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ABSTRACT 

T h e  s t r u c t u r e  o f  t h e  l a t t i c e  of a l l  varieties of b a n d s  h a s  -. 

5een c o 3 p l e t e L y  determined ( i n d e p e n d e n t l y )  b y  B i r j u k o v ,  

Fennemorc? a n d  G e r h a r d .  I n  this t h e s i s  t h e  s t r u c t u r e  of t h i s  

i s  u s e d  t o  d e t e r a i n e  t h e  s t r u c t u r e  of t w o  r e l a t e d  

l a t t i c e s :  the lattice &BJ of  varieties qf b a n 3  m o n o i d s  a n d  t h e  

lattice LFB9 of p s e u d o v a r i e t i e s  of finite band aonoids, - - -- 
#' 

C h a p t e r s  I a n d  I1 p r o v i d e  a n  i n t r o d u c t i o n  a n d  b a c k g r o u n d  t o  
- - -- - -- - 

- - - 

this p r o n l e m .  This includes a d i s c u s s i o n  of v a r i e t i e s  a n d  

e q u  a t  i o n a l  cllsses, s e a i g r o u p s  I nd monoids ,  and p s e u d o v a r i e t i e s  

and  3ene ra l i ze . l  v a r i e t i e s  of semigroups a n d  m o n o i d s .  Of s p e c i a l  

i a p o r t a c c e  are th ree  t h e o r e m s  'of A s h  vhich relate - 
p s e u 3 o v a r  i e t  ies ,  j e n e r a l i z e ?  v a r i e t i e s  a n d  v a r i e t i e s .  

- - 

I n  C h a 2 t e r  I11 a f u n c t i o n  is d e f i n e d  f r o m  t h e  l a t t i c e  Lg of  

v a r i e t i e s  of b a n d s  t o  t h e  l a t t i c e  Lgg, T h i s  f u n c t i o n  is s h o w n  to 

b e  a s u r j e c t i v e  l a t t i c e  h o n o m o r p h i s m ,  a n d  so  b y  d e t e r m i k i n g  

exactly which v a r i e t i e s  i n  Lg a r e  i d e n t i f i e d  by t h e  

i;ororaor~i,isrn, t h e  shape of t h e  image  l a t t i c e  is d e t e r m i n e d .  

F i n a l l y  a f u n c t i o n  from t o % L F B B  is defined, a n d  s h o v n  t o  b e  

a lattice isomorphism, t h u s  e s t a b l i s h i n g  t h ? t  LBlg and h a v e  
pp - - -- - 

t h ~  same s t r u c t u r e .  

iii 
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I- Introdnctioa 

V a r i e t i e s  0% b a n d s  h a v e  been studied by Kimura 1 10 1, Yaaada 

i 141, Pe t r i ch  El21 a n d  othe,rs, The structure of the l a t t i c e  of * /' 

a l l  v a r i e t i e s '  of h a n d s  uas'comple t e  lp determined by Bir ju kov 

[ 2 1, Fen~crnore L6  3 aad Gerhard [ 81. There a re  two other-fat-*-ices- - - 

r5losely re13 ted t o  this one: the  l a t t i c e  of v a r i e t i e s  of b a n d  

nonoids, a n d  t h e  l a t t i c e  of pseudovarie ties of band aonoids. T h e  
- - - 

- - -- 

main r s s u l t  ~f tnis t h e s i s  is t h e  de terminat ion  of the s t r u c t u r e  

of these two l a t t i c e s .  

J 

Ve begin i n  Chapter I1 w i t h  a s tudy of v a r i e t i e s ,  

~ s e u r f o v a r i e t i e s  and t h e  r e l a t e d  concept of. genera l ized  

v 2 r i e t i e s .  Sec t ion  1 g i v e s  a b r i e f  i n t roduc t ion  t o  t h e  a r e a o f  
,. 

u n i  v e r s a 1  a lgebra,  leading. u p  t o  a d i s c , u s s i o n  of v a r i e t i e s  and 
. * . U 

e q u a t i o n a l  c l a s s e s .  E i rkhof f ' s  Theorem, stating t h a t  v a r i e t i e s  . 

are in - f a c t  t h e  same a s  e q u a t i o n a l  classes, is t h e n  quoted 

without proof. Srnce  tb only a lgebras  t o  be studied here are 

sea ig ronps  a n d  aonoids,  Section 2 gives d e f i n f  t ions ,  examples 

and some facts about these two a l g e b r a i c  structures. T h e  example 

of p a r t i c u l a r  i n t e r e s t  here is t h a t  of a band, a semigroup which 
- -  - -- - 

Gtisfies  the i d e n t i t y  .x&x- T h e  class B of a l l  bands is  a  

--, v a r i e t i e s  of bands. 



& 

- 
- - - -- 

I n  S e c t i o n  3 f i n i t e n e s s  c o n d i t i o n s  are c o n s i d e r e d ,  leading . 

2 to b. &fir= on m-pseo~owrieties or f i n i t e  a l g e b r a s .  The 

interest i n  finite algebras comes f r o m  t h e  Cield o f  a u t o m a t a  

t h e o r y ,  where t h e r e  is a c l o s e  c o r r e s p o n d e n c e  b e t w e e n  f i n i t e  

a u t o m a t a  and f i n i t e  monoid s, T h i s  ' c o r r e s p o n d e n c e ,  a n d  t h e  

resultant a l g e b r a i c  a u t o m a t a  t h e o r y ,  l e d  E i l e n b e r g  t o  . d e f i n e  

p s ~ ? n d o v a c i e t i e s  of  f i n i t e  m o n o i d s  a n d  s e l n i g r o u p s  [ 5 ] .  T h i s  was dT 

t h e n  ex  tended to ~ s e u d o v a r i e t i e s  cf a rbitrarp algebras  - a-a&-- So-- 

g e n e r a l i z e d  v a r i e t i e s  by A s h  [ I ] ,  who .,,+so p r o v e d  s e v e r a l  

t h e o r e m s  r e l a t i n g  t h e s e  v a r i o u s  ' c o c c e p t s .  T h e s e  theorems are  

c o n s i d e r e d  at t h e  en3 of t h i s  sect ion.  

I n  C h a p t e r  I T 1  we t u r n  to t h e  s p e c i f i c  q u e s t i o n  of 

v a r i e t i e s  of b a n d s  a n d  b a n d  a o n o i d s .  F e n n e m o r e  h a s  shown i n  [6] 

t h a t  there are a c o u n t a b l y  i n f i n i t e  number of  v a r i e t i e s -  of 

bands ,  a n d  that e a c h  s u c h  v a r i e t y  is d e f i n e d  by o n e  i d e n t i t y  

besides x z = x ;  a n d  h e  h a s  g i v e n  a c o m p l e t e  p i c t u r e  . o f '  t h e  lattice 

of  s u c h  v a r i e t i e s ,  S i n c e  s e r a i g r o u p s  and  s o n o i d s  a r e  s o  c l o s e l y  

r e l 3 t e 3 ,  i-t is n a t u r a l  t o  t r y  t o  u s e  - t h i s  l a t t i c e  t o  o b t d i n  

i n f o r s a  t i o n  a b o u t  t h e  l a t t i c e  of v a r i e t i e s  o f  band monoids ,  

G i v e n  any v a r i e t y  of  semigroups  ( b a n d s ) ,  t h e  c o l l e c t i o n  o f  

a o n o i d s  i n  1 is  a v a r i e t y  of ( b a n d )  monoids ,  T h u s  w e  may d e f i n e  

a f u n c t i o n  J o n  on t h e  c lass  o f  v a r i e t i e s  of b a n d s  by t a k i n g  
- -  - - - -  

Yon (I) t o  b e  t h e  _set of monoids  I n  x, for a n y  v a r i e t y  1 o f  

ban3s .  I n  s e m i o n  f r T ~ s  shown ' t h a t  #on i s  a l a t t i c e  ' 

t iomoaorphism from the l a t t i c e  o f  v a r i e t i e s  of barrds ( a b b r e v i a t e d  



a s  13) o n t o  t h e  lattice of v a r i e t r ? e p o f  band micmoZ&i i -m) - .  

z o n g r n e n c e  inSuced o n  && b y  Hon, ~ h l s  is d o n e  i n  S e c t i o n s  2-and 

3, f i r s t  f o r  ' t h e  b a s e  o f  the l a t t i c e  a n d  then f o r  t h e  

i n d  u c t i v e l y  d e f i n e d  p a r t  o f  the l a t t i ce ,  By s h o v i n g  v h i c h  

v a r i e t i e s  'are i d e r t i f i e d  u d d e r  3on a n d  w h i c h  are n o t ,  ve o b t a i n  

a p i c t u r e  of t h e  lattice of a l l  v a r i e t i e s  of band m o n o i d s ,  

I n  t h e  f i n a l  s e c t i o n  o r  C h a p t e r  I11 t h i s  *process =is t a k e n  

one s t e p  f u r t h e r ,  a n d  p s e u d o v a r i e t i e s  a r e  l o o k e d  at. O n e  of the 

f b i t e  a l g e b r a s  is a ~ s e o d o v a r i e t y  i f  a n d  o n l y  i f  it c o n s i s t s  o f  

' the finite members of a g e n e r a l i z e d  v a r i e t y ,  Since g e ~ e r a l i z e d  

v a r i e t i e s  a re  v a r i e t i e s ,  t h i s  saps i n  p a r t i c u l a r  that i f  2 is a 

v a r i e t y  o f  (band) monoids, t h e n  t h e  c o l l e c t i o n  P i n ( V )  o f  .= f i i n i t e  

m o n o i d s  i n  I! i s  s p s e u d o v a r i e t y  of (band) monoi . ls .  This s u g g e s t s  
- - - - - -  - - - 

t h e  d e f i n i t i o n  of  a f u n c t i o n  F i e  from the l w t t i c e  LBg o f  

v a r i e t i e s  of band m o a o i d k  t o  the l a t t i c e  Lpag of p s e u d o v a r i e t i e s  

of b a n d  m o n o i d s .  I t  is  shouri t ha t  t h i s  f u n c t i o n  i s  a lat ' t ice ' 

i s o m o r p h i s m ,  thus e s t a b l i s h i n g '  the s t r u c t u r e  o f  t h e  l a t t i c e  of- 

p s e u d o v a r  ie t ies  cf b a n d  monoids, 



-11. Varieties,  ~ s e h o v a r i e t i e s  and Generalized v a r i e t i e s  
- .  

I 

T 

T h i s  c h a p t e r  p r e s e  ts t h e  b a c k g r o u n d  necessary f o r  a s t u d y -  

r 
P 

of t h e  la t t ices  i v a r i e t i e s  and ~ s e u d o v a r i e t i e s  of band 

e o n s i d s .  It  b e g i b s  with a b r i e f  survey of t h e  u n i v e r s a l  

a l g e b ~ a  iy ~ o x e p & s  w e d e ~  te e rpress 0 i  kk h  of f-*s Tbeore~ re lati ng----- 
pi, 
9.. 

F 

v a r i e t i e s  a n d  e q u a t i o n a l  c l a s s e s .  T h i s  is done i n  g e n e r a l  terms, 

F o r  & ; t r a c t  a l g e b c i s .  T h e  concepts n e e d e d  are t h e n  looked- a t  
- -- - -- - - -- - 

-- ,- -p-pppp-p- - -- -- 

more s p e c i f i d a f l p  i n  terms of . s e m i g r o u p s  a n d  m o n o i d s ,  . &the 

a i g e b r a s  t o  b e '  c o n s i d e r e d  h e r e ,  a n d  s o m e  e x a a p l e s  a'nd Tiroperties 
4 

of these a l g e b r a s  a r e  g i v e n ,  T h e  f i n a l  s e c t i o n  t h e n  i n t r o d u c e s  + 

p s e n d o v a r i e t  i e s  a n d  gene l sa l i zed  v a r i e t i e s ,  w i t K  t h - e o r e m s  b-y 

E i l e n b e r g  a n d  A s h  r e l a t i n g  p s e u d o v a r i e t i e s  and  u l t i m a t e l y ,  - . 
e g u a t i o n a l  classes, a r i d  p s e u d o v a r i e t i e s ,  ' v a r i e t i e s  and- 

g e n e r a l i z e d  v a r i e t i e s ,  

S e c t i o n  Varieties --- 

this section presents some b a s i c  definitions and r e s u l t s  

from t h e  a r e a  of u n i v e r s a l  algebra, O n l y  e n o u g h  - b a c k g r o u n d  f o r  

a t  u s e  - i n  the discussion of l a t t i c e s  of v a r i e t i e s  a n d  
I 

p s e o d o v a r i 6 t i e s  - --  is given here, and all r e s u l t s  are s t a t e d  

v f t h o u t  p r o o f ,  f o r  a. d e t a i l e d  s t u d y  of t h i s  area, i n c l u d i n g  

p r o o f s  of t i b e s u i t s  here ,  the r s a d e r  is referred t o  B u r r i s  a n d  



San tapgana var f 3 f, 

Fur apy n m - e t p t y  set B and any n o n - n e g a t i v e  i n t e g e r  n, an 

. - n-a& o p e r a t i o n  on A i s  a t u o c t i o n  from A" to A. An operation is 

s a i d  to be f i n j t a r ~  i f  i t  is n-ary f o r  some rnteger n, A D e  of 
w 

a l g e b r a s  is it set 3 of f u n c t i o n  s y a b o l s ,  each of which h a s  

a s s : , c i a t e d  with i t  a n o n - n e g a t i v e  i n t e g . e r  c a l l e d  i t s - a r i t y ,  An 

- 
a l q e b r a  +% of t y p e  is a_ _pa-i.r (A; F)  - c o n s i s t i n g  - of a  - LA non-empty a - A - -- - 

set & and a ' c o l l e c t i c n  F o f  f i n i t a r y  o p e r a t i o n s  on A indexed by 

operations of v h i f e  the set A is called t h e  u n d e r g ~ i n g  set of . 

4. When ' n o  c o n f u s i o n  c a n  ar i se  a s  t o  t h e  underlying s'et 

i n v 9 l v e d ,  the t u n d a s e n t a L  o ~ e r a t i o n s  are 3enoted b y  f r a t h e r  

4- 
than f - 

Yg now d e f i n e  t h e  f o u r  i m p o r t a n t  concepts of s u b a l g e b r a ,  

homoaotpbis* ,  Airect t r o d u c t  and q u o t i e n t  a l g e b r a h  

Let 9 f  = ( A ; P )  b e  an a l g e b r a ,  arid l e t  B b e  a non-empty s u b s e t  

of 8 ,  Then 8 = fB;f) is c a l l e d  a subatqebra  of ft if each 

f u c d a  e n t a l  o p e r a t i o n  of & is  t h e  r e s t r i c t i o n  t o  3 of t h e  9 - . _ 
c o r r & o n d i n j  operation of '**, a n 3 3  is ' c l o s e d  under each s u c h  



Let & fi ;P) and & = ( B ; P )  bep two a l g e b r a s -  of t h e  sare t j p e ;  
- - 

A --- ~sEc'"' "t.L d t - i f - b ~ i l a c t i o a  9 ~ ~ O B A  to , -3, srrn -- 
L 

t h e  p r o p e r t y  that f &  any n-iry f u n c t i o n  s p b o l  f i n  3 and any 

" I f  t h e  f u n c t i o n  p is surjective, 8 1s c a l l e d  3 h o ~ o m o r ~ f i c  

-\ --- - -pp-z-p--=: 

~ u p 2 o s f  G a t  [ ;  = A ) A is a Y a m i l y  of a l g e b r a s  _of  . ' 
tne sane t y p e  3 for soae I n d e x  set I. The d i ~ e c t  product of the.. 

&;IS is t h e  a lge t ra  ?-At = ( A ) , with u n d e r l y i n g  set t h e  
* &  - tT 

car tes ian  p r o d a c t  of t h e  s e t s  A , .  T h e  o p e r a t i o n s  on thgis set are 
1 

d e f i n e 3  c o - a r - f i n a t e - v i s e ;  that i s ,  f b r  f any n - a r y  f u n c t i o n  

- 
A conqfuezce j n  an a l g e b r a  * = ( A ;  P) is an equivalence 

r e l a t i o n  0 on b u n i c b  s a t i s f i e s  the c o a p a t i b i 2 i t p  p r o p e r t y :  for 

any  n-nry  f u n c t i o n  f i n  r' and f o r  .all ai , bi in A ,  if (a; , b i  ) is 

in 0 fo r  ISiSn, t h e n -  (f (al,. .. f (b ,,... ,b,)) is in 8. T h e  

e 3 o  lvalence - 5 
- .  . 

c-h-roff3ael&%t a oP A under. t h e  equivalence 



Ye 
- - -- - - 1 - 

an n-arp f u n c t r o n  i n  F ,  t h e  r e l a t i o n  f d e f i n e d  b y  k 

- 4- - - - - - - -- 

fyaL;e ,..., a,/*) = f (a L,.. .,an)/B is  a function. T h i s  a l lows  

t h e  d e f i n i t i o n  of a new a l g e b r a  */B = (A/e;P), c a l l e d  t h e  

-t ieit  3-e~~ o f  * by 8, ot t h e  s a n e .  t y p e  a s  

I 

T h e  concepts d e f i n e d  a t o v e  can now b e  used to define the 
V 

t h r e e - ~ l a s s ' o ~ e r a t o r s  R ,  S and P..Por any c l a s s  K of  algebras of 

- --- 
t h e  same type, 

S ( Q =  {* :+is 
* 

and 

a  subalgebra of an algebra i n  K j ,  

a direct product  of a l g e b r a s  i n  K], 
t * 

~ i n ' a l l g ,  a v a r i e t y  is defined a s  a n y  c l a s s  cf algebras of 

- the saae t-ype which i s  closed-under e t h r e e  o p e r a t o r s  kf, S and /'B 
P. I t  r i l l  h e n c e f o r t h  b e  &Bed t h a t  a n y - c l a s s  o f  algebras 

u n d e r  d i s c u s s i o n  c o n t a i n s  only a l g e b r a s  o f  one t y p e -  

- ~ r o ? o s i t i o n  C * . 1 ~ 1 :  Any i n t e r s e c t i o n  of  variet ies  is d v a r i e t y - .  - 

P r o p o s i t i o n  2-  1.2: For any given t y p e  of a l g e b r a ,  t h e  collection - 

- - - - - - -- 

Prom t h e s e  two r e s u l t s  i t  follows that  for any c l a s s  K of 

a l g e b r a s ,  the i n t e r s e c t i o n  of a l l  n a r l e t i e s  ' c o n t a i n i n g  K i s  t h e  



A* 

unique s ~ s a l l e s t  v a r i e t y  vhich c o n t a i n s  K, This v a r i e t y  is c a l l e d  
\ 

/ 

t h e  v a r i e t y  generated K ,  a n d  w i l l  be d e n o t e d  by  x ( K )  . A n o t h e r  

c o n s e q n e ~ c e  is  t h a t  = f o r -  a n y  v a r i e t y  1, the famil-y of a l l  

varieties o f  the same t y p e  w h i c h  a r e  c o n t a i n e d  i n  forms a 

lattice, go b e  d e n o t e d  by Ll. I n  p a r t i c u l a r ,  th'e f a m i l y  of a l l  
a3 

v a r i e t i e s  of a given , t y p e  f o m s  a  l a t t i ce ,  u s i n g  g niJ and 

V ( E U  gf a s  the meet .and j o i n  r e s p e c t i v e l y  o f  any t u o  varieties - 
- -- -- 

a n d  g, 

T_he~rem 2.1-3; For a n y .  class K of algebras ,  1 (K) =HSP [K) , 
- - - -- -- - - - 

I n  o r d e r  t o  d e v e l o p  a n  e q u i v a l e n t  c h a r a c t e r i z a t i o n  of 
- 

v a r i e t i e s ,  a we now l o o k  a t  term a n d  free a l g e b r a s -  L e t  X be a 
I 

* non-empty  set of variables, a n d  l e t  3 be a type of a l g e b r a s .  

- The set T(X) of terrns or type 3 over  X is d e f i n e d  a s  t h e  

saa l l es  t set containing X a n d  any--0-ary funct ion  sysbols from 3, 

a n d  h a v i n g  t h e  p r o p e r t y  t h a t  if f is a n  n-ary  f u n c t i o n  symbol i n  
a 

3 and p,-=p, a r e  i n  T (I) , then*f (p,.-. . ,p,) is in T (X). The 

e l e  men 

term i -- 
t s  of T ( X )  are c a l l e d  teras-  A term p is c a l l e d  a n  n - a r y  

, 
f n o r  f e v e r  v a r i a c l e s  , a p p e a r  I n  p; i f  t h e  wartables . 

a p p e a r i n g  in p are among xL,,,. ,x,, then p is written as 

P O y -  ,X,J - 
- - - 

T h e  --- tern a l q e b r a  of t y p e  3 over  X is 3 ( X )  = (T ( 8 )  ;P) , v h e r e  
- - -- - - -- - 

I- 
- - -  

the o p e r a t i o n s  i n  P s a t i s f y  f T f , - . . p n f  = f ( p i # - .  .p , )  - T h i s  

algebra J ( x )  i s  c a l l e d  the free a l g e b r a  of t y p e  3'ovekr X; i t  h a s  



t h e  o n i v e r s a l  n a p p i n g  p r o p e r t y  over X f o ~  t h e  c l a s s  of a l l -  

1 

If = ( ( I ;P)  is  a n y  a l g e b r a  'of type 3, then there is 

a s s x i a t e d  w i t h  each n-arg t e r ~  p=p(xL,.. . ,xn) of t y p e  3 a term' 
A 

fucction p on A. T h i s  term function is t h e  n-dry operation on X 

inductively' defined a s  f o l l o r s :  it p=xi , for some ISi<n, t h e 0  
J A 

fi  sore k-ary function s y r a b o h f  i n  3 ,-. t h e n  p (a,, ... ,a ,)  = 

-- - - - - - - 

a furction map b e  thought of a s  ~ r o d u c i n y  f ro% any al, ..., a, i n  

A t h e  element of d o b t a i d e d  b y  r e p l a c i n g  the v a r i a b l e s  xl, ..., xn 

o f  the t e r a  p bg  a a  r e s p e c t i v e l y .  n 

I f  p a n o  q a r e  w a r y  terms of t y p e  3 over a non-empty set  

X, t h e  expression p=q i s  called a n  i d e n t i t y  of type 3 oper X .  An - 

- - 

a l g e b r a  ft = (A;F) of  t y p e  3 is said t o - t i s f y  t h e  i d e n t i t y  p = ~  

i f  for  any elements aLf.. .  , a  of A ,  n 

P r o ~ o s i  tion 2. 1.4: l e t  % b e  an a l g e b r a  of t y p e  3 and l e t  p=q b e  - 
I 

an i d e n t i t y  of t y p e  3 over X. Then f k  satisfies p=p i f  and only 



\ 
I n f o r m a l l y ,  a h o ~ o m o r p h i s n r  $3 ftom 3 (X) to may be 

t h e  variables i n  X ,  For n - a r y  terms p a n d  q, t h e  condition that 

satisfies p=q then means that for a n y  c h o i c e  of e l e u e q t s  

a n  f r o  A, t h e  e l e m e n t s  of  -A o b t a i n e d  by r e p l a c i n g  x i  by 
r 1 

a i r  f o r  l _ < i i n ,  i n  e a c h  of p a n d  y a r e  t h e  same. I n  t h i s  sense we 

u s u a l l y  s a y  t h a t  * s a t i s f i e s  t h e  i d e n t i t y  p=q if f o r  a n y  

- s u b s t i t u t i o n  x =aL ,-... x = a n ,  w e  h a v e  p (a ,,,,,, an) - 
L n 

!I z + - - - , q  - 
f -- - -  

A class K of a l g e b r a s  is  s a i d  t c  s a t i s f y  t h e  i d e n t i t y  p-q 

i f  e v e r y  a l g e b r a  i n  K d o e s ;  K s a t i s f i e s  a se t  o f  i d e n t i t i e s  i f  K 

s a t i s f i e s  every i d e n t i t y  i n  the set. G i v e n  a se t  X of v a r i a b l e s ,  

we inay define t h e  s e t  I d ( K )  of a l l  i d e n t i t i e s  over X uhich a re  

s a t i s f i e d  b y  K. C o n v e r s e l y ,  given a set S of i d e n t i t i e s  of t y p e  

3 over X ,  we l e t  E (S) b e  t h e  c l a s s  of a l l  d l g e b r a s  of t ype  3 

w h i c h  s a t i s f y  S ,  A c l a s s  K i s  ca l i ed  an  equational- _class i f  

K=E ( S )  for some set S of i d e n t i t i e s .  T h e  r e l a t i o n s h i p  b e t w e e n  

e q u a t i o n a l  c l a s ses  a n d  v a r i e t i e s  i s  the content of B i r k h o f f ' s  

Theorem: 

The'orej 2 .1 -3  ( B i r k h o f  f )  : A class K is a n  e q u a t i o n a l  c l a s s  i f  

a n d  o n l y  i f  i t  is a v a r i e t y .  



T h e  a l g e ~ r a s  t o  De c o n s i d e r e d  i n  the rest oE t h i s  t h e s i s  

s e m i ~ r o u p s  a n d  n o n o i d s ,  These a r e  d e i n e d ,  a n d  some of t h e i r  
1 - . , 

b a s i c  p r o s p e r t i e s  p r e s e n t e d ,  i n  t h i s  s e c t i o n ,  % - ~ u r t h e r  d e t a i l s  may 

b e  f o u n d  i n  Clifford a n d  P r e s t o n  [ 4 ]  o r  P e t r i c h  [ 1 1 ] ,  
0 

" A semiggoup i s  a s e t  S w i t h  a s i n g l e  b i n a r y  o p e r a t i o n  , o n ,  

S which s a t i s f i e s  the a s s o c i a t i v e  l a v ,  Formally,  this i s  d e n o t e d  

a s  S ;  { )  bttt u s u a l l y  'it is w r i t t e n  a s  ( S , , )  and t h e  

u n d e r l y i n g  s e t  S i s  i t s e l f  c a l l e d  t h e  s e m i g r o u p t  >We al low t h e  

t r i v i a l  , s e m i g r o u p ,  i n  which S is the e m p t y  se t .  A m o n o i d  is  a 

s e a i g r o u p  H w i t h  a n  i d e n t i t y  e l e m e n t  l n  fo r  the o p e r a t i o n  . ; we 

s p e a k  o f  t h e  mono id  H o r  (R;., I., ) , and o m i t  t h e  s u b s c r i p t  o n  

the 1  when n o  c o n f u s i o n  i s  possible, I n  f a c t  t h e  b i n a r y  

o p e m t i o n  symbol  . is usually o m i t t e d  when referring t o  a 

p r o d u c t  o f  e l e m e n t s  i n  a s e m i g r o u p  o r  a o n o i d :  a b  is u s e d  i n s t e a d  

of a . b  f o r  t h e  p r o d u c t  o f  elements a and . b t  The n o t a t i o n  f o r  t h e  
n 

p r o l u c t  of a n  e l e m e n t - a  w i t h  itself n times is s h o r t e n e d  t o  a - 

Some o f  the u n i v e r s a l  a l g e b r a i c  doncepts introduced i n  t h e  

p r e v i o u s  s e c t i o n  may now b e  i n t e r p r e t e d  f o x  s e m i g r o u p s  a n d  
. ,  

a o n o i d s .  A h o ~ m o r p h i s m  between two s e m i g r ~ u p s ~ ~ ~ a e d - T  is a-- -. 
f u n c t i o n  p from S t o  T s u c h '  t h a t  p(rs)  = p ( r ) p ( s ) ,  f o r  a l l  r a n d  

s i n  S.   or a h o n o m o r p h i s m  o f  m o n o i d s ,  say p:R-->N, i t  is a l s o  

n e c e s s a r y  that p(1,) = Id .  A s u b s e t  N of a m o n o i d  iY is a 
f 



- 

s u b a o n o i d  of E i f  N is a  monoid u n d e r  t h e  same b i n a r y  o p e r a t i o n  
- 

a n d  w i t h  t h e  same i d e n t i t y  e l ement  a s  I•÷. . 

Y e  now c o n s i d e r  free se. igroupl(  a n d  n o n o i d s  G i v e n  any 

non-empty set I, x is d e f i - n e d  t o  be t h e  c o l l e c t i o n  o f  a l l  

e l e m e n t s  xc.xnf for n>0  and xi, ..., x, i n  X. The set X is then 

c a l l e d  an a l p h a b e t .  and t h e  e l e m e n t s  of X+ are c a l l e d  w o r d s  ok 

X. Under t h e  o p e r a t i o n  of c o n c a t e n a t i o n  of w o r d s ,  t h e  set 2 
becones a s e m i g r o u p  c o n t a i n i n g  X, It is t h e  free semigroap on X, 

a n d  i t  h a s  t h e  u n i v e r s a l  mapping p r o p e r t y  f o r  s e m i g r o u p s :  f o r  

a n y  s e m i g r o u p  $ and any f u n c t i o n  f from X to S, ,there is , a  

+ 
- u n i q u e  hosaomorphism g f rom I( t o  S v h i c h  agrees w i t h  f on X -  The 

unique word of l e n g t h  zero, d e n o t e d  b y  1, a c t s  a s  a n  identity o n  
* * + 

v o r d s  f r o s l  X , s o  X = X  U - ( 1 )  is the free a o n o i d  .on XI 

An ele~ent s of a  s e m i g r o u p  S which satisfies s,s=s is 

c a l l e d  a n  idempote_nL A band is a s e m i g r o u p  i n  v h i c h  e v e r y  

e l e m e n t  is a n  i d e n p o t e n t ;  t h a t  is, a seaigronp uhich sat isf ies  

t h e  i d e n t i t y  x * = x .  I d e m p o t e n t  e l e m e n t s  are i n  a b u n d a n t  s u p p l y  i n  
J 

f i n i t e  seaigroups, a s  t h e  n e x t  p r o p o s i t i 0 , n  shows- A p r o o f  of 

t h i s  p r o p o s i t i o n  , m i I  b e -  f o u n d  i n  Eilenberg [ 5 1- 

P r o p o s i t i o n  2 - 2 - 1 3  L e t  S be  a  f i n i t e  s e a i g r o a p ,  and let s b e  a n  
- - 

K 
-- 

e l e m e n t  of S ,  Then there is a p o s i t i v e  integer k s u c h  t h a t  s. is 

a n  i d e n p o t e n t -  



+ 
He m a y  u s e  the free s e m i g r o u p  X on a set E t o  p r o d u c e -  t h e  

f r e e  band on X, This is d o n e  b y  defining a ~ J x L i - o n  E s t k e - k - - - : - -  
+ 

of all p a i r s  ( x ~ ; x ) ,  f o r  x i n  X , and  then t a k i n g  6 t o  b e  the 

s m a l l @ s t  congruence o n  Y+ t o  c o n t a i n  B. The q u o t i e n t  s e ~ i q r o u p  

t + 
X / @  is t h e n  a  b a n d ,  s i n c e  f o r  any x/8 i n  X / 8 ,  

by the d e f i h i t i o n  of 8, T h i s  band i s  c a l l e d  t h e  free b a n d  o n  X. 

An i m p o r t a n t  f a c t  a b o a t  t h e  s i z e  of t h e  free b a n d  is t h e  
- -  - 

fof l o w i n g  result, Froven b y  Green  a n d  Rees [ 9):  

\ 

J 
P r o p o s i t i o n  2-2.2: When X i s  a finite se t ,  the free b a n d  o n  X i s  -- 
a l s o  f i n i t e .  

B e  now g i v e  some examples of v a r i e t i e s  of s e m i g r o u p s  a n d  

m o n o i d s .  From P r o p o s i t i o n  2.1-2, the classes of a l l  semigroups  

a n d  1 o f  a l l  m o n o i d s  a r e  each varieties. F o r  any  set T of 

i d e n t i t i e s  f o r  s e m i g r o u p s  o r  m o n o i d s ,  the n o t a t i o n  1 (T) w i l l  b e G  
4 

u s e d  for t h e  v a r i e t y  o f  s e m i g r o u p s  s a t i s f y i n g  T ,  while l B ( T )  

w i l l  d e n o t e  the variety of m o n o i d s  s a t i s f y i n g  T. When T c o n s i s t s  

of a single identity p=q, t h i s  n o t a t i o n  w i l l  b e  simplified t o  

I ( p = r ; )  o r  W ( p = q ) -  T h u s  l ( x = y )  is the : t r i v i a l  v a r i e t y ,  

... 
is the variety  11, particuias i w a c e  i ~ '  Y U ~  FQ;LLWS i t E e  

I 

$ 
the v a r i e t i e s  g=!(xz=s) of bands, a n d  ~=W-!(X*=X) of b a n d  





P c o q o s i t i o n  2.2.4: L e t  2 b e  any v a r i e t y  of s e m i g r o u p s .  Then i n  5 - p- --- 
i s  a v a r i e t y  of 'mono ids .  I n  p a r t i c u l a r ,  i f  3 is a v a r i e t y  o f  

b a n d s ,  t h e n  xn 4 i s  a v a r i e . t y  of b a n d  m o n o i d s ,  

p r o o f :  V n n is the c o l l e c t i o n  o f  a l l  n o n o i d s  i n  1. B e c a u s e  1 is -- - 
v 

a v a r i e t y ,  a s u h m o n o i d  of a m o n o i d  i n  1. i s  a m o n o i d  i n  Y;-B 
- .  

h c n o m o r p h i c  image o f  a monoid  i n  x. is a m o n o i d  i n  1; and a n y  

d i r e c t  p r o d u c t  o f  m o n o i d s  i n  1 is a m o n o i d  i n  1. Rence I n  4 is a 
- - 

d 

- variety o f  m o n o i d s ,  
e 

P r o p o s i t i o n  2-2,5~ L e t  T be  a n y  set of i d e n t i t i e s  'for s e m i g r o u p s  - 
o r  a o n o i d s .  T h e n  1 (T) n 3 = Y?I (T) . -- 

P r a o f :  T h i s  fo l lows  fro& t h e  d e f i n i t i o n s  of-x(T) and VJ (T); --- 

A n o t h e r  m e t h o d  of g o i n g  f r c i  a variety 1 of s e m i g r o u p s  t o  a 

v a r i e t y  of m o n o i d s  is t o  form t h e  c o l l e c t i o n  A = ( S t :  S r 1) .  T h i s  

v i l l  * n o t  be  a v a r i e t y ,  but w e  nay c o n s i d e r  t h e  variety of 

m o n o i d s  g e n e r a t e d  b y  A, which w i l l  be  d e n o t e d  b y  I f  a 

s e m i g r o u p  S is i n  a ' v a r i e t y  x, i t  is n o t  i n  g e n e r a l -  t r u e  t h a t  S1 

, is  a l s o  i n  x, However it v i l l  b e  s h o v n  l a t e r  t h a t  f o r  c e r t a i n  

v a r i e t i e s  2 of b a n d s ,  S i n  1 d o e s  i m p l y  t h a t  S l  i s  a l s o  i n  I, 
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, s e a i g r ~ u p s  is  n p s e u d o v a r a e t y .  T h e  e m p t y  set  is . t h e  s a a l l e s t  
- - 

pseudovariety of7 s e i i g r o ~ s ,  and  PS is  the ' l a r g e s t .  ror any 

= c ~ l l e c t i o n  K of &*rtite  s e m i g r o o p s ,  there is a smallest 3 - v a r i e t y  

c o n t a i n i n g  X ,  called the 2-variety gene-rated by K and ' d e n o t e d  by ' 

(R)5 . Y s i n g  intersection and pseudovariety-generated- t y  as meet 

- b  

and join . 0 2 e r a t i o n s  respectively, the f a m i l y  of a l l  ' 

p s e u d o v a r i e t i e s  of s e a i g r o n p s  forns a lattice US, ~ i a i l a r l y  for 

a o n o i d s ,  ue h a v e  t h e  h t t i c e  -- L of a f f  - ps€u3o~a~ieties of -- - - 
* 

f i n i t e  n o n o i d s ,  uith t h e  largest and t h e  eiepty.  set t h e  
. 

smallest s u c h  p s e u d o v a r i e t i e s .  Again, we uilf 5e especially 
- --- - - - - - - - - - 

- 

i n  ter?ested i n  ban3s, l o o k i n g  a t  t&P p s e u d o v a r i e t i e s  F3 a n d  
B 

of finite bands a n d  f i n i t e  band;monoids r e s p e c t i v e l y - ,  with their 

assoc ia ted  lattices Lfg and LPBM. 

P s e u d o v a r i e t i e s  of s e a i g r o u ~ s  a n d  m o n o i d s  are  r e l a t e d  a u  

as var i e t i e s  of t h e s e  o b j e c t s  are, F o r  any ~seu_do_v_a_riety  Y o f  

f i o l t e  m o n o i d s ,  there 1s a l e a s t  p s e u d o v a r i e t y  (J)S of f i n i t e  

s e m i g r a u ; ~  which contains it; f o r  a n y  ' p s e u d o v a r i e t y  I! ~f f i n i t e  

s e m i g r o a p s  ( b a n d s )  , 1 n l  is a p s e u d o v a r i e t y  of f i n i t e  (band)  
'5 

scroids- Another way of p r o d u c i n g  a p s e u d o v a r i e t y  of a o n o i d s  

from a p s e a d o v a r i e t p  1 0 s e m i g r o u p s  i s  t o  form t h e  - 

p s e u d o v a r i e t p  1 1  g e n e r a t e d  by the co l l ec t i on  { S ~ : S E  1 )  AS with 
,- 

v a r i e t i e s ,  a s e ~ i g r o u p  S map be in t h e  p s e u d o v a r i e t y  w h i l e  t h e  . + . 
0@ - -- - - -- - 

s o n o i d  ;% i s  n o t ,  I n v e s t i g a t i o n  of 9' for v a r i o u s  
--- -- - - - - - t 

p s e u i l o v a r i e t i e s  has  recent1 y been'carried o u t  ty P i n  [ 131-  



pseudovarieties t o  e q u a t i , o n s .  L e t  X =  (xL,x- - - . I  b e  a set of 2' 

v a r i a b l e s .  for any words p' and q in X , we let m ( p = q )  be the 

set of all finite m o o i d s  which s a t i s f y  t h e  i d e n t i t y  p=q, 

P ~ o p o s i t i o n  2 - 3 - 2 :  VPa (p=q] r s  a pseudovariety of moaoids ,  - - - 

Nou consider a s e q u e n c e  p i  =qi of i d e n t i t i e s  over X, for  

i > l ,  T h e  c o l l e c k i o n  

c o n s i s t s  ot f i n i t e  monoids  w h i c h  s a t i s f y  t h e  e j - u a t i o n s  p i  =qi for 

all i greater than or e q u a l  to "scme in teger  K. Then 1 is called 

an u l t i m a t e &  eqaationalrtass a ~ d  is  said t o  b e  o l t i m a t e l p  
- - -- - 

define? t h e  e q u a t i c n s  pi =qi , f o r  i l l ,  --- 

fl 

P r o p o s i t i s  2.3.3;  Any a l t i m a t ~ l y  e q u a t i o r a l  class is a - 
p s e u d o v a r i e t y  of  n o n o i d s ,  

r: 

Theorem 2.3-4 ( E i l e n b e r g f  : Any aon-empty p s e u d o v a r i e t y  of ,--- -- 
~ m a i d $  is u l t i m a t e l y  d e f i n e d  try a sequence o f  equations, 



A s i m i l a r  d i z c u + l o n  may b e  c a r r i e d  out for  s e ~ i g r o u p s ,  
- - - - -  -- 

w i t h  t h e  f o l f o u i n g  v a r i a t i o n  of t h e  p r e v i o u s  t h e o r e s  a s  a 

r e s u l t :  

Theores 2 - 3 - 5  (Elle~~er;) : A n y  p s e u d o v a r i e t y  of s emi jrou .ps  which 

contains t h 2  s e a i > r o u ;  ( 1  3 is ultimately d e f i n e d  by a s e q u e n c e  

of e q u a t i o n s .  

X e  n a t e  that t b c  e s ? t y  p s e a d o v a r i e t y ,  of i a o n o i d s  or o f  , 

s e a i ? r o u p s ,  a n d  t h e  p s e u 5 ~ v a r i e t y  of s e m i g r o + l p s  c o n t a i n i n g  o n l y  

t h e  ceptp s e m i j r o a ~  canriot  te d e i i n e d  b y  e q u a t i o n s ,  

T h e  c o n c e p t  of pseu5ovariety h a s  been e x t e n d e ~ 3  t o  a n y  t y p e  

, of  a l g e c r a ,  and a r e l a t e d  n o t i o r  f i e f i n e d ,  by Ash i 11, He f i r s t ,  

n e e 3  sgae additional d e f  i n i t l o n s  and n o t a t i o n -  T h e  s e t  of a l l  

i Z e n t i t i e s  of t h e  tfrpe ander  consibe~?tioa w i l l  te deso tgd  by E. 

For any class rC of alge~ras, F O d  (K) i s  t h e  c l a s s  o f  d i r e c t  

_ powers af m e d h e r s  of R, A f a a i l y  of s e t A  is said t o  be directed 

if f o r  any two sets A a n d  i3 I n  t h e  f a m i l y ,  there is a s e t  C i n  

t h e  faaily w i t h  A S  C and B 5 C. P ~ n a l l y ,  a filter o v e r  a set I is 

a f s r i l y  of s u D s e $ s  of i closed under f o r m t i o n  .of f i n i t e  

i n t e r s e c t i o n s  and supersets. V i t h  t n i s  background we look a t  

three theorems of a s h ,  v h i c h  a r e  p r o v e d  i n  i 1 ) -  
- - - - - - - -- - pp 

Theorem 2 . 3 . 6  (Ash) : SO; any class K of alge~ras, t h e  f o l l o w i n g  

a r e  e q u i v a l e n t  c o n d i t i o n s :  



- 

K- i s  c l o s e 3  under  H,S,PC and POY; 
- - - - - -- - 

K=HS;?f  POB (K) ; 

K is t h e  union of some d i r e c t e d  f a a i l y  of v a r i e t i e s ;  

T h e r e  e x i s t s  a f i l t e r  F o v e r  E such t h a t ,  for a l l  

a l g e b r a s  dt , 

-&is i n  K i f f  Id(++) is i n  P, 

A ~ e n e ~ i t f i z e d  ~afiety is t h e r e f o r e  d e f i n e d  a s  any c l a s s  of 

algebm s s a t i s f y i n g  any one of the conditionsr-of Theorem 2 - 3 - 6 ,  

P r o m  condition (2) of t h i s  theorest, i t  also fo l lows  that any 
,s 

- 

c,lass K of a l g e b r a s  is c o r t a i n e d  i n  a 9% g e n e r a l i z e d  

v a r i e t . ~ ,  which is then c a l l e d  t h e  g e n e r a l i z e d  v a r i e t x  generated 

& K, and d e n o t e d  by Gen (k) = ASP* POW (K). 

A p s e u d o v a r i e t y  --- i s  d e f i n e d  t o  b e  a n y  c l a s s  of algebras 

closed under the o ~ e r a t o r s  3, S and PF- The r e l a t i o n s h i p  betueeo  

pse u 5 o v a r i e t i e s  and generalized v a r i e t i e s  is g i v e n  i n  f h e  n e x t  

theoren. 

Theorem 2.3-7 { A s h ) :  A class of a l g e b r a s  i s  a  p s e u d o v a r i e t y  i f  -- --- 
and o n l y  if i t  consists of t h e  finite aenbers  of some 

q e c e r a l i z e d  v a r i e t y ,  I n  fact, if 1 is a p s e u d o v a r i e t y ,  then I! 

consists of the f i n i t e  members of Gen(l), t h e  g e n e r a l i z e d  





- 

111. L a t t i c ~  of Varieties and Psendorarieties of Band Monoids 

In t h i s  chapter we s t u d y  the l a t t i c e  of v a r i e t i e s  o f  b a n d  

m o n o i d s  and the l a t t i c e  of p s e u d o v a r i e t i e s  of band monoids ,  I n  

t h e  n o t a t i o n  of Chap t , e r  11, the class of a l l  bands is t h e  , 

variety 2 = I [ x ~ = x ) ,  and  L B  d e n o t e s  t h e  l a t t i c e  of a l l  v a r i e t i e s  

of bands. S i a i l a r l y  we have  t h e  variety = - V# ( x z = x )  of band 

monoids, w i t h  t h e  l a t t i c e  m- Ve begin b y  s h o v i n g  t h a t  t h e  
- 

mapping  Moo t a k i n g  1 t o  1 n Pf, for 1- i n  u, i s  a s u r j e c t i v e  
/ 

l a t t i c e  homomorphisa from onto  &BB, S i n c e  the s t r u c t u r e  of 

t h e  l a t t i c e  is knoun, t h i s  allows u s  t o  study t h e  s t r u c t u r e  
- 

o f  m, by  l o o k i n g  a t  t h e  image  of &g under Moa, T h i s  is d o n e  i n  

S e c t i o n s  2 a n d  3, w i t h  t h e  result t h a t  the l a t t i c e  of v a r i e t i e s  

o f  band aonoids is d e t g r m i n e d .  F i n a l l y  i n  S e c t i o n  4 Ash's 

t h e o r e m s  a re  a p p l i e d ,  t o  o b t a i n  t h e  l a t t i c e  of pseudovarieties 

o f  band monoids ,  t 

Section 1: T& Lattice ~omomor~hism 

Let 1 be any v a r i e t y  o f  bands-  From P r o p o s i t i o n  2 -  2-  4, E n  fi 
4 9 

is then a v a r i e t y  of band monoids,  Thus the n a p p i n g  - !%on t ak ing - f !  

t o  5 ,  f o r  1 i n  LB, is i n d e e d  a f u n c t i o n  from LEJ - t o  -- LBH. I n  

t h i s  s e c t i o n  we show t h a t  Hon i s  a s u r j e c t i v e  l a t t i c e  



P r o p o s i t i o n  3-  1 , 1 h  Hon 1s a i a t t i c e  hoaomorphism,  -- 
- - - -- - 

P r o o f :  Let 1 a n d  g ke-varieties i n  t h e  'lattice LB, Then 

E e  must f u r t h e r  show t h a t  

t h a t  is, t h a t  

S i n c e  (1 v 1) r\ - fl i s  a v a r i e t y  of m o n o i d s  which contains a l l  

m o n o i d s  i n  v #, and  (l A 4) v (2  n 1) i s  t h e  l e a s t  v a r i e t y  of 

m o n o i d s  to  c o n t a i n  all t h e  m o n o i d s  i n  1 L, g 8  we h a v e  

N o w  let H b e  a n y  monoid  i n  (1 v id) - H, By Theorem 2.1-3, 1 v g 

i s  e q u a l  t o  Hf P(f t~ g) . Thus t h e r e  e x ~ s t  b-arrds, A in 1 an?f S i n  _K, --- - 

a s u b s s a i q r o ~ p  C of A r I), aed a s r t r j e c h i v e  h-esphisut f f r d  

C o n t o  ll. Choose an e l e m e n t  e of C such t h a t  f (e) is equal to 



t h e  identity 1 o f  H, S i n c e  C i s  a band ,  e is a n  i d e m p o t e n t ,  

I 

Let D= sCe = { e c e  : c E. C). From P r o p o s i t i o n  2 . 2 - 3 ,  D is a 

s u b s e m i g r o u p  o f  C ,  and  D is a monoid. Also for a n y  m in H, there 

is a c i n  C s u c h  t h a t  f (c)=m; b u t  then ece i s  i n  D ,  a n d  

Therefore t h e  r e s t r i c t i o n  of f to D is a s u r j e c t i v e  homcmorphism 

from D o n t o  PI, 

Let p, dnd p, b e  t h e  p r o j e c t i o n s  of A x B o n t o  A and B 

r e s p e c t i v e l y -  The images I = p l  (D) and J=p,  (D) are  m o n o i d s  i n  A 

and B r e s p e c t i v e l y ,  s o  I is I n  1 n 4 a n d  J is i n  Wn E- F u r t h e r ,  D 

is e a s i l y  seen to be a s u b m o n o i d  o i  I x J ,  so t h a t  M is a 

homomorphic  image of a s u b m o n o i d  of a p ' roduc t  o f  monoids from 
- I 

V n 4 a n d  g n a. T h i s  e s t a b l i s h e s  the i n c l u s i o n  - 

1 

We c o n c l u d e  t h a t  



a n d  s o  Ron is a l a t t i c e   homomorphism^ y 

P r o p o s i t i p q  3-1.2:  T h e  l a t t i c e  homomorphism Bon f r o &  LJ t o  H& 

is s u r j e c t i v e .  

P r o o f :  L e t  2 . b e  any v a r i e t y  o f  b a n d  mono ids .  R e g a r d i n g  g a s  a --- 
c o l  l e ~ t i o n  o f  s e m i g r o u p s ,  w e  may c o n s i d e r  E(U) , t he  l e a s t  

v a r i e t y  of s e m i g r c u p s  t o  c o n t a i n  g, T h i s  v a r i e t y  w i l l  c o n t a i n  * 

o n l y  b a n d s ,  s o  it will a p p e a r  s o m e w h e r e  i n  t h e  l a t t 5 c e  
I 

t 

Clearly 2 i s  c o n t a i n e d  i n  v(U)n F o r  t h e  o p p o s i t e  

inclusion, s u p p o s e  t h a t  ?l is  a n y  m o n o i d  i n  z(TJ). S i n c e  I(U) i s  
b 

e q u a l  t o  HSP(LJ) ,  3 m u s t  b e  a h a m o m o r p h i c  image o f  a s u b s e m i g r o u p  

of a p r o d u c t  o f  me.mbers  o f  DL AS a v a r i e t y  o f  m o n o i d s ,  is 

c l o s e d  u n d e r  t h e  f o r m a t i o n  of p r o d u c t s ,  s o  we m a y , t a k e  U i.n LJ, T 

a s u b s e m i g r o u p  o f  Y, a n d  g a s u r j e c t i v e  homomorph i sm f r o a  T t o  

fl, Ther: t h e r e  is a n  e l e m e n t  e i n  T s u c h  t h a t  g ( e )  = 1, a n d  e is 

an  i d e a p o t e n t ,  The se t  eTe t h e n  f o r m s  a m o u o i d - c o n t a i n e d  i n  T ,  
4 

a s  i n  P r o p o s i t i o n  2 - 2 - 3 ,  a n d  t h e  r e s t r i c t i o n  of  g t o  eTe is a 

surjective h o r a o ~ o r ~ h i s m  irom e T e  t o  4, Thus H is a  h o m o m o r p h i c  
3 .  

image , of a m o n o i d  e l e  i n  W. I Now e T e  may n o t  h a v e  t h e  same 
L. 

identity e l e m e n t  a s  W, so i t  may n o t  be  a s u b m o n o i d  o f  U, I f  i t  

is, t h e n  eTe i s  alsc i n  1, a n d  s o  i!l 'is i n  H (g )  = 2- I f  n o t ,  then 
- -- 

e T e U ( l w )  ks a s u b m o n o i d  of H, a n d  then e T e  is a h o m o m o r p h i c  

inage o f  eTe U {I,].  In t h i s  case, PI i s  a h o m o m o r p h i c  i m a g e  of a 

h o m o m o r p h i c  i m a g e  o f  a s u b m o n o i d  o f  W, s o  a g a i n  fl is i n  2. 



T h e r e f o r e  l ( U ) n  = ll, or Hon ( V ( U ) )  = 2, 

- F o r  t h e  p u r p o s e s  of t h i s  d i s c u s s i o n ,  W E  a r e  i n t e r e s t e d  \ i n  

a p p l y i n g  t h e  m a p p i n g  t a k i n g  1 t o  1 n only to v a r i e t i e s  Y o f  

b a n d s ,  However, we n o t e  t h a t  t h e r e  a r e  o t h e r  s i t u a t i o n s  i n  w h i c h  

t h i s  mapp ing  will d e f i n e  a l a t t i c e  hoinoaorphism.  I n  t h e  proof o f  
-- 

I 
P r o p o s i  t i o B  3. 1 -1 ,  we u s e d  the f a c t  t h a t  t h e  s e r n i g r o n p s  i n v o l v e d  

L 

were b a n d s  o n l y  i n  one k e y  s t e p ,  t o  e n a b l e  us t o  p r o d u c e .  an 

i d e a p o t e n t  e. A n y  h y p o t h e s i s  a b o u t  t h e  d o m a i n  of t h e  m a p p i n g '  

which e n a b l e s  u s  t o  produce t h e  necessary i d e a p o t e n t  a t  t h i s  

s t a g e  w i l l  allow ' u s  t o  prove t h a t  the m a p p i n g  g is a 

l a t t i c e  hcrnomorphism c n  t h a t '  dosain. 
Q 

As a n  e x a m p l e  of tKis, we may, c o n s i d e r  t h e  l a t t i c e  of 

p s e u d o v a r i e t i e s  o f  f i n i t e  s e m i g r o u p s ,  Using P r o p o s i t i o n  2 .2 -1  t o  

g u a r a n t e e  t h e  e x i s t e n c e  of t h e  n e c e s s a r y  i d e m p o t e n t ,  we may 

a d k p t  t h e  p r o o f  of P r o p o s i t i o n  . 3 , 1 ,1  t o  show t h a t  t h e  m a p p i n g  

. PPIon t a k i n g  1 t o  x r ) ! l ,  for a l l  p s e u d o v a r i e t i e s  1 i n  I,,, i s  a l s o  
, 

a l a t t i c e  h o ~ o m o r p h i s m , o n  t h e  d o m a i n  CfS, 

S e c t i o n  2~ T h e  Base of the La t t i ce  of Var ie t ies  of Band n o n o i d s  

We now b e g i n  our e x a m i n a t i o n  of t h e  l a t t i c e  of 
- - -- 

v a r i e t i e s  of b a n d  m o n o i d s  Ye h a v e  s e e n  t h a t  is the image of 
* G  

the l a t t i c e  of v a r i e t ' i e s  of b a n d s ,  u n d e r  t h e  l a t t i c e  



h o m o m o r ~ i s m  %on t i k i n g  1 to Ins, so oar a p p r o a c h  now is t o  
-- -- - -- 

look a t  the s t r u c t u r e  of t h e  l a t t i c e  ir, a n d  determine which 
- 

v a r i e t i e s  i n  it are i d e n t i f i e d  u n d e r  t h e  action cf a o n :  t h a t  is, 

t o  determine t h e  c o n g r u e n c e  ~ n d u c e d  'on @ by non,  

The structure of the l a t t i c e  &g of v a r i e t i e s  o f  b a n d s  h a s  

b e e n  e s t a b l i s h e d  by  B i r j u k o v  [ 2 ] ,  Pennernorq [ 6 ]  a n d  G e r b a r d  

[ 0] .In  p q r t i c u l a r ,  Pennemore  has s h o w n  in f 7 ] t h a t  the 'varieties 

of b a n d s  i n  I& are  e a c h  determined b y  one i d e n t i t y  o t h e r  than 

x z = x .  Because henceforth re w i l l  b e  c o n s i d e r i n g  o n l y  varieties 

of b a n d s ,  "ue u r l l  d e n o t e  b y  x ( p = q )  t h ~  v a r i e t y  of b a n d s  
1 

s a t i s f y i n g  t h e  a d d i t i o n a l  i d e n t i t y  p=q,  w h e r e  p and  q are  n a r d s  

o n  t h e  alphabet X = [ a , d , x , y , x i , x r f . . . ~ .  Prom P r o p o s i t i o n  2 .2 .3 ,  

the image of u n d e r  Hon i s  t h e n  t h e  v a r i e t y  of band 

m o n o i d s  which we r i i l  . d e n o t e  from now ,on by . = .  
W l ( p = g ) .  Following t h e  n o t a t i o n  of Fennenore [ 7 ] ,  the words  ft,, 

rr 

S, and Q,, for  n12, are d e f i n e d  as .  f o l l o n s :  

-'7 

for  n e v e n ,  n24 



Qn4xn Rn, for  n e v e n ,  nL4 - B 
Q n  - 

for  n odd, nL5 Rn 'n 'n-1' 

S n - F ~ n B n ,  f o r  n e v e n ,  n24 
f 

f o r  n odd, 1125 d 
* .  

- 
F o r  any word A ,  A uill d e n o t e  the mlrror image of A ;  so for 

example ,  R, = x x x 
3 2 1- 

T h e  structure of the lattice &, is s h o u n  i n  P igure  1 ,  The 

p o r t i o n  of t h e  f a t t i c e  above the v a r i e t p  l ( a x y a = a x a y a )  u i l l  b e  

re f  erred to as the Q d u c t i v e l p  d e f i n e a  =& o f '  t h e  l a t t i c e ;  t h e  
r 

p o r t i o n  b e l o w  and  i n c l u d i n g  the v a r i e t p  x - ( ~ ~ d % = ~ , , d < )  w i l l  b e  

c a l i e d  t h e  of  t h e  lattice, I d e n t i t i e s  for t h e  v a r i e t i e s  n o t  

s p e c i f i c a l l y  l a b e l l e d  i n  P i g u r e  1 may b e  f o u n d  i n  Pennemore [ f  1, 

T h e r e  a r e  s e v e r a l  . e a s i l y  v e r i f i e d  facts a b o u t  t h e  vords and 

i d e n t i t i e s  . 

a n a l y s i s  of 

variables. 

w o r d s  P and 

i n v o l v e d  in Lg which w i l l  b e  useful for later 

JJq.  For n>3, t h e  words  Rn, S ,  and Q each h a v e  n 
", , 

word P, a n d  
- 
x=x  f o r  any variable x. 



- - 

F i g u r e  1 c 

-- -- 

The L a t t i c e  af varieties of Bands 



i 

An i ~ l p o r t a n t  p r o p e r t y  of 1s its s y m s e t r y . ,  The l a t t i c e  is 

s i w e t r i c  a h u t  a &t&al l iw + t r e q h  lF%=w, frr+--serrre-~ 

/ that t h e  c o r r e s p o n d i n g  varieties on either s i d e  of t h e  line a c e  
- - 

Y (P=Q) a n d  1 (P=Q) , for  some i d e n t i t y  P=Q. T h i s  symmetry m e a n s  - 
that many of the results t o  b e  obtained i n  t h e  foliowing ' 

,( 

s e c t i o n s  may, be  " d u a l i z e d n :  i n  a n y  proof i n v o l v i n g  words  
\ - - 

; P Q, . , r e p l a . c i n g  the words by t h e i r  m i r r o t  images P,Q,-. . 
t h r o u g h o u t  w i l l  g i v e  a p r o o f  of t h e  neirror imagen  or dual 

result. 

-s 

For the remainder  of t , h i s  section, t ,he  iaage u n d e r  Bon of 
- 

t h e  b a s e  o f  the 1aktice;LJ is e x a m i n e d .  The first p r o p o s i t i o n  
T 

deals w i t h  the first  two i a y e r s  o f  t h e  base, 

Proof :  (i) Clearly any mono id  i n  1 (x=y) must  b e  t h e  t r i v i a l  -- 
A 

, a n y  of E ( x a = a ) ,  I (ax=af  or l (a=axa)  , Then for a n y  a i n  3 ,  t h e  

s u b s t i t u t i o n  x=s and a=l r e s u l t s  i n  each case i n  m = 1 ,  so t h a t  M 

satisfies the i d e n t i t y  x=l,  T h e r e f o r e  VB(xa=a) = vnZ(ax=a) =,' - 

(i i)  S i n c e  1 ( x g = y x )  i s  c o n t a i n e d  i n  X ( R L = Q , )  , i t  f o l l o v s  t h a t  



a n y  e l e m e n t s  of 7 ,  then t h e  s u b s t i t u t i o n  of x L = l ,  \=a a n d  x,=n 

i n t o  t h i s  i d e n t i t y  g i v e s  nm=mn. Thus is in B ( x y = y x ) ,  and 
/ 

I .  - - - Y ( B  ' 3 , )  = V X ( x y = y x ) .  A A u a l  argument  s h o w s  that ( B ~ = Q ~ )  - - 2 -- 

-* 

If 3 is any s o n o i d .  i n  YA f a x y a = a y x a )  , and m and n are any 
- - - - - 

e l e m e n t s  ot r, t h e n  t h e  s u b s t i t o t i o n  x=e,  * y = n  a n d  a=f i n  t h e  

i d e a t i t y  a x y a = a y x a  g i v e s  mn=na. Therefore ( a x y a = a y x a )  is 

from t h a t  for v a r i e t i e s  of hands, we have t h a t  V!l(axya=ayxa) = 

Next  ve c o n s i d e r  , t h e  v a r i e t i e s  l ( x a = d x a ) ,  (S ,=S, )  a n d  
- - 

V f R 3 = Q 3 )  w h i c h  appear  on the r i g h t  s i d e  of t h e  base of t h e  - 
-- - - - 

l a t t i c e  Id, arid their a i r r o r  i a a g e s  x(ax=axa) ,  l ( R z = S , )  and 

V ( B 3 = Q 3 f  on the left side cf the b a s e  o f  the lattice, - 

- - 
P r o p o s i t i o n  3.2-2: (i) (xa=axa)  = S )  = W ( R , = Q 3 )  ; 

Pro~f: (i) 3ecause t h e  c o r r ~ s ~ o n d i n 3  i n c l a s i o n s  are: t r u e  for 



B o w  let B be any monoid in = f g 3 = Q 3 f ,  so tha t  t h e  i d e n t i t y -  - -  

5 ,  The  s u b s t i t u t i o n  x, A =n, x,=m an3 x,=1 produces a n = ~ & ~  from - 
this i d e n t i t y ,  Therefore 8 is  i n  Vi3(xa=axa) ,  and  it f o l l o w s  tha t  

( i i)  T h e  proof is dual to t h a t  of (i), 
, 

Because of the p a t t e r n  w h i c h  w i l l  3rise when t h e  

% i n $ & t i v e l I r - d e f i a e d  portion of t6e la t t i ce  &.g =s CoKsSidZrFb,the - - -  

' + 
three v a r i e t i e s  i d e n t i f i e d  a s  equal  in (i) above will b e  

ref erred f o  a s  ( E 2 = S , )  , and the mirror image var ie - ty  from (ii) - - 
as W!(R,=S,). From the a ~ o v e  ~ r o p o s i t i o n s ,  we know t h a t  the  

image of t h e  base of LB under 3on is a s  shown i n  Figure 2. 

It is clear t h a t  VE(x=I)  'is contained i n  b u t  not equal t o  

V B ( ~ y = y x ) .  The next propos i t i on  will show that '  n e i t h e r  of t h e  - 
, C' - - 

v a r i e t i e s  H(R,=S, )  a n d  Y B { B z = S 1 )  is conta ined  i n  t h e  other ,  

Pro3 t h i s  it will f o l l o w  t h a t  these two varieties, t h e i r  meet 

and t h e i r  join are all d i s t i n c t .  

- 
Propos i t i on  3 . 2 . 3 :  Y e i t h e r  of VH{Rz=S2) and v!•÷(RL=S2) is 

?roof= B e c a l l  t h a t  ( a 2 = S , )  = V!•÷(xa=axa) , and ' t h a t  r( ( a i S 2 )  = 



F i g u r e  2 

T h e  1 &age of the  Base of && under  Ron 

Y M  (ax=axa) . S i n c e  2 (xa=axa) is  not c o n t a i n e d  i n  1 [ar=axa) , t h e r e  - 
i s  3 s e m i g r o u p  A which  s a t i s f i e s  xa=axa but not ax=axa ,  If A _  is 

a monoid,  then &is i n  Y!lfxa=axa) b u t  n o t  in V H ( a x = a x a ) ,  - 

Ti 4 is n o t  a aonofd; let 3 b e  t ie  monoid A 1 .  T h e n  9 vill 

not s a t i s f y  the i d e n t i t y  ax=axa.  B e  m u s t  s h o o  t h a t  tl does 

satisfy the i d e n t i t y  xa=axa, L e t  n and n b e  any elements of ti, 

and c o n s i d e r  the s u b s t i t a t i o n  x=m and  a=n. If n e i t h e r  a nor n 

is 1, t h e n  ma=nlw. If m = 1 ,  then en = n  = n l n  =n@n; i f . n = l ,  t h e n  

-- - 

xa=sxa  i s  s a t i s f i e d  in 4. Therefore U i s  in ViJ(xa=axa) b u t  n o t  

i n  (ax=axa) . 



- - - 

This c o r n p l a t e s  the p r o o f  t h a t  t h e  base  of t h e  l a t t i c e  LJ39 
pp - -- - - - - - - - 

of varieties of mod n o n o i d s  1 s  i n  fact a s  shown in P i g u c e  2.  

S e c t i o n  3; T h e  L a t t i c e  of Varieties of j33& n o n o i d s  -- 

I n  this s e c t i o n  ue will consider the image under Plon of t h e ,  
* 

~ n d u c t i v e l y  d e f i n e d   art of t h e  l a t t i c e  g,g, In t h e  r i g h t - h a n d '  
- - 

= e d g e  o f  t h e  l a t t i c e .  a b o v e  the Ease, the pattern E(Bn=S,); 

- - 

223. - T h e  l e f k - k m 3  e d g e  of t h e  l a t t i c e  bas t5e m i r r o r - i m a g e  o f  

t h i s  p a t t e r n ,  

. . 
Three main r e s u l t s  u i l l  b e  p r o v e d ,  i n  t h i s  ' s ec t ion-  T h e  

- - 
f i rs t  is t h a t  for n23, VH(Rn=Q,) = =(an- ,=S, - , )  ; a n d  d u a l l y ,  t h a t  
- - 
w,=a,)  = 1s (a, - ,=~, , -~)  - - T h i s  shows t h a t  a c e r t a i n  amount  of 

c o l f a p s i n g  o c c u r s  in g o i n g  from @ t o  I,= b y  Plon, Next' w e  s h o w  

V B  (B,=S,), a d  d u a l l y ,  that 14 (Rn-pS,-,) is  c o n t a i n e d  i n  b u t  n o t  ' - 
- - 

e 3 u a l  to W3(Rn=S,) .  A series o f  p r o p o s i t i o n s  i s  n e e d e d  t o  

e s t a t l i s h  t h e s e  results, a n d  t h e  p r o o f s  w i l l  u s e  i n d u c t i o n .  

F i n a l l y ,  -it r i l l  b e  shovo t h a t  f o r  nt2, t h e  v a r i e t i e s  W ( R , = S , ) ,  
- - 

?!4(Bn=S,), t o g e t h e r  v i t h  t h e i r  seet a n d  t h e l r  join are a l l  - 

t h e s e  r e s u l t s  u i l l  t h e n  be used to &fennine - a€ 

the c o e p l e t e  l a t t i c e  m. 



- - 
We begin now to show t h a t  W3(Rn=Q, )  = V# (R-=S,-,) f o r  ~ 2 3 -  - 

The following proposition e s t a b l i s h e s  a r a t h e r  ~ t a 3 i n i c a I  result 

w h i c h  will be the k e y  to  p r o v i n g  t h e s e  v a r i e t i e s  equal, 

Proposition 3.3.1: L e t  1114, Let M be a monoid with i d e n t i t y  -- ----- --- 
e l e m e n t  1 ,  a n d  let a I,.. ., an-L b e  a n y  elements of a. L e t  b L = a 3 ,  

b =a,, I ,  b =al, a n d  l e t  b,=a *-,, for  55t6n.  T h e n  
2 'i 

a n d  , .  

and 

n. For n = 4 ,  we have 

Y h s  the m 3 t  holds for n=4, 



Now a s s u m e  t h a t  t h e  resul t  of the proposition i s  true for  

a11 k s u c h  t h a t  4 5 k t n .  a n d  c o n s i d e r -  a L,..., an-L and- b*. ... ,b,- 3s 

a b o v e ,  T h e n  u s i n g  t h e  d e f i n i t i o n s  for R,-, and Rn, and t h e  
P 

i n d u c t i o n  h y p o t h e s i s ,  w e  g e t  t h a t  f o r  n odd ,  

and for n even, . . 

-\ 
Now u s i n g  

e s t a b l i s h e d  

t h e  i n d u c t i o n  h y p o t h e s i s  a g a i n  a n d  t h e  result just 

for R n ,  we get for n e v e n  

a n d  for n odd, 





and  t h u s  

T h e  p r e c e e d i n g  two p r o o f s  cdn b e  d u a l i z e d  

f o l l o w i n g  d u a l  of Theorem 3 . 3 - 2 :  

Because the  corresponding i n c l u s i o n  is true 

t o  g i v e  t-he , 

f o r .  Lands, it 
- - 

f o l l o w s  that 12 (Bn-L=Sn- , )  is c o n t a i n e d  i n  W{Rn=S,  ) , for 1113, The 

g o a l  of t h e  next series of p r o p o s i t i o n s  i s  t o  show t h a t  - , - 7 
V ~ ~ ( R , - F S ~ - ~ )  is h o w e v e r  n o t  e q u a l  t o  ( S )  , f o r  1123- The -- , 

problem now i s  thus t o  p r o d u c e  a monoid i n  VH(R,=S,) w h i c h  is *, 
, - -  

n o t  i n  lg (Rn-,=S,,,) , for each n23. 

- - 
~ i o c : !  o r  3 - V ( R = S )  rs c o n t a i n e d  i n  hut n o t  equal to  

z ( R n = S , ) ,  there  exists a semigroup A,  s a t i s f y i n g  RP=s, b u t  n o t  
- - 
R,-,=S,,_,, L e t  H n = A n l ;  t h a t  is, 



where i n  t h e  latter case 1 wlll act a s  a n  i d e n t i t y  f o r  Hn- Then 
- - 

8, d o e s  not s a t i s f y  fin-l=Sn-l. We w i l l  s h o w  that  El; d o e s  s a t i s f y  

R,=S,. D f  course i f  r!,=A,, t h i s  is obviously true- T h e r e f o r e  in 

uha t f o l l o w s  it w i l l  b e  a s s u m e d  t h a t  fln=A,,u { I )  , where A n  is i n  

V (R,=S,) , for n13. - 

L e t  -a,,..,,an b e  any eleerents of 1,- It must b e  shown that 

- F,(a , , -=. ,an)  - Sn(a,,,,,,an)- I f  al=az= ,.-= a n = l ,  t h e n  

E n ( a L ,  .,., a,,) = 1 = Sn(al,,,.,a .) , s o  we may h e n c e f o r t h  assume 

t h a t  n o t  all of a,,,,, ,a, are  . e q u a l  t o  1- 'de w i l l  examine two 

cases: f irst  when n o t  a l l  of a d and  a, a're equal t o  1. a n d  
9 2 

s e c o n d  when a l=a2=a3=l  b u t  n o t  a l l  of aq ,..- , a  I are  e q u a l  t o  1, n 

Effore s t a t i n g  t h e  p r o p o s i t i o n s  w h i c h  w i l l  d e a l  v i t h  these two 

situations, we i n t r ' o d u c e  s o m e  . n o t a t i o n  t o  s h o r t e n  t h e  
a 

e x p r e s s i o n s  i n v o l v e d ,  We will d e n o t e  R n  ( a l f  .. . , a n )  b y  R, (a) , and  
2 

R n ( f b L )  ,--- ,f (an) 1 by B n ( f  (a ) )  ; Rn+, (a,, - 9  - , a,,,) a n d  ' 
a 

n+T ( ( a )  , - , f ( a )  ) w i l l  b e  r e p r e s e n t e d  by Rncl(a ,a,,%) a n d  
a , '  

R,,,(f ( a ) ,  f (a*,) ) r e s p e c t i v e l y ;  a n d  s i m i l a r l y  f o r  ' S ,  and S,,,, 

P r o p o s i t i o n  3.3.4; (Let n t 3 ,  and  l e t  aL,-., ,an b e  e l e m e n t s  o f  a - 
- 

rnonoid M s u c h  t h a t  n o t  a l l  o f  a,., a, and a3 a r e  e q u a l  t o  1, 

Defirte a f u a c t i o n  f fro= , . a  t o  fa , , - - - , a  3 -  [I] a s  n 



and if ai 91, for 65i<n6 

Then 

- 

R"(a,f-...a,,) = qf (a,) . - . . , f  (a',)) 

and 

s p  a,,) = s n ( f ( 9 ) , . . . , f  (an)) .  



i 

Proof: The pqoof -will be b y  i n d u c t i o n  o n  n, We f i r s t  v e r i f y  t h a t  --- , 

the p r o p o s i t i o n  h o l d s  fod GFJ. Since* k a l m  of t h e . f u n c t i a ~  f - --- - 

at a i  i s  d e t e r m i n e d  a c c o r d i n g  t o  whether  o r  not a,.=$, our method 

i s  t o  c h e c k  a l l  ~ o s s i b l e  c o m b i n a t i o n s  o f  w h i c h  members of . 
a , /, 

( a1+ ,  a3) a r e  e q u a l  t o  1. k'e recall that 
J 

and 

There  a r e  t k r e e  cases to  c o n s i d e r .  

Case 1: None of a,, a ,  o r  a, is  e q u a l  to 1. 

Then •’(ai) = ai for 14i53, 'and so 
3 

Case 2: Exactly .one of aL, a and a3 is equa l  t o  1. 
1 2 

1 Then there are three s o b c a s e s  to look at: 

(i) ai=l, a2#1, a3f1-  



and 

- - a a a a a a a  
2 2 3 2 3 2 3  

T h e n  f ( a l )=a ,  and f (a2)=f(a3)=a, ,  s o  

and 

- - a a a a a a a  
1 3 3 1 3 3 3  

(iii) a a a,=l. 

T h e n  f (a,) =a, and f (al) =f (a3) =a so 
2' 



and 

- - a a a a a a a  
1 2 2 1 2 2 2  I 

- - 

Case 3: Exactly two of a,, a,, a%d a3 a r e  e q d a l ' t o  1; 

Soppose  t h a t  ai =a. = I ,  and a6j1.  Then f ( a i )  = f  (aj ) =t (aK)  =aK; 
9 

the refo re 

- - -- 

%is cmpletes the proof forxlie i n d u c t i v e  bas&e n = T % e  now 
2 2 2 

assome that R (a) = R K  (f (a) ) a n d  S (a)=SK(f  ( a ) )  for  a n y  intecjkr k 
I K K 



-- 

s u c h  t h a t  3<kSn,  a n d  look a t ;  the words 8,+1 and Sn+, u n d e r  the 

s u b s t i t n t j o n  x,=al,.--,x - - - - --- *-Fan+%* - 

' a n d  

For n + 1 2 4 ,  R,+% a n d  Sn+l are i n d u c t i v e l y  defined a s  fo l lous :  

n + l  e v e n ,  n + l 2 4  

n+l odd, n+l>S 

n t l  e v e n ,  n+114 

Sn+3. 
' n+l odd, n t 1 2 5 ,  

C 

The cases n + l  even and  n + l  odd. sust  be dealt u i t h  s e p a r a t e l y -  
* 

I 

I 

Suppose that n+l is o d d  and n+115. Then 

by t h e  i n d n c t i o n  hypothesis, If a,+L# 1, then f (anLl) =an+i, and  so 

-3L A 

Tf however an+pt ,  t h e n  Rn+,[a,a_,+=B,tftat+; But if M r  M@n 
A 

f (afl,) = f  (a,) = f ( a 3  , and B &(f (a) ) begins u i t h  f (al) ; w h i l e  if 



for any n+l o d 3  and n + l L 5 ,  when a-=1 Ft follovs t h a t  

Still a s s u n i n j  that n+l is odd and n+l?S, we have t h a t  
- 

using the above result for Eq,, a n d  t h e  i n d u c t i o n  h y p o t h e s i s  f o r  

S , .  1 f an+,#l, ' t h e n  f (an,i)=a and (*) becornes 

A 

which is 'just S n + k ( f  {a) ,f (an+%) ) . 

I a + = 1 ,  t h e n  f (a*,) is e i t h e r  f (al), if n+l=5, or f (an-J 
L 

if n+1>5.  3ut if nt?=5, then S -  (i (a) ) beg ins  with f (a,) ; while . . 
A 

if n+l>5-and n+l is odd, S c  (f (a ) )  b e g i n s  u i t h  f (an- J .  Thus when 
d 

a,,%=?, f ( a )  ' is a1uap.s the saae a s  the f irs t  elerent of 



' ,  Bhen n + l  is e v e n ,  and  n + l L Q ,  a very similar a r g u f e n t  s h o u s  
2 .c - 

first t h a t  R, ,L(afan.L)=Rn. i ( f (a)rf fan+l) ) ,  and t h e n  u s i n g  this, 
u 

Therefore for any  n 1 3 ,  

and 

corol la .= 3.3- 5: Let- a- ,.,,,a DE elements of 
-L P. - 

313, If not  dl1 of 3 + ,  a -  and a3 are e d u a l  t o  
A i 

Proof: L e t  the function f be defined 

Then f f a - )  . . , .  , f  ( a r )  are a l l  in An, 
A 

theref ore 

a s  i n  

w h i c h  

t h e n  - - 

s a t i s f i e s  

for 



T h e  o t h e r  s i t u a t i o n  w h i c h  w i l l  occu r  in showing t h a t  t h e  

nonoid 3" does satisfy R,=S,  h r  n13 is the following: t h e r e  

w i l l  be e i e ~ e n t s  a l,..., a- 
. , 

of BG, where n?4, uith. the troperty  

t h a t  a l=a i=a ,= l ,  tut not all of a ,,..., a are equal to 1 .  The r; 

n e x t  p r o p o s i t i o n  p r o v i d e s  a may to handle this situation; 

P r o p o s i t i o n  2 - 3 - 6 :  Let a,,. .. , a  be e l e a e n t s  of a nonoid  3 ,  with r 
- 

-n24. s u c h  that a . = a 2 = a , = l ,  c u t  not a l l  of a ,,... ,ar, are equal to 
I 2 

1 ,  Let k ( a i  ,..., ar , )= . i~ ( t :45 t5n ,  a , f l ) .  Define a function h, 

Then - 

Proof- we use i n d u c t i o n  o n  n, Phen n = 4 ,  t h e  h y p o t h e s i s  means -4 

--Z 
. . 

t h a t  a, =a-=a, - 1  a r d  a% 91, so i l a )  =4, and h? (a,. )=a  for l < i < 4 .  
* L d  4 '  

T h e n  



a n d  s i n i l a r l y ,  

T h u s  *he results  h o l d  for n=4, 

2 \ 2 d 

We now assume tba t R K  ( a ) - = R K  (hK (a) ) and S K  (a) =SK (hK (a) ) for 

all k such t h a t  4 l k 9 . 1 ,  a n 3  look a t  En+, a n d  S ,bL. Again t h e  odd  

and e v e n  cases m u s t  b e  c o n s i d e r 6 d  s e p a r a t e l y ,  

Suppose that n + l  is odd,  and n+115, By d e f i n i t i o n ,  

h,,+L (a ; 1 =a ,+,, for i = t . 2 , 3  or n+18 and hn+,(a.)=a-=I for Ul j ln ,  But 
2 a 

3 J 

t h e n  R ( a ) = 1  aqd Sn (a) = 1 ,  so 
n 



a n d  

Nora s u p p o s e  t h a t  k ( + ; a n + , ) # n + l -  T h i s  B e a n s  that at least one 
I 

o f  a - - tan i s  n o t  e q u a l  t o  1. and therefore the function hn is 

* d e f i n e d  on a a  By the i n d u c t i o n  hypothesisf 
2 d 2 

En (a)=R;l (hn ( a ) ) ,  B u t  k(a) picks out the i n d e x  o f  the first 

element o f  the list a )  which is not e q u a l  t o  1, u h i l e  
2 

k (atan,,) p i c k s  out of t h e  first element of the list 
i - a 

(a,t--- .a,,+% ) w h i c h  j/s not e q u a l  t o  1. Clearly k (a)=k(a,an+,). 
-- 

The ref ore 
- - 

for  i = 1 , 2  or3 

f o r  4 S i < n ,  

so that hn ( a i )  =hn+,  (a i )  for l S i _ < n ,  Prom this it follows t h a t  



k 

Wow u s i n g  t h i s  result f o r  Bn+, and the  induction hypothesis that - _I 0 - =, ' 
Sn { a ) =  S n ( h n  ( a ) ) ,  we g e t  that  " .  - 

- - d - 
( h n + i ( a )  ,hn+,(",+L) 1 h,+,(a:,,) s (hn  (a)  ) 

/ 

2 ' A 

when n+ 1 i s  even and n+126 ,  w e  h a v e  B n , L ( a  , an,L) = f i n  ( a )  a,,, * 

n+l o,dd is e a s i l y  adapted t o  prove this case too. 

We are now able t o  prove  

-- 
Theorem 3 - 3 - 7 :  Fos any n23, XI (Rn-,IS~-,) is  c o n t a i n e d  i n  b u t  not . ---- ------ 
equ a1 to (Fin'sn). 

\ P r o o f :  A s  discussed e a r l i e r ,  i t  will suffice t o  prove t h a t  t h e  

- - 
- monoid In =AnU ( 1 ) .  w h i c h  i s  n o t  i n  VPl(Rn-pSn.3 , is i n  W l ( R n = S n ) ,  

for n23. 

Let a an be  any  e lements  of Hn. If a1=a = . - . = a n = l ,  
2 

t h e n  B n  (a  , a n )  = 1  = Sn(a, ;  ... .a,). If not a l l  of  al, a, and 

- -  a, are e q u a l  t o  1 ,  we , c a n  a p p X y c T l a 3 . 5  --get- 
-- 

R n  (a l , .  -. , a n )  = S n f q ,  z . -  , a n ) -  for  a-+ t h e  i(n i s  

i n  V!l(R,=Sn); so we n e e d  now only  consider n l 4 ,  F i n a l i y ,  s u p p o s e  



--. 
t h a t  4 =a =a3='1, p u t  n u t  all of  av,-..,an* a r e  e q u a l  t o  1. 

1. Z 

n e f  i r i i n g  t h e  f u n c t i ~ r r ~  i~~ a s  i n  P r o p o s i t i o n  3 . 3 . 6 ,  ue g e t .  

- - sn  ( + *  -= , a , , )  5, n ( h a )  , { a  dfid' Sn(dL , - - - ,an)  - 

5 n ( ! ~ n ( 3 F )  -,. . . 11 Jan) ) . ~ Y ' o w  Itme of i l , ( a l ) ,  h ,,(a?_) o r  h ,,(a,) is 

- e ~ u - i l  t o  1 ,  s o  by C o r o l l a r y  3 d .  5 3 g a i n ,  R,, (hn (aL) ,. . . , hn(an) ) - 

S n ( h , ( a l )  ,,.,, ho(a,)), Theredore R,(a,,.,,,a) n = Sn(:l,.-,,an) 

i n  this s i t u . l t i o n  toa,  k c  c o r x l u d e  t h a t  cYn does  s a t i s f y  t h e  
- - 

i d e n t i t y  f; ,=Sn. T : l u s  l g  (Z,-?Sn-,) is con ta lnec f  in b u t  no t  e q u a l  

S t . l r t  i ~ i j  w i t h  t h e  p r o p t 3 r  c o r ~ t a i n ~ e f i t  of (Fin_, =Sn-l) i n  
- - - 

y ( h n = s n )  r baxids ,  w t .  c o u l d  p r o d u c e  a s  bcforc  a s e f i i g r o u p  A, - 

n ? 3 .  ~y d u a 1 i z l u . j  e ach  L P r o p o s i t i o n s  3 . 3 - 4  and 3.3,C and 

C o r o l l a r y  3 . 3 . 5 ,  b e  c o u l d  p r o v e  t1,e f o l l u w i n g  d u a l  of T h e o r e m  

* - 
' T ~ &  p r o o t  a t  Th?orrm 3 .  5.7 silous i u  f a c t  t h a t  i f  A ,  is a, 

% 

-.- sernlgrou;. w h i c h  satisfies R,=S , ,  for r i13 ,  t h e n  Mn=h,l dlso 

B 
~ d ' s a t i s f i e s  R,=S,. This r e s u l t  c a n  be  used  a g a i n  to g i v e  u s  more 

-- - -- 

inf or raa t ion  a g o u t  the l a t t l c e  of varie t i c s  of band monoid= 



P r o p 3 s i f t i =  3.3.9: F o r  any n22 ,  n e i t h e r  of the v a r i e t i e s  -- 
- - 

V #  ( iIn=S,)  a n d  Vfl(Rn=Sn) is c o n t a i n e d  i n  t h e  o t h e r ,  -- 
Y 

Proof :  f o r  n=2, this was established i n  P r o p o s i t i o n  3 - 2 - 3 ,  F o r  -- -- 

n > 3 ,  there is  a s e m i g r o u p  B, w h i c h  satisfies R,=s, b u t  + n o t  
-. - 
v ,-S,. - L e t  Dn b e  t h e  monoid B, 1. Just a s  i n  t h e  p r o o f  of Theorem 

- - 
3 . 3 . 7 ,  D, w i l l  satisfy R , = S , ;  b u t  i t  does n o t  satisfy Rn=Sn,  

since 0, d o e s  n o t .  T h e r e f o r e  D n  is i n  Wf(Rn5=S,) b u t  n o t  i n  
- - - - 

VII(R,=S,) . D u a l l y ,  we can p r o ' d u c e  a monoid w h i c h  is i n  m(Rn=sn) -- 
b u t  n o t  i n  xI(R,=S,). 

- - 
C o r o l l a =  2,3%J& F o r  n>2 ,  t h e  v a r i e t i e s  a (R,=S,) . 14 ( R n = S n ) ,  ---- 
t o g e t h e r  w i t h  t h e i r  meet a n d  t h e i r  j o i n  are a l l  d i s t i n c t ,  

T h e  r e s u l t s  we h a v e  obtained i n  t h i s  s e c t i o n  can  now b e  
r 

u s e d  t o  d e t e r m i n e  t h e  structure. of the lattice u 4  of  all 

v a r i e t i e s  of b a n d  m o n o i d s .  We l o o k  a t  a portion of  t h e  l a t t i c e  

V, w i l l  d e n o t e  LB, a s  shoun i n  F i g u r e  3. T h e  s y m b o l s  _V ,,.. . .- 
v a r i o u s  j o i n s  i n  t h e  lattice. a s  i n d i c a t e d  i n  P i g o r e  3; a n d  11; 

w i l l  b e  u s e d  f o r  b n a .  
. . 

P r o ~ o s i t i o n  3.3.1 1 : - (i) V H  =VJL=V21,=yIIq 
-1 

(i ii) V!l = VH (Rn =Qn) 
- b  -- 



A Portion of The Lat-tice _LB 



Since n V!i c IffL, a n d  13 s V a  G V!! t h e r e f o r e  = 
I - 3  1 -- 9 -2 L 

(ii) Xe know that V!l(R,-,=S,-,) is c o n t a i n e d  in V f l  wh ich  i n  t u r n  -- 5 
- is c o n t a i n e d  i n  W l ( R n = Q n ) .  By Theorem 3 - 3 - 3 ,  Q i ( R n - ,  =So_,) - 

- - - - 
V P I ( R n = Q n ) ,  T h e r e f o r e  U ( R n - , = S n - , )  = VFl = W!I(Rn=Qn) -- -- 5 7 

d 

(iii) $his i s .  just t h e  d u a l  o f  (ii) . 1 

For nL3, t h e r e f o r e ,  t h e  iraage of the portion of t h e  lattice 
I 

L B  shown i n  F i g u r e  3 i s  a s  shown i n  F i g u r e  4 .  -- 
i 

Prom C o r q l l a r y  3 - 3 - 1 0 ,  ue knov t h a t  the f o u r  varieties 

s h o v n  i n  Figure 4 are all distinct. of ' c o u r s e ,  dual arguments 

show t h a t  i f  w e  start w i t h  t h e  mirror image of t h e  p o r t i o n  of 

t h e  lattice s h o w n  i n  Figure 3 ,  t h e n  ve a c t u a l l y  g e t  t h e  m i r r o r  

image of the p o r t i o n  shown i n  P i g u r b  4 ,  where once a g a i n  the 

four  v 3 r i e t i e s  are  d i s t i n c t .  



F i g u r e  4 , . 

A P o r t i o n  of  The L a t t i c e  

Combin ing  t h e s e  r e s u l t s  w i t h  t h o s e  froa S e c t i o n  2 about  t h e  

b a s e  of t h e  lat t ice ,  v e  h a v e  p r o v e d  t h e  f o l l o v i n g  q r e s u l t :  

Theorem 3 - 3 - 1 2  The s t r u c t u r e  of t h e  l a t t i c e  LJz of all v a r i e t i e s  

of band m o n o i d s  is shown i n  F i g u r e  5 -  

d 

- --- S e c t i o n  4: Tl' ~ a t t i c e  of P s e u d o v a r i e t i e s  of Band M o n o i d s  

H a v i n g  determined t h e  s t r u c t u r e  of t h e  l a t t i c e  G g  of 

~axiet ies  of band mono ids ,  u e  map now_n= Ash's results-to 

relate t h i s  t o  p s e n d o v a r i e t i e s .  Prom - Theorem 2 . 3 , 7 ,  we - know t h a t  -- 

any p s e h d o v a r i e t y  i s  p r e c i s e l y  t h e  class of f i n i t e  memhers of 

some generalized variety, I n  p a r t i c u l a r ,  i f  1 is a v a r i e t y  i n  



F i g u r e  5 . 
T h e  L a t t i c e  of Varieties of Band non.o ids  



m, t h e n  t h e  c o l l e c t i o n  f i n ( E )  of f i n i t e  m o n o i d s  i n  I is a 

p s e u $ o v a r i e t y .  ue denote b y  LFBB t h e  l a t t i ce  of p s e u d o v a T i l Z i e s  

of finite b a n d  m o n o i d s  Then ue may define a f u n c t i o n  P i n  from 

LBB t o  LPBd by l e t t i n g  Pin t a k e  1 t o  F i n ( 1 ) .  for any 1 i n  @34- - 
in , t h i s  section v e  show t h a t  P i n  i s  in fa& a l a t t i ce  

i s o m o r p h i s s ,  t h u s  d e t e r a i n i n g  t h e  s t r u c t u r e  of t h e  l a t t i c e  L P B L  

He do t h i s  by s h o w i n g  that P i n  is  a b i jec t ion  with t h e  - p r o p e r t y  

t h a t  b o t h  , it and its inverse a r e  o r d e r - p r e s e r v i n g ,  

P r o p o s i t i o n  3,4,15 T h e  f a n c t i a n  Fin is  injective. - 
i .5 

Proof: L e t  1 a n d  g be v a r i e t i e s  from _LBPI, with 1 f ,g. If 1 i s  
1 

" a l l  of BM, t h e n  g is  p r o p e r l y  c o n t a i n e d  i n  4, a n d  it f o l l o v s  

from P r o p o s i t i o n  2 - 2 - 2  t h a t  Fin(Ti)  is p r o p e r l y  c o n t a i n e d  i n ,  $ I  

/--- 

i n )  which is a l l  of J?BJ- A s i r r i lar '  a r g u m e n t  h o l d s  i f  is i 

a l l  of' and 1 is not, Hence we may nou assume t h a t  both 1 and 

i 
H a r e  proper  s u b v a r i e t i e s  o f  . Then there a r e  d i s t i n c t  - 
e q u a t i o n s  P=Q a n d  H=K such t h a t  1 = VB(P=Q) and g = V H ( H = K ) ,  a n d  

w i t h o u t  loss of generality we aay c h o o s e  a monoid 8 w h i c h  

satisfies P=Q b a t  n o t  H=K, L e t  n be the number of v a r i a b l e s  i n  
I 

the  i d e n t i t y  &Kg T h e n  there e x i s t  aL,.,. ,a i n  B such that n 

A{a ,,..., a,) # B(a,,.,,,a,).,Let S b e  t h e  free band semigroap 

j e n e r a t e d  by  a ,  a Bg P r o p o s i t i o n  2.L2. S is a f i n i t e  
-- --- ---- - 

s e n i g r o n p -  L e t  bl be the ~ o n o i d  l h i s  w i l l  be t h e  free band 
- 

monoiiT on a , .  . a ,  so t h e  subionold I of s g e n e r a t e d  by 

[aA, ... ,a 3 w i l l  be a h o m o m r p h i c  iaage  of 8, and  h e n c e  is  a l s o  n 



f ir i  ite. T h u s  f in i t e  uh ich s a t i s f i e s  but 
- 

does n o t  s a t i s f y  3=K, T h e r e f o r e  F i r a ( Z )  i s  not equal K o F i n  (I),  

a n d  P i n  is i n j e c t i v e ,  

r: 
This argument i n  fact s h o w s  that i f  i s  n o t  c o n t a i n e d  i n  

t h e n  n o t  c o n t a i n e d  F i n  (Gf) ; tha t is, t h a t  

F in  {TJ) i s  contained i n  F i n ( J ) ,  t h e n  1 is c o n t a i n e d  i n  1. T h e  
I 

c o n v e r s e  i m p l i c a t i o n  is o b v i o u s l y  true ,  so 

Pin (I)  in (X) i f '  and  o n l y  if 1 G W- 

P r o ~ o s i  t i o n  3-4-2: T h e  function Fin is s u r j e c t i v e ,  - . 

Proof:  L e t  1 b e  any p s e u d o v a r i e t y  o f  band monoids i n  L!FBB- By --- 
TheGrem 2 . 3 . 7 ,  _V = Pin (u) , ~ h e r e  is t h e  gen ralized v a r i e t y  

g e n e r a t e d  by 1. Since & f =  H S P + P O Y ( I ) ,  2 still satisfies rz=x,  By 

Theores! 2 - 3 . 6 ,  g must  be t h e  u n i o n  of some directed f a m i l y  D , o f  
i 

varieties from t h e  l a t t i c e  &BJ, 

Suppose  that the. directed f a m i l y  D is a f i n i t e  one, Then 

the a n i o n  Y of members of D is just a variety Q i n  LBg, a n  w e  
Q 

have Pin ( g )  

- - -  - - +-- 
'1f D is not a f inite d i r e c t e d  f a m i l y ,  there a r e  only two 

- -- 

possibilities for the union 11 of h e m b e r s o f ~ < - ~ h i s  union may be 

all t h i s  h a v e  Fin (it) Pin (m) . bther v i s e ,  



U . n u s t  be the c l a s s  of all band monoids u h i c h  are c o n t a i n e d  i n  - 
- - - - - -- - 

some proper  subvariety of clearly t h e n  Pin@) is c o n t a i n e d  
\ 

i n  Fin(B?l). But  also any finite band a o n o i d  is c o n t a i n e d  i n  some 

pro per sobvar i e ty  of &l (Gerhard, p r i v a t e  comsnnica t i o n ) ,  and so 

P i n  u) is c o n t a i n e d  i n  P i n  (U) - T h e r e f o r e  1 = Fin 4%) = F i n  m) , 

Thus for any p s e u d o v a r i e t y  1 i n  LPBE, t h e r e  is some v a r i e t y  

U i n  for which _V .= P i n  (a , and F in '  is s u r j e c t i v e ,  - - - - - - A - 

Theorems 3 4  1 and 3.4.2, together with the remarks 
- - - -- - - - - -- - - 

- 

f o l l o u i n g  t h e  proof of Theorem 3-4-1, g i v e  IJS t h e  f o l l o v i n g  

theorem: 

Theorem 3-4.3: The f u n c t i o n  F i n  is a lattice isomorphism from - 
t h e  l a t t i c e  of varieties of band m o n o i d s  o n t o  t h e  l a t t i c e  

CFsB of p s e ~ d o v i t r i e ~ s  of f i n i t e  b a d  mnoids,  - - - - - -  -- 
e 

Froa t h i s  theorem ue c o n c l u d e  t h a t  t h e  s t r u c t u r e '  of t h e  

lattice of p s e u d a v a r i e t i e s  of band monoids i s  the  same a s  t h a t  

of t h e  lattice of v a r i e t i e s  oi band monoids, a s  s h o r n  i n  Figure 

5 ,  



* 
-- - - - -  -- ---- - 
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