreasing magnitude of the gaps between each curve, as the µ scale is reduced.
This convergence can be quantified by looking at the magnitude of the fundamental modes
for each solver in figures 5.3b, 5.3d, and 5.3f. It is an expected result that neither solver
converges directly to the Boussinesq solution. It is clear, however, that cm1 is converging
to a nearby solution and that the µ scale controls the dominant error source. A linear rate
of convergence in µ can be seen in figures 5.3c, 5.3e, and 5.3g where the magnitude of
the difference in the Fourier coefficients for successive µ scales is plotted. The successive
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Figure 5.3: (a) The normalized cloud edge location at one half period (272s) computed using
KW time-stepping for the indicated µ values. Convergence of the cloud edge location to a
nearby Boussinesq solution can be seen. (b) Magnitude of the n = 1 fundamental model
for the incompressible cm1 solution as a function of time for the indicated values of µ. (c)
Magnitude of the difference in the fundamental mode coefficients for successive values of µ
using the incompressible solver. (d)-(e) The anelastic solver. (f)-(g) The KW scheme. Linear
convergence is visible for each solver in the µ parameter indicated by the successive halving
of the differences shown in figures c, e, and g. Solutions computed using H = 1250 and
δ = 0.1.
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Incompressible Anelastic Klemp-Wilhelmson
µ ω ERC ω ERC ω ERC
.052 1.1669 · 10−2

(.011)
1.1652 · 10−2

(.0098)
1.1650 · 10−2

(.0096)
.026 1.1604 · 10−2

(.0057)
1.1588 · 10−2

(.0042)
1.1585 · 10−2

(.0040)
.013 1.1572 · 10−2

(.0029)
0.9938 1.1556 · 10−2

(.0015)
1.005 1.1553 · 10−2

(.0012)
1.002

.0066 1.1556 · 10−2

(.0015)
1.023 1.1540 · 10−2

(.00011)
1.031 1.1538 · 10−2

(.00011)
1.069

Table 5.1: Measured convergence of the dispersion relation (ω) for the propagation of the
cloud edge. Displayed in brackets under each measurement is the relative error compared
against the cloud Boussinesq value. ERC is the estimated rate of self convergence for the
cm1 dispersion relation. A value of one is measured in each of the three solvers consistent
with the Boussinesq scaling.

halving of the difference indicates a linear rate of convergence in the cm1 cloud edge location
when measured against itself. In the absence of precise error measurements, this scaling
consistency suggests that cm1 is behaving in a manner consistent with the limiting behaviour
found in the cloud Boussinesq theory.

The same limiting behaviour can be observed in the measured dispersion relation sum-
marized in table 5.1. The dispersion relation is computed by calculating the least-squares
slope of the phase shift in the fundamental mode as a function of time. Table 5.1 has the
dispersion relation ω for each of the numerical schemes with the relative error to the Boussi-
nesq value (ω = .011539) in brackets below. The second column under each solver heading
is the estimated rate of self convergence (ERC). It should be noted that convergence rate
is not being measured against the Boussinesq dispersion relation but using successive cm1
measurements. The ERC is calculated using

ERC = log2

(
ω1 − ω2
ω2 − ω3

)
.

Once again a linear rate of convergence can be observed in µ seen in table 5.1.
The relative error in the cm1 dispersion relation, when measured against the Boussinesq

value, behaves considerably better than the interface amplitudes. At the largest values of µ
a relative error of 1% is seen. At the smallest value of µ a relative error of .1% is seen in
the incompressible case and errors on the order of .01% in the anelastic and KW schemes.

The analysis of this section demonstrates that the largest error source in the interface
location is controlled by the µ scale and that the cm1 computations exhibit a scaling law
that is consistent with the cloud Boussinesq model. It is evident that there are additional
gaps between the two models which is to be expected given the approximations made in
cloud Boussinesq and the limitations in taking appropriately small limits. From this analysis
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however it is fair to conclude that the cm1 computations agree very well with the predicted
behaviour of the cloud Boussinesq model.

5.5 Discrete Recovery of the Eigenvalue Phase Speed Curve

The final benchmark measure for cm1 performance is to see how well the propagation
speed of the travelling wave on the cloud edge is captured as a function of the horizontal
wavenumber k. For this test we use the values δ = .025, µ ≈ .026, and a height scale of
H = 1250m.

It was shown in Chapter 3 that the eigenvalue phase speed is a known function of the
wavenumber k. For this test k is varied and an attempt is made to recover the eigenvalue
relationship c(k) discreetly using cm1. In the scaled coordinate system k is varied from
2.75 to 16 which corresponds to the dimensional range of 2.75/1250 = 2.2 · 10−3m−1 to
16/1250 = 12.8 · 10−3m−1.

The results of the phase speed recovery are shown in figure 5.4. Figure 5.4a shows the
continuous phase speed curve defined by the cloud-ducted gravity wave solution with the
discrete values recovered using the cm1 explicit KW solver. The results for the incom-
pressible and anelastic equation sets are indistinguishable from the KW results presented.
Figure 5.4b shows the relative error in the phase speed computed using cm1 compared to
the cloud Boussinesq for each of the three solvers. The agreement between the values is
quite remarkable hovering around 10−3 and as small as 10−4 approaching 10−5 for larger
values of k.

The results of the anelastic and KW simulations show very good agreement with little
discrepancy in their relative errors. It is not immediately obvious why the incompressible
equation set deviates from the comparable performance of the anelastic and KW schemes.
Nonetheless, the incompressible equation set demonstrates good agreement with the Boussi-
nesq theory on the same order as the anelastic and KW schemes.

Notably, the agreement between the cm1 phase speeds and the cloud Boussinesq improve
with increasing values of k. It is not clear why this is the case, however, it is of note that as
the k gets larger the dynamics decay considerably faster into the cloud region. This would
likely mean the dynamics in the cloud have less impact on the computed dynamics.

It is also interesting to note that beyond k = 8 · 10−3 the error in the incompressible
model is larger than the anelastic and KW schemes. The cause for this is currently unknown.
It does however appear that for each of the solvers the error in the phase speed bottoms
out close to the 10−5 mark.

There is a remarkable quantitative agreement in the dynamical behaviour of the ducted
wave between the computed solution of cm1 and the cloud Boussinesq theory. The results
of section 5.3 illustrate this agreement in solution structure, section 5.4 in the interface
dynamics and propagation speed, and section 5.5 over a range of wavenumbers. Overall it
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Figure 5.4: (a) Black dots are the phase speed values measured from cm1 using the explicit
Klemp-Wilhelmson time-splitting technique for the compressible cm1 equation set. The
blue curve is the theoretically predicted phase speed of the cloud-ducted gravity wave. (b)
Relative error in the phase speed values for each equation set.

can be concluded that this cloud-ducted wave test represents a benchmark comparison for
cloud edge dynamics in the Boussinesq limit.
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Chapter 6

Concluding Remarks

6.1 The Power of Fluid Mechanical Thinking

At the beginning of this thesis, three questions were posed with the objective of identifying
a potentially observable cloud-edge phenomenon. The first question was:

Can a general mathematical framework be developed, through a systematic
model reduction, to investigate the coupling of small-amplitude, vertical dy-
namics and the motion of cloud edges?

This question was addressed by the development of the cloud Boussinesq model presented
in Chapter 2. The model extends classical Boussinesq theory to include the effects of moist
phase change. Using this framework, Boussinesq dynamics involving cloud can be studied
both analytically and computationally. This is a first step toward identifying cloud-edge
dynamics, induced by gravity waves, through a fluid mechanical analysis.

In the development of this model three simplifying ideas were combined:

1. The first idea was that Boussinesq theory could be linked to the effects of moist phase
change using linearized thermodynamics. This requires that the height scale of the
dynamics be small relative to the atmospheric scale height. This is captured by the
magnitudes of the εb and εa scales. This theory only applies to small-amplitude gravity
waves which is controlled by the magnitude of the perturbation scales, the largest of
which is lv

RvT0
εaµ.

2. The second idea was to model dynamics as perturbations on a background that is ev-
erywhere critically saturated. This was arguably one of the bigger innovations because
it connects small amplitude gravity waves to moist phase change at leading order.

3. The theory for moist phase change was simplified using the SMR approximation. This
made for a convenient starting point by simplifying the degree of coupling in the
thermodynamics. There was, however, a price to be paid. It is the only approximation
without a control parameter in the cloud Boussinesq model.
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The above simplifications give a minimal mathematical framework that captures both the
dynamics of linear gravity waves and the effects of moist phase change.

The second question posed was:

Can this framework be used to identify a particular cloud-edge dynamic that is
not simple advective transport?

This question was addressed in Chapter 3 by the construction of the cloud-ducted gravity
wave solution. This required the three additional simplifications:

1. Linear advections were used in the cloud Boussinesq model, controlled by the advection
parameter µ.

2. Frozen coefficients were used which is consistent with the Boussinesq approximation,
controlled by the height scale.

3. The final simplification was to assume that the displacement of the cloud edge was
small. This dealt with the influence of the nonlinear free-boundary, controlled by the
interface magnitude δ.

This solution identifies a cloud layer as a potential wave ducting environment. It also
shows that a ducted gravity wave can lead to a horizontally propagating wave on a cloud-
edge, without a prevailing horizontal wind. This identifies a potential mechanism for an
undulating cloud edge similar to figure 1.1d. The vertical motion of the edge has also been
shown to move in the opposite direction of the local vertical velocities. Further demonstrat-
ing, that the motion of a cloud-edge is not being materially transported.

From the perspective of Applied Mathematics, the first two questions in this thesis
have identified a particular cloud-edge phenomenon that could be observed in the real at-
mosphere. This is supported by the development of the cloud Boussinesq model and the
subsequent cloud-ducted gravity wave solution. To investigate the claim that this phe-
nomenon could be observable, the next objective was to show that it can be replicated in
an atmospheric numerical weather model under idealized conditions.

6.2 Construction in a Numerical Weather Model

The third and final question posed at the beginning of this thesis was:

Can this cloud-edge dynamic be constructed within a numerical weather model
under idealized atmospheric conditions?

The construction of the cloud-ducted gravity wave in cm1 was clearly demonstrated in the
quantitative comparisons of Chapter 5. Each of the above six approximations influenced
the construction of the solution in cm1. Setting this dynamic up required bridging the gap
between the approximated Boussinesq analysis and the computational physics. The primary
challenges of this are summarized as being:
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1. Cloud Boussinesq uses an approximated set of thermodynamics resulting in different
thermodynamic and dynamic equilibria compared to cm1.

2. The correspondence between the Boussinesq and cm1 variables needed to be estab-
lished i.e. a strategy to define the cm1 model variables from the cloud Boussinesq was
needed.

3. The cm1 configuration should be designed to be as dynamically close to the cloud
Boussinesq framework as possible.

All three of these challenges played a role in the computational design summarized below.
First, the set-up of the marginal-cloud background in cm1 was done by identifying

the full-physics equivalent of the cloud Boussinesq design principles (hydrostatic balance,
constant Brunt-Väisälä frequency, critically-saturated moisture) in the cm1 variables. This
was discussed in detail in section 4.3.1. The cm1 background must be in hydrostatic balance,
in the full physics sense, to guarantee time-steadiness. The cm1 marginal-cloud background
must be at critical saturation, in the full physics sense, to maintain the same sensitivity to
phase change as cloud Boussinesq.

Second, the cloud-layer background in cm1 should be in phase equilibrium, in the full
physics sense, to prevent an initial change of phase and release of latent heat. In cloud
Boussinesq, the total-water field is a state variable with the assumption that liquid and
vapour are always in equilibrium. The cm1 model allows for initialization outside of this
phase equilibrium. Thus, the cm1 setup required the equilibrium partition of total water
into its vapour and liquid components. This was discussed in section 4.3.2.

The initial wave perturbations must also be in phase equilibrium, in the full physics
sense. This, however, is not possible in the same way as the cloud-layer background be-
cause the initial pressure is inaccessible to the initialization. The algorithm developed for
this leveraged the fact that the perturbation scale of pressure, according to Boussinesq the-
ory, is one order smaller than the other thermodynamic perturbations. The thermodynamic
state in cm1 could then be defined by the variables θl and rT along with the background
pressure field. Using this idea, an algorithm was derived to determine the initial pertur-
bations that separated the total water into the correct equilibrium components. This was
necessary because, as already mentioned, initialization out of thermodynamic equilibrium
would introduce an initial release of latent heat. This was discussed in section 4.4.

The final significant component to the construction in cm1 was to design the computa-
tional runs so that each of the control parameters could be used. In particular, adjustment
of the Boussinesq parameter εa is achieved by a computational domain that is anchored
at its centre, about the same fixed altitude. Each run was then centred about the same
fixed background conditions maintaining the same self-similar solution with respect to the
Boussinesq scaling.
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The demonstrated existence of the wave propagation in cm1 provides evidence that
the cloud-ducted wave should be an observable phenomenon. In general, there is not much
observational data available for conditions addressing visible cloud dynamics at the scale of a
few kilometres. The cloud Boussinesq model has allowed for investigation in this direction.
This numerical simulation strongly suggests that this cloud-ducting mechanism could be
responsible for wavy cloud geometries resembling those shown in figure 1.1d.

The development of the cloud-ducted wave solution also serves as an analytical bench-
mark problem for the dynamical core of moist numerical models, in the cloud Boussinesq
limit. The utility of the cloud-ducted wave solution as a moist benchmark comes in the
ability to control the approximation errors. In the limit of small scale parameters (εa, µ, δ)
the cloud Boussinesq solution becomes a better approximation of the full-physics dynamics.
The quantifiable decrease of the observed errors provides validation of the correct dynamics
in the Boussinesq limit. This was illustrated in Chapter 5.

6.3 Future Directions for Research

6.3.1 Improvements to the Cloud Boussinesq Model and Benchmark Re-
sults

Two discrepancies have emerged from the computations of Chapter 5. There is the cloud
Brunt-Väisälä frequency of Boussinesq differing from cm1, mentioned briefly in Section 3.7.
Related to this is that cm1 does not converge to cloud Boussinesq in the limit of small scale
parameters, but instead converges nearby. The finite discrepancy is believed to be a result
of the SMR approximation.

From the perspective of building a better benchmark, an improved cloud Boussinesq
solution would be obtained by using the full non-SMR thermodynamics linearized about
the cloud height location.

This improvement would have no impact on the mathematical complexity of the Boussi-
nesq model. The resulting equation set remains the same but with improved coefficients.
This should lead to a more accurate Boussinesq solution with improved benchmark mea-
sures.

Additional Benchmark Measure

In the quantitative comparison between cm1 and cloud Boussinesq, it should be possible
to obtain additional asymptotic convergence measurements. In the current dynamical sim-
ulations, the influence of acoustic modes can be seen to decay visibly with the Boussinesq
scale-parameter at what appears to be the quadratic rate predicted in section 2.2.5. Ad-
ditionally, decay in the anelastic contributions can also be observed. Illustrating that the
asymptotic decay rate of these contributions matches the predictions of cloud Boussinesq
would give further validation of the model dynamics in the Boussinesq limit.
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Clear Air

Clear Air
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Downward Velocity

Upward Velocity Upward Velocity

Figure 6.1: Schematic diagram of gravity wave motion as possible mechanism for cloud
layer breakup. Upward velocities cause condensation on both the lower and upper edge of
the cloud. Downward velocities cause evaporation on both the lower and upper edge of the
cloud. This leads to a varicose pattern that could pinch off to form disjoint cloud regions
for sufficiently strong wave dynamics.

6.3.2 Further Applications of Cloud Boussinesq Dynamics

Mechanism for Cloud Layer Breakup

An interesting application of the cloud Boussinesq model is investigating gravity waves
as a mechanism for cloud layer breakup. Shown in figure 6.1 is a schematic diagram of
what evaporation and condensation would likely look like for a three-layer system of clear-
cloud-clear. Just as upward motion leads to condensation on the bottom of the cloud layer
in the cloud-ducted wave solution upward motion would likely lead to condensation on
both the top and bottom edges of the cloud in a three-layer system. Similarly, downward
motions would lead to evaporation on both top and bottom. This could lead to a varicose
pattern illustrating a tendency toward pinching and a potential breakup of the cloud layer
for a sufficiently strong gravity wave. A visibly similar cloud pattern is a fairly regular
occurrence, in fact, it appears adjacent to the holepunch in figure 1.1c where the two-
dimensional illustration in figure 6.1 is oriented into the page.

Nonlinear Free-Boundary Contributions

The cloud-ducted gravity wave solution is a purely linear solution to the cloud Boussinesq
model. The three nonlinearities ignored were in the thermodynamics, the advection, and
the free-boundary. Of particular interest for the cloud-ducted gravity waves are the effects
of the nonlinear free-boundary. Large interfacial cloud-edge waves can be achieved even
for small-amplitude gravity waves and are well within the scope of the cloud Boussinesq
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dynamics. There is an established precedent for nonlinear effects in water waves leading
to sharper peaks and extended troughs in their oscillations [27, sec. 4.3]. In the context of
cloud geometry this could provide a mathematical mechanism for the geometry of typical
cloud cartoons drawn by many.

Other Aspects to the Cloud-Ducted Gravity Waves

Several other aspects can be considered in the case of cloud-ducted gravity waves. The
solution constructed in this thesis used a quiescent background atmosphere. A next natural
progression is to consider the effects of shear flow. This has particular relevance in the
atmosphere and is a known source of instabilities [24, 27].

There is also the open question of what happens when extended to three dimensions.
It is not clear that the solution constructed here corresponds to a stable solution in a
three-dimensional environment.

Observational Cloud Clearing in the Southeast Atlantic

Another curious cloud phenomenon is the case of marine stratocumulus cloud clearing in the
southeast Atlantic near the African coast [31]. In these instances, a cloud edge of hundreds to
thousands of kilometres long, roughly parallel to the coastline, erodes in the perpendicular
offshore direction at a nearly constant speed. The direction of clearing is inconsistent with
prevailing horizontal winds and happens for distances up to 1000km from the coast. A
leading observational study of this phenomena [31] has suggested that the cloud erosion is
caused by atmospheric gravity waves.

From the perspective of cloud Boussinesq, the three key components in this phenomenon
are that: 1. it involves non-precipitating and convectively-stable cloud, 2. the cloud is dis-
sipated in a direction inconsistent with the winds, and 3. has a leading hypothesis of being
caused by gravity waves. All key aspects of the cloud Boussinesq framework. To study this,
however, information addressing the environment of this phenomenon is needed. It seems
possible, given that the basic three ingredients are there, that this phenomenon could be
studied within the Boussinesq framework under the right conditions.

Moreover, the two pre-generative articles of the cloud Boussinesq theory both have an
established precedent for the dissipation of cloud through an outward propagating gravity-
wave of subsidence [22, 23]. The equation sets used in those articles are not the same as
cloud Boussinesq, however, they are related in their application. It is reasonable to believe
that the same phenomena presented in [22, 23] could also be contained within the cloud
Boussinesq framework and may be related to the observed cloud clearing in the southeast
Atlantic.
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Appendix A

Sample cm1 Input File

Some irrelevant parts omitted.

&param0
nx = 64 ,
ny = 1 ,
nz = 64 ,
nodex = 1 ,
nodey = 1 ,
ppnode = 36 ,
t imeformat = 1 ,
t ime s t a t s = 1 ,
t e r r a i n_ f l a g = . fa l se . ,
p r o c f i l e s = . fa l se . ,
/

&param1
dx = 44.6248956476 ,
dy = 100 .0 ,
dz = 39.0625000000 ,
d t l = 0 . 5 ,
timax = 1090 .0 ,
run_time = −999.9 ,
t ap f rq = 10 .0 ,
r s t f r q = −3600.0 ,
s t a t f r q = 60 .0 ,
p r c l f r q = 60 .0 ,
/

&param2
cm1setup = 0 ,
t e s t c a s e = 0 ,
adapt_dt = 0 ,
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i r s t = 0 ,
rstnum = 1 ,
i c on l y = 0 ,
hadvordrs = 5 ,
vadvordrs = 5 ,
hadvordrv = 5 ,
vadvordrv = 5 ,
advwenos = 2 ,
advwenov = 0 ,
weno_order = 5 ,
apmasscon = 1 ,
i d i f f = 0 ,
mdi f f = 0 ,
d i f f o r d e r = 6 ,
imo i s t = 1 ,
i pb l = 0 ,
sgsmodel = 1 ,
t c o n f i g = 1 ,
bcturbs = 1 ,
ho r i z tu rb = 0 ,
doimpl = 1 ,
irdamp = 0 ,
hrdamp = 0 ,
p so l v e r = 2 ,
ptype = 6 ,
i h a i l = 1 ,
i au toc = 1 ,
i c o r = 0 ,
l spgrad = 0 ,
eq t s e t = 1 ,
i d i s s = 0 ,
e f a l l = 0 ,
rterm = 0 ,
wbc = 1 ,
ebc = 1 ,
sbc = 1 ,
nbc = 1 ,
bbc = 1 ,
tbc = 1 ,
i r b c = 4 ,
r o f l u x = 0 ,
i snd = 1004 ,
iwnd = 0 ,
i t e r n = 0 ,
i i n i t = 1010 ,
i randp = 0 ,
i ba l anc e = 2 ,
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i o r i g i n = 2 ,
axisymm = 0 ,
imove = 0 ,
i p t r a = 0 ,
npt = 1 ,
pdtra = 1 ,
i p r c l = 0 ,
npa r c e l s = 1 ,
/

&param3
kd i f f 2 = 75 .0 ,
k d i f f 6 = 0 .040 ,
f c o r = 0 .00005 ,
kdiv = 0 .10 ,
alph = 0 .60 ,
rdalpha = 0 .016 ,
zd = 15000 .0 ,
xhd = 100000 .0 ,
umove = 12 .5 ,
vmove = 3 . 0 ,
v_t = 0 . 0 ,
l_h = 100 .0 ,
l h r e f 1 = 100 .0 ,
l h r e f 2 = 1000 .0 ,
l_ in f = 100 .0 ,
ndcnst = 250 .0 ,
/

&param12
i s f c f l x = 0 ,
s fcmodel = 0 ,
oceanmodel = 0 ,
i n i t s f c = 1 ,
tsk0 = 299 .28 ,
tmn0 = 297 .28 ,
xland0 = 2 . 0 ,
lu0 = 16 ,
season = 1 ,
cecd = 3 ,
p e r t f l x = 0 ,
cns t c e = 0 .001 ,
cnstcd = 0 .001 ,
i s f t c f l x = 0 ,
i z 0 t l nd = 0 ,
oml_hml0 = 50 .0 ,
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oml_gamma = 0 .14 ,
s e t_ f l x = 0 ,
cns t_sh f lx = 0 .24 ,
cn s t_ lh f l x = 5 .2 e−5,
set_znt = 0 ,
cnst_znt = 0 .16 ,
set_ust = 0 ,
cnst_ust = 0 .25 ,
/

&param7
bc_temp = 1 ,
ptc_top = 250 .0 ,
ptc_bot = 300 .0 ,
v i s c o s i t y = 25 .0 ,
pr_num = 0 .72 ,
/

&MBMparam
MBM_P0 = 72749 .9922 ,
MBM_T0 = 263.0861206 ,
MBM_ns = 2.08E−4, ! Dimensional BVF
MBM_thsfc = 280.4509277344 , ! th_s fc
MBM_pisfc = 0.9560241103 , ! p i_s fc
MBM_HScale = 176.8388256577 , ! HScale
MBM_LScale = 176.8388256577 , ! LScale
MBM_UScale = 0.62500000000 , ! UScale
MBM_alpha = 1 . 0 , ! a lpha (mst_grad )
MBM_zB = −2.1991148575 , ! zB
MBM_zT = 5 , ! ( p i ) zT
MBM_epsW = .1 , ! d e l t a
MBM_omega = 0.6050315051 ,
MBM_kwv = 2 .75 ,
!−−−−−−Dimensional s o l u t i o n param−−−−−−−−−−−−
MBM_dim = 1 ,
MBM_Ht = 2500.0000000000 ,
MBM_hl = 1250.0000000000 ,
MBM_mClear = 2.0619439528 ,
MBM_mCloud = 0.5612451752 ,
/
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