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Abstract

Non-Intrusive Load Monitoring (NILM) is an approach to the increasingly important task
of residential energy analytics. NILM aims to provide appliance-level monitoring using only
the available aggregate data, side-stepping the need for expensive and intrusive monitor-
ing equipment. The present work showcases two self-contained, fully unsupervised NILM
solutions: the first featuring non-parametric mixture models, and the second featuring non-
parametric factorial Hidden Markov Models with explicit duration distributions. In the
latter, the use of traditional and novel constraints during inference shows marked improve-
ment in disaggregation accuracy with very little effect on computational cost, relative to
the motivating work. A novel denoising filter is developed to aid in change-point detection
and clustering accuracy. To constitute a complete unsupervised solution, labels are applied
to the inferred components using a Res-Net-based deep learning architecture. Finally, the
concept of Bayesian surprise is explored to monitor data-novelty and potentially regularize
learning in these and other NILM methods.

Keywords: non-intrusive load monitoring; non-parametric; unsupervised; mixture model;
factorial; hidden Markov model
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Notes

At various points in this thesis, previously published work or work submitted for pub-
lication will be leveraged. The relevant sections for each of these are listed as follows:

• Steady-state block filter: Section 4.1. Published [1].

• Res-Net-based state combination and labeling: Section 4.3. Submitted and awaiting
final decision [2].

• Bayesian Surprise: Sections 2.3.2, 4.5, 5.5. Submitted, accepted for publication [3].

iv



Acknowledgements

My heartfelt thanks to my supervisors Stephen and Ivan. Giving me the freedom to explore
what I found interesting was a daunting and much appreciated push in the right direction,
both in my studies and in my life as a whole. It allowed me to see value in my instincts
and build some trust in my abilities to figure things out. More than anything else, I think
these skills will in retrospect prove invaluable.

To my colleagues and friends, Alejandro and Alon: I couldn’t have done it without you
guys. Often in life I think we search for validation of our choices; something to indicate
that we made the right decision. After starting this program, I didn’t have to look any
further than you guys. Alon’s design and patient explanations of the labeling architecture
in Section 4.3 is also gratefully acknowledged.

All my thanks and love to my friends, family, and most of all my partner, Leah. Nothing
can be said here to express the love and appreciation I have for all that you do, and all that
you are. I truly couldn’t have done this without you.

v



Contents

Declaration of Committee ii

Abstract iii

Notes iv

Acknowledgements v

Table of Contents vi

List of Tables viii

List of Figures ix

Acronyms xii

1 Introduction 1
1.1 The Non-Intrusive Load Monitoring Problem . . . . . . . . . . . . . . . . . 1
1.2 Thesis Preview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Background 5
2.1 Hidden Markov Model Basics . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Hidden Markov Models . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2 Hidden Semi-Markov Models . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Bayesian Non-parametrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2.2 Mixture Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.3 Hierarchical Dirichlet Process HMMs . . . . . . . . . . . . . . . . . . 14
2.2.4 Hierarchical Dirichlet Process HSMMs . . . . . . . . . . . . . . . . . 16
2.2.5 Factorial Hierarchical Dirichlet Process HSMMs . . . . . . . . . . . 17

2.3 Inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.1 Exact Inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.2 Approximate Inference . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Deep Learning for Classification . . . . . . . . . . . . . . . . . . . . . . . . . 32

vi



2.4.1 Perceptrons to Neurons to Neural Networks . . . . . . . . . . . . . . 33
2.4.2 Backpropagation and Cost Minimization . . . . . . . . . . . . . . . . 34
2.4.3 Recent Issues and Their Solutions . . . . . . . . . . . . . . . . . . . 38
2.4.4 More Advanced Neural Net Structures . . . . . . . . . . . . . . . . . 43

2.5 Metrics for NILM evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 Related Work 48
3.1 Classical Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2 Deep Learning Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3 Unsupervised/Semi-supervised NILM . . . . . . . . . . . . . . . . . . . . . . 52
3.4 Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Methods 55
4.1 Steady-State Block Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2 Non-parametric GMM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2.1 Demand Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2.2 State Duration Modelling . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2.3 Edge-pairing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.3 State Combinations and Labelling . . . . . . . . . . . . . . . . . . . . . . . 69
4.4 Factorial HDP-HSMM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5 Bayesian Surprise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 Results 79
5.1 Steady-state Block Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.2 Mixture Model Disaggregation . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.3 Res-Net Labelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.4 Factorial HDP-HSMM Disaggregator . . . . . . . . . . . . . . . . . . . . . . 85
5.5 Bayesian Surprise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6 Conclusions 95

vii



List of Tables

Table 3.1 Popular NILM Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Table 4.1 Res-Net Classifier Summary . . . . . . . . . . . . . . . . . . . . . . . 78

Table 5.1 Run-time Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
Table 5.2 Comparison of Energy Truth/Filtered/Tracked (in kWh) . . . . . . . 90
Table 5.3 Mixture Model Disaggregation: RAE House 1 Block 2 (∼ 63 days,

1 Hz), Manual Labelling . . . . . . . . . . . . . . . . . . . . . . . . . 91
Table 5.4 Mixture Model Disaggregation: RAE House 2 Block 1 (∼ 63 days,

1 Hz), Manual Labelling . . . . . . . . . . . . . . . . . . . . . . . . . 91
Table 5.5 Mixture Model Disaggregation: REFIT House 2 (∼ 530 days, 1/8 Hz),

Manual Labelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
Table 5.6 Labelling evaluation: RAE House 1 . . . . . . . . . . . . . . . . . . . 91
Table 5.7 Labelling evaluation: RAE House 2 . . . . . . . . . . . . . . . . . . . 92
Table 5.8 Labelling evaluation: Unseen Dataport Home . . . . . . . . . . . . . . 92
Table 5.9 Labelling evaluation: Ground Truth Sub-meters . . . . . . . . . . . . 93
Table 5.10 Factorial HDP-HSMM Disaggregation: RAE House 1 Block 2 (∼ 63

days, 1 Hz), Manual Labelling . . . . . . . . . . . . . . . . . . . . . . 93
Table 5.11 Factorial HDP-HSMM Disaggregation: RAE House 2 Block 1 (∼ 63

days, 1 Hz), Manual Labelling . . . . . . . . . . . . . . . . . . . . . . 93
Table 5.12 Factorial HDP-HSMM Disaggregation: REFIT House 2 (∼ 530 days,

1/8 Hz), Manual Labelling . . . . . . . . . . . . . . . . . . . . . . . . 93
Table 5.13 REFIT Cross-house (3→ 5) MAE for full and cutoff training . . . . . 94

viii



List of Figures

Figure 1.1 General NILM process, adapted from [8]. . . . . . . . . . . . . . . . 2

Figure 2.1 Example of a Markov process. Numbers indicate probability of fu-
ture year behaviour. Image by Gareth Jones, CC BY-SA 3.0, ht-
tps://commons.wikimedia.org/w/index.php?curid=26414872 . . . . 6

Figure 2.2 Example of a Hidden Markov Model. (Creative commons license) . 6
Figure 2.3 Bayesian extension of a traditional HMM. Taken from [9]. . . . . . 9
Figure 2.4 Bayesian extension of a traditional HMM. Taken from [9]. . . . . . 11
Figure 2.5 HDP-HMM structure. Taken from [9]. . . . . . . . . . . . . . . . . 15
Figure 2.6 HDP-HSMM structure. Taken from [9]. . . . . . . . . . . . . . . . . 17
Figure 2.7 HDP-HSMM structure with auxiliary variables (ρ) to retain con-

jugacy. Taken from [9]. . . . . . . . . . . . . . . . . . . . . . . . . . 29
Figure 2.8 Example of a posterior distribution with nonzero covariance, expos-

ing the weakness of expression in the MF approximation relative to
a full-rank approximation, from [36]. . . . . . . . . . . . . . . . . . 31

Figure 2.9 Sigmoid activation function as described in text. . . . . . . . . . . . 34
Figure 2.10 Example of simple neural network with single hidden layer. Taken

from [40]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
Figure 2.11 Example of regularization for polynomial fit parameters. Work by

Nicoguaro, taken from wikipedia.org/wiki/Regularization_(mathematics)
under creative commons. . . . . . . . . . . . . . . . . . . . . . . . . 40

Figure 2.12 Process of convolution of a LRF for a stride of 1. Taken from [40]. . 44
Figure 2.13 Example of a Res-Net structure (top) compared to a “plain” network

(bottom). Adapted from [42]. . . . . . . . . . . . . . . . . . . . . . 45

Figure 4.1 Example of demand-based threshold on raw aggregate data. Inset:
Sigmoid-based threshold function as a function of demand value. . 56

Figure 4.2 Example of filled-backward first differences (orange) for a selected
sample of aggregate data (blue) and the corresponding first differ-
ences, ∆y(t) (green). Differences more negative than −τbase (red)
are filled-backward. . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

ix



Figure 4.3 Motivation for filling-backward: deactivation edges are transient-free
on average. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Figure 4.4 Motivation for filling-backward: Internal state transitions for high-
demand appliance activations (Heat pump, RAE dataset) . . . . . 60

Figure 4.5 Differences in the aggregate (green) exceeding the edge-based threshold
in either direction (green/red) are enumerated as change-points, shown
by red vertical lines. . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Figure 4.6 Example of poorly parameterized filter behaviour; a single region is
clearly comprised of discrete appliance activations. . . . . . . . . . 62

Figure 4.7 Histogram of the same region as Figure 4.6. Peaks are enumer-
ated and their midpoints correspond to power cutoffs for sub-regions
shown in the inset. . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Figure 4.8 Example of same region as Figure 4.6 using histogram peak-finding. 64
Figure 4.9 Example of poor filter behaviour based on imputing the mean over

all samples in a sub-region. . . . . . . . . . . . . . . . . . . . . . . . 65
Figure 4.10 Example of continuous sub-region fitting. . . . . . . . . . . . . . . . 66
Figure 4.11 Example of first-3 pairing. Inset: corresponding duration mixture

distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
Figure 4.12 Example of obvious energy constraints; the red region contains far

more energy than is available in the aggregate. . . . . . . . . . . . . 69
Figure 4.13 Example of re-fit duration mixtures following constrained pairing. . 70
Figure 4.14 Example of greedy-merge method for fridge states. . . . . . . . . . 72

Figure 5.1 Example of filter behaviour. . . . . . . . . . . . . . . . . . . . . . . 80
Figure 5.2 Example of filter behaviour. . . . . . . . . . . . . . . . . . . . . . . 81
Figure 5.3 Example of edge-cases requiring histogram peak-finding, harsh edge-

based thresholding, and post-processing of transients. . . . . . . . . 82
Figure 5.4 Example of various “optimized” filter outputs, for increasing weights

on the Hoyer loss. Inset: detailed region for comparison. . . . . . . 83
Figure 5.5 Ground Truth (upper right) and auto-labeled GMM disaggregated

components (upper left) and Factorial HDP-HSMM disaggregated
components (lower) using an artificial aggregate for an Austin, TX
home. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Figure 5.6 Estimation accuracy (equation 2.116) for change-point constraints
only, as in [9], and full constraints in inference. . . . . . . . . . . . . 86

Figure 5.7 Appliance-averaged MAE performance, REFIT House 2 . . . . . . 87
Figure 5.8 Appliance-averaged MAE performance, REFIT House 3 . . . . . . 88
Figure 5.9 Appliance-averaged MAE performance, REFIT House 5 . . . . . . 89

x



Figure 5.10 Effectiveness measure (1-F1-score) averaged over 7 appliances as a
function of surprise-based training cutoff . . . . . . . . . . . . . . . 90

xi



Acronyms

CNNs Convolutional Neural Networks. 43

DNN Deep Neural Network. 61

DP Dirichlet Process. 12

ELBO Evidence Lower Bound. 30

EM Expectation-Maximization. 8

FFT Fast-Fourier Transform. 51

GAN Generative Adversarial Network. 51

GEM Griffiths-Engen-McCloskey. 12

GMM Gaussian Mixture Model. 3

HDP Hierarchical Dirichlet Process. 3

HMM Hidden Markov Model. 5

HSMM Hidden Semi-Markov Model. 3

i.i.d. independent and identically distributed. 12

KL Kullback-Leibler . 29

LRF Local Receptive Field. 44

LSTM Long Short-Term Memory. 51

MAP Maximum A-Posteriori. 20

MCMC Markov Chain Monte Carlo. 14

xii



MF Mean-Field. 31

MH Metropolis-Hastings. 23

NILM Non-Intrusive Load Monitoring. 1

ReLU Rectified Linear Unit. 45

RMS Root-Mean-Square. 41

RMSE Root-Mean-Square Error . 4

RNNs Recurrent Neural Networks. 43

SSHMM Super-State Hidden Markov Model. 49

VAE Variational Auto-Encoder . 51

xiii



Chapter 1

Introduction

1.1 The Non-Intrusive Load Monitoring Problem

Non-Intrusive Load Monitoring (NILM) is a field of research focused on developing al-
gorithms that can accurately track constituent electrical loads in a system using only the
aggregate signal. This level of information has potential impacts on consumers, distribut-
ors, and producers. Studies suggest that even superficial feedback for end-user consumption
leads to reduced usage and more energy-conscious consumers [4]. Improved load prediction
for both energy producers as well as grid operators can lead to higher efficiency production
and optimized participation with transactive energy markets [5]. Greater transparency of
consumer usage behaviours and the associated loads in their homes allows a breadth of
information to inform load prediction. Utilities can also leverage this information to devise
public information campaigns, expansion plans, retrofit programs, etc. Finally, with the
increased adoption of electric vehicles and solar combined with in-home energy storage,
there is emerging evidence that using these nodes to contribute where necessary to the grid
can improve stability and allow for significant penetration of renewables into the grid [6].
Transparency of such grid resources to operators is highly valuable for these ambitious
ideas. Although the bulk of NILM research is largely residential in focus, the promise of
NILM at the commercial scale brings many obvious benefits to efficiency and profit margins.
However, the increased number and complexity of constituent loads in these contexts, as
well as the lack of public datasets, suggests that NILM at the commercial scale may not be
realized.

Disaggregation of constituent loads in a system is a difficult and complex problem, owing
to the fact that electrical loads in a home often significantly overlap in time or are even
concurrent with one another [7]. The problem can be stated as solving for each Pi in

Ptot =
∑
i∈M

Pi + ε, (1.1)
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Figure 1.1: General NILM process, adapted from [8].

where each Pi is the power consumption associated with appliance i out of a set of M total
appliances, and ε is some measurement noise. Given the large, generally unknown, number
of appliances in a modern home, estimating every Pi is neither feasible nor necessary. As
a result, M is often truncated to a subset of desired, high-demand appliances, M ′. The
remaining appliances are treated as noise and grouped with the measurement noise:

Ptot =
∑
i∈M ′

Pi + ε̃, (1.2)

where ε̃ = ε +
∑
i/∈M ′ Pi. Many statistical models and algorithms have been developed

to solve the problem of estimating each P̂i, some of which will be discussed in Chapter
3. Although present approaches to NILM vary widely, in the general case the process
follows Figure 1.1. Data is obtained either online or offline, processed for the relevant
features needed for load identification, and used for inference of each P̂i and for refinement
of learned models. Significant results have been achieved in the supervised-learning context,
where algorithms are fed labeled data from individual loads in order to learn characterizing
features. The hope with these supervised approaches is that with sufficiently representative
datasets and regularized learning, generalization to unseen homes will approach feasibility
in real use-cases. As it currently stands, the available datasets for NILM research are limited
relative to the diversity of appliance types and models. Unsupervised approaches to NILM,
which involve no labeled training data, are therefore a viable option. In unsupervised
learning, NILM can be broken up into two sub-problems: disaggregation and labelling.
These can be and often are addressed simultaneously, such as by setting priors for appliance
models in Bayesian settings, and allowing the data to be assigned to the appropriate model
and update the relevant parameters. In this way, pre-labeled prior information is chosen
as general as possible and used to segregate house-specific data while updating the prior
information. The assumption inherent in this approach is that averages over models for a
given appliance type are sufficiently distinct in a given representation from other appliance
types. This claim is difficult to verify in general given the poor representation of appliance
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models in existing datasets. Overlap of these appliance-model averages in a given feature
space can lead to poor classification accuracy, which is especially troublesome in methods
such as [9], the motivating work for this thesis.

An alternative formulation is to avoid pre-labelling, and instead use the house-specific
data to disaggregate appliances before applying labels to the resulting disaggregated signals.
By doing this, we are implicitly admitting that these model-averaged, “general” priors are
either unknown, or known only to a degree of uncertainty that overlap is impossible to avoid.
We instead assume that differences between particular models of two different appliance
types will be far more distinct on average than the model-averaged differences between
those appliance types. We should therefore leverage these house-specific differences to
disaggregate appliance signals from one another, rather than relying on weakly informative
priors. After disaggregation, we can apply labels using deep learning methods that establish
highly non-linear combinations of features to distinguish between appliance types. This
motivates the separated disaggregation-labelling approach taken in this work.

1.2 Thesis Preview

The work contained in this thesis is an attempt to solve the NILM problem in an un-
supervised way, broken down into what are two self-contained NILM solutions. First, a
non-parametric Gaussian Mixture Model (GMM) is used to establish house-specific priors
over appliance steady-state power values and state durations, leveraging transient behaviour
to assist state assignments. An edge-pairing method using various constraints establishes
unlabeled disaggregated signals. This is discussed in Sections 4.2 and 5.2. By itself, this
method provides promising disaggregation performance when tested on RAE [10] and RE-
FIT [11] homes. Once a labelling method, whether deep learning as in this thesis or other-
wise, can be shown to reliably classify the disaggregated traces, this method may prove to
be highly useful for a subset of appliances.

The disaggregated components from this mixture model method can then be merged if
necessary and labeled using a deep learning approach. The Res-Net-based approach in this
thesis is outlined in Sections 4.3 and 5.3. Although further development is required before
this approach can reliably label unknown appliances, it shows promise with disaggregated
components from an unseen house in the dataset used for training the network. This
suggests that using a training set that is regionally similar to the target home could improve
labelling reliability.

The second solution leverages the learned mixture model distributions over demand and
duration to inform the priors for a non-parametric factorial hidden Markov model with
explicit state duration distributions, called a Hierarchical Dirichlet Process HDP Hidden
Semi-Markov Model HSMM [9]. With pre-labeled components from the previous step,
this method can also be considered a complete NILM solution. This method is outlined

3



in Sections 4.4 and 5.4, and is the main focus of this work. Nearly all major appliances
are disaggregated more accurately in terms of F1-score (equation 2.120) with this method
when compared to the mixture model method. Furthermore, novel constraints on inference
in this complex model result in much fewer iterations necessary to reach convergence in
model performance. Relative to unconstrained inference, the imposed constraints result in
over 20% higher disaggregation accuracy (equation 2.116) for the same number of iterations.
Finally, a method to monitor novel events in the aggregate signal is introduced under the
framework of Bayesian surprise [12]. This can be used to maintain flexibility in these and
other NILM algorithms when appliances abruptly change in the home, along with potential
applications in regularization against overfitting, fault detection, and dataset acquisition
and usage. A threshold in terms of postdictive and transitional surprise (discussed in
Sections 4.5 and 5.5) is demonstrated by the decay in performance improvements when
training with additional same-house data. This threshold shows usefulness in cross-house
generalization relative to full training, showing the promise of this method to regularize
learning in NILM. Finally, the transitional surprise metric developed in Section 4.5 is shown
to be useful in the context of a popular Super-State Hidden Markov Model [13], where model
performance improvement follows closely the decay in transitional surprise for increasing
dataset size.

All of the above components make use of a simple yet robust signal filter designed to
extract steady-state information from aggregate data. The filter removes transient beha-
viour during appliance activation and measurement noise by imputing the mean signal value
between change-points. These change-points are determined by using non-linear demand-
dependent and edge-dependent thresholds. The filter is shown to far outperform an existing
method both in terms of run-time as well as accuracy of imputed steady-state values. An op-
timization scheme is developed by regularizing Root-Mean-Square Error (RMSE) loss (equa-
tion 2.117) with a weighted Hoyer sparsity loss (equation 4.5), and using a dual-annealing
stochastic optimization. This approach shows promise for developing an adaptive filter that
can be optimized to any particular use-case. This steady-state block filter is discussed in
Sections 4.1 and 5.1.

Chapter 2 is devoted to the theoretical details relevant to the above components, includ-
ing the basics of Hidden Markov Models, their extension into the non-parametric regime,
mixture models, stochastic and variational inference, and also a comprehensive introduction
to deep learning and the more recent advances in the field relevant to this thesis. Chapter 3
will briefly outline recent developments in NILM research more broadly as well as those of
particular relevance to the present work. Chapter 4 will discuss the implementation methods
and considerations in each component of the final solution, while Chapter 5 presents their
respective performance. Finally, Chapter 6 provides a summary and highlights motivations
for further work.
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Chapter 2

Background

2.1 Hidden Markov Model Basics

The Hidden Markov Model (HMM) is an extension of a Markov chain, which is a stochastic
model named after Russian mathematician Andrey Markov [14]. Markov chains by defini-
tion obey—or are approximated as obeying—the ‘Markov property’, whereby the prediction
of the current state of a system only requires the previous state and any associated obser-
vations. These states can be considered random variables X1, X2, . . . , Xn, which take
on observable values x1, x2, . . . , xn ∈ X (where X is some measure space), and are said to
constitute a (discrete-time) Markov chain if

Xt ⊥ {X1, X2, . . . , Xt−2}|Xt−1, (2.1)

where ⊥ indicates conditional independence. In other words, the joint distribution over the
n random variables factors in the following way:

p(x1, x2, . . . , xn) = p(x1)p(x2|x1)p(x3|x2) . . . p(xn|xn−1), (2.2)

and since we can always write

p(x1, x2, . . . , xn) = p(x1)p(x2|x1)p(x3|x1, x2) . . . p(xn|x1, x2, . . . , xn−1), (2.3)

we can only have equality between the two above expressions if, for all t,

p(xt|x1, x2, . . . , xt−1) = p(xt|xt−1). (2.4)

This requires the statement of conditional orthogonality in equation 2.1. This corresponds
to what is sometimes called the memoryless property, since the future state of such a system,
say at time t, depends only on the state at time t − 1, and given knowledge of that state,
all other past states are independent of the one at t. One simple example of a Markov
chain process in the world of finance is shown in Figure 2.1, where market behaviour in the
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Figure 2.1: Example of a Markov process. Numbers indicate probability
of future year behaviour. Image by Gareth Jones, CC BY-SA 3.0, ht-
tps://commons.wikimedia.org/w/index.php?curid=26414872

Figure 2.2: Example of a Hidden Markov Model. (Creative commons license)

following year (head of arrows) can be predicted with varying probability based only on the
current year’s market (tail of arrows).

2.1.1 Hidden Markov Models

In HMMs, the internal state of a system is unobservable, and tractable inference must be
made based on related observables. In other words, there are observations made on the
system that are related to the possible internal states but not uniquely so. In addition,
the states are also temporally related to one another but not uniquely so. Let’s denote
the hidden random variables as X1, X2, . . . , Xn, each of which take on values in a discrete
set {1, 2, . . . ,m}. Each hidden state emits some observable random variable Y1, Y2, . . . , Yn,
whose realizations give us our data set D = (y1, y2, . . . , yn). The graphical model for
this type of Markov process is shown in Figure 2.2. This figure depicts the memoryless
property of Markov chains (see equation 2.1). It also demonstrates a useful property of
directional, acyclic graphical models called d-separation or dependence-separation, which
will be referenced several times [15]. The definition of d-separation is as follows:
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Let A,B, and C be disjoint subsets of vertices of a graph, G. A path between two
vertices is called blocked with respect to C if it passes through a vertex in the graph, v,
such that either:

1. the directional arrows are head-to-tail or tail-to tail with respect to C and v ∈ C; or

2. the directional arrows are head-to-head and v /∈ C and none of the descendants of v
are in C (where ‘descendants’ refers to the directionally subsequent vertices following
v).

If all paths between a vertex of A and a vertex of B are blocked with respect to C, then
A and B are said to be d-separated by C, which then ensures that A ⊥ B|C.

By examining Figure 2.2, we see that each observable state Yk is d-separated from all
Xj<k and Yj<k, and so we have the conditional independence

Yk ⊥ Yj<k, Xj<k|Xk,

allowing the joint distribution over observations and hidden states in HMMs to be written
as

p(y1, . . . , yn, x1, . . . , xn) = p(x1)p(y1|x1)
n∏
k=2

p(xk|xk−1)p(yk|xk), (2.5)

where by convention the above notation implies p(y1|x1) ≡ p(Y1 = y1|X1 = x1). We can
now introduce the simplifying notation to be used hereafter. Since p(xk|xk−1) intuitively
represents the probability of the system evolving to state xk from state xk−1, we call these
the transition probabilities, and denote the transition from state i to state j as

πi,j
def= p(xk+1 = j|xk = i), ∀ i, j ∈ {1, 2, . . . ,m} (2.6)

All such transitions can then be organized in an m×m transition matrix, π, with the (i, j)th

entry as shown above.
Additionally, since p(y1|x1) is the probability of observing y1 conditioned on the system

being in state x1, we call these the emission probabilities, and we can construct a distribution
on Y, the measure space for all Y :

ϑi(y) def= p(y|xk = i) = F (θi) (2.7)

where F (·) is some indexed family of distributions (e.g., Gaussian distributions for which
θi parameterizes state i). If we define the initial state probability π0(i) def= p(x1 = i), this
allows us to write equation 2.5 in a more intuitive form:

p(y1, . . . , yn, x1, . . . , xn) = π0(i)ϑx1(y1)
n∏
k=2

πxk−1,xk
ϑxk

(yk) (2.8)
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Given enough training data, distributions over initial state probabilities as well as trans-
ition and emission probabilities can be given arbitrary form in a frequentist setting by
counting the relevant occurrences. Alternatively, these distributions can be given explicit
parametric forms, where the associated parameters can be estimated and fixed by, for ex-
ample, Expectation-Maximization (EM). The most flexible approach, however, is to allow
the data to update the beliefs about the parametric form of these distributions in a fully
Bayesian way.

Bayes’ Theorem can be stated for evidence x and model parameters θ as follows:

p(θ|x) = p(x|θ)p(θ)∫
θ p(x|θ)p(θ)dθ (2.9)

In words, this states that the posterior distribution over model parameters given new
evidence is the normalized product of the likelihood of the evidence under the model and
the prior probability of the parameters. This allows estimation of the best current value
of θ, or the posterior p(θ|x) can be used as the prior distribution given new observations
x′. The normalization constant, called the marginal likelihood of the data, is difficult to
compute in the general case. However, when the prior and posterior distributions are within
the same parametric family, the prior is said to be conjugate to the likelihood distribution,
p(x|θ). Conjugacy is an important property that allows relatively simple update equations
to be derived for conjugate pairs, rather than needing to compute the marginal likelihood
for every iteration of Bayes’ Theorem. For a description of common conjugate pairs as well
as derivations of the update equations for the respective model parameters, see [16].

As an example, a common method to model the emissions in HMMs is with simple
Gaussian distributions, p(y|xi) = N

(
µi,Σi

)
, with mean vector µi and covariance mat-

rix Σi. In the general case, both the component means and their associated covariances
are unknown, and so the conjugate distribution to the Gaussian likelihood in this case is
the normal-inverse-Wishart (or, parameterized slightly differently, the normal-inverse-Chi-
squared) joint prior [16]. For each component in the model, this joint prior is described
by

Σ ∼ IW(ν,∆)

µ|Σ ∼ N (φ,Σ/κ),
(2.10)

where IW is the inverse-Wishart distribution with covariance/scale matrix ∆ and degrees
of freedom ν. Similarly, the conditionally normal hyperprior on the component means
is parameterized by a base mean, φ, and covariance scaled by another hyperparameter,
κ. These hyperpriors are shared across components and their associated hyperparameters
determine the form for the prior distributions specific to each component.

In the Bayesian framework, the transition matrix needs a prior as well, for which certain
conditions must be met:
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Figure 2.3: Bayesian extension of a traditional HMM. Taken from [9].

1. For each πi,j , we must have that 0 ≤ πi,j ≤ 1;

2. For each row πi, we must have that
∑
j πi,j = 1.

For a system with cardinality N (i.e., N components/states), a good candidate for a
prior with a support satisfying these constraints is the Dirichlet distribution of dimension
N . The Dirichlet distribution is a multivariate generalization of the Beta distribution, and
is a method to generate distributions of varying similarity to a source/base distribution.
The Dirichlet distribution can be thought of as a distribution over distributions. It is para-
meterized by a vector of positive real numbers α, which determine the concentration along
each dimension of the simplex (generalization of a triangle) defined by its support. Useful
for later discussions, the probability density function of each transition row is distributed
as Dirichlet, given up to a normalization constant by

p(πi|α) ∝
K∏
j=1

π
αj−1
i,j . (2.11)

Furthermore, the hidden states in the HMM are distributed categorically, meaning that
at a given instant the system can evolve to any of the available discrete states, with the
probability of transition defined by πi,j . Consequently, the Dirichlet prior is a natural choice
since it is conjugate to a categorical likelihood distribution.

The generative model of the Bayesian HMM with cardinality N can be expressed in
block form according to Figure 2.3, or alternatively as the following process:

For i = 1, 2, . . . ,K:

πi
iid∼ Dir(α1, α2, . . . , αN ) (2.12)

θi
iid∼ H
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For t = 1, 2, . . . , T :

xt ∼ πxt−1 (2.13)

yt ∼ F (θxt),

where Dir(·) indicates the Dirichlet distribution, the αi’s are the “pseudo-count” prior ob-
servations of the ith component. Typically the prior is symmetric such that α1 = α2 =
. . . = αN = α, although these can be adjusted to account for prior knowledge, for example
appliance activation sparsity. Again, the θi’s parameterize the observation distribution F
from which observations yt are drawn, themselves drawn from a base observation distri-
bution H. This conjugate joint prior was the normal-inverse-Wishart distribution in the
example above.

Despite the flexibility of Bayesian modelling in HMMs, a major disadvantage of tradi-
tional HMMs is the duration distributions they implicitly impose on the hidden states. For
a hidden state k with self-transition probability πkk, the duration of state k is by defin-
ition distributed as a geometric with mean 1 − πkk. This is simply a consequence of the
Markovian assumption—that the current state of the system depends only on the previous
one. Unfortunately, this is often an unphysical model for state durations, and so the HSMM
was introduced [17]. These more sophisticated models allow explicit distributions on state
duration, which removes the strict Markovian assumption of memorylessness.

2.1.2 Hidden Semi-Markov Models

Although several variants exist, the general idea behind HSMMs is to expand the generative
process of HMMs to include an explicit duration distribution for each state. Instead of
allowing some probability of self-transition as in HMMs (which was exactly what imposed
the geometric duration distribution), HSMMs prohibit self-transition by setting all πii = 0
by the following transform:

πij ← π̄ij
def= πij

(1− πii)
(1− δi,j), (2.14)

where δi,j is the Kronecker delta such that δi,j = 1 if i = j, and δi,j = 0 otherwise.
The system then samples a random state duration from the specified distribution when

conditioning on a particular hidden state, and remains in that state until the sampled
duration expires. In contrast to the traditional Markovian trellis structure discussed in the
previous section, the so-called super-states of the system, z, are now emitting random length
observation sequences, shown in Figure 2.4.1 These state-specific duration distributions can

1Important to note is that these are distinct from super-states of the same name in [13], which is a vector
describing the activation state of all appliances in the home. Intended meaning will be clear in the text.
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Figure 2.4: Bayesian extension of a traditional HMM. Taken from [9].

be quite complex, for example a weighted sum of Poisson distributions. The improvement in
modelling explicit duration distributions predictably comes at computational cost. However,
there are several ways to significantly reduce the model complexity, which will be discussed
in some detail later.

Once a model is instantiated, we can answer the usual inference questions, such as the
duration prior term for a segment s beginning at time t + 1, conditioned on the hidden
state: p(Dt+1 = d|xt+1 = i), or the likelihood term: p(yt+1:t+d|xt+1 = i, Dt+1 = d), and
many others. The types of questions that can be asked in these models and the inference
structures to answer them will be covered in Section 2.3.

Another major disadvantage to the Bayesian HMM and its semi-Markov extension is
that the cardinality must be determined a priori. Instead, we ideally want to allow for
an infinite-dimensional state-space which dynamically expands or contracts as necessary.
Section 2.3.2 briefly discusses certain stochastic inference algorithms that allow flexible
dimensionality, but an arguably simpler method is to extend our models to the regime of
Bayesian Non-parametrics.

2.2 Bayesian Non-parametrics

Bayesian non-parametrics is a class of models which are not constrained to finite para-
meterizations, and allow a dynamic, potentially infinite-dimensional state space that we
can extend to HMMs and HSMMs. In this section, some basic structure and properties of
Bayesian non-parametrics are explored, followed by an application to Mixture Models to be
used later in the context of Bayesian surprise. Finally, we extended this regime to HMMs
and HSMMs into HDP-HMMs/HSMMs.

2.2.1 Basics

In the context of HMMs, we know that to accommodate an infinite state space, at the very
least the transition matrix must itself be potentially infinite. However, the same previous
conditions for the transition matrix must still hold: with probability one we must transition
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from a given state to some other state. So our prior on the transition rows must be able
to generate an infinite sequence of probabilities summing to one. In the finite case, we saw
that a Dirichlet prior on the finite number of states was conjugate to a categorical likelihood
of transition. A natural step, then, is to explore an infinite-dimensional analogue of the
Dirichlet distribution. Such an object, called the Dirichlet Process (DP) was discovered by
Thomas Ferguson in the early 1970s [18].

The DP is a stochastic process that generates random probability measures, which
follow a Dirichlet distribution for every finite partition of some measurable space [19]. It is
uniquely defined by a base measure on the measurable space and a concentration parameter,
similar to the finite-dimensional Dirichlet distribution. An intuitive picture for the choice
of base distribution is the stick-breaking process [20]. In the stick-breaking framework, the
infinite sequence of transition probabilities for each row are generated by drawing from a
Griffiths-Engen-McCloskey (GEM) distribution, described by

νi|α ∼ Beta(1, α), i ∈ {1, 2, . . .}

πi = νi

i−1∏
`=1

(1− ν`), i = {1, 2, . . .}, (2.15)

where, when unbolded, πi is understood to be a scalar quantity.2 This process can be
understood by imagining a unit probability stick being partitioned into sequentially smaller
pieces. The proportion of the remaining stick to be broken off is sampled according to a
beta distribution parameterized by (1, α).

A draw from the DP (i.e., G ∼ DP (α,G0)) is a discrete, infinite random object that
can be expressed by

G =
∞∑
i=1

πiδθi
, (2.16)

where θi is the ith of the countably infinite atoms drawn independent and identically dis-
tributed (i.i.d.) from a base distribution, G0, and πiδθi

is the atom located at θi, scaled by
weight πi. That is,

θi|G0
i.i.d.∼ G0. (2.17)

An important property of the DP is its preferential attachment of observations to existing
states, encouraging parsimonious state assignments/clusterings. It can be shown that the
number of clusters instantiated over N draws from the measure π defined by DP(α,G0)

2This notation is useful to draw an analogy between this constructive process and the transition row
objects, which will become clear in Section 2.2.3
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scales as α log(N) as N −→ ∞ [21]. The predictive distribution on these partitions of the
data induced by the DP can be explored using the Chinese Restaurant Process analogy. In
it, each of the infinite atoms θ′i drawn from G0 is pictured as a customer entering a Chinese
restaurant. In this restaurant, each table serves a unique dish θk, and each customer either
sits at an existing table or starts a new table that was previously unoccupied. It is helpful
to introduce an indicator variable zi which designates the table assignment for atom θ′i (i.e.
if zi = m, then θ′i = θm).

Examination of the distribution of the atoms under marginalization of the base measure
G0 in the Pólya urn picture (see [19]) shows that the predictive distribution of the indicator
variables take the following form:

p(zN+1 = z|z1, . . . , zN , α) = α

N + α
δz,K+1 + 1

N + α

K∑
k=1

δz,k, (2.18)

where Nk is the occupation number or cardinality of the table k, and K + 1 is a new,
previously unoccupied table. In other words, the probability of seating a customer at an
existing table is proportional to the number of customers already seated at that table.
The proportionality constant—as well as the probability of assigning a customer to a new
table—is determined by the same α parameter we saw in the stick-breaking process. In this
picture it becomes clear why the α parameter is called the concentration parameter.

This description of the DP lends itself most transparently to mixture models, which
allows non-parametric clustering of data into a flexible number of components. The follow-
ing provides an introduction into parametric mixture models as well as their extension into
non-parametrics.

2.2.2 Mixture Models

In a typical parametric GMM with K components, the likelihood is written as

p(y|θ1, . . . ,θK) =
K∑
k=1

wkN
(
µk,Σk

)
, (2.19)

where θk = {µk,Σk, wk} parameterizes component k by its mean vector µk, its mixing
proportion or weight wk (where 0 ≤ wk ≤ 1 and

∑
k wk = 1), and its covariance matrix Σk.

As for the HMM in the Bayesian context, prior distributions were placed on each com-
ponent’s parameters, which in turn were parameterized by a set of hyperparameters shared
across components. Similar to the transition probabilities, the mixing proportions for each
component are typically given a Dirichlet conjugate prior with hyperparameter vector α:

w|α ∼ Dir(α1, α2, . . . , αK), (2.20)
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To achieve an unbounded set of mixing components and their respective mixing propor-
tions in non-parametric methods, the infinite sequence of mixing proportions are generated
by similarly drawing atoms from a GEM distribution, as in equation 2.17. These atoms
then parameterize the associated observations according to an indexed family of distribu-
tions f(·):

yi|θ′i ∼ f(θ′i) (2.21)

As before, G0 is typically the joint conjugate prior for the means and covariances that
specify the Gaussian components (i.e., the normal-inverse-Wishart distribution, equation
2.10) [22]. In other words, the atoms of the DP parameterize Gaussians centered around
the base hyperparameters. The concentration hyperparameter, α, determines the extent to
which the atoms cluster around G0. This construction allows the parameters and weights of
the unbounded set of Gaussian components to be determined by the data, often in stochastic
samplers such as Markov Chain Monte Carlo (MCMC) methods, or using deterministic
methods such as variational inference. The inferential framework for such models will be
explored in Section 2.3.

2.2.3 Hierarchical Dirichlet Process HMMs

The HDP is a stochastic process in which the base measure (G0 previously) is itself drawn
from a DP prior. This is useful in the situation where data is naturally clustered into distinct
groups, but produced by related generative processes. An example given in [19] is a sensor
network collecting data from an environment in which the quality of collected data varies
with time. In the stick-breaking representation of the HDP-HMM, we begin by producing
an unbounded sequence of stick breaks according to a GEM process parameterized by α.
This “base-stick” is then used for generating the unbounded number of transition rows,
distributed according to a DP, itself parameterized by the base stick and an additional
concentration parameter, γ.

The hidden state sequence is sampled according to the usual HMM process, and ob-
servations conditioned on a hidden state are drawn from an observation distribution (say
a Gaussian). These state-specific observation distributions are parameterized by draws
from the corresponding conjugate prior. This can be summarized either in graphical form
according to Figure 2.5, or as the following generative process:

β ∼ GEM(α)
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Figure 2.5: HDP-HMM structure. Taken from [9].

For i = 1, 2, . . .:

πi
iid∼ DP(γ, β) (2.22)

θi
iid∼ H

For t = 1, 2, . . . , T :

xt ∼ πxt−1 (2.23)

yt ∼ f(θxt),

The model is thus hierarchical since the transition objects, πi are generated from a DP that
is parameterized by the same discrete measure β. As will be shown in Section 2.3.2, this
hierarchical link breaks conjugacy and makes inference in these models difficult. Sampling
methods to bypass this difficulty will be discussed. Since we can’t explicitly instantiate all
of the infinite latent parameters, a so-called weak limit, L, is often placed on the number
of unique components. This produces a finite approximation to the HDP-HMM, which,
in the limit that L −→ ∞, converges to a true HDP-HMM [19]. Important to note is that
this parameter is an upper bound; one can grossly overestimate the necessary components
and let the preferential attachment of the model restrict the necessary states. Nevertheless,
the weak-limit parameter can also be modified as required by the data in beam sampling
proposed by Van Gael et al [23].
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2.2.4 Hierarchical Dirichlet Process HSMMs

The extension to semi-Markov models is relatively straight-forward from this point. Drawing
from equations 2.22 and 2.23, the HDP-HMM can be modified to include explicit duration
distributions to arrive at the graphical model shown in Figure 2.6. This generative process
can be described by the following:

β ∼ GEM(α)

For i = 1, 2, . . .

πi
iid∼ DP(γ, β) (2.24)

(θi, ωi)
iid∼ H ×G

For s = 1, 2, . . .

zs ∼ π̄zs−1 (2.25)

Ds ∼ g(ωzs)

xt:(t+Ds−1) = zs

yt:(t+Ds−1)
iid∼ f(θxt)

where each t is the sum of previously sampled durations (i.e., t =
∑
s̄<sDs̄), and where

xt:(t+Ds−1) is the indicator for the super-state zs over the sampled duration Ds (shown in
Figure 2.6.

In words, we generate the same base-stick as in the HDP-HMM case, and use it to
generate the hierarchical transition rows. The associated observation and duration para-
meterizations (θi, ωi) are drawn i.i.d. from their respective conjugate base distributions. For
example, if the durations are distributed as Poisson, ωi ∼ Gamma(·). As before, the super-
state sequence is sampled according to semi-Markov dynamics with π̄ij = πij

(1−πii)(1 − δi,j)
(i.e., self-transitions are forbidden). A duration Ds is sampled from the observation dis-
tribution (Poisson in the example above) parameterized by the ω corresponding to state
zs. The label sequence for the duration sampled is set to the sampled super-state (i.e.,
xt=s:s+Ds = zs), and finally the observations for that duration are drawn i.i.d. from the
observation distribution parameterized by the corresponding θ draw. Important to note is
that the HDP-HMM case can be recovered by explicitly placing geometric distributions on
the state durations.
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Figure 2.6: HDP-HSMM structure. Taken from [9].

2.2.5 Factorial Hierarchical Dirichlet Process HSMMs

A final extension of these ideas is to apply the non-parametric generative model shown
above to factorial structures, which will be used in Chapter 4. Assuming an independent
noise source w, factorial models compose an overall chain of observables ȳ by a sum of
independent Markov chains:

ȳt =
K∑
k=1

y
(k)
t + wt, (2.26)

where
y(k) ∼ HDP-HSMM(αk, γk, Hk, Gk). (2.27)

That is, each Markov chain contributing to the overall observable, ȳt is distributed accord-
ing to the generative model described for the HDP-HSMM previously. In this framework,
each chain has its own set of hyperparameters, including base observation and duration
distributions, as well as concentration parameters for generating the hierarchical states.
This highly flexible model is intuitively a reasonable match for the type of processes in-
volved in home power signals, where each appliance contributes to the overall aggregate
with (approximately) independent dynamics. Assuming priors that are sufficiently close
to the actual appliance dynamics (and separate from the other contributing appliances),
this method constitutes a potentially unsupervised NILM solution. However, as will be
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discussed at some length, it seems highly unlikely to be able to provide these specific, yet
general, appliance priors for labelling the returned states. Before this discussion, however,
an important component to the underlying success in these models lies in inference meth-
ods. The following section outlines several methods for inference as well as their application
in these complex generative models.

2.3 Inference

2.3.1 Exact Inference

The usual goal in the Bayesian framework is to use observed data to form a likelihood given
prior assumptions, so as to update the posterior distribution and estimate model paramet-
ers. However, the normalizing constant for the posterior distribution, called the marginal
likelihood (p(x) =

∫
θ p(x|θ)p(θ)dθ) is NP-hard to compute exactly (i.e., is computationally

intractable) for arbitrary graphical models [24]. The distribution over model parameters
{θ} is often high-dimensional and unavailable in closed form. Simple models for which ex-
act inference is possible involve highly strict assumptions of independence (e.g., in standard
HMMs, the Markov property and finite cardinality). However, with the possibility of exact
inference comes significant restriction on the expressiveness of the model to map onto actual
patterns in the data. If we move to more complex generative models, such as a model that is
non-parametric, we face the intractability in the marginal likelihood. In these cases we are
forced to appeal to approximate inference methods. Nevertheless, there are important par-
allels between approximate inference in complex models such as the factorial HDP-HSMM
and exact methods for simpler models. Two examples of exact inference algorithms to be
explored here are the Forward-Backward algorithm [25] and the Viterbi algorithm [26].

Forward-Backward, Viterbi Algorithms

Returning to the simple HMM discussed initially, we assume the transition and emission
matrices are determined, along with the initial distribution, π0(i). Given these, important
questions regarding the hidden state sequence can be addressed. For example, consider the
posterior probability of state xk given all available evidence y1, y2, . . . , yn, n > k:

p(xk|y1:n), (2.28)

where the notation 1 : n indicates y1, y2, . . . , yn. Computation of this distribution is achieved
using the forward-backward algorithm, comprised of two parts unsurprisingly called the
‘forward’ part and the ‘backward’ part. The respective goals of each are to compute

p(xk, y1:k), (2.29)
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and
p(yk+1:n|xk). (2.30)

To see this, we note that by the usual rules of conditional probability, equation 2.28 can
be written

p(xk|y1:n) ∝ p(xk, y1:n) = p(yk+1:n|xk, y1:k)p(xk, y1:k) (2.31)

But examining Figure 2.2 shows that y1:k is d-separated from yk+1:n given xk, since xk
blocks the only path from y1:k to yk+1:n. Therefore, we can rewrite equation 2.31 to exclude
this conditional dependence:

p(xk|y1:n) ∝ p(xk, y1:n) = p(yk+1:n|xk)p(xk, y1:k), (2.32)

which is the product of forward part and backward part as claimed. Once p(xk, y1:n) is
determined, we can recover the desired conditional distribution by using Bayes’ Theorem
(i.e., dividing by

∑
k p(xk)).

As an example of how one would go about finding the quantities in equations 2.29 and
2.30, the following will lay out the recursion relation used to find the forward part, and a
similar argument can be made for the backward part (see [27]). To reiterate, the goal of the
forward algorithm is to compute the joint probability p(xk, y1:k). We can construct a useful
recursion to take advantage of dynamic programming by marginalizing over xk−1 and using
the Markov properties:

p(xk, y1:k) =
m∑

xk−1=1
p(xk, xk−1, y1:k)

=
m∑

xk−1=1
p(yk|xk, xk−1, y1:k−1)p(xk|xk−1, y1:k−1)p(xk−1, y1:k−1)

(2.33)

By d-separation, yk is conditionally independent of xk−1 and y1:k−1 given xk. Addition-
ally, xk is conditionally independent of y1:k−1 given xk−1. So the equation 2.33 simplifies
to

p(xk, y1:k) =
m∑

xk−1=1
p(yk|xk)p(xk|xk−1)p(xk−1, y1:k−1), (2.34)

which is exactly

p(xk, y1:k) =
m∑

xk−1=1
ϑxk

(yk)πxk−1,xk
p(xk−1, y1:k−1). (2.35)
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If we define p(xk, y1:k)
def= αxk,k, we can write

αxk,k =
m∑

xk−1=1
ϑxk

(yk)πxk−1,xk
αxk−1,k−1. (2.36)

This result allows us to find the probability of getting the observation sequence from
t = 1 : k, and ending up in state xk. In other words, at each time step we calculate the total
probability of arriving at state xk from every possible sequence of hidden states, involving
a time complexity of O

(
nm2) [28].

If instead we decided to only keep track of the maximizing sequence of hidden states
ending at each value of xk, we reduce the number of sequences to m, since each new xk will
be maximally likely to belong to one particular sequence. From there, we can determine
the maximally probable sequence of hidden states that can explain the observed data. In
other words, we can find the Maximum A-Posteriori (MAP) sequence of hidden states, i.e.,
argmaxx p(x|y). This method is known as the Viterbi algorithm [26].

We can approach this problem in a similar way as the forward algorithm by setting up
a recursion relation. First, since the joint and conditional are proportional given Bayes’
Theorem, we can equally well write

argmax
x

p(x|y) = argmax
x

p(x, y) (2.37)

If we choose some time step k arbitrarily, we can find a recursion for the joint distribution
p(x1:k, y1:k) by using the Markov properties. Following the trellis diagram in Figure 2.2, we
can segment the joint probability into two sections: 1 : k − 1 and k by itself:

p(x1:k, y1:k) = p(yk|xk)p(xk|xk−1)p(x1:k−1, y1:k−1). (2.38)

Now, since we want to find the maximally probable sequence of states, we can maximize
both sides of equation 2.38 over xk from 1 to k − 1:

max
x1:k−1

p(x1:k, y1:k) = max
x1:k−1

p(yk|xk)p(xk|xk−1)p(x1:k−1, y1:k−1). (2.39)

Now the trick: since p(yk|xk) and p(xk|xk−1) are both independent of x1:k−2 given the
Markov property, we can split the maximization to be over xk−1 and x1:k−2

3:

max
x1:k−1

p(x1:k, y1:k) = max
xk−1

[
p(yk|xk)p(xk|xk−1) max

x1:k−2
p(x1:k−1, y1:k−1)

]
, (2.40)

3This holds when both functions (p(yk|xk)p(xk|xk−1) and p(x1:k−1, y1:k−1)) are non-negative for all pos-
sible arguments, as distributions of course must be.
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which now involves a recursion relation in the p(x1:k, y1:k)’s. Also note the familiar quant-
ities which were assumed to be known: p(yk|xk) = ϑxk

(yk), and p(xk|xk−1) = πxk−1,xk
.

Furthermore, let’s define

max
x1:k−1

p(x1:k, y1:k)
def= µk(xk), (2.41)

allowing equation 2.40 to be written as

µk(xk) = max
xk−1

[
ϑxk

(yk)πxk−1,xk
µk−1(xk−1)

]
, (2.42)

and finally, since ϑxk
(yk) is independent of xk−1, we write

µk(xk) = ϑxk
(yk) max

xk−1

[
πxk−1,xk

µk−1(xk−1)
]
. (2.43)

The left-hand side expresses the value of the joint probability of a state chain ending up
in state xk and emitting observation yk, when maximizing over all possible state chains up
to k− 1. For each possible final state, say for xk = j, the probability of being in the hidden
state j at time t is the maximal product of the previous states in the sequence with their
associated transition and emission probabilities, which we could write as µk(xk = j). The
Viterbi algorithm is expressed in Algorithm 1.

Algorithm 1 The HMM Viterbi Algorithm
1: Start by initializing µ0(x0 = i) = π0(i)ϑi(y0) for each state i, φ0 = 0
2: run forward in time t:
3: for each possible state j: do
4: µt(xt = j) = maxi

(
µt−1(xt−1 = i)πi,j

)
ϑj(yt)

5: φt(xt = j) = argmaxi
(
µt−1(xt−1 = i)πi,j

)
ϑj(yt)

6: end for
7: from t = T , set q∗T = argmaxi(µT (xT = i)), then run backward in time t:
8: compute q∗t−1 = φq∗t ,t

Whereas the forward algorithm determines the total probability via any sequence of
hidden states to end up in a particular one at a given time, the Viterbi algorithm determ-
ines the most probable sequence of hidden states for a given sequence of observations. It
walks forward in time computing the probability (the µ terms) and states (the φ terms)
associated with a given sequence, then finds the maximally probable final state given the
final observation. Finally, it walks backward in time, and selects those states leading up to
the most probable final state as the most likely sequence of states (the q∗t=1:T terms).

As mentioned, equation 2.32 recovers the desired posterior only after normalizing by the
marginal likelihood. This is often intractable and so the true posterior is inaccessible. In
these situations, we must appeal to approximate inference methods.
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2.3.2 Approximate Inference

In approximate inference, there are two main historical approaches. The first involves
stochastic, sampling-based methods. These methods construct solutions to inferential tasks
based on sampling a large number of times from a proposal distribution q and evaluating
those samples relative to the unnormalized desired distribution [29]. These Monte Carlo
sampling methods approximate target expectations by

Ex∼p[f(x)] ≈ 1
N

N∑
i=1

f(xi), (2.44)

where the xi are samples drawn from p. By the strong law of large numbers, we know that

lim
N−→∞

1
N

N∑
i=1

f(xi) = Ex∼p[f(x)], (2.45)

meaning we can approximate the true expectation to arbitrary precision given enough i.i.d.
samples from p.

There are several different types of samplers under the umbrella of Monte Carlo methods,
including rejection and importance sampling, for example. We will restrict our discussion to
a particularly popular and useful class of algorithms known as MCMC methods. In MCMC,
iterative sampling is performed on a specially constructed ergodic Markov chain whose
stationary distribution is the (arbitrarily complex) desired distribution [19]. Ergodicity in
a Markov chain is jointly implied by

1. Aperiodicity: For every state in the system, there is no period τ for which a return
to the state must occur.

2. Harris recurrence [30]: Every state is visited by the system an unbounded number of
times as t −→∞.

The Markov chain is traversed in a random walk determined by the transition kernel,
which determines the dynamics of the sample sequence. Under the detailed balance condi-
tion, the Markov chain will have the desired distribution p as its stationary distribution.
For a transition kernel κ(·|·), detailed balance is defined by

κ(y|x)p(x) = κ(x|y)p(y). (2.46)

An equivalent statement is that the Markov chain is reversible with respect to p [19]. Des-
pite guarantees of convergence to the target distribution under conditions of ergodicity and
reversibility, poor initializations or poorly constructed proposal distributions can result in
significant burn-in time before the chain reliably produces samples from the target distri-
bution [29]. Poor choice of proposal distribution can also result in only small regions of
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the state space to be explored, a phenomenon known as poor chain mixing. Finally, de-
termining the rate of convergence is difficult, often leaving only heuristic estimates or loose
bounds [29].

Sampling Algorithms

Metropolis-Hastings Sampler One highly popular MCMC sampler is the Metropolis-
Hastings (MH) algorithm [31], shown for the simplest case in Algorithm 2.

Algorithm 2 Metropolis-Hastings Sampler
1: Initialize x(0)

2: for t = 1, 2, . . ., do
3: Sample x′ ∼ q(x′|x(t−1))
4: Calculate the acceptance probability:

ρ(x′|x(t−1)) = min
{

p(x′)q(x(t−1)|x′)
p(x(t−1))q(x′|x(t−1))

, 1
}

(2.47)

5: Sample

x(t) ∼ ρ(x′|x(t−1))δx′ +
(

1− ρ(x′|x(t−1))
)
δx(t−1) , (2.48)

where δx is a Dirac mass at x.
6: end for

In words, at each iteration the Metropolis-Hastings algorithm samples from the proposal
distribution and accepts that sample with certain probability. This probability is propor-
tional to the ratio of the probability of the proposal sample under the (unnormalized) target
distribution relative to the previously accepted sample. The proportionality is determined
by the factor q(x(t−1)|x′)/q(x′|x(t−1)), which accounts for non-symmetric proposal distribu-
tions, where the probability of transition from x(t−1) to x′ may differ from the reverse. In
other words, it may be much more likely under the proposal distribution to transition from
xi to xj than from xj to xi. This weighs the j −→ i transition less heavily in ρ, even for
equal probabilities in the target distribution. In this way, the algorithm gradually reinforces
samples which are highly likely under the target distribution, allowing the use of samples
from the converged Markov chain to approximate samples from the desired posterior dis-
tribution. As mentioned, the marginal likelihood term is typically intractable, and so these
methods sidestep the need to compute it exactly.

Again, implicitly assumed in the MH algorithm is that the target distribution up to a
normalization factor can be evaluated easily. If the joint target distribution can be factored
into conditional distributions from which sampling is easy (e.g., mixture models), the Gibbs
sampler can instead be used.
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Gibbs Sampler The Gibbs sampler is in some sense a simplification of the MH algorithm
in that the acceptance probability ρ is always 1. That is, every sampling step modifies the
value of a given variable; there is no proposal distribution necessary. In other ways it is more
complex, in that the conditional distributions for the desired variables need to be explicitly
defined. In Gibbs sampling, samples from the joint target distribution of x1, x2, . . . , xn are
generated by sampling from the associated conditional densities. Conditional independence
given d-separation in directed graphical models is a useful property to simplify this sampling
process. The graph can be broken into conditionally independent sub-graphs defined for a
given node by its Markov blanket (the set of nodes d-separating the given node from the
rest of the graphical model). Generative models like HMMs and their more sophisticated
variants are sparse in their connections given the memoryless property. These implied
independencies can be leveraged for efficient sampling following Algorithm 3, as seen in
[19].

Algorithm 3 Gibbs Sampler

1: Given a previous sample x(t−1) = (x(t−1)
1 , . . . x

(t−1)
n ), generate:

2: x(t)
1 ∼ p1(x1|x(t−1)

2 , . . . , x
(t−1)
n )

3: x(t)
2 ∼ p2(x2|x(t)

1 , x
(t−1)
3 . . . , x

(t−1)
n )

...
n: x(t)

n ∼ pn(xn|x(t)
1 , . . . , x

(t)
n−1).

As shown, the Gibbs algorithm samples a variable assignment from the conditional
density for that variable, assuming the values of the other variables within its Markov
blanket. The sampling sequence can be reversed or randomized, often improving the rate
of convergence to the stationary target distribution [32]. The equality of the stationary
distribution of the Markov chain defined by Algorithm 3 and the desired target distribution
is guaranteed under the condition of ergodicity [19]. A sufficient condition for ergodicity is
Harris recurrence, which in this sampler is verified given absolute continuity of the transition
kernel with respect to the dominating measure (see [33] for details).

Many variants of the basic Gibbs sampler exist, including auxiliary sampling, blocked
sampling, collapsed sampling, beam sampling, and more. Several of these will be relevant
to inference in the factorial HDP-HSMM framework, but the general structure remains:
knowing the (unnormalized) conditional distributions over individual components of the
model allows sequential resampling of each component.

Approximate Inference in HDP-HSMMs In the HDP-HSMM, the ultimate goal for
a given time t is to produce samples from the true posterior

p
(
(xt), {θi}, {πi}, {ωi}|(yt), H,G, α, γ) (2.49)
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Each of the components of the posterior have known conditional distributions. Given the
choice of conjugate pairs, sampling {θi} and {ωi} follow the appropriate update equations
that can be found elsewhere (again, see [16]). Sampling the conditional distribution of
the state sequence associated with (xt)|{θi}, {πi}, {ωi}, (yt) can be developed in a manner
similar to the forward-backward algorithm. Conditioning on {θi}, {πi}, {ωi}, (yt), a finite
number of components will have been instantiated such that we can treat the sequence as
finite dimensional.

Similarly to the forward-backward algorithm, we define in the HSMM case the equivalent
backward message βt(x, d) def= p(yt+1:T |x, d, Ft = 1), where Ft is a change-point indicator
such that a new segment begins at time t + 1. This quantity is the probability of future
evidence (observations yt+1:T ) assuming the system terminates in state x at time t after
persisting for a duration d.

This can be rewritten recursively as

βt(x, d) =
∑
x′

∑
d′

βt+d′(x′, d′)p(yt+1:t+d′ |x′, d′)p(x′, d′|x, d), (2.50)

in other words, we calculate the probability of observations in the block t + 1 : t + d′

multiplied by the probability of transitioning into state x′ from state x, and the previous
message βt+d′ , marginalizing over all possible duration draws d′ and state transitions x′.

A simplifying, standard assumption is that the current sampled duration depends only
on the current hidden state, and also that the current hidden state depends only on the
previous one. That is,

p(x′, d′|x, d) = p(x′|x)p(d′|x′)

This simplifies equation 2.50, leaving the right hand side independent of d, giving

βt(x) =
∑
x′

∑
d′

βt+d′(x′)p(yt+1:t+d′ |x′, d′)p(x′|x)p(d′|x′), (2.51)

which, separating the sumation indices, can be written as

βt(x) =
∑
x′

p(x′|x)
∑
d′

p(d′|x′)βt+d′(x′)p(yt+1:t+d′ |x′, d′). (2.52)

By definition, we set βT (x) = 1. Now we rewrite the above introducing a new term:

βt(x) =
∑
x′

p(x′|x)β∗(x′), (2.53)
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where β∗(x′) def= p(yt+1:T |x′, Ft = 1) =
∑
d′ p(d′|x′)βt+d′(x′)p(yt+1:t+d′ |x′, d′).4

For inference of the state sequence, we first want to compute p(x1 = i|y1:T ), using
Bayes’ theorem, this can be written (suppressing the notation indicating conditioning on
other model parameters):

p(x1 = i|y1:T ) ∝ p(x1 = i)p(y1:T |x1 = i, F0 = 1) (2.54)

= p(x1 = i)β∗0(i). (2.55)

This allows the first state (say x1 = x̄1) to be drawn according to this distribution as per
the usual Gibbs step. Once the state has been selected, we still need to sample the posterior
of the conditional duration distribution; i.e., we need

p(D1 = d|y1:T , x1 = x̄1, F0 = 1) = p(D1 = d, y1:T |x1 = x̄1, F0 = 1)
p(y1:T |x1 = x̄1, F0 = 1) . (2.56)

Here, we can use Bayes’ Theorem to split the observations in the numerator of equation
2.56 up to the sampled duration d (suppressing the conditioned change-point indicator
F0 = 1):

p(D1 = d| . . .) = p(D1 = d|x1 = x̄1)p(y1:d|D1 = d, x1 = x̄1)p(yd+1:T |D1 = d, x1 = x̄1)
p(y1:T |x1 = x̄1) ,

(2.57)
and using the definition of β and β∗, we can write

p(D1 = d| . . .) = p(D1 = d|x1 = x̄1)p(y1:d|D1 = d, x1 = x̄1)βd(x̄1)
β∗0(x̄1) . (2.58)

Given the pre-computed backwards messages β and β∗, a duration d1 can be sampled
from the conditional posterior given in equation 2.58. Following this, the next state distri-
bution can be computed according to:

p(xd1+1 = i|x1 = x̄1, y(d1+1):T ) ∝ p(xd1+1 = i|x1 = x̄1)p(y(d1+1):T |xd1+1 = i, x1 = x̄1),
(2.59)

but given d-separation,

p(y(d1+1):T |xd1+1 = i, x1 = x̄1) = p(y(d1+1):T |xd1+1 = i) = β∗d1(i), (2.60)

4According to [34], an additional “censoring” term is usually required in this expression to account for
segments that exceed the observation length T . This term relates to the survival function of the states’
duration distribution (i.e. 1− CDF(·)). It has been omitted here for simplification of what follows.
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and so we get

p(xd1+1 = i|x1 = x̄1, y(d1+1):T ) ∝ p(xd1+1 = i|x1 = x̄1)β∗d1(i), (2.61)

the distribution from which xd1+1 is drawn. This process continues to t = T , giving condi-
tional posterior samples of the state sequence and the associated durations.

As mentioned in Section 2.1.2, several efficiencies can be leveraged for this inference
process, the most significant of which include truncation and change-point selection. It is
often the case that the length of observations T exceeds the maximum expected state dura-
tion dmax. The support of the duration distributions can be truncated and the asymptotic
complexity of this message passing scheme can be improved for state cardinality N from
O(T 2N + TN2) to O(TdmaxN + TN2) [9]. The support of the duration distributions can
further be reduced by considering only durations d ∈ D, where D is the times t for which a
change-point occurs. All other times can be ignored in message passing. For a number of
change-points Tc = |D|, this reduces the base asymptotic complexity from O(T 2N + TN2)
to O(T 2

cN + TcN
2) [9]. Luckily, it is often the case that Tc << T , greatly improving infer-

ence cost. Changepoints can be detected within the data by a variety of methods: Kalman
filters, simple thresholds on signal differences or cumulative differences, functions of em-
pirical variance, and many more. This provides an additional opportunity to make use of
the filter described in Chapter 4, which will be shown to be fast and accurate in detecting
change-points.

To summarize, conjugate resampling of observation and duration distributions is a relat-
ively simple problem with well-established update equations, and we have now determined
how to resample state sequences as well as state durations with message passing. The final
component in the Gibbs sampling chain of the true posterior in equation 2.49 is the un-
bounded transition rows, πi. As discussed in Section 2.2.3, having been produced through
a DP parameterized by the same base-stick, the transition rows are hierarchically linked.
It was claimed that this loss of mutual independence destroys conjugacy in the case where
self-transitions are forbidden (i.e. HSMMs). This loss of conjugacy makes resampling dif-
ficult. To show this is the case, let’s assume a particular state (say, state 1) as part of
a resampled state sequence xt, a concentration parameter γ, and a hierarchical base stick
β. The posterior for the transition probabilities for state 1 can be written using Bayes’
Theorem as:

p(π1|(xt), β) ∝ p(π1|β)p((xt)|π1), (2.62)

which, expanding p(π1|β) as Dirichlet in the weak-limit of L maximum states, becomes

p(π1|(xt), β) ∝ πγβ1−1
11 . . . πγβL−1

iL

(
π12

1− π11

)n12

. . .

(
π1L

1− π11

)n1L

. (2.63)
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Here, nij is the number of transitions from state i to state j within the state sequence
(xt). This expression arises since the posterior of π1 in the weak-limit HDP-HMM case is
distributed as Dir(γβ1, . . . , γβL), but in the semi-Markov case we have π̄ij = πij

(1−πii)(1−δij),
resulting in the trailing terms above where i 6= j. The expression presented in equation 2.63
cannot be cast in terms of Dir(·), and so conjugacy is lost in the HDP-HSMM.

In order to be able to recast this expression in a conjugate way, we need to include a term
proportional to (1− π11)n1 , where nj =

∑
i;i 6=j nji (i.e., the total number of transitions out

of state j.) This sort of consideration is the premise of auxiliary sampling; we augment the
generative process to include an extra variable, even if the auxiliary variable has no physical
interpretation. This variable’s properties in the expansion serve to clean up the posterior
and regain conjugacy with the prior. A distribution that behaves in the desired way is a
geometrically distributed random variable, which we’ll call ρ, supported on {0, 1, . . .} with
success probability (1− π11). In other words, for each transition out of state 1, we sample
ρi|π11

iid∼ Geom(1− π11). This process is shown graphically in Figure 2.7.
The new posterior is then

p(π1|(xt), β, {ρi}) ∝ p(π1|β)p((xt)|π1)p({ρi}|{π1i}) (2.64)

∝ πγβ1−1
11 . . . πγβL−1

iL

(
π12

1− π11

)n12

. . .

(
π1L

1− π11

)n1L( n∏
i=1

πρi
11(1− π11)

)
.

Expanding the product, we get

p(π1|(xt), β, {ρi}) ∝ πγβ1−1
11 . . . πγβL−1

iL πn12
12 . . . πn1L

1L

( n∏
i=1

πρi
11

)
(2.65)

= π
γβ1+

∑
i
ρi−1

11 πγβ2+n2−1
i2 . . . πγβL+nL−1

iL

∝ Dir
(
γβ1 +

∑
i

ρi, γβ2 + n2, . . . , γβL + nL

)
.

Thus, the posterior can once again be expressed as Dirichlet, allowing conjugate res-
ampling according to the usual update equations for these distributions. With this, all
components of the HDP-HSMM have their conditional distributions expressed up to a nor-
malization constant, allowing these components to be resampled sequentially according to
the Gibbs sampler in Algorithm 3. In the factorial setting, each sub-chain is generated by
an HDP-HSMM, and so this inference framework transfers easily to factorial models.

Stochastic samplers are not the only methods for approximate inference, however. And
despite their enormous historical success and flexibility, these methods are not without their
drawbacks. As mentioned, properties relevant to the Gibbs chain’s stationary distribution,
along with the certainty and rate of convergence, are difficult to verify in general. More
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Figure 2.7: HDP-HSMM structure with auxiliary variables (ρ) to retain conjugacy. Taken
from [9].

sophisticated methods such as hybrid Gibbs-MH sampling or reversible jump MCMC are
significantly more challenging to verify [29]. Furthermore, such sampling chains can become
locked in modes of high probability, where transitional probabilities in the Markov kernel
become spread out over a large number of states. Alternately, probabilities can concentrate
to a small subset of the state space. In either case, convergence to the true posterior can
take a prohibitive amount of time [29].

In contrast to sampling methods, another approach to approximate inference is to
squeeze the value of the intractable posterior by establishing a proposal distribution that
bounds it, which is by construction amenable to optimization. This approach is called
variational inference.

Variational Inference

If the true posterior is inaccessible under our model, our goal is then to try to find a different
distribution that looks like the true posterior, but is structured such that we can deal with
it tractably. The extent to which two distributions look similar is a somewhat ambiguous
notion, but one commonly used measure is called the Kullback-Leibler (KL) divergence,
which is defined for two distributions q and p as:

KL(q||p) = Eqlog
q

p
. (2.66)
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This measure is called a divergence rather than a distance because it is not symmetric with
respect to exchange of p and q, but has the properties that KL(q||p) ≥ 0 and KL(q||p) = 0
if and only if q = p [24].

Suppose p is the posterior distribution we wish to approximate with q (paramerterized
by variational parameters, ν) in order to do approximate inference. Then, expanding the
log and using Bayes’ Theorem, we can write

KL(q(z;ν)||p(z|y)) = Eq(z;ν)[log q(z;ν)− log p(z|y)]

= Eq(z;ν)[log q(z;ν)− log p(z,y)] + log p(y),
(2.67)

where y are some observations, and z are some latent variables. This shows the dependence
on the marginal likelihood and therefore the general intractability of computing the KL
divergence directly. The tractable part of the above is called the Evidence Lower Bound
(ELBO), defined as

L(q) = Eq(z;ν)[log p(z,y)− log q(z;ν)], (2.68)

which, again using Bayes’ Theorem, can be written as

L(q) = Eq(z;ν)[log p(z) + log p(y|z)− log q(z;ν)]

= Eq(z;ν)[log p(y|z)]−KL(q(z;ν)||p(z)).
(2.69)

As an objective function, maximizing the ELBO encourages q to place its probability
mass on the expected likelihood, Eq(z;ν)[log p(y|z)], while being regularized by the second
term to keep the mass relatively close to the prior, p(z). So why is it called the evidence
lower bound? Recall that KL(·||·) ≥ 0. So from equations 2.67 and 2.68, we see that

log p(y) = KL(q(z;ν)||p(z|y)) + L(q), (2.70)

and so
log p(y) ≥ L(q). (2.71)

This establishes L(q) as the lower bound on the log likelihood of the data log p(y).
Furthermore, since log p(y) is fixed, maximizing L(q) is equivalent to minimizing the KL
divergence KL(q(z;ν)||p(z|y)), which itself is intractable. The caveat, however, is that
the ELBO is in general not convex in the variational parameters, and so unlike MCMC
methods, global optimization is typically not possible [35].

As in other methods of inference, the first task is to select a p(y, z) (and therefore a p(y|z)
given a chosen prior p(z)) that is flexible enough to represent the underlying structure and
dependencies in the data. In variational inference, we also need to select a variational family
q(z; ν) whose posterior density q(z|y; ν) is able to adequately approximate the true posterior.
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Figure 2.8: Example of a posterior distribution with nonzero covariance, exposing the
weakness of expression in the MF approximation relative to a full-rank approximation,
from [36].

The simplest possible place to start would be choosing a fully factorized distribution such
that the latent variables are mutually independent under q:

q(z;φ) =
m∏
j=1

qj(zj ;φj). (2.72)

This is referred to as the Mean-Field (MF) variational family, where each latent variable
is assigned its own variational factor, φj , which are optimized in the maximization of L(q).
This approximating family can describe, for example, a mixture of Gaussians, where the
mean-field factors correspond to the mixture components. However, by construction the
covariance between components is ignored given the assumption of mutual independence of
the factors. Figure 2.8 shows an example of the limitations of the mean-field approximation.

Despite the lack of expressiveness, the fully factorized assumption is often a good place
to start, and allows simple optimization of the ELBO, since each factor can be optimized
independently of the others. This is referred to as coordinate ascent, and was traditionally
how variational inference was done. Convergence to a local optimum is guaranteed for a
large class of commonly used models, called conditionally conjugate models [35].

As a brief case-study into the usefulness of variational inference, the following section
explores inference in nonparametric mixture models. This inference framework is used in
Chapter 5, where it is used to establish data-driven priors for the factorial HDP-HSMM,
as well as to monitor incoming data for novel events using a concept known as Bayesian
surprise.

Variational Inference in Non-parametric Mixture Models Extending the discus-
sion in Section 2.2.2, we explore variational inference in non-parametric mixture models,
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introduced first by David Blei and others [37]. The mean-field variational approximation
for these cases is proposed to take the following form:5

q(ν, θ, z) =
K−1∏
k=1

qγk
(νk)

K∏
k=1

qτk
(θk)

N∏
n=1

qφn(zn) (2.73)

Here, {γ, τ, φ} are the variational parameters subject to coordinate ascent optimization. qγ
are beta distributions parameterized by the individual stick lengths, νk. qτ are in our case
Gaussians parameterized by θk = {µk,Σk}, although extension to general exponential fam-
ilies is possible. qφn are multinomial, parameterized by indicator variables zn, which denote
the component to which the observation xn is assigned. To speed up inference, a truncation
on the maximum number of possible states is imposed on the variational approximation,
similar to truncation in the weak-limit introduced for HDP-HSMMs. This value, K, is
itself a variational parameter which can be fixed or optimized with respect to the ELBO.
Important later for Bayesian surprise, the resulting posterior predictive distribution under
this approximation can be neatly factored as expectations with respect to the variational
distribution, q:

p(xN+1|x1, . . . , xN , α,G0) ≈
K∑
k=1

Eq
[
πk
]
Eq
[
p(xN+1|θk)

]
, (2.74)

where the DP prior parameters α and G0 were introduced in Section 2.2.1.
As discussed in Section 1.1, the separation of NILM into disaggregation and labelling

allows flexible methods like the factorial HDP-HSMM to model home appliances with data-
driven priors. This is in contrast to trying to specify priors that are general enough to
translate disaggregation performance from household to household, while being specific
enough to translate labelling performance within a given home. Using data-driven priors
compensates for these intrinsic weaknesses. Although the labelling problem persists, it can
now be outsourced to methods with established success in combining abstract features in
a highly nonlinear way. The following section provides an in-depth background into deep
learning methods and the architectures used for classification in Chapter 4.

2.4 Deep Learning for Classification

There’s no mistaking that neural networks and deep learning techniques have inundated
research efforts in a wide array of fields: computer vision such as automated driving or ob-
ject recognition in medical imaging, machine cognition and neuroscience in general, signal
processing, financial analysis, and many others. These techniques have become ubiquitous

5In what follows, recall that “non-parametric” is a slight misnomer in that it means the model is not
constrained to have finitely many parameters, not that it has no parameters at all.
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for good reason; non-linear combinations of inputs can often provide richer, more general in-
formation for regression and classification tasks. This is especially true when signal to noise
ratio is poor [38]. Despite their often impressive performance, disentangling their learned
parameters in order to gain physical insight into a system or problem is often difficult or
impossible. In medicine, for instance, understanding the combination of factors predicting
a given disease can be as or more important than determining whether a person has the
disease given a set of factors. Genetic sequencing is an important example of this prob-
lem, where researchers fundamentally want to understand the interconnectedness of DNA
sequences in producing macroscopic consequences. Nevertheless, there are many problems
for which a physical understanding is unnecessary. NILM is arguably one of those prob-
lems; there are few cases for which the exact combinations of signal features characterizing
one type of appliance from all the others is terribly enlightening. In this section, we will
examine in reasonable detail the evolution and structure of modern neural networks, and
describe the architecture designed to provide generalized appliance classification. The goal
is that unsupervised techniques could be used in conjunction with this pre-trained network
in order to reliably label disaggregated but unknown appliances.

2.4.1 Perceptrons to Neurons to Neural Networks

In the early days of cognitive science of perception, a model for the neuron was put forth
by McCollough and Pitts in 1943 [39]. Their model was a simple structure that took in a
vector of binary inputs and produced a binary output. The inputs were weighted according
to their relative importance, and compared to a threshold value that the weighted sum of
inputs must exceed in order to activate the neuron and produce an output of 1. In other
words, the output for a given threshold b and set of weights w is determined by

output =

0 if
∑
j wjxj − b ≤ 0

1 if
∑
j wjxj − b ≥ 0,

(2.75)

Clearly, real neurons are not only activated by multiple input neurons, but their output
is also connected to many other neurons. Another aspect we might like to modify in our
extension of these simple models to real problems is to be able to both accommodate
inputs as well as produce outputs in a range of values between 0 and 1, rather than the
binary requirement we set. What we need is an activation function, a nonlinear function
constrained between 0 and 1, taking real valued input from the weighted sum w · x − b.
There are a huge number of such functions, but the most popular is known as the sigmoid
neuron, which is defined as

σ(z) = 1/(1 + e−z), (2.76)

for some input z. This is shown in Figure 2.9.

33



Figure 2.9: Sigmoid activation function as described in text.

A typical ‘vanilla’ network with a single hidden layer (i.e., a layer not designated as
the input or output) is shown in Figure 2.10, which contains weights between each neuron
in neighbouring layers, and a bias/threshold for activation of each neuron. These weights
and biases can be randomly initialized and the output of the network measured against
some objective function known as the cost or loss function. It is this cost function that
determines not only how the network is performing, but—by its gradients with respect to
each parameter—how to improve the performance of the network. The process by which the
parameters in a network are adjusted to minimize the cost function is called backpropagation.
The following section provides a more detailed look at the flow of information through the
network as well as how backpropagation works to optimize network parameters.

2.4.2 Backpropagation and Cost Minimization

We describe the vector of activations in an arbitrary layer of the network l by the weighted
sum of the previous layer activations (a matrix-vector product) modified by a bias vector
and passed through the nonlinear activation function:

al = σ(wlal−1 + bl). (2.77)

Element-wise, each neuron takes as input the weighted activations of each neuron in the
previous layer,

∑
k w

l
jka

l−1
k . The activation of each lth layer neuron is then measured against

its corresponding bias, blk, and is finally compressed by the sigmoid activation function to
produce an activation in the range [0, 1]. For convenience, we will refer to the uncompressed
activation (i.e., the weighted input) as zl = wlal−1 + bl. From a randomly initialized
set of weights and biases, the output of the network is produced, propagating zl from
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Figure 2.10: Example of simple neural network with single hidden layer. Taken from [40].

l = 2, 3, . . . , L. At the output layer, we know during training what we would like the output
to be. We can calculate the cost C associated with each neuron’s output in the final layer
L relative to its desired output, but we also want to know how to tweak the various weights
and biases so as to reduce that cost. To determine how to adjust the network parameters,
we might try to compute the partial derivative of the cost with respect to each neuron
output in the output layer. It turns out to be algebraically simpler to instead compute the
partial of the cost with respect to the weighted input, zL, since the activation (e.g., the
sigmoid function) is a monotonically increasing function, meaning ∂C/∂zL and ∂C/∂σ(zL)
will be concurrently minimized. We can therefore define the error in the output layer as

δLj = ∂C

∂zLj
. (2.78)

By the chain rule, we can rewrite the above in terms of the output activations:

δLj =
∑
k

∂C

∂aLk

∂aLk
∂zLj

, (2.79)

but since aLk = σ(zLk ), the sum collapses to a single term where k = j, and since we also
have that ∂aLk /∂zLj = σ′(zLj ), equation 2.79 becomes
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δLj = ∂C

∂aLj
σ′(zLj ). (2.80)

In vectorized form this can be written as

δL = ∇aC � σ′(zL), (2.81)

where � indicates the Hadamard/element-wise product. Additionally, we can use the chain
rule as we did in equation 2.79 to factor an arbitrary layer’s error into the next layer’s
weighted input:

δlj =
∑
k

∂C

∂zl+1
k

∂zl+1
k

∂zlj
, (2.82)

and since by definition, zl+1
k =

∑
j w

l+1
kj a

l
j + bl+1

k =
∑
j w

l+1
kj σ(zlj) + bl+1

k , we have

∂zl+1
k

∂zlj
= wl+1

kj σ
′(zlj),

which gives us a recursion on the errors from one layer to the next:

δlj =
∑
k

wl+1
kj δ

l+1
k σ′(zlj). (2.83)

This can again be written in vector form to give us the second backpropagation equation

δl =
(
(wl+1)T δl+1

)
� σ′(zl). (2.84)

If we instead expand equation 2.78 in terms of the biases bl for an arbitrary layer l, we
have

δlj =
∑
k

∂C

∂blk

∂blk
∂zlj

, (2.85)

we quickly see that since ∂blj/∂zlj = 1, we are left with

δlj = ∂C

∂blj
(2.86)

Finally, we can also expand equation 2.78 in terms of the weights wl for any layer l:

δlj =
∑
k

∂C

∂wljk

∂wljk
∂zlj

. (2.87)

We can write wljk = (zlj − blj)/al−1
j , so that ∂wljk/∂zlj = 1/al−1

j , giving us the fourth back-
propagation equation:
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δlja
l−1
k = ∂C

∂wljk
. (2.88)

A pseudo-algorithm borrowed from [40] for training a network of arbitrary length using
backpropagation is shown in Algorithm 4.

Algorithm 4 Training a NN
1: Input a set of training examples
2: for each training example x do
3: for each l = 2, 3, . . . , L do
4: zlx = wlal−1

x + bl

5: alx = σ(zlx)
6: end for
7: compute δLx = ∇aCx � σ′(zLx )
8: for each l = L− 1, L− 2, . . . , 2 do
9: δlx = ((wl+1)T δl+1

x � σ′(zlx).
10: end for
11: end for

Using the four backpropagation equations 2.81, 2.84, 2.86, and 2.88, we compute the
required nudges to each and every weight and bias so as to push the cost function toward
its minimum. As presented, however, what is being minimized is the cost associated with a
single training example, whereas the true cost is assumed to be an average over all training
examples. To find the global minimum of the error surface, we would need to average
the partial derivatives over every training example. This is prohibitively expensive for
large training sets, as is often the case in neural networks. Instead, what is often done is
stochastic gradient descent, where the gradients of the cost function are approximated by
taking small batches of training examples. This approximation to the gradient is unlikely
to point exactly to a minimum, so the updates that we apply to the weights and biases as
a result of the batch cost gradient are modified by a hyperparameter known as the learning
rate and denoted by η. There are much more sophisticated approximations to the cost
gradient that are robust to certain weaknesses of stochastic gradient descent, which will be
explored shortly. More formally, we update our weights and biases by

wl ← wl − η ∂C
∂wl

(2.89)

bl ← bl − η∂C
∂bl

, (2.90)

or, using equations 2.86 and 2.88 and using stochastic gradient descent, we have

wl ← wl − η

m

∑
x

δx,l(ax,l−1)T (2.91)
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bl ← bl − η

m

∑
x

δx,l, (2.92)

for all training examples x = 1, 2, . . . ,m in the mini-batch. This is completed for all mini-
batches in the training data set, and finally for all epochs of training. The result, assuming
convergence, is a set of weights and biases minimizing the training error.

2.4.3 Recent Issues and Their Solutions

More recently, significant work has been done on implementation choices such as the cost
function, activation function, optimization procedure, etc. to make neural nets better ad-
apted to certain problems and more robust against computational issues. The following
section provides a survey of these advancements.

Neuron Saturation

Since a = σ(z) = w · x + b, then in equations 2.89 and 2.90 it’s clear that the updates to
the weights and biases—which constitutes the learning of the network—will be proportional
to the differential of the activation function, σ′. Because of this dependence, if a neuron
is either highly activated or close to zero, this derivative term will be small, at least for
the sigmoid activation. Adapting the weights of a saturated neuron (i.e., a neuron whose
activation is close to 1 or 0) is therefore difficult, and slows the learning of a network. There
are two solutions we might try to solve this issue. The first is to adopt a cost function such
that the partial derivatives of the cost no longer depend on the derivative of the activation
function.

Recall that the sigmoid activation function is defined as σ(z) = 1/(1 + e−z), and so
σ′(z) = σ(z)(1 − σ(z)). Glossing over the details, it turns out that selecting a (single
neuron) cost of the form

C = − 1
n

∑
x

[
y log(a) + (1− y) log(1− a)

]
, (2.93)

(for a desired output y) results in the σ′ term cancelling out, and the partial derivatives
with respect to the weights and biases become

∂C

∂wj
= 1
n

∑
x

xj(σ(z)− y) (2.94)

∂C

∂b
= 1
n

∑
x

(σ(z)− y). (2.95)

This formulation of the cost is called the cross-entropy cost, where now the learning
rate of a neuron is directly controlled by its output error, σ(z)− y, and doesn’t saturate as
with quadratic cost where the derivative term remains.
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The other approach we might like to take to address the saturation and learning slow-
down problem is to modify the activation function. There is nothing particularly special
about the sigmoid activation; many different types exist with different properties. The
output values need not even be normalized, which is in general the case for the sigmoid
function. If we wanted to perform tasks such as logistic regression, however, a normalized
output layer would be useful since we can interpret the output directly as a probability
distribution. One way to do this is the softmax function, where at the output layer L, we
have aLj = s(zLj ) where s(·) is defined as

s(zLj ) = ez
L
j∑

k e
zL

k

, (2.96)

which can quickly be shown to sum to 1 over the output layer. With this modified activation
function, however, the condition for cancellation is no longer met. It turns out that a log-
likelihood cost function defined as

C = − log aLy (2.97)

allows the same cancellation of the softmax function derivative term. In the log-likelihood
cost, the activation aLy is the estimate of the probability (i.e. the activation) of a training
point belonging to class y. As with the cross-entropy cost, the log-likelihood cost behaves
as we would expect: when the network is performing well, the activation for the correct
class y is large and the cost is small, and vice versa for a poorly performing network.

Although these methods solve the issue of saturated output neurons, the neurons in the
hidden layers can remain saturated [40]. Moreover, initialization of the weights and biases
randomly according to a standard Gaussian distribution results in a high likelihood of
saturated neurons. We can see this by noting that the activation of a neuron is the summed
weighted activations of those in the previous layer. If these are all random Gaussians of zero
mean and unit variance, then the activations of the next layer neurons are distributed as a
Gaussians with a much larger variance, such that they’re all very likely to be much larger
than 1 or much smaller than -1, resulting in saturation. This issue can be solved in part
by restricting the variance of the initialization distributions, say by setting the variance to
1/(n+ 1), where n is the number of inputs. This squishes the resulting distribution on each
weight and bias and therefore the resulting activations of the next layer.

Regularization

With all these weight and bias parameters being modified to fit the training data, overfitting
to the point of poor generalization is a major problem in neural networks. The number of
parameters grows rapidly with the depth (or number of hidden layers) of the network, and
so modern complex network structures often have enormous numbers of free parameters.
An obvious strategy is to use huge amounts of highly diverse training examples, but this is
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Figure 2.11: Example of regularization for polynomial fit parameters. Work by Nicoguaro,
taken from wikipedia.org/wiki/Regularization_(mathematics) under creative commons.

often not feasible due to availability of high quality training data. As a result, regularization
techniques have been developed to attempt to deal with the issue of overfitting. A simple
notion of regularization is sometimes referred to as temporal regularization, in which small
validation data sets are used to evaluate the extent of overfitting in the training data. A
technique known as early-stoppage is sometimes used to stop training when the accuracy
on the validation data set has saturated/plateaued. Another strategy is to modify the
cost function to incentivize keeping the parameters as small as possible. If the model fit
defined by the parameters only weakly depends on certain weights and biases, the result
will be a lower variance estimator and therefore a model more robust to outliers, reducing
the likelihood of overfitting the training data. An example of such a strategy for the case
of a polynomial fit is shown in Figure 2.11. Two such methods are known as `1- and `2-
regularization. Regardless of cross-entropy, log-likelihood, or quadratic cost (denoted C0),
`1- and `2-regularization take the following respective forms:

C = C0 + λ

n

∑
w

|w| (2.98)

C = C0 + λ

2n
∑
w

w2, (2.99)

which can be interpreted as modifying the update equations to find a balance between re-
ducing the cost and keeping either the `1 or `2 norm of the weights as small as possible. The
tradeoff between the two is determined by the nonzero hyperparameter λ. The respective
updates for the weights in `1 and `2 regularization are now

w ← w − η∂C0
∂w
− ηλ

n
sgn(w) (2.100)

w ← w − η∂C0
∂w
− ηλ

n
w. (2.101)
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Another common technique is known as dropout, which might be thought of as similar
to the technique of boosting in random forests, in which a random subset of features is used
in determining decision boundaries. In dropout, a random subset of neurons in a layer are
deleted, and backpropagation is used to update the remaining weights and biases as usual.
After repeating this process, the final output of the network (when adjusted to account for
the proportion of dropped neurons) essentially acts as an ensemble of smaller networks. In
both dropout and boosting, the intent is to produce an estimator or ensemble of estimators
with lower variance and therefore reduce overfitting.

Lastly, expanding the training data set by means of translation, rotation, or other
modifications allow a much richer set of data to be easily and cheaply produced. These
modified training examples reinforce a level of invariance of the output to these slight
changes in input, again helping with overfitting.

Optimization and Behaviour of the Gradient

It turns out that as the number of layers increases in a network, the rate of learning in the
earlier layers can be driven to zero or infinity [40]. This is referred to as the vanishing or
exploding gradient problem, respectively. Even with more intelligent initialization as men-
tioned above, larger networks or unlucky initializations in smaller networks can still lead to
these problems. The instability originates in the product of terms from all the outer layers
involved in backpropagation, which is simply a consequence of the chain rule. This makes
deep neural networks more difficult to train, despite their potential to outperform shallow
networks. To deal with the exploding and vanishing gradient issues in backpropagation
a number of alternatives/extensions of gradient descent have been proposed. The most
ubiquitous approach is Adam optimization, an acronym for Adaptive Moment Estimation.
Adam is an extension of gradient descent involving two key modifications: the concept of
momentum and the concept of Root-Mean-Square (RMS) propagation. We will briefly dis-
cuss these modifications and how they improve the exploding/vanishing gradient problem.

The notion of momentum in gradient descent was introduced in order to improve con-
vergence and smooth out oscillations in the approach to the error surface minima [41].
Traditional gradient descent computed over batches provides an imperfect approximation
to the error surface, and as a result convergence is often slow and can be unstable if the
step size (or learning rate) is too large. In gradient descent with momentum, we compute
as usual the gradients of the cost with respect to the weights and biases for a given batch i
of training samples. Then, we compute a velocity/momentum term

m(t+1)
w = β1m

(t)
w + (1− β1)∇wC(t)

i (2.102)

m
(t+1)
b = β1m

(t)
b + (1− β1)∇bC

(t)
i , (2.103)
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for a non-negative hyperparameter 0 ≤ β1 ≤ 1. Instead of updating the weights and biases
with the cost gradient weighted by a learning rate as before, we now use these momenta:

w(t+1) ← w(t) − αm(t+1)
w (2.104)

b(t+1) ← b(t) − αm(t+1)
b , (2.105)

for a stand-in hyperparameter α denoting the learning rate. The intuition here is that the
actual gradient of the weights and biases at a given iteration step are contributing less to
the weight update by taking the exponentially weighted average from previous iterations.
This drives down the oscillations due to imperfect batch estimation of the true gradient,
and allows a faster, more direct approach to the error surface minima.

In RMS propagation, often called “RMSprop”, we have a very similar formulation, where
we define the exponentially weighted average of the second moments of the gradients as

ν(t+1)
w = β2ν

(t)
w + (1− β2)

(
∇wC(t)

i

)2 (2.106)

ν
(t+1)
b = β2ν

(t)
b + (1− β2)

(
∇bC

(t)
i

)2
, (2.107)

where again, 0 ≤ β2 ≤ 1. Note that the only difference is that these ν’s are quadratic
(element-wise) in the gradients, leading to update equations

w(t+1) ← w(t) − α√
ν

(t+1)
w

∇wC(t)
i (2.108)

b(t+1) ← b(t) − α√
ν

(t+1)
b

∇bC
(t)
i (2.109)

RMSprop allows better numerical stability than standard gradient descent, and is ro-
bust to larger choices of learning rate, α, leading to faster convergence [41]. The para-
meters β1 and β2 are often called the forgetting factors, since they are chosen to be less
than unity and therefore drive to zero the effect of the updates on previous values of the
gradients. This gives some intuition as to why these optimization techniques help with the
exploding/vanishing gradient problems, since after some number of layers the gradients stop
contributing in the backpropagation.

Finally, Adam optimization is just a combination of the above two methods, where
for each iteration we compute equations 2.102, 2.103, 2.106, and 2.107 for the momenta
and second moments of the gradients. A small modification to those equations is often
introduced to deal with bias correction, where initialization of the hyperparameters β1

and β2 can result in very small initial updates, especially if they are close to unity (as
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is recommended for good performance) [41]. In bias correction of exponentially weighted
averages, we update the momenta and second moments at each iteration t by, for example

ν̂w = ν
(t+1)
w

(1− βt2) , (2.110)

and similarly for ν̂b as well as m̂w and m̂b (with the substitution of β1 instead of β2). Then,
the updates to the weights and biases in Adam optimization are as follows:

w(t+1) ← w(t) − αm̂w√
ν̂w + ε

(2.111)

b(t+1) ← b(t) − αm̂b√
ν̂b + ε

, (2.112)

where we add the small constant parameter ε to prevent division by zero due to rounding
error.

These modifications to gradient descent provide much more rapid convergence and a
resilience to the exploding/vanishing gradient problem by virtue of the forgetting factors
β1 and β2. The overall learning rate, α, is often tuned using validation data sets [40].

2.4.4 More Advanced Neural Net Structures

Aside from the most obvious extension from simple neural networks to ‘deep’ neural net-
works involving more hidden layers, there are two advancements in the deep learning space
that respectively dominate image recognition tasks and natural language processing or time
series tasks. These networks are known as Convolutional Neural Networks (CNNs) and
Recurrent Neural Networks (RNNs). Given that the architecture used in Chapter 4 is based
on CNNs and the related notion of residual networks, we will restrict our discussion to
those.

Convolutional Neural Networks

As mentioned, one well-established application of CNNs is in image classification, where a set
of characterising features are learned from many training examples with appropriate labels.
In the types of networks so far considered, passing a single megapixel image into a network
of say 1000 neurons in the first hidden layer will already have a billion weights and one
thousand biases. The amount of computational resources and time spent optimizing that
many free parameters is immense, and exponentially more so for any modern depth network.
Furthermore, using such a fully-connected structure completely throws away important
spatial information that could make classification far easier, since every input neuron passes
information to each hidden neuron. Recognizing spatial relationships is a key way that the
human visual system learns, and CNNs are arguably an attempt at emulating this.
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Figure 2.12: Process of convolution of a LRF for a stride of 1. Taken from [40].

The key to CNNs is in the name. They are fundamentally convolution filters, but
filters for which the features are learned rather than pre-designed. The Local Receptive
Field (LRF) is a parameter of CNNs defining the size of the window to be convolved
along the array of input neurons as in Figure 2.12. In this figure, a stride length of 1 is
shown, indicating the number of neurons shifted in producing each neuron of the hidden
layer. In this way, the densely packed parameter space of the fully connected structure
explored previously is replaced with a set of neurons in the hidden layer in which each
is only connected to those input neurons in its LRF. Furthermore, each weight and bias
connecting the hidden neurons to their respective neurons in their LRF are shared and set
to be identical, forcing a particular hidden layer—called a feature map—to learn the same
local feature. It’s these shared weights and biases that are referred to as a filter. A stack
of such feature maps defines the hidden layer for a CNN, which are differentiated from one
another based on the random initialization of the weights and biases. To make explicit the
relation to convolution, the output activations for a given feature map are defined by

a(out) = σ(b+ w ∗ a(in)), (2.113)

where ∗ indicates the convolution operation.
Another important concept in CNNs are pooling layers. Pooling layers are a way to

compress the information in the output activations contained in the feature maps. By
using max-pooling, for example, we extract the maximum over regions in the feature map
of a specified size, say 2x2 regions. In this way, more exact spatial information learned
by the feature maps is supplemented by coarser spatial relationships, allowing a reduction
in dimensionality and faster training. Similar to regularization, one can also compute `2-
pooling, or mean-pooling, etc.

Residual Networks

Despite all the efforts to reduce the issue of instability in the gradients, modern networks
are increasingly deep, and this instability again manifests itself in a reduction of accur-
acy/performance on the training set for a deeper-than-optimal network [40]. Intuitively, we
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Figure 2.13: Example of a Res-Net structure (top) compared to a “plain” network (bottom).
Adapted from [42].

should expect that aside from additional computation time, at the very least adding new
layers should maintain the existing performance on the training set. In other words, at the
depth after which performance begins to decline, we should expect that at the very least,
the deeper layers learn to produce a so-called identity block, where the input to these layers
passes through unchanged. This would ideally maintain the performance of the network
as it becomes increasingly deep. To accomplish this, we might imagine adding the input
of a layer to the weighted input two layers down, after the original layers output has been
passed to the next layer. This is known as a residual network or Res-Net, and is shown in
Figure 2.13. In this way, we can nudge the network to be able to straightforwardly bring the
residual to zero, rather than having to learn a whole set of weights and biases to produce
an identity block. This can be seen from finding the activation a(l+2). If we use Rectified
Linear Unit (ReLU) neurons in the network, for which g(x) = max(0, x), then we can write
that

a(l+2) = g(w(l+2)a(l+1) + b(l+2)).

In order for the activations a(l+2) to be the same as a(l) (i.e., for the network to learn
an identity block and maintain performance for increased depth), a quite complicated ad-
justment of parameters across layers in backpropagation would be required. If instead we
provide a skip connection from a(l) to a(l+2) before the nonlinear operation, we now have

a(l+2) = g(w(l+2)a(l+1) + b(l+2) + a(l)). (2.114)

With this skip connection, the network can very quickly learn that setting w(l+2) and b(l+2)

to zero results in a(l+2) = g(a(l)) = a(l) (for ReLU activation). In other words, in the limit
that the identity block is optimal, zeroing the weights and biases for the (l + 2) layer is all
that’s required for a Res-Net.
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These Res-Net blocks are often cascaded together, allowing a sort of sequential protec-
tion against the degradation of training accuracy due to gradient instability [41]. There is
a restriction due to the fact that the dimensions of the input and output of a Res-Net block
must be identical, at least in the formulation described here. This allows for typical dense
connected layers or something like a single stride convolution, also called a ‘same’ convolu-
tion. A slight modification can be used in case of dimensionality mismatch by substituting
a(l) in equation 2.114 with Wsa

(l), where Ws is a matrix either meant to pad a(l) with zeros,
or it could be a matrix of weights to be learned (sometimes called a ‘highway net’). Either
way, the result is to match the dimensionality of a(l+2).

The proposed appliance trace classification network makes use of the components men-
tioned in this background section. The selected architecture will be discussed in Chapter
4.

2.5 Metrics for NILM evaluation

Since the initial efforts to disaggregate home power demand, the relevant performance
metrics for NILM have been debated. A brief summary of the most prominent existing
methods for evaluation are provided, borrowing from the previous work compiled in [43].
Some are metrics concerning classification accuracy, while others are metrics concerning
estimation accuracy. In the notation that follows, ŷi(t) refers to the inferred power draw
for appliance i at time t, while yi(t) refers to the ground truth for appliance i at time t. If
sub-metered ground truth yi is not available, the total aggregate can be compared with the
sum over inferred appliance traces in the estimation accuracy metrics.

Normalized Disaggregation Error

NDE =
∑
i,t|ŷi(t)− yi(t)|∑

i,t y
2
i (t)

(2.115)

Estimation Accuracy

Est. Acc. = 1−
∑
i,t|ŷi(t)− yi(t)|
2 ·
∑
i,t yi(t)

(2.116)

Root Mean-Squared Error

RMSE =

√∑m,T
i=1,t=1(ŷi(t)− yi(t))2

T
, (2.117)

for m individual appliances.
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Mean Absolute Error

MAE =
∑m,T
i=1,t=1|ŷi(t)− yi(t)|

T
(2.118)

Basic Accuracy
Acc. = correct

correct + incorrect (2.119)

F1-score
F1 = 2 · precision · recall

precision+ recall
, (2.120)

where, for binary classification, precision = true positives/(true positives+ false positives),
and recall = true positives/(true positives + false negatives). This metric can be extended
to multistate appliances by averaging over true positives for each relevant state.
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Chapter 3

Related Work

Since its inception, inaugurated by the seminal work in [44], non-intrusive appliance/load
monitoring has seen a burst of activity, both in methods for solving the problem and in the
amount of public data available. The following chapter describes a small subset of current
research, focusing on more classical approaches such as HMMs due to the scope of this
thesis. Finally, a brief summary of existing datasets is provided.

3.1 Classical Approaches

As might be evident given the extensive background provided in Chapter 2, HMMs have
proven effective in NILM, and several variants have been investigated in depth to date.
In [45], the authors present an additive- and difference-factorial HMM structure, where
emissions of the individual HMM chains correspond to contributions to the aggregate sig-
nal and sharp changes in the signal, respectively. This allows a complementary inferential
framework wherein the aggregate output is followed by the additive model, while the dif-
ference model captures the changes in the system directly. To compensate for events or
appliance states for which no factorial chains exist, the authors introduce a flexible “generic-
component”, along with Total Variation (TV) Regularization. TV regularization places an
`1-norm constraint on the additive and difference models, thereby encouraging sparsity in
the inferred contributions of the chains to an observed aggregate value, or to a change in the
aggregate. Inference in this model involves relaxing the constraints on an exact MAP infer-
ence scheme, where convexity in the log-likelihood of the model is recovered by two steps.
First, an intuitive constraint is what the authors refer to as the one-at-a-time condition;
there is at most one HMM state change at a given instant. Depending on the sampling rate
of the data in consideration, this is usually valid with high probability. Second, they relax
the condition that indicator variables for hidden states and transitions between states be in
{0, 1}, allowing the problem to be recast into a mixed-integer linear optimization problem,
which can be handled by existing solvers. Jointly optimizing the posterior over the hidden
variables for both the additive and difference models is similar in spirit to imposing con-
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straints over the possible duration space in the factorial HDP-HSMM (D, see Section 2.3.2).
As will be discussed in Chapter 4, the difference signal can be used directly to constrain
the conditional posteriors of the state sequence and associated durations.

A further constraint for this model, termed Signal Aggregate Constraints, are introduced
in [46]. This constraint can be cast in a similar posterior regularizing framework as was done
in the one-at-a-time condition in [45]. The idea is to modify the MAP inference optimization
problem to constrain the total energy of each factorial component to an approximate average
value over some span of time. This value can be extracted from data or from appliance
usage statistics over average national consumption, for example. Over a set of 100 homes,
normalized disaggregation error (see Section 2.5) for a single test-day given 15-26 days of
training data, the authors showed that signal aggregate constraints improved disaggregation
performance significantly, even with appliance energy consumption constraints averaged
across all 100 homes.

In [47], the authors construct factorial chains for individual appliance operating states,
but then combine these chains into a hierarchical Markov chain governing the dynamics
between the factorial chains. This sidesteps the issue of the loss of state dependencies in
factorial models, and is a relatively simple but interesting extension that could be made to
the present work.

An alternative method to capture load dependencies is of course to avoid factorial mod-
elling entirely. However, modelling all state combinations in a house is exponential in the
cardinality of the system, i.e., the total number of appliance states. This leads to large
storage requirements for transition and emission matrices, as well as time complexity for
navigating paths through the state space during inference via the Viterbi algorithm or sim-
ilar methods. In [13], however, the authors introduce the Super-State Hidden Markov Model
(SSHMM). As mentioned, single chain HMMs involve enumerating every possible combina-
tion of load states in the home, which has benefits of preserving load dependency (all loads
are represented in a single π matrix), but at the (previously assumed) cost of complexity
in run-time and storage. The novelty of this method is in its appreciation of the increased
sparsity of the π and ϑ matrices as the state space expands, since many of the possible
super-states of the home, along with transitions between them, effectively never occur and
can be ignored. This raises questions of ergodicity in the state chain, and whether stochastic
approximate inference in nonparametric versions of these models would reliably recover the
true posterior for unbounded iterations. Nevertheless, exact inference in parametric models
allows this SSHMM method to perform very well and relatively quickly in a supervised
setting, and has renewed interest in these models for a non-trivial number of loads in a
home.

Finally, the clear motivation for the work contained in this thesis can be found in [9],
the background for which has been discussed at length in Chapter 2. Although NILM was
treated as an example case for the usefulness of HDP-HSMMs, the authors showed marked
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disaggregation improvement (at least in terms of estimation accuracy) over simple factorial
HMMs trained using EM methods. This work precipitated significant research in these and
related methods such as linear dynamical systems [48].

Other approaches to NILM tend towards more classical signal processing methods. In
signal processing such as audio or other communications, a common problem is the unknown
mixing of component signals, known as blind source separation. This class of problems,
in their most basic form, are characterized by a mixing matrix A that is applied to all
individual source signals s(t) = (s1(t), ..., sn(t))T , resulting in a combined signal y(t) =
(y1(t), ..., ym(t))T such that, for some intrinsic noise source e(t),

y(t) = A · s(t) + e(t). (3.1)

The NILM task is to “un-mix” the aggregate signal essentially by inverting the above
equation to recover the inferred sources ŷ(t) = (ŷ1(t), ..., ŷn′(t)) via an un-mixing matrix B:

ŷ(t) = B · y(t) + e′(t), (3.2)

for some modelling error, e′(t). In NILM, this system of equations is nearly always underde-
termined in realistic use-cases; the number of modelled appliances n′ is a small subset of the
total number of signals n contributing to the mixed signal. This often permits many equally
valid solutions to the system of equations, and so techniques leveraging source independence
properties such as principal and independent component analysis are used to narrow the
space of potential solutions. As in the discussion of HMMs, constraints on sparsity of rep-
resentation in the signal are also often used, which penalize solutions including more signal
components than necessary. These considerations are often used in Non-negative Matrix
Factorization, a fruitful area of NILM research [49],[50],[51]. Another constraint used in
these and other methods is that appliance contributions to the aggregate signal have binary
weight with respect to a particular appliance mode. In other words, an appliance power
draw at a particular time is the result of only one internal operating mode. This is one
example of integer programming, a class of problems in which some or all of the variables
in question are integers; binary, in this case. Integer programming has a rich history in
NILM, as we already saw in the conversion of MAP inference in [45] to a mixed-integer lin-
ear optimization problem. In [52], the authors impose further constraints and relaxations
on the linear integer optimization problem of combining current signatures to match the
total current. They constrain the solution ambiguity mentioned above by allowing standby
modes for appliances, reinforcing sparsity in the number of proposed appliances that are
concurrently activated, and finally by penalizing solutions that violate certain known in-
ternal appliance state transitions, such as a clothes washer starting its high spin state before
any water pump activation or other wash states. The authors show significant robustness
of solutions relative to standard integer programming.
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The ill-conditioned nature of the NILM problem is also exposed in this source separation
framework. For large condition numbers (defined as ||B||||B+||, where B+ is the pseudo-
inverse of B and ||·|| is a matrix norm, often the Euclidean norm), small changes in the
input can result in large changes in the output. In other words, solutions are unstable.
Such problems are often difficult to optimize and are prone to computational errors [53].
For this reason, any and all prior knowledge about the component signals should be lever-
aged in order to constrain the space of potential solutions. This prior knowledge includes
signal features such as transients, temporal correlations, human behavioural patterns, etc.
Using signal features learned from existing appliance traces for disaggregation is a common
method for supervised NILM. For example, Liao et al. built decision trees using the two-
dimensional description of rising edge and falling edge for a given event [54]. Over three
houses in the REDD data set, they showed a high F-score (> 85%) for decision-tree-based
event classification. There are many classification approaches which may include features
extracted in time-domain such as derivative information [55], the time-frequency domain
via wavelet decomposition [56], harmonic content in the frequency domain via Fast-Fourier
Transform (FFT) [57][58][59], and many more. Incorporating a wider feature space also
allows the use of random forests as in [60].

3.2 Deep Learning Approaches

Deep learning techniques very naturally extend themselves to NILM, although it was not
until recently that the first efforts surfaced. Since the initial publication by Kelly et al. [61]
approaching disaggregation via a Long Short-Term Memory (LSTM) RNN and a denoising
auto-encoder method, many other attempts were made. To name a few, many researchers
have focused on using RNNs and their modifications [62][63][64], while others have attemp-
ted CNN-based methods [65][66][67] or deep dictionary learning [68][69], a technique with
similarities to non-negative matrix factorization.

Although these methods are supervised in their training, robust regularization methods
are often employed with the goal of preventing overfitting and improving generalization to
unseen data. For example, in [70], the authors restricted the number of tunable parameters
relative to the existing literature. They also made use of early stoppage with an aggressive
patience parameter to terminate training. With these complexity and temporal regulariz-
ation methods, the authors examined disaggregation performance on unseen homes in the
same dataset as well as different datasets. They showed intra- and inter-dataset transfer-
ability with minimal performance losses relative to their chosen baseline.

Another realm of deep learning NILM research are generative models, such as the Gen-
erative Adversarial Network (GAN) and the Variational Auto-Encoder (VAE). Both of
these methods can operate in an unsupervised fashion, where in lieu of labelled training
data, feedback quantifying performance is provided to the network relative to the realism
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of network output (e.g., [71],[72]) and the likelihood of the data under the proposed model
(e.g., [73]), respectively. The GAN framework has also recently been used for generation of
artificial appliance signatures to address the poor representation of the distributions over
possible appliance models and aggregate combinations in existing datasets [2].

3.3 Unsupervised/Semi-supervised NILM

As mentioned, GANs and VAEs can operate in the unsupervised and semi-supervised learn-
ing setting. Other unsupervised methods often leverage intrinsic differences in the appli-
ances present to cluster extracted features. For example, in [74], steady state reactive and
real power values are clustered via a Genetic K-means algorithm, an iterative method to
cluster data points often based on minimizing intra-cluster variance. The cluster centroids
were assumed to be linear combinations of individual appliances which are further decon-
structed. Multi-state appliances obfuscate this process, along with poor discrimination
between appliance modes with similar consumption levels. In [75], Motif Mining was used
to discover recurrent patterns in the difference signal rather than the aggregate power sig-
nal. This method of recurrent sub-graph, or episode, detection unsurprisingly proved useful
for repetitive appliances with well-defined usage patterns, but performance was unclear for
appliances which vary in this episodic description.

Another issue in unsupervised NILM methods alluded to in Chapter 3 is that of appli-
ance labelling in unsupervised methods. In methods such as the HDP-HSMM in [9], labels
are provided by probabilistic ranges within the state-space defined by component emissions
and duration modes. However, these modes are flexible during inference via Gibbs res-
ampling, leading to potential shuffling in the proposed labels that would not be tracked
during inference. Furthermore, the priors provided to the model are highly sensitive to
bias; appliance models can be significantly different from one another even in an austere
power-duration representation passed to the HMM. In other words, there is a high risk that
either the priors will be so diffuse that the proposed labelling is all but useless when the
posteriors converge, or alternatively will be too specific to previously observed or assumed
appliance modes that they will fail to assist the model in convergence or in labelling after
disaggregation. Often, authors of proposed unsupervised algorithms provide no method
of labelling the disaggregated traces returned by their models, and instead evaluate their
accuracy by manually matching with the correct appliances. Clearly, it is a difficult and
open question to determine the optimally general subset of appliance features for labelling
in unsupervised learning, especially given the relatively data-poor environment of NILM
research. That said, significant effort to produce new real and artificial datasets has been
made, of which the following section gives a general outline.
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3.4 Datasets

In recent years, more and more energy datasets have emerged, which can vary considerably
in terms of complexity, methodology, appliance characteristics and usage patterns, setting
and grid characteristics, as well as types of measurements such as real/reactive power,
current, voltage, etc. (e.g., see [76, 77]). As mentioned, artificial datasets have also been
developed, most with a focus on realistic aggregates through usage patterns. The following
summary of existing datasets was compiled by [78], and adapted here with permission.
These datasets elucidate a small snapshot of the true distributions over appliance demand
properties, which inherently limits the generality of supervised methods and exacerbates
the difficulty of the labelling problem in unsupervised methods. Nevertheless, significant
progress is being made in the field of NILM despite these limitations.
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Table 3.1: Popular NILM Datasets

Dataset Dur Sampling
Frequency Houses Attributes Loc M/

S

REDD [79] <6 Mo. 16.5 KHz-
1 Hz 6 P,V,I U.S. M

BLUED [80] 1 Wk. 12 KHz-
1 Hz 1 P,Q,V,I U.S. M

HES [81] 1 Yr.-
1 Mo. 2 Min. 251 E U.K. M

Smart* [82] 3 Mo. 1 Hz 3
P,S,V,I,
Amb.,
Occ.

U.S. M

iAWE [83] 73 D. 1 Hz 1
P,V,I,φ,ω
Amb.,
Utility

India M

ECO [84] 8 Mo. 1 Hz 6 P,V,I,φ,
Occ. U.K. M

DRED [85] 6 Mo. 1 Hz-
1 Min 1 P, Occ., Amb. NL M

Dataport [86] >4 Yr. 1 Hz-
1 Min >1200 P U.S. M

UK-DALE [87] ≤ 4 Yr. 16 KHz,
1 Hz 3 + 3 P,S,Q,Utility U.K. M

AMPds2 [88] 2 Yr. 1 Min. 1
P,S,Q,V,I,
Utility,
Weather

CAN M

SmartSim [89] 1 Wk. 1 Hz N/A P N/A S
REFIT [11] 2 Yr. 1/8 Hz 20 P U.K. M
RAE [10] 1 Yr. 1 Hz 2 P,E,Amb. CAN M

SHED [90] N/A 1/30 Hz-
6 Hz N/A P,I N/A S

ANTgen [91] N/A 1 Hz N/A P N/A S
SynD [92] 180 D. 5 Hz N/A P N/A S

Dur: Duration of measurements (D.: day, Mo.: month, Yr.: year), Loc: Geographic location,
M/S: Measured/Synthetic, I: current, V: voltage, S: apparent power (I · V ), P: active power
(S cosφ), Q: reactive power (S sinφ), Amb.: Ambient features (e.g. indoor/outdoor temperature,
humidity, etc.), Utilities: meters exist for at least one of (water, gas), Occ.: occupancy information
exists.
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Chapter 4

Methods

This chapter describes the methods and implementation of the two non-parametric unsuper-
vised NILM solutions alluded to in Chapter 1. The GMM-based method involves modelling
the demand of all appliance states with an unbounded number of Gaussian components.
Each component then has its duration statistics roughly modelled in a non-parametric GMM
using the first 3 deactivation edges whose absolute value belong to the same demand com-
ponent. Pairing activation edges with their corresponding deactivation edges under energy
constraints allows an unlabeled disaggregation of the raw aggregate. These uni-modal ap-
pliance states can then be labeled and combined into multi-state appliances by a Res-Net
deep learning architecture, which will be described in Section 4.3.

Reliable pairing of activation and deactivation edges is difficult due mostly to transient
behaviour: the short-lived demand properties as appliances reach their steady-state oper-
ating point. For this reason, a signal denoising filter that extracts steady-state demand
is first developed in the following section. This allows better clustering performance of
activation edges in the GMM and better pairing between the activation and deactivation
edges of a given mixture component. Another motivation for this signal filter is to extract
change-points: discrete changes in the signal not due to noise. As mentioned in Chapter 2,
this provides a significant improvement in inference for factorial HDP-HSMMs by reducing
|D|. This filter may prove useful elsewhere, as change-point detection is an important tool
in many time-series applications [93].

The accepted pairings for each demand component in the mixture model define a more
accurate distribution over state durations. These can then be fed—along with the state
demand properties—as priors to a factorial HDP-HSMM, discussed in Section 4.4. Various
constraints during inference in this flexible model are discussed, which will be shown in
Chapter 5 to greatly improve disaggregation accuracy relative to an unconstrained model.

In order for the mixture model to provide the factorial model with accurate priors, as
well as to monitor a given home for new appliances in deployment, it is important to have
some indication of novel data. Two measures of a concept known as Bayesian surprise are
given in section 4.5 to address this problem.
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Figure 4.1: Example of demand-based threshold on raw aggregate data. Inset: Sigmoid-
based threshold function as a function of demand value.

4.1 Steady-State Block Filter

There were two main considerations in developing the steady-state filter for accurate change-
point detection. First, sensor and appliance noise in the system will be larger for high
power demand. Second, larger internal transitions should be expected following large initial
activation edges of a given appliance state.

To compensate for increased levels of sensor and appliance noise at higher power demand,
a hyperbolic tangent-based threshold is first placed on the raw input, which we hereafter call
the demand-based threshold, τd. An example of the demand-based threshold as a function
of power demand as well as an example of its value relative to a sample input is shown in
Figure 4.1.

The demand-threshold is calculated as

τd = md tanh (y/sd) + τbase (4.1)

where τbase is the minimum threshold under which events are ignored, md is a multiplier
on the tanh function dictating its maximum value (md + τbase), y is the data input to the
filter, and sd is the inflection point of the function, roughly indicating the power scale over
which the function reaches its maximum.

An additional threshold, hereafter called the edge-based threshold, τe, is defined in a sim-
ilar way, but using its own scale factor and multiplier. This threshold not applied directly
to the raw data. Rather, it takes as input the absolute value of the first differences of the
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signal. For reasons that will become clear, it only allows those differences more negative
than the negative demand-based threshold to contribute, i.e., ∆y(t) < −τd. Differences in
the signal less negative than this value are filled backward, preventing these sub-threshold
differences from affecting the value of the edge-based threshold. This modification is shown
in Figure 4.2. τe allows the appliance states themselves to determine the level of threshold-
ing, since larger appliance modes generally contain internal transitions that are much larger
in magnitude than smaller appliances. An alternative approach is to fill-forward the first
differences larger than the threshold, but Figures 4.3 and 4.4 show the motivations for al-
lowing large deactivations to instead determine the final threshold value. In Figure 4.3, we
see that most appliance modes have their initial activations masked by transient behaviour.
On the other hand, appliance deactivations are transient-free and largely representative of
the steady state value. This is evidenced by the relative number of these deactivation edges.
Consequently, if the assumption is that large activations are accompanied by larger internal
transitions and should therefore be thresholded more aggressively, appliance deactivations
are more appropriate to retroactively determine the threshold value. These considerations
preclude strict requirements for an online filter, i.e., one which returns the filtered signal
sample-by-sample as fast or faster than the sampling rate of the data. However, a slight
modification could allow the fill-forward approach as discussed above to give an initial filter
estimate, which would then be updated following a sufficiently large deactivation. Figure
4.4 shows an activation of the heat pump in the RAE dataset [10], which involves a fan
that gradually approaches an operating speed before shutting off. The filling-backward in
this case allows the internal transition following main activation to be captured as a single
event.

Although not without limitations, this approach is highly flexible and shows good per-
formance in practice. This edge-based threshold determines which events are accepted as
valid, given by

|∆y(t)| > τe

These events are referred to as change-points, with the samples between these events referred
to hereafter as regions. Figure 4.5 shows the first differences of the raw data relative to the
final edge-based threshold τe, noting the inferred regions between change-points marked by
red vertical lines.

To achieve some level of robustness of filter behaviour against poor parameter initial-
ization, sub-threshold events are included under strict constraints. Intuitively, if the inter-
mediate values between two change-points (i.e., a region) contain well-defined power levels,
it seems reasonable to assume those to be events. To quantify the notion of “well-defined”
power levels, a histogram is constructed on each region. The scipy find_peaks function
is adapted to determine peaks in the histogram, defined by height and separation require-
ments. Peak height requirements are set relative to the bin with the highest bin count. In
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Figure 4.2: Example of filled-backward first differences (orange) for a selected sample of
aggregate data (blue) and the corresponding first differences, ∆y(t) (green). Differences
more negative than −τbase (red) are filled-backward.

other words, for a secondary peak within a region to be detected, it must have a number
of counts above this fraction of the primary peak bin counts. For a primary peak in bin n
containing cn counts, then a secondary peak in bin n′ containing cn′ counts is accepted if

cn′ > fh · cn, (4.2)

where 0 ≤ fh ≤ 1 is the prespecified fractional peak height requirement.
Minimum separation between peaks is set to a specified fraction of the average threshold

value over the region. In other words, the peaks can be closer in power value than the
actual threshold (which is what helps the filter to be robust in the case of poor parameter-
ization), but not any closer than this minimum separation. This reduces the likelihood of
over-enumeration of peaks by the scipy function, while still allowing sub-threshold events
provided the other constraints are met. Again, for a primary peak in bin n corresponding
to power value Pn, then a secondary peak in bin n′ corresponding to power value Pn′ can
be considered only if

|Pn′ − Pn| < fp · τ̄e, (4.3)
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Figure 4.3: Motivation for filling-backward: deactivation edges are transient-free on average.

where fp is the prespecified fractional threshold power separation, and τ̄e is the average
edge-based threshold over the region.

If these sub-threshold events are not detected, the mean within the region is imputed
and the result can lead to poor edge detection as shown in Figure 4.6.

If multiple peaks are detected in a region, cutoffs are imposed halfway between the power
values corresponding to each peak. Samples in the region falling between two cutoff values
are replaced by the mean value over the continuous sub-region. Especially for poor para-
meterizations, multiple discrete power values can occur in different continuous sub-regions.
Imputing the mean value over all samples within the cutoff range can lead to significant
over or under-estimates of subsequent events, leading to inaccurate state-assignments. This
is shown in Figure 4.9. When imputing the mean over a sub-region, we instead compute the
mean over continuous chunks of data individually, leading to the more desirable outcome
in Figure 4.10.

With the scaling properties and saturating values of the demand-based and edge-based
thresholds, along with the additional sub-threshold peak separation and height parameters,
finding the optimal parameterization is difficult. In summary, the filter is defined by the
following set of parameters: {τbase,md, sd,me, se, fp, fh}, where τd = τd(md, sd), and τe =
τe(me, se).
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Figure 4.4: Motivation for filling-backward: Internal state transitions for high-demand
appliance activations (Heat pump, RAE dataset)

In practice, local “optima” are relatively easy to find using heuristic arguments for
thresholding, but these are currently visually inspected and are therefore unlikely to gen-
eralize well. Significant effort was invested into explicitly optimizing the filter parameters,
but defining an objective function in this case is difficult. The most obvious indicator of
successful filtering is disaggregation performance using something dependent on edge clus-
tering, such as the non-parametric GMM method to be described in Section 4.2. However,
such metrics are cumbersome when attempting to explore the large state-space associated
with the filter parameters. And so a more lightweight objective function is likely required.
Intuitively, the filtered signal should trace the aggregate well, but using as few activations
as possible. In other words, something to try would be to optimize the RMSE of the filtered
signal relative to the raw signal (which penalizes large deviations), but regularize it using
edge-sparsity considerations (which maintains as few activations as possible). This objective
function would look something like the following:

F(ŷ,y) = RMSE(ŷ,y)− λS(ŷ), (4.4)
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Figure 4.5: Differences in the aggregate (green) exceeding the edge-based threshold in either
direction (green/red) are enumerated as change-points, shown by red vertical lines.

where RMSE(·) is the root mean squared error (equation 2.117), λ is the weight term
governing the importance of the sparsity loss, S, called the Hoyer sparsity metric [94], given
by:

S =
√
n− ||δ||1||δ||2√
n− 1 . (4.5)

Here, δ is the discrete first-differences of the filtered signal, while ||δ||1 and ||δ||2 are its `1-
and `2-norm, respectively.

The optimization method selected was the Dual Annealing algorithm, based on [95] and
contained in the scipy.optimize library. Dual annealing defines a visiting distribution
in the parameter space, with the proposed jumps limited by an artificial temperature that is
annealed (i.e., exponentially decays) with time. Similar to MH (Algorithm 2), an acceptance
probability is calculated for each proposed jump, which depends on the change in the
objective function at the proposed landing point. A brief overview of the results of these
considerations will be given in Chapter 5.

Clearly, although this filter is agnostic to continuously changing appliances in the raw
signal, the resulting filtered signal will likely provide poor results in these cases. In the
increasingly prevalent case of residential solar panels, these negative contributions to the
aggregate will hide activations in the raw signal. This is clearly a challenge for any NILM
solution, although edge-dependent algorithms such as those explored in this thesis will
be especially affected. Designing a Deep Neural Network (DNN) to detect and extract
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Figure 4.6: Example of poorly parameterized filter behaviour; a single region is clearly
comprised of discrete appliance activations.

solar signals from smart meter data would be one way to recover some semblance of filter
performance (and NILM algorithm performance) in these cases.

4.2 Non-parametric GMM

With the aggregate signal filtered, appliance states are now far more amenable to Gaussian
modelling. Not only are their activations more consistent, the activation edges are much
more easily paired with corresponding deactivation edges. Furthermore, the difference in
filtered and raw signals provides a straightforward representation of the transient behaviour
of appliance states. This section describes the demand modelling of these states using the
non-parametric GMM framework, followed by the pairing of activation and deactivation
edges to establish state duration distributions. These are used both for inference of edge
pairings as well as well as for priors passed to the factorial HDP-HSMM.
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Figure 4.7: Histogram of the same region as Figure 4.6. Peaks are enumerated and their
midpoints correspond to power cutoffs for sub-regions shown in the inset.

4.2.1 Demand Modelling

As described in Chapter 2, the non-parametric framework allows a potentially infinite num-
ber of unique components. However, the preferential attachment of the DP prior, as well
as weak-limit considerations, naturally constrains the number of instantiated components
for finitely-sized datasets. Attempting to cluster over the first-differences in the raw signal
would lead to highly overlapping components and an unacceptable risk of misassignment.
After passing through the steady-state block filter, however, edge values are significantly
more consistent across appliance activations.

The filtered signal is fit according to a non-parametric GMM following the variational
inferential framework discussed in Chapter 2, specifically equation 2.73. This variational
approximation is truncated to a pre-specified maximum of 30 appliance states in this work.
The number of states instantiated by the model is dependent on several parameters. The
weight concentration parameter, denoted earlier as α, determines the extent to which the
atoms drawn from the DP cluster around its associated base distribution (NIW(·)). The
form of this joint base distribution is determined by its hyperpriors: the covariance (or
scale matrix, ∆) for the inverse-Wishart distribution, and the mean and precision (inverse
covariance) for the normal distribution (see equation 2.10). Poor mixture model parameter-
izations can lead to poor disaggregation performance in the subsequent duration modelling
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Figure 4.8: Example of same region as Figure 4.6 using histogram peak-finding.

and edge pairing steps. Because of this, an additional round of clustering is performed on
clusters for which the associated variance is above some percentage of the cluster mean, set
in this work to be 150%. This percentage, although arbitrary, reflects the intuitive fact that
larger power appliance modes have larger variances in their block-filtered edges.

For each Gaussian component instantiated by the model (after this sub-clustering), an
appliance state class instance is created, specified by the mean, variance, the assigned edges,
and an average transient. The transient is simply calculated as the difference between the
filtered signal and the raw signal up to the next ON event, and is stored as a running av-
erage over component activations. Transient information allows a segregation of appliance
modes of similar mean, helping to deal with the state congestion issue inherent in methods
such as the factorial HDP-HSMM, mentioned in Chapters 2 and 3. This is done by com-
paring the transient associated with each activation to its component average in terms of
some similarity metric. The selected metric for this purpose was based on the Bray-Curtis
distance, defined for the proposed transient τ and running average transient τ̄ by

1−
∑
i|τi − τ̄i|∑
i|τi + τ̄i|

. (4.6)
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Figure 4.9: Example of poor filter behaviour based on imputing the mean over all samples
in a sub-region.

In the limit that both transients are identical, the similarity between them is unity.
In the limit that the difference between corresponding points in each transient approaches
infinity, the similarity approaches zero. The similarity threshold can be adjusted, allowing
for more or less restrictive state assignments. Of those activations rejected from their
assigned component, they are compared with other existing state transients, provided their
filtered activation value falls within one standard deviation of the proposal state’s mean.
If none of the existing states’ transients provide an acceptable similarity, a new state is
instantiated. If the activation in question is removed from its original assigned state, the
parameters and transients of the original and accepted state are updated accordingly.

4.2.2 State Duration Modelling

To establish reliable priors for a factorial semi-Markov model, each appliance state must
also have its duration statistics modelled. In supervised learning, each submeter can have
its operational modes isolated and have the activations and corresponding deactivations
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Figure 4.10: Example of continuous sub-region fitting.

of each mode paired with relative ease. In an unsupervised setting, reliably matching
activation edges with deactivation edges is equivalent to the task of disaggregation, and is
of course more challenging. Based on the power distributions learned in the previous steps
for each state, candidate deactivation edges can be selected for each activation edge based
on their distance in standard deviations from the state mean. In this work, the first three
deactivations following an activation of a given appliance state, and which fall within one
standard deviation of the state mean, are stored as duration candidates. The choice of three
activations is arbitrary, but it seems reasonable to expect the true deactivation edge to be
within that range. This process can be termed first-n pairing, where n = 3 here. These
duration candidates are used to establish an additional non-parametric mixture model,
where, given enough samples, the mixture component(s) corresponding to the true state
duration(s) are weighed more heavily. An example of this process is shown in Figure 4.11.

Of course, the less well-defined the true state durations are (e.g., user-operated appli-
ances such as lighting or oven/stove-top), the more activations that are required to outweigh
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Figure 4.11: Example of first-3 pairing. Inset: corresponding duration mixture distribution

the random components associated with first-n pairing. Nevertheless, this first pass at de-
termining the state duration statistics provides useful additional information for selecting
a single proposed edge-pairing.

4.2.3 Edge-pairing

To perform the final edge-pairing, previously un-paired potential activation edges corres-
ponding to each deactivation edge in the filtered signal are ordered in terms of

Pr(δs) =
∫ |∆y(t)|+εP

|∆y(t)|−εP
f (s)(x)dx ·

∫ ∆t+εt

∆t−εt

K∑
k=1

π
(s)
k f

(s)
k (t)dt. (4.7)

Here, δs is an activation edge δ belonging to state s, |∆y(t)| is the absolute value of a given
deactivation edge at time t, εP is the uncertainty in the observed power value, and f (s)(x) is
the demand density of state s, which is Gaussian in this case. In the second term, ∆t is the
proposed duration, εt reflects the uncertainty in activation time due to filtering, f (s)

k (t) is
the density of the kth component of the duration mixture model associated with state s, and
π

(s)
k is the corresponding weight of that component. In other words, the appliance state’s
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distribution over demand is integrated over a margin of error surrounding the observed
deactivation edge value. Similarly, all mixture components of the state’s distribution over
duration are integrated over a margin of error surrounding the proposed duration value.
The product of these two values provides an estimate for the probability of the combined
demand-duration observation. Potential activation edges are considered up to a maximum
duration, set in this work to 10,000 1 Hz samples (or around 2.75 hours). This truncation is
identical to that mentioned for semi-Markov models in Chapter 2. Truncation helps reduce
the number of potential matches, improving computational cost.

Naively, the paired edge for a given deactivation edge might be taken to be

δpair = argmax
s

[
Pr(δs)

]
. (4.8)

However, the first-n pairing for the initial duration distributions likely leads to long-duration
components that may—due by chance to a larger first factor in equation 4.7—dominate the
argmax. One way to address this issue is to subject the argmax to a constraint on the total
energy in the region defined by the proposed activation-deactivation edge pair. One such
constraint that could be imposed on the proposed pairings can be expressed as:

∫
∆t

(
y(t)− ȳ(t)

)
dt & 0, (4.9)

where ȳ(t) is the average value of the proposed activation edge and the absolute value of
the deactivation edge in question, imputed over the proposed duration, ∆t. In other words,
energy must be conserved. The approximate inequality is used since energy in the filtered
signal is not strictly conserved; a negative residual is permissible to some degree. Figure
4.12 shows an intuitive example of this case for two potential activation edge pairs, the
latter of which might naively be selected by equation 4.8, but would of course be impossible
given energy conservation. Although useful in the case of large-demand appliance modes
that dominate the aggregate value, this constraint by itself provides little help in situations
where the minimum aggregate value over the duration of the proposed pairing is significantly
larger than the state’s power demand. A potential solution is to sort the activations and
pair the largest first, keeping track of the proposed aggregate signal, and instead insisting
that

CE
def=
∫

∆t

(
e(t)− ȳ(t)

)
dt & 0, (4.10)

where e(t) = y(t) − ŷ(t) is now the remainder of the filtered aggregate signal when the
proposed aggregate thus far, ŷ(t), is removed. The final paired edge is selected by computing

δpair = argmax
s; CE&0

[
Pr(δs)

]
(4.11)
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Figure 4.12: Example of obvious energy constraints; the red region contains far more energy
than is available in the aggregate.

The accepted pairings for each state under the constraint CE & 0 define a much more
realistic distribution over possible durations than the first-n pairing initially. Consequently,
the non-parametric mixture model corresponding to each state’s duration distributions are
re-fit according to the accepted pairings. Figure 4.13 shows the significant improvements in
both the number of unique components and the variance of the remaining components in a
mixture model over constrained duration pairings relative to first-n pairing.

4.3 State Combinations and Labelling

To review the overall workflow up to this point, the raw aggregated signal is passed through
a steady-state block filter, and broken down into unique uni-modal power states that con-
tribute to the overall aggregate. In Chapter 2, it was suggested that model-specific dif-
ferences between appliance types in a home should be leveraged for disaggregation, rather
than relying on generalized, appliance-averaged priors. This motivated the use of a post-
disaggregation labelling procedure using well-established deep learning classification meth-
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Figure 4.13: Example of re-fit duration mixtures following constrained pairing.

ods. The classification network used here consists of five residual blocks comprised of
one-dimensional same convolutions and stride two convolutions, with the latter resulting
in downsampling. At the start of each residual block, the inputs were batch normalized
according to [96]. The network featured leaky-ReLU activations for all layers except for the
softmax activation at the output. Before the final activation, the final downsampled output
is passed simultaneously through a max pooling and average pooling operation, followed by
a dense layer activation of the concatenated pooling output, dropping out some fraction of
these neurons (50% in our case). A summary of the network is shown in Table 4.1. We
used Adam optimization with (lr, β1, β2) = (0.001, 0, 0.99), modified to include a decoupled
weight decay regularization term as introduced in [97].

For training and validation, we selected several appliance types/groups from the 50
homes (sampled at 1 Hz) in the academic-use subset of the Pecan Street Dataport dataset:

1. Fridges/Fridge-Freezers

2. Washing Machines

3. Tumble Dryers

4. Dish Washers

5. Microwaves
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6. Heating Appliances (includes furnaces, hot water units, baseboard heaters, heat-
pumps)

7. “Unknown” Small Appliances (includes ovens, televisions/entertainment centers, com-
puters, small electric heaters)1

The training and validation sets were broken into approximately five hour windows,
centered on particular activations defined as first differences larger than some noise threshold
(30 W in this case). Of these windows, only those satisfying two conditions were allowed for
training. First, the same Hoyer sparsity metric mentioned in Section 4.1 was calculated on
each window. Second, the energy contained in the windows was required to be above some
threshold. Removing low energy or overly noisy windows (i.e., a low sparsity) allows only
those windows with appreciable structure to modify the network. The training dataset was
balanced by forcing a desired number of windows for each appliance from each house. Over-
representation was accounted for by randomly dropping the required number of windows,
while under-representation was handled by creating randomized repetitions of the available
windows. Before each epoch, a random starting point for each window was selected up to
half of the window length. From these random starting points, the final windows of 2.5
hour duration were selected. This avoided biasing the network toward particular activation
locations within each window, which constitutes a kind of data augmentation.

With the Res-Net classification network trained, the uni-modal appliance states pro-
duced as output following Section 4.2, are combined into multi-state appliances (if neces-
sary) with their corresponding labels in what one might call a greedy-merge method. In
greedy-merging, uni-modal appliance states are first sorted according to their proposed en-
ergy. The largest contributor to the energy is passed individually through the network,
accepting as its label the maximizing neuron in the soft-max output (provided it exceeds
some threshold, say 60% confidence). Once a label is assigned, subsequent states are merged
with the initial state if they improve the soft-max output associated with the accepted la-
bel. This process is continued until there are either no remaining states to assign, or no
remaining states exceed some threshold for unique labels. Figure 4.14 shows this process
for the example case of a fridge.

The network was individually trained on both block-filtered data as well as raw data.
In the block-filtered case, the returned traces from the mixture model disaggregation could
be passed directly to the classifier for assignment. For the raw data case, each state’s
running average transient was added to each activation, along with 1% Gaussian noise for
the remainder of the activation duration.

1The unknown appliance group was an exploratory category meant to capture relatively uncertain re-
turned states from the mixture model disaggregation.

71



Figure 4.14: Example of greedy-merge method for fridge states.

The proposed method thus far involves disaggregation of raw data and the labelling
of disaggregated components. It can therefore be considered a complete NILM solution.
However, there are several obvious limitations involved in using this as a self-contained
solution. First, appliance energy consumption is estimated based on pairing activations
and deactivations in the filtered first-differences. Although segregating the GMM-assigned
appliance states based on transient similarity to the state average is useful in many cases,
it remains highly reliant on consistent filter behaviour. Poorly initialized filter paramet-
ers or aggregate samples outside of the range of stable filter behaviour can result in poor
mixture model disaggregation and subsequent labelling. Although the duration modelling
and energy considerations provide additional constraints for possible activation-deactivation
pairings, state assignment from the initial mixture model and transient behaviour is highly
dependent on the accuracy of the filtered signal. There are several examples of poor filter
behaviour in Section 4.1. Clearly, filtered edges can be misassigned and the resulting tran-
sient (the difference between the filtered and aggregate signals) can appear novel relative
to those so far observed, instantiating new states. To address this and similar issues, two
potential solutions come to mind:

The first and most naive approach would be to spend significant time perfecting the
filter behaviour; checking it against as many different datasets and appliance combinations
as possible. In the event that a suitable metric can be developed to evaluate the filter
performance, this approach may involve less trial-and-error than it may seem. For instance,
the metric discussed in Section 4.1 will be shown in Chapter 5 to show promise for this
task. However, there are undoubtedly limitations intrinsic to the filter structure dictating
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how well it can perform, even when optimized relative to a perfect metric. An alternative
solution is to instead assume that the returned appliance states give a reasonable estimate of
the true power and duration distributions associated with the individual appliance modes.
Misassignment and poorly filtered segments of data may skew the distributions of existing
states, but even these skewed distributions nevertheless serve as highly informative priors.

Since the individual states are already merged and labeled by the Res-Net classifier, a
natural step would be to treat each labeled combination of states as factorial Markov chains
contributing to the overall aggregate.

4.4 Factorial HDP-HSMM

Using the merged appliance modes, a factorial chain state sequence is initialized based on
the proposed appliance’s duration and power state assignments in the data seen during
the mixture model disaggregation. Priors for the transition and initial state distributions,
as well as the component-specific duration truncations, are all learned from these pre-
disaggregated traces. To manage model complexity, the off duration statistics for a given
factorial component are limited in the experiments that follow to two Poisson mixture
components, although this can easily be increased if desired.

As discussed in Chapter 2 and 3, inference in additive factorial models often requires
regularization in the form of constraining the conditional posteriors over the state sequence
based on the difference signal. In Chapter 3, the concept of constraining the space of
possible state durations, D, was introduced based on using change-points in the signal.
We can impose further constraints on D to allow similar one-at-a-time constraints where
a difference in the aggregate signal should only be accounted for by a single appliance
activation. This constraint is relaxed to allow for multiple coincident activations, but with
the probabilities of coincident events scaled down by a factor of 100. This scaling suggests
that about 1 in 100 events in the aggregate will involve coincident activations. This is a slight
underestimate relative to the investigations in [7] for 1 Hz sampling rate data. However, it
stands to reason that the benefits to convergence involved in shrinking the space of possible
explanations to the data exceed the risks of ignoring these potential coincident events. Of
course, for lower sampling rates, the likelihood of coincident activations increases, and the
probabilities of those explanations should be scaled accordingly. In future work, a relatively
simple extension of this constraint is to make use of it for a first sampling pass, but relax
it entirely for a second pass, allowing multiple activations for differences in the signal not
explained by any existing components. Nevertheless, even under these relaxed conditions,
there remain certain “guaranteed” constraints (dependent on filter behaviour). For example,
a state activation should never be inferred when the difference observed in the aggregate
between change-points is less than some multiplier of the state variance smaller than the
mean (i.e., µi − nsdσi); likewise for the magnitude of the paired deactivation for that state.
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We could allow flexible states in this framework as was done in [45], but with the added
advantage of using an unbounded number of them, used as needed in inference. Although
this was attempted, the resulting disaggregation was unstable and so it must unfortunately
be left to future work. Finally, the same energy constraint described by equation 4.10 can
be imposed on the factorial model once the space of potential durations D is made small
enough to be computationally manageable. An additional modification was made in the
inference process to remove resampling over state means and their variances. This is done
for two reasons. First, significant effort was made to provide accurate power state values and
merge them into proposed appliances; resampling over these distributions is re-doing the
work done in the mixture model disaggregation. Secondly, it addresses an instability caused
when the variance of the states are allowed to grow, and the variance sequence (i.e., the
sampled values of the emissions around the state mean conditioned on the components’ state
sequence) can be adjusted with too much flexibility to match the observed aggregate. In
practice, this resulted in appliance states being inferred between edges far too small or large
(or activation-deactivation edges not nearly matching in magnitude), reducing performance.
With these reasonable constraints in place, significant improvements were observed, both
in solution stability as well as in the number of iterations required for convergence.

Windows of prespecified length were fed sequentially to the model, chosen for this work
to be of 24 hour duration. For each window and a pre-selected number of iterations,
the model resamples the state sequence and the associated state durations, the duration
distributions conditioned on the state sequence, followed by the auxiliary Gibbs sampling of
the transition matrices, and finally the initial state distributions. Given a current window,
only the state sequence of previous windows is resampled, taking into account the current
windows’ updates to the duration, transition, and initial state distributions.

The motivating work for this thesis was that by Matt Johnson and Alan Wilsky, the
former of whom also provided an extensive codebase2 for Bayesian modelling in general,
and factorial HDP-HSMMs in particular. Of course, it was adapted to include the above
modifications to the initialization and inference procedures, but the general framework is
very gratefully borrowed.

4.5 Bayesian Surprise

Once the labelled state chains are passed to the factorial HDP-HSMM, inference of the state
sequence of incoming data provides a complete NILM solution. However, appliances in a
modern home can change abruptly. The addition, removal, or replacement of appliances
in a home can quickly render inflexible models obsolete. To ensure the longevity of NILM
solutions in residential homes, some indicator of novel appliance activations is required. A

2github.com/mattjj/pyhsmm
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natural approach is to leverage the nonparametric mixture model over filtered edges that is
already computed in the mixture model disaggregation phase. If this clustering is continued
even after the factorial HDP-HSMM has taken over the inference procedure, we can monitor
the instantiation of new clusters and adjust the model accordingly. The framework explored
for this purpose is that of Bayesian surprise, a measure of dissimilarity to assess the effect
of data on the belief distributions of an observer [98, 99]. In this case, we take the belief
distributions to be the predictive distributions defined by the nonparametric mixture model.
The variational approximate predictive distribution was given in equation 2.74. In [100], the
surprise computed over these observable quantities is given the term postdictive surprise,
and we suggest computing this approximate postdictive surprise for a sliding window of w
events (preceded by N events) as:

So = d
[
p(xN+1|x1:N , α,G0) || p(xN+w+1|x1:(N+w), α

∗, G0)
]
, (4.12)

where d is some divergence metric (usually Kullback-Leibler divergence), and α∗ is the
posterior update for the concentration parameter if a prior was placed on it (see Section
2.2.2).

Since the basis for the final disaggregation is defined by a (semi-)Markovian generative
model, temporal relationships between appliance states are also learned and contribute to
inference. We therefore also introduce the notion of transitional surprise. In this method,
we treat the sequence of events classified by the nonparametric mixture model as a Markov
chain, such that the current state of the system is determined only by the state before it.
For a system of K appliance states, this transitional surprise constitutes comparing the rows
of the K ×K transition matrix. This approximation to the dynamics is clearly crude, but
even weak convergence of the transition matrix to some stationary form can prove useful.
Over the same window of w events, we compute the transitional surprise over the truncated
maximum number of states K as:

St =
K∑
k=1

d
[
Tk(z1:N )||Tk(z1:N+w)

]
, (4.13)

where at time t, Ti,j = p(zt+1 = j|zt = i). The notation Tk(z1:N+w) denotes the transition
row built using event indicators z for observations 1, 2, ..., N + w.

The general idea, then, is to define a threshold over postdictive and transitional surprise
that is predictive of the stagnation of model performance with increased amounts of (similar)
training data. In order to simplify this concept of a surprise threshold under which data is no
longer considered surprising, So and St are normalized according to their maximum values.
Since the initial value of the above divergences can certainly be exceeded as observations
are made, the maxima were updated and preceding surprise values were renormalized to the
revised maxima. Since in an online setting it would be unreasonable to wait indefinitely for
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surprising windows, we suggest a patience parameter, ρ. In the experiments that follow, we
used ρ = 100; that is, 100 windows are observed beyond the most recent window exceeding
the surprise threshold. If no other windows exceed the threshold, the previously surprising
window is returned as the cutoff point.

In addition to indication of novel events and prediction of how much data is neces-
sary from a given dataset to train a model, Bayesian surprise has other potential benefits.
As mentioned in Chapter 3, intra- and inter-dataset transferrability was demonstrated for
certain complexity and temporal regularization methods in [70]. Nevertheless, these meth-
ods still make use of all available training data. Bayesian surprise metrics provide an
attractive alternative/supplement to early stoppage, which by contrast truncate the train-
ing set entirely. Finally, further experiments may show that convergence of transitional and
postdictive surprise are only weakly indicative of a plateau in model performance. Even so,
it may be highly desirable for researchers to merely gauge the effectiveness of new methods
or network modifications without spending copious amounts of time retraining using all
available data. In these cases, truncating the training set using surprise-based methods
allows a significant reduction in research costs, both in terms of computational time spent
training and research time spent trying to optimize what may prove to be fruitless methods.

In Chapter 5, we examine useful threshold values and explore cross-house transferabil-
ity using three houses from the REFIT dataset and five benchmark methods supported by
NILMTK [101]: Denoising Autoencoders (DAE) [102], LSTM-based Recurrent Neural Net-
works (RNN) [103], Windowed Gated Recurrent Unit-based RNNs (WindowGRU) [104],
Sequence-to-Sequence autoencoders (Seq2Seq) [103], and Sequence-to-Point convolutional
networks (Seq2Point) [105]. The included appliances in these experiments were the dish
washer, the washing machine, the refrigerator, the kettle, and the toaster. The Mean-
Absolute Error (MAE) was used as a performance metric, defined by equation 2.118. For
each house, the available data was split into a training set and test set by a 90%/10%
split. 15% of the training set was reserved for validation. The surprise metric was com-
puted on the remaining training data, such that each algorithm was training and validating
on the same data. Each algorithm was trained over 15 epochs using Adam optimization
with a batch size of 1024 samples. For a given house, each algorithm had its random seed
fixed across surprise-based training set reductions, removing initialization variability from
their appliance-averaged performance. Preprocessing of the data such as normalization was
handled internally by NILMTK.

Finally we illustrate the usefulness of including the concept of transitional surprise using
a popular super-state Hidden Markov Model [13]. Clearly, a Markovian model should suffice
to show whether our Markovian notion of transitional surprise is useful. We used house 1
from the Rainforest Automation Energy (RAE) dataset [10], which consists of two blocks:
a 9 day block beginning on February 7, 2016, and a 63 day block beginning March 6, 2016.
Block 1 was used as the test set, and block 2 (and its surprise-based subset) was used for
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training the models. The seven appliances used for training were the clothes washer and
dryer, refrigerator, dish washer, furnace/hot water unit, and the heat pump.

As an aside, an alternative to this approach is to leverage the unbounded flexible states
in the factorial HDP-HSMM, and continuously check these components for consistency in
emission/duration properties, as well as the confidence of classification via the labelling
network. As mentioned, difficulties in implementation of these flexible states precludes this
option for the time being, although future work should explore this option. That said,
this option is specific to this particular model, and removes the potential benefits to model
development and transferability.
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Layer Activation Output
Shape

Signal
CP1D

DS-Conv-9

-
-

LReLU

1 × 2176
1 × 2184
64 × 1088

CP1D
Conv-9
CP1D

DS-Conv-9

-
LReLU

-
LReLU

64 × 1096
64 × 1088
64 × 1096
64 × 544

CP1D
Conv-9
CP1D

DS-Conv-7

-
LReLU

-
LReLU

64 × 552
64 × 544
64 × 550
64 × 272

CP1D
Conv-7
CP1D

DS-Conv-7

-
LReLU

-
LReLU

64 × 278
64 × 272
64 × 278
64 × 136

CP1D
Conv-7
CP1D

DS-Conv-7

-
LReLU

-
LReLU

64 × 142
64 × 136
64 × 142
128 × 68

CP1D
Conv-7
CP1D

DS-Conv-5

-
LReLU

-
LReLU

128 × 74
128 × 68
128 × 74
128 × 34

Dropout
Linear

-
-

1 × 256
1 × 7

CP1D: One-dimensional Constant Padding.
Conv-n: One-dimensional same convolution with kernel size n.
DS-Conv-n: One-dimensional Down-Sampling convolution
with kernel size n and stride length 2.
LReLU: Leaky Rectified Linear Unit (leaky negative slope of 0.2).

Table 4.1: Res-Net Classifier Summary
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Chapter 5

Results

This chapter provides an overview of each component discussed in Chapter 4: the steady-
state block filter, the mixture model disaggregation, the Res-Net-based classification, the
factorial HDP-HSMM disaggregation, and finally Bayesian surprise. The steady-state block
filter is examined qualitatively relative to some complex aggregate cases, and the optimiza-
tion method discussed in Section 4.1 is examined in a similar way. Quantitatively, the filter
is compared in terms of run-time with an existing method for denoising, as well as in terms
of disaggregation performance using a knapsack optimization technique.

The mixture model and factorial HDP-HSMM disaggregation techniques are evaluated
based on the manual labelling of disaggregated traces over three sample homes. Several
performance metrics are explored.

The Res-Net classification is evaluated based on energy breakdown of an artificial ag-
gregate (meaning comprised only of known sources) relative to ground truth. Furthermore,
the networks fraction of correct window assignments and confidence in correct and incor-
rect decisions are explored for three homes. To uncover some reasons for relatively poor
performance, the same evaluation was conducted on ground truth sub-meters in an unseen
home from the same dataset as used for training, as well as an unseen, inter-dataset home.

The concept of Bayesian surprise in NILM is evaluated by comparing the decay in
performance improvement relative to the decay in postdictive and transitional surprise
over three REFIT homes. The suggested surprise threshold is explored as a regularization
technique by testing on an unseen REFIT home after training on a training set truncated
using this threshold. Finally, transitional surprise is explored further by showing that
the decay in performance improvement in a Markovian setting follows closely that of the
transitional surprise in a RAE home.

5.1 Steady-state Block Filter

The most straight-forward evaluation of this sort of filter is to simply examine the filtered
signal relative to the raw signal. Filter output for aggregate examples of varying complexity
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Figure 5.1: Example of filter behaviour.

is provided in Figures 5.1 and 5.2. Figure 5.3 shows examples of edge cases involving
staggered and slow-rise activations, as well as the post processing of transients.

Quantitatively, the filter can be compared with an existing method developed in [106],
which proposes a pipeline of signal processing filters to achieve the same desired result.
Table 5.1 shows the run-time comparison of the current method with that of the filter
pipeline. Over 1000 trials, the present method performs at an average of over 6000 times
faster (the differences in hardware notwithstanding1). In [106], the author makes use of the
filtered signal using an unsupervised/semi-supervised knapsack optimization method. The
knapsack method was applied to two filtered versions of the same data, with the results
compiled in Table 5.2. As shown, the current method more accurately captures the energy
of all tracked appliances, and outperforms on disaggregation accuracy scores across all
appliances.

As mentioned in Chapter 4, an optimization procedure featuring dual annealing over a
cost function defined by the conflicting RMSE loss and Hoyer sparsity loss was implemented.
An example of the filter behaviour under various values of the sparsity weight parameter,
λ, is shown in Figure 5.4, with a detailed region shown in the inset. As shown, λ = 0.1
provides promising results, close to what we might expect under the filter parameters chosen
heuristically. An annealing schedule on the sparsity loss weight might also be useful. With
this, an initially aggressive filtering can be gradually relaxed under minimization of the
RMSE. This is left to future work.

1Experiments with the steady-state block filter were conducted using a late 2011 Mac Pro with a 2 GHz
Intel i7 processor and 4 GB of memory. Experiments with the filter pipeline were conducted using a Mac
Pro 2017 with a 2.3 GHz Intel i5 processor and 8 GB memory. Both methods were implemented in Python
3.6.
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Figure 5.2: Example of filter behaviour.

Table 5.1: Run-time Comparison

Steady-state block filter Filter pipeline [106]
Process/Step Time (sec) Process/Step Time (sec)

Median Filter 1.6
Bilateral Filter 12.7

Block generation 0.1267 Anisotropic Filter 0.1
Post-processing 0.0098 Edge-Preserving Filter 875.4

Edge Sharpening 0.8
Total 0.1365 Total 890.6

5.2 Mixture Model Disaggregation

Given that the Res-Net labelling tool remains in development and is highly dependent on
availability of adequate training data, the results for the disaggregation methods and the
labelling network are examined separately. Tables 5.3 to 5.5 show mixture model disag-
gregation performance for the traces manually matched to the best suited sub-meter. The
table columns are defined as follows:

1. Energy Assigned (%): This is the total energy contained in the trace(s) relative to
the total energy in the matched appliance

2. F1-score (%) (equation 2.120)

3. Mean Absolute Error (W) (equation 2.118)

4. Root Mean Squared Error (W) (equation 2.117)
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Figure 5.3: Example of edge-cases requiring histogram peak-finding, harsh edge-based
thresholding, and post-processing of transients.

5. Ground Truth Fraction of Energy (%): Percentage of the total energy contained in
the associated appliance’s sub-meter.

As shown, the mixture model is able to capture several important appliance groups
with reasonable accuracy. Energy assignment in several cases appears excellent, but for
appliances like the fridge in Table 5.3 and boiler in Table 5.4, is paired with a low F1-
score. The F1-score is a useful metric for comparison since it ignores true negatives in
binary classification. As such, it is likely representative of model performance on unseen
activations of the same appliance. By contrast, poor F1-score coupled with perfect energy
assignment is more representative of luck than real learning of the correct edge assignments.
This can be due to devices which are similar in their demand-duration representation,
causing shuffled state assignments and a blurring of the respective transients of each state.
This motivates more careful segregation of transient behaviour before state assignment,
rather than comparing each activation to the running average of all assigned states. This
modification will likely improve these situations.

5.3 Res-Net Labelling

Evaluating the Res-Net architecture for labelling is challenging. Clearly, labelling all re-
turned traces by the mixture model or factorial HMM methods would result in a poor
evaluation, since the aggregate contains many appliances not explicitly sub-metered. For
this purpose, we instead construct artificial aggregates composed only of the sub-metered
appliances, and compare the energy breakdown of the disaggregated and labeled traces by
both disaggregation methods. Of course, in this scenario disaggregation is a much simpler

82



Figure 5.4: Example of various “optimized” filter outputs, for increasing weights on the
Hoyer loss. Inset: detailed region for comparison.

task, but this section is meant for the evaluation of the labelling accuracy of disaggregated
traces, not disaggregation accuracy itself. Figure 5.5 shows this evaluation for a Dataport
home in Austin, TX not included in training or evaluation of the network.

Clearly, both disaggregation methods involve poorly labeled components. The mixture
model disaggregation results in one or more heating appliance components labeled as a
fridge and significantly overestimates the contribution of the dryer and dishwasher. The
factorial model by contrast has nearly all fridge components assigned to heating instead,
and likely components associated with heating assigned to the microwave. These sorts of
issues are an opportunity to invoke similar signal aggregate constraints as in [46], where
information regarding average usage could inform the likelihood of the returned labels.

Another method for evaluating the network is to examine the fraction of windows of the
disaggregated components classified correctly and incorrectly, relative to manual labelling.
These windows were constructed and filtered according to the discussion in Chapter 4. Of
those windows classified correctly, we examine the average confidence (where confidence is
defined as the output of the softmax neuron corresponding to the correct class, c: σ(z)c). Of
those windows classified incorrectly, we examine the average incorrect confidence in a similar
way, by the output of the softmax neuron of the chosen (incorrect) class (i.e., maxz σ(z)6c).
In this way, we get a picture of how certain the network is when it is both correct and
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Figure 5.5: Ground Truth (upper right) and auto-labeled GMM disaggregated components
(upper left) and Factorial HDP-HSMM disaggregated components (lower) using an artificial
aggregate for an Austin, TX home.

incorrect. Ideally, the network should have a low confidence when incorrect, and a high
confidence when correct.

In Tables 5.6 to 5.8, these metrics are reported for both the disaggregation output
returned by the mixture model method, as well as that returned by the factorial HDP-
HSMM method. The factorial method in this case was passed the individual components
of the mixture model disaggregator directly, rather than greedy-merging beforehand. This
step is to establish whether labelling performs better after the factorial method rather than
before.

Clearly, the preliminary results of the labelling method are less than encouraging. Al-
though labelling the Dataport home showed slightly more reasonable performance in terms
of correctly assigned windows, even in this situation of same-region testing, the average
incorrect confidence exceeds the average correct confidence for two appliances/appliance
groups. In general, the correct confidence is far lower on average than I would have hoped,
and the incorrect confidence far higher. Despite relatively simple manual labelling to verify
the appliances corresponding to the returned traces, the network appears to struggle with
this task. This would indicate that the poor breakdown of energies contained in the artificial
aggregate in Figure 5.5 is likely not due to chance or due to a particularly difficult signal
to disaggregate.
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There are several caveats to the relatively disappointing results reported here: First,
Tables 5.6 through 5.8 were calculated using the network trained with block-filtered data
and the corresponding transient-free disaggregated traces. The results for the network
trained using raw data and tested with the disaggregated traces superimposed with the
running-average state transients showed similar performance. However, isolating state tran-
sients with more restrictive similarity thresholds as mentioned in Section 5.2 would be an
important investigation for the performance of the labelling network. Secondly, a batch
size of 64 windows was required to be passed to the network for labelling, given the ar-
chitecture design. Sparsely activated traces returned following disaggregation, along with
the subsequent filtering done over window sparsity and contained energy, could result in
fewer than 64 windows over the duration of the aggregates used for testing. The batch size
was filled by randomly repeating valid windows, which could have inflated both positive
and negative results. Finally, the training set was of course biased to two relatively small
regions in the United States. Although we might expect North American appliances to have
largely shared makes and models, this expectation was not verified. Furthermore, behavi-
oural differences in appliance usage given the relative climates and times of year can bias the
network. An important examination along these lines is to check how associated the poor
labelling performance is with unrealistic returned appliance traces following disaggregation,
rather than with the network biased toward certain appliance models and behavioural char-
acteristics. Table 5.9 shows the same analysis of labelling performance, but instead using
the block-filtered ground truth sub-meters from House 1 in the RAE dataset and the unseen
Dataport home in Austin, TX. For the RAE home, the network does perform better on av-
erage with ground truth traces, although not to the degree that one might expect under the
assumption that the disaggregators are solely to blame. For example, with ground truth
traces, heating and refrigeration are both poorly labeled, and average incorrect confidence
remains excessively high for several appliances. Exploring the same analysis on the un-
seen Dataport home shows much higher performance for these appliances, suggesting that
similarities in appliances associated with the geographical region may be affecting labelling
performance significantly. A more representative training set is therefore an important step
in improving the usefulness of this labelling method.

5.4 Factorial HDP-HSMM Disaggregator

Given the complex task of inference in these models and the significant effort put into
regularizing the conditional duration posteriors, an important outcome to evaluate is the
rate of convergence in Gibbs sampling as well as performance in general. Figure 5.6 shows
estimation accuracy (equation 2.116) over five appliances2 in a raw aggregate use-case,

2fridge, furnace, dryer, dishwasher, heatpump
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Figure 5.6: Estimation accuracy (equation 2.116) for change-point constraints only, as in
[9], and full constraints in inference.

relative to iteration number for two inference schemes. The first is that proposed in the
motivating work by [9], which includes only change-point considerations in restricting |D|
(in addition to truncation). The second uses all constraints mentioned in Section 4.4, which
include the relaxed one-at-a-time constraints and various energy considerations. As shown,
these constraints significantly restrict the space of possible explanations to the observed
aggregate, with fully constrained model achieving nearly 20% higher estimation accuracy
at worst, and over 25% at best. Furthermore, the additional time complexity involved in
computing the constraints is recovered by the reduction in |D|, with the fully constrained
model scaling similarly for the number of iterations explored here.

To examine the performance of the factorial HDP-HSMM disaggregation, we use as
priors the traces returned by the mixture model disaggregation method and examine the
same metrics on the same datasets. In terms of F1-score for RAE House 1, the factorial
model outperforms the mixture model on 3 of 5 appliances, and one only marginally worse.
The same is true for RAE House 2, where 3 of 5 appliances have higher F1-score. The
central vacuum is relatively poorly disaggregated, but given its small ground truth frac-
tion of energy (0.3%), this appliance would likely be ignored. On REFIT House 2, we see
comparable performance for the two methods, but with the factorial method showing sig-
nificant improvement for the kettle. Undoubtedly, appliances poorly disaggregated by the
mixture model method will provide inaccurate priors for the factorial model. As argued,
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Figure 5.7: Appliance-averaged MAE performance, REFIT House 2

the factorial components are robust to some inaccuracy in these priors given their flexibility
during resampling, but the extent to which this is true has not been explored.

5.5 Bayesian Surprise

To establish a relationship between algorithm performance and the proposed surprise met-
rics, three houses from the REFIT dataset [11] were selected for study using the referenced
disaggregation methods in Section 4.5. Figures 5.7, 5.8, and 5.9 show the behaviour of
the MAE for the average appliance across the benchmark methods for houses 2, 3, and 5,
respectively. The postdictive and transitional surprise was computed using Jensen-Shannon
divergence, defined between two distributions p and q by:

dJS(p||q) = dKL(p||m) + dKL(q||m)
2 , (5.1)

where m is the point-wise mean of p and q, and dKL is the Kullback-Leibler divergence,
given by

dKL(p||q) =
∑
x∈X

p(x) · log
(
p(x)
q(x)

)
. (5.2)

Given the max-value normalization, the postdictive and transitional surprise values can
be interpreted as the fraction of the maximum observed surprise, rather than the value of
the JS-divergence itself.
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Figure 5.8: Appliance-averaged MAE performance, REFIT House 3

Although of course no sharp transition exists between an optimally and sub-optimally
sized training set, the behaviour of these algorithms’ MAE in the three REFIT houses
suggest that performance can indeed stagnate. Additional similar data, especially in houses
2 and 3, seem unlikely to appreciably improve performance. An example surprise threshold
is shown in Figures 5.7, 5.8, and 5.9 as a dotted grey line, indicating an approximate point
where performance began to plateau. This cutoff was chosen as a joint threshold over
postdictive and transitional surprise, defined by:

So(w : w + ρ) ≤ 0.01 & St(w : w + ρ) ≤ 0.05, (5.3)

where again, w is the window size, ρ is the patience parameter, and So and St are defined as
in equations 4.12 and 4.13, respectively. We used this threshold for further study regarding
the potential regularizing effect of surprise-based training cutoff.

To explore the potential regularizing effect mentioned in Chapter 4, we examined the
MAE performance of each algorithm when trained on the full REFIT house 3 and the
surprise-based subset determined by the joint threshold in equation 5.3. Table 5.13 shows
the appliance-averaged MAE performance of each benchmark method when tested on RE-
FIT house 5. All but one method showed improved cross-house transferability with a
restricted training set, giving some substance to the claim that truncating the training set
may provide regularization against overfitting.
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Figure 5.9: Appliance-averaged MAE performance, REFIT House 5

Figure 5.10 shows the Van Rijsbergen’s effectiveness measure (defined simply as 1− F1-
score) as a function of cutoff point during training. This measure decays slightly faster
than that of the transitional surprise, but significantly after the postdictive surprise had
converged. This lends credence to the claim that postdictive surprise is an unreliable metric
for terminating training in the general case. The difference in decay rate between trans-
itional surprise and the effectiveness measure is understandable given that the SSHMM by
definition encodes the Markovian dynamics between super-states of the user’s home. The
super-state of the home at a given instant in time can be thought of as the complete de-
scription of the home, denoting the operational mode of each appliance in the house. Each
instant in time increments the underlying transition distributions between super-states of
the home, rather than individual appliance states. This will in general encode the state
dynamics more efficiently since there is more information used per time-step. Nevertheless,
the basic notion of transitional surprise introduced here allows a useful overestimate of the
learning rate of the system dynamics. Notably, the behaviour of the effectiveness measure
in this case calls into question the specific values given for the joint threshold in equation
5.3. Here, a threshold on the transitional surprise of ≈ 0.4 seems adequate to predict stag-
nant performance improvements for this dataset. Significant exploration with all available
datasets is needed to further narrow down acceptable threshold values. This is left to future
work.
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Figure 5.10: Effectiveness measure (1-F1-score) averaged over 7 appliances as a function of
surprise-based training cutoff

Table 5.2: Comparison of Energy Truth/Filtered/Tracked (in kWh)

Steady-state block filter
Appliance G.Truth Filtered Est/Tracked Truth vs Est
Clothes Dryer 2.753 2.751 2.698 98.0%
Fridge 0.063 0.063 0.061 96.8%
Furnace 0.174 0.174 0.165 94.8%
Aggregate 2.990 2.988 2.924 97.8%

Filter pipeline [106]
Appliance G.Truth Filtered Est/Tracked Truth vs Est
Clothes Dryer 2.753 2.729 2.604 94.5%
Fridge 0.063 0.065 0.055 87.3%
Furnace 0.174 0.167 0.144 82.8%
Aggregate 2.990 2.961 2.803 93.7%
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Table 5.3: Mixture Model Disaggregation: RAE House 1 Block 2 (∼ 63 days, 1 Hz), Manual
Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Heatpump 73.0 % 85.3 % 82.8 W 283.9 W 27.0 %
Furnace / Hot Water 53.1 % 59.8 % 66.0 W 85.2 W 19.6 %
Fridge 97.2 % 46.5 % 58.4 W 84.2 W 7.7 %
Dryer 94.1 % 77.7 % 4.2 W 70.9 W 7.5 %
Dishwasher 86.2 % 64.2 % 18.2 W 115.2 W 2.6 %

Table 5.4: Mixture Model Disaggregation: RAE House 2 Block 1 (∼ 63 days, 1 Hz), Manual
Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Dryer 71.4 % 52.8 % 15.3 W 219.5 W 20.5 %
Boiler 97.2 % 22.8 % 32.7 W 73.6 W 14.4 %
Fridge 85.7 % 79.0 % 23.0 W 48.6 W 19.5 %
Dishwasher 40.1 % 57.4 % 8.1 W 74.9 W 4.3 %
Central Vac 192.1 % 86.7 % 1.2 W 23.5 W 0.3 %

Table 5.5: Mixture Model Disaggregation: REFIT House 2 (∼ 530 days, 1/8 Hz), Manual
Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Dishwasher 126.4 % 67.4 % 49.7 W 320.1 W 13.0 %
Fridge/Freezer 103.7 % 61.7 % 31.7 W 48.8 W 7.5 %
Kettle 108.8 % 40.0 % 30.6 W 292.3 W 5.0 %

Table 5.6: Labelling evaluation: RAE House 1

Mixture Model Disaggregation

Appliance Windows correctly
assigned

Avg right
confidence

Avg wrong
confidence

Fridge/Freezer 19.3 % 70.0 % 74.5 %
Dryer 59.4 % 63.4 % 70.6 %
Dishwasher 6.2 % 55.0 % 74.0 %
Heating 65.2 % 61.3 % 67.8 %

Factorial HDP-HSMM Disaggregation
Fridge/Freezer 30.4 % 83.5 % 65.1 %
Dryer 20.3 % 60.1 % 67.6 %
Dishwasher 15.0 % 58.3 % 71.6 %
Heating 63.0 % 80.4 % 51.8 %
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Table 5.7: Labelling evaluation: RAE House 2

Mixture Model Disaggregation

Appliance Windows correctly
assigned

Avg right
confidence

Avg wrong
confidence

Fridge/Freezer 46.9 % 77.0 % 50.0 %
Dryer 45.3 % 65.0 % 58.7 %
Dishwasher 21.9 % 55.1 % 82.9 %
Heating 29.7 % 78.5 % 68.0 %

Factorial HDP-HSMM Disaggregation
Fridge/Freezer 20.4 % 80.7 % 64.4 %
Dryer 26.6 % 66.3 % 70.2 %
Dishwasher 4.7 % 53.6 % 74.2 %
Heating 59.5 % 82.1 % 52.3 %

Table 5.8: Labelling evaluation: Unseen Dataport Home

Mixture Model Disaggregation

Appliance Windows correctly
assigned

Avg right
confidence

Avg wrong
confidence

Fridge/Freezer 33.0 % 84.1 % 70.6 %
Dryer 93.8 % 93.0 % 49.7 %
Dishwasher 10.9 % 56.3 % 64.8 %
Microwave 94.5 % 93.7 % 56.3 %
Heating 46.3 % 71.7 % 75.9 %

Factorial HDP-HSMM Disaggregation
Fridge/Freezer 31.7 % 81.4 % 73.8 %
Dryer 86.6 % 91.7 % 59.2 %
Dishwasher 13.8 % 83.3 % 48.6 %
Microwave 94.1 % 95.4 % 52.9 %
Heating 46.5 % 75.7 % 62.6 %
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Table 5.9: Labelling evaluation: Ground Truth Sub-meters

Rae House 1

Appliance Windows correctly
assigned

Avg right
confidence

Avg wrong
confidence

Fridge/Freezer 25.2 % 70.5 % 74.8 %
Dryer 73.4 % 80.1 % 58.3 %
Dishwasher 84.4 % 94.2 % 80.5 %
Washing Machine 95.3 % 84.7 % 60.0 %
Heating 45.6 % 73.9 % 73.9 %

Unseen Dataport Home
Fridge/Freezer 82.5% 90.1 % 69.8 %
Dryer 97.8 % 93.4 % 49.2 %
Dishwasher 91.9 % 91.2 % 63.7 %
Washing Machine 73.8 % 79.7 % 76.9 %
Heating 68.6 % 90.7 % 78.1 %

Table 5.10: Factorial HDP-HSMM Disaggregation: RAE House 1 Block 2 (∼ 63 days, 1 Hz),
Manual Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Heatpump 71.0 % 83.3 % 89.4 W 306.5 W 27.0 %
Furnace / Hot Water 90.0 % 74.2 % 59.6 W 80.5 W 19.6 %
Fridge 126.4 % 56.6 % 53.4 W 85.6 W 7.7 %
Dryer 77.0 % 87.2 % 13.6 W 228.5 W 7.5 %
Dishwasher 75.2 % 42.7 % 18.7 W 115.6.3 W 2.6 %

Table 5.11: Factorial HDP-HSMM Disaggregation: RAE House 2 Block 1 (∼ 63 days, 1 Hz),
Manual Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Dryer 153.4 % 77.0 % 43.0 W 428.1 W 20.5 %
Boiler 103.9 % 33.5 % 29.0 W 67.4 W 14.4 %
Fridge 127.6 % 72.3 % 41.5 W 69.7 W 19.5 %
Dishwasher 66.4 % 72.4 % 6.7 W 67.5 W 4.3 %
Central Vac 259.4 % 66.5 % 2.04 W 39.7 W 0.3 %

Table 5.12: Factorial HDP-HSMM Disaggregation: REFIT House 2 (∼ 530 days, 1/8 Hz),
Manual Labelling

Appliance Energy Assigned F1-score MAE RMSE GT FOE

Dishwasher 132.3 % 62.0 % 60.5 W 361.1 W 13.0 %
Fridge/Freezer 110.0 % 62.8 % 34.0 W 55.6 W 7.5 %
Kettle 88.8 % 63.1 % 17.9 W 212.9 W 5.0 %
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Table 5.13: REFIT Cross-house (3→ 5) MAE for full and cutoff training

Benchmark Method Full Training Cutoff Training

WindowGRU 37.83 33.03 ↓
DAE 34.78 33.00 ↓
RNN 32.54 30.62 ↓

Seq2Seq 27.17 29.43 ↑
Seq2Point 26.85 26.74 ↓
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Chapter 6

Conclusions

This thesis has explored two self-contained NILM solutions, both of which leverage a fast,
steady-state block-filter, which was developed to produce steady-state representations of
complex aggregate data. This filter far outperformed an existing method, both in terms of
run-time, as well as accuracy of imputed steady-state values (i.e., showed improved perform-
ance using knapsack optimization disaggregation). A proof of concept optimization scheme
using conflicting RMSE and Hoyer sparsity loss was demonstrated. The locally optimal filter
parameters achieved using dual annealing for various sparsity loss weights showed prom-
ise for further development. Using the first-differences of block-filtered aggregate data, a
non-parametric Gaussian mixture model established appliance mode demand distributions.
Duration distributions were established by an additional non-parametric mixture using a
first-n pairing scheme. These rough priors were used to select final activation-deactivation
pairs, further constraining the solution space using energy conservation considerations. The
returned states were then labeled by greedy merging, according to the improvement in the
softmax output of a Res-Net-based classifier. Although the performance of the labeling
network was disappointing on average, further examination suggested that a more repres-
entative training set would likely improve labeling in the future. In addition, examining
labeling performance when transient characteristics are isolated more carefully in the mix-
ture model disaggregation would be an important next step.

The second NILM solution leverages these labeled states with their prior distributions
over demand and duration to construct a non-parametric factorial Hierarchical Dirichlet
Process Hidden Semi-Markov Model. This highly flexible model was modified using con-
straints previously explored in the literature, as well as with similar energy conservation
considerations. These constraints were shown to have a large impact on model performance
relative to the motivating work by Matt Johnson and Alan Willsky [9]. Furthermore, these
additional constraints appear to have little effect on computational complexity of inference,
at least for the number of iterations explored. An important next step in this model was
mentioned in Section 4.4. The use of flexible states in inference could be useful in uncov-
ering states missed by the mixture model disaggregation or to capture new states. Lastly,
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it was mentioned that the variance of the components fed to this model were fixed, so that
the variance sequence could be restricted from trying to exactly match the raw data. In
the inferential framework developed by Matt Johnson, a sub-iteration routine is available,
in which the amplitude of the sampled variance sequences are gradually annealed. It may
be the case that certain annealing schedules can restrict unlikely state assignments, while
still encouraging sampled demand to match the observed aggregate. One exciting extension
of this process is that these variance sequences are modeled as simple Gaussians. It seems
entirely possible to sample from other distributions instead. We might imagine using the
rough, running-average transients from the mixture models to inform the distributions from
which each component’s variance sequence should be sampled. This could be paired with a
component-specific annealing schedule to better inform inference in these factorial models.

Finally, a model-agnostic approach to data novelty was proposed under the umbrella
of Bayesian Surprise. Ultimately, the concept of surprise involves comparison over distri-
butions as they are updated given new observations. The most useful such distributions
are unavoidably model-specific. For example, surprise could be defined relative to the lat-
ent space in methods such as auto-encoders, or it could be defined relative to nonlinear
auto-regressive dependencies in more complex graphical models. Nevertheless, there are
features intrinsic to the data itself that could be used to predict the usefulness of more
data in a model-agnostic way. This work explored a postdictive surprise defined over the
likelihood of a non-parametric GMM. The mixture model was updated with windows of
events defined by first-differences in the block-filtered raw signal exceeding a pre-specified
threshold. Furthermore, we explored a transitional surprise defined in a Markovian sense,
which was described by the transitional relationships between latent states as determined
by the state assignments of the GMM. This crude approximation to the system dynamics
was shown to be useful relative to a strictly postdictive notion of surprise, at least in an
HMM-based application. An approximate joint threshold was determined by examining the
MAE performance of five benchmark methods supported by NILMTK over three REFIT
homes. This threshold was used to explore the potential regularizing effect of a surprise-
based training cutoff. This is similar to the use of early-stoppage, which is a common
method to protect against over-fitting and aid in the transferability of learned parameters.
Relative to training over the full REFIT house 3, training on the surprise-based subset
showed improved MAE for all but one method when testing over REFIT house 5. This
supports the claim that Bayesian surprise can be a useful metric in predicting over-fitting
and potentially improve generalization to unseen houses or datasets. Moreover, postdictive
surprise using non-parametric mixture models naturally extends to online settings, where
deployed NILM algorithms quickly become obsolete without the flexibility to adapt to new
appliances or appliance replacements. An important extension of the current work is to ex-
plore cross-dataset performance. Similarities between the two REFIT houses in table 5.13
is likely unrepresentative of the general use-case for NILM. Also left to future work is to
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explore alternative models for transitional surprise such as constructing super-states from
the observed appliance modes. Additionally, future work may include sub-modelling for
each component observed in the non-parametric mixture model. This would permit model-
ling multiple appliance modes in the same range of power values, where Bayesian surprise
could further be computed over the sub-model parameters. This extension would be highly
valuable to an online setting to track new appliance mode activations. Furthermore, the
surprise associated with changes in these sub-model parameterizations could prove to be
useful for fault detection in major appliances.
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