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This thesis repbrts a study of some new methods 

> -  
of computing perfect hash functions. After 

s ta t ing  the problem and b r i e f  I  y - d iscussing 

previous solutions, we pre;ent C iche l l i ' s  cI 

algor i thm, which introduced the form 'of  the 

solutionp we have pursued i n  th is  research. An 
. - 

informal ana lys is  of the problem i s  given, 
v 

fol lowed b y  a presentat ion of three a lgor i thms 
7 

which re f ine  and generalize C iche l l i ' s  method i n  

differen't ways. We next 'report the resul ts  of 

app ly ing  programmed versions of these a l go r i  thms 

'to problem sets. drawn from a r t i f i c i a l  and 

na tu ra l  languages. A discussion of ' conceptual 

designs for  the appl icat ion of perfect hash 

,, funct ions to small and large computer lexicons i s  

followed b y  a 'summary of our  riesearch - and  

suggestions for  fu r ther  work. 

i i i  ' d - 9  
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% 1 . I NTRODUCT l ON 

Perfect hash functions, a refinement of key-to-address transformat ion 
I 

techniques, prov ide s ing le  probe re t r i eva l  of keys from a s ta t i c  table.  

By s ing le probe r e t r i e v a l  we meant direct,  random access to items in a 

database o r  table. ~ h i k  technique w i l l  be useful in any  language 

processing app l ica t ion  which has a f i xed  vocabulary of f requent ly  used 

words. 

Given a set of N keys and  a hash t'able of size r > - N, a perfect 

hash funct ion maps the keys in to  the hash tab le w i th  no col l is ions. 

The loading factor  LF of a hash tab le is  the r a t i o  of a number of 

keys to tab le size, N/r .  A minimal perfect hash funct ion maps N keys . 
in to  N continguous locations fo r  a loading factor of 1 .  'Ple c a l l  a perfect 

hash funct ion w i th  a loading factor  g ~ e a t e r  tharr o r  equal to 0.8 almost 

minimal.  
."*% 

Wiederhold [ I  977, p .  1221 d is t inguishes determinist ic and  probabi  l i s t i c  
. . 

d i rect  access methods. A h a s h  funct ion i s  a determinist ic 

procedure whiph locates each key a t  a d is t inc t  tab le address. Unl ike 
7. 

probabi  l i s t i c  key-to-address transforrnat ions, perfect hash funct ions do 

not al low col l is ions. This  guarantees sikgle probe re t r i eva l  and 

el iminates the need for  co l l i s ion  resolution. 

Three c r i t e r i a  of a good hash funct ion are 

1 .  :..the hash address i s  eas i ly  calculated; 

2. the loading factor  of the hash table i s  h i g h  ( f o r  .a  g iven set 

of keys ) ;  and, 

3. the hash addresses of a g iven set of keys are  d i s t r i bu ted  
A 

uni formly i n  the hash table.  

A perfect hash funct ion i s  optimal w i th  respect to c r i t e r i on  3; a minimal 



,- ' 
1 /I 

1 ,  
perfect hash fun=t ion i s  a l s o , o p t i d i i t h  respect to c r i t e r i on  2 . 

b Hash funct ions fo r  appl icat ions which al low inse ion of new keys 

assume uniform random occurrence of members of  the key space. They 

a re  therefore designed to transform these keys in to  addresses which a r e  

'scattered randomly b u t  evenly i n  the address space. PerLect hash 
t 

funct ions are -feasible only  fo r  s ta t i c  sets of keys. The add i t ion  of one 

new key w i l l  usua l ly  requ i re  that  a new funct ion be def ined fo r  the 

en t i re  set. When we are  g i ven  a s ta t i c -se t  of keys, however, we c a n u  

consider searching fo r  a hash funct ion which provides opt imal 

d i s t r i bu t i on  of the keys i n  the address space. 
e 

. -. 

Perfect hash funct ions a re  d i f f i c u l t  to f ind ,  even when we accept 8 

a n  almost minimal solut ion. Knuth El9731 estimates tha t  on ly  one i n  

about ten m i l l  ion funct ions i s  a perfect hash funct ion fo r  mapping the 

31 most frequent Eng l ish  wo'rds i n to  41 addresses. Functions which 

produce a minimal'  hash tab le  fu r the r  complicate t h e  search. 

1 .1 Previous Work on Perfect Hash Functions - 

t I n  th is  section, H i s  the name of a hash function, H ( k i )  i s  the 

hash address of the i - th  key i n  K, the set of keys, and  A,B,C,D 

represent constants. 

- The ear l iest  publ ished work on perfect hash funct ions appeared 

near l y  twenty years ago. M. Greniewski and N. Tursk i  [1963] used a 

perfect hash funct ion of the form ' 

to map the operat ion codes of the KLlPA assenibler in to  a near ly '  minimal 
b 

1 
Morr is  [I9681 p r o v i d ~ s  an excellent survey on the use of hash functions. 

* - 



hash  tab le .  The au tho rs  d i d  not  p r o v i d e  a n  a l go r i t hm ic  method ' f o r  . 

f i n d i n g  such a mapping,  b u t  t h e i r  idea led to more recent inves t iga t ions  

b y  R.' Sprugnol i  a n d  b y  G. Jaeschke. 

Sprugnol  i [I9781 presents two a l go r i t hm ic  methods fo r  r oduc ing  % 
perfect  hash  funct ions.  The Quotient Reduction method y i e l d s  a func t ion  

'I 6 

of the form . c 

The second method, c a l  led Remainder Reduction, f i n d s  a per fec t  hash  

f unc t i on  w i t h  the form 

/ 
H ( k .  ) = f l oo r (  ( ( A  + k i  *B) mod C)/D). 
r I 

S p r u g n o l i t s  methods have  l im i t ed  u t i l i t y ;  f o r  sets bf more than. ten keys,  

the r e s u l t i n g  hash tab les  a r e  much large( t han  the number of Keys. 

The au thor  shows t ha t  t h i s  can  b e  overcome to some extent  b y  p a r t i t i o n i n g  
.tr 
Pt- 

, l a r g e r  sets in to  segrnehts o f  abou't ten- keys  a n d  comput ing a per fec t  hash  

func t ion  for ,each segment. A p p l y i n g  t h i s  idea to  the 31 most f requent  

Eng l i sh  words, Sprugno l i  produces a m in ima l  per fec t  hash  t a b l e  i n  two 

hours  of h a n d  cornputeat ion b y  , p a r t i t i o n i n g  the keys  i n t o  f o u r  segments. 

The most recent p u b l i c a t i o n  on the top ic  of  per fec t  hash  funct ions,  

b y  G. Jaeschke [l-9@1],. def(heSe 9 method which he  c a l  I s  Reciprocal  
I 

Hashing.  The form of  Jaeschkets hash  funct ion i s  

H. ( k i  ) = f l o o r ( ~ / ( ~ ' k ~  + C ) )  mod D. 
J - The s t ra tegy  used here i s  s i m i l a r  to  Sprugnol i  I s  i n  t ha t  number theoret ic  

p roper t ies  of the machine charac te r '  code representat  ion of the keys  a-re 

used to gu idec  the search f o r  app rop r i a te  va lues of the constants.  

Reciprocal hash ing  produces min imal  hash tables,  b u t  o n l y  fo r  sets 

of fewer than  f i f teen  keys.  Jaeschke, l i k e  Sprugnol  i, accommodates 

l a r g e r  sets b y  p a r t i t i o n i n g .  He repor ts  p roduc ing  a min ima l  per fec t  

hash  t ab le  f o r  1003 i d e n t i f i e r s  p a r t i t i o n e d  i n to  163 groups.  



' A I  l  three of these 'numerica,l ' solutions have two undesi rable 

features: 

1 .  the maximum. size of \he Groblem set f o r  a s ing le  hash funct ion 

i s  f i f teen keys; and, 

2. the solut ion to the problem i s  machine' dependent: character  

code representations of the k e t s  a re  transformed in to  hash 

addresses. 
A 

A d i f ferent  approach to t6e problem, based on the assignment of 
1 

integers to the let ters of 'keys, el iminates both fau l ts .  

1.2 Statement of the Problem - 
I 

The problem we have set ou'rselves i n  th i s  research i s  to develop 

faster and more general  a lgor i thms for  f i n d i n g  perfect hash functions of 

the form suggested b y  Richard Cichel l i  [1980]. 

G .  Jaeschke [1980] po ints  out several condit ions under which 

Cichel l i  ' s  method i s  inapp l icab le  to g iven sets of keys. These cond 

are at t  re la ted to the fact  t ha t  Cichel l i  uses a f i xed  set of charac 

to d is t ingu ish  keys. We set out to f i n d  ways of choosing a set of 

i t ions 

ter is t  ics 

key 
i 

c-iaracterist ics so that  our methods can be appl  ied to any set of keys. . 

Three chara'cter ist ics d is t ingu ikh  d i f ferent  keys: 

1 .  the let ters which appear i n  a key;  

2. the order ing  of those let ters;  and, , .  

3. the length of a key.  

We wish to generalize C iche l l i ' s  method b y  making the choice .of the,set 

of key'  propert ies used b y  the hash funct ion depend on the keyk g iven 

i n  the problem set. 
\ 

The process which dominates the cost of us ing  C i c h e l l i ' s  method i s  

the combinator ial  search of a la rge  solut ion space. The cost of t h i s  

search d,ictates the upper l im i t  on the size of key sets which can be 



processed. We i nves t i ga te  severa l  h e u r i s t i c  search  methods i n  a n  e f for t  

to  speed u p  the search, yet  produce hash  tab les  wh i ch  a r e  n e a r l y  

opt imal .  The, object  of a fas ter  search i s  to  r a i s e  the upper  ' bound  on - b. - 9 

tHe g ize of thk  key  sets f o r  wh ich  perfect  h a j h  func t jgns  can  b e  found. 
* .  

Our mot i va t ion  fo r  u n d e r t a k i n g  t h i s  research i s  to use per fec t  

hash  func t ions  to organfze l a r g e  d ic t ionar ies  (50 - 70,000 items) fo r  

use in combutat i ona l  s tud ies of  na tu ra l -  language. A r t i f i c i a l  languages 

f o r  programming and conversat  ioiTal termina l  in teract ions,  f o r  example, 

w i l l  a l so  be  p r o v i d e d  w i t h  e f f ic ient  access to t h e i r  sma l le r  lex icons 
\ 

I 

u s i n g  perfect  hash  tab les.  

I n  t h i s  thesis we repo r t  a n  exper imenta l  s tudy  o f  three a lgor i thms 

we developed f o r  comput ing per fec t  hash  funct ions.  We g i v e  a n  inf&mal 

a n a l y s i s  of o u r  approach to  the prob lem of  f i n d i n g  such funct ions,  a n d  

then ou t l i ne  the three a lgor i thms we have  developed.  his i s  fo l lowed 

b y  the presentat ion o f  exper imenta l  r esu l t s  ob ta ined  when ea& a lgo r i t hm  

was a p p l i e d  to  severa l  sets of  keys  f rom n a t u r a l  a n d  a r t i f i c i a l  languages.  
d 

l  l u s t r a t e  the successes a n d  l  imi  t g i o n s  of  These exper imenta l  r e s u l t s  i 

each a l go r i t hm  w i t h  respect 

1 .  the speed w i t h  wh 

- 

to  two fac tors :  

i ch  a so lu t ion  i s  found, which determines 

the uppep l i m i t  on the number of keys  wh ich  can  be processed 

b y  each a l go r i t hm ;  . 3 2. the m i n i m a l i t y  of  the r e s u l t i n g  hash  tables.  

Fol  lowing the presentat  ion of exper imenta l resu l ts ,  we present conceptual  

des igns fo r  the use of  these a lgor i thms f o r  hash  tab les f o r  l a r g e  a n d  
* 

smal l  key  sets i n  p r a c t i c a l  systems. 
, 

1.3 C i c h e l l i ' s  Method - 

The research repor ted  i n  t h i s  paper  i s  based on a n  a l go r i t hm  

recen t l y  presented b y  Cichel l i (1980) f o r  comput ing machine-i 'ndependent, 



mi ni-mat perfect hash funct ions of the form: 

hashva l  = hash key  length + 
% 

the associated va lue  of the k e y ' s  f i r s t  le t te r  + 
+. . 

the associated va lue  of the k e y ' s  last  le t ter  

~ i c h e i  l  i ' s  hash funct ion i s  mach ine-independent because the character  

code used b y  a par t i tu la ;  machine never enters i n to  the hash ca lcu la t ion .  

Cichel l  i ' s  a lgor i thm (A lgor i thm 0 )  uses a simple back t rack ing  

process to f i n d  an  assignment of non-negative integers to le t te rs  which 

resul ts  i n  a ,  perfect minimal hash funct ion. Cichel l  i employs a two-fold 

o rder ing  process to a r range  the s ta t i c  set of keys  i~ such a w a y - t h a t  .r 

hash va lue  co l l is ions w i l l  occur and be resolved as e a r l y  as possible 

d u r i n g  the back t rack ing  process. This  double o rder ing  prov ides a 
4 

necessary reduct ion i n  the size of the po ten t ia l l y  la rge  search space, I 

thus 

req  u 

more 

keys 

considerably sqeeding the computation of associated values. 

I n  sp i te  of C i c h e l l i ' s  o rder ing  strategies, h i s  method i s  found to 

i r e  excessive computation to f i n d  perfect hash funct ions f o r  sets of 

than  about 40 keys. C i che l l i ' s  method i s  a lso l im i ted  since two 

w i t h  .the same f i r s t  and  last  let ters and the same length a re  not 

permitted. 

Cichel I  i ' s  two-step order ing  heur is t i c  f i rsst  ar ranges the s ta t i c  set 

of keys i n  decreasins order  of the sum of frequencres of occurrence of 
-. 

t h h r  f i r s t  and  last  IeLters. Note that  b y  sor t ing  the keys we a re  

r-" 
i m p l i c i t l y  sor t ing  sthe let ters i n  such a way that  let ters which occur 

most f requent ly  a re  the f i r s t  to be  assigned integer values. In h i s  

second step, the order  of the key l i s t  i s  modif ied so tha t  any key whose 

hash va lue  is  determined (because i t s  f i r s t  and  last  let ters have both 

occurred i n  keys which precede the cur ren t  one) i s  p laced next in .the 

l i s t .  C i che l t i ' s  double o rder ing  has the effect of fo rc ing  the maximum 



number of co l l  

where p r u n i n g  

greatest reduc 

t?b' , -  b 

"" 

-4 
7 

\ 

, . 

is ions to occur near  the root of the back t rack  search tree, 

el iminates the largest subtrees and  iheriefore g ives the 

B C 

t ion  i n  the cost o f  f i n d i n g  a solution. 
/ 

The fo l lowing i s  a n  ou t l i ne  of ~ i c h e t l i " ~  a lgor i thm:  

ALGORITHM 0 

s'tepl : 

step2 3 

step3 j 

We now 

a lgor i thm.  

compare each key against  the rest .  I f  two key$ have the 

same f i r s t  and  last  le t ters  and the same length, repor t  

conf l ic t  and  stop; otherwise, continue. 

ordkr  the keys by  non- increasing sum of frequencies of 

occurrence of f i r s t  and  last  let ters.  

reorder the keys from the beg inn ing  of the l i s t  so tha t  

i f  a key has f i r s t  and  last  let ters which have appeared 

prev ious ly  i n  the l i s t ,  then that  key i s  p laced next i n  the 

l i s t .  
I 

.- 

add one word a t  a time to the solution, checking fo r  hash - a - 

va lue conf l i c ts  a t  each step. I f  a con f l i c t  occurs, go back 

to the prev ious word and v a r y  i t s  associated values u n t i l  

i t  i s  p laced i n  the hash tab le successful ly, then add the 

next word. 

\ 
give  an  informal ana l ys i s  of the - complexity of C i c h e l l i ' s  

2 
as formulated here, t h i s  i s  an O ( N  ) compufation. The 

same check can be made b y  i so la t ing  and sor t ing  the f i r s t  

and  last  le t ter  f o r  each key ,  then sor t ing  the N keys i n to  

lex icographic  order  on these sets of isolated let ters.  We can 

then make one pass through the keys comparing neighboring 

keys fo r  matching groups of isolated let ters.  The cost of 

t h i s  procedure would then be dominated by  the cost of the 

lexicographic sort, which can be done i n  time propor t ional  



th is  i n i t i a l  o rder ing  ta l l i es  the frequency of 

of f i r s t  and last  letters, which requi res one 

the N keys. A second pass i s  then made to 

8 

occurrence 

pass through 

calcu late the 

sum of frequencies fo r  each key. Sort ing the keys in to  

descending order 'of . t h i s  sum, t h s  dominant cost of t h i s  
1 

step, requi res time propor t ional  to N log N. 
2 

2 
the second order ing  i s  an  O(N ) heur is t ic .  As each key 

i s  added to the new order ing, the remain ing keys i n  the 

o l d  o rder ing  a re  scanned to decide which, i f  any, of them 

now have the i r  hash values determined. This  may requ i re  

(N-1 )"(N-2)/2 operations. 

despite the tendency of the two order ings to reduce the 

search, fo r  most sets of keys the back t rack ing  phase of 

th is  a lgor i thm i s  the most expensive. An average-case 

complexity measure i s  d i f f i ' cu l t  to ca lcu late;  Simon and  

Kadane 41976) estimate an  average search to inc lude about 

one-half the total  search space, g i v i n g  a loose estimate of 

0(rnS/2), where m i s  the s i re  of the domain of values for  

each le t ter  a n d  s i s  the number of le t ters  which occur in 

f i r s t  or  last  posi t ion. 
.- 

We have found that  the time requ i red  to f i n d  a perfect hash funct ion 

us ing th i s  meth $ var ies  grea t ly ,  depending less on the number of keys i n  S 
the ~ r o b l e m  set than on the reiat ionshiws amonq kevs i n  terms of shared 

letters. A f _elution fo r  one set of 61 keys was found i n  135 mil l iseconds 

of CPU time,a(for the search!, whi le  no solut ion was found for  another set 

of 64 keys af ter  runn ing  the a lgor i thm for  over one hour of elapsed time. 

These t r i a l s  lend c r e d i b i l i t y  to Knuth 's  (1975) observat ion that  

"Sometimes a backt rack program w i l l  r u n  to completion in 

less than a second, whi le  other appl icat ions seem to go on ' 

forever.. .A ' s l  igh t  increase' i n  one' of the parameters of a 

backt rack rout ine might slow down the total  runn ing  time 



by  a factor  of a thousand ... These great  discrepancies in 

execution time a re  charac te r is t i c  of back t rack  programs, yet 

i t  i s  .usua l l y  not obvious what w i l l  happen u n t i l  the a lgor i thm 

has been coded and r u n  on a machine." 

C i che l l  i ' s  a lgo r i  thm represents a s ign  i f  i can t  improvement on prev ious . 'Z 

, 6 
work on computing perfect  hash funct ions. A1 or i thm 0 calcu lates machine 4 

L independent perfect hash funct ions for  sets of p to about f o r t y  keys, 

2 
whi le  the methods of Sprugnol i and Jaeschke*ve  machine dependent , 

character  codes and can f i n d  solut ions fo r  no more than f i f teen  keys i n  

f' 
a reasonable amount of computing time. Cichel l i  I s  a lgor i thm does, however, . - 
have some serious l imi ta t ions.  Al though Cichel I  i  cl.everly chose as 

i den t i f y i ng  propert ies the on ly  two le t ter  posi t ions to be found i n  every 
.a 

key ( t h e  f i r s t  and  las t ) ,  mak ing  t h i s  a f i xed  choice severely l im i t s  the 

number of sets of keys which can 'be accommodated b y  t h i s  a lgor i thm.  . 
Although he mentions the problem i n  h i s  1980 ar t i c le ,  C iche l l i  makes$& 

c lear  statement on how he chooses a va lue  of m, the size of the domain 

of associated let ter values. This  i s  an  import-ant parameter of , the problem 

since m i s  the b ranch ing  factor  of the back t rack  search tree. 

Because Cichel l  i t s  a lgor i thm re l ies  on a r e l a t i v e l y  uninformed 

exhaust ive search of the so lut ion space, the cost of f i n d i n g  a solut ion - 
can be qu i te  h igh .  This  i n  t u r n  l im i ts  the maximum size of the problem 

sets to which the a lgor t ihm can be app l ied  when we set a reasonable 

upper bound on the amount of computational e f for t  to be expended in the 

search. 

The next chapter present$ an  informal ana lys is  of the na tu re  of the 
I 

problem of searching fo r  a perfect hash funct ion. This  ana l ys i s  leads tp 

some methods fo r  overcoming the l im i ta t ions  of Cichel l  i ' s  s t ra tegy wh i le  

f u  
r e t a i n i n g  i t s  important benefits. 



2. AN INFORMAL ANALYS~S OF THE PROBLEM 

x. 

In t h i s  chapter  we present a n  overview o f  the problem of c a l c u l a t i n g  

perfect  hash funct ions for  sets of lex ica l  keys. We i den t i f y  four  ma in  

sub-prob lems: 

1 .  choosing a set of  formal proper t ies  of  the keys to be used in 

the hash ing  funct ion;  
p' 

2. choosing a method of search ing the space of possible solut ions;  

3. o rder ing  the search va r i ab les  to improve the performance of  the 

searkh method; a n d  , 

4. f i n d i n g  ways of enforc ing o r  a t t a i n i n g  a reasonable degree of  

m in ima l i t y  of the so lu t ion.  

Each of the a lgor i thms we have  developed uses a d i f fe ren t  combinat ion of 

methods to solve these sub-prob lems. 

2.1 choosing Hash Iden t i f i e r s  - 

I n  order  fo r  a hash function' to p lace each key in a d i f ferent  hash 
d 

tab le  location, the func t ion  must work w i t h  a un ique ly  i d e n t i f y i n g  set of  

key propert ies.  We 

of choosing an  iden 

i den t i f i e r .  , 

d iscuss the s t r w h r e  of lex ica l  keys 

t i f y i n g  set of  propert ies,  which we ca  

a n d  a method 

I I  a hash i 

2.1.1 Combinator ia l  Propert ies of  Lex i ca l  Keys 

The da ta  objects u t i l i s e d  in the a lgor i thms repor ted in t h i s  thesis 

' a r e  assumed to ,be presented as s t r i n g s  of characters  d rawn  from a n  

-% 

a lphabet  A .  Unlesrs otherwise k ta ted ,  we wi  I  l assume tha t  t h i s  a lphabet  

consists of the twenty-six lower-case Eng l i sh  let ters.  These s t r i ngs  a r e  

stored as character  a r r a y s  i n  both Pascal and  APL ( t h e  languages in 

which ou r  a lgor i thms a re  implemented). A key i s  def ined to be  a sequence 



of  leng th  no  g rea te r  t h a n  P, made up of symbols f rom the a lphabe t  
s 

We assume a lso  t ha t  A h a s  a n  o r d e y n g  def ined 'on i t ,  w h i c h a l l o w s  

d 

to  def ine a lex icograph ic  o r d e r i n g  on the. set o f  keys.  

A g i ven  maximum.. key  leng th  P a n d  a lphabe t  A determine a space 

T of poss ib le  keys.  I f  T '  = c a r d ( T )  a n d  A '  = c a r d ( A ) ,  then we can  

express the ~ a r d i n a l i t y  of the set of a l l  poss ib le  keys  as  the sum of  the 

numbei. of keys  of  l eng th  P p l u s  t he  number o f  keys  o f  l eng th  P-1 p l u s  

the number of keys  o t  tne lengths P-2. ..I. 

P 
= A '  * ( A '  - l ) / ( A 1 - 1 )  

P 
= OMEGA(A1 ) as  A '  becomes l a r g e  ( 2 . 1 )  

When A '  becomes a r b i  t rar i t l  l a rge ,  the l i m i t  .of  A ' / ( A ' - 1  ) approaches 1 . 
P P 

The resu l t an t  factor ,  A '  -1, reduces to  A '  . Thus T,' g rows  a t  a r a t e  

po lynomia l  i n  A.' a n d  exponent ia l  in P. 

As a n  example, consider coun t i ng  the number o f  l e x i c a l  items wh ich  

a r e  poss ib le  when le t te rs  a r e  d r a w n  from 'an a lphabe t  cons is t ing  of 

t w n t y - s i x  upper  case a n d  twenty-s ix  lower case Roman le t te rs  p l u s  the * 
, 

hyphen, apostrophe, and,  in a d i f f e ren t  category,  the b l a n k .  B lanks  

a r e  used s t r i c t l y  as  word de l imi ters ,  never  as  p a r t  of a word. Upper 

case le t te rs  may appear  anywhere i n  a key  (e.g. a name such as  

LaVerne ' B o ~ m - 6 o o m ~  O 'Grady ) ;  hypens  may not  appear  in  f i r s t  o r  l as t  

pos i t i on .  The apostrophe, o r  s i n g l e  quote, wi  l l  be removed if i t  occuqs 
. . 

in bo th  f i r s t  a n d  las t  pos i t ions;  otherwise, i t  may appear  anywhere.  

Lower case le t ters  may appear  anywhere.  With these re,str ic t ions,  i f  

P=10 we can  determine T '  as fo l lows:  

A . ' =  number of l e t te rs  wh ich  can  appear  i n  keys  of  l eng th  i 
I 



T. ' =  the 'number of  keys of length i 
I 

The size of the key space T fo r  th is  example ,is then 

- i 7 
= approximately 2 * 10 keys .  

As another example, consider an  alphabet of on ly  the 26 lower case 

Roman let ters and a maximum key length of s ix,  w i th  no rest r ic t ions on 

where let ters may appear.  The size of the key spa e, T I ,  fo r  t h i s  , ---%- 
example i s  . 

suM(2bi) = 321,272,407 where 1 - < i ( - 6 - 

8 
= approximately 3.2 * 10 . (2.3) 

These examples demonstrate, us ing the o rd ina ry  alphabet, that  

even a smal l maximum key length defines a very la rge  space of possible 

keys. 

2.1 - 2  Let ter  Order i n  Keys c. 

I n  0-rder to completely d is t ingu ish  keys, we must t reat  the occurrences , 
of the same a lphabet ic  symbol a. i n  di f ferent posi t ions j and k as 

I 

occurrences of d i f ferent  letters, a. and a 
i k '  

The number of let ters which 
1.i 

can occur tin each posi t ion remains the same, although, in a sense, we 

have changed the number of let ters i n  the alphabet from A '  = c a r d  ( A )  

to A" = P * A ' .  Even w i th  a la rger  alphabet, the number of possible keys 

i s  no larger ,  .since each let ter a.  can appear only  i n  pos i t ion j of a 3 k e y .  
I j 

The number of keys which can be dist;nguiYhed when posi t ions of occurrence 

are taken in to 'account  i s  then exact ly  the number of keys, T.', i n  the 



space of keys T. 

Algor i thm 0 a n d  Algorithms 1 a n d  2 (descr ibed l a te r )  - a l l  use hash 

: 
funct ions which assign the same -value to a let ter independent of the 

l e t te r ' s  pos i t ion i n  the key.  Keys a re  then d is t inguished b y  the unordered 

Throughout t h i s  thesis we sha l l  :all the i den t i f y i ng  propert ies . . 

i t s  hash  id en ti fie^. Keys which can be dis t inguished when the 

of occurrence of le t te rs  a r e  taken in to account may not be di5t  

set ( i .e., combinatisn) 'of Jetters which occur i n  chosen posit ions. 

of a key 

posi t  ions 

inguishable 

b y  unordered sets of let ters;  exa&les are  the p a i r s  of keys ( ' o n ' ,  ' n o ' )  

l 
a n d ;  ( ' loop' ,  ' p o q  ' 1 .  Given the same alphabet A and  maximum word 

, 

length P, us ing  unordered sets of the formal propert ies of keys ' 
s 

dist inguishes fewer k e y s - t h a n  does the use of ordered sets bf  key 

propert ies.  

The number of kkys  which can be 'dist inguished when the sets of b 

propert ies which a re  used as hash ident i f ie rs  a re  not ordered i s  g iven 

b y  the expression 

CH(A'+~-1,  i ) ,  1 < i < P 
4 

where ~ ~ ( n , . m )  i s  the fami l i a r  "choose" function, defined as 

I f  A1=26 and P=6, then the size of the 'key space is :  

= 906,091 

5 
= approximately 9 " 10 A ( 2 . 4 )  

8 
Compare # i s  number w i th  the 3.2 '. 10 - d is t inguishable keys for the same 

C 

values of A '  and P when order of occurrence i s  taken in to  account (See 

(2 , .3 ) ) .  Without order ing,  on ly  about one i n  350 keys i n  th i s  example 

-. * 

k ey  space can be dist inguished. 



The question of how we w i l l  d is t inguish keys i s  most important; 
* 

a perfect hash funct ion i s  fmpossible unless every key i s  d is t inguished 
/ 

d 
$ 

D 
from a l l  others. 

C iche l l i ' s  a lgor i thm (Algor i thm 0) and Algor i thm 2. use a, s ta t i c  

, speci f icat ion of key propert ies to be used i n s t h e  hash funct ion; fo r  both 
"+ 

algorithms, the key length and  the f i r s t  and last  le t ters  a re  employed 

to d is t ingu ish  keys., As we have just  sHown, th i s  r e s t r i c t s .  the number 
4 ,' 

i 
of keys which can be dist inguish'ed b y  these two a lgor i thms to CH(A1,2) 

P*cH(A'  ,2)  keys can be accbmmodated b y  e i ther  algor i thm. 

f o r  each key length.. I f  the maximum key length i s  P, then a t  most Q 

2.1.3 Hash Ident i f ie rs  

Algor i thm 1 incorporates a procedure which automatical l y  chooses, 

f o r  each subset of-  keys of. the same length, the smal lest set of le t ter  , 
I 

bosi t ions which d is t inguishes each key, when' the order  of occurrence of 

. le t ters  w i th in  a key i s  b;sregarded. Since each le t ter  has  one assot iated 

va lue  regardless of i t s  pos i t ion of occurrence, a k e y ' s  hash address i s  
' 

determined b y  the combination of let ters i n  chosen The 
- -  

. number of d i f fgrent  (unordered) subsets of letter6 i s  much smaller than 

the key space w i th  the same maximum length, as discussed above, so the 
% 

number of subsets of the key space which can be processed us ing  th i s  

a lgor i thm i s  rest r ic ted.  

I n  order to keep the search fo r  (and, later,  the u5e of) a perfect 

hash funct ion as simple as possible, we select, i n  Algor i thm 1, the 

smal lest subset of the P , let ter bosi t ions i n  ?keys of I g t h  P which 

s 
T 

dis t inguishes each of the g iven key's. When the set of keys i s  small 

on ly  one let ter pos i t ion may b e  requ i red .  The l im i t  on the number of 

keys which can be d iscr iminated us ing only  one le t ter  pos i t ion i s  A ' .  
-- - 



2 
- I t  may be poss ib le  to d i s t i n g u i s h  u p  to A '  keys  w i t h  two chosen 

1 -- 
let te r  posi t ions,  b u t  o n l y  i f  ' a b f ' b a ' .  I n  A lgor i thm 1 t h i s  d i s t i nc t i on  

i s  not .  made, ' w h i c h  reduces the number of d i s t i n c t  keys  wh ich  can  be  

recognised b y  this method to  A ' ( A 1 - 1  ) /2  when two l e t t e r  pos i t ions a r e  

chosen. 

P 
I n  a .set of keys  of l eng th  P, there a r e  2 d i f fe ren t  subsets of  

+ = 
2 

l e t t e r  posi, t ions which can  b e  used to  d i sc r im ina te  keys  . We can  a lso  

2''' poss ib le  forms o f  th; hash  func t ion .  We assume tha t  f o r  sets o f  

of v a r i e d  length, we c a n  f i l l  t o  the r i g h t  w i t h  e i t he r  a dummy symbo 

o r  one of  the symbols f rom the key,  say the las t .  Note, however, t h  

choose whether or not to use the key  length,  g i v i n g  us  a to ta l  o f  2 '' 2' = 

keys  

I 

a t  

a n y  s;mbol found in a selected pos i t i on  must have  a n  associated in teger  

va lue  in order  fo r  the hash  f unc t i on  to  be  de f ined  f o r  a l l  keys  in the 

problem set. 

The a l go r i t hm  which makes the  choice of l e t t e r  pos i t  ions generates 

t r i a l  c o d n a t i o n s  of one p o s i t i o  then two posi t ions,  u p  to  a l l  P P: 
POS 

abi- 

the 

i t i ons .  When each t r i a l  c o k b i n a t i o n  i s  generated, i t  i s  tested fo r  i t s  

l i t y  to d i sc r im ina te  %members of  the set of keys.  I f  no two keys  have  , 
* - 

same le t te r  occurrences i n  the p selected posi t ions,  then the a l go r i t hm  

r e t u r n s  t h i s  t r i a l  combinat ion a s  the  so lu t ion a n d  terminates;  otherwise, 

the nex t  combinat ion i s  generated.  The de ta i l s  of  t h i s  method w i l l  be  4 
discussed w i t h  A lgo r i t hm  1.  

A lgor i thm 3 r e l i e s  on human judgment to choose a set of 

cha rac te r i s t i c s  fo r  the h a s h  funct ion.  I n te rac t i ve l y ,  the  user  spec i f ies  

a set of l e t te r  pos i t i ons  a n d  whe the r , o r  not  to  inc lude  the key  leng th  i n  

T h i s  number inc ludes choosing none of the posi t ions,  wh ich  can  b e  a 
so lu t ion  on ly  i n  case w e  have  no more than  one key .  



, the hash function. The program then tests the user ' s  selection fo r  key 

discrimirfation, i n v i t i n g  the user to t r y  againl i f  any two keys cannot 

be dist inguished. We w i l l  see la te r  that  Algor i thm 3 takes in to  account 
i"/ 

greatest 
9 

the positi.on of occurrence of let5ers and therefore has the 

possible d iscr iminatory power. 
P 

R 
2.1.4 Direct Hash Functions 

The simplest method of def 

of keys such as those described 

i n i n g  a perfect .hash funct ion for  sets 

above i s  to t reat  each le t ter  as a d i g i t  

i n  a c a r d  (S) base number system, then convert tQe key from a s t r i n g  
\ 

of let ters to a s t r i n g  of d i g i t s  which can be in terpreted as a hash 
, 

address. This i s  a d i rect  hash funct ion. Because a l l  keys are d is t inct ,  

a l l  addresses computed b y  such a hash funct ion wi ' l l  a lso be  d is t inct .  

I n  general, the key space i s  too la rge  a n d  too sparsely populated 

w i th  keys for  any p rac t i ca l  problem set to jus t i f y  the use of a d i rect  

hash funct ion. I f  the keys i n  a g iven problem set K a re  uni formly 

d i s t r i bu ted  i n  the key space T, then the i r  hash addresses w i l l  be spread 

widely through the memory space of any computer ( i , f ,  i n  fact., our  
I 

computer has a la rge  enough memory space to accommodate such 

astronomical ly la rge  hash addresses a t  a l  I ) .  Since most key spaces of 

p rac t i ca l  interest a re  very large, and i n  the interest of p o r t a b i l i t y  and  

parsimony we want a compact hash table, d i rect  hash funct ions a re  

3 
. generally impract ica l  . 

Direct hash funct ions are a subset of the class of perfect hash 

3 
I f  we are i n  a posi t ion to create a set of ident i f ie rs  fo r  some purpose 
without demanding that  these ident i f ie rs  express any p a r t i c u l a r  
meaning except as in te rna l  ident i f ie rs  for  a machine, i t  may be 
p rac t i ca l  to construct the set so that  we can use a d i rect  .hash 
funct ion. 



funct ions.  D i rec t  hash  func t ions  a r e  advantageous when compared to, , 

U 

other  per fec t  hash  func t ions  on l y  because they a r e  easy t o  f i nd .  I n  

genera l ,  f i n d i n g  a per fec t  hash  func t ion  invo lves  search ing  a v e r y  l a r g e  

space o f  poss ib le  funct ions,  a process which may r e q u i r e  a g rea t  deal  

of computat ion when we demand reasonably  compa&t' hash  tables.  

2.2 Assignment of Associated Le t t e r  Values - 

Once a set of  l e t t e r  pos i t i ons  has  been selected a n d  i t  has  been 

decided whether to use the key  length  as  p a r t  of the hash  funct ion,  we 

cons ider  how to o rgan ise  the search fo r  a n  assignment of i n teger  va lues 

to the le t ters  wh ich  w i l l  map the keys  i n to  the hash  !able w i t h  no 

col l is ions.  A l though most random1 y chosen assignments a r e  unacceptable, 

many combjnat ions of i n teger  assignments w i l l  g i v e  us  a perfect  hash  

func t ion  which i s  e i t he r  m in ima l  o r  almost min imal .  An e f f i c ien t  search 

i s  necessary to f i n d  a n  acceptable so lu t ion i n  a reasonable  amount of 

t ime f o r  any  b u t  the smal lest  set of keys .  



-, 
a 

2.2.1 A Model ,o f  t h e  Search Space - 
I f  we v i e w  t h e  sea rch  space as' a i rke ,  i l l u s t r a t e d  in F i g u r e  

the re  i s  a p a t h  of p o l y n o m i a l  cost f rom the  root  ( t h e  i n i t i a l  s t a t e  

sea rch )  to  each o f  a n  exponeRt ia l  number  o f  p o s s i b l e  so lu t i ons .  ' 

9 

2.1, 

o f  t h e  

Smal l  examp le  sea rch  space where  the  set of k e y s  i s  

(aa ,ab ,bb ) ,  L = 2, M = N = 3, a n d  t h e  l e t t e r s  a r e  
2 

o r d e r e d  (a, b) . The lea f  nodes a r e  t h e  ms = 3 = 9 

poss ib le  comb ina t ions  o f  assoc ia ted va lues .  M i n i m a l  
I 

s o l u t i o n s  a r e  m a r k e d  ' * I ,  non-minimal  ones ' * * I .  
I 

FIGURE 2.1 

I n  F i g u r e  2.1 we h a v e  a set of t h ree  k e y s  (N=3), two l e t t e r s  f rom 

chosen p o s i t i o n s  (s=2),  a n d  a maximum assoc ia ted v a l u e  o f  two 

(m=3,M=[0,1,2]). The number  o f  d i f f e r e n t  ass ignments  o f  i n t e g e r s  t o  

S 
l e t t e r s  i s  m , t h e  number  of l ea f  nodes in the  t ree.  A t  t r e e  dep th  one, 

the  l e t t e r  ' a '  i s  a s s i g n e d  a v a l u e  w h i c h  determines t h e  h a s h  address  

of t h e  k e y  ' a a ' .  A t  d e p t h  two, the  assignment o f  a v a l u e  t o  'b '  

determines the  h a s h  addresses o f  t h e  k e y s  'bb' a n d  ' a b '  . 



Our problem i s  to f i n d  a p a t h  which leads to  a n  acceptable 

so lu t ion wh i le  genera t ing  as l i t t l e  of the search tree as.  possible. ' 

Problems of t h i s  type a r e  often at tacked us ing  a back t rack  search. 

Our problem has the form of a n  assignment of  va lues <x x . . .,xn> to 
1 '  2 '  

v a r i a b l e s  < al , a2, . . . ,-an>, where ..each v a r i a b l e  corrdsponds to a le t ter  

which appears in a selected le t ter  posi t ion.  An acceptable 

sa t i s f y  the c r i t e r i on  tha t  the hash funct ion maps each key  
d. 

-f 
+ z  - < ,. d i f fe ren t  hash address.  

so lu t ion must 

i n to  a 

2.2 Importance of Va r i ab le  Order ing  

When the keys  a r e  ordered solely according to  the sum of le t te r  

frequencies, as a t  the terminat ion of the f i r s t  o rde r i ng  i n  Algor i thms 0 

and  1, then we may f i n d  tha t  a k e y ' s  hash address i s  determined. e a r l y  

in the search process, yet tha t  k e y ' s  sum of le t ter  frequencies i s  smal l  
-'-~ 

enough to a l low s e v h a l  other keys to occur i n  the o rddr ing  between the 

po in t  i n  the search where the hash  va lue  of the key i s  determined a n d  

the po in t  where i t s  address f s  tested fo r  a co l l i s i on  w i t h  another kej/. 

Suppose, f o r  example, tha t  we a r e  g iven  the set of keys 

K = (aa,  ab, ac, ad, ae, af, ag, bd,cd, ce, de, f g ) .  

Both - f i r s t  and  second le t te r  pos i t ions a re  necessary to d i s t i ngu i sh  each 

key ;  length can be ignored since a l l  keys a r e  of the same length. 

Sor t ing the keys on the s i m  of the frequencies of t he i r  respect ive f i r s t  

a n d  last  let ters produces the fol  lowing o rder ing :  

aa, ad, ac, ae, ab, af, ag, cd, de, bd,ce, f Q  . 
Such a n  o rder ing  of the keys induces a n  o rder ing  of the lettet-s from 

chosen posit ions. I n  t h i s  example, the order of f i r s t  occurrence of the 
r 

le t ters  in the above vector of keys i s  

<a,d,c,e,b,f,g) 



Th i s  i s  the o rder  in wh ich  associated le t te r  va lues  w i l l  b e  ass igned i f  

* . the keys  a r e  taken  in the  above o rder  f o r  placement in the hash  tab le .  

Note t ha t  a l though  the hash  address of  ' c d '  i s  determined as  soon 
, 

a s  the key  ' a c t  i s e p l a c e d  i n  the hash  tab le ,  the placement of  ' c d '  i s  
7 

Z 
1. 

not tested u n t i l  f o u r  i n t e r ven ing  keys  ( ' a e ' , ' a b ' , ' a f ' , ' a g l )  have  been $; % 

.& 
ass igned hash  addresses. I f  ' cd '  i s  found  to co l l i de  w i t h  a n y  of the 

, 

keys  p reced ing  i t ,  then the e f for t  expended between the placement o f  l a c '  

a n d -  the attempted placement of ' c d '  i s  wasted. I n  t h i s  s i t u a t i o n  we a r e  

forced to back t rack  to p l ace  ' a c t  i n  a new locat ion.  The remedy f o r  t h i s  

problem i s  to o rder  the search v a r i a b l e s  a n d  the keys  in such a way 
- 

tha t  a1 l  poss ib le  , f a i l u r e  cond i t i ons  a r e  tested as e a r l y  as  poss ib le ,  d u r i n g  

the search.  

Th i s  example i l l u s t r a t e s  the problem w i t h  u s i n g  o n l y  the f i r s t  

o r d e r i n g  s t ra tegy :  o r d e r i n g  the- keys  b y  sum of le t te r  f requencies does 

not, in general ,  produce a s t r i c t  o r d e r i n g  of the le t te rs  in chosen 

pos i t ions.  I n  o rder  to  min imise the search expense, we must g roup  the 

keys  r e l a t i v e  to the le t te rs  so t ha t  when 'each le t te r  a :  i s  ass igned a 
I 

value,  a l l  the tests necessary to decide whether t ha t  v a l u e  i s  acceptable 

w i t h  respect to the c u r r e n t  s ta te  of the hash  t ab le  wi  I  I  be  performed 

-..% . before va lues  a r e  ass igned to any  f u r t h e r  le t ters .  

We now consider a more de ta i l ed  model of  o u r  search f o r  a n  . 

assignment of in tegers  to let ters,  fo l lowed b y  a d iscuss ion of the effect 

of d i f fe ren t  search v a r i a b l e  o rde r i ngs  on the cost of  the search.  

The c r i t e r i o n  f o r  back t rack ing ;  c a l l  i t  p red ica te  8 ,  can  be  def ined 
> 

i n  the f o l l ow ing  way:  

g i v e n  a n  assignment of va lues  <x , ,  ..., xr) to  the v a r i a b l e s  

def ine 



( X 1 ,  x )  = FALSE i f  there ex is t  ki ,kj , i # j, ' 

i n  K such that  for  both keys, a l l  le t ters  

i n  chosen posi t ions a re  in <a,, ...,a n> 

and  H ( k i  ) = H(K. ) .  
J 

= TRUE otherwise. 

When Q(X1, ..., xn )  i s  TRUE, then <x l ,  ..., xn) represents a perfect  hash 

func t ion  f o r  the subset of keys i-n K f o r  which H now has  a va lue  ( those 
I 

f o r  which a l l  le t ters  in selected pos i t ions have been assigned a va lue ) .  

The back t rack  cond i t ion  Q( x, , . . . , x ) demands tha t  no two keys have  n 

the same hash address. I n  order  to test the p red ica te  e f f i c i en t l y  we 

keep a n  a r r g y  of &he possible hash addresses where we record which 
i 

addresses a re  occupied b y  keys  whose chosen le t ters  have  been ass igned 
4 

values prev ious ly .  When no le t ter  values .have been assigned, Q i s  

vacuously true. Suppose tha t  Q (  xl , . . . , ) i s  sat is f ied;  extending the 

so lu t ion to Q ( x  . . . , X ~ - ~ , X . )  invo lves two steps: 
1 ' I .  

s tep l :  a va lue  x .  i s  assigned to a - 
I i '  

step2: the set of "new" keys, whose hash addresses a r e  

dependent on le t ters  which a re  a1 l  found in al , . . . , a.  
I 

must have  t h e i r  hash  addresses ca lcu la ted  a n d  compared 

w i th  the present state of t he .hash  table.  

I f  we let d i  denote the number of keys fo r  which ai i s  the last  chosen 

le t ter  to be  assigned a value, then each o rder ing  of the le t ters  w i l l  in 

general  produce a d i f fe ren t  vector  of values (dl,. . . , ds} . The sum of 

these d 1 < i 5 s, i s  N, the number of keys in the problem set. I f  
i '  5 

we ass ign u n i t  cost to generat ing the next t r i a l  va lue  for  a var iab le ,  

then the cost of generat ing the en t i r e  tree i s  

the tree. 

The number of nodes in a complete tree 

the number of nodes in 

w i t h  depth s and  b ranch ing  



5 , 
factor m is  the sum of the number of nodes a t  each level i n  the tree, 

where the root i s  a t  level 0: - 

c =  SUM(^'), o C i < s 
max - - 

4. s 
= m -,. ( m  -1 )/(m-1) 

s+1 ) 
= O(m 

=  OMEGA(^') as m --) inf inigy" (2.5) 

I n  our  appl icat ion,  s i s  the number of let ters to be assigned values 

and m represents the number of values i n  the domain of each var iab le,  

Since the size, of the domain from which agsociated values 

chosen determines the branch ing  factor of the search tree, i t  i s  

a va lue of m ca re fu l l y .  I f  m i s  set to too smal 

4 .  
solut ion fo r  the g iven problem set . I f  we set 

a r e  

essential 

I  a value, 

m 's  

va lue h i g h  enough, e.g. i n f i n i t y ,  then we a re  assured a solut ion exists;  

th is  cer ta in ty  incurs a much , larger search space and a lower p robab i l i t y  

of f i n d i n g  a 'minimal perfect hash funct ion before f i n d i n g  a 'non-minimal 

one. Although a search space of i n f i n i t e  size w i l l  undoubtedly 'conta in 

a minimal solution, there i s  l i t t l e  reason to expect that  i t  wi l l  be the 

f i r s t  solut ion found. There must be a smallest va lue of 'rn such that  

the search space contains a minimal solution; t h i s  va lue  also minimises 
-sp 

the size of .the search space; so i t  i s  important to the eff ic iency of the 

backt rack search that  we make a wise choice of m. We know of no 

a n a l y t i c *  method, of determining the optimum value of m fo r  a g iven set 

of keys, al though we have obta ined impressive resu l ts  b y  set t ing m to N, 

For example, i f  on ly  one let ter posi t ion i s  chosen for  a set of ten keys, 
then i t  i s  c lear  that any va lue of m less than ten prevents us from 
f i n d i n g  a solution. 



the number of keys i n  the problem set. Th is  heur is t i c  consistent ly 

leads to f i n d i n g  a mlnlmal o r  almost-minimal solution, when a so lut ion 

I f ,  fo r  example, s=10 and  rn=10, +we nave a search space of 

?i. 0 1 10 + 10 + ... + lo9  + 10 
10 

10 
nodes, where there a r e  10 leaf nodes represent ing complete assignments 

of values. The size of  the tree i s  the sum of these terms: 11,111,111,111 

nodes. Given the assumption of one trme u n i t  to generate, a new va lue  

fo r  a var iab le ,  t h i s  number represents the cost of generat ing a l l  the 

possible solutions. Th is  number remains the same regard less of which . 

o rder ing  i s  g iven the search var iab les .  

I n  order to determine whether the cur ren t  p a r t i a l  so lu t ion sat is f ies 

t h e  back'track predicate €2, one must perform d tests a t  each attempt to 
j 

extend the solut ion to the j - th  le t ter ;  d .  represents the number of keys 
J 

wh'ose hash addresses are  determined b y  <x1,. . .,x.) b u t  not b y  the 
J 

assignment (x . X  ) . We can therefore assign to each node a t  depth 
j - 1 

j a cost of d.+l ,  the cost of generat ing th j s  ' n e x t '  va lue  t o r  a p l u s  d 
J j j 

times the ( u n i t )  cost of test ing the hash address for  a key against  the 

present state of the hash tab le.  I f  c .  i s  def ined as d.+l ,  then tHe cost 
J J 

of v i s i t i n g  every node i n  the tree i s  

SUM(C * m j ) ,  o < j < s 
j 

We propase to consider (2.6), the .wei.ghted tree cost [WT'C], as a measure 

of the number of bas ic  operations needed to v i s i t  the en t i r e  tree, 

sa t i s f y i ng  the predicate Q a t  each step. Each order ing  of the var iab les  

determines a (poss ib ly  d i f fe ren t )  va lue  of WTC; we consider that  o rder ing  

of the var iab les  which g i ve  the minimum WTC as the best order ing.  
-f 



2.3 Ordering Search Variables - 

We now consider how to choose the best o rder ing  of the s search 

var iab les,  a t  ,..., a . Given a permutat ion B = <al ,..., as> of the search 
S 

var iables, we define D ( B )  = <dl, . . . , d ) to g i ve  the number of keys d. 
S I 

1 
whose hash addresses a r e  newly determined when a i s  assigned a value. 

i 

C(B) = <cl, ..., cS> i s  D(B) w i th  one added to each di  so that  c. i s  the 
I * 

cost of v i s i t i n g  any node at  level i i n  the search tree. 
J 

We can rega rd  C(B) as a vector of coeff icients for the series of 

1 
terms rn , 0 ( i 3 s, which make up WTC. 

i 
WTC = SUM(ci m ) ,  O <  - i - ( s 

The i n i t i a l  term, w i th  c def ined to be one ( u n i t  time expense), i s  the 
0 

cost of generat i ng  t h e  roo t  node of the search tree. E-xpanding th i s  root 

to generate the next level i n  the tree incurs a cost' of m time uni ts,  one 

to generate each of the m values which we assume each va r iab le  has i n  

5 
i t s  domain .- We add to th i s  total  one u n i t  of cost fo r  test ing each of ' 

pd 
the dl keys which must be examined to prove that  the hash funct ion 

produces no col l is ions. This  node cost i s  added to the to ta l  cost m times, 

once fo r  eqch descendent of the current  node, so the cost of v i s i t i n g  a l l  

-L 1 
nodes at  depth one i s  c ' m . The m factor i n  each of the terms i n  i h e  

1 

total  cost i s  growing exponent ia l ly  w i th  i t s  distance from the root. 

Examination of (2.7) should soon convince us that  we want the 

smallest possible values assigned to the coeff icients i n  the order 

c c . . .,c2,c1, whei-e c i s  as small as possible and c i s  as la rge  
S '  5-1' -S 1 

a 

as possible. We cannot have d ( 1,  since at,  least one key has the last  
S 

We are on1 y count ing  i n  a breadth- f i rs t  manner; the backt rack search 
is  done depth-f i rst .  



l e t t e r  i n  the o r d e r i n g  as  i t s  las t  l e t te r  to be  ass igned a va lue.  The ' 

best  we can  do i s  to  f i n d  a le t te r  a wh ich  has  a f requency count of 
I S 

C 

one so t ha t  i t  can  be the determin ing v a l u e  of on l y  one key ,  g i v i n g  c 
S 4 

6 4 
a v a l u e  of two . 

P 

We can  show t h a t  mS i s  l a r g e r  t han  the sum of  the  r e m a i n i ~ g  
8) 

terms in the po lynomia l  wh ich  descr ibes the s ize o f  the search tree: 

1 s- 1 
1 .  SUM(m ) . =  m *  (m - l ) / (m- I ) ,  1 4  - i - < s-1; 

S s-1 . 
2. m = m * m  9 

S 
Since rn w i l l  con t r i bu te  most of the cost o f  the tr'ee, i t s  coef f ic ient  

i n  the tree-df minimum cost) must b e  the smal lest  wh i ch  o c t u r s  in  a n y  

", 
o h t h e  s !  poss ib le  permutat ions of  the va r i ab les .  We therefore want  to  9 

\ 
) 

fined a key  which has  a t  least  one un ique  le t te r  'occurrence s ince i t  i s  

o n l y  such a le t ter  wh ich  can  come las t  i n  the o r d e r i n g  a n d  s t i l l  p lace  a 

s i ng le  key  i n  the hash  tab le .  As a consequence, the op t ima l  o r d e r i n g  

w i l l  have  a l l  the keys  which con ta i n  a un ique  l e t t e r  occurrence a t  the 

end of the key  o rde r i ng ;  h i s  fo l lows f rom the .necessity o f  p l a c i n g  le t te rs  

wh ich  have  a un ique  occurrence a t  the end of t he  o r d e r i n g  of , letters. 

A heu r i s t i c  o r d e r i n g  strateg-y fo r  the le t te rs  based on th is ,  

observat ion would  o rde r  the le t te rs  b y  f requency i n  non-i ncreasing.  order ,  

so tha t  a would  have  the h ighes t  frequency of occurrence a n d  a would  1 S 

have  the lowest. We f i n d  t ha t  f h i s  arrangement tends -to occur  when we 
ri 

> 

f i r s t  order  the keys  b y  sum of le t te r  frequencies, then f rom each key  

choose the le t ters  which have  not  occurred before i n  decreas ing o rde r  of  

f requency of occurrence. The second o rde r i ng  h a s  the effect of mak ing  

6 
Algor i thm 3 uses t h i s  s t ra tegy  e x p l i c i t l y  to o rder  the keys.  Unique 
le t te r  occurrences a lso  a i d  i n  mak ing  the hash  t ab le  compact. 



a 

the coeff icients of the m factors of the cost equation increase for  the 

smal ler  factors and decrease fo r  the la rger  m factors: Another way of 

model l ing th i s  process i s  to rega rd  moving a key fo rward  i n  .the order ing  
, 

as sh i f t i ng  i t s  'we igh t '  t o y a r d  the root of the search tree. This  tends 

to' reduce the WTC fo r  that  tree i f  the order of le t ters  induced b y  the 

7 
new key order has l a rge r  weights near the root . 

' . The optimal o rder ing  of the search var iables, B - 
min  - <al ,a2, -as),  

L 

i s  that  fo r  which WTC i s  a minimum. I f  we were to generate a l l  s! 

permutations of the letters, we would f i n d  that  the opt imal o rder ing  i s  

that fo r  which D(B) ,  a n d  therefore C(B),  has the largest . lexicographic 

sort va  I ue. 

We can approach the optimal order ing b y  examining f a r  fewer than 

s! permutations. This  i s  accomplished b y  app ly ing  a refinement to the 

second order ing, pub1 ished b y  SI inger land and Waugh [1980]. . The two 

authors suggest modi fy ing the key reorder ing process and, u l t imate ly ,  
b 

the order ing  of the s let ters which occur i n  chosen positions, such tha t :  

"each subl is t  of words which have equal frequency counts 

be ordered such that  the 'words that  w i t  I have the 

greatest second order ing effect, that  is, words that  w i l l 

'expose' the most words from the rest of the . I ist ,  occur 

f i r s t . "  
I 

V - 

S l inger land and ~ a u b h ~ r e p o r t  that  a program which added the i r  refinement 

D 

to Cichel I i ' s second order ing  showed a consistent improvement i n  the speed 

of computation of solutions over C iche l l i ' s  second order ing  alone. This  i s  

expla ined b y  our  model, since, a t  each stage i n  the reorder ing process, 

7 
Remember that the sum of these coeff icients along any root-to-leaf pa th  
i n  the search tree i s  the sum of the number of keys and  the number 
of Letters which occur i n  chosen positions, N + s; t h i s  i s  a constant 
for  a g iven problem instance. 



we select -the next key whose' new let ter w i  l l determine the greatest 
* 

number of hash addresses among those keys which have the highest 

A 

cur ren t  sum of frequencies. This  strategy tends to increase the 

cokff ic ients of small m factors and therefore decrease the coeff icients of 

l a r g e  m factors; I n  turn, t 6 i s  s t rategy reduces the weighted cbst of 

the search tree, which serves as a good ind icator  of the r e l a t i v e  , 1 
opt ima l i t y  of the arrangement of search var iab les.  

Note that  the WTC indicates only  the size of the tree we a re  

searching;. i t  i s  a measure of the worst case complexity of our  problem 

when we seek oqly  one acceptable solution. The great  va lue  of the 
? 

back t rack ing  approach is- that  i f  we test the v a l i d i t y  of a1 l p a r t i a l  

solutions, when we f i n d .  tha t  a par t i .a l  solut ion (x .. .,x.) does not . 
1 ' I 

sat is fy  the predicate 61, then we can ' p rune '  the subtree which has th i s  
, 

value o f  x .  as i t s  root. We thus avoid'  generatinkj, fo r  a va lue  
I 

a t  level i, 

f u l l  and p a r t i a l  solut ions which have (x , x ,  . . x i  as an  i n i t i a l  

segment. The cost of th is  rejected subtree i s  

SUM(C,+~ * m J ,  I < - j - ( s - i .  (2 9) 

This p run ing  process, usual l y  ca I led preclusion i n  a backt rack 

search, i s  va luab le  because the gubtree of el iminated cases i s  growing 

a t  an exponential ra te.  I n  order for preclusion to .have i t s  greatest 

effect, we 'want  to discover a t  minimal tree depth that  some value for  

8 
a va r iab le  i s  p roh ib i ted  . 

8 
See 'page 28. 



Fortunately,  the frequency of occurrence of a le t ter  a. i s  a n  
I 

excellent heur is t i c  va lue  fo r  p red ic t ing  how l i k e l y  i t  i s  that  a. occurs 
.- I 

i n  a key which may co l l ide  w i th  other keys. . The sum of le t ter  

occurrences fo r  one key i s  l ikewise a n  excellent predic tor  of how l i k e l y  

i t  i s  that  that  key w i l l  co l l ide  w i t h  other keys. 

- I n  general, we may conclude that  any polynomial-cost ana lys is  

that  can be performed dynamical ly  i n  the depth-f i rst  search which a l lows 

us  to exclude from considerat ion values i n  - the domain of a search 

v a r i a b l e  w i l l  be wor th pursu ing  since an  exponent ial ly-growing subtree 
\ 

w i l l  be  pruned fo r  each potent ia l  va lue we el iminate. 

2.4 A Dif ferent Search Method - 

The ideal backt rack search i s  one which never backtradks. I n  

order to achieve th i s  level of performance, the search must be organised 

i n  such a way that  a choice made at  any stage i n  the search i s  known - 
> 

* 
T 

D 

We can show greater advantage of preclusion' a t  depth i over preclusion 
a t  depth i+1 i n  the fo l lowing way: 

Define PR(x) as the number of nodes descendent from a node a t  
level x i n  the complete search tree. Then we have, from 42.8) 
above: 

F&al l  that fo r  the above sums 

i Mi-nimising the depth i where a preclusion i s  made maximises the size . 

of the subtree which i s  pruned. 



t-a be u l t imate ly  acceptable. 

C B l i n d  back t rack ing  (systematical ly enumerating a l l  possible 

solut ions) performs a small amount of work a t  each node, bu t  may v i s i t  

a great number of the nodes i n  the search tree. The non-backtracking 
I 8 

approach we a re  discussing as a n  a l te rna t ive  v i s i t s  on ly  the minimum , 

number of nodes, equal to the number of search var iab les,  bu t  performs 

a considerable amount of work a t  each node to ascer ta in the the va lue 

being assigried next meets a set of global requirements which guarantee 

that  an  acceptable solut ion l ies a t  the leaf level of the chosen path.  

* 
Backt rack ing can involve v i s i t i n g  a number of nodes exponential 

i n  s, the number of search var iab les .  At each node a constant amount + 

of computation, say c i s  performed. IM number of possible values 1 ' 
a a t  each  stage i s  another constant, rn, then the cost o f ' f h e  backt rack 

serach can be expre 

'back = a p ' p r o x i m a t e ~ ~  c 1 ' mS 

The cost of performing a non-backtracking search i s  the sum o f  thk costs 

. of s i terat ions of ' l ook ing  a h e a d b n d  ass igning a value. Thus we 
. ~ 

consider how the hash values of the keys which conta in the current  

le t ter  a re  re lated to each other and to those hash values which have 

been assigned ( the  'current state of the hash tab le ) .  For s impl ic i ty ,  

assume that  a t  each stage i n  the search the hash values of N/s keys are  . 

d. = N/s fo r  a l l  1 ( i ( s-). 
I - - determined ( i .e. ,  

An optima 

search var iab les  

be ca lcu lated i n (  

of keys.. A large 

I solut-ion would simply assign to the ordered set of 

a series of values from some integer sequence which can 

jependently of which let ters ac tua l l y  occur i n  the set 

set of integer sequences which can e assigned to A 
n 

produce a perfect hash funct ion is  a l l  those of the form F ( n )  = b , 

i .e., the powers of some integer base b. One drawbacK i s  that  near ly  2T$ 



a l  l these sequences a r e  made u p  of  very  l a rge  values wHich promotes 

product ion of sparse hash tables. 

A l though th i s  method gives hash tables which a re  unacceptably 

sparse fo r  most sets of  keys, such a series of values can  be assigned 
a 

to let ters as upper  bounds op the i r  associated values. For the i - th  

f. 
le t ter  i n  the o rder ing ,  t h i s  'ppper bound i s  set to F (  i ) .  I n  the worst + 
case, t h ~ s  method w i l l  u t i l i s e  a l l  F ( i )  possible values fo r  dach a 1 < i s. - i '  - 

The use of a series which guarantees d i s t i nc t  -sums of p a i r s  of elements 2 
does, however, guarantee that  t h i s  worst case w i l l  produce a ~ 9 f e c t  

hash funct ion,  a l though i-t i s  genera l l y  f a r  from m in ima l . -% 

2.5 ~ i n i m a l i t ~  of Resul t ing Hash Tables - 6 r- 

A minimal perfect  hash funct ion for  a set of N keys  maps those 

o a range of exac t l y  N hash addresses. The load ing  factor  LF 

of a hash tab le  i s  def ined as the r a t i o  of keys to hash addresses, ~ / r ,  

fo r  N keys p laced i n  a rahge of r hash addresses. The loading factor  

f o r  a minimal hash tab le  i s  1 .  Useful perfect hash funct ions must presume 

some lower bound on the loading factor .  We have selectea 0.8 as the i 

smallest acceptable loading factor .  

One heu r i s t i c  which i s  app l i ed  in a l l  o u r  t ~ g o r i t h m s  attempts to A 

ass ign the smallest associated v a  I ues to those le t ters  which occur most 

f requent ly  i n  chosen le t ter  posi t ions.  The.use of r i s t i k  promotes . 

small hash addresses for  many keys.. 

A l l  hash addresses f a l l  w i t h i n  the range [ least . . least  ( ~ / 0 , 8 ) 1 ;  - . 

we can a lways  map the keys i r i to addresses [o .  . ~ / 0 . 8 ] .  - 
3 For the methods whic6 employ back t rack  search to ass ign le t ter  

, "  values, A-lgorithrn 0 and  Algor i thm 1,  we can ensure tha t  we achieve a 

loading factor  of a t  least L b y  simprly l i m i t i n g  t h e G  of the hash 



t ab le  to r = N/L. The search procedure w i l l  then , f a i l  on a n y  

combinat ion of l e t t e r  va lues  ( x  ,x2, : . . ,x .  ) such t h a t  f o r  some k in K 
1 I j 

When such a f a i l u r e  occurs, the search procedure i s  forced to back t rack ;  
i 

a l l  va lues  smal ler '  t h a n  x .  i n  the domain of a.  have  been exc luded a n d  
I I 

any  l a r g e r  va lues of  x .  w i l l  s u r e l y  make H (k . )  g rea te r  t h a n  N/L. A 
I J 

* 
v a r i a b l e  wh ich  occurs e a r l i e r  i n  the o rde r i ng  must h a v e  i t s s v a l u e  

a l t e r e d  to a l low sma l le r  va lues  f o r  a t  least one of the le t te rs  in k wh ich  
j 

precede a i  i n  the o r d e r i n g  of le t ters .  

I n  those methods which do not use the b a c k t r a c k  search parad igm,  - 

we must r e l y  on the bene f i c ia l  effects of the o r d e r i n g  o f  the search 

v a r i a b l e s  a n d  care fu l  select ion a n d  tes t ing  of associated l e t t e r  va lues  

d u r i n g  the course of the assignment o f  va lues to  le t te rs  to ach ieve the 
# 

/ 

h ighes t  feas ib le  l oad ing  fac to r .  I n  p rac t i ce  these non-back t rack ing  

a lgor i thms produce so lu t ions r e l a t i v e l y  q u i c k l y ,  b u t  as  the number o f  

keys  i n  the problem set increases, the load ing  fac tor  tends to beeorne 
* * . . 

smal l e r .  

I n  

back t r ack  

w i t h  keys  

a n  e f f o r t  to improve t h i s  performance fac tor ,  A lgor i thm 3 uses 

i n g  whenever the hash  t ab le  i s  becoming too sparse ly  popu la ted  

. Th i s  w i l l  tie descr ibed i n  Chapter 3. 
a 

2 . 6  ~ ~ ~ r o a c h & s  Employed b y  Each A lgor i thm - 

Each o f  the f o u r  a lgor i thms we w i l l  d iscuss i n  t h i s  thesis employs 

a d i f fe ren t  combinat ion of methods f o r  the fou r  subproblems i nvo l ved  i n  

f i n d i n g  perfect  hash  func t ions  of the form we seek. 
\ 

i 

Algor i thm 0 

1 .  C iche l l i  makes a f i x e d  choice of  key  p roper t ies  to  be  used 

. b y  the hash  funct ion:  f i r s t  a n d  las t  le t ters  a n d  key  

length .  



A l s o r i t h m  1 

The k e y s  a r e  f i r s t  o r d e r e d  b y  sum o f  chosen l e t t e r  

f requencies,  t hen  b y  a second o r d e r i n g  w h i c h  moves k e y s  

f o r w a r d  to  t h e  p o s i t i o n  where  they a r e  f i r s t  de termined.  

The l e t t e r  ass ignment  i s  ..done b y  a bl ind b a c k t r a c k  search.  

A m i n i m a l  s o l u t i o n  c a n  b e  f o u n d  b y  r e j e c t i n g  a n y  non-min imal  
s 

s o l u t i o n  o r  b y  l i m i t i n g  t h e  s i ze  o f  t h e  h a s h  t a b l e  to  t h e  

number  o f  k e y s  in t h e  iproblem set.  

The p rob lem set i s  p a r t i t i o n e d  i n t o  subsets  b y  k e y  l e n g t h  

in  o r d e r  to  reduce  t h e  s ize  o f  t h e  p rob lem f o r  each 

i n v o c a t i o n  o f  t he  b a c k t r a c k  search.  

K rause  a l g o r i  t hm ica l  l  y  chooses a comb ina t ion  o f  l e t t e r  ' 

p o s i t i o n s  w h i c h  d i s t i n g u i s h e s  each k e y  in t h e  p rob lem set 

b y  t h e  comb ina t ion  o f  l e t t e r s  f rom chosen posi t ions. '  

The l e t t e r s  a r e  o r d e r e d  a s  in A l g o r i t h m  0, b u t  t i e s  between 

words  w i t h  e q u a l  sums o f  l e t t e r  f requenc ies  a r e  b r o k e n  u s i n g  

a re f inement  due to  S l i n g e r i a n d  a n d  Waugh. 

A l e t t e r  ass ignmkn t  i s  c a l c u l a t e d  u s i n g  a b a c k t r a c k  sea rch  

w h i c h  h a s  been s t r e a m l i n e d  f o r  t h i s  
6, 

M i n i m a l i t y  i s  no t  gua ran teed ,  b u t  a- h i g h  l o a d i n g  f a c t o r  i s  

o b t a i n e d  b y  m a k i n g  a good H e u r i s t i c  ,choice o f  domain  s i ze  

f o r  t he  assoc ia ted l e t t e r  v a l u e s  a n d  b y  al1ow'i;ig t h e  r a n g e s  

of h a s h  addresses f o r  t h e  subsets to o v e r l a p  to  some ex ten t .  

3 A l g o r t i h m  
t 

1 .  Cercone 's  a l g o r i t h m  uses t h e  same f i x e d  cho ice  o f  k e y  

p r o p e r t i e s  a s  A l g o r i t h m  0 ,  i.e. f i r s t  a n d  l a s t  l e t t e r s  and 

k e y  leng th .  

2. The k e y s  a r e  o r d e r e d  b y  sum of l e t t e r  f requenc ies .  

3 .  A n o n - b a c k t r a c k i n g  sea rch  a l g o r i t h m  i s  used.  

4.  So lu t ions  a r e  i n  g6nera l  non-minimal ,  due to  t h e  search 

method employed.  

1 .  Boates '  a l g o r i t h m  p rompts  the  use r  to  make a cho ice  of k e y  

p r o p e r t i e s ,  i n c i d d i n g  l e t t e r  p o s i t i o n s  a n d  k e y  l e n g t h  i f  



desired. Th is  choice i s  sensi t ive to pos i t ion of occurrence 

of let ters.  

Keys a r e  ordered according to sum o r  product of letter* 

frequencies, then gro'uped i n  a way which promotes ef f ic ient  

search. 

The search i s  non-backtracking, an  improved version of that  

invented b y  Cercone fo r  Algor i thm 2. 

The min i rna l i ty  of the hash tab le i s  dependent on the 

effectiveness of the ana l ys i s  of the way in which keys share 

let ters.  

the next chapter  we ou t l ine  a lgor i thms 1, 2, and  3. 



3. DESCR l P T  ION OF THE ALGORITHMS 
P 

I n  t h i s  chap te r  we descr ibe three a lgor i thms fo r  f i n d i n g  perfect  

hash  funct ions.  For  each a lgor i thm,  we present a shor t  out1 ine  of the 

processing steps, fo l lowed b y  a n  in fo rma l  a n a l y s i s  o f  the complex i ty  ' 

of the a lgor i thm.  - 

3.1 A lgor i thm 1 - 

Algor i thm 1 p a r t i t i o n s  the o r i g i n a l  set of keys  i n  such a way t h a t '  --._-' 
- 

per fect  hash  func t ions  can  b e  ca l cu la ted  f o r  each subset, then combined 

to form one perfect  hash  f unc t i on  f o r  the e n t i r e  set. The' complex i ty  of 

P 

each subproblem i s  a t  least l i n e a r l y  a n d  of ten exponen t i a l l y  smal ler  

t han  t ha t  of  the o v e r a l l  problem, w h i l e  the increase i n  the number of 

problems sets i s  l i nea r ,  r e s u l t i n g  in a marked reduc t ion  i n  computat ion.  

The keys a r e  p a r t i t i o n e d  i n t o  subsets b y  t h e i r  length .  We 

ca l cu la te  a separate hash  f unc t i on  f o r  each subset, a n d  f i t  each of  these 

hash  func t ions  i n t o  the hash  t ab le  b y  p r o v i d i n g  a n  of fset  f o r  each 

subset wh ich  keeps i t s  hash  addresses sepdpate from those of any  of the 

o ther  hash  funct ions.  We can  do t h i s  f o r  the f o l l ow ing  reason: i f  

F . ( x )  i s  a per fec t  hash  func t ion  f o r  keys  of  l eng th  i, then so i s  G i ( x )  '= 
I 

F . ( x )  + c i ,  where c. i s  some constant .  I f  we make the p rope r  choice of 
I I 

c .  f o r  each subset i, then G . ( x )  can  be made near 
I I 

at l ow ing  the range  of hash  addresses f o r  ne ighbor  i n g  subsets to overl<p. 

- l y  m in ima l  b y  

The  form of the func t ion  i s  g i v e n  b y  the f o l l ow ing  f ragment of Pasca l  

code, where "offset" corresponds to c.: 
I 



FUNCT ION hashaddress ( key :  ARRAY OF CHAR) : INTEGER; 
VAR len, addr ,  i : INTEGER; 
BEGIN 

len := l e n g t h ( k e y ) ;  
WlTH subset [ len]  DO 

BEG l N 
a d d r  : = o f fset ;  
FOR i : = 1 TO len DO 

I F  chosen [ i ]  
THEN- a d d r  : = a d d r  + assoc[key [ i ] ]  

END; ( *  WlTH * )  
hashaddress : = a d d r  

END; ( *  h a ~ h a d d ~ e s s  * )  

T h i s  p rogram assumes that ,  f o r  each subset, we reco rd  wh ich  le t te r  

pos i t i ons  a r e  chosen ( a  vector  of  boolean va lues) ,  a n  in teger  offset, 

a n d  a t ab le  wh ich  associates a n  in teger  v a l u e  w i t h  each le t te r  in the 

a lphabe t .  T h e  ca l cu la t i on  of .each hash  address r e q u i r e s  t ime 

p ropo r t i ona l  to  the number of chosen le t te r  pos i t ions.  Because ,a t ab le  
L- 
", 

of associated le t te r  va lues  i s  s tored f o r  each s u k e t ,  the i m r e a s e  i n  
\ = 

s torage requ i red  i s  p ropo r t i ona l  to the number of ;ubsets i p d  ced b y  4 
the p a r t i t i o n .  

I n  a d d i t i o n  to t h i s  p a r t i t i o n i n g  of  the o r i g i n a l  prob lem set, the 

implementat ion of A lgor i thm 1 inc ludes several  of the improvements to 

Cichel  l i ' s  

i nc lude :  

a l go r i t hm  discussed i n  Chapter  2.  These improvements 

the a d d i t i o n  of a genera l  a l go r i t hm  f o r  the select ion of  a 

min imal  set of l e t t e r  pos i t i ons  (done f o r  each subset, i n  

A lgor i thm 1 )  wh ich  d is t ingu ishes  each key  f rom the res t ;  

choosing the c a r d i n a l i t y  of a subset as  the upper  bound  on 

the range  of  associated va lues f o r  the symbols which occur 

i n  chosen pos i t ions i n  tha t  subset; 

Sl i n g e r l a n d  a n d  Waugh's improvement to Cichel  I  i ' s  second 

o r d e r i n g  o f  the keys .  

i ncorpora t  i ng a met hod of prec l  u d  i n g  the generat  ion a n d  

tes t ing  of inadmissable  combinat ions of associated va lues  

d u r i n g  the  back t r ack  search process. 



Algori thm 1 i s  a n  informal ou t l ine  of th is  modif ied version of 

9 ,. - 
Cichel 1 i t s  a lgor i thm: 

U 

ALGORITHM 1 

step 1 : _ 

1 

- 

Sort the keys in to  ascending order; 6 y  length, i n  

order . to  p a r t i  t ion the keys in to subsets of keys whict-! 

share the same length. With each of these subsets, 

perform the fo l  lowing steps. 

P 
s 

Choose t-he smallest set of let ter posi t ions such that  

no two keys of the subset have the same set of le t ters  

i n  the c h o s y ~  posit ions. 

1 
Employ Cichel I i t s  two order ing  strategies, w i th  

S l  inger land and Waugh's refinement, to produce a n  

(approx imate ly)  optimal o rder ing  of the keys and, 

therefore, of the let ters which occur in chosen 

posi t ions. 

Assign the c a r d i n a l i t y  of the current  subset as the 

upper bound on the range of associated values fo r  

symbols which appear i n  chosen posi t ions i n  members 

of t h i s  subset. The lower bound of t h i s  range i s  set 

t,o zero. 

Use a modif ied version of Cichel l  i t s  back t rack  search 

procedure to assign associated integer values to 

symbols such that  each key i s  assigned a d i f ferent  

hash address in the subrange -of the hash tab le 'def ined 

b y  [offset.. . (p *m) ] ,  where offset i s  the integer offset 

for  the current  subset of keys, p i s  the number of 

chosen pasitians, and  m i s  the upper bound of the range 

of associated let ter values. 

The Pascal program embodying Algor i thm 1 i s  Appendix D to th i s  
document . 

b * 



step6: I f .  any  unproccessed subsets remain, ad jus t  the offset 

ex t  subset In  the fo l lowing way: i n i t i a l i s e  

t to the number of keys which have a l ready 

been placed i n  the hash table, say n ;  then f i n d  the 6 L 

f i r s t  open p s i t ion  r, r n. This  a l lows the hash 

addresses f o r  d i f ferent  subsets to overlap somewhat, 

encouraging the min ima l i t y  of the f ina l -  hash table.  

s tep7 : If any unprocessed r e t u r n  to step2; 

otherwise, a l l  keys have been placed i n  the hash 
b- 

tab le  and the a l g o ~ i  thm terminates. 

We now consider the complexity of t h i s  algor i thm, descr ib ing some of the 

- de ta i l s  of each step. 

J 

Sorting the keys in to  order b y  length i s  an O(N log N) operat ion 2 

since we determine the length of each key as i t  i s  added to the l i s t  of 

keys i n i t i a l l y .  We employ a recurs ive version of Quicksort  to order the 

keys w i th in  the a r r a y  ' keys ' .  This  p a r t i t i o n  of the keys b y  length 

could be done i n  O(N) time b y  a bucket sort since the maximum key 

length i s  known to be smal l ( usua l l y  no more than 15 o r  20 let ters).  

This  sort i s  performed once for  the en t i re  .set of keys. 
- 

A general method fo r  choosing a set of le t ter  posi t ions w h  

serves to d is t inguish each key i n  a subset requi res that  we test 

P 
the 2 members of the power set of the set of le t ter  posi t ions for 

i ch  

each of 

b keys 

of length P. Each of these subsets represents a d i f ferent  combination 

of let ter posi t ions. The Pascal funct ion ' f indcombo' generates these 

subsets i n  ascending order of number of chosen let ter posi t ions since 

we wish to f i n d  .that combination which has the fewest elements, - yet 

d is t inguishes each key.  This  funct ion returns a vector of boolean values 

which characterises the chosen posi t ions. Th is  funct ion operates in 

two phases: 



( 1 )  generate the next combination of posi t ions; 

(2 )  test t h i s  set fo r  unique ident i f i ca t ion  of keys. 

I n  order to generate these combinations i n  sequence without 

s tor ing them a l l ,  we beg in  b y  c rea t ing  a queue of combinations which 

are not candidates, bu t  which can be expanded to produce candidates 
a LJ 

which have one more chosen posi t ion than the combination a t  the head 

of the queue. I n i t i a l l y ,  the queue contains only  the n I I  combination, d 
i.e., (000) fo r  P = ' 3 .  Unless the subset of keys has on ly  one member, 

th is  i s  not a candidate. The a lgor i thm proceeds b y  generat ing a series 

of new  combinations b y  subs t i tu t ing  a 1 f o r  each 0 to the le f t  of a l l  1 ' s  

in the combination a t  'the head of the queue. As each of these candidate 

combinations i s  generated i t  i s  tested fo r  i t s  d is t ingu ish ing  power. I f  

i t  f a i l s  t h i s  test and there ex is ts  a t  least one 0 to the le f t  of the f i r s t  

1 i n  the .sequence, then th is  combination i s  placed a t  the endof the 

queue, to be expanded tater i f  no su i tab le candidate i s  found b y  

expanding and test ing combinations which precede i t  i n  the queue. As 

soon as a combination i s  found which meets our  requirements, i t  i s  

re turned as the va lue of the funct ion ' f indcombo'.  This  method amounts 

to the breadth- f i rs t  search of a ra the r  pecu l ia r  sort  of tree, ca l led  an  

Sk treelo, a s m a l l  example of which i s  i l l us t ra ted  i n  F igu re  3.1. 

See Baase [1978], p.247. 



Tree S 3  

F i g u r e  3.1 

Note t ha t  the second phase o f  ' f indcombo' tests o n l y  whether two 

keys  have  d i f fe ren t  sets of  symbols i n  chosen posi t ions,  w i thou t  r e g a r d  

to  the o rde r  of  occuPrence of  these symbols w i t h i n  the key .  Therefore 
f 

there may be  no way of d i s t i n g u i s h i n g  two ( o r  more) of  the keys  i n  the 

?A 

subset, e.g. ' o n '  a n d  ' n o ' ;  f indcombo may f a i l .  When no combinat ion 

of pos i t  ions ex is ts  wh ich  meets ou r  requirement,  ' f  indcombo' w i  I I 

even tua l l y  encounter a s i t u a t i o n  where there a r e  no  expandab le  nodes in 

the queue. When t h i s  occurs, ' f indcombo'  r e tu rns  a s  vector  of  boolean 

FALSE elements, i n d i c a t i n g  tha t  no so lu t ion ex is ts .  

The test of phase 2 i s  c a r r i e d  out  i n  the f o l l ow ing  manner b y  the 

J 

Pascal  func t ion  'check ' : 

1 .  f o r  each key  of l eng th  p ,  i so la te  those ]symbols wh ich  appear  

i n  chosen pos i t  ions accord ing  to the cu r ren t  t r i a l  combinat  ion. 

2. fo r  each key,  sor t  t ha t  k e y ' s  selected symbols i n t o  ascending 

o rder .  

3. sor t  the keys  l ex i cog raph i ca l l y  us i ng  t h e i r  o rdered  sets of 

selected le t te rs  as  the sor t  key .  

4. make one pass th rough  the set of keys  compar ing ne ighbo r i ng  

sets of selected le t ters .  Any sets tha t  match w i l l  b e  

ne ighbors  a f t e r  the sor ts  i n  steps 3 '  a n d  4, a l l o w i n g  us to  

test a l l  poss ib le  matches in a s i ng le  pass.  



I f  a malch i s  found in step 4, '&heckr yi l l  immediately r e t u r n  
"/ 

FALSE, o r  f a i  I u r - '  Assuming random un i fo rm d i s t r i b u t i o n  of c o n f l i c t i n g  

le t te r  combinations, w e  est imate t ha t  approx imate ly  n/2 compar isons w i l l 

be  executed on the average  unsuccessful set of a subset o f  n keys  of 
3 

l eng th  p .  The cost of he  selected le t te rs  i s  s imp l y  the 

number of keys  m u l t i p l i e d  b y  ' t h e  number of  l e t te rs  in each key .  Since 

the number of selected l e t t e r  pos i t i ons  cannot exceed the leng th  of  the 

key,  the selected le t te rs  i s  done us ing  a s imple exchange sort .  

T h i s  adds  a term of p'n to  the cost. 
\ 

The lex icograph ic  sor t  in Step 3 i s  done fo r  n keys  in t ime 

p ropo r t i ona l  to n log n, on  the average, b y  a recu rs i ve  qu i ckso r t  

r ou t i ne  which uses the  a r r a y  of selected symbols as  the s o r i  key .  

1 Each unsuccessful test of  a combinat iop o f  l e t t e r  pos i t  ions i ncu rs  

the f o l l ow ing  est imated cost: 

step3:: n log n 
2 

I 

st*&-. approx imate ly  n/ 
- .  

P 
Since we may have  to  t r y  2 -1 combinations, the to ta l  cost of execu t ing  * 

' f indcombo'  can  be  

SUM(CH(P, k)*n*(k*((k-l)/2)+log2n+l/2) ) ,  1 - < k ( P 

= n(2'-1) + n * ~ ~ ~ ( C ~ ( ~ , k ) * ( k * ( k ( k - l ) / 2 ) + l o ~ n + 1 / 2 ) ,  1 < - k - < P. 

P 
The 'cost of t h i s  process i s  p ropo r t i ona l  to n*2 f o r  each subset. T h i s  

search f o r  a m in ima l  un ique l y  i d e n t i f y i n g  set of l e t te r  pos i t i ons  can  b e  

ve ry  time-consuming whenever the set of keys  share  many le t ters .  Fo r  

those few examples we have  t r i ed ,  however, t h i s  a l go r i t hm  produced a 

so lu t ion  in time p ropor t iona l  to the number of keys  i n  t'he problem set. 

the la rges t  of these sets consisted of  61 keys  s h a r i n g  23 le t ters .  The 



.. 

d' key length P i s  genera 

l i ke l ihood of f i n d i n g  a 

selected posi t ion r ises. 

I l y  small fo r  even la rge  

solut ion increases r a p i d  

sets of keys and the 

l y  as the number of 

The method employed i n  'f indcombo' i s  not guaranteed to f i n d  a 

d is t ingu ish ing  set of posi t ions since there are  cas p where only  the 

order ing  of let ters from selected posi t ions can d i s t i ngu ish  a l l  keys ( i n  

conjunct ion w i th  the occurrence of d i f ferent  symbols). Consider, for  

example, the set of keys of length two consist ing of ( i n ,  i t ,  on, no).  

The possible combinations of chosen posit ions Bre ((007, (lo), (01>, 

( 1 1 ) ) .  The n u l l  vector cannot be a solut ion f o r  a key set whose 

c a r d i n a l i t y  is  greater than one. The keys ' i n '  and  ' i t '  conf l ic t  in 

posi t ion one, ' on '  and  ' i n '  con f l i c t  i n  posi t ion ,two, a n d  ' on '  and  'no '  

con f l i c t  i n  the unordered combination of posit ions one and two. No 

solut ion exists for t h i s  set, under the assumption tha t  we w i l l  have on ly  
3 

one value assigned to each symbol for each subset. Greater gener 

of the algorithm, which would d is t ingu ish  the oc&urrence of one symbol 

i n  d i f ferent  positions, en ta i l s  s to r ing  a n  associated integer value for  

1 1  
each posi t ion i n  which i t r  i s  found . Although our  method i n  ' f indcombo' 

does not guarantee a solution, i t  seldom f a i l s  to f i n d  one. 

Once we have chosen a set of let ter posit ions which prov ide  

unique Lash ident i f ie rs  for a l l  keys i n  the current  subset, we consider 

how best to organise the search of the solut ion space. I n  a manner 

s im i l a r  to Cichel l i ,  we have used the sum ( o r  product, a t  t i m ~ s )  of 

frequencies of occurrence of symbols which make up hash ident i f ie rs  

in the current  subset. The keys are  ordered so that  the sum (products)  

of frequencies a re  non-increasi pg, corresponding to Cichel I i ' s f i r s t  

1 1  
This  more general method which recognizes order of occurrence of 
symbols has been implemented b y  John Boates i n  Algor i thm 3, to be 
discussed below. , 

4 



order ing.  The cos't of performing th is  order ing i s  a t  most 
J\ f 

(p *n )+ (n  log2 n )  = n'(p+log2 n ) .  

The second p a r t  of step 3 i n  Algor i thm 1 corresponds to Cichel l i ' s  

second order ing  w i th  S l inger lang and  Waugh1<s opt imis ing modif icat ion 

added. Since the keys are ordkred by  decreasing sum ( o r  product)  of  

let ter frequencies, we can th ink  of t h i s  as inducing a p a r t i t i o n  of  the 

of t h i s  length i n to  subsets, where the members of each subset keys 

have 

a l gor 

the same sum o r  product of  frequency counts. The acf ion of the 

i thm i s  as follows: s 

a. each element of the boolean a r r a y  used [I : .A ' ]  i s y  to false, 

s ign i f y ing  tha t  none of the A '  let ters in the alphabet have been 

added to the order ing  of search var iab les.  

b. a queue wh~Cn w i l l  conta in the keys i n  the i r  f i n a l  order i s  

i n i t i a l l y  set to NIL. 

c, "remkeys" is, i n i t i a l l y ,  a l i s t '  of a l l  the keys sorted b y  

descending sum "of, let ter frequencies. This  represents the set 

of keys which have not yet been placed i n  the f i n a l  order ing. 

. , 

ca l led  "candidates" i s  formed of a l l  keys which have the 

frequency count .  While th is  l i s t  i s  not empty, we pe r fo rk  

the fol  lowing steps: 

a. fo r  each member of candidates make a l i s t  of the keys whose 

hash address w i l l  be deterrninedTf the unused le t ters  i n  the 

cand,idate a r e  assigned values. 

b .  choose the candidate w i t h  the longest l i s t  of determined keys; 

add  i t  tb the, f i n a l  order ing,  along w i th  i t s  l i s t  of determined 

keys. Remove the candidate and the members of i t s  l i s t  from 

both candidates and remkeys. Mark the let ters from selected 

posit ions i n  the new1 y-chosen keys a re  used. 

Par t  2 i s  r e p m d  u n t i l  remkeys i s  empty, i.e. u n t i l  a l l  the keys have 

been added to the f i n a l  'order ing.  The keys a re  now inserted i n  the i r  

*i proper order i n  the ran-ge of the a r r a y  keys whjch corresponds to th i s  

subset.. 



When add ing  the i-Jh key  to the f i n a l  order ing,  we have  to 

examine the poss ib i l i t y  of the hash add&ses o f  a l l  remain ing &i keys 

be ing  newly  determined. The cost of p a r t  ( a )  i s  SUM(n-I), 1 < i < n, 

o r  C = n*(n-1)/2.  The cost of p a r t  ( b )  i s  s imply  t ha t  of  removing each 

key from the l i s t  of candidates and  remkeys a n d  add ing  i t  to the f i n a l  

order ing,  o r  3 * N i n  a l l .  The dominant term in t h i s  cost expression 

2 -\-* 
i s  O(n ) . When we consider tha t  the r e s u l q  of t h i s  reorder ing  process, 

a n e a r l y  opt imal o rde r i ng  of the va r i ab les  for  the back t rack  search, can 

he lp  us to p rune  branches from a search tree which i s  g rowing  a t  a r a t e  

2 
exponent ia l  i n  the o r d i n a l  pos i t ion of the t h i s  O(n ) 

cost i s  wel l  worth cons ider ing.  

7 

I n  the Pascal program of A lgor i thm 1, we now invoke the proc du re  
- 

'setunused'  which prepares the keys  fo r  the back t rack  search. 'S tunused'  Q 
scans the keys i n  the o rder  determined i n  the p rev ious  procedure. For 

each key, 'setunused' determines which symbols i n  chosen pos i t ions in 
L 

t h i s  key  have appeared i n  no key  which precedes the cu r ren t  one. These 

symbols a re  recorded i n  the a r r a y  'unused '  associated w i t h  each key. 

The number of symbols i n  'unused '  i s  then recorded for  each key i n  the 

5 ,  s . .. 
in teger  v a r i a b l e  ' numun ' .  I f  a key  k i  has no unused symbols, t b  

t.' 

symbols which appear i n  chosen posi t ions must have occurred e a r l i e r  in 

the o rde r i ng  of keys;  each k for  which 'numun'  = 0 
i 

hash address when i t s  predecessor's address has  .been 

The complexi ty of 'setunused'  i s  propor t ional  to 

the a r r a y  'used ' ,  indexed b y  symbols of the a lphabet .  

as we move through the l i s t  of keys, scanning a t  most 

has  a determined 

deterrninkd. 

p * n  when we keep 

'Used' i s  updated 

p symbols to 

determine whether t h i s  key contains any unused symbols. The cost of 

'setunused'  i s  then ( ~ * n )  + A ' ,  r ough l y .  I f  we order  the k.eys as we 

have done, bu t  do not make t h i s  record of new symbol occurrences, we 



have to isolate these new le t ters  a t  each t r i a l  of each key i n  a back t rack  

12 
search, possibly thousands of times . 

We suggest that  the proper method of approaching th i s  en t i re  

problem i s  to e x p l i c i t l y  recognize the p r imary  importance of the ., 
r .  

order ing of the search var iab les,  i n  our case those symbols which occur 

i n  chosen posit ions. We should program our o rder ing  strategies to choose 

a heu r i s t i ca l l y  good permutat ion of.,the symbols which i n  t u r n  induces an  

order ing  of the keys. This  would certain1 y promote' elegance and l i ke l y  

13 
the ef f ic iency of the program . 

These order ing funct ions precede the backt rack search. I n 

Algor i thm 1, the search i s  i n i t i a t e d  b y  invok ing  the procedure 

'ass ignvalues ' ,  which sets the size of the domain from which associated 

le t ter  values can be chosen before ca l  l  i n g  the procedures which actual  l  y 

c a r r y  out the search. I n  Algor i thm 1, th is  domain size m i s  assigned 

the number n of keys i n  the subset for which we are  cu r ren t l y  f i n d i n g  

a perfect hash funct ion. We reason that  the largest va lue  of m w i l l  be 

requ i red  when p lac ing  the last  key i n  a subset beyond a l l  other keys i n  . , 

the hash tab le i f  a l l  i t s  let ters bu t  the last  have been assigned the . 

va lue 0. I n  th is  case, there must be an  open hash tab le address 
ra 

somewhere w i th in  the ' range [ O  ... n ]  since onry n= l  keys f r o  th is  subset 

have been placed i n  tha t  range so f a r .  This i s  not s t r i c  f' l y  true, since 

a previous subset may have over lapped the current  range somewhat; i n  

12This appl ies only  to hash funct ions which use a v a r i a b l e  set of 
i den t i f y i ng  propert ies.  For Algorithms 0 and 2 which both have a f i x e d  
set of key propert ies defined fo r  the i r  hash functions, t h i s  selection 

A 

procesg can be simply specif ied i n  th,e form of the hash address 
ca lcu lat ion,  e.g. f i r s t  2nd last  lettee posit ions. 

1 3 ~ h i s  i s  corroborated b y  a study which came to our  at tent ion just  as t h i s  
thesis was completed [Cook and Oldehoeft, 19821. The authors have . 
implemented algor i thms which are " le t ter  oriented", w i th  good resul ts.  



* 
pract ice,  we have obta ined very good resul ts  us ing  the number.n.  

There a r e  three search procedures, 'addword ' ;  ' v a r y ' ,  and  ' t r y ' ;  

these rout ines perform the recurs ive  search through the space of p a r t  ia'l 

solutions. . 
- 

'Addword'  i s  the top-level procedure. I t  i s  passed the inde'x i 

of the 

let ters 

next key to be p laced i n  the hash table.  I f  k.  has  no unused 
I 

7'- 

, then i t s  hasfif address i s  f i xed  b y  values assigned to let ters 

p rev ious ly ;  therefore ' t r y '  i s  ca l led.  I f  a t  least one of k . ' s  chosen 
I 

le t ters  has not: yet been assigned a value, ' v a r y '  i s  ca l led.  

' V a r y '  i s  the hear t  of the back t rack  search because i t  assigns 

values to the. search var iab les  i n  a systematic way, ensur ing  tha t  a l l  

p a r t i a l  solut ions of interest are,  generated. Since the number of ,unused 

let ters i s  not f- ixed i t  was found most na tu ra l  to program t h i s  as a 

recurs ive  procedure, a l  lowing back t rack ing  b y  exhaust ing a l  l  the 

poss ib i l i t i es  fo r  each invocat ion 's  search var iab le .  When 'addword '  

-'I 
r l .  

ca i's ' v a r y ' ,  the number of unused symbols i s  passed. Th is  parameter, 

' u ,  determines which of the unused let ters i s  assigned a value. b y  a n  
* 

invocat ion of the procedure; when v a r y  ( j )  i s  invoked, the j - th  sy'mbol 

i n  the a r r a y  of unused le t ters  f o r  the cur ren t  key i s  g iven  a t r i a l  

va lue.  I f  j=O, then .the cur ren t  k e y ' s  hash address i s  determined and 

' t r y  .' i s  invoked; o therw ise ,  we invoke va ry  ( j - 1  ) . 
6s 

The procedure ' t r y '  attempts to place the cur ren t  key i n  the 

hash table. I f  i t s  hash address i s  open, then ' t r y '  marks the address 

taken and c a l l s  addword on the index,,of the nest key i n  the order ing.  

. I f  the hash address was taken b y  a previous key, then ' t r y '  f a i l s  and 

control  re tu rns  to the ca l  l  i ng  procedure. When th is  prev ious procedure 

was ' v a r y  ' ,  the next la rger  integer i s  assigned to the symbol be ing  

considered b y  the latest invocat ion of ' v a r y  ' . I f  the# ca l  l i n g  procedure 



was 'addword ' ,  then the current  k e y ' s  hash address was deternlined w i t h  

no unused letters, so control  rever ts  to the previous invocat ion of ' t r y '  

which must have ca l led  'addword ' .  

The worst-case cost of t h i s  approach i s  the cost of searching the 

en t i re  tree of p a r t i a l  a n d  complete solutions. We d i rect  our  preprocessing 

0 

ef for ts  to f i n d i n g  a n  order ing  of the search va r iab les  which minimises 

the size of the search tree ( the  total  weighted cost over a l l  ver t ices) .  

Ofice the search has begun, we can perform an add i t iona l '  improvement; 

we main ta in  a g lobal  index va lue ' f i r s topen '  which i s  i n i t i a l l y  the offset 

for  th is  subset of keys. Whenever a hash address j i s  newly claime'd b y  

some key, f i rstopen i s  updated thus: 
I 

i f  j = f i rs topen 

then f i rstopen := nextopen ( j )  LI 

When the last  unused let ter fo r  a key i s  assigned zero as i t s  

i n i t i a l  associated va lue  many 'doomed' values may be generated. and  

rejected before an  acceptable va lue i s  discovered for th is  symbol (one 

which places the key i n  the f i r s t  open hash address beyond the sum of 

a l l  the associated values for  the other symbols in th i s  key, p l u s  the 
*; 

of fset) .  We can look a t  th is  Si tuat ion on the number l i ne  fo r  non-negative 

integers: 

0 offset 
1 

f  i rstopen 
2 

F igure  3.2 

Suppose we have a set of symbols ( a  a ) which make u p  the hash 
l ' a 2 '  3 

ident i f ie r  fo r  some key k .  and a. i s  the only  symbol i n  the set:without 
1 

an associated integer value: 
' Tw 



assocva l [a  ] = unde f ined  x 
1 1 

The problem i s  to  make the op t ima l  choice f o r  the associated v a l u e  x - 1 ' 

- x 2 + x  I f  the p a r t i a l  sum o f  associated va lues  bl - 3' where offset < - bl < 

+ x + offset = f i rs topen.  
3 

~ h e 6  we have:  

Th i s  v a l u e  o f -  x i s  o u r  best choice .since i t  immediately p laces the key  i n  1 

the open hash address most l i k e l y  to lead to a m in ima l  r a n g e  of  hash  

hc,~ addresses, g i ven  the va lues  ass igned to the ot  r le t ters .  

A l t e rna t i ve l y ,  suppose the p a r t i a l  sum o f  associated va lues  

x2  + x * i s  equal  to b2, where b ) f i rs topen.  Then we set x, to  the 
3 2 - 

fo l l ow ing  va lue  i n  o rde r  to p l ace  i t  i n  the f i r s t  a v a i l a b l e  hash  address:  
,- 

X, := nex topen(x  + x + o f f se t )  - ( x 2  + xg + o f f se t ) .  
2 3 

, t h i s  i s  jus t  a s t reaml ined  way of search ing  f o r  tHe smal lest  v a l u e  of  x 
1 

wh ich  p laces the key  i n  a n  open hash  address, b u t  i t  does e l im ina te  

many procedure ca l l s .  We s t i l l  generate the same number of t r i a l  va lues  

f o r  x b u t  they a r e  tested in a t i g h t  loop in the f unc t i on  'nextopen ' ,  ..I ' 
wh ich  can  be def ined recu rs i ve l y  as: 

, nex topen( j )  := j, i f  not taken [ j ] ,  

:= nextopen( j+l  ) otherwise, j < tab le  size. 

The Pascal  vers ion -of 'nextopen '  i s  a 3-statement WHILE loop which 

rep laces a t  least one invoca t ion  of ' t r y ' .  Th i s  e l iminates the overhead 

associated w i t h  i n v o k i n g  ' i ry '  f o r  each re jec ted va lue.  Note t ha t  t h i s  

improvement i s  poss ib le  o n l y  in the case where the las t  l e t te r  wh ich  i s  

-5 
u n u e d  f o r  some key  i s  be ing  ass igned a new v a l u e ;  where the associated 



va lue  of an  unused le t ter  d o e  not determine the hash address of a key, 

we must s imply  ass ign an  i n i t i a l  va lue  of 0 to the lett;r. Th is  

modi f icat ion to the search reduced i t s  time of execution b y  about twenty 

percent . 
When a perfect  hash funct ion has been ca lcu lated for  S the keys 

i' 

of length i ,  we seek the next subset which h a s n ' t  been processed. 
- 

Suppose that  S j > 1, i s  the next subset. When the keys were f i r s t  
j' 

pa r t i t i oned  in to subsets b y  length, the smallest a r r a y  index conta in ing 

a key of length k ,  0 < k ( P, was recorded for  each subset S 
k ' 

The 

o r i g i n a l  va lue of offset fo r  each. subset i s  the number of keys which w i l l  

have been placed i n  the hash tab le p r i o r  to p lac ing  tha t  subset. Since 

we place the keys i n  order  of length, t h i s  also i s  a count of the number 

of keys which a re  shorter than  those i n  the cur ren t  subset, S 
j ' 

When we ad jus t  the offset of S offset has the va lue  which 
j ' 

ant ic ipates that  a l l  prev ious hash funct ions have been not on ly  perfect 

bu t  also minimal.  While Algor i thm 1 often f i nds  a minimal perfect 

funct ion fo r  reasonably small sets, our  search a lgor i thm does not 

guarantee minimal solut ions. We may f i n d  that  this or ig ina l  va lue  of 

offset denotes a hash address .wh ich  has been taken b y  a key from the 

preceding subset, S.,. p revent ing  us  from us ing  one of the possible 
I 

combinations of values which could otherwise p lace a key from S i n  ttie 
j 

hash table.  I n  ,order to avo id  unnecessari ly r e s t r i c t i n g  the space of 

possible solutions, we set the new offset to the smallest index i such 

tha t  

offset < i  < r AND n o t .  t a k e n i i ] ,  - - 

where ' t aken '  i s  an  a r r a y  which records for  each hash address i n  the 

range ~ [ l .  .,r] whether some key has occupied that  loeat-ion. This  i s  

done by  ca l cu la t i ng  nextopen(0ffset) .  - I t  i s  qu i te  possible that  some 



hash addresses w i t h  indices greater  than  the new offset a r e  occupied, 

bu t  we employ our  back t rack  search to f i t .  the new subset S around any 
j 

s t ragg le rs  from S.. 
I 

This  heur is t i c  (se t t ing  the offset to the number of previoukly-placed 

keys)  promotes the m in ima l i t y  of the hash tab le b y  a l l ow ing  the ranges 

of the hash funct ions f o r '  ne ighbor ing sets to over lap 'a l though they must 

n a t u r a l l y  remain d is jo in t .  A lgor i thm 1 tends to produce hash tab les w i th  

very h i g h  loading factors.  The smallest loading factor  so f a r  produced 

by  th i s  a lgor i thm was 0.97 fo r  the two hundred most f requent-  Eng l i sh  

words (200 keys placed i n  a range of 207 addresses). 
4- 

The cost of per forming 'ad justnextof fset '  i s  the sum of the costs 

of f3nding the next subset and  then f i n d i n g  the next open hash address. 

The cost of th is  operat ion i s  neg l ig ib le ,  less than N for  the en t i r e  

o r i g i n a l  set of keys. 

3.2 Algorithm 2 - 

Algori thm 2 performs an  enumerative search of a l im i ted  so lut ion 

space ( a s  do Algor i thms 0 and 1 ) .  For the back t rack ing  search which . 
was used i n  Algor i thm 1 we assigned a m a x i m u i  associated value, m, 

so that  for  every symbol a.  member of A,. the a isoc iateb.  v.alue of a 
I i 

i s  greater  than o r  equal to zero and less than o r  equal to m.  Th is  

upper bouAd l im i ts  the number of poss ib i l i t i es  t r i e d  for  each search 

va r i ab le .  Algor i thm 2 chooses a n  upper bound for  each search v a r i a b l e  

R 

from a series which has no pa i rw i se  sums among i t s  elements. This  

proper ty  of the upper bounds for  the associated values ensures tha t  

a solut ion w i l l  be found, bu t  makes no g 

of the resu l t i ng  hash tab le w i l l  be accep 

for  smal l sets of- k e y s ) .  

luarantee that  the loading factor  

tab le ( though i t  usual ' ly i s  
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i a l  problem in a l l  th'e methods of  compu;ing perfect . 
2 

hash funct iops descr ibed i n  t h i s  documentGs the choice of a method for  

ass ign ing  integers to symbols of the a lphabet .  I n  o rder  to ca lcu la te .  

solut ions f o r  l a rge  sets of ident i f ie rs ,  the assignment must be  done 
f 

e f f i c i en t l y  a n d  must ma in ta in  the "non equa I" r e l a t i o n  between -h>sh 

addresses of p a i r s  of keys.  

neq [ i , j ]  = 1 i f  H (k i )  # H(k . )  
J. = 0 otherwise. 

We consider the p o s s i b i l i t y  of a n  easi l y -ca lcu la ted  series of in teger  

va lues which guarantees dist inct--sums. I f  such 'a ser is  of integers could * '  
be assigned to the search va r i ab les  i n  order,  then no. unsuccessful 

+ - cand ida te  va lues would have  to be t r i e d  and  rejected. The diff icu1t.y " 

w i t h  t h i s  approach i s  to m a i n t a i n  a n  acceptable loading factor  in t W  

hash table.  I n  o rder  to achieve a compact hash address space we seek 

a series which grows s lowly  and  produced d i s t i nc t  addresses. Consider 

the assignment of the integers 0,1,2, . . . ,25 .to the a lphabet  'a, b,c, . . , z '  , 
\ 

respect ive ly .  The hash funct ion app l i ed  to the word 'prograrn' ,  fo r  

/p---=-- 
example, r e tu rns :  ,=;;;;" 

hashva l (  ' p rograrn ' )  = length(  ' p rog ram ' )  + assocval( ' p '  ) +Jassocval ( 'm ' )  

I t  i s  c lear  tha t  i f  the word 'prograrn'  gppears in a set of fewer than  

i 1 

twenty-seven keys a n d  t h i s  hash  funct ion i s  used, then the hash , t ab le  

cannot be min imal  o r  even almost-minimal. I n  add i t ion ,  many '  

combinations of associated va lues and  h o r d  length r e t u r n  a hash 

address of 34: 

% 

a n  8-letter word whose f i r s t  and  last  le t ters  a r e  ' n ' .  , Or , ,  a 

4-letter word whose f i r s t  le t te r  i s  ' r '  and  whose last  le t ter  i s -  4 



In ' ,  f o r  instance. 

. We conclude tha t  a randomly-chosen simple assignmen't of a series of 

d i s t i nc t  values to let ters w i l l  not p rov ide  a good so lut ion to ou r  problem. 
i 

We have invest igated some n a t u r a l  series i ch  prbduce, dhisti nct  P-l 
in teger  values and  whose'elements, when added i n  pa i rs ,  produce ' 

d is t inc t  sums. One such series i s  the fol lowing: 

The series i s  0, -m, 3m, 7m, 17m, 41m,. . . I f  we choose"'m to  be the length 

of the longest word and  assign the values to le t ters  i n  decreasing order  

of t he i r  frequency of occurrence i n  the l i s t  of keys, we ob ta in  a series 

of d is t inc t  values, as desired. ' Th is  assignment method ensures that  a l l  

pa i rw i se  sums of associated va lues a r e  d is t inc t  as wel l .  The d i f f i c u l t y  

w i t h  ass ign ing associated values i n  t h i s  way i s  that  the magnitude of 
k 

the series elements r i ses  very r a p i d l y ,  even i f  the m u l t i p l i c a t i v e  factor 

rn i s  smal l ;  w i t h  m=l, the tenth most frequent le t ter  w i l l  have  a n  

associated va lue of 1731, which obvious1 y defeats our  purpose of producing 

almost-minimal sized hash tables. 

We consider two other series which produce d is t inc t  p a r i  wi se sums. 

The f i r s t  of these i s  the "powers of 2". Given an  integer b greater  

than  one, the series F of integers produced b y  r a i s i n g  t h i s  base b to 
b 

0 1 2 -  
the powers i, i = 0,1,2,. . ., has  a l l  d is t inc t  elements b , b  , b , . . . We , 

can show that  d i f ferent  elements i n  the series produce d i s t i nc t  sums b y  

s imply  not ing tha t  b forms the bas is  of a number system; any two 

numbers in the base b can be equal on ly  i f  they a r e  the sum of the 



same powers o f  b when t h e i r  coef f ic ients  

same f i r s t  a n d  las t  letter, then the coeff 

a r e  1. ' When a k e y  has  the 

ic ient  of  t h a t  l e t te r  i s  2; 

b u t  we have  a l r e a d y  determined t ha t  no  o ther  key  h a s  the same f i r s t  

a n d  l as t  l e t te r  'and the  same length.  These a r e  the o n l y  non-zero 

coef f ic ients  poss ib le  whe.n two le t te r  pos i t ions a r e  chosen a s  i s  t h e  case 

in A lgor i thm 2. 

Even f o r  the smal lest  base, b = 2, t h i s  sequence grows r a p i d l y :  

the tenth  le t te r  v a l u e  w i l l  be  2'' = 1024. Th i s  technique m igh t  b e  - 
8 

useful  f o r  ve r y  l a r g e  sets of  keys  where. the number of  l e t t e r  combinat ions 

which a c t u a l l y  occur i s  app roach ing  the-  theoret ica l  l im i t ,  i .e. the  key  

space i s  densely popula ted.  For  smal l  sets of  keys, however, ass i gn ing  
, 

va lues  f rom such a sequence i s  not p r a c t i c a r  because qf  the  exponent ia l  

g rowth  of succeeding elements, wh ich  leads to ve ry  poor load ing  fac tors .  
3 

I n  cons ider ing  a d d i t i v e  i h g e r  sequences we looked 'at u s i n g  a 

s u i t a b l y  modi f  i ed  ve rs ion  o f  the F ibonacc i  sequence, thus:  
d 

F + l )  = 0 

F f (2 )  = 1 

Ff (3)  = 2 

T h i s  sequence i s  0, 1, 2, 4, 7, 12, 20, 33, 54, 88, .. .. The g rowth  r a t e  

of t h i s  seq;enCe f o r  n > 3 is,  a$prox imate ly :  

r T h i s  low g rowth  r a t e  means tha t  the associated le t te r  va lues  s tay  
4 

cons iderab ly  sma l le r  t han  they do f o r  the powers of  2: F f ( lO )  = 88 w h i l e  

F2(10) = 1024. Nevertheless, we cannot make use of  t h i s  ser ies to  s imp ly  ' 

ass ign  the va lues of  le t ters ;  w i t h  two chosen l e t t e r  pos i t i dns  ( f i r s t  a n d  



last  for  Algor i thm 2) and  ten let ters which occur i n  a chosen posi t ion 

7 - 
there can be no more than ten cho,o e two [ c H ( I o , ~ ) ] ,  or  forty-f ive, 

d i f ferent  keys. The maximum hash address which would occur i f  we 

assigned a s s o ~ i a t e d ~ ~ d i r e c t l ~  from the series F f ( n )  would be 

1 

The loading factor i n  t h i s  se w i l l  c lear ly  be f a r  too low to q u a l i f y  

the hash funct ion as almost@minimal. I f  we employ the key length as 

p a r t  of the hash funct ion, then the loading factor  could be somewhat 

better,  bu t  not enough to make th is  a v iab le  method fo r  hand l i ng  most 

sets of keys where the number of let ters which occur in chosen posi t ions 

i s ~ u s u a l l y  nearer twenty than ten. , 

I t  would be h i g h l y  g r a t i f y i n g  to f i n d  8 series of integer va lues 

which f i t s  our i t e r i a  and  produced compact hash tables by  just  7 
assigning the elements of the series to the let ters i n  order.  Unfsrtunately,  

th is  series elude us, and may not -ex i s t .  Instead, we use the elements 

of one of the above series to p rov ide  an upper bound on the associated 

values of the let ters which occur i n  chosen posi t ions i n  the set of keys. . 
This  al lows b s  to test a l l  lower associated values, hoping to f i n d  an  

acceptable one, knowing that  the upper bound is  a solut ion (a l though 

not necessari ly a best solut ion ove ra l l ) .  We can therefore avo id  a l l  

back t 

C iche 

descr 

.acking, leading a faster search algor i thm. 

Algor i thm 2, which uses the same set of key character is t ics  as 

t i ' s  a lgor i t t im ( f i r s t  and last  let ters and  key length) can be 

bed informal l y as fol  lows: 

ALGORITHM 2 , \- 

step1 : count the frequency occurrenc it of each le t ter  which 
I 

appears i n  e i ther  or  last  ,'position i n  the set of 



keys. Order the let ters b y  decreasing frequency of 

occurrence. 
4 

step2: to each a i n  the ordered set of let ters ass ign the 
i 

upper bound F (  i), where ~ ( n )  i s  one of the above 

series. This  assigns the smallest l i m i t i n g  values to 
J 

the most f requentty occurr ing letters, promoting the 

min ima l i t y  of the resuCting hash table. 

- step3: for  each key k , O<i<N, ca lcu late t va l [ i ] ,  the sum of t' - 
the temporary values of f i r s t  and last  let ters p lus  ' t h e  , 

length of ' the key. ' Sort the keys on th i s  sum, producing 

. a l i s t  of keys ordered b y  the sum of the frequencies of 

the i r  f i r s t  a n d  last  let ters;  keys w i th  the same combination 

of le t ters  i n  these posi t ions w i l l  be orderd b y  increasing 

length. I f  any two keys have a l l  character is t ics  i n  

common, Algor i thm 2 cannot be app l ied  to the current  set 

of keys. 

step4: for  each key k i ,  O<i<N, - do the fol lowing: 

( a )  i f  both the f i r s t  and last  let ters i n  k .  have been 
I 

assigned values, continue w i th  the next key: k .  has 
I 

been p laced i n  the hash tab le prev iously ;  

( b )  i f  ne i ther  let ter has been assigned a value, set the 

most frequent of them to zero; 

( c )  i f  on ly  one let ter a has no assigned value, v a r y  
.i 

i t s  associated. va lue from zero to the upper bound 

u n t i l  a1 l the keys whose hash addresses are  
. T S  

determined b y  th i s  let ter have been placed i n  open 

hash tab le locations. Each time the associated va lue 

i s  incremented, the funct ion 'check '  i s  ca l led  &ich 

f i r s t  changes a1 I hash values which are  affected 
2 

by  the current  let ter,  then makes a n  O(N ) pass 

; through the set of keys to determine whether any 
d 

p a i r  of keys have the same hash address. 

step5: mark the current  let ter ' t r i e d '  a n d  continue a t  step 4 



5 5 
-3 4 

wi th  the next key i n  the order ing. I f  there , is none, 

we have a so lut ion and  the a lgor i thm terh inates.  

Algor i thm 2 i s  not a back t rack ing  a lgor i thm i n  the classiCa1 

sense, bu t  an in te l  I igentl 'y-control led knumera.tive one. This  a lgor i thm 

i s  designed to have a speedy search which, hopeful ly,  g ives almost- 

minimal perfect hash tables. The search re l i es -en t i re l y  on the good 
4 

effects of the order ing  of search 'var iables to achieve a compact solut ion; 

u n  l i ke  back t rack ing  search, t h i s  method never "undoes" p a r t i a l  resul ts .  

b 
Once a key i s  placed i n  the hash table, i t s  address never changes. 

'3 

The cost C of Algor i thm 2 app l ied  to a set of N keys of maximum 

length P which conta in s let ters which occur i n  f i r s t  o r  las t  posi t ion i s  

ca lcu lated b y  summing the cost,s of steps 1 through 3 and  s instances of 

steps 4 and 5. The number of keys dealt  w i th  i n  each instance of steps 

4 and 5 varies, bu t  the tota.1 must be N. P 

Counting the letter+ frequencies entai  Is  accessing a l  l 2 * ~  ~ h a r a ~ t e r s  

which appear i n  chosen let ter posi t ions i n  the set of d y s ,  p lus  2 * ~  

addit ions. Ordering the let ters t iy frequency incurs  a cost of 

O(N log2 N) us ing a recurs ive Heapsort. The total  cost of step1 i s  

O(N * ( ( l o g 2  N )  + 4 ) ) .  

Calcu lat ing the temporary. values from the series ~ ( b )  i s  simple. . I 

d 

no mat te r -  which series i s  chosen. This incurs a cost of O(s).  7 

Calculat ion of sort values fo r  N keys costs two addi t ions per  keys 

L and i s  therefore o (N) .  The sort i s  an  O(N ) exchange sort. This  could 

be&nproved  b y  f i r s t  sor t ing the keys us ing any O(N log N) sort, then 
2 

comparing neighbors fo r  equal sort values which would indic,ate possible 

i r reso lvab le  conf l ic t .  Two keys may have the same sort va lue without 

h a v i n g  the sam'e combination of letters, bu t  on ly  those -which have the 

same sort va lue can have ' L t c h i n g  let ters and lengths. We can tesb fo r  



conf l i c t  b y  comparing only  those keys which have the same s o r t . v a l u e  - 
7 . P 

( a n d  therefore must l i e  i n  sequential ar ray.  locations when the sort  i s  

2 
.done). As given, the cost of step3 i s  o ( ~ ~ * N ) + N  ) .  

For a le t ter  a. whi h i s  the last  to determine the hash address 
I L 

of a key ( o r ' k e y s ) ,  t h i s  step may t r y  from one to ~ ( i )  associated f . 
I *  

values, where i i s  the o rd ina l  posi t ion of t h i s . l e t te r  i 3  the order ing  of 

1 

s search var iab les.  Each of these let ters may determine the placement 

of from zero to N-s+l keys; let us c a l l  d i  the number of keys placed b- 
b y  let ter a.. * We know tha t  no more and  no fewer than N keys must be / 

1 

placed, so N = SUM(di), O<i<s. - The present implementation of t h i s  

a lgor i thm makes N*(N-1 )/2 compeqisons of hash values to ve r i f y  that  no- * ., 
two keys are  mapped in to the same hash address each 'time a new va lue  

i s  t r i e d  fo r  a let ter.  The maximum step4 cost i s  s * N *  (N-1)/2 ? SUM(F( i ) ) ,  

O<i'(s. The runn ing  time of the a lgor i thm 1, once the order  of the let ters - 

i s  established we also know i n  which order the keys w i l l  be  placed i n  

the hash table.  For each le t ter  we can then main ta in  a l i s t  of those 

keys whose hash addresses are  determined when that  le t ter  i s  assigned 
8 

a value. I f  'we also main ta in  an  a r r a y  of taken hash addresses, then 

we need only  compare the hash values of the keys in the current  l e t t e r ' s  

l i s t  against  correspondi'ng a r r a y  elements i n  ' taken ' to determine 

whether a exists.  Since we a re  not interested i n  solutions w i th  

a loading factor of less than 0.8 the size of the a r r a y  ' t aken '  need be 

no greater than 1 . 2 5 * ~ ;  the l i s ts  associared w i th  le t te rs  must conta in 

a total  of N keys. - 
The cost of mark ing  s le t ters  as ' t r i e d '  i s  s. The tota l  cost of 

performing Algor i thm 2 i s  
1 



s tep l :  O(N * ( logZ N + 4) 

3.3 A lgor i thm 3 - 
Algor t ihm 3 was programmed in the APL language on the 

MTS/APL system b y  John Boates. Th is  a lgor i thm f i n d s  perfect  hash 

funct ions r a p i d l y  f o r  l a rge  sets of keys.  

A l g o r i  thm 3 incorporates a development a n d  ref inement of the 

non-backt rack ing enumerat ive search procedure used i n  A lgor i thm 2. No 

upper  bound i s  p laced on the size of associated le t ter  values. 

A lgor i thm 3 tends to produce sparse hash tables for  the same reasons 

14 
as for  A lgbr i thm 2 . 

A lgor i  thm 3 embodies three improvements over p rev ious  attempts: . 

1 .  Al though the le t te r  pos i t ions t o - b e  used in the hash ing  

funct ibn a r e  not chosen a lgo r i t hm ica l l y  ( the user i s  prompted r 

P 1 
3 

to name a set of pos i t ions) ,  t h i s  program does d i s t i ngu i sh  
- .  

le t ters  b y  pos i t ion of occurrence i n  the assignment of , 
1 

associated values. There i s  no 5% of d i s t i nc t  lex ica l  keys 2 
3 

which cannot be d is t ingu ished i n  t h i s  way. 2 

2. The process of oFder ing the search va r i ab les  has  been 

re f ined  and  cons iderably  adapted to t h i s  problem. 4 

3. The search process i s  managed in a way which e l iminates 

many doomed choices of associated va lues b y  a n a l y s i n g  

re la t ionsh ips  among keys  i n  terms of shared let ters.  

The fo l lowing i s  a n  in formal  ou t l ine  of A lgor i thm 3: 

14 
John has  now programmed a n  improved version of t h i s  approach which ' 

performs a l im i ted  amount of back t rack ing  when a so lu t ion has  a low 
load ing  factor .  Th is  promises to r e t a i n  much of the speed of the 
curr,ent version wh i le reduding the size of t.he hash tables. i 
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Algor i thm 3 

s tep l :  the user is  prompted to supply  two specif ications: ., 

.r 

( a )  the set of le t ter  posit ions to be  used i n  the hashing, 
5- 

and ( b )  whether o r  not the key length i s  to be p a r t  of 

the hash funct ion. 

step2: I f  any two words cannot' be d is t inguished w i th  the hash 

funct ion as speci f ied by, the user, then repor t  con f l i c t ing  

keys a n d  re tu rn  to step.1; i f  the hash funct ion i s  

acceptable, then continue w i th  step3. 3 

step3: count the number of occurrences of each le t ter  i n  each 

posit ion, then subtract  one from each sum. For  each word, 

assign a va lue which i s  the product of the occurrence 

counts f o r  the selected let ters i n  th is  key.  Those keys 
-7- 

whose assigned values a re  zero must have a t  least one 

unique occurrence of a let ter i n  some chosen posi t ion. 

Place these keys a t  the head of a l i s t  of keys w i th  

unique occurrences. Repeat step3 for  the non-zero keys 

u n t i l  no more keys w i th  unique le t ter  occurrences are  

found. Keys selected i n  th is  process w i l l  fol low a l l  keys 

w i th  no unique let ter occurrences i n  the f i n a l  order ing.  

step4: order the remaining keys, those w i t h  no unique let ter 

occurre&s, b y  decreasing product of t he i r  let ter 

frequency counts. 

step5: form a group b y  f i r s t  choosing the key nearest the head 

of the l i s t  which has the fewest le t ters  w i t h  no assigned 

value ("new" le t te rs ) ;  next, f i n d  a l l  the keys whose 

hash addresses w i l l be 'determined when the chosen key I s  

l new let ters a re  assigned intege values. Repeat step5 . 
u n t i l  a l l  keys have been chosen. 

step6: order the keys w i th in  each group so that  fo r  any two 

keys k .  and k i f  we calculate the set differences 
I .i' 

between the let ters from chosen posi t ions i n  each key 
f'- 

(Di j  := L ( k i )  - ~ ( k ' ~ ) ,  Dji  := L ( k . )  - L(k.1,  where L ( k m )  
1' J I 



i s  the set of le t ters  i n  chosen posi t ions f o r  k ) ,  'then i f  
m 

k .  precedes k in the order ing, a l l  le t ters  i n  D w i l l  be 
I j i j  

assigned values before the last  le t ter  i n  D.. i s  assigned 
J I  

a value. 
"4 

step7: f o r  each key, determine which of i t s  chosen let ters w i l l  

be the last  to - be assigned a value- i n  the search. This  . 
l e t t e r ' s  va lue  can be manipulated to p lace the k e y  i n  an 

open hash address. I n  cases where length i s  the on1 y 
aC - 
d i f ference between neighbor ing keys, the distance back to  

a key which d i f f e rs  i n  le t ters  i s  noted. 

step8: t a k i n g  these noted let ters i n  order, we determine for  the , 

next  le t ter  which of i t s  possible va lues a r e  prec luded 

b y  con f l i c t  w i t h  the hash addresses assigned to prev ious 

keys. 

step9: assign le t ter  values. I f  a s ing le  key i s  be ing  "laced, 

i t s  determining le t ter  va lue  i s  just  the one which places 

i t  i? the lowest possible open hash address. I f  the key 

i s  p a r t  of a group whose hash addresses a r e  d a r m i n e d  

b y  ass ign ing the cur ren t  k e y ' s  hash address, then we 

must choose the smallest possible va lue  that  maps a l l '  the. 

keys i n to  open hash addresses. 

steplo: i f  no let ters ( a n d  therefore no keys ) .  remain, then the 

a lgor i thm terminates. Otherwise, cont inue w i t h  step 8. 

- 

There i s  a descr ip t ion of the o r i g i n a l  version of t h i s  a lgor i thm 

which permit ted no back t rack ing .  A second version of t h i s  a lgor i thm 

has been wr i t ten  which a l lows back t rack ing  whenever we discover, a t  

step 10, that  the hash tab'le has become too sparse. Step 10 i s  replaced 

b y  the fo l lowing two steps: 

s tep lo:  the loading factor LF of the p a r t i a l  so lu t ion*genera ted  

to t h i s  po int  i s  calculated. I f  the present va lue  of LF 



i s  acceptable, cont inue w i th  step 8. I f  LF i s  too smal l  

and  the number of a l lowable backt ragks (set b y  the user 
. 

in step 1 i n  response to a prompt i s  not exceeded, then 

proceed to step 1 1  ) .  

s t e p l l :  f o r  the latest  group added to the table, determine which 
r- 

keys have the highest and lowest hash addresses; c a l l  

them kmax and  kmin. Choose a le t ter  from k min'  say 

- a which does not af fect  the hash address of k 
i '  

and  
% max 

increment the associated values of  a l l  le t ters  which were 

assign-ed a f te r  ai.  Remove from the tab le  a l l  keys' 

which were p laced a f te r  the va lue  of a.  was assigned, 
I 

and'  ad jus t  the sum of assigned le t ter  values fo r  each 

affected key. Place these keys a t  the head of the l i s t  

of keys which have not yet 'been assigned a hash address. 

Adjust  the order  of le t ters  which determine the hash 

addresses of groups of keys and r e t u r n  to step 8. ." 

Since th is  a lgor i thm assigns d i f ferent  values to the same let ter 

i n  d i f fe ren t  positions, i t  has the effect of m u l t i p l y i n g  the size of the 

alphabet,  A, b y  the number of selected l'etter posit ions. We can therefore 

r k g a r d  an  ' e l  i n  pos i t ion one as a d i f fe ren t  le t ter  from a n  ' e '  i n  

pos i t ion three, fo r  example. As suggested i n  Chapter 2, t h i s  d is t inc t ion  . + 

1 

al lows us many mere possible combinations o f . i n t e g e r  values which can 

serve as pa r t i t i ons  of the integers which represent hash a'ddresses. 

We w i l l  a lso f i n d  more keys which have a t  least one unique 

occurrence of a Letter i n  a selected posi t ion. These unique le t ter  

occurrences al low us to place the keys i n  which they appear anywhere i n  

the hash tab le beg inn ing  a t  the sum of the va lues associated w i t h  t he i r  

other selected let ters.  For t h i s  reason, these keys a r e  the last  to be 

placed i n  the hash tab le;  they can be used to f i l l  hash addresses which 

were lef t  open d u r i n g  the placement of the preceding keys. The resu l t  

i s  a more near ly  minimal hash table.  We g i ve  a n  informal ana l ys i s  

+ 



set of let ter posit ions which w i l l  be used i n  the hash funct ion 

ca lcu lat ion.  The user i s  also asked to decide whether the key length 

should be used i n  the hash funct ion. Step 2 of the a lgor i thm tests 

th i s  combinat ion of key character is t ics  to determine whether a l  l keys 

i n  the problem set can be dist inguished. Potent ia l ly ,  step 1 i s  repeated 

u n t i l  a ' su i t ab le '  combination of character is t ics  i s  speci f ied b y  the user. 

Each i te ra t ion  of step 1 req'uires 1/0 operations, two prompts ( l e t te r  

bosi t ions and.  key length) and two reads of the us.erls input .  We ignore 

th is  expense as p a r t  of the overa l l  cost. 
I 

I n  order to test the d is t ingu ish ing  power of the hash funct ion 

speci f ied b y  the user i n  step 1, the keys are  sorted lex icograph ica l l y  / 

on the chosen let ter posi t ions. One pass i s  made through the sorted 2 
a r r a y  to compare neighbors for  matching length ( i f  length i s  p a r t  of the 

hash, funct ion)  and matching sets of let ters i n  chosen posit ions. ' I f  

such a match i s  found, the present form of the hash funct  

and step 1 i s  executed again.  I f  we assume that on ly  ha  

ion i s  rejected 

I f  the keys 

w i l l  be exa'mined on the average i n  an  unsuccessful test, the cost of 

test ing each unsuccessful choice of key propert ies which define a set 

of hash ident i f ie rs  wi'll be: 

)+(N logZ N)+(N/2) 

( p  + log N + 1/2) 
2 

The cost of the ion of t h i s  test, the f i r s t  successful one, w i l l  

be : 

c11 = N * f p  + log N + 1 )  
2 

because a l l  keys w i l l  be examined, not h a l f  of them.. 



.The minimum cost of t h i s  step, which occurs when the use r ' s  f i r s t  

choide of ident i f y ing  propert ies i s  s~ccess fu l ,  i s  C". Theoretical Iy, the 

maximum cost i s  i n f i n i t e  since the user may repeatedly s 

unacceptable hash functions, The maximum number of d i  

P+l 
funct ions for a set of keys of maximum length P i s  2 

account whether or  not the key length i s  made p a r t  of 

I f  each of these possible choices i s  made once and. on ly  

i s  found to be acceptable ( the  worst l i k e l y  case), then 

step 2 would be 

, t a k i n j  in to  

the hash funct ion. 

the f i n a l  choice 

the cost C of 

C = ( (2P+1 ) 'c*' )+C" 
max 

The user normal ly find,s a su i tab le  set of key propert ies w i t h i n  a few 

i terat ions of steps 1 

I n  step 3 a l l  

i n  one of the chosen 

the j - th  i te ra t ion  of 

enta i  Is  performi ng '  p 

/ 

and 2. 

keys which have a unique occurrence of a le t ter  

posi t ions a re  extracted from the s e t ' o f  keys. I n  
.. 

th i s  step, count ing the occurrences of '?each le t ter  

J- 

n addit ions, where p i s  the 
j 

posi t ions and n i s  defined to be the number of keys 
j 

r 

i after  the previous j -1  steps. I f  we define u. as the I 

number .of chosen 

which remain 

number of keys 

ext racted at  the i - th  i terat ion,  then 

Decrementing the count fo r  each let ter involves performing A  ' subtract ion 
j 

operat ions, where 

A  ' = A '  - SUM(ui), 0 < i < j 3 ' 
j 

For each key we now c cu late a temporary va lue t a t  a cost of p ' n P j 

muit ip l icat ions.  Keys w i th  unique let ter occurrences w i l l  hav-e t=O. 

These keys are each added to a new l i s t ,  c a l l  i t  u,' comprising a l l  those 

which have a t  least one unique occurrence of a let ter i n  a chosen posi t ion. 



I f  U '  = ca rd (U ) ,  then the cost of t h i s  scan of the keys  i s  n + (2  * u j )  
.i 

i n  the j - th  step. The second term represents the cost of  de le t ing  keys  

from the l i s t  K a n d  a d d i n g  them to U. The to ta l  cost of k i t e ra t i ons  

of step 3 i s  then 

where 

* n . )  + n C. = ( p  * n.) + A ' + ( P  
J J j j 

+ ( 2  " ,  Uj) 

complet ion of step 3 leaves.  two d i s j o i n t  sets of keys, U a n d  W. &he 

set U con ta ips  those keys  w i t h  un ique  le t te r  occurrences, a n d  W conta ins  

those which have  no such un ique  let ters.  

I n  step 4, the W '  members of W a r e  sorted i n t o  non- increas ing 

o rde r  of t h e i r  va lues of t  ( t h e  p roduc t  of  l e t te r  f requenc ies) ,  so t ha t  

the keys  w i t h  i h e  highest- f requency le t tb rs  w i l l  occur e a r l y  i n  the f i n a l  

o rde r i ng .  The cost of step 4 i s  O ( W '  logZ W ' ) .  Th i s  step corresponds 

to  Cichel l i t s  f i r s t  o rde r i ng .  

Steps 5, 6, a n d  7 taken together per form C i c h e l l i ' s  second 

o r d e r i n g  f o r  W.  These three steps move keys  from W to  a new o rde r i ng  

Y which,  w i t h  U appended, w i l l  fo rm the f i n a l  o r d e r i n g  of the keys.  . 

I n  step 5 ,  we choose the nex t  key  i n  the o rder ing ,  ma rk  i t s  

new le t te rs  "used", a n d  f i n a l l y  scan t'he rema in ing  keys  f o r  those whose 

hash  addresses w i l l  b e  newly  determined b y  the choice of  va lues  f o r  

the chosgn k e y ' s  new le t ters .  These keys  a r e  deleted from the o l d  

o rde r i ng  a n d  p laced  i n  *e new o r d e r i n g  Y as a group.  T h i s  s t e p  i s  
3 

< 

repeated u n t i l  W i s  empty. 
a 

The nex t  key  chosen wiLl b e  t ha t  w i t h  the smal lest  number n of  

"new" le t ters  which occurs ea r l i es t  i n  the o l d  o rder .  Th i s  can  be  done 

i n  no more than  p * ~ '  operat ions b y  .beg inn ing a t  the head  of the o l d  



order  and, f o r  each key i n  turn,  calc;lating the number n of new le t ters  

15 
i n  the key. I f  n= l ,  then choose t h i s  key . Otherwise, i f  the va lue  of 

! 

n for  tQe current  key i s  less than the minimum va lue  found i n  the l i s t  

sp f a r ,  set the new minimum va lue  to n and note the locat ion of the cJ "P 
key which has t h i s  value. I f  we exhaust the l i s t  " W  a n d  found no key 1 
w i t h  n= l ,  we select the key  whose va lue  of n was the minimum as 

noted i n  scanning the l i s t .  I n  e i ther  case, a t  least one key must be 

exaht&d16. No more than W '  keys wi 1 l  be examined. , 

The selected key  wit  l  now have each of i t s  n new let ters marked 

'used ' ,  a t  a maximum cost of p assignments. This  key i s  removed from 

the l i s t  W leav ing  W'-1 keys. The remain ing keys - i n  W a r e  examined 

to f i n d  any whose hash addresses a re  determined. This  requ i res  time 

to  test p * ( ~ ' - 1  ) le t t  r s  to see whether they a r e  now 'used. Those keys .-F 
i n  which a l l  le t ters  a r e  used a re  associated w i t h  the key  chosen i n  the 

f i r s t  p a r t  of t h i s  i t e ra t i on  of step 5 to form a group G i f  t h i s  i s  the i - th  
i 

i te ra t ion ;  anywhere from zero to W t - i  keys may be selected i n  t h i s  
,- 

process. Each of the keys selected fo r  th is  group must be deleted from f 

W and added to G.. 
I 

The number of i te ra t ions  of t h i s  step ( i .e. ,  the number of groups 

formed) var ies,  depending on how let ters a re  shared among the keys. 

Let us say tha t  k i te ra t ions  a r e  requ i red  to group a1 I  W t  keys from the 

o r i g i n a l  o rder ing  W in groups, Gi, - - 17 
1 < i < k . I n  the worst case, 

'i 

15 
At t h i s  po in t  every key must have n)O, otherwise i t s  hash address i s  - 
determined, so the key should have been made p a r t  of some group a t  
a n  ea r l i e r  stage. The minimum va lue  of n i s  therefore one, a1 lowing 
us to immediately select the f i r s t  key which has n = l .  

16 
We can simply choose the key a t  the head of the l i s t  since aJI keys 
have p new let ters before the f i r s t  key i s  chosen. 

4 -J 
I I 

Note that  k keys chosen because they add the fewest new le t ters  must 
conta in  a l l  the let ters i n  A ;  therefore N > k > ( A t / p ) .  - - 



k=W';  o n l y  one key  i s  selected ar each i te ra t ion ,  imp l y i ng  t 6a t  we 

search the rema in ing  W t - i  ke,ys each t ime wi thout  removing a n y  of them 

from the l i s t  because of h a v i n g  a l l  t h e i r  l e t te rs  used. T h i s  leaves the 

maximum number, W t - i ,  to  be  sea'rched a t  the nex t  i t e ra t i on .  

~ i n & n ~  the key  w i t h  the minimum number of new le t te rs  has  

been f a c i l i t a t e d  b y  p l a c i n g  keys  con ta i n i ng  f requen t l y  o c c u r r i n g  ie t te  

near  the beg inn ing  of the  l i s t .  I n  the worst case, the process would  

cons is ten t l y  f i n d  the nex t  key  a f t e r  scann ing  W, a t  a cost of SUM(i), 

--- 
1 < i < W ' .  ' T h i s  cost i s  then - - 

I t  seems q u i t e  l i k e l y  t ha t  the key  a t  the beg inn ing  of the l i s t  w i l l  o f ten 

b e  chosen immediately because i t  has  on l y  one new le t ter ,  .duep to the 

bene f i c ia l  effect of  the f i r s t  o r d e r i n g  of W. I f  t h a t  f a i l s ,  i t  w i l l  of ten 

P 

happen t ha t  we f i n d  a k e y  somewhere before the end  of the l i s t  wh ich 

has  a s i ng le  new let ter ,  a l l o w i n g  us  to stop the scan a t  t ha t  po in t .  We 

conclude t ha t  se lec t ing a l l  the i n i t i a l  keys  f o r  the  k groups requ i res  

t ime C which i s  p ropo r t i ona l  to a t  least W '  a n d  a t  most W t  
. a '  2 ' 

The second p a r t  of t h i s  step has  a t ime cost C p ropo r t i ona l  to 
b 

w12 i n  the worst case s ince we must scan a l l  W ' - i  keys  a f t e r  the i - th  

select ion step, 1 < i < k .  When none of the k i t e ra t i ons  removes a key  - - 

from W, then k=W' a n d  we have  the cost 

I f ,  t h i s  scann ing  opera t ion  f i n d s  j keys  w i t h  determined hash  

T 

addresses, then t-he s ize of W wi  l  l  be  reduced to W t - j  f o r  the nex t  



i terat ion, and there w i l l  a lso be j fewer i terat ions requi red.  We can 
2 

say that  the of p a r t  b i s  propor t ional  to a t  least W '  and  a t  most 

W t 2 .  The cases where C approaches w12 appear to be  thoke where the : 
.b 

,number of keys i s  about equal to the number of let ters which occur i n  

chosen positions, i.e. 

These a re  also smal l  

- d i s t ingu ish  a l l  keys. 

the keys i n  the problem set share few letters. 

sets of keys where few posit ions need be used to 

When the set of keys i s  large, we tend to f i n d  

that keys share more 
,P 

of , the a v a i  table fetters, which tends to  reduce the 

2 
t ime. requ i red  for  s tep ,5 .  The computing time fo r  step 5 i s  ,then O ( W '  ) .  

I n  step 6 we perform G '  i terat ions of the basic  process, one fo r  

each group i n  G ,  the set of groups. There are k = O(s) groups w i th  

an  average of W1/k keys i n  each group. Within each. group, we compare 

2 
each key w i th  a l l  others fo r  a cost of (Wt /s )  /2. The basic  operat ion 

, 

i n  each comparison i s  to f ind ,  fo r  two keys k i  and k the set differences 
, j' 

Dij and D.. between t-he respective sets of let ters from chosen posit ions. 
J '  

I f  these sets have c a r d i n a l i t y  p, then the cost of each set difference 

2 
ca lcu la t ion  i s  O(p ) .  For each p a i r  of keys, t h i s  differerice must be 

% A 
calcu lated twice. The total  cost of t h i s  step i s  roug6ly  

Since W '  4 N and k ( s, we say that  for  step 6 - - 

C 
to ta l  = O((P * N ) ~ / s ) .  

The task of step 7 i s  to f ind,  ' for  each key, i n  what order the 
w 

let ters which a re  prev iously  used have the i r  associated values assigned. 

I f  the key k i  contains one new let ter a then tha t  le t ter  w i l l  
.i' 

necessari l y  be the last  of the let ters i n  k .  to be assigned a n  integer - I 

value. When the key contains more than one new , le t ter , .  we. must choose LJ 



an  order  i n  which they w i l l  be assigned values. - Th is  step prov ides 

L 
us w i t h  a s t r i c t  o rde r i ng  of the search var iab les,  the letters. With 

each le t ter  a a ce r ta in  number of keys a re  associated; for  these k e y g  
i A 

a. 4s. the las t  var iab le -  to receive a va lue when a perfect  hash funct ion 
I 

i s  be ing  calculated. 

I n  order to perform - t h i s  step we redu i re  a n  a,rray of boolean 

values, 'used' ,  indexed b y  the symbols of the a lphabet  A, which a l lows ' 

us to make one pass through the ordered set of keys. We f i r s f  record 

for  each key which of i t s  le t ters  a re  new. We then .order the new 

let ters and update the a r r a y  'used ' .  F& p chosen posi t ions and N keys, 

the cost of t h i s  p a r t  of step 7 i s  o ( ~ * N ) .  

Another funct ion performed b y  step 7 i s  to  note fo r  each key how .q 
0 

f a r  back we w i t  1 have to r e t u r n  along the pa th  we hqve taken toward. 

a solut ion i f  the present key i s  found i n  a s i tua t ion  o f .  i nev i t ab le  

conf l ic t  w i t h  some.other key.  Th is  i s  done b y  choosing the nearest . 

prev ious key which d i f f e r s '  i n  a le t ter  o r  i n  length. The cost of th is  

p a r t  of step 7 i s  neg l ig ib le .  

i 
I n  step 8 we analyse the way i n  which keys from the cur ren t  

0 i 
,"group share let ters and the const ra in ts  t h i s  pu ts  on the choice of 

associated values. Suppose we have a funct ion L ( k  ) def ined as i n  
X 

step 6 of the ou t l ine  of the a lgor i thm:  

L ( k x )  :=: L :=: (a .  : a .  appears i n  a chosen pos i t ion i n  k x ) .  
x .  I I 

Suppose that  set di f ference of two sets of let ters i s  def ined as 

Assume two keys k .  and  k .  a r e  i n  the same group and a is, fo r  both 
I J 1 k 

keys, the last  let ter to be as'signed an  integer value. -Before at tempt ing 

to choose a va lue fq# a we must deterinine whether the .cur ren t  p a r t i a l  
k '  

assignment of values produced equal hash addresses of the two keys. 



F o r  t w 6  keys which share a H(k. )  # H (k j )  i f  and on ly  i f  
k ' I 

H(Li-ak) # H(Lj-ak).  I f  H(L.-a ) = H(L.-a ) then a hash address 
I k  J k 

co l l i s ion  i s  inevi table-because a must contr ibute the same integer va lue  I 
k 

. to the hash funct ion c a l c u l a t ~  n fo r  both Keys. When t h i s  s i tua t ion  occurs, .- ?f 

ste 

co I 

the computation backs up  to the nearest previous di f ferent key chosen. i n  

,p 7 i n  order to change a n  associated va lue which can avo id  t h i s  

l  ision. 

Because th i s  type of anq l  ys is  i s  not done fo r  the 'set of keys as 
f 

. . a whole, a cer ta in  amount of ,= the computation may have to be undone in 

the above manner. A more complete ana lys is  of these in terre lat ion3 t 
among keys could avo id  a l l  back ing  up  a t  the cost of a considerable 

18 
amount of preprocessing time . This  can happen when the sum of values ' 

associated With members of D i s  equal to the sum for  members of D.., 
i j J I  

for  two keys k .  and k i # j, where 
I j '  

and L :  = L ( k : ) -  

When th i s  s i tua t ion  occurs, the only  way to create a "difference 
I 

between the two hash addresses i s  to a l t e r  the associated va lue fo r  one 

of the. let ters i n  
, 

where ' + '  represents t&symmetric difference o f  two sets. 

I n  order to leave as -much of the p a r t i a l  solut ion in tac t  as possible, 

18 
The prbblem we are  l i k e l y  to encounter when doing a more coApldte 
ana lys is  of these re lat ionships i s  that  the number of facts deductible, 
from t ns t ra in t s  grows very la rge  for  la rge  prob lem sets. 

ackworth [1977] g ives a method fo r  ma in ta in ing  consistency i n  4 
networks of re la t ions  which addresses problems l i k e  the one we face 
here. l't i s  intended as a method of opt imizing combinator ial  search 
procedurks b y  doin$ pol ynomial-cost preprocessing to el  iminate 
inconsistent values from the domains of the search var iab les.  A 
recent a r t i c l e  b y  E. Freuder [1982] g ives a suf f ic ient  condi t ion fo r  



we choose to a l t e r  the associated va lue  of that  let ak i n  SDij b 

3 .  
which was most recent ly assigned a valuer When we a l t e r  t h i s  value, 

we must regroup a l l  keys which have been placed i n  the hash tab le 

since a was assigned a va lue;  these groups a r e  p laced a t  the head 
k 

of the -queue of groups which a re  *wa i t ing  to be mapped in to  hash 

addresses. A new va lue  i s  assigned to the le t ter  ak and  the searc 

continues. 

R 
d e  procedure described here i s  a special ised sort  of back t rack ing .  

I f  we were to perform a s l i g h t l y  more sophisticated ana lys is  of the 

re lat ionships among keys, i t  would be possible to avo id  even th i s  

$imi ted degree of back t rack ing .  Some expense would be incur red  for  

both added time and space, bu t  i t  i s  possible to p red ic t  where such 

conf l ic ts  might occur and to avo id  them b y  simply consider ing which 

let ters a re  held i n  common b y  every p a i r  of keys i n  the problem set. , 

I t  i s  essential that  Algor i thm 3 test for  the c o n d i t i ~ ~ n  

before t y r i n g  to assign values to the let ters i n  the intersection L.n L 
I j 

07 the sets of let ters f r q c h o s e n  posit ions i n  the two keys. If,su.ch 

a test i s  no! made, t h i s  a lgor i thm can enter a n  i n f i n i t e  loop since there 

i s  no upper bound on the values 'W h ich  can be associated w i th  letters. C 
I 

Since no va lue assigned to the mbnbers df ~ . n  L .  can create a 
I J  

dif ference between the hash addresses of k .  and k th i s  a lgor i thm 
I j' 

would simply t r y  la rger  and la rger  values for  these let ters u n t i l  the 

computer runs  out of la rger  integers. 

As a small example, suppose we have a group of keys whose 

let ters from chosen posi t ions a re  the fol lowing: < r ig ,  f ig ,  fog> where 

' g '  i s  the last  unused key for  th is  group and the let ters a re  assigned 
-- 

asgociated values i n  the fo l lowing re la t i ve  order:  (r, f, i, o, g). 



This agrees w i th  .the order ing  of the combinations of le t ters  above. 

Some ref lect ion should convince us that  before we come to  consider a 
I 

va lue for  ' g '  we must see that  none of the p a r t i a l  sums of associated 

values fo r  the subsets of let ters (ri, f i ,  fo> create col l is ions. I f  

'. 
any p a i r  of these subsets have equal sums of associated values, then 

~7% 

a hash address conf l ic t  i s  inev i tab le,  i.f the three keys have the same 

length, no matter what va lue we assign to the let ter ' g ' .  We must 
i 

therefore look ahead a n d  be cer ta in  that when the le t ter  ' f '  i s  be ing  

assigned a va lue that  ' r '  and  ' f '  do not have the same associated 

va lue I (  ' r i g '  and ' f i g '  would otherwise be ind is t ingu ishab le) .  When an 

assignment i s  made to ' 0 '  we must make i t  d i f ferent  from the va lue  of 

"9 
t i t  to avo id .  a conf l ic t  between ' f i g '  and ' f og ' .  For each let ter,  

information about re la t ionships between let ter values must be preserved 

i n  order to preclude choices of associated values which lead to hash 

value col l is ions. 
J 

This conf l ic t  condi t ion must ,be tested. The question i s  whether 

ne before associated values are  assigned, o r  dynamicat l  y d u r i n g  
i t  6 r 
the search process. I n  e i ther  case, -only k e  which are  i n  the same 

J 

group a re  tested i n  th i s  way b y  Algor i thm I f  we assume that  the 

N keys a re  spread even l  y over k groups GI, . . . , Gk, where n = c a r d  (Gi ) , 
i 

then the estimated cost i s  

1 / (2k)  "  SUM(^.*(^.-l)), 1 < i < k 
I t - - 
2 

approximately N /2k. r 

g2 
The total  cost fo r  step 7 i s  O( (p"v )  ) .  

i3 
The common c&acteris_tic of k e y s  w i th in  a group i s  t ha t  t h e s a m e  __ - - 

letter, say a., i s  the +ast of the let ters i n  chosen posi t ions from these 
I 

- -- 

keys to be assigned a value. Step 8 records information which ensures 



tha t  the 'contributions of t-ther terms of the hash funct ion are  

7 
d i f fe ren t  f o r  each key- w i t h i n  a group: .. r 

D f e 
I n  step 9 we ac tua l l y  choose the  least va lue  fo r  le t ter  a which i t = 

P 
w i l l  map of G in to  open hash -table locations. Th is  i s  

i ,- 

step. - I n  step 8 we recorded the 

r e l a t i v e  values of the p a r t i a l  sums fo r  the keys i n  'each group.' The 

aim i s  to f i n d  the 'fir!k%adangement of open @sh addr:ssqs i n  the tap le 
r 

which f i t s  the r e l a t i v e  hash values of the keys i n  the cucrent group'. 
r 

, * 

Consider the set of hash ident i f ie rs  

(abc, adc, abe) 

common let ter ' a ' .  Suppose tha t  the cur ren t  state 0: the, . 

.... 0 0 1 -  0 0 0 1 - 0  0 Q o... 

P ., 
a 

I f  assocval( ' a ' )  = 0, then H i  ' a d c ' )  = 7; bu t  p a t  hash address i s p k e n  
4' 

by some" previous 1 y-p l aced key. Ib;fal) = 1 ,  then H i l a b e ' )  = 11, 

which i s  l ikewise taken. The value 2 i s  akb excluded for  ' a ' ,  s o & i s  
. I  

\ 
the least va lue which can be assigned to ' a '  which places a l l  three keys 

in open hash tab le  locations: 
0 

When consider ing a va lue fo r  ' a '  i n  t h i s  example, i f  we a re  going 

to place ' abc '  a t  H( ' a b c ' )  = x, .-then we know from the above re la t ions  



between. the p a r t i a l  sums of hash va  lues for  the keys 

that  we  must a lso f i n d  open addresses a t  x t 2  a n d  x+3 

i n  l a w s  group 

to place atl: 

./";hree_keys. I f  "X" represents a "don' t care" condit ion, then ou r  

problem i s  to match the pa f te rn  "OXOO" against2 the a r r a y  of Boolean 

. values represent ing the ' taken ' proper ty  for each hash tab le location. 



4. EXPER l MENTAL RESULT 

I n t h i s  c h a p t e r  ' we r e p o r t  , t h e  per formance o f  each a l g o r i  thm 

d iscussed in Chap te r  3 when a p p l i e d  to seve ra l  p rob lem sets w h i c h  a r e  

o f  i n t e r e s t  t o  us.  We compare t h e  r e l a t i v e  u t i l i t y  of o u r  p r o g r a m s  when -. 

a p p l  i e d  t o  these se lec ted p rob lem sets. 

4.1 . .Measures .of Per formance -- 

Per formance compar isons o f  t h e  d i f f e r e n t  a l g o r i t h m s  demand t h a t  . 

we d e f i n e  use fu l  measures of cost a n d  b e n e f i t .  

We cons ide r  a s  measures o f  t he  b e n e f i t  o f  a n  a lgo+ i thm t h e  

maximum number o f  k e y s  t h a t  c a n  b e  processed in a r e a s o n a b l e  amount 

'of t ime a n d  the  loadi7;g f a c t o r  of t he  h a s h  tab le .  The l a r g e r  these 

numbers  are ,  t he  b e t t e r  t he  a l g o r i t h m .  

Th ree  measures o f  t h e  cost  o f  a n  a l g o r i t h m  a r e :  

1 .  execut ion  t ime of a p r o g r a m  embody ing t h e  a l g o r i t h m ;  

2. the  number  o f  b a s i c  o p e r a t i o n s  f o r  a g i v e n  p rob lem set ;  . 
3. s to rage  costs, t he  amount  o f  memory r e q u i r e d .  

The cost o f  u s i n g  a n  a l g o r i t h m  i s  most e a s i l y  o b t a i n e d  b y  s i m p l y  

t i m i n g  t h e  execut ion  o f  t h e  a l g o r i t h m ' s  imp lementa t ion  when a p p l i e d  to  

v a r i o u s  m o b  lem ' instances.  T h i s  measure compares t h e  r e l a t i v e  u t i  l i t y  

o f  o u r  f o u r  a l g o r i t h m s .  
. . 

To make a n  a n a l y t i c a l  cornparigon o f  t he  r e l a t i v e  per formance of 

o u r  v a r i o u s  methods, we compare est imates,  o f  how many t imes c e r t a i n  b a s i c  

o p e r a t f o n s  a r e  per formed.  These est imates, w h i c h  were g i v e n  i n , C h a p t e r  

Three, a r e  o n l y  order-of -magni  t u d e  measures w h i c h  i n d i c a t e  how much 

' I 

t ime  t h e - a l g o r i t h m  may  h a v e  t o  use  t o  compute an accep tab le  s o l u t i o n  f o r  



problem instance of a g iven size. 
19 

An important element: i n  the cost of us ing  any  a lgor i thm i s  tt 

amount of memory necessary for  i t s  execution. I n  order  to make a n  

estimate of the rea l  d s ' t  of us ing any hash f l jnct ion of the type 

discussed i n  th i s  thesis, the size of the table of associated le t ter  v a  

e 

ues 
i 

\ 

must be h e  term i n  the cost ca lcu lat ion.  

The loading . fac to r  ,measures on1 y the memory used i n  s to r ing  

\ the dic,tionary j tsel f .  A rea l i s t i c  measure of the amount of memory 

needed for  implementing th i s  storage scheme must inc lude the c J B ,- 
s tor ing the associated va lue tables since they are  essential to ca lcu late 

# \ 

perfect hash functions. The Effect ive Loading Factor [ELF] of a perfect 

hash funct ion i s  ca lcu lated thus: 

ELF = N / ( r+ t ) ,  

where r i s  the range of ca lcu lated hash addresses 'and t i s  the number 
- ,  

of associated let ter values stored. 

I t  i s  possible to estimate from a p a r t i c u l a r  solut ion and knowledge 

of the order ing of the search how many basic  operations were 

performed to f i n d  that  solution. This  information can be used to 

determine "af ter  the fact"  a minimum a n d  maximum amount of work that  

was done to reach that  solution. -.  f- 
We propose a fu r the r  r e l a t i v e  measure of the benef i t  of, a n  

/ 
i 

algor i thm which we c a l l  the u t i l i t y  U of the solut ion found b y  a program. 
, 

When app l ied  to a problem set of size N, we define the u t i l i t y \  df the 

l9 Methods do ex is t  fo r  est imat ing the computing time of back t rack ing  
algorithms, such as the Monte Carlo method [ ~ n u t h ,  19751; these are  
genera l ly  defined i n  terms of est imat ing the actual  size of a search 
space (as  opposed to the theoretical size of the search space). What 
we wish to determine i s  not how many solutions ex is t  b u t  the amount 
of time (o r  the  number of bas ic  aperations) necessary to f i n d  the 
f i r s t  acceptable solution. 



s o l u t i o n  a s  ' 

where L F  i s  

A r e l a t i v e l y  

t h e  l o a d i n g  f a c t o r  a n d  T i s  t h e  search t ime  in m i l l i seconds .  
I 

l a r g e  v a l u e  o f  U rep resen ts  a h i g h  degree of b t i  I  i t y  f o r  

a n  a l g o r i t h m  a p p l i e d  ' t o  a k e y  set.  We recogn ize  t h a t  t h i s  i s  a n  
' 7  

a r b i t r a r y  measure, s i n c e  U rep resen ts  n o  concrete cost o r  benef i t ;  i t  

'3 
does, how eve^, r e w a r d  $ompact so lu t i ons  to  l a r g e  p r o b l e m  sets a n d  

pena l i zes  t h e  use of a l a r g e  amount  o f  execu t ion  t ime. The measure U 

c a l c u l a t e d  f o r  each o f  t h e  p r o b l e m  sets a n d  each a l g o r i t h m  i s  g i v e n  in 
I 

T a b l e  4.2 ( b e l o w ) .  cL i 

4.2 Comput ing  Env i ronmen t  - - 

Three o f  t h e  p r o g r a m s  r e p o r t e d  here,  A lgor i thms 0, 1, a n d  2, a r e  

w r i t t e n  as Pasca l  p r o g r a m s    pascal/^^^]; the  f o u r t h ,  A l g o r i t h m  3, i s  

w r i t t e n  in  APL. A1 l of these p r o g r a m s  h a v e  been r u n  .on a n  IBM 4341 

computer  u n d e r  the  M i c h i g a n  T e r m i n a l  System [MT-S] t  ime-shar ing  

o p e r a t i n g  env i ronment .  . MTS p r o v i d e s  a system s u b r o u t i n e  w h i c h  a l  lows 

one to measure the  amount  of c p u  time, in m i l l i seconds ,  w h i c h  h a s  been 

used between c a l l s  to  t h e  s u b r o u t i n e .  On ly  c p u  t ime i s  i n c l u d e d  in  t h i s  

t o t a l  ; t ime-shar ing  costs s u ~ h  a s  t ime to swap p r o g r a m s  in\ a n d  o u t  o f  

, \ 
memory a r e  exc luded.  We be1 i e v e  t h i s  measure g i v e s  a good ' i n d i c a t i o n  

of t h e  amount of t ime a c t u a l l y  used to execu tedour  a l g o r i t h m s .  
'-4 

P (7 
A l g o r i t h m  0 a n d  A l g o r i t h m  2 were o r i g i n a l l y  w r i t t e n  in UCSD 

Pasca l .  I n  o r d e r  to  cempare t h e i r  per formance w i t h  t h a t  of t h e  APL 
d 

p r o g r a m  f o r  A l g o r i t h m  3, a l g o r i t h m s  C a n d  2 were t r a n s l a t e d  to  P a s c a l / ~ B ~  

( t h e  Pasca l  * c o h p i l e r  a v a i l a b l e  o n  o u r  system).  A l g o r i t h m  3 was w r i t t e n  

in  MTS/APL a n d  A l g o r i t h m  1 in  Pascal/UBC. 



4.3 Example Problem Sets - 
-\ In Chapter 2 we showed tha t  the number, of sets of keys  to  which 

the a lgor i th ins discussed can be  app l i ed  i s  huge, &en f o r  r e l a t i v e l y  

smal l  a lphabets and  key lengths. We. have made no attempt to f i n d  
B 

solut ions fo r  a- l a rge  sample of the members of t h i s  problem domain. 

We have  instead chosen a few examples because they a r e  app l i ca t ions  

where a perfect  ash func t ion  i s  useful .  3 .  1 z' 

Several of the examples were f i r s t  chosen b y  C iche l l i ;  we have  
- 

i 
/-- 

used them as we1 l in order  to . compare . ou r  resubts w i t h  h i s  (a l t hough  

his '  programs r a n  on a d i f fe ren t  machine, a PDP 11/45). 

Cicbel I  i repor ted the kesul  ts  of a p p l y i n g  h i s  a lgo r i t hm 

( ~ l g o r i t h m  0 )  to f i v e  sets of keys :  

1 . the 36 Pascal Reserved Words ( i nc lud ing  'o therwise '  ) ; 4 

2. 39-Pascal  Predef ined Iden t i f i e r s  (exc lud ing  ' o d d ' ) ;  v 

3. ' the 31 most f requent ly  occur r ing  Eng l i sh  words; - ! 

4. 12 three- let ter  month abbrev ia t ions ;  
\ 

5. the 34 ASCII control  codes 

One of the obvious applJcat ions fo r  a perfect  hash funct ion i s  

a tab le  of  the keywords i n  a compi ler .  Because Pascal was desi- to 

have a n  e f f i c ien t  compi ler ,  the number of key words in the language i s  

smal l :  there a re  35 reserved words (e .g . , ' fo r t ,  ' b e g i n ' ,  ' i n t e g e r ' )  and  
\ 

40 predef ined i den t i f i e r s  (e.g., ' m a x i n t ' ,  ' o r d ' ,  ' n e w ' ) .  For h i s  f i r s t  

example, Cichel l i augments the 35 reserved words w i t h  'o therwise ' ,  

w h i c h  he hoped would be added to  the s tandard  language as a name 

3 fo r  the un i ve rsa l  de fau l t  condi t ion fo a 'case'  statement. We r e t a i n  

'otherwige'  i n  ou r  examples, g i v i n g  us a to ta l  of 36 reserved words. 

The 40 predef ined iden t i f i e rs  found in Pascal inc lude  two 

which conf l ic t  fo r  bo th  Algor i thm 0 a n d  Algor i thm 2: ' odd '  a n d  . ' o r d t  



have the same length and  the same p a i r  of f i r s t  a n d  last  let ters.  A l l  

a lgor i thms were g i v e n  the set of 39 keys which remain when ' odd '  i s  

deleted% from the o r i g i n a l  set. Algor i thms 1 a n d  3 have both found 

so lu t ions fo r  the set of 40 predef ined i den t i f i e r s  and  fo r  the set of a l l  

'76 keywords of Pascal ( t h e  'un ion  of the sets of reserved words and  

predef ined i den t i f i e r s ) .  

P I n  the case of  t h e  12 three- let ter  month abbrev ia t ions,  C iche l l i  

found tha t  he could not use f i r s t  and  last  le t ter  pos i t ions to d is t ing" ish  

the keys ' j a n '  a n d  ' j u n '  ; instead he used le t te r  pos i t ions two and  three. , 

Algor i thm 0 and  Algor i thm 2 both fol low th i s  course. A lgor i thm 1 
t 

discovers th is ,  combinat ion whe,n i t  selects a min imal  hash  iden t i f i e r ,  

wh i l e  the user of A lgor i thm 3 should soon f i n d  i t  as we l l  ( i f  he/she h a d  

not a l ready  selected a l l  three posi t ions,  which i s  a so lu t ion as -we1 I ) .  
Y 

The ASC 14 control  codes represent another in te res t ing  possible 

app l i ca t i on  of perfect  hash s. Four of  the codes conta in  non- 

a lphabet ic  chaAacters which fo r  o u r  a lgor i thms b y  le t ters  

which do not occur in 

codes. The codes .DC 1 ; 

DCZ, respect ive ly .  In 

these subst i tu t ions b y  

t h i s  has not been done 

f r s t  o r  las t  pos i t ion i n  any  of the o r i g i n a l  

DC2, DC3, and DC4 become DCJ,I'DCP, ;DCW, and  

\tc' 
pr inc ip le ,  i t  would be  easy enough to avo id  

nc lud ing  the decimal d i g i t s  i n  the a lphabet  A; 

yet, however. 

Many of our  examples a r e  taken from l i s t s  of the most 

f requent lyw occu r r i ng  words in wr i t t en  Eng l i sh  text   ewe^, 1923; Carrot I, 

19711. Knuth and F h e l l i  use the f i r s t  31 words from these l is ts ,  as 

do we. Our interest  i n  a p p l y i n g  perfect  hash funct ions to the design 

of n a t u r a l  language lexicons fo r  computer text processing a n d  language 

unders tand ing  programs has  led us to draw most of our  l a rge  problem 

sets from the words which occur w i t h  the highest frequencies in the 



Engl ish language. Thus we have used the 64, 100, 200, and  500 mast 

f requent ly  sccu&ing Eng l ish  words as data when t r y i n g  to expand the 

usefulness of our  a lgo r i  thms. 

We have used Algor i thms 1 and  3 to f i n d  perfect hash funct ions 

for  the key words of three programming languages other than Pascal: 

these a r e  L isp,  Basic, and Algdl W. 0 

. 4.4 Programming Results - 

We present a discussion of our  experiences us ing  the three 

algor i thms developed i n  th is  research. Table 4.1 shows the search times 

". 

and  loading factors obtained us ing each a lgor i thm on a va r ie t y  of key 
? 

sets. We set the upper l im i t  of one hour of cpu time on the amount 

of cornput i n g  cbnsidered reason& fo r  f i n d i n g  a perfect hash ' funct ion. 

' 4.4.1 Results Using Algor i thm 1 

According to our  informal analy'sis of the complexity of Algor i thm 
1 

J' 1 i n  Chapter 3, there a re  three sections of the a lgor i thm which may 
;i"-ntd 

requ i re  a great deal of computing time. These a r e  

1 .  choosing a set of let ter posi t ions which produces unique hbsh 

& ident i f iers ;  - 
# 

2 .  order ing the keys to produce a benef ic ia l  o rder ing  of the let ters . 

- which appear in chosen posit ions; and IC 

3. the backt rack search process which, assigns associated values to . . 

letters. 

I n  those cases undertaken so far ,  the process ofA choosing a 

set of let ter posi t ions which g ives unique hash ident i f ie rs  has requ i red  

execution time l inear  w i t h  respect to the size N of the problem set, 

a l though the cost in the worst case i s  exponential i n  the key length. 



I 

1 Key Set ~ l ~ o r i t h h  0 Algor i thm 1 Algor i thm 2 Algor i thm 3 

I 
31 Most Frequent T = 290 T = 23 T = 2466 T =..1763 

i Eng l i sh  Words I L F  = 0.97 L F  = 1 .O LF = 0.94 L F  = 1 .O 

'33 Basic 
N/A 

T = 16 
N/A 

T = 0.669 I Keywords L F  = 1 .O L F  = 1 .O 
- - 

T34 ASCII-  T = 1833 T = 41 T = 6916 T = 1993 
Codes 

I L F  = 1.0 L F  = 1 .O L F  = 1.0 L F  = 1.0 

' 36 Pascal T = 3 9  T = 29 T = 5712 T = 2609 
I Reserved Words LF = 1.0 

\ ii LF = 1 .o LF = 0.88 LF = 1 .o 
I 40 Pascal T 3 360641 . T = 30 T = 6242. T = 3060 
I Predef ined I Ds LF = 1 -0 1 L F  = 1 .O L F  = 0.89 L F  = 1.0 

I42 Algol  W 
N/A 

T = 18 T = 6046 T = 616 
I Reserved Words I L F  = 1.0 . L F  = 0.91 L F  = 1.0 

'61 L i s p  no  T = 30 no no 
Iden t i f i e r s  I su l t s  L F  = 0.98 resu I ts  resu l  t s  

I 64 Most Freq. 
\ 

T = 383 T = 26619 T = 2933 
I Eng l i sh  Words I 

T 1 h r  L F  = 1.0 L F  = 0.69 L F  = 1 .O 

' 7 6  Pascal ' ~ e ~ s  no  T = 68 no T = 3414 
Res. p l u s  IDS ' 1 r esu  1 t s  L F  = 1 .O resu l ts  L F  = 0.98 

[lo0 Most Freq. no T = 10062 T = 125973 = 5190 
' Eng l i sh  Words resu I t s  L F  = 1.0 L F  = 0.70 L F  = 0.96 

200 Most Freq. no T = 62035 T = 1505328 T = 8986 
I Eng l i sh  Words' r esu l t s  L F  = 0.97 L F  = 0.42 LF = 0.70 

500 Most Freq . no no no T = 33505 I Eng l i sh  Words resu I t s  resu l ts  resu I t s  L F  = 0.61 

P Table 4.1 

Comparison ,o f  time [ T ]  ( i n  ,mi l l iseconds) and 
load ing  factor  [LF] f o r  a l l  four  a lgor i thms 

3 . pn some representat ive setszof keys  

The t ime used fo r  t h i s  operat ion has  been, a t  worst, approx imate ly  3 " N " 1 

mi  I I iseconds. s inker ~ l ~ o r i  t h m p a r t i  t iqns the keys  i n k  subsets b y  length, / 
the largest  set of keys  i t  has h a d  to f i n d  a un ique ly  i den t i f y i ng  set of 

pos i t ions fo r  has  been the 61 keys  of length 3 in the set of two hundred  



most f requent ly occurr ing Eng t i sh  words (MFEW) . Th is  *as accomp 

i n  113 m l l l i s e ~ ~ n d s .  .,- 
> ,  ^ L 

-t - &-* 
Our ana ly t i ca l  estimate fo r  the ,-worst-case time rmui rement  

ished 

of the , 

1 .  

process of reorder ing the key3 to ref lect  the order of se ifkh .var iab les was 

o ( N ~ ) .  I n  practice, for  the re la t i ve l y  smal I  sets we h i v e  encountered 

us ing Algorithm, 1, the time used i n  reorder ing has been l i nea r  in the - 
I 

number of keys i n  the problem set, For subsets o fdone key, where only  

the overhead of the process :is measured, the time requ i red  i s  5 mi l  1 iseconds. 

As the size of the sets grows, the time increases no faster than 3 ' N- 

and seldom mope than 5 + ( 2  * N ) .  The largest cost, 103 mill iseconds, 

occurred for  the largest set of keys, where N = 61 .' 

A counter in tu i t i ve  resu l t  was that  for  most set$ of less than* 61 

keys th,e backt rack search was performed i n  time p r  o r t iona l  to N. The . / 
R 

subset which consumed the largest amount of searck time (30,735 3.  

mill iseconds) for  t h i s  a lgor i thm was 42 keys of length 3 i n  the 200 MFEW. 

The next subset processed was the set of 61 keys of length 4, which 

requ i red  only  42 mil l iseconds. The contrast i n  search .times fo r  these 
i 

two sets i l l us t ra tes  the h i g h  degree to which. the complexity of these 

keys. 

A 

i t  almost 

whole. Al 

problems i s  dependent on the way i n  which le t ters  a re  shared among the 

l though Algor i thm 1 does not guarantee minimal hash tables, 
# 

3 
always produces minimal resul ts  fo r  the' set of keys as a 

lowing the ranges of- fhe subsets to over lap means that  several 

almost minimal hash tables can 'be combined to g i ve  a tab le  fo r  the 

en t i re  problem set which i s  minimal.  . I n  a l l  cases where Algor i thm 1 

foy* a solution, the loading factor was &e l l  w i t h i n  our  c r i t e r i a  for  

an almost minimal -s tate.  



Algor i thm 1 appears  to be  the best f o r  smal l  sets of  i den t i f i e rs ;  

t ha t  is, f o r  sets of one hund red  o r  fewer keys. I t  s t i l l  performs w e l b  

f o r  l a r g e r  sets when i t  f i n d s  a solut ion,  b u t  i t  o f ten i s  unab le  to  IYhd 

a so lu t ion  for  l a r g e r  sets w i t h i n  a reasonable q o u n t  of t ime. The 
f 

performance of A lgor i thm 1 beg ins  to de te r io ra te  when the s ize o f  the 

la rges t  subset in the p a r t i t i o n  of  the, key  set con ta ins  more t han  about 

d 
40,elements. I t  i s  a t  t h i s  po in t  t ha t  the p a t t e r n  of  s h a r i n g  le t te rs  

am6ng the keys of the subsets beg ins  to af fect  the number o f  nodes i n  

the back t rack  search - t ree wh ich  must be  examined. 

A lgor i thm 2 performs w e l l  fo r  sets of up to  one hund red  keys.  

When the pro5lem sets-become l a rge r ,  the amount o f  search t ime r e q u i r e d  

increases q u i c k l y .  The ma jo r  object ions to u s i n g  t h i s  a l go r i t hm  are:  

0 : the load ing  fac to rs  of the so lu t ions produced degenerate qQick I  y fo r  

sets of more t h a n  about s i x t y  keys ,  a n d  C 

2. l i k e  Cichel l  i ' s  a lgo r i thm,  the mechanism used f o r  d i s t i n g u i s h i n g  keys  

i s  not adequate f o r  a g rea t  number of po ten t ia l  d a t a  sets. 

The largest  set of keys  for  which we have  r e s u l t s  u s i n g  A lgor i thm 2 i s  
- - 

the 200 MFEW. Th i s  r e q u i r e d  over  25 minutes o f  c p u  t ime a n d  the 

r e s u l t i n g  hash t ab le  h a d  a load ing  fac to r  of o n l y  0.42. T h i s  l oad ing  

- factor  i s  f a r  lower t h a n  we a r e  w i l l i n g  to accept. 

For  the sma l le r  problem sets we have  t r i e d  w i t h  t h i s  a lgor i thm,  
/ 

the so lu t ions were produced ih a reasonable &of t ime ( g e n d r a ~ ~ y  

l e s s  than  one minu te  of cpu  t ime).  

4.4.3 Results Us ing A lgor i thm 3 \. 

, . 

As desc%ibed ea r l i e r ,  A lgor i thm 3 i s  a ref inement of the mettiod 



used i n  Algor i thm 2. The improvements included i n  ~ l ~ o r i t h m  3 have 
A 

led to reduced execution time foc a g iven problem set of size N; t h i s  

i n  tu rn  al lows u s  to app ly  Algor i thm 3 to przoblems which a r e  too la rge  

for any .of the other a lgor i thms d iscussed, in  th i s  document. Atgor i thm 3 

i s  b y  f a r  the fastest of our algor i thms for  sets of one hundred o r  more 

keys. L i k e  Al 

for  la rge  sets 

on the number 

acceptable loac 

the. 200 MFEW, 

gor i thm 2, however, t h i s  program ' produces ha+ tables - -  - -  

of keys which a re  re la t i ve l y  sparse. The upper lirnkt 

of keys for  w h i c h  the a lgor i thm produces solutions w i th  

i i n g  factors has been ra ised to about tw hundred. For -7 
Algor i thm 3 f i nds  a solut ion w-ith a loading factor of 0.71 

i n  just  over 5 seconds of cpu time. For sm'aller sets, the loading factors "j 
are  -near1 y optimal, a l though Algor i  thm 1 performs comparably i n  less 

time fo r  these small problem sets. 

Algor i thm 3 shows the greatest promise for fu r ther  development, 

since i t  has the most general method of d is t ingu ish ing  the keys and  the 

slowest ra te  of increase i n  the time requ i red  to f i n d  a solut ion as the 

size of the problem set increases. Fur ther  work i s  necessary to enhance 
$a-A 

4.5 Summary of Results - 

Table 4.2 i l l us t ra tes  the r e l a t i v e  measures of, the u t i l i t y  of the 

four  algor i thms discussed i n  th is  work. Algor i thm 1 produces spectacular , 

values of U for  problem sets of up  to 100' keys. When the sizes of the 

subsets produced b y  p a r t i t i o n i n g  reach the neighborhood of f i f t y  keys, 

however, these values decline. .The u t i l i t y  of Algor i thm 3 remains 

near ly  constant for  a l t  problem sizes. 

There can be l i t t l e  doubt that  Algor i thm 3 promises to be the most 



N ALG 0 ALG 1 ALG 3 

1333.33 2000.00 50.42 
103.69 3100.00 70.62 

3 3 N/A 2062.51 49.33 

Table 4.2 

Table of r e l a t i v e  u t i l i t y  fo r  four  algor i thms. 
U t i l i t y  i s  def ined as N*LF/T, where N i s  
the number of  keys, LF i s  the loading 

* factor, and  T i s  the time i n  mil l iseconds. 
t 

useful of the four algori'thms implemented i n  th i s  r arch.  The one 

d i f f i c u l t y  w i th  t h i s  a lgor i thm has  been small loadi  factors for  large 

sets of keys. We bel ieve i t  i s  possible to improve e loading factors 

b y  s l i g h t l y  modify ing the search to enforce a cert  

m in ima l i t y ;  th is  can be effected b y  l im i t i ng  the s i  

expanding i t  s l i g h t l y  as each group of words i s  a 

L imi ted  back t rack ing  can also have the same resul  . Pre l im inary  resul ts  
* 

ind icate tXx- a moderate increase i n  computing cost w i l l  produce i 
sign i f i can t  improvement in the loading factors of the solutions found b y  

Algor i thm 3. 
./ 
f One of the most important advantages of Algor i thm 3 i s  the 

guarantee that  any set of keys fo r  which the program has a n  alphabet 

can be dist inguished. This  program can erefore f i n d  a perfect hash f' 



i 

funct ion fo r  any set of keys, g iven enough computing time. The cost 
I 

of th is  general i ty  i s  the storgge requ i red  for  u p  to 9 A t  associate& 

let ter values, instead of j l ls t  A '  values when le t ter  o rder ing  i s  not taken 

in to  account. The benef i t  i s  doing away k i t h  the necessity 
Y - .  

1 

l i s t s  of keys to remove confbict ing words. 



- 

5. APPL ICAT IONS OF: - PERFECT HASH FUNCT IONS; LEX ICON DESl GN 

Perfect hash fynct ions w i t 1  be useful i n  appl icat ions which have 
L 

a f i xed  vocabulary and a re  f requent ly  used. Lexicons fo r  a r t i f i c i a l  and 

- 
- na tu ra l  languages meet both c r i t e r i a .  

5 

, 
5.1 The Small Lexicon - 

- 'x 
1 

/. 
% For the purposks of t h i s  discussion, we differentiatewcandidates 

fo r  the app l ica t ion  of 

sets of keys involved. 

We consider a 

a s ing le  perfect hash v 

perfect hash functions according to the size of the 

.\ 
small lexicon a&ne fo r  which .we can  calcu late 

funct ion in a reasonable amount of time. 

f' Ant ic ipa t ing  the improvement of the loading factors achieved b y  Algor i thm 
I + .- 

3, we can say that  any se/; of one thousand o r  fewer keys qua l i f ies  as 
i 

smal I .  

Although small lexicons can be dealt  w i th  b y  many 

which m u i r e  less i n i t i a l  organisat ional  e f for t  than perfect 

these other methods w i  l l  requ i re  considerably more time fo r  

i n f c m a t i o n  over the l i f e  o f ' t h e  lexicon. The one dbjection 

other methods 

hash functions; 

re t r i ev ing  

to us ing the 

method of Algor i thm 3, i n  pa r t i cu la r ,  is! that  f o r -  very small d ic t ionar ies 

the amount of storage requ i red  to main ta in  the tab le of associated let t& 

values i n  main memory may be of the same 6rder  of magnitude as the 

size of the d ic t ionary  i tse l f .  The potent ia l  user of t h i s  method w i t  l  have 

to decide whether the increased stora'ge costs outweigh the benef i t  of 

reduced search time for  h i s  o r  her  appl icat'ion, o r  whether a reduced 

loading factor would be acceptable: 



'J 
5.1.1 Examples of Small Lexicons 

The ear l ies t  example of the use of a perfect  hash  func t ion  which 

we are  aware of  was repor ted b y  Greniewski a n d  Tu rsk i  [ ~ r e n i  wski, , P 
19631. The i r  method o f  computing a perfect  hash  funct ion>fundamental ly / 
di f fe ren t  'from ours, b u t  the app l i ca t i on  achieves s ing le  probe r e t r i e v a l .  

The above authors  h a n d  ca lcu la te  a perfect  hash func t ion  fo r  a set of 
-'h i 

i den t i f i e r s  for  t h e - & G & h l e r  language of a programming system c a l  led 
9 

KL IPA, w i t h  apparent1 y good resul ts .  Y .. 

Cichel l  i repor ts  [Cichel l  i, '1980a] us ing  a pe+fect hash funct ion 3 
I 

f o r  the keywords of Pascal in a compiler f o r  t ha t  language, which, 

resu l ted i n  a ten percen t - reduc t ion  i n  compi lat ion time, on the average. - _ e 

\ 

I t  seems c lea r  tha t  the compiler ( o r  in terpreter ,  fo r  languages 

l i k e  LISP and BASIC) f o r  any language would b e  an  idea l  app l i ca t i on  

of perfect  hashing funcqions. The number of keywords found i n  computet- 7 
languages i s  usua l l y  smal l  (even PL/ I  has pn l y  about three hundred)  1% 
and  usage i s  very  h i g h .  1 

Another.  app l  i ca t ion  area which meets the requirements fo r  the 
V 

use of perfect hash funct ions i s  command languages. d ~ n y  system 

which conducts ' h i g h l y  s t ruc tu red  c o n v e r s a ~ i o ~ s  w i t h  a human user, E 

-- 4 

such as the terminal  h a n d l i n g  p a r t  of a n  opera t ing  sygtem, would benef i t  
-- 

f rom the qu ick r e t r i e v a l  of in format ion re la ted  to the f i x e d  se.t of 

J keywords w ich have some meaning to the system. 

r4 
5.2 The La rge  Lexicon - 

I f  we cannot compute a ~ e r f k c t  hash funct ion f o r  a set of keys 

in  a reasonable a ~ o u n t  of time, then we w i l l  consider tha t  set large.  
3 



. .. 

5.2.1 Hierarchica l  Organizat ion of the Lexicon 

Our p l a n  fo r  dea l ing  w i th  la rge  sets o f  keys i s  to p a r t i t i o n  
C- 

thkm in to  n ce i l ing(~/ lOOO) subsets, each of a size manageable w i t h  

enhanced v p s i o n s  of ou r  present algor i thms (Algor i thm 3, i n  p a r t i c u l a r ) .  - 

We propose to use a n  o rd ina ry  d i v i s ion  type hash funct ion to p a r t i t i o n  

e the N keys (nea r l y )  evenly in to  n subsets, then compute a perfect hash 

funct ion for each subset. 

d Given a p a r t i c u l a r  set of N keys, the prospect ive user would 

need to devise a d i v i s ion  type hash funct ion which d is t r ibu tes  the keys 

evenly in to  the n buckets. I n  order to main ta in  the machine independence 

of our  method, we could requ i re  that  t h i s  i n i t i a l  hashing use the sum of 

the ord ina l  alphabet ic posi t ions of the lett'ers of the key, where ' a l = l ,  

'b '=2, -7 
' z t=26 ( w i t h  appropr ia te values for  other symbols which may 

be i nc lu  ed i n  the alphabet, such as hyphen and  quote).  We assume .% 
that  f i n d i n w n i t i a l  hash funct ion of th is  type w i l l  be r e l a t i v e l y  easy, 

althoGgh i t  w i l l  h a v e  to be done Anew fo r  each problem set to ensure 

that  the d i s t r i bu t i on  i s  even for  that  set. 
-7 

I n  some cases, a lg rge  lexicon may be' kept en t i re l y  i n  mem&ry. 

Each access would requ i re  performing a n  i n i t i a l  hashing to choose one 

of the n perfect hash functions, then performing an  access of p r imary  

memory us ing the va lue returned b y  the second hash funct ion as a 

memory address. 

When the lexicon i s  l a rge  enough to demand the use of a 

secondary storage medium (magnetic disk,  for example), then the same 

+bas ic  organisat ion can be maintained bu t  the second, hash funct ion would 

have to ca lcu late a d isk address, ra ther  than a pr imary  memory address. 

The number of d isk accesses i s  a lways one. The h i g h  cost of secondary 

memory access dictates that  we keep the number of such operations to 



> 

a  minimum. 

a r i ses  

'C 

N a t u r a l  Language  Lex icons 

The need f o r  dea l i ng  w i t h  

i n  many appl  i ca t ions  wh ich  

ve ry  l a rge  s ta t i c  sets of  lex' ical items 

deal  w i t h  n a t u r a l  languages.  s - 
r 

Text process ing a p p l  i ca t  ions, such as spe l l  i n g  correct ion,  r e q u i r e  

f as t  access to l a r g e  numbers of  words. A per fec t  hash  func t ion  p rov ides  . B 

guaran teed  s i ng le  p robe  r e i r i e v a l  . 
- S B  

Comp-tional L i n g d i s t i c s  w i l l  som r e q u i r e  l a r g e  Eng l  i sQ 

i 

l anguage  d i c t i ona r i es  f o r  n a t u r a l  language unde rs tand ing  programs. A 

computer model of l anguage  unders tand ing  w i l l  r e q u i r e  access to a l a r g e  

d a t a  ,base. of syn tac t i c  a n d  semantic in fo rmat ion  wh ich  i s  accessed - 
S, 1 

p r i m a r i  l y th rough  words. 
1 

Mos ta re t r ieva l  techpiques assume tha t  a l  l  keys  a r e  e q u a l l y  - 
* 

l i k e l y  to be requested.. Research i n  lex icography has  es tab l i shed  t ha t  

in Eng l i sh  (and ,  presumably ,  an? n a t u r a l  language)  a smal! number o f  
* 

words occur ve ry  f requen t l y ,  wh i  le  most words occur ve ry  se'ldom. 

* 
To i l l u s t r a t e  th is ,  we re fe r  to the computer ass is ted stud,-y o f  a 

corpus of f i v e  mi I  l  ion  words o f  Eng l  i s h  w r i t t en  text2' .conducted b y  

I- 
Car ro l  I ,  Davies, a n d  Richman [Ca r ro l  I, 1971 ] .  Over 85,000 d i f f e ren t  ' 
wor-ds occur in the ,corpus,  b u t  25% of  a l l  occurrences a r e  accounted f o r  

b y  the fourteen most f requent1 y occu r r i ng  yo rds .  

I n  a s i m i l a r  s t udy  b y  G. Dewey [ ~ e w e y ,  19231, 50% of the 

occurrences in the corpus a r e  instances of the f i r s t  64 words; o n l y  732 

words account f o r  75% of the t o ta l  of 78,633 occurrences. 

'We can  make use of t h i s  in format ion in the des ign o f  a lex icon 

20 
The samples a r e  d r a w n  from ma te r i a l s  used i n  U.S. schools i n  grades 
three th rough  twelve.  



r i  
f o r  a l a r g e  n a t u r a l  l anguage  vocabu la r y  which suppor ts  

r e t r i e v a l .  The f i r s t  step i s  to ca l cu la te  a per fec t  hash  
? 

v e r y  e f f i c i en t  
-, 

f unc t i on  f o r  -- 

the thousand most f r equen t l y  occu r r i ng  words. The t a b l e  o f  associated 
+ 

va lues a n d  a f i le  c o n t a i n i n g  the records associated w i t h  these .words cap  

be kep t  i n  ma in  memory. We can  then use the scheme descr ibed e a r l  iec 
B 

to p a r t i t i o n  the rema in i ng  words i n t o  bucket's c o n t a i n i n g  fewer t h a n  one 
t a 

d 

thousand keys  each. We then compute a ~ e r f e ' c t  hash  f u n c t 9 n  f o r  each 
',' 

bucket  a n d  keep the tab les  of  associated va lues  i n  ma in  memory. 

I f  a word k .  i s  in the thousand most f r equen t l y  occur r ing ,  a s  
1 

over  75% of word  occurrences in t y p i c a l  Eng l i sh  tex t  ( a n d  speech [French, . 

19301) are, we w i l l  s imp ly  c a l c u l a t e  the f i r s t  per fec t  hash  f unc t i on  H ' 1 

. a n d  r e t r i e v e  the r e l a t e d  in fo rmpt ion  f rom the f i l e  i n  p r i m a r y  memory. I f  

the word a t  Hl ( k i )  i s  not  k i  then we use a second (non-perfect)  hash  

func t ion  to select one of  the n buckets,  thus:  H ( k  ) = x, where x b i 

denotes one of the buckets .  T h i s  selects 'a  t ab le  of  assoc ia ted values,  

res ident  i n  ma in  memory, f o r  perfect.  hash  func t ion  -H . The hash  func t ion  
X 

f o r  t h i s  bucket  i s  used to ca l cu la te  a d i sk  address y = H ( k i ) ,  a l l o w i n g  
X 

us to, r e t r i e v e  the.  in fo rmat ion  a t  t ha t  d i sk  locat ion w i t h  one d i sk  access. 

I f  the word r e t r i e v e d  f rom the d i s k  i s  n%t k i ,  then k i  i s  no t  i n  the 

d i c t i o n a r y  . 

We be1 ieve t ha t  t h i s  method, when implemented, w i l l  ach ieve resu l t s  

t ha t  a r e  as  w o d  as  posgible.  We migh t  consider the  a d d i t i o n  of a' 

Bloom f i  l t e r  t ype  of spel l i n g  checker [ ~ i x ,  1981 ] to be a p p l i e d  before 

mak ing  the secondary memory access; t h i s  would. save the cons iderab le  time 

r e b u i r e d  to  d iscover  t ha t  a key  i s  not  i n  the d i c t i o n a r y  ~t a l l .  A -  d i f f i c u l t y  

w i t h  do ing  t h i s ' m a y  b e  the amounl of  memory r e b u i r e d  f o r  such s t a t i s t i c a l  

recognizers,  g i y e n  the amount used f o r  the associated in teger  va lues  

f o r  ou r  n per fec t  hash  func t ions  a n d  a f i l e  of one thousand records.  
\'. 



Cichel I  i ' s  A lgor i thm prov ides a useful ) a l t e rna t i ve  to numerical  

approaches to the search fo r  perfect  hash functions. We have  found 

methods of  extending the app l  i ca t  ion of t h i s  "simple" approach ,to l a rge r  

prob lem sets. 

6.1 Improvements on C i c h e l l i ' s  A lgor i thm - 

One of the major  stumbl i n g  blocks to the app l i ca t i on  of Cichel l i  I s  

methods to p rac t i ca l  problems i s  the f i x e d  choice of proper t ies  used in 

the hash  funct ion.  

6.1.1 Hash Iden t i f i e r  Choice 

When us ing  C i c h e l l i ' s  form of the hash funct ion,  i t  i s  essent ia l  

tha t  we f i n d  fo r  each key a un ique  set of proper t ies  which con t r ibu te  

values to the hash address ca lcu la t ion .  We have  implemented a n  a lgor i thmic  

method fo r  choosing a set of proper t ies  which i s  adequate f o r  d i s t i ngu i sh ing  

the members of any set of lex ica l  items. - 

Many sets of keys con ta in  groups of words which cannot be 

d is t ingu ished without assoc ia t ing d i f fe ren t  values w i t h  le t ters  depending 
'f 

on the i r  pos i t ion of occurrence. We have implemented t h i s  approach i n  
% 

+ 3  
Algor i thm 3, g i v i n g  i t  the maximum possible power f o r  d i s t i ngu i sh ing  keys. 

/ 
6.1,2 P a r t i t i o n i n g  the Problem Set 

A lgor i thm 1 extends the number of words which can  be processed 
& 

d u r i n g  Cichel l  i ' s  enumerat i v e  %search method b y  p a r t i t i o n i n g  the keys 

i n to  subsets b y  length.  For a g i ven  set of keys, t h i s  modi f icat ion reduces 



the search time b y  a l i nea r  

method i t s ~ l f  a lso con t r ibu te  

P a r t i t i o n i n g  the problem set 

factor.  . I mprovements to the search 

to the ef f ic iency of the a lgor i thm.  

i s  he lp fu l  on ly  when the largest  subsets 

obta ined consist of no more than about s i x t y  words, however, because 

of the exponent ial  complexity of the search method app l i ed  to those 

subsets. 

- 
6.1 . 3  l  mproved search Methods 

\ 

/ The non-backtrack i ng  enumerative skarch method in t roduckd i n  

Algor i thm 2 and f u r t h e r  developed i n  Algor i thm 3 has a l lowed us  to 

f i n d  perfect hash funct ions fo r  some very . large sets of- keys ( u p  to 500). 

d I 

The key to making t h i s  methed p rac t i ca l  i s  an  adequate 

ana l ys i s  of the re la t ions  among keys i n  terms of 

f i n d ,  that  polynomial  cost ana l ys i s  of the way i n  

le t ters  al lows us to reduce the complexity of the 

exponential to polynomial  ( w i t h  po ten t ia l l y  la rge  

shared let ters.  We 

which keys share 
9 

search process from 

coeff ic ients) . 

Ynfor tunate l  y,  the improvement i n  the speed of search i s  accompanied 

b y  a degradat ion of the loading factor of the resu l t i ng  hash tab le for 
. 

sets of more than about one hundred  keys. 

* 

6. 2 -  imitations of the Method 

We- f ind  that  there i s  a trade-off i n  t h i s  problem between the 

time complexity of the search a lgor i thm and the min ima l i t y  of the 

resu l t i ng  hash tables. We a re  cont inu ing research i n to  methods of 

ba tank ing  these costs and benef i ts.  In t roduc ing  the opt ion of a l im i ted  - 
amount of back t rack ing  for  Algor i thm 3 i s  a promis ing d i rec t ion  fo r  

f u r t h e r  work. 

: .. 



Our extensions to .Cichel t i ' s  a lgor i thm seem to invo lve  t r a d i n g  

general  i t y  for increased memory requirements. , I n  order  to d is t ingu ish  

a l l  keys, fo r  example, we must store associated va lues fo r  each le t ter  

corresponding to each selected pos i t ion i n  which tha t  le t te r  occurs. 

Th is  i s  a serious l imi ta t ion,  since fo r  small a n d  medium sized d i c t i ~ n a r i e s  

the number of integer values to be stored i n  associated va lue  tables may 
a 

wel l  be  as h i g h  as the number of keys i n  the di .ct ionary.  This  

emphasizes the importance .of  cons ider ing the ef fect ive loading factor  

of the hash tables produced us ing  our  methods, where the memory cost 

ount of storage fo r  these tables. 

i s t i ngu i sh  two types of app l  icat ions fo r  perfect  hash 

. functions, i c i a l  and  n a t u r a l  languages. The size of the vocabulary  

a 
, fo r  an  a r i  t i f i c i a l  language, such .as a programming 'language, i s  

t yp i ca l  l y  on the order  o f  one hundred  words. Perfect hash funct ions 

seem wel l  su i ted fo r  use i n  such3ys tems since the h i g h  i n i t i a l  cost 

w i l l  be amortized q u i c k l y  b y  frequent use. 

Natura l  Languages have lexicons of thousands of words. We 

envis'ion that  the h ie ra rch i ca l  organisat  ion of perfect hash tables 

discussed i n  Chapter 5 w i l l  p rov ide  ef f ic ient  access to such la rge  

d ic t ionar ies.  

6.4 Direct ions fo r  Fu r the r  Work b - 

Algori thm 3 appears a t  t h i s  po in t  to have fhe greatest potent ia l  

b f  r improvement. Two p a r t s  of th is  a lgor i thm n e ~ d  fu r the r  work. The 

P ana lys i s  of re la t ions  between keys and let ters done d u r i n g  the search 

procedure to preclude choices of associated I,etter values which lead to 
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c o n f l i c t  c o u l d  b e  made more complete; t h i s  w o u l d  e l i m i n a t e  a l l  b a c k i n g  

* 
u p  in  t h e  cou rse  of finding a so lu t i on .  

A second p o s s i b l e  improvement t o  t h i s  a l g o r i t h m ,  ment i oned  

e a r l i e r ,  w o u l d  b e  t o  p e r f o r m  a l i m i t e d  degree af b a c k t r a c k i p g  when t h e  

l o a d i n g  f a c t o r  o f  t h e  s o l u t i o n  f a l l s  below t h e  accep tab le  l i m i t .  We 

b e l i e v e  i t  i s  p o s s i b l e  t o  improve  t h e  lo&ing f a c t o r s  b y  s l i g h t l y  

m o d i f y i n g  t h e  s e a r c h  to  enforce  a g i v e n  degree o f  m i n i m a l i t y ;  t h i s  can.. 

\ 
b e  e f fec ted b y  l i m i t i n g  the  s i ze  of t h e  h a s h  tab le ,  e x p a n d i n g  i t  

s l i g h t l y  as  each  g r o u p  of words  i s  a d d e d  t o  the  s o l u t i o n .  L i m i t e d  

b a c k t r a c k i n g  c a n  a l s o  h a v e  t h e  same results. .  P r e l  i m i n a r y  r e s u l t s  

i n d i c a t e  t h a t  a modera te  i nc rease  in comput ing  costs w i l l  p r o d u c  > 
s i g n i f i c a n t  improvement in  t h e  l o a d i n g  f a c t o r s  o f  t h e  s o l u t i o n s  f o u n d  b y  

A l$or i t t im 3. An  i n i t i a l  a t tempt  h a s  been made to  implement t h i s  

approach,  tvi t h  e n c o u r a g i n g  improvement '  in t h e  r e s u l t s .  F u r t h e r  a n a l y s i s  

o f  t he  p rob lem may r e v e a l  a b e t t e r  way o f  p e r f o r m  

b a c k t r a c k i n g  . 
Three mathemat i ca l  p rob lems a r e  c lose ly  r e  

1 

ing t h i s  l i m  

f o r  pe r fec t  h a s h  f u n c t i o n s  of t h e  fb rm we h a v e  used: 

l a t e d  t o  t h e  

i t e d  

( 1  ) Har'moniou a b e l i n g  o f  Graphs  * 
( 2 )  Gracefu l  L a b e l i n g  o f  ~ r a ~ h k  

( 3 )  A d d i t i v e  Bases 

sea rch  

A b r i e f '  d i scuss ion  o f  how these a r e  r e l a t e d  to  t h i s  work  i s  f o e n d  in 

A p p e n d i x  B. 
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B 
Appendix A: Notation 

Here we g i ve  a l i s t  of notat ional  conventions used in t h i s  
* 

P 
thesis. The symbol I := : '  denotes 'def ined to be1.  

.=. (el,. . .,en) . . an unordered ( b u t  indexed) set of n elements. 

.-. . an ordered n-tuple of elements. 
e l f ** .9e n 

A f loor  ( x )  :=: the largest integer less than o r  equal to x .  

ce i l i ng  ( x )  :=: the smallest integer greater than o r  equal to x. 

x mod y :=: the remainder of integer d i v i s ion  of x b y  y. 

o ( f ( n ) )  :=: the asymptotic upper bound on f ( n ) .  
, 

OMEGA(f(n)) , . .=. . asymptotic lower bound on f ( n ) .  
1 

9 :=: the n u l l  set. * > 

A = (a,, . . . ,aA1)  :=: the alphabet, where A '  i s  the c q d i n a l i t - y  of A. 

:=: a permutat ion of the search var iab les.  

:=: cost. 

D : =  vector of integers y h i c h  represent the number of 
8 

keys whose) hash addresses a re  newly-determined 
s 

when a corresponding le t ter  i s  assigned an 

associated value. 
4 

:=: set di f ference of let ters i-n chosen po7it ions from 

keys k i  and  k i n  that  order.  , %  

.i' 
:=: name2 a sequence o r  a funct ion. 

H :=: a hash funct ion, H:K.)R. d 

* 
K = ( k l ,  ..., kN)  :=: the s e t - o f  keys, whose c a r d i n a l i t y  i s  N. 

b 

L. .-. 
I 

. the set o f  let ters friorn chosen posi t ions in key k i .  

M : =: doma i n of associated integer values, 0.. . m. 

N : =  c a r d i n a l i t y  of the set of keys. 

P :=: the maximum length of a key. 

P . . -. the number of chosen le t ter  posi t ions. . 

Q :=: predicate denoting that  no two keys have the same 

hash address. 

:=: the r a n g y  of hash addresses in the table, 0.. . 
maxhashaddr. 

:=: the key space, whose c a r d i n a l i t y  i s  T ' .  



Graham 

Appendix B: Related ~athernaticay Problems 

which a r e  close 

d 

and  Sloane [1980] present some resu l ts  on three problems * 

I  y re la ted  to f i n d i n g  perfect  hash funct ions:  

( 1 )  a d d i t i v e  bases; 1 ' 
( 2 )  harmonious graphs;  and  

L ' _  

(3)  gracefu l  graphs.  

In order  to re la te  these problems to perfect hash  funct ion IS, we must 

f i r s t  consider the g r a p h  rep~es- t ion of our  problem. 

% 
Since a hash funct ion of the type we a r e  c o n s ~ d e r i n g  invo lves 

combinations of le t ters  from chosen posit ions, ou r  f i r s t  concern i s  how 

to represent the coincidence of le t ters  when p le t ter  pos i t ions a r e  used 

to form a hash i den t i f i e r .  Each, ver tek i n  such a g r a p h  represents a 
- 

.letter which occurs i n  a chosen pos i t ion of some key  i n  the peoblem set. 

When 'p=l, the g raph  of th; problem i s  jus t  a set of N iso la ted ver t ices - 
* 0 

( f o r  a -set of N keys ) ,  because each key must have a .d i f fe ren t  le t ter  

i n  the chosen pos i t ion.  A minimal perfect hash func t ion  in th i s  case 

i s  an  assignment of the integers 0 ,  . . . , N-1 to the ver t ices i n  any  order.  

When p=2 we can represent a key  as a n  undi rected edge whose 

en'dpoi nt's a re  the ver t ices represent ing the le t ters  in the chosen 
* 

2 1 - pos i t ions of that  key . Each edge i s  labeled w i t h  the sum of the 

va lues associated w i t h  i t s  endpoints.  A perfect  hash func t ion  corresponds 

to a l abe l i ng  of the s vert ices w i t h  integers which induces a l abe l i ng  

of the N edges w i t h  d i s t i nc t  integers.  

\ A harmonious labe l ing  of a g r a p h  assigns d i s t i nc t  integers to 

f 
2 1 7 

When p )  2, a hype rg raph  whose edges a re  sets of 3 ver t ices i s  
requ i red  to represent ou r  problem set. *We assume wi thout  proof 

: tha t  the resu l ts  f o r  g raphs  w i t h  p=2 can be  general ized to the 
more comple5 case of hypergraphs.  - 



3 

+he vert ices i n  such a way t h e t h e  induced edge labe l ing  covers the N 

integers [o.. .N-1 1. Th is  corresponds to a minimal perfect hash funct ion 
f 

with the added constra int  (unnecessary for our problem) that  a l  l  

associated let ter values be d is t inc t .  We also al low the poss ib i l i t y  that  

the range of edge labels  inc lude more than N values ( a n  almost-minimal 

perfect hash funct ion) .  - 
A graceful labe l ing  associates d is t inc t  integers w i t h  each verte% 

of a g raph i n  such a way that  the edge labels induced b y  tak ing  the 

difference of the endpoint labels produces d is t inc t  labels fo r  each edge. 

Moreover, for '  N edges, these edge labels must cover the integers 

[o. . . N-1 1 .  Gracefu I label  ings aga in  correspond to mi n ima l perfect hash 

functions. 

The paper b y  Graham and  Sloane enumerates some classes of 

Y .  

graphs which a re  o r  a r e  not gracefu l  o r  harmonious. The authors 

theorize that  almost a l l  g raphs  are  not harmonious (p.400) and  not 

graceful  (p.401). Since our problem relaxes some of the rest r ic t ions 

imposed on harmonious and  graceful  label ings (ver tex  labels need not 

be d is t inc t  and the range of edge labels peed on ly  be near ly  min imal) ,  

we conjecture that  almost a l l  graphs represent ing key sets can be g iven 

label ings which sa t is fy  04 condit ions. 

We note w i th  interest that  Graham and Sloane bel ieve harmonious 

labe l ing  to be considerably more complicated than gracefu l  label ings. I f  
I 

th is  i s  t rue  of the simpler versions of these problems which model perfect 
\ 
,-b 

hash functibns, then gracefu l  label  i"gs may prove to g i ve  easier solut ions 

to our  problem. This  requi res fu r the r  study. 

The t h i r d  problem discussed i n  Graham a n d  Sloane i s  add i t i ve  

bases. For our problem, we want a set of integers which covers the 

s vert ices i n  the g raph  of the problem set which gives d i s t i nc t  pa i rw ise  



sums. Th is  i s  one type  of a d d i t i v e  base considered in the a h c l e .  

I n  the discussion of A lgor i thm 2 in Chapter 3, we mention seeking a 

sequence of integers which meets t h i s  c r i t e r i on .  In fact ,  we discovered 

one (Fc)  which matches one of the sets of  integers g i ven  by Graham and  

' Sloane u p  to the f i r s t  s i x  elements (p.384, Table I I I, V ( k ) ,  k=2 through a 

Th is  serieB, a modif ied version of the Fibonacci  , grows 

s lowly  and  guarantees pa i r -w ise  d i s t i nc t  sums of elements. 

The integer sequence F i s  fo rma l l y  def ined as: 
C e 

F ( n )  = F (n-1) + Fc(n-2) + 1, n 2 2. 
. . C C 

T h i s  sequence i s  number 397 i n  ~loa'ne"[1973]. The f i r s t  few members of 

t h i ?  sequence are  

0, 1,  2, 4, 7, 12, 20, 33, 54, 88 ,... 
. . The fo l low ing  a r e  two examples of sets of keys  whose graphs  a r e  

complete: 
iy 

K=(ab, ac, b c )  
t 

K=(ab, ac, ad,  bc, bd, c d )  

F igu re  6.1 

i 
For a complete g raph  on n ~ t t e r s  the o rder ing  of va r i ab les  i s  immater ia l  

because a l l  le t ters  i n  the g r a p h  have the same frequency of occurrence 



(a1 I vert ices in the complete g raph  have the same degree, - 1  . I t  

i s  worth not ing that  no  two let ters which are  both . in the same complete, 

g raph of more than two vert ices can have the same associated value. 

The series F when assigned to the vert ices i n  any order, 
c' 

forms minimal hash funct ions fo r  complete ( ~ u b ) ~ r a p h s  on n ver  

n=3 and n=4: 

- .  

'4Es '"' 
a := ~ ~ ( 1  ) = o 4 0 1  

H(ab, bc, ac) = (1,3,2) b [11  J 

perfect minimal solut ion fo r  K 3 

Perfect minimal sdlut ion fo r  K 
4 

F igure  8.2 

As the number of le t ters  involved grows larger ,  the u t i l i t y  of 4 
th is  method declines because the loading factor decreases r a p i d l y .  I f  

h 

we assign values from F when n=5 ( f i v e  let ters shared among ten keys),  
C 

the resu l t i ng  mapping places the ten keys in to a range of e ~ e v k n .  hash 

addresses for  a toading factor of 0.90909. For n=6, f i f teen keys are  

mapped in to  a range of eighteen addresses, for  a ba re l y  acceptable 

laoding factor of 0.7894. 

Grahame and Sloane g i ve  the fo l lowing resu l t :  



"The complete g raph  on v nodes ,is harmonious i f  
and on ly  i f  v. - < 4." 

This conclusion i s  stated i n  a d i f ferent  form b y  Jaeschke [1980] i n  

s h o ~ i n g  that  Cichel l i t s  method cannot * f ind  a minimal perfect hash 

funct ion fo r  every set of keys. We acknowledge thoat this i s  true, bu t  

complete graphs a re  re-l a t i ve l y  rare, 
d 

For smal I sets of keys, a n  in terest ing method of approaching the 
- -4 

prob lem o f  performi n g  associated va lue assignments would be ' to eearch 

out the. maximal c l i que  (complete subgraph)  of the g raph  of. re la t ions  

getween keys, then assign values from the series F if the c l i que  i s  of 
, C 

degree less than seven. I have not t r i e d  to implem.ent such an  

algori-thm, so there may be unforeseen problems, bu t  i t  seems to be a 

reasonable approach u n t i  l we consider the complexity of f i n d i n g  the 

I c l ique i n  a graph.  This  problem tu rns  out to be d i f f i c u l t .  "7 Given an integer k ,  the problem of f i n d i n g  a k-c l ique i n  a g rpah  - - 

1 1 

G = (V,E) ,  0 < k . <  c a r d ( V ) ,  i s  NP-complete. 

1 
Garey, Michael R. and  David S. Johnson, Computers and  In t rac tab i l i t y ,  
W.H. Freeman and Company, San Francisco, 1979. 



Appendix C: Output 4 , *  



. ALGORITHM 0 

S t a r t i n g  a t  15:39:08 o n  Oct, 30, 1981 
0 .  

S t a r t i n g  sea rch  a t  15:39:08 

HASH. 
KEY VALUE 

1 DO 
2 END 
3 ELSE 
4 TO 
5 DOWNTO 
6 TYPE 
7 WHILE 
8 OTHERWISE 
9 OF 

10 OR 
1 1  FLLE 
1 .NOT 
13 THEN 
14 RECORD 
15 PACKED 
16 AND 
17 REPEAT 
18 PROCEDURE 
19 FOR - (. 
20 MOD \I 

21 GOT0 
22 FUNCTION 
23 DIV 
24 CASE 
25 N I L  
26 SET 
27 WITH 
28 CONST 
29 IN 

30YcF 
31 BEGIN 
32 VAR 
33 UNT l L  
34 PROGRAM 
35 ARRAY 
36 LABEL 

F l RST 
ASSOC 
VALUE 

PRINTING AT 15:39:,10 OCT 30, 1981 
a d d w o r d  c a  I l e d  1087 t imes.  
t r y  c a l l e d  5086 t i mes . 

588 m i  l l iseconds o f  CPU t ime  e lapsed .  

ASSOC 
VALUE 



ALGORITHM 1 

n u m b e r  o f  k e y s :  36 
n u m b e r  of s u b s e t s :  8 

t o t a l  s e a r c h  t ime :  29 msecs.  I 

kgy l e n g t h  2 3 4 5 6 7 8 9 . 
n u m b e r  of k e y s  6 . .  9 7 6 4 1 ' 1  2 

c h o s e n  p o s i  t i 'on 1,2 1,2 1,2 1 - 4  1 1 1 '  

o f f se t  
- -  -- - - - - - --- 

s e a r c h  t i m e  (msecs)  4 6 7 5 3 1 1 2 

HASH 
K E Y ,  VALUE 

N I L  4. 8 
AND 2' 9 
FOR '- 10 
MOD 11 
VAR . 12 
D I V  13 
SET, 14 
F l L E  15 
THEN 16 
TYPE 17 
W I T H  18 
CASE 19 
ELSE 20 
GOT0 21 
L A B E L  2 2 
UNT lL 23 
W H I L E  24 
ARRAY 2 5 
BEGIN 26 
CONST 27 ' 
DOWNTO 28 
RECORD 29 
REPEAT 30 
PACKED 3 1 
PROGRAM 32 
FUNCTION ,33 
PROCEDURE' '34 
OTHERWISE 35 

CHOSEN 
LETTERS ASSOC I ATED VALUES 

s u b s e t  
2 3 4  5 6  7 8 9 



ALGORITHM 2 

T h  i r t y - s i x  PASCAL Reserved Words 

C a l l i n g  ' t r y '  a t  01:57:37 on  Oct. 16, 1981 
F i n i  Y t  01:57:54 

> 

5712 m i l l i s e c o n d s  of CPU t ime e lapsed.  

KEY 
- 

DO 
END / 

ELSE 
TO 
DOWNTO 
TYPE 
OR 
OTHERW 1 SE 
NOT 
THEN 
RECORD 
N I L  

@ OF 
REPEAT 
F I L E  
LABEL 
WHILE 
PACKED 
AND 
FOR 
PROCEDURE 
CASE 
FUNCT 1 ON 
MOD 
IN  
CONST - 
GOT0 
D.1 V 
ARRAY 
UNT 1 L 
SET 
WITH 
I F  
VAR 
BEG l N 
PROGRAM 

F l RST 
HASH ASSOC 
VALUE VALUE 

,F ' 
, 

SECOND 
ASSOC ' 

VALUE 



ALGORITHM 3 

WORDS TO BE HASHED 

RECORD DO REPEAT I F  OF TO FOR F l L E  DOWNTO I N  OR N I L  THEN AND END 
NOT CASE WHILE PROCEDURE D I V  MOD SET VAR ELSE' GOTO TYPE w ITH 
ARRAY BEGIN CONST LABEL UNT lL  PACKED PROGRAM FUNCT ION OTHERWISE 

LETTERS TO BE USED. I .  E. 1 2 FOR, F I RST AND SECOND LETTERS 
1 2 4  
IS BLANK TO BE A CHARACTER. Y/N? : N 
IS LENGTH TO B E $  PART OF FUNCTION Y/N? : Y 
ORDER BY PRODUCT OR MINIMUM P/M? : P 
CPU SECONDS USED IN HASH IS  1.624 

LASHING STARTED AT 1981 10 15 16 44 16 193 
CPU SECONDS 'USED IN LASH IS 1.085 

LETTERS USED 1'  2 4 

2 DO 
7 REPEAT 

12 OR 13 N I L  514 THEN 
17 NOT 18 CASE 19 WHILE 
22 MOD 23 SET 24 VAR 
27 TYPE 28 WITH 29 ARRAY 
32 LABEL 33 PACKED 34 PROGRAM 
37 OTHERWISE - 

' A  ' 
' B  ' 
'C ' 
' D l  
' E '  
I F '  
' G '  
' H I  
I I ' 
' K t  
' L  ' 
'M ' 
'N ' 
' 0 '  
'P  ' 
' R '  
IS ' 
' T  ' 
' U '  
' V '  
' W '  
' Y  ' 

3 I F  
8 FOR 

LETTER VALUES 
0 13 
0 0 
0 0 
0 0, 
1 0 
0 0 

2 2 0 
0 3 
0 4 
0 0 
13 19 
12 0 
0 5 
1 0 
0 0 
0 4 
6 0 
3 26 
0 2 1 
3 0 
5 0 
0 19 

HASH TABLE 

4 OF 
9 F l L E  

5 TO 
10 DOWNTO 11 IN 
15 AND 16 RECoRDi END 

20 PROCEDURE 21 D I V  
25 ELSE 26 GOT0 
30 BEGIN 31 CONST 
35 UNTIL  36 FUNCT ION 



APPENDlXD , 

P r o g r a m s  f o r  A l g o r i t h m  1 and A l g o r i t h m  3 



(**----------------------------------------------------------- 
( * *  / 

( * *  Th i s  PASCAL/UBC program i s  an'implementation d f  ou r  
( A lgor i thm 1 .  The user  shou ld  note , that  two features 
( * *  not found in  a l l  vers jons of  PASCAL a r e  employed i n  
( + *  ou r  p rogram:  
( * A* 
* ( 1 )  ~ c ~ a r t h ~ ' e v a l u a t i o n  of  boolean expressions, 
( * *  wh ich  terminates eva lua t i on  as  soon as  the 
( * *  v a l u e  of the expression i s  determined; 
( + *  ('2) func t ions  a r e  a l lowed t o  r e t u r n  a v a l u e  of 
( * :: a n y  def ined type, not jus f  s c a l a r  va lues.  
( * *  

The user  must p r o v i d e  the name of a n  
MTS f i l e  as  the v a l u e  o f  the constant  fnamef i le.  
The MTS f i l e  of t h i s  name must con ta in  the name of  
the MTS f i l e  wh'ich con ta ins  the da ta  set ( keys ) .  
Th i s  f i r s t  f i l e  name, wh ich  w i l l  be i d e n t i f i e d  w i t h  
the ~ ~ a n d a r d  system f i l e  INPUT, must beg in  i n  column 
one of  l i n e  one of  fnamef i  le. On l i n e  two we must 
p lace  the name of the MTS f i l e  wh ich  w i l l  b e  ident -  
i f i e d  w i t h  the s t a n d a r d  f i  le OUTPUT. 

Before u s i n g  t h i s  p rogram one must v e r i f y  t ha t  
the constants  maskey length,  maxnumberofkeys, a n d  
maxtab le loc  a re  l a rge  enough f o r  the in tended set of 
keys.  At present,  the keys  must be  p rov ided  in 
upper  case Eng l i sh  le t ters ,  one to a l ine,  s tar t i 'ng  
i n  column one: A more sophis t ica ted vers ion of 

( * *  the procedure getkeys i s  needed. 

( :;* I t  w i l l  be somewhat d i f f i c u l t  to change the 
( * *  a lphabe t  f o r  t h i s  program.  Because we are l  w o r k i n g  
( * :: on IBM equipment w i t h  the EBCDIC cha rac te r  code, the 

( p re fe r red  method of i ndex ing  f o r  le t te r  in format  ibn 
(**g ( u s i n g  the PASCAL t r ans fe r  funct ions)  wou ld  re& i re  
( * +  every  a r r a y  so indexed t o  con ta in  over  150 elements 

( * *  of which o n l y  26 wou ld  be  used. We def ined o u r  own 
( t r ans fe r  funct ions,  char tonum a n d  numtochar, to get 
( a round  th is ,  a l t hough  r a t h e r  c lums i l y .  
( * *  The ma in  d a t a  s t ruc tu res  a r e  keys,  a n  a r r a y  
( * *  of i n fo rmat ion  on  each key,  a n d  subset, a n  a r r a y  of 

( i n fo rmat ion  on each set of  keys  of equal  length . '  
( * *  The a r r a y  taken represents the hash  tab le ;  taken [ i ] 
( * *  i s  t r u e  jus t  i n  case f o r  some key  k e y s [ j ] ,  
( * *  keys [ j ] . hashva l  = i .  
( * *  The output  of  t h i s  p rogram i s  a l i s t  of l e t te rs  

( a n d  t h e i r  associated values.  I t  a l so  p r i n t s  a l i s t  
( e *  of keys  a n d  t h e i r  hash  addresses, ca l cu la ted  b y  the 

( the fort??: 
( * *  ' k e y s [ j ]  . hashva l  = assoc [keys [ j ]  . w o r d [ r l ]  + 
(*:::: assoc [keys [ j ]  .word [s ] ]  +. . .+ 
( :: $6 assoc [keys [ j ] .  wo rd [ t ] ]  
( * ik where r ,s ,  ..., t a r e  the chosen le t ter  pos i t ions.  
( * *  p t 3 



w 

CONST m a x k e y l e n g t h  = 20; ( "  maximum k e y  . l e n g t h  * )  
maxnumberofkeys  = 300; ( *  l i m i t  t o  number-  of k e y s  * )  
m a x t a b l e l o c  = 400; ( *  maximum s i ze  of hashe t a b l e  * )  
b l a n k  = ' ' ;  ( *  name t h a t  symbol  " )  2 
f n a m e f i l e  = 'FNAMES.ALG1 ' .  * 1/0 f i l e  -names in  t h i s  f i l e  " )  

? 

TYPE a w o r d  =  ARRAY[^. .maxkey leng th ]  OF CHAR; . I  

k e y  i n f o  = RECORD" 
w o r d  : a w o r d ;  ( *  t h e  k e y  * )  
h a s h l e t s  : a w o r d ;  ( "  l e t t e r s  f rom chosen p o s ' n s  *I., 
l e n g t h  : INTEGER; ( "  k e y  l e n g t h  " )  
s o r t v a l :  INTEGER; (;' used  f o r  s o r t i n g  k e y s  * )  
l ink : INTEGER; ( *  f o r  t h r e a d i n g  l i s t s  * )  
u n u s e d  : aword ;  ( *  l e t t e r s  w i t h  n o  a s s i g n e d  v a l u e s  " )  
numun  : INTEGER ( *  numper  o f  unused  l e t t e r s  " )  

END; 
l e t t e r v a l u e s  =  ARRAY[^ c.261 OF INTEGER; . 
boolposn =  ARRAY[^. .maxkey leng th ]  OF BOOLEAN; ( *  chosen p o s ' n s  * )  
b o w l a r r a y  = ARRAY [ I  . .26] OF BOOLEAN ; ( * p r o p e r t  i e  Wetters *)  * l i s t r e c o r d  = RECORD f i r s t ,  l a s t  : INTEGER END; 
s e t i n f a  = RECORD. 

e ~ i s t s  : BOOLEAN; ( "  a n y  k e y s  o f  t h i s  l e n g t h ?  " )  Y .  

h ighes t ,  l ohes t  : INTEGER; ( *  a r r a y  b n d s  of t h i s  set * )  
queue : 1 i s t r e c o r d ;  ' ( *  t h r e a d e d  l i s t  = o f  ,subset  ' * j 
chosen : boolposn;  ( *  l e t t e r  p o s ' n s  f& t h i s  s e t ' * )  
o f fse t  : INTEGER; ( *  low b o u p d  o f  h a s h  addresses * )  
assoc : l e t t e r v a l u e s  ( *  a r r a y  o f  l e t t e r  v a l u e s  * )  

END; 

%, f i l ename =  ARRAY[^..^^] OF CHAR; . .  
a l f a l  =  ARRAY[^. .8] OF CHAR; 
a l f a 2  =  ARRAY[^. .12] OF CHAR: 

VAR k e y s  : ARRAY [l. .maxnumberofkeys ]  OF k e y i n f o ;  
subset  : ARRAY [1  . .maxkey l e n g t h l  OF set i n f o ;  
f r e q ,  z f req,  zassoc : l e t t e r v a  rues; 
queue : I i s t r e c o r d ;  v 

used, zuesed :, b o o l a r r a y ;  
cha r tonum : A R R A Y [ ' A ' .  . ' 2 ' 1  OF INTEGER; ( * l i k e  PASCAL o r d  f c n  * )  
numtochar  : ARRAY[I ..26] OF CHAR; ( *  l i k e  PASCAL c h r  f u n c t i o n  * )  
max len,  numkeys : INTEGER; ( *max .  k e y  l eng th ,  number  o f  k e y s  * )  
i n f i l e ,  o u t f i l e  : f i lename;  ( "  names o f  MTS 1/0 f i l e s  * )  
p t i m e  : a l f a l  ; ( *  f o r  MTS T IME f u n c t i o n  * )  
p d a t e  : a l f a 2 ;  I ( *  f o r  MTS TIME f u n c t i o n  " )  
f x ,  fpr, msecs : INTEGER; ( *  f o r  MTS T lME f u n c t i o n  * )  
zbool  : b ~ o l p o s n ;  +-$ 
t a k e n  : ARRAYLO.  .max tab le loc ]  OF BOOLEAN; ( *  p r o p .  h a s h  a d d r ' s  " )  
i : INTEGER; 
wordcount ,  t r y c o u n t ,  a $ acount ,  v a r y c o u n t  : INTEGER; ( * coun te rs  * )  
done : BOOLEAN;, var triggers r e c u r s i v e  ascent  when sol ' n  f o u n d  * )  t 

totrnsecs : INTEGER; ( *  t o t a l  search t ime " )  
a l l b l a n k  : a w o r d ;  ( *  a n  a r r a y  o f  b l a n k s  * )  . 
f i r s t o ~ e n  : INTEGER; ( *  f i r s t  u n t a k e n  h a s h  adMr. = offset * )  
m a x c h a r v a l  : INTEGER; ( *  u p p e r  b o u n d  o n  assoc. l e t t e r  v a l u e s  *)- 
1 inecount  ; INTEGER; 





PROCEDURE i n  i t i  a l i se; 
VAR i , j : INTEGER; 

ch  : CHAR; 
' \<BEGIN 
I ( *  s t a r t  f i r s topen  a t  0 * )  - 

f i r s topen  := 0; 
Z ( *  i n i t i a l i s e  a l l b l a n k  " )  

FOR i : =  1 TO maxkey leng th  DO a l lb lank- :=  b l a n k ;  
( "  i n i t i a l i s e  chartonurn * )  
i := 0 ;  , \  

. FOR c h  := ' A '  TO ' I '  DO 
BEG l N 

i := i+l; 
chartonurn[ch]  :=i ; 
nurntochar [ i ]  := c h  

END 
FOR c h  := ' J '  TO ' R '  DO 

BEG l N 
i := i+l; 
chartonurn{ch]  := i ;  
nurntochar [ i ]  := c h  

END 
FOR c h  := ' S '  TO ' Z '  DO 

BEG l N 
i := i+l; 
chartonurn[ch]  := i ;  
nurntochar [ i ]  := c h  

END 
lotrnsecs : = 0; 
( *  i n i t i a l i s e  ZBOOL * )  
FOR i := 1 TO rnaxkey length DO zboo l [ i ]  := FALSE;* 
( *  i n i t i a l i s e  TAKEN " )  
FOR i := 0 TO rnaxtabteloc DP t a k e n [ i l  := FALSE; 
( *  i n i t i a l i s e  ZUSED,ZFREQ a n d  ZASSOC * )  
FOR i := 1 TO 26 DO ' 

BEGIN 
zused [ i ]  := FALSE; 
z f r e q [ i ]  := 0; 
zassoc[ i ]  := 0 

END 
END; ( "  i n i t i a l i s e  * )  

0s: 3 - 



PROCEDURE- p r inchospos  .(chos : boo1 posn)  ; 
TYPE p t r  = @pos; 

pos  = RECORD 
o r d  : INTEGER; 
n e x t  : p t r  

END; 
VAR index ,  numchosen, temp : INTEGER 

a r r o w ,  pos l  i s t ,  t a i l  : p t r ;  

4 

BEGIN ( +  empty l i s t  * )  
. pos l  i s t  := N I L ;  
( *  p r i n t  f i r s t  p a r t  o f  l i n e  * )  
WRITE ( '  ~ e t t e ' r  p o s i t i o n ' ) ;  
( "  loca te  f i r s t  chosen p o s i t i o n  * )  
i n d e x  := 0; 
REPEAT i n d e x  := i ndex+ l  
UNT lL i n d e x  m a x l e n  OR c h o s [ i n d e x ]  ; 
I F  i n d e x  maxkey  l e n g t h  

THEN WRITELN( ' s  were no t  chosen. WHY?' ) 

ELSE BEGfr nu chosen := 1 ; 
'NEW(pos l i s t ) ;  " ?' 
posl  i s tO .o rd  := i n d e x ;  
pos l i s t@.nex t  := N I L ;  
t a i l  :& p o s l i s t ;  
I* a d d  r e m a i n i n g  chosen p o s i t i o n s  to  t h e  l i s t  * )  
WHILE i n d e x  m a x l e n  DO 

BEGIN 
1 

i n d e x  := i n d e x + l ;  
I F chos[  i n d e x ]  

  HEN BEGIN 
numchosen : = numchosen+l ; 
NEW ( a r r o w  ) ; 
a r r o w @ . o r d  := i n d e x ;  
a r row@.nex t  := N I L ;  
t a t  l@.next  := a r r o w ;  
t a i  l := a r r o w  

END ( *  then  * )  
END ( "  w h i l e  * )  



we now have a l i s t  of chosen posi t ions r * )  
( *  i f  on ly  one chosen, the subject NP of * )  
( *  our  output  i s  s i ngu la r .  * )  
IF  nurnchosen = 1 

THEN BEG IN 
WRITE(' I ) ;  
WRITE(post ist@.ord: l )  ; 
WR l  TELN ( I '  was chosen. ' ) 

END ( *  then 
ELSE BEGIN 

WRITE ( I s  I ) ;  

WRITE(pos1 ist@.ord: 1 ) ; 
posl i s t  := posl ist@.next;  
WHILE posl is t  t a i l  DO 

BEGIN 
WRITE ( I ,  ' 1 ;  
WRITE(poslist@.ord:l  ) ;  
post is t  := post ist@.next 

e 
1, 

END ( *  whi le  * )  
( *  hand le  last  item i n  l i s t  " )  
WRITE ( '  and  I ) ;  

W R I T E ' ( ~ O S ~  is t@.ord: l )  ; 
WR l  TELN ( were chosen. ' ) 

END ( *  i f  * )  
END ( *  i f  " )  

END; ( ' \r inchospos * )  





( *  p r i n t  v a l u e  o f  o f fse t  a n d  assoc ia ted * )  
( "  v a l u e s  .of l e t t e r s  i n  chosen p o s i t i o n s  * )  

PROCEDURE show l e t v a l u e s  ( l e n  : INTEGER) ; 
VAR 1 : INTEGER; 
BEG\N 

WITH subse t [ l en ]  DO 
BEG l N 

WRITELN( 'The o f fse t  i s  I ,  o f fse t :3 ) ;  
WR ITELN; 
WR ITELN( ~ e t ' t e r  V a l u e '  ) ; 
WR I TELN( ----- ---- 9 ;  
FOR i := 1 TO 26 DO 

I F  u s e d [ i ]  
THEN WRITELN( ' ,  n u m t o c h a r [ i ] ,  ' ' , a s s o c [ i ] : 2 ) ;  

WR I  TELN ; 
END ( *  w i t h  " )  

END; ( *  show le tva lues  

FUNCT ION a l  l f a l s e  ( b v e c t o r  : boo lposn)  : BOOLEAN; 
VAR i : INTEGER; 

r e s u l t  : BOOLEAN; 
BEG l  N 

i := 0; 
r e s u l t  := TRUE; 
WHILE 1 m a x k e y l e n g t h  AND r e s u l t  DO 

BEGIN 
i := i+l 
I F  b v e c t o r [ i ]  THEN r e s u l t  := FALSE 

END ( "  w h i l e  " )  
a l l f a l s e  := r e s u l t  

END; ( "  a l l f a l s e  * )  



FUNCTION f i n d l e n  ( l e t t e r s  : a w o r d )  : INTEGER; 
VAR i : INTEGER; 

0 

BEG l N 
i := 0; 
WHILE i m a x k e y l e n g t h  AND l e t f e r s [ i f i l ]  b l a n k  DO 

i := i + l ;  
f i n d l e n  := i 

END; ( "  f i n d l e n  * )  

PROCEDURE ge tkeys ;  
VAR i : INTEGER; 
BEG l  N 

m a x l e n  := 0 ;  
i := 0; 
WHILE (NOT EOF) AND ( i  maxnumbero fkeys )  DO 

BEGIN 
i := i+l; 
WITH k e y s [ i ]  DO 
BEG l  N 

READLN( w o r d )  ; 
l e n g t h  := f i n d l e n ( w o r d ) ;  
s o r t v a l  := l e n g t h ;  
I F  l e n g t h  m a x l e n  

THEN m a x l e n  := l e n g t h ;  
l ink := MAXINT 

END ( *  w i t h  * )  
END ( *  w h i l e  * )  

numkeys  := i  
END: ( *  ge tkeys  * )  



END 

BEGIN 
so r t  

END; 

PROCEDURE s o r t  ( I ,  r : INTEGER) ; 
VAR i, j : INTEGER; 

x ,  w  : k e y i n f o ;  
BEGIN ( *  so r t  * )  

i := 1;  
I ' j .= . r ;  

X .= . k e y s [ ( l + r )  DIV 21; 

REPEAT 
WHILE k e y s [ i ] . s o r t v a l  x . s o r t v a l  DO i := i+l; 
WHILE x .so r t va1  k e y s [ j ]  . s o r t v a l  DO j := j -1  ; 
I F  i = j  

THEN BEGIN 
1 . w := k e y s [ i ] ;  

k e y s [ i ]  := k e y s [ j ] ;  

e 
j k e y s [ j ]  := w ;  

i := i+l; 
j := j -1  

END 
UNTIL i j; 
I F  I  j THEN s o r t ( 1 , j ) ;  
I F  i r THEN s o r t (  i, r )  
; ( " s o r t  * )  

(':' q u i c k s o r t  " )  
( low,  h i g h )  
('! q u i c k s o r t * )  



PROCEDURE p a r t i  t  io8; 
VAR index,  next ,  len : INTEGER; 
BEG l N 

FOR index := 1 TO maxkey leng th  DO subse t [ index ] .ex is ts  := FALSE; 
( *  set u p  f i r s t  subset * )  
index  := 1; 
len := keys [ i ndex ] .  length ;  ' 

I 
WITH subset [ len]  DO 

BEG l N 
ex i s t s  := TRUE; 
lowest := index ;  ' 

queue. f i rs t  := index ;  
of fset  := 0 

END ( *  w i t h  * )  
( x c  scan sor ted keys,  bcompar ing ne ighbors  * )  
WHILE index numkeys DO 

BEGIN 
NEXT := index  + 1 ;  
I F  keys [nex t ] .  l eng th  = len 

THEN keys [ i ndex ] .  I  i n k  := nex t  
ELSE ( *  end  t h i s  subset a n d  s t a r t  new one * )  

BEG 1 N 
keys [ i ndex ] .  l i n k  := MAXINT; 
subset[ l en ]  .queue. las t  := index ;  
subset [ len] .h ighest  := index ;  
len := keys [nex t ] .  length;  
WITH subse t [ len ]  DO 

BEGIN 
of fset  := index ;  
lowest :=  nex t ;  
queue. f i rs t  := nex t ;  
ex i s t s  :=  TRUE 

END (':: w i t h  * )  
END ( *  i f  * )  

i ndex  :=  nex t  9 

END , ( *  wh i l e  * )  $. 

subse t [ l en ] . queue~ las t  := index ;  
subset [ len] .h ighest  := index . 

END; ( *  p a r t i t i o n  * )  



FUNCTION s o r t a l p h a  ( l i s t  : l i s t r e c o r d )  : I i s t r e c o r d ;  
VAR low, h i g h ,  i n d e x  : INTEGER; 

PROCEDURE s o r t a  ( I  ,r : INTEGER); d 

A -- i, j : INTEGER; 
x,  w : k e y  i n f o ;  

BEG l N 
i := 1; 
j := r; 

. X := k e y s [ ( l + r )  D I V  21; 

REPEAT 
WHILE k e y s [ i ] . h a s h l e t s  x - h a s h l e t s  DO i := i + l ;  
WHILE x .  h a s h l e t s  k e y s [ j ]  . h a s h l e t s  DO j := j-1 ; 
I F  i = j  

THEN BEGIN 
w := k e y s [ i ] ;  
k e y s [ i ]  := k e y s [ j ] ;  
k e y s [ j ]  :. 
i := i+l ; 
j := j-1 

END 
UNTIL i ' j; 
I F  I  j THEN sorts( 
I F  i r THEN s o r t a (  

END; ( *  s o r t a .  + )  
BEGIN ( *  s o r t a l p h a  * )  

low := l i s t . f i r s t ;  
high := l i s t . l a s t ;  
s o r t a (  low, h i g h ) ;  
i n d e x  := low;  
WHILE i n d e x  high DO 

BEG l  N 
k e y s [ i n d e x ] .  l i n k  := i ndex+ l  ; 
i n d e x  := i n d e x + l  

END ( *  w h i l e  * )  
k e y s [ h i g h ] . l i n k  := MAXINT; 
l i s t . f i r s t  := low; 
l i s t .  l a s t  := h i g h ;  
s o r t a l p h a  := l i s t  

END; + ( *  s o r t a l p h a  " )  



FUNCTION bubblesor t  ( h l e t s  : aword;  num : INTEGER) : aword;  
VAR posn : INTEGER; 

+. temp : CHAR; 
unsor ted : BOOLEAN; 

BEG l N 
unsor ted := TRUE; 
WHILE unsor ted DO 

BEG l N 
unsor ted := FALSE; 
posn := 1 ; 
WHILE posn num DO 

BEGIN 
I F  h le ts [posn ]  h le ts [posn+ l  ] 

THEN ( *  sw i tch  * )  
BEG l N 

' temp := h le ts [posn ] ;  
h le ts [posn ]  := h le ts [posn+ l  ] ; 
h le ts [posn+ l  ] := temp; 
unsor ted := TRUE 

END 
posn := posn+l 

END ( *  w h i l e  * )  
END ( *  w h i l e  * )  

bubblesor t  := h l e t s  
END; ( "  bubb lesor t  * )  



( *  Ex t rac t s  chosen le t te rs  f o r  t h i s  subset, then sor ts  the * 
( *  subset l ex i cog raph i ca l l y  on chosen le t ters ;  r e t u r n s  TRUE * )  
( :k 
( * -  

FUNCT 
VAR 

BEG 

f no ne igbo r i ng  k e y s  have  the., same set of chosen le t te rs  * )  
............................................................. * I 
ON check ( t e n  : INTEGER; vector  : boolposn) : BOOLEAN 
i , j ,pt r ,next ,numpos : INTEGER; 
nornatch : BOOLEAN; 
N I 

WITH subse t [ len ]  DO 
BEGIN 

Chosen := vector ;  
( *  ex t rac t  hash le ts  * )  
p t r  := queue . f i r s t ;  
WHILE p t r  MAXINT DO 

WITH k e y s [ p t r ]  DO 
BEGIN 

j := 0 ;  
hash le ts  := a l l b l a n k ;  ( *  c lean s la te  to  s t a r t  * )  
FOR i := TO ten DO 

IF vec to r [ i ]  
THEN ( *  a d d  le t te r  to  hash le ts ,  " )  

BEG 1 N 
j := j + l ;  
h a s h l e t s [ j ]  := w o r d [ i ]  

END 
numpos := j ;  ( "  number of  pos i t ions used " )  
.(* soct selected le t te rs  *) 
hash le ts  := bubb leso r t (  hast i lets,  nurnpds) ; 
( *  go on  to  nex t  key  * )  
p t r  := link 

END ( *  w h i l e  * )  
( *  sor t  queue on  hash le ts  * )  + 
queue := so r t a l pha (  queue) ; 
( *  make one pass compar ing ne ighbors  f o r  con f l i c t s  * )  
p t r  := queue . f i r s t ;  
next  := k e y s [ p t r ] .  I i n k ;  
nomatch := TRUE: 
WHILE nornatch AND nex t  MAXINT DO 

I F  k e y s [ p t r ]  .hash le ts  = keys [nex t ]  .hash le ts  
THEN nomatch := FALSE 
ELSE BEGIN 

p t r  := nex t ;  
nex t  := k e y s [ p t r ]  . l i n k  

END ( *  w h i l e  * )  
check := nomatch . END ( "  w i t h  * )  

END; ( *  check * )  



FU,NCT ION findcornbo ( l e n  : INTEGER) : boolposn 
, TYPE roo tp t r  = @rootnode; 

& rootnode = RECORD 
BITS : boolposn; 

t rninpower : INTEGER; 

nex t  : r o o t p t r  
END ; 

l i s t r ec  = RECORD head, las t  : r o o t p t r  END; 
VAR roo t l i s t  : l i s t r ec ;  

a r row : roo tp t r ;  

, , ( *  A functi .on wh ich  r e t u r n s  * )  
( 2 to the x power i n  * 

b i n a r y ,  reversed. * I  

NCTION b inpower  ( x  : INTEGER) : boolposn; 

b inpower  := zbool;', 
b inpower (  x+ l  ) := TRUE 

END; ( *  b inpower  * )  

( *  A func t ion  wh ich  r e t u r n s  the boolean sum of  two vectors * )  

FUNCT ION boolsurn (term1 , term2 : boolposn) : boolposn; 
VAR i : INTEGER; a 

BEGIN . 

FOR i := TO rnaxkeylength DO 
boolsum[ i ]  := term1 [ i  ] OR terrn2[i ]  

END; ( *  boolsurn * )  



( *  ............................................................ 9- 
( *  A func t ion  wh ich  t r i e s  eadti descendent of the nodes on " )  
( *  roots, the l i s t  of  candidates,  u n t i l  a so lu t ion  i s  * )  

( *  found 6- no more cand ida tes  ex is t .  * 1 
( *  ............................................................ * )  

FUNCTION tes t l i s t  ( t e n t h  : INTEGER; roots : l i s t r ec )  : boolposn; 
VAR i : INTEGER; 

t r i a l  : boolposn; u 

f ound  : BOOLEAN; . 

PROCEDURE ' addroot  (combo : boolposn ; x : INTEGER) ; 
.VAR r p t r  : r o o t p t r ;  
BEGIN 

NEW(rptr)  ; 
,WITH r p t r @  DO 

BEG 1 N 
b i t s  := combo; 
minpower := x; 
nex t  := N I L  

END ( *  w i t h  * )  % 

roots. last@. nex t  := r p t r ;  
roots . las t  := r p t r  / 

END; ( "  addroot  * )  



BEGIN ( *  tes t l i s t  * ) .  
found := FALSE; 
WH ILE NOT found  a n d  roots.head N I L  DO 

BEG 1 N 
( "  expand  node a t  head  of queue " )  
WlTH roots.  head@ DO 

BEG l N \ 

i := 0; 2' 
WHILE NOT found  AND i minpower DO 

BEG l N 
t r i a l  := boo!sum(binpower( i ) ,  b i t s )  ; 
found  :=-check( tenth, t r i a l )  ; 
I F  found  

THEN. test1 i s t  := t r i a l  
ELSE I F - i  0 THEN add roo t ( t r i a1 , i ) ;  

. . 
I := i+l 

END ( "  ph i  l e  * )  
END { *  w i t h  * )  

roots. head : = root; head@. nex t  
END ( *  w h i l e  " )  

I F  NOT found THEN test I ist. := zbool 
END; ( *  tes t l i s t  * )  

i 
BEGIN ( *  findcornbo * )  

( *  create  i n i t i a l  root  of t ree  * )  
NEW ( a r row)  ; 
rbo t l i s t .head  := a r row ;  
roo t l i s t . l as t  := a r row ;  
WlTH ar row@ DO 

BEGIN 

Y b i t s  := zbool; 
rninpower := len; 
nex t  := N I L  

END' ( "  w i t h  * )  
findcombo := t es t l i s t (  len, r o o t l i s t )  

END; ( *  f indcombo " )  



( *  Count le t te r  f requencies in chosen pos i t ions fo r  t h i s  * )  
( * subset. * ) 

PROCEDURE coun t f req  ( l en th  : INTEGER) ; 
VAR index,  posn : INTEGER; , 
BEGIY 

f r e q  : = z f req ;  ( *  zero f requency a r r a y  " )  
WlTH subse t ( len th )  DO 

BEGIN 
index : = queue. f  i r s t  ; 
REPEAT 

+ WITH keys [ i ndex ]  DO 

FOR posn := 1 TO len th  DO 
P 

I  F chosen [posn]  
THEN freq[chartonurn[word[posn] ] ] := 

freq[chartonurn[word[posn]]] + 1 ; 
index  := keys [ i ndex ] .  l i n k  

UNT l L  index  = MAX INT 
END ( *  w i t h  " )  

END; ( *  coun t f req  " )  

PROCEDURE f i rs to rder  ( led  : INTEGER) ; 
VAR i ndex, posn, sym : I NTEGER ; 
BEG l N 

WlTH subset [ len]  DO. 
BEGIN ( *  ca l cu la te  p roduc t  of  f requencies fo r  each k e y  * )  

FOR. index := lowest TO h ighes t  DO 
WlTH keys [ i ndex ]  DO 

BEGIN 
so r t va l  := 1 ; 
posn : = 1 ; 
REPEAT 

sym := 'char tonum[hash~ets[posn] ]  ; 
s o r t v a l  := s o r t v a l  * f-req[sym]; 
posn := posn+l 

UNT l L  hashfets [posn]  = b l a n k ;  
( *  want  decreas ing o rder  * )  
so r t va l  := - ( s o r t v a l )  

END ( * f o r * )  
qu icksor t (  lowest, h i ghes t )  

END ( '  w i t h  " )  

END; ( "  f i r s t o r d e r  * )  



FUNCTION f r e q s o r t  ( l e t t s  : aword ;  numle ts  : INTEGER) : aword ;  '*' 
VAR posn : INTEGER; 

temp: CHAR;. 
unso r ted  : BOOLEAN; 

BEG l N 
u n s o r t e d  := TRUE; 
WHILE unsor ted  DO 

BEGIN 
unsor ted  := FALSE; 
posn : = 1 ; 
WHILE posn numle ts  DO 

BEG l N i- 

I F  f req [cha r tonurn [  l e t t s [ p & n ] ] ]  
freq[chartonum[letts[posn+l I]] 

THEN BEGIN ( *  s w i t c h  * )  
temp := l e t t s [posn ]  ; 

n ]  := l e t t s [posn+ l  1; 
n+l ] := temp; 

:= TRUE 
END ( *  then  * )  

posn := posn+l  
END ( *  w h i l e  * )  

END ( *  w h i l e  * )  
. f r e q s o r t  := l e t t s  

'END; ( *  f reqso r t  * )  



Th is  procedure receives the I&ngtb of the subset which i s  to 
be re-ordered. The keys a re  i n  order  b y  decreasing sor tva l  a t  
t h i s  po in t .  Here we see that  keys whose hash values a re  deter- 
mined by add i t i on  of some other key get inserted i n  the order  
as soon as a l l  t he i r  le t ters  a re  determined. We w i l l  f i n i s h  
w i t h  the keys i n  order. i n  the a r r a y  KEYS. Th i s  includes the . 
S l inger land  and Waugh order ing. '  Th is  procedure c a l l s  the sub- 
rout ines DETFINDER, MAXDETCARD, ADDTOORDER, DELREMKEYS, 

and  DELCANDLIST. 

, 
PROCEDURE reorder ( ten : INTEGER) ; 

TYPE knodeptr  = @knode; 
knode = RECORD 

nextnode : knodeptr ;  ( *  l i n k  to next key * )  
k i n f o  : key info;  ( *  key and  assoc. informat ion * )  

prevnode : knodeptr  ( *  l i n k  to preceding key * )  * 

END; 
detpt r  = @detnode; 
detnode = RECORD 

keyaddr  : knodeptr ;  
nextdet : de tp t r  

END; 
C 

candptr  = &andnode; 
candnode = RECORD 

k a d d r  : knodeptr ;  
prevcand, 
nextcand : cand5t r ;  
c a r d  : INTEGE~?;~ 
de t l i s t  : de tp t r  

END; 
VAR index,sval ,mark : INTEGER; 

cand l  ist ,  cp t r ,  p revc  : candpt r ;  
remkeys, r p t r ,  p r e v r  : knodeptr ;  
o rd l  is t ,ordpt r ,ordend : knodeptr ;  

6 



( *  A func t ion  which takes as parameters a cand ida te  * )  
( *  record and  a cu r ren t  copy of  USED and f i nds  a n d  * )  
( *  counts keys whose va lues a r e  determined if t h i s  key  * )  
( *  i s  chosen next f o r  inc lus ion in the solut ion set. " ) 
* I t  - r e tu rns  the u ~ d a t e d  cand ida te  record. 

FUNCT ION det f inder  (candrec : candp t r ;  letsused : b o o l a r r a ~ )  
VAR index,ch : INTEGER; 

d tp t r ,  1 i s t p t r ,  endpt r  : de tp t r ;  
remptr  : knodeptr ;  

("-----------------------------L----------------.-------------------- * )  
( *  A Boolean func t ion  which re tu rns  TRUE when a l l  hashlets  a r e  " )  
( "  marked USED. Returns FALSE when f i r s t  unused le t te r  i s  found*) 

- 

FUNCT I ON a 1 1 used ( VAR 
VAR i : INTEGER; 

ok : BOOLEAN; 
BEGIN 

i := 1 ;  
ok := TRUE; 
REPEAT 

h le t ters ,  : aword)  : BOOLEAN; 

_ , I F le tsused(char tonum(hlet ters [ i  1 )  ) 
THEN ok := TRUE 
ELSE ok := FALSE; 

i := i+l 
UNTIL (NOT ok )  OR ( i  maxlen) OR (h le t t e r s [ i ] p=  b l a n k ) ;  
a l l used  := ok 

END; ( *  a l lused  * )  



BEGIN ( "  d e t f i n d e r  * )  
WITH candrec@ DO 

BEGIN 
l i s t p t r  := N I L ;  

( *  u p d a t e  used l e t t e r s  to  i n c l u d e  those in c a n d i d a t e  " )  
i n d e x  := 1 ;  
W I T K  k a d d r @ .  k i n f o  DO 

REPEAT 
c h  := chartonum[hashlets[index] ] ; 
le tsused(ch)  := TRUE; 
i n d e x  := i n d e x  +1 

UNTIL i n d e x  m a x l e n  OR h a s h l e t s [ i n d e x ]  = b l a n k ;  
( "  scan  REMKEYS f o r  de termined h a s h  v a l u e s  * )  
r e m p t r  := remkeys;  
WHILE r e m p t r  N I L  DO 

I F  r e m p t r  k a d d r  AND a1 l u s e d ( r e m p t r @ . k i n f o .  h a s h l e t s )  
THEN BEGIN ( *  f o u n d  one! * )  

c a r d  := c a r d + l  ; 
N E W ( d t p t r )  ; 
I F  l i s t p t r  = N I L  

THEN l i s t p t r  := d t p t r  
ELSE endp t r@.nex tde t  := d t p t r ;  

e n d p t r '  := d tp t r ; .  
dtptr@..keya'ddr := rernpt r ;  
d t p t r @ . n e x t d e t  := N I L ;  
rernptr  := rempt r@.  nextnode * 

END ( *  then * )  
ELSE r e m p t r  := rernptr@.nextnode 

END ( +  w i t h  * )  
d e t f i n d e r  := l i s t p t r  

END; ( *  d e t f i n d e r  * )  



FUNCTION m a x d e t c a r d  ( c a n d  : c a n d p t r )  : c a n d p t r ;  
VAR max  : INTEGER; 

select  : c a n d p t r ;  
BEG l N 

max  := 0; 
select := c a n d ;  
WHILE c a n d  N I L  DO 

BEG l N 
I F  cand@.card  m a x  

/\ 

THEN BEGIN 

j se lec t  := c a n d ;  
e/ m a x  := se lec t@.card  

END 
c a n d  := cand@.nextc.and 

END ( *  w h i l e  " )  
m a x d e t c a r d  := select  

END; (*, m a x d e t c a r d  " 1  

\ 

PROCED.URE a d d  ( k p t r  : k n o d e p t r ) ;  
( *  g l o b a l  : o r d p t r , o r d e n d , o r d l i s t  " 1  
BEGIN 

NEW ( o r d p t r )  ; 
I F  o r d l i s t  = N I L  

THEN o r d l  i s t  := o r d p t r  
ELSE drdend@. nextnode := o r d p t r  ; 

.WITH o r d p t r @  DO 
BEG IN 

nextnode := N I L ;  
p revnode  := o rdend ;  
k i n f o  := k p t r @ . k i n f o  

END 
o r d e n d  := o r d p t r  

END; ( " a d d " )  





PROCEDURE addtoorder (cand : candp t r ) ;  
VAR index,ch : INTEGER; 

d p t r  : detpt r ;  
cp t r ,  prevc : candpt r ;  

BEGIN 
( *  mark numun to show t h i s  i s  a candidate '') 
cand@.kaddr@.kinfo. nurnun := 1 ; 
( *  p lace candidate i n  o rder ing  * )  
add(cand@. k a d d r )  ; 
( *  p lace de t l i s t  keys  i n  o r  e r i n g  * )  
d p t r  := cand@.detl i s t ;  
WHILE d p t r  N I L  DO \ BEG l N 

( *  mark numun = 0 to s b $  no new let ters * )  
dptr@.keyaddr@. k in fo .  numun := 0; 
add(dp t r@.keyaddr )  ; 
d p t r  := dptr@.nextdet 

END ( *  wh i le  * )  
( .update used * )  
index := 1 ;  , 

W l TH cand@. kaddr@. k i n f o  DO 
REPEAT ' 

ch  := chartonum[hash lets[ index 
used(ch) := TRUE; 
index := index+l ' 

UNTIL index maxlen OR hashlets [ index]  = b l a n k ;  



( *  remove c a n d i d a t e  f rom remkeys * )  
de I remkeys (cand@.kaddr )  ; 

, ( *  remove k e y s  in d e t l i s t  f rom * )  
( *  b o t h  remkeys a n d  c a n d l i s t  * )  
d p t r  := cand@.de t l i s t ;  - 
WHILE d p t r  N I L  DO 
- BEGIN 

delremkeys(dptr@.keyaddi-) ; 
c p t r  := c a n d l i s t ;  
p r e v c  :=  N I L  
( *  scan c a n d l i s t  , f o r  match "*) 
WMlLE c p t r  N I L  DO 
i~ c p t r @ . k a d d r  = d p t r @ . k e y a d d r  

THEN BEG!N - 
d e l c a n d l  i s t ( c p t r )  ; 
c p t r  := N I L  

END 
ELSE BEG IN 

p r e v c  := c p t r ;  
c p t r  : = cp t r@.nex tcand  

END 
d p t r  := dp t r@.nex tde t  

( *  w h i l e  " )  
( e m o v e  c a n d i d a t e  f rom c a n d l i s t  " )  
d e l c a n d l  i s t ( c a n d )  

END; ( "  add too rde r  " )  



BEGIN ( *  r e o r d e r  " )  
WRITELN; WRITELN( ' re0 rde r ing  subset  ' ,  l e n : 2 ) ;  
used := 5used; ( *  n o  l e t t e r s  used  y t  * )  
( *  c r e a t e  l i n k e d  l i s t  o f  r e m a i n i n g  k y s  * )  
W l TH subset  [ l e n ]  DO 

P 
f 

BEG l N 
s - i n d e x  := lowest ;  

NEW ( rernkeys) ; 
p r e v r  := N I L ;  
WlTH rernkeys@ DO 

BEG l N 
p revnode  := p r e v r ;  
nex tnode := N I L ;  

7' 
k i n f o  := k e y s [ i n d e x ]  

END ( "  w i t h  * )  
r p t r  := remkeys;  

- ( *  a d d  the  r e s t  o f  t he  k e y s  t o  t h e  l i s t  * )  
WHILE i n d e x  h i g h e s t  DO 

BEG l N 
i n d e x  := i ndex+ l  ; 
p r e v r  := r p t r ;  
N E W ( r p t r )  ; 
p r e v r @ .  nex tnode  := r p t r ;  

END 
END ( *  

TH r p t d  DO 
BEG l  N 

p revnode  := p r e v r ;  
nex tnode := N I L ;  
k i n f o  := k e y s [ i n d e x ]  

END ( " w i t h * )  
( *  w h i l e  * )  

w i t h  " )  - 

( *  s t a r t  t he  r e o r d e r i n g  process  " )  
o r d l i s t  := N I L ;  
Y H l L E  remkeys * N I L  DO 

BEG l N 
( *  c r e a t e  a l i s t  o f  t h e  n e x t  candid,ates f o r  * )  
( *  i n c l u s i o n  i n  t h e  o r d e r i n g  ( a l l  those ' * )  
( *  w h i c h  h a v e  t h e  l a r g e s t  s o r t v a l u e ) .  h: ) 
( *  a d d  the  f i r s t  k e y  * )  
N E W ( c a n d l i s t ) ;  
WlTH c a n d l i s t @  DO 

BEG l N 
k a d d r  := remkeys;  
p r e v c a n d  := N I L ;  
n e x t c a n d  := N I L ;  
d e t l i s t  := N I L ;  
c a r d  := 0 

END ( "  w i t h  $ 1  
s v a l  := remkeys@. k i n f o .  s o r t v a l ;  
r p t r  := remkeys@.nextnode;  
p r e v r  := remkeys;  
p r e v c  := iandl i s t ;  



( *  now a d d  a l l  k e y s  w i t h  t h e  same s o r t v a l  a s  t h e  + )  
( "  f i r s t  c a n d i d a t e  t o  t h e  candl ' is t .  i * )  
WHILE r p t r  N I L  AND s v a l  = r p t r @ . k i n f o . s o r t v a l  DO 

BEG l N 
NEW(cptr )  ; 
WITH c p t r @  DO 

BEG l N 
k a d d r  := r p t r ;  
p r e v c a n d  := p r e v c ;  
n e x t c a n d  := N I L ;  
d e t l i s t  := N I L ;  
c a r d  := 0 

END ( * w i t h * )  
p revc@. n e x t c a n d  := c p t r ;  
p r e v c  := c p t r ;  
r p t r  := r p t r @ . n e x t n o d e  

END ( "  w h i l e  " )  
( *  process each member o f  c a n d l i s t  to  * )  
( *  f i n d  those k e y s  each determines.  " )  
c p t r  := c a n d l i s t ;  
WHILE c a n d l i s t  N I L  DO 

BEGIN 
c p t r  := c a n d l i s t ;  
REPEAT 

c p t r @ . d e t l  i s t  := d e t f i n d e r ( c p t r ,  used)  ; 
c p t r  := c p t r @ .  n e x t c a n d  

UNTIL c p t r  = N I L ;  
( *  choose candidat-e w i t h  l a r g e s t  d e t l i s t  * )  

c p t r  := maxde tca rd (cand1  i s t )  ; 
( "  a d d  c a n d i d a t e  a n d  dependents to  o r d e r i n g  " )  
( *  a n d  remove them f rom o t h e r  l i s t s .  *< 1 

a d d t o o r d e r ( c p t r )  
END ( "  w h i l e  c a n d l i s t  * )  

END ( *  w h i l e  remkeys * )  
( "  a l l  k e y s  a r e  now in o r d l i s t  " )  
( "  p u t  them i n t o  a r r a y  ' k e y s '  " )  
m a r k  := subset [ l e n ]  . l o w e s -  1 ; 
REPEAT 

m a r k  :=  m a r k + l  ; 
k e y s ( m a r k )  := o r d I i s t @ . k i n f o ;  
o r d l  i s t  := o r d l  i s t@.  nex tnode  

UNTIL o r d l i s t  = N I L  OR m a r k  = subse t [ l en ] .h ighes t  
END: ( "  r e o r d e r  " )  





PROCEDURE setunused ( len : INTEGER) ; 
VAR i, j : INTEGER; 
BEG l N 

used :=+ zused;  
WlTH s u b s e t [ l e n ]  DO 

FOR- i := lowest TO h i g h e s t  
WlTH k e y s [ i ]  DO 

IF numum) o 
THEN u used := a l l b l a n k  
ELSE BEGIN 

( "  i s o l a t e  new l e t t e r s  * )  , 
unused  := de lused(hash le ts )  ; 
( *  count  new l e t t e r s  " j  
numun := f i n d l e n ( u n u s e d ) ;  

/' ( "  m a r k  new l e t t e r s  used * )  
FOR j := 1 TO numun DO 

used[char tonum[unused[  j ]  ] ]  := TRUE; 
( "  s o r t  l e t t e r s  b y  dec reas ing  f requency  " )  

\ unused  := f r e q s o r t  (unused,  numun') 
END ( %  w i t h  " )  

 EN^; ( "  se tunused * )  

( *  r e t u r n s  a copy o f  l e t s  w i t h  symbol  de le ted "') 

FUNCTION delsym (symbol  : INTEGER; VAR le ts  : a w o r d )  : aword ;  
VAR new le ts  : a w o r d ;  

c h  : CHAW -4 
i,j : INTEGER; 

BEG l N + 
c h  := numtochar [symbol  ] ; 
,i := 1 ;  
j : = I ;  
new le ts  := a l  l b l a n k ;  
WH I'LE l e t s [ i  ] b l a n k  DO 

BEGIN 
I F  l e t s [ i ]  c h  

THEN BEGIN 
n e w l e t s [ j ]  ':= l e t s [ i ] ;  
j := j+l . 

END ( "  i f  * )  P i := i+l 
END ( *  w h i l e  * )  

de l sym := new le ts  
END; ( *  de lsym * )  



( Addword i s  the' procedure which var ies  the associated va lues * )  
( "  fo r  un t r i ed  letters. For each possible assignment of values, * ) 
( "  the procedure TRY i s  ca l led .  TRY attempts to p lace  the cur ren t  * )  
( *  key i n  the hash table, g iven  the cur ren t  offset and  associated * )  
( *  le t ter  values. I f  the ,key i s  successful ly placed, then TRY " )  
( *  c a l l s  ADDWORD. Ac tua l l y ,  ADDWORD c a l l s  VARY, which c a l l s  TRY. * )  

PROCEDURE t r y  (wdcount : INTEGER) ; 
VAR hsh, i,syrn : INTEGER; 
BEGIN 

trycount := t rycount+ l  ; 
WITH keys[wdcount] ,  subset [ length]  DO 

BEGIN ( "  ca lcu la te  k e y ' s  hash va lue  * )  
hsh := of fset ;  
i := 1 ;  
WHILE i = rnaxlen AND hash le ts [ i ]  ' b l a n k  DO 

BEGIN 
syrn := chartonurn[haskil.ets[i] ] ; 
hsh := hsh + assoc [~yrn ] ;  
i := i+l 

END ( *  wh i le  " )  
I F  NOT taken[hsh]  THEN 

BEGIN ( *  add key to hash tab le " )  
taken[hsh]  := TRUE; 

. IF  hsh = f i rs topen 
THEN f i rstopen : = nex topen ( f i rstopen ) ; 

sor tva l  := hsh; 
I F  wdcount = highest 

THEN done := TRUE 
ELSE addword( wdcount+l ) ; 

IF  NOT done THEN 
BEGIN ( "  back t rack  * )  

taken[hsh]  := FALSE; 
f i rs topen := MIN(f i rstopen, hsh)  

END ( *  i f  * )  
END ( *  i f  * Y  

END ( *  w i t h  * )  
END; ( *  t r y  * )  





PROCEDURE a s s i g n v a l u e s  ( l e n  : INTEGER) ; 
BEGIN 

l inecount  := 0:  
WITH subse t [ l& ]  DO 

B E G I N ,  
m a x c h a r v a l  := h ighest - lowest+ l  ; 
WR I TELN ( 'AFTER REORDER ' ) ; P 
wordcount  := lowest;  
W ~ l T E ( ' s t a r t  w i t h  I, wordcount :3,  ' t h  i tem in keys ,  ) ; 
~ ~ l ~ ~ ~ ~ ( k e y s [ w o r d c o u n t ]  .word :  l e n )  ; 
done := FALSE; 
addcount  := 0 ;  
t r y c o u n t  := 0 ;  
v a r y c o u n t  := 0 ;  
assoc := zassock 
date(5,0, p d a t e )  ; 
t ime(4,0, p t i m e )  ; 
WRITELN( ' B e g i n n i n g  sea rch  a t  ' ,  ptirne, ' on  ' , p d a t e )  ; 
c p u  (0,0, msecs) ; 
addword (wordcoun t )  ; ( "  p l u n g e  i n t o  b l a c k  ho le !  * )  
c p u ( 1  ,O,msecs) ; 
t ime(4,0, p t i m e )  ; 
WRlTELN( ' Search completed a t  ' ,p t ime,  ' . ' ) ;  
w ~ l T E L N ( m s e c s ,  ' m i  l l iseconds o f  e lapsed  c p u  t ime.  ' )  ; 
totmsecs := totmsecs + msecs; 
I F  NOT done THEN WRITELN( 'No s o l u t i o n  f o u n d ! ! ! ! ! ! ' ) ;  
WRITELN( 'Addword c a l l e d  ' , a d d c o u n t : l , '  t imes. T r y  c a l l e d  I ,  

t r y c o u n t : l , '  t i m e s . ' ) ;  
WRITELN( ' v a r y  c a l l e d  " , v a r y c o u n t : l ,  ' t imes. ' )  

END ( *  w i t h  " )  
END; ( *  a s s i g n v a l u e s  * )  



(*------------------------------------------------------------- * 1 
( *  T h i s  p rocedure  a d j u s t s  t h e  o f fse t  v a l u e s  f o r  t h e  subset  * )  
( *  whose assoc ia ted v a l u e s  h a v e  j u s t  been c a l c u l a t e d  a n d  * )  
( *  t h e n  sets o f fse t  f o r  t h e  n e x t  e x i s t e n t  subset  so t h a t  i t s  * )  
( *  f i r s t  element w i l l  f o l l ow  t h e  l a s t  o f  t h e  c u r r e n t  set.  
(*------------------------------------------------------------- 

* I 
* ) 

PROCEDURE ad jus tnex to f f se t  ( l e n  : I NTEGEW) ; , 
VAR 1 : INTEGER; 
BEG I N  

( *  s o r t  c u r r e n t  s 
W l TH subset  [ l e n ]  %?iu;c!hsort ( I 
( *  find n e x t  subset  * )  
WHILE len  m a x l e n  DO 

I F  s ~ ~ b s e t [ l e n + l ] . e x i s t s  
THEN W l TH subset  [ len+l  ] 

BEG I N 
WHILE t a k e n [ o f f s e t ]  

o f fse t  := o f f se t+ l ;  
f i r s t o p e n  := of fset ;  
l en  := m a x l e n  

END 
ELSE l e n  := len+ l  

END; ( *  ad jus tnex to f f se t  * )  

PROCEDURE le to rde r  ( l e n  : INTEGER) ; 
VAR i , j , c o u n t  : INTEGER; 
BEG l N 

WR ITELN; 
WRITELN( ' L e t t e r  o r d e r  fo r  subset  ', len:  1 ) ; 
WRITELN; 
WRITE( '  I ) ;  

count  := 0 ;  
, W l T H s u b s e t [ l e n ]  DO . 

FOR i := lowest TO h i g h e s t  DO 
WITH k e y s [ i ]  DO 

I F  numun 0 
THEN BEGIN 

count  :=, coun t  + numun;  
FOR j := numun DOWNTO 1 DO 

~ ~ l ~ ~ ( u n u s e d [ j ] ,  ' ' 1  
END 

WRITELN( '  , c o u n t : l ,  ' l e t t e r s ' ) ;  
WR l TELN 

r END; ( *  l e t o r d e r  * )  



BEGIN ( "  m a i n p r o g r a m  * )  
i n i t i o ;  
i n i t i a l  ise; 
getkeys; 
qu icksor t (  1 ,  numkeys) ; ( "  increas ing b y  length " )  
pa r t i t i on ;  ( *  create subsets b y  length " 1  
FOR i := TO maxkeylength DO - 

I F  subset [ i ] .ex is ts  
THEN BEGIN 

subset[ i ] .chosen := f indcombo( i ) ;  
IF  allfalse(subset[i].chosen) 

THEN BEGIN 
WR I TELN; 
WRITE( ' The keys i n  subset ' ,  i: 1 ) ; 
WRITE( ' cannot be d i s t i ngu i shed ' ) ;  
WRITELN(' b y  our  method. ' ) ;  
WRITELN(' BAIL OUT I ) ;  

HALT 
END; ( *  i f  " )  

count f req( i )  ; 
f i r s t o r d e r ( i )  ; 
reorder ( i ) ; 
setunused( i )  ; 
l  etorder ( i ) ; 
assignvalues( i ) ; 
adjustnextof fset  ( i )  ; 
princhospos(subset [ i ] .chosen) ; 
p r i n t k e y s ( i )  ; 
show le tva l  ues( i  ) ; 
WR I TELN ( 'TOTAL SEARCH T I ME : ' , totmsecs) ; 

END ( *  then * )  
END. ( *  of the whole th ing  * )  



VYAaSl ;  A I ;  ANS; LCCIMP; LENGTH; NSYMB0LS;ElWS; F ;  FTOL; L ;  EX;S;ONE;STC'K;C 
1 1 1  R VASY 15' THE MAIN PROCEDURE THAT CALLS ALL THE OTHER FUNCTIONS. 
C21 R 

1 3 1  A S6'T UP THE CONSTAN!!'S FOR USE I N  THE FUNCTIONS. 
C4 1 AL PW-' ABCDEFGHIJYLMNOPQRSTWWXYZ ' ' ' 
[ 5  1 START: OPA 'WORDS TO BY SASYED' 

- [ a  + S T A R ~ ~ O = I + ~ D A ~ A + ~ N O  
C7 1 A IcaAIC2  I 
[ 8 1 RTE: OPA ' LZTTE'RS TO BE USED. I .E .  1 2 FOR FTRST AND SECOJJD LETLTRS' 
[ 9 1  LFNGTHt,lCpDA?'A 
C l O l  LETT-W,mOPA ' ' , V L E N G T S L I ~ L , O  
r 1 1 1  ~ B : T ~ + E X + ~  IS BLANK TO BE A CHARACTW. Y / N ?  : 
i 1 2  1 + T R X I  ~ = O N F + ~ Y N ~ I - ~ + O P A  W,-1+8 
~ 1 3 1  L T N G ~ + I ~ L E N G T ~ O ~ J R - ~  
C l 4 l  lNI"0WLE"RS S T 7  DATA 
C15 1 TL:0+F;X t1  I S  LENGTH TO BE PArZT OF FUNCTION Y /N?  : ' 
Cl6  1 + T W x I  3 = L C O M P h 1 P ~ 1 ~ - l f O ~ ~  ~ x , - l f O  
C171 + T C P I ~ ) L C O M P  
r l a 1  I N F O M  ;31+1 
[ 1 9  I T L  : l T F O A W ( 7 0 R  INFORV 

4 

C201 + P I S S x ~  ( I f  p I N F O W ) = l f p D A T A  
[ 2 1 1  fl+EX+' WOULD YOU LIKE TO TRY A DIFFERrNT ROUTE? : ' - . C221 - + ~ U U T V I ' Y ' =  1 fOPA EX,-lfCI 
C233 PSS:L+tO J 

C241 F+I l+pINFOI?M 
C 2 5 I NSYMBOLS+(7OUN T INFOBl 
126 I R VSYMBOLS I S  A I70lJNT OF T W  UST OF TACH SYMBOL. 
1 2 7 1  A VSYM INDICATES WHEN ?YE SYMBOL IS  FIRST USED. 
C281 WSYM+-(pNSYMB0LS)pO 
1 29 3 PM:Cl+W+' ORDER BY PRODUCT OR MINIMUTI P/M? : ' 
C301 + P M X I   ONE+-I+'PM' I - 1 4 . 0 ~ ~  E ~ , - l f C l  
[ 3 1  1 D?OP: RJFORM[ F ;  I + I N F O ~ [  F ;  1 VAL -NSY;naBOLS 
C32 1 +LX?WNXI (pF)=+/-F?OL+O=MFOM ; I ]  
1 3 3 1  L+(TX+(-sqrL)/riX+FTOL/~pFTOL),L 
C 3 4 l NSYMBOLS+NSYMBOLS- COUNT INFOIFIC EX ; I 
C351 +DL?OP.~O<pF+(-PT05)/~pFTOL 

- - 1 3 6 1  A ALL WORDS ARE FILLERS 
137 1 I N F O ~ I N F O R N  L ;  1 
c 38 1 ~ T G X ~ S T C W  o -3 + P ~ ' N F O ~ )  P O  

' C 3 9 1  (30 
C401 +mWN2 

I C411 ~ W N : i N F O r i M t I N F O M F , L ;  'I 
C421 A SORT THY NONK FILLERS BY VALUT 
( 4 3  1 I N F O M  I ~ F ;  l+INFOMV.TNFOIFI[ I ~ F ;  11 ; 1 

i 
[ 4 4  1 R PUT THE NON-FILLBRS I N  PRTORDER FOFM 

d E45 1 IFIFORMI: I ~ F ;  1+.lTFOMCPFE'P I N F O W ;  1 
C461 COWN2: 
C471 R F I N L ~ H  MAUNG THE S T Y  FOR THE FILLERS 
C481 PUS9 INFOB4 
C491 OPA ' 17PU SECOflDS USED IN HASH I S  1 , r 0 . 0 0 1 x 0 4 1 C 2 1 - A I  
C50 1 OPA ' THE DATA I V  CORFECTE'D PREORDER FOFH' 
C 5 l l  O P A '  ' 
C521 OPA PF D4TACINFOM ; 2 1 ; 1  



145 
VAY+N SET AR 

C11 A C R E A T S  AN ARR4Y OF IJJFOWATION ABOUT THE DATA 
C2 1 A VALUE INDEY LENGTH L E T T R S  TO BE TJSZD 
C31 A 0 1 3 3 2 0 
C41 AY+AEPTII((AR+.=~ ')@AR,ARC;L~GWpLENGTRJ)C:Nl 
15 1 A CHANGES ' CAT1 TO CATTTTTTT1 "0 ICATTTTTTT 
I 6 1  A AND PULLS OFF THE.NKEDED LrTTERS. 
C71 A Y + O , ( I ~ + ~ A R ) , ( ~ R + . # ~  ' ) , A Y  

VARRAYcCOR AR; J ;  VEC 
C11 A F AVY 2 WOflDS I N  THE L I S T  WILL HAVE A N  UNAVOIDABLE COLLISION 
C21 A 0 T OF THE WORDS WILL BE FEMOVED FROM THE GIST. 
C31 A\ 

C41 A ORD YE WORDS BY LENGTH AND TKEJI ALPVABETICALLY 
C5 I -  A LENGTH ONE I F  NOT IMPO?TAYT. . 
C61 ARRAY+AR+ARCQ(~ALPH)L~-I+ 0 2 +AR;1  
C 7 1 A COMPARE EACH WORD TO THE NEXT ONE 
C81 + O X I - V / T / E C + A / J = ~ ~ J +  0 2 +AR 
[ 9 1 A REMOVE CONFLICTING WORDS 
C l O  1 J + D A T A C W C / ~ ~ A R C ; ~  I ;  1 , 

[ I 1 1  U+DATACWC/ARC;21;l,(((+/IrFC),16)p1 CONFLICTS VITH ' ) , J  
C121 ARRAY+(-TTTCIfAR 

1 

VAR??AY+TOTUVT I N F O W ;  I ;  V4LlfF: 
C11 A COTJN'T ?'BE NVMBE? OF OCWRENCES OF EACH 
C2 1 A LETTE? I N  EACH POSITION. 
C31 ARRAY+((,rtpALPH).,pLTYTERS)pO - 

C 4 l  VALrJT+ 0 3 + I N F O W  
C5 1 GO: ARRAYCI; 1+I+; =r/ALUT 
C6 1 -+( OzI+I-1 ) /W 

VARtARRAY VAL CNT; L ;  I 
C11 RGDLTS 4 VALUE TO EACH WORD W I C K  I S  THE PRODUCT OF ONE LESS 
12 1 A THTN THE VVMBER OF T-TMES B A f 9  LETTTR IN  TflE WORD IS  USED. 
C 3 !' AR+ARRAY 
C41 C?V'PcC'NT-1 . C 5 1 A I F  ONE OF THE LETTERS I N  TYF WORD IS ONLY USED ONCE 
C6 1 / A W E N  A ZERO RESULTS INDICATING A FILLER. A WORD THAT CAN 
C71 A BE PLACED ANYWHERE WITHOUT AFFECTING OTHER WORDS. 
C 8 1 S+p L K T m R S  
C 9 1 ~ R C  ; I I+I +ONEX 14 R I ~ F O I F ~  
C l O l  +MxtONE 
1113  P:MC;ll+ARC;Plx,CNTCARC;3+S1;SJ 
C121 -+PxlO<S+S-1 
C131 -+0 
C141 M:ARC;11+.4R~;11L,CNTCC4RC;3+S1;Sl 

i 



VPORPPRED IVFOFIFI; I ;  J ;  mC; Ef; S ;  GROUP; P ;  LINE 
111  A PPKD STT IYFORV I N  AY ORDTR PIAT AS FdW NEW 
12 ! A LETTERS ARE USED I N  EACH SUCCESSIVE WORD 
C31 I N F O W  0 3 S INPOW 
14  I A P AND LINE ARE CONSTANTS 
C5 1 PcpCETTFRS 
C 6 1 LINE+I lt pINFORV 
C7 1 A STCK K F P S  TRACK OF WHEN THE LETTERS I N  THE 
C81 q WORDS .4RE FIRST USFD 
-I91 R EACH ROW OF CHECK HAS THE SAM6' ELEMENTS A S  THE SAME 
[ l o !  A ROW IN ST4CK BUT TN DESCENDING ORDEP. 
C11 3 EX++/STCK+lNFORV= (p INFOlM)  pINFOfNC 1 ; 1 
C121 (31BCK+STPK+STCKx(pINFOM)p@tP 

. [ I 3 1  A TX PREVEVTS TYE SAME WORD FROM BEING USE TWICF. 
C14 1 A THE INDICES TO FILLERS ARE E'LAGED FOR NO USE 
1 1 5 1  EX! ( p F ) + ~ p L l + - P  
C16 1 A PORD I S  TtlX ORDEVNG INDICES 
C17 1 PORDt( TX=P) /L INE  - 
C181 A FLAG PORD OF EX 
[ I 9 1  ~ C P O R D ~ + ' ~  

o C20 3 A C I S  W E  NW LET-TR INDICE 
C211 S+f+P 
1221  LOI)P:WSYMINFOTIMCl;S1;SkS 
r23  1 +mop.( I O<S+S-1 
C241 N Z X T : + E ? ? D X I ( ~ P O W ~ ) = ~ F  
C25 1 A F I N D  T.W? WORD CONTAINIWG THE LEAST NEW LETTERS 
~ 2 s  3 A srr TYF YEW LKT?EFZS TO THE VALUE OF c 
~ 2 7  1 r+mtJ+r  / E X  
C281 S+STCKCI;l tO 
C291 ~XTS:~CM+I~E:C+INFOW[;S~=INFORMCI;S~ 
C301 C+C'+l < 

[ 3 1  1 WSYYCINFORMC I ;  3 1 ;  Sl+C 
C 32  1 STCKC ;Sl+STCYC ;SI+DTfEC 
~ 3 3 1  + N E X T S ~ I P ~ S + S T C K C I ; ~ I O  I 

[ 3 4 1 A FIND *HE NEW GROUP 
C351 GROTJPt(P=EX)/LIiVB 
C36-1 A W S U R E  TrlE: NEW GROUP WILL NOT B E  USED AGAIN 
~ 3 7 1  ExCGROWI+-~ 
C381 S+pGROW 
C391 A SORT EACH MEMBVR OF THE GROUP 
!w NS:CHECKCGROUPCS1; 1+IrE:C[PVEC+,STCYCGROUPCS~ ; I 1  - 
C411 +NSx t O<S+S-1 
[ 4 2  1 A ORDER TTYE GROUPS INDICES AND ADD TO POPD 
C431 PORD~PORD,GROUPCQCL~ 0 1 +CHECKCGROUP;11 
C44 1 +REXT 
C453 ~D:LWCKC~pPOPD;!+STCYCPORD;l 
C46 1 CHX'K[ 1pPORD; 1+17RBfXCPORD; 3 



VPUSH INFO RV; S ;  W C ;  I ;  J 
Ell A PUSH FTNISHES THE STCK FOR THE FILLERS.  
C21 A 4LL GROTIPS ARE SINGLE WORDS 
C31 - d x t O = p L  
C41 lNFOrnvt 0 3 +lNFORV 
C5 1 J + ( I + l t p I V F O R 4 ) - p L  
C 6 1  L+J+tpL 
C 7 1 NEXTJ: S+! ,STCKC J + J + l ;  1 1 t 0 
C 8 3 NTXTS: C+C+l 
C91 STCKC~;S~+STCKCL;S~+FINFOWCI~;S~=INFOW~J;S~ 
C l O l  R S Y M C I N F O M J ; S l ; S I + C  
C111 - t m x r s x t ( p L F T ~ ~ ~ s ) r s + ( , S ~ ~ ~ C ~ ; l ) ~ o  
~ 1 2 1  ~ E ~ C J ; ~ + S T C K C J ; P , S T C Y C J ;  I 1 
C 1 3 1  + N E X T J X I I > J  

VA+PF D ; C ; F ; S ; ~ C  
1 1 1  A P q I N T  FORVAT CREATFS 4 N  ARRAY WITH ONE SPACE BETWEEN 
L2 1 A rACH WORD AND NO VORDS S P L I T  AT THE END OF THE L I N E .  
C31 D+(-A+Del ' ) / D c , D , '  ' - 
C41 A++\l+(A#O ) /A+A-l+O,  l + A + A / l p A  
C 5 1  S+l 
C61 F + t O  
[ 7 1 NEXT: S+S+WW 
C81  WF, ( -VEC+,%A) /A  
C91 P + ( ' ~ + F ) ,  ( - l t~)+- l+tC'+~-- l t~  
C l O  1 A+WC/A+C-1 
Cl l l  +NEXTxtOzA 
C121 TnC+( ( p F ) + p D ) p l  
C 3 1  WCTFl+O 
C T ~ I  A+(((~~Ec)+~Pw),+Pw)~vEc\D 

VAR+DJ D ;  A 
C1 1 A TN ?'AKES VflCTOR D W I C H  CONTAINS A L I S T  OF WORDS AND 
C2 1 A PLATTS V E S F  VO RDS INTO A RIGHT JUSTTFTED' ARRAY. 
C31  A 

C41 A GET RID OF UNWANTED CHARACTER3 BY CHANGING THW TO BLANKS. 
[ 5 1 -+PAS% I 2 A N C  ' 4LPV1 
C 6 l  Dt (ALPH, '  ' )CA,SPStDl 
C 7 1 A ' A ' IS A CHARACTERIS'VC VECTOR WITH ONES INDICATING BLANKS. 
C 8 1  A ' D l  T S  THE DATA IUTH BLANKS REMOVED. 
[ 9 3  PASS:Dt(-A+Dcl  ' ) / D t , D , '  ' 
C 1 0  1 A ' A ' BECOMES A L I S T  OF THE LENGTHS OF THE WORDS. - 
C111 A+(A#O )/A+A-1+0, l + A + A / t p A  
[ I 2 1  A ' A 1  BECOMTS AN ARRAY WITH '1's TO TYE TIGHT 
C13! A+Ao.2$ t l+r /O,A  
C l 4 1  A lJqICH I S  USED TO lMAGE THE WORDS INTO THE ARRAY, 
[ I 5 1  A WITH A BLANK FOR EACH 0 AND A LETTER FOR EACH 1. 
E l6  1 A R + ( p A ) p (  ,A)\D 



f-- 

V LASH ; BFUNCT 
C11 A "FITS T S  A VONE BACVTACXING VTRSTON. 
C2 1 PUVCTt' LASH' 
C31  A CALL MAIN AND INDICA-TE NO BAC'KTRACKING. 
C 4 1 B F I / N C F l  
r 5 3 M41N 
C6 P U Y T  

V B A S S ;  BETJNCT; LF;  COL 
r 1 3 A THIS FTUNCTION BACKTRACKS WHdN THE SPECIFIED 
[ 2 1 R LOADING FAClr33 I S  NOT BEING OBT-4INED. 
r 3  1 FUNC'3' BASH' 
C4! I;D:StC]ft LOADIVG FACTOR 0 : 5  TO 1 M G E  : ' 
C51 - + L D X I L P O . ~ ~ L ~ O L F ~ , O  
C6! S 4 P A  S , V L F  
C71 L P c r ( l + p I N F O R Y ) + L F  
E 8 1  A 

C 91 B*:Sd+'  NUMBTF O F  ALLOW4BLF BACKTQACKS : ' 
[I03 + B T x ~ l # p f ? o L + L  ,I7 
Cll 1 S+OPA S, TCOL 
r 1 2 1  R 

[I3 1 R PALL MAIN INDIC4TING B A L Y T R A R I N G .  
1 4  3 F u N C ~ O  
rm MAIN 
f16 1 PRIPJT 



VMflN;CC;C;M;CH4R; T;S;HSTCK; VALVES;GROUP;2NCR 
C 1 '3 A THIS FUNCTION SACKTRACKS WHFm T4E SPECIFIED 
C21 A 

C3! TS14TS 
C4 1 A I a I C 2  1 
r s ~  A 

C6l TABLE+(2xr/pDATA)pO 
1 7 1  Tfl+((pALPH),pLT-TRS)pO 
C81 Y+C+COLS+O 
C91 A 

Cl03 CC+r/,WSYM 
C111 A 

C23! 
K241 
(25 I 
C261 
C27 ! 
C28 1 
C291 
C 30 1 
C311 
C32 1 
C331 
C34 1 
C35 1 
136 1 
!37 1 
!387 
C391 
r40 7 
'417 
T?C2 3 
'43 7 
'44 1 
$5 1 
c i i5  7 
c47 1 

C+8 ! 
!99 1 
'so f - -  7 
- 31- 
I521 
153 1 
- 7  7 

- 34 i 

'55 1 



VSBTINCR; L ; S ;  SO ; T; R; C;BCK; CR;LT 
C1 3 A THIS  FUNCTION PSEI'PROCESS SOME OF THE CALCULATIONS 
C2 1 A FITQUIRED ONLY ONCT FC)R VO BACKTRACKING AND REQUIRED 
C31 A FOR TACH BACKTRACKING BUT NEED ONLY BE DONE ONCE. 
C4 l  A Z 

C51 A FOR ANY L E T T R  C 
C 6 3 A NCSCC; 1 1 AND NCSC C'; 2 1 GNm INDEX.T.7 IWTO NCI - 
[ 7 !  A NCI WILL REE'ZRdENCE INFOIN VALUES FORSUBST:?4CTIONS 
[ 8 3 R ' IN FINDING PION U.S.4BLE T~lCREnl~l ' l 'S .  
[ 9 1 A NCSCC; 3'1 I S  THE LETTER 
[ I 0 3  A NcSCC;4l  I S T . 9 E L F T 7 T R  POSITION 
C111 A NCS[C;S 6 1  I??DIC4'T? START AND S I Z E  OF'LETTERSGROUP 

G,', C121 A 

c131  m + ( ( c c + r / , v s y m , 6  o 
C143 NCI+ 0 2 p0 
C 1 5 1 LtpLFTTERS 
C161 LT+-ltpINFOLW 
1 1 7 1  ''3-tpALPH 
C183 LOOPL:NCS[SO+SO/,VSYN ; L l ; 3 l + ( S O + , V S Y N  ;LI#O 1/27 
C191 ,NCSCS0;4I+L 
C 20 1 +LOOPLx t O*L+L-1 
r 2 1 1  R 

C 2 2 3 CH+r / C V S C K ~ C Y E C K ~ - ~ ~ C H E C K  
rZ3  1 BCK+(pCH) p O  
1 2 4  3 .%'STT: BCK+BCK~ ( d=(7~-1)  x ~ + - ~ @ B c K  
~ 2 s  7 + F L T S E P I O V . = ~ + ~ ~  ( - ~ ~ m ) x o = r n  . ~ 

C26I A- 1 

[ 2 7 3  C+O 
I 

5- 

C281 EX~C:+BOTTOMXIPC<C+C+~,J 
[ 2 9 !  NCSCC';lI+l+pNC'T 
[ 3 0 1 .  WS[C ' ;5J+L .  
C311 ?-L+L+NCSCS;6 l+C+. =HSTSY 
C321 A 

r 3 3 '  PEXTT:+F?TXTc.C I LT<WT+(  T+CH) I C  
C341 S+!T+BCK)IO 
C353 WBCK[?- l1+1  
1 3 6 1  J C ~ ~ N C I , C I ! (  , @ ( S , ~ ) ~ ( T - I , ~ )  ,C1.51, ( R , S ) ~ T + - I + ~ S  
C377 A 0 

C 3 8 1 BCKC T1+1 
F391 BCKCT+S-lI+S+BCKCT-11 
C 4 0  I CHC T+S-1 I+CH[ T - 1  I 
f 4 1 1  T+T+S 
[ 4 2 !  +PEXTT 
t 4 3 1  R 

C443 ~ T T O M :  N C S ~  ;2 l+(  (mKs'[ ; I ] )  , I + ~ N C I ) - N C [  ; I ]  



151 
v BACVRACX 
A ZVCRYASE COL ISION COC)WT. 

+ O x  I BFIINCTcCOL<COLS+COLS+l 
A TYPE b Y P ~ ~ ~ I N E S  HOW FAR BACK TO GO. 

-TYPE1 - 
A RYSET MORE RESENT LET*R VALUES TO ZERO. 

VZ+VZx WSYMs C 
A REMOVE MORE RESEYT WORDS FROM 

TABLE+TABLF~ NCSCC; 5 ]?TABLE 
x "ABE. 

M F O ~ C  ; 1 I+RJFoI?MC ; 3 1 
D - p  LETTERS 

A RESFT WORD V A L E S .  
m X T D : R J F O M  ;I~+INFO~M;~I+,VLCI??~ORVI ;3+D1; D l  /- 

+ ! ~ X T D X  I 0 < Dt D- l 

C21 A 

C 3 1 A FIND ,TE RIGHEST VALUE WORD, 
C41 A + l N F 0 - ~ ; 1 1 1 r / , I N F 0 ~ ; 1 ]  
1 5 1  A FIND GOWEST VALUE WORD IiV THE GROUP. 
C 6 I BGROVPC V A L ~ S I  L /VALUES1 
C71 A FIND A JFTTTR I N  B T I N  .4. 
C 8 1 n I?JCREM?PfT I T  BY O N X Y  
C9! c+~/,(-/;~~~EcKcB;!Ec.~~F~;~)/c?IFcB;I 
c 1 0  1 CHARCNCSCC; 3 1 
C l l l  S+NCSCC;41 " 

C12 1 V1;CCHAR;Sl+TflCCfl4R;S!+l 

VPRINT;  A; P ;  mWS; WORnS4C?OSS 
A PFirNTS THX IflFOfiM4TION 
A OPA SEND -THE LITJES TO A P I J E  I F  A P I L E  HAS BEEN 
A SPFCIFIED. THE LIIJTS ARE S T I L L  PRINTED. 

OPA FUNCT, ' INC STARTED 4 T ' , T T S 1  
-0 >ACTS2 -TS1  
OPA ' TIME DURATION WAS ' , T ( - I $ P ) + A + P (  0 1 2  3 1  2 4  6 0  6 0  1 0 0 0  
OPA ' mu SECONDS USED IV , F T / N C ~ ,  IS ,YO.OOlxAI 
OPA YUMBER OF T M F S  THOUGBf ,FUmCT.I MAIN LOOP I S  ,vK 
OPA ' ' , 

OPA( ( - I . ~ + L o P w ~ ~  ) p l  1, TWITATION A F T E ~  BACKTRAX ,rCOLS 
0PA( ( L ( ! p W - 2 + p 4 ' ) + 2 ) p i  ),A+'LETTERS IEED ' ,vLETTERS 
A+( pcM7Y.W .*O ) / A P E  
p c P f  VZ 
O P A '  ' 
O P A ~  (-8+LEPV+2 Ip t  ' 1  , ' L , T T R  IrACUTS' 
OPA~(!p4),L(~W-5xl+l+pP)i2)p' ' ) , " "  9 ,  A "", 5 0 T?P- 
OPA ' I 

OPA( (-8+LOPw+2 ) p  ' ' ) , 'YASH TABLE' / 

B 
OPA ' ' / 

A c ( P t T A B L B 0  ) / I  pTABLE 
F + ( P ( < ~ . ~ )  , I ) ~ A ) ,  f-I+P+.=' ) @ P + D A T A C I N F O ~ ( P / T A B L E ) ; ~ ~ ; ~  
m ws+r ( I+ P P  + WORDSACROSS+L~PW+I+ PP 
OPA(IK)WS,VO?DSACTZOSSxl+pP)p( ,PI ,[3PWpt ' 




