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It ie well Gnovn that the ideasUand techpiques for solving . \ - 
ordinary boundary v d u e  problems ( B V P ' e )  can bhueed to solve 

approaches in the solutionnof parhbofic problems ne space 
5- * ,, 

P* 

variable - both reduce to ordinary differential 
\ 

-- - -- -- 

(ODE'S j. \ 

'\ 

One approach involves discretizing the spatial variable and . . 
\ 

solving the resulting initial value problems (IVP'e). This id 
5 '\ 

\ the standard method of lines approach, which has been used 
\ 

widely for some time. The finite difference f ormylae are . '\- 
* ? 

trqditionally used for the sp'a'tial discretization. In the 
- - - - -- - *< - -. 

i - -- -- 

P ly 

. .present investigation, we refer to any-scheme which first 

discretizes the apace variable and then oalkes a set of &VP'a a's I , 

the method of lines. The discretization can be finite element or 
L 

finite difference approximation. RecenGly, Madsen and Sincd'vec 

(201 have aeveloped a nonlinear PDE solver ah uses' 

collocation with B-splines for the discretization of the spatial 

variable. This approach has shown to be applicable in solving 

Schryer [28],,whb uses Galerkin's method in space, using 

difference procedure in time. Hie code, POST, can-solve PDE's 



9 

. . 
w i t h  terms i n c l u d i n g  u . - -  a n d  u  ; H o p k i n s  a n d  Wait [ 1 5 ]  h a v e  1 m 

C x t  XXS I -. . i 
d 

d o n e  a  p ' e r f o r m a n c e  c o m p a r i s o n  of u s i n g  ~ ~ l e r k i n ,  c o l l o c a t i o n  a n d  t - .  V 1 
f i n i t e '  d i f f e r e n c e  f o r  t h e -  G a t i a l  d i s c r e t i z a t i o n .  One a t t r a c r i o o  i 

( 

of t h e  metkiod of l i n e s  i$ t . h a t  o n e  c a n  ;se t h e - r o b u s t  IVP - 
B 
\ 

s b f  t w a r e .  However,  i t  h a s  a t  l e a s t  t h r e e  d r a w b a c k s :  
- - - - - - - - , - \- -- LA A 

1- This - t e c h n i q u e  hc reases  t h e  c o m p l e x i t y  of  IdeXexmin ing- the - -  _ -_- 

s o l u t f o n  of t h e  p r o b l e m  b e c a u s e  t h e  number of ODE'S i s  
-.-a 

i n c r e a s e d  s u b s t a n t i a l l y .  The number of O D E ' S  ( 0 )  i s  

d e t e r m i n e d  by 

O = = P * D  i j 
0 

w h e r e  P i s  t h e  number of PDE's,  a n d  D i s  t h e  number of 

d i s c r e t i z a t i o n  p o i n t s .  

Po: some p r a c t i c a l  p r o b l e m s ,  P = 1 0 0  a n d  D - 150 .  . 
To a v o i d  s t o r a g e  o v e r h  1 a d ,  mos t  s o f t w a r e  r e e y a l u a t e s  t h e  
- - - - ---+ - - pppp p-p-p -- - - 

1 
* -4 : 

- ' J a c o b i a n ' w h e n e v e t  t h e  s t e p s i z e  A t  i s  c h a n g e d ,  t h u s ,  i 
i 

i n c r e a s i n g  t h e  amount  -of  r e c u m p u t a t i o n .  This i s  u n d e s i r a b l e -  : i 

P 
- 4 

i f  t h e  J a c o b i a n  i s  w e l l  b e h a v e d " b u t  dt c h a n g e s  

f r e q u e n t l y .  . f 
B 

3 .  I f  a s o l u t i o n  h a s  t r a n s i e n t  r e g i o n s ,  f i x e d  s p a c e  1 
a E 

d i a c r e t i z a t i o n  c a u s e s  p r o b l e m s  b e c a u s e  i t  c a n n o t  f o l l o w  t h e  , 3 
b 1 

e v o l v i n g  s o l u t i o n .  .i 

1 

- - -  - --- ' , 
TheTtTeT a r t e r n a t ! m n 3 s c r e t i z e  t h e  t ;mpora l  2 

v a l u e  p r o b l e m s .  Due t o  t h e  c o m p e t i t i v e  B V  s o f t w a r e  r e c e n t l y  - 
I 

mesh s e l e c t i o n  capability), i t  i $ . n a t u r a l  t o  t r y  t h e  b o u n d a r y  ' , 



v a l u e  a p p r o a c h .  S i n c e  spAine  c o l l o c a t i o n  h a s  b e e n  p r o v e n  

e f f e c t i v e  i n  s o l v i n g  ODE'S, it i s  r e a s o n a b l e  t o  a p p l f . i t  i n  

P ' s o l v i n g  t h e  r e d u c e d  problem.  C o r l e a s  1111 h a s  done  a  f e a s i b i l i t y  
- * 

s t u d y  on t h i s  a p p r o a c h  by ' u s i n g  COLSYS 8s t h e  -BVP s o l v e r .  H i s  

. r e s u l t s  i n d i c a t e  t h a t  t h i s  a p p r > a c h b  g i v e s  f a i r l y  a c c u r a t e  

s o l u t  i o n s .  
- 

S i n c e  t h e  class of p rob lem b e i n g  c o n s i d e r e 6  i n c l u d e s  some - , 

whose s o l u t i o n s  h a v e  s h o c k s  o r  boundary  l a y e r s ,  i t  i s  e s s e n t i a l  

t h a t  t h e  s o l u t i o n  scheme p r o v i d e s  t h e  c a p a b i l i t y  t o  a d a p t  t h e  
- -p-pp-----pp--p - -- - 

- -- - - - - - - - -- - -p - - - 

s p a t i a l  mesh t o  Lhe s o l u t i o n  p r o f i l e .  V a r i o u s  a t t e m p t s  have  b e e n  

made t o  c o n s t r u c t  r e l i a b l e  and e f f i c i e n t  a d a p t i v e  mesh '.. 

a l g o r i t h m .  An5zor [ l ]  d e v e l o p e d  a n  a d a p t i v e  mesh s e l e c t i o n  
' 

- 

b o u n d a r y - l a y e r  t p e  d i f f e r e n t i a l  e q u a t i o n s ,  u s i n g  t h e  8 
box scheme. H i s  r e s u l t s  showed t h a t  t h e  s o l u t i o n s  o b t a i n e d  f r o m  

\ 

t h e  a d a p t i v e  mesh a r e  more a c c u r a t e  t h a n  t h o s e  f r o m  t h e  u n i f o r m  _ - - - - - - - - - - - - - - - - 

mesh. Us ing  a  d i f f e r e n t  a p p r o a c h ,  Whi te  [ 3 0 ]  implemented  a  mesh 

s e l e c t i o n  scheme which  i n v o l v e s  t h e  a r c - l e n g t h  t r a n s f o r m t i o n  of 

1 t h e  p rob lem t o  a  n'ew c o o r d i n a t e  s y s t e m .  More r e c e n t l y ,  D a v i s  and 

T i  / a h e r t y  [ 1 2 ] _ h a v e  d e s i g n e d  a  s p a t i a l  mesh s e l e c t i o n  scheme cqg,, A+ 

d h i c h  seems t o  work w e l l  wit.h t h e i r  G a l e r k i n  method. 

. Et  3s n o t  o b v i o u s  which  a p p r o a c h  t o  t h e  s o l u t i o n  of 
1 

p a r a b o l i c  prob-s . i s o n e  s p a c e  va , r iab le  i s  s u p e r i o r .  One m i g h t  
P - . - -4 

- - - - - - - - - - - - -- - -- pp -- -- 

e x p e c t  t h e i r  e f f i c i e n c y  t o  be  p rob lem-dependen t .  , 

- - .  
I n  t h i s  s t u d y ,  we d e s c r i b e  a n  imp on  or a  s p l i n e  

c o l l o c a t i o n  method w i t h  - t i m e  d i s c r e t i z a e i o n  f o r  s o l v i n g  a  c l a s s  



141, on spline basis selection for the collocati.on method 
P 

,indicates that the popular B-splines basis representation is 

* harder to implement and somewhat less efficient than the 

monomial and Hernite&type bases, we have chosen the ~eraite 

basis. Whlle not in polished form, our code HERPDE (HERmite 

basis collocation for P D - E - h a s  bee= suf  f icleetlp-ruosessfd h i  
-- 

solving some difficult problems that we believe &ah .a code may 

well be competitive with such codes asPPDECOL 1201 if more time 

In the sequel, we review the coilocation method for solving 

3 ODE in chapter 2. In section 2.2 we present a new result f q t h e  ' 

solution of the collocation system arising from using the 

monomial basis functions. In chapter' 3, we describe the 

. > 

numerical methods used in HERPDE. The problem types which can be 

temporal discretization and mesh selection algorithm arectreated / 

in sections 3.3 and 3.4. Finally, numerical results are 

presented in chapter 4, and comparisons are made with other, 

methods. 
I 

Conclusions drawn from the research and recommendations for 

fCture work are given in chapter 5. 



- . . 3  
f 

2. COLLOCATIOR, HBTHOD FOR ORDLRARY DIFFERENTIYII, EQUATIONS 

7 
t 

C o l l o c a t i o n  i s  t h e  p r o c e s s  of f i n d i n g  a d  a p p r o x i m a t e  

s o l a t i o n  t o  a d i f f e r e n t i a l  e q u a t i o n  by r e q u i r i n g  t h a t  t h e  - * 
a p p r o x i m a t e r s o l a t i o n  s e t i s f y  t h e  d i f f e r e n t i a l  e g u a + b z - a t - a -  - - - -- 

- - 

d i s c r e t e  sek of p o i n t s ,  t o g e t h e r  w i t h  t h e  bounda ry  c o n d i t i o n s .  

- 
I f  y ( x )  i s  smoo th ,  t h e n  t h e r e  e x i s t s  a  p o l y n o m l a l  

t h a t  i s  a good a p p r o x i m a t i o n  t o  t h e  s o l u t i o n  y ( x )  of ( 2 . 1 ) .  In 
4 

o r d e r  t o  d e t e r m i n e  s u c h  a  p ( x ) ,  c o n s i d e r  t h e  e x p r e s s i o n  



p o s s i b l e .  These  c o e f f i c i e n t s  c a n  be c h o s e n  i n  s e v e r a l  waysJ. The : 
+ 

c o l l o c a t i o n  metbod d e t e r m i n e s  p ( x )  by r e q u i r i n g  e ( x  ) * =  0 a t  
u i 

B 

c e r t a i n  s e l e c t e d  " c o l l o c a t i o n  p o i n t s , "  x , x  ,..., x  ThCs, a 

0 -1 n  * I 

c o l l o c a t i o n  i i a d s  t o  t h e  . sy s t em of n + l  . e q u a t i o n s  i n  n + l  
, 

n o n l i n e a r  s y s t e m  of n + l + e q u a t i o n s  i n  n + l  unknowns. One c a n  u s e  

Newton's  method f o r  s o l v i n g  t h i s  s y s t e m .  / ' o~ 

. ' , :  

A main f e a t u r e  of c o l l o c , a t i o a  i s  t h a t  i t s  o u t p u t  i s  a  . ' 

f u n c t i o n  ( u s u a l l y  a p i e c e w i s e  p o l y n o m i a l )  t h a t ' a p p r o x i m a t e s  t'he ' 
r, .  

s o l u t i o n  df a  d i f f e r e n t i a l .  e q u a t i o n  t.h;oughout some intervat". . 
* 

T h a t  i s ,  c o l l o c a t i o n  * c a n c  be  ?bed t o  e - s t i p i a t e  t h e  b e h a v i o r  of t h e  

s o l u t i o n  i n  t h e  e n t i r e  i n t e r v a l  i n  q u e 4 s t i o p -  T h i s  i s  i n  c o n t r a s t  't - 
3 > 

t o  o t h e r  methods s u c h  a's f i n i t e  d i f f e r e n c e  apd s h o o t i n g ,  which 

p r o d u c e  a  d i s c r e t e  se t  of s o 2 u t i o p  vaxues .  

2.1 C o l l o c a t i o n  w i t h  P f e c e w i e e  ~ o l y n o m i a l s  ( S p l i n e s )  - 1 - - 2 

. . o  . . 
0 

- 

n 

b a s i c  a p p r o x i m a t i n g  f o r m  where  t h e '  f u n c t i o n s  (x)) f o r m  - 
i 1-0 

- -- - -- -- - - A 

a bas i ;  of p i e c e w i s e  p o l y n o m i a l s ,  v i z  ~ - s ~ l i n e s  o r  some o t h e r  



t y p e  of b a s i s :  F u r t h e r ,  by d i f  f  e r e a t i a t i n g  t b e e e q u a t i o a  \ * 

i 

y"=f (x ,y )  w i t h  r e s p e c t  t o  x ,  one  c o u l d  i n s i s t  that  b o t h  

a t  t h e  c o ~ l p c a t i o n  p o i n t s  ( t h i s  u o u l d e b e  a 'form of H e r m i t e '  
I 

I 
i n t e r p o l a t i o n ) .  ? o r  a  good e x p o s i t i o n  o n - t h e  cb&vergence  'and : 

2 

- - - -- - - - ---- i 
i l i t y  p r o p e r t i e s  of s p l i n e  tlie r e a d e r s  7 

a r e  a d v i s e d  t o  c o n s u l t  [ 8 , 2 6 ] .  Among t h e  a d v a n t a g e s  of u s i n 8  

,'-. 6 

- s p l i n e  c o l l o c a t i o n  a & :  

1. Compu ta t i ons  invo- lve  s p a r s e  and  banded m a t r i c e s  wh ich  a r e  

e a s y  t o  f o r m  and  ' s o l v e ,  - 

2. P i e c e w i s e  polyf ldrnia l  f u n c t i o n s  a r e  r e a d i l y  a d a p t a b l e  t o  
- -- - - - - - - - - - -- - - C -- - 

s p e c i a l  p r o b l e m s .  ,Fo r  example  one  c a n  p l a c e  co l1 ,oca t ion  ' 

p o i n t s  s o  a s  t o  a d q p t  t o  k n o w n - p r o p e r t i e s  - of t h e  s o l u t ' i o n  

s u c h  a s  boundary  l a y e r s .  
I 

The method i s  s t a b l e  and mesh s e l e c t i q n  i s  g e n e r a l l y  
I 

succe . ss f  u l .  . 
1 

We w i l l  i l l u s t r a t e  t h e  c o l l o c a t i o n  method u s i n g  t h e  

f o l l b w i n g  a t h  o r d e r  ODE 

I w i t h  boundary  c o n d i t i o n s  ( B C )  
-- - z- - - - ----- 



I t  i s  assumed t h a t  a s u f f i c i e n t l y  smooth, unique soXuf$.od u ( x )  

t d  (2.4),,* 1 2 . 5 )  e x i i t s  aed s l & i s f i e s  ' P ) I  

1 ----  - -- -- - - - - - - - -- - - ---- 1 ' _.- - -1 

il , 
q r 

< - c x , a , - ,  ~lja-1: : . (2 .7)  
, 

. I #  

B r 

.. B 

f o r  'some, c o n s t a n t  c.. 

Our c o l l o c a t i o n  procedure i s  def inhd a s  f olXows. S e l e c t ,  a  
. . , 1 

- ~~- - , - - - - - - -  * a r t i  t i o n _ ~ . i l ~ ~  _ L1 

t 
~, ~ 8 . I 

< - a ' 5 

< .  ' A :  a - = x  <x < . . . < x  <X = b., 
i - ( 2 . 8 )  

1 ' 2- - N  N+l C -- 
-, ' 

- I 

< .  . 



h : -  max h .  
' l < i < k  - - i 

I 

The h o l l o c a t i o n  rP* rocedJ re  f o r  s ' o l v i n g  ( 2 . 4 ) ,  ( 2 . 5 )  d e t e r m i n e s  a  

cewibe  ,polynom&al  a p p r o x i m a t i o n  u  ( x )  t o  t h e  e x a c t  s o l u t i o n  A ,  - 

u ( x ) .  u  (x) i s  ; u n i i u " e l y  d e f i n e d  by the '  f o l l o w i n g  c o n d i t i o n s :  A .  
9 u 

0 -  

( A ' ) - u  "(r) i s  a p o l y n o m i a l  of o r d e r  k+Pr ( d e g r e e  k+m-1) on e a c h  1 .  . .  . 4 - 
. - * s  

- - - -- -- - - . - ~ ~ e ~ & - C x - , ~ - & ~ < N ,  -- - - 
2 .  ," " i i+l s 

d 

(m-1) w 

' . . (s) u ~ ( x )  c (ash), 
- 

- - .  -. 
* (6) u r n  s a t i s f i e s  ( 2 . 4 )  a t  t h e - k R  c o l l o c a t i o n  p o i n t s  

w i teh b e l o n g  t o  t h e  p " a r t i t i o n  

(I 
6 

u ( x )  e a t i s f  i e a  t h e  boundary  c o n d i t i o n e .   LA^ -- -- -- 

,- 



I f  t h e  k pointtar i n  (2 .11)  s a t i s f y  t h e  o r t h o g o n a l i t y  . - - .  

r e l a t i o n  +$ 

-- 

a n d  a t  t h y  mesh p o i n t s ,  one g e t s  supe rcgnve . rgence ,  

I .  

where  n i s  t h e  o r d e r  of t h e  a p p r o x i m a t i n g  p o l y n o m i q l  < ( c f -  

de  Boor and"Swartk [ B ' J . )  ' 

I f  Cauee ian  p o i n t s  a r e  u s e d ,  t h e n  n=k. - 
Any r e p r e s e n t a t i o n  f o r  u  (x )  which s a t i s f i e s  ( A S  c o n t a i n s  a  A 

< 

v e c t o r  of p a r a r e f q r s  w i t h  ( k + p ' ) ~  components ,  a, which  c a n  

by a p p l y i n g  e o n d i t i o n s g ( ~ ) ,  ( C )  and (Dl. Theee 
& 

d e t e r m i n e d  

c o s d i  t i o n s  y i e l d  the s y e t e a  of e q u a t i o n s ,  ' 



s i z e  and o f f  s e t ,  indepexidea t  of N. The b l o c k  b r e l a t i n g  t o  t h e  

1 i .  - - 
i t h  i n t e r v a l  i s  formed_-f rom th;  . c o l l o ~ a t i o n  e q u a t i o n s  ( ~ j  

a n d / o r  t h e  c o n t i n u i t y  c o n d i t i o n s  (B). 

Due t o  t h e  l o c a l  n a t u ~ q  of t h e . ; e p r e s e n t a t i o n ,  some - : 
- - - o m ~ o n e n € r x r C a - c a n  be eHxctuxted l o c a l l y  ( u f t h i n  e a c h  b l o c k  

V ). T h i s  so- c a l l e d  c o n d e n s a t i d n  of parameter i s  p r o c e s s  c a p  
i 

- 

- e f f e c t i v e l y  r e d u c e  t'he s i z e  of A ,  a n d  i n  c e r t a i n  c a s e s ,  r e d u c e  . , 

t h e  amount of work i n  comput ing  t h e  components ,  of M. 

. N o t i c e  t h a t  t h e  c o l l o . c a t i a n  method, u n l i k e  . t he  t r a d i e i o n a l  . . , 
C 

s h o o t i n g  method,  doee  h o t  e x p l i c i t l y  c o n v e r t  the m t h  o i d e r  ODE 

i n t o  a  f i r s t  o r d e r  sys t em.  



* 

. 2.2 L o c a l  ~ e ~ r e s e d t a t i o n  
I 

- 
-1 

t 

To compute a n  a p p r o x i m a t e  s o l u t i o n  u  (x) of  the bounda ry  A 
# 

. , o r l u e  ' p r o b l e m ,  a  c o n v e n i a n t  r e p r e s e a t s t i o n .  f 03 t h i s  f u n c t i o n .  

s h o u l d  be *chosen.  The merits of d i f f e r e n t  l o c a l  b a s e s  have  been  
I- . < r 

' ,  e ~ t e n s i w e l y ~  - - a n a l y z e d  - --- i n  [ b ] ,  - - € 5 ] .  - We - w i l l  - - b r i e f l y  - - r e v i e w  - t h e  - - - - * - - - * -  - - 

below. We n o t e  h k r e  t h a t  B - s p l i n e s  a r e  p i e c e w i s e  p o l y n o m i a l  

f u n c t i o n s  i i t h  min ima l  s u p p o r t  and  have c o n t i n u i t y  c o n d i t i o n s  
-- 

. I , -  
i m p l i c i t l y  s a t i s f i e d .  A t h o r o u g h  e x p o s i t i o n  - on B - s p l i n e s  and  

L 
t h e i r  a p p l i c a t i o n  i n  s b l v ' i n g  (2 .4 )  by c o l l o c a t i o n -  c a n  be  f o u n d  

i n  171. . 

T h e  monomial b a s i s  h a s  many f a v o u r a b l c  - p r o p e r t i e s  o v e r  - 

B - s p l i n e  an"d'Herm1 t e  b a s e s .  Because  of - t h e  l o c a l  n a t u r e  of t h i s  

b a a i s  r c p r e s e n t a ' t i o n ,  i t  a l l o w a  e f f i c i e n t  fQ n a t i o n  of -F: 
< .  

c o n t i n u i t y  and d i s c r e e i 2 a t i o n  e q u a t i o n s .  B l t h o u g h  e a n t i r t u i t y  i i  

n o t  b u i l t - i n ,  i t  i s  e a s i e r  t o  i m p l e l e n t  t h a n  i s  a  B - s p l i n e  b a s i s  

u s i n g  t h e  scheme d e v i s e d  by Asche r ,  P r u e s s  and  R u s s e l l  [ 4 7 -  They 



small price to pay for better conditioned ratricae. Local . 
W '  ' 

4 

candensation of the dikcretization equations yields . I , 

multiple-shooting-type matrices which are better conditioned 

than those for the other two bases. 
m .  

' For efficiency in the fmplerentation, we have adopted the 

a- % - a -  u a 

chooseL ;he monomials 

a.8 the f,irst m canonical polynomials on [0,1]. 

Thus for x - -  <x<x , l l i p ,  
i i + I  

1 \ 
I 

k 
where ( 9  } are the remaining canonical, polynomials of 

5 j-1 

j+m on '[0,1], satisfying 

I 
- '  

order . 

Note i 



1 . , 6 .  

, . %  The s c a l e  f a c t o r  h f o r  v i n  ( 2 . 1 8 )  ' i s  iatkoduced f o r  
, 1  j ' /  1 ,  

D 
* 

- -- - -,- - -- 
- 

notation_al convenience. W%th this c h o f c e ,  let 

Th* cont inc?i ty  coadit i o n s  becore  
I 

9' - 

i .  . 
C = C 1.8 a n  mxm u p p e r  t r i a n g u l a r  matr ix  y l t h  e n t r i e s  



111 j-i - ( x )  z. (x-= 1 / ( P W  ( 2 . 2 8 )  
i 1 1 = i j  

cbllocation conditions g i v e  

E z . + G w - f , l<i<N, - - ( 2 . 2 9 )  

i i.. i i i 

- 

where X = H Is a. kxm m a t r i x  with e n t r i e s  
5 % 



- 
H % 0 
i i 

-& -D I 
i i . 

m k m  

\ 

- - - - - -  .& - 
where I is an-k-- i&nt i ty  mair ix  and V l are  (k%a)x(k+2m)"i 

.4 i 

F i g u r e  1 shows the d e t a i l e d  s t r u c t u r e  of 'MONO, a c o l l o c a t i o n  
- -- - -- --- - --. --- - -- -- ,- -- - - 

matrixToFQ1PC,k14,TT , T = Z  and N = 2 ,  whq r e  x e , n l -  
a d b  

- r  ". 
s p o t e n t i a l  nonzero e n t r y .  c 0 

x x x X'X x x x i - - - -  --- - - - I------ x x x x , x  x x x i 1  0 .! 
0 x x x,x x x X,O 1 0  0 
0 o x  xlx x x XI0 0 1 0 .  

I X X X X I X  X X X ' s  
I x  x x xlx x x x ,  

x x x xlx x x X I  

- 

J?igur6 1 -The s t r u c t u r e  of MONO; the almost  b lock d iagona l  
c o l l o c a t i o n  matr ix  u s i n g  l o c a l  moaomials 



- - -  - - - - - - - - - - - - - - - - - - -- -- - -- - - 

- - - - - -- - * 
B e c a u s e  of t h e  s i z e  of A ,  t h e  s u g g e s t i o n  i n  [ 4 ]  i s  t o  

*- =,& 

p e r f o r m  c o n d e n s a t i o n  of p a r a m e t e r s  t o  r e d u c e  i t s  s i z e  a n d  t h e n  

t o  s o l v e  t h e  r e s u l t i n g  l i n e a r  s y s t e m .  However ,  w e  w i l l  d e s c r i b e  

a  scheme w h i c h ,  by s p a r s i t y  a n d  t h e  t a k i n g  a d v a n t a g e  of t h e  

m a t r i x  A ,  r e q u i r e s  l e s s  c o m p u t i n g  e f f o r t .  b l o c k  s t r u c t u r e  of  

of P a r a m e t e r s  

+. 

some unknowns,  t h u s  r e d u c i n g  s t o r a g e  a n d  t h e  e f f o r t  r e q u i r e d  i n  

c o m p u t i n g  t h e  n o d a l  v a l u e s  b e c a u s e  work f o r  o t h e r  unknowns 

i g n o r e d .  I n  p a r t i c u l a r ,  s i n c e  t h e  unknowns w , l L j L k ,  w h i c h  
i j  

c o r r e s p o n d  t o  c o l u m n s  m + l  t o  m+k of G l o c k  V , a p p e a r  o n l y  i n  
i 

t h i s  b l o c k ,  G a u s s i a n  e l i m i n a t i o n  ( .wi th  co.lumn p i v o t i n g )  c a n  b e  

a p p l i e d  t h e s e  c o l u m n s  r e d u c e  t h e  f o r m  

w h e r e  is a p p e  r- t-ngula r -By 4iscar d i n g - L h e t q k r o w s L - - -  
i 0 

7- -- 

c h i  m i d d l e  k co1unk.s of e a c h  b l o c k  7 , o n e  o b t a i n s  a  new mx2m 

t h e  b l o c k  w i t h  f o l l o w i n g  s t r u c t u r e  



Each b l o c k  o f f s e t s  m c o l u m n s  f r o m  t h e  p r e v i o u s  one .  S i n c e  t h e  
- i 

r e d u c e d ~ c o l l o c a t i o n  m a t r i x  A i s  l i k e  a " m u l t i p 1 e  s h o o t i n g  m a t r i x ,  

a n y  l i n e a r  s y s t e m  s o l u t i o n  t e c h n i q u e  f o r  e l i m i n a t i n g  a  m u l t i p l e  
- - 

' s h o o t i n g  m a t r i x  i s  a p p l i c a b l e  f o r  c o m p u t l n g  t h e  n o d a l  v a l u e s .  

% T h i s  i m p l i e s  t h a t  LENBLOCK ( t o  b e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n )  

s y s t e m  i n v o l v e s  o n l y  z , l < i < N + l ,  - - l < j < m .  - - 
i j 

T h e r e  a r e  a  number of ways  of o b t a i n i n g  a  g l o b a l  s o l u t i o n  

a f  t e ?  c o m p u t i n g  t h e  unknowns z . One c a n  r e c o v e r  t h e  w by 
i j , ij 

. - 
a p p l y i n g  back s u b s t i t u t i o n  i f  t h e  m a t r i c e s  if , G a r e  s a v e d .  

> i i cL 

-- - - - - - - - - - - - - -- - 

An a l t e r n a t i v e  i s  t o  u s e  H e r m i t e  i n t e r p o l a t i o n .  

By making  u s e  of t h e  s t r u c t u r e  of A ,  we c a n  a l s o  s o l v e  t h e  

s y s  t e m  "AS I S " ,  t h a t  i s ,  w i t h o u t  c o n d e n s a t i o n ,  u s i n g  a l t e r n a t e  

row a n d  column e l i m i n a t i o n .  Our s c h e m e ,  ASIS,  i s  a  m o d i f i e d  
- - - - - - - - - - - - - - - - - - - - - - 

v e r s i o n  of LENBLOCK, a n  a l t e r n a t e  row a n d  column e l i m i n a t i o n  

- - --- - 

s c h e m e ,  nrst d i s c u s s e d  by K e l l e r  a n d  L e n t i n i  [ 1 6 ]  i n  t h e  
L 

c o n t e x t  of a p p l y i n g  t h e  box scheme f o r  t h e  n u m e r i c a l  s o l u t i o n  of 

a  g e n e r a l  l i n e a r  t w o - p a i n t  Bfff. R u s s e l l -  [ 2 5 ]  p o h t s  o u t  t h a t  



t h e i r  scheme - c a n  b e  a p p l i e d  t o  m u l t i p l e  s h o o t i n g  mat r ices  w i t h  
.b 

- l e s s  work r e h . u i r e & n t  t h a n  m o s t  of t h e  e x i s t i n g  s c h e m e s .  A f t e r  

c o r r e c t i n g  a n  e ; ror  i n  Ke l l e r  e n d  L e h t i n i ' s  'schea;,  w e  h a v e  

i m p l e m e h t e d  t h e i r  i d e a  a n d  t e s t e d  i t  f d r  a  number of p r o b l e m s  
,. 

u s i n g  t h e  m u l t i p l e  s h o o t i n g  t e c h n i q d e  ( s e e  [ 1 7 ]  f o r  a more 

d e t a i l e d  e x p o s i t i o n  a n d  s o w  n u m r g e a l  e x a m p l e s - )  It i s  found 
- 

t h a t  LENBLOCK p e r f o r m s  n o  w o r s e  t h a n  LAMPAK a n d  COLROW [ 1 4 ] ,  two 

s t a t e - o f  - t h e - a r t  c o d e s  f o r  e l i m i n a t i n g  m a t r i c e s  .wit> a l m o s t  

i t  c a n  b e  i m p l e m e n t e d  f a i r l y  e a s i l y  and  t h e  r e s u l t i n g  c o d e  , 

r e q u i r e s  s l i g h t l y  l e s s  e x e c u t i o n  t i n e  t h a n  LAnPAK a n d  COLROW. I n  

a d d i t i o n ,  i t  p r e s e r v e s  th'e z e r o  s t r u c t u r e  of the! m a t r i x  a n d  
\ 

i n t r o d u c e *  no f  i i l - i n .  We w i l l  i l l u s t r a t e  t h e  method u s i n g  a  

m u l t i p l e  s h o o t i n g  m a t r i x  a n d  t h e n  show how t h e  same i d e a  c a n  b e  

- - - - - - - - - - - - 

e x t e n d e d  t o  o u r  E o - l l o c a t i o n  s y s t e m .  

A s t a n d a r d  m u l t i p l e  s h o o t i n g  m a t r i x  h a s  the ,  a l m o s t  b l o c k  

d i a g o n a l  s t r u c t u r e  shown i n  F i g u r e  2. The m a t r i x  h h s  N b l o c k s  

l a b e l l e d  

e a c h  h a v i n g  p rows  a n d  2p c o l u m n s .  N i s  t h e  number of s h o o t i n g  

Each  b l o c k  a r i s e s  f r o m  t h e  c o n t 9 u i t y  c o n d i t i o n s  a t  a  n o d a l  

h a s  q r o w s  a n d  p  c o l u m n s ,  w h i l e  t h e  p-q r i g h t  h a n d  b o u n d a r y  



- - - - - - - - - - a- 

c o n d i t i o n s  a r e  r e p r e s e n t e d  by t h e  (p -q )xp  b l o c k  BR. An i m p o r t a n t  
i 

9 

- - Y 

c h a r a c t e r i s t i c  of t h e  a a t r i x  i s  t h a t  $ a c h - b l o c k  " o v e r l a p s "  t h e  
u 

p r e v i o u s  o n e  i n  p e a l u m n s .  C o n s e q u e n t l y  t h e  m a t r i x  h a s  d i m e n s i o n  

F i g u r e  2 The a l m o s t  b l o c k  d i a g o n a l  s t r u c t u r e  
of a s t a n d a r d  m u l t i p l e  s h o o t i n g  m a t r i x  

F o r  e a s e  of p r d e n t a t i o n ,  a  m u l t i p l e  s h o o t i n g  m a t r i x ,  S ,  

' w i t h  p = 4 ,  q = 2  a n d  N=2 w i l l  b e  u s e d  t o  s h o w - t h e  r e s u l t s  of 

a p p l y i n g  e a c h  s t e p  of t h e  LENBLOCK scheme.  S h a s  t h e  f o l l o w i n g  
\ 

s t r u c t u r e :  

X X X X  

X X X X  

X X X X 

X X X X  0 0 0 1  
X X X X  

X X X X  



-- -- - 

where x represents a potential nonzero element 6T S . -  
V 

, \ i 

The LENBLOCK scheme proce ds in two stages, the first being 

the,decomposition of the'coefficient matrix S, and' the second 
4% 

being t'he solution of the resulting system. Before the beginning 
- 

of the first stage, the last p-q rows of each block are moved to - 
a the beginning of their block. The resulting structure of S is: 

2 - - 

The LENBLOCK scheme treats S as 8 block tridiagonal system */ 

- - - - -- - - - - -- - - -- -- - - - ---- 
with pxp diagonal blocks ,(outlined by dotted lines above). In 

Y - - 

the h.ecomposition phase, the first diagonal block (Dl) is 
r: 
5 3  subjected to q column eliminations with column interchanges, 

a' 
followed by p-q column eliminations with row interchanges. Then 

a sequence of column interchanges are pe;fotmed on the next p 
\ 

columns in order to preserve the zero structure of the 

coefficient matrix. This pattern is.repeated for the remainin'g 

diagonalblocks (in this case, D2) except that no column 
-- 

- 
interchanges are performed. Finally, elimination takes place in 

block BR, at which point p-q column eliminations with row 

interchanges are performed. Note that the q column eliminations 
- - - - - - - -- --- - - - - -- - 

without interchange in'any but the fimrst block is designed to 



.. . 
i 

- +- -- 

# 

p r e s e r v e  t h e  f a v o u r a b l e  0-'1 s t r u c t u r e  of A-  T h i s  a l l o w s  some 

s a + i * g  i n  compu t ing  t h e  m u l t i p l i e r s  and p e r f o r i i n g  e l i m i n a t i o n s  
P 

b e c a u s e  some p i v o t a l  e l e m e n t s  have  v a l u e  1. S m a l l  s a v i n g ' i s  a l s o  
u 

i n  t h e  s o l u t i o n  q t a g e .  I n  m a t r l x  f o r m ,  t h i s  d e c o m p o s i t i o n  

c a n  ,be w r i t t e n  a s  

S = PLAQ - - - - 

where 

P i s  a S p e r m u t a t i o n _ m a t r i x  r e c o r d i n g  t h e  row p i v o t a l  

e l i m i n a t F o n  m u l t i p l i e r s ,  
1 

A i s  a n  u p p e r  t r i a n g u l a r  m a t r i x  c d n t a i n i n g  t h e  r e s u l t i n g '  

d e c o m p o s i t i o n , ,  

Q i s  a  p e r m u t a t i o n  m a t r i x  r e c a r d i *  t h e  column p i v a a l  -- 
-- - - - - - - - - - ppp -- -- p-p - 

s t r a t e g y .  

I n  t h e  f a c t o r i z a t i o n ,  t h e  o n l y  s t o r a g e  r e q u i r e m e n t s  beyond 

t h a t  f o r  S a r e  f o r  2 v e c t o r s  u sed  f o r  r e c o r d i n g  p i v o t a l  

i n f o r m a t i o n .  Moreover ,  t h e  non-zero  e l e m e n t s  of L c a n  be  s t o r e d  

i n  t h e  o r i g i n a l  p o s i t i o n s  i n*  S. F o r  d e f i n $ t e n e s s ,  we 'have  shown 

t h e  m a t r i x  S ' a f t e r  f a c t o r i z a t i o n  i n  F i g u r e  3. The e l emen t s ;  of L- 
/ 

a r e  s t o r e d  i n  S ,  where  b  r e p r e s e n t s  t h e  p o t e n t i a l  n o n z e r o  
I 

e l e m e n t  of L and  a  t h a t  of A. ?he u n i t  d i a g o n a l  e l e m e n t s  of L 
- -p - - - - p- -- 

a r e  n o t  s t o r e d e A N o t e  t h a t  most 0, 1 e l e m e n t s  of S a r e  p r e s e r v e d  

i n  t h e  d e c o m p o s i t i o n .  

With minor  m o d i f l c a t i o q ,  " t h e  LENBLOCK p r o c e s s  c a n  b e  
- -- - -- - p-p p-pp--p- 

a p p l i e d  t o  o u r  c o l l o c a t i o n  sys t em.  We w i l l  u s e  t h e  p r e v i o u s l y  



I:::: 
b - b b b  

-- -- -- -- - - - -- -- - -- - - -- -- -- - - -- A 

- - - - - - - - -- 

Figure  3 The s t r u c t u r e  of S a f t e r  decompos i t ion  
- x  . .. i 

- - 

introduced c o l l o c a t i b n  matr ix  MONO t o  i l l u s t r a t e .  the p r o c e s s .  

Our ASIS prqcess  b e g i n s  by t r a n s f e r r i n g  rows k + l  t o  k+m of each 

s t r u c t u r e  of MONO 

becomes :. 

X X X X  

x X X X X x x X  
x X X X X X X X  

* 
X X X X X X X X  

x * x x x x x x x  
O C O  x  x  x  x ' x - x  0  0  1 0  
0 ' 0 0 x x x x x 0 0 0 1  
x x x x x x x x 1 0 o c l  
0 x x x x x x x 0 1 0 0  I 1  

X X X X X X X X  - 
--- 

X X X X X X X X  

X X X X X X X X  

0 0 x x x x x x 0 0 1 0  
o o o x x x x x o o 0 1  

~ x x x x x x x x 1 0 0 0  
0  x x r x l L I L x O l O O  

X X X X  

X X X X 



I n  the '  d e c o m p o s i t f  o n  p h a s e ,  A k b t  .. co lumn e l i a i n a t i o n e -  vf i h  / 
column i n t e r c h a n g e s  a r e  p e r f o r m e d ,  f  o l l o w a d  b$ m column 

b 

e l i m i n a t i o n s  w i t h  row i n t e r c h a n g e s ,  a n d  t h e  n e x t  m c o l u m n s  a r e  
4 

i n t e r c h a n g e d  t o  p r e s e r v e  - - t h e  -- s t r u c t u r e  - of - 0 a n d  - - 1's. T h i s  
- - - - - - - - - - - - - - - 

p a t t e r n  r e p e a t s  f b r "  a l l  t h e  o c h e r  b l o c k s  excep. t  n o  coIunfri- 
- - 

i n t e r c h a n g e s  a r e  done  f o r  t h e  f i r s t  m rows .  
a  

---that the p r e v f W i s  a n a 7  
-- yTF88*n~~~~-&=Cc;tu -- + 

. - 
t h i s  c a s e .  The a d v a n t a g e s  of ASIS a r e :  

d i e  1. No e x t r a  s t o r a g e  i s  r e q u  r e d  b e s i d e s  t h a t  f o r  s t o r i n g  

p e r m u t a t i o n  i n f o r m a t i o n ,  
- 

2. P rogramming  t h i s  scheme i s  r e l a t i v e l y  s i m p l e ;  

3. I t  r e q u i r e s  l e s s  work a n d  t h u s  l e s s  t i m e  t o  c e m p u t e  t h e  
-- -- --- - - - - - -- - -- - -- - c-- A -- - - - 

s o l u t i o n  t h a n  u s i n g  c o n d e n s a t i o n  of p a r a m e t e r s  ( s e e  n e x t  

2 . 2 . 4  O p e r ' a t i o n  C o u n t s  

W e  w i l l  compare  t h e  r e l a t i v e  e f f i c i e n c y  of the c o n d e n e a t i o n  

of p a r a m e t e r s  a n d  t h e  ASIS s c h e m e s  w i t h  r e s p e c t  t o  o p e r a t i o n  
I -- -- -- - - - - 

f-'- 
J 2 

c o u n t s .  The w o ; k ' e s t i n t a t e s  c o u n t  o n l y  m u l t i p l i c a t i o n s  and . 

d i v i s i o n s .  T h e S t o t a l  o p e r a t i o n  c d u n t  f o r  c b n d e n s a t i o n  of 
I 

p a r a m e t e r s  p l u s  l i n e a r  s y s t e m  s o l u t i o n  u s i n g '  scheme 



Note t h a t  t h e  above  o p e r a t i o n  c o u n t  i n c l u d e s  t h e  work f o r  

s o l u t i o n  u s i n g  t h e  ASIS scheme 

I 

O n e  c a n  s e e  t h a ;  W i s  l e s s  t h a n  W i n  a l l  c a s e s .  It '  i s  
AS CP 

Asche r  e t  a l .  [ 4 ]  f o r  c o l l o c a t i o n  w i t h  monomial b a s i s .  Us ing  

G a u s s i a n  e l i m i n a t i o n  w i t h  s c a l e d  p a r t i a l  p i v o t i n g  and t a k i n g  no 

a d v a n t a g e '  - of t h e  s p e c i a l  s t r u c t u r e  of t h e  r e d u c e d  m a t r i x  A , ,  t h e y  
- - - - - - - - - - -- -- 

o b t a i n  t h e  - f o l l o w i n g  wark e s t i m a t e :  



d i f f e r e n t  v a l u e s  of k ,  rn a n d  a f o r  t h e  t h r e e  s c h e m e s  p r e s e n t e d  
a  0 

a b o v e .  Bo th  W a n d  W a r e  s i g n i f i c a n t l y  less t h a n  W i n  all ' 
- - -- - - - - - - . 

- - -- - -  ---- --7-- . 

c a s e s ,  s h o w i n g  t h a t  b i g  s a v i n g s  c a n  b e  made by  t a i l o r i n g  t h e  

s o l u t i o n  scheme t o  t h e  s t r u c t u r e  of t h e  c o l l o c a t i o n  m a t r i x .  W 
A S  

i s  s l i g h t l y  s m a l l e r  t h a n  W i n  mos t  c a s e s ,  w i t h  l a r g e r  s a v i n g  
CP 

when m i s  c l o s e  t o  m. q 



Table  1 A 

O p e r a t i o n  c o u n t s  ( N  f a c t o r  o m i t t e d )  J 



2.2.5 H e r m i t e  B a s i s  

The H e r m i t e - t y p e  b a s i s  i s  a  l o c a l  r e p r e s e n t a t i q n  w h i c h ,  

a l l o w s  t h e  u s e  of t h e  same i n f o r m a t i o n  ( w i t h  some s c a l i n g )  i n  

e a c h  s u b i n t e r v a l  of  a  mesh. The l o c a l  r e p r e s = n t a t i o n s  f o r  
1 - 

n e i g h b o r i b g  s u b i n t e r v a l s  a r e  m a t c h e d  t o  a l l o w  c o n t i n u i t y  

' - c o n d i t i o n s  t o  b e  i m p l i c i t l y  s a t i s f i e d .  E h u s ,  o n l y  t h e  

f i l l o w i n g  t r e a t m e n t  i s  s i m i l a r  t o  t h a t  of A s c h e r  e t  a l .  [ 4 ] .  We 

- d e f i n e  a  c a n o n i c a l  s e t  of k+m p o l y n o m i a l s '  9 ( t )  of o r d e r  kf-m 
j 

o v e r  t h e  i n t e r v a l  [ 0 , 1 ] .  Each  9 ( t )  h a s  t h e  p r o p e r t y  

-where s . i s  t h e  K r o n e c k e r ' s  c o n s t a n t  a n d  t h e  l i n e a r  8 

f u n c t i o n a l s  A a r e  d e f i n e d  w i t h  r e s p e c t  t o  t h e  p o i n t s  
1 

t h e n  



I n  o r d e r  t o  o b t a i n  a  n o d a l  m e t h o d ,  w e  c h o o s e  
, 

A n o d a l  method c o m p u t e s  s o m e e o r  a l l  of t h e  c o m p o n e n t s  of a( i n  

s u c h  a way t h a t  t h e y  a r e  p r o p o r t i o n a l  t o  t h e  s u p e r c o n v e r g e n t  7 

To map t h e  k+m p o l y n o m i a l s  i n t o  e a c h -  s u b i n t e r v a l .  of t h e  mesh A 
, 

a n d  t o  h a v e  c o n t i + t y  i a p l i c i t l y  s a t i s f i  e x p r e s s  u as 

- - - - - - - - -- - - - - - - - - -- - - 

A 
- - -- - - - - ---- 

w h e r e  

. a n d  S a r e  s c a l i n g  f a c t o r s .  The c h o i c e  of t h e  S is e q u i v a l e n t  
-ij 

- - - - - - - -- - - - -- - - - 

i r T p  
> 

-rnefoluran-= urscclusg 

r e p r e s e n t a t i o n  ( 2 . 4 4 )  c a n  b e  u n b a l a n c e d  a s  h+O. N o t e  t h a t  t h e  



s e t t i n g  rl -0 . - 1 ,  ( 2 . 3 %  add ' ( 2 . 4 - 1 )  g f v e  
k + l  k+2 k+m I 

A•’  t e r  

- - - .  - 
p r o v i d e  a  c o n s t r a i n t  on t h e  t h e  c o n t i n u i t y  c o n d i t i o n s  

f a c t o r s  S : 
1  j 

Thus,  

s c a l e  

- 

a r e  many p o s s i b l e  c h o i c e s  of S c o m p a t i b l e '  w i t h  ( 2 . 4 1 ) .  
i j  

- 
There 

- - -- 

T h i s  c h o i c e  p r o d u c e s  S - < 1  and S =1 whenever  p o s s i b l e  and i t  
i l  ' i j 3 

g i v e s  n e a r l y  balzuxed s d i s g - h r - h Q h 1 y - - n o n u n i f -  meshes.- 7- 

A t  e a c h  c o l l o c a t i o n  p o i n t ,  ( 2 , 4 4 )  g i v e s  



S i n c e  t h e  c o n s t a n t s  D 9 (p  ) a r e  mesh i n d e p e n d e n t ,  t h e y  c a n  b e  
J r 

eva1uaf;ed a n d  s t o r e d  a t  t h e  b e g i n n i n g .  We u s e  t h e  d i v i d e d  
'+ - - - ---- -- 

d i f f e r x n c e  f a b l e  w i t h  r e s p e c t  t o  t h e  p o i n t s  r) t o  e v a l u a t e  ( ( t )  
A I J 

a n d  i t s  d e r i v a t i v e s  a t  e a c h  p o i n t  p u s i n g  t h e  Newton f o r m  of ' 

r 

t h e  i n t e r p o l a t i n g  p o l y n o m i a l  a n d  n e s t e d  m u l t i p l i c a t i o n .  

A d d i t i o n a l  d e t a i l s  c a n  b e  f o u n d  i n  [ l o ] .  

- -- - - - -  - i-- - -- 

From ( 2 . 4 )  a n d  ( 2 . 4 9 ) ,  t h e  e n t r i e s  of V = V  a r e  t h e  
i r j  

c o e f f i c i e n t s  o f '  O< i n  LuA(J 1, 
( 2 - l ) k + j  ' i r  

The b l o c k  ' d i a g o n a l  s t r u c t u r e  of H E R 7 ,  a  co1l~oc_a_t_ionmat_r~ix~uVsLn~~ 

t h e  H e r m i t e  b a s i s  of d e g r e e  -- - 7 (k+m=8,  k = 4 ,  m=4, m = 2 ,  N=2) i s  
- --- p- - -- - - -- - a  

shown i n  F i g u r e  4 .  



x x x x x x x x  
X X X X X X X X  H 

X X X X X X X X  

X X X X X X X X  ,yn, X X X X X X X  I 
l i x x x x x x x l  

X  X X X  X  x = x  

X X X X X X X X  4 I 
Figure 4 The #structure of HER7, a Hermite basis / 

collocat 
- -- - -  -, 

2.3 Solution of Nonlinear - - 

The basic existence and uniqueness theory of nonlinear BVP 
. . 

is not as developed as for IVP or linear BVP. A common method is 

to discretize the linear differential -- - - - -  equation with a finite 
- -  - -  - - - - -  - 

difference method and solve the resulting nonlinear algebraic or 

transcendental equations by Newun's method or its variations 

[ 1 8 ] .  Another possibility is to first linearize by . 
quasilinearization [ 6 ] ,  and then solve a sequence of linear 

.BVP8s. The method of quasilinearization is actuaily an 

application of Newton's method to the nonlinear differentdal 





o n e  g e n e r a l l y  i n c o r p o r a t e s  some p a r t i a l  k n o w l e d g e  of t h e  

s o l u t i o n  of ( 2 . 5 1 )  o r  some of i t s  p r o p e r t i e s ,  i f  p o s s i b l e .  
f . 

i 
L e t  2 b e  t h e "  i t h  Newton i t e r a t e  a n d  a s s u m e  t h a t  t h e  e x a c t  

i 
s o l u t i o n  s a t i s f i e s  2 = l i m  v  . One p r o p e r t y  of a  s u p e r l f n e a r l y  - 

i+oo " 
f 

c o n v e r g e n t  me thod  i s  

i+l  i 
T h u s ,  we ;ssume t h a t  i n  t h e  l i m i t  v - v  i s  a good m e a s u r e  

N Ilr 

i 
f o r  - E. T h e r e f o r e ,  t h e  r e a s o n a b l e  c o n v e r g e n c e  c r i t e r i o n  u s e d  

L 

f o r  o u r  n o n l i n e a r  i t e r a t i o n  i s  

f 
w h e r e  N i s  t h e  number of s u b i n t e r v a l s  a n d  TOL i s  t h e  t o l e r a n c e  

- -- 
1 

f o r  t h e  I t h  d e r i v a t i v e  of u. We h a v e  c h o s e n  t h i s  c r i t e r i o n  f o r  
-- - -  - - -- - -- - 



b 

3. DESIGN OF HERPDE 

3.1 M o t i v a t i o n  - 
I ,  

The method known a s  t h e  method of l i n e s  (MOL) h a s  b e e n  u s e d  - 
f o r  some f i f t y  y e a r s  f n ' t h e  S o v i g t  Union.  A p p a r e n t l y  t h i s  

- - - - - - - - -- - - - pp --- 
-- - - - - 

p r o c e s s  was f i r s t  a p p l i e d  by E. R o t h e  [24] i n  f930 t o  e q u a t i o n s  

of p a r a b o l i c  t y p e .  B u t ,  t h e  MOL h a s  b e e n  s u c c e s s f u l l y  a p p l i e d  t o  

o t h e r  t y p e s  of e q u a t i o n  s u c h - a s  e l l l p t i c  a n d  h y p e r b o l i c .  The 

b a s i c  f e a t u r e  of t h e  method  i s  t h a t  one  of t h e  i n d e p e n d e n t  

v a r i a b l e s  i s  d i s c r e t i z e d  a n d  i t s  d e r i v a t i v e s  a r e  r e p l a c e d  by 

f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s ,  w h i l e  t h e  o t h e r  v a r i a b l e s a n d  - - - 

t h e i r  c o r r e s p o n d i n g  d e r i v a t i v e s  r e m a i n  c o n t i n u o u s .  The o r i g i n a l  

d i f f e r e n t i a l  p r o b l e m  i s  t h u s  r e d u c e d  t o  a  new p r o b l e m  of l o w e r  
* 

d i m e n s i o n .  I f  a  t w o - d i m e n s i o n a l  p r o b l e m  i s  gYven i n  t h e  

r e c t a n g l e  R { O < x < X ,  - - O<y<Y), - - t h e n  o n e  c a n  s e e k  a n  a p p r o x i m a t e  

s o l u t i o n  on some l i n e s  * a r a l l e l '  t o  o n e  of t h e  a x e s  (he i i ce  t h e  

name).  A t  e a c h  l i n e  t h e  d e r i v a t i v e s  n o r m a l  t o  t h a t  l i n e  w o u l d -  be  

r e p l a c e d  by f i n i t e  d i f f e r e n c e s  a n d  t h e  o t h e r  v a r i a b l e  l e f t  , 

c o n t i n u o u s .  The o r i g i n a l  s y s t e i o f  p a r t i a l d c f f e r F t i a l  

equations T.6 now t r a n s f  ofmed I n t o  a sgsrer of o'rdfnaq-w 

d i f f e r e n t i a l  e q u a t i o n s .  - 

One c a n  v i e w  i t  a s  a  s e t  of I V P ' s ,  t h e  o t h e r  a s  a  s e q u e n c e  of 



t w o - p o i n t  BVP's. The f o r m e r  method h a s  b e e n  t h e  p o p u l a r  c h o i c e  

i' 
[20], [ 2 8 ]  b e c a u s e  r e l i a b l e  a n d  w e l l - e s t a b l i  s h e d .  t e c h n i q u e s  f o r  

r - 

! s o l v i n g  IVP's a r e  r e a d i l y  a v a i l a b l e .  However,  d u e  t o  t h e  r e c e n t  

a d v a n c e  i n  b o u n d a r y - v a l u e  t e c h n i q u e s  s u c h - a s  t h e  f i n i t e  

s h o o t i n g  a n d  f i n i t e - e l e m e n t  m e t q o d s ,  we f e e l  t h a t  55 

Y 
t h e  s e c o n d  a p p r o a c h  m e r i t s  some i n v e s t i g a t i o n .  

Q 

- - - 

- 
Our a p p r o a c h  i n v o l v e s  t h e  d i s c r e t i z a t i o n  of t h e  P D E J n  t i m e  

t o  y i e l d  a  s e q u e n c e  of two p o i n t  BVP's a t  s u c c e s s i v e ,  t i m e  

d i s c r e t  z a t i o n .  I t  a l s o  o r g a n i z e s  t h e  c o m p u t a t i o n s  s o  t h a t  t h e  1 \ 

* l i n e a r  a l g e b r a  i s  t i e d  much .more  c l o s l y  t o  t h e  s p a t i a l  

d i s c r e t i z a t i o n  a n d  i s  n o t  s e p a r a t e d  by an  ODE i n t e g r a t o r .  

To b u r  k n o w l e d g e ,  t h e r e  h a s  b e e n  no a t t e m p t ,  p r i o r  t o . t h i s  . 

w o r k ,  i n  s o l v i n g  t h e  " r e d u c e d "  p r o w e m  n u m e r i c a l l y  u s i n g  

of t h e  u s e  of COLSYS i n  t h e  s o l u t i o n  of s y s t e m s  of p a r t i a  t 
d i f f e r e n t i a l  e q u a t i o n  h a s  b e e n  d o n e  by C o r l e s s  [ll]. COLSYS i s L a  

r o b u s t  g e n e r a l  p u r p o s e  b o u n d a r y  v a l u e  p r o b l e m  s o l v e r ' u s i n g  

c o l l o c a t i o n  w i t h  B - s p l i n e s .  I t  was d e v e l o p e d  by U r i  A s c h e r  of 

t h e  U n i v e r s i t y  of B r i t i s h  Columbia  a n d  J a n  C h r i s t i a n s e n  a n d  

R o b e r t  D. R u s s e l l  of Simon F r a s e r  U n i v e r s i t y  131- 

The r e a d e r  n a y  wonder  why w e  h a v e  c h o s e n  t h e  H e r m i t e  b a s i s  
- - -  - - - - - - - - -- -- - - 

i n  p r e f e r e n c e  t o  t h e  monomial  b a s i s  a f t e r  w e  had  p r e s e n t e d  many 
-- d ' 

f a v o u r a b l e  f e a t u r e s  of t h e  m o n o s i a l  b a s i s .  A c c o r d i n g  t o  o u r  
- 

d i s c r e t i z a t i o n  scheme ( t o  b e  d i s c u s s e d  i n  t h e  f o l l o w i n g  

- - - - - - 

s e c t i o n s ) ,  a p p l y i n g  s p l i n e  c o l l o c a t i o n  w i t h  t h e  monomia l  b a s i s  
- 



to the resulting' BVP8s no 'longer yields multiple-shooting like 
\ 

mdtri es when condensation of is used. Because the f 
main advantage of using a monomial basis, namely, the better 

conditioned matrix than those of Hermite.and B-spline, is lost 

in our formulation of the problem; we decided to use the Hermite 

.- 
bssis instead. Recall that the Hermite .eolloeat&on ntae~i-rc - 

requires less storage than that of the monomial basis. 

The class of problem which can be solved by HERPDE may be 

represented by the system of partial differential equations: - '  

with initial-boundary conditions on the strip [a,b] x [ 0 , 0 0 )  

given by . 

Here, U:=U(x,t) is a p-dimensional vector, E and D are positive 

definite diag'onal matrices, F is, a vector which may depend on x 
- - - - - -- - - -- - - - - - - pp -- - 

and t, C is a Anstant vector, B is a vector function giving the 

separated boundiry conditions and g is &be initial function. 

Problems of the above form arise in many applications such 
- -- - 

as modeling heat conduction, bacterial motion, combustion, 



- - - pp 

c h e m i c a l  r e p c t i o n s ,  p o p u l a t i o n  d y n a m i c s  a n d  c o n v e c t i n r g  f l o w s .  
% 

t o  s o l v e  ( 3 . 1 ) - ( 3 . 2 )  e f f i c i e n t l y  would  b e  T h u s ,  a  r o b u s t  c o d e  

h i g h l y  d e s i r a b l e .  

3 . 3  T e m p o r a l  D i s c r e t i z a t i o n  - 
- - 3 - 

Once t h e  t i m e  s t e p  s i z e  i s  c h o s e n ,  t h e  t i m e  d e r i v a t i v e  

U ( x , t )  i s  r e p l a c e d  by a  l i n e a r  c o m b i n a t i o n  of U ( x , t )  v a l u e s  a t  
t 

- - -- - - - -- 
-- - - - t -- - - - - - -- -- - - - - - -- 

- - -- - -- - 

p r e v i o u s  t i m e  s t e p s .  I n  t h e  p r e s e n t  i n v e s t i g a t p o n ,  t h e  1 - s t e p ,  

2 - s t e p  and  3 - s t e p  backward  d i f f e r e n c e  f o r m u l a e ,  C r a n k - N i c o l s o n  

a n d  Adams-Moulton 2 - s t e p  a n d  3 - s t e p  f o r m u l a e  a r e  u s e d ~ .  T h e s e  c a n  

b e  e x p r e s s e d  a s  

a ,  b  a r e  some c o n s t a n t s .  
j 

1 - s t e p  backw.ard 

t i m e  t ; 
i 

w h e r e  h  i s  t h e  e t e p  s i z e  a t  
i 

F o r  k = l ,  a = b  =1, we h a v e  t h e  
1 

f a m i l i a r  

d i f f e r e n c e  f o r m u l a .  

b 

The o r i g i ' n a l  s y s t e m  of p a r t i a l  d i f  f - e r e n t i a l  e q u a t i o n s  ( 3 . 1 )  

i s  t r a n s e o r m e d  i n t o  t h e  f o l l o w i n g  s e q u e n c e  of b o u n d a r y  v a l u e  
- 

p r o b l e m s  on [ a , b ] ,  
- 



' i  x i 

I f  t h e  U ( x , - t .  ), j m l , . . . ,  k  a r e  known a n d  t h e  d i a g o n a l  m a t r i x  
1 - j  

d - 
D i s  n o n s i n g u l a r ,  ( 3 . 4 ) ' i s  + r a n  o r d i n a r y  s y s t e m  of t w o - p o i n t  

b o u n d a r y -  v a l u e  p r o b l e m s  f o r  U ( x , t )  a t  a c o n s t a n t  t i m e .    hat i s ,  

t h e  s o h t i o n  of frtite o r i g i n a l  p r o b l e m  c a n  b e  f o u n d  by - - s o l v i n g  - t h e  

s e q u e n c e  of bound&ry  v a l u e  p r o b i e m s  on t h e  c h o s e n  t e m p o r a l  vmesh 

( t h e  l i n e s  t= t  , k = 1 , 2 , .  . .). 
k  t 

p r o b l e m s  i n v o l v e s  u s i n g  t h e  c o l l o c a t i o n  t e c h n i f l u e  o u t l i n e d  i n  , 

c h a p t e r  2. 

- 

3.4 s p a t i a l  Mesh S e l e c t i o n  - P 

i 

The a d a p t i v e  m e s h e s  ( b o t h  s p a t i a l  a n d  t e m p o r a l )  a r e  mos t  - 
1 

I 

u s e f u l  i n  p r o b l e m s  w h i c h  h a v e  s o l u t i o h  c o m p o n e n t s  w i t h  w i d e l y  \ .  P 

d i f f e r i n g  t i m e  s c a l e s ,  o r  a  moving s u b r e g i o n  ( s u c h  a s  a  s h o c k  o r  
9 
f 
B 
i 

c o n t a c t  d i s c o n t i n u i t y ) .  W i t h  t h e ' * a d a p t i v e  c a p a b i l i t y ,  t h e  mesh 
i 

; 
5 

p o i n t s  c a n  b e  p l a c e d  n e a r  t h e  a r e a  of r a p i d  c h a n g e  a n d  t h u s  i 9 

m i n i m i z e  t h e  n e c e s s a r y  c o m p u t a t i o n a l  e f f o r t .  

Most  p r o b l e m s  of t h e  f o r m  ( 3 . 1 )  h a v e  s o l u t i o n s  w h i c h  

I c a n t a h  h a r p  t r a n s i _ t i a n ~ _ a u c h  a a - a h ~ c k l ~ y e r s ,  b o u n d a r y  l a y e r s  
,. Ij 

o r  wave f r o n t s .  I t  i s -  d e s i r a b l e  f o r  t h e  s p a t i a l  mesh t o  a d a p t  
-z- 

i t s e l f  t o  t h e  s o l u t i o n  p r o f i l e  a t  e a c h  t i m e  s t e p .  T h i s  mesh !i 
s h o u l d  a l s o  b e  a b l e  t o  f o l l o w  t h e  s h a r p  t r a n s i t i o n ,  a s  t h e  

/ 

s o l u t i o n  e v o l v e s .  



A d a p t i v e  mesh s e l e c t i o n  s t r a t e g i e s  u s u a l l y  r e q u i r e  some 

r e c o m p u t a t i o n  of t h e  s o l u t i o n .  B e c a u s e  of t h e  e x p e n s e  i n v o l v e d  

i n  r e c o m p u t i n g  t h e  s o l u t i o n  a t  p o s s i b l y  e v e r y  t i m e s s t e p  we h a v e  - 

\ - 

u s e d  a n  ( a l g o r i t h m  w h i c h  u s e s  'a . f  i x e d  number  of  mesh p o i n  s. Our 

a l g o r i t h m  i n i t i a l l y  p l a c e s  n  e q u a l l y  s p a c e  meshed  p o i n t  a n d  

- -  
. 

-- 
t h e n ~  a t t e m p t s  t o  move t h e m  s o  t h a t  . t f i e i r  l o c a t - i 6 n s  b e c o m e  c l o s e  

t o  o p t i m a l . ' A l g o r i t h m  of t h i s  t y p e  h a v e  b e e n  u s e d  by D a v i s  a n d  

F l a h e r t y  1121. 

[ 2 2 ] )  i n d i c a t e s  how o n e  shou-Id  s e l e c t  a  p r o p e r  mesh. 
I 

-\ 

Lemma. L e t  A := { a = x  '<x <. . . <X = b )  b e  a  p a r t i t  i o n  of 
N 1 2  N + 1  

1\ l+1 
[ a , b ]  i n t o  N s u b i n t e r v a l s ,  a n d  l e t  u ( x ) ( C  [ a , b ] .  

T h e  p  i e c e w i a e  -p o l p n o d a l  - a • ’ d e g r e - L  Qn - ( L X  - 1 -- - - - 

i i + l  

i = l , 2 , i . , , N ,  t h a t  i n t e r p o l i t e s  t o  u  o n  A h a s  
N 

m i n i m a l  L  - e r r o r  when t h e  k n o t s  x  , i = 2 , 3 , , - . . , N ,  
2 .  i -. -. 

a r e -  c h o s e n  s u c h  t h a t  

w h e r e  u i s  t h e  l t h  d e r i v s t i v e  of u  w i t h  r e s p e c t  

),  E i s  a  c o n s t a n t  a n d  t o  X ,  3 € ( X  , X  
i i i+ l  



T h u s ,  t h e  h n t e r p o l a t i o n  e r r o r  is  m i n i m i z e d  i f  t h e  
- % - - - - - - --- - -- p- -- 

p a r t i t i o n  i s  c h o s e n  i n  s u c h  a  vay t h a t  t h e  q u a n t i t y  

hl+l I u ( l + l )  
( 3  ) I f s  e q u i d i s t r i b u t e d .  L e n t i n l  a n d  Pe.eyra [19] a n d  

i i 

A s c h e r ,  C h r i s t i a n s e n  a n d  ' R u s s e l l  131 h a v e  a p p l i e d  t h i s  r e s u l t  t O  

i m p l e m e n t  a d a p t i v e  g r i d  a l g o r i t h ~ s  f o r  t w o - p o i n t  b o u n d a r y  . v a l u e  

p r e b z e m e  w i t h  g r e a t  s u c c e s s .  

I R a t h e r  t h a n  work w i t h  ( 3 . 5 )  d i r e c t l y ,  w e  u s e  a m o d i f i e d  

v e r s i o n  of t h e  a d a p t i v e  a l g o r i t h m  d e v e l o p e d  by D a v i s  a n d  

D e f i n e  
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I n  s o l v i g g  f o r  t h e  o p t i m a l  mesh ,  o n e  muSt work on t h e  

n o n l i n e a r  e q u a t i o n s  ( 3 . % ) ,  ( 3 . 7 ) ,  ( 3 . 9 ) .  Some i t e r a t i v e  me thod  i s  
P 

m o s t  a p p r o p r i a t e .  We u s e  a  , s l i g h t l y  m o d i f i e d  r e l a x a t i o n  scheme  

of D a v i s  a n d  F l a h e r t y .  A l t h o u g h  t h e i r  scheme  was u s e d  w i t h  t h e  

G a l e r k i n  m e t h o d ,  we b e l i e v e  t h a t  i t  s h o u l d  work w e l l  w i t h  

c o l l o c a t i o n .  F u r t h e r ,  t h e  c o d i n g  of t h i s  s o l u t i o n  t e c h n i q u e  

a p p e a r s  t o  b e  s t r a i g h t f o r w a r d .  We b r i e f l y  g i v e  t h e  a l g o t i t h m  f o r  

c o m p u t i n g  h  , -x be low,  
f f  

1 R=1 ( R  i s  a  r e l a x a t i o n  p a r a m e t e r )  

1 0 
2 .  x = x  , i = 1 , 2 , . . . , N + l  ( i n i t i a l  g u e s s  f o r  t h e  o p t i m a l  

iu 

m e s h )  

1  0 
4 .  z = z + 2 e  ( e  i s  a  conv-ergence t o l e r a n c e )  

1  0 
5. COMPUTE u  (X i = l , Z , . . . , N + l  - 

i 

6 .  FOR j & , 3  ,..., J DO: 

j-1 j -2  
6 I F  Iz - r I le RETURN. 

aad 
- - -- -- - -- 

( 1 + 1 )  j-1 
6b. CALCULATE u ( x  ) by l i n e a r  i n t e r p o l a t i o n  of 

T 
- - - - -  - - --- --- 



j I u  

( 1 + 1 )  j - 1  ( 1 + 1 )  j - 1  l / ( l + l )  
6c. CALCULATE p = ( X  > / u  ( X  1. 

i i + l ,  1 + 2  
I 

I 

I > 4 z J - l  - z j-2 I THEN f ( = R / 2  

- 
61. FOR i = 1 , 2 ,  ..., N-'1 DO: 

i / '  . 

- -- 

For vector systems, w e  d e f i n e  



w h e r e  u  i s  t h e  j t h  componen t  of tr. 

2 - j 

Q 
S i n c e  t h i s  new p  s a t i s f i e s  ( 3 . 9 ) ,  t h e  a b o v e  p r o c e d u r e  c a n  b e  

i 

d i r e c t l y  a p p l i e d  t o  v e c t o r  s y s t e m s .  

3 .5  P rogramming  C o n s i d e r a t i o n s  - 

3.5 .1  S u p p l y i n g  P r e v i o u s  Time S t e p  S o l u t i o n s  

I n  c o n v e r t i n g  t h e  PDE t o  a n  O D E ,  o u r  a p p r o a c h  r e q u i r e s  t h a t  

t h e  s o l u t i o n  v a l u e s  a t  p r e v i o u s  t i m e  s t e p s  a r e  known. T h a t  i s ,  

HERPDE mus t  s t o r e . t h e  p r e v i o u s  t i m e  s t e p  s o l u t i o n s .  The number  

of t i m e  s t . e p  s o l u t i o n s  s t o r e d  d e p e n d s  on t h e  d i s c r e t i z a t i o n  

f o r m u l a e  b e i n g  u s e d .  I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  t h e  f o l l o w i n g  
- - - 

f o r m u l a e  a r e  u s e f i .  

L e t  u ( x , t )  = f ( x , t , u , u  , U  ) a n d  w r i t e  
t X XX 

t h e n  

(BDI)  1 - s t e p  b a c k w a r d  d i f f e r e n c e  f o r m u l a  of o r d e r  At 

n ( x , t )  - n(x,tdt) ;At f  ( x , t )  
I 

- -  - 

(BD2) 2 - s t e p  backward  d i f f e r e n c e  f o r m u l a  of o r d e r  2 i n  At 



- 1  

(BB3) 3-step b a c k w a r d  d i f f e r e n c e  f arm2a of o& 3 fir&- - 

I 

1 1 / 6 u ( x , t )  - 3 ~ ( ~ , t d t )  + 3 1 2 ~ ( ~ , t - &  - 1 / 3 u ( x , t - * )  

& A t  f ( x , t )  

, ( C N )  c r a n k - ~ i = o l s o n  scheme  of o r d e r  2 i n  At 

u ( x , t )  - u ( x , t & )  ( f  ( x , t )  + f  ( x , t A t ) )  A t 1 2  
.c 

Z 

(AM2) Adams-Moulton 2 - s t e p ,  o r d e r  3  i n  A t  

(AM3) Adams-Moulton 3 - s t e p ,  o r d e r  4 i n  At 

One c a n  i m m e d i a t e l y  s e e  t h a t  f o r m u l a e  ( C N ) ,  (AM2), ( A M 3 )  r e q u i r e  

a d d i k i o n a l  f u n c t i o n  e v a l u a t i o n s .  The h i g h e r  t h e  o r d e r  of t h e  
- 

m e t h o d ,  t h e  more  f u n c t i o n  e v a l u a t i o n s  a n d  s t o r a g e  n e e d e d .  T a b l e  

2 g i v e s  t h e  c o m p u t a t i o n  and  s t o r a g e  c o u n t s  f o r  t h e  s ik  s c h e m e s  

l i s t e d  a b o v e .  s r e p r e s e n t s  t h e  number of G a u s s i a n  p o i n t s  i n  t h e  

w h o l e  i n t e r v a l  w h i c h  i s  kN, w h e r e  k i s  t h e  number  of Gaussia-n 

p o i n t s  p e r  s u b i n t e r v a l  a n d  fi i s  t h e  number  of  s u b i n t e r v a l s .  c  

s t a n d s  f o r  t h e  t o o t a l  number of c o e f f i c i e n t s  of t h e  b a s i s  

f u n c t i o n s  w h i c  d i s  (k+m)N,  w h e r e  a i s  t h e  o r d e r  of t h e  ODE.  c  i s  

r o u g h l y  t w i c e  t h e  s i z e  of s f z r  cmr sche-. Ftrr t+e *-t-i-vp - 

u e s h ,  it is € m t  &f LGieat u u +uLt the SQhLuan w - - 

c a l c u l a t e d  on t h e  p r e v i o u s  m e s h e s  b e c a u s e  a  new mesh may be u s e d  

i n  t h e  c u r r e n t  t i m e  s t e p .  T h u s ,  o n e  mus t  s a v e  t h e  c o e f f i c i e n t s  

of t h e  b a s i s  f u n c t i o n s  a n d  c o m p u t e  t h e  s o l u t i o n  v a l u e s  o r  t h e  



- - 

Table 2 

Storage and computation counts for 
the six discretization schemes 

0 

B D l  B D 2  B D 3  C# AH 2 AM3 

previous time 
step solution 
stored 

total storage s 2s 3s 2s 3s 4s 
I 

prevPous time 
step function 
stored 

solutioo 
computed 

s 2s 3s 

function 
evaluation 

total amount 
of computation 

s s s 

8 s s 2s 2s 2s 

prevf ous time ~~ 

step basis 
coef f . -stored 
solution 
computed 

C ?  2 c  3 c  c 2 c -  3c 

s 2s -3 s s s 8 

function 
evaluation 

total amount 
of computation 

. s 2s 3s 

s 2s .. 3s 2s 3s 4s 
7 



f u n c t i b n  v a l u e s  when n e e d e d .  

I n  b o t h  t h e  f i x e d  a n d  a d p a t l v e  s p a t i a l  mesh c a s e s ,  AH3 

r e q u i r e s  t h e  mos t  s t o r a g e  a n d  i s  t h e  mos t  e x p e n s i v e .  I n  g e n e r a l ,  

i f  o n e  w a n t s  t o  h a v e  a  more  a c c u r a t e  s o l u t i o n ,  o n e  mus t  'be 

w i l l i n g  t o  u s e  more  s t o r a g e ,  do  more  c o m p u t a t i o n  a n d  p o s s i b l y  

.I 
t a k e  u p  more e x e c u t i o n  t i m e  t o  compute  a s o l u t i o n .  I n  t e r m s  of 

a s  

s t o r a g e  r e q u i r e m e n t s ,  t h e  amount  of c o m p u t a t i o n  a n d  t h e  a c c u r a c y  

of t h e  s c h e m e ,  C N  s e e m s  t o  b e  + t h e  o p t i m a l  c h o i c e  i f  h i g h  

a c c u r a c y  i s  n o t  r e q u i r e d .  F u r t h e r m o r e ,  i t s  s t o r a g e  a n d  

c o m p u t a t i o n  c o u n t s  a r e  r o u g h l y  t h e  same f o r  b o t h  c a s e s .  

3 .5 .2  G e n e r a t i o n  of G a u s s i a n  P o i n t s  
-7 

The G a u s s i a n  p o i n t s  a r e  t h e  z e r o s  of t h e  L e g e n d r e  
- - -- .- - - - -  

p o l y n o m i a l s .  G i v e n  t h e  f i r s t  two L e g e n d r e  p o l y n o m i a l s ,  P ( x )  a n d  
1 

P (x), t h e  s u c c e s s i v e  L e g e n d r e  p o l y n o m i a l s  a r e  r e l a t e d  a c c o r d i n g  
2 

t o  t h e  f o l l o w i n g  r e c u r s i o n :  

( n + l ) P  (x) = ( 2 n + l ) x P  ( x )  - nP ( x ) ,  n - 2 3 , .  ( 3 . 1 4 )  

Our o b j e c t i v e  i s  t o  h a v e  o u r  c o d e  g e n e r a t e  t h e  G a u s s i a n  p o i n t s  
- - - -  - 

a u t o m a t i c a l l y .  One a d v a n t a g e  i g  t h a t  t h e  G a u s s i a n  p o i n t s  c a n  b e  
- -- - - - -- 

d e t e r m i n e d  t o  t h e  m a c l i n e  p r e c i s i o n ,  i n d e p e n d e n t  of t h e  m a c h i n e  

u s e d .  A l t h o u g h  E h e , f o l l o w i n g  scheme  i s  n o t  t h e  m o s t  . e f f i c i e n t  

m e t h o d ,  i t  i s  f a i r l y  e a s y  t o  pr.ogram. The L e g e n d r e  p o l y n o m i a l  of 





iteration is repeated with the new x , x f Ch 1, f (x  ) 
1 i 1-1 i 

until convergence is obtained. 
1 

-9 
The convergence criterion used is P ( )<1x10 . This 

n '1 

process would give N Gaussian poihts with some of them having 

idential values in [0,1), An elimination step fs then used to 

get rid'of duplicktions, resulting in [N/2J distinct nonzero 

Gaussian points. (Here, " [  1"  denotes the largesq. integer less 
- - - - 

than or equal to N/2.) The Gaussian points located in (-1,0] are 

obtained by negating the nonzero Gaussian points in [0,1). 

We have found tbat this process works well for N up to 50. 

3.6 Preliminary Experiments - 

In this section, we describe some preliminary experiments 

in our investigation of the usefulness of Hcrmite collocation in 

solving the parabolic equations. We examine the effect of the 
S 

order of piecewise polynomial on the execution time and the 

accuracy of the solution in section 3.6.1. Results from five 

linear and twa nonlinear ordinary BVP's are qresented. Section 

3.6.2 is devoted to the testing of our mesh selection algorithm 



- 3.6.1 E f f e c t s  of t h e  D e g r e e  of B a s i s  F u n c t i o n  

The q u e s t i o n  6f wha t  o r d e r  p i e c e w i s e  p o l y n o m i a l s  tq u s e  h a s  
\ 

@P 
n o t  r e c e i v e d  much a t t e n t i o n .  T-he h i g h e r  t h e  o r d e r  of s h e  

0 

p i e c e w i  se polynomial, t h e  moqe e h e  number of unknown 

c o e f f i c i e n t s  i n  t h e  b a s i s  r e p r e s e n t a t i o n ;  t h u s ,  f o r  a  f i x e d  mesh 

t h e  e x e c u t i o n  t i m e  of t h e  pr ,ogram w i l l  i n c r e a s e  s i n c e  a  l a r g e r  

l i n e a r  s y s t e m  i s  b e i n g  s o l v e d .  However ,  a h i g h e r  o r d e r  
a 

> '  

p o l y n o m i a l  c a n  b e t t e r  a p p r o x i m a t e  t h e  e x a c t  s o l u t i o n  on a  g i v e n  
- - - - - - - - - - 

e ,  

mesh. 

We have  d e s i g n e d  a  s p l i n e  c o l l o c a t i o n  s o l v e r  w i t h  H e r m i t e  

b a s i s  (BCOL) f o r  s o l v i n g  o r d i n a r y  b o u n d a r y  v a l u e  p r o b l e m .  The 

d e t a i l s  of i m p l e m e n t a t i o n  a r e  i n  c h a p t e r  2 .  HCOL i s  

s i m i l a r  t o  COLSYS e x c e p t  t h a t  i t  o n l y  s o l v e s  t h e  p r o b i e m  o n c e .  

s p a t i a l  mesh scheme  o u t l i n e d  i n  s e c t i o n  3.4 t o  compute  

a n  o p t i m a l  n o t  r e c o m p u t e  t h e  s o l u - t i o n  on t the new 

mesh f o u n d .  The* r e s u l t s  g i v e n  b e l o w  and  i n  t h e  n e x t  c h a p t e r  w e r e  

o b t a i n e d  on a n  I B M  4 3 4 1  i n  a o u b l e  p r e c i s i o n  a r i t h m e t i c  ( 1 6  

d e c i m a l  d i g i t s ) .  TQe c o m p u t e r  t i m e s  a r e  i n  s e c o n d s  a n d  were 

o b t a i n e d  u s i n g  t h e  i n t e r n a l  c l o c k .  Due t o  t h e  m u l t i p r o g r a m m i n g  

e n v i r o n m e n t  of t h e  I B M  4 3 4 1 ,  t h e  m e a s u r e d  t i m e  may v a r y  by a s  
- - -- - - - - - - - 

much a s  10  p e r c e n t  f o r  d i f f e r e n t  e x e c u t i o n s .  The e r r o r  l i s t e d  
- - -  

h e r e  i s  t h e  l a r g e s t  e r r o r  m e a s u r e d  o v e r  t h e  e l e v e n  mesh p o i n t s  

4 u s e d  i n  e a c h  r e g i o n  of i n t e r e s t .  The a l m o s t .  b l o c k  d i a g o n a l  

l i n e a r  s y s t e m  s o l v e r  u s e d  w a s  COLROW [ l 4 ] .  



The s e v q n  t e s t  p r o b l e m s  a r e  g i v e n  b e l o w .  

P r o b l e m  - 1 :  a *  

Y" = Y 
~ ( 0 )  = 1  y ' ( b )  = 1 

b  = 1 was u s e d .  

2- 

P r o b l e m  2 :  Osborne  [ 2 1 ]  - 
2 

Y ' :* = ( 1  + x  ) Y  
~ ( 0 )  - 1 y ( b )  - 0 

2 
x / 2  

S o l u t i o n :  Y ( X )  u e ( 1 - e r f  ( x ) / e r f  ( b ) )  

P r o b l e m  - 3 :  '~ulirsch- to& 1 9 1  
> ' 

2 2 
y "  = 400y  + 400ce0s ( V X )  C 211 c o s ( 2 ~ x ) '  
~ ( 0 )  = ~ ( 1 )  = 0  

( 2 0 x - 2 0 )  -2Ox . ' - 2 0  
S o l u t i o n :  y ( x )  lc ( e  + e > / i l + e  1 

2  
., 

- c o s  (ux) 4 

P r o b l e m  4 :  - 



S o l u t i o n :  y ( x )  = O.le . + e + 0.1~ 
b  = 1, was u s e d .  

P r o b l e m  - 5 :  R u s s e l l - S h a m p i n e  [26]- , # A  

Y 
y" = e 

- ~ ( 0 )  - y(l) - 0  

S o l u t i o n :  y(x) - 2 ln(c sec(c(x-0.5)/2)) - In 2 

Prob lem 6 :  - 

Prob lem - 7 :  

S o l u t i o n :  



Variation of execution time with 
degree- of. basis function 

DECREE OF 
POLYNOMIAL 

PROBLEM 

* 
1 - 2 3 4 5 6 

Table 4 

variation of absolute error with 
degree of basis function 

: DEGREE OF I ' PROBLEM 

-- * For a differential equation of order n, w e  have dec1d;d to 
use k>m. Since m=3 in this case, the order of basis r 

3 - 
functron used is at least 6. t 

POLYNOMIAL 

<> 
* ' 

1 2 - 3 4 A 



- - - -  4 - - - - -  

I n  T a b l e s  3 a n d  4 ,  we t a b u l a t e d  t d e  v a r i a t i o n  of  e x e c u t i o n  
1 = 

a d  a b s o l u t e  e r r o r  w i t h  t h e  d e g r e e  of  b a s i s  f u n c t i o n ' u s , e b .  
t i m e  t 

8 

\ - 5  
~ h ' e  n o t a t i o n  . 2 - 5  f o r  . 2 x 1 0  i s  u s e d .  These ,  r e s u l t s  i n d i c a t e  

I- 

t h a t  i n c r e a s i n g  t h e  d e g r e e  of b a s i s  f u n c t i o n  * , i n c r e a s e s  t h e  o 

e x e c u t i o n  t i m e  a n d  d e c r e a s e s  t h e  a b s o l u t e  e r r o r  of t h e  method' .  
1 -- 

One c a h  s e e  r h a ;  f h e  s o l u t i o n s  of p r o b l e m  1 h n d  2 a r e  w i t h i n  t h e  { 
- r o u n d ~ f  f  e r r o r .  when an a p p r o x i m a t i n g  p o l y n o m i a l  ' o f  deg;ee 5 i s  

us+ed.  T h u s ,  u s i n g  a n  a p p r o x i m a t i n g  p o l y n o m i a l  of d e g r e e  h i g h e r  
- 2  

than 5 n e t  fmprove e e  s o l t r t f o a ,  gut  i t  w i l l  s u r e l y  

i n c r e a s e  t h i  e x e c u t i o n  t i k e ,  a s  shown i n  T a b l e  3: T h e s e  r e s u l t s  

s t r o n g l y  s u g g e s t ; t h a t  u s i n g  a h i g h e r ' d e g r e e  p o l y n o m i a l  d o e s  n o t  

n e c e s s a r y  i m p r o v e  t h e  a c c u r a c y  of t h e . s o d l u t i o n  b e c a u s e  
! 

u l t i m a t e l y  t h e  r o u n d o f f  e r r o r  w i l l  b l o c k  a n y  p o s s i b l e  / 

i m p r o v e m e n t  t6 t h e  s o l u t i o n .  I t  i s  n o t  c l e a r  w h a t  d e g r e e  of 
< - - 

p o l y n o m i a l  o n e  s h o k l d  u s e  f o r  a  p a r ~ i c u l a r , p - r o b l e m  s i n c e  i t s  

. P 
e f f e c t '  seems.  t o  b e  p r o b l e m  deqpepdent .  B e s i d e s ,  o t h e r  ; f a c t o r s  

I 
/ 

s u c k  a s  t h e  s m o o t h n e s s  of t h e  s o l u t i o n ,  t h e p l i n e a 6 i C y  of t h e  

p r o b l e m  a n d  t h e  c h o s e n  mesh  w o u l d  a l s o  a f f e c t  t h e  n i m e r i c a l  

r e s u l t s .  For t h e  s a k e  of $ i m p l i c i t y ,  we w i l l  u s e  c u b i c  

- p o l y e o m i a l s '  i n  t h e '  s u b s e q u > e n t  t e s t i n g s - ;  u n l e s s  o t h e r w i s e  s t a t e d ;  

,but  c e r t a i n l y  t h i s  m a t t e r  d e s e r v e s  f u r t h e r 3 s t u d = y .  



, C 

1 

3 . 6 . 2  P e r f o r m a n c e  of t h e  Mesh S e l e c t i o n  A l g o r i t h m  

- 
We h a v e  i n c o r p o r a t e d  t h e  mesh s e l e c t i o n  scheme  i n t i  H C O L  s o  . 

t h a t  i t  w i l l  c o m p u t e  a n  o p t i m a l  mesh b a s e d  on t h e  s o l u t i o n  o n  a n  

i n i t i a l  u n i f  omrm mesh.  The mesh s e l e c t i o n  scheme  p e r f o r m s  

s a t i s f a c t o r i l y  f ,o r  a l l  s e v e n  p r o b l e m s .  Some of t h e  r e s u l t s  a r e  

g i v e n  i n  F i g u r e  5 ,  6 ,  -7, 8 w h i c h  show t h e  new g r i %  s e l e c t e d  by 

o u r  mesh s e l e c t i o n  =theme f o r  p r o b l e m  3 ,  4 ,  5 ,  7. 



Figure 5. Mesh Selected for Problem 3 



~ e s h  Selected for Problem 4 Figure 6. 

Legend 



Figure 7. Mesh Selected for Problem 5 



Fgure 8. Mesh Seleded for R@em 7 



4. NUMERICAL EXAMPLES 
t 

4 .1  Me-thod of L i n e s  - 

* c 

Most  of t h e  s t a t e - o f  - t h e - a r t  n u m e r i c a l  r o u t i n e s  f o r  s o l v i n g  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  u s e  t h e  m e t h o d  of l i n e s  t o  r e d u c e  

t h e  o r i g i n a l  p r o b l e m  t o  a  s e t  of I V P ' s .  Two s u c h  r o u t i n e s  a r e  

PDECOL [20] a n d  DPDES, d e s c r i b e d  i n ' t h e  f o l l o w i n g  s e c t i o n s .  

4 . 1 . 1  PDECOL 

PDECOL rs a  v e r s a t i l e  c o m p u t e ~ ~ s d f t w a r e  p a c k a g e  f o r  s o l v i n g  

a  c o u p f e d  s y s t e m  of n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f '  

a t  m o s t  s e c o n d  o r d e r  i n  o n e  s p a c e  v a r i a b l e  a n d  o n e  t i m e  
'9, 

d i m e n s i o n .  The p a c k a g e  u s e s  s p l i n e  c o l l o c a t i o n  w i t h  B - s p l i n e s  

f o r  t h e  i n i t i a l  s p a t i a l  d i s c r e t i z a t i o n  t e c h n i q u e ,  T h e n  t i m e  

i n t e g r a t i o n  - -- m e t h o d s  w h i c h  f e a t u r e  d y n a m i c  a n d  a u t o m a r i c  t i m e  

s t e p  s i z e  a r e  u s e d  t o  s o l v e  t h e  r e s u l t i n g  I V P ' s .  I t s  

i m p l e m e n t o r s  [20] c l a i m  t h a t  PDECOL c a n  s o l v e  b r o a d  c l a s s e s  of 

d i f f i c u l t  s y s t e m s  of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  t h a t  

d e s c r i b e  p h y s i c a l  p r o c e s s e s .  

I n  p a r t i c u l a r ,  PDECOL s o l v e s  t h e  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n  s y s t e m  
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a n d  b o u n d a r y  c o n d i t i o n s  

f o r  k = l , , . . , B J .  

~ % b i c  H e r m i t e  p o l y n o m i a l s  a r e  u s e d  i n  t h e  s p a t i a l  . . 
a p p r o x i m  % t i o n .  A c d n s t r a i n t  o n  t h e  t y p e  o f  p r o b l e m s  s o l v a b 1 , e  b y  

k k 
DPDES $6 t h a t  U ( x )  m u s t  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  a n d  '8 , 

0 1 

k  
m u s t  b e  c o n t i n u o u s ,  o r  t h e  b o u n d a r y  c o n d i t i o n s  w i l l  n o t  b e  

M 

p r o p e r l y  i m p o s e d  f o r  t > t  . T h e  t i m e  i n t e g r a t o r  u s e d  i s  t h e  same 
0 

a s  t h a t  u s e d  f o r  PDECOL. 

HEBPDE t a k e s  a  c o m p l e m e n t a r y  a p p r o a c h .  The  t e m p o r a l  v a r i a b l e  a 

i s  d i s c r e t i z e d  f i r s t  a n d  t h e  r e s u l t i n g  s y s t e m  of o r d i n a r y  
(b 

b o u n d a r y  v a l u e  p r o b l e m s  i s  t h e n  s o l v e d  by s p l i n e  c o l l o c a t i o n  

w i t h  a  H e r m i t e  b a s i s .  B e c a u s e  of t h i s  d i f f e r e n c e ,  i t  i s  n o t  ' 

c l e a r  how t h e s e  a p p r o a c h e s  c o m p a r e  o v e r a l l .  I n - t h e  n e x t  s e c t i o n ,  - _-" 

w e  compare  t h e  p ~ ~ - t f o r m e , n c e  of HERPDE, PDECOL a n d  DPDES o n  d f e w  

rest p r o b l e m s .  We c a u t i o n  t h e  r e a d e r  t h a t  t h e s e  c o m p a r i s o n s  a r e  



b y  n o  m e a n s  t h e  f i n a l  w o r d .  S i n c e  t h e  b a s i c  i n t e n t i o n s  o f  t h e  
k 

t h r e e  c o d e s  a r e  q u i t e  d i f f e r e n t ,  r u n  t i m e s  d o  n o t  n e c e s s a r y  m e a n  

a n y t h i n g .  S t i l l ,  we w o u l d  h o p e  t h a t  f a v o r a b l e  p e r f o r m a n c e  b y  

HERPDE w o u l d  i m p l y  t h e  u s e f u l n e s s  of a  m o r e  c a r e f u l  f u t u r e  - 
i m p l e m e n t a t i o n  o f  t h i s  a p p r o a c h .  F u r t h e r m o r e ,  q l a r g e r  s e t  o f  

t e s t  p r o b l e m s  w o u l d  b e  n e e d e d  t o  f u l l y  c o m p a r e  ' e v e n  t h e  , t h r e e  
+ 

c u r r e n t  r o u t i n e s .  - -- 
HERPDE s t a r t s  t h e  t i m e  d i s c r e t i z a t i o n  w i t h  t h e  1 - s t e p  

b a c k w a r d  d i f f e r e n c e  s c h e m e  s i n c e  o n l y  t h e  s o l u t i o n s  a t  t h e  

s 2 

i n i t i a l  t i m e  a r e  k n o w n .  A s  m o r e  t i m e  s t e p s  a r e  t a k e n ,  h i g h e r  

o r d e r  d i s c r e t i z a t i o n  c a n  t h e n  b e  u e e d .  S i n c e  t h e  a p p r o x i m a t i o n s  

a t  t h e  f i r s t  a n d  s e c o n d  t i m e  s t e p s  a r ?  r o u g h l y (  o r d e r  1 a n d  2 I n  
L 

A t ,  u s i n g  a h i g h e r  o r d e r  d i s c r e t i z a t i o n  f o r  t h e  s u b s e q u e n t  t ime 

s t e p s  may not g i v e  the e x p e c t e d  h i g h e r  o r d e r  r e s u l t .  

- 

4 . 2  T e s t  P r o b l e m s  a n d  R e s u l t s  -- 

I n  t f i is  s e c t i o n ,  we e x a m i n e  t h e  p e r f o r m a n c e  o f  HERPDE, 

P D E C O L  a n d  DPDES on  f o u r  p r o b l e b s  of d i f f e r d n t  d e g r e e s  of . 

d i f f i c u l t y .  I n  t h e  t e s t s  r e p o r t e d .  b e l o w ,  t h e  e r r o r  l i s t e d  i s  t h e  

l a r g e s t  e r r o r  m e a s u r e d  a t  t R l .  T h e  r e s u l t s  t a b u l a t e d  u n d e r  X30 - 
- 

a n d  X 6 0  a r e  o b t a i n e d  using t h i r t y  a n d  s i x t y  s p a t i a l  s u b i n t e r v a l s  
- 

r e s p e c t i v e l y ,  F o r  HERPDE, e q u a l  t i m e  s t e p s  a r e  t a k e n  a n d  t h e i r  
- -- - 

\ 

n u m b e r s  a r e  s h o w n  i n  t h e  l a s t  c o l u m n .  T h e  e r r o r s  l i s t e d  u n d e r  S S  

( S p e c i a l  S t a r t )  a r e  o b t a i n e d  by b e g i n n i n g  w i t h  1 0  s m a l l e r  same 

s i z e d  t i m e  s t e p s  i n s t e a d  of t h e  f i r s t  r e g u l a r  t i m e  s t e p  u s e d  i n  1 



X30 a n d  X66, f o l l o w e d  - b y  t q k i n g  29 r e g u l a r  t f m e  s teps.  This 

m e t h o d , h a s  t h e  a d v a n t a g e  of g i v i n g  a  b e t t e r  a p p r o x i m a t e d  

s o l u t i o n  a t  ti&, t h u s  i n c r e a g i n g  t h e  a c c u r a c y  of t h e  s o l u t i o n s  a 

o n  t h e  s u c c e e d i n g  t i m e  l e v e l s  b 6 c a u s e - t h e  c o m p u t a t i o n s  a t  o n e  
' 

t i m e  d e v e l  r e q u i r e  t h e  s o l u t i o n s  a t  The p r e v i o u s  t i m e  s t e p s .  TOL 

i s  a  p a r a m e t e r  u s e d  by DPDES. a n d  PDECOL. t o  - c o n t r o l  t h e  t i m e  

d i s c r e t i z a t i o n  e r r o r .  They  t r y  .to kee'p t h i s  b e l o w  t h e  s p a c e  

d i s c r e t i z a t i o n  e r r o r .  R e s u l t s  f r o m  PDECOL a r e  o b t a i n e d  u s i n g  

c u b i c  B - s p l i n e s .  

P r o b l e m  8 M a d s e n - S i n c o v e c  fr20 1 - 
%. 

C o n s i d e r  t h e  e q u a t i o n  

with. i n i t i a l  c o n d i t i o n  u ( 0 , x )  = .1 

a n d  b o u n d a r y  c o n d i t i o n s  u ( t , O j  = u ( t , l )  = I .  

u 

T h e  a n a l y t i c  s o l u t i o n  o f , t h L s  s i m p l e  d i f f u s i o n  t y p e  p r o b l e m  C - 
is e a s i l y  seen t o  b e  

DPDES., P D E C O L  a n d  HERPDE, B o t h  DPDES a n d  PDECOL g i v e  v e r y  

a c c u r a t e  s a f t s t f o n s .  The nwraber e f  t i ~ e  a tego  taken f o r  IIPMS is 
r 



T a b l e  5  ' 

C o m p u t a t i o n a l  r e s u l t s  f o r  p r o b l e m  8 ' 

Maximum 
E r r o r  

Code 
( : :xnd)  

I 

1 4 6 5  
- 7.23 

DPDES.  

Number o f  
Time S t e p s  

unknown 
unknown 

H E R P D E  



n o t  a v a i l a b l e .  F o r  t h e  same number  o f l ' t i m e  s t e p s ,  P D E C O L - ~ ~ W ~ ~ S  

7 
t a k e s  l e s s  t i m e  t h a n  HERPDE. The t i m e s  g i v e n  f o r  HERPDE a r e  f o r  

I 
X ? O .  The c o r r e s p o n d i n g  t i m e  f o r  X60 i s  r o u g h l y  t w P g c e  a s  much. 

' O n e  i n t e r e s t i n g  r e s u l t  i s  t h a t  a s  t h e  n u m b e r  of t i m e  s t e p s  

i n c r e a s e s ,  t h e  a c c u r a c y  o$ t h e    dams-~oulton methf l s  d e c r e a s e .  

T h i s  phenomenon . r e q u i r e s ,  f u r t h e r  s t u d y .  Our  r e e u l t s  a l s o  show 

t h a t  t h e  s i z e  of - t h e  e r r o r s - ' f r o f f i  X60 i s  a l m o s t  t h e  + , a m  a s  t h a t  

f r o m  ,X30. T h i s  s u g g e s t s  t h a t  t h e  t i m e  d i s c r e t i z a t i o n  i s  t h e  m a i n  

s o u r c e  ,of e r ro r .  When w e  swftched f  ram t.k fixed t f m e  s tep  t a  ' - 

t h e  s p e c i a l  s t a r t  SS-, we f o u n d  t h a t  HERPDE w i t $  BD3 g i v e  more  
3 

\ 

a c c u r a t e  s o l u t i o n s .  
1 .  

\ 

4 

P 

= &+ * 
F T h i s  example- i s  ,giv%n b y  IMSL as t h e  m o d e l  p r d l e m  f o r  its , r  

, , - -5 . -~ - - -  F 

r . ou , t i n ' e  DPDES'. The p r o b l e m  i sr  
, *  

. . 
v .  

' t  ' 
. 2 . .  

- 

u' = u,- - 6 x e  + v , ,  . . . 
t + X X  

'i' 

5- c 





. Table 6 

'. Computational resllt's for Problem 

Maximum 
Error . CODE Time 

: s e c o n d )  
Number of 
Time Steps 

2- , DPDES unknown 
unknown 

PDECOL 



- .  
is used. Davis and Flaherty 1 1 2 1  have 'soAved the same.problem 

8 

with their adaptive Galerkin method'with good accuracy. 

The numerical solution for 6~0.5-2 at t=l obtained from 

HERPDE is shown in Figure 9. CN, BD2 and BD3 give similar 

results with 6 0  time steps. These results are consistent to 3 

significance digits with those from DPDES and PDECOL. The 

execution times from BD3, DPDES and PDECOL using 3 0  spatial - 
- subintervals are 2 0 . 6 3 ,  25.99 and 8 . 6 5  seconds respectively. 

9 

O t h e r  sefnes ef t have sfss been rested. T k e  sol~rtforrs a f s ~  

agree with those from DPDES a d PDECOL, which give almost 

i identical solutions. We have d fficulty in obtaining the 
't 

expected solution profiles from both AM2 and'AM3. 
7 

I 

* 

Problem 1 1  - 

The following problem admits ekact traveling wave solutions to 

nonlinear reaction-diffusion equations. This type 'of problem is 
. + 

of interest in biological applications and -in the theoky ofa 
t 

flame propagation. The Fisher equation , 
z - 

x/JT -2  
with initial condition u(x,O) = (1 + e 

-- 
-5t/6 -2 

and boundary conditions u(0,t) = (1 + e 





( x - 5 / &  ) /& -2 
h a s  e x a c t  s o l u t i o n  u ( x - 5 / & t >  = ( 1  + e  > 

The s o l u t i d n  t o  t h i s  p r o b l e m  i s  a  wave  t h a t  p r o p a g a t e s  t o  t h e  

r i g h t 2 w l t h  i t s  s t r u c t u r e  p r e s e r v e d ' u p  t o  t = 8 .  
- 

R e i t z  1231 h a s  u s e d  t h i s  p r o b l e m  t o  s t u d y  t w e l v e  n u m e r i c a l  

s c h e m e s  w h i c h  u s e  v a r i a t i o n s  o f - t h e  d i f f e r e n c e  m e t h o d  i n t r o d u c e d  

by S a u l ' y e v  [ 2 7 ]  f o r  t h e  d i f f u s i o n  t e r m s .  He f o u n d  t w e  

d i f f u s i o n  e f f e c t s  c a n  r e d u c e  t h e  a c c u r a c y  of a n u m e r i c a l  m e t h o d  

s i g n i f i c a n t l y .  T h i s  d i f f e r e n c e  m e t h o d  i s  a b l e  t o  f o l l o w  t h e  wave 

f o r  t u p  t o  3 0 ,  

Our r e s u l t s  a r e  i n d i c a t e d  i n  T a b l e  8. A l t h o u g h  DPDES s e e m s  

t o  h a v e  d i f f i c u l t y  i n  s o l v i n g  t h i s  pr 'ob lem,  PDECOL p e r f o r m s  

w e l l .  HERPDE g i v e s  a  f a i r l y  a c c u r a t e  s o l u t i o n  w i t h  BD3. The 

a c c u r a c y  of HERPDE i n c r e a s e s  s h a r p l y  u s i n g  SS. I Y i ' f a c t ,  t 'he 
, . 

s o E u t i o n  f r o m  BD3 i s  b e t t e r  t h a n  t h a t  of  DPBES a n d  a l m o s t  a s -  

a c c u r a t e  a s  t l i a t  of PD'ECOL. T h e s e  r e s u l t s  s u g g e s t  t h a t  HERPDE 

s - h o u l d  b e  a b l e  t o  p e r f o r m  a s  w e l l  a s  t h e  o t h e r  t w o  c o d e s  i f  t h e  . 
. -_ - 

p r o p e r  t i m e  d i s c r e t i z a t i o n  s t r a t e g y  i s  u s e d .  



Table 7- 
= .  

Computational results for Problem* 1 1  



5. CONCLUSIONS 

The r e s u l t s  p r e s e n t e d  i n  t h e  p r e v i o u s  c h a p t e r  i n d i c a t e  t h a t  

o u r  m e t h o d  i s  c o m p a r a b l e  t o  t h e  l i b r a r y c o d e  D P D E S  a n d  t h e  

p r o d u c t i o n  c o d e  P D E C O L .  I n  f a c t ,  w i t h  t h e  s p e c i a l  s t a r t  

p r o c e d u r e ,  H E R P D E  u s i n g  B D 3  p e r f o r m s  a s  w e l l  a s  t h e  o t h e r  c o d e s .  

The  e x e c u t i o n  t i m e  of o u r  m e t h o d  i s  a  b i t  l o n g e r  t h a n  t h e  o t h e r  

. ,. . . 
t w o  c o d e s .  H o w e v e r ,  w e  e x p e c t  a more c a r e f u l  i m p l c m e a t a t i o n  of 

H E R P D E  t o  b e  f a s t e r  t h a n  t h e  c u r r e n t  v e r s i o n .  

\ 
The b a c k w a r d  d i f f e r e n ~ e ~ d i s c r e t i z a t i o n  f o r m u l a e  s e e m  t o  

I 

w o r k  b e t t e r  t h a n  t h e   dams-Moulton. a p p r o x i m a t i o n s .  The a k c l r a c y  

of A d a m s - ~ o u l - t o n  d i s c r e t i z a t i o n  d e t e r i o r a t e s  when t h e  n u m b e r - o f  

t i m e  s t e p s  i n c r e a s e s .  T h i s  phenomenon  r e q u i r e s  f u r t h e r  research. 

O u r  r e s u l t s  a l s o  show t h a t  t h e  s e c o n d  o r d e r A N  s c h e m e  p e r f o r m s  
k 

a s  w e l l  a s  t h e  t h i = d  o r , d e r  B D 3  i n  m o s t + a s e s .  H o w e v e r ,  B D 3  i s  

s u p e r i o r  t h a n  C N  f o r  t h e  n o n l i n e a r  p r o b l e m  11. 

A l l  t h i n g s  - c o n s i d e r e d ,  ' ou r  a p p r o a c h ' m e r i t s  f u r t h e r  s t u d y .  

3 

I t  s e e m s  t h a t  o u r  m e t h o d  h a s  t h e  p o t e n t i a l  t o  s o l v e  a  l a r g e  .- I 

c l a s s  of . p r o g l e m s .  F o r  i n s t a n c e ,  o n e  may b e  a b l e  t o  s o l v e  P D E  

w i t h '  h ighes r  - o r d e r  t e rms  l i k e .  U , U , a n d  U -* 

x x x  . x t  x x t  



5 . 1  S u g g e s t i o n s  f o r  F u r t h e r  S t u d y  

T h e r e  a r e  a. number  of ' f e a t u r e s  of o u r  m e t h o d  w h i c h  w a r r a n t  

f u r t h e r  s t u d y .  
-- 

I n  t h e  p r e s e n t  i m p l e m e n t a t i o n ,  t h e r e  i s  o n e  s p a t i a l  mesh  

-1 2 NPDE 
a = x  <x < . . . < x  =b f o r  a l l  t h e  d e p e n d e n t  u , u ,... , u  s 

1 2  N+ 1 
4- 

w h e r e  N P D E  i s  t h e  number  of PDE's. H o w e v e r ,  f o r  many 

a p p l i c a t i o n s ,  s u c h  a s  r h o s e  i n v - s l v i n g  concentrations a•’ s h e d c a l .  

s p e c i e s ,  th,e r e g i o n s  of r a p i d  v a r i a t i o n  a r e  d i f f e r e n t  f o r  e a c h  

d e p e n d e n t  v a r i a b l e .  I f  a  s i n g l e  s p a t i a l  mesh i s  u s e d ,  i t  m i g h t  

g e t  r e f i n e d  t h r o u g h o u t  t h e  r e g i o n .  T h u s  t h e  a d a p t i v e  mesh  w o u l d  

l o s e  some of i t s  a d v a n t a g e ,  a l t h o u g h  i t  w o u l d  s t i l l  s e r v e  t o  

c o n t r o l  t h e  e r r o r .  The u l t i m a t e  c o d e  s h o u l d  ha?e La d i f f e r e n t  

mesh f o r  e a c h  d e p e n d e n t  v a r i a b l e .  The d e s i g n  of s u c h  a  c o d e  

w o u l d  be  q u i t e  c h a l l e n g i n g .  

A way t o  i m p r o v e  t h e  e f f i c i e n c y  of t h i s  a p p r - o a c h  i s  t o  h a v e  

v a r i a b l e  t i m e  s t e p s .  T h i s  w o u l d  a l l o w  t h e  p r o g r a m  t o  t a k e  a s  

l a r g e  a  t i m e  s t e p  a s  r e q u i r e d  f o r  a  g i v e n  l e v e l  -of a c c u r a c y .  

F u r t h e r  s t u d y ' i s  n e e d e d  i n  d e s i g n i n g  a  s u i t a b l e  a d a p t i v e  t i m e  

I 
s t e p  s c h e m e .  

~-~ 

F u r t h e r  r e s e a r c h  i s  n e e d e d  t o  d e t e r m i n e  w h i c h  t y p e  a n d  

o r d e r  of a p p r o x i m a t i o n  f o r  U ( x , t )  s h o u l d  b e  u s e d  f o r  a  g i v e n  
t 

o r d e r  of s p a t i a l  a p p r o x i m a t i o n .  Our r e s u l t s  i n d i c a t e  t h a t  t h e  . 
A d a m s - M o u l t o n ' s  a p p r o x i m a t i o n  h a s  d i f f i c u l t y  w i t h  a  l a r g e  n u m b e r  

of t i m e  s t eps .  I s  t h i s  a p p r o x i m a t i o n  u n s t a b l e ?  



\ Our f e s u l t s  show t h a t  b o t h  a p p r o a c h e s  t o  s o l v i n g  t h e ,  

p a r a b o l i c  p r o b l e m s  g i v e  f a i r l y  a c c u r a t e  s o l u t i o n s .  More work  i s  

n e e d e d  i n  s t u d ' q i n g  t h e  t y p e  of p r o b l e m s  w h i c h  c a n  b e s t  b e  
\ 

\ 
h a n d l e d  by o n e  s c k e m e  o r  t h e  o t h e r .  

\ 
'\ I 

\ 

5 . 2  Summary \ 

I n  t h i s  p r o j e c t ,  a n  a l t e r n a t e  row a n d  c o l u m n  e l i m i n a t i o n  

s c h e m e ,  A S I S ,  f o r  s o l v i n g  t h e  l i n e a r  s y s t e m  a r i s i n g  f r o m  s p l i n e  

c o l l o c a t i o n  w i t h  a  m o n o m i a l  b a s i s  i s  p r e s e n t e d  a n d  s h o w n  t o  

r e q u i r e  f e w e r  o p e r a t i o n s  t h a n  t h e  e x i s t i n g  m e t h o d s .  

A s p a t i a l  m e s h  s e l e c t i o n  a l g o r i t h m  w h i c h  u s e s  a n  i t e r a t i v e  

r e l a x a t i o n  me thod  i s  i m p l e m e n t e d  a n d  f o u n d  t o  p e r f o r m  

s a t i s f a c t o r i l y .  

1: 

We h a v e  a l s o  i m p l e m e n t e d  a n  a l g o r i t h m  t o  s o l v e  p a r a b o l i c  

p r o b l e m s  i n  o n e  s p a c e  v a r i a b l e  by t h e  m e t h o d  of t i m e  

d i s c r e t i z a t i o n  w i t h  s p l i n e  c o l l o c a t i o n  i n  s p a c e ,  u s i n g  a  H e r m i t e  

b a s i s .  The a l g o r i t h m  h a s  b e e n  t e s t e d  on  f o u r  p r o b l e m s .  The 

s c h e m e  i s  shown t o  p r o v i d e  good  a c c u r a c y ,  a l t h o u g h  i t  i s  l e s s  

a c c u r a t e  a n d  s o m e w h a t - m o r e  c o s t l y  i n  t i m e  when c o m p a r e d  t o  DPDES 

a n d  PDECOL. H o w e v e r ,  we e x p e c t  a  more  c a r e f u l  i m p l e m e n t a t i o n  of 

o u r  s c h e m e  w i l l  b e  a s  c o m p e t i t i v e  a s  t h e s e  p r o d u c t i o n  c o d e s .  

We h o p e  t h e  w o r k  p r e s e n t e d  h e r e  w i l l  s t i m u l a t e  more  

p r o f o u n d  a n a l y s e s  of t h i s  m e t h o d .  C l e a r l y  i t  w o u l d  b e  u s e f u l  t o  

h a v e  g u i d e l i n e s  a s  t o  s i t u a t i o n s  i n  w h i c h  o u r  m e t h o d  s h o u l d  b e  

u s e d  r a t h e r  t h a n  t h e  m e t h o d  of l i n e s  o r  v i c e  v e r s a .  
* * 
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