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problems and initial va lue  problems is gimm, ~ristercs  amd 
c 

uniqueness theorems l a d  s t a b i l i t y  properties of then are 

problems . Then, various equ&raleaces betreen the mt'th'ods are 

4' shown. Last ly ,  the h i g h  o r q e ~  f i n i t e  dfffcremcr methods 
-- - - - - - - --- - --- 
- 

con3iiXefeT Doedel and by ~ ~ a c h - ~ i c e a r e  d i a c s s . e d  fro8 a 

dif f e r e n t g b i n t  of wier. A r e l l t i o u r h i p  between t h e  high order 
+hi &, 

f i n i t e  dkf erne methods and collocation rethods is presented . .  
- 1 

Cornpar imp of operation corints and nalcerical re i su l t s  for .  

b o e d e l m  s methods, LynclrEice*s mthods, aad 

using 8 - s p l i n e s  and Gauss p o i n t s  is treated, 
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d i f f e r e n t i a l  equations (ODES) : t h e  most common n u q w i u l  n t k o d s  

are: i n i t i a l  ra lae  approaches; f i lr i te  difference methods; amd 

f i n i t e  e l e m e n t  nethods. One of the areas of coGidsf.qe 4 ,  . ' P interest to numerical a n a l y s t s  is  the relationships betueen  r 
453 

these methods, O n c e  some equivalence has been  f a s d ,  propertbs 
* -- -- - - - - -- - -- - -- - - -- --- 

o f  S %eTEZ fe, g. ~ p r o p e r t y  m e -  w e l l - c o a d i t i  
-- -- 

oa%d for a 1 

V Ju.l 
J 1 .? 

moft ip le  s h o o t i n g  mthodf can thus be shorn to  a p p l y  to the 

eqnimlent ones. 

The main purposes  of t h i s  . theqis  a m  to s h o w  equivalences  
'. 

between some well-knoun numerical methods -and 'to give a clear 

In chapta; 2, general forms for ODIs are given  td h e l p '  
- 

- - 

maintain basic aodcrstanding. &fore introducing namrical 

methods, existence and uniqoeness theorems for t h e  solutions of 

general i n i t i a l  v a l u e  problems (IWs)  an& linear BV1* are 1 

- mentioned. S i n c e  i t  .is e x t r e m e l y  difficult' t o  establish 

existence and uniqueness  theorems for g e ~ e - l  BIPs ,q  t h e r e  are 
, * 

- & r v w  i~~~ r U  

s t a b i l i t y  properties of Ortega [ 181 for l i n e a r  I I P s  and B I P s  a te  



m U ~ L L - c o n ~ l t r u n i n g  ox a BIP id-  r e l a t e d  t o  tso bounding . 

q u a n t l t  iesz one inwolrizlg t h e  buedfary coaditions and t h e  ether 
Y 

i n v o l v i n g  the ~reemls foactioa, T h e i t  result is desckibed also. 

tiawing we l l -posed  bVPs i n  haad, we consider numerical metbods 

fur s o l r i n g  them,  I n  Chapter 3 ,  to  prepare the groundwork needed 

in the subsegoeat  chapters, the s e l l - k g - &  methods are 

shooting, and i n v a r i a n t  imbedding for i n i t i a l  ralae approaches;  
* 

c, 
trapezoidal ro le, midpoint tale, and ~ u n g e - ~ u t t d b h e m e s  for' 

- - -  -ppp - - - - -- - - -- -- - - - -- - - - - - - -- -- - - - - - - - -- - 

f i n i t e  difference met'hods: collocation. Galerkin,  l e a s t  spare,  

and Bitz methods for f i n i t e  %lement'.ethods, Ebea p r e s e n t i n g  the 

m e t  hods, some * e q s i r a l e m c e s  between them are e a s i l y  seen as t h e y  

a r e  i n t r o d u c e d ,  e. g. e g u i r a l e r c e  between d i s c r e t e  Galerkin and 

. c o l l o c a t i o n  and equitalemce between discrete l e a s t  square and 

S i n c e  f i n i t e  d i f f e r e w e  w t h o d s  i n v o l v e  unknorns uhich 

correspond direct17 ta approritate solatioms a t  8 e s h  poimts, i n  
C 

- Chapter 4 e q u i v a l e n c e s  between f i d t e  d i f f e r e n c e  w t h o d s  and 

sore other methods are emphasized, The1 i n c l a d e  t h e  trapezoidal 

rale artd c o U o c a t i o n ;  the . i d p o i a t  rule amd collocation; s 

Bnnge-Kmtta methods  and c o l l o c a t i o n ;  t h e   or schem an& ~ e l t i p l e  

shooting; m u l t i p l e  sbootirrg and c o l l o c a t i o n ;  ~ o l t i p l e  shooting 

& ha ia iarian t i x d d i G ; a n d t E i -  P i x u n d  f i n i t e  
-. - -  
dlt~etemce methods. VP le all of them probably known, some 

are not in the 12terature- Altbough i n  theory, too  methods are 
Z 



- - - -- - - - - - - - - -- -- 

I - 
- 

solotTon set* G a p r a c t i c e  t-kit p r o p e r t i e s  (e.g. o r d e r  of 
. I  

a c c u r a c y )  can be. d i f f e r e n t .  T h i s  differe~ce is p a r t i c u l a r l y  

i m p o r t a n t  fro. a c c m p a t a t i o n a l  p o i n t  of view, h 

An i n v e s t i g a t i o n  was made for  h igh  o r d e r  f i n i t e  d i f f e r e n c e  

methods c o n s i d e r e d  by Doedel f 9 )  a n d  by Lrnch-Rice  [16]-  T h e  

main ifif f e r e n c e  between their rethod s i s  that Doedel ts aet hods 

ine fude  no~scotpact  approximathms rhife Lynch-Rice da not ,  I n  

Cha  2 ter y e  5 c u n s t r a c t i o n  of h i g h  o r d e r  f i n i t e  d i f f e r e n c e  

s w b i l i t y  of the schemes  are 'a lso d i s c u s s e d ,  Por  a  g e n e r a l  n-th - 
o r d e r  linear differential e q u a t i o n ,  c h o i c e  of a  se t  of auxiliary 

p o i a t s  u h i c h  g i v e s  one h i g h e r  crder of accuracy is given.  For  

t h e  s p e c i a l  n- t h  o r d e r  d i f f e r e n t i a l  equation I=D". f o r m u l a e  are 

p r o v i d e d  t o  e v a l u a t e  t h e  u n i q u e l y  d e t e r m i n e d  r i g h t - h a n d - s i d e  

me f f icients of the appro_ri_.atians, and-&rr fiPd-3Ae lscittrioo-of- - - 

, 
the s p e c i a l  a u x i l i a r y  p o i n t s  which g i v e  t h e  o r d e r  of a c c u r a c y  as 

h i g h  as possible, An crbvious e q a i m l e n c e  between these methods 

and  c o l l o c a t i o n  methods is g i v e n  i n  Section 5.5- T h i s  

e q u i v a l e n c e  appeaZs  t o  have  not been previously o b s e r v e d  and n o t  

shown in either b o e d e l  1 9 1  or i n  Lynch-Rice [16]. 

work e s t i n a t e s  for t h e  finite d i f f e r e n c e  methods f a t  . 

g e n e r a l  n- t h  order d i f f e r e n t i a l  e q u a t i o n s  are prov ided .  
- -- 

~uapariskn of c o r p o t a t i o n a l  work af D o e d e l s s  schemes afld of 
-- 

Lynch-Rice's schemes is offered f o r  g e n e r a l  s e c o n d  order I - *  

d i f f e r e n t i a l  e q u a t i o n s ,  L p c t r - R i c e  [I61 a l so  campared t h e i r  
- - 

m e t h o a s  with +f i r e  o t 3 e r  retboifs, b u t  t h e  ~ o m - ~ r i s o n  6 e r e X - -  



- - -  

based on the Langrange p o l y n o m i a l  i n t e r p o l a t i o n  b a s i s  f u n c t i o n s  
6 

rather than the set of b a s i s  functions they c o n s i d e r e d ,  Prom t h e  

ope ration counts, ue cmclude t h a t  Doedef '.s methods are more 

efficient t h a n  Lynch-Rice's  s c h e m e s  for same orders of accuracy 
* 

i f  oze t a k e  a s  feu a u x i l i a r y  p o i n t s  as poss ib l e .  I n  Section 
-& 

5 .8 ,  nnmericaf erampfes  show t h a t  D o e d e l ' s  schemes with one 

auxil ia-ry point are corpetire w i t h  Lynch-Ricers  s chemes ,  Hence, 

m e t b o d s  u s i n g  one auxiliary point are  the most efficient of the 
P" 

high order f b i t e  difference me$hods. C o n p a r i n g  some n u m e r i c a l  

results of the finite difference m e t h o d s  with t h a t  of 

collocation methods using 0 - s p l i n e s  and Gauss points, one f i n d s  

that the finite d i f f e r e n c e  methods can require a large number of , 
s n b i n t e r r a l s  t o  a c h i e v e  any significant accuracy. 4 

T h e  l a s t  Chapter of t h e  t h e s i s  ii Chapter  6 ,  t h e  

- coac lasf  on, - - -- - - 



He begin w i t h  a brief a c c o u n t  of some of t h e  basic 

p r e r e q u i s i t e s :  general IVPs a n d  B T P s ,  existence and u n i q u e n e s s  

theorems, and problem stability. 

I n  t h i s  s e c t i o n ,  some s t a n d a r d  p r o b l e m s  which  c o r r e s p o n d  to 

the most common forms of BVPs are presented, Since ways to 
1 

n u m e r i c a l l y  solve BVPs c a n  be closely connected with methods for -  

solving IVPs, and s i n c e  the t h e o r y  of IVPs is closely r e l a t e d  to 

t h a t  for BVPs,a t r e a t m e n t  of f V P s  i s  c o n s i d e r e d  a l so ,  

2.1.1, TVPs 

The  g e n e r a l  I V P  c a n  Q w r i t t e n  a s  a f i r s t  o r d e r  s y s t e m  

where (t)= (I t )  ( t )  y (t)) i s  the unltnorn , ,  
w 1 2 n 

-- - Z - - - -- - - -- 

f u n c t i o n ,  f ( t , y ) = { f  ( t , y ) , f  f t , y ) , . . , - , f  ( t , y ) )  is the 
4 1 2 n 

- -- -- - - 7 

nonlinear r i g h t  hand side and 5 is a known n - r e c t o r  of 

ini t i a l  c o n d i t i o n s  which c o m p l e t e l y  d e t e r m e s  y(t)-- 
* 



can be converted to the first order form (2.1a). by l e t t i n g  
P 

The ODE has t h e  equivalent  form 

S i m i l a r l y ,  a system of b i g h  order ODES can be reduced ' t o  a set 

of f i r s t  order equations in this way. 

In t h e  s i r p I e r  case where the ITP is l inear,  ( 2 -  1) is 

s i m p l i f i e d  to 

where A ( t )  is an n x n matrix am3 f (t) is an n-vector Falaed 
VI 



functian af L - -- 

The linear' system (2.2a) i s  called if f (t) =O , 
Y - '  

and jnhomog- o t h e r w i s e ,  

2.1.20 B V P s  
> 

i 

U n l i k e  I V P s ,  s o l o t i o n s  t o  BVPs are n o t  c o n p l e t e l y  i 
determined b y  initial i n f o r r a t i o n ;  t h e  informatian is g i 6  a t  

t v o  or more p o i n t s  which n o r n l l l  correspond - - to the 
-- - 

some physical r e g i o n  of i n t e r e s t .  One basic form is 

tuo p o i n t  BVP 

where y (t) and f ( t )  are n-rec tors ,  A ( t )  is  an n x n 
rC - 

-- - -- - - - - -- - -  - - -  

the l i n e a r  

i and b are f i n i t e  cr i n f i n i t e  a i d  5 is a c o n s t a n t  n -vec tor ,  B1 1 

and Bb are n x n matrices catresponding  t o  n boundary 

c o n d i t i o n s .  

For (2.3) t o  hare  a uniqme solution, i t  is  necessary b u t  

n o t  suf  f i c i e a t  t h a t  these bortndary conditions be l i n e a r 1 2  

. i n d e p e n d e n t .  i . e .  t h a t  t h e  matrix(% l B b )  have n l i n e a r l y  



where Ca is a p r n matrix . Cb is an (n-p)x n matr ix  , and 
I 

p=rank (B,) . 
L 

A g e n e r a l  l i n e a r  m u l t i p o i n t  BVP consists of the OD3 (2.3a) 

and m u l t i p o i n t  BC 

are  n-rec tor  and a=f, < 

A n o n l i n e a r  two po int  BIP can normally be expressed i n  t h e  

form 

- 

T 
where g=(g . , , , , g  ) and 0 is the zero n-vector, 

H 1 n b 

a n o n l i n e a r  mth order(sca1ar) BVP normal ly  h a s  the form 

In t h e v i i n e =  case. (2.Sa,b) si.~Ufies t o  



As in t h e  IIP case. f2.Sa.B) zmd (2.6a.v caa be coavrrted to 

t h e  first order systems (2,trarb) aad (2,3a,b),  r e s p e c t i v e l y ,  

The most general BVP ue consider invo l t e s  a system of ODES 

of d i f f e r e n t  orders with m l t i p o i a ~ ~  which is called a mixad 

order system and can be w r i t t e n  as 



Before i a t r o d e c i n g  numer ica l  methods for s o l v i n g  t h e  a b o r e  

problems, e r i s y x e  .ad qniq-mass theorsms of t h e  so lat ieas  of 
w 

- t h e  p r o b l e n s  are g i v e n  i n  the f o l l o w i n g .  

a: Let f ( t o y )  be c o n t i n u o a s  on D= ((t.@ : adtsb, [,-.J~SP) , 
* 

where 11 ./I is some vector  nor.. and e t i s i y  a l i p s c h i t s  co~di t fon  

with r e s p e c t  t o  on  D, t h a t  is, there  is a c o n s t a n t  K, such .a 

* 

#=e * - i  -*,**-{=t73 +?IF•’:-- 
- - - - - - - - -- - - - - - - - -- 

- - -  -- - - 
t -  - 5 q - I-5 

Ii ( J f ( t . y ) ( l  + S a on D and e m i n (  b-a.R/ll }. then (2.1) h a s  a - 
unique s o l u t i o n  for altSa+c (see Keller [ 121 ) , 

U n f o r t u n a t e l y ,  since it is e r t r e m e l y  d i f f i c u l t  t o  p r o v i d e  a 

result l i k e  t h e  abore for general BtPs, t h e r e  are o n l y  existemce 
- - - - - - - - - -- -- - -- -- -- - - - - - --- - 

and uaiqaeness  theorems  r e s t r i c t e d  for B T P s  i n  s p e c i a l  cases, 

!•÷an? of them r e l a t e  to an  i m p o r t a t  class, t h e  s e c o n d  o r d e r  BIP 
- 

?or i n s t a n c e :  ( B a i l e p ~ h a n p f n e - W a l t n a n  [ S  ] ) 

g1.2.,2 : Suppose t h a t  f ft,y, y e )  %s d o n t i n a o u s  o n  D=[ a, b J x (-woo 
. - 

) x (-&a and s a t i s f i e s  t h e r e  a L i p s c h i t z  c o n d i t i o n ,  i .e, there 
- - - - -  - - - - -- - - - -- - -- A 

e x i s t  c o n s t a n t s  L and A such that for every ( t , y , j t )  and 



then (?.8J has a uniqlre 8crlutiorr. 'Zhia result is the best 

p o s s i b l e .  

w h i l e  for general lfmar BVPn, when tbe problem is expressed i n  

term of an associated IIP, a gemera1 theorem is poss ib l e :  

(2.3a.c) has a m i  que s o l u t i o n  if and only if t h e  iatrix 

where $ (t) =l (t) I (m)f (u) du, sad l(t) is the f a~damental -I * 

M: Let T (t) be t b  f andawtntal solutim that satisfies 

the above c o n d i t i o n s ,  By dfrect suMtitutioa,  it cam be 

shown t h a t  



4 d 

is the unique s o l u t i o n  of (2.3) - !m s a t i s f y  t h e  BC (2 ,3c) ,  

must be chosen  such-,$hat 

- 

Hence ( 2 . 3 6 , ~ )  has a uaigoe solution if and oalf if Q is 

In this section, we discmss the stability properties of 

DPS and BVPs. T n general, when computing a qeant i ty  y fro. data 

t b y  some numerical  rethod I, a o b l m  is ca l l ed  u a s t a b l e  or % 
i l l - c e n d i t i o n e d  if *sm1Iw c b n g e s  i a  the data t g r o d o c e  alargew 

- - -- - ----p- - -- -- - - -- - 
- 

changes in the s o l u t i o n  1 even if the method B is execated with 

no roanding error- The method U is called a a n t i c a l l y  uns tab le  

i f  small rounding errors introdraced w b n  o d o g  B pr~decerr large 

errors i n  the solrrtion y even when t h e  data are exact- As a ' 

q u q n t i t i e s ,  and one shas ld aot use numerically dnstable  methods 

( 2 .  to@ 1' (t) =f (t,?) - t >a - w 



# I *  f 

I t = )  r-ca rlso . - 
t rat& respect to cIi&%jS.in- 

yl 

t h e  i a i u a l  conlitions (a) f i f  g f t e n  anf >8, there is a 6 > 0 .  so 
.cr 

t h a t  qnj o t h e r  solution y t t )  of (2 .  tOa) for rbich 

dotisties 

for a l l  t > a  

ror t h e  sp&ial  case of t h e  l i a d r  constart c o e f f i c i e n t  

jl& The m i • ÷ ~  s o l u t i o n  of (2.lOc,b) is s tab le  i f  amd ~ell) 

if aU. eigenralorss of A bare  tomp positive real part and any 

e i g e n v a l o e s  with zero real part bd!Lorrgs to a 1x1 ;lordan block, 

Furthermore, J (t) is a s y r p t o t i c a l l ~  stable i f  and only  if a l l  
H 

e i g e n t a l n e s  of, A h a v e  n e g a t i v e  real part ( Ottega [ 781 a d  

if and only if k h a s  a cmponant in the directioa of a p r i n c i p a l  
V 

rector fir +a, w e e i e e ? m ! t ~ ~ -  - 



a-ociated-vith aJ (Ortega [18 ]  ). 

men X is a funct ion  of t, the eig-enralmes of t h e  Jacobian 

of A [t) can clrattge s i g h  so it is onXy & s s i b l e  to g i v e  a 

character iza ti on of ' s t a b i l i t y  correspolrding to ?bb 2.4 which i s  

Sou, consider the s t a b i l i t y  theory for BIPs- For 

s iap l i c i ty ,  amly the t va  paint 1i;rrear BTP (2. a, b) is 
Y 

cbn s i d e r e d ,  
A \ 

Assume (2.3 a, b) h a s  a unique solution ~ ( t )  and also, tbe 
- -- - A-- ---- - - - --- 

- - - -  - -  - 
- -- 

- 

rqtrices Ba and Bb in (2-3b) are scaled such  that 

s k h  t h a t  t h e  following is satisfied: 

the, respectire s o l u t i o n  y(B and ?(t) s a t b f l  - 4 



( 2 .  t7a) I (a) =r 

and r (t) is a particular s o l u t i o n  of (2 .  3 a)' , 
U 

/ 
S u b s t i t o t  ing (2 .  16) into t h e  BC ( 2 . 3  b) , we f i n d  that s is - 
r e q u i r e d  t o  s a t i s f y  

where Q=[B +B f (b) 
a b  

A rs A 

where 6 0  :=B -0 ,SB :=B -B , and &:=-a - - -  are *smallm, a a a  b b b  

e q u i r a x e n t  to  the n o n s i a g u l a t i t y  of the matrix Q d e f i n e d  in 
* 

(2.18) which it the special cum of (2.9) dtb r=2 , 3, q. and 

T,=b, i t  is tempt ing  to take the c o n d i t i o n  member of Q 

. c o n a w  : = / I  011 11 P-' 11 

as an indicat ion for t b e  coPditioa number of the BVP. This 
t 

q u a n t i t y  horerer, toras oat to b e  ra thr  r is leadfsg  at times. 

i n i t i a l  ra laes  (2.17a) , rather t L a ~  t h e  BC (2.3b). T h o s ,  if t h e  



m ijeneral, write j?(t) a s  
w . &  4 

I (t) =I ( t )  s+r (t) d t l b  

and d e f i n e  $s:=&s. Oe get a 
r, 

How, the relevant quanti ty  is 

so a n  i n d i c a t i o n  of the-cunbftion of the problem (2.3 a,b) is 
d 
t h e  number 

rather  than cond #), 

The s o l u t i o n  i*qt) of (2.3a.b) c a n  also be expressed as 
C 

where Q is i n  (2.18), G ( t , s )  is the Green's f u n c t i o n  for 

{2 ,3a ,b ) ,  I 

I The p e r t u r b a t i o n s  i n  the BCs give perturbed solut ions  which are 

C r e l a t e d  to 1 y+{a) j( , I) rc(b)l . and hence to  G ( t . 3 .  Therefore; 

c o n d i t i o n i n g  of (2.3a.b) is also related t o  the boqndedness of 

t b e  Green's fanc t ion  6 (t,s) 



matrix s a t i s f i e s  (2.17]. then there is  a  n o n s i n g u l a r  n x n 

matrix P such that P ( t ) = Y ( t ) P  , Hence,  

' ~ h e r e f o r e , t o  e s t i m a t e  t h e  c o n d i t i o n  humber of (2.3 a , b ) ,  i t  

is tempt ing  to ase the baand 

If we c h o o s e  Eta)  =I, i.e. x(t)=l (t) . then this bound w i l l  , 

't 

f r e q u e n t l y  be  misleading. Indeed, if T (t) i n c r e a s e s  

' e x p o n e n t i a l l y  as t increases, then t h i s  bound is approx imate ly  

cond [Q] . T o  o b t a i n  a m a e  real is t ic  estimate, E(t) must b e  
'L 

p r o p e r l y  s c a l e d ,  In particular, let 



Hence the result  f ol lous:  

Suppose the B T P  (2.3 a,b) has a unique  solution, t h e n  $2-3 

a,b) is w e l l - c o n d i t i o n e d  i f  k, (b) =o( l )  in (2.23) a s  b-W, and 

ill-conditioned if 1 (b) ( I  as b -+m. - 
-: ( L e n t i n i - O s b o r n e - R o s ~ l l  [ 151 ) 

. C o n s i d e r  the B I P  

F=v*e, t f@=-Y@1 , 
t h e n  after some m a p u t a t i o n ,  k (b)= (l+cos b ) / s i n  b, 

1 

w h i c h  means t h a t  far b away from m u l t i p l e  of a, t h e  s o l a t i o n  is 

not s e n s i t i v e  to small changes  in t h e  B C s ,  Borever, when b gets 

close to  a m u l t i p l e  of a, t h e  problem i s  u n s t a b l e ,  

S t a b i l i t ~  p r v p e ~ t i e s  of B+fs cim a3so be ku&f*eif 3ry tlre 

c o n d i  t i o n  of t h e  probf ems. 
, 

After i n r e s t i g a t i ~ g  the e x i s t e n c e  and u n i q u e n e s s  of the 

s o l a t i o n  of g i v e n  p r o b l e w  and t h e  s t a b i l i t y  of t h e  problems,  ue 

t h e n  c o n s i d e r  numer ica l  rrethods for s o l v i n g  these problems-  



Rost of the interesting e q u a t i o n s  which occur i n  practice 

r e q u i r e  t h a t  t h e i r  s o l u t i o n s  be o b t a i n e d  b y  n u m e r i c a l  means. I n  

t h i  s c h a p t e r ,  some ue l l -knoun  n u m e r i c a l  me thods  for solving BVPs 
r. 

are discussed, F i r s t ,  i n i t i a l  v a l u e  t e c h n i q u e s ,  t h e n  f i n i t e  

d i f f e r e n c e  methods,  a n d  f i n a l l y  f i n i t e  e l e m e n t  methods are 

d i  se ilssed, 

3.1 Initix Value Approaches -- 

Initial value t e c h n i q u e s  p l a y  a n  i m p o r t a n t  role i n  the 

numerical s o l u t i o n  of BVPs.  The basic p r o c e s s  is t o  solve BVPs 
- 

by s o l v i n g  I B P s  with some a r b i t r a r y  i n i t i a l  c o n d i t i o n s .  then 
* 

find the solutions by s a t i s f y i n g  the g i v e n  BCs, I n  t h i s  s e c t i o n ,  

several i n i t i a l  approaches such as s u p e r p o s i t i o n ,  s h o o t i n g ,  

stabilized march,  a n d  i n v a r i a n t  imbedd ing  are c o n s i d e r e d .  

3.1.1, Superposition 

Consider t h e  l i n e a r  BVP 

I 

Doe to  t h e  l i n e a r i t y ,  the s o l u t i o n  ~ ( t f  of (3-1) can be w r i t t e n  - 



where f ( t ) = Y  ( t ; a )  is t h e  fundamenta l  s o l u t i o n  matrix satisfying 

P a  (t) =A (t) Y (t) a l t l b  

1 (a) =I J 

and v (t) is a particular s o l u t i o n  of (3-  I ) ,  
h 

Here, 2 i s  t o  b e  d e t e r t f n e d  so t h a t  t h e  Bts 13.1 b) are 

satisfied, s o  / 

vhere  Q = B  +B Y(b)  and 
a b  

If Q 1 s . , n o n s i n g u l a r ,  t h e n  s can be o b t a i n e d  from (3.3) and + 

so the s o l u t i o n  y(t) is  c o n s t r i l c t e d -  T h e  above procedure is 
w 

called t h e  method of saperposi t i o n ,  G e n e r a l l y ,  i n i t i a l  v a l u e  

methods which  involve e o l r i n g  t h e  ODE over f a,b] its an IVP, as 

the above does, are c a l l e d  shooting methods -fgee s e c t i o n  3- 1-2). 

Rhen Q is formed, it i s  of t e n  i l l - c o n d i t i o n e d ,  ~ometimes, 
6 

t h i s  can b e  corrected by scakiag, hat sealke'+hAt 4 is 

n o n e t h e l e s s  st ill i l l - c o n d i t i o n e d .  For i n s t a n c e ,  

c o n s i d e r  t h e  problem 
100 

y" = 1 o o o o ~  z i @ = L  y ( V e  , I 



A short c o n p u t a t i o n  g i a e s  
-- - - - - -- 

cash 100 (sinh 100)/100 

100 ( s i n h  100) cosh 100 ' 

Q i s  i l l - c o n d i t i o n e d  a l t h o u g h  by s c a l i n g  (multiply row 4 by 
-100 

e ) ,  we get a w e l l - o o n d i t i o n e d  prob lea .  

Ubea the BCs are p a r t i a l l y  s e p a r a t e d ,  a gyd804 

sm~er~osit iog method a s  d e c r i b e d  be l o u d  c a n  b e  used. 

Sappose t h e  p a r t i a l l y  separated BCs can be w r i t t e n  as 

( 3 -  Ua) C y ( a ) = d  
a* '1 

(3.4b) D y (a) +D' j (b) =d 
a" b r 2 

where C i s  a  p x n m a t r i x  of rant p, D and D are q x n 
a 

5 
a b 

matrices with p+q=n, and d and d are p- and q- rectors, 
" 1 '2  

write t h e  s o l u t i o n  of (3 .1  a) and (3.4) a s  . ~ - 
y ( t ) = y  ( t ; s ) = ~ ( t )  sc*r(t) - m H Yc H 

where F ( t )  is a n  n x g matrix af fundamental s o l u t i o n s  

sast i s f  y i n g  
- 

(3 .5a )  T s  ( t)  = A  (t) -f(t) an d 

(3.  ~ b )  c f (a)=[ o 1 - - - - 

a P x q - 
a n d  t h e  p a r t i c u l a r  s o l u t i o n  r ( t )  satisfies - - -- 

(3 - 6 )  C v ( a ) = d  . 
a" I - 

The p t e c t o r ' s  is d e t e r s i n a d  so t 4 t  t h e  q boundary condi t ions  * 
I 



- 
d = d - D  .(a)-D r @ )  a q - r e c t o r ,  
" -2 a" b" 

We need  n l i n e a r l y  independant  i n i t i a l  c o n d i t i o n s  to datermi ne 
C - 

r f t )  and each coluna of T ( t ) ,  v h i b  (3,s b) or (3-6) only supply * 

with p conditions, Hence re atlgnent Cd by a g x n matril  6 sach 

t h a t  

T h e n ,  r e q u i r e  the i n i t i a l  condition 

If we p a r t i t i o n  

where P has p c o l u a n s  and P has q, colamas, 
1 2 

then we hare  r (a) =F d and r(a) =? . 
C 

1 1  2 

t, 
and works i n  .any i n s t a n c e s ,  it frequently  g ires  rerr 

i l l - c o n d i t i o n e d  groblecs  even when the BIP is well-c~ndFtionab, 



- - - -  -- - - 

has two major  drawbacks: (Scott-Watts [23] ) 
- -- - -- 

due to the finite uord l e n g t h  used by cosp~ters ,  the 

s o l u t i o n s  may lose t h e i r  numerical  independence. The 

r e s o l t i n g  m a t r i x  problem i n  (3- 3) may be so p o o r l y  

condi  t i o a s d  that s caawt be  determined accurate ly ,  

related to  the f i n i t e  word l e n g t h  of t h e  computer,  a loss of 

s i g n i f i c a n c e  can occur even if t h e  linear wslxtnafian rector 

s h a s  been computed accurately. This will n o r . p l l y  occur if 

the fondaaemtal solotior Y (t) is  larye ,compar&bo t h e  

d e s i r e d  s o l u t i o n ,  - - - - 

T o  overcome these d i f f i c u l t i e s ,  one can use 8 l t i p l a  P ' 3 
s h o o t i n g  (see section 3-1.3) or the stabilized 8arc.b method (see 

section 3.1.4) t o  g e t  a vsr? w e l l - c ~ a d i t i o n e d  matrix (Hattheij 

[I7 1) since t h e y  maintain s t a b i l i t l  by restrictiag the 

intergrations t o  smaller intervals, or by keeping t h e  solutioes 

~ t e a r a ~  t t t tuaf fy  o r t h q o s a f  ~ ~ t ~ m - € l t e T r  - in%@iiience 

ores the entire i n t e r r s l -  Also, a6rnliziag the v e c t o r s  a t  t h e  

i n i t i a l  point of each of the srrbinterralrs comtrols the growth of 

solutions (Scott-Watts j23J ) , 

3.1.2. Simple Shoot ing  



sar % If r e  denote r(t;s) as the solution of U.7) s u b j e c t  t o  
H .LC 

the i n i t i a l  c o n d i t i o n s  y (a;@ =so then the problem reduces to - .h rlc 

f i n d i n g  a s o l u t i o n  s* to a s ~ s t e ~  of q nonl inear algebtaic 

P (s) =? where P ( 8 )  : =g (s, (b;?) ) . - ... n r. - I -  

One can s o l v e  the above ~1st- by Certon*s method 1.8. given 

S, t h e n  solve 

and by 

a 

t h e  d e f i n i t i o n  of y ( a ; ~ ) ,  

Then 

f3 -  9bl 

v h e r e  

* 

satisfies 



= B *B I ( b )  . * 
a b '  

- 

T h u s ,  J(s) for the nonlinear case is like Q in the l i n e a r  case, 

For this method and f o r  s u p e r p o s i t i  on, me can use t h e  
- 
A 

aal t ip le  shootf ng setbod tu preveat t h e  fw&amerttal soluticm I - 
-m - 
--? 

fro. becoming n u m e r i c a l l y  dependent or anboended. This and 

a l teraat  ire methods arc described below, 

3 .1 .3 .  8 o l t i p l e  Shoot ing  

The m u l t i p l e  s h o o t i n g  mthod  is a g e n e r a l i z a t i o n  of the P 

i 
3 

shooting method which is d e s i g n e d  t o  a v o i d  t h e  build-up of 

T h i s  is done b~ d i v i d i n g  f a,b) btu 3 aabinterwals, s o l e n g  

DP s involving fundamental s o l u t i o n s  and a particular solu tioa 

over each s u b i n t e r v a l  independent ly ,  and then taking t h e  f i ~ a l  

solt t t ion a s  an appropriate c o r b i m t i o n  of these s o l u t i o a s  which 

satisfies the boundar? c m d i t i o a s  aad is coatimaoms across 

interior p o i n t s  c o n n e c t i n g  s o b i n t e c m l s .  
- 

1. Linear case: 
# 

-- --- - 

E u l t i p l e  shoot ing  for s a l v i n g  

(3. t Oa) ?' ( t ) = A  (t)J(t) +f (t). d a b  - * u% 
-i;r -g 
-3 

2 5  
8 a 
jfL 
22 



takes t h e  followiag general form : 

d i v i d e  [a,b]  into J suhintelclrals [t ,t ] ( t S j l J )  where 
- e ..' j + 1  

The fundamental  solution Ij (t) and particular s o l u t i o n  3 (t) on 

(tj , tj+, ) are o b t a i n e d  by so lv ing  

for some given a I n matrix P , and 

(3. 13a) r *  ( t ) = A  (tf r (t) +f (t) - t s t s t  
hj  'j j+l 

+ 

0 
for some g i v e n  vector r 1 l j ~ ~  . 

'1 

Then c o n s t a n t  rectors c, , .. +. , c are determined SO t h a t  on.{ tj ,, 
* - 3  

titi  
] t h e  a p p r o r i ~ t f a n  solution y ( t )  defined b y  * 

( 3 .  14) y(t):=~ (t)c +r (t) I S ~ S J  
* - j  - j  

to be satisf ied,  



y i e l d s  the  c o n d i t i o n s  

(3.15) and (3-16) in matrix form, 

*I 0 
4 - B  ; - 0  r (b) - l Y 1  2*)5  

we get 



- - - - - - - -- - 

,For the *s$andardN multiple shooting case, 

(15 j5J) (and therefore c- =y (t ) )  , 

-1. 
The s i a p l i f i e d  for. for this 

C-B r (b) ' Zi -~  

method i s  

? =I and r =O 
'3 

Eonlinear case : 

Cons idgr  t h e  n o n l i n e a r  BVP 

in case A, [a,b] is d+rided i n t o  J s u b i n t e r ~ s l s  [t , 
3 



t ] lijSJ , and the I I P s  
3+ 3 

are s o l v e d  independent ly ,  

T h e  cons tant s  c. , ISjSJ,  are determined sp~h that J ( t ) .  which is 
- J  ICC 

def ined  by 

s a t i s f i e s  c o n t i n u i t y  and t h e  BCs, i.e. 
- 

and 

Then  the matrix form 

where ==(c ,.... c ) and (t;c ) i s  a s o l u t i o n  to  (3.18). - -1  "3 . I  " 3  -j 
0 

Re can solve (3 .19)  by l ieuton's  m t h o d ,  i.e. given c , let 
rC 



where t h e  Jacobian matrix -J (c) = b e /  b c, - - 
Def ime 

From (3.18 a) , we hare 

a n d  (3.18 b) g i v e s  



T h u s ,  t o  s o l v e  f fc) =0 by i lewton's  method, each iteration 
- -- - - -  ~ 

- - ~  

i n v o l + e s  solving a linear m u l t i p l e  s h o o t i n g  prob lea ,  

Indeed, to g e t  a stable problem, s e v e r a l  a o l t i p l e  s h o o t i n g  

codes select the shooting p o i n t s  by a t t e m p t i n g  t o  satisfy 

(yi ) 11 Sk for some c o n s t a n t  k. I n  which case a n d  (H) = 

8 n '  S ( k + 1 )  (kt +k,J) w h e r e  kt and k, are g i v e n  in (2.20) 
I 

and (2.21).  

The two soarcks of error u s i n g  m u l t i p l e  s h o o t i n g  are 

1 .  a p p r o r i n a t i n g  the fundamenta l  s o l u t i o n  mtrices and 

a r t i c u l a r  s o l u t i o n s ,  and 

solving t h e  l i n e a r  system of algebraf  c e q u a t i o n s ,  

3 . 1 .4 .  S t a b i l i z e d  8arch 

m stabrl.rzPn-14a- fs . - 
8 

designed to  n a i n t a i n  numerica l  liaear independence of 

f nndamental and particular s o l u t i ~ r s -  Y u l e  d t h  rrrltipk 
r 



s h o o t i n g  the f u n d a m e n t a l  s o l u t i o n  Yj ( t )  and t h e  p a r t i c u l a r  

s o l u t i o n  r *  (t) a r e  computed i n d e p e n d e n t l y  on e a c h  s u b i n t e r v a l .  
4 

t h i s  i s  n o t  d o n e  with t h e  stabilized march.  The s t a b i l i z e d  march 

also intends t o  e c o n o m i z e  on t h e  m u l t i p l e  s h o o t i n g  method  by  

r e d u c i n g  t h e  number of f u n d a m e n t a l  solution c o m p o n e n t s  which 

must b e  c o n p a t e d  i n  t h e  same r a y  t h a t  r e d u c e d  s u p e r p o s i t i o n  

econoaizes on superposition [ S c o t t - U a t t s  [ 2 11 ) . 
The p r o c e d u r e  s t a r t s  w i t h  I ,  (a) and r ,  (a) s a t i s f y i n g  (3.5b) 

Y 

and (3.6) given. Suppose  ue are g i v e n  a fundamental s o l u t i o n  

T; (t) and  a p a r t i c u l a r  s o l u t i o n  _rj ( t )  + t i s f l i n g  (3.5) and (3 .6)  

f3r t 2 t j  . let  5 ( t ; ) = P - ,  where  Pi is a a x q m a t r i x  of r a n k  q. 
3 

When t h e  s o l u t i o n s  are b e c o m i n g  l i n e a r l y  d e p e n d e n t .  s a y  for 

t=tj+, , t h e n  a f a c t o r i z a t i o n  

is performed, where  P , P , P are n x p, n x q, and 
j+ l  j + 1  3 +  1 

q x q m a t r i c e s ,  Let 

- 1 
E 

j + t  j + l  
* 

The initial data f o r  r f t )  i s  r ( t  ) = u  , w h e r e  v 
" Pt - p t  f + t  -j*t * -341 



The process of coaputing a fundalental  so lu t ion  I; fY d 

i n i t i a l  v a l u e s  Pi and 7:: at ti is continued for i=j+2,.*. until 
C 

eventually t h e  p o i n t  t=b i s  reached. As for reduced 

superposition, t h e  computed s o l u t i o n  i s  

( 3 -  22)  y (t)  :=I ( t )  c +r  ( t )  t ~ t < t  . 
h j - j  -j j j+l 

Ti b = t J + ,  , t h e n  requiring y ( t )  t o  satisfy c o n t i n u i t y  and t h e  
* 

BCs gives 

The last q BCs are D J! (a) +D y (b) =D (P c + w  ) +D ( I  c + 
a* b" - a 1 " 1 " 1  b J"J 

t ( b ) ) = d  . In matrix form , ue hare 
"73 " 2 

l 



The s t a b i l i z e d  larch is n o t  enable to parallel p r o c e s s i n g  

l i k e  m u l t i p l e  s h o o t i n g .  However, it does compete .  a smaller 
> 

solutions set and t h e  m l t i p l e  shooting p o i n t s  c a n  be easily 

selected a u t o m a t i u l l ~ .  I t  a l ~ o  Bas the adrantage t h a t  rap id ly  

decaying f o n d a n e n t a l  s o l u t i o n  i n f o r m a t i o n  i s  > n l y  needed i n  the 

p a r t i c a l a r  s o l u t i o n ,  wit o n e  may b e  a b l e  t o  a d a p t  a n  i n i t i a l  

value solver s u c h  t h a t  it i g n o r e s  these r a p i d l y  d e c r e a s i n g  

+? components i n  a l l  r n t e g r a t i o n s  except t h a t  f o r  this one solution 

rector ( L e n t i n i - O s b o r n e - R o s s e l l  [ I S ] ) .  

- 

For s i n p l i c i t y ,  I o n l y  c o n s i d e r  the BYP w i t h  l i n e a r  

s e p a r a t e d  9C 



Suppose  ( 3 . 2 4 )  can  b e  r e f o r m u l a t e d  a s  

v i t h  Bf 

q-vectors,  n = p + q ,  A ( t ) ,  K are F x p matrices, B(t), K are 
0 1 

p x q l a t r i c e s ,  C(t), K are q x p m a t r i c e s ,  and D(t), K 
2 3 -  

are q x q matrices. 

The k e y  idea i n  i n v a r i a n t  i ~ b e d d i n g  is t o  replace a tr - \ 
p o i n t  BIP by a set of i n i t i a l  value problems, One standard way 

.- 
is to first express the solution of (3.25 a )  i n  t h e  form 

? 
(3. 2 6 )  u (t) = B  (t) r (t) +x (t) 

U .cI * 

where R ( t)  is a p x q matrix and x ( t )  i s  a p-rector. 

S u b s t i t u t e  (3.26) into (3 .25 a) to get  

Tf we require that  t h e  coef f ic ients  o f  r f f )  ranrsh 
w 

- iathefFrst 

set above, a n d  t h a t  (3.26) satisfies the BC (3.25 b )  with t h e  
I 

c o e f f i c i e n t  of - v (a) set to zero, 

then the solutions are found by s o l v i n g  three  I T P s  



R '=l A (t) -BC ( t )  JR-RD (t) +B (t) 
(3  27a) E 

and 

r * = f  D (t) + C ( t )  R ]r+c (t) x+g (t) 
E 
- 

( 3 . 2 7 ~ )  -.c 4 r) for a S t l b  . 
f K P (b) + K  ]r (b) = p -K x (b) 

2 3 - YC 2- 
- 

I 

T h e  f i r s t  equation of (3.27 a) is  called a aatrix Riccat i  

equat ion (See Reid [ 1 9 1  ) ; 

Suppose I (t)  is a fundamental s o l u t i o n  matrix of (3.24 a )  

i 

If Y (t) can b e  partitioned i n t o  submatrices a s  E ( t l  can. i. e. 

and Z ( Q  satisfies 

( 3 -  28) 
b) K T (a) +A Y (a) ) to . 

0 1 1 3  

then t h e  s o i u t i o n  B (t) of (3.27 a) may be taken a s  R (t) = 



, t )  T (t) ( K e l l e r - L e n t i n i  [ 13 J ) . 
-- - --- - - 

l i f ter  B ( t )  , x ( t ) ,  and v ( t )  have been found ,  u (t) is e a s i l y  
* r.c I 

f o u n d  as a Linear c o m b i n a t i o n  of them, a n d  the solution ~ ( t )  of 

the BfP (3.24) is ~ e r e l y  

Even though i n v a r i a n t  imbeddfng B a s  the disadraatage of 

giving n o n l i n e a r  i n i t i a l  v a l u e  p r o b l e m s  (for the matrix Riccati 
I 

e q u a t i o n )  , i t  mag well orerco~e t h e  f o l l o w i n g  two related 

d i f  f i c o  lt ies of r u l t i ~ l e  s h o o t i n g  and s t a b i l i z e d  march : 

1. when t h e  r e l a t e d  I V P s  are u n s t a b l e ,  s h o r t  s u b i n t e r v a l s  are 

necessar~, and 

2 .  i n  t h e  p r e s e n c e  of r a p i d l y  g r o u i n g / d e c r e a a i n g  s o l u t i o n s ,  

s c a l i n g  can be a c o n s t a n t  problem, 

- - 

3. 2, f i n i t e  4et6o&s 

C h a o s e  a mesh TT : a r t ,  <t2<-,, .tt,<t,+, =b. The basic i d e a  

of the aethod i n v o l v e s  finding a p p r o x i m a t e  s o l u t i o n  v a l u e s  a t  

these a e s h  p o i n t s  tj b y  the f o l l o r i n g  :. 

' f o r r  a set o f  a l g e b r a i c  e q u a t i o n s  for the a p p r o x i m a t e  

solution v a l u e s  by r e p l a c i n g  d e r i t a t i  res w i t h  d f f  feronce 

q u o t i e n t s  i n  the d i f f e r e n t i a l  equations and  the bounda ry  
-- - 

c o n d i t i o n s  , 
-- 

solve the r e s u l t i n g  system of e q u a t i o n s  for- t h e  a p p r o x i m a t e  

solution. (Reller 1121 ) 



3.2.1, A Simple S c h e w  for a Second Order Problem 

Consider t h e  scalar  BIP 

(3. 29a) LP ( t )  =-a @ *+a ( t )  u* +a (t) u=b (t) O S t l  I 
,>=, 1  0 

(3- 29b) u(O)=ol  , u ( l ) = ( J  

v h e r e  a (t) , a (t) and b ( t )  are c o n t i n u o a s  f o n c t i o n s  on 
1 0 

Take a uni form mesh for this problem . i.e. t; = ( i - 1 )  h, 

Assume t h e  exact  s o l u t i o n  of (3.29) e x i s t s ,  A mesh f u n c t i o n  

E+ 1 
In 3 is  s o u g h t  s u c h  t h a t  n- = u ( t  ) , i = l , Z , ,  .. ,B+1,  
j j -1 i i 

The d i f f e r e n t i a 3  e q u a t i o n  (3.29 a1 is  hpprox imated  by - 

+a ( t  ) a  = b ( t  ) 
O i i  i 

an3 t h e  BCs (3-29 bJ g i v e  

If (3.30) is w r i t t e n  in matrix form. t h e n  t h e  following / 
- - 

t r i d i a g o n a l  s y s t e m  is obtained : 
-- - 



If a, (t) i s  p o s i t i v e ,  t h e  a p p r o r i a a t e  aesh f u n c t i o n  
n+l 

t U i  exists, the. matrix is p o s i t i v e  d e f  b i te .  and t h e  process 

of Gauss elimination w i t h o a t  p i v o t i n g  for tridiagonal  8 a t s i c e s  

is extremely simple and e f f i c i e n t  and, s t a b l e  ( A s c h e r R u s a e l l  

1 3 3 )  - 



-- - - 

side of €%e ZntegratZon directly giies &he solstips o f  the DB- 
43 - Host finite difference methods i n r o l r e  convert ing  t o  first o r d e r  

sys tems and then selecting a d i s c r e t i z a t i o n .  

Consider t h e  l i n e a r  f i r s t  order system 
Z 

pbe tYo .si.**S.t s&ep- ukk& a•˜e TFF&T .- 
i n f o r m a t i o n  about t h e  approximate  solst ioa a t  t i  to obtain the 

approximate  s o l a t i o n  a t  ti+, , a r e  t h e  trapezoidal m t h o d  and 

midpo in t  method, D I 

On a mesh T, a nuoerioal s o l u t i o n  ) iS sot&ht where - 
I ;  is t o  approx imate  ccnpowrttd.e the exact  s o l u t i o n  ;e) a t  
Y & 

- - 

t=t; a n d  is r e q u i r e d  to s a t i s f y  the BCs 

The t r a p e z o i d a l  w t h o d  i s  defined a s  

and the n i d p o i n t  method or the Bo_r schem is derfnea* - - - pp 

&ere B =t -t a n d ' t  Z* *h #2 , 7111n. 
i i + t  i i+ 1/2 i i 



For the nonlinear problem 

the t r a p e z o i d a l  rale  is given by 

and  the midpoint r a l e  is g i v e n  by ( 3 - 3 3 )  and 

a g a i n h = t  -t a o d t  :=t + h  / 2  , 1 l i S a  , . 
i i + l  i i + 1 / 2  i i 

For the n o n l i n e a r  problem ( 3 , 3 2 ) ,  it is aot d i f f i c u l t  to 
I 

4 

iorm the difference sche.es (3.33) , (3.34) , and (3 .35) .  The + 

i. 

d i f  f i c n l t p  is  i n  s o l r i n g  t h e  resulting n (B+l)  nonl inear  

algebraic e q u a t i o n s ,  where n is the order o f  the f i r s t  o r d e r  

s y s t e @ { 3 , 3 2 a )  and 1C is t h e  number of sub in terva l s ,  For i n s t a n c e ,  

n=S an$ N=ZOO g i v e s  more-than 1000 eqmationa- We consider - 

Hewtong s method to solwe t h e  n o n l i n e a r  problems. Pram (3.33) and 



L e t t i n g  t h e  system of equations (3.36) be ?(y)=O where 
' - *  



If w r i t t e n  component-wise ,  (3.37) gives . 

and 

3 u h e r e  { y  1 are known ~ a l u e s  fro8 a former i t e r a t i o n ,  

.+I I 
s * 

and the nert iterate is g iwep  by y :=y +u , i = l , . . . , . ~ + l .  
-i "i "i 

The spte8 (3.'38) , (3.39) , a d  (3.40) is a linear sys tems  

of e q a a t i o n s  for  the correction rector ( w . ) ~ + '  
.St i w r  ,which looks L i k e  

a trapezoidal d i s c r e t i z a t i o n  of soae linear problems. In each 

i t e r a t i o n  re hare performed two operations i n  succession, 

3 i s cre t i za t i oo  a n d  linearization. 



Let y 'm'(t) b e  an h p p r o p r i a t e l ~  smooth f u n c t i o n  s a t i s f y i n q  . 
p) (ti ) =$, i=l . . .  .,?t+I. If w e  first l i n e a r i z e  t h e  d i f f e r e n t i a l  

' t  

problem 

l e u t o n ' s  method is : 

0. 
given y , solve 

L 

S i n c e  -=D. - a g  8 

NOW, if d i s c r e t i w t i o n  ( t r a p e z o i d a l  r u l e )  is a p p l i e d  to  s o l v e  

these  e q u a t i o n s ,  f tom linearizing t h e  d i f f e r e n t i a l  e q u a t i o n ,  we 

g e t '  (3. 38) and (3.39) . Thus ,  t h e  two o p e r a t i o n s  o f  l i n e a r i z a t i o n  ' 

and d i s c r e t i z a t i o n  are c o m ~ a t a t i r e  for t h e  t r a p e z o i d a l  scheme. 

The i t e r a t i v e  scheme wbere we first l i n e a r i z e  and then 

d i s c r e t i z e  i s  called -ti-. 

3 . 2 . 3 ,  Range-Katta Schemes 



T h e  Runge-Kutta rethods i n r o l v e  using only inform t i o n  

about the a p p r o x i ~ a t e  s o l u t i o n  a t  ti to o b t a i n  the approximate 

solution at ti+, . The genera l  form of a &--e 

scheme for (3.32) on a n e s h  is- 1 a 

vhere {t 3 are d e f i n e d  a s  t :=t  th  r , I S j S k ,  lSiSl i  
' ij ij i i j  

w i t h  01 f <f <. . .<pkS 1, the * c a n o n i c a l  p o i n t s '  . 
1 2  

otherwise- B a t h  t i e  trapezoidal  r u l e  anti r i a p o i n t  rule are 
4 

i ~ p l i d t  ~ n n g e - ~ u t b  schemes .  The f i r s t  i s  2 - s t a g e  and the 

second is 1-stage,  

3 . 3 .  F i n i t e  Element Eethods - 

L i k e  the finite d i f f e r e n c e  methods, fiaite element methods 

attempt to find a p ~ r o x i m a t e  solotions of a BVP a t  a discrete set 
- -  - --- 

of p o i n t s  by s a t i s f y i n g  the BC and ODE si~ultaneously thraugLout 
-- -- - - -- -. 

t h e  interval. Houever, u h e n  solved by f i n i t e  element methods, 

d i f f e r e n t i a l  equations need n o t  k converted to a first order 
k 

s y s t e r .  



For f i n i t e  e l e m e n t  m e t h o d s ,  t h e  a p p r o x i m a t e  s o l a t i o n  is a s p l i n e  

f u n c t i o n  s ( t ) d P K v T , l  , where P, , , , l  is a collection of s p l i n e  

f n n c t i ~ n s  which  a r e  of o r d e r  k ( d e g r e e  less t h a n  cr e q u a l  to 

k - 7 )  i n  each s u b i n t e r v a l  o f  TT : a=t,  <t,<-.-.<t,<t,,, = b  and are  

I t 6  crder continuous a t  every  e s h  p o i n t ,  The advantages of 

s e l e c t i n g  a s p l i n e  space P K . , ~  are t h a t  h i g h  order methods 

r e s u l t  a n d  l o c a l  basis r e p r e s e n t a t i o n s  p r o d u c e  banded matrix 
0 

e q u a t i ~ n s .  For c o n v e n i e n c e ,  a s s u e  t h a t  s (t) h P K , , , l  , t h e  

s u b s p a c e  o f  P k , R , ~  c o n s i s t i n g  of spline functions w h i c h  satisfy 

+,he EX (3.45b). SO the unknoun solution p a r a m e t e r s  c o r r e s p o n d  to 

s o n e  r e p r e s e n t a t i c n  for s ( t )  . Letting the a p p r o x i ~ a t e  s o l u t i o n  
r 4  

b e  s ( t )  = L djy.  (t) rhere ( Y ; ( t ) )  is a basis of P:,,,L , !!=dim( 
J S ~  J 

0 

p ~ , T l  ) ,we d e t e r n i n e  dj., j = l , . .  .,a by r e q u i r i n g  s (t)  to  

s a t i s f y  t h e  d i f f e r e n t i a l  eqtra t ~ o n r  In one of s e v e r a l  natural 

~ 3 y . s .  T h e  b a s i c  t y p e s  of f i n i t e  e l e l r e n t  ~ e t h o d s  are collocation, 

e r  least s q u a r e s ,  a n d  Ritz n e t h o d s  vhich are d e s c r i b e d  

3.3 .  1 t o l l o c a t i o n  d e t h d s  



For solr ing (3.451, the c o l l o c a t i o n  solution s ( t )  is 

reg u i r e d  to s i  tisf y the differential equation (3.45a) exactly a t  
M 

fl p o i n t s  [ z . }  
I i=i 

( called the c o l l o c a t i o n  points ) i n  [ a , b  J ,  

Thus col locat ion requires the res idual  r ( t ) : = L s ( t ) - q ( t )  be set 

to zero a t  ?! p o i n t s .  I n  matrix form, (3 .06)  i s  

S ~ p p o s e  t h e  c o l ~ o c a t i o n  points zK are i n  t h e  j t h  

s n b r n t e r v a l  a n d  can be expressed ag 

lot P ( t )  b e  t h e  Gauss Legendre  polynomial of degree k.  If 
k 

3 ate ckoseo to be t b e  zeros of P ft), ?%ST, and to 
i 

i 1 4 

s a t i s f y  - l < r  < o  <. ..<o < l ,  t h e n  z are c a l l e d  t h e  Gaqg 
1 ' 2  1 k 

p o i n t s .  If is t h e  ( i - l i s t  z e r o o f  [P ( t ) + ~  (t)y(t-71,  
i 1- 1 1 



2<iSl, and -I=PI<~Z<.. .<()l<l, t h e n  z are c a l l e d  the Radaa 
k 

points. I n  t h e  case t h a t  is t'he ( i - 1 )  st zero of P1 ( t ) ,  pi 1 - 1  

2 1 -  and - I = ~ , c ~  <...V)l=,,, t h e n  z are c a l l e d  t h e  
2. k 

P9r tbe G a f e r k i n  method, the approxiaate solution x ( t ) =  
+4 

zJ- y .  (t) is determined so t h a t  t h e  d i f f e r e n t i a l  equa tion 
j ~ r  J 

( 3 . 4 5 a )  i s  s a t i s f i e d  i n  the sense t h a t  

(3. !+ 9) ~ g ( t ) v  (t) d t =  q ( t ) Y  (t)  d t  1 5 i S E  . 
i i 

T h a  + i s ,  one r e q u i r e s  t h e  residual f (t)  = l Z ( t ) - q  ( t )  to s a t i s f y  

In s a t r i x  form, ( 3 . 4 8 )  is &=g , - 



U n l e s s  the BIP is e x t r e m e l y  s i m p l e ,  t h e  e l e m e n t s  of G and q 
n 

must  be a p p r o x i n a t e d  by a numerical quadrature, If the 

q u a d r a t u r e  rule bas t h e  form 

* 
the r e s a l t i a g  discrete Calerkio method s o l u t i a n  s (t) = 

!!l * 
5 5. (t) is obta ined  from t h e  s y s t e m  of equations 

j = 1  j j 

T h e  3iscrete G a l e r k i n  equat ions  (3.51) can be written a s  

a n d  C, p are in ( 3  ,a?) , - 



If Q=E and B is nonsincplar ,  then the c&fee&fcm stod 

discrete Galerkin methods  a r e  e q u i v a l e n t .  Compared uith the 

c o l l o c a t i o n  method, the Galerkin met bod h a s  t h e  d i s a d v a n t a g e  

t h a t  t h e  integral c o e f f i c i e n t s  most be evaluated ande the 

advantage  that, for t b e  sane o r d e r  of convergence, smoother 

spline f u n c t i o n s  can be used, 

3 . 3 - 3 ,  L e a s t  Squares n e t h o d  - 

A fl A 

The Least s q u a r e s  method is t o  f i n d  s ( t ) =  & (t) 
j = 1  j j 

A 
s u c h  that E (s) = min E (s) where 

s t p D  
k,n, 1 r b 

we find this i s  equivalent to r e q u i r i n g  



A s  'with the G a l e r k i n  method ,  t h e  d i s c r e t e  least sglares - 

met hod i n v o l v e s  e v a l u a t i n g  t h e  i n t e g r a l  c o e f f i c i e n t s  in (3.55) 

t y  a n u m e r i c a l  q u a d r a t u r e  rule of the form (3 .50 ) .  

A* ,* 
Th-e s o l u t i o n  i s  s (t) = 2 (t) if 

T * 1 
(3.56) C 0& =C 0, 

U * 
A 

T 
where D,C,and q are a s  i n  ( 3 . 5 2 ) .  (3.47) and a =(dl ,-.-,.I,,) - CLI 

Clearly, if  Q=I and the c o l l o c a t i o n  m a t r i x  i s  n o n s i n g a l a r ,  

the discrete l e a s t  squares and c o l l o c a t i o n  m e t h o d s  are 

eqo i v a l e n t .  

3.3.4.  Ritz  g e t h o d  

f o n s i d e r  the problem 



-I!/ aSt5b t 
i- 1 i- 1 

(3.57b) D (a) = D  (b) =O 11iSm/2 

where Dy (t) :=yD (t) and the (smooth) c o e f f i c i e n t  f u n c t i o n s  

sat isf 7 6 (t) 10 i< iSm/2-1 and d (t) 27 >O for a S t S  b. 
2 i  8 

T h e  o p e r a t o r  L is c a l l e d  a - operator, having t h e  

p r o p e r t y  t h a t  i t  satisfies 

i : Lu (t) r ( t )  d t =  u (t)L7 (t) d t  

for any u . v e c ~ [ a , b ] ,  tbe space  of f u n c t i o n s  i n  tm[aO b ]  which 

s a t i s f y  t h e  BC (3.57b). 

T h e  R i t z  m e t  hod i n v o l v e s  c h o o s i n g  an approx imate  s n b s p a c e  

a n d  l e t t i n g  t h e  a p p r o x i a a t e  s o l u t i o n  b e  t h e  f u n c t i o n  which " 
minimizes  the v a r i a t i o n a l  f o r m u l a t i o n  I (u) f o r  ( 3.57) over t h a t  

s u b s p a c e .  Here 

hr 

( 3 ,  58) I ( s )  = a i n  1 (s) . 
0 

S t P  
k*lT ,l 

the a a t r i x  f o r .  is 

(3.59) 
*- Y 

G.4 =q - a 

where 



Lu (t) v (t) d t  

and 5 is i n  (3.49). 
Y- 

i It  is c l e a r  t h a t  f o r  s o l v i n g  (3.57). t h e  G a l e q i o  and Ritz 
21 

met hods a r e  mathematically equivalent ,  a t  least i f  k, 12.. 

However, t h e  discrete Pi tz  method for ,uh ich  the i n t e g r a l  

c o e f f i c i e n t s  (3.60) are a p p r o x i ~ a t e d  b y  using a goadratare. is 

g e n e r a l l y  different from t h e  d i s c r e t e  Galerkin method (3.511 and 

has the advantage of t h e  matrix symmetry in (3.59) - 
While c e r t a i n  m e t h d s  hare t h e i r  part icular  advantage i n  

s p e c i a l  cases ,  re u s u a l l y  o n l y  donsider the c o l l o c a t i o n  mthod 

since it appears  t o  b e  generally t h e  most e f f i c i e n t  and since 

sof trare for t h i s  method has  been developed.  For a comparison, 

s e e  Russell-Varah [20 1. 



I n  t h i s  C h a p t e r ,  v a r i o u s  e q u i v a l e n c e s  b e t w e e n  t h e  methods  

m e n t i o n e d  i n  C h a p t e r  3 are p r e s e n t e d ,  

- 
C 

C o n s i d e r  t h e  BVP ( 3 . 7 ) -  The c o l l o c a t i o n  methods using 2 

L o b a t t o  p o i n t s  a n d  1 Gauss p o i n t  t e l a t e  to  t h e  t r a p e z o i d a l  rule 

and the m i d p o i n t  r n l e  ( or Box scheme)  , r e s p e c t i v e l y .  

I n  p a r t i c u l a r ,  when s o l v i n g  the  BVP (3.7) by c o l l o c a t i o n  

w i t h  approx imate  s o l u t i o n  s ( t )  i n  , i f  t h e  Gauss p o i n t s  

are t h e  c o l l o c a t i o n  points t h e n  we h a v e  

where t = ( t  tt ) / 2  . 
i+1/2 i i t 1  

S i n c e  s(t; ) = I .  1 5 i S l l + l ,  t h e  l e w t o n  form of t h e  i n t e r p o l a t i n g  ' 

* u ' 
p l y n o r i a l  ~ ( t )  can b e  e x p r e s s e d  a s  % 



(i) ' Case I; 

A t  the Gauss p o i n t  t 
i+ 1/2 

N o w  (4, 1) g i v e s  

and (4 .2 )  g i v e s  g ( s ( y  ) (y ) ) = O ,  
" - - 1  - e M + l  4 

which are the midpoint  r u l e  (3 .33)  and (3.35) , one of t h e  most 

w i d e l y  used f i n i t e  d i f f e r e k e  methods, * - 
(ii) Case 11: - 
Yhen c o l l o c a t i n g  a t  L o b a t t o  p o i n t s  t ,and t I 

i i+ 1 

Prom (4-3) and f4,4), we get  

which  is the t r a p e z o i d a l  rule in (3.34)-  



4.1.2 .  C o l l o c a t i o n  and Trapezoidal Role 

\ 

I n  t h e  p r e v i o u s  s u b s e c t i o n ,  i t  h a s  been shown t h a t  t h e r e  is 

an equivalence b e t w e e n  t h e  t r a p e z o i d a l  r u l e  and c o l l o c a t i o n  

mefhod for . Here, t h e  same r e s u l t  i s  o b t a i n e d  for P 3 , n , 2  . 
Su ppose s f t  ) = I  

" i h i  
and 

s' (t ) = y '  
w., 

1SiSN+1 , 
i -i 

The Newton form of t h e  i n t e r p o l a t i n g  po lynomia l  s(t) g i v e s  

Since s ( t )  sa t h e  d i f f e r e n t i a l  e q u a t i o n  a t  c o l l o c a t i o n  
VC 

points, i. e. / 
/ 

s t  (t 1 = f  (t .s (t j )  and st (t )=f (t ,s (t ) )  , 
H. i + l  - i + l  - i + l  H i "  i' i ,  

from above  

r h  ich is tbe trapezoidal r u l e  in (3.34) . 



S i r p &  Ritg and Pin$& D i f f c e n c e  

Consider  the Ritz method for t h e  simple second order  BIP 

(4.5a) -Y " (t) +C( t )  Y (t)% (t) a5tLb 

(4.5t) y(a )=O , P (b) =O 

with g( ~)cP , ,  *, , . For s i m p l i c i t y ,  c o n s i d e r  a u n i f o r m -  mesh, i.e. 

h i -  (b-a)/H for 1 4 i d U .  Let t b e  piecerise l i n e a r  B - s p l i n e  b a s i s  

f u r t c t i o n s  w h i c h  s a t i s f y  (4.5) be 

o t h e r w i s e  

{For t h e  c o n s t r u c t i o n  a n d e v a l u a t i o n  of B - s p l i n e s ,  see d e  Boor 

f 61 [7 1, a n d  A s c h e r - R u s s e l l  f 2 1). 

8 1 +  1 
Then z= 6 ) 

h 

Q in 13-59) caa be shous to be 

otherwise 

for Z r i , j l f l  a n d  



In t h i s  case C 3.59) can be expressed  as 

If the t r a p e z o i d a l  ru le  is ased t o  approximate the 

crzefficients i n  (4.6) and (4 ,7) ,  t h e n  (4-8) beco~es  

9 i r i d i n g  by h ,  v e  have 

w h i c h  is  i 3 e n t i c a l  t o  a finite d i f f e r e n c e  scheme for s o l v i n g  

14.5) ( s e e  Varah [ 2 2 1  ). 



C o l l o c a t i o n  a n d  Zapl ic i t  Bunqe-K ut t a  

Uhen D E s  are s o l v e d  by most finite difference methods, t h e y  

are c o n v e r t e d  to first o r d e r  system; T o  relate c o l l o c a t i o n  
I methods  with Runge-Kut ta  n e t h o d s ,  we c o n s i d e r  t h e  rfirst o r d e r  

non l i n e a  r--BE -- -- 

The ~ o l l o c a t i o i i  schemes  f o r  (4.9) are 

where t are collocation points which sa tisf 1 
il 

and I? are c a n o n i c a l  p o i n t s  i n  [ 0 , 1  1 O S ~ ~ < ~ ) Z <  ... < ( d l .  
j 

Let f =f ( t  ( t  ) )  j = I , .  .., k , a n d  express j - i n  terms 
-ij " j ij 

o f  i n t e r p o l a t i o n  t o  t h e  v a l u e s  y , f , , i - e .  
"i " i t  b i k  

where * ( t )  j = l , .  ..,k are p o l y n o m i a l s  of d e g r e e  a t  m6st k 
j 

on [ 0 ,1  ] 3 e t e r a i n e d  by  interpolation c o n d i t i o n s  

P ' 

here b rlenotes the Kronecker delta f u n c t i o n .  , 

i k  



T h e n  ue get t h e  e q u i v a l e n t  i m p l i c i t  Runge-Kotta  method 

where .I , d  a r e  given i n  ( 4 . 1 1 )  ( A s c h e r - E e i s s  [4]). . 

j jl 

Hot e v e r y  R K  scheme 1s e q u i v a l e n t  to a collocation s c h e m e .  

a o t ,  aaong  t h e  most accurate B K  s c h e m e s  ( using Gauss, Radau, 

an3 L o b a t t o  points), the l o s t  l r p o r t a n t  are  i n  fact e q u i v a l e n t  

to  collocation s c h e m e s ,  

i lhen k = l ,  = 1 / 2  , then b y  (4.10) and ( 4 . 1 1 )  

so ( U . 1 2 )   ires t h e  midpoint rrlle, and t h e  equivalence has b e e n  

s h o u ~  i n  S e z t i o n  4.1.1. 

a t e -  k.2, /d = 3 ,  /3 = I ,  (4 .10)  a n d  (4.11) g i v e  
'- 1 . 2  

Ths e q a i v a l e n t  t r a p e z o i d a l  r u l e  uas t r e a t e d  i n  S e c t i o n  4 - 1 - 1  a s  



w e l l .  
. ~ 

4.4. C o l l o c ~ &  apd eltipfe Shootipq --- 

H e  now c o n s i d e r  the colloca t i o n  using monoaial  basis 

f u n c t i o n s  for solving t h e  d i f f e r e n t i a l  e q u a t i o n  

w i t h  t h e  s e p a r 3 t e d  boundary conditions 

We consider c c l l w b o a  a t  Gaussian points w i t h  s ( t ) €  

P, n , m  where k l . 2 1 ,  and we a s s n m e  t n a t  the order t of the DE is 

eve 2. 

I n  g e ~ e r a l ,  t h e  s p l i n e  solution is d e t e r m i n e d  b? two t y p e s  

of =~ostcaints,c3atin~it~ condi tzoas and d i s c r e t i z a t i o n  

~ q a  a t i o n s  ( c o l l o c a t i o n  egoa ti on^ a n d  8Cs) . 
./ t 

C z  it , 1,  the l o c a l  m n o a l a l  basis considered bas the 
i i + 1  



m 
h e  s c a l i n g  i n  the f i r s t  sum a n d  h. in t h e  s e c o n d  sum are  * 

I 

o n l j  introduced f o r  l a t e r  n o t a t ~ o n a l  c o n v e n i e n c e -  NOW, b o t h  . 

coc t i c u l t y  c o o l i t i o e s  and dlrscret izat ion c o n d i t i o n s  r u s t  be 

s t r s f i e ? .  P 3 r  the c o n t i n u i t y  conditions 

3 T: = ( 2  ) is 311 a x (it-.) aatrix w i t h  e n t r i e s  
1 - 
A ~f 

?;le c ~ l l o c a t i o n  c o n d i t i o n s  I n  ( t  ,t ) g i v e  
i i + l  

v k e r e  t a r e  + b e  c o l l o c a t i o n  g o i i t s  i n  (t ,t ) for 
F r i i t 1  



t 

w r i t i n g .  (4 .18 )  i n  natrix fcrm, we hare 

i 
ii = (ti ) is a ( k - m ) x  8 m t r i x  u i t h  entries 
i r j  

i 
a n d  C; = ( G  ) i s  a ( k - m ) x ( k - 8 )  ra tr ix  w i t h  entries 

i r j  

T h u s  t h e  c o l l o c a t i o n  m a t r i x  C corresponding to-  t h e  unknowns  

(Z ,u ,z ,w ,..., z , v  , Z  ) h a s  t h e  form 
'I ' 1  " 2  "2 -H -s - f f + 1  



an2 continuity eqoatiorts a r e  k x fir+.) and h a r e  the stroctttre 

v h e r e  I is the 0 x a identity matrix, 

. C o n s i d e r  the c l s e  b h e r e  c o n d e n s a t i o n  of .parameters is 

p r t o r a e d  on V i  by  removing c o l a . a n s  B+ 1 t o  k (corresponding to 

t h e  u o k n o r n s  r . )  and rows 1 to k -  Prom ( 4 . 1 9 ) .  e l i m i n a t e  u; 
- 1  - 1 - 1 .c 

v = G  q - G  H z  I "i i 'i i i"i 

an6  s u b s t i t u t e  t h i s  into t h e  c o n t i n u i t y  equation f1 .15)  

where 
- 1 

(4.24) -# 

I .  = 3  -D G Ij 

1 i i i  i 

T h e  c o e f f i c i e n t  8a tr ix  for { z  1 c o r r e s p o n d i n g  to t h e  BC 
*i i + l  

( 4 . 1 3 )  and (4.23) has t h e  form 





2 fk.) + I  
z ( y n  1 ,  was arb i t rary ,  r = E ( t  ,t ) + O ( h  r ) #  i - e .  
r i i i + l  i 

r is a n  a p p r o r i a a t i o n  to t h e  fundamenta l  matrix 
i 

2 ( k - 8 )  + I  
f l f t ; t  ) a n d  c 1  is an O(h f perturbat ion  of a 

i 

mul t i p l e  s h ~ o t  i n g  a a t r  ir ( A s c h e r - B u s s e l l  1 3  ] ) , 

hs s t a t e 3  b e f ~ c e ,  after doing c o n d e n s a t i o n ,  t h e  collocation 

a e t  n o d s  d i v e  a u l  t i  51e shoot ing  Like. matrices w h i c h  have the 

a d r a n t a q e  of b e i n g  well-condit~oned , 

4.5. Z u l t i p k  3bootinq a t h e  Box Scheme 

s e  now c o n s i d e r  t h e  r e l a t i o n s h i p  b e t w e e n  . ' u l t i p l e  shooting 

sad  tSe ~ C J X  s c h e ~ e ,  Suppose t h e  msh is unifora, and h is small. 

Z " ~ P  mu1 t i  ~ l p  shooting matrix (3.77) g i v e s  

t n e n  3 s r n g  a T a y l o r  expansion and t h e  f a c t  t h a t  Y g = & Y ,  



. =I -  ( h h  ) / 2 + h A  + O ( h z )  
i - 1 / 2  i 

a ,  if v (t 1 is a p a r t i c u l a r  s o l u t i o n  s a t s f y i n g  
~1 - 1  

fierce (4.26). g i v e s  

S r r c e  v is t h e  ~ u l t i ~ l e  s h o o t ~ o g  approximation so lut ion,  
L 7 

- (I+ ( h h  /21 Y + (1- (hA ) / 2 ) y  = h f  
i +  1 / 2  "i 

+o ( h )  
i+1/2 - i + 1 / 2  

w h i c h  c a n  be w r i t t e t  a s  



Thus, t h e  B3x schese g i v e s  a m a t r i x  which i s ,  a discrete 

a p p r o x i s a t i o n  to a m u l ' t i p l e  s h o o t i n g  matrix, 

I +  is s h o w n  i n  E e l l e t - L e n t i n i  f l U ]  t h a t  there is a n  

e?uira lence  between i o v a r l a n t  rmbedding aod the box s c h e m e  in 

t h e  sensP that a specifrc a 3 j o r i t h m  for s o l r i n g  the difference 

o q a a t r q n s  1s * 2 l r d  i f  and only i f  a n  appropriate i a b e d d i n g  is 

v c i l i . ? . 3 u t  t h e  e j u k r a l e a c e  mas not o b r i o u s .  Recently, 

t e r f t i p i - {  s b o r n e - 3 u s s e l  f [ 15 1 p r e s e n t e d  an e a s i e r  way of g e t t i n g  

a -Lase r e l a t i a n s h i ~  D e t w e e n  m u l t i p l e  shooting a ~ d  i n v a r i a n t  

r r h ~ d d r n g .  The h e l l e r - L e n t r n i  [ 1 4 )  resul t  rs a s p e c i a l  case of 

t h s r r  presentation. &hen solvlnq a BtP with separated BC, t h e  

r e l a  t i ~ n s h l p  b z t u e e n  f a c t o r l o a t i o n s  of the a n l t i g l e  s h o o t i n g  

m a t r i x  a n d  l o v 3 r l a a t  rabeddrng f o r a o l a t i o n s  of t h e  BIP are shown 

~n 1153 .  T h e  e l u r t a f e n c e  IS d e s c r i b e d  below. 
r 

C 3 a s i d s r  t b e  p r o b l e m  ( 3 . 2 4 )  . In ( 3 . 3 7 ) .  c o n v e r t i n g  e a c h  

b l ~ c k  1 - Y ,  { x  r q \  1 P b * . f  ] to [-F,-:~ Y ,  (t ,+, ) I ] j l w s  l similar to 

tas * s t a n i 3 r l m  m u l t r p f e  sbo~ting mawir, Therefore, it is 

saff i c l e n t  t o  sons i3er  only t h e  *standardu m u l t i p l e  s h o o t i n g  

1 3 t r i r .  Suppose t h e  f u o d a a e n t a l  solutions I; (t) and particular 

x+L?€iorts v i  ( t f  a t  + ; ; + I  - can b e  p a r t i t i o n e d  as  - 



t'or c o n v e n i e n c e ,  arrange the a u l t i p l e  s h o o t i n g  matrix so that it 

h a s  t h e  form 
e 

2 m u l t l p l r  t h e  f i r s t  b l o c k  b y  K; andperform t h e  f i r s t  s t e p  of ' - 

~ l r a r n a t i o i ; ,  t h e n  we hare 



z 3 e p l e s e n t a r y  f u n c t  ion solutions and z =r + I  x 
" 1  - 1  1 - 1  

h e  Riccat i  s e c t i o n  

L 

2 6 ) -  The 3 ,  ZTa) and x (t) s a t  is f ies  (3. 

n e x t  step g i v e s  



= r  ( t )  
2 3 ; f  2 3  

v (t ) = O ,  r (t) 
1 ' 2  I 1 - & 2  

is a t r a n s f o r n e d  set. of 

' 1  3 
c a a p l e a e n t a r y  f u n c t i o n  s o l u t i c n s ;  therefore,  R(t ) = o  (t ) v  '( 

3 2 3 2  
- 1  

v (t ) is s i n g u l a r  or p a r t i a l  ~ i v o t i n g  is performed on t h e  
,> -i i t . 1  p< 



3 

i i*1 
. Then re imbedding  is n e e d e d ,  r or t h i s  

1 

- 
purpose, i n t r o d u c e  2 p e r m u t a t i o n  3' of R v b i c h  preserves the 

z e r ~  structure i n  (4.28) a n d  leaves t h e  d i f f e r e n t i a l  equation 

invariant e i f  y m = R y  i s  m o d i f i e d  b y  t h e  change of var iab les  
A A --t 

z = ? j ,  t h e n  z a = 9 z  where f f = P f f P  ) Then P , Q  i n  !•÷#=P:Q m o s t  h a v e  

t h e  f u r s  

* ~ I P  i c l e n t i t y  matrices of s i z e  p x p, q x q ,  and 
'N 

r x R ,  r i s p e c t  i v e l y .  a n d  ;, =pi are  Y x U p e r m u t a t i o n  matrices 

wo 1 z;? sa t1sf jf 

7si33 +ne same a r g n s e n t  zn ( V , 3 0 ) ,  the t h e o r e m  f c l lous :  

E k ~ * l ,  1 suppose t h a t  t h e  B V P  (3.25) h a s  a u n i q u e  solution. 

k s s l r e  K O  1s n o n s i n g u l a r .  S u p p o s e  fur ther  that t h e  LU b - 
f 3 z t r 3 r l z a t i s n  f o r  Pf lQ exists where 

7 2  



!&re the B x kJ matrices 
P, r q ,  

occur (n-i) times and s a t i s f y  

( 4 .  l i t ) .  Then t h e  f a c t o r i z a t i o n  redoces (4.28) to the b l o c k  upper 

triangular f orr 





a r e  t h 2  s o l u t i c n s  to t h e  r n v a r i a n t  i m b e d d i n g  e q u a t i o n s  - 

The f a c t o r i z a t i ~ n  a t  %- to ( U , 3 3 ) ,  when P = Z = I ,  can be 

i n +  e r p r e t e d  as a f o r v a r d  e i i n i n a  tion c o r r e s p o n d i n g  t o  f i r d i o g  

a l ~ ~ t i o n s  '3 (t) a n ?  - x (t) to t h e  IVP (3.27241, ( 3 . 2 7 b ) .  T h e  b a c k  

s u ~ s t i t u t i o n  on (o. 33)  t o  f i n d  w .  ( j = N , .  ,. ,3) then corres$onds t o  
' J 

f i n d i n g  t h e  s o l u t i c c  t c  ( 3 . 2 7 ~ ) .  For q ,  #I, i t  c a r r e s p o n d s  to 

c h s x ? i 3 g  t h e  i ~ v a r i a n t  1sSedc i ing  f o r ~ u l a t i o o  at t=t ;+,  . Yben P,Q 

S a v e  a c y  c u n b ~ r  2 f  a d j a c e n t  blocks of pernutatoa a a t r i c e s  w h i c h  

a r e  d i f f e r e n t ,  t h e  ra t r i x  f a c t o r i z a t i o n  correspads  to f i r t d i n g  

s o l u t i o n s  f o r  l i f f  erent i m b e d d i n g  formulations 

( L ~ ~ t i n i - O s b o r n o - F u s s e f l  [ t 5 D .  The e q u i v a l e n c e  b e t w e e n  m u l t i p l e  

s k o q t i n g  a n d  i n v a r i a n t  i m b e d d i n g  i s  therefore shoun, an3 the 

F e l l e r - L ~ n t i n i  [ 1 4  1 result c o n c e r n i n g  t h e  equivalence between 

i n v a r i a n t  i n b e d d i n g  a n d  the Box scheme follows using b a s i c a l l y  

G t h e  s a l e  a r 3 n m e n t  as in t h  s sect ion,  



5, F i n i t e  Differences for Solting B i g &  Order Mffsremtial 

I n  t h r s  ~ C a ~ t e r ,  t ~ e  c o n s t r u c t i o n  of f i n l t e  difference 

t e t  i31s w h i c h  ~ L V E  b i j h - a c c u r a c y  a p p r ~ x ~ m a U o n s  to t h e  s o l u t i o n  

7' 3 ti?: ~ r j e r  l i n e a r  3 i f f e r e s t i a l  e q u a t i o n  ! l y = f  s u b j e c t  t o  

2i; 17, L P C  u. = V  ( t .  1 .  A t  a 2 s h  p o i n t s ,  u +  is the e s t i ~ a t e  of y and 
J J 3 

Irt. ; r v e r .  I n  t h e  s e c o a l  p a r t  t h e  3escr ip t ion  of t h e  f i n i t e  

! i t  ~ P ~ F D C P  3 ? p r o x i r a t i c r ; s  to b c u n d a r y  coad  i t i o n s  follovs. In 

sec+Lgn 2 ,  t h e  o r d e r  3f t t e  t r u n c a t i o n  e r ro r  rs q i r e n  w h e n  t h e  

l 3 c l + i ~ r ,  clf t h e  3 n x i T i x y  p o i n t s  is independent of 5 .  S t a b i l i t y  

2 f  t h e  schete  is  discussed I n  s e c t i o n  3, And i n  section 4 ,  

Ee ' l ao l s  i i i t h  h i q h e r  o r d e r  of a c c u r a c y  obtained b y  Doedel [ 9  and 

51 L y n r F , - R i c e  ; I h ]  u s i n g  s p e c i a l  a u x i l i a r y  p o i n t s  a r e  p r e s e n t e d  



and  followed t r y  erarpfe s ,  A f i  u b ~ i o a s  eqttirafence between the 

h i ~ h  order f i n i t e  d i f f e r e n c e  methods  and col locat ion m e t h o d s  is 

s h ~ u n  i n  s e c t i o n  5 .  Section 6 conta ins  a comparison of t h e  

con ~ u t a  tlon33. ef fact of 3oedelos scheres and Lynch-Rice's 

schemes, Thrs u a s   DO^ done r n  e i t h e r  [ 9 ] Qr  [ 161. Coap3risoo 

W L +  :, r9l lot* t l g n  ret 'hods 1s perf orred, Numer+cal r e s u l t s  for 

~ S P  ',pi' ; m ~ t n r 3  fs, i y n c n - E l c e ' s  m e t h o d s ,  a n 3  c o t l s c a t i o n  t e t h o d s  

3ri- p r 3 v ~ ? e d  F C C  C c t F a n s o L .  

3 2 4  the a e s h  3 = t  < t  < , , . < t  = b .  
-3 t J 

s u k l c t e r v a l  1 t,-r; , ] where r -  a n d  s; a r e  p o s i t i v e  
J 

z 3 c s t a n t s .  i e t  t h e  difference operator R be, h 



h 

T h e  r i g h t  hand s l d e  of the appror imat ion  equat ion t! u =f. is 
h j  1 

where € 3  a n d  [e 1 a r e  known coefficients and 
3 ,  i j,i 

- . . , j . .  . , r .  a n d  s .  becoas  z., 3 e;, r ,  and s. T h e n  
3 ,  t J, 1 i . t  i I t 

t h e  C r n l t ~  rfrf fereoce approx lma  t i o n s  to ( 5 .  I )  a t  m e s h  p o i n t s  

3izce t b e r ~  & r e  J-s-r+l e q u a t r o n s  in (5.2) and n BCs , a n d  

t L e  n u l b e r  ~f i r n f n o v n s  is J+ 1 ,  one requires  t h a t  r+sLn and also 

ir.c 3 r p o r 3 t e s  r2re  constraints if necessary.  

The c x f f r c f e a t s  d ;  a n d  e ;  are  d e t e c n i n e d  sc that the 

3 p p t o r i r a t i o n  rs e x a c t  on P t h e  space of al l  p o l p o * i a A s  of t' 

degree at m s t  L. i.e. if ri It) fe5lrl.j form a b a s i s  f u r  P then 
L 

d l  , e ;, ,are made to s a t i s f y  the e g o a t i o n s  



L = O , . . . , L  . 
The s y s t e a  (5.1) ~s homppeneous A D  di  , ei .  -Therefore, i n  

3 3 4 i t i ~ n  to (5 ,3 ) ,  ue t a k e  some c o n v e n i e n t  normal iza t ion  

e q u 3 t r ~ n  such 3 s  3ne of 

3 )  e = l  

T.s l n i ~ l ~ l y  d e t e r t i n e  tne r+s+m+ 1 u n k n o w n s  d a n d  e 
i i 

Cro a ( 5 .  I )  a n d  (5. 4). L nJst b e  a t  l e a s t  equa l  t o  r + s * o - I .  

?Cs f ~ r  u a r e  t t - i l n e d  ic a s ~ a i l a r  way, t h e y  a r e  treated i n  the 

L e t  p ( t )  o e  t h e  ~ o i y n o ~ r a l  i n  P r r S + m - ,  v b i c h  i n t e r p o l a t e s  

+,ne s o l u t i o n  y (t) ar .?  satisfies 

i i it? 3 (t) 1s 3 l i n e a r  c o m b i ~ d t i o n  of t-he b a s i s  f u n c t i o n s  

( 5 -  7 )  ? i t ) =  c v ( t )  . 
4 k=o fr 



w i t 5  t h e  o p e r a t o r  M as i e  (5 .  1 ) .  

one rap t 2  f n d  d ;  and ei for a-general set of z; can be 
- 4 

the f o l l o w i n g :  E v a l u a t e  t h e  d e t e r m i n a n t  by e x p a n d i n g  in terts of 

tne l a s t  co fumc and c o n p a r e  it w i t h  15-21 , i n t r o d u c e  a 

f i o r w l i a i e g  f a c t o r  2 ,  then d i  and e ;  a r e  g i v e n  bp 



where -of 1. ] is t h e  &factor of the g i v e n  e l e a e n t  is D 
5 l'•÷ 

a n 3  3 convenient n o r m a l i z i n g  f a c t o r  E can be chosen as  
, 

B 

(5 .  3 )  E =- z cof Cf(z  1 1  
i = l  0 i 

LI 
, . 

3 (n) 
w i t ;  7 ( t l  = Y  f t f  

L 
I f  t h e  w (t) a r e  chosen so t h a t  

+ h e n  f r a n  ( 5 - 9 )  and 15-31,  il and'e can b e  c a l c u l a t e d  as - i i 



1 

a n d  

I F  a = ? ,  t h e n  2 = -  I a n d  e = ) ,  
I 

1 
? 3  s a t l s r y  (5 ,10) ,  v (t), Olllr+s+~-1, can be chosen as 

(t-t 1 
1 r+  s j - r + k  

(5 .  14a)  w (t)= -r a+l<r+s , 
k = S , i j l .  ( t  - t ! 

- 1  j-r+k 



- 
I f  r=O ~ n l  s = n ,  then ( 5 .2 )  is the higher-order d i f f erence  

L 

 approximation w ~ t h  identity expansloris ( H O D I E )  c o n s i d e r e d  by 
6 

L y c c h - ? i c e  [ 1 6 ) .  

0 0 0 0  a 

:r t h e  f o i l o u i n g ,  we use d , e  ,R , f  for t h e  
1 I - 1 

' n  
c o e t f i c l e n t s  a s d  t h e  opera tcr s  when 9 = D  , 

. . 2 1 3 
- o r s i d e r  Y=D *a (t) D+a ( t )  for 0 5 t l 1 ,  

Let r=s=s=l, supFose tbe  u e s h  ~ o ~ n t s  are egoallr s p a c e d  
_r 

a n 3  z = t  . Prom [ 5 . T U a ) ,  
1 : 

3 ( t- t  ){t-t 1 
w (t) = 3 j+ 1 I 

2h  2 

1 (t-t ) t -  j 
v (t) = y 1 j+ 1 8 

-h 2 

2 (t-t ) (t-t ) 
w f t )=  -j- 7 1 * 

2 h  2 

w h i z h  is tne'usual d i r i d e d  dif fereace appruxzaation for 



Exam& - 
0 

You, consider R=D+a (t). Let r=O, s=l, a=2, 

z =t , a n d  z = t , Choose t h e  b a s i s  f u n c t i o n s  
1 j 2 j + l  

2 
w (t)= (t-t ) (t-t ) / h z  t 

I j+ 1 j 



then ( 5 . 2 )  becomes 

which' is t h e  t r a ? o z o i d a l  rule. 

If m = 1  a ~ d  z = t  is t a k e n ,  t h e n  
1 j + t / 2  

- .ne ?if ference  3 ? p r 3 x  i a a t r o n  is t h e r e f o r e  

r e ;  ~ r r e . ?  ts c o 3 p l e t e  t h e  d i f f e r e n c e  scheme. Here, o n l y  s e p a r a t e d  

3,; 3 f ~  zozs13ere3.  I n i t i a l  ~ 0 ~ 3 l t l o n . s  c a n  be c a n s i d e r e d  as a 

5 s  two  3C3 fo r  (5.1)  a r e  liven by 

( k  1 i - 1  
1 1 (1 

3 ? ( a ) = y  ( a )  + b y  ( a ) = d  k t n  , 
a i = O  i 1 



The c o n s t r u c t i o n  of a finite difference a p p r o x i a a t i o n  t o  (5.15a) 

r e s e a b l e s  that f o r  {5 .1 )  so we have 

1 
I f  t h e  t a s i s  f a n c t i o n s  u (t) ( 0 I 1 5 s + s )  of P 

C s+a  

tre  c i i 3 s e n  3 s  in f 5 . f G f  f o r  r = B ,  t h e n  the coe f f i c i en t s  

3 2 n d  e can be c a l c u l a t e d  a s  
L i 

I i S + I  
; 9 w ( a )  3 w (a) . . B w (a )  

a a a 



I l i l m  

where 7 can be chosen a s  

uclsss a = 3 ,  i n  whichX,case, set E = I .  
0 

The BC ( 5 . ' 1 5 b f  i s  t r e a t e d  s i m i l a r l y .  The f i n i t e  difference 

t 

2 3 d  t h e  c o e f i c i e n t s  d , e  are 
i i 





and E 
0 

- ~ -  

3 Suppose  t h e  BCs for Example 5- 1 are  g i v e n  by 

Let - 1  and s=1 for (S926a) and 
7 

0 -  - - - -  - -  

u (t) =- (t -t ) /h , 
1 

t 
u ( t ) = ( t - t ) / h  , 

0 
2 

u (t) = (t- t ) (t-t ) /hz 
0 1 



3 

and  

The a p p r o x i m a t i o n  t o  (5.26a) is 

( 5 . 2 8 )  

If r=l and 

to  15.26b) 

(5.29) 

L e t t i n g  

* (t) =- (t-t J . )  /h 

t 
w (t)= (t-t ) /h 

3- 1 
2 

u (t)=(t-t )(t-t ) /he  , 
J- 1 J 

(5,23), (5.241, aad (5.25) - 



. h 

.- 

~ h e  local t r u n c a t i o n  e n o r  of (5 .2 )  is def ine$  as rj=",, yj - - 
fj where y* = y ( t *  ) , I  (t) is tbe exact s o l u t i o n  of (5.1) subject to 

J .  J 

- - - - - - --- - - - - - - - - - - -- - - - - - - - - - - - 
- - - - - - -- - - 

4 . and t 2 

a p p r o p r i a t e  BCs.  If Tj -90, as he 3 0 ,  them t h e  finite aifference , -/ 
J 

a = t / E  
0 0 

a p p r o x i m a t i o n  to (5.1)  is said t o  b e  consistent, If there is a 
L -- -- 

cornstant c a ~ p X s t i i * T a r g e s t i n t e g e r  sucb' t h a t  

Ich , ash.-) O 
J 

0 u (0) B r ( 0 )  
1 1 

1 2 
n v  (Z ) LIW (Z ) 

1  1 

* 

+ 
- > 



ord et J. T - 
-- 

Let y tt) be  t h e  enct oolutiao pf (5 .  t) ~abject to 

a p p r o p t i a t e  frtitirl or7 boandary co.tfitiq&s &ad assare that y (t) 
d 

is uniqrre. Taking a Taylor ru-pansion of j(t) at + *  . m e  get c. 

3 

q b a n t i t y  i n  square brackets is zero for each k. IS\we 

make the assumption t h a t  h/cSh I h  (lSjlJ) for sore c (such 

a ^/= 
3 

a fami ly  of meshes is called -, then from 

the c a l c u l a t i o n  of d . e in 5 1 )  . (5.12). and 
* i i 

- - - -- I- 
(5.13) with t h e  b a s i s  functions w (t) i n  (5.14a) . (5.14b). 
it follows that there are c o n s t a n t s  c ,c ,and c which are 

8 1 2  3 -  * 
independent of h such that 



small enough then a t  least n+l  of the d i  are mazero and the 

Recalling t h a t  L i s  a t  lea* r+s+a-1, re'have t i e  

order of consistency of tbe finite differeecebapprorimation 

( 5 . 2 )  is greater than or equal t o  r+s+m0n ( D o e a e l  [8],[ 9 1  and 

Lynch-Rice [ 16 1)- 
I 

- -  - 

t h e  order af the scheme is at least r+s+rn-ex h 1 +  I-**. 

In fact ,  it is of order 3 as re w i l l  m e  fn Sectioa 5.4, 

amaE3,5 
I n  Exampre 5.2, the order of t h e  scheme is 0+1+2-112, 

w h i c h  is  the order of the trapezoidal rule. 

low, consider the  approximation for BCs. The trunca+on 
- 

-- -- - - - - 
--- 

C error of (5.16) is 



The tromcati- error Of (5.21) is 

of the  f i n i t e  diffepmce a p p r o x i u f i a o  to  k s  (5.16) ((5.21)) is - .. 
-- - -  - 

at-lemst aqmal t o  srm-k,+l  ( r + i k l * l )  (Doadel I8 119 1). 
- 

It follows that t h e  order of consistency of (5.28) , (5.29) , 

i n  Example 5.3 is a t  least 1*1-1+3=2, 

It is m e n t i m e d  i m  S e c t i o n  2.1-4 that  one. should not use 

n u n e r i c a l  n e t h o d  is established, for contergeacy it is necessary 
- 

to e s t a b l i s h  s t a b i l i t y .  I n  order to guarantee conrer#cnm. re 
9 

1 

sill nor examine the crtabilit i  of t h e  schanes described. and in 

order to a p p l y .  Kreisc* theory  114  j, ue will assume that t h e  aesb 

a (a) 



. - 
has the form - 

. k 
- 

(5.32a) 
-- - - 

B ( a ) ~ _ =  E d ( a ) ~  =e: (alb (a) 
0 i . = O  k . i  LOO k 

If % t h e  approrimation is not compact. then r + r n  ext fa  differuce 
* * .  

equationis are reguired  to  natch the namber of eqaatiors aad the 
cr 

number of anknowas. Soppost these extra  eq .a t ions  inrolwe t h e  

d i f f e r e n t i a l  equation and are g iven  by 



can be expressed as 

w h e r e  f ij t h e  appropriate {J+1)-iector-, and 1 is a 
"h . * h 

be t h e  rector of the truncation errors with, 

7 ( a ) = B  (a)y -b (a) 1Sk5n 
k h ,k 0 Ir; 0" 

The f i n i t e  d i f f e r e n c e  s l a m  (5.34) is s a i d  to be 
--t 

for all saf f ic ierrt ly  s m l l  h, 1 exists and satisfies 
h , 

- 1  h 

L I c  for soae coastaat c fndependemt of &, 
h 



J 

Let E denote t k t  t n u x s b t i o n  opefator, Le, f a =a . 
. i i+f 

Defiae D =@-I)/&, and let I n t  u be  the p o l p o m i a l ~  of 
- +  i 

aesreeri which i~terpolates II 'at a ,m ,... r . 
0 1 i 

corresponding to ( S i t )  and (5.30) o n l y  has #e tr iral  

3 -  

t h a t  for all so lut ions  of (5.31) and (5.32) art a priori 

estimate 

, , J f  . I f  t h e  Equations {S ,3 l )  and (5.32) are con&tent,  

then t h e s e  equat&ms hCw*. fbr c+.rr a - 8 ~  a d  rH 
J k 

s u f f i c i e n t l y  smal l  h ,  a unique solutioa a, and t h e r e  is a 
, 

constant k such  that '  
2 

Parthermore,  t h e  interpolated fanetiom Iat e coararrges to 
- - - - ---- - n 

the s o l u t i o n  y of the differential  eqrrrtik L e o  

- 0 

h+O n 



1 

t 
- --- -- 

- - -- - -- -- - - 

Oe now consider the  case rhea r+$>n, ?or later  parpose, 

write f5.33) ia the fa= 

4t a- 1 k 
(5.3 t i )  L a =S(h)D u + g D  u =?@ 

h 1 + j-r k=O k + r j . 
w h e r e  S (h) d e n o t e s  a dni f  ormly h a n d e d  diifercac?e operator 

of .the f a n  
r+s- n k 

S ( k f =  S ( h f P  
&O lit 4 

and q are l iaeaz  combfaations of d . 

ret =;a . j=0.1,... +n, sen p . 7 3 ~ )  cam bo wri t t en  as 
1 * 1  

L 

& 3 5 f  S (h) x =g j=rerreJ-~ r 
f 

- - -  - 
-- -- -- -- -- - 

In l o s t  applications f 5- 35)  has constant caeff Fcients, i. e, 

m e  can vrite it as 

s-%i i 
crl? x =g jq8- * #J-s 

i -  i j f 

where c* are cons=tants ,  Xa this case, d e f -  t h e  
k 

characteristic polynomial c ft) associated w i t h  (5,3 1) .where 

I i 
c - ( _ t ~ - = ~ e + ~  c =es - 

i=U i i i-r 

If (5,38) is not compact, then we need r+s-n characteristic 

p o l ~ a o m i a l s  assodated with t k e  extra Bds (5.39 , Let t h b  hare 



Also c o n s i d e r  the homogeneous difference e q u a t i o n s  

with BCs 

II 
3 * '  
-LC---- -- - r- -- - - 

i=O foi i 0 

sap IS cons tant  
rljcoo j 'I 

Then Kreiss 11 4 ] has a l s o  shown: 

gbm.5.4 Suppose t h e  L o ~ g e n e o a s  problea  corresponding t o  ( 5 . 0  

and (5 .30)  only h a s  the trivial so lut ion,  &%same t h e  d f f f erence  

&heme is n o t  compact, also suppose t h a t  t h e  difference! 
- - - - 

epa t iu~s  &3taob) and fS.3Ba,- 6afe as? the t r i v i a l  - 

. % 



small h and' the  d i f f e r e n c e  scbeme is stawe.. 

BqmhzIth / 

Cons ider  t h e  problea 
/ 

* 
(5.39ab . %  P' I t f  =f (t) OItII  

* - 

h e n c e  S (hf =R and c ft) =t. There fore ,  c (t) =O has no root  on 
- - -  - p---- -.--- - -- --- - 

- 

t h e  un i t  circle. Since c =O and c = I ,  (5.37a) and (5.38a) 
0  1 

0 1 
o n l y  h. re t h e  t r i v i a l  s o l u t i o n  and by (5.33a) and w ,w  in 

F 
exaapla  5 .2 ,  d 5-1/h, d =t /h ,  a = I .  I 

0,o 0 , 1  ow0 

Hence (5.37b) only has the tririal solut ion,  a n i  g, does the 

homogen&ous problem corresponding to  (5.39). Since nonconpact 

approximat ions  t o  (5.39) with .=I are always c o a s i s t a n t  (see 

Medsl: ! X $ ) & h e s = b a ~ L W + ~ - - - - - -  -- 

~ q s o . e . r o o t s f c ~ D L i a  - - aa t h a n n i + l n  -t -- 

necessarilr imply that  the finite differewe approrimation is- 

IRIS table. By nnmer i c a l  e x p e r i e n c e d t  *&as been isbawn:&t s ~ c h  
-+ A 



In { 5 . 2 ) ,  i f  t h e  z a r e  chosen properly, higher orQer a 
i - 

accuracy can be  o b t a i n e d .  Doedef 1 9 1  o n l y  cons idere i l  the 
- 

choice of sacit n for + h k h  one higher order accuracy is 
i 

o b t a i n e d .  The &eta fls of t h i s  analysis are presented below. 

a 3 ~ 3 - 3  - - - - - - -- - 

let w , u  ,...,+ be a b a s i s  of P - def ined  in . 
r+s+m-1 

( 5 , l Q a )  and  ( 5 . 1 Q b ) -  T h i s  l inearly  independent  set can be 

extended to for. a b a s i s  of P by adding a polynomial  
r+s+m 

r+s+m 
w ft)6 P w h i c h  raa i shes  a t  t h e  mesh p o i n t s .  T h e  

r+s+t  
- - - 

extra p o l y n o m i a l  can be of the form 

t+S r*s+.  .-I 
u ftf= 7F I t - x )  r (t-t 1 

k = 1  k k=O - j-r+k 

where I are i n  [ t  ,t 1, and sat isfy l x  -t (Ich, 
k j-r j+s 

1 
k j 

I l k l m - 1 .  If we expand y f t )  i n  terms of u ( t ) ,  i .e .  



"- 
T h e  q u a n t i t y  between square brackets vanishes  for 

r+s+. 
O l k $ r + s + m - t ,  and s i n c e  u (t ) =O (-Cils), 7 becomes 

j+i j 

m r+s+s r+s+m-n+l 
. 7 =-6 Z ' e 2 I u  ( z ) + O ( h  1 - 

. j t+s+a i = l  i i 

Hence, it is clear that i f  t h e  z are c h o s e n  so t h a t  ' 

i 
0 r + s + n  r+s+a 

8 r ( z  ) = 0  ISicm where w ( t )  is i n  P an d 
i 

- -- r+ s*. 
r+s+m 

t satisfies u (t ) = O  O lSs ,  t h e n  an  ertra order of 
i 

c o n s i s t e n c y  can be obta ined ,  

W s - 7  

3 - - - - - - - 

u ( t ) =  ( t - t  - . )  ( t - t  ) (t-t ) 
j-7 j . j + 1  

0 3 
and z be t h e  root of - U  u ( t ) = 6 ( t - t  ) La. r =t , 

1 j 1 j 

r b i c h  i s  what .  re chose for z i n  Example 5.1. Then, as 
1 

stated in Exaaple 5.4, the o r d e r  of c o n s i s t e n c y  of the 

scheme is 1+1=2, 
P 

Bouerer, i f  me treat the z i  i n  (5 .2)  as  u n k n a n s ,  one 
- - -- - - - - -- - -- 

- 

expect  t h a t  for the special o p e r a t o r  lh  . higher orders up 
-- 

r+s+2m-n can b e  achieved. I t  is shown i n  ~ y n c h - R i c e  [ 16 ] t h a t  

s a c h  zjs exist and t h e ?  also offered the special choice of z i  

1 
for t h e  case ~ - 1 ~ .  T h i s  *ill be d i s c u s s e d  next. 

* 



F a r  s i r p l l i c i t p ,  we o n l y  consider --  cospack scbteaes (s+=n) 

If (5.4~) is  used,  15-90) g i v e s  k 

vk idmmrs  tke aperat * 
or E,, is n! t i n e s  t h e  usual divide 

n d i f f e r e n c e  approximation to H @ = D  , Thos 

for I I = D ~ = B '  . ?or the penera1 case of the  m d a b l e  coefficient 

operator H and aoff ic iomtly  s m l l  h ,  i t  ca6 'be shown that there 

is a set of e t s  and a tlnique set of s a u x i l i a r y  p o i n t s  2; with,  

tkr<z, <. . . <~,,,<t;+~ swh t h a t  t h e  high o r d e r  r h e m e  is e x a c t  on 

P2m+, -1 (see Lynch-Rice 1.16)) , However, it is not clear how 
b 

these 2;s can be Ioltnd. Siace t h e i r  positioas are problem 
I 

dependent ,  it would n o t  be practical t o  coastxoct a h i g h  order 

scheme w h i c h  is exact w Pam,-, ,for a general- 8 .  In t h e  

basic process is t h e  same a s  theirs, b u t  r qnd s a r e  'no longer 

restricted t o  0 and n, r e s p e c t i v e l y . - . W e  nor f i n d  t h e  special 

l o c a t i o n  of z! s which would give t h e  order  of consistency a s  
I 

h i g h  a s  p o s s i b l e .  

f On the j t h  s t i b i n t e r r a l ,  since t h e  w (t) of (5.14a) are in 
- - 

-5 - --- - - - - - - - - - - - 

P,, their n- t h  deriratiwes are constants. B h e ~  a p p l y i n g  them t o  

( 5 ,  3).  we hare 
. , 



i.e .. 8; y ( t j  ) is  t h e  n t h  d e r i v a t i v e  of the unipoe polynohial in 

P,. which i n t e r p o l a t e s  the .aloes y (ti+; f a t  t;+; . i=-I,. ..,s. 

By Taplor's Theorem,. ~(t). can be expressed a s  
v 

a-1 i ' 4-1 n 
(5.42) p (t) = L: D 1 (t ) (t-t D r (tl dr.  

i=O ' - t (n-+1) ! 
i ! 

D 

S o b s t i t a t i n g  (5-42) i n t o  (5-41).  since the nth  d i v i d e d  

difference of an e l e m e n t  of P,-, is zero, re g e t  

"-v' 
Hence B (t ; .) is t h e  (n-1) st degree polysomial 0-spline ' 

n f 

with j o i n t s  at ,  the stencil p o i n t s -  Therefore, t h e  
- -- - - 



O n  ' s e 
where E D y is - t h e  qoadEature error ' i n  u s i n g  f as an 

h - 4 . J 

J n 
appraxiaati& to t h e  iatergral of e l  0 (T : q D r- Let - 

j 

r j-r+k 

c h o s t n  s u c h  t h a t  

m i - 1  
. t h e n s i n c e  zr ( t ) = l  and J t'+s Ei (T;x)dx=l/nl . 

i = l  n 3 
f-r 

F 

8 0 
re o b t a i n  e = I .  But for the e e s  i n  (5.46). and any 

i = l  i . i 
0 n 

y i n  P ,'T y=B [D 11-0. Since B E rr) i s  positive on 
n+m-1 - h h  j 



polynomials  ui t h  respect to t h i s  inner 'product ( c a l l  ther the 
-- 

Et-spline orthogonal  p o l y n o ~ i a l s )  . Each bi has i d i s t i n c t  real . 

zeros in .ti+* ) ( c a l l  the*%-spline Gauss .po ints ) .  If the r 

a a r i l i a r y  p o i n t s  zi a r e  t i e  8 - s p l h e  6aass poiats for b . since 
~ a a s s  quadratqr6 is exact on plm-, for 6.-s pqints8 the high 

# 

order finite differe e approximation i s  exact % 

Eterm recarteacre r e l a t i o n  &as follovs : 
I 

I 

(5- 4B) h F ,  

7 ' (t)= (t-0 ) b (t)-c b ( t )  
i+ 1 i i i i-1 * 

S i n c e  t h e  e are raots of b (t) =O, it is obvious t h a t  
i i 



-- - - - t - 0  2- - 
- - -- - -  ----- -- 

e b (z )=0 
E l  i i 

+' 
and becaruse (b ,b ) i s  positire, 7 i n  (5-44) h o o t  zero .' j - 
for pofllrnomials in P , that is, the ppptoximtion is not 

2.- 

exact  oe P . mnce t k  U g h  order scheme Bas order a t  
2. +n 

most 2.- If only j of t h e  Gauss poiats are ued, then the 

L 
cansider t h e  o#lrator E=D . Let r2.r=stl. 

. - 
0 otherwise I 

. and.. (5.45) g i v e s  

From (5,46), we get - .  



a d  by (5 -48) '  we have 

for- p=f ($1 L(uitB appropriate  BCs) is of order 4. 

4 

In this s e c t i o n ,  an eqairalence between t h e  finite 

d i f  ferencm methods and collocation methods is presented. 

Consider t h i  case .=I. L e t  u1 (t) i n  (5.10) b e  t h e  Set 

of basis faactions for  o u r  c o l l o c a t i o n  methoa, Them t h e  

w c o l l o c a t i o n  s o l u t i o n  s(t)  is 



1 
~ h o  collocation method. for one collocation point and w (6) A 

- 

r*i 
d =gv (z ) -rSiSs . 
i 1 s 

The  left sum in (5.2) is 

* 
and r i g h t  sum in (5 .2)  g ives  L- 
- - - - - - - - - - - - - - - - - - - - - - - - 

By ( 5 - 5 0 )  and (5-51) we have 

3 

which from (5,491 is. collocatioa w i t h  o m  collocutior,  poimt. 



& Work Estimates 
--- - 

I n  this s e c t i o n .  -the c o m p u t a t i o n a l  aspdcts of t h e  h i g h e r  

o r d e r  finite df f f e r e n c e  s c h e a e s -  are c o n s i d e r e d ;  s i n c e  t h e  EODIB 

metbods of L p c h - R i c e  1161 are similar t o  t h e  above methods 

( c a l l  ;hem Doedells methods). comp&ison of t h e  co.putat iona1 

rok4 -lrfor ,the sa .a gfobd-  accuracy t s l a d e .  ~oapsrison' d f  
- 

\ 
- - -  

e f f i c i e n c y  w i t h  t h a t  of c o Z l o c a t i o n  methods u s i n g  B-spl ine  and  
I - 

G a u s s i a n  p o i n t s *  is a l s o  c o n s i d e r e d -  

--int*+;ia* - -- --- - - - - 4 e - c l - u k k & J y  I -+--- 
f i n d  the c o e f f i c i e n t s  br s o l r i n g  t h e  l i n e a r  algebraic s y s t e m  

(5.3) i n s t e a d  of c a l c u l a t i n g  t b e  d e t e r m i n e n t s  i n  (5.11) and 

( 5 . 1 2 ) -  This i s  how the'BODIE aethods f i n d  the c o e f f i c i e n t s ,  If 
P 

the basis f u n c t i o n s  are chosen such that  the^ s a t i s f y  (5.10). 

for t h e  i n t e r i o r  s u b i r r t e r r a l s ~  

If t h e  n o r m a l i z a t i o n  e q u a t i o n  is  chosen soch t h a t  e =I ,  
1 

t h e n  ( 5 - 5 3 )  becomes 

(5- 54) Ae=-b 
-5 H 



.. 
c> 

- - -  - - -  - - -  -- -- 
- . I - 

& 

After t h e  e; are deterlrne? from (5,54E, U h n  be fo-4 g u y  

from (5.52).  and t h e  ffisite difference approri.ations'~at mesh 

po int s  are t h e  s o l u t i o n s  o of (5-2) - 
j 

Lynch-Rice 1 1 6 1  f m n d  t h a t  t o  o b t a i n  ejs it is 

c o ~ p u t a t i o n a l l y  more efficient to  us% a  d i f  fet- t set'of b a s i s  - ._,. 

f u n c t i o n s  ([ 16],p,363) . As a r e s u l t ,  (5.52)' is n o  longer ralia 

%or the bas i s  they ccmsi&er&,. as& SO, one bas t o  s o l v e  a system . 
L -  

of r+s+l algeb'raic equations to f i n d  the d;. -sir set of basis 

f u n c t i o n s  is t.herefore less e f f i c i e n t  for e v r l e a t i n g  d ; ,  and so, 

-- --- q n i v h a - h m .  

Consider t h e  p r o b l e i  (5.1) sob ject to  (5,30a,b) at a 

uniform p a r t i t i o n  tK=kh8 k=O....J. and a general set of D 

aux i l iary  p o i n t s .  Let bt b e  a ~ a l t i p l i c a t f o p / d i v i s i o n  t i n e  and P 

be  a func t ion  e r a l s a t i o n  ti=. Suppose that t l a  rrloes w1 (zj ) c i) 

. MiSn, Oll5r*s+8- I ,  I l j S r ,  hare been prwicrosly computed and 
___ -- -- -- 

stored ( t h e y  d o  not depend on t h e  s a b i r t e h a l s ) ,  then t h e  w t u p .  

' t i a e  for A and b io (5.54) is ( ( r l j  lr 1) n+n (s-t) )8T+na?. The , 

function e v a l u a t i o n  is for  a general set of 2;. If zf are a t  

msh p o i n t s  for some i, f u n c t i o n  r a l ~ e s  a t  these p o i n t s  can be 
, + 

s t o r e d  beforehand and d o  not need to Be reeorpttted- If (5,54) is 

sdred by Gaussian elimiaatioa wi thout  pirating, t h e  s o l u t i o a  
r* 

t i a e  i s  [ ( m Z + m - 3 )  (m-1)/3 BT. In (5-52). for a f i x @  i, it t a k e s  

n e T  t i m e  to evaluate L I W ~ + ~ ( Z ~ )  ( since -pi) Wx- 
-- - - 

been c a l c ~ l a t a d  in (5.54)). Siaca e, = 1 8  it takes another (m - I) lr 

time t o  f i n d  di. The total time required to evaluate d i  ,' -rSiSs 



For s i ~ p l f c i t f ,  we o n l y  consider the case where t h e r e  are 

the same number of a u x i l i a r y  points in the c o n s e c - u t i i e  
-\ 

s u b i n t e r v a l s  f n v o l v e a  fn each rou of (5.34). To get an order of 

r + s + r n  fox a complete scheme, i n  (5.32a) (or (5 .32b) ) ,  one has 

to take i from 0 t o  a t  least v = r + r n + n * ( a ) - 1  .(or -we=-(r+s-n+nK( 

b) - 1  to 0 )  for e a c h  k, v {or v ') Xs a o n p o s i t i r e  only when r+s=a 
- 

and nK(a)=O,l (or n n ( b ) = O , l ) - ( r e c a l l  t h a t  r+&n).  F o r  t h e  case 

nc(a) =O (or nK(b) =0) , no appdoximation equation is  needed since 

[or n K ( b ) = l ) ,  set -1. (or v t = l )  and p i ck  8- 1 auxi l iary  p o i n t s  in 

[ t, t, ] ( o r  [ tJ-, ,tr ] ) . As +in (5.52) and (5 .53) .  ei i n  (5-  19) 
\ 

can be c a l c u l a t e d  more e f f i c i e n t l y  by s o l v i n g  the system of l 

equat ions  

Then e in (5.21) can be calcula t+ by so lv ing  
i 

k .- . k 
(5 , 5 7 )  9 B r (b)+ L e Ew (z)=O, k = ~ * + l , . . . V + m ,  

0 k 8 b  P I ' .  3 j 



U s i n g  - - - the - same - argument  --- as before, when n,(a) = I  (or n, (b) 

I )  there are 2 (a-1) +n (m-1)-{m-1) + (m-1 )  (ma+.-3)/3+2 (m+n) 

m l t i p l i c a t i o n s  t o  a p p r o x i m a t e  t h e  k-th boundary c o n d i t i o n .  I f  

r > O  (r8 >0) , t h e r e  are (nK(a) +I/) m+nm'+n (m2-+3a- 1) /3+ (v+ 1) (n K(a) 

mu1 t i p l i c a t i o n s  t o  a p p r o x i m a t e  k-th boundary c o n d i t i o n .  Denote  

t h e  iwmber of n u l t i p l i c a t f o n s  -&ired for  approximating a BC by - 
ITy. The number of f u n c t i o n  e r a l u a t i o n s  f o r  a p p r o x i m a t i n g  B C s  

also depends o n  ng(a) and n R ( b ) .  e.g.  i f  a l l  n K ( a )  are t h e  same 
r 

D 

f o r  t h e  first no BCs. Denote t h e  number of f u n c t i o n  e r z f l u a t i o n s  

f o r  a p p r o x i m a t i n g  t b e  first no BCs by Pa and t h e  last n-n, by 

Fb- In (5.33a) (or (5.33b) ) , i has t o  go f rom 0 t o  a t  least i+s 

(or from -(r+s) to  0 )  f o r  e a c h  j. S i n c e  nK(a)  (or nK(b) )  is less 

t h a n  n, r+s-n+nK(a)-1  for .r+s-n+aK(b) -1) is a t  most r+s-2. 
- -  - - - -  - - - - - - -  

~ e n c e ,  L a n d P f h  i n  (5.34) h a r e  t h e  form h 

{. 
0 

r-k [ 
0 

(5-59) * and  

3 a-n 
0 

where B is a t r a p e z o i d  of w i d t h  r+s+l and h e i g h t  .Tor-s+l. 

- - -  

Bep-ng upan nK{aj and n K  (bJ, some e l e m e n t s  of C, and C4 may 
. - 



+ - - - - - - - - - - - - - 
be zero. l o t e  that one has to take d i f f e r e n t  r -kO sets of 

- - - - -  -- -- - -  - -- C- 

a u x i l i a r y  p o i n t s  for G2 and d i f f e r e n t  k o + r n  sets of a u x i l i a r y  
< 

p o i n t s  for C 3 ,  otherwise. s o w  rows of C, or Cj will be 

i d e n t i c a l  and L h  rill be singular. The s e tup  time for Lh and f h  
C- 

is t h e r e f o r e  .! 

u h e r e  q=nm(m-l)+(m2+~-3)  (.-1)/3+(r+s+l) (na+m-1). 

If G a u s s i a n  e l i m i n a t i o n  w i t h o u t  pivoting i s  used to 

e 

for getting an upper t r i a n g u l a r  aa tr ix  and 

r-k n 
u '0 0 

f 5 - j )  s )  ]HT for back 
- %= --- - --dzI-- - -+-!- 

note that the work estimates calcalated are based on an nor . 
'r 



(rts-1) m a t r i x  C 4  and an - n o )  x ( + s )  matrix C Since sone 
3 - 

- - - -- ---- ---- -- -- 

e l e m e n t s  of Cl  and Cj may b e  zero, t h e  actual work r e q u i r e d  

shou ld  be n o  dore than the v o r k  calculated from t h e  f o r ~ d l a .  

low consider t h e  BODIE methods, Recall- t h a t  i n  the B O D I B  

aethods r=O and 3 - n .  Hence, to compare with Doedell's ne thod  

v h i c h  g i v e s  t h e  same g l o b a l  accuracy of order r + s + w n ,  one must 

select p=r+s+sWn a a x i l i a r y  points i n  each sub in terva l  [ ti . t j+, 1 
f o r  a mDIL m e t h o d ,  

A g a i n ,  let e l = l  and assame all v a l u e s  of wl(zj) ( i )  are 

a l r e a d y  stored. For a p ~ r o r i s a t i n g  BCs, consider the case when p 

p o i n t s  are col located.  Then i n  (5.32a) (or (5.32b)). i goes from 

0 t o  nK(a )  - 1 (or n y(b) -1) .  A s  before .  if ( a )  5 0 ,  no 

approx imat ion  is needed. If n,(a) =I.  then one f i n d s  4 , d r  from 
\ ear ef ,. -. ,e  p-f . L e t  FJ a n d  PI: b e  t h e  func t ion  eva lua t ion  t i n e  

for a p p r o x i m a t i n g  B C s  a t  a and b, r e s p e c t i w e l y ,  and let IlT: be 

tAe l o f t i p l i c a  t i a n  tire f of e a c h  BC3 fi* the+Of)Iq rethut2s are - 

c o s p a c t ,  n o  e x t r a  eqoatians ace required. Lh and f h  of (5.34) - 
then bare t h e  form 

) n-n 
0 

n 
0 

) J-D+ 1 

) n-n 
0 

where B 1s a trapezoid of r i d t h m l ~ n d  h a i a h )  .T - n c l .  

S e n c e ,  s e t u p  time for (5,341 is 



If Gauss ian  e l i m i n a t i o n  without p i v o t i n g  i s  used t o  solve 

- ( 5 . 3 4 ) ,  s i n c e  some elements of C and C2 may be  z e r o ,  t h e  t o t a l  It 
t i a e  for t h e  s e c o n d  part of t h e  i m p l e m e n t a t i o n  is a t  

n - 7  

n-3 

. . + ( n - j + 2 )  (n-j )  ]MT to g e t  an upper triangular matrix and 
j = 1  

o b t a i n  the s o l u t i o n s  by back s u ~ s t i t a t i o n ,  

T h e  comparison b e l o w  .is done for second-order  d i f f e r e n t i a l  
1 

e q u a t i o n s  subject to D i r i c h l e t  B C s  since th'ey are t h e  sost 

important  case and are s i s g l e .  Consider the problem 

I (t) =yn (t) +a (t) J (t{+a0 (t) J (t) a S t 9  ' 

1 0 

= I *  an& lL-)-=_Cf+ -A&- 
h 1 h .(J+1) 

Table 5 . 1  for t h r e e  different orders of 'accuracy (4.6,. and 8) . 
* 



The data for collocation - asi- B - s p l i n e s  and G a m ~ ~ * p a A n t s  is 

derives from B ossell-Varah [20 1. 
. m 

I order 1 

cat ion J (32UT+QPf + J (02Ef +6P) J ( 164flT+8P) I 

The first rou of Table  5.1 g ives  the computational  work for 
-- 

- - - - -- - - - - - - - 

the RODIE methods (Lynch-Rice [16 ] ) ,  and t h e  f i r s t  fire rows 

g i v e  operation counts for f i v e  sore genera l  d i f ferent  D o e d e 1 8 s  

schemes. Lynch-Rice 1161 picked t - € [ t . , t j + l ]  a s  one of t h e  
J t 1  

I 

a u x i l i a r y  points. Since t h e  central mesh po in t  of an 

( J - I ) ( 1 8 6 i ! l T + t 8 ~  

(J- 1) (144!lT+ IS?) 

0 

1 

odd-number-point difference operator i-s. a zero of every 

( + I )  (354ET+24F) 

(3-1) {284CIT+21P) 

tJ-l)(82RP+12f) 

(J - I )  (6OhT+9?) 

odd- degree genet  a l i z e d  8-spline orthogonal polynomial, one 

higher order of accuracy is  obtained, I n  , th is  case, one would 

expect  tha t ,  for the-  a r b e r - o f a c c a c a c w h e c e u A C *  

E D D I E  regular - case - i a  4Lgch-Rice [ 163 is s- 

the R O D I E  ae thods  re consider here. Prom Table 5, I ,  it is 

obrioas that  a s  r+s increases, the opera t ion  count for a given 



order decreases. I t seems on_ the b a d  of sperat ia !  C-+ 

o n e  should p i c k  a s  feu a u x i l i a r y  points as possible and let r+s 
i 

be l a r g e .   his view is s u p p o r t e d  i n  t h e  numerical e f a m p l e s  given 
3 

, 
i n  t h e  n e x t  s e c t i o n ,  

.I 

If we c o u p a r e  t b e  first row p i t h  the o t h e r  tows of Table 

5.1 ,  D o e d e l t s  m e t h o d s  are more e f f i c i e n t  t h a n  the EODIB methods 

for large r+s-n. By compar ing  t h e  data  i n - T a b l e  5.1 v i t b  t h a t  of - 

Table 9-.2 i n  Lynch-Rice -116 1, we codcAode that  Doedel @s methods  

are conparable even  to the BODIB Gauas - type  case d e n  r+s-n is 

work f o r  s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n s .  

5 . 7 .  EXP - erimenw R e s u l t s  

Pro. T a b l e  5.1, re bare s e e n  t h a t  i f  ' t h e  number of f 

a u x i l i a r y  p o i n t s i s c h o s e n  as s m a l l a s p o s s i b l e .  D e d e l g s  

method's are  such more efficient t h a n  t h e  MIDIE methods,  

U u m e r i c a l  experiments hare been r u n  t o  s u p p o r t  b o a  t h e  theorems 
1 

i n  t h e  previous s e c t i o n s  and the above c o n c l u s i o n .  A l l  

c o ~ p u t a t i o o s  were p e r f o r r e d  o n  the SPU IBE 3033 using d o a b l e  ?. - - 
a $ 

p r e c i s i o n  arithmetic. I n  e ch e x p e r i m e n t ,  the mesh c o n s i d e r e d  is 1 
equal spaced ,  For t h e  BDDIE methods, a u r i  l i a t y  points are c h o s e n  

suc b that 2- =kg +Q4~#L-Por-DQBQe&~s&B&s-,-o~- 
J * I  - J + 

anxiliarp - p o i n t  is u 

tj+s 1, j=O,. . . , J-s. note t h a t  the matrix L,, o b t a i n e a  when r=r, , 1 
s=s4 ,is i d e n t i c a l  with the m t r i x  L* obta ined  when r=O, s=r++s, h 4 j 

s 
d 

u 2 
118 2 

rl 

* Q 
n * 
4, 
;a - 



to  zi i n  [ t -  
J- re "i+s. I- 

S i n c e  re c o n s M e r  t h e  case .=I, i f  t h e  o r d e r  of consistency 

is required t o  b e  greater t h a n  one for Doede1.s methods t h e n  r+s 

r u s t  be greater than n, and hence r+s-n extra f i n i t e  difference 

- e q u a t i o n s  a r e  needed, I n  t h e  experiaents ,  they are  d iv ided  i n t o  

two sets. ff r*s-a is e r a ,  h a l f  of t h e 8  are set t o  a p p r o x i m a t e  

t h e  first s+l s o l u t i o n s  IS,,.,. ,u i f  r+sOm is odd,  t h e n  f' 

(r+s-a* 1) / 2  equations are defined for u, , ,, .,a I n  b o t h  cases, so 
- --- - - -- - - -  

+be xt$k-W- --SC TgFrBri%l iao lotrdDs  ui- , 
. o aJ0 In [to .tS], t h e  a u x i l i a r y  point i n m l v e d  in the i - t h  

e q u a t i o n  of t h e s e  extra e q u a t i o n s  is taken to  *be t h e  ( i + l ) s t  

mesh p o i n t .  I n  t 3, t h e  a u x i l i a r y  p o i n t  is d e f i n e d  t o  be 

t h e  r e f l e c t i o n  of the c o r r e s p o n d i r g  one i n  [t,,tS]. 

I n  th;e f o l l o v i n g  tables, numerical r e s u l t s  a r e  shown for a 
- - - - - - - -- - - - - - - -- -- 

- 

number of cases. Orders of c o a s i s t e n c y  c o n s i d e r e d  a r e  2, 4 ,  6, 

and 8, T h e  r e s u l t s  a s i n g  Doede18s mthods pith .=I a r e  the tows 

marked s=, T h e  rows marked a= are t h e  results using the HODIE 

met hod s. P a r  c o l l o c a t i o n  methods, n a r b e r s  of c o l l o c a t i o n  p o i n t s  

used are 2.3, and 4 for order 4,6,and 8 ,  r e s p e c t i r e l y -  The 1 

results uhich use c o l l o c a t i o n  methods with 8-spl ines ,  Gauss ian  

p o i n t s ,  and uniform meshes (COLLO) are g i v e n  i n  t h e  last 

s u b i n t e r v a l s .  



- 
Consider t h e  DE 
- t 

yN+y-2y=2 (1- 6t) e 

(0) =O=y(1),  
? t 

The s o l u t i o n  of this problem is  y ( t ) = 2 t ( l - t ) e  , The prohlen 

h a s  been used by Doedel  181 1 9  J. The r e s u l t s  are g iven  i n  

Table 5,2, - . _.. 

5.10 
1 

L e t  t h e  DB be girea by 

T& solution t c  t h i s  p r o b l e s  is ~=cosh(2 t - l ) - cos .h (1 ) .  The 

pro b l e 8  has been ssed by Lynch-Rice [ 16 ] (note t h a t  t h e y  had 

a m i s t a k e  in [ 161, f (t)zQcosL(1) ,  n o t  f (t) =2cosb ( 1 ) ) -  The 
- - - - - - - - - - - - - 

results are giren ia t b e  fo l lowing t a b l e ,  





Prom t h e  results, the B O O l i  ~ & h o d s  and D dele~ m e t h o d ~  are - 7  
q u i t e  c o a p e t i t i r e  with each other, ~orparfng  their results w i t h  

t h a t  of C O U O ,  one requires larger v a l u e s  of 3 far the f io i t e  

r a t i o s  of  a d j a c e n t  numbers i n  each row of'tls above trbles. it 

is e v i d e n t  t h a t  both t h e  HOD111 methods and ~ o a d e l * s  methods give 

orders of consistency a s  p r e d i c t e d  and there is  no numerical 

instability. S i n c e  t h e  impl imentat ion of the BODIt methods 

bra-s s o l v i n g  an (w 1) x (e 1) matrix for each row of (5.34) , 
t h e  erecPtion time of h igh  o r d e r  HODIE methods is much Longer 

Phan of Doedelss methods for the qare o r d e r  of accuracy. From 
- -- -- - - -- 

.Table 5.1, we sA that, &en .=I, D o e d e l a s  methods are much 
- 

cheaper t h a n  t h e  80DIE methods. 



. L 
i '  

General forms of B l P o  a n d h ~ s  hare 

and uni .queness  theorems for s o l a t i u n s  of 

been #hen, e x i s t e n c e  

I l P s  sad B I P s  hawe been 

provicled, S t a b i l i t y  properties of I V P s  sad two p i n t -  BIPs have - 

BVPs h a v e  been presented. . , 
P e  have seen several equiraleaces between t h e  ~ I I  common 

- -  
-- -- - --- 

- -- w .  

n u m e r i c a l  methpds for s o l v i n g  d i f  f e t e n t i a l  sgaatioqs- Soae of 
* *  . 

t h e .  h o l d  oaly i n  special ciccomstances. e-g. in &ctiom 5.5, 

only one col locat ion p o i n t  was considered, and there are many 

cases which h a r e  n o t  been taken  i n t o  accoant. Consequently, one 
1 
(I 

remaining t a s k  would b e  to f i n d  more re la t ionsh ips  betveen&hese  
-- C 

- r e t h -  {e+- ,. -& =elf -on * -**IL,-F -- -- -- 

We have d i s c u s s e d  the high orWr finite difference aethods  
w 

thorooghly.  ~9 w i t h  finite- element methods, "Len sol& by the  
5 

finite d i f f e r e n c e  n e t h o d s  d i f f e r e n t i a l  equations need not be 

converted t o  first order s y s t 4 ~ .  Though one can get 

o n v e r g e n c e  using general B-spl ine  and Gauss poiats; it is 

n o t  practical for g e n e ~ a l  h-th order differential equations, For 

the case !!O=D", one  Gas f i n d  the & s p l i n e  Gauss p o i n t s  and t h e  
' 

- - 
- 

right-hanq-side weff i c i e n t s  e a s i l y  by asing the f omulae 

d i s c u s s e d  before. Uhi le  for general 8 ,  the l&ati* of the 

general B - s p l i n e  Gauss points depen d, on H and the mesh =points ,  
.. - - - -  -- 

- 

~ h a s , i t  would be d i f f i c u l t  t o  Bare a practical code for t h e  



\ 

However, the methods have b&n ahawn to he computafiorta11y 
? . - 

efficient. 0 p e r a t i c n s  coants and ntmerical results h a r e  shorn 
- - 

that. to find the approrimations br Doedeles methods more 
s L  

e f f i c i e n t l y ,  one should use schemes which only i n v o l v e  we 

a u x i l i a r y  p o i n t ,  
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