Combinatorial Methods for Integer

Partitions
by
Damanvir Singh Binner

M.Sc., Indian Institute of Science Education and Research, Mohali, 2018
B.Tech, Indian Institute of Technology, Delhi, 2015

Thesis Submitted in Partial Fulfillment of the
Requirements for the Degree of

Doctor of Philosophy

in the
Department of Mathematics

Faculty of Science

(© Damanvir Singh Binner 2021
SIMON FRASER UNIVERSITY
Summer 2021

Copyright in this work rests with the author. Please ensure that any reproduction
or re-use is done in accordance with the relevant national copyright legislation.



Declaration of Committee

Name: Damanvir Singh Binner

Degree: Doctor of Philosophy

Thesis title: Combinatorial Methods for Integer Partitions
Committee: Chair: Ladislav Stacho

Professor, Mathematics

Amarpreet Rattan
Supervisor
Associate Professor, Mathematics

Luis Goddyn
Committee Member
Professor, Mathematics

Stephen Choi
Examiner
Professor, Mathematics

Jeremy Lovejoy
External Examiner
Researcher

CNRS, France

ii



Abstract

Integer partitions, while simply defined, are associated with some of the most celebrated
results in mathematics. Despite their simple definition, many results on integer partitions
can be shockingly difficult to obtain. In this thesis, we use elementary and combinatorial
methods to make progress on some fundamental problems related to linear Diophantine

equations and integer partitions.

We find an efficient method for finding the number of nonnegative integer solutions (x, y, z)
of the equation ax + by + cz = n for given positive integers a, b, c, and n. Our formula
involves summations of floor functions of fractions. To quickly evaluate these sums, we find
a reciprocity relation that generalizes a well-known reciprocity relation of Gauss related to
the law of quadratic reciprocity. Furthermore, we use our result for the number of solutions
to a particular equation to prove that the above result of Gauss is equivalent to a well-known
result of Sylvester related to the Frobenius coin problem. Moreover, using this equivalence
and our generalization of the reciprocity relation of Gauss, we obtain a nice generalization

of Sylvester’s result.

In a different problem, we prove four conjectures of Berkovich and Uncu regarding some
inequalities about relative sizes of two closely related sets consisting of integer partitions
whose parts lie in the interval {s,...,L + s}. Further restrictions are placed on the sets
by specifying impermissible parts as well as a minimum part. Our methods consist of con-

structing injective maps between the relevant sets of partitions.

We obtain a very natural combinatorial proof of Euler’s recurrence for integer partitions
using the principle of inclusion and exclusion. Using our approach, we are able to generalize
Euler’s recurrence in the sense that for sufficiently large n, we can express p(n) explicitly
as an integer linear combination of p(n — k),p(n — k — 1),... etc. Using such recurrences,
we obtain results related to Ramanujan’s congruences. For example, if p,,(n) denotes the
number of partitions of n that have largest part at most m, we show that for m > 5, the

numbers p,,(5n + 4) are not divisible by 5 for infinitely many values of n.

Keywords: Integer partitions; linear Diophantine equations; combinatorial proofs; ¢-series;
generating functions; recurrence relations; reciprocity relations; Frobenius coin problem;

Ramanujan’s congruences; Berkovich and Uncu’s conjectures; Jacobi symbol
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Chapter 1

Introduction

Let m be a nonnegative integer. An integer partition m = (m1,72,...) of n is a weakly
decreasing list of positive integers whose sum is n, and we write || = n to indicate this.
Each m; is known as a part of w. We allow the empty partition to be the unique partition
of 0. The set of partitions of n is denoted by Par(n) and the number of partitions of n
is denoted by p(n). The study of partitions has led to a vast collection of beautiful and
intriguing theorems. To the best of our knowledge, the first known non-trivial result is by
Euler [Aig07, page 124] in the eighteenth century. He noticed that the number of partitions
of a number into odd parts is the same as the number of partitions into distinct parts.
Further, he found an expression for the generating function of p(n) as an infinite product.
However, most remarkably, he discovered the pentagonal number theorem that expresses
this infinite product as an infinite sum. This theorem immediately leads to an amazing
recurrence relation for p(n). Though all of these results were initially proved using algebraic
manipulations of generating functions, beautiful combinatorial proofs of these were later
found.

Researchers always look for combinatorial proofs, even if they have already proved the
results using other methods, because of their unparalleled beauty and the ability to easily
demonstrate the truth of the results using counting techniques only. Moreover, combinato-
rial proofs also expose interesting substructures and statistics. For example, suppose that
we want to demonstrate the commutativity of multiplication by showing that 5 x 7 is the
same as 7 X 5. A priori, it is not clear why 54+54+5+5+ 5+ 5+ 5 happens to be the same
number as 747+ 7+ 7+ 7. The easiest way to demonstrate this is to construct a rectangle

with sides 6 units and 4 units as follows.



We count the number of lattice points that lie on the boundary or inside this rectangle.
If we count the points on each vertical line and then add them, we find that the number of
lattice points is equal to 5+ 5+ 5+ 5+ 5+ 5 + 5. However, if we count the points on each
horizontal line and then add them, we find that the number of lattice points is equal to
T+7+4+7+7+7. Thus these expressions are equal to each other. In this sense, combinatorial
proofs help us see in a natural way why the results are true.

Generally, new discoveries on integer partitions are achieved via algebraic manipulations
of generating functions, ¢-series, and techniques from analytic number theory, especially
modular forms. Once the results are established, researchers look for combinatorial proofs
of these results. However, there are some results that are obtained more naturally from
combinatorics. A typical example is that the number of partitions of n with largest part k is
equal to the number of partitions of n with k parts. This follows quite naturally by looking
at the Ferrers diagram for integer partitions. Let A = (A1, A2,... ) be a partition. Then
the Ferrers diagram for A is constructed by drawing A; dots in the first line, Ao dots in the
second line, and so on. For example, consider the partition (7,7,6,4,4) of 28. Its Ferrers

diagram is given as

Note that this partition consists of 5 parts. If we consider the conjugate of this partition —
that is, interchange the rows and columns of this diagram — we get the diagram



Thus, we get the partition (5,5,5,5, 3, 3,2) of 28 whose largest part is 5. The simple conju-
gation map is therefore the requisite bijection showing that the number of partitions of n
with largest part k is equal to the number of partitions of n with k parts. Similarly, there
are many other results that follow easily from Ferrers diagrams. In this spirit, the main
focus of this thesis is to prove new results on integer partitions that follow naturally using
combinatorial methods.

Our methods mostly involve constructing bijections and injections between relevant sets.
A novelty about our techniques is that to obtain these maps, we heavily rely on the proper-
ties of linear Diophantine equations, especially Frobenius numbers, defined below. The study
of linear Diophantine equations is another focus of this thesis and is intimately connected
to the study of integer partitions. For example, for given positive integers a,b,c and n,
the number of nonnegative integer solutions (z,y, z) of ax + by + cz = n is equivalent to
the number of partitions of n with all parts lying in the set {a,b,c}. Among linear Dio-
phantine equations, we mainly focus on the renowned Frobenius coin problem. Suppose that
ai,asz,...,a are given natural numbers such that ged(ai,as...,ar) = 1. In the Frobenius
coin problem, the following three questions are generally asked. In these questions, we are

looking for nonnegative integer solutions (z1,zs...,xy) only.

Question 1.1. What is the largest integer that cannot be expressed in the form ajxy +

asxy + -+ + apry?

This number is known as the Frobenius number of the set {ay, as ... ay}. Sylvester proved
that Frobenius number of {aj, as} is given as ajas —aj; —az, as shown in the following result,

which we refer to as Sylvester’s lemma.

Lemma 1.2 (Sylvester (1882)). For natural numbers a and b such that ged(a,b) = 1, the
equation ax + by = n has a solution (x,y), with x and y nonnegative integers, whenever
n>(a—1)0b-1).

The problem of finding the Frobenius number for k > 3 is wide open and is an active
area of research (see [Alf05], [R6d79], [Tsa88] and [Tril7]).

Question 1.3. For how many natural numbers n is there no solution to the equation ajx+

asTo + -+ apx =n?

Once again, this problem has a complete answer only in the case k = 2. Sylvester proved
there is no solution for exactly half of the numbers till the Frobenius number. We state this

in the following theorem, which we refer to as Sylvester’s theorem.

Theorem 2.19 (Sylvester (1882)). If a and b are coprime numbers, the number of natural

numbers that cannot be expressed in the form ax + by for nonnegative integers x and y is
(a—1)(b—1)

equal to 5 .



This result can be found in [Syl82]. Moreover, Sylvester posed this as a recreational

problem, and Curran [ST84] published a short proof based on generating functions.

Question 1.4. For a given natural number n, how many solutions are there to the equation

a1x1 + agr2 + -+ agTy = n?

Let N(aq,...,ax;n) be the number of nonnegative integer solutions to the equation in
Question 1.4. Once again, this problem has a full solution only in the case k£ = 2. In this
case, for coprime numbers a and b, the number of solutions to ax + by = n has been known
for a long time. For history of this problem, refer to [Dicl19, pages 64-71]. In 2000, Tripathi
[Tri00] used generating functions to obtain a formula for the number of solutions N (a, b;n)
of ax + by = n in nonnegative integer pairs (x,y) for given natural numbers a, b and n such
that ged(a,b) = 1. There is no loss of generality in this since ax + by = n is solvable if and
only if d = ged(a, b) divides n, so that the number of solutions in general would be given by
N(§, g; ). For each n, define the quantities a’(n) and b'(n) that are determined uniquely
by the following conditions.

e d'(n) = —na~! (mod b), with 1 < d’(n) <b.

e b/(n) = —nb~! (mod a), with 1 < ¥(n) < a.
With this notation, Tripathi [Tri00] obtained the following formula.
Theorem 1.5 (Tripathi (2000)).

n + aa'(n) + bb'(n)

N(a’7 b7 n) = ab

— 1.

For k > 3, Beck and Robins [BR04] expressed the number of solutions in terms of
Fourier Dedekind sums. They also gave some complicated reciprocity relations for these
sums. Komatsu [Kom03] expressed these Fourier Dedekind sums as sums of complicated
expressions involving trigonometric functions that can be simplified for small values of the
coefficients. However, the sums become intractable as the coefficients become larger. A main
focus of this thesis is to generalize Tripathi’s methods to obtain a formula for the number
of solutions in the case k = 3.

In the next two sections, we describe the main results of this thesis in detail. We restate
many theorems of later chapters in the next two sections. In Section 1.1, we describe our
results on linear Diophantine equations, and in Section 1.2, we describe our results on integer

partitions.

1.1 Main results on linear Diophantine equations

Here, we focus on the number of solutions N(a,b, c;n) of the equation ax + by + cz = n

in nonnegative integer triples (z,y, z), where a, b, ¢, and n are given positive integers. The

4



author’s work on this problem is published in [Bin20] and [Bin21] and is the main content
of Chapter 2. Note that if ged(a,b,c) does not divide n, then the equation cannot have
any solutions; if it does divide n, then we can divide both sides of the equation by this
common factor. Thus, without loss of generality, we can assume that ged(a,b,c) = 1. We
show further that there is also no loss of generality in making the assumption that a, b,
and ¢ are pairwise coprime. This allows us to generalize Tripathi’s [Tri00] methods, where
he finds N(a,b;n), to find an explicit formula for N(a,b,c;n) as given below. We let |z]
denote the greatest integer less than or equal to xz. To describe our formula, we need to

introduce some more notation.

e Define b} such that bj = —nb~! (mod a), with 1 < b} < a. Moreover, define ¢} such
that ¢; = bc™! (mod a), with 1 < ¢ < a.

e Define ¢} such that ¢ = —nc™! (mod b), with 1 < ¢, < b. Moreover, define a), such
that a) = ca™! (mod b), with 1 < a} <b.

1

e Define a4 such that a5 = —na™" (mod ¢), with 1 < a5 < ¢. Moreover, define b4 such

that b5 = ab~! (mod c), with 1 < b} <ec.

e Define Ny =n(n+a+b+c)+cbbj(a+1—c(b) —1)) + acch(b+1— ah(ch —1))
+baas(c+ 1 — bs(ah — 1)).

Theorem 2.2 (Binner (2020)). Let a, b, ¢, and n be given positive integers such that
ged(a, b) = ged(b, ¢) = ged(c,a) = 1. With the notation above, the number of nonnegative

integer solutions N(a,b,c;n) of the equation ax + by + cz = n is given by

b, —1 ch—1 ah—1
N — |ic} i~ | idh o~ | by
N(aben)=o——+ > [—|+> |2+ > || -2
(2,8, ¢in) 2abc+i:1 {GJ+121 { bJ+i:1 LCJ

Next, we discovered the following reciprocity relation that can be used to quickly eval-

uate the summations appearing in Theorem 2.2.

Theorem 2.3 (Binner (2020)). Let a, b, ¢, and K be positive integers such that b < a,
c<a,ged(a,c) =1, and K = {%J Then

b lic K lia
e £l
; a ; c
=1 =1

In Chapter 2, we use this reciprocity relation to easily calculate the number of solutions
of equations with large coefficients. For example, we show that there are 22 solutions of the
equation 4452z + 8030y + 9945z = 3870422 in nonnegative integer triples (x,y, z). We also
obtain, by two applications of this reciprocity relation followed by the division algorithm,

another summation of the same form, but with the index of summation as well as the

5



denominator reduced to less than half of their original values. Using the reciprocity relation
in Theorem 2.3, we can calculate N(a,b,c;n) in O(logt) steps, where ¢t = max(a, b, ¢), and
by a step we mean a basic arithmetic operation on the bits of a,b and c.

The reciprocity relation in Theorem 2.3 is in fact a generalization of a well-known reci-
procity relation of Gauss, stated in Theorem 2.7, related to the law of quadratic reciprocity.
To describe this, we briefly recall some main results from the theory of quadratic residues.
More details about these results can be found in [NZM91, Chapter 3].

Definition. Let a and m be integers such that ged(a, m) = 1. Then a is called a quadratic
residue modulo m if the congruence 22 = a (mod m) has a solution. If the congruence has

no solution, then a is called a quadratic nonresidue modulo m.

Definition. Let p denote an odd prime. The Legendre symbol (%) is defined to be 1 if a is
a quadratic residue modulo p, —1 if a is a quadratic nonresidue modulo p, and 0 if p divides

a.

By Fermat’s little theorem, for any a not divisible by p, the congruence a?~! =1 (mod
p) holds. Thus, either a7 =1 (mod p) or a7 = -1 (mod p). Euler [NZM91, Theorem
3.1] related this quantity to the Legendre symbol.

Theorem 1.6 (Euler (1748)). If p is an odd prime, then the Legendre symbol ( ) satisfies

(a) =a'7 (mod p).

A second expression for (%) was given by Gauss in 1808.

Theorem 1.7 (Gauss’ lemma for Legendre symbols). Suppose p is an odd prime and

ged(a,p) = 1. Consider the integers a,2a,3a,- -, (%) a and their least positive residues

modulo p. If n denotes the number of these residues that exceed &, then the Legendre symbol
(%) satisfies (%) =(=1)".

Gauss used this expression to find a third expression for (%) However, this third ex-

pression is commonly referred to as Eisenstein’s lemma.

Theorem 1.8 (Eisenstein’s lemma for Legendre symbols). If p is an odd prime and a is

a

any odd number not divisible by p, then (5) = (=1), where

p—1
2. |ia
- H .

Gauss also found a reciprocity relation for the summations of these floor functions.



Theorem 2.7 (Gauss (1808)). For distinct odd primes p and g,

B 5 Ele) -

Remark 1. Theorem 2.7 and its proof hold verbatim for any odd positive coprime integers

a and b.

Gauss [Gau08] used Theorem 2.7 to complete his third proof of the celebrated law of

quadratic reciprocity.

Theorem 1.9 (Law of quadratic reciprocity for Legendre symbols). For distinct odd primes

() ()=

Eisenstein [Eis44] gave a beautiful geometric proof of Theorem 2.7 in 1844. We refer the

p and q,

reader to Baumgart [Baul5, pp. 15-20] for more information about these classical proofs.
Theorem 1.9 is often used to calculate the quadratic residue (%) by using (%). For exam-
ple, it is somewhat lengthy to calculate (%) directly from the definitions. However using
Theorem 1.9, we find that (%) is equal to (%), which by definition is same as (%) One
easily finds (%) =—1.

Observe that Theorem 2.3 generalizes Theorem 2.7, which is obtained by setting a = p,
b= % and ¢ = ¢ in Theorem 2.3. This also suggests that our formula for the number
of solutions of the three variable linear Diophantine equation involves summations similar
to those in the theory of quadratic residues. We make the connection precise by proving
the following result. Let N, , denote the number of nonnegative integer solutions of the

: _ alp-1)
equation pr +qy + 2z = “5—.

Theorem 2.5 (Binner (2020)). For distinct odd primes p and q, the Legendre symbol ( )

q
p
(q) - (_1)NP7FFPT+1,

b

s given by

In [Bin20], by counting the number of nonnegative integer solutions of the equation

—1 —1
px+qy+zzp(q2 )+Q(p2 )

in two different ways, we show that a special case of Sylvester’s theorem (the case when a
and b are distinct odd primes) is equivalent to the reciprocity relation of Gauss in Theorem
2.7 in the sense that each of these statements can be easily proved using the other. Since we
have already generalized Theorem 2.7 in Theorem 2.3 above, it is natural to whether some

special case of Theorem 2.3 is equivalent to the general version of Sylvester’s theorem. In



[Bin21], we show that the following special case of Theorem 2.3 is precisely the generalization

of Theorem 2.7 that is equivalent to Sylvester’s theorem.

Theorem 2.18. Let a and b be coprime positive integers. Then

a b

L5 ib L] ia allb
S |25 5= 15 13)
, a ; b 2] 12
=1 =1

Theorem 2.18 was known before (see [NZM91, Section 3.2, Exercise 23]). However, we
provide a proof using Theorem 2.3 in Section 2.8.

As mentioned above, we show that Theorem 2.18 is equivalent to Sylvester’s theorem.
Note that Theorem 2.3 is a generalization of Theorem 2.18. Thus, it is natural to wonder if
the equivalence leads to a generalization of Sylvester’s theorem that is equivalent to Theorem
2.3. This is in fact true and leads to an interesting result, described below in Theorem 2.27.

We make this sequence of equivalence of results more clear in Figure 1.1 below.

Theorem 2.6 (Special Case of Sylvester’s theorem) <& Theorem 2.7 (Gauss (1808))

A A

Theorem 2.19 (Sylvester’s theorem (1882)) JEEN Theorem 2.18
Theorem 2.27 (Binner (2021)) <& Theorem 2.3 (Binner (2020))

Figure 1.1: By Theorem X C Theorem Y, we mean that Theorem X is a special case
of Theorem Y, and by Theorem X < Theorem Y, we mean that Theorems X and Y
are equivalent. The present author [Bin20, Section 2.3] proved Equivalence A. We prove
Equivalences B and C in Sections 2.8 and 2.10, respectively. These result are published in
[Bin21].

Sylvester’s theorem shows that exactly one-half of the integers lying in the interval
[0,ab — a — b) can be expressed in the form ax + by. It is natural to ask a more general

question.

Question 1.10. For given coprime positive integers a and b, and given k such that 0 <
k< (a—1)(b—1), what is the number of nonnegative integers < k that can be expressed in

the form ax + by for nonnegative integers x and y?



We denote this number by Ny(a, b; k). For k < 0, we define Ny(a, b; k) = 0. By Sylvester’s
theorem, Ny(a,b;ab —a —b) = %. In [Bin21], we answer this question for a specific
family of values of k. This result is given below and, from Equivalence C in Figure 1.1, is

equivalent to Theorem 2.3.

Theorem 2.27 (Binner (2021)). Let a and b be coprime positive integers with b < a.
Further, let 0 < a < a be such that a = a (mod 2), and 8 = 2 {b(oga)J —b. Then

ba+aﬁ> _ (a+1)(B+1)

NO <a7b; 2 2

Setting a = a — 2 in the above theorem gives Sylvester’s theorem. Note that
b
B >2 5|~ b>—1.

Thus, for M < 0, it must be true that § = —1, and then by Theorem 2.27, Ny (a, b; W) =
0, which is consistent with our definition of Ny(a, b; k) for negative values of k.

We demonstrate Theorem 2.27 with an example. Suppose a = 29 and b = 23. Then
Sylvester’s theorem shows that Ny(29,23;615) = 308. However, Theorem 2.27 gives us
No(a,b; k) for many values of k. See Table 1.1.

a | k| No(29,23;k)
1| -1 0
3| 49 4
5 | 101 12
7 | 153 24
9 | 205 40
11 | 228 48
13 | 280 70
15 | 332 96
17 | 384 126
19 | 436 160
21 | 459 176
23 | 511 216
25 | 563 260
27 | 615 308

Table 1.1: The values of Ny(29,23; k) versus k, as « varies from 1 to 27 such that « is odd.

We prove Theorem 2.27 in Section 2.10. For other values of k£ not covered by Theorem

2.27, we can calculate Ny(a,b; k) by observing that for k < ab, Ny(a,b; k) is equal to the



number of nonnegative integer solutions of az + by + 2z = k, which can be easily calculated
using the algorithm described in Section 2.3. For example, suppose we want to calculate
No(29,23;257). Then, by Theorem 2.2, we find

8. 123i| &4
No(29,23;257) =15+ 29J +3 L%J .
=1 =

i=1

By repeated applications of Theorem 2.3 and the division algorithm, as described in Section

2.3, we casily get that Y8, [%J =24 and 718, %J = 21, and thus Np(29,23; 257) = 60.
We conclude our discussion of Question 1.10 by mentioning that for given coprime

natural numbers a and b, the study of properties of numbers that cannot be expressed in
the form ax + by, where z and y are nonnegative integers, continues to be an active area
of research. Let NR(a,b) denotes the set of nonnegative integers nonrepresentable in terms
of a and b. That is, it is the set of nonnegative integers n that cannot be expressed in the
form ax + by. Then, by Sylvester’s theorem, we know |NR(a,b)| = %. Brown and
Shiue [BS93] discovered the sum S(a,b) of nonrepresentable numbers. They proved that

Sab):= Y n= %(a S )(b—1)(2ab—a—b—1).
neNR(a,b)

Rodseth [R6d94] considered a generalization of this sum

Sm(a,b) = Z n'.

n€NR(a,b)

These sums Sy, (a,b) are commonly known as the Sylvester sums. Rodseth discovered a

formula for these sums in terms of Bernoulli numbers and found that

Sa(a,b) = Z n? = %(a —1)(b—1)ab(ab — a — b).
neNR(a,b)

Tuenter [Tue06] related the Sylvester sums to power sums over the natural numbers. Wang
and Wang [WWO08] studied the alternate Sylvester sums

S (=),

n€NR(a,b)

They obtained explicit expressions for the alternate Sylvester sums and related these to
the Bernoulli polynomials, the Euler polynomials, and the (alternate) power sums over the

natural numbers. Komatsu and Zhang [KZ21] considered the weighted Sylvester sums

S = Z A ipm
neNR(a,b)

10



They gave explicit expressions for these sums in terms of the Apostol-Bernoulli numbers.
However, in Question 1.10, we consider the number of nonrepresentable numbers below a
given number k, instead of considering all the nonrepresentable numbers.

Recall that the theory of quadratic residues can be extended further by generalizing

Legendre symbols to Jacobi symbols.

Definition. Let b be an odd number and b = pi'p5? - - - p;* be its prime factorization. Then
the Jacobi symbol (¢) is defined as

B)=G) GG

where (]71,) is the Legendre symbol.

Some basic properties of Jacobi symbol are given as:

1. For any odd positive integer b,
2. For any odd positive integer b,

3. If a,b and c are integers such that b is positive and odd, then

(5)=G) ()
b) \b)\b)’
We refer the reader to [NZM91, Section 3.3] for proofs of these properties. However, Jacobi

symbols do not satisfy Euler’s criterion for Legendre symbols (Theorem 1.6). For example,

(#)-G)E)-cven-

15—1

272 =27=128=8 (mod 15).

the Jacobi symbol

whereas

Another property satisfied by Legendre symbols not satisfied by Jacobi symbols is demon-
strated by the following statement. While the Jacobi symbol (%) = —1 implies that a is not
a quadratic residue modulo b, the Jacobi symbol (%) = 1 does not necessarily imply that
a is a quadratic residue modulo b. For example, as seen above, (%) =1, but 2 is not a
quadratic residue modulo 15, as it is not a quadratic residue modulo 3 or 5.

Gauss’ lemma was generalized to the Jacobi symbol independently by Schering [Sch82]
and Jenkins [Jen66]. Recall that {z} denotes the fractional part of x, i.e. {z} =z — [z].

11



Theorem 2.14 (Gauss’ lemma for Jacobi symbols). For an odd positive integer b and an

integer a that is coprime to b, the Jacobi symbol (%) s given by

5)-n
A::{izlgigb;1 and {ZZ}Z;}

However, direct proofs of Gauss’ lemma for Jacobi symbols (see also [Car70, KK09]) are

where

quite technical. Zolotarev [Zol72] observed that Legendre and Jacobi symbols are connected
to signatures of naturally associated permutations. Using this approach, other proofs [DH05,
BC15] show that Gauss’ lemma can be generalized to the Jacobi symbol. Using the standard
techniques in the proof of Theorem 1.8 [NZM91, Theorem 3.3|, it is straightforward to
deduce Eisenstein’s lemma for Jacobi symbols from Gauss’ lemma for Jacobi symbols, and

vice versa.

Theorem 2.15 (Eisenstein’s lemma for Jacobi symbols). For positive odd coprime integers

a and b, the Jacobi symbol (%) is given by

Then, through Eisenstein’s lemma, these methods give proofs of the law of quadratic
reciprocity for Jacobi symbols at the cost of introducing some auxiliary abstract algebraic

concepts.

Theorem 1.11 (Law of quadratic reciprocity for Jacobi symbols). If a and b are positive

(5)(0) =0

Related information can also be found in [Rou94, Szy11l, Tan00, McA].

In contrast, our approach to quadratic reciprocity for Jacobi symbols is directly through

odd coprime integers, then

Eisenstein’s lemma for Jacobi symbols (Theorem 2.15). In Section 2.7, we provide a new and
short elementary proof of Theorem 2.15 using floor function sums. This proof also appears
in [Bin21]. The law of quadratic reciprocity for Jacobi symbols is then immediately obtained
using Theorem 2.15, and Theorem 2.7 and Remark 1 from Page 7. Thus our short proof
of Theorem 2.15 provides a natural straightforward generalization of the Gauss-Eisenstein
proof of the law of quadratic reciprocity for Legendre symbols to Jacobi symbols.

In Section 2.9, we give another proof of Theorem 2.15. While this second proof is longer,
we show that the reciprocity relations satisfied by Jacobi’s symbols (Theorem 1.11) and

summations of floor functions (Theorem 2.18) force the relationship in Theorem 2.15 to

12



hold true. In particular, we show that a modified version of the Jacobi symbols satisfies four
properties (on Page 42) that characterize them, and show that the floor function sums also

satisfy these properties modulo 2.

1.2 Main results on integer partitions

Recently, Berkovich and Uncu [BU19] conjectured some intriguing inequalities regarding
the relative sizes of certain sets of partitions. Our results related to these conjectures are
published in [BR21] and are the main content of Chapter 3. We recall their definitions. For

positive integers L and s,

e (1 s denotes the set of partitions where the smallest part is s, all parts are < L + s,

and L 4+ s — 1 does not appear as a part;
e Dy , denotes the set of nonempty partitions with parts in the set {s +1,...,L + s}.
Conjecture 1.12 is found in [BU19, Conjecture 3.2].

Conjecture 1.12 (Berkovich and Uncu (2019)). For positive integers L > 3 and s, there

exists an M, which only depends on s, such that
{r € CLy:|n| = N} 2 |{m € Dr : |n] = N},

for every N > M.

They proved in [BU19, Theorem 1.1, Theorem 3.1] Conjecture 1.12 for s = 1 (with
bound M = 1) and s = 2 (with bound M = 10). In both cases, the authors found a
suitable injection. Conjecture 1.12 is therefore a natural generalization of those theorems.
Their investigations suggested further conjectures, three of which we give below. To state

the first, for positive integers L and s,

e if L > s+ 1, then C7  denotes the set of partitions where the smallest part is s, all

parts are < L + s, and L does not appear as a part.
The next conjecture is found in [BU19, Conjecture 3.3].

Conjecture 1.13 (Berkovich and Uncu (2019)). For positive integers L > 3 and s, there

exists an M, which only depends on s, such that
{reCLs:Inl =N} =[{reDps:|r| =N},

for every N > M.

In the definition of C7  , we must have L > s+ 1, so the inclusion of L > 3 in the

conjecture is to exclude the case L =2 and s = 1.

13



Conjectures 1.12 and 1.13 are part of a broader body of recent work concerning sets of
partitions whose parts come from some interval. See for example [ABR15, BU16, Chal6].
While we further resolve additional related conjectures from [BU19], there are a number of
other research directions suggested in that article that we do not pursue here.

While Conjectures 1.12 and 1.13 motivated our work, we in fact prove a stronger result.
For positive integers L, s and k, with s + 1 < k< L + s,

o I; s is the set of partitions where the smallest part is s, all parts are < L + s, and k

does not appear as a part.

Whenever a part cannot occur from a range of allowable parts, as with £ in the definition
of It s, we refer to that as an impermissible part. The sets Cr, s and C’st above are the
special cases of Iy, s given by Ip s 14+s—1 and Ip s 1, respectively. Thus, the parameter £k
allows us to deal with impermissible parts in the set {s+1,..., L+ s} collectively. Our next

theorem generalizes Conjectures 1.12 and 1.13.

Theorem 3.1 (Binner and Rattan (2021)). For positive integers L, s and k, with L > 3
and s+ 1 <k <L+ s, we have

Hrelpsy:|n| =N} >|{me€Dps:|r| =N},

for all N > T'(s), where T'(s) is defined in (3.16).

At this point, the precise value of I'(s) is not important. We have, however, stated
Theorem 3.1 with the constant I'(s) inserted to emphasize that it is explicitly known and
only depends on s. It also allows us to easily reference this bound when using the parti-
tion inequality presented in Theorem 3.1 to prove other results. While our methods are
elementary and involve constructing injective maps between the relevant sets, they entail
analyzing many cases.

For the remaining conjectures of Berkovich and Uncu considered here, define

e the q-Pochhammer symbol by
(a;q)n = (1= a)(1 —aq)(1 —ag®) -~ (1 —ag" "),

for an integer n > 1, with (a;q)o := 1;

e the series Hy 5 1(q) by

_ -4 1 _
HL,s,k(Q) T (qS;Q)L+1 <(qS+ISQ)L 1) ’

for positive integers L, s and k.

14



A series )7~ anq" is said to be eventually positive if there exists some | € N such that

ap > 0 for all n > [. The next conjecture is found in [BU19, Conjecture 7.1].

Conjecture 3.2 (Berkovich and Uncu (2019)). For positive integers L, s and k, with L > 3
and k > s+ 1, the series Hy, 5 (q) is eventually positive.

As stated, the bound [ guaranteeing the coefficient of ¢V in Hy ¢ x(q) is positive for all
N > [ may depend on L, s or k in Conjecture 3.2. When s +1 < k < L + s, elementary

partition theory gives the coefficient of ¢ in Hy s x(q) as
{m e lpsn:|ml =N} —[{m € Drs: |7| = N}|. (1.1)

Hence, Theorem 3.1 proves Conjecture 3.2 when s+ 1 < k < L+ s, and indeed Conjectures
1.12, 1.13 and 3.2 motivated Theorem 3.1. However, Conjecture 3.2 is valid for values of &k
that do not have the combinatorial interpretation specified in (1.1). In [BR21] and Chapter

3 here, we prove a result stronger than Conjecture 3.2 that also generalizes Theorem 3.1.

Theorem 3.3 (Binner and Rattan (2021)). For positive integers L, s and k, with L > 3
and k > s+ 1, the coefficient of ¢~ in Hy s 1(q) is positive whenever N > T'(s), where T'(s)
is defined in (3.16).

Again, we emphasize that the bound given in Theorem 3.3 only depends on s, is explicitly
known, and is the same as the bound in Theorem 3.1.

Next, we study another related g-series introduced by Berkovich and Uncu [BU19]. Our
results related to this series are described in Section 3.4 and Chapter 4. Given a positive

integer L, they defined

e G 1(q) is the series

Grilg):= >, 7= > 4,

TeU, wel,
s(m)=1, s(m)>2,
l(m)—s(m)<L l(m)—s(m)<L

e G12(q) is the series

Gra(g):= >, 47— Y 47,

TeU, TeU,
s(m)=2, s(m)>3,
I(m)—s(m)<L I(m)—s(m<L

where s(m) and [(7) denote the smallest and largest parts of 7, respectively, and U

denotes the set of partitions 7w with |7| > 0.

Further, Berkovich and Uncu related the series G, 1(¢) and G, 2(q) to the series Hr, 1.1.(q)
and Hp, 2 1,(q), respectively in [BU19, Theorem 5.1] and [BU19, Theorem 5.2].

15



Theorem 1.14 (Berkovich and Uncu (2019)). For L > 1,

H
Gra(g) = 1L’_1’Z(LQ),

H
Gra(q) = fiZ(Lq)

A series S =}, > anq" is said to be nonnegative if a, > 0 for all n. The nonnegativity
of the series S is denoted by S > 0.
Berkovich and Uncu used Theorem 1.14 to prove that the series G, 1(¢) is nonnegative

and to make the following conjecture about G, 2(q).

Conjecture 3.4 (Berkovich and Uncu (2019)). For L =3,
Gra(g) +¢° +¢" +¢° = 0;
for L =4,
Gra(g) +¢° +¢" = 0;

and for L > 5,
Gra(g)+¢* = 0.

Conjecture 3.4 is proved in [BR21] and also here in Section 3.4. Analogous to Gp,1(q)
and Gp,2(q), for any s > 1,

e (1.s(q) is the generating series

Grsl)= >, 4= > 4"

TeU, TeU,
s(m)=s, s(m)>s+1,
l(m)—s(m)<L l(m)—s(m)<L

We begin the study of this series by noticing that it is easy to generalize Theorem 1.14
to get the following result.

Theorem 4.3. For L > 1,

Hp s
GL,s<q): 1L7_7[(/](Lq)'

We explore the nonnegativity properties of G, 5(¢). In particular, we show that for any
L > s+1, the series G, s(¢) is eventually positive and the bound after which the coefficient

of ¢V becomes positive can be written explicitly in terms of s only.

Theorem 4.1. If s and L > s+ 1 are given positive integers, then the coefficient of ¢" in
G1.s(q) is positive whenever n > ¢'(s), where §'(s) is as defined in (4.2).

Next, we restrict our attention to the case s = 3 and obtain an extension of Conjecture
3.4.
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Theorem 4.2. For L > 10,
GL3(q) P+ A0+ 2+ g =0
For 5 < L <9, we have the following:

Gogla) +¢* + 0" +* + ¢ + ¢ + ¢ +2¢'° = 0,
Ges(@)+ ¢ + @+ B+ a0+ "2+ ¢ +2¢"% + 2 = 0,
Grs(@)+ @+ @+ + a0 + 2 +2¢" + ¢ + ¢ = 0,
Gos(@)+q" + @+ @+ ¢ + ¢+ "% +2¢" +2¢"° + ¢ + 267 + ¢** = 0,
G5’3(q) +q4+q5+q8+q10+2q12 +q13 +q14+2q16+q17+q18 +3q20+q22+q24 t O,

and for L = 4,

G473(q)+q4—|—q5+q8+q10+q11—|—2q12+2q14+3q16+q17
_|_2q18+q19+4q20+3q22+q23+4q24_|_q25+4q26+5q28
+q29+3q30—|—6q32+3q34+4q36+2q38+4q40—|—2q44EO.

In Chapter 5, we demonstrate how our technique of constructing injective maps between
relevant sets of partitions leads us to some recurrence relations for integer partitions. Re-
call that Euler (see [And76, Corollary 1.8] or [Aig07, Page 130]) discovered the celebrated

recurrence relation
p(n) =p(n—1)+pn—2)—pn—5)—pn—=T7) +pn—-12)+p(n —-15)—---  (1.2)

A close look at the recurrence (1.2) suggests that it is not easy to get a bijective proof.
The right hand side of (1.2) contains many negative terms, and it is not clear if the right
hand side is counting the cardinality of a set with a natural combinatorial interpretation.
One would then be required to produce a bijection from this set to the set of all partitions
of n. Bressoud and Zeilberger [BZ85] overcame this difficulty by rewriting the recurrence as

follows.

p(n) +p(n—>5)+pn—="7)+ - =pn—1)+pn—2)+prn—-12)+p(n—-15)+---. (1.3)

That is, the equation has been rearranged so that all terms are positive. Let b; = 332%
for all integers j. Bressoud and Zeilberger found a bijection between the sets
U Par(n —b(j)) — U Par(n —b(j)), (1.4)

Jj even j odd
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giving a bijective proof of the recurrence (1.2).

However, it is still natural to ask for a bijective proof of (1.2) without rewriting the
terms. That is, we can ask to find a bijection between two sets whose cardinalities are the
left hand side and right hand side of (1.2). This is one of our goals in Chapter 5. This
method also allows us to generalize Euler’s recurrence.

For a given k, we describe a procedure to find a linear recurrence that, for sufficiently
large n, expresses p(n) in terms of p(n — k), p(n —k — 1), p(n — k — 2) etc. To be clear, we
note that we are looking for an expression for p(n) that does not involve p(n — 1), p(n —
2),...,p(n— (k—1)), but does involve p(n — k). To do this, we construct an injective map
and then measure the size of the image to obtain some partition equalities that give us the
desired recurrences.

A feature of our methods is that they also provide similar recurrences for restricted par-
titions, i.e. for partitions whose parts come from a specified interval. These recurrences also
have some arithmetic implications for restricted partitions. For example, using such recur-
rences, we obtain results related to Ramanujan’s congruences. We recall these congruences
below.

Ramanujan ([Ram19], [Ram20], [Ram21], [Ram27]) discovered several divisibility prop-
erties of integer partitions. Some of these congruences, which hold for all nonnegative inte-

gers n, include

p(5n+4) =0 (mod 5),

p(Tn+5) =0 (mod 7),

p(11n +6) =0 (mod 11).
Ramanujan’s congruences have remained a topic of central interest in integer partitions
throughout the twentieth century, in particular leading to the concepts of rank and crank
of partitions. The results of Ono [Ono00] and Ahlgren [Ahl00] proved that in fact such

congruences hold modulo any number coprime to 6.

For a given natural number m,

e Let py,(n) denote the number of partitions of n with largest part at most m.
e Let p—,,(n) denote the number of partitions of n with largest part exactly m.
e Let p(n, < m) denote the number of partitions of n with at most m parts.

e Let p(n,m) denote the number of partitions of n with exactly m parts.

Using our recurrences for restricted partitions along with Ramanujan’s congruences for

integer partitions, we obtain the following result.

Theorem 5.2. Let m > 6 be a fized positive integer. Then py,(5n +4) is not divisible by 5

for infinitely many positive integers n.
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We prove Theorem 5.2 in Section 5.4. One can easily obtain similar divisibility results

for p,,(7n 4+ 5) and p,,(11n + 6). For a general k, we obtain the following result.

Theorem 5.4. For given positive integers k, I, v and m such that m > k and r < k, either
pm(kn-+r) is divisible by I for all integers n, or py,(kn—+r) is not divisible by | for infinitely

many positive integers n.

We also prove Theorem 5.4 in Section 5.4. By elementary theory of partitions, the
quantities p(n, < m),p—m(n) and p(n,m) are connected to p,(n) and therefore satisfy

similar recurrences and congruences, as described in Section 5.4.
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Chapter 2

The Number of Solutions to
ar +by+cz=n

The purpose of this chapter is to calculate the number of solutions N(a,b,c;n) of the
equation ax 4 by + cz = n in nonnegative integer triples (z,y, z), where a, b, ¢, and n are
given positive integers. As described in Chapter 1, there is no loss of generality in assuming
that ged(a, b, c) = 1. We begin by showing that there is also no loss of generality in making
the assumption that a, b, and ¢ are pairwise coprime. With the exception of Section 2.9,
the work done in this chapter can be found in [Bin20] and [Bin21].

2.1 Reduction to an equation with pairwise coprime coeffi-
cients

Let a, b, ¢, and n be positive integers and, as justified above, we assume that ged(a, b, ¢) = 1.

We define the following symbols:
e Let g1, g2, and g3 denote ged(b, ¢), ged(e,a), and ged(a,b), respectively. Note that
ged(g1, 92) = ged(g2, g3) = ged(gs, g1) = 1.

e Let ay, by, and c3 denote the modular inverses of a with respect to the modulus g1, b

with respect to the modulus g2, and ¢ with respect to the modulus g3, respectively.

e Let nq, ng, and n3 denote the remainders upon dividing na; by g1, nbs by g2, and ncs

by g3, respectively.

o Let A= g;gg, B = ﬁ, and C' = gICgQ. Note that A, B and C are pairwise coprime.

o Let N = n=am=bna—ens Ngte that N is an integer.
919293

Lemma 2.1. With the notation above, the number of solutions of the equation ax+by+cz =
n in nonnegative integer triples (x,y, z) is equal to the number of solutions of the equation

Az + By + Cz = N in nonnegative integer triples (x,y, z).
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Proof. Let S and T denote the solution sets of axz 4+ by + cz =n and Ax + By+Cz = N,
respectively. Then the function ¢ : S — T such that

r—n — N zZ—nN
(x,y,zm( L y—me 3)
g1 92 g3

provides the required bijection. ]

Since A, B, and C are pairwise coprime positive integers, Lemma 2.1 shows that there

is no loss of generality in making the assumption that a, b, and ¢ are pairwise coprime.

Remark 2. We briefly describe the motivation behind the bijection in the proof of Lemma
2.1. Reducing the equation ax 4+ by + cz = n modulo g1, g2, and g3 gives the congruences
x =mn1 (mod ¢1), y = n2 (mod ¢2), and z = nz (mod g3), respectively. Thus, we have the
expressions * = nq + g1u, Yy = ne + gov, and z = n3 + gsw for some non-negative integers u,
v, and w. Substituting these expressions back in the given equation ax + by + cz = n yields

the equation Au + Bv + Cw = N, which has pairwise coprime coefficients.

2.2 Proof of main theorem of this chapter

As justified above, we may assume that ged(a,b) = ged(b,¢) = ged(e,a) = 1. Recall the
following symbols from Chapter 1.

e Define b) such that b) = —nb~! (mod a) with 1 < b} < a. Moreover, define ¢} such
that ¢j = be™! (mod a) with 1 < ¢} < a.

e Define ¢} such that ¢y = —nc™! (mod b) with 1 < ¢, < b. Moreover, define @y such
that a) = ca™! (mod b) with 1 < a), <.

e Define a} such that a4 = —na™! (mod c) with 1 < a4 < ¢. Moreover, define b} such
that v = ab~! (mod ¢) with 1 < by < c.

e Define Ny =n(n+a+b+c)+cbbj(a+1—c(b) —1)) +acch(b+1— ah(ch —1))
+baas(c+ 1 — bs(ah — 1)).

With this notation, we restate from Chapter 1 our main formula.

Theorem 2.2 (Binner (2020)). Let a, b, ¢, and n be given positive integers such that
ged(a, b) = ged(b, ¢) = ged(e,a) = 1. With the notation above, the number of nonnegative

integer solutions N (a,b,c;n) of the equation ax + by + cz = n is given by

b1 c—1 az—1
Ny < | i EQ id) 32 ibs
(a,b,¢;:n) 2abc+;{aJ+i:1{bJ+z’:1{cJ
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Proof. By elementary combinatorics, we know that the number of nonnegative integer so-

lutions of az + by + cz = n is equal to the coefficient of ¢" in

1
(1—=¢9)(1—¢b)(1—q°)

Let (,, denote e . We know that

c—1

a—1 -
1—¢)1-"1-¢)=01-q" J](1-¢ g H (1-¢" ) [T = ¢ ).
k=1 k=1

k=1

Since a, b, and ¢ are pairwise coprime, 1 — C(;kq, 1-— Cb_kq, and 1 — Cgkq are distinct for all

values of k. Thus, we obtain the partial fraction decomposition

1 _d, b dy
(1—qa)(1—qb)(1—qc)_1—q (1—cz)2 (1-q)3

b—1 c—1
B C
ey :

(2.1)

2 +2

Ca kll_Cb_kq k;:11—(c_kq'

On comparing the coefficients of ¢" on both sides of (2.1), we find

(n+2)(n+1) ozl

N(a,b,c;n) = dy + (n+ 1)dy + 5 d3+ZAk<a"k+ZBk<b "’“+ZC ¢

k=1 k=1
(2.2)
If we substitute ¢ = 0 in (2.1), we obtain
a—1 b—1 c—1
l=di+dy+ds+ > Ac+ Y Bp+ Y Ch. (2.3)
k=1 k=1 k=1
Upon subtracting (2.3) from (2.2), we obtain
(n +3) = k
N(a,b,c;n) — 1 =nds + dngAk 1-¢,™)
(2.4)

b—1
- Be(l-¢™) - ZCkﬂ =)
k=1 k=1

The usual procedure for finding coefficients of a partial fraction expansion gives the following

equations.
1

ds = —

37 abe’
g — a+b+c—3

2= 2abc

1

Ay,

a(l = ¢F) (1= ¢eh)’
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By, =

Cr =

1

b(1— M)A = Gh)’
1

c(1 = ¢eR)(1 = %)

Substituting these back into (2.4), we have

b S S S
N(a7b70;n) = n(n+2aa2_c o e ( al + ?2 + 63) )
where .
ST et 7
1= 2 T agni gy
b—1 —nk
1-¢
Sy = b :
’ E:a—c B)(1— &)
and

1_Ccnk

=S @

Next, we find S1, Sz, and S3. By definition of b}, we have bb; = —n (mod a). So ;™ =
and thus,

a—1 1— gbb k:
1= 2 T a1 =
a—1b;-1

=22

k=1 j—O

¢aPk
]__Cck

/
—1b,—1 :
a—19; 1— C]bk

I

& k=1 j=0

I
||M|

It is well-known that

and changing the order of summations yields

SY ()

kle

23

bb k

C_:a ’

(2.6)

(2.7)



By definition of ¢}, we have ccj = b (mod a). So (J%* = 2“1’“, and thus

a—1b1— 1 _ Cjbk a—1b1— 1 _ Cjbk

Sy ey Y

k=1 j=0 k=1 j=1
a—1b1—-1 1 jechk
— Ga
Sy Y e (2.8)
k=1 j=1 a
a—1b1—1jci—-1
— CICk
a
k=1 j=1 1=0
From (2.6), (2.7), and (2.8), we obtain
a—1 a—lba_ljcll 1
s=4 ()X X X - (2.9)
k=1 j=1 1=0
Now,
a—1b]—1jc -1 bi—1jci—14—1
Z CZCk Z Z ZCZCk
k=1 j=1 1[1=0 bj/ 11 l/O k=1 (210)
—1jc _
S \ Z lek Clbl(b 1)_
J=1 1=0 k=

We know that Zz;é Cffk # 0 only if a divides I, and in that case, the sum is a. Note that
here we have again used the fact that ged(a,c) = 1. Therefore

ci—1g .
]i z:lé-zck ({]Cﬁ—lJ +1>'
=0 k=0 a

Since ged(a,c)) =1 and j < b —1 < a— 1, we have

s el

Hence
1]51 lg—1 bllfl jC,
lck 1
TS S (1544 )
j=1 1=0 k=0 j=1

From (2.9), (2.10), and (2.11), we have

b —1
Sl g/ a_l Clbl(b/ . \‘ J /
p _bl( 5 )+ Z (b — 1).
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We combine the first and last terms to get

/1) /o 1 . 1
Si_abh—1) VclJ +1-0 (‘H > . (2.12)
a 2a — a 2a
7j=1
Symmetrically, we also have
Sy _dhyeh(ch—1) I ] g (21) 2.13)
=== - —Cy | —— )
b 2b ‘< | b | 2\ 2w )7
7j=1
and
r_1
Ss _ Vhab(ah—1) "~ |4t (et
- = 2% - - {6_4-1—@3( 2% > (214)
7=1
The result now follows from (2.5), (2.12), (2.13), and (2.14). O

2.3 An algorithm to find N(a,b,c;n)

In this section, we describe an efficient way to find the sums in Theorem 2.2. Theorem 2.3

will aide us in finding the sums.

Theorem 2.3 (Binner (2020)). Let a, b, ¢, and K be positive integers such that b < a,
¢ <a,ged(a,c) =1, and K = V’CJ. Then

mém bk,

b
1=

Remark 3. As explained in Chapter 1, Theorem 2.7 below (a theorem of Gauss) can be

obtained by setting a = p, b = % and ¢ = ¢ in Theorem 2.3.

Proof of Theorem 2.3. We have

> o] -2

=1

where n; is the number of ¢ such that 1 <¢ < b and {%J =t. Clearly, if t < K, then

e [522] |2

KaJ.

if t = K, then

nt:b{ c
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Therefore, . o
>[5 -2 (= - E) e (-] =

We rearrange the terms and solve the summation using telescoping sums to obtain

2[5 = 5 (o= 2] - 5 | o[

i=1 t=1 t=1 ¢
By cancelling terms and solving, we obtain the required result. O

Theorem 2.3 is helpful to calculate summations of the form ZLI {%J because a sum-
mation can be reduced to another of the same form but with a smaller upper limit and a

lower denominator.

Remark 4. Similar to Eisenstein’s proof of Theorem 2.7 [Baulb, pp. 19-20], we can also
give a geometric proof of Theorem 2.3 by counting the number of points under the straight

line y = . This proof is omitted.

2.3.1 The algorithm

Our algorithm for finding the number of nonnegative integer solutions N(a,b, c;n) of the

equation ax + by + cz = n is as follows:

1. Reduce the given equation to an equation with ged(a, b, ¢) = 1 as described in Section
1.1. Then reduce it to an equation with pairwise coprime coefficients as described in
Section 2.1.

2. Apply the formula in Theorem 2.2 to express the number of solutions in terms of the
three summations involving floor functions.

icl
ay

3. Suppose the first summation has the form 2?1:1 { J for some positive integers aq, by,
and c¢; such that b; < a1, ¢; < a1. Then apply Theorem 2.3 to express the summation

in terms of the summation EiK:ll Vg—llJ, where K| = V’;%J

4. To calculate the sum ZiK:ll {%J , we cannot apply Theorem 2.3 since a; > ¢;. However,

by the division algorithm, we have a; = ¢1¢ + r for some quotient ¢ and remainder 7.

Then
K1 iay gKi1(K; +1) USRI
P Rl P SIC R e o L
i=1 L€l 2 i=1 LC1

Since r < ¢1, we can use Theorem 2.3 again to find this sum.

5. Repeat Steps 3 and 4 until the first summation in Step 2 is fully solved. Then follow the

same procedure to find the other two summations and hence the number of solutions.
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2.3.2 An example

Let us apply this algorithm to an example. Consider the equation
4452z + 8030y + 9945z = 3870422.

For brevity, let IV denote the number of nonnegative integer solutions of this equation. Ob-
serve that ged(4452,8030,9945) = 1, so first part of step 1 of the algorithm is done. Next, we
reduce this equation to an equation with pairwise coefficients. Note that ged(4452,8030) =
2, gcd(4452,9945) = 3, and ged(8030,9945) = 5. By Lemma 2.1, the number N is equal to

the number of nonnegative integer solutions of
7422 + 803y + 6632 = 128598.

Next, we apply Theorem 2.2 to get

129 539 . 335 .
2814 6214 6024
= -1 . 2.1
Z{MZJ Z{803J+Z{663J 06300 (2.15)
In order to solve the first sum, we apply Theorem 2.3 to get

12912813

; {M?J = 0192 i {72482” : (2.16)

Then, by the division algorithm,
48 . 48
7421 1801
= 2
> |51 = ;<Z+{281J>

=1
1802
= 23592 .
35 +Z{281J

(2.17)

Repeated applications of Theorem 2.3, followed by the division algorithm, give the following

equations.

48
1802 2811
=144
;{281J 0- Z{ISOJ

(2.18)

1017

=975 - |-

> |5

i{lOlzJ 3 —ZF&JZJ

180 101
- (2.19)

79i

=344 - Y |

’ {101J
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(2.20)
12
S
—~ 179
12 ,
224 791
2 — 36— i
E RIS
! " (2.21)
— 18 — Z L?ﬂ
- oLzl
and . )
137 221
) 5[
) 2 o L13] (2.22)
=2.
From (2.16) to (2.22), we obtain
129
ErIRt
— L 742

Repeating the same procedure with the other two summations leads to

239 1 6214

— | = 1122
Z { 803 J ,

=1

and
33 {6022‘

Z J = 50934.

< | 663

Substituting these values back in (2.15), we find that N = 22, which means there are 22
solutions of 4452z + 8030y + 9945z = 3870422 in nonnegative integer triples (z,y, 2).

2.3.3 Efficiency of the algorithm

We want to find an upper bound for the number of steps required to calculate the number
of nonnegative integer solutions of the equation ax + by 4+ ¢z = n. By a step, we mean a

basic arithmetic operation on O(logr) bits where r = max(a, b, ¢). Suppose we want to find

the sum 2?21 {%J for some positive integers a1, b, and c¢; such that b < a1,c¢1 < a1, and
ged(eq,aq1) = 1.
According to Step 3 of the algorithm, we need to apply Theorem 2.3 to get Z?:l {QJ in

ai

terms of the sum Efill {’Ca—” for some Ky < ¢q. Then, as Step 4 in the algorithm describes,

we need to apply the division algorithm to obtain a; = c1q; + az, where as < c¢;. Since
a1

ged(er,a1) = 1, we have ged(ag,c1) = 1. Thus, the sum ZiK:ll {—J can be obtained in

C1
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terms of the sum Zfill {%"J Note that since ¢; < a1, we have ¢ > 1, and thus,
a1 > c1 + as > 2as,

or equivalently ap < %

According to Step 3 of the algorithm, we again apply Theorem 2.3 to get the sum
Zfill Vf—fJ in terms of the sum fol VClJ for some K9 < as. Then we again apply the
division algorithm to obtain ¢; = a2qs + co for some ¢y < ag; we can then express the sum
ZZK:QI {%J in terms of the sum 25:21 U:—;J Since ag is coprime to ¢y, it is also coprime to
¢o. Finally, since Ky < ag, ¢ < ag, and ged(ce, az) = 1, we return to Step 3 of the algorithm
to find the sum Z VC?J

Thus, with two applications of Steps 3 and 4 of the algorithm (i.e., two applications of
Theorem 2.3, with each one followed by an application of the division algorithm), we can
obtain the sum Z VQJ in terms of the sum Zf{jl {%J, where ao < 4. It is also easy

to see that Ky < 5. This ensures that the Steps 3, 4, and 5 of the algorlthm terminate in
O(log a) steps. Hence, the algorithm terminates in O(logt) steps, where ¢ = max(a, b, c).

2.4 Relationship with quadratic residues

Let us recall Eisenstein’s lemma (Theorem 1.8), which states that for given distinct odd

primes p and ¢, the Legendre symbol (%) is given by

where
p—1
2 ’lq
Bl
2|5

Remark 5. By a similar analysis to that in Section 2.3.3, it follows that the Legendre symbol

(%) can be calculated in O(log s) steps, where s = max(p, q).

Thus, Eisenstein’s lemma relates Legendre symbols to summations that we have been
dealing with while attempting to solve the equation ax + by + cz = n. This suggests the
existence of an equation whose number of solutions gives the Legendre symbol ( ) This
connection is made precise by Theorem 2.5, as described in Chapter 1. To prove Theorem
2.5, we need the following helping lemma. Let N,, , denote the number of nonnegative integer

: : — ap=1)
solutions of the equation pz + qy + 2z = =5—.

Lemma 2.4. For positive odd integers p and q, we have

Ny p—|—1+ZquJ
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Proof. Clearly, one way of proving this is by applying Theorem 2.2. However, we could also
prove it directly by fixing y and then calculating the number of possible values for x. For

given z and y, z is automatically determined. O

Theorem 2.5 (Binner (2020)). For distinct odd primes p and q, the Legendre symbol (%)
s given by
q ) Npq— Bt
Z ) =(=1)"Pua 2.
-
Proof. This follows directly from Eisenstein’s lemma (Theorem 1.8) and Lemma 2.4. O

2.5 Equivalence between two well-known results

In this section, the following special case of Sylvester’s theorem will be of central importance.

Theorem 2.6 (Sylvester (1882)). If p and q are distinct odd prime numbers, the number
of natural numbers that cannot be expressed in the form px + qy for nonnegative integers x

. —1)(q—1
and y is equal to %.

Recall Theorem 2.7, stated in Chapter 1.

Theorem 2.7 (Gauss (1808)). For distinct odd primes p and q,

STl -

The aim of this section is to establish the equivalence between Theorems 2.6 and 2.7.
That is, we prove the Equivalence A in Figure 1.1. Throughout this section, let p and ¢
denote distinct odd primes. We require a few helping lemmas. Let Ng denote the number of

natural numbers that cannot be expressed as px + qy for some nonnegative integers = and

Y.
Lemma 2.8. The number of nonnegative integer solutions of the equation

~1 —1
pm+qy+zzp(q2 )+Q(p2 )

is equal to
-1 -1

Proof. We first fix z and then calculate the number of solutions of the equation

plg—1) qlp-1)
5 + 5 — Z.

pT+qy =
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Thus, the number of solutions of the equation px 4+ qy + 2 = 2 (q; Dy @ is equal to

(¢=1) 4 a(p=1)
pq2 +4 p2

2. o

n=0

where s, is the number of solutions of the equation pz + qy = n. Clearly, sg = 1. We require
the following well-known results (see [Tri00]), which we shall also reprove in Section 2.6.2

using the methods developed in Section 2.1.

(1) Whenever 1 <n < (p—1)(¢—1), sy, is either 0 or 1.
(ii) Whenever (p—1)(¢ — 1) <n < pq, s, = 1.
Thus, by (¢) and the definition of Ny,
(p=1)(g—1)
Z_:l sn=(p—1)(g—1) — No.
Moreover, by (ii),

(a=1) | a(p—1)
p ‘12 +q P2

plg—1) qlp—-1
S =Moo gy,
2 2
n=(p—1)(¢g—1)+1
Therefore,
p(q2—1)+rJ(p2—1) (r—1)(g—1) p(q2—1)+q(p2—1)

Z Sp = 8o + Z Sp + Z Sn
n=0 n=1 n=(p—1)(¢—1)+1
plg—1) qlp-1)

— 1— N.
5 + 5 + 0

O]

We calculate the number of solutions of the equation px + qy + z = @ + @ in

another way by considering four separate cases. Recall that N, , denotes the number of

. . : — ap=1)
nonnegative solutions of the equation pz + qy + 2 = =5—.

Lemma 2.9. The number of nonnegative integer solutions of the equation

plg—1) qlp-1)

prtayti= "o —+ =
s equal to
+1 +1
Q(Np,q+Nq,p)—<p2+q2+1>-
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Proof. Let X, Y, and Z denote q;21 -z, % — 9, and ap=1) _ z, respectively. Then the

2
given equation can be rewritten as pX +qY + 7 = @. We split our calculation into four

different cases according to
1. X>0,Y>0,72>0,
2. X>0,Y >0,Z <0,
3. X>0,Y <0,or
4. X <0.

We define the following sets:

e Let 51, Sy, S3, and Sy denote the set of nonnegative integer solutions of px +qy+z =
pleg=1) | a(p=1)
2

3 in Cases 1, 2, 3, and 4, respectively.

e Let 77 denote the set of nonnegative integer solutions of pxr + qy + z = @.

p(g—1)
5

e Let T5 denote the set of nonnegative integer solutions of px + qy + z =
e Let U denote the set of solutions in 75 that satisfy z = 0.
e Let V denote the set of solutions in 75 that satisfy y = 0.

e Let W denote the set of solutions in 77 that satisfy x = 0.

Clearly, |T1| = Npq and |T5| = Ngp. Using (i) in the proof of Lemma 2.8 above, we
obtain |U| = 1. Moreover, it is straightforward to see that |V| = %, and |W| = %. Next,
we find the cardinalities of the sets S1, Sa, S3, and S by defining the following maps from
these sets to 71 and T5.

e Define ¢ : S — T3 such that (z,y,2) — (X,Y, Z).
e Define ¢y : Sy — T3 such that (z,y,2) — (x,y,—2).
e Define ¢3 : S3 — T3 such that (z,y, z) — (z, =Y, 2).
e Define ¢4 : Sy — T3 such that (z,y,2) — (=X, vy, 2).

It is easy to verify that ¢1, ¢2, ¢3, and ¢4 are well-defined injective maps and their

images are given as follows:
o $1(S1)="T.
o $2(S2) =T\ U.
o 93(593) =Tz \V.
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[ ] (;54(54) = T1 \ W.

Thus, |S1| = Npq, |S2| = Ngp — 1, |S3| = Ngp — %, and |Ss| = Npq — %. Hence, the

total number of nonnegative integer solutions of the equation pxr + qy + z = @ + @

is equal to [S1] + [Sa] + |Ss| + [ Sa] = 2(Npq + Nyp) — (251 + G52 +1). O
Upon comparing the number of nonnegative integer solutions of the equation px + qy +
z= @ + @ obtained in Lemmas 2.8 and 2.9, and then using Lemma 2.4, we find
p—1 q—1

Norz |2+ 3 2] = 0- -,

i=1 p =1 q

This establishes the required equivalence between Theorems 2.6 and 2.7 (Equivalence A in
Figure 1.1).

Remark 6. The proofs in Lemmas 2.4, 2.8 and 2.9 can be easily generalized to any coprime
numbers a and b with small modifications, as described in Section 2.8. We presented proofs

for odd primes p and g here to keep the logical flow of the presentation.

2.6 Some applications of the above developed techniques
2.6.1 Another proof of Theorem 2.7

In this section, we prove Theorem 2.7 by counting the number of solutions of an equation in

two different ways. Without loss of generality, we can assume ¢ < p. Recall that in Lemma

-1
a(p S ). Now we count

2.4, we counted the number of solutions of the equation px +qy+ 2z =

these in another way.

Lemma 2.10. If p and q are distinct odd primes such that ¢ < p, then the number of
a(p—1)
2

nonnegative integer solutions of the equation pxr + qy + z = is given by

—1

)
N

+1 ~1)(g—1 i
N,,,q:p2 +(p )4(q ) V)J.
=1 q

Proof. The maximum possible value for z is

{q(p—l)J _ {(q—l) p—qJ _a-1

2p 2 * 2p 2

Now we consider two cases.

Case 1: Let x = 0. The number of solutions in Case 1 is equal to %.
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Case 2: Let x > 1. Fix x = 7. Then the number of possible values for y is equal to

—1 . .
O :p—l_VpJ‘
q 2 q

Hence, the total number of solutions in Case 2 is equal to

a—1 a=1
f(p_l B m) _-Da-1) v m
o\ 2 q 4 = La
Combining the number of solutions in both the cases, we obtain the required result. O

Theorem 2.7 now easily follows from Lemma 2.4 and Lemma 2.10.

2.6.2 An application to the equation ax + by =n

As described in Chapter 1, the number of solutions of the equation ax + by = n has been
known for a long time. In this section, we show that our technique in Section 2.1 leads
to a novel method of solving the equation ax + by = n. In addition to the author’s paper
[Bin20], a similar method has also recently been published independently in [Ali19]. Note
that if ged(a, b) does not divide n, then there is no solution to ax + by = n; otherwise we
can divide both sides of the equation by ged(a,b). Thus, without loss of generality, we can
assume that ged(a,b) = 1. We define the following symbols:

e Let a=! and b~! denote the modular inverses of a with respect to b and b with respect

to a, respectively.

e Let a; and b; denote the remainders when na~! is divided by b and nb~" is divided

by a, respectively.

e Let M denote %};bbl. Note that aa; = n (mod b) and bby = n (mod a). Thus a
and b both divide n — aa; — bb;. Since ged(a, b) = 1, it follows that M is an integer.

We obtain a complete list of nonnegative integer solutions of the equation ax + by = n.

Theorem 2.11. Let a, b, and n be given positive integers such that ged(a,b) = 1. With the

notation above, the nonnegative integer solutions of the equation ax + by = n are given as
{(bi+a1,(M —i)a+b1):0<i< M}

Proof. Let S and T denote the nonnegative solution sets of ax + by =n and x +y = M,
respectively. Then the function ¢ : S — T such that

r—ay y—b
(w,y)H< T >
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is a bijection with ¢~!: T — S given by
(@,y) = (bx + a1, ay + b).

Clearly, T = {(i,M — i) : 0 <i < M}. Then ¢! gives the required form for S. O

Remark 7. We briefly describe the motivation behind this bijection. Reducing the given
equation ax + by = n modulo b and a gives the equations z = a1 (mod b) and y = by
(mod a), respectively. Thus, we have the expressions * = a; + bu and y = b; + av for some
nonnegative integers u and v. Substituting these expressions back in the given equation

ax + by = n yields the equation u +v = M.

Corollary 2.12. Let a, b, and n be given positive integers such that ged(a,b) = 1. With
the notation above, the number of nonnegative integer solutions N(a,b;n) of the equation
ax + by = n is given by

n — aai — bby
N(a,b;n) =14+ ————.
(a7 7n) + ab

This formula is equivalent to the one given in [Tri00].

Corollary 2.13. The equation ax + by = n has a unique nonnegative integer solution if
(a—1)(b—1) <n<ab.

Proof. If n < ab, then clearly N(a,b;n) < 2. Moreover, since a; < (b—1) and b; < (a — 1),

we have

n+a+b—ab
N(a,b;n) > ———Mm———.
(a,bin) 2 ab
Therefore, if (a—1)(b—1) < n, then N(a,b;n) > 0. Thus, whenever (a—1)(b—1) < n < ab,
N(a,b;n) = 1. O
Recall that the Frobenius number of a set {aj, as,...,q;} such that ged(aq,ag,...,a) =

1 is defined as the largest integer that cannot be expressed in the form
kiay + keao + - - - + kjay,

where ki, ko, ..., k; are nonnegative integers. The proof of Corollary 2.13 shows that if
(a—1)(b—1) <mn, then N(a,b;n) > 0. Moreover, using Corollary 2.12, we can easily show
that N(a,b;ab—a—b) = 0. Combining these results gives another proof of the fact that for
a and b such that ged(a,b) = 1, the Frobenius number of the set {a, b} is equal to ab—a —b.

2.7 A short elementary proof of Eisenstein’s lemma for Ja-
cobi symbols

In this section, we provide a new elementary proof of Eisenstein’s lemma for Jacobi Symbols.

This proof also appears in [Bin21]. As described in Chapter 1, we can deduce Gauss’ lemma
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for Jacobi symbols and Eisenstein’s lemma for Jacobi symbols from one another. These

lemmas were described in Chapter 1. We restate them here.

Theorem 2.14 (Gauss’ lemma for Jacobi symbols). For an odd positive integer b and an

integer a that is coprime to b, the Jacobi symbol (%) is given by

§)-cor
A::{izlgigb;1 and {ZZL}E;}

Theorem 2.15 (Eisenstein’s lemma for Jacobi symbols). For positive odd coprime integers

where

a and b, the Jacobi symbol (%) is given by

b—

To prove Theorem 2.15 using Eisenstein’s lemma for Legendre symbols (Theorem 1.8),

-

it suffices to prove the following result.

Lemma 2.16. For odd positive integers a, b and c such that b and c are coprime with a,

we have

I~d
o
—

b c—1

> )= 7] [] mea

Using Theorem 2.7 and Remark 1 from Page 7, we can easily express all of the sums

a—1

above in terms of summations of fractions having denominator a and summation index 3

From there, Lemma 2.16 reduces to proving the following result.

Lemma 2.17. For odd positive integers a, b and c such that b and c are coprime with a,

S5 |2 5[] ar

Note that here we have used that

(a—1)(bc—1) (a—1)(b—1) n (a—1)(c—1)

1 1 (mod 2).

To see this, observe that the difference between the LHS and the RHS of the above equation

can be rewritten as

(a—1)(b—1)(c—1)
1 ;

which is clearly an even number for odd numbers a, b and c.
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Proof of Lemma 2.17. For brevity of notation, let r(m) denote the remainder when m is

divided by a. Since a, b and ¢ are odd, we obtain

S{EY

a—1
ibc

a {aJ (mod 2)

I
zgl

S
Il
=

2
|

= 22: ibc — r(ibc) (mod 2)
i=1

a—1
2 2

= Z i— Z r(ibc) (mod 2). (2.23)
1=1

Next, we study the latter sum. Let ¢; denote r(ic). Note that

. ic
c=ic—a|—
a

Therefore,

=bc;—a bch
L a
bCZ‘
=C — | — d 2
c { " J (mod 2)
ic be;
=i—|—| - |— d 2). 2.24
- =% moay (2.24)
Thus, from (2.23) and (2.24), we obtain
ibc ic be;
= — — d 2).
£ %)= ]2+ 5 2] ot

Therefore, to complete the proof of the lemma, it suffices to show that

a—1
b

g {bC’J = 22: {J (mod 2). (2.25)

i=1 a

Let d; = min(c;,a — ¢;). Since a does not divide be;, it follows that

o) v |2 a2 2]
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Therefore, for each 1,

V’diJ = {bclJ (mod 2). (2.26)

a a

Moreover, note that for 1 <i < %, we also have 1 < d; < %1 Further, it is easy to verify
that the numbers ¢; are all distinct and that ¢; # a —¢; for 1 < i, < % To see this,

note that ¢; = a — ¢; implies that a divides ¢ + j, which is not possible. This shows that

as 7 varies from 1 to %1, the numbers d; are a permutation of the numbers 1,2, --- aT_l
Therefore,
a—1 a—1
2. | bd; 2. | ib
3 {lJ = VJ . (2.27)
-1 b @ i=1 -9
(2.26) and (2.27) complete the proof of (2.25), and thus of Lemma 2.17. O

2.8 Equivalence between Sylvester’s theorem and Theorem
2.18

We have shown that Theorems 2.6 and 2.7 are equivalent (Equivalence A in Figure 1.1).
We also know that Theorem 2.6 is a special case of Sylvester’s theorem (Theorem 2.19).
Moreover, we generalized Theorem 2.7 to get Theorem 2.3. Thus, it is natural to wonder
if Sylvester’s theorem is equivalent to Theorem 2.3. However, a close look suggests that
Theorem 2.3 is possibly too general for producing a result that is equivalent to Sylvester’s
theorem. Therefore, we need to choose an appropriate special case of Theorem 2.3. As
mentioned in Chapter 1, the following special case of Theorem 2.3 is precisely what we

need.

Theorem 2.18. Let a and b be coprime positive integers. Then

a b
L2 b L] ia allb
|25 2] =12 13)
; a 5 b 2] 12
i=1 =1

Recall also from Chapter 1 that Theorem 2.18 was known before. In Section 2.9.3,
we show that Theorem 2.18 naturally leads us to another proof of Gauss’ lemma and
Eisenstein’s lemma for Jacobi symbols (Theorems 2.14 and 2.15).

Throughout Section 2.9, we assume that the reader knows the basic properties of Jacobi
symbol from Section 1.1.

We begin by proving Theorem 2.18.

Proof of Theorem 2.18. Without loss of generality, suppose b < a. By setting the index of

summation equal to |§| in Theorem 2.3, we obtain

e l7) =) e



where

We split the calculation into three cases based on the parity of a and b.
Case 1: If a is even, then K = {gJ, and we are done.
Case 2: If a and b are both odd, then

K {(a;al)bJ :Lb;1+a2_abJ:b_1:{9J-

Case 3: If a is odd and b is even, then

e L I At

and thus (2.28) becomes

|5] ib HE! i , )
P bJ * ; {?J - ([QJ - 1) bJ (2.29)
From (2.29), the theorem easily follows in this case. =

We establish the equivalence between Sylvester’s theorem and Theorem 2.18. That is,
we prove Equivalence B in Figure 1.1. Sylvester’s theorem was introduced in Chapter 1. We

restate it here for easy reference.

Theorem 2.19 (Sylvester (1882)). If a and b are coprime numbers, the number of natural
numbers that cannot be expressed in the form ax + by for nonnegative integers x and y is

(a=1)(b-1)

equal to 5

As described in Remark 6 on Page 33, the proofs of Lemmas 2.4, 2.8 and 2.9 can be
easily generalized to give Lemmas 2.20, 2.21 and 2.22 respectively. We skip the details here.

For the remainder of this section, suppose a and b are coprime positive integers.

Lemma 2.20. The number of nonnegative integer solutions N,y of the equation ax + by +
z= b{%J is given by
5] .
a b
Now= 5] +1+ 2 |=].

=1
Lemma 2.21. The number of nonnegative integer solutions of the equation

aa;—i—by—i—z:a{gJ —i—ng

is equal to
agJ ng +1— Ny,
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where Ny is the number of natural numbers that cannot be expressed as ax + by for any

nonnegative integers x and y.

Lemma 2.22. The number of nonnegative integer solutions of the equation

a:c—i—by—i-z:agJ +ng

is equal to

2o+ Noa) = (3] + |3]+3)
We are now ready to show the equivalence between Sylvester’s theorem and Theorem
2.18 (Equivalence B in Figure 1.1). Upon comparing the number of nonnegative integer
solutions of the equation az + by + z = aL%J + b{%J obtained in Lemmas 2.8 and 2.9, and

then using Lemma 2.4, we find

15] . 13] .
No +2 ; [%J 3 L%J =(a—1) [SJ +(b-1) EJ (2.30)

By taking three cases based on the parity of a and b, it can be easily verified that

@2+ o-p|lf = @Y 90, (231)

From (2.30) and (2.31), we obtain

I
Nyt 2 ZL% ) ZWHHH

=1 i=1

wle

The equivalence between Sylvester’s theorem and Theorem 2.18 (Equivalence B in Figure

1.1) now readily follows.

2.9 Another proof of Eisenstein’s lemma for Jacobi symbols

Next, we show how Theorem 2.18 naturally leads us to another proof of Gauss’ lemma and
Eisenstein’s lemma for Jacobi symbols (Theorems 2.14 and 2.15). Though we have given
a short proof of Theorem 2.15 in Section 2.7, we give an alternate proof in this section to
emphasize that the reciprocity relations satisfied by Jacobi’s symbols (Theorem 1.11) and
summations of floor functions (Theorem 2.18) force the relationship in Theorem 2.15 to
hold true.

As described above, our intuition is to use the fact that Jacobi symbol satisfies the same
reciprocity relations as the summation of floor functions that appears in Eisenstein’s lemma.
Thus, we want to characterize Jacobi symbol based on its properties, especially the law of

quadratic reciprocity.
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A difficulty that we face is that the Jacobi symbol (%) is defined only when b is odd,
whereas in the summation of floor functions involved in Eisenstein’s lemma, we should not
have such a restriction, and the formula in Theorem 2.15 should be valid for all coprime
integers a and b. This becomes a problem especially when we need to apply the law of
quadratic reciprocity repeatedly to characterize the Jacobi symbol.

We define a quantity that is closely related to the Jacobi symbol and avoids this issue.
Recall that for any natural number m, va(m) denotes the exponent of 2 in the prime
factorization of m. For positive coprime integers a and b, define T'(a,b) to be the Jacobi

symbol (m) Note that if b is odd, T'(a,b) is just the Jacobi symbol (%).

Remark 8. The Kronecker symbol also generalizes the Jacobi symbol to include the case
when b is even. However, it is different from our generalization T'(a, b). The main difference
is that T'(a,2) = 1 for all odd numbers a whereas the corresponding Kronecker symbol is
defined as

For more information about Kronecker symbols, see [AG18].

2.9.1 Properties of T'(a,b)

We derive a reciprocity relationship for T'(a,b). If a and b are both odd, we already know
that they satisfy the law of quadratic reciprocity for Jacobi symbols. Thus, we can assume
that at least one of a and b is even. Since a and b are coprime, they are not both even. So
exactly one of these is even and the other is odd. First, suppose that a is even and b is odd.

Then we have

o) (Z) _ (Z)U (a/2;12(a)> _ ()t (WZZ(G))?

T(b,a) = <a/2b2()> .

From the law of quadratic reciprocity for Jacobi symbols, we obtain

and

b2 1 u(a/2”2(‘1))—1

T(a,b)T(b,a) = (—1)Tv2(a)+ 5 .

Similarly, we obtain a reciprocity relation in the case where a is odd and b is even. We can
combine these relations into the following general reciprocity relation. Suppose a and b are
positive coprime integers, then

— a“— a/21)2(a) —1 b/2v2(b) 1
T(CL, b)T(bv a’) = (_1)b28 IUQ(GH_ 28 1v2(b)+( 2 ) ( 2 )
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Note that if b is even, then l’szl is not an integer, but in this case a has to be odd (since

a and b are not both even), and thus vy(a) = 0. Consequently, the term I’%T_lvg(a) becomes

0. Similarly, if a is even, then the term Lglvg(b) becomes 0. Thus, in all the cases, the
right hand side of the above equation is well-defined. Also, note that we have imposed the
condition that a and b should be coprime in the definition of T'(a, b) in order to ensure that
the above reciprocity relation for T'(a, b) holds.

Next, we describe how this reciprocity relation can be used to quickly calculate T'(a,b).
Suppose b is even. Then divide b by the largest power of 2 dividing b to make it odd.
Therefore, we may assume b is odd. If a > b, we know from the properties of the Jacobi
symbol that we can reduce a modulo b. Thus, we can assume a < b. Finally, if a < b, we
can use the above reciprocity relation and then repeat the procedure.

For example, suppose we want to calculate T'(65, 34). Firstly, we divide 34 by the largest
power of 2 dividing 34, that is we use T'(65,34) = T'(65,17). Then we reduce 65 modulo 17
to get 14, that is we have T(65,17) = T'(14,17). Using the reciprocity relation, we express
this in terms of T'(17,14). That is,

T(14,17)T(17,14) = 1,
or equivalently 7'(14,17) = T'(17,14). Then we repeat the procedure. We have
T(17,14) = T(17,7) = T(3,7) = —~T(7,3) = ~T(1,3) = —1.

Therefore, T'(65,34) = —1. This shows that for positive coprime integers a and b, T'(a, b) is

uniquely characterized by the following properties.
1. If b = 222 then T'(a,b) = T(a, V).
2. T'(a,b) satisfies the reciprocity relation

- a’— a/2v2(@)) 1 (b/2v2(®)) 1
(e bYT(b.a) = (1) entar a2 C20)

3. If b is an odd number and a = ¢ (mod b), then T'(a,b) = T(c,b).
4. T(a,1) =1 for any a and T'(1,b) = 1 for any b.

Next, we construct another quantity S’(a, b) that satisfies all of these properties. To that

end, for positive coprime integers a and b, define

2

§'(a,b) 1= (—1) "5 2(@+S(b),
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where

2.9.2 Properties of S'(a,b)

From Theorem 2.18, one immediately gets the following reciprocity relation for S(a, b).
Theorem 2.23. For coprime positive integers a and b,

(a/22(@) — 1 (b/222®)) -1

S(a,b) + S(b,a) = 5 5

Corollary 2.24. For coprime positive integers a and b,

— a2 a/2v2(@))_1 (57292 _1
§'(a, D)8 (b a) = (1) S @ Sty (5 (20)

Thus, S’(a,b) satisfies the same reciprocity relation as T'(a,b). It is also easy to see that
S’(a,1) =1 for any a and S’(1,b) = 1 for any b. Hence, S’(a, b) satisfies both 2 and 4 above.

Next, we show that S’(a,b) also satisfies the first property satisfied by T'(a,b). Let
b =20y If va(b) = 0, we are done. Otherwise, suppose vy(b) > 1, that is b is even. Then
a is odd, and thus S'(a,b) = (—1)°(@?) Note that b’ = 2@% is odd, and thus

b
ua(b) — u2(b)’

and
R
21}2(b)+1 - 2v2(b/)+1.
This shows that S(a,b) = S(a,b'), and thus S’(a,b) = S’(a, V') as required.

Finally, we show that S’(a, b) also satisfies the third property satisfied by T'(a,b). Sup-
pose b is an odd number and a = ¢ (mod b). We need to prove that S’(a,b) = S'(c,b). Note
that it is sufficient to prove that S’(a,b) = S'(a — b,b) and S’(a,b) = S’(a + b,b) for all
odd numbers a and b. Firstly, we prove the former relation S’(a,b) = S’(a — b, b) for all odd

numbers a and b. Since a and b are both odd, we have

S(a—b,b) = 2 VSJ . (2.32)



Using a = b+ 2"s, we can rewrite S(a,b) as

San =3 | 420

o
||
_

T
|
==

b—1

+i i J (2.33)

1=

Mw\

.
Il

1

b—1

2 9rg
25

i=1
Using (2.32) and (2.33), along with the definition of S’(a,b), we find that in order to
complete the proof of S'(a,b) = S’(a — b,b), we need to show that for all odd numbers s

and all positive integers r,
b—1

b—1
-1 K i2s)] -1 s
= d?2
3 +ZI{ 2 J 3 T+;{bJ (mod 2),

1=

that is,

S
[

Z; (V@;S)J - V;D = b28_ Lr—1) (mod2). (2.34)

This will follow from the next lemma.

Lemma 2.25. For an odd positive integer b and an integer t coprime to b,

b—1

v (V(it)J _ V;D = b28 Le—1) (mod2).

=1

Firstly, we will complete the proof of S'(a,b) = S'(a — b,b) using the lemma and then
we will prove the lemma. In order to apply Lemma 2.25 to prove (2.34), we rewrite the left
hand side of (2.34) as follows.

> (12 |4]) -

o
|
—

@
I w\
=
<
Il S
N
N
>
~.
—
SHS
V)
N—
| I
—_—
~.
—~~
DO
<
-
i
N—
| E—
v

o
|

B (- ) B (-2
B2 -£E (-2
(2.35)
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Since s is odd and coprime to b, by Lemma 2.25 the first term in the above sum is 0 (mod
2). Moreover, the inner sum in the second term can also be simplified modulo 2 by Lemma

2.25. Since j > 2, 2715 is even and coprime to b. Then applying Lemma 2.25, we obtain

that for all 7,
i(275) i(2771s) [} -1
({bJ — {5J> =— (mod 2). (2.36)

Upon substituting (2.36) in (2.35), we obtain (2.34). This completes the proof of S’(a,b) =

S’(a — b,b) assuming Lemma 2.25. A very similar proof, using Lemma 2.25 and making

some obvious modifications, shows that S’(a + b, b) = S’(a,b). Hence, we have shown that
S’(a, b) satisfies all the four properties that uniquely determine the function 7'(a,b). We are
only left to prove Lemma 2.25.

Proof of Lemma 2.25. Recall {z} denotes the fractional part of x. For any positive real

number x, we have

122] = {2@ +1, if {2} > %

2|z], if {z} <
Thus,
122 — |2 = {m oo (2:37)
|z ], if {x} < 3.
Let b_1 " 1
A::{i:l§i§2and {b}22}a
and

B::{i:lgigb

—1 it 1
d <— — .
an {b}<2}

Substituting « = % in (2.37) gives us

|+1, ifiea
J, ifi ¢ A

Thus,

b—

2 <V(Zt)J - V;D =, L%J +[A]. (2.38)

1

—
o

wf |
—

=1 )

The arguments after this point are an easy generalization of the proof of [NZM91, Theorem
3.3, Page 135], but we provide all the details here for the sake of completeness. Since we
build on our notation so far, our notation here is quite different from that in [NZM91], but

the arguments are similar. Define the following sets.
o A ={b{}:ie A}
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o B ={b{#}:iec B}
o O'={b—z:2€ A}

Note that for each 1 <7 < b%

)

i)+ {5
o= |2] wa {11,

Summing this over 1 < i < 6;21, we obtain

and thus

S

—1 bfl

WEDILIED TS ot

i=1 zeA’ yeB’

1t
1

.
I

Therefore,

b —1 b_le'
t( 3 )zb;{[fj+2x+2y. (2.39)

zeA’ yeB’

Thus, we need to know more about the parity of the sum 4 @ + >° cp y. For this, we

make the following observations which are easy to verify.
e B’ and C’ are disjoint sets.
e All elements of B’ and C’ lie between 1 and b%
o [B|+|C|="5

Thus, we find that B'UC' = {1,2,..., b_Tl} Therefore,

zx+zy—zz—

zeC’ yeB’

(2.40)

We also have

Zx—z — ) —b\A/\—Zx (2.41)

xzeC’ €A’ €A’

Since |A'| = |A], substituting (2.41) in (2.40), we obtain

b|A|—Zm+Zy—

zeA’ yeB’

(2.42)
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Since b is odd, from (2.39) and (2.42), we obtain

b—1

v ‘

L%J faj =t 8_1@— 1) (mod 2). (2.43)

.
I

The lemma now follows from (2.38) and (2.43).

2.9.3 Proofs of Theorems 2.14 and 2.15

We have shown that S’(a,b) satisfies all the four properties that uniquely characterize the
function T'(a, b). Therefore, these are same as expressions. That is, for all coprime positive

integers a and b,

T(a,b) = (—1) 7 2S00,

where

[WJ ia/2v2 (a)

Sa,b)= Y [WJ

=1

In particular, if b is odd, then T'(a,b) is just the Jacobi symbol (¢) given by

b2-1 IFTl ia/202(a)
<Z) _ (_1)< E vz(a)Jri:z:1 {4/ 5 J) (2.44)

The equation (2.44) can be simplified using (2.34). Firstly, note that if a is odd, then from
(2.44), we obtain

b—

(Z) — (1) ; L%J_ (2.45)

Next, suppose a is even. Then, from (2.34), we obtain

% ia ia/2v2(a) 2 _
] [ inon

i=1

=

Then, from (2.44) and (2.46), we obtain

(5)- L) (247
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We can combine the cases when a is odd and even together. From (2.45) and (2.47), we

obtain
—1
2

(a) _ (_1)(1’281(a1>+jzltifj)

b

Next, we observe that this formula holds even when a is negative, because then

(£ (3)

Suppose a is an odd number. Then, the above result completes the proof of Theorem 2.15.
From Lemma 2.20 and Theorem 2.15, we immediately get the following connection
between Jacobi symbols and linear Diophantine equations. Recall that N, denotes the

number of nonnegative integer solutions of ax + by + 2z = a {%J .

Corollary 2.26. The Jacobi symbol (%) s given by

(3) - ot

Note that Corollary 2.26 generalizes Theorem 2.5. Using (2.43) and Theorem 2.15, one
immediately gets the proof of Theorem 2.14.

2.10 Proof of a generalization of Sylvester’s theorem

Recall from Chapter 1 that for given coprime positive integers a and b, and given k such
that 0 < k < (a —1)(b— 1), the symbol Ny(a, b; k) denotes the number of natural numbers
< k that can be expressed in the form az + by for nonnegative integers x and y. In this
section, we prove Theorem 2.27 and the Equivalence C in Figure 1.1. We restate Theorem
2.27 here.

Theorem 2.27 (Binner (2021)). Let a and b be coprime positive integers with b < a.
Further, let 0 < o < a be such that o = a (mod 2), and 3 = 2 V)(O‘Jra)J —b. Then

2a

S S BRCELICER
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Recall from Chapter 1 that Sylvester’s theorem can be obtained by setting o = a — 2 in
Theorem 2.27.

For coprime positive integers a and b and any natural number n, recall that N(a,b;n)
denotes the number of nonnegative integer solutions of ax + by = n. Then it is well known
that N(a,b;n+ab) = N(a,b;n)+1 (see [Tri00, Lemma 1]). Using this fact while generalizing

the proof of Lemma 2.21, we easily get the following result.

Lemma 2.28. Let a, b, d, and K be positive integers such that b < a, § < d < a,

ged(a,b) =1, and K = {%J. The number of nonnegative integer solutions of the equation
ar+by+z=>bd+aK

is equal to

(a—1)(b—1)
2

Generalizing the proof of Lemma 2.22 and then using Theorem 2.3, we obtain the fol-

bd+aK +1— + No(a,b;bd + aK — ab).

lowing result.

Lemma 2.29. Let a, b, d, and K be positive integers such that b < a, d < a, ged(a,b) =1,

and K = {%J. The number of nonnegative integer solutions of the equation
ax +by+z=0bd+ aK

s equal to
i X ia
2> {J +> {J +d+ K +1.
iglal HLb
The following lemma immediately follows from Lemmas 2.28 and 2.29.
Lemma 2.30. Let a, b, d, and K be positive integers such that b < a, § < d < a,
ged(a,b) =1, and K = {%J. Then

d | . K .
No(a,b;bd + aK — ab) = 2 (Z V;J _1_2 V{?J —dK) . (2d—a+1)2(2K—b+ 1)‘
=1 i=1

Using Lemma 2.30, it is clear that Theorem 2.3 is equivalent to the following theorem.

Theorem 2.31. Let a, b, d, and K be positive integers such that b < a, 5 < d < a,
ged(a,b) =1, and K = {%J. Then

9% —a+1)(2K — b+ 1
No(a,b:bd + ak — ab) = 24—+ )é b+1)

Observe that Theorem 2.27 is just another version of Theorem 2.31 obtained by setting
a=2d—aand f = 2K — b in Theorem 2.31. This completes the proof of Theorem 2.27

and its equivalence with Theorem 2.3 (the Equivalence C in Figure 1.1).
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2.11 Future directions

A combinatorial proof of Theorem 2.2 will be very interesting as it may also provide a
complete list of nonnegative integer solutions (z,y,z) of ax + by + cz = n. Moreover,
it may also help in providing answers to several other questions related to the equation
ax + by + cz = n, such as the Frobenius Coin Problem and its generalizations. For the
combinatorial proof of Theorem 2.2, a starting point might be to express the summations of
floor functions appearing in Theorem 2.2 as number of solutions of given linear Diophantine

equations, as demonstrated in the proof of Lemmas 2.4 and 2.20.
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Chapter 3

Berkovich and Uncu’s Conjectures
Regarding Partition Inequalities

3.1 Introduction

Let n be a nonnegative integer. Recall from Chapter 1 that a partition 7 = (w1, m2,...)
of n is a weakly decreasing list of positive integers whose sum is n, and we write |r| = n
to indicate this. We allow the empty partition as the unique partition of 0. Each m; is
known as a part of . For the remaining chapters, it is more convenient to use the notation
that expresses the number of parts of each size in a partition. In this notation, we write
7w = (151,2/2,..)), where f; is the frequency of i or the number of times a part i occurs in
m. Thus, each frequency f; is a nonnegative integer, and when f; = 0 this expresses that 7
has no part of size i. When the frequency of a number is 0, it may or may not be omitted
in the expression. In the latter notation, it is clear that || = > ;¢ - fi. Thus (4,4,2,2,1),
(11,2239 42 6°) and (1',22,42,5%) all represent the same partition of 13.

In this chapter, our main goal is to prove four conjectures of Berkovich and Uncu regard-
ing partition inequalities. In fact, we prove stronger results. The work done in this chapter
is published in [BR21]. We restate our main results, described in Chapter 1 and then prove
them. We begin by recalling some definitions from Chapter 1. For positive integers L, s and
k,

o I . is the set of partitions where the smallest part is s, all parts are < L + s, and k

does not appear as a part.

e Dy , denotes the set of nonempty partitions with parts in the set {s+1,..., L + s}.

Theorem 3.1 (Binner and Rattan (2021)). For positive integers L, s and k, with L > 3
and s+ 1<k <L+ s, we have

[{r € Top: Il = N} > [{n € Dy : 1 = N},
for all N > T'(s), where I'(s) is defined in (3.16).

o1



At this point, the precise value of I'(s) is not important. We have, however, stated Theorem
3.1 with the constant I'(s) inserted to emphasize that it is explicitly known and only depends
on s.

As remarked in Chapter 1, Theorem 3.1 generalizes Conjectures 1.12 and 1.13. We prove

Theorem 3.1 in Section 3.3.2. For the next conjecture, recall

e the series Hy, 51 (q) given by

_*(1-d") LN
HL,S,k’(Q) T (qs;q>L+1 <<QS+I§Q)L 1) ’

for positive integers L, s and k.

Elementary partition theory gives that for s + 1 < k < L + s, the coefficient of ¢V in
Hy s 1(q) is
{melpsp: |l =N} —{meDrs:|n[= N}

Conjecture 3.2 below is resolved by Theorem 3.3.

Conjecture 3.2 (Berkovich and Uncu (2019)). For positive integers L, s and k, with L > 3
and k > s+ 1, the series Hy, 5 1,(q) is eventually positive.

As remarked in Chapter 1, Theorem 3.3 below is stronger than all of these conjectures,

and Theorem 3.1, and will be a main focus of this chapter.

Theorem 3.3 (Binner and Rattan (2021)). For positive integers L, s and k, with L > 3
and k > s+ 1, the coefficient of ¢~ in Hy, s 1(q) is positive whenever N > T'(s), where T'(s)
is defined in (3.16).

Again, we emphasize that the bound given in Theorem 3.3 only depends on s, is explicitly
known, and is the same as the bound in Theorem 3.1.
We use Theorem 3.1 along with other results to prove Theorem 3.3 in Section 3.3.3.

Another main focus of this chapter is to prove Conjecture 3.4 in Section 3.4.

Conjecture 3.4 (Berkovich and Uncu (2019)). For L =3,
Gra(a) + ¢’ +4° +4"° = 0;
for L =4,
Gra(q) + ¢ +¢” = 0;

and for L > 5,
GLyg(q) + q3 > 0.

Remark 9. Our statement of Conjecture 3.4 differs slightly from the one given in [BU19], as

their statement is not strictly correct. In the case L = 3, the conjecture in [BU19] is stated
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as G32(q) + ¢ + ¢° = 0. However, it can be checked, either through machine computation
or by hand that the coefficient of ¢'°> in G32(q) is -1, and hence the discrepancy between
our statement and theirs. Subject to this minor modification, their conjecture is as stated

above.

Our proofs rely heavily on two results, the first of which is Sylvester’s lemma. As de-
scribed in Chapter 1, Sylvester’s lemma states that for natural numbers a and b such that
ged(a,b) = 1, the equation ax 4+ by = n has a solution (x,y), with 2 and y nonnegative
integers, whenever n > (a — 1)(b — 1).

In addition to Sylvester’s lemma, we also require the following simple lemma.

Lemma 3.5. Let s and n be positive integers such that n > s+ 1. Then the equation
(s+D)Xst1+(s+2)Xsq2+ -+ 25+ 1) X511 =n

has a solution (Xst1, Xst2,...,Xos+1), where X; is a nonnegative integer for all i.

Proof. We use the division algorithm to write n = (s+1)g+7r forsome ¢ > 1and 0 < r < s. If
r =0, setting X511 = ¢ with all other X; = 0 gives a suitable solution. Otherwise 1 < r < s,
and then

n=(s+1)(¢g—1)+(s+1+7).

Note that s+2 < s+ 147 < 2s+1, so setting Xq41 =¢q—1 and Xgy14, = 1 with all other

X; = 0 gives a solution, completing the proof. O

3.1.1 Recent proofs of the above conjectures

About eight weeks before we put a preprint of [BR21] on the arxiv, Zang and Zeng [ZZ20]
gave proofs of Conjectures 1.12, 1.13 and 3.2 in a preprint. We highlight the specific sim-
ilarities and differences between their proofs and ours, as well as the strengths of both
approaches. In our case, our approach almost always involves constructing an injective map
between the relevant sets of partitions, and those maps heavily rely on the properties of
Frobenius numbers. Furthermore, our approach allows us to give, in all cases, explicit bounds
for when the partition inequalities hold. In addition, our methods also allow us to prove
Conjecture 3.4.

In their work and ours, a crucial step is to prove Conjecture 3.2 and then use it to prove
the other conjectures. Another similarity is that the proofs of Conjecture 3.2 are separated
into two cases: the case with large L and k (compared to s) and the case with small L or

k. The comparisons between the two approaches to Conjecture 3.2 are as follows.

e An important achievement in both papers is to show that there exists an M, which
depends only on s, such that the coefficient of ¢ in Hy ,x(q) is positive whenever

N > M. Thus, our work and theirs both achieve this strengthening of Conjecture 3.2.
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They prove this strengthening only for max(s + 1,L) < k < L + s ([Z2Z20, Theorem
1.1]), while we show this for any & > s+ 1 (Theorem 3.3).

For large L and k, their proofs and ours are different, as are the lower bounds on
L and k for when these results hold. The bounds on N guaranteeing the coefficient
of ¢V in H L.s,k(q) is positive are similar. The lower bounds on L and k are lower in
our case (L > s+ 2 and k > 2s + 2) versus their case (k > L > 2s® + 552 +1). For
their results and ours, the coefficient of ¢V in the series H s x(q) is positive when N
exceeds a lower bound of order O(s®). However, their restriction on k, that k > L,
means that for a given s, if L becomes arbitrarily large, their result does not have this
lower bound on N for an arbitrarily large set of values of k, whereas in our case the
bound is valid whenever k > 2s + 2. This is especially important in the limiting case
L — oo. For example, for a given s, for any fixed k > 2s + 2, and any N > (25s)°,
our approach shows that the number of partitions of N with smallest part s and no
part equal to k is more than the number of partitions of N with smallest part greater
than s. On the other hand, their approach does not yield any such result since they
require k > L and here L — oo.

For small L or k, their approach and ours differ greatly. In [ZZ20], the authors use a
celebrated result of Frobenius and Schur (related to the Frobenius coin problem), which
states that for a set A = {aq,...,a,} of positive integers whose greatest common
divisor is 1, the number of partitions of a positive integer n whose parts are restricted

to A is approximately

nm—l

(m—1Dlay - am

This result is asymptotic in n, and it is unknown when this approximation is accu-
rate. In fact, even finding for which n onwards there is at least one such partition
is a well-known open problem; see [Alf05]. Therefore, the result of Zang and Zeng is
also asymptotic. In contrast, our methods are combinatorial, and we produce explicit
bounds on when Hi, 5 1(q) is eventually positive. For large L and small £ (L > 3s+3
and s + 1 < k < 2s + 1), our bounds are O(s'?), while for small L (L < 3s + 2), our
bounds are of the order O((63)(65)183>.

Some advantages of the proof of Zang and Zeng in this case is that it is short, elegant,
and easily understood. Also, their methods show an intriguing connection between
the present problems and the above mentioned theorem of Frobenius and Schur. They
further show, in [2Z20, Theorem 1.3], the eventual positivity of a series H} .., 1+ (q)
that generalizes the series Hp, 51 (q). In this case also, their results are asymptotic.
The chief advantage of our methods is that they produce explicit bounds, and they
also lead to a proof of Conjecture 3.4. Indeed, in [Z2Z20, Page 12], the authors state
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that techniques that produce explicit bounds on when Hy, 1 (q) is eventually positive

may lead to a proof of Conjecture 3.4. Our methods confirm this.

A final remark about our results is that while we find explicit bounds throughout this
chapter, we make no claims about the optimality of those bounds. The question of finding

the minimal bounds for when these results hold remains open.

3.2 The case when L is large for Theorem 3.1

In this section, we build to proving Theorem 3.1 when L is relatively large, by which we
mean L is larger than a constant times s. In each case, our lower bound on L is explicitly
stated. We begin with a case pertaining to Conjecture 1.12, and then later generalize those
arguments to prove the large L case of Theorem 3.1. The general technique used in this

chapter will be illustrated in this section.

3.2.1 The case when the impermissible part k is L+s—1, and L is relatively
large

In this section, we focus on the case k = L+s—1 in Theorem 3.1 with L > s+ 3. That is, we
are considering the case Cr, 5 (or equivalently Iy, s 145—1) when L > s+ 3. This corresponds
to the case of L > s+ 3 in Conjecture 1.12.

For any s > 1, define the quantities:

e F(s)=(10s —2)(15s — 3) + 8s;
o k(s)=(12s=1)((s+1)+(s+2)+---(F(s) = 1)) + 1.
The number x(s) serves as M in our proof of Conjecture 1.12 when L > s+ 3.
Theorem 3.6. If s and L are positive integers with L > s+ 3 and N > k(s), then
HreCrs:|m| =N} >|{mr € Dps:|n|=N}.
Proof. We construct an injective map
p:{mreDps:|r|=N} = {reCrs:|r|=N}.

To show strict inequality, at the end of the proof we show that there is an element in the
codomain of ¢ not in its range.
For m € Dy ,, the image of 7 under ¢ is given in cases depending on the frequency of

L 4 s —1 in 7. Hence, for brevity, we set f = fr41s-1, so any m € Dy, has the form

= ((s+ 1), .. (L+s—1)7,(L+s)r+).
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Our definition of the image of m under ¢ is given in two cases, when f = 0 and when
f > 1, and each case contains several subcases. Our strategy for ensuring ¢ is injective
is to have images of partitions under ¢ from different cases have different frequencies of s,
while ensuring that in each case itself ¢ is injective. To make our strategy and arguments on
injectivity clear, we summarize in Table 3.1 the frequencies of s in partitions in the image of
¢ for each case. As the right hand column of Table 3.1 contains disjoint sets, the frequency
of s in a partition in the image immediately determines from what case its preimage comes.

Then we only need to ensure that ¢ is injective in each case.

Case Possible frequencies of s
1(a) Multiples of 12
1(b)(i) 15

1(b) i) 2

1(b) (iii) 2,4,6,8

2(a) Odd numbers other than 15
2(b) 14

Table 3.1: The frequency of s in the image of a partition under the function ¢ in the different
cases for Theorem 3.6.

Case 1: Suppose f = 0 in 7. In this case, we obtain ¢(7) by inserting some number of
parts equal to s into the partition 7; as f = 0, we do not need to remove the parts of size
L+ s—1, but must compensate by altering the other parts of 7. The number of parts equal
to s to be inserted into 7 is given by the subcases below.

Case 1(a): Suppose that there exists m such that s +1 <m < F(s) — 1 and f,, > 12s.

Let mg be the least such number. Then define
p(m) = (s, (s + 1)fo+1 mg’”f”s, ce).

We can see that ¢ is injective in this case because from the frequency of s in ¢(7) we can
easily determine mg, and from this 7 can be recovered.

Case 1(b): Suppose that the condition of Case 1(a) does not hold. That is, for every m
such that s+ 1 <m < F(s) — 1, we have f,,, < 12s — 1. Note that if such partitions do not
exist, then Case 1(b) does not arise and there is no need to construct an injection. Since
N > k(s), we must have L + s > F(s), and also there must exist an h > F(s) such that

fn > 0. Let [ be the least such number. Thus, we can write 7 as
m=((s+ 1)1, (F(s)—D)fre— 17 ).

We have some further subcases.
Case 1(b)(i): If fss4+1 > 1 and fips—1 > 1, then define

p(m) = (s, (s + 1)Fs+1, ... (Bs + 1)5s+17L (105 — 1)T10s-171 )y,
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The injectivity of ¢ is clear in this case.
Case 1(b)(ii): If fss41 =0 or fios—1 = 0 and fss42 > 1 and fi5s—2 > 1, then define

$(m) = (52, (s + 1)fs1, ... (5s + 2)fsr27L | (155 — 2)fsa271 ),

The injectivity of ¢ is also clear in this case.
Case 1(b)(iii): If fss+1 = 0 or fi9s—1 = 0 and fss42 = 0 or fi55—2 = 0. Then at least one

of the following statements is true:

° T1: f53+1 =0 and f5s+2 = 0;
o 15 fser1 =0 and fiss—2 = 0;
o T3: fios—1 = 0 and f5s42 = 0;

° T4: f105_1 =0 and f153_2 = 0.

The indices in each of the statements are intentionally chosen to be coprime with each other.
For example, let us show that 5s + 1 and 15s — 2 are coprime. If g = ged(5s + 1,155 — 2),
then g | (5s + 1) and ¢ | (155 — 2). But then ¢ | 3(5s + 1) — (155 — 2) = 5. Therefore, g = 1
or g =5, but g # 5 since 51 (5s + 1). The other pairs can be shown to be coprime with
similar ease.

Since F'(s)—8s = (10s—2)(15s—3) and the aforementioned indices in each statement are
coprime, by Sylvester’s lemma the following equations have nonnegative integer solutions
for all m > F(s):

58 4+ D) + (58 + 2)ym = m — 2s;

5s 4+ 1)z + (158 — 2)w,, = m — 4s;

10s — Duy, + (5s + 2)v,, = m — 6s;

(
(
(
(10s — 1)pm, + (155 — 2)@y, = m — 8s.

That the lower bound on m is sufficient for all the equations to have nonnegative integer
solutions follows from the lower bound being sufficient for the last equation to have such
solutions; there the lower bound on m is the one specified by Sylvester’s lemma. For each
m > F(s), fix some values of Z,,, Ym, Zm, Wm, Um, Um, Pm and g, that satisfy the equations,
and keep these values fixed throughout the proof. Recall that | was defined to be the least

number greater than or equal to F'(s) that appears with nonzero frequency in the partition

7. Then we have the following cases:

e if T3 is true, define

o) = (s, (s + 1)+, . (Bs+ 1)%, (5s + 2)%,..., (F(s) = 1)/re-1 1=t )
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e if T is false and T5 is true, define

P(m) = (s*, (s+1) /541, (Bs+1)™, ... (15s=2)", ... (F(s)=1)Tr@—1 1A=t ),

e if 77 and T5 are false and T3 is true, define

d(m) = (5, (s+1)/s+1, .. (5s+2)%, ..., (10s—1)", ... (F(s)=1)/re-1 . 1h=t )

e if T7, Ty and T3 are false and Ty is true, define

o(m) = (85, (s+1) /=41, . (10s—1)P1 ..., (155—2)%, ... (F(s)=1)re— i1 ).

The function ¢ is injective in Case 1(b). To see why, given a partition # = ¢(7) whose
frequency of s is 2, 4, 6 or 8, we can recognize 7 as coming from this case. Then if, for
example, the frequency of s in 7 is 2, then 77 is true, and the frequencies of 55 + 1 and
5s 4+ 2 in 7 give the values of x; and y;, respectively. Then, from the defining equation for
x; and y;, given by

(5s + 1)z; 4+ (bs +2)y; =1 — 2s,

we can recover [. From there it is easy to find 7. A similar argument applies if the frequency
of sin 7 is 4, 6 or 8. Thus, in all of Case 1(b), ¢ is injective.

This completes the description of ¢ for the case f = 0. Note, in aggregate, the function
¢ is injective in Case 1. If # = ¢(7), then the frequency of s in 7 indicates from which
subcase m comes and, as shown above, 7 is then recoverable.

Case 2: Suppose f > 1. Hence, to produce the image of m under ¢ in this case, we must

remove all parts of size L + s — 1. Recall, 7 has the form
m=((s+ 1)+, (L+s—1), (L+s)/t).
Since L > s+ 3, we have (L —s—1)j > 1 for all j > 1, and therefore
(L+s—1)j—s(2j—1)>s+1. (3.1)
Then, by Lemma 3.5, for all j > 1, the equation
(L+s—1)j=s2j—1)+(s+1)rss1;+ (s+2)rsq2;+ -+ (25 + 1)rost1j (3.2)

has nonnegative integer solutions rgi1;,7s42j,...,72s+1,5- For each j > 1, fix a solution

Ts+1,55 Ts+2,55 -5 T2s+1,5-
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Case 2(a): Suppose f # 8. Since L > s+ 3, we have L + s — 1 > 2s + 1. Define

¢(F) = (32f717 (S + 1)fs+1+7'5+17f7 ey (23 + 1)f2s+1+7'25+1’f7 (28 + 2)f23+27

(L4 s—2) rr2 (L4 5= 1)0 (L + s)Tt+e). (33)

The case f = 8 is dealt with separately below to ensure injectivity of ¢ since then 2f—1 = 15,

and the frequency of 15 for s in partitions in the image of ¢ has already been used in Case

1(b)(i).
Case 2(b): Suppose f = 8. It follows from (3.1) that

8(L+s—1)—15s > s+1,

and thus
8(L+s—1)—14s>s+1.

Therefore, by Lemma 3.5, the equation

8(L+s—1)=14s+ (s+ Dtsp1 + (s + 2)tsp2 + - - + (25 + 1)tass1 (3.4)
has a nonnegative integer solution. Fix a solution ts11,ts42, ..., t2s+1 of this equation. Thus,
for

T=((s+ 1) (L+s—1)8 (L+s)/t+),
we define

qb(w) — (8147 (S + 1)fs+1+ts+l’ e (28 + 1)f25+1+t23+17 (25 + 2)f25+2’
e (L + 5 — 2)fL+sf27 (L +s— 1)0’ (L + S)fL+S).

To see why ¢ is injective in Case 2, suppose @ = ¢(m) and the frequency of s in 7 is either
an odd number not equal to 15 or 14. In the former case, from the frequency of s, we can
determine f = fris—1 from (3.3) for its preimage; then from (3.2), one can determine the
constants rs41,f,...,T2s41,f- From this, it is clear the partition 7 can be reconstructed, so
¢ is injective in Case 2(a). In the latter case when the frequency of s is 14, we can apply a
similar argument using (3.4). We conclude ¢ is injective in Case 2.

We refer the reader back to Table 3.1 to note that the map ¢ is injective overall. If
7 = ¢(m), then the frequency of s in 7 gives the case from which 7 came, and in each case
itself ¢ was shown to be injective.

The injection above shows that

[{x € st | = N}| 2 |{r € Drs : x| = N},
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for every N > k(s). To complete the proof of Theorem 3.6, we prove that the inequality is
in fact strict. To show this, we find a partition of NV that is in Cf, s but not in the image of
¢. Since N > k(s) is large enough, by Sylvester’s lemma, there exist nonnegative integers
zo and yg such that

N =10s + (s + 1)xo + (s + 2)yo.

Consider the partition A\y = (s, (s +1)*¢, (s +2)%) of N. Since L > 3 we have L +s—1 >
542,80 Ay isin Cp, . However, the partition Ay is not in the image of ¢ since the frequency
of s in Ay is 10, and 10 does not occur as a frequency of s in a partition in the image of ¢
by Table 3.1.

O

3.2.2 Generalizing Theorem 3.6 if the impermissible part £ is large

A careful analysis of the proof of Theorem 3.6 in the previous section shows that we have
not used the fact that the impermissible part is one less than the largest allowable part.
Therefore, the proof can be extended for a general impermissible part k£ under some restric-
tions. We presented the proof for £ = L 4 s — 1 in the previous section first to keep the case
analysis simpler, and illustrate our techniques for the later proofs. In the proof below, we
explain how the proof of Theorem 3.6 can be easily generalized.

We modify the definitions of F(s) and (s). For s > 1, define the quantities:

o ['(s) = (21s —2)(35s — 3) + 8s;
o '(s)=(12s—1)((s+ 1)+ (s+2)+ - (F'(s) — 1)) + 1.
Theorem 3.7. Suppose L, s and k are positive integers such that L > s+ 2 and 2s + 2 <

k<L+s. Then
{m€lp sk [n] =N} >|{m€ Dpy:|n[ =N},

for any N > K/(s).

Proof. The proof of Theorem 3.7 is the same as the proof of Theorem 3.6 with L + s — 1
being replaced with k everywhere, with some minor modifications. Note that we do not
replace L + s with k 4 1; we only change the impermissible part from L 4+ s — 1 to k. Since
k> 2s+1, when L + s — 1 is replaced by k, the crucial equation (3.1) becomes

kj—s(2j—1) > s+1,

and holds for all j > 1. The condition k& > 2s+2 is required to ensure that the impermissible
part k is different from 2s + 1, which may have been added as a part in the analogue of
(3.2) given by

kj=s2j—1)+(s+ Drepr;+ (s +2)rs25 + -+ (25 + Drasq
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Finally, we observe that the proof of Theorem 3.6 requires modification if the impermis-
sible part k is one of the numbers 5s + 1, 5s + 2, 10s — 1 or 15s — 2 because, to produce
the image of a partition under ¢, these numbers were added as parts in Case 1(b). If & is
one these numbers, then we can repeat the same proof with the numbers 5s + 1, 5s + 2,
10s — 1 and 15s — 2 replaced with 7s 4+ 1, 7s 4+ 2, 21s — 1 and 35s — 2, respectively, and it is
this modification that necessitates changing the constants F(s) and (s) to F'(s) and «/(s),
respectively. Note that for s = 1, the numbers 10s—1 and 7s+2 coincide and are equal to 9.
Thus, for s =1 and k& = 9, we choose a set of numbers different from 5s+ 1, 55+ 2, 10s — 1
and 15s — 2 (6, 7, 9 and 13 when s = 1). The choice of 7, 13, 21 and 29 (instead of 6, 7, 9
and 13) solves the problem for s = 1 and k = 9. These are all the necessary modifications

needed to obtain a proof of the theorem. O

3.2.3 An analogue of Theorem 3.6 if the impermissible part k is small

Theorem 3.7 requires the condition & > 2s + 2. The next theorem focuses on when s+ 1 <
k <2s+1. For s > 1, we modify F(s) and «(s) as follows:

o F(s) = (120s(s + 1) — 2)(180s(s + 1) — 3) + 420s(s + 1);
o x"(s)=(300s(s+1)—1)((s+ 1)+ (s+2)+ - (F"(s) = 1)) + 1.

Theorem 3.8. Suppose L, s and k are positive integers such that L > 3s+ 3 and s+ 1 <
k<2s+1. Then

Hmelpsy:|n| =N} >|{me€Dps:|r| =N},

for any N > k" (s).

Proof. Although the proof of Theorem 3.8 is similar in style and essence to that of Theorem
3.6, it requires several more substantial modifications, so we explain them in detail.

We again construct an injective map
p:{meDrs:|n|=N} =>{nelpsp:|m|=N}.

To show strict inequality, at the end of the proof we show that there is an element in the
codomain of ¢ not in its range.
For m € Dy, 4, the image of m under ¢ is given in cases depending on the frequency of k

in 7. Hence, for brevity, we set f = f. So any m € Dp, s has the form
= ((s+ D)1 kT (L4 s) i),

Our definition of the image of m under ¢ is given in two cases, when f > 3 and when f < 2,

and each case contains several subcases. Our strategy for ensuring ¢ is injective is, like in
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Theorem 3.6, to have the image of partitions under ¢ from different cases have different
frequencies of s.
Case 1: Suppose f > 3. Then there exists a unique j(f) > 0 such that

(60(s+1)—=3)j(f)+3<f<(60(s+1)=3)y(f)+1)+2.

We regard j(-) as a function from {3,4,...} to the set of nonnegative integers. Because

k> s+ 1, for any ¢ > 3, we have
ki—s(i+3j(i) —2) > 2s+ 2.
Then, by Lemma 3.5 (applied with s replaced by 2s 4 1 there), for all ¢ > 3, the equation
ki=s(i+35(i) —2) + (25 + 2)rosqo,i + (25 + 3)rosys,i + - + (4s + 3)rass3 (3.5)

has nonnegative integer solutions rosy2;,72s43,i,- - ., 74s+3,- For each ¢ > 3, fix a solution
T2542,i> T2543,is - - - » Tds43,4- oince L > 3s+3, we have L+s > 4543, and so 25s+2,...,45+3

are valid parts for partitions in Dy, ;. Define
p(m) = (sFHD=2 k0 (25 2)Pretrasias L (4s ) Fasratrasiag ),

Note that because s+ 1 < k < 2s+ 1, the frequency of k in ¢(m) is genuinely 0, as it is not
one of the parts whose frequency has increased.

To see why ¢ is injective in Case 1, note that each member of the set
V ={i+3j(i)—2:i>3)

is uniquely determined by its defining value of 4; if i > 4’, then j(i) > j(i'), so i+3j(i) —2 >
i 4+ 3j(i") — 2. Thus, if # = ¢(x), and the frequency of s in # is in V, we can reverse
the process above. From the frequency of s in @, we can recover f; from there we can use
f, 3(f) and (3.5) to determine the constants ros o f,72s43,f, -, 74s+3,f- From this point,
determining 7 is straightforward. We note here, for showing that ¢ is injective overall later,
that the members of V are congruent to 1,2,3,4,...,—3 modulo 60(s + 1). That is, no
member of V' is congruent to 0, —1 or —2 modulo 60(s + 1).

Case 2: Suppose f < 2. As in Case 1, to obtain the image of a partition under ¢, we
must remove the parts of size k (if any) and insert parts of s. To ensure |¢(7)| = |7|, we
must alter the frequencies of other parts to compensate. The number of parts equal to s to
be inserted into 7 is given by the subcases below. We describe all subcases of Case 2, and
then discuss why ¢ is injective in Case 2.

Case 2(a): Suppose that there exists m such that s +1 < m < F"(s) — 1 and f,,, >
300s(s + 1). Let mg be the least such number. Notice that mg # k because f < 2. Then
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define
(m) = ($3006+Dmo—S (g 4 PyFerr RO (s k)ferntd | fmoT300s(H )y

Case 2(b): Suppose that the condition of Case 2(a) does not hold. That is, for every m
such that s+1 < m < F”(s) — 1, we have f,,, < 300s(s+ 1) — 1. Note that if such partitions
do not exist, then Case 2(b) does not arise and there is no need to construct an injection.
Since N > k' (s), we must have L +s > F"(s), and also there must exist an h > F”(s) such

that fn > 0. Let [ be the least such number. Thus, we can write 7 as
= ((s+ D,k (F(s) = D) e ).
We have some further subcases. To ease notation, we define the following quantities:

o o =60s(s+1)+1;
o B=060s(s+1)+2;
o v =120s(s 4 1) — 1;
o §=180s(s+1) — 2.

Note that the quantities «, 3, v and ¢ are chosen such that they are distinct from k and

4 a? 6’776 < F”(s)7
e ged(e, f) = ged(a, 0) = 1,

o gcd(y,B) = ged(y,0) =1,
o a+v=180s(s+1),
o S+6=240s(s+1).

Case 2(b)(i): If fo > 1 and f, > 1, then define

p(m) = (s1806HD=S (s 1) KO (s k)RS adem L T ).
Case 2(b)(ii): If f, =0 or f, =0 and fg > 1 and f5 > 1, then define

p(m) = ($P0OCTD=F (s 1) K0 (s k)RS plemt e ).

Case 2(b)(iii): If fo, = 0or f, = 0and fg = 0 or f5 = 0, then at least one of the following

statements is true:
e T1: fo =0and fg =0;

o I f,=0and f5 =0;
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o T3: f, =0and fg=0;
o T): fy=0and f; =0.

Since F"(s) —420s(s + 1) = (v — 1)(6 — 1), and since the relevant numbers are coprime,
by Sylvester’s lemma the following equations have nonnegative integer solutions for all
m > F"(s):

AT + BYm = m — 60s(s + 1);

azm + 0wy, = m — 120s(s + 1);
YU + Bvm = m — 360s(s + 1); (3.6)
YPm + 0¢m = m — 420s(s + 1).

That the lower bound on m is sufficient for all the equations to have nonnegative integer
solutions follows from the lower bound being sufficient for the last equation to have such
solutions; there the lower bound on m is the one specified by Sylvester’s lemma. For each
m > F"(s), fix some values of T, Ym, Zms Wi,y U, Um, Pm and g, that satisfy the equations,
and keep these values fixed throughout the proof. Recall that | was defined to be the least
number greater than or equal to F”(s) that appears with nonzero frequency in the partition

7. Then we have the following cases:

e if T} is true, define

o(m) = (860(s+1)—f7 (s + 1)fs+17 o k,O’ (s + k)fs+k+f T 3
(P = Do L

e if Ty is false and T5 is true, define

p(m) = ("206FD=F (s 1) KO (s k)RS e e
L (F(s) = 1)rre— A,

e if T7 and T5 are false and T3 is true, define

G(m) = (8T (s D)ot RO (s k)T g
L (F"(s) = 1) rre- A,

e if T, T5 and T3 are false and T} is true, define

p(m) = (s*206HD=F (s 1) forr RO (s k)RS AP s
L (F(s) = 1)frre- AT,
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Note in all cases ¢(m) has at least one part of size s, no parts of size k, and all parts are
< L+s,s0 ¢(m) € Ir, 5 . Define the following sets:

o V1 ={60(s+1)i:i>1};
o Vo, ={60(s+1)i—1:i>1};
o V3={60(s+1)i—2:i>1}.

Note that the frequency of s in a partition in the image of ¢ in Case 2 lies in Vi, V5 or V3
according to whether f is 0, 1 or 2, respectively. To see why ¢ is injective in Case 2, suppose
7 = ¢(7) and frequency of s in 7 lies in one of those three sets. This frequency can be a

member of one of two sets:

{300i(s+1)—h:i>2, h=0,1,2} or {60i(s+1)—h:i=1,2,3,4,6,7, h=0,1,2}.

(3.7)
The former set of values pertains to Case 2(a), while the latter to Case 2(b). These possible
values for the frequency of s in 7 distinguish which subcase 7 comes from. Say, for example,
the frequency of s in 7 is 120(s + 1) — h for some h = 0, 1,2. From this, we recover f as h.
We also know from the frequency of s in 7 that for 7 the condition 77 above is false, but
T is true. Hence, the frequencies of « and ¢ in 7 give the values of z; and wy, respectively.
We can then use the second equation in (3.6) to find the value of I. Once the value of [ is
known, we can reconstruct w. When the frequency of s in 7 is some other value in the sets
given in (3.7), we can similarly reconstruct 7.

Finally, we note that ¢ is injective overall. As discussed in both Cases 1 and 2 separately,
¢ is injective. However, the sets V, V1, V5 and V3 are all pairwise disjoint. Indeed, members of
V1, Vo and V3 are congruent to 0, -1 and -2 modulo 60(s+ 1), respectively, whereas members
of V, as noted in Case 1, are not congruent to 0, -1 or -2 modulo 60(s + 1). As these are
the possible values of the frequency of s in a partition in the image of ¢, they distinguish
the different cases for preimages under ¢, and we conclude that ¢ is injective.

The injection above shows that
{r € Inop s Inl = N} = [{m € Dpy : 7] = N},

for every N > k”(s). To complete the proof of Theorem 3.6, we prove that the inequality
is in fact strict by finding a partition of N that is in Iy, ; , but not in the image of ¢. Since
N > k"(s) is large enough, by Sylvester’s lemma, there exist nonnegative integers zy and
yo such that

N =480s(s+ 1) + (2s + 2)xo + (25 + 3)o.

This gives a partition Ay = (s*¥00+1) (25 + 2)7 (25 + 3)%) of N that is in I7 4 (because
s+1<k<2s+ 1), but not in the image of ¢ since the frequency of s in Ay is 480(s + 1).

This is different from the frequencies of s in partitions in the image of ¢. O
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3.3 Proofs of Theorems 3.1 and 3.3

In Section 3.3.1, we prove Hy, 5 1(q) is eventually positive for s+1 < k < L+s (Theorem 3.9).
The bound M for which N > M guarantees the coefficient of ¢"¥ in Hy ¢ x(g) is positive
is initially given as depending on L and s, so we do not immediately obtain a proof of
Theorem 3.1. However, from this result, and results in Section 3.2, we are able to obtain a
quick proof of Theorem 3.1 in Section 3.3.2. As noted in Section 3.1, Conjectures 1.12 and

1.13 can be obtained as corollaries of Theorem 3.1. In Section 3.3.3, we prove Theorem 3.3.

3.3.1 Thecase s+1<k<L+sfor Hp,(q)

For positive integers L > 3 and s, define:

o PLy=(s+1)(s+2)...(s+L);

- (PL(f:f’S_l)L+2 +((P2,-1)L-2) PL7S> .

The number (L, s), which only depends on L and s, serves as our bound M in the next

theorem.

Theorem 3.9. For positive integers L,s and k, with L > 3 and s +1 < k < L + s, the
inequality
{m e lpsn:|m| =N} >[{m e Drs:|r[ =N}

holds for every N > ~(L,s).

Proof. For N > ~(L, s), we construct an injective map
pi{reDps:|n|=N} —{nelpsp:|m|=N}.

To show strict inequality, at the end of the proof we show that there is an element in the
codomain of v not in its range.

We shall separate our argument into cases and subcases depending on the frequencies of
parts of 7 = ((s+1)fs+1, ... kfk ... (L4 s)/t+s) in the domain. The part whose frequency
defines the cases is k; hence, to simplify notation, we set f = fi, so a partition in the domain
has the form

m=((s+ 1), kS (L4 s)E+s).

Case 1: Suppose f = 0. Since N > ~(L, s) is large enough, there is an m such that
s+1<m<L+sand f,, >s. Let mgy be the least such number. Clearly, the number my

cannot be k, since f = 0. Then define
B(r) = (57 (5 1)1, Iy,
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As fr, = f =0, and the frequency of s > 0 in ¢(m), we see that (7)) € I 5.
It is clear that 1 is injective on the domain in this case, and the frequency of s in a

partition in its image is in the set
Up={s+1,...,L+s}.

Case 2: Suppose f # 0 in m. We have some subcases. As the partitions of Iy, 3 have no
part equal to k& but must have a part of size s, to obtain ¢ (7) from 7 we remove the parts
of size k and add parts of size s, and compensate in some way so that |¢(7)| = |r|. Choose

«a and B as follows:
o if k £2£s+1and k # s+ 2, then choose a =1 and 8 = 2;
e if k=541, choose « =2 and 8 = 3;
o if k=542, choose a =1 and = 3.

Since L > 3, we have s+ 1 < s+ a < s+ 8 < L + s. Importantly, & and S are chosen so
that k # s+« and k # s+ . Furthermore, the numbers s+ a and s+ § are coprime except
possibly when k& = s+ 2; in that case, if s is odd, the greatest common divisor of s+ « and
s+ B is 2. The case k = s + 2 with s is odd will require special treatment below because of
this.

Case 2(a): Suppose 7 has f > Pis. For any j > Pg’s, let h(j) be the integer satisfying
Pg’(g ) <j< Pf’(g )+1, and consider the set

Ua:{j+(h(j)_3)PL,s_2:jZpg,s}'

Clearly every j > Pg’ < gives a unique member of U,. Conversely, from each member of U,,
its defining value of j can be recovered; if j > j', then h(j) > h'(j), so j+(h(j)—3)Prs—2 >
J+ (b)) = 3)Ppy — 2.

As N > (L, s), it is easy to verify, for any j > Pis, that

kj=s(j+ (h(j) =3)PLs —2)+ (s +a—-1)(s+ B —1).

Therefore, if kK #£ s+ 2, or kK = s+ 2 and s is even, by Sylvester’s lemma, since s + a and

s+ B are coprime, for any j > Pa s, the equation
Kj = G+ (h() — 3)Ppa —2) + (s + o) + (s + By (3.9)

has nonnegative integer solutions x; and y;.
We noted earlier that when £k = s+ 2 and s is odd then s+ a=s+1and s+ 8 =s+3
have a greatest common factor of 2, so we cannot immediately apply Sylvester’s lemma to

obtain x; and y; in (3.9). We can however overcome this difficulty as follows. We note that
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since Pp, s is even, kj — s(j + (h(j) — 3)Pr,s — 2) is also even for all j and is greater than or
equal to (s + 1)(s+ 3). Thus, it follows that

_ kj—s(j+ (h(j) =3)Prs —2)

© 2

is an integer greater than the Frobenius number of the coprime integers % and % Thus,

by Sylvester’s lemma, the quantity () can be expressed as a nonnegative integer combination
of =1 and ££3, which can be used to find solutions z; and y; to (3.9). So, even in the case
when k£ = s+ 2 and s is odd, (3.9) has nonnegative integer solutions.

In any case, for each j > ngs, fix a solution z; and y; to (3.9) and keep it fixed
throughout the entire proof.

Define

() = (sITWN=3P =2 (g4 q)foratar (s g)feretys KO ),

where it is understood that the part k is not precisely placed (it may, for example, be the
case that k < s+ ).

To see that 1 is injective in this case, suppose that 7 = 1 (7) and the frequency of s in
7 is in U,. As the defining values of members of U, can be recovered, we can recover f from
the frequency of s. Once f is found, we can use (3.9) to find zy and y;. From here, we can
easily recover .

We repeat the above strategy for the remaining cases. To that end, define the set
Uy ={P},+(h—4)Pps:h>3U{P} 4+ (h—4)Pp,+1:h >3},

noting that the union is disjoint. The reader is invited to confirm that 1) each member of
Up uniquely determines its defining value of h, and 2) the sets Uy, U, and U, are pairwise
disjoint. The image of m under ¢ in each of the remaining cases has its frequency of s lie
in Up. Hence it suffices to show that when 1) is restricted to the domain of the remaining
cases, it is injective.

The remaining case is when f < P57 o

Case 2(b): Suppose that 0 < f < Pis in 7. Since N > 7(s) is large enough, there exists
an h such that 1 < h < L and

farn = PITVRHORD) 4 (F = D)L+ (h - 2))Prs. (3.10)
For brevity of notation, for any 0 < i < P%’s and 1 < h < L set

mip = PUTVETOD 4 (- )L+ (h - 2)) Py,

68



We make a few key observations about the numbers m; 5, the first of which is that m; 5 € U
for any valid 7 and h. Second, each number m; ;, is determined uniquely by its defining value
of (i,h). To see why, if m;, = my p/ then, as the exponent in the first term of m;, is at
least three, we have

(i—1)L+h+2=@G—-1)L+h+2,

and thus h — b/ = (i — i) L. But since 1 < h,h’ < L, this implies that h = k', so i’ = i.
Let p be the least integer 1 < h < L for which (3.10) is satisfied. Notice that the

restriction on f prevents s + p from being k. By definition,

Fotp = myp. (3.11)

Notice that my,, is divisible by Pf, 5, and thus also by (s + p); hence, we can define j;, by

(s +Dp)ifp = smyp. (3.12)

From (3.11) and (3.12), it is easy to verify that

fs+p > jf,p + 2s.

For any integer u, we define 7, to be 1 if w is odd and 0 otherwise. One can easily verify
that for any 1 <t < Pis and any 1 < i < L, we have

2s(s+1) +th — s (Opsp2)nste > (s +a—1)(s+ 5 —1), (3.13)

We explain the peculiar term s (6 s42) 7s7:. As before, when k # s+ 2, or k = s+ 2 and
s is even, the numbers s + « and s + [ are coprime, so by Sylvester’s lemma, there exist

nonnegative integer solutions z;; and wy; such that
25(s+ 1) +th = 5 (Ops+2) st + (5 + @)z + (s + B)wy. (3.14)

When k = s+ 2 and s is odd, recall that s + a = s+ 1 and s + 8 = s + 3 are not coprime,
but we can remedy this issue as before. The term s (0y s42) 757 guarantees the left hand
side of (3.13) is even. We then apply the same fix as earlier: we divide the left hand side of
(3.13) by 2, and the result is greater than the Frobenius number of the coprime integers %
and % Then applying Sylvester’s lemma gives us nonnegative integer solutions to (3.14)
in this case as well.

In any case, for each 1 <t < ngs and 1 <i < L, fix a solution z;; and wy; to (3.14).

Let nsp be defined as my p, + (0k, s42) ns7f- Notice that ny, € Up. To obtain ¢ () from 7,
we add to 7 a part s with frequency ny,, reduce the frequency of s+ p by j;, + 2s, remove

the f parts of k and add (s + «) and (s + ) with frequencies of 27, and wy,, respectively.
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Case of w | Value of f | Possible frequencies of s in ¢(7).
1 f=0 Uy
2(a) f>Pi, Ud
2(b) |O0<f<Pf, Uy

Table 3.2: The possible frequencies of s in partitions in the image of 1.

Thus, if p # «, p # 5, we define
W(m) = (s”f,p, o (s a)fsretE e (s Bt e (s p) T Ire TR RO ) :
If p = «, we define
() = (5700, (s a)frretiramina =2 (s 4 g)ferstina, g0
If p = 3, we define
W(m) = (S”f,67 (s a)fsretEre o (s B)fsretwrsTire =2 g0 ) .

We first note that it follows from (3.12) and (3.14) that |7| = [¢0(7)|. As the frequency of s
in ¢ (7) is ny,p, it lies in Uy, as noted earlier. To see why 1 is injective in this case, suppose
that # = 1)(7) and its frequency of s has the form n¢,,. Recall, both f and p can be recovered
from my,. However, from n;, it is clear that we can recover my,; if ny, is divisible by
Pr, s, then my, = ny,, and otherwise my, = ns, — 1. Thus, f and p are recoverable from
n¢p as well. From there, using (3.12), we can determine j,. Furthermore, from f and p,
we can use (3.14) to determine 2y, and wy,. From this point, we can easily recover .

We summarize the possible frequencies of s in a partition in the image of 1) and the case
to which it pertains in Table 3.2. As discussed earlier, as Uy, U, and U, are pairwise disjoint,
the frequency of s in a partition in the image of 1 characterizes the case from which its
preimage comes. The injectivity of 1 over all cases follows from 1 being injective in each
case, which has been demonstrated.

The injection above shows that
{r € Ik i Inl = N} > [{m € Dp, : || = N},

for every N > ~(L,s). To complete the proof of Theorem 3.9, we must prove that the
inequality is in fact strict, so we find a partition of IV that is in Iy, s j but not in the image
of . Since N > ~(L,s) is large enough, by Sylvester’s lemma, there exist nonnegative

integers xo and yg such that

N =5(L+s+1+ (0ps+2)nsiN—1) + (5 + a)zo + (5 + B)yo- (3.15)
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This gives a partition
Ay = (SL+S+1+(5k,s+2)77377N7L, (s +a)™, (s + B)¥)

of N. Again, the term (dy s12) nsnn—1 is to ensure that (3.15) has a solution even in the
case k = s+ 2 and s is odd, as before. It is easy to see Ay has the desired properties. Its
frequency of s is either L + s 41 or L + s + 2 and its frequency of k is 0, so it is in Iz, .
Furthermore, it is easy to see its frequency of s is not a member of Uy, U, or Uy, so Ay is

not in the range of . O

3.3.2 Proofs of Theorem 3.1 and Conjectures 1.12 and 1.13

As noted earlier, while the bound in Theorem 3.9 depends on both L and s, we can use that
theorem in tandem with Theorems 3.7 and 3.8 to give a proof of Theorem 3.1. For that,
define

I'(s) =7v(3s+2,9), (3.16)

where (-, -) is defined as in (3.8).

Proof of Theorem 3.1. We show that if N > I'(s), the inequality
Hmelpsk:|n|=N} >|{meDps:|n| =N}

holds.

IfL>3s+3and 2s+2 <k < L+ s, then by Theorem 3.7 the inequality holds for all
N > K'(s).

However, if L > 3s+ 3 and s +1 < k < 2s 4+ 1, then by Theorem 3.8 the inequality
holds for all N > k" (s). Thus, combining these two results, we see that for L > 3s+ 3 and
s+1<k<L+s,if N> max(x'(s),x”(s)) then the inequality holds.

Finally, if 3< L <3s+2and s+ 1 < k < L+ s, then by Theorem 3.9 the inequality
holds for all N > v(3s+2,s) = I'(s). It follows that for all L > 3 and s+1 < k < L+ s, the
inequality holds for all N larger than the three constants ’(s),”(s) and T'(s). A simple
comparison reveals that I'(s) is the largest of the three constants, and we give a short proof
of this. First, an easy calculation shows that &/(s) < 107(s + 1)® and x”(s) < 101! (s + 1)°.
Next, we show that I'(s) is always larger than these numbers. Observe that Pssios >
(s+1)%%2 > 32 and thus (P, 5, — 1) > 1000. Using this, we find

P(s) = (35 +2,5) > Poog? |
> Py ¢
> (s 4 1)10003s+2)

Z (S + 1)5000
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> 24990(8 + 1)10

> max(r'(s), 5" (s)),

completing the proof. O
Remark 10. If s+ 2 < L < 3s+2 and k > 2s + 2, then we can use the bound «/(s) in
Theorem 3.7 instead of the larger bound ~(3s+2, s) suggested by the proof of Theorem 3.1.

As remarked in Section 1.2, setting k = L + s — 1 and £ = L in Theorem 3.1 proves
Conjectures 1.12 and 1.13, respectively. We state these separately, however, in the next

corollaries so that the bound M for when the partition inequalities hold is explicit.
Corollary 3.10. If L > 3 and s are positive integers, then

HmeCrs:|m| =N} >|{re€Dps:|r| =N} (Conjecture 1)
and

H{r € CLs:|ml=N} > |{mr € Drs:|r| = N}| (Conjecture 2)

for all N > T'(s), where I'(s) is defined in (3.16).

3.3.3 The proof of Theorem 3.3

In the previous section, we proved Theorem 3.1, and, as remarked in Section 1.2, this proves
Theorem 3.3 in the cases s+ 1 < k < L + s. We will, however, be able to use Theorem 3.1

to prove Theorem 3.3 in general. We first prove some lemmas.

Lemma 3.11. For positive integers L > 3, s and k > s+ 1, the difference Hp, s p15(q) —

Hy, s1(q) is nonnegative.

Proof. The lemma is stated in the simplest form that we need. We shall, however, prove a
stronger statement: for L,s and k as in the lemma, the difference Hy, ¢ 51i(q) — Hr s 1(q) is
nonnegative for all s <i < L + s.

We have

¢*TH (1 —¢")
(L=g%) (1 —g¥t) - (1 —ghts)

Hp skvi(q) — Hrsk(q) =
For s < i < L + s, the factor (1 — ¢%) in the numerator is also present in the denominator,
and so it cancels. Hence the difference Hy, ¢ ;+i(q) — Hr 5%(q) is nonnegative. O

From Theorem 3.1 and Lemma 3.11, it follows that Hp, s 1(q) is eventually positive for
all K > s + 1 whenever L > s. However, we are still left with various cases when L < s.

For example, if s = 10 and L = 3, then Theorem 3.1 shows that Hp s 1(q) is eventually
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positive whenever k is 11,12 or 13. Then, according to Lemma 3.11, the series Hy, 5 1(q)
is eventually positive whenever k is 21,22 or 23, which leaves the gap 14 < k < 20. To
complete the proof of Theorem 3.3, a close analysis of the cases covered by a combination
of Theorem 3.1 and Lemma 3.11 gives that when L < s it suffices to prove that Hr, 51 (q) is
eventually positive whenever L + s < k < 2s. We do so in Lemma 3.13, but before that we

need another lemma.

Lemma 3.12. For positive integers L > 3 and s, the coefficient of ¢V in the series

qs _ qLJrsfl

(2% @)L+
is positive whenever N > (s, s), where y(-,+) is defined in (3.8).

Proof. Given a natural number N,

e Ay is the set of partitions of N with parts in {s,..., L + s}, and s appears as a part

at least once;

e By is the set of partitions of N with parts in {s,...,L + s}, and L + s — 1 appears

as a part at least once.

Proving the lemma is equivalent to showing that |Ayx| > |By| for all N > ~(s,s). When
L > s+1, this is easy to show for all N > 1; if By is nonempty and m € By, remove a part
of size L + s — 1 from 7 and insert parts s and ¢, where t = L — 1 > s. This process clearly
defines an injective function from By to Ayxy. We must therefore deal with the case when

L < s. For that, given a natural number N,

e () is the set of partitions of N where the smallest part is s, all parts are < L + s,

and L 4+ s — 1 does not appear as a part;
e Dy is the set of partitions of N with parts in the set {s+1,..., L+ s};

e FEy is the set of partitions of N with parts in the set {s,..., L+ s}, and L+ s —1

does not appear as a part;
e Fy is the set of partitions of N with parts in the set {s,..., L + s}.

Notice that Cy = {m € CLs : |7| = N} and Dy = {7 € Dr 5 : |r| = N}. We could use
Corollary 3.10 here, but since L < s, we can use Theorem 3.9 to obtain a stronger bound
by setting k = L + s — 1 there; the inequality |Cn| > |Dy| then holds for all N > ~(s, s).
Since Cy C En, we also have |Ex| > |Dy| for all N > ~(s, s). Notice that By = Fy \ En
and Ay = Fy \ Dy. Hence |Ay| > |By| for all N > ~(s, s). O

As noted above, the following result completes the proof of Theorem 3.3.
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Lemma 3.13. For positive integers L, s and k such that 3 < L < s and L+ s < k < 2s,
the coefficient of ¢~ in Hy s x(q) is positive whenever N > T(s).

Proof. Our proof is by strong induction. The base case (kK = L+ s) has already been proven
in Theorem 3.1. Next, assume that for some ¢ such that L + s < i < 2s, the coefficient of
¢V in Hy, s j(q) is positive whenever N > I'(s) for all L+ s < j < i. We shall prove that the

coefficient of ¢V in H L,s,i+1(q) is also positive whenever N > I'(s). Consider the difference
¢*(g 2 — gt

(%) 111
z—L+2(qs _ qL+s—1)
(% 9) 111

Hpsiv1(q) —Hpsi—r42(q) =

q

Thus, from Lemma 3.12, the coefficient of ¢" in the difference Hrsiv1(q) — Hpsi—142(q)
is positive whenever N > 7(s, s) 4+ 2s (because i < 2s). It is easy to verify, for any positive
integer s, that T'(s) > 7(s, ) +2s. Thus, the coefficient of ¢V in Hpsiv1(q) — Hr si—1+2(q)
is positive whenever N > I'(s).

The induction hypothesis states that the coefficient of ¢V in H L,s,j(q) is positive when-
ever N >T'(s) for all L+ s < j <. Combining this with Theorem 3.1, the coefficient of gV
in Hy, 5 j(q) is positive whenever N > I'(s) for all s +1 < j <4. Since L > 3 and ¢ > L + s,
we have s +1 < i — L 4+ 2 < 4, and thus the coefficient of ¢V in Hy si—1+2(q) is positive
whenever N > I'(s).

Thus, we have shown whenever N > I'(s) that the coefficient of ¢’V in both the series
Hpsiv1(q) — Hrsi—1+2(q) and Hy, ;—142(q) is positive. This shows that the coefficient of

¢~ in Hy s;41(q) is positive whenever N > T'(s), completing the induction argument. [

We collect all of these results together to complete the proof of Theorem 3.3, which, as

noted in Section 1.2, generalizes Conjecture 3.2 and Theorem 3.1.

Proof of Theorem 3.3. Suppose N > I'(s). If L > s, then Theorem 3.1 and Lemma 3.11
immediately prove Theorem 3.3.

If L<sand s+1<k<L+ s, then Theorem 3.9 completes the proof of Theorem 3.3.
If L <sand L+ s <k <2s, then Lemma 3.13 completes the proof of Theorem 3.3. Thus,
combining these two cases, the theorem holds for L < s and s+ 1 < k < 2s. Since the result
holds for L < s and s+ 1 < k < 2s, an application of Lemma 3.11 covers the cases L < s

and k > 2s. This covers all cases and completes the proof. ]

3.4 Proof of Conjecture 3.4

In this section, we prove Conjecture 3.4, which pertains to the series G, 2(g). In [BU19],

Berkovich and Uncu found an alternative expression for G, 2(q).
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Theorem 3.14 (Berkovich and Uncu (2019)). For L > 3,

H
Grale) = 20,

From Theorem 3.3, we know that Hy 2 1(q) is eventually positive, as Hy, 2 1,(q) is the
particular case of s = 2 and £ = L in that theorem, and from there it can be shown that
Gr.2(q) is also eventually positive. However, to prove Conjecture 3.4, we need to prove
that the required series is not merely eventually positive, but that all its coefficients, with
the exception of a few small terms, are nonnegative. We therefore need a method for the
particular case s = 2 in the series Hp, 5 1(¢) that analyzes the coefficients of ¢" for small
n. As for the previous conjectures, our methods highly depend on Sylvester’s lemma and
Lemma 3.5.

Recall the following notation from Section 3.1, which we require throughout this section.

For a positive integer L > 3,

° 0272 = Iy, 2,1, denotes the set of partitions such that the smallest part is 2, all parts
are < L + 2, and L is not a part;

e Dy 5 denotes the set of nonempty partitions with parts in the set {3,4,..., L + 2}.

From (1.1), for N > 0, the coefficient of ¢"¥ in Hy, o 1(q) is
{meCLy:|ml =N} —{m € Dry:[n| =N}

We use this combinatorial interpretation along with Theorem 3.14 to obtain information
about G, 2(q). We prove the last part of Conjecture 3.4 by first proving it for large L (i.e.
L > 11), and then we prove it for smaller values (i.e. 5 < L < 10). The cases L = 3 and

L = 4 are done afterwards.

Theorem 3.15. For L > 11,
Gra(q) +¢* = 0.

Proof. For N > 3, we construct an injective map
p:{m€Drp:|n[=N} > {re€Cp,:|r|=N}.

For a partition 7 in the domain, we let f be the frequency of L, so 7w has the form
(35,..., LS ... (L + 2)/t+2). Our definition of the image of 7 under ¢ is given in two
cases, when f > 0 and f = 0, with the latter case containing several subcases. We describe
all the cases first, and show that ¢ is injective later. For the reader wishing to look ahead,
Table 3.3 contains a summary of the cases.

Case 1: Suppose f > 0. Since L > 11, for any ¢ > 1, we have (L — 8)i > 3, and thus

by Lemma 3.5 (applied with s = 2 there), there are nonnegative integers x;, y; and z; such
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that
Li = 8i+ 3x; + 4y; + 5z;.

For each i > 1, fix some values of z;, y; and z; and keep them fixed throughout the proof.
Define
o) = (24,80 fs qurtts sartls gle L0, (L +2)fe).

Case 2: When f = 0, to obtain ¢(7) from m, there are no parts of L to remove. Thus,
to obtain ¢(m), we must insert parts of size 2 into 7 and compensate in some way. For this,
we must consider several subcases. We denote the smallest part of © by s(m).

Case 2(A): When s(m) > 5, we define

o(m) = (24, (s(m) = 2)', (s(m) oL, ).

Case 2(B): Suppose s(m) < 4, so s(m) is either 3 or 4.
Case 2(B)(i): If f4 > 1, we define

b(m) = (22,387,401,

Case 2(B)(ii): Suppose fi =0, so s(m) = 3. We have further subcases.
Case 2(B)(ii)(a): If f3 > 2, we define

o(m) = (23,3f3—2,5f5, . ) .

Case 2(B)(ii)(b): Suppose f3 = 1. Then 7 = (3,5f5,...). Since N > 3, there exists
an m > 5 such that f,,, > 1. Let mg be the least such number. We have further subcases

depending on whether mg is odd or even.
Case 2(B)(ii)(b)(a): If mg is odd, we define

1\? -
(25(71'):(217307,_.7(777/0‘1‘ ) 7_..,WLgmo 1’__.> if mg > 5,

2
o(r) = (2,8%,4%,5571, ) if mo = 5.

In both cases, the part 3 and a part mg were removed from 7, and a part 2 and two parts

motl were inserted into 7 to obtain ¢(m). This ensures |¢(m)| = |r| regardless of the value

of my.
Case 2(B)(ii)(b)(B): If mg is even, we define

1 1
¢(7T): <21,3O,...,(W;[)> 7<ﬂ;()+1) 7”"nlgmo_l’”.) ifm0>6,

() (21,3,4, 50, 6fe=1 . ) if my = 6.
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In both cases, the part 3 and a part mg were removed from =, and a part 2, a part 5* and
a part 5% 4 1 were inserted into 7 to obtain ¢(m). This ensures |¢(7)| = |7| regardless of

the value of my.

Case Description of case foin ¢(m) | Next parts
1 f>0 mult. of 4 *
2(A) f=01]s(m)>5 1 s(m) — 2, s(m)T
2B | F=0 s <4 fiz1 2 .
2B | f=0]s(r) 4| =0 f>2 3 .
2(B)(ii)(b)(e) | f=0 | s(m)<4| fs=0]| fs=1| mo odd 1 (gt )
2B)(i)(b)(B) | f=0|s(m)<4| fa=0]| f3=1| mg even 1 e, 0 41
t s(7) may appear with frequency 0.

Table 3.3: The frequency of 2 in the image of a partition under the function ¢ in the
different cases for Theorem 3.15. The quantity my is defined in Case 2(B)(ii)(b). The column
“Next parts" indicate the second and third smallest parts, which are equal in the Case

2(B)(ii) (b)(e).

The map ¢ is easily seen to be injective in each case separately. To see it is injective
overall, observe that images under ¢ in most of the cases are separated by the frequency of 2;
the only cases in which images have the same frequency of 2 are Cases 2(A), 2(B)(ii)(b)(«)
and 2(B)(ii)(b)(8). The Case 2(B)(ii)(b)(«) is separated from the other two cases by the
frequency, 2, of the second smallest part. Finally, the Cases 2(A) and 2(B)(ii)(b)(3) are
separated by the difference between the second smallest and the third smallest parts; this is
1 for Case 2(B)(ii)(b)(8) and at least 2 for Case 2(A). These differences are listed in Table
3.3.

Thus we have shown that for N > 3,

{reCra:lnl =N} —{m € Dra:[n| = N} >0.

However, if N = 3, this is not true; it is easy to see that |{m € Do : |[r] = 3}| =1 and
{m € C} 5 : |7| = 3}| = 0. Furthermore, if N = 1,2, we easily find that [{r € C] 5 : [7] =
N} > [{m € Dra:|r| =N}

Let Hpo1.(q) = ano anq"™. Then the above combinatorial results imply that a,, > 0
for all n # 3, and a, = —1 for n = 3, whence Hp, 2 1(q) + ¢ > 0. We can in fact make a
stronger claim about the coefficients a,, when n > 14; we have a,, > 1 for all n > 14. To see
this, we find a partition of n in C7 5 not in the image of ¢. Recall L > 11. For n = 14, the
partition 74 = (2!, 3%) is in C7 o but not in the image of ¢. For n > 15, we have n —11 > 4,
and thus, by Lemma 3.5 (with s = 3 there), there are nonnegative integers x,, yn, 2, and
up, such that

n =11+ 4x, + by, + 62, + Tu,.
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For each n > 15, fix some choice of &, Y, 2, and u,. Thus 7, = (21,33, 4% 5Yn 6=n Tun)
is a partition of n in C7 5 not in the image of ¢.

Let Gr2(q) = >2,>0bng". To prove the theorem, we are required to show b, > 0
whenever n # 3, and b3 > —1. By Theorem 3.14, for any n > 0,

bp =an+an—p +an_or +---.

Using the division algorithm, we have n = Lg+r where 0 < r < L, and thus we can rewrite

b, as

q
by = aLitr- (3.17)
=0

If » # 3, then none of the terms on the right hand side of (3.17) are negative and thus
by, > 0 as required. If r = 3 and ¢ > 1, then from (3.17), we have b, > ar+3 + ag. Since
L > 11, we have L 4+ 3 > 14, and thus ary3 > 1, which implies b,, > 0. Finally, if r = 3 and
q =0, then b, = b3 = a3 = —1. ]

Next, we prove Conjecture 3.4 for 5 < L < 10.

Theorem 3.16. For 5 < L <10,

Gralg)+¢*= 0.
Proof. Let Nj, = w + 2; we give the values of Ny in Table 3.4. For 5 < L < 10 and

N > Ny, we construct an injective map

w:{WEDLQ:\ﬂ\:N}%{WGCz’Z:\W\:N}.

L |56 /|7 /8]9/ 10
Np [ 22129 | 37|46 | 56 | 67

Table 3.4: The table of values of Ny, versus L for 5 < L < 10.

We again let f be the frequency of L in m € Dy o; so, m = (3,47 . Lf .. (L +
2)f L+2), To define the image of = under the map v, we consider several cases depending on
f. We describe % first and explain why it is injective later.

Case 1: Suppose that f is a positive even number. Then define
() = (2%3]”3, LI (L )l
Case 2: Suppose that f is a positive odd number. Then define

P(m) = (2L(%)+173f3’ ooy (L= Q)foz-H’ o ,LO, o (L+ 2)fL+2) )
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Case 3: Suppose f = 0. Since N > Ny, is large enough, there exists an ¢ such that
3<i< L+2and f; > 2. Let ig be the least such number. Note that ig # L since f = 0.

We have further subcases depending on whether ig = L + 1 or not.
Case 3(i): Suppose ig # L + 1. Then define

() = (20,85, iR L0 (L + 2)/t+).
Case 3(ii): Suppose i9g = L + 1. Then define
p(r) = (22,35, (L= )= 2 L0 (L 4+ )02 L (L4 2)0e2).

It is easy to see that v is injective in each case. To see that i is injective overall, note
that the frequency of 2 modulo L in the image distinguishes the cases with one exception:
when ig = L + 1 and i9 = L + 2. The frequencies of 2 in the image in those cases are 2
and L + 2, respectively. However, while those frequencies are the same modulo L, they are
different numbers, so distinguish the cases. Hence the map 1 is injective.

Let Hp2,0(q) = X >0 aL,nq" and G2(q) = 32,50 bL,nq". Then, from Theorem 3.14, for
all n >0,

brn=arn+arn—r+arp—orL+ . (3.18)

From the injectivity of ¢, we have ar y > 0 for all 5 < L <10 and N > Np,. In fact, we
can show ar ny > 1 for all 5 < L <10 and NV > Ny,. To see this, we find a partition in 0272
that is not in the image of . For L. > 5, note that Ny, > 2L + 12. But from N > N, we
conclude N —2(L + 3) > 6. Hence, by Sylvester’s lemma, there are nonnegative integers xp,
and yy, such that

N =2(L+3)+3zr+4yr.

For each 5 < L < 10, fix some values of xy, and yr. Thus, there is a partition Ay, of N given
by
A = (283,370 qvr),

Note that Ay, is not in the image of ) since the frequency of 2 is L + 3, which is not possible
for any partition in the image of .

We are therefore left with determining the nonnegativity of az y when N < Np. Since
5 < L <10, the numbers ar, x for N < Ny, can easily be calculated by, for example, a short
Magma program. The negative values of ar y for 5 < L < 10 and N < Np, are given in
Table 3.5. In that table, we have also given the value of ar, n41 when ar n is negative.

Using (3.18) and Table 3.5, along with the facts that a5 2 = 1 and a7 = 1, we conclude
that by v > 0 for 5 < L <10 if N # 3, and by, 3 = —1. Hence, for all 5 < L < 10, we see
that Gr2(q) +¢* = 0. O

Finally, we prove Conjecture 3.4 for the cases L = 3 and L = 4 in the next two theorems.
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L | N|aLn |arnNtL
5 3 —1 2
5 7 —1 2
6 | 3 -1 1
71 3 -1 3
7 9 —1 10
8 3 -1 3
9 3 -1 4
10| 3 —1 5

Table 3.5: The values 5 < L < 10 and 0 < N < Ny, where ay, v is negative. Also given is
ar, N+L in those cases.

Theorem 3.17. For L = 3,
Gral))+¢+¢"+¢"° = 0.
Proof. For N > 43, we construct an injective map
¢p:{m € D3a:|n|=N} = {mreCiy:|n|= N}

Recall that each m € D3 has the form 7 = (3/3,4/1 5/5) and each partition in (3 has 2
as a part, but cannot have 3 as a part. We have cases depending on the frequency of 3 in
w. We fully describe ¢ and later show it is injective.

Case 1: Suppose that f3 is a positive even number. Then define

o(m) = (23?’,30,41“4,51”5) .

Case 2: Suppose that f3 > 3 is an odd number. Then define

() = (23(f32‘3)+2’30’4f4,5f5+1) '

Case 3: Suppose f3 = 1. Then m = (3!,4/45/5). Since N > 43, either f4 > 1 or f5 > 1.
We have further subcases based on these conditions.
Case 3(i): Suppose f; > 1. Then we define

o(m) = (230,471 5571).
Case 3(ii): Suppose f4 =0 and f5 > 1. Then we define

o(r) = (24,30,5f4—1) .
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n|0]1]23 |45 |6|7[8 9 (1011|1213 |14 | 15|16 | 17 |18

ap |0Oj0O|1}y-1j04-1}10}0}-1y1 0|1 |-1}2|-1]2]0]|2

Table 3.6: The values a,, for 0 < n < 18 in Theorem 3.17.

Case 4: Suppose f3 = 0. Then 7 = (474, 57). Since N > 43, either f; > 8 or f5 > 4. We
have further subcases based on these conditions.
Case 4(i): If f4 > 8, then define

o(m) = (21°,3°, 4775, 55).
Case 4(ii): If f4 < 7 and f5 > 4, then define
o(m) = (210’ 3074f4’ 5f5—4) '

In each case it is clear that we can recover 7 from ¢ (7). To see ¢ is injective overall, the
frequency of 2 in partitions in the image distinguishes the different cases; in Cases 1 and 2,
the frequency of 2 is congruent to 0 or 2 modulo 3, while in the other cases the frequency
of 2 is either 1, 4, 16 or 10. Thus, the map ¢ is injective overall whenever N > 43.

Let H323(q) = >_,>0ang" and G32(q) = 3_,,50 bng". From Theorem 3.14,

bn:an+an—3+an—6+"’~

The injectivity of ¢ shows that a,, > 0 for all n > 43. For n < 43, a, can be calculated easily
using a computer. It can be verified that a, is negative only when n is either 3, 5, 9, 13 or
15 and in all of these cases, a,, = —1. Table 3.6 contains the values of a,, for n < 18. From
Table 3.6 and the fact that a,, is negative only when n is either 3, 5,9, 13 or 15 (and in all of
these cases, a, = —1), we obtain b, > 0 whenever n # 3, n # 9 and n # 15. Also apparent
is that bs = —1, by = —1 and by5 = —1. This proves that G32(q) + ¢* + ¢° +¢'° = 0. O

Theorem 3.18. For L = 4,
Gra2(q) +¢* +¢° = 0.

Proof. For N > 20, we construct an injective map
Y:{m € Dyo:|n|=N} = {me€Ciy:|n| =N}

Recall that partitions m € D42 have the form 7 = (3f3, 4fr 515 6f'3), whereas partitions in
C} o must have a part of size 2 and cannot have a part of size 4. We have cases depending

on the frequency of 4 in w. We describe the map v fully and then show it is injective later.
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n 0|12 3 |45 6 |78 9 |10]11] 1213
a, |0(0|1|-1]j0|j0| -1 1 1 |-11 1] 0] 2

Table 3.7: The values a,, in Theorem 3.18 for 0 < n < 13.

Case 1: Suppose f4 > 1. Then we define
(m) = (2274,37,4°, 555, 670).

Case 2: Suppose fi = 0. Then 7 = (3/3,5/5,67). Since N > 20, either f3 > 2, f5 > 2 or
fe = 3. We consider subcases based on these conditions.
Case 2(i): Suppose f3 > 2. Then we define

P(m) = (23,3/372,4° 55 670).

Case 2(ii): Suppose f3 < 1 and f5 > 2. Then we define
P(m) = (27,37, 40 51572 60,

Case 2(iii): Suppose f3 <1, f5 <1 and fg > 3. Then we define
Y(m) = (2°,3%,49, 575 6/673).

It is easy to see that ¢ is injective in each case. To see that v is injective overall, clearly
the frequency of 2 in partitions in the image distinguishes cases. In Case 1, the frequency
of 2 is even, and in the other cases the frequency of 2 is 3, 5 or 9. Thus, 1 is injective.

Let Hy24(q) = > >0 ang" and Gy2(q) = 32,50 bng". Then

bn:an+an—4+an—8+"‘-

The injectivity of ¥ shows that a, > 0 for all n > 20. For n < 20, a,, can be calculated
easily using a computer (or by hand). It can be verified that a,, is negative only when n is
either 3, 6 or 9, and in all of these cases, a, = —1. Table 3.7 contains the values of a,, for
n < 13.
From Table 3.7 and the fact that a,, is negative only when n is either 3, 6 or 9 (and in
all of these cases, a,, = —1), we obtain b, > 0 whenever n # 3 and n # 9. Also, b3 = —1
and by = —1. This proves that G42(q) + ¢ + ¢° = 0.
O
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Chapter 4

A Comparison of Integer
Partitions Based on Smallest Part

In this chapter, we conduct a study of the nonnegativity of the difference between two
closely related generating series of integer partitions having bounded difference between
largest and smallest parts. The main goal is to prove Theorems 4.1 and 4.2. We begin by
restating some definitions and results, described in Chapter 1. For positive integers L and

S,

e (1s(q) is the generating series

Grsla)= > 41— S 4" (4.1)

ey, TeU,
s(m)=s, s(m)>s+1,
() —s(m)<L (m)=s(m)<L

Berkovich and Uncu proved that Gp,1(q) is nonnegative for any L. Recall the result for
Gr2(q). For L =3,
Gra(g) +¢° +¢" + ¢ = 0;

for L =4,
Gra(q) +¢° +¢” = 0;

and for L > 5,
Gra(q) +¢* = 0.

This was Conjecture 3.4 (by Berkovich and Uncu), which we proved in Chapter 3.

Next, we explore the nonnegativity properties of G, 5(¢q). Define the following quantities:

i(s) :== 3,

(4.2)
§'(s) :=10s + (s +2)(s + 3)(d(s) + 1).

We state Theorem 4.1 and prove it in Section 4.1.
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Theorem 4.1. If s and L > s+ 1 are given positive integers, then the coefficient of ¢" in
G1.s(q) is positive whenever n > 6'(s), where §'(s) is as defined in (4.2).

Then we focus on the case s = 3 and obtain an extension of Conjecture 3.4. We prove

Theorem 4.2 below in Section 4.2.

Theorem 4.2. For L > 10,
Gr3(q) AP+ +q0 + 2+ ¢+ ¢ = 0.
For 5 < L <9, we have the following:

Gos(a) +d' +a° +a®+ ¢+ ¢ +¢" +2¢'° = 0,
Gss(@)+*+ @+ +¢° + %+ ¢ +2¢"° +¢*° =0,
Gra( @)+ + @+ + ¢+ +2¢" + ¢ +¢*° -0,
Gos(@) +a* + @ + ¢ +a° + ¢ +¢ +2¢" +2¢'° + ¢ + 242 + ¢2 = 0,
Gs3()+a' + "+ + "+ 20" + ¢ + " +2¢° + ¢ + " + 3¢ + P + ¢ = 0,

and for L =4,
Gas(@)+ '+ + @+ "0+ ¢ +2¢" +2¢" + 3¢ + ¢'7

+2q18 +q19 +4q20 +3q22 +q23 +4q24 +q25 +4q26 +5q28
+ 0% +3¢%°0 +6¢%% +3¢% +4¢%° + 2¢38 + 4¢"0 + 2¢* = 0.

4.1 Proof of Theorem 4.1

We restate Theorem 4.3 from Chapter 1, which is a generalization of Theorem 1.14.

Theorem 4.3. For L > 1,
Gr.s(q) =

Proof. Though the proof of Theorem 4.3 is a direct generalization of the proof of Theorem
1.14 in [BU19, Theorem 5.1], we provide all the details here for the sake of completeness.
We begin by simplifying the first generating function in the definition of G, 5(¢q) in (4.1),

84



All the partitions counted by this generating function have smallest part equal to s and

largest part less than or equal to L 4 s. Therefore,

S S

"l = ! =4 43
ﬂ;“’ q (l—qs)(l_qsﬂ)...(l _qL+s) (QS;Q)L+1 ( )
s(m)=s,
I(m)—s(m)<L

For the second generating function of (4.1), we fix the number of parts of the partition to
be n and then sum over all n. Suppose 7 is a partition into n parts where each part is at
least s + 1. Then, thinking about the Ferrers diagram of 7, the whole set of columns over

the smallest part of 7 is generated by the g-factor

Stripping the columns over the smallest part from the far left of the Ferrers diagram of m,
we are left with a new partition that has at most n—1 parts and largest part bounded above
by L. It is well known (see [Aig07, Proposition 1.1]) that these partitions are generated by

the g-binomial coefficient

{L+n—1] _ (@9
n—1 ], (96 n1

Thus, we have

0o +1
oy L+"—1} |
T€eU, n=1 L—q" n—1 q
s(m)>s+1,
U(m)—s(m)<L
By simple calculation, we find
1 {L%—n—l} ! [L+n_1}
1— qn n—1 q - 1— qL n .
_ 1 (5w
1—q" (g:q)n
Therefore,

) DR L o S (@)

€U, L—q¥ /= (@ On

s(m)>s+1,
I(m)—s(m)<L )
4.4
(@™ )n (
— 1 + q S+1
qL ( Z ,q)n
B qL < s+l > ’
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where the last step follows from the g-binomial theorem (see [BU19, Equation (2.1)]):

(D0, (0230)
Z‘:)(q;%z T (59)

Note that in (4.4), we used the g-binomial theorem with a = ¢* and z = ¢**!. Substituting
(4.3) and (4.4) in the definition of G, 5(q) gives us

o (Y
Grs(q) = - —1
L.(4) (@) p+1 1—q% \(¢*T159)1

1 (ea=4Y o
C1-¢t ((QS§Q)L+1 ((qS“;q)L 1>>

1
= WHL,S,L(Q)7

as required. ]

Conjecture 3.4 asserts that Hp, s 1(q) is eventually positive, and Theorem 3.3 gives a
bound I'(s), which can be written explicitly in terms of s, after which the series is positive.
Thus the natural question that arises here is the eventual nonnegativity of G, s(¢) and to
find a bound M, which depends on L and s, such that the coefficient of ¢" in the series
G'1,s(q) is nonnegative whenever n > M.

Suppose s and L > s + 1 are given positive integers. Let Hp, 5 1.(q) = 3,50 aLnq" and
let Grs(q) = >2,>0br,nq"- Then Theorem 4.3 shows that

b =arn+arn—r+app_opL+--= Z aL,m- (4.5)
0<m<n
m=n(modL)

We introduce some more notation. Define
o M(L,s) = ncr(s larnl,
o 12(L, s) = max(ni(L, s),[(s)),
o 13(L,s) = (L +1)na(L, s).

Theorem 4.4. If s and L > s+ 1 are given positive integers, then the coefficient of ¢" in
G1.s(q) is nonnegative whenever n > n3(L, s).

Proof. Suppose n > n3(L,s). We can rewrite (4.5) as

bL,n = Z arm + Z arm + Z ar,m- (4.6)
n2(L,s)<m<n I'(s)<m<mn2(L,s) m<I(s)
m=n(modL) m=n(modL) m=n(modL)
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Note that the second sum may be empty. The first sum in the right hand side of (4.6)

contains at least 72(L, s) terms, all of which are positive by Theorem 3.3. Thus

E ar,m > n2(L, s). (4.7)
n2(L,s)<m<n
m=n(modL)

For the second sum in the right hand side of (4.6), by Theorem 3.3 we have

> arm > 0. (4.8)

I'(s)<m<mn2(L,s)
m=n(modL)

For the third sum in the right hand side of (4.6), using the triangle inequality, we obtain

Yo apm| < Y lapml <) lapml =m(L,s) < na(L,s),

m<I(s) m<I(s) m<I(s)
m=n(modL) m=n(modL)
and thus
Z ar,m > —n2(L, s). (4.9)
m<I'(s)
m=n(modL)

The theorem now follows immediately from (4.6), (4.7), (4.8) and (4.9).
O

The bound n3(L, s) depends on both L and s. Our next goal is to find a bound M which
depends only on s, and such that the coefficient of ¢" in Gy, 5(q) is nonnegative whenever

n > M. For this, we need the following two standard results.

1. For given positive integers a,b and n with ged(a,b) = 1, the number of solutions of

n

axr + by = n in nonnegative integer pairs (z,y) is either | ;| or |77 ] +1 (see [Tri00]).

2. The number of integer partitions p(m) is bounded above by e3V™. That is p(m) <
eV (see [dAP09)).

Using Fact 1 above and a careful analysis of the proof of Theorem 3.3 in Chapter 3,
we can show that the coefficients of ¢"V in H L.s,.(q) are not only positive, but quite large
whenever N > I'(s). To be precise, we obtain the following strengthening of Theorem 3.3

in the case k = L.

Theorem 4.5. For positive integers L > 3 and s, with L > s+ 1, the coefficient of ¢V in

Hp s.1.(q) is greater than or equal to {%J whenever N > T'(s).
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Proof. From Theorem 3.3, we know that the coefficient of ¢ in H, 5 1(q) is positive when-
ever N > T'(s). However, in the proof of Theorem 3.3, we observe that several partitions
are in the codomain but not in the image of the relevant injective map.

Firstly suppose L > 2s + 3. We use the proof of Theorem 3.7 in the case kK = L. Note
that in the proof of Theorem 3.7, there is no partition in the image for which s appears as a
part with frequency 10. Thus any partition of the form (s'0, (s 4+ 1)%, (s +2)¥) is not in the
range of the map. From Fact 1 above, the number of such partitions is at least {&%J

Secondly suppose L < 2s + 2. We use the proof of Theorem 3.9 in the case k = L.

Suppose s + 3 < L < 2s+ 2, then in the proof of Theorem 3.9, there is no partition in
the image for which s appears as a part with frequency 1. Thus any partition of the form
(s', (s +1)%, (s + 2)Y) is not in the range of the map. From Fact 1 above, the number of
such partitions is at least {%J

Thirdly suppose L = s+ 1, then in the proof of Theorem 3.9, any partition of the form
(s', (s +2)*, (s + 3)¥) is not in the range of the map. From Fact 1 above, the number of
such partitions is at least hsﬁg)ﬁJ

Fourthly suppose L = s 4+ 2 and s is even, then in the proof of Theorem 3.9, any
partition of the form (s!, (s +1)%, (s + 3)¥) is not in the range of the map. Since s is even,
ged(s+ 1,54 3) = 1, and thus from Fact 1 above, the number of such partitions is at least
[ |

Finally suppose L = s + 2 and s is odd, we have three further subcases. If N is odd,
then in the proof of Theorem 3.9, any partition of the form (s!, (s 4+ 1)%, (s 4+ 3)¥) is not
in the range of the map. Note that N — s,s +1 and s + 3 are all even numbers. Since

ged (ﬂ ﬁ) = 1, from Fact 1 above (applied with a = 31 b = % and n = Y=5) the

20 2 2 2
number of such partitions is at least {%J

If N is even and s # 1, then in the proof of Theorem 3.9, any partition of the form
(52, (s +1)%, (s +3)¥) is not in the range of the map. Note that N — 25,5+ 1 and s + 3 are
all even numbers. From Fact 1 above (applied with a = %, b= % and n = %), the
number of such partitions is at least {%J

If N is even and s = 1, then L = 3 (since L = s+ 2). Therefore, in the proof of Theorem
3.9, any partition of the form (15,2%,4%) is not in the range of the map. Note that N — 6,2
and 4 are all even numbers. From Fact 1 above (applied with a = 1, b = 2 and n = =52),
MJ.

the number of such partitions is at least { 1

It is easy to verify that the expressions we obtain in each of the cases above are at least
{ N—10s J O
G+2)(s+3) |

Recall that ar, , denotes the coefficient of ¢" in Hy, 4 1.(¢), and by, ,, denotes the coefficient
of ¢" in G, 5(q). Recall their relationship from (4.5). From the combinatorial interpretation

of Hy, s 1.(q), it is clear that for any m € N, —p(m) < ar, ,», < p(m).

Proof of Theorem /4.1. We use the definitions of §(s) and ¢’(s) in (4.2).
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Suppose n > §'(s). We have from (4.5)

bin= . amt+ > arm+ Y. aim (4.10)
5'(s)<m<n I(s)<m<s’(5) m<T(s)
m=n(modL) m=n(modL) m=n(modL)

For m > ¢'(s), we have m > I'(s) and L%J > d(s). Thus, by Theorem 4.5, we have
ar,m > 0(s) whenever m > §'(s). The first sum in the right hand side of (4.10) contains at

least 1 term (corresponding to m = n) and each term in the sum is greater than or equal
to d(s). Thus

S apm = 6(s). (4.11)
d'(s)<m<n
m=n(modL)

For the second sum in the right hand side of (4.10), by Theorem 3.3

> apm>0. (4.12)
I'(s)<m<é'(s)
m=n(modL)
For the third sum in the right hand side of (4.10), note that for any m € N, ar, ,, > —p(m)
and by Fact 2, Page 87, we have

apm > —p(m) > —e3Vm > _e3m,

Therefore,

Z apm > — Z M > — Z M > —5(s). (4.13)

m<I(s) m<I(s) m<I(s)
m=n(modL) m=n(modL)

The theorem now follows immediately from (4.10), (4.11), (4.12) and (4.13).

4.2 Proof of Theorem 4.2

Our strategy is to write general proofs to show that the coefficients of ¢"V in H £.3,0(q)
are nonnegative when N is larger than a small bound; and then analyze the coefficients of
¢V for small N using machine computation (Sage in our case). Once we know when these
coefficients are negative, we can complete the proof of Theorem 4.2 using Theorem 4.3. We

need several lemmas.

Lemma 4.6. Suppose n is a positive integer such that n > 4 and n # 7. Then the equation

4x + 5y + 62 = n has a solution in nonnegative integer triples (x,y, z).

Lemma 4.7. Suppose n is a positive integer such that n > 5 and n # 8,9. Then the

equation 5z + 6y + 7z = n has a solution in nonnegative integer triples (z,y, z).
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Lemma 4.8. Suppose n is a positive integer such that n > 4. Then the equation 4x + 5y +

6z + Tu = n has a solution in nonnegative integer tuples (z,y,z,u).

There are several elementary ways of proving the above lemmas. For example, for Lemma
4.6, we can apply Sylvester’s lemma with a = 4 and b = 5 to obtain a solution for all n > 12

and do the remaining cases manually. One could also use the division algorithm.

Lemma 4.9. Suppose the equation 4x + 5y + 6z = n has a solution («, B,7) in nonnegative
integer triples. Then the equation 4x + 5y + 6z = n + 6 has a solution different from
(o, B,7+ 1) whenever n >4 and n # 5.

Proof. First suppose a > 1, then (a—1, f+2,7) is a required solution. Thus assume a = 0.
Next assume v > 1, so (o + 3, 3,7 — 1) is a required solution. Thus also assume v = 0, so
B > 2. Then (a+ 4,5 — 2,7) is a solution. O

Lemma 4.10. For L > 22 and N > 21, the coefficient of ¢" in Hp, 3 1,(q) is nonnegative.
Proof. Recall the following notation from Chapter 1.
e Dy , denotes the set of nonempty partitions with parts in the set {s +1,...,L + s}.

o I; s is the set of partitions where the smallest part is s, all parts are < L + s, and k

does not appear as a part.

Further, recall from (1.1) in Chapter 1 that when s +1 < k < L + s, the coefficient of ¢V

in Hy, 5 1(q) is given as
Hmelpsk:|n|=N} —|{me€Dps:|m|=N}.
Thus it suffices to show that for L > 22 and N > 21, there is an injective map
¢p:{reDrg:|n|=N} =>{melysr:|r|=N}.

Let m = (4f4, o Lfe (L + 3)fL+3) be an element of Dy, 3 with |7| = N. We define ¢()
depending on the following cases. Let f denotes fr..
Case 1: Suppose f > 1. For all i > 1, (L — 18)i > 4, so the equation

(L —18)i = 4x; + by; + 62; + Tu;

has a nonnegative integer solution by Lemma 4.8. For each ¢ > 1, fix such a solution x;, y;, 2;

and u;. Define

o(m) = (36f7 4f4+-73f, 5f5+yf, 6f6+2f, 7f7+Uf’ IO ) _
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Case 2: If f = 0, we have the following subcases. Recall that the smallest part of 7 is

denoted by s(7).
Case 2(a): If s(m) > 7, define

o(r) = (8% (s(r) = 3)", (s(m) "), )

Case 2(b): Suppose s(m) < 6. We have the following subcases.
Case 2(b)(i): If f4 > 1 and f5 > 1, define

o(m) = (33,4f4*1, 5/5-1 6fo . ) .

Case 2(b)(ii): Suppose fy =0 or f5 = 0. We have the following subcases.
Case 2(b)(ii)(a): Suppose fg > 1. Define

o(m) = (32,471,555 6fo=1 ).

Case 2(b)(ii)(8): Suppose fg = 0. Thus, in this subcase either fy = fe = 0or f5 = fs = 0.

We have further subcases.
Case 2(b)(ii) (8)(I): Suppose f4 = fi = 0. Then 7 = (5%,7/7,..).
Case 2(b)(ii)(8)(I)(A): Suppose f5 > 3. Define

p(m) = (35,5573 7/7 ).

Case 2(b)(ii)(8)(I)(B): Suppose f5 =1, s0 T = (51, 7. .,). Let m; > 7 be the least
number with a non-zero frequency in .

Case 2(b)(ii)(8)(I)(B)(i): Suppose m; # 7,11,12. Then m; —3 > 5 and m; — 3 # 8, 9.
Thus, by Lemma 4.7, there exist some nonnegative integers uy,, —3, Vm,—3 and wy,, —3 such

that
mi — 3 = dUm,—3 + 6V, —3 + TWp,, —3.

Define
o(m) = (3151w, gom—a 7o )

Case 2(b)(ii)(8)(I)(B)(ii): Suppose m; = 7.
Case 2(b)(ii)(B8)(1)(B)(ii)(I): Suppose f7 > 2. Then define

o(m) = (3°,41,5°, 7772, ).

Case 2(b)(ii)(8)(I)(B)(ii)(I1): Suppose fr = 1. Then = = (51,7%,8%,...). Let my > 8

be the least number with a non-zero frequency in .
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Case 2(b)(ii)(8)(I)(B)(ii) (IT)(a): Suppose mg = 8. Define
o(m) = (37,41,5%, 70,8571 ).
Case 2(b)(ii)(8)(I)(B)(ii) (IT) (b): Suppose my > 9. Define
o(m) = (32,41, 5, (ms — 3)1,m§m2‘1,...) .

Case 2(b)(ii)(8)(I)(B)(iii): Suppose mj = 11. Then 7 = (51, 11/, ) We have further
subcases.
Case 2(b)(ii)(8)(I)(B)(iii)(a): Suppose f11 > 2. Define

b(m) = (39,50, 11f11—2,...) .

Case 2(b)(if) (8) (1) (B)(iii) (b): Suppose fi1 = 1. Then x = (5%,111,12/22,..). Let mg >

12 be the least number with a non-zero frequency in 7. Then define
my—1
o) = (35 (ms — &) my™ ", ).

Case 2(b)(ii)(8)(I)(B)(iv): Suppose m; = 12. Then 7 = (51, 12512 )
Case 2(b)(ii)(8)(I)(B)(iv)(I): Suppose fi2 > 2. Define

o(m) = (37,42,50, 121272 ) .

Case 2(b) (i) (8) (1)(B) (iv)(I1): Suppose fi» = 1. Then w = (51,121,13/12,..). Let my >
13 be the least number with a non-zero frequency in 7. Then 7w = (51, 121, micm“, .. )
Case 2(b)(ii)(8)(I)(B)(iv)(II)(a): Suppose m4 = 13. Define

o(m) = (3%,6%, 130971,

Case 2(b)(ii)(8)(I)(B)(iv)(II)(b): Suppose m4 > 14. Then m4 — 10 > 4, and thus by

Lemma 4.8 there exist nonnegative integers X, —10, Yms—10, Zms—10 and U, —10 such that
my — 10 =4X,, 10+ 5Y,—10 + 621, —10 + TUpy—10-
For each m4 > 14, fix a solution to the above equation and define
8() = (39, 4%me0, S¥nsio, 6ma-10, glimio fra™! ).

Case 2(b)(ii)(8)(I)(C): Suppose f5 = 2, and thus 7 = (52, 7 ,). Let ms > 7 be the

least number with a non-zero frequency in .
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Case 2(b)(ii)(8)(I)(C)(i): Suppose ms # 10. Then ms —3 > 4 and ms — 3 # 7. Thus, by

Lemma 4.6 there are nonnegative integers x,,;—3, Yms—3 and z,,,—3 of the equation
ms — 3 = 4T 53 + OYmys—3 + 62ms—3.
For each ms > 7 such that ms # 10, fix a solution to the above equation and define
o(m) = (31’ 41+zm5,3’ 5Yms—3 61+Zm5,3’m§m571’ N ) '

Case 2(b)(ii)(B)(I)(C)(ii): Suppose ms = 10. Then 7 = (52,1070, .. ).
Case 2(b)(ii)(B8)(I)(C)(ii)(a): Suppose fi9 > 2. Then define

o(m) = (30, 10M072, ).

Case 2(b)(ii)(B8)(I)(C)(ii)(b): Suppose fig = 1. Then © = (52,10%, 11511, ...). Let mg >
11 be the least number with a non-zero frequency in .
Case 2(b)(ii)(8)(I)(C)(ii)(b)(i): Suppose mg is odd. Then define

o(m) = (37, <m62_ 1)2 ,mémﬁ_l, .. > )

Case 2(b)(ii)(8)(I)(C)(ii)(b)(ii): Suppose mg is even. Then define

ot = (7. (% 1) (1) ).

Case 2(b)(ii)(8)(II): Suppose f5 = fg = 0. Since s(w) < 6, we have fy > 1. Thus
m™= (4f4, i )
Case 2(b)(ii)(8)(II)(A): Suppose f4 > 3. Define

o(n) = (34, 4fa=3 qfr )

Case 2(b)(ii)(8)(I1)(B): Suppose f4 = 1, and thus 7 = (41, 7, ) Let m7 > 7 be the

least number with a non-zero frequency in 7. So 7 = (41, mJ;m, .. )
Case 2(b)(ii)(8)(II)(B)(i): Suppose my # 10,14. Then m7 —3 > 4 and my; — 3 # 7,11.
We know by Lemma 4.6 that there is a triple (2,3, Ym-—3, Zm-—3) such that

m7 — 3 = 4Ty, -3 + OYm,—3 + 62, —3.

As we will define ¢(7) to have frequency of 3 equal to 1 in this case, to avoid injectivity
problems with the Case 2(b)(ii)(8)(I)(C)(i), if m7 = ms + 6, using Lemma 4.9, we choose
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a solution such that (Tm,—3, Yms—3, 2ms—3) # (Tms—3, Yms—3, 1 + 2ms—3). Note that here we
have used my; # 14 to ensure that ms — 3 # 5, which is required to use Lemma 4.9.
Define
o(m) = (31,4172 5¥nr=a G279, mim )

Case 2(b)(ii)(8)(IT)(B) (ii): Suppose m7 = 10. Then 7 = (41, 10510, )
Case 2(b)(ii)(8)(I1)(B)(ii)(a): Suppose fi9 > 2. Define

o(m) = (34,62, 10102, ) .

Case 2(b)(ii)(8)(IT)(B) (i) (b): Suppose fig = 1. Thus 7 = (41,101, 11711, .}, Let mg >

11 be the least number with a non-zero frequency in 7. Then define
o(r) = (37, (ms =D)L, mf™ 7).
Case 2(b)(ii)(8)(II)(B)(iii): Suppose my = 14, so m = (41, 14514 ) Define
o(m) = (36,40, 145141 ) :
Case 2(b)(ii)(8)(II)(C): Suppose fy = 2, and thus © = (42,7f7, . ) Let mg > 7 be the

least number with a non-zero frequency in .

Case 2(b)(ii)(8)(II)(C)(i): Suppose myg is odd. Define

() = (31, (m92+5)2,mgmw,...> .

Case 2(b)(ii)(8)(II)(C)(ii): Suppose myg is even. Define

o(m) = (31’ (”;9+2)1,<Tr;’+3>1,m5’"91,...).

To prove the injectivity of the map ¢, we organize the cases based on the various

frequencies of 3 in ¢(m).

First, we organize the cases in which the frequency of 3 in ¢(m) is 1.
Al. Case 2(a): Then ¢(7) = (31, (s(m) = 3)L, (s(m)fsm =1y, ... ,), where s(m) > 7.

A2. Case 2(b)(ii)(8)(I)(B)(i): Then ¢(m) = (31,54, 67, 7, mim ), where my > 8,
m1 # 11,12, and A, B and C' are some nonnegative integers such that at least one of

these is positive.

A3. Case 2(b)(ii)(8)(I)(C)(i): Then ¢(m) = (31,41+~’vms—3,5ym5—3,61+2m5—3,m§m5‘1,...),
where ms > 7, ms # 10, and 42,3 + 5Yms—3 + 62ms—3 = ms — 3.
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A4. Case 2(b)(ii)(8)(IT)(B)(i): Then ¢(r) = (31,41 +omr=s, 5umr=s, Gone=s mim ),
where my > 7, m7 # 10,14, and 4z,,—3 + 5Ym,—3 + 62pm,—3 = m7 — 3. Moreover, if

my = ms + 67 then ($m7_3, Ymr—-3, Zm7_3) 7& (xm5—3; Yms—3, 1+ zm5—3)-

A5. Case 2(b)(ii)(8)(II)(C)(i): Then ¢(m) = (31, (m92+5>2 ,mgm9_l, . .), where mg > 7 is
odd.

A6. Case 2(b)(ii)(8)(I1)(C)(ii): Then ¢(r) = (31, (me 4 2)' (e 4 3) it ) , where

mg > 7 is even.

We explain why the map ¢ is injective so far. In Case A1, the second smallest and the
third smallest parts differ by at least 3, and the frequency of the second smallest part is
1. This separates it from all the other cases. In Case A2, the number 4 is not present as a
part, which separates it from Cases A3 and A4, and it contains 5 as a part, which separates
it from Cases A5 and A6. In Cases A3 and A4, the number 4 is present as a part, which
separates it from Cases A5 and A6. Cases A5 and A6 are separated by the frequency of the
second smallest part.

Thus, we only need to show that Cases A3 and A4 are also separated from each other.
That is, they have no common element in ¢(7). Suppose to the contrary that Cases A3 and
A4 have a common element. But then (Zy,,-3, Ym,—3, Zm7—3) = (Tms—3, Yms—3, L + Zms—3)-
From the given relations 4z,,,—3 + 5yms—3 + 621m5—3 = ms — 3 and 4z, -3 + dYpm,—3 +
62m,—3 = my — 3, we obtain m7 = ms + 6. But, we also know that if m7 = ms + 6, then
(Timr—35 Ymr—3 Zmr—3) Z (Tms—3, Yms—3, L + 2ms—3), giving the required contradiction.

Next, we organize the cases in which the frequency of 3 in ¢(w) is 2.
e Case 2(b)(ii)(): Then ¢(m) = (32,474,575 ...), where f; = 0 or f5 = 0.
e Case 2(b)(ii)(8)(I)(B)(ii) (II)(a): Then ¢(r) = (3%,41,5%,...).

o Case 2(b)(ii)(8)(I)(B)(ii)(II)(b): Then ¢(x) = (32, 4151 (mg — 3)L,mim™ " ) where
mo > 9.

Clearly, when the frequency of 3 in ¢() is 2, these cases are distinguishable.

Note that the only case in which the frequency of 3 in ¢(7) is 3 is Case 2(b)(i), where
o(m) = (33,4f4_1, 551 6/, . ) Next, we organize the cases in which the frequency of 3
in ¢(m) is 4.

e Case 2(b)(ii)(8)()(B)(iv)(I)(a): Then ¢(r) = (3%,6%,13%1,..).
e Case 2(b)(ii)(8)(II)(A): Then ¢(r) = (34,4f4—3, . ) where f4 > 3.

e Case 2(b)(ii)(8)(I1)(B) (ii)(a): Then ¢(r) = (3*,62,10/0-2,...).
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Clearly, when the frequency of 3 in ¢(m) is 4, these cases are distinguishable. Next, we

organize the cases in which the frequency of 3 in ¢() is 5.
e Case 2(b)(ii)(B)(I)(A): Then ¢(m) = (3°,5/573,7/7,...), where f5 > 3.
e Case 2(b)(ii)(8)(1)(B) (i) (1): Then ¢(m) = (37,41, 772, ...}, where fr > 2.

Clearly, when the frequency of 3 in ¢() is 5, these cases are distinguishable. Next, we

organize the cases in which the frequency of 3 in ¢(m) is 6.

e Case 1 with f = 1: Then ¢(m) = (36,40‘,55,67,75, . .), where «, 3, and 0 are some

nonnegative integers such that at least one of these is positive.
e Case 2(b)(ii)(8)(I1)(B) iii): Then ¢(r) = (3,1471471,. ), where fis > 1.

Clearly, when the frequency of 3 in ¢() is 6, these cases are distinguishable. Next, we

organize the cases in which the frequency of 3 in ¢(m) is 7.

o Case 2(b)(ii)(8)(I)(B)(iv)(I): Then ¢(r) = (37, 42 12f12=2 ) where f1o > 2.

o Case 2(b)(ii)(8)(I)(C)(ii)(b)(i): Then ¢(r) = (37, (mﬁ;l)2 JmimeTt ) where mg >
11 is odd.

e Case 2(b)(ii)(8)(1)(C) (i) (b)(i): Then ¢(r) = (37, (% —1)", (5) ", mf™ .,

where mg > 11 is even.

e Case 2(b)(ii)(8)(I1)(B)(ii)(b): Then ¢(x) = (37, (ms — 7)1, mgms_l, ...), where mg >
11.

Clearly, when the frequency of 3 in ¢() is 7, the next parts after 3 and their frequencies
distinguish the various cases.

Note that the only case in which the frequency of 3 in ¢(7) is 8 is Case 2(b)(ii) () (I)(B)(iii)(b),
where ¢(m) = (38, (ms3 — 8)1,m§m3_1, . ) Next, we organize the cases in which the fre-

quency of 3 in ¢(m) is 9.
o Case 2(b)(ii)(8)(I)(B)(iii)(a): Then ¢(r) = (39, 11/u=2 ) where f; > 2

e Case 2(b)(ii)(8)(1)(B)(iv)(IT)(b): Then ¢(r) = (3°,4%,5%,67, 7, mimat ), where
a, 3,7 and ¢ are some nonnegative integers such that at least one of these is positive,
and my > 14.

Clearly, when the frequency of 3 in ¢() is 9, these cases are distinguishable.

Note that the only case in which the frequency of 3 in ¢(7) is 10 is Case 2(b)(ii)(5)(I)(C)(ii)(a),
where ¢(7) = (310, 10f10-2 .), where f19 > 2.

Finally, the only case in which the frequency of 3 in ¢(m) is 6f for some f > 2 is Case

1. Hence all the cases are distinguishable and the map ¢ is injective. O
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Remark 11. Let Hy 31.(q) = 3550 @Lnq"- Then the above combinatorial results imply that
arn, > 0 for all n > 21. We can in fact make a stronger claim about the coefficients ar, ,,
when n > 21; we have ar,,, > 1 for all n > 21. To see this, we find a partition of n in Iy, 3,
not in the image of ¢. For n > 23, the partition 7, = (3%,5', (n — 17)!) is such a partition

of n. For n = 22 and n = 21, (3%,52) and (3%, 4!, 5!) are such partitions, respectively.

We are left with the cases 4 < L < 21. We deal with 7 < L < 21 in Lemma 4.11 below.
The proof of this lemma is similar in spirit to the proof of Theorem 3.16 in Chapter 3.

Lemma 4.11. For 7 < L <21 and N > N}, the coefficient of ¢ in Hp 3 1(q) is nonneg-
ative whenever N > N} where N = L? + 10L + 7.

Proof. Tt suffices to show that for 7 < L <21 and N > Nj, there is an injective map
w : {WGDL73 : ’ﬂ" :N} — {WEIL737L : ’7T| :N}

Let m = (4f4, o Lfe (L 3)fL+3) be an element of Dy, 3. We define (7) depending
on the following cases. Let f denote fr, so m = (4/4,5/5, ... L/ ... (L + 3)/t+3). To define
the image of m under the map 1, we consider several cases depending on f.

Case 1: Suppose that f is a positive number such that f =0 (mod 3). Then define
b(m) = (3% 40 L0, (L +3)ee).
Case 2: Suppose f =1 (mod 3). Then define
W(r) = (3L(%>+1,4f4, (D=3t L0 (L4 3y
Case 3: Suppose f =2 (mod 3). Then define
(m) = (3FFV2 ah (L -3yt L0 (Lt 3)fene).

Case 4: Suppose f = 0. Since N > N} is large enough, either f;12 > 6 or there exists
an ¢ # L 4 2 such that 4 < i < L 4 3 and f; > 3. Note that the condition on N is in fact
tight to guarantee this. We have further subcases.

Case 4(i): Suppose fry2 > 6. Then define

w(m) = (324, 4l L0 (L 4 2)/0+275 (L 4 3) /42

Case 4(ii): Suppose that fr1o <5 and that there exists an ¢ # L + 2 such that 4 < i <
L+ 3 and f; > 3. Let ig be the least such number. Note that iy # L, since f = 0. We have

further subcases depending on whether i = L + 1 or not.
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Case 4(ii)(a): Suppose 79 # L + 1. Then define
() = (3i0,4f4,...,z‘gio_g,...LO,...,(L+3)fL+3).
Case 4(ii)(b): Suppose ig = L 4 1. Then define
p(r) = (35,47, (L= 2) i3 [0 (L4 1)fen=3 (L4 3)fesn).

It is easy to see that 1) is injective in each case. To see that v is injective overall, note
that the frequency of 3 modulo L in the image distinguishes all the cases, except possibly
the cases 4(i) and 4(ii)(a), for which the frequencies of 3 might be the same modulo L but
clearly different as numbers. Hence the map v is injective.

O

Next, we handle the cases 4 < L < 6.
Lemma 4.12. The coefficient of ¢~ in Hg 36(q) is nonnegative whenever N > 67.
Proof. Tt suffices to show that for NV > 67, there is an injective map
(251{7'('6 D673 : ’71" :N} — {7['6[6,3,6 : ‘7‘(“ :N}

Let m = (4f4, ...,67 .,9f9) be an element of Dg 3. Note that a partition in the image
should have smallest part 3 and should not have 6 as a part. We define ¢(7) depending on
the following cases. Let f denote fg.

Case 1: Suppose f > 0. Define

o(m) = (32f7 4f47 5f57 60, 7f77 8f8’ 9f9) )

Case 2: Suppose f = 0. Then 7 = (474,55 69, 7/7, 8/ 9/9). Since N > 67, there exists
4 < i < 9 such that i # 6 and f; > 3. Let ip be the least such number. Note that the
condition on N is in fact tight to guarantee this.

Case 2(i): Suppose ig is odd, i.e. ig is 5,7 or 9. Define
o(7) = (3i0,...,60,...i{io_g...) .
Case 2(ii): Suppose iy = 4. Define
o(m) = (81,457,555, 60,77, 8Fs fo+1).
Case 2(iii): Suppose ig = 8. Define
¢(7T) — <33’ 4f4’ 5f5+3, 60, 7f7, 8f8_37 9f9> )
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It is easy to see that ¢ is injective in each case. To see that ¢ is injective overall, note
that the frequency of 3 in the image distinguishes the cases. Hence the map ¢ is injective.
O

Lemma 4.13. The coefficient of ¢~ in Hs 35(q) is nonnegative whenever N > 159.
Proof. It suffices to show that for N > 159, there is an injective map
(Z):{WED573 : ’7T| :N} — {7T61573’5 : |7T‘ :N}

Let m = (4f4, 565, ,8f8) be an element of D5 3. Note that a partition in the image should
have smallest part 3 and should not have 5 as a part. We define ¢(7) depending on the
following cases. Let f denote fs.

Case 1: Suppose f is a positive number with f = 0 (mod 3). Define

o(r) = (3%4}”4,50,61‘6,71‘7,81‘8) .
Case 2: Suppose f > 1 and f =1 (mod 3). Define
o(7) = (35(%)“,4]”4“, 5°,6%0,777 814
Case 3: Suppose f =2 (mod 3). Define
o(7) = (35<%)+1,4f4,50,6f6, TiH ).

We are left with the cases f =0 and f = 1.
Case 4: Suppose f = 0. Then 7 = <4f4, 50,676,717 8f8). Since N > 159 is large enough,

at least one of the following conditions is true:
o fi>6.
o fo=>1.
o f7>3.

o fs>12.

Note that the condition on N is not tight. The bound of 159 will be required in Case 5
below.
Case 4(i): Suppose f4 > 6. Define

o(m) = (3°,4775,50, 650,777, 85
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Case 4(ii): Suppose f1 <5 and fg > 1. Define
o(m) = (3%,47,5° 6771, 77,85
Case 4(iii): Suppose f1 <5, fs =0 and f7 > 3. Define
o(m) = (37,4f4,50,7f7—3,8f8) .
Case 4(iv): Suppose fy <5, f6 =0, fr < 2 and fg > 12. Define
o(r) = (332,4f4,50,7f7,8f8_12) .

Case 5: Suppose f = 1. Then 7 = <4f4,51,6f6,7f7,8f8>. Since N > 158 is large enough,

at least one of the following conditions is true:

e fy>1
0f6211
e f12T.

° f3=8.

Note that the condition on N is tight to guarantee this.
Case 5(i): Suppose f4 > 1. Define

o(m) = (3%,4771, 50, 650,777, 85
Case 5(ii): Suppose fy = 0 and fg > 11. Define

o(m) = (313,48,50,6f6—11,7f7,8f8) .
Case 5(iii): Suppose fg =0, f¢ < 10 and f7 > 7. Define

o(r) = (318,40,50,6f6, 7f7—7,8f8) :
Case 5(iv): Suppose fy =0, fg < 10, f7 < 6 and fg > 8 . Define

o(m) = (3%,4°,5° 60, 777 87575

It is easy to see that ¢ is injective in each case. To see that ¢ is injective overall, note that
the frequency of 3 in the image distinguishes the cases. In Cases 1, 2 and 3, the frequency
of 3is 0,4 and 1 modulo 5, respectively. In Cases 4 and 5, it is always 2 or 3 modulo 5 and

different for each subcase. Hence the map ¢ is injective.
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Lemma 4.14. The coefficient of ¢~ in Hy3.4(q) is nonnegative whenever N > 1006.
Proof. 1t suffices to show that for N > 1006, there is an injective map
(,25:{7TED473 : |7T| :N} — {71'6[473,4 : |7I‘| :N}

Let 7 = (4/1,5%5 675, 7/7) be an element of D, 3. Note that a partition in the image should
have smallest part 3 and should not have 4 as a part. We define ¢(7) depending on the
following cases. Let f denotes f;.
Recall from Lemma 4.7, that for n > 10, there exist nonnegative integer solutions
(Zn, Yn, 2n) of the equation
n = dxy + 6y, + T2p.

For each n, fix such a nonnegative integer solution (z, yn, zn)-
Case 1: Suppose 10 < f < 100. Define

o(r) = (37,40, 5fster glotur hitary,
Case 2: Suppose f > 100. Define

P(n) = (3f+30’ 40’ 5f5+ﬂcjugo7 6f6+yf790’ 7f7+2f—90).

Case 3: Suppose 0 < f < 9. Since N > 1006 is large enough, at least one of the following

conditions is true:
[ ] f5 Z 62.
o fg > 5T7.

o fr>53.

Note that the condition on N is in fact tight to guarantee this.
Case 3(i): Suppose f5 > 62. Define

¢(7r) — (3f+100’ 40, 5f5_62+$f+107 6f6+yf+107 7f7+zf+10) ]
Case 3(ii): Suppose f5 < 61 and fg > 57. Define

¢(ﬂ-) — (3f+1107 40’ 5f5+33f+12’ 6f6_57+yf+127 7f7+2f+12> )
Case 3(iii): Suppose f5 < 61, fs < 56 and f7 > 53. Define

qb(7r) — (3f+120’ 407 5fsta i1 ’ gletysr+11 7 7f7—53+2f+11> )
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It is easy to see that ¢ is injective in each case. To see that ¢ is injective overall, note
that the frequency of 3 in the image distinguishes the cases. Hence the map ¢ is injective.
O

Lemmas 4.10, 4.11, 4.12, 4.13 and 4.14 show that for N larger than a small number, the
coefficient of ¢V in H L,5,.(¢) is nonnegative. Finally, we use all these lemmas, along with

some computation to complete the proof of Theorem 4.2.

Proof of Theorem 4.2. First, we focus on the case L > 22. Let Hp 3 1.(q) = > N>0 aLJVqN.
Then by the remark following the proof of Lemma 4.10, ar xy > 1 whenever N > 21. For
N < 20, we first observe that ar n is independent of L. To see why, note that from the
combinatorial interpretation of Hy, 3 1.(¢q), for L > N + 1, we have ar vy = an+1,n5, which is
equal to the difference between the number of partitions of N with smallest part 3 and the
number of partitions of N with smallest part at least 4.

Then for N < 20, an easy computer program shows that aj n is negative only when
N is one of 4,5,8,10,12,14 or 16, and in each case ar n is exactly —1. Let G 3(q) =
2 oN>0 bL,NqN. Then, by Theorem 4.3, we know that

by =arN+aLN—L+aLN_2r+ -

Thus, we find that by x is negative only when N is one of 4,5,8,10,12,14 or 16, and in
each case by, v is exactly —1. This gives us Theorem 4.2 for L > 22.

Next, for 7 < L < 21, Lemma 4.11 along with a computer program for N < N} prove
Theorem 4.2. Similarly, for 4 < L < 6, the Lemmas 4.12, 4.13 and 4.14 along with a

computer program for small values of N complete the proof of Theorem 4.2. O

Remark 12. The programming for 7 < L < 21 and N < Nj turned out to be a difficult
task in Magma. For example, it is hard to calculate the number of partitions of 250 with all
parts in the set {4,5, ..., 17} using Magma. The command Partitions(250, min_part =
4, max_part = 17).cardinality() in Sage also does not work (it takes too long and ul-
timately stops working). We overcame this problem through another related command
and some mathematics. In Sage, we noticed that the command Partitions(n, max_part =
17).cardinality() is very fast even for large n (even until n = 1000000, it is fast!) Thus,
we calculate the number of partitions with all parts in the set {4,5,...,17} in terms of
the number of partitions pi7(n) of n with maximum part at most 17. We do this by view-
ing partitions with all parts in the set {4,5,...,17} as partitions with maximum part 17
and no part 1, 2 and 3. Let A, B and C denote the set of partitions of n with maxi-
mum part 17 and also having 1, 2 and 3 as a part, respectively. Then we need to find
the cardinality of the set At n Bt n L. Using inclusion and exclusion principle, we find
that the number of partitions of n with all parts in the set {4,5,...,17} is given by
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pi7(n) — p17(n — 1) — p1r(n — 2) + pir(n — 4) + piz(n — 5) — p17(n — 6), and thus can
be easily computed.

4.3 Future directions

The following questions may lead to interesting answers.
Question 4.15. Is there a nice polynomial ps(q) such that Gr,s(q) + ps(q) = 07

Question 4.16. If the answer to Question 4.15 is yes, what is the least possible degree of
ps(q)?

Moreover, it may be interesting to study a series analogous to G, s(¢) for partitions with
further restrictions on parts, such as for partitions with only odd parts or for self conjugate

partitions.
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Chapter 5

Cumulative Recurrence Relations
for Integer Partitions

Recall from Chapter 1, Euler’s famous recurrence relation for integer partitions:
p(n) =p(n—1) +p(n —2) —p(n —5) —p(n —7) + p(n — 12) + p(n — 15) — - --

It can be shown that the above recurrence can be written succinctly as

o) = S (- (p (0~ ’“(3’;‘”) +p(n- W)) | (5.1)

k>1

For details, see [And76, Corollary 1.8] or [Aig07, Page 130]. In the next section, we give a
natural combinatorial proof, using the principle of inclusion and exclusion (PIE), for Euler’s

recurrence relation for integer partitions.

5.1 A bijective proof of Euler’s recurrence (5.1) using PIE

Let n be a given positive integer. Let X,, denote the set of partitions of n that do not have 1
as a part, and let Y;, denote the set of partitions of n that have 1 as a part. Define the map
¢ : X, — Y, as follows. Suppose 7 = (2/2,3/3,...) € X,,. Let i > 2 be the least number

having nonzero frequency in 7. Define
¢(m) = (1%,20,3%, ..., (i = 1)°,if 7t ).

Clearly ¢ is an injective map. An easy bijection Par(n — 1) U X,, — Par(n) gives
| Xn| = p(n) —p(n —1). Additionally, we use PIE to find |¢(X,,)|. Note that ¢(X,,) consists
of the set of partitions of n having i parts of 1 and no parts of 2,3, --- (¢ — 1) for some i > 2.

Define the following sets:

o Aj(n) is the set of partitions of n having exactly &k parts of size j;
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e Bj(n) is the set of partitions of n having at least k parts of size j.

A simple bijection Bj(n) — Par(n — jk) shows that |B;(n)| = p(n — jk). Moreover, if
J # j', then |Bji(n) N Bj j(n)| = p(n — jk — j'k’). Further, notice that for all j and n,
Ajo(n) and Bj1(n) are disjoint sets and A;o(n) U Bj1(n) = Par(n). Thus, the sets A;o(n)
and Bj1(n) are complements of each other in the set Par(n). That is Ajo(n) = Bg"l(n).
We have

6(Xn)| = [A1i(n) N Ago(n) N+ N A1 0(n)].

i>2

Note that

\Al,i(n) N Agyo(n) n---N Ai_170(n)| = ‘Alyo(n — Z) n A270(n — Z) n---N Ai_170(n — Z)‘
=|BSy(n—9)nBS (n—di)n---nBE (n—1)
= |(Byi(n—i)UByi(n—i)U---UB;_11(n— 1))

1—1
= (-1)° > p(n —i—ip —ig--- —i).
s=0

(11,9250-115)ETs 4

where T} ; denotes the set of distinct s-tuples (i1, 42, .. .,1s) such that 1 <y, ig,... 3 <i—1.
Note that the last equality above is obtained by PIE. Hence we obtain

1—1
X)) =D (-1 > p(n—i—iy—igee — i),

i>2 s5=0 (i17i2,...,i5)ETsyi

and thus

i—1
) =pn =D+ 33 (1 Y pn—i—ii =i —iy)

i>2 s=0 (’il,ig,...,is)ETs,i
i—1
=> > (-1° > p(n —i—ip —ig--+ — i)
i>1 s=0 (814620e0yis)ETs 4
= Z aip(n —1).

>1

where a; denotes the number of partitions of [ into an odd number of distinct parts minus
the number of partitions of [ into an even number of distinct parts. Note that the condition
s < i —1 is redundant because for a partition of [ into distinct parts with largest part ¢ and
number of parts s + 1, it is obvious that s +1 <4, s0 s <i— 1.

By Euler’s Pentagonal Number Theorem, a; = (—1)* 71 if | = k(3k — 1)/2 or | =
k(3k+1)/2, and 0 otherwise. There is an excellent combinatorial proof for this via involution.
For details, see [And76, Thm 1.6, Page 10].
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5.2 Cumulative recurrence relations for £ =5

For a given k, we describe a procedure to find a recurrence that, for sufficiently large n,
expresses p(n) in terms of p(n — k), p(n —k — 1), p(n — k — 2) etc. To be clear, we seek
an expression for p(n) that does not involve p(n —1),p(n —2),--- ,p(n — (k — 1)) but does
involve p(n — k). We describe this in detail for k¥ = 5 in this section. The procedure for any
other k is similar and is described in Section 5.3.

Let X,, denote the set of partitions of n that do not have 5 as a part and let Y;, denote the
set of partitions of n that have 5 as a part. For n > 132241, we define the map ¢ : X,, = Y,
as follows. Let m = (1/1,2f2 ...50 ...) € X,,. We define the image of 7 under the map ¢
based on the following cases.

Case 1: Suppose there exists m such that 1 < m < 95 and f,, > 30. Let mg be the least

such number. Define
p(m) = (11,...50m0 _mgmo—?)o, ce).

Case 2: Suppose f, < 29 for all 1 < m < 95. Since n > 132241, there exists a p > 96
such that f, > 1. Let ng be the least such number.
Case 2(A): Suppose f; > 1 and fy > 1. Define

p(r) = (1114l st ),
Case 2(B): Suppose f; = 0, Define
o(r) = (1" 51 g5l plroTt ),

Case 2(C): Suppose f1 > 0 and fy; = 0. We have the following subcases.
Case 2(C)(i): Suppose ng = 0 (mod 4). Define

ng—24
4

G(r) = (A1 AT 55 o5s L plmo Tt ),

Case 2(C)(ii): Suppose ng =1 (mod 4). Define

no—49

¢(7T):(1f1_17-..4 4 7510’.“95]“95,‘_'”5"071’.._).

Case 2(C)(iii): Suppose ng =2 (mod 4). Define

ng— fno—l

(r) = (111, 4757 51 g5fes  plroTt ),

Case 2(C)(iv): Suppose ng = 3 (mod 4). Define

0—99

$(m) = (1171, 4T 52, g5fes  pfrTh )
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Since the map ¢ is injective within each case and the frequency of 5 in the partition
in the image is different for different cases, the map ¢ is injective, and thus | X, | < |Y,].
Moreover, since | X,,| = p(n) — p(n —5) and |Y;,| = p(n — 5), we obtain p(n) < 2p(n — 5)
whenever n > 132241. We refine the inequality obtained to an equality by measuring the
size of ¢(X,) exactly in each of the cases by using PIE. We recall the sets A;(n) and
B i(n) from Section 5.1 and also define the set C; ;(n) as follows.

o Aj(n) is the set of partitions of n having exactly k parts of size j.
e Bj(n) is the set of partitions of n having at least k parts of size j.

e C;(n) is the set of partitions of n having at most k parts of size j.

Recall that |B;x(n)| = p(n — jk). Further, note that C;x(n) = B

-~ e+1(n) and thus

Cik(n)] = p(n) —p(n —j(k +1)).

First we describe the image of X,, under ¢ in each of the cases and then we will measure

their sizes. The image in the cases are given as follows.

e Case 1:
95 m() 1
L] | 4s6mo(n ﬂ Ciz9(n
mo=1,
mo#5 z;é5
o Case 2(A):
Ch,28(n) N Cya8(n) N As 1 ( ﬂ Ci29(n
1#45
e Case 2(B):
no 1
| ] [ Aino—s5(n) N As11( ﬂ Cigo(n) [ Aio(n
n0>96 =96

z;é5
When ng = 96, the last intersection in the above expression is vacuous and can be omitted.

e Case 2(C)(i):

nol

|_| 01,28(71) ﬂA4 n0—24( ﬂA55 ﬂ C; 29 m AzO
no>96, T i=96
no=0(4) 1764 5
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e Case 2(C)(ii):

no—1
L] | Cras(n)NA, ng—so(n) N As 10(n ﬂ Cigo(n) [ Aio(n
no>96, T i=96
no=1(4) z;é4 5
o Case 2(C)(iii):
no—1
L] | Cras(n) N A, np=ra(n) N As 15(n ﬂ Cigo(n) [ Aio(n
no>96, T i=96
no=2(4) z;é4 5
e Case 2(C)(iv):
no 1
L] | Cras(n) N A, ng-se(n) N Asz0(n ﬂ Cio(n) [ Aio(n
no>96, T i=96

no=3(4) 1#4 5

Next, we measure the size of image in each of these cases. We begin with Case 2(A)

since it is the most illustrative.

5.2.1 Size of the image in Case 2(A)

Since A5 1(n) can be identified with Aso(n — 5), which is same as C5 o(n — 5), the image in
Case 2(A) has size

Clygg(n— 5) 004,28(71_ )0050 n—>5 ﬂ C; 29 n—>5

7,754 5
C C C = C

= |B7 99(n —5) N By 99(n —5) N Bs 1(n —5) ﬂ B 30(n —5)

o,

iZ;é4,5

C
= || Bi29(n —5) U By29(n —5)UB51(n—5 U Bizo(n —5
z;é45

= p(n — 5) — Bljzg<n — 5) U B4729(n — 5) @] B5 1(n — U Bz 30 n— . (5.2)

7,754 5
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We evaluate the size of the set in (5.2) and our strategy will be to use PIE. We rewrite the
set in (5.2) as

9

95
U #i
i=1

where

Biso(n—5) if 1#1,4,5
Hi=1{Biyx(n-5) if i=1,4
Bsi(n—5) if i=5.
We need the following notation. Let n, s, a1, - - - ag, b1, - - - by be positive integers.

e T, s denotes the set of partitions into s distinct parts with largest part at most n.

o T, s(ay,---ag;by,---by) denotes the set of partitions into s distinct parts with largest
part at most n that contain aq,---,ar as a part and do not contain by, --- ,b; as a

part.

By PIE, we have

95
:Z(—l)sil Z ‘HilﬂHmﬂ-“ﬂHi ‘

s=1 (41,42, +1s)€To5,s

95
U Hi
i=1

If none of the numbers i; in the inner sum is 1,4 or 5, then H;, = B;, 30(n — 5) for all

7, and thus
|Hi, "Hi, N---N H; | =p(n—>5—30i; —30iy — - - — 30i).

If one the numbers 4; is 1, then is = 1 (since partitions are defined to be a weakly
decreasing list), but none of these is 4 or 5, then H; = Bjga9(n — 5) and all others are
Bi730(n — 5) Thus

‘Hil N Hi2 n---N His‘ = p(n—5—29—307j1—307j2—- . -—30i5_1) = p(n—4—30(i1+i2+- . ’LS))
Similarly going through the other cases, we obtain

> |Hyy, NHiyy N---NH; | = > p(n—5-30|x])
(1,82,15)€Tos5,s m€To5,5(;1,4,5)
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+ > p(n+141—30r])
+ Y p(n+144 - 30|7|)

+ p(n + 145 — 30]x|).

Hence, the size of the image in Case 2(A) is given by

95
Z(—1)5< Z p(n — 5 —30|x|) + Z p(n — 4 — 30|x|)
s=0 7w€Tos5,5(;1,4,5) m€To5,5(154,5)
+ Y pn—-1-30)+ D p(n+140 - 30|x|)
m€Tys5,5(4;1,5) m€Tys5,5(5;1,4)
+ > pm=30lr)+ D p(n+ 141 —30|x])
m€T5,5(1,4;5) w€To5,5(1,5:4)

+ ) pn+144-30x)+ D> p(n+145— 30|7ry)>. (5.3)
7T€T9575(4,5;1) 7'I'€T957S(1,4,5;)

We use a similar approach to find the size of the image in other cases.

5.2.2 Size of the image in Case 1

The size of the image of Case 1 is given by

95 mo—1

Z 05,0(71 — 307710) m Ci,QQ(TL — 30m0)
mo=1, i=1,
mo#5 1#£5
95 mo—1
mo=1, =1,
mo#b 1#£D
C
95 mo—1
= Z B571(n — 3Om0) U Bi730(n — 307710)
mo=1, =1,
mo#b 1#5
95 mo—1
= Z p(n - 3Om0) - B5,1(7”L - 30m0) U Bi730(n - 3Om0) .
mo=1, =1,
mo#b 1#5
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First suppose mg > 6. Define

H — Bi730(n— Somo) if 275 5
" Bsa(n—30mg) if i=5.
We have
mo—1 mo—1
U H;| = Z(—l)sil Z |HilﬂHi2ﬂ"-ﬂHi|.
=1 s=1 (il,iz,--~i5)€Tm0_1,s

If none of the numbers i; is 5, then H;; = B;, 30(n — 30mo) for all j, and thus
|Hi1 N HZ‘2 Nn---N His| = p(n —30mg — 3047 — 3029 — - -+ — 30i5).

If one of the numbers i; is 5 (say i = 5), then H; = Bs1(n — 30mg) and all others are
Bi730 (TL - 30m0), and thus

|Hi, "Hj, N---NH;, | =p(n—30mg—5—30i; — 30441 — 303441 - - - — 30is)
= p(n+ 145 — 30(mo + i1 + 2 + - - - i5)).

Thus we obtain

> |H;, NHy, N---NH; | = > p(n — 30|x|)

(i17i27"‘is)€Tm071,s Wesm0,5+1(§5)

+ Y. p(n+145 - 30/x).

7r€5'm0,s+1(5;)
Hence, the size of image in Case 1 when mg > 6 is given by
95 mo—1
SN (- > pn=30x)+ > p(n+145-30x]) | .
mo=6 s=0 TESmg,s+1(;5) TE€ESmg,s+1(5;)

Next suppose 1 < mgy < 4. Define

" {Bi730(n—30m0) if 1<i<mo—1

B571(n - 30m0) if 1= my.
We have
mo mo
UHZ :Z(—l)s_l Z |I{z1 ﬂHZ'Q Nn---NH; |
i=1 s=1 (11,92,7+15)€Tmg, s

If none of the numbers i; is mo, then H;, = B;; 30(n — 30my), and thus

|Hi1 NH;,N--- ﬂHZ‘s‘ :p(n —30mg — 3047 — 3029 — - -+ — 30i5).
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If one of the numbers i; is mo, then i; = mq (since partitions are defined to be a weakly

decreasing list). Therefore, H;, = Bs 1(n —30mg) and all others are B; 30(n — 30my). Thus,

|HilﬂHi2ﬂ---ﬂHiS| :p(n—30m0—5—30@'2—301'3—---301'3)
=pn—>5—30(i1 +i2+---is)).

We obtain
> |Hyy NHi, NN Hi|= > pn—=30x))+ > p(n—>5-230||).
(i17i27“'is)eTmO,s 7I—G‘S"m(),s+1 7|—Gsmo,s

Thus the total size of the image in Case 1 is given by

4 mo
ZZ(l)S( > pn=30x)+ > p(n5307r|>)

mo=15=0 TESmg,s+1 TESmg,s
95 mo—1
+ >0 > (-1 > pn=30x)+ > pn+145-30x]) | . (5.4)
mo=6 s=0 WGS,,L0,5+1(;5) WeSrno,erl(5§)

5.2.3 Size of the image in Case 2(B)

The size of image of Case 2(B) is given by

95 no—1

> || Cro(n—no) N Cs0(n —no) () Cizo(n —n0) () Cioln — no)
no>96 =2, i=96
i£5
95 no—1
= Y pn—mng)— || Bri(n—no) UBsi(n—no) | J Biso(n—no) |J Bii(n —no)
n0296 i=2, =96
5
Define
% Bi730(n - no) if 14 < 95 and 1 75 1,5
i =
Bm(n — ’I”Lo) if i>95 or = 1,5.
We have
no—1 no—1
UH[=Y (0" Y H,nH,n-0H
=1 s=1 (i1,42,15)€Tng—1,s

In the interior sum, suppose t of the numbers ¢; are less than or equal to 95 and different
from 1 or 5 (say ij,,4j,, - 4j,). Then H;; = B;; 30(n—no) for | <t and H;; = B;;,1(n—no)
for all other ;.

‘We need some more notation.
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e Set T} := Tys54+(;1,5). That is, T] denotes the set of partitions into ¢ distinct parts
with largest part at most 95, with no part 1 or 5. Note that any partition in 7} has
at most 93 parts.

o Set T}/ := Tn(;2,3,4,6,7,---95). That is, T,/; denotes the set of partitions into ¢
distinct parts with largest part at most n, and that do not contain 2,3,4,6,7,---95
as a part. Notice that T{ N T}/, = (.

We express any partition of 75,1 s as a partition of T} and a partition of T,/ ; . ,. Then

min(s,93)

> |Hyy NHy, NN H; | = Z > Y pn—mng— 30/ — |7”)).

(i17i27"'i8)€T7107175 t=0 T ET’ //eT”/L/ 1t

Hence the size of image of Case 2(B) is given by

no—1 min(s,93)

D > > > (=1)°p(n —no —30[x'| — |=")). (5.5)

np>96 s=0 =0 w'cT/ 7 "eT”O,LS,,5

5.2.4 Size of the image in Case 2(C)

N s . . . . —24 .
Case 2(C)(i): In the partitions in the image in Case 2(C)(i), 4 appears as a part "= times
and 5 appears as a part 5 times. Removing all these parts of 4 and 5 gives a partition of

n —ng — 1 with no 4 and 5. Thus, the image of Case 2(C)(i) is given by

> |Cras(n—1=ng) N Cyp(n—1—mng) N Cs0(n—1—ng)

1 >96,
n()EO(ZL)
95 no—1
() Cizo(n—1—=ng) () Cio(n—1-ng)|.
i=2, i=96
i£4,5

Similar arguments show that the size of the image in Cases 2(C)(ii), 2(C)(iii) and
2(C)(iv) is also the same, with the only change being in the congruence for ng in the
index of summation. Thus the total size of the image in Case 2(C) (sum of all the four sizes
of images in Cases 2(C)(i), 2(C)(ii), 2(C)(iii) and 2(C)(iv)) is given as

Z Cr28(n —1—mn9) N Cypo(n —1—mnp) N Cso(n —1—ng)

no>96
95 no—1
ﬂ Ci29(n —1 —mnyg) ﬂ Cio(n —1—mnop)|,
=2, i=96
i#4,5
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which can be rewritten as

Z p(n—1—ngp) — Z Biag(n—1—mng)UByi(n—1—ng)UBsi(n—1-—ng)
no>96 no>96
95 no—1

U Bi730(n —1- no) U Bi71(n —1- n()) .
1=2, =96
i#4,5
Define
Biso(n—1—ng) if i <95 and i#1,4,5
Hi=4{Bji(n—1-ng) if i>95 or i=4,5
Bng(n —1- TL()) if =1
We have
no—1 no—1
U H;| = Z (—1)5_1 Z ‘Hzl NHyN---N Hzg‘ .
i=1 s=1 (il,iQ,"'is)ETnofl,S

First, in the interior sum, suppose that none of the numbers ¢; is equal to 1. Further suppose
t of the numbers i; are less than or equal to 95 and different than 4 or 5 (say i;,,%j,, - - - i5,).
Then H;; = Bijl,go(n —1—mng) for | <t and H;; = By, 1(n — 1 —ng) for all other ;. We

need some more notation.

e Set U/ := Ty5+(;1,4,5). That is, U/ denotes the set of partitions into ¢ distinct parts
with largest part at most 95, and no part 1,4 or 5. Note that any partition in U/ has
at most 92 parts.

e Set Uy, := Tny(;1,2,3,6,7,---95). That is, Uy, denotes the set of partitions into ¢
distinct parts with largest part at most n that do not contain 1,2,3,6,7,---95 as a
part. Notice that Uy N Uy, = 0.

We express any partition of Ty, 1,5(;1) as a partition of U; and a partition of Uy} ;o .

Thus

min(s,92)
Z |Hiy, "NH;\,N---NH; | = Z Z p(n—1—ng—30|7'| —|7"|).
(il7i27"'is)ETn0—1,s(§1) t=0 ﬂJGUt”
UL 1t

Next, suppose that one of the numbers i; is equal to 1. Then i, = 1 (since partitions are
defined to be a weakly decreasing list). Further suppose ¢ of the numbers i; are less than
or equal to 95 and different than 4 or 5 (say ij,,%j,, - 4;,). Then H;, = Bj29(n — 1 — ng),
H;;, = Bj, 30(n—1-mng) for 1 <l <tand H;; = B;;1(n — 1 —ng) for all other i;. For any
partition of T;,,—1,+(1;), we remove the part of 1 and express the remaining partition as a

partition of U; and a partition of U}) 1 ., ;. Thus
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Z ‘HilﬂHhﬂ"'ﬂHis‘
(il7i27"'is)eTn0—1,s(l§)

min(s—1,92)

= Z > > p(n — 30 —ng — 30|7| — |7"|).

[y "
m'eU]n EUnO 1s—t—1

Hence, the size of the image in Case 2(C) is given by

no—1 min(s,92)

o2 > > Y (Fp(n—1-mng =30/ —|x"])

no>96 s=0 t=0 w'cU]x"cU

ng—1,s—t

no— 1m1ns 192

+ Y Y Y Y (<1 —30—ng— 30| — |7]). (5.6)

no>96 s=1 t=0 el el 1 oy

We combine (5.3), (5.4), (5.5) and (5.6) to get an expression for | X,,| = p(n) — p(n — 5).
Thus, for any n > 132241,

p(n) = p(n —5) {ZZ ( Z p(n —30|7|) + Z p(n—5—30|7r|))

mo=1 s=0 ﬂESmO,S+1 ﬂ'ESmo,s

95 mo—1
+ > Z(—1)8( > opn=30T)+ > p(n+145—30\7r\)) }1
(53)

mo=6 s=0 TE€Smg,s+1(;5) TESmg,s+1(5;

95
+{Z(_1)5< S pn-5-30)+ Y p(n—4—30!ﬂl))

s=0 n€Tos,5(;1,4,5) w€To5,5(1;4,5)

95
+ (1) S pa-1-30)+ Y p(n+140—30|7r\))
s=0

7T€T957S(4;l,5) 7TET95,S(5;1,4)

95
+> (-1 > pn=30x)+ > p(n+141 —30|7r|)>
s=0

7T€T957S(1,4;5) 7TET9575(1,5;4)
95
JrZ(—l)S Z p(n + 144 — 30|x|) + p(n + 145 — 30|x|) }2(A)
5=0 w€To5,5(4,5;1) w€Th5,5(1,4,5;)

no—1 min(s,93)
+{Z )OI DD <—1>Sp<n—no—30!7r’!—W\)}%B)

n0296 s=0 =0 rx'eTyn"eTy | _,

S5 3 3 > (=1)%p(n—1—ne —30[x| — |x”)

no>96 s=0  t=0 ﬂEU’Tr”EU”

{ no—1 min(s,92)

—1,5—t

no—1 min(s—1,92)

+>3 > Y > (—1)5p(n—30—n0—30\7r’\—W’])}Q(C)

n0>96 s=1 t=0  wleU;n"eUy 141
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To aide the reader, we recall the notation used above:
e S, s denotes the set of partitions into s distinct parts with largest part n.

o Sys(ar,---ag;bi,---by) denotes the set of partitions into s distinct parts with largest

part n that contain aq,--- ,ar as a part and do not contain by, --- ,b; as a part.

o T, s(ar,---ax;by,---by) denotes the set of partitions into s distinct parts with largest
part at most n that contain aq,--- ,ar as a part and do not contain by,--- ,b; as a

part.
o T/ :=Ty5+(;1,5).
o TV, =Ty (;2,3,4,6,7, - 95).
o Ul :=Ty5.(;1,4,5).

o U, :=T,:+;2,3,6,7,---95).

n,t

5.3 Cumulative recurrence relations for a general k

We use the same approach to get a recurrence for a general value of k¥ > 3 by making some
modifications in the map. Our aim again is to find a formula for p(n) in terms of p(n — k),
p(n —k—1), p(n — k —2) etc. Let 2, = max(k(2k + 1), (k? — 1)(k — 1)). Note that

21 if k=3
2k =
(k2 —1)(k—1) if k> 4.

Further, let

k2 +k—1 -1
yk:( 2)Zk(2k ) 11

It is easy to see that y; < kS.

Let X, denote the set of partitions of n that do not have k as a part and let Y,, denote the
set of partitions of n that have k as a part. As before, we easily see that | X,,| = p(n)—p(n—Fk).
For a w in X,,, let f; be the frequency of ¢ in 7. For n > y;, we define the map ¢ : X,, —» Y,
as follows.

Case 1: Suppose there exists m such that 1 <m < zp — 1 and f,, > k(k+1). Let mg be

the least such number. Define

Py = (U, Mo, a4

Y

Case 2: Suppose fp, < k(k+1)—1for all 1 <m < z; — 1. Since n > yi, there exists a
p > zj, such that f, > 1. Let ng be the least such number.
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Case 2(A): Suppose f; > 1 and fr_1 > 1. Define
P(m) = Q07— DfeT R ),

Case 2(B): Suppose f; = 0. Define

P(r) = (10 k@D 2kl e gl

Case 2(C): Suppose f1 > 0 and fy_1 = 0. Let ng = r (mod k—1) for some 0 < r < k—2.
Define

ng—k2(r+1)+1

Plr) = (k=) TR EROD (g — 1) T ),

Since the map ¢ is injective within each case and the frequency of k in the partition in
the image is different for different cases, the map ¢ is injective, and thus | X,,| < |Y;|. Since
| X = p(n) —p(n — k) and |Y,,| = p(n — k), we obtain p(n) < 2p(n — k) whenever n > yy.
We refine the inequality obtained to an equality by measuring the size of ¢(X,,) in each of

the cases by using PIE. The image in the cases are given as follows.

e Case 1: ) )
2 — mo—
| ] (Ak:,(k—i-l)mo(n) N Ci,k(k-i—l)—l(n))'
mo=1 =1,
’ s
e Case 2(A):
zp—1
Chk(er1)—2(1) N Cr_t por1y—2(n) N Ag1(n) [ Cinprny—1(n).
z‘;élliz—l
e Case 2(B):
2—1 no—1
L] <A1,no—k(2k+1)(n)ﬂAk,Qk—i—l(n) ) Ciktern—1(n) Ai,O(n)>~
no>2zg i=2, =2,

itk

When ng = z;, the last intersection in the above expression is vacuous and can be omitted.
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e Case 2(C):
k—2

|_| |_| <Cl,k(k+1)2(”) N Ak—l ng—k2(r+1)+1 (n)N Ak,k(r+1)(”)
r=0 ’ k=1

= no sz )
no=r(k—1)

zp—1 no—1
' Cirpan—1(n) [ Ai,®(")>~

i=2, i=zy,
itk k—1

Proceeding as for the case k = 5, the size of the image in Case 1 is equal to

k—1 mo
ZZ(—l)s( Y. pn—kk+D)+ > p(n—k—k(’Hl)!WI))

mo=1s=0 TESmg,s+1 TESmg,s

zk—1 mop—1
+ ) Z(—1)5< > p(n—k(k+1)|x])
TES.

mo=k+1 s=0 m0‘8+1(;k")

+ > p(n—k+k2(k:+1)—k:(k+1)\7r])>, (5.7)

WESmg,s«kl(k;)
where
e S, s denotes the set of partitions into s distinct parts with largest part n.

e Sys(ar,---ap;by,---by) denotes the set of partitions into s distinct parts with largest

part n that contain ay,--- ,a, as a part and do not contain by,--- ,b; as a part.

Similarly, the size of image in Case 2(A) is given by

zp—1
Z (—1)8< Z p(n—k—k(k+1)|r|)+ Z p(n—k+1—k(k+1)|x|)

s=0 WGTzk,LS(;l,k—l,k) WETzk,LS(l;k—l,k)
+ > p(n—1—k(k+1)|x|)+ > p(n+k(k(k+1)—2)—k(k+1)|r|)
ﬂGTzk_l,s(kfl;l,k) WGTzk_lys(k;l,kfl)
+ > p(n—k(k+1)|x])+ > p(n+k(k(k+1)—2)+1—k(k+1)|x|)
WETzk—l,s(Lk‘—l;k’) weTzk_lys(l,k;k—l)
- > p(n+k(k(k+1)—1) =1 —k(k+ 1)|x|)

T€Ts 1,5 (k—1,k;1)

+ > p(n+k(k(k+1)—1) —k;(k+1)\7ry)>, (5.8)
€Ty, —1,s(1,k—1,k;)

where
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o T, s(ar,---ap;by,---b) denotes the set of partitions into s distinct parts with largest
part at most n that contain ai,---,a, as a part and do not contain by,---,b; as a

part.
Similarly, the size of image in Case 2(B) is given by

no—1 min(s,z,—3)

> 2 Z Y. > (C1p(n—no—k(k+Dlr'| - |7"]), (5.9)

O>Zk S= 0 /ET/ //e/z'v”{L/0 et

where
° Tt/ = Zk—l,t(;lak)-

o T}y i =Thi(;2,3, k—Lk+1,k+2,---, 2, —1). Notethat herealsoweexpress any

partition of Ty, 1, as a partition of 7/ and a partition of 7)) ;. .

Similarly, the size of the image in Case 2(C) is given by

no—1 min(s,zx—4)

> Z > D> (1p(n—1-ng—k(k+1)r| - |x"])

no=z s=0 meU ey oy

ng—1 min(s—1,z,—4)

+ Z Z Z Z Z (_1)8p(n_k(k+l)_nO_k(k'—i-l)’?T,‘—‘77”|)’

no>zp s=1 el eUy 1 o4y

(5.10)

where
o U =T, 1.1,k —1,k).

o Uy = Tht(;1,2,3,---k =2,k + 1,k +2,--- ,2 — 1). Note that as for k = 5, we
express any partition of T,,,—1 5(; 1) as a partition of U/ and a partition of U’0 15—t
Moreover, for any partition of T},,—1 s(1;), we remove the part of 1 and express the

remaining partition as a partition of U] and a partition of U]} S—t—1-

We combine (5.7), (5.8), (5.9) and (5.10) to get an expression for | X, | = p(n) — p(n — k).
Thus, for any k£ > 3 and any n > y;, we obtain

k—1 mgo
p(n)zp(n—k)+{ Yo > (1)pn—k(k+ 1))

mo=1s=0 T€Sm,s+1

k—1 mo

+ 33 Y (—1)'p(n—k—k(k +1)|x])

mo=1 s= OweSmos

+ o> > > (Fp(n—k(k+ 1)x|)

mo=k+1 s=0 w€Sy, s+1(k)
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zrk—1 mo—1

+ > D > (—1)5P(n—k+k2(k+1)—k(k—i—l)hr])}(]ase1

mo=k+1 $=0 wESm, s+1(k;)

Zp—1
A){ s S ()% —k— k(e + 1)|x])
s=0 7€T%) —1,5(;1,k—1,k)

Zk—l

+ 2

5=0 7€T;; —1,5(1;k—1,k)

(]

(—1)°p(n—k+1—k(k+ 1)|n]|)

zp—1

2

s=0 WETzk,LS(k—l;l,k)

(=1)°p(n =1 = k(k + 1)|x])

(]

2p—1

2

s=0 ﬂETZk_LS(k;l,k:—l)

(]

(=1)°p(n+k(k(k+1) —2) — k(k+1)|7|)

Zk—l

+ > (=1)°p(n — k(k + 1)|x])

5=0 7€l —1,5(1,k—1;k)

zp—1
£ X (U P k(k(k+1) ~2) + 1 - k(k+ Dl))
5=0 m€Ty, —1,5(1,k;k—1)

zp—1

+3 3 (—1)°p(n+ k(k(k+1) — 1) = 1 — k(k + 1)|r])

+y > (—1)°p(n + k(k(k+1) — 1) —k(’f+1)|7f|)}

s=0 ﬂETzk_Ls(l,k*l:k;)

no—1 min(s,zp—3)
{+ > 2 Z > (=1)°p(n—no—k(k+1)|x'| — \Tr”y)}
no>z s=0 7' €Ty,
ﬂ—NETT/LIO 1,s—t
no—1 min(s,zp—4)
{+ 22 X > (=1 —1—no—k(k+1)|'| - 7))
no>zE s=0 ﬂ.eUé’
NEU;LIO 1,s—t

ng—1 min(s—1,z;—4)

Y Yy 5 <—1>sp<n—no—k<k+1><1+|7r'|>—wn}

no>zp s=1 ' el

" 1"
7'(' EUnO 1,s—t—1

5.4 Recurrences for partitions with bounded maximum part

Recall from Chapter 1 that for a given natural number m, the quantity p,,(n) denotes the
number of partitions of n with largest part at most m. The quantity p,,(n) is well known
and the simple conjugation map for Ferrers diagrams provides a bijective proof showing
that pp,(n) is also equal to the number of partitions of n with at most m parts. Our goal

is to find some recurrences for p,,(n) similar to those for p(n) above. However, here the
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case analysis is much simpler than for the recurrences above. The recurrence for p,,(n) also
helps us to prove a nice result related to Ramanujan’s congruences for integer partitions.
Analogous to our notation before, we require the following notation. For fixed m, we

define the following sets.

° A;k(n) denotes the set of partitions of n with largest part at most m, having exactly

k parts of size j.

. ;k(n) denotes the set of partitions of n with largest part at most m, having at least

k parts of size j.

° ;k(n) denotes the set of partitions of n with largest part at most m, having at most

k parts of size j.
e T, s denotes the set of partitions into s distinct parts with largest part at most n.
e S, s denotes the set of partitions into s distinct parts with largest part n.

e Sy s(ar,---ag;by,---by) denotes the set of partitions into s distinct parts with largest

part n that contain aq,--- ,a; as a part and do not contain by, --- ,b; as a part.

Theorem 5.1. Let m > 5 and n > 2m(m+ 1) — 20 be positive integers. Then the following

recurrence relation holds for py,(n):

pm(n) = pm(n =5 +ZZ Z )*Pm(n — 5|m])

t0=1s=0TES;j,s+1

+ZZ > (—1)*pm(n —5—5|x|)

i0=1s=07€ES;,s

+>.> Y (=1)%pm(n—5lx))

i0=6 s=0 wESiO,s+1(§5)

m ip—1

+33 3 (=1 pm(n+20 - 5.

10=6 s=0 W€S¢0,3+1(5;)

Proof. Let X,, denote the set of partitions of n with largest part at most m and no part
equal to 5, and let Y,, denote the set of partitions of n with largest part at most m and with
5 as a part. We define an injective map ¢ : X,, — Y, and find the size of the image.

Let 7 = (171,22 . 50 . mfn) € X,,. Since n is large enough, there exists an 1 < i < m
and ¢ # 5 such that f; > 5. Let iy be the least such number. Then define

o(m) = (11,50, ..ifo™° ).
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The image in this case can be described as

m io—1

LI [ 45007 () Cla(n)
io=1, =1,
1075 J#5

The size of the image is equal to

m i0—1
> 455, ) Claln)
Z0:1, .]217
1075 J#5
m 10—1
= Z Agyo(n — 5i0) ﬂ Cj 4(n — 520)
10=1 j=1
075 J#5
m i0—1
= Z Pm(n — 5ig) — Béjl(n 5ip) U Bj 5(n — 5ip)
10=1, j=1,
1075 Jj#5

First suppose ig > 6. Define H; as

[ Bisn—5i) it j#5
"By —5ig) if j=5.

We have
io—l ZO_]'
|U Hjl =3 (="' > [HynH,n-nH|.
j=1 s=1 (leZy"'jS)GTiO_l’S

If none of the numbers j;’s in the sum is equal to 5, then
|Hj1 NHjpN--- ﬂHjS| Ipm(n—5’i0 —5j1 — 979+ —5j5).
If one of the numbers j; in the sum is 5, say j; = 5, then

|Hj, "Hj, N---NHj| =pm(n—5ig —5—5j2 — 5j3- -+ — 5ji—1 — Bji41- -+ — 5Js)
— po(n + 20 — 5ig — 51 — Bja- - — 5js).

Hence
i0—1 i0—1
U Hj| =D (-1)*! > pmln=57)+ D pm(n+20-5|x)) |.
=1 s=1 ﬂ'ESiO’SJrl(;E)) 7T€Si015+1(5;)
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Thus, the size of the image in the case ig > 6 is given by

m ig—1 m i9—1
Y0 Y FWpaln=sl+ Y] > Y (1)°pa(n+20—5|x]). (5.11)
10=6 s=0 WES’LO,5+1(§5) i9=6 s=0 7T€Si0,5+1(5;)

Next suppose 1 < iy < 4. Define

i Bjs(n —5ip) if 1<j<ig—1
;=
B5’1(TL - 5’i0) if j = i(].

We have

10
- Z(_l)s—l Z |Hj, NHj, NN Hj,l.
s=1 (192,35 ) €T s

0
U &
j=1

If none of the numbers j;’s is equal to ig, then

|Hj, NHj, N---NHj,| = pm(n —5ig — 5j1 — bja -+ — bjs).
If one of the numbers j; is equal to ig, then j; = ig, and thus

|Hj, NHj, N---NHj,| = pm(n —5ig— 5ja--- — 5js — 5).

Hence

_20: - )1< S pmln =5+ > pm(n—5—5lﬂl))-
s=1

WGSiO,s+1 7T€Si0,s

Thus, the size of the image in the case ig < 4 is given by

ZZ Z 1)°pm(n — 5[m) +ZZ Z 1)°pm(n — 5 = 5|x|). (5.12)

to=1s=0m€ES;), s+1 i0=1s=07€S;; s

Since the map ¢ is injective, | X, | = |¢(X,,)|. As before, we easily see that | X,| = pm(n) —
Pm(n — 5). Summing (5.11) and (5.12), we obtain the size of |¢(X,,)|. This completes the
proof of Theorem 5.1. O

For brevity, for n > 2m(m + 1) — 20, we rewrite the recurrence relation in Theorem 5.1

as follows.
L(m)

Z aipm(n — 51), (5.13)
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where L(m) is a fixed number depending on m, and q; is some integer. First, we estimate

the value of L(m). Using Theorem 5.1, it is clear that
L(m) = ma‘X(M17 M27 M37 M4)7
where

My =max{|r|:1 <y <4,0 <5<, 7€ Siys4+1}s
My =max{|r|+1:1<4i5<4,0<s<ip,m€ Ys},
M3 = max{|r|:6 <ig <m,0<s<(ig—1),7m € Sy s+1(:5)},

My =max{|m| —4:6 <ig <m,0<s<(ig—1),7 € Sis+1(5;)}

It is easy to verify that M; = 10 and Ms = 11. To calculate M3, observe that the maximum
is achieved when igp = m and s = m — 2, and 7 = {m,(m — 1),...,6,4,3,2,1}. Thus,
M3 = % — 5. Similarly for My, the maximum is achieved when ig = m and s = m — 1,
and 7 = {m,(m —1),...,1}. Thus My = W — 4. Since m > 6, it is clear that
1
L(m) = My = m(m;)—z;.
Since the maximum is achieved when s = m — 1, we have ap,,) = (—=1)m~1. Next, we use

our recurrence in Theorem 5.1 to prove Theorem 5.2.

Theorem 5.2. Let m > 6 be a fized positive integer. Then py,(5n + 4) is not divisible by 5

for infinitely many positive integers n.

Proof. First, we show that p,,(5n+4) is not divisible by 5 for some n. Let m’ be the smallest
number strictly larger than m that is congruent to 4 modulo 5. Suppose that m = 0 (mod 5),
som’ = m+4, and from there we see p,,,(m’) = p(m') — 7. This follows from the observation
that the partitions of m + 4 that have a part larger than m are given by m+4, (m+3) +1,
(m+2)+2,((m+2)+1+1, (m+1)+3, (m+1)+2+1,and (m+1)+1+1+1. We obtain
similar results when m is from some other congruence class modulo 5. To summarize, we

obtain:
e If m =0 (mod 5), then m’ = m + 4, then p,,(m’) = p(m’) — 7.
e If m =1 (mod 5), then m’ = m + 3, then p,,(m’) = p(m’) — 4.
e If m =2 (mod 5), then m’ = m + 2, then p,,(m’) = p(m') — 2.
e If m =3 (mod 5), then m’ = m + 1, then p,,,(m') = p(m') — 1.

e If m =4 (mod 5), then m’ = m + 5, then p,,,(m') = p(m') — 12.
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By Ramanujan’s congruence, we know that p(m’) is divisible by 5, and thus p,,(m’) is not
divisible by 5. Next, suppose to the contrary that there are only finitely many values of n
such that p,,(5n + 4) is not divisible by 5. Let n’ be the largest n of the form 4 modulo 5
such that p,,(n’) is not divisible by 5. Note that 5L(m) = 5% —20 > 2m(m+1) — 20.
Therefore, using (5.13), we obtain

L(m)

pm(n' +5L(m)) = Z a;pm(n’ + 5L(m) — 5l)
=1
L(m)—1

- ( > apm(n +5L(m) —5”) + (=)™ pm(n).

=1

We rewrite this as:

L(m)—1
(—1)m71pm(n’) = pm(n' +5L(m)) — Z apm(n’ +5(L(m) —1)).
=1

Since n' is the largest number of the form 4 modulo 5 for which p(n’) is not divisible by 5,
the left hand side of the above equation is not divisible by 5, whereas the right hand side is
divisible by 5, giving a contradiction. Hence, there are infinitely many values of n for which
Pm(5n 4+ 4) is not divisible by 5.

O

We note that it is easy to generalize these recurrences and congruences for any natural

number k instead of 5. First, we note that Theorem 5.1 generalizes to the following result.

Theorem 5.3. Let k and m > k be positive integers, and n > (%) m(m+1) —k(k—1)

be a positive integer. Then the following recurrence relation holds for pp,(n):

k—1 1o

pm( )= pm n—k +ZZ Z pmn_k‘ﬂ-‘)

i0=1s= 07"657,0 s+1

i9g=1s=0 TI'ESZ'O s

+ Z Z > (=1)*pm(n — klx|)

io=k+1 s=0 ©€S;; s41(k)

m i0—1

+ 3 Y Y V) pmn—k+ k- Elx)).

io=k+1 s=0 w€S; s11(k3)

We can generalize the proof of Theorem 5.2, and using the recurrence in Theorem 5.3,

we obtain the following general result.
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Theorem 5.4. For given positive integers k, L, v and m such that m > k and r < k, either
pm(kn+1) is divisible by | for all integers n, or py,,(kn+1) is not divisible by I for infinitely

many positive integers n.
Recall the following notation from Chapter 1. For a given natural number m:

e Let py,(n) denote the number of partitions of n with largest part at most m;
e Let p—,,(n) denote the number of partitions of n with largest part exactly m;
e Let p(n, < m) denote the number of partitions of n with at most m parts;

e Let p(n,m) denote the number of partitions of n with exactly m parts.

Then, by the conjugation map (for Ferrers diagram), we have p(n, < m) = py,(n), and
thus p(n, < m) also satisfies Theorem 5.3 and Theorem 5.4. Moreover, by the conjugation
map (for Ferrers diagram), we have p(n,m) = p—p,(n). Further, an easy bijection ([Aig07,
Page 32]) shows that p(n,m) = pm,(n —m). Thus p(n,m) and p—,,(n) also satisfy results

similar to Theorems 5.3 and 5.4. These results are stated below.

Theorem 5.5. Let k and m > k be positive integers, and n > (%) m(m+1)—k(k—1)+m

be a positive integer. Then the following recurrence relation holds for p(n,m):

k—1 19

p(n,m) =p(n—km)+ > > > (=1)°p(n — kx|, m)

10=15=07€S;; 541
k—1 1o

+>.> > ()pn—k—Klz|,m)

10=1s5=0 WESiO,s

m  io—1

+ > > Y (=1)%p(n—klx|,m)

io=k+1 s=0 w€S;, s41(k)

m  io—1

+ 3 Y Y () -k + B = klx],m).

io=k+1 s=0 w€S;; s11(k;)

Theorem 5.6. For given positive integers k, I, v and m such that m > k and r < k, either
p(kn + r,m) is divisible by 1 for all integers n, or p(kn + r,m) is not divisible by 1 for

infinitely many positive integers n.

5.5 Future directions

It would be interesting to classify those values of k, [, r and m, where m > k and r < k, for
which py, (kn + ) is divisible by [ for all positive integers n. Then, by Theorem 5.4, for the
remaining values of k, [, » and m, we find that p,,(kn + r) is not divisible by [ for infinitely
many positive integers n. The same question can also be asked about p(kn+r, m). However,

the answers might be related because of the relation p(n,m) = pp,(n —m).
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