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In t h i s  thesis we show that if the edges of the complete* * , , 

m l t i g r a p b  on n v e r t i c e s  ( i n  which &c!h edge has ~ l l t i ~ l i c i t ~ ~  r - $, b 

two) c%B be p a r t i t i o n s d  i n t o  n Ra8i l tos~aa  patha baring the 
0 . #  

p r o p e r t y  t h a t  any.  two patha i n t e r r ? c t  in e x a c t l y  oae edge, t h e n  . , 

- . - -  . 
9 

bar rcJ &lti&icitl two) can be pa&itiomed i n t o  rt* ~amiltoaia* 94. I 

paths  hawing the srm i a t e r e t i o 8  property, (Eksrs a,  b wid c . 
A 

are n-a1 aa.bar8.) P-P- 

us also show t ~ t  i f  t h e  edges 02 t h e  soeplete a e i t i 9 r a p ~  - 
on n v e r t f c -  (in which each edge has mrrl t ip l fc i ty  - two) can be  

p a r t i t i o n e d  i n t o  n BamIlton5a8 paths h a v i a g  t h e  property t h a t  
P * 

any t w o  paths i n t e r s e c t  ia exact11 ome'edge, than t h e  arcs of  

-- 
E 

Y 

par titronei - i i i t O o ~ d i r e c t i c ~ c 1 ~  of l e o ~ t h  4n- 1 SO t h e  XiFjp i 
I 

.% h 

two c y c l e s  intersect i n  e x a c t l y  orte edge (madirec ted  a&. 1 z 

'iii 
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I n  t h i s -  t h e s i s  ub rill i n v e s t i g a t e  t h e  following t h i p  
\ 

gae s t i o n s ,  7 

1, l h e n  can the e d g e s  of 211, be partitioned f n t o  ~aa i l ton ia j i !  
#J \\ 

paths so t h a t  any  two paths i n t e r m c t  i n  e x a c t l y  one  edged 
\' 

\ 

2; .Uhen can the e d g e s  of D1(, be p a r t i t i o n e d  i n t o  d i r e c t e d  1 - 
- -  - 7 

q c l e s  of 'length n-1 so that a n y  two c y c l e s  i n t e r s e c t  in \ 
i + 

r - e j i b c t l y  o n e  o p p o s i t e l y  . d i r e c t e d  edge? 

It is n o t  always p o s s i b l e  to direct the c y c l e s ,  and so i n  this 

case me will ldok a t  t h e  undirected c o u n t e r p a r t  t o ' q u e s t i o n  3- 
Clearly, any s o l u t i o n  to pa&ion 2 rill also bd a s o l u t i o n  to 

1eng;th n-1 80 t h a t  any two cycles i n t e r a p e  i n  e x a c t l y  one 
. . . v 

edge? - 

Bare DK, denbtes tje comple te  s y m m t r i c  d i r e c t e d  graph on n 

vertices, and ' 2 4 ,  d e n o t e s  t h e  comple te  m u l t i g r a p h  OR n v e r t i c e s  v 

in which tbere are two edges between e v e r y  pai2 of Bistiact 

vertices. S i m i l a r l y ,  r e  d a a o t e  by .Il.* t h e  c o m p l e t e  m a l t i g r a p h  a n  . 
n rertices i n  which  tbere are a edges b e t m m  e v e r y  p a i r  of. 



subgraphs b e l o n g i n g  t o  a g i v e n  family.  s a y d  of s u b g k p h s  of G 

then we say t h a t  6 c a n  b e  decoapomd into aobgraplis b l o n g i a g  to . . '  
3 -  : 

' J 

edges of a graph i n t o  $somorphic .copies of a -  f i r e d  $ubgsap~,  t h e  , . . - 
4 9 g 

case where t h e  f a m i l y 8  c o n t a i n s  o n l y  one member. 1-a p a r t i c u l a r ,  
> C 

the edges of DK, i n t o  i l i r e c t e d  -c lqle% From them we .get% t h e  
* .  C 

f o l l o v i n g  theorem. - ,t * , ,  

\ % i 

T h y  u: For  ever3 n, the edges& DX,,, can .be p a r t ? t i c k d  a 

i n t o  d k e c t e d  c y c l e s  ( c i r c u i t s ) ,  of length no2 
\ 
\ 

In p r o v i n g  this theorem re need to  l o o k  a t  the cases f o r  k 
even and n odd s e p a r a t e l y .  Horever,  b e f o r e  d o i n g  so ve need to . 

- - - - - - - - - -- --- - - - - - - -- - _ r'-- - - 

g i v e  the fol lowing d e f i n i t i o n .  Let C=(v, ,v, ,,,., r, ,re ) be a 

c i r c u i t  in'.DlC, a i d  let S some +t of r-n symbols. If t h e  
9 / 

v e r t i c e s  of D K ~ '  are w i t h  elements of Z,US t h e n  re i 
p, . > \ t 

- ,  
s d e f i n e  C+k t o  be t h e  c , & c o i t  '(&)rev, +L....,v, +k;vo +k) , .&are j 

\ i 

\ a d d i t i o n  is performed G o l o  n on t h o s e  elemeats in 2, only 
t .  / I  ( e l e m e n t s  i n  S remain" unchanged) . d 
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- .. . ' J  

- - -- - - - - , - - - - - - -  . 1 g- ' 1 ' '1 - - , A  2 - L . A - - - -  

> s .  . . "  ,I . .  
' 0  . :  

, > 
. . 

4: , '  

, ,  - * . 
'l&g. b ,D>O+R fo-g - . . . 

L - ~  1 n-1 circn$s* af . .a -. . .. . .  
I '  

k 1 8 2  # I .  l o t i c e  t h a t  i n  t h e  :&owe c i t i a i t s ,  '#. 
. . ~- . ', '$ L B  - L 5 . - 

' 
t h e  differenk'es.'vi-vi, ('ISiSn-1) and D <(v , V, ,, , ,-,:v . . ,f -. ? .  , , . *, , , 

. . 

' vo -vn-, taken mo'dolo a, a r e  precAse lp  t h e  i n t e g e r s  2,3, ,,.,n-1 * ,  

a&- : %That is, no b i r c a i t  .. c o n t a i n s  an e d g e e o f  t h e  form - (i, &l),  

r+ '  herefo fore t h e  anion of t h e s e  n c i r c u i t s  i~ D K , , - 4 ,  where -. 

- - - e 

. Di= (0.1.2 @... ,b- 1 8 0 )  , i ~ d  the a* l ciechif sof leK- I, 
- - - +  - - 

-. - - . - 
1 

Do, D, ,:,.,D,, for. a d&omposition of DR,,,. 
3 

(n odd) ,  As bef&e, l a b e l .  the -  v e r t i c e s  of DK,,, with  t h e  
. , 3 

r h e r e  a =  ~ 1 i j 4 )  . b= Ln/2J a& eC3n;rJ ( r h e r e  Lxj is  t h e  greatest 

integer not larger than  x) : D e f i n e  aa a d d i t i o n a l  n-1 c i r c u i t s  of 

l e n g t h  n by D K = D o + k 8  'for k=1,2,, , , ,n-l .  Botice t h a t  in' t h e  above 
/ 

. 1,2,3,. , , ,a-1, e x c e p t  b+l, and -, T h a t  is, no c i s c h i t  - c o n t a i n s  

an edge of t h e  I - form ( i . i * b + l ) .  Therefore the u n i o n  of tbese n 
' J e 

c i r c u i t s  is DK, -D,, where 

D,=(O,b+l,2 (b411.3 (b+l) , : , , ,  (n-1) (b+t).O), and t h e  n + l  c i r c a i t s  
\ 

of l e n g t h  n ,  Do , D, . ... ,D,, form a decomposi t ion of Dan+,. 

- - 
-- - - -  - p a r t i t i o n i n g  t h e  edges of X, i a t o  cycles of l e n g t h  n--1, where 

e 2 p e + l ,  p  is a  prime and e is a positire i n t e g e r ,  The following 

is a corollary t o  Theorem 1  of t h e i r  paper, 
- - - - - - - - 



C o r o l l a r p  1,3-. L e t  
- . -  - -  --- - -- 

If  n=2pe +I  t h e n  K, 

for e v e r y  n* 

- 

- 

- - - - --- - - - - - - -- -- - - - - -- - - - - - - - - 

p be at  prim a n d  e be a n y  p o s i t i v e  i n t e g e r -  
- - - - - - - - - - 

c a n  be  decomposed i n t o  c y c l e s  of l e n g t h  n-1 

L 

D e c o m p o s i t i o n s  of t be cokplete 8 u l  t i p a r t i t e  graph Bare also 
% 

been  s t u d i e d , '  I n  p a r t i  cGlar, S o t t e a u  j 3 1 ]  and Cogkayne and  6 
C 

E a r t n e l l  1 11 ] bar?  looted a t  p g r t i t i o n i r q  a e  edges o f  t h e  

c o m p l e t e  m u l t i p a r t i t e  g r a p h  i n t o  c y c l e s ,  

A s  it is n o t  p o s s i b l e  t o  m e s t i o n  a l l  of t h e  work  done  i n  

D e c o m p o s i t i o n s  *, a c o ~ p r e h e n s i v e  s u r v e y  by C hung and  Graham 

[lO.], The a u t h o r s  d i s c u s s ,  among o t h e r  t h i n g s ,  p a r t i t i o n i n g  t h e  

edges of comp1e)e graphs, m a l t i g r a p h s ,  m u l t i p a r t i t e  graphs a n d  
t 

h y p e r g r a p h s .  I n  a d d i t i o n  t o  t h i s ,  Chung a n d  Graha'. list many 
a 

con j c c t u r e s -  a s  well as o p e n  p r o b l e m s  a n d  q u e s t i o n s  i n - t h i s  area. 

- e i 3 e  mary autkors ham- l & e d ~ - a t t h %  problst + - - - 
4 ,  

p r t i t i o n i n g  t h e  e d g e s  of a g r a p h  i n t o  i s o m o r p h i c  c o p i e s  of a 
i 

f i r e d  swbgraph ,  feu h a r e  a t t e m p t e d  t o  p l a c e  f u r t h e r  r e s t r i c t i o n s  

on t h e s e  s u b g r a p h s ,  I n  1972, B e l l  a n d  Rosa [ 161 i n t r o d u c e d  

(n,k,m) G-designs,  These are p a r t i t i o n s  of mu, i n t o  s u b g r a p h s  on 
L 

-k v e r t i c e s  v 

symaetric ( 0 ,  
I 
d 

v e r t e x  % 

- - - - - -- --- - - - - - - - - - - - - - - -- - -- + 
t h a t  i f  G is t h o  a d j . c e n c y  k t r i x  of a r e g u l a r  g r a p h  t h e n  t h e  

T I 
+ 4 

d e s i g n  is a u t o m a t i c a l l y  b a l a n c e d ,  B e l l  a n d  Rosa were a a i n l y  r: 

c o n c e r n e d  w i t h  b a l a n c e d  P - d e s i g n s ,  t h e  case where G is the 



T 
ad j a c e n c y  m a t r i x  o f  a .simple p a t h  o n  k v e r t i c e s  Prom them we 

4 - L- - - - - - - - -- - - - - - 

g e t  th; • ’ o l l o u i n g .  

Theorem u: A b a l a n c e d  P - d e s i g n  w i t h  v,=k a n d  m=2 e x i s t s  for 

every  k. 

T a r s i  [ 3 2 ]  was a l s o  i n t e r e s t e d  i n  p a r t i t i o n i n g  t h e  edges of t h e  . - 

c o m p l e t e  m n ~ t i - g r a p h  into sim~le p a t h s ,  however h e  o n l y  l o o k e d  at -- 

I ' 
. . 

P o l l o w i n g  t h e  work d o n e  by Hell a n d  Rosa, b a l a n c e d  

G - d e s i g n s  r e c e i v e d  a lot o f  a t t e n t i o n .  Rosa a n d  Haang [ 291 

l o o k e d  a t  b a l a n c e d  C - d e s i g n s  !here C i s  t h e  a d j a c e n c y  m a t r i x  of \ 

i - 
9 

\ a simple c y c l e  of l e n g t h  k, The  e a s i - l y  d e r i v e d  n e c e s s a r y  1 

c o n d i t i o n s  f o r  a  b a l a n c e d  {n, k ,  m) C - d e s i g n  t a  e x i s t  a r e  n2k,  - 
So t t e a u  f 7 ] h a ~ e ~ c o n j e c t n r e d  t h a t  t h e s e  n e c e s s a r y  c o n d i t i o n s  a re  

a l s o  so f f i c i e n t ,  

A n o t h e r  i n t e r e s t i n g  g r a p h  d e c o m p o s i t i o n  p r o b l e m  is t h e  

O b e r w o l f a c h  p r o b l e m  which was f i r s t  mentioned by ~ i n g e ' l .  "Let $ - >2 

n=k,  + k , + . . . + k ,  be  an odd i n t e g e r ,  w h e r e  kL13 for I l i < s .  Is i t  - 
\ 5 3 

$ 

possible t o  d e c o m p o s e  L. i n t o  2-factors so t h a t  e a c h  E f a c t o r  of 
2 4 

s - * 
t h e  d e c o a p o s i t i c f i  c o n t a 5 n s  e x a c t l y  ane cycle 5 o f  l e n g t h  ki for 

.k 
- - - - - - - - - - - - -- - 

b every i, llils?n S i n c e  t h i s  p r o b l e m  mas f i rs t  p a t  fo r th  it h a s  - 3 - 
2 

- -  

been g e n e r a l i z e d  t o  i n c l u d e  t h e  case where n is  even.  * L e t  
.3 
* 

n=k, +k, +... +k, be' a n  even i n t e g e r ,  where  kL 23 for l < i S s .  Is i t  5 



- - -- _ L -- -- - -- - /k- .. 
possible t o  decompose g,-P, where P is a l - f a k t o r  of I(,, i n t o  , 

- - - - -- - 

s f a c t o r s  so t h a t  i n  t b e  d e c o m ~ o s i t i o n  them is e x a c t l y  o n e  

cycle of each  l e n g t h  k, ,k, ,,, . ,k, 3- Alspach and R a g g h i s t  [ 2 ] 
I 

h a r e  come up w i t h  t h e - f e l l o w i n g  r e s u l t s .  

1, L e t  n s 2 ( m o d  4) and le t  n=k,+k,+,,,+ks where e a c h  ki is 

e r e n .  Then i f  P is a 1 - f a c t o r  of K, me know Mat En-? c a n  be 

p a r t i t i o n e d  into 2-factars, e a c h  conkai r r ing  cycles of length - - 

k; for Ilils, 
+ 

2, Suppose k d i v i d e s  n, wkere b o t h  k and n  a re  e r e n ,  

can  decompose It,-? i n t o  2-f act- ww2b of _uhfchc~-&~ - 
- - 

c y c l e s  o f  l e n g t h  k only.  
L 

For a s u r r e y  of work done on  the ~ b e r v b l f a c h  problem the r e a d e r  ' 

a 

is r e f e r r e d  t o  ~ o b a  [27]- 

R e c e n t l y ,  B e r i n g  1 1 7 1  and ~ls"p4c~1, B e i n r i c h  and Rosenfe ld  , 

[ 3  J h a r e  looked  a t  the problem of p a r ' t i t i o n i n g  a comple te  g raph  

i n t o  c jcles, an(+ t b q  %re 2mposed a-3$ffexxent-TyFpeoi 
-- 

r e s t r i c t i o n  on t h e  subgraphs ,  Ber ing  was t h e  first t o  ask i f  t h e  

e d g e s  of 2K; c o u l d  b,e p a r t i t i o n e d  into c y c l e s  of l e n g t h  n-1 s o  

tha t  any two c y c l e s  i n t e r s a c t  i n  e x a c t l y  one edge- I f  sucli a  1 

p a r t i t i d n i n g  e x i s t s  ue write 21[,+C,-,., I n  1979, fiering a n d  

. ~ o s e n f e ' l d  1191  asked t b e  same q u e s t i o n ,  .except  t h i s  time fo r  t h e  

d i r e c t e d  case ,  T h a t  is, for which v a l u e s  of n c a n  t b e  e d g e s  of 
> 

DU, be p a r t i t i o n e d  i n t o  d i  q e c t e d  c ~ l e s  of l e n g t h  a-1, Den-, , so 
- - - -- - -- - -- - - - - -- - -- 

that any two d i r e c t e d  c y c l e s  i n t e r s e c t  i n  e x a c t l y  o n e  o p p o s i t e l y  
- --  - - 

d i r e c t e d  edge, I f  such a p a r t i t i o n i n g  e x i s t s  we urite 

M,+DC,_,, This p r o b l e a  has been  s t u d i e d  by Alspach, H e i a r i c h  , 



and Bosenfpld.  I n  a d d i t i o n .  t h e s e  auth&$kawe also i n t e s t i g a t e d  
-- -- - - - - - - -- - - 

t h e  problem of p a r t i t i o n i n g  t h e  adg& of DK, imta a n t f d i r e c t e d  

c y c l e s  of l e p g t h  n-1 so that b a y  ' t w o , c y c l e s  i n t e r m c t  i n  e x a c t l y  

one o p p o s i t e l y  d i r e c t e d  edge. It is . clear , t h a t  i n  t h i s  case a 

m o s t  be odd. The f o l l o r i a Q  theorem appears. i n  their paper ,  W l g e  

P a r t i t i o n s  of t h e  Complete Symmetric D i r e c t e d  Graph and Related 
A V 

3 

a: If b p e > 3  r b e r c  p is a pr ime  and e is a p o s i t i v e  

$?roo& L a b e l  the v e r t i c e s  of DK, k i t h  t h e  e l e m e n t s  of  G&&k), 
w .- 

where Gf (n) is the s f i d d  b a r i n g  n=pe e lements ,  L e t  b be' a 
- 

g e n e r a t o r  o f  t h e  c@ic group  of GP(n). D e f i n e  a 

circuit D, by 

~ & i n e  a n  a d d i t i o n a l  n-1 circaits of l e n g t h  n-1 by DK=DO+bL for  

II 

s u p p o s e  Do a n d  I$;, have two o p p o s i t e l y  d i r ec t ed  e d g e s  kn 

common. Say (b\,bK" ) and (b', bs*') ,are t h e  two e d g e s  o f  D,.hich 

of DL. Then 

and 



k t ,  
b' ( b * - b s ) = b  -bs . Zbas either bi = l  (which is i m p o s s i b l e  s ince  b 
- - - - - p- - 

, is a p n e r a t o r  of t h e  m u l t i p l i c a t i v e  c y c l i c  g c m ~  of 61 (a) m d  

n>3) or  b'=bs. Ua therefore g e i  k=s, e i c h  c o o t r a & c t s  our 

a s s u m p t i o n 3 t h a t  Do and D; Bare t u o  astinct edges fm common* 
, . t  

v " -. 
- T h u s  Do and D; have  st most o n e  e d g e  i n  cormon. 'Siace we can 

g e n e = a l i r e  t h i s  argument  to  o b t a i n  t h e  case " h e r e  t h e  two crcles 
- -  $ 

i n  q e e s t i o ~  are DL ahd Dj , rehsee t h a t  a n y  f P_O c y c l e s - i n  DKn 
- -  A 

I - 
hare a t  m o s t  oae edge in common. It t h e r e f o r e  fo,llws that a n y  . 
t u o  c y c l e s  most' Bare e x a c t l y  ooe edge f a  comwm, 

The f o l l o w i n g  c o r a l l a r p  t o  Theorem 1.4 c l e a r l y -  a n s w e r s  p a r t  
3; 

of Bering's o r i g i n a l  q u e s t i o n  and is somewhat s t r a n g e r  t h a n  

P r o p o s i t i o n  9 i n  his paper, @Block ~ i i s i g s s  r i t h  C y c l i c  Block 

S t r u c t u r e * .  Eere C, is a s i m p l e  cFle with  k edges. . . 

"?. -. 

I n  t h i s  t h e s i s  ru r i l l  expan? on t h e  resuits found  @ 

I( lspach,  Heinrich and P o s e n f e l d ,  namely ~ h e 6 s e m  1.1 and 
9 -, 

C o r o l l a r y  1.5, Because of t i e  method t h a t  w i l l  b e  used t o  d o  

t h i s ,  w e  w i l l  f i r s t  r e q u i r e  * r t i t i o i s  of the e d g e s  of 2R, i n t o  

~ a m i l t o n i a n '  p a t h s  s o  t h a t  any two paths have exactly o n e  eage id 
- - - -p - --- -- - ' coamon. If such a decompos i t ion  exists re  write 2K,+P,. where 

P, is a s imple p a t h  rith k wttices. lie 'say this p a t h  h a s  l e n g t h  



I,; If 2K,+P, then 2U,, +p,, fo r  r+,13 a n d  17, 
. 

F 
- -p 

ire a l s o  know t h a t  2K,+P, f o r  .=2,3,5,6,.. . , 2 0 4  (It is 
a 

4 

i m p o s s i b l e  t o -  p a r t i t i o n  2K, i n t o  paths of l e n g t h  t h r e e  so t h a t  

- anp two p a t h s  hare e x a c t l y  o n e  edge i n  common,) computer was 

used t o  s o l v e  many of these cases, In [ 18 '] Bering s h o v e d  t h a t  
, 

K C  for n=1,5,,,,,36, - - -  a - -  - - -- 

- 
~ i e  hsic plan of t h X s  t h e s i s  is as folldrs. We beginsin 

- e 
~hZ~ter.13.with a d i s c u s s i o n  o n  t h e  relationship between g r a p h  

*.  

d e c o m p o s i t i o n s  a n d  block d e s i g n s ,  latin squares and  graph 
- - - - - -ppppp-p-p- -- p- pp - 

- -  - - -  . 
embeddings,  I n  C h a p t e r  111 we introduce sore useful d e f i n i t i o n s  

i 

e a l s o  p r e s e n t  t h r e e  lemmas uh'ich w i l l  'be used t h r o u g h o u t  

t h i s 8  thesis. Chapter I V contains the r e s u l t s  on d e c o a p o s i ~ i o n s  -an? - % of 2K,- into i n t e r s e c t i n g  ~ a m i l t o n i a n  p a t h s ,  and C h a p t e r  V fi 
I 
1 

G 
c o n t a i n s  t h e  resul ts  on d e c o m p o l i t i o n s  of DK, and 2 ~ ,  i h t o  

' 

- 4  

Xist of the- p a t h s  wh ich  g i v e  u s e  2K,+P, f o r  n=2,3,5,6.. .. ,20 

and a f eu  other i s o l a t e d  cases, Pe.also g i v e  o u t l i n e s  ai the .- 

c o m p u t e r  p r o g r a m s  used in this uo*. 



n ' 
1. t h i s  Fhapte$g%- mill d i r  u s  the zelat ivpshipr  #at 

2 tgg- 
graph decompositi lons h a r e  wi th  three 0th- areas of 

I' 

c o m ~ i n a t o s i  a1 rathema tics. 16 each seetioa w e .  w i l l  i s t r o d a c e  

a t  in squares r i l l  be ased i n  later chapters gf t h i s  essis, 2, # i 

- 

- 
- .  

A degzign is  a bay of s e l e c t i ~  s u b s e t s  (bloc&) from a 

aon-empty f i n i t e  set of o b j e c t s  so that cettaia c o n d i t i o n s  are 
n 

s a t i s f i e d ,  I n  p a r t i c e l a r ,  a ( r , b , r n k 8 ~ )  -balaaced incomple te  

o b j e c t s  ilpto b b l o c k s  m that :  4 - 

1, every o b j e c t  a p p e a r s  i n  r b l o c k s  
5 'I 

2- every  b lock  c o n t a i n s  e x a c t l y  k objects D 

3, e v e r y  p a i r  of d i s t i a c t  o b j e c t s  appears together i n  exactJty . 

blocks ,  a 4 

la 

SAmple 'count$ng akg'p.emts gite the fo l lou ing  .two a e c e s s a q y  
t C 

c o n d i t i o n s  for t h e  eristence of a *(t.,b,r,k,m) -BXBD, 
I 



T h u s  i f re know v, k and m, rq can ffaQ b a s d  r osisg t h e  above &4 
2 

necessary c o n d i t i o n s ,  Oe r i l l  refer to ' such  a ricbsign as  a - 3 * 
.. 

* *  ( r ,k ,~)-BXBR -" 4 
3 
B 
4 

r n  fact, if we let  t b e p  p a t h s  i n  a decompos i t iaa  2&-+P, , + w 

- + - - .  a + 

d e c o i p o s i t  i o n  2U,---*E,+, a l s o  defines am (ZI, 2.1 ~ - B I B D .  A 
2. t 

It h a s  b a g  been known t h a t  the prablem of f i n d i n g  v a l u e s  1 

subgraphs ,  each ,of which is isoaorphic t o  K,; fs" @of raleat t o  
f %. * 

f ina i iog  values, & k for r h i c h .  a (v,k,m) - B I B D  exists. Uilson & 3 4  
" 8 

J 
5 

h a s  shown t h a t  for a fhed l and L, mK, can be deamposed i n t o  t 

. r 
\ 

c o p i e s  of K, provided t h e  n e c e s s a r y  c o n d i t i o n s  are satisfied a n d -  I 
r is s o f f i c z e a t l ~  large, 

/ 

, set ' and  h e n c e  t h e  order in- vkich the elements of a block are 
F 

I 

l i s t e d  is u n i s p o r t a n L  Ran? a u t h o r s  b a r e  s t u d i e d  BSBB's i n  which . 

. t h e  e l e m e n t s  o f  block bare beem g i r e a  a npecLfic ordet (see, for .. b 

example, [ 4 ] ,  [13] , - [34]  , [ Z l ] ,  (251 and [3O]), These 'des fgas  - 
* 

d i r e c t e d  BIBD's,, and a (b k, @ h r e c t a d  BIBD is amJ 
-t 

- a r r a n g e m e n t , o f  r elemnts into b l o c k s  of s i s d  k so t h a t  each - 

- - o r d e r e d  - p a i r  -- of elements a p w a r s  i n  ,n b l o c k s , l ? a r  example, given 



is easy to  see that the eriste&of a k ,  1 dirrct.d BIBD in 3 --- 
-e 

which the, o r d e t r . a s s i g n c d  t o  t h e  alememts w i t h i n  8 b l o c k  is L .  2 
-4 

c y c l i c  4s e q u i v a l e n t  t o  a decomposit ion of DU, i n t o  dirakted 2 A- 

$ '. 
, cycles of l e n g t h  k, T h s s  by Theorem 3.1 we 8um that r c p 2 i c a l l y  - 2 

directed (v ,v-I ,l) B I B D  exists for  a'11 v23. 

l same nabber d of adjacent slemestts i n  colmatr, ff a d i r e c t e d  BIBD f 
d 
a 

--- - - with a @ic qrderimq on  t h e  e1em.t~ satisfied t h i s  property i --- -- - - - - - - 3%- 

then l a  c a a l e d  it a h a r a o n i c  des ign .  Thus i f  3=1. the e x i s t e n c e  i 

o f  a harmonic d e s i g n  on n)3 e l e m e n t s - i a p l i e s  2IC,+G-,, f n  . i *a - > 1 

' P r o p o s i t i o n  9 o f  his p a p e r  [.17 ] ~ e r i k J  d i s p l a f s  a c o n s t m c t i o ~  
t 

9 for harmonic  d e s i g n s  on  n  e lements ,  r h e s e  a m p a .  p is a n  odd 

A 
prime and e, is a p o s i t i r e  integer,, T h i s  c o n s t r u c t i o n  . ( a t t r i b u t e d  

i n s t e a d  o f  r e s t r i c t i n g  t h e m s e l w s  t o  o n l y  clclic, or t r a n s i t i r e  

o r d e r i n g s  of t h e ' e l e m n t s  i n  these blacks,  t b e y  allow ' a n 1  two 
L 

e l e m e n t s  of a block to  be e i t h e r  * r e l a t e d "  or  m ~ n r e l a t e d m .  (Thus 

& h e r  in t h e  c y c l i c  r m p r e s e n t a t i o a  of a block, as i n  t h e  c a s e s  
-- - - 

where  t h e  e l e m e n t s  mOtbin t h e  b l o c k s  had  b e e a z g i r e n  . a cyclic or 



where qi=-1 if elewmtr f and j a r e  related and 0 othatrise- A 

o b j e c t s  are r e l a t e d  in b l o a t s .  Eel1 and Rosa 'lo-oted a t  the 

path. They showed ihat a- b a l a ~ c e d  P - d a i g n  with art  exist; i f  

amd on ly  Sf k or 8 is erea,~This problem was later completely 

s o l v e d  i a d e p e n d e o t l g  by Baaq and l l ende l sobn  [ 221 a n d ~ o a n g  f 2 0 )  - - pPPp-p 

- - .. 
1 

who shored that- the m c e s s a r y  c o n d i t i o n s  for a Balances (n,k,m) 

P-des ign to exist are .also s u f f i c i e n t .  ,Their r e s u l t s  c a n  bB 
'% 

su~marieed by saying t h a t  a balanced ( n , k , i )  P-design e x i s t s  if 
4 

I 

and o n l y  if mk (r-t)  r 0 8013 (2  (k-j )  ) (see [ 9 1). Later. ~luamg and 

R o y o o k e d  at balanced (n,k,m) 6-designs i n  wUch G is t h e  C 

d e s i  gas and are denoted  by BCD (n, k, a ) ,  In 1979 Alspach [ 1  ] asked 
- 

t h e  falloving two q u e s t i o n s -  
4 3 

1, Is it  t r u e  t h a t  *ere exis - ts  a BCD(n, k, 1) if and on12 if a 
4 - 

3 

is odd, n g k  and ltl (:)? - ,  - 

2. Is it'trme t h a t  t h e r e  exists a BED(B,L,.) if imd 0.12 if A v 

nhk, mn(a-1 ) s  O(mod 2k) and r ( a - 1 ) 5 0 ( 8 o d  a ?  
' 

The first q u e s t i o n  was p a r t i a l l y  anmered by Alspach and Varma 
-- - -- - - - - - -- - -- - - -- 

[ 5 ]  ;LO showed that i f  k=2pe thqn the n e c e s s a r y  coalitions are 

% a l s o  s u f f i c i e n t .  and by Rosa [i0] who s h o r d  that  i f  k=pe , t h e n  

the n e c e s s a r y  c o n d i t i o n s  are s u f f i c i e n t ,  Qtlestion 2 was looked 



d t  by Bermad, Euang and S o t t a a a  ,f r) and Bermcrud and Sat- [ 8  3, 

who .Lowed, r e s p & t i n l y ,  t h a t  t & e f m . u r y  coaditioas .re 

s u f f i c i e n t  for a l l  erem k betueqa 2 and 16 aod a 3 1  m, and for 
I h 

k*3,5  and 7 and for a l l  r, 
* - 

4 A 
/ 

t 

Latitt- a 

, 
An nxn arraz A=(- with ertrias fro* c1,2,- ,.-.n)-is celled- - 

# .  

a l a t i n  square of order a if it  has t h e  property that for 

= [ ( i ,  j) I l d i ,  j l a )  - A latfin ' square fa c a l l e d  self -orthogonal  kf * 

* it i s  drthogona l  to  its t ranspose ,  . P i a a l l y , ' a  btin square is 

= _  .called b o t i z o o t h y - c o m p ~ e t e  i f  ererr o q i ~ o s e d  pair of ai*&kt 
\ 

e l e m e n t s  appears  e x a c t l y  once as  adjacent e l e m e n t s  i n  sere row . 

o f  t b e  squase. . . 

-- - - 

,- 

l e -  traqir-* - o m - - & ~ ~  - 

i; 

n defines a 1 - f a c t o r i z a t i o n  of K,,, the comple te  b i p a r t i t e  graph , 

on 2. e lements .  Let the v e r t i c e s  of I,,, be p a r t i t i o n e d  into tUo 
c 

. subsets X={x, ,xz,, r r 8 ~ , )  and I= ty, ,y2 ,, .- ,I,,) so t h a t  e v e r y  edge - 
of K,,., is. &.&dent w i t h  o n e  v e r t e x  from X and oae v e r t e x  from I. 

T h e  1'-f actors are #*fined as f ollcns. Given a l a t i n  s q u b  , 
th 

A=(aLj) let t h e  edge rLyj  -be in t k  k 1- fac tor ,  F,, i f  and. o n l y  
, 

if *wJ=k. For e x a ~ p l e ,  Figure 2.1 shows Z a l a t i n  square of order 
- - - - - - - - -- - - - - - - -- - 

- four, and Figure 2.2 shows t h e  1-factorizatioa of A,?, defined by 
- - -  

. t h i s  l a t i n  square, I n  general, we n o t e  that a a y X n t a 5 a r r a y  with 

e l e m e n t s  from (l ,Z, . - . ,k)  d e f i n e s  a d e c o a p o s i t i o n  of I,,, i n t o  k 



L a t i n  square of order 4 
P 

Figure 2.2 

klspach, Beinr ich .  and B o s e n f e l d  hate 'also secagniz,ed t h e  

r e l a t i o n s h i p  between graph decompos i t ions  and latin s&aares [ 3 1. 

i The fo lowing theorem is due  to them, 

l a t i n  square of order n. 

The p r o o f  of t h i s  theorem is simple and i s  baaed on t h e  fact 

thalt every  v e r t e x  is missed by exac t ly  one c y c l e ,  Label  the 



let %=k. ~ b i  latin sqsare i s - . s e l f - o r t h o g o n a l  s i n c e  every two . 

cycles interdect along e x a c t l y  one edge. ?or instance, DX5-DC, 

sqeare of order f i v e  (pigare 2-4) .  The coewerse of t h i s  theorem , I 

is not  alrars true as the l a t i n  sgnare - mar d e f i n e  - so= cycles 
0 

whose lengths are less than a-b Pigate  2.5 shows a , . 

length three i n s t e a d  of one d i r e c t e d  cycle of length six. 

1 2 4 3  
2 3 5 4  . 
3 4 1 5  
4 5 2 1 '  
5 1 3 2  . 

Figure 2.3 
- -- - - - - - - -. - 

DKs+DC, L a t i n  scpare of order 5 



- -- 

\ 
- - - - - - -- - - --- -- -- - - - -- - - , 

Al though  t h e  c o n v e r s e  t o  Theorem 2-1 does nQt, i n  ge-1, 

'1 12 1) t o  o b t a i n ,  from h o r i z o n t a l l y  c o a p l & e  l a t i n  squares, 

d e c o m p o s i t i o n s  of the c o r p l e t e  .met r i e  = d i r & t e d  graph i n t o  'Y 
R a r ; i l t o n i a n  paths a n d  c y c l e s -  '\ 

\, 
It is known t h a t  h o r i z o n t a l l y  c o s p l e k e  l a t i n  squares e x i s t  

f o r  a l l  even- n ( s e e  1 1 2 3 ,  however n o t  as much infqrmmati_o_n is - 

---% . .  - 
a v a i l a b l e  h r  odd b. d o n e t h e l e s s ,  h o r i z o n t a l l y  c o m p l e t e  l d t i n  

i I 

squares o f  oqd o r d e r  are known to  exist i n  a t  l e a s t  o n e  i n f i n i t e  
. t 

Theorem u: I f  a h o r i z o n t a l l y  c o a p l e t e  l a t i n  square of o r d e r  n . 

e x i s t s  then 

1- DK, can be p a r t i t i o n e d  i n t o  n H a m i l t o n i a n  paths, a n d  

2, DK,,, c a n  be partitioned into n H a a i l t o n i a n  c y c l e s ,  
h 

- 3 Proof.  ' ( p a r t  one). L a b e l  t h e  of DK, with t h e  n e lements  
i h  

of t h e  l a t i n  Guare a n d  let  ry b e  a n  arc i n  the i H a d l t o n i a n '  
f 

pa th ,  i f  and o n l y  if t h e '  e lement  x o c c u r s  i imediate l t  b4fo;e t h e  

e l e m e n t  y i n  the .ih row of +e l a t i n  s q u a r e .  S i n c e  t h e  l d t i n  

s q u a r e  & horizontally . c o a p l e t e  t h e  tanion 'of t h e  ~ a a i ~ t b n i a ;  . 

P 

p a t h s  w i l l  g i v e  u s  DK,,,' 

. ( p a r t  two) Label th& v e r t i c e s  of DK,, with the n elem 
- - - - --- - - -- - - - - - -- - 

t of the l a t i n  square and one a d d i t i o n a l  element, say v, and 

d e f i n e  n p a t h s  of l e n g t h  a-1 a s  above. For i = l , , ,  ,,n, a d d  t h e  . 

arcs  r a  a n d - b r  t o  t h e  i h p a t h  i f  a and b are the elements in t h e  



% 
- - -  - - - A- - - - - 

+I--* first a n d  l a s t  columns,  r e s p e c t i v e l y ,  o f ,  t h e  i rou of t h e  " l a t i n  
- -A 

s q u a r e ,  Thus t h e s e  two  arcs, t o g e t h e r  w i th  t h e  n-1 arcs i-n t h e  

p a t h ,  form a C l i r e c t e d  B a ~ i l t o n i a n  > cycle i n  DK,,,. S i n c e  t h e  
-- 

s q u a r e  is  l a t i n ,  we know t h a t '  t h e s e  a d d i t i o n a l  2n arcs a r e  a l l  

d i s t i n c t .  Hence re have a d e c o ~ ~ o a i t i o d  of DK,, i n t o  B a m i l t o n i a n  

c yc  les, 

b 

Al though  h o r i z o n t a l l y  c o r p l e t e  latin s q u a r e s  of odd order  

a r e  o n l y  known t o  e a s t  i n  a few cases, Ti l l soa  [33] ,  u s i n g  a 

c o m b i n a t i o n  of d i r e c t  c o n s t r u c t i o n  a n d  i n d u c t i o n ,  h a s  shown t h a t  
& - -- - - 

t h e  d e c o m p o s i t i o n s  men t ioned  i n  Theorem 2.2 e x i s t  f o r  a l l  odd n, 

T h e s e  d e c a ~ p o s i t i o n s ,  however,  d o  n o t  g i v e  -ti-se t o  h o r i z o n t a l l y  

c o m p l e t e  X a t i n  s q u a r e s ,  

Z W i t h  t h e  r e c e n t  (1979) s o l u t i o n  by 

B e a w o o d * ~  C o n j e c t u r e  [ 2 6 ]  and t h e  p r o o f  

Theprem by Appel a n d  Haken i n  197- 

- - - - - - - - 

R i n g e l  a n d  Youngs of 

of t h e  Poor C o l a u r  

1351 for  a s u r v e y  o f  

t h i s  p rob lem) ,  g r a p h  embeddings  haw,eJbeen i e n j o y i n g  i n c r e a s e d  ,, $ 
g, 

a t t e n t i o n .  I t  t u r n s  o u t  t h a t  some g r a p h  embedd ings  p r o v i d e  f 

d e c o m p o s i t i o n s  of 2K, i n t o  c y c l e s  of l e n g t h  n-1, We w i l l  b r i e f l y  8 
L 

d i s c u s s  t h i s  c o n n e c t i o n -  
- --- - 

First we w i l l  g i v e  a, few d e f i n i t i o n s ,  A r o t a t i o n  of a 
+. 

vertex v of a g r a p h  G is a n  orientedPcyclic p e r m u t a t i o n  of a l l  is- 
:; 

v e r t i c e s  a d j a c e n t  t o  r, T h i s  p e r m a t a t i o n  a s s i g n s  an o r i e n t a t i o n  



( c l o c k v i s e  o r  c o n n t e r c l o c k u i s e )  t o  the vertex v, If we a r e  g i v e n  

a - r o t a t i o n  f o r  e i e r y  ~ k t e x  v i n  G t h e n  we h a v e  a r o t a t i o n  of 

t h e  g r a p h  G, It is e a s y  t o  see t h a t  if G=K, t h e n  e v e r y  c y c l i c  

p e r m u t a t i o n  i n  t h e  r o t a t i o n  o f  G h a s  l e n g t h  n-1, I f  t h e  g r a p h  G 
1 

can b e  drawn o n  t h e  s u r f a c e  S w i t h  no  edges c r o s s i n g  t h e n  w e  say 
i 

t h a t  G ' c a n  'be embedded i n t o  t h e  s u r f a c e  S, 

I f  i n  a n  e m b e d d i n g  of G i n t o  a s u r f a c e  S e v e r y  r e g i o n  is a 

t r i a n g l e ,  t h e n  t h i s  is a t r i a n g u l a r  embedding o f  G i n t o  S, I f  we 

h a v e  a  t r i a n g u l a r  embedding of K, -- i n  scme s u r f a c e  - t h e n  - e v e r y  - - - -- - 

p a i r  o f  d i s t i n c t  v e r t i c e s  u a n d  v a r e  i n  e x a c t l y  t w o  t r i a n g l e s  

of t h e  embedding ,  say nvx a n d  uvy. T h u s  u  a n d  v a r e  a d j a c e n t  i n  
B 

t h e  r o t a t i o n  o f  v e r t e x  x a n d  t h e y  are a l s o  a d j a c e n t  i n  the 

r o t a t i o n  o f  v e r t e x  ,yo ,  F i g u r e  2.7 is a t r i a n g u l a r  e m b e d d i n g  of K, 

i n  t h e  t o r u s ;  i d e n t i f y  t h e  Fairs of o p p o s i t e  e d g e s  a s  i n d i c a t e d  

by the v e r t e x  i a b e l t i n g s .  In t h i s  e & e & i f i n g - e v e r y  w e e r  has - - 

been  a s s i g n e d  a c o u n t e r c l o c k w i s e  o r i e n t a t i o n ,  F i g u r e  2.8 g i v e s  

u s  t h e  r o t a t i o n  of K,  d e f i n e d  by t h i a  e m b e d d i n g  ( w h e r e  a ,  hij--. 

means t h a t  when w e  rotate c o u n t e r c l o c k v i s e  a r o u n d  the v e r t e x  a ,  . 
w e  meet t h e  v e r t i c e s  h , i ,  j,,,. i n  t h a t  o r d e r ) ,  

a 

w 

C '  1 



T r i a n g u l a r  embedding -- - - of K, in the 

F i g u r e 2 . 8 -  - - -  

A r o t a t i o n  of K7 

1 

If we let  e v e r y  tuo adjacent elemendls i n  a  cyclic 

permutat ion  d e f i n e  an edge,  t h e n  a t r S a n g u l a r  embedding 
2 - 

some s u r f a c e  gives us a p a r t i t i o n  of the .edges of 2K, i n t o  A 

2 
cycles of l e n g t h  n-1. Ue have  found in 126 ] two r o t a t i o n s  of 

I 

complete graphs  which g i v e  X,+C,,,, One of them is 2K,*C, - 

-- - 

and is g i v e n  i n  F i g u r e  2 -8, and t h e  o t h e r  is 2E,+C5 and is 

g i v e n  i n  Figure 2.9. 



A r o t a t i o n  of R L  

e d g e s  i n  common w h i l e  o t h e r s  ray h a r e  mare t h a n  o n e  e d g e  i n  4 

c. 
.-- R i n g e l  also sqkro ,duced  t h e  c h o r d  problem as a -means t o  

# 
s i m p l i f y  t h e  c a l c u l a t i o n  of a t r i a n g u l a r  embedding-of a g r a p h  

i n t o  a  s u r f a c e .  ~ a s i c a l l ~ ,  t h e  c h o r d  problem is t o  f i n d  a - 

g i v e s  a  d e c o m p o s i t i o n  of I(,,,, i n t o  Elami l ton ian  p a t h s ,  b e c a ~ s e  i f  

h i  and j k  are two e d g e s  in t h e  path such t h a t  l ( h i ) = l  k)  t h e n  f j 
3 

7' e i t h e r  1 j - i l * l  k-hl =s or I j - h l = l k - i l = s .  B e l o w  we ha  e t h e  diagr& 

for -6. T h i s  is just a n o t h e r  example  of a p a r t i c u l a r  p a t h  

d e c o m p o s i t i o n  ~ r c b l e m  and i t  s h o u l d  b e  alear fro8 P i g a r e  2-30 
- - - - - -- - - 

how one o b t a i n s  a s o l u t i o n  t o  t h e  c h o r d  p rob lem fo r  any value' of 



. /  
The chord problem , 



( 
R e c a l l  t h a t  2K, d e n o t e s  t b e -  comple te  r u l t i g r a p h  on n 

-J 
n 9 .  

e v e r y  e d g e  occurs trice, I f  e is a n  e d g e  i n  

w i t h  t h e  v e r t i c e s  r and ]r t h e n  ve r i & f p  - ,  

often write xy i n s t e a d  of b. dl1 i h i c a t e  a pa th  by its 
--- - - - - - - - 

s e q u e n c e  of v e r t i c e s ,  and t h e  p a t h  v,,r,,,,v,,v, h a s  l e n g t h  k- Ue . 
.t 

* 
a cycle by its s e q u e n c e  of rertices, and the cycle v, v, ,,,v,-, r, 

h a s  l e n g t h  k. Be write C, t o  d e n o t e  a  c y c l e  of l e n g t b  k. 

I f  the v e r t i c e s  of 2K, are labelled wi th  the i n t e g e r s  

t IJ , , , ,  , n ,  t h e n  t h e  l e n g t k  of a n  edge  XI is L 

t B e  w i l l '  now i n t r o d u c e  t h e  c o n c e p t  of rotating an edge. It 

most b e  n o t e d  here t h a t  this d e f i n i t i o n  of ~ o t a t i o n  is different 
- 

from t h e  r o t a t i e n  d e k r i b e d  in t h e  section oil Embeddings in - 1- 

m p t e r  If. If xy is a n  edge  i n  2K, with v e r t i c e s  l a b e l l e d  
0 

l,2,,,, ,n, t h e n  by r o t a t i n g  xy k  times ue mean t h a t  we i n c r  

each l&el bf-L;- r h e a a r - i & - n n - - -  - 

r e s i d u e s  l , Z , ,  ,no The edge xy rotated k times g i v e s  u s  the 

edge  o r ,  where x+k P (rod n) and y+k = v (mod a) , Clearly r o t a t i n g  

an e d g e  doe  c h a n g e  i ts  l e n g t h ,  , - If t h e  e d g e  - - - - xy - - i s  - - r o t a t e d  - - - k .--- - 

times t o  gi+e ps t b e  edge  uv the. t h e  distance bctreea ,XI and uv b 



is def ined  t o  b e  rio(k,n-k), 

bs w e l l  as r o t a t i n g  edges, ue can rotate cycles a a d  paths .  

By r o t a t i n g  a  q c 1 s  k times ue mean t h a t  ue.simaltdn~isesly I 
r o t a t e  e a c h  . edgeaim t h e  cycle k times ( m e  Figure 3.1). 

B 

h S i m i l a r l y .  by  r o t a t i n g  a p a t h  k times we mean t h a t  ve 
\ .  B .  

, s i m r r l t a a e o ~ s l ~  ;ot a t e  each edpe- in the p a t h  k t i e  (see -Figure 

3.2). 

The  r o t a t i o n  of a f i x e d  cycle C in 21, is t h e  set of cy~les 
- 

formed - - - - - when - C - - is - r o t a t e d  k times, f o r  -- k=O.L. - - 
- 

..,a-1. ~imi$arl;. * 
-- L 

- ----=- = - -- 

the r o t a t i o n  of a f i r e d  path  in 2K,'is +e set of p a t i s  formed 
I 

when P i s  r o t a t e d  k t i r e g ,  fo r  k=O,l,.,.~n-1, Fhas a r o t a t i o n a l  
* 

decomposi tLon o f  ZK,' i n t o  cycles of l e n g t h  n-1 i s  a 

decomposi t i ron o b t a i n e d  by the r o t a t i o n  of a fixed c y c l e ,  and t h e  

v 
3.1 and 3.2 gjre, r e s p e c t i v e l ~ ,  r o t a t i o n a l  d e c o m p o s i t i o n s  of 2AS 

i n t o  c y c l e s  af l e n g t h  4 and p a t h s  of l e b g t h  4, 



Figure 3.1 . 
Rot atioaal Decomposit io h of 2K5*,, 



~ i g u r e  3.2 

Rotational Decomposition of 2K,+PS. 

edge.  hie la.;. is  used i n  Theorem 5.4. Ue ' w i l l  tgen g i v e  am- 

equivalent  lemma f o r  paths that i s  used extensirell in the 

Lppondix 'as a means of f i n d i n g  a rota t ibna l  path decomposition 

of 2A, with t h e  a f o r e ~ e n t i o n e d  intersection propertl,  F i r s t  m e  

note  - -- that  - -- - -- i f  - a -- is even - then a n y  edge of length -- n/2 i n  2lS, w i l l  
\ 

- - -  

a l u a i s  co inc ide  uitb Stse l f  a f t e r  n/2 rotations.  TLua re can, 
r L  

omit t h i s  fact f r o m  th$statement of t h i s  lemma and its 



3 . ~ 8 ~ 4  3-18: Let n be  even. Then 2 K , 4 C n _ ,  by rotating a fired a 

c y c 1 e . C  i3 aqd on12 if 

1, There a r e  tuo edges  of e v e r y  l e a g t h  l,2,-..  (n/2) -1  wd oas 
P L 

e d g e  of l e n g t h  p/2 i n  C. A. 

(7 
2. The intega~s 1.2,. .. (m/2) -1 e a c h  o c c u r  e x a c t l y  o n c e  a s  the is 

, . 
- d i s t a n c e  between 'two ekges of the sale Aamqtk in C, 

-- - -  

cycle s a t i s f i e s  c o n d i t i o n s  1 and 2 of t h e  lemma, Let or and ry - 
be tuo e d g e s  of C t h p t  are d i s t a n c e  k apart, aad a p p o s e  t h a t  ue 

I 

can r o t a t e  o r  k time9 to get  ry (as opposed to rotating xy k 

timer t o  g a t  u r ) .  If C *  is t h e  cycle obtaiaed b y h o t a t l a g  C k 

9 
and C* h a r e  the  edge a r  in common. Thus f o r  1 S k l  (W2)-I,  we see f 

8 

t h a t  f o r - e a c h  k t h e r e  are exactly 5 c y c l e s  ( a b t a i m d  by rotating b ,  
\ 

C e i t h e r  k or  n-k tims) which j n t e r s e c t  C exactly once .  Prom 1 
I 

t h e  comment preceding this lemma, we a l s o  know t h a t  t h e  cpcle L 

o b t a i n e d  by r o t a t i n g  C n/2 times intersects C aloag the edge'of' 

l e n g t h  n/2. Thus, i n  its rotation, C i n t e r s e c t s  e a c h  other c y c l e  

e x a c t l y  once. Since t& c h o i c e  of C was a r b i t r a r j  ( a l l  other 



- - - - 

Bow sappose t h a t  2 K , 4 C n , ,  by r o t a t i n g  a fired cycle C. 

S o p p o e  there i s  some k, 1S&S(a/2)- 1, such t h a t  theme are a t  

__- 
l e a s t  three edges of l e n g t h  k i n  'c. ~ h e n  ~ h e ~  we l o o k  a t  . tho  

- .  

r o t a t i o n  of C, every edge of la& k appears  a t  l e a s t  three  - 
times and t h i s  c o n t r a d i c t s  our assamptiom t h u t  t h i s  is a 

decomposi t ion of 2K,. Using a s - imi lar  - argumst i t  i s  easy to see 

t h u t  there is atsa no -k, MkS ( ~ / 2 ) q l ,  such t h a t  there is st m o s t  - 

? 
one edge  of l eng th  k i n  C, Thus thep most be  exactly two edges 

..' 
distance k a p a r t ,  and let m @ r e  and x * y e  be tw edges in C of 

\\ 

l e n g t h  8' t b a t  are a l s o  d i s t a n c e  k apdrt,. Then t h e  , c y c l e  

obtaiaea - by r o t a t i n g  C k times vi11 hare two edges i n  comaon !, 

- - with G' since this contxo4irth-epr a r a p ~ t t ~ ~ t a t m ~ ~ ~ ~ - ~  .s- -- - - 

I 

see t h a t  e a c h  possible distance o c c u r s  a t  most once a s  the 

l e n g t h  n / Z  i n t e r s e c t s  itself a f t e r  n/2 r o t a t i o n s ,  a l l  remaining 

p o s s i b l e  d i s t a x e s  e a c h  occur e x a c t l y  once as fhe d i s t a n c e  

batween two e d g e s  of t h e  asam length.  Thus  i f  2 K , e , , ,  by - 
rota t ing  a f i x e d  cycle C, them this cycle satisfies conditions 1 

and 2 ,of t h e  lemma. 



d i s t s n c e  b e t w e e n  tuo  edges of the s a m e  length i n  C ,  - '  . -  

Lemma 3-  2a: Let a .  be even. T h e n  2K,_jPn b f r o t a t i n g  a f i x e d  

p a t h  P i f  and o n l y  jf 

1. 'Were &re two edges of e,very lefigth I ,2,8.,, , (nf2)-t aad m e  
- 

edge of l e n g t h  n/2 i n  P,' 

2, The in teg5rs  1,2,, , , , fn/2) - 1  each occur e x a c t l y  oace as the  
--- - - - - -- 

- - - --- - - - - - - - -- - - -- -- -- 

distance between two edges of the saBe l e n g t h  i n  P, 

- 
Lemaa 3.2b: L e t  n be  odd. Then 2K,*P, by -ro ta t ing  a firad dath  

P i f  and  o n l y  if 4 . 
1. T h  e rc a re t uo e ages of ev arp l e g  th 1,2,-,, kllL2-in P- - - -- 

2. T 4 e  integers 1,2,, ., , (n-1) /Z each occur e r a c t l y  once as t h e  

distance b e t w e e n  two edges of the same l e n g t h  i n  PI 
., 

The p r o o f s  of the aboPe t h r e e  lemmas are e s s e n t i a l l y  the . 

same a s  that of Lemma 3, l a  and hare  t h e r e f o r e  b e e n  omi t t ed .  

/ U s i n g  t h e  proof of Theorem 1 - 0  we see ' t h a t  t h e  
/ - -  - --- - - - - - -- - - -- 

d e c o a p o s i t i o n  K C ,  uhere n is a power of a prime, i s  , 

rotation= over I n ) ,  some of t h e  smaller v a l u e s  of n for wbich 

2K,--+P, u s i n g  a  r o t a t i o n a l  dgcompos i t i on  a r e - l i s t e d  i n  t h e  



d e c o i p o s i t i o n  oCCZK,-+P,;--Tnls c a n  easily be seen b y  l o o k i n g  a t  . 
\ 
all ~ a t b s  of l e n g t h  ' s i x  o n  sewen vertices t h a t  have two e d g e s  of 

l e n g t h  one,  t w o -  edges of l e n g t h  two and two e d g e s ' o f  l e n g t h  
J L I -  

t h r e e  a n d  s e e i n g  t h a t  none o f  t h e s e  p a t h s  sa t i s f ies  c o n d i t i o n  2 

of Lemma 3.2b. +Me used a c o m p u t e r  t o . s e a r c h  for a set of s e v e n  

p a t h s  of  l e n g t h  six i n  2K, any two of which  intersect a l o n g  

ne edge, The prograr used a c t u a l l y  found  hundreds of 

such non- i somorph ic  d e c o a p o s i t i o n s ,  and  the a l g o r i t h m  for this 

program is g i v e n  i n  t h e  Appendix, along v i t h  one of  t h e  

T h e  f o l l o w i n g  lemma g i v e s  u s  some informaticn c o n c e r n i n g  

th$ l a b e l l i n g  of  t h e  end v e r t i t e s  of each  p a t h  i n  a p a t h  

d e c o a p p s i ~ i o n  and i s  used i n  the proofs of   he ore as 4.1, 4.2, 

4.3 and 5.1, 

' / Lemma 3,'3: I f  2K, h a s  a' p a t h  d e c o ~ p o s i t i o n  v i t h  the p r o p e r t y  

that any two  p a t h s  h a v e  e x a c t l y  o n e  e d g e  i n  ccamon, t h e n  e a c h  

path dhst h a v e  l e n g t h  n-1. Horeove r ,  i t  i s  possible t o  a s s i g n  a 

d i r e c t i o n  t o  each p a t h  so  t h a t  every v e r t e x  i n  2K, is the 

i n i t i a l  v e r t e x  of a p a t h  and the t e r m i n a l  v e r t e x  o f  a p a t h ,  

Proof .  I n  ordgr f o r  e v e r y  p a t h  t o  h a v e  'hcac t ly  ,one e d g e  in 
-- 

common with each of-thereraiK5ng-paths-it-isSXecFsSarythat t h e  

m n r h r  o f  m b s  in *e d e m m p s r t ~ o n  be one more t h a n  i c - ~  . 
, . 

of edges in bach path, S k n c e  t h e r e  are n f n - 1 )  e d g e s  i n  2K, i t  



S i n c e  Gch i 6 r f e i - i d - 2 K r \ h a S d e g r e e  . . 2n-Z%%Zl e a c h  o f  t h  e n 

paths i n  t h e  d e c o a p o s i t i o n  c o n t - r i b a t e s  e s t h e r  T o r  2 t o  the - 

' d e g r e e  of e a c h  v e ~ t e x  we see t h a t  each rerter i s  a8' ead v e r t e x  
' 1  - 

of exact11 two ~ a t b s .  The f d l l o v i n g  a l g o r i t l i a  d e s c r i b e s  hou t o  w t  

a s s i g n  a  ' d i r e c t i o n  t o  e a c h  p a t h  (by l a b e l l i z r g  i ts  end  v e r t i c ? ~ )  

ao t h a t  e v e r 2  v e r t e r  i n  2g, i s  t h e  i a i t i a l  v e r t e x  of a pa th  and 
1 

-3 - 
I ,  

- t h e  t e r m i n a l  werter of a p a t h ,  - .  

L e t  k = l .  

C oose any  p a t h  i n  t h e  decompos i t ion  t h a t  Bas n o t  yet been 9 - - - - -- 
- - - - - - - - - - --- --- - - - - - - - 

- - - -- 

l a b e l l e d  a n d  c a l l  i t  QK, A r b i t r a r i l y  l a b e l  i t s  end vertices 

s, ( i n i t i a l )  a n d  t, ( t e r m i n a l ) .  Let i=k+ 1, 

L e t  4, b e  t h e  p a t h  t h a t  Bas t h e  v e r t e x  l a b e l l e d  ti-, as  a n  

end v e r t e x ,  L a b e l  this end v e r t e x  o f  Q; a i t h  s;. Bow t h i s  

v e r t e x  has two l a b e l s  attached t o  'it, Labe l  t h e  6 t h e r  end 
t 

v e r t e x  of Q L with t;. - - - - - - - - - - -- - - -- - - - - - - - - - - 

~f t h e  v e r t e x  l a b e l l e d  t; h a s  r e c e i v e d  o n l y  o w  l a b e l  ' 

(namely t;) t h e n  let i= i+ l  a n d  go to  3, otherwise g o  t o  5 ,  

The  v e r t e x  l a b e l l e d  t; has r e c e i v d d  two l a b e l s ,  s, and t ~ .  

If i=n t h e n  t h e  terminal v e r t e x  of Q, c o i n c i d e s  w i t h  t h e  
9 

i n i t i a l  rerter of Q,, a n d  the l a b e l l i n g  is comple te .  I f  i<n 

t h e n  i v e r t i c e s  in 2K, have  r e c e i v e d  two labels and a-i 

v e r t i c e s  h a r e  r e c e i v e d  no  l a b e l s ,  I n  t h i s  case, l e t  k=i+l 

does ,  i n  f a c t ,  r e s u l t  i n  e v e r y  terteq being t h e  i u i t i a l  verter 
-. 



17, Path  Decompositioma 

I n  t h i s  c h a p t e r  we p r e s e n t  t h r e e  t h e o r e m  a n d  a c o r o l l a r y  
* 

which, t o g e t h e r  u i  t h  t h e  d e c o r ~ o s i t i o n s  2 K n 4 P ,  t h a t  are l i s t e d  

e x p l i c i t l y  i n  t h e  Appendix, g i v e  s e v e r a l  i n f i n i t e  f a m i l i e s  of . 

c o m p l e t e  s u l t i g r a p h s  f h a v i n g  m u l t i p l i c i t y  two) which c a n  be  

decomposed i n t o  B a i i l t c n i a n  p a t h s  h a v i n g  t h e  p r o p e r t y  t h a d  a n y  
B 

- two paths h a t e  e x a c t l y  one edge in C O I I ~ .  

* 
A l l  of t h e  work i n  t h i s  c h a p t e r  is o r i g i n a l ,  and t h e  

m u l t i p l i c a t i o n  method used i n  t h e  p r o o f s  o f  t h e  t h e o r e m s  i n  t h i s  

c h a p t e r  is a g a i n  used  fn C h a p t e r  V, 

C 
Theorem U,l: I f  2 K , I P n  t h e n  2K,,,P,,, 

P r o o f ,  Label t h e  v e r t i c e s  o f  2K, wi th  t h e  i n t e g e r s  1, 2 ,  ..,, n 
a n d  l e t  the p a t h s  i n  t h e  d e c o m p o s i t i o n  be l a b e l l e d  Q ,  , Q,, -,, , 
Qn- Thus  f o r  any  i and j, w i t h  I l i < j l n ,  Q, and  Q, i n t e r s e c t  i n  

e x a c t l y  one  edge .  a s s o c i a t e d  w i t h  e a c h  p a t h  Qj t h e r e  is  a n  

i n i t i a l  v e r t e x  s, a n d  a . t e r m i n a l  v e r t e x  t j ,  so t h a t  e v e r y  v e r t e x  

- i n  2K, is t h e  i n i t i a l  v e r t e x  of  a p a t h  and t h e  t e r m i n a l  v e r t e x  

of a p a t h .  ( T h i s  f o l l o w s  from le8.a 3.3.) Thus  re h a v e  - a s s i g n e d  

a d i r e c t i o n  t o  e a c h  p a t h  Q; ( d i r e c t e d  from s, t o  t i )  so t h a t  it 
- - - - - - 

nov c o n s i s t s  o f  arcs ab.  Re w i l l  use the word e d g e  i n s t e a d  o f  

arc when w e  w i sh  t o  i g n o r e  t h e  d i r e c t i o n  assigcred t o  t h e  p a t h s -  



Label a l l  a r c s  cf Q, w i t h  0 .  low l o o k  a t  Qj, f o r  j=2, 3, 

..., a. If t h e  a r c  ab of Qj h a s  a l r e a d y  been l a b e l l e d  0 i n  the 

I l a b e l l i n g  of Q, ,., , ,Qj,, t h e n  now l a b e l  it 1, I f  t b e  arc ab h a s  
* .  

n o t  p e t  been  l a b e l l e d  then label i t  0, I n  d o i n g  t h i s  re see t h a t  

if the a r c  ab  is o n  two p a t h s  t h e n  i t  is o n c e  labelled 0 a n d  

o n c e  l a b e l l e d  1, I f ,  however,  the ,arc ab  is on  o n e  p a t h  a n d  the , 

arc ba is on a n o t h e r  p a t h  t h e n  t h e y ,  are both l a b e l l e d  0 ,  - o rn 

let A= (ad) b e  t h e  s e l f - o r t h o g o n a l  l a t i n  square of o r d e r  5 

d e f i n e d  by a;j=2j-i (see Figure 4. I ) ,  where a r i t h m e t i c  i s  

perfor . e d  modu l o  5 on t h e  r e s i d u e s  1,2 ,,, . ,5, 
Lf 

S e l f - o r t h o g o n a l  l a t i n  square of o r d e r  5 C 

.3u 

T h i s  l a t i n  s q u a r e  de f  i r r e s  f i v e  p e r m u t a t i o n s ,  M,, M1, M3, %, a n d  dg, 

on five s y m b o l s  e a c h  by oc,(i)=j i f  and  o n l y  i f  a t j  =so 11~15, Par 

example,  %,= (2453) , I n  a d d i t i o n ,  t h i s  l a t i n  s q u a r e  d e f i n e s  a 

1-f a c t o r i z a t i o n  qf RSLs . The f i r e  .l-factors. I ,  . ? F3 , and  

P, a t e  s h o r n  i n  Figure 4.'2. 
.I 



*I P" ' P, Ps 

b, Figure  4 . 2  

The 1 - f a c t o r i z a t i o n  of d e f i n e d  b y  A 

Each 1-factor F5 is related to  the permutation d,, 1 5 ~ 1 5 ,  

= j i f  and only if i n  Ps there is  an edge  from I; to  y; - 
The f i r e  1- f  ac tors  defined. by the transpose of A ,  &which re will 

denote by A * ,  are c a l l e d  1:. I:, P ,  , and em. The .I-factoc I@ 

is related t o  t h e  permutationp <, l j  i f  d 0 1  Yi - 
i i F'. there is an edge from x, t o  3 .  The i -factors defined 

by A s  are g i v e n  in Pigure 4.3- 



P,' Pz' p; 

F i g u r e  4-3 

T h e  l - f a c t o r i z a t i o n  of 
c. 

, 
d e f i n e d  by A' 

a r r a n g e  the v e r t i c e s  of KSn i n  a Sxn array called G, , and 
, 

let G ( i , j )  ba t h e  .ertex i n  the i* row and j' column of G- For . , 

each of length Sn-1, w i th  rertices i n  G, 

To g e t  the f i c s t  path, q; ., Wiiill replace each arc 03 Q, 1 

J .  - 
w i t h  one of t h e  subgraphs of Kclg def b e d  prerioaslg .  We dcf thfs 

as  f o l l o u s ,  For each arc IT i n  QJ: 

I* If xy 's labelled 0 then g,, c o n t a i n s  t h e  edges .- 

G (5 ,x )S  (3, y) . These edges are those d e f i n e d  by ?, , Qe say 
-'4Q 

t h a t  the arc XI. of Q, is reylaced b j  t h e  I - f a c t o r  I, i n  e. 

2. If rr is l a b e l l e d  1 t h e n  p ,  c o n t a i n s  the e d g e s  
J - -- 

G ( 5 , ~ ) 6 ( 4 , y )  , These e d g e s  are t h o s e  d e f i m d  b y  the 1-factor 

P,'. Pe s a y  t h a t  t h e  a r c  x y  of Q; is replaced by the + f a c t o r  



which  must be c o n n e c t e d  by f o u r  edges t o  give us , q ~  . F i r s t  we 
T - 

n o t e  t h a t  I*  a n d  2 *  c a n  be r e s t a t e d  as follows. F o r  e a c h  arc xr 

, 1, Lf ,xy is l a b e l l e d  0, t h e n  q,j c o n t a i n s  t h e  edges 

6 (a, x) G (b, y) i f  and o n l y  i f  oc, (a)  =b, where' 1SadS. 
- 

2, If xy is l a b e l l e d  1, t h e n  qtj contains the edges : . 

f G(a ,x)G(b ,y)  i f  and o n l y  i f  oc, (b)=a, mherqQlbS5.- 
/ 

B o w  we m a s t  l o o k  a t  t h e  s u b p a t h s  of qtj d e f i n e d  above-  
- - - - - - - - 

Soppose  t h e  s u b p a t h  of q~ s t a r t i n g  a t  v e r t e x  G(a,sj),  1, ends P 
a t  v e r t e x  6 ( b 8 t J  ). The. for some r, (a)=& Since aq,=e, here e h 
is t h e  i d e n t i t y  p e r m u t a t i o n ,  ue may agsume t h a t  lSrl4, T h i s  \ .  
a l l o w s  a s  t o  c o a p u t e  t he  terminal v e r t i c e s  of each of the a 

s u b p a t h s  i n  qi . T h u s  i n s t e a d  of l o o k i n g  a t  t h e  s u b p a t h s ,  we 

need l o o k  o n l y  a t  t h e  e d g e s  C (a, si ) G (b - t- J ) of - K,, L -  , 'where - - b= - &:(a) - - 

and lla15, Figure 4 - 4  shows w h a t - t h e s e  subgraphs l o o k  l i k e  f o r  - 
t h e  v a r i o u s  v a l u e s  of r. Dote t h a t  t h e  p a t h  starting a t  G(1 , s j )  

a 

a l v a y r  ends a t  G ( l o t j ) .  

P o s s i b l e  s t a r t  a n d  end v e r t i c e s  of t h e  s u b ~ a t h s  of q,j 
,- 



s u b g r a p h s  of Kq5 g i v e n  i n  Figure 4 . 4  to form a path *of l e n g t h  9 .  

t h e n  t h e s e  e d g e s  can b e a d d e d  t o  t h e  s u b p a t h s  of g to form a 9 
p k t h  of l e n g t h  5n-1. , 

I Figure 4 .5  below shoss t h e  subgraphs  of Pigare  4.4 w i t h  a - 
e/ 

set of'  f o u t  a d d i t i o n a l  e d g e s  i h i c h  form a p a t h  of l e n g t h  9 i n  
- - 
ea'ch case. (Me comment t h a t  t h e  a d d i t i o n a l  e d g e s  form a p a t h  i n  

a d e c o m p o s i t i o n  cf 2K5+PS- ,) 

F i g u r e  4 . 5  

Closing e d g e s  t o  b e  used w i t h  g r a p h s  i n  P i g u r e  4.4 
- -- - - - - -- - - -  - -  - -- 

T t  is c l e a r  t h a t  r e p l a c i n g  e a c h  of t h e  five e d g e s  between 

s. and t, with  t h e i r  c o r r e s p o n d i n g  s u t p a t h s  w i l l  not form any 
,J 

cycles. Thus i f  t h e  edges G ( l . s j ) G ( 2 , s j ) ,  G ( 3 , s j )  G ( O , s j ) ,  

G ( Z , t j ) G ( U . t j )  and G ( 3 , t j  ) G ( S , t i )  are a d d e d  t o  the f i v e  s u b p a t h s  
1 

of q j  we g e t  a p a t h  o f  l e n g t h  5(1r 1 )  +4=5n-1. T h i s  p a t h  is' q,j . 

Qj : % 
-- - 

1. If xy  is l a b e l l e d  0 t h e n  qbj c o n t a i n s  t h e .  edges 

6 { i , x ) ~  (i, y) , G [ i+'l ,x)  G [ i+3 ,  gl  , G [ i+2,  x)  G ti+ l , y ) ,  



t h e  arc r p  of Qj by t h e  l -factor: PI in 6. 
C 

2. If xy is l a b e l l e d  1  t h e n  g;j contains t h e  e d g e s  

G ( i , x ) G ( i , y ) ,  G ( i + 1 0 x ) G ( i + 2 , y ) ,  G( i+2 .x )G( i+e .y ) ,  

G ( i + 3 , x ) G ( i + I , y )  and G ( i + O , x ) G ( i + 3 , p ) ,  T h a t  is, we replace 

P t h e  arc x y  of Qj by\the l - f a c t o r  F! i n  6. 

~ h ; s  d e f i n e s  f i re  dubpathi of qs .  which must be c o n n e c t e d  
Y 

by f o u r  edges to  give us q;j ,. These four e d g e s  a t e  f l  - 

& edges of qd by r e l a b e l l i n g  t h e  row% of G o l l o v s  t h a t  the 

four edges  added a b o v e  d o  indeed uk a h of length 5n-1. 

Thus for e a c h  p a t h  Q. l s j l n ,  we have d e f i n e d  f i v e  p a t h s ,  - 
J '  

q,j . qy , q,j . qhj and q - -  of l e n q t h  Sn-1 on t h e  v e r t i c e s  of G .  
=J 

He must now check t h a t  any two paths  h a v e  e x a c t l y  one ?dye 
i 

in common. - .  

Suppose the two p a t h s  are q and  qb= ( l l a c b 1 5 )  ; t h e s e  4 3 
b + = < 

paths are b o t h  o b t a i n e d  from Qj . If XI is a n  arc oof Qj then qk 

and qbj . d o  not i n t e r & t  i n  any  e d g e ,  of the form G(r,x) G (t, y). 
' 4 

/'- 
/ 

1 . T h i s  1s because t h e  arc xy  was r e p l a c e d ,  i n  q,i and qbi ? 

are% and%- - - - - - - - - -- - 

Since t h e  ~ c l o s i n g a  edges core from t h e  d e c o m p o s i t i o n  

2% --+P, , and any two of these p a t h s  have e x a c t l y  o n e  edge i n  - 



(Figure 4-61, 

The d i f f e r e n t  c l o s i n g  edges r e q u i r e d  f o r  , l < . i < S  
. 

S i n c e  t h e s e  p a t h s  were d e f i n e d  by  Q j  a n f i k ,  r e s p e c t i v e l i ,  we 
C 

see t h a t  q.j a n d  q,, d c  n o t  interoect  i n  any  edge of t ! ~ e  Lora s -4 

G ( r , )  (t,) , where v=s j ,  s,, t, or tK. (These are the c l o s i n q  
4. 

-. e d g e s )  We 'know Qj and (2, have exactly one edge i n  comnon, s a v  3 G 
t li, 

xy. then e i t h e r  x~ is aa arc in bcth Q. and gs, or xy is an 3rc 
J 

r 
5 %  
.p 
"S 

of Qj and g x  is an arco f  OK- a 
J 
li: 
1 

9 
In t h e  f i r s t  case, a s s u m i n g  $<k, t h e  arc xy is l a b e l l e d  0 5 

self-orthogonal ,  ?&, and P< have e x a c t l y  one edge in comaon, .tr 

2 
* 

Hence and g ~ ,  y r e  exactly one e d g e  in camaon. 



arc yx is label led 0 in QK- Bere re replaced the arc xy with P, 

i n  c o n s t r u c t i n g  qa, and we r e p l a c e d  the arc yx with P, i n  

c o n s t r o c t i n g  ?g, . finoa *eplacing the a r c  1r w i t h  I, is 

e q u i v a l e n t  t o  rep lac ing  the arc xy w i t h  ?<, and since Pa and Fg I - 
I hare e x a c t l y  o n e  e d g e  i a  common0 &e that ga, d q  Lave 

e x a c t l y  one" e d g q  in 'corroa- 
I 

Thbs any two p a t h s  have exact11 one edge  i n  common. 

I : 

Ptoof: T h e  proof of t h i s  theorem is i d e h t i c a l  to the proof of 
I 

-Theorem 4.1, e r c e p  t 
Q 

1 The matrix A=(a i j )  i s  of o r d e r  13 and i s  defined by 

3 
square a r e  such tbat dine.  1SSf3 .  ' 

2. ;hi t w e l v e  edges tbat are  ragaired to connect t h e  13 

s o b p a t h s  o f  q,j a r e  6 ( l , s j ) 6 ( 2 , s j ) ,  G(8,si)G ( 4 , ~ ~ ) .  

mentioned in the A ~ p n d i r  that  g i v e s  a s  2 K , 7 P U  under 

r o t a t b n ,  Ib 



-Lfs 

of K,,,, obtained by 

letting ( s )  ( t )  be an e d g e  i n  the sebgraph (r+b) if and o n l y  

bif a: (x) =y. Figure  4.9 shows t h a t  we do inheed get p a t h s  on 
. . 

addiag t h e  t w e l v e  closing edges. 

S e l f - o r t h o g o n a l  l a t i n  square of order 13 



Pigure 4.8 
- -- B - -  - -  - - 

P o s s i b l e  s tart  a n d  send vertices of the sabpaths of q,j 

Closing edges to bie used w i t h  graphs  i n  F i g u r e  4.8 

ggoPf. Again, the  roof of tLis theocem f ~ l l o r s  from ' the  proof 



Y 

6f 3%eeEem 4- t. ?3eHwEF ue B b + e w -  - - --- 
- - 

1. The matrix A = ( a 4  ) is of order 17 and i s  d e f i n e d  by 

a 3  = 7  j -6 i .  where we are working modulo 17 on the residues 

l , 2 , , . , ,  17,  T h e  p e t r u t a t i o n s ,  a;, def ined  by this matrix are 
i 

all of oxder foorz 

2. The s i x t e e n  d g e s  that are required to c o n n e c t  t h e  17 

t b a t  t h e  union of these edges is a p a t h  P of l e n g t h  1 6  whose 

rotation g i v e s  2K,,+P17, and this path appears  i n  the 

Appendix. 
- - - --- - - - - - - -  

F i g u r e  4 .10 ,  beloq,  gives t h e  l a t i n  square A of order 17 

d e f i n e d  p r e r i o u s l y -  Figure 4.11 s b o w s  four subgraphs  of K,,,,,, 
I 

where (x,s) (=y, t) i s  an edge i n  the sabgrapk Cr=b) i f  and only if 

d~(x)=y.'Figar~ 4&12 s h o u s  t h e s e  same subgraphs tw'ether w i t h  

t h e  c l o s i n g  edges. I t  is easy to check t h a t  80 c~cles a t e  
1 

ior red, 



1 2 . 4  9 t6 6 1 3  3 1 0 1 7  7  14 4 1 1  1  8  15 5 
6 13 3 10 17 7  14 4 11 1  8 15 5 12 2 9  16 

17 7 1 4  9 1 . 1  1  8 1 5  5 1 2  2  9 1 6  6 1 3  3 1 0  
11 ' I  0 1 5  5 1 2  2 9 1 6  6 1 3  3 1 0 1 7  7 1 4  4 
5 1 2  2 9 1 6  6 1 3  3 1 0 1 7  7 1 4  1 1  1  8 1 5 -  

16 6 1 3  3 10 17 7  14 4 1.1 1  8 1 5  5  12 2 9 
10 17 7 14 4 11 1  ' 8 1 5  5 12 2 9 16. 6 13 3 

4 11 1  8 15 5  12 2 9 1 6  6 13 3 1 0  17 7 1 9  
15 5 12 2 9 16 6  13 3 10 17 7  14 4 11 1  8 
9 16 6 13 3 1 0 1 7  7 1 4  4 11 1  8 1 5 q 5 1 2  2 
3 1 0 1 7  7 1 4  4 1 1  1  8 1 5  5 1 2  2 9 1 6  6 1 3 '  

14 4 1 1  1  8 15 5 1 2  2 9 16 6 7 3  3 1 0 1 7  7 '  
8 1 5  5 1 2 - 2  9 1 6  6 1 3  3 1 0 1 7  7  14 4 11 1  
2 9 1 6  6 1 3  3 1 0 1 7  7 1 4  4 1 1  1  8 1 5  5 1 2  

13 3 10 17 7  14 4  11 1  8 15 5 1 2  2 9 16 6 
7 14 4  11 1  8 15 5 12 2 9 16 6  13 3 10 17 

- 

F i g u r e  4-10 
, 

Sel f -or thogonal  l a t i  n square of order 17 

& - Figure 4-11  

i ' P o s s i b l e  start and end v e r t i c e s  of tbe eubmhs of q !i , 



C l o s i n g  edges to b e  used with graphs in Piguca 4.1 1 . - 



b 
Corollhrr 9.V: If 2K,+P,, t h e n  2 K d n 4 P d o ,  where d=s913 1 7 ~  and 

a, b and c are natural  numbers. 

Proof, This f o l l o v s  from Theorem 4.1,  4.2 and 4.3. - 



V- C y c l e  Ih~ompositioms 

I n  t h i s  c h a p t e r  ue w i l l  e x p a n d  o n  t h e  work  d o n e  by A l s p a c h ,  

R e i n r i c h  a n d  R o s e n f e l d  i n  [ 3 1  by using the m u l t i p l i c a t i o n  a e t h o d  

of t h e  p r e v i o u s  c h a p t e r .  Pe will first s h , o r  that  t h e  e x i s t e n c e  

of a  d e c o m p o b i t i o n  of a, i n t o  H a m i l t o n i a n  p a t h s  h a v i n g  t h e  

p r o p e r t y  t h a t  a n y  two p a t h s  i n t e r s e c t  i'n e x a c t l y  o n e  e d g e  

i m p l i e s  t h e  e x i s t e n c e  of a d e c o m p o s i t i o n  of DK, i n t o  d i r e c t e d  

I"- 
cycles of l e n g t h  4-3 h a v i n g  the  ~ r o p e r t y  t h a t  a n y  t v o  cycles 

i n t e r s e c t  i n  e x a c t l y  one o p p o s i t e l y  d i r e c t e d  edge. This g i v e s  u s  

s e v e r a l  i n f i n i t e  f a m i l i e s  of v a l u e s  of a so t h a t  DK,' can be 

d e c o ~ p o s e d  i n t o  d i r e c t e d  c y c l e s  h a v i n g  the r e q u i r e d  i n t e r s e c t i o n  

L p r o p e r t y .  

T h e o r e m  5 -  1: I f  2K,+P, t h e n  DK, *DCI,,-,-, - 

Ue w i l l  p r o v e '  t h i s  t h e o r e r i n  two p a r t s ,  F i r s t  re w i l l  show 

t h a t  i f  2 K ,  t h e n  a,, --+C,,,,-, , a n d  t h e n  ue r i l l  s h o w  t h a t  i t  

is p o s s i b l e  t o  o r i e n t  t h e  e d g e s  i n  e a c h  cycle so t h a t  w h a t  w e  

get is a c t u a l l y  DK,, 4 D C , - ,  , 

Proof ( P a r t  O n e ) ,  Label t h e  v e r t i c e s  of 2K, w i t h  t h e  i n t e g e r s  1, - 
- 

2, .,, ,n a n d  l e t  t h e  p a t h s  in t h e  d e c o m p o s i t i o n  be l a b e l l e d  Q , ,  

Qr, ... Q Thus i o r  a n y  i a n d  j, w i t h  l S i < j < n ,  Q, and  QJ 0 

i n t e r s e c t  i n  e x a c t l y  o n e  edge. A s s o c i a t e d  w i t h  e a c h -  p a t h  Q 
-\ 

47 



. 3  

there is an i n i t i a l  rertex s, and a h m h a l  rertex t,, so tAt 

e v e r y  v e r t e x  i n  2 ~ ,  is  t h e  i n i t i a l  r e r t e x  of a pith and t h e  

terminal r e r t e x  o f  a pa th .  ( T h i s  f o l l o w s  f r o m ,  Lemm 3 . 3 . )  T h u s  

we h a r e  a s s i g n e d  a d i r e c t i c n  t o  e a c h  p a t h  QJ ( d i r w t e d  f r o m  s, 

t o  t,) so  t h a t  it n o r  c o n s i s t s  of a rcs  ab. Pa v i l i  a g a i n  use t h e  

word e d g e  instead of  arc when we w i s h  t o  i g n o r e  t h e  h i r e c t i o n  
-L 

a s s i g n e d  t o  t h e  p a t h s .  

L a b e l  a l l  arcs o f  Q , w i t h  0.  nor l o o k  a t  QJ , f o r  j=2-, 3 ,  

... , n. If t h e  arc ab of Q, has a l r e a d y  b e e n  labelled 0 tben n o r  

i t  0, I n  d o i n g  this we see t h a t  i f  t h e  a.rc a b  is on , t u o  p a t h s  
7.  . 

t h e n  i t  is o n c e  l a b e l l e d  0 a n d  o n c e  l a b e l l e d  1, i f ,  i n s t e a d ,  t h e  

a r c  a b  is  o n  o n e  p a t h  and tbe arc ba is on a n o t h e r  p a t h  t h e n  

t h e y  a r e  b o t h  l a b e l l e d  0, T h i s  l a b e l l i n g  s c h e m e  u a s  a l s o  u s e d  in 
r 

t h e  p r o o f  o f  Theorem 4.1. 
+ 

v' - 

T h e  s e l f - o r t h o g o n a l  a a t r i x  A= (a ) ( P i g u r e  5.1) d e f i n e s '  

f o u r  s u b g r a p h s ,  P, , P, , F, and- ?, , w h i c h  p a r t i t i o n  t h e  e d g e s  of  . - 

I ? . K ( P i g u r e  5.2) - 

S e l f - o r t h o g o n a l  m a t r i x ~ o f  order 1 



Figure 5 . 2  

Subgraphs of f ,,, c l e f ineb  by It 
I 

f f  P,*, F,', as4 P,' { € m e  5-3) are tJm  fee^ of 

K,,, d e f i n e d  by A *  ( t h e  t r a n s p o s e s f  A ) ,  t b e n  for l 5 j r k S 4  we see 

t h a f  ?, and F; have exactly one edge in #-on- 

Figure 5.3 

Subgraphs of K9,q  d e f i n e d  by A * .  

Arrange the vertices of A,, in a 4xn array, G, and let 

G ( i . 3 )  be t h e  v e r t e x  in the ilh row aad j* cc1aa.a of G. Far e a c h  

p a t h  QJ re d e f i n e  four cycles, c, ,  , c,, , c 3J a n d  c , each of 
l e n g t h  9n- 1 with v e r t i c e s  in G. 

\ \ 



o f  Q, w i t h  one of t h e . - s u b g r a p h s  of K &  defined above. R e  d o  this 

as f o l l o r s .  For e a c h  a rc  xy  i n  <Qj : 

1, ,If x y  is l a b e l l e d  0 then cy coa tq_ ias  t h e  edges 

These e d g e s ' a r e  t h o s e  d e f i n e d  by ?, . fie say t h a t  t h e  arc x y  
.-. 

of Q, i s  r e p l a c e d  by t h e  subgraph F, in G. Y 

2 .  If xy 4 3  labelled 1 t h e n  cy coatains t h e  edges - 

xy of Q, i s  r e ~ l a c t d  b y  the subgraph P: in G. 
? .  

This d e f i n e s  two s u b p a t h s  of cNJ w h i c h  must b e  c o n n e c t e d  b y  

three edges t o  g i v e  as c,j . 80te that  the s u b p a t h  r h i c h  starts 
3 

a t  v e r t e x  C ( l , s ,  ) a l w a y s  ends a t  vertex C (1, t , ) ,  and t h e  s u b p a t h  3 

1 t h a t  s t a r t s  a t  v e r t e x  G{2,sA) always cads at vertex G f 2 , t j ) .  , 
- - 

Thus t h e  i n i t i a l  and terminal vert ices  .of e a c h  s a b p a t h  do  not 'I 

d e p e n d  on  t h e  l e n g t b  of Q, or t b e  labelling of t h e  edges fn Qj. 

I n  forming the c y c l e  c,, ue r i l l  omit t h e  v e r t e x  G (4,t ,  ) 

and  a d d  the t h r e e  edges G ( 1 , s J ) G ( 3 , s J ) ,  B(3,s,)G(2,sJ) and 

G (1 . t, ) G ( 2 ,  t, ) . T h e s e  edges core from t h e  d e c a m p o o i t i o n  

2 T ,  and t h e  r e a s o o  they were c h o s e n  u i l l  be explained 

l a t e r .  

T h u s  c,, is g i v e n  as: - 

To ge t  c+ re do the f o l l o w i n g .  lor e a c h  arc ry o f  Q J Z  
.k 

1, If  ry is l a b e l l e d  0 t h e n  r e ~ l a c e  xy by  P2 i n  G, - 
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Me nor note that d i m e  ekry v e r t e x  is the tsrmisal  v e r t e x  of 

some path Q then e v e r y  vertex of G i s  le t out of exactly one J f 
--, 

cyc 1% 
', 

8or we must check to  see t h a t  any two c y c l e s  have e x a c t l y  

one edge in cor8on. 
- 

Supppse t h e  two c ~ l e s  are cy and c q  (1Sa<bd4) ; t h e s e  

cycles are o b t a i n e d  from the same p a t h  Qj. If  xy is an arc of pj  

, t rk sncr , '  &%j * w f - * ~ s r t g a o f M e f o t t  - - 

J 

G r )  G (t,) T h i s  is b-use the' arc 1 y  uas r e p l a c e d ,  i n  cg 

and cbl r e s p e c t i v e l y ,  by either Fa and  ?< (iy is labelled 0 ) ,  or 

$!, anit ?:@, ( x y  is l a b e l l e d  1 ,  and both a and b arc even) , or ?:*, 
i 

and ?;+, (xy  is labelled 1, a ~ d  botk a and b are odd), or ?& and 

- 
, (XI is l a b e l l e d  1 ,  a is even and b ii odd), or I& and ?;, - 

- - - - - -  - -  - A 

elled 1, a i s o d d  and b i s  even). I n a l l  f i r e  of t h e s f  , 

t 
p a i r s  of sabgrapka am edge d i s j o i n t ,  - i 
er, since tbe mclosinga edgas come f t o m  t h e  a 

f 

decomposition 2K,+C,, w d  any two of t h e s e  t r i a n g l e s  hare 

exactly one e d g e  i n  conaoo, re know tha t  ceA and c have 
b~ " 

exactly o n e  edge i n  carran ( F i g u r e  5-4 ) .  

- 



T h e  c l o s i n g  edges f o t  t h e  cycles 
L. 

, * 

If cI and-c, were d e f i n e d '  by two d i f f e r e n t  p a t h s ,  s a y  Qj 

a n d  Q K t  t h e n  c , ~  add  c,, d o  n o t  i n t e r s e c t  i n  any e d g e  of t h e  

iorm G ( r , r ) G ( t , v ) .  .here .=aJ,. s., t;,' or t*' ( t h e s e  are the 

c l o s i n g  edges. ) Ye know t h a t  Q J  and p, have exactly om edge i n  

- - - --- - - 

is an arc of Q, and yr is a n  arc & Q,. 

I n  t h e  firat case, assuming $<k, t h e  arc ry is l a b e l l e d  0 
9 

i n  .Q, a n d  1 i n  Q,- Here ue replaced xy  with ?, i a  coastructing 

Cq and we replaced,xy w i t h  either P:-, or ?:- (depending on 

whether b is even or odd) in cslnstrtactiag c,, , Ue know that  & 

has exact ly  one edge i n  common uith ?:@, and  e x a c t l y  one  edge i n  

comaon u i t h  ?;+, , SO C,  and c,, have e x a c t l y  on edge i n  common- 
J 

In t h e  s e c o n d  care, t h e  arc XI 

arc y x  I s  l a b e l l e d  0 in Q,. Here re 
- 

i n  , c o n s t r u c t i n g  G, and ue replaced 

c o n s t r u c t i n g  c,, , I t  i s  easy to  see 
J 

is Labelled 0 &IJ Qi and the 

t h e  arc yr w i t h  ?, i n  

t h d  r e p l a c i n g  the a r c  yx ' 



f ,  and l!; hate e x a c t l y  one edge i r  doamoo it follows t h a t  c 4  
and c,, hare exactly one e d g e  i n  commam., 

T h s s  any two cycfes hare exact lr  one edge in cesmn. 

(Past two), The  above  constmct ion actoally gives ns 

DEW + DG,,-, as follows, Assign a d i r e c t i o n  t o  each of the fear' 

s u b g r a p h s  of Kql4 a s  shorn  in Pigore 5 -5 .  

A D i r e c t i n g  t h e  sobgraphs of P iguse  5 - 2  
\ 

By ass ignimg d i r e c t i o n s  ?, , P I ,  ?, and ?+ r e  a l s o  g e t  

d i r e c t i o n s  for ?,', ?:, P:, and ?< .' T h e s e  are shown i~ Pigare 



i-i 
p, ' F: > t'; Y 

Figure  5.6 - 

Directing t b e  subgraphs  of Figure 5.3 - 

- 

As in t h e  u n d i r e c t e d  case, i t  i; easy to see t h a t  t h e  
- 

1-factors ?, and Fa!, (a  is e v e n )  and Fa and P&, (a is odd) can be  

j o i n e d  t o g e t h e r  t o  create four sabpatka of any length, Also n o t e  

t h a t  i f  Fa and P; i n t e r s e c t  t b e n  t h e y  i n t e r s e c t  i n  one7' 

oppositely d i r e c t e d  arc as r e q u i r e d ,  G i v e n  t b e  d i r e c t i o a s  
- 

S 

a s s i g n e d  t o  the edges in t h e  1-factors of Figures 5.5 and 5 - 6  ue 
- - -- 

t 

a r e  f o r c e d  to d i r d c t  t h e  closing e d p s  as  i n  P i g a r e s  5.7 and ,5.8 



' p: pi' 

Figure 5.8  

D i r i e c t i n g  t h e  c l o s b g  

P? 

edges 

S i n c e  t h e  c l o s i n g  e d g e s  t h a t  were added  t o  t h e  l - f a c t o r s  

g i v e  d i r e c t e d  c y c l e s  o f  l e n g t h  n i n e  i t  is clear t h a t ,  a s  i n  t h e  

u n d i r e c t e d  c a s e ,  t h e  s u b g r a ~ h s  shown i n  F i g u r e s  5.5 and  5.6 can 

b e  j o i n e d  t o g e t h e r  =to g e t  d i r e c t e d  cycles of  l;ngth On- 1, 

low we must  c h e c k  t h a t  any  t u o  of t h e s e  d i r e c t e d  c y c l e s  

i n t e r s e c t  i n  e x a c t l y  one o p p o s i t e l y  d i - r e c t e d  edge .  1 f  t h e  two 
- 2 - k -  - - 

\ 

c y c l e s  are Gj a n d  c,j  , l l a < b 1 4 ,  t h e n  t h e s e  c y c l e s  were o b t a i n e d  
\ 

from the same p a t h  Qj and hence  t h e y  r u s t  i n t e r s e c t  i n  the 

?- - c l o s i n g  edges .  ~ i n c 4  the f i r s t  e d g e  i n  t h e  p a t h  q, is l a b e l l e d -  

e i t h e r  0 or  1  ( b u t  n o t  both) a s  is t h e  l a s t  edge of t h i s  p a t h  ue 
I 

m u s t  only c h e c k  t h a t  t h e  c l o s i n g  edges shown for the l - f a c t o r s  

i n  P i g u r e  5.7 i n t e r s e c t  i n  e x a c t l y  one  o p p o s i t e l y  d i r e c t e d  edge 

a s  do  t h e  c l  i n g  e d g e s  s h o r n  f o r  t h e  1 - f  actors i n  p i g a r e  5.8. 
' 

$" 
T h i s  c a n  e a e f y  be qheckect by ubsetoat icm,  By the p r e c e d i n g  

/ 

f o r  t h e  l - f a c t o r s ,  Pa, i n t e r s e c t  i n  e x a c t l y  o n e  o p p o s i t e l y  

d i r e c t e d  e d g e  w i t h  t h e  c l o s i n g  edges f a r  t h e  l - f a c t o r s , -  Fb( 



B 

If  t h e  two cycles are caj amf c, than these +ere def- - 
bp Qj a n d  Q,, Let xy be an e d g e  i n  b o t h  Q; a n d  Q,. Then we h a r e  

C 

two cases, 

In t h e  f i r s t  c a s e ,  s u p p o s e  t h e  arc xy i s  l a b e l l e d  0 i n  Qj 

and 1 in Q,. Here ve r e p l a c e  the arc xy w i t h  P, i n  c o n s t r u c t i n g  

c and  we r e p l a c e  t h e  a r c  XI wi th  Pb!, (b is  e v e n )  or w i t h  P:,, 

(b i s  odd)  i n  c o n s t r u c t i n g  c , ~ .  A q u i c k  check o f  the g r a p h s  i n  

Figures 5.7 a n d  5.8 show t h a t  c,, a n d  cbw w i l l ,  i n  f a c t ,  

intersect i n  e x a c t l y  one  o p p o s i t e l y  d i r e c t e d  edge ,  

I n  t h e  s e c o n d  c a s e ,  s u p p o s e  t h a t  t h e  a r c  xy is l a b e l l e d  0 

i n  Qj a n d  t h e  a r c  y x  is labelled 0 i n  Q,- S f n c e  r e p l a c i n g  t h e  

a r c  yx w i t h  P, i s  e q u i v a l e n t  t o  r e p l a c i n g  t h e  a r c  x p  w i t h  Pl rand 

since Pa and  Fd h a v e  e x a c t l y  one  o p p o s i t e l y  d i r e c t e d  e d g e  i n  

I common, a s  c a n  be s e e n  from F i g u r e s  5.7 a n d  5- 8, it f o l l o o s  t h a t  

c a n d  c,, i n t e r s e c t  in e x a c t l y  one  o p p o s i t e l y  d i r e c t e d  edge,  , ai 
Thus we see t h a t  i f  2K,+P, t h e n  DK,, I D C  ,-,. 

The f o l l o w i n g  example  shows  t h a t  r e  can f i n d  a 

d e c o m p o s i t i o n  of DK,, i n t o  d i r e c t e d  c y c l e s  of l e n g t h  e l e v e n  

( F i g u r e  5-10) since we can f i n d  a  d e c o m p o s i t i o n  of 2K, i n t o  

p a t h s  o f  l e n g t h  two (F igure  5.9) . 



Figure 5 . 9  



b a l r e a d y  h a v e  a d e c o a p o s i t i o n  of 21(,3P,, d=s913  1 7 ~  and a, b 

and  c are a n y  n a t u r a l  numbers. 
I 

Q 

Proof- T h i s  f o l l o u s  f r o 8  C o r o l l a r y  4.4, Theorem 5.1 a n d  t h e  p a t h  

d k o a p o s i t i o n s  given i n  t h e  appendix. 

C o r o l l a r x  u: 2Kd, 4 C  dn-, where n is a n  i n t e g e r  such t h a t  we 

b a l r e a d y  have a d e c c ~ p o s i t i o n  of 2 K , 3 P , ,  d=5&13 1 7 ~  *and a. b 

and c a r e  any  n a t u r a l  nu8bers-  

~ r b o f ,  R e p l a c e  e a c h  d i r e c t e d  edge i n  , C o r o l l a r y  5.2 w i t h  a n  . - .  
u n d i r e c t e d  e d g e *  

- Thas  C o r o l l a r y  5.2  gives u s  s e v e r a l  i n f i n i t e  families of 
- -  - -  - - - 

c o m p l e t e  s y m m e t r i c  d i r e c t e d  g r a p h s  which can be decomposed into 

d i r e c t e d  c y c l e s  having t h e  p r o p e r t y  t h a t  a n y  two of them 

i n t e r s e c t  i n  e x a c t l y  o n e  o p p o s i t e l y  d i r e c t e d  edge. S i t i l a r l y ,  

C o r o l l a r y  5.3 g i v e s  us s e v e r a l  infinite famil'ies of conplete 

g r a p h s  which c a n  be deqomposed i n t o  c y c l e s  h a v i n g  t h e  p r o p e r t y  - 
t h a t  a n y  two c y c l e s  i n t e r s e c t  i n  e x a c t l y  one edge.  T h i s  

u n d i r e c t e d  case has a l s o  b e e n  l o o k e d  a t  by Bering [ 1 8 1  who 

r e c e n t l y  f o u n d  that 2 U n 4 C , , - ,  for 41nI36, The f o l k u w f a ~ h e o r e r  - - 

Theoran u: S a p p o s e  2K,*C,-, by r o t a t i n g  a fixed cycle C, If 



t h i s  c p c l e  c o n t a i n s  t w o  e d g e s  of l e n g t h  k t h a t  a r e  d i s t a n c e  k 

a p a r t ,  w h e r e  k  a n d  n are r e l a t i r e l p  p r i m e ,  t h e n  2K,,+C,, 

P r o o f .  l a b e l  t h e  v e r t i c e s  o f  2K, w i t h  t h e  i n t e g e r s  1, 2 .  .. . . n 
1 

a n d  let  t h e  e d g e s  (1) ( l + k )  a n d  (1+k)  ( 1 + 2 k )  be t h e  e d g e s  o f  a 

q c l e  C s a t i s f y i n g  t h e  c o n d i t i o n s  o f  t h e  t h e o r e m ,  Add a v e r t e x  

l a b e l l e d  r* t o  21(, a n d  r e p l a c e  t h e  e d g e  (1)  ( l + k )  o f  C w i t h  t h e  

two e d g e s  ( 1 )  ( v * )  a n d  ( I + k )  (r*) t o  g e t  a  new c y c l e  C a  o f  l e n g t h  

n. Ye say t h a t  r* is a f i x e d  p o i n t  i n  t h e  r o t a t i o n  of C ' ,  That 

is, when we ro ta te  f * r times, t h e  edge  if becotes (i4r) (f+r)  
2 

w h i l e  t h e  e d g e  (i) (r*) b e c o m e s  ( i+r)  (r*) , ( H e r e  re are w o r k i n g  

modulo  a on t h e  r e s i d u e s  1.2,--. ,a,) 

Prom b em ma 3.1 ue know t h a t  t h e  i n t e g e r s  1, 2, -,., n e a c h  

o c c u r  e x a c t l y  o n c e  i n  C a s  t h e  d i s t a n c e  b e t w e e n  two e d g e s  of t h e  

same l e n g t h ,  w h e r e  m= L(n-1) /2J, S i n c e  C '  c o n t a i n s  two e d g e s  o f  
b 

t h e  same l e n g t h  t h a t  a r e  d i s t a n c e  r a p a r t ,  f o r  r=l ,  2 ,  ..-, m, 

( r e c a l l  t h a t  t h e  e d g e s  (i) (v*) a n d  ( i + k )  ( r * )  are d i s t a n c e  k 

a p a r t )  w e  c a n  see by Lemma 3.1 t h a t  t h e  r o t a t i o m - o f  C' g i v e s  n 
0 

c y c l e s  of l e n g t h  n t h a t  s a t i s o f y  tbe p r o p e r t y  t h a t  any t w o  c y c l e s  

i n t e r s e c t  i n  e x a c t l y  o n e  e d g e .  S i n c e  e a c h  of t h e s e  cycles h a s  

e x a c t l y  o n e  e d g e  of l e n g t h  k, a n d  s i n c e  k a n d  n are r e l a t i r e l p  

p r i m e ,  t h e s e  e d g e s  f o r m  a  c p c l e  o f  l e n g t h  n s a t  i n t e r s e c t s  e a c h  

o t h e r  c y c l e  e x a c t l y  once ,  

A l t  hoagh t h e  met hod o f  u s i n g  d i f f e r e n c e s  t o  _ f i n d  D K n 4 D C , - ,  

( a n d  h e n c e  2 K n ' 3 C , - , )  i n  Theorem 1.*4 r i l l  a l w a y s  g i v e  a 



r o t a t i o n a l  d e c o m p o s i t i o n ,  i t  i s  easy to see that these 

p a r t i c u l a r  d e c o r p o s i t i o n s  will never  s a t i s f y  t h e  c o n d i t i s n s  o f  

Theoren 5.4, Thus t h i s  theorem is useful o n l y  l f  a r o t a t i o n a l  
9 

--. d e c o m p o s i t i o n  is o b t a i n e d  s o r e  o t h e r  way, P i g o r e  5 - 1 1  g i v e s  a n  

example  of this t h e o r e m  d e n  a=? and k = 2  ( a l t h o u g h  ue c o u l d  j u s t  

a s  well u s e  k=l o r  k=3 i n  t h i s  case), 

2 K , + C b  by r o t a t i n g  C 

Figure 5 - 1 1  

2K8 4 C 7  a s i n g  Theorem 5.4 

It is  alsc kncwn that  ue can use Theorem 5 - 4  t o  g e t  = 

- 
ZK5 -+Cy from t h e  d e c o n p o s i t i o n  2K,,+C3. 

A \ 

P 



- 
.< 

In this s e c t i c n  of the t h e s i s  ue w i l l  g i v e  explicitly t h e  

d e c o n p o s i t i o n s  of 2K, i n t o  Hariltonian Faths w'ith t h e  p r o p e r t y  

t h a t  a n y  two p a t h s  i n t e r s e c t  i n  exactly one edge, for a l l  values .a 

of n as known up t o  n=26. I t  is easy to see t h a t  s u c k  a 

d e c o n p o s i t i o n  AS i r ~ o s s l b l e  f o r  n k ~ .  The problem of, f i n d i n g  

2K,+Pn for n between 2 and 2 0 .  as  we11 as n.25 and a=26, was 

r e l a t i v e l y  easf  in a l l  cases b a t  one because all b u t  t h i s  ome 

are e i t h e r  r o t a t i o n a l  or are obtained f r o ~  Theorem 4 . 1 .  For n=7  

a r&a+i#aL - t K a  =f ZiF,+!?, d=ees eri-, a& w - 

c a n n o t  a p p l y  a n y  of  t b e  theorems i n  C h a ~ t e r  XI, Thus it uas 

necessary  to f i n d  a s e t  of seven paths of l e n g t h  s r x  i n  2K7 such 

t h a t  a n y  t u o  p a t h s  i n t e r s e c t  along exactly one edge. This task 
# 

pro red to be tuo hard t o  do by hand,  so a  com~uter  uas u s e d .  ( A  ' 
I 

co.pater u a s  a l s o  used to f i n d  the p a t h s  which g i v e  a rota t iona l  
I 

d e c o m p o s i t i o n  for  2Kn+P, for n = l u ,  16, 1 8 ,  19 and 2 0 , )  The 

a l g o r i t h m  ased i s  g i v e n  here for  both the p a r t i c u l a r  case s e v e n  

and the f i r e  cases m e n t i o n e d  above. 



9 

a: + P h  b y  rotat ing  the g i v e n  path 

or by a p p l y i n g  ~'heorea u, 1 

15: ZK,+P, a e d  so b y  Pbeorea  9 - 1  2K,5 -+PIT 
1 

16: 11 7 1 2 10 15 6 8 19  5 3 4 9 1 2  16 13 

17: 1 3 1 3  S 8 7 2 6 1 6 4  1 9 1 0  4 1 2 1 7  

18: 15 8 16 5 17 9 13 1 8  14 11 2 f 3 4 6 ' 1 2  7 10 

20: 11 b 4 3 1 2 12 9 1 8  5 20 14 10 1 7  8 16 13 7 19 15 

25: K I P ,  and so by Theorem 4.1 2K, - IP ,  
* 

, 

26: 5 2 2  1 7 .  9 1 3 2 5 2 3  1 2 1 1  21 15 8  4 2 0  14 1  2 1 6 1 8  3 



t h e  r o t a t i o n a l  deco~position 2K,+Pq for n + ? 4 ,  16, 18, 19 aad 

' 20. P i r s t  r e c a l l  Lemma 3.2a w h i c h  states  tbat  2 K , 4 P n  by 

r o t a t i n g  a f i x e d  p a t h  P i f  and on11 if 

1. There are  two edges of erarr length 1 , 2 , . , . , ( n / 2 ) - 1  and one 

e d g e  of  length n/2 i n  P- 

2 .  T h e  i n t e g e r s  1.2,- .,, {n/2j -1 each wear exactk~ once a s  t b e  

< d i s t a n c e  between tuo  edges of the same l e a g t h  in P, 
- - 

This lemoa was used in creating the a l g c l r i t h m  for t h e  even  
- 

vaiers: sf B, a& Z- 3 . 2 8  -5 tr& €e & af+*Bt * - 

the case n=19.  S i n c e  the two algorithms are v e r y  s i ~ i l a r  ue rill 

o n l y  g i v e  the algorithm f o r  n even. 

1. o r  1 2  1 d o 2 2 Let t h e  

two edges of l e n g t h  i be distance j apart so t h a t  t h i s  

f u n c t i o n  is a b i j e c t i o n .  The ass ignment  of a distance! to two 

edges of t h e  same l e n g t h  was not random, b u t  was o b t a i n e d  

from t h e  o b s e r i a t i o n  of a pattern t h a t  e x i s t e d  for smaller 

2 ,  For each i=1,2 ,..., ( ~ 1 2 ) - 1  let x i  var l  from 1 t o  n, L e t  t h e  

edges of l e n g t h  i be (xi) ( x ; + i )  and  ( )  ( + )  If u s i n g  

t h i s  v a l u e  of x L  does n o t  create any  rertices of d e g r e e  
-U 

t h r e  t h e n  p r o c e e d  uith t h e  n e x t  v a l u e  of i, For i = n / 2  also 

let x; vary  from 1 t o  n a n d  let t h e  edge af l e n g t h  i be 



, 

- 

i 

3. If the a n i o n  of t h e s e  edges is a path of l e n g t h  n 
ti 

hare f i n i s h e d ,  o therwise  the onion of these edges 

G c l e .  I n  t h i s  case, continue w i t h  step 2. 

Since a r o t a t i o n a l  decomposition of 212,-IP, does not 
< 

e x i s t ,  and re co'pld not apply any of the theorems i n  C h a p t e r  IV, 

it uas natural  t o  ask i f  a decamposition of 2K,+P, e x i s t e d  at  

1 all and if so, were there Bart7 sueh bccorpositi6ns. before 

t r y l e g  t h e  case for 0=7, which required a comprrter program, we 

looked for noa-rotatiom 1 d e c a ~ ~ o s i t i o a s  of 2fS-+PS a n d  

2&, 4% * 

The f o i l o w i n g  g i r e s  f i v e  pths of l*ngt% four t h a t  give a 

d e c o r p ~ s i t i o n  of 211,4P, t h a t  is not rotat ional .  

The  following g i r e s  six paths of l a g t h  f i r e  t h a t  g i v e  a  
+ 

deco~~ositioi of ZK;-P, t h a t  i s  not rotational. 

1 2 3 4 5 6  
2 5 1 6 3 4  
3 5 4 1 6 2  
U 2 6 5 1 3  
5 3 6 4 2 1  
6 4 1 3 2 5  

The fo l lou ing  is one  of the many non-rotational 

decomposi t io~r  of ~ K , + P ,  th t  rere  found by c~.p&r, and  the 
* 

algorithm u s e d  i s  g i r e e  below, 



L a b e l  t h e  v e r t i c e s  of 2 w i t h  t h e  imteuers  l,...,? a n d  

assume that 1234567 is a p a t h  i n  t h e  d e c o ~ p o s i t i o n  of 

2 1 [ , 4 P ,  

Ffnd a i i ^ p a t h s  of l a n q t h  six i n  2R1 t h a t  have e x a c t l y  o n e  

edqe i n  c o m n o n  w i t h  the p a t h  1234667. a n d  call t h &  

1 , . Q ( x  ( S i n c e  t h e  p a t h s  a r e  u n d i r e c t e d ,  t h e  p a t h  
i 

d 

v v  v  is tbe sane  as t h e  p a t h  r, v, 6 .  .v ,  .) 

Assume O ( t ,  ) is a p a t h  i n  t h e  d e c o m p c s i t i o r r  and 3e.k i,=i, +I: ---. 

I f  Q ( i , )  h a s  e x a c t l y  o n e  edqe i n  common  u i t h  O t i ,  ) t b e n  l e t  

~ ( i , )  b e  a p a t h  i n  t h e  d e c o m p o s i t i o n  a n d  l e t  i3 =i2 + I .  

O t h e r w i s e  let  F,=iL +1, and go t o  s t e p  5 -  

I f  Q ( 1 3 F - - h a s  e x a c t l y  one edqe i n  c o m m o n  u i t h  e a c h  of t h e  

p r e v i o u s l y  c h o s e n  p a t h s  t h e n  let  Q ( i , )  b e  a p a t h  i n  t h e  

d e c o r p o s i t i o n  a n d  l e t  i, z i 3 + l .  O t h e r  v i s e  let i3=i3 +1 a n d  qo 

t o  s t e p  6. 

* * .  
1 

If Q ( i  ,) h a s  e x a c t 1  'l o n e  edqe i n  c o m n o n  w i t h  each o f  t h e  

a p r e v i o u s l y  c h o s e n  p a t h s  t h e n  we h a v e  a d e c o m p o s i t i o n '  of  

21, '+p2.  O t h e r w i s e  l e t  i , = i t + l  a n d  ao t o  s t e p  7. 
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