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ABSTRACT 

L i n e a r  m o d e l s  c o n t a i n i n g  c o v a r j a n c e  p a r a m e t e r s  a r e  

c l a s s i z i e d  a c c o r d i n g  t o  a s s u m e d  s t r u c t u r e . .  A g e n e r a l i z e d  
I 

r e p r e s e n t a t i o n  o f  b a l a n c e d  v a r i a n c e  componen t  m o d e l s  is g i v e n ,  .' 
" - - 

t P u k e l s h e i m ' s  d e r i v e d  l i n e a r  m o d e l ,  whe re  t h e _ c Q v a r i a n c e  
< ,  4 

8 1  

p a r a m e t e r s  a p p e a r  a s  m e a n s ,  i s  p r e s e n t e d .  - 

M o d e r n t e c h n i q u e s  f a ~ ~ e s t i ~ a t i n ~ ~ a r ~ k ~ c ~  -=- -- - - --- - - -- -- --- 

c o m p o n e n t s  a r e  r e v i e w e d .  Me thods  c o n s i d e r d d  i n c l u d e  t h e  

f o l l o w i n g :  H e n d e r s o n ' s  u s e  o f  a n a l y s i s  o f  v a r i a n c e  q u a d r a t i c  

f o r m s  a n d  me thod  o f  f i t t i n g  c o n s t a n t s ;  c l a s s i c a l  o p t i m i z a t i o n  

by minimum v a r i a n c e  (La M o t t e )  a n d  by minimum norm ( ~ a o ,  C . R . ) ;  ' 

I 
t 

H a r t l e y  a n d  J . N . K .  R a o ' s  maximum l i k e l i h o o & , . a n d  P a t t e r s o n  , , 
'2 

a n d  Thompson ' s  m a r g i n a ' l  maximum l i k e l i h o o d .  . 
I I 
I Comput ing  k e c h n i q u e s  a r e  c o n d d e r e a  a n d  a l g o r i t h m s  

f o r  . H e n d e r s o n ' s  me thod  I11 a n d  minimum n o r m ' m e t h o d s  a r e  - 

p r e s e n t e d .  Some c o m p u t a t i o n a l  r e s u l t s ' a r e  g i v e n .  

A l o g i c a l  B a y e s i a n  a n a l y s i s  o f  g e n e z a l i z e d  b a l a n c e d  

v a r i a n c e  componen t  m o d e l s  i s  d e v e l o p e d ,  w h i c h  a g r e e s  w i t h  t h e  
d 

w 
a p p r o a c h  Qf Box a n d  T i a o .  
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CHAPTER 1 ? 

~g Introdu~tion 
7 

Linear models f o m  the basis of thq' two m o s t  extensively used 
4 _ .  

teclpiques of data analysis: linear regression and ;the analysis of 

variance. This prominent position stems from their iptuitive appeal, \ 

- $> 

computational and analytical- tractability and frequent adequacy ~fpr- the - '9 .. . 3 .  

job at hand. 

. - 
Linear models seek to express a response variable as a line'ar ' 

value of the response in ~ome,~ractical fakon. Complications arise 

when it is unsuitable, or undesirable, to assume that the effects can 

be represented by fixed parameters in the mdel. In this case, it.is 

sometimes possible to view them as realizations of some unobservable 

random process. The analysis of linear models containing these ' 

- - - - 

'random effects' in-lves estimating, or at least checking assumptions 

about, the varianods and covariances of the underlying process. ~hese 
t . 

are the varian'ce components. 

The objective of this thesis, is to review modern approache9 ; 

to the estimation of variance components arising in linear models. 
8 

The estimation of vwiance components has two main directions 

9 
for application. The first is to provide estimates of the covariance 

matrix of the response variablqs. This estimate can then be used with 
- - - --- - - - - 

the method of generalized least squares, to provide good estimates of 

location parameters in the linear model for prediction or estimation, 

(Mitra and Moore, (1,!373)-L. 



. . 
% ' 

,  he second direction is to provide a break-down 6f the covariance of the 
- 

2 5 
response into camponerits, having practical significance in their own right. . ' 

- 
Exknples 'of this latter use are found 'in industry, where i6 I& be u 4 

 important to identify the factor in a production process which is causing a .  

2 \ 

C i 
ur4due variability in a product and in gene research, where it is . 

I n - -- 

U 

r\ l 

necessary to separate variability in-a breeding populatibn into components, 
- - - - - - - - --- 

I 
- & - -. - 

\ a .  1 & 
\ 

due t& envir'onmental and various genetic fadtors. 
/"i 

\ 

$* - $3 

< -  Sahai (1979) &serves; '~efore h e '  eqba&s on a research project 
*". * . )g > '4, C 

- --  -rr*-ii 

far, there does not exist any 

goes on to present an 

hundred entries. complexity of 

P 
and controversy surrounding the subject of variance oomponent estimation. - - 

'1 P4 m>echnical source of dFfficult9 appears to be' i.p the '. . 
C t 

p----L-p---p --- - - - -  
requirement tht the covariance matrix of the response vqriables be positive 

i l  ' 
deTinite, or at le'ast non-negative definite. This'requirernent,iqposes 

frequently complex and'always 
-- 

complicating c strahts sh 
* 

possible values 

for the variance components. 
A 

1.1. The Scope of the Thesis. - 
Rae, C.R. and Kleffe, (1980) and Sahai (1979), refer to 

numerous historical applications of and approaches to, variance component 
- - - -- - -- -- *---- - 

\ 
I estimation. 

-- 

We start by considering various form of linear models, in which 



variance component estimation can be importa~?~. The most geraqal linear 
P 

model is considered first.  his model assumes least knowledge of the 
. , 

1 

underlying random processes. Then, because knowledge about these 
A 

tr 

processes can be.used in various more spyific 
P 

models are considered. Finally, a general of-balanced variance 
6 

b B 

component models is-developed; This maei 'ihaorporates important . 

properties 'of balanced c$assification models, for which estimation . .% 
methods are most advanced. Three examples of reaI and generated data. 

- - - -- - - -- - -  - - --- - - 

are described. Various estimation technzques are later applied to thes 

examples. 

Estimation methods originated with analysis of variance applied 
I f '  

to balanced classification~models. We first consider Henderson's (1953) 
r 

extensions c~f these methods to unbilanced classification models. These 

are known as the analysis of variance method of estimating variance 
- - - - - 

components and the method of fitting constants. Searle (1968 and 1971), 

considered-these methods in some detail and they remain the most widely 

- * 
used. For classification models, Henderson's (1953) methods are easy 

P 

to compute, even by hand, and we consider an algorithm for the method of 

fitting constants, which is applicable to more general structured models. 

These estimates are computed for the example data sets. 

Because of the lack of demonstrable, desirable properties of 

these estimators, a variety of alternatives, based on different 
-- - - -- - - - - 

optimality principles, have been developed. 

Rao, C.R. (1970, 1971a, b, and 19721, proposed a general method 



called minimum norm quadratic estimation. LaMotte U973 a a d  bl, 

considered minSnnnu mean square error as a criterion of estimation-in 

normal models. These approdches have been dwelyed and,expanded by 

Kleffe a976 a, b, 1977 a, b, c and l98O1, Rao, P.S.R.S. and Chaubey 

(19781 and Chaubey (19801. Their general applicability is a major 

source of appeal for__these estiwtors, but coxq?utational _difficulties - - A- A 

have, so.far, limited their use. The adaptation of algorithms 

develop@ for a maximal likelihood approach in structured models 

9 -  - - - -- - - -- -- -- --- - - -- - - -- - -- - -- - 

havinia residua1 error;--ispco-iaemandpPTie5 to the data - 

Hartley and Rao, J.N.K. (1967), considered the maximum 

likelihood approach forAnormal models. This method overcomes the 

theoretical difficulties associated with the parameter space constraints, 

which however remain a computatipnal problem. 

Severe bias of the maximum likelihood estimates in some models 

Jed Patterson and Thompson (1974) to consider maximization of a 'restricted 
- 

.. , 
chelihood', which is the likelihood of a maximal invariant to 

translations in the',location pardeters. This approach has an appealing 

justification from the Bayesian point of view, where the posterior 

distribution is marginalized over the nuisance parameters to yield an 

'integrated' or 'marginal' likelihood. The technique is therefore 

referred to as the marginal maximum likelihood method. ' In the classical 

approach of Patterson and Th-son (1974), integration is with respect to 
- - -- - - -- - -- - --- -- 

fl 
ordinary Lebesgue measure, but in the Bayesian context, there is scope for 

- - - - 

considering alternative measures over the parameter space. 



- - - 

- - -  
- - - -- 

5 
- - -  

a;, 

Harville (19772, reviews the maximum likelihood techniques 

with consideration of various computational methods. The availability 

of the computational algorithms, CDixon and Brown (1977)), has 1 4  to 

increased popularity of the tecbFpue. A conpnercially available 

programre was used to cornpdte the estimates for the example data sets. 

There has been limited development of Bayesian methods for 
A 

variance component estimation. This is possibly due to difficulty in 

choosing prior distributions for t h  variance components, which either 

reaList icaUy zepsesxj~ sttb-j-ve prior knowledge, or conveni-entXy - -- 
- 

P 

represent a state of ignorance. 

The subjective approach has been most generally developed by 

Rudolph (19761, but the applicability is limited. Kleffe and Pincus 

(1974a) , consider the identification of Bayes estimators in restricted 

classes of estimating functions, for which the Bayes risk depends only 

on the first two moments of the prior distribution. 

The state of the logical Bayesian 'approach, ~ e f  frsys ! 

rule to provide a prior, is presented by Box and (1973), but is 

restricte&fo simple balanced classification models. A different logical 
9 -, 

Bayesian viewpoint of Villegas (1977a, b and 1980), is used in this thesis, 

to extend these methods to general balanced variance component models. 

There is considerable difficulty in comparing and contrasting 

the various methods of variance component estimation. One approach, which 
- - - - - - - - - - - - - - - - - - 

appears promising in this respect, is to use the 'dispersion-mean 

~espondence ' of Pukelsheim (1976) , which relates quadratic functions 



in the sample space to linear functions in an isomorphic space. This is 

used to re-parameferize the model, so that the variance components 

appear as location parameters. Use of S s  re-parameterization as a 
5 

comparative tqol, relies on having an explicit expression for quadratic 

statistics used in the estimation processes.  his expression is not yet 

available for Henderson's C19531 estimation methods. Finding such ari 

expression would be a desirable development. 



CHAPTER 2 

Linear Mqdels w i t h  variance and Covariance Parameters. 

We are  interested i n  models'which represent observable 

response randam variables as l inear cambinations of fixed parameters 

and unobservable random variables. The main aim is t o  consider Gays 

of esti&ting and, i f  possible, making inferences about the covariance 
- -- - - 

structure of the unobservable random varkbles .  

& there are  There are as many forms t o  the l inear m 

applications. The different forms ref lec t  greater or lesser knowledge 

about the distribution of the response. This knawledge can often be 

exploitea when making inferences about the covariance structure and 

so  we consider several general classes of l inear models which involve 

covariance parameters. 

The model forms are presented, s tar t ing with the most general, 

;he one that  assumes the leas t  knowledge and progressing t o  the most 

specific. Th i s  progression i s  i n  reverse t o  the his tor ical  devel~pment 

of the methods of analysis. 

Searle (1971) , Kempthorne (1975) , Harville (1977) and Rao, C.R. 

and Kleffe (1980) give numerous examples and applications of l inear  

models with covariance parameters. 
- -  -- - - 



2.1. The General Linear Model with Covariance Parameters. 

The general linear model, or Gauss-Markw model, has model 

equation : 

where : 

y is an n x 1 observable response vector. 

B is an &am p x 1 vector of location parameters. - 
X is a known n x p matrix of regressors, covariate - 

values or design vectors, called the structure 

matrix associated with 6. - 
\ 

e is an n x 1 unobservable random vector. - 

The parameter space of g), !& is &. X need not have 
- 

full column rank, but if it does not, there is a re-parameterization 

of the model to a full rank model, reducing the dimension of g., 
The difference between various variance and cobariance 

models is in the assumptions on the distribution of 2. The most 

general assumptions are : 

. where : 
7 .  . 

8 = I0i, B2 ... 8 f r  is an unlcn - own q-Ve c€or 
9 

vi, i = 1,2 ...q are knmn n x n symmetric 

matrices. 



The parameter space f o r  0 ,  Re is  r e s t r i c t e d  t o  an open - - 
subset  of Elq such t h a t  V(8) is pos i t ive  d e f i n i t e ,  (p.d.) f o r  - 
9 C fig . No assmpt ion  is  made about the  s ign  of €Ii nor a r e  the  - - 

" b 

Vi necessari ly non-negative d e f i n i t e ,  (n.n.d.1 

I n  general,  any covariance matrix may be wr i t t en  i n  the  h r m  

(2.2) , with q = n ( n  + 1) / 2 .  I n  p r a c t i c a l  s i t u a t i o n s ,  hwev  r, q 

-4 

is  of ten  small compared t o  the  number of observations, n. 
1 

3 - -  

2.1.1. I d e n t i f i a b i l i t y  

A l i n e a r  combination, h'B of the  covariance parameters i s  - - 
W f i a b l e  i f  and only i f  g 1  = h '  B whenever V(g l )  = V($) - -2 
f o r  cl, !2 C ". Provided the  d i s t r ibu t ion  of the  response depends 

- 
---% 

on 8 only through V ( B ) ,  t h i s  de f in i t ion  coincides with the  notion - 

of i d e n t i f i a b i l i t y  by d i s t r ibu t ion  of Bunke and Bunke (1974). 

Pincus (1974) repor ts  the  equivalence of i d e n t i f i a b i l i t y  of 
I 

h' 0 with the  condition: . - - 

where : 

and 

or 

h C R(H)  o r  equivalently & E R ( H  (5) ) - 

L4 

R ( H )  denotes the  column space of H 

(meaning t h a t  the  i , j  t h  element of H i s  the  



A proof of this r e s u l t  is as follaws: 

If h F R(H) there exists b such t h a t  - L 
hi = C b .  t r ( V . V . )  = t r ( V i V ( b ) ) .  i = 1 , 2  ...q w h e r e  tr ( . ) 

j 
3 1 3  

\ ' denotes the trace of a matrix. 

C l e a r l y  i'f V ( j l )  F V ( $ ) t h e n  h lB  = ' h t g 2 .  - -1 - 

On the other hand w e  note that: 

V ( g l )  = v ( i 2 )  o r  v(€Il' - c 2 )  = 0 i f  and only i f  t = €I1 - e2 i s  - 

orthogonal t o  a l l  columns of H. This f o l l o w s  because i f  

- V ( i l  i 2 )  = V ( t )  - = 0 then C t. t r ( V . V . 1  = t r ( V ( t ) V . )  = 0. 
i 1 1 3  7 J -  

C o n v e r s e l y ,  i f  t' H = 0 or t r ( V ( t l V . 1  = 0 , j = 1 , 2  ...q then - - 3 

It.  tr (V ( t ) V .  = tr ( V ( 5 ) V  (2) = 0 and this only occurs i f  
i 3 3 

V(fi) = 0 s ince  V ( t )  is  s y m m e t r i c  and tr (AAt ) is the sum of squares 

r, of e l e m e n t s  of A. T h u s  i f  h ' 8  is ident i f iable ,  h i s  orthogonal t o  - - 

t,  w h e n e v e r  t is  orthogonal to  R ( H )  Qr equivalently h € R ( H ) .  - - f 
H can w r i t t e n  as T T t  w h e r e  T i s  q x n2 w i t h  i t h  r o w  

given by V e c  ' (Vi) ( A p p e n d i x  A. 1. ) . 
I f  sp{vl, V2...V } denotes the span of the  se t  of Vi i n  

9 

the space of n x n symmetric matrices. and d i m  sp{V1.. .V 1, i ts  
+ 

q 

d i m e n s i o n ,  ' then & ~ I & H  j = r a r r k @ ~ r  dtm sqrw -.rv 3; - -- --- - - 

v q 

{ v ~ ,  V2...V ) is independant or equivalently r a n k ( H )  * 
9 

q .*.> 
,> 

* 



2.1.2. Norma1 Distribution As~umptions. 
4 

Frequently additional distributional assumptions are required - 
for model (2.1). The usual assumption is that e has a central normal 

distribution. In this case we write: 

y Q N(XB,V(E) - 

The likelihood of Y is: - 

and - det (V (8) ) is the detvnank af v (9 - ) . 4 

a 

Assuming X to have full cold,rank, the likelihood can be 

factored since: , 

and the middle term vanishes. 

The factc(ization of (2.5) is then: 



- -- -- - - -A + - - - 
12, 

C 

Covariance Component Models, 2.2. 

The first major specialization of the general model is to 

assume a known structure for the random part, e, of (2.1): - 
Y - xB + ulxl + U v +...+ U v - - 2--2 cr-•÷ 

I where : 

y, X and g are as, in (2.11, 
- - 

V+, for i = 1,2 ...q are unobservable q x 1 random vectorst 

k i -. 

U. , for i = 1,2. . .q are known structure matrices associated 
1 

The most general distributional assumptions are: 

E(xi) = 0 for i = 1,2. ..q, 

4' 
E(v.v!) = Cov(v.) = Xi for i = 1,2 ...q, 
-13 1 

and E(v.v!) = 0 for i # j. (2.8) 
-17 

The C i  matrices are q. x q. unknown covariance matrices called the 
1 1 

F 
Covariance Components. / 

Clearly, Cov (y) = C U. C . U! 
1 1  1 i= 1 

-% 
Model (2.7) may be referred to as the-Structured Covariance. 4 

Component Model to emphasize the structure on 2. 

A convenient representation of this model is: 

with E(v) = 0 and El(=') = C 



. . where : 

U = (%, U2...U i s  n x m, m = Cqi 
9 i 

C = diag(Ci, i = 1 , 2  ...q ) (an m xm 

matrix with blocks, Xi. on the diagonal and 

zeros elsewhere. 1 

The assumption of Normality for  model (2.6) s t ipulates  t h a t : l  

The f lex ib i l i ty  i n  model (2.7,) with assumptions (2.8) 7 
follaws from different forms of Xi. 

One frequent form of model (2.6) has 

'i 
= C i - 1 , 2  ...q- 1 and C = O I  

/- GI 

then 

Another frequent modification of (2.7 ) follows by taking 

'i = O i I q i  i = 1.2 ...q- 1 and E = E ,  then 
q 

Structured Covariance Models may be represenFed as general 

l inear  models with covariance parameters (2.1)  by writing each 

covariance cmponent as a l inear combination of symmetric matrices with - -- - - -- -- 

unknavn coefficients. Some techniques, howeirer, may u t i l i s e  forms l ike  
--- - - 

(2 .11)  t o  estimate C. 



2.2.1. Covariance Component Models w i t h  a Residual a r o r .  

In structured models having model equation with the form 

(2.71, it frequently happens that  one of the structure matrices, Ui, 

is the identity matrix. I f  we assume tha t  U = In, then the model > q 

has form: 

where : e i s  n x 1 and w i l l  be called the residual error  effect.  - 

The distributional assumptions (2.8) hold for  (2.13) with Uq = I and 

Cov(y) = z U . C . U  ' + R 
i l l i  

where 

If any structure matrix Ui i n  (2.7) is n x n, with f u l l  

rank, then the model can be re-parameterized t o  have form (2.13). 

The special forms (2.11) and (2.12) have useful versions 

with residual errors,  ( Uq = In and V = e)  
-•÷ - 

2.2.2. Random ~ q r e s s i b n  ~ o e f  f ic ien t  Models. 

One common example of a covariance component model with 
- -- -- 

residual error camponent i s  the random regression coefficient model. 



,- 

- with a E ( 9  = 

. . 

, E  (el - = 0 ,  

E ( V  v * )  - =  Z and ~ ( 5 2 ' )  = R - - 

so that  Cov(y) = XCX' + R. 
, . 

Frequently R = 01. 

* 
# 

2 . 3  variance camponen; Models. - 
Variance Copponent Models have the same structure as (2.71, 

-- with 

E ( v . v .  * )  = eiIqi . i = 1 ,2 . .  .q 
-1-1 

so that  Cov(y) = ZCBi UiUI1 = CBi Vi = V ( i ) .  

- - 

Alternatively, 

COV(X) = Vv(fj = U D U *  

where : 

y, X I  g, Ui, and xi are as in (2.6) 

Vi are defined as UiUir1 V. n.n.d. 
1 

and 

The CBi are variance components and m4el  (2.16) may be referred t o  

as a structured varibnce component model, t o  emphasise the structure 
\ 

of the random cqponents . 
A major difference between variance camponent models and 

- _  a 

+ . *  



1- 

' general l i n e a r  models with cwar iance  parameters is  that Bi . i=1,2.. .q 
rn 

are  non-negative. 

Hence " - C EXq+ such t h a t  ViB) p.d.. f o =  3 € Qg - - - 

fig 
remains as i n  (2 .l) z - 

A L-- - A- 

- - - - - - - - - -  -- 

The normal d i s t r ibu t ion  as ons frequently i n d u d e d  i n  a I 

model (2.16) are: 
4 

4 2.3.1. Heteroscedastic Regression Models. 4 

-. One cc~mnon example of s t ructured v a r i p c e  component models 

i s  the heteroscedast ic  regression model where the response y 
.- 

camprises q subvectors of l k g t h  q i ,  

Each subvector has model: 

-- 
y ? = X . @ + v .  i = 1 , 2  ...q 

1- < -1 
(2.21) . 

o r  with X = X I  X 2  ) and Ui being.the n x i q i  m a e i x  of 
q .  

zeros, except f o r  t h e  i t h  block (conforming t o  the p a r t i t i o n  of y) 
% 

which i s  Iqi, we  have 

with 

and 



\ Frequently X1 = X2 =...=X 
q 

2.3.2. Variance Component EPodels with a Residual Error. 
# 

A s  with covariance component models, i f  U = I then we write 
q 

e for  v and have a variance component model with a residual error  - -P 

with Cov(y1 = Z0.V. + 0 I 
- 

- 

- x-&-~ " - - - -- - - -- - - - - - - 
- - - -- -- 

or  Cov(y! = U D U' + 0 I 
q n  

where 

Any variance component model having a-non-singular structure 
* 

matrix, say Ui, can be re-parameterized t o  have the form (2.23). ' 

Am important class of structured variance component models 

having residual -errors are the factor ial  classification models, which . 
include analysis of variance models for  fixed, mixed and random effects.  

ICA 

These models have structure matrices X and Ui with additional useful 

properties. The s t r u c t k e  matrices are called design matrices and are  
, - 

considered in  t h e  next section. 

- 2 . 4 -  - C l a s s i f i c a t i o ~ t ~ l s , -  -- 

In many applications a response vec- hp. vim& as a - 

collection of samples from a s e t  of classified populations. The 
* 

populations are classified according t o  levels. of factors, which may b e .  



trea-ts ox attributes of the universe elements. 

Linear models representing responses from such classified 
- 

populations have a parameter representing the overall mean response 

and parameter sets representing the main effects and interactions 

associated with fixed effect factors. (Searle 

Where random effect factars are involved 

. lthe model contains se ts  of random deviations associated with the 

random ef$&cts, together with a residual error effect representing * 

fixed or random effects. 

classification models are a class of variance component 

models, where the structure matrices of (2.16) have important 

properties derived from the classification. The 'structure matrices 

L are called effect design matrices. 
- 

The model equation for classification models has the form: 

where : 

y is the n x 1 observable response vector. 

X is  an n x 1 vector of 1,s. X i s  the mean 
1 1 

effect design matrix and may be written as 1. X1 

i s  always, present. 
- -- - -- 

B1 is the mean effect parameter. 

f3 i = 2,3..,r are pi x 1 vectors of ,unknm 
-it 

location parameters called fixed effects. 



Xi' i = 2'3 ... r are n x pi k n m  design 

matrices associated with the fixed effects. 

v. i = 1 '2  ...q- 1 are qi x 1 vectors of 
-1 

unobservable randam deviations called random 

effects . 
Ui , i= 1'2. . .q-1 are n x qi k n m  design 

matrices associated with the random effects. 

e i s  an n x 1 vector of unobservable - 
rand--variables, ci~fZe#the-sMnal effect.  - - - - - - - 

- 

e is  always present. - 

If , r  = 1 the model is a randam effect model. I f  q = 1 

it i s  a fixed effect  model and i f  r > 1 and q > 1 it is  a &xed 
- 
\_ 

effect  classification model. 

The model equation may be written as: 

and 

- The basic distributional assumptions associated with model 

(2.24) are: 

E(v.w+--  B . ~  
1-1 1 qi '  

As a consequence Of these assumptions we see that  0 .  20 a l l  i ,  
1 



and 9 > 0 t o  ensure t h a t  t h e  covariance matrix is  p.d. Hence 
9 

Writing v f o r  U.U! we obtain: 
i 1 I, 

Cov  (y) = v (5) = CBiVi + 8 I 
q n i 

o r  cov(y) = mi + e I from (2.25) 
q n 

where : 

The Normal d i s t r i b u t i o n  assumptions a r e  the  same a s  (2.20) . 

- - 

2.4.1. Propert ies  o f  Effec t  ~ e s l L E i c e s .  
- 

The e f f e c t  design matrices of (2.24), X. and U a r e  
1 i ' 

matrices of zeros and ones. They have exactly one 1 i n  each raw. 

(Searle (1971) p 166) . A consequence of t h i s  is  t h a t  : 

and u . L =  I, j=1,2 ...q 
--L 

Also s ince  every raw has exactly one 1, the  columns within each 

design matirix a r e  orthogonal. 
- 

Each e f f e c t  i n  the  model represents  a sub-c lass i f ica t ion  of 

the  response according t o  some f a c t o r i a l  combination which should be 

explained by t h a t  e f f e c t .  One column of the  e f f e c t  design matrix i s  

associated w i t h  each c e l l  of the  sub-classification. Each column has 

1,s i n  pos i t ions  corresponding t o  response elements i n  t h a t  c e l l .  Thus I- 
i f  the  - - -  sub-classif icat ion -.- - - associated with the  j , t h  e f f e c t  has n 

- --- - - -- i;rj 

observations i n  the  i , t h  c e l l ,  we obtain: 
- - --- - - -- - 

xIX = diag(ni i=1,2..  .p . )  
I j , j '  I 

\ 



A c l a s s i f i ca t i  design i s  balanced i f  and only i f  9" 
ni# = "j 

for a l l  ce l i s  i and each: effect  j . 
xl = 1 we have with (2.30) and (2.31) tha t  - 

R(X ) c R ( x . )  and R(X1) 1 3 

I 2.4.2. wpropriateness of Classificati4n ~ o d e l s .  
i 

t 
There i s  considerable controveisy over the appropriateness 

of the model (2.24) and distributional assumptions (2.26) t o  

represent c lassif ied data sets .  

One aspect of the controversy centers on interpretation of 

' 
the fixed effects  i n  the l igh t  of constraints, which have t o  be 

imposed on the parameter estimates t o  f ac i l i t a t e  analysis. (Searle .- \ * 

(1971) p 204, Kempthorne (1975) and Urquhart and Weeks (1978) ) . We 

are not directly concerned with th i s  problem, as the fixed ef fec t  

parameters are largely viewed as nuisance parameters for the 

purposes of variance component estimation. Hawever, one aspect of 

it s p i l l s  over t o  the random effects ,  associated with interactions 

involving fixed and random factors. I f  we assume tha t  the constraints 

on the parameter estimates also hold for the population values, then 

the random deviations should also be constrained ov r the i r  fixed . \ 
factor indices, (Kempthorne (1975) ): This would mean that  the 

assumption of independence within random effect  vectors in  (2.26) would 

side-stepping th i s  si tuation, 

(1978) suggest a re-parameterization for 
pp-p - pppp 

since many computational procedures rely 



2 2 

rl- 
- - - 

on the independence - %..$ 

2.4.3. Balqnced Classification, Models. 

The property of balance for classification models (2.33) 

has important consequences for  the dedgn matrices. 

Specifically in  the model '(2.24) , i f  the classification is 

balanced, 

a 1 

b) 

then the matrices Vi =# UiUi1 have two important properties: 

V V  I i s  a subset of a commutative 
q-1, n 

quadratic subspace of the vector space of ~ 

- 
- 

symnetric n x n mapices over the real  f ie ld .  (2.35) 
b 

n 
X i = 2 r  are invariant subspaces of IR 

under the operators V j = 1 , 2  ...q. 
j ' (2.36) 

The notion of quadratic subspaces and many properties a re  presented by 

Seeley (1971). 

S i s  

A C 

The property of 

A, B 

The defining property is: 
--. 

a quadratic subspace i f  and only i f  
I 
\ 

~324~ € S. (2.37) a% 

commutativity means that:  

The notion of invariance of subspaces of Eln t o  l inear 

operators i s  defined as follaws : * 

B a subspace of R~ is invariant under A 

i f  and only i f  x € B + AX -6 B - - 



The invariance property (2.36) is equivalent t o  the 

relationships: 

-3. 
where : P = X . ( X !  X.) X '  is  the symmetric and 

j 1 3 3  j 

idempotent projection operator onto R ( x . )  . 
3 

This equivalence follows by noting that  R ( X  . ) = R(P . ) and 
3 3 

P is  the identity operator on R ( X .  ) . Hence, i f  R ( P  . ) i s  invariant 
j 3 3 

toVi ,  then V . P  F R(p.1 so P . V . P  = V . P  a n d t h e r e s t  
1 j J ~ l j  1 j 

follows by symmetry of the matrices. On the other hand, i f  (2.40) 

holds, then given x E R'(P. , there exists R~ *such that  - 3 

x = P.y. '  Hence V i s  = V . P  y = P . V . l  R ( P . )  so tha t  - 7 1 j 3 1 7 

R ( X j )  = R ( P  . ) is  invariant t o  V 
3 i ' 

Not only do balanced classification models possess the 

properties of design matrices 2.4.1, and the properties of balance 

Y 

(2.35) and (2.361, but these properties hold for a l l  the structure 

matrices, irrespective of the fixed or random nature of the effects.  

That is i f  2. = x.X'., j=1,2...rI then Z are also elements of 
I 7 I j 

the commutative quadratic subspace and the column spaces R ( x . )  and 
3 

R(U .) are a l l  invariant t o  a l l  the operators Z and Vi. 
3 7 j 

The properties (2.35) an4 (2.36) for balanced 
b' 

cl&sification models follow from remilts given by Searle and - - - - - - - 

ha 

Henderson (1979) . I 
- 

We consider an s-factor classification with one 

observation per c e l l  and n k=1.2 ... s levels for each factor. k ' 



Replication is treated as a factor nested within a l l  others. There 
s 

w i l l  be n = II n observations. 
k=l k 

Searle and Henderson (1979) report that  the matrices 

Z = X.X!, j=1,2 ... r and V * =  U . U '  i = 1 , 2  ...q with U = I are a 
j 1 3  i 1 i r  9 n 

subset of: - 

$ 

K ( s )  = { K ~ :  where i = (i ,i - ... i 1 with i = 1 or 0, j=1,2..s - s S-1' 1 j 

and K - 1-i - J ~ - ~ S  @ Jn 1-il 
i - s 

S-1 69 . . .% Jn 
s-1 , 1 

- 

where J ' - ~ ~  is  the n x n matrix of 1,s i f  i =O, 
- 

n 
j 

j i j 

o r 1  i f i . = l }  
n (2.41)  

j 
I 

S S 
K ( s )  has 2 elements corresponding to  the 2 possible values for  the 

binary index i. sp ( K  (s 1 1 , the subspace of symmetric n x n matrices - 
spanned by the elements of K ( s )  i s  a commutative quadratic subspace. 

This follows from the definition of K since i f  K .  and K .  € K ( s )  
i - 1 - - 1 

then : 

where : - 
i and 1. - 

since 

K . K  = X K i.l (2.42) L i - 
x € IR and i.1 is the Bo,olean addition of the binary vectors - 

Clearly Ki .i SP ( K ( s )  ) - 
- 

Purthermore , for  Ki C K ( s 1  , R(K. 1 is invariant t o  a l l  K .  E K ( s )  
- 1 - 1 

K . K .  = K . K  
L ~1 

(2.43) 

and the l e f t  hand matrix has columns i n  R (K.  ,. 
'1. 1 - 

Hence R ( X . )  is invariant t o  V for i = 1 , 2  ...q and j=1,2 ... r ,  
3 i 

' since Z = ' x . X !  = K. for  some i ad- ~ ( 2 . 1  = *k 
j 1 I - 

J J  - j 

An important property of commutative quadratic subspaces i s  

that  they have a basis of symnetric, idempotent and mutually orthogonal 



matrices  ( ~ e e l y  

Thus 1 

where Qi = Q; , 

25 

(1971) lemma 6 ) .  

QiQi = Qi, a n d .  Q.Q = 0 f o r  i # j .  (2.45) 
1 j 

Hence we can w r i t e  t h e  covariance mat r ix  i n  terms 05 t h i s  b a s i s  s ince :  

The t c o e f f i c i e n t s  are known, and i n  t he  case  of balanced c l a s s i f i c a t i o n  
i j 

models, Sea r l e  and Henderson (1979) shaw t h a t  t he  f u l l  m x m mat r ix  

T = (t. .) of c o e f f i c i e n t s  f o r  expressing the  elements of  K ( s )  i n  terms of = 3 

.symmetric, idempotent and mutually orthogonal matr ices  is  given by: 

where: @ denotes t h e  Kroneker Product (2.76).  

Since V E K ( s )  , we can f i n d  t h e  ti of (2.46) from t h e  corresponding 
j 

raws of T. The covariance matr ix V(fl-1 can then be expressed as: 

where 
("i 

is t h e  i th el iment  of o given by: 

and T is  t h e  m x q matr ix of ti , s obtained from (1.47) . T has 
1 1 

independent columns because of t h e  independence of V j = l  , 2.. -9. 
j. 

Hence, i n  t h e  case of balanced c l a s s i f i c a t i o n  models we can 

re-parameterize t h e  model i n  tern of- ci-yi ;+at. 

with : cov(y) = V ( 2 )  = C uiQi 
i=l 



Where: Q~ a re  known n x n symmetric matrices sa t i s fy ing  Q 2 i ' Qi, 

" and Q.Q = 0,  i # j  
1 j 

(2.51) 

and R(X) is invar iant  t o  Qi, i=1,2.. .m 

The parameter space f o r  2, 52 ; is  however subject  t o  
w - 

ra the r  complicated constraints .  If we complete T1 of (2.49) t o  

a square non-singular matrix by adding m-q independent columns t o  

form T = [T , T  I ,  then: 
1 2  

(2.53) 
- - 

-1 Conversely, i f  [B ,B I = T then 
1 2  

B w = 8  
1- - (2.54) 

and B w = O  2- 
3 
(2.55) 

8 was r e s t r i c t e d  (2.27) s o  t h a t  8 C R ~ +  and hence o is  r e s t r i c t e d  by: - - - 
C: B w > 0 and B 2 g  = 0. 

1- - (2.56) 

and fiw = {E : w € nq and w s a t i s f i e s  C )  - - (2.57) 
- 

F In many applicat ions,  (Box and Tiao (1973) Ch 5 and 6) , the  
t 
i 
P const ra in ts  B w > 0 have the  form: 0 < w 5 o 5 . . . 5 y, 
r 1- - q q-1 

and the  const ra in ts  B w = g are  void. 
I 2- 

The advantages of the  proper t ies  (2.51) and (2.52) of 

t B 
f balance are s o  important t h a t  w e  define a c lass  of variance component 

models which possess these propert ies but which are not  necessari ly 

i 
1 c l a s s i f i c a t i a n  models. 



- - - - -- 
27 - -  

d 

2.5. Balanced Variance Component Models 

Motivated by the  proper t ies  of balanced c l a s s i f i c a t i o n  models, 
".c 

2 -4.3.. w e  consider gene a1 models possessing some balance c, 
which have important consequences f o r  methods of analysis .  

and 

where : 

and 

y, X ,  & and % . a r e  i n  ( 2 . 1 )  +- 
Qi 

i=1,2. .  .q a r e  knmL r n symmetric matrices sat isFying 

2 
Qi = Q i I  and QiQj = 0. i # j (2.60) 

R ( X )  i s  invar i an t  t o  Q i ' i=1,2 . . . q  (2.61) 

w i s  an u n k n m  q-vector of parameters taking values i n  - 

The parameters of i n t e r e s t  a re  some independent l i n e a r  combinations 

of 0, say 8 where: - 

R i s  a subspace of IRq+ r e s t r i c t e d  by some l i n e a r  cons t ra in ts  C such 
W - 

t h a t  V ( 2 )  is  p.d. 

2.5.1. Consequences of Balance fo'r variance Component Models ., 

The p reper t i e s  (2.60) and (2.61) have important consequences 

fo r  t h e  balanced variance cornpone& model (2.58) : - --= 

- 
a)  P Q ~  = Q.P = PQ.P, f o r  i-1.2. . .q  where P = X ( X ' X )  X '  

I I - 

is the  project ion operator onto R ( X ) .  This follows from 

the  de f in i t ion  of invar iant  subspaces (2.80) . (2.63) 

Consequently. Q . X  = XB f o r  B = ( x ' x ~ x * Q ~ x ,  i = 1.2 ...q. 
1 i i 



- NQi - QiN = NQiNI i =  1 , 2  ...q, where N =  I - P (2.64) 

I f  A = CaiQi then R ( X )  is i n v a r i a n t  t o  A, 

o r  equiva len t ly ,  PA = AP = PAP. (2.65) 

e 

If V(w) = CwiQi with w > O ,  then V(g) - 1 = (l/wi)Qi (2.66) i 

This follows from (2.60) and is the b a s i s  f o r  t h e  method of 

- 1 
computing V ( w )  f o r  balanced c l a s s i f i c a t i o n  models which 

- -  - - 

w a s  suggested by ~ e a r l e  and Henderson (1979) . 
q 
C Qi = In. This fol lows s ince ,  we s e e  from (2.60) t h a t  CQ 

i= 1 i 
is idempotent, and being a sum of idempotent mat r ices  we have 

- - - - -- - - - -  -- - -  -- -- -- - - - - - 
- 

tha t :  n 2 rank (EQ . ) = E rank (Pi) . 
1 

On t he  o t h e r  hand, we know t h a t  V(E) = IoiQi i s  p.d. f o r  

some 2 E .Q and hence that: n = rank (V (2) 1 S C rank (Q. . 
W - 1 

Hence C Q ~  being f u l l  rank and idempotent is t h e  ident i ty . (2 .67)  

V ( g )  has eigen values w with m u l t i p l i c i t i e s  m 
i i ' (2.68) 

where mi = rank (gi) , i = 1,2. .,q. - 

From (2.60). V ( o ) Q i  = wiQiI i = 1,2.. .q, s o  wi is an  e igen  

value with m u l t i p l i c i t y  m . .  Also s i n c e  L rank(pi) = mi.= n, 
1 

by (2.67) , we have a l l  'the eiged values of V (w) . - 
a 
7& 

g) d e t  (V(fi) = II w? where m = rank (pi) i (2.69) 
i=l 9 

h) I f  X has  f u l l  column rank. d e t ( ~ ' ~ ( w ~ ' X )  = det(XrX) II wYri - 
A 

i=l 
y det(x'x)det((x'x~~~'~(w~~~), where r = rank(%) .  - i 

(2.70) 



The Nbrmal ~ i i t r i b u t i o n  ~ s k u m p t i o n ~  $or Balanced Variance , 

Component Models. 

I f  i n  addition t o  the dis t r ibut ional  assumptions (2.59) we 
I 

assume tha t  

then thelikelihood of 1 is  given by (2.5). 
- - - - 

The properties of balance lead t o  convenient representations 

of t h i s  likelihood. 

-- - Fi r s t l y ,  -- - - -  the - cross -- -- product - terms - - - - i n  - the  - - - expansion - -  - - - of - - - - - - 
- -- - - - - --- - - 

A -1 
involve (& - $"X'V(o) N y  which vanishes IIy - pr + xi! - xi!Ilv(',,) - - 

because of the invariance, (2.64) and (2.65) . 1 

Secondly, from (2.64) and (2.66) , 
q "  .? ', 

2 
llw7 ~ w )  - = i=l z ( l i w , , y ~ ~ ~ ~  - -  

(2.73) 

Thus with (2 -69) we can write l iklihood as:  i 
-n/2 -mi12 (2 c (&,g/y) = ( 2 ~ )  

i 
exp f - C ( 1 / 2 ~ ~ ) y '  N Q i Q  

i=l i=l 

where m i  = sank(Q,). 

2.6. Derived Models and the Dispersion-Mean Correspondence. 

approach t o  the estimation of variance components is  t o  re-formulate 

the model, so t ha t  the variance components appear as  location 
L 



parameters and then t o  use the knmn theory of l inear  estiination t o  

der ive  estimators w i t h  desirable properties. 

> 

2.6.1. A General &rived Model. . 

For the  general model w i t h  covariance parameters (2.1) , we 

2 consider the  n xl derived response vector: 
Y - * - - - - - 

y = (y - Xf3Jwy - Xg) (2.75) 

a s  : Ac3B = ( a  B) . X3B is  the pr  x qs matrix - 
i j 

with i , j  th block given by a .B f o r  
i 7  

i = ,  j=1,2.. .q. - 
Importarit relat ionships between the Kronecker product and # 

- - . L  -be Vet( . operator (A.1) &e given i n  ~ u . l s h e &  (1976) and- , 

Henderson and Searlee (1979). These follcu from the def ini t ion (2.76). . 
, 

i g *  

For any matrices A,B,C fo r  which the products 
9 

are  defined: 

a) Vec (ABC) = (C1@ A ) V ~ C  (%) (2.77) 

c)  For any yectors 5 and y, 

- -- -- - -- - 

-" 

Hence 



and 

Where : 

- and 

= Vec (V (El 1 
q - 

= C B.Vec(V.1 = X8 - (2.80) 
J 3 j=1 

- - 
2 

' X  = (VecW ),Vec(V f . . .~ec(V 1 ) '  i s  n x q .  
1 2 q 

2 
F is the n . x n2 matrix of fourth order moments for  the vector of 

random variaEles y - X , wikh -oriter-ing-4eSned by the Vec ( . -1 * 

operator. 

The derived model is therefore: 
- - - 

-% y = x B + e  - - (2.82) 
-. 

- - ?  

- w i t h .  E(e) = 0 and Cov(y) = F. - - 

i- Wo d i f f i c u l t i e s d t h  th i s  derived model are tha t  y is not .a, 
observable since i s  g6f&a~ly  u+m, and I? depends on both 2 

4L C - 
an3 - 0 and is not f u l l  rank. The sample space of y i s  

7 

not the complete space 
%. 

2.6.2. The Dispersion-Mean Correspondence. 

f. 

The advantage of the derived model is  that  the parameters of 
4' 

in te res t  are naw the loca -,$Un parameters. Pukelsheim (1976) observed - - 
tha t  linear functions of y in the derived model correspond t o  

, - - -  - -- 

quadratic functions of y i n  the original model (2.1). This follows 
- - -- - - -- -- - - - - - 

from isomorphism properties of the lVec( . ) operator: 
c' f 

Clearly, t o  any n2-vector - r there corresponds an n x n matrix R 

such tha t  Vec(R) = - r. Vec(R1 ) contains the same elements as 5 



2 2 
but  i n  a k f f e r e n t  order. Henderson and Searle (1979) define the  n x n 

Vec-permutation matrix I by the  re la t ionship  : 
(n ,n) 

I has n2 blocks arranged i n  +n n x n ar ray  with each block being 
(n ,nI 

n x n, zero except t h a t  the  i , j  t h  block has a 1 i n  i ts  j , i  t h  posi t ion.  

Some proper t ies  of the  Vec-permutation matrix given by 

: Henderson and Sear le  (1979) are: 
n 

f o r  any A and B. 

With these results it i s  easy t o  demonstrate the  correspondence 
- 

between l i n e a r  functions i n  y and quadrat ic  functions i n  (y - XE) .  

Pukelsheim c a l l s  t h i s  the dispersion mean correspondence. 

- - 
With R and r as  i n  ( 2 . 8 3 ) ~  and noting t h a t  I - (n,n)Y = Y - - * w 

- .. 
rly = Vet' (R)* = Vec' ((1/2)R)y + Vet' ((1/2)R1)1 

(n,n)Y - 

where : A = (1/2) (R -t R' ) is  symmetric. 

2.6:3 f Derived Model f o r  Invar iant  Quadratic Estimation. 

.- 
A m i c e  frequently employed t o  reduce the  e f f e c t  of nuisance 

- 

parameters - is - t o  r e s t r i c t  -- a t t en t ion  -- t o  - -- est imating - -- functions which a r e  

invar i an t  t o  transformations of the  nuisance parameters. 
- - - --- - 

I n  model (2.1) N y ,  the project ion of the  response onto 

the  orthogonal 

Hence N y  = 

compliment of R(X) is  invar iant  t o  t rans la t ions* i n  R. 

N (y - Xg)  f o r  B E G! s ince  NX = 0. - B - 



h = x e + %  
N- - 

with E(e ) = 0 
m --N - 

and 
- - - 

- -- Cov(h)  = FN 

- 
I f  w e  def ine  y~ by: 
.., -. 

- 

Y, = N y  8 N y  = N ( y  - xE) @ N f y  - XE) = N (B N Y_ (2.88) 
-, - -. 

then E(&) = N 8 N X g  = X& (2.89) 
- 

where x, = ( V e c  (WIN) ,Vec (NV2N) , . .Vec N) 1 using (2.77) , 
- 

and Cov(y+) = ( N  (9 N) F (N 9 N) = FN (2.90) 

The derived model f o r  invar iant  quadrat ic  est imation is: 

I n  t h i s  derived model l i n e a r  e s t w t i o n  corresponds t o  invar iant  quadrat ic  
- -\ 

estimation i n  the  o r i g i n a l  model. In t h i s  case the  response & is  

observable s ince  it does not  depend on B. 

2.6.4. A Derived Model f o r  Mean and Dispersion. 

Kleffe (1978) considers simultaneous est imation of - B and 8 
- -< - * . : - i n  a model derived from (2. I) by defining y 

L - - 

- * 
hence 

- - 
where = 6 "4 8 and x is  as  i n  (2.80) - - - 



- -- - - 34 

2.6.5. Covariance Structures in  Derived Msd X s. 

A major d i f f i c u l t y  with l i n e a r  estimators i n  the  derived 

models is t h a t  their d i s t r ibu t ions  depend on the matrices F and FN 

(2.81) , (2.90) of fourth order moments. As previously observed, 

these matrices depend on the  unknown parameters and may no t  have f u l l  

rank. 

?he most general model f o r  which e x p l i c i t  forms a r e  
-- 

avai lable ,  is the  s t ructured variance component model (2.161, with 

asisurnpt~ons of independence hetween and rti,thia random componezkh,--- - 

well a s  the  assumptions of f i n i t e  'fohrth order m o m e n t s .  ~ukeliheirn 
* 

(1977), Gnot, IClonecki and Zmyslony (1977), Drygas (1977) and'Henderson 

and Searle (1979), give forms f o r  t h i s  general covariance. 

* 
For normal models, the symmetry and kur tos is  proper t ies  

simplify the s t ruc tu re  considekbly.  

z = vec(yyl)  = y @ y  Q Wishart (1 ,~)  

and 

With the  f a c t  t h a t , .  f o r  n o k l  var iables ,  
I 



For 2'" N ( x ~ , v )  with V pad. ,  

we can find an orthogonal matrix 2 such that Z 'VZ = D, 

where D i s  a diagonal matrix. Then, 

we have that: 

Further, since = (N @ NIX, we have, 

Example Data Sets from Classification Models. 

2.7.1.  Data Set 1. Data from a Cattle Breeding Experiment. 

A s  an example of data which is commonly analysed according to  

unbalanced classification models, we consider data on eight variables, 

measured on 208. calves during a ca t t l e  breeding experiment. The variates 

are described in Table ( 2 . 1 ) .  The classifying factors were: 

a) Sex of calf - SEX 

b) Place of b i r th  SITE 

C )  Breed of s i r e  SBRD - 

d)  Breed of dam DBRD 

e l  Sire SIRE 



9 
Table ( 2 . 1 :  Data V a r i a b l e s  f o r  D a t a  S e t  1. 

Mass a t  b i r t h  (kg) MASB 32-5-87 4.294 

Height a t  b i r t h  (m) 

Depth a t  b i r t h  (mm) 

HTAB 686.89 31.304 

DPTB 421.82 28.482 

Length a t  b i r t h  (mm) LENB 486.20 ' 36.297 
a 

Height a t  weaning (mm) HTAW 1041.8 41.317 
. -  c 

i Depth a t  weaning '(nu$. DPTW 424.1'2 40.921 
. ? 

Length a t  weaning (mm) LENW 4 4 - 8 7  ' 38.486 
. , 

Kass at weaning (kg) MASW . 198.84 

The model i s  d e s c r i b e d  i n  t h e  fo l lowing  t a b l e :  

Table  '(2.21 C l a s s i f i c a t i o n  Model f o r  D a t a  S e t  1. 

EFFECT DISTRIBUTION DEGREES O F  FREEDOM 

MEAN 
.. 

SEX 

SITE 

SBRD 

SITE X SBRD 

DBRD 

SITE X DBRD 

f f f f t D X  DBRD > 
SIRE ( I N  SITE X SBRD) 

SIRE X DBRD 

RESIDUAL 

Fixed 

Fixed 

Fixed 

Fixed 

Fixed 

Fixed 

Fixed - 
Random 

Random 

Random 



SIRE was nested within SXTE X SBRD combinations. The distribution of 

observations *roughout the cells was: 

Table (2.3) Number of Observations in Design Cells for Data Set 1. 

LEVEL OF: 
S S S D  
E I B B  LEVEL OF SIRE: 
X T R R ,  

E D D 40 61 64 67 34 38 44 23 42 9 27 

TOTALS 

Totals 21 21 20 21 16 16 20 21 14 19 19 208 



2.7.2. Data Set 2. Data Generated to  Follow the Model for  the 

Cattle Breeding Data. 

A s  a second example, ten variates were generated from the 

model assumed for  the ca t t l e  breedfng data, described in 2.7.1. The 

I 

generated data had the same nmnber of observations in the ce l l s  of the 

design as  the ?actual data. (Table ( 2 . 3 ) )  . 
The parameter values used to  generate the data are given i n  

> 
'A - 

the following table : Qc 

Table (2 .4 )  Parameter Values for  ~ene ra ted  t a ,  Following the Model 

for the Cattle Breeding Data. 

EFFECT VALUE DISTRIBUTION 

MEAN 10.0 FIXED 

SEX -2.0 - FIXED 

SITE 3.0 FIXED 

SBRD 5.0 FIXED 

SITE X SBRD 

DBRD 

SITE X DBRD 

SBRD X DBRD 

SIRE 

SIRE X DBRD 

RESIDUAL 

1.0 FIXED 

5.0 FIXED 

1.0 F M E D  

4.0 FIXED 

11 RANDOM LFVELS N ( O ,  10) 

22 RANDOM LEVELS N ( O ,  3) 

208 RANDOM LFNELS N ( O ,  8) 

The sample variances for  the random values generated for each 
-- -- - - - -- - 

-- - 
4 

variable are given i n  the following t a l e :  



Table (2.5): Sample Variances of Generated  ando oh Effect Values 

for Data Set 2. 

VARIABLE SAMPLE VARIANCE FOR COMPONENT: 

SIRE SIRE X DBRD RESIDUAL 

2.7.3. Data Set 3 .  A Generated Example. 

A small and extremely unbalanced data s e t  of 29  observations 

was generated for ten variables. A three factor mixed ef'fect 

classification model was used. The model and parameter values are given 

the design i s  given in  Table - (2.7) and - - the sample variances - of the 

random values generated for each variable are given in  Table ( 2 % ) -  



- s -% 
L 

- 

4 0 

. F .  

*rs T a b l e  (2 .6) :  Model and  Pa rame te r  Va lues  for G e n e r a t i o n  o f  Da ta  

8. 

, EFFECT DEGREES O F  FREEDOM DISTRIBUTION 

OR NUMBER OF VALUES 

MEAN 1 FIXED WITH VALm 10 .0  

F 2 FIXED WITH VALUES 5.0 a n d  -7.0 
i : 

RESIDUAL 2 9 RANDOM % N(0,12] 

Tab le  (2,7): Number of O b s e r v a t i o n s  i n  Design C e l l s  for  D a t a  S e t  3. 
\ 

FACTOR F 

FACTOR R2 

FACTOR R1 2 

3 

1 2  

1 3 1  

1 0 

1 3  

1 2  

2 0  

1 3  

0 2  

1 2  

2 3 

1 3  

2 0 

# 



T a b l e  ( 2 . 8 ) :  Sample V a r i a n c e s  of G e n e r a t e d  Random E f f e c t  V a l u e s  

< 

for D a t a  S e t  3. 

VARIABLE SAMPLE XWCANCE FOR COMPONENT: 

f RL R2 - F X R1 R 1  X R2 WSIDUAL 



CHAPTER 3 
9 - 

. . 
Estimation Using Quadratic Forms Based on 

the Structure of the Model 

Many methods of variance component estimation are 

based on the observation that the expectation of the qu'adratic 

forms in the response variables are linear functions of' the _ _  - - _ 

variance.components. The fact that they are also quadratic 

I 
functions of the location parameters, is one major source of 

- - - - - - - - 

difficulty. Methods based*on this observation involve - -  

computing quadratic forms and equating them to their 

expectations to produce a set of equations in the unknown 

I parameters. 

In classification models, the factorial data 

structure provides intuitively and computational3y appealing . 'I 
quadratic forms as the sums df squares (SSs) one-would 

\ 
compute for a fixed effect analysis of variance (ANOVA). 

A second set of possible quadratic forms is the- 

set of reductions in residual SS, due to fitting groups of 

parameters in.different orders. These are the SSs for the 

method of fitting constants (Searle, (1971) p 246). 

These methods developed for classification models 

are extendable to variance component models having a 
- 

structured random component. The computations are, however, 

more difficult . 
's 

The first attempts at estimation were for 

balanced models. In this case it is well known that the 



ANOVA and fitting constants SSs ,are .identical. Furthermore, 

in this case,many desirable properties result when 

unbiasedness is the only criterion of estimation. 

This relative success led researchers, notably 

Henderson (1953), to try to use the undemanding unbiasedness . .  
criterion with -one or other of the -likely sets of - quadratic 

forms for unbalanced models. The most outstanding features 

of the resulting estimators are their relative computational 
- - - -  
- - 

simplicity, their widespread use and their lack of known 
I 

desirable properties. 1 

3.1. Balanced Variance Component Models. 

The balanced variance component model (2.58) bas 

the form: i- 
with 

where: Qi, i=1,2 ...q are known'n x n symmetric and 

S idempotent matrices such that Q i Q j  = 0 ,  i # j. 

and R ( X )  is invariant to Q i=1,2 ...q. i ' 

Interest generally centers on some independent I 
- a t-c3f 1 i n e a = ~ o n k L n a t i o n s  a•’ A-IR~~~S-~--& - = R - 111 a n d 

t 

I 
i 

w 1s constrained so that 8 T O ,  V ( w )  is p.d. and B,w * 0 - -- L 

for some linear combinations indbpendent of those in B 1 ' 

(3.3) 



3.1.1. Quadratic Forms Based on the Structure of the Meael. 

The model (3.1)- (3.2) suggest$ a set of quaaratic 
/ 

forms 5 

These are also SSs since the symmetry.and idempotency of the 

Qi impl-ies-that they- are n.n.d. The expectatfons of these A - - .-A - 

SSs does however depend on the fi~ed~effect parameters. 

One intuitive approach to avoiding this complication is to 
- ---- - - -- 

- - - - - -- - - --- - - - - - - -- - - -- - 
- - 

consider quadratic forms in the projection of the response 

onto the orthogonal complement of R(X)S 

x t N Q i Q  = z1Qix - ytPQiPx (3.5) 

The expectation of any quadratic form is given by: 

(Graybill 1976 p 139). 

For models with the features of (2.1) and (2.2) this becomes: 

or for balanced models: 

E(Y'AY) = Cwitr (AQi) + &'X'AX~ (3.8) 

Using (3.8) and (3.5) together with the properties 

of Qil and the fact that X'N = 0, we obtain: 

- -  - -  =! w . rank (NQ (3.9) 

since NQi is idempotent and NQ.NQ7 = 0 for i$j. 
e 1 j 

Hence an unbiased estimate of % is which has components: ' 



@ .  = (ylNQiNy) Jrank (NQi) 
-1 

unbiased estimate of is: 

3.1.2. Distributional Properties of the Quadratic Forms. 

If we'include the ~ o r m a l  distribution assumptions 

in the balanced variance component model, we can appeal to 
-4'- 

the fpollowing repsults__tp _o_b_tain- s'ome distribxt,ional propertiespp- - - 
- --- 

of the quadratic forms (3.4) and (3.5). 

For random variables distributed N (p - ,V) , 

with V, p.d. , the quadratic forms x 1 A x  and x J B x  with 

symmetric have the following properties: 

a) xlAx, x2' (rank(A) ,&'A"2) - - if and only 

A and B 

AV is idempotent. (Searle 1971 p 57). 

b) Var (xlAy) = 2tr (AVAV) + 4p1AVAp - - (3.13) 

(Searle 1971 p 57) 
7 

(By expanding the joint moment generating function) 

d) ~ ' A X  and l l B x  are independent if and only if 

--b 
AVB (or equivalently BVA) is zero (Searle 1971 p 59) 

For the quadratic form's (3.4) and (3.5) ,we obtain: 



and, y' NQiNy _ X' (rank ( N Q ~ )  ) (3.18) 

 hi-s considering the transformed response: . 

~ l s o  QiCov (5)  = .-Q. - and NQiNCov (z) = NQi and both are 
1 

a 
idempotent so (3.17) and (3.18) follbw from (3.12). 

Furthermore, for i#j, QiQj = 0 so that QiV(g)Q 
j 

- - - -  - -- - - --- - - - - - - -- 

and NQ.NV(w1NQ.N are zero •’rom (2.64). Hence if we ignore 
1 - 7 

G w  (3.3), we have faom (3.15) that the the constraints on 
- 

sets (3.4) and (3.5) cont'ain independent Chi-square random 

variables. I 

From (3.13) or properties of the central Chi- - 
A 

square distribution, the sampling variances of w (3.10) 
i 

- 

2 
are: 2o. rank (NQ. ) 

1 1 

1t8is thus possible to obtain the sampling variances of the 
A I 

estimates 8 (3.11) of the parameters of interest. However, 1' - .. 
the cogponents of are not indipendent. Graybill (1976) . 

gives examples of approximate confidence intervals and 

tests for the components. 

3.113 Uniform Minimum Variance Unbiased Estimators. 
- - 

-- - 
Seely (1971) shows that the statistics y l Q + . y ,  
- - 1 

A 

i=1,2 ...q, and - f3 = ( ~ 1 x 1 - ~ ' y  are jointly complete and 

sufficient for the normal balanced variance component model. 
Y1. 

This follows by considering the density of the response iri 



the form (2.74) and writing, 

and (3.21) 

but - 8 * x l v  (u-)-lxi - = I ( ~ / w ~ ) ~ I P Q ~ P ~  
i 

Hence the density can be written as: 

If the model is re-parametrized via the transformations: 

then the transformed parameter space contains an open ' 

subset provideif QoxQB has a non void open set. 
- - 

A 

In this case & and 1' e jointly complete and 

sufficient according to ult in Lehmann (1959) p 132. 

* A 

The estimators g and (3.10) and (3.11) 

are uniformly minimun variance estimators amongst all 

unbiased estimators (uMVUE), since they are functions of 

the complete and sufficient statistics. 

3.1.4. Negative Estimates of Variance Components. 

The distributions of the estimators qi (3.10) 

are derived without regard for the constraints\4it3.3) 



n the parameter space. There is consequently a positive , 

* 

robability that the ui will violate the constraints and 
h 

lead to estimates 8 = B w which have negative components. - 1- 

The principle of unbiasedness and com liance with P 
the constraints appear to be incompatible. /one solution ts 

the problem is to truncate the estimators at zero, but then 

all properties-of the sampling distribution of the estimators 

are lost. There is a'lso the question of whether t change e 
the model snd pa01 quadratic farms when ca1t6&~a,i;nt vialations -- - - 

8 
r - occur. 

Klotz, Milton and Zacks (1969) compare the unbiased 
I 

estimators to non-negative estimators in the balanced two- 

component model. Using squared error loss,' they achieve 

considerable improvement with truncation-t 

Y. 
3.2. ANOVA Quadratic Forms for Classification Models. 

In mixed and random effect classification models 

(2.24), there is'one set of quadratic forms which has 

considerable appeal for use in variance component estimation. 
I 

These are the factorial effect SSs computed in the fixed 

effect analysis of variance. They are easy to compute and 

in the balanced case, have well-known expectations and 

-- -- -- 

distributions,. 

 he expecta , , , c  1 < Tmr the 

variance components, plus quadratic functions of the fixed 

effect parameters. It is the appearance of the fixed effect 
- 



p d m e t e r s  in the expectation of the SSs which causes 

difficulty and limits the estimation of variance components - 
by t'ks method. The method is known as the ANOVA method. 

We cons'ider some general aspects of,the method 

and then consider spec-ial cases and procedures for 

eliminating the influence of the fixed effects on the 

variance component estimators. With balanced classification 

models, the invariance of the fixed effect'design matrices 

to the coefficient matrices of tha ~ovarian~&.fdlitates 

the removal of the fixed effect parameters leading to the 

- 
estimators of 3.1. Henderson (1953) extended the technique 

t . 
to some cases of unbalanced models,Lnd Searle (1968) and 

(1971) reviewed and extended the procedures. 

We consider the classification model (2.24) with 

basic structures: 

( 
where : 

. X i  i = 1 , 2 r  and U j = 1,2 ...q- 1 are the 
j ' 

effect design matrices. 
- - - - - - - - -- -- 

B .  i=2,3 ... r are the fixed effec't parameters 
-1 

-- - --- -- -- - - 

v j=1,2 ...q- 1 are the random effect components. 
-1 

e is the residual error effect. - 

B1 is the mean effect and X1 = - 1. 



3.2.1. The ANOVA Quadratic Forms. 

In classification models the response,vector can be 

partitioned into cells according to subsets of the factors 

- corresponding to each effect in the model. The SSs of the cell 
9 

means of these sub-classifications are the SSs of the 

orthogonal projection of the response vector onto the column 

space of each effect design matrix. The ANOVA SSs are linear 

contrasts amongst these sub-classification SSs. The contrasts 

are linear comhinatians w i ~ _ c a e f f i c i e n t s ~ ~ u m m i n g  to zero,,,- 

In balanced models the ANOVA SSs correspond to repeated 

projections onto subspaces o•’ lower dimension. 

In the model (3.26) we can defiqe the set of 

projection operators: 

-1 
{pk: For k=1,2 ... r Pk= Xk(X;Xk) Xi, 

and for j=1,2 ...q let k=j+r 

-1 
and Pk= U . ( U ! U . )  U; whe;e U I } (3.28) 

3 3 3  
9 n  

The sub-classification or projection SS associated with the . 

k th effect is then: t = y ' P  y 
k k (3.29) 

and we define the vector of these SSs as: t. (3.30) 

Several properties of P and t k=l,2..r+q 
k k' 

follow from the properties of design matrices, 2.4.1: 

a) Since X!X,= diag(n 
i,j! 

i=1,2.. . p : ) ,  (2.32), 
3 3 3 

we s e e  thXIi7tIie projection S S s  are simply SSs 



* - 
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2" * " 

according to the number of observations in each cell. - 

(3.31) 
b) Pr+q= In so that tr+q= xlx (5.32) 

c) tr (Pk) = rank(Pk) = pi or qi, the column size 

of the effect design matrix. (3.33) 
? 

since, for k=1,2. ..r, 1'P = 1' X'P = all XI = 1' 
-n k -pk k k -pk k -n ~ 

. Similarly for k=r+l,r+2 . . .  r+q, using 

e) &'P 1 = n for k=1,2 ... r+q. 
k- 

6 

The A N O V A  SSs for the random effects are given by 

q linearly independent contrasts amongst the r+q projection 
--u- 

SSs. We define - r to g'e the q-vector of ANOVA SSs corresponding 

effects. Then: r = Rt - - 
1 The matrix R of contrasts has some important 

prop < rties which can be exploited to estimate the variance 
L 
components. 

a) R is q x r+q with rank q. (3.37) 

The independence of the rows of R follows from the 

relationship between the effects of any factorial 

. r 

classification. They either involve disjoint - 

.i. 

subsets of the factors and hence their "ANOVA' SSs 

involve different components of - t, or there is a 

wderMects-i  n v n l v i n g  mare -than lower 

order effects. Thus the ANOVA SSs of the higher 

order effects involve more components of r. 



b) R1 = 0 since the rows of R - - are contrasts. (3.38) 

c) The last column of R is zero, except for the 

(q, r+q) th element, which is 1. (-3. 3 9 )  

This follows because the only ANOVA SS involving 
9 

y'y, the last component of 5,  is the 

residual or error SS. This SS is the last 
Q 

component of I .  
1 

3.2.2. Expected Values and Estimation Equations. 
r 

The Expectation of g, E(r) is: - 

y h e r e :  S is q-trxq with k,j th element 

given by tr(P U U!) = tr(U!P U.) 
k j  J 3 k . 1  

(3.42) 

and , 

a(&) is a q + r - v w r  of quadratic - 

functions of the fixed effect parameters. 

The k th eleiqent is: 

1 

Hence the expectation -rTis:. 

HA = RS is qxq. 



The principle of using E ( g )  to get unbiased 

estimates of 0 is to find model conditions or transformations, - 
' which make the term Ra(g) vanish, leaving estimation 

equations for the restricted or transformed model: 

One feature of (3.44) common to all classification 

models is that the last equation is automatically free of 
-- 

the fixed effects and all but one of the variance components. 

This equation therefore, always provides an unbiased 3 s t p 1 t e  

of the residual effect component. This is discussed in 

section 3.2.4. 

d The rank of the matrix HA is important for 

consistency of equations (3.45). This is not discussed in the 

literature and seems to cause no problem in practice. We 

assume H to have full rank. According to Hartley, Rao and 
A 

LaMotte (1878), this will follow provided the matrices 

U . U '  are independent and there is no confounding of fixed 
J j 

and random effects. This is related to identifiability (2.3). 

Conditions which lead to the elimination of the 

of the column spaces of-the fixed effect design matrices to 
n 

V = U.U' and hence to Pk for k=r+l, ...q. This leads to 
j I j - 

identities amongst the elements of a(f3) - and thence to zero 
, - -  

elements of Ra(B) because of the contrast property (3.38) 

of the rows of R. Because of this, restricted models which 

possess this invariance or transformations which produce it, 



f - 
are used to obtain estimating equations like (3.45). 

, 
Examples are discussed in sections 3.3.6, 3.3.7 and 3.3.8. 

Two aspects of equations like (3.45) which make 
\ 

. . 
them desirable estimating equations are computational 

simplicity and efficiency! secti n 3.'2.3, and some 9 - 
distributional properties for the estimators based on them, 

section 3.2.5. The transformations considered to make the 

model amenable, generally affect both these properties and 
- - -- - --- 

one objective is to minimise this effect. 

3.2.3. Computational Procedure - Synthesis. 

The major advantage of using the ANOVA SSs and 

equation (3.45) to estimate is computational ease. The 

SSs are easily computed from sub-classification tables. 

Hartley (19671, observed that the same 

computational device was available for calculating elements 

of S and hence of HA for any particular model. From (3.42) 

we can write the k,j th element of S as: 

q3 
tr(U1p U ) = - C' u' P u 

j k j  i=l -j i k-j i 

where u is the i th column of U . 
-j i j 

The components of the sum have exactly the same form as 
\ 

- - - -- - - - - -p -- 

components )f - ti tk = Y ' P ~ ~ ,  and hence can be calculated using 
/. 

the same m - c l a s s i r i c a t i ~ n b ~  )gjPi for  S ds on x firr - i. 

That is, treat u as a data vector and calculate the model 
-j i 

ANOVA.3  This method i s  known as the Method of Synthesis, 



.Hartley (1967), Rao, J.N.K. (1968). \ 
Computations for the last row and column of S 

are made trivial when U = In, which is often the case. 
9 

3.2.4.. The Residual Effect Variance,Component. 

For all c1assif"ication models, the last equation 

of (3.44) is free of all parameters in B - and g except for 
-- - -- 

8 . This is because r fs-Wi3-residual - SS, after fitting 
q q 

all the fixed effect parameters 8 ,  and all the random 

effects except the last, that is q ,  v2...v 
-4-1' 

I Using the model equation in the form (3.27) 

r = x'Ny (3.48) 
9 

where 

N is idempotent, symmetric and has the property that 

.I. 

NXi = XiN = NU = U!N = 0, for i=1,2 ... r, j=1,2 ...q- 1. /2c,'..z 

j I 

Hence wit,h (3.7), the last equation of (3.44) is: 

= 8 t r ( ~ )  = 0 rank (N) (3.50) 
9 9 

rank (N) = n-s, where s is the number of 
- - - - - - - - - 

independent columns in (X,U). This is usually referred to 
- - - - - -  - - 

as the degrees of freedgm for the model. 
,f 

Hence an unbAased estimate of 0 is 
q 



provided by: 

e 
If the normality assumptions are included in the model (2.20), 

the properties of N, together with (3.12)-, mean that 

because 
-9 = ' - -  (N/eq)y 

and (N/Bq)V(g) = N which is idempotent. 

It follows from (3.13), that the vari'ance of 8 is: 

J 
Further, because the matrices for the quadratic forms 

r 
= l"-r 

are linear combinations of PI.. .P 
q-1 r+q-1 

(3.30) , 

(3.31) and (3.36): 

and 
P 

NV(8)P = NPk = 0 k=1,2 ... r+q-1 - k 
A 

we have with (3.15) that 8 is distributed independently 
'I 

A 

of Bj, j=1,2 ...q- 1 whenever estimation equations (3.45) 

are possible. (3.54) 

i . . 
i - 
1 

3 . 2 . 5 .  Distributional Properties of ANOVA Estimators. 

I 

I Assuming that the model is such that the fixed 

effect parameters vanish from the expectation equations (3.44) 

- - - we c a n  mak- obmv&-lxa~de ~ * ~ i ~ u t A a r - o f t h  hp- 

r 

-- f estimators obtained from (3.45) .,when we include the Normal 
r 

1 ~istribution' assumptions in the model. 



Hence: 
* -1 rl 

Cov(9) - = HA R Cov(t) - RIHA 

Elements in Cev(t) - are obtained from (3.13) and (3.14). 

Sp+.ecifically the k,m th element is given by: 

\ 2 tr(PkV(6-)PmV(g)) + 4 B1XrPkV(6)PrnXB (3.57) - - - 

Hence we can write Cov(&) as: 

where the k,m - - th -- elements of D and A are in.the first and- 
-is& 

second terms of (3.57) respectively. Thus the elements of 
A - 

Cov(6) depend on the unknown parameters and are difficult to - 
compute; the Method of Synthesis (section 3.2.3) is only 

available for some components in D(E). The terms in B ,  - 
* 

however, may vanish from Cov(9) under the same conditions - 
that make them vanish from (3.44). 

We have already noted, (3.53 and 3.541, that the 
n 

last row and column of Cov(&) are zero, except for the l'ast 
A 

element, the variance of 0 . This, together with the fact 
q 

that the last column of R is zero, except for the last 

element (3.391, means that not a11 of D (6) need be - 
A 

computed to obtain Cov (E). 

In addition, apart from 9 the distributional 
q t ,  * 

form m l -  8 - -*s unkmwny-b~crarrse t ;he  m t r l c e s W t  he q u a d r a m  

were in the case of the balanced models (3.17). 



3.2.6. ANOVA Quadratic Forms for Random Cla~sification Models: 

Henderson's Method I 

Random Effect Classification Models have model 

equation: 

y = - 1p + u p 1  + ...+u v' . q-l--q-l + e  - (3.59) 

> -  a "- - - -  - - A -  - -  - A -  -- 
The fixed effect design matr-ix, 1 is particularly simple and 

. its column space is invariant to V = U.U!. Components 
j 1 3  

hence vanish under the contrasts .R to yield estimating 

equations (3.45) free of the fixed effects. 

Unbiased estimates of. - 8 are therMore: 

A 

Again, the last equation only involves 8 and the solution 
q 

is the same as d6scussed in sectpion 32.4. - - - - 

h 

The distribution of elements in - 0 are unknown, 
A 

evep with the Normal Distribution assumptions, except for 9 
q' 

which is independent of other components (3.54), and 

For the Cov(&) we need Cov(t), which, using (3.57) 

/ 
has k,m th element: 

 he second term is constant tor all k and m because 1 ' ~  - 
k l  

for k=1,2 ...q- 1 (3.34). Hence the terms involving p vanish 

under the contrasts R a n d  using (3.56) and (3.58) : 



Where the k,m th element of p ( 0 )  - is: I 

The Method of,Synthesis, section 3.2.3, can be 

used for some terms of D(g), Hartley (1967). The 
L L u  - 

A 

inpependence of , 0 to other elements and the special form 
q 

of the last column of R, (3.391, can be used to reduce the I 
- -- - - size of f h e  mat=icsffi 33.63) [Searle- (19717p433)-:- - - 

5- * 

However the computations are still formidable. I 
3.2.7. Adjusting for bias in Mixed Effect ClassTfication 

Models. 

The quadratic functions of fixed effect parameters ' *  

in the expectation of the ANOVA quadratic forms (3.44), makes 
- I 

it difficult to obtain estimators of the variance components I 
which are notbiased by the fixed effyts unless they can be 4 

eliminated from the equations. 

One approach to achieve this, is to transform the 

data, so that the model does not depend on the fixed effect 

parameters, or at least on those for which the column space 

of the effect design matrix is not invariant to the covariance 

matrix. The method is to provide some estimate of the fixed' 
- 

effect param'eters and then produce residuals, based on these 

estimates. Tww approaches are available; estimate the fixed 

parameters ignoring the random effects, or including the ' 



- - -- -- - - - 
random effects as if they were fixed, but ignoring their 

resulting estimabes at the adjustment stage.. 

Searle (1968) gives a general method based on 
I 

ignoring the random effects anddestimating the fixed effect 

parameters apart from the mean effect. 

Estimate 
- - 

X then 

where 

and 

Now , 

With th e - m ~ d e l  wr-itten- as:, - - - 

. . 
B vanishes because X- XX-X= 0. - 

- - 

Henderson's method I can be used on the transformed 

response z. The SSs are formed usin-g the design model for x, 
* 

that is Uinot Uit but the expectations must be taken with 

the transformed model (3.65). Hence, 

where: t is the vector of sub-classification S S s ,  (3.,30). 

S~ 
has i t  j th element I 



% 

also the i th element of b(p) is: 

e 2  E ' P . ~  i=1,2 ...q+ 1 
1- 

Therefore: 

E ( r )  = H e  +Rb(p) (3.70) B- 
1 

with H~ = RSB.  his is a set of linear equations in 5 
2 2 

and !.I , which can be solved for both and p . Searle 

(1971) observes two drawbacks of the method as being non- 
> - 

uniqueness of X , different inverses producing different 
- - - - -- 

-estimates, and computational difficulties because even with 

the Methd of Synthesis , 3 . 2 . 3 ,  for elements of SB,(3.68), 

* 
columns of U are required. These are obtained from U 

j j * 
by the same transformation as q from . Also U is no 

q 

longer I, so the simplifications (3.47) for the last row 

and,column of S are no longer available. - 

- 

While the non-uniqueness is unfortunate, there 

is at least one obvious and, in some senses, optimal 

- 
candidate for X , that is (X'X)-X' which provides the 

lease squares estimator of B. This is invariant to choice 

of ((X'X)- (Graybill (1976) p 32). Also, the mean effect 

might as well be adjusted for as well as other fixed effects. 

In this case, the method is to use-the ANOVA , SSs to 

e s t-imake- the vazi anc e components _o f LLe-1 e a s t s quayes_ --- . 
residuals of the fixed effects. 

- 

based on these residuals, but using different quadratic forms;" 



the unweighted sub-classification SSs, that is SSs of 

sub-classification totals ignorirlcj'the riumber' of observations 

per cell. They produce some optimal pfoperties, such as 

consistency, but arrive at the same solution as C.R. Rao (1971a) 

(1971b) and (1972), who tackled the sometimes conflicting 

aspects of invariance to fixed effects and choice of quadratic 

forms from aidifferent point of view,,.to be discussed later. 

- - - - - - - - 
- - 

3.2.8. Rixed ~ o d e l s  without ~nteraction between Fixed a n a  

Random Effects:- Henderson's Method I1 

Henderson (1953) proposed adjusting the data for 

the fixed effect parameters to produce a model independent 

of them, but without ignoring the random effects or . 

producing the computational diffi?ult\es associated with the 
- 

previous method. Henderson, Searle Schaeffer (1974) 

show that the resulting method overcomes the non-uniquenegs 

problem. However, it is only applicable to m 

classification mode&s, having no interaction 

bet een fixed and random effects, except for the reshdual e 
effect4 Searle (1971) considers this a serious limitation. 

The method is to produce an estimate of & in 

(3.64), L x  such that 
- - -- 

a) XLUi = 0 for i=1,2 ...q- 1 
--- - -- 

b) XL1 is a constant vector - .  (3.72) 
0 

and c) X - XLX has identical rows. (3.73) 



where: . 

~ h e  model for z = y - XLy then becomes: 
4 .* q-i * 

z = p * & +  C U i V i + U V  - (3.74) 
i=l 5l-I 

Now applying Henderson's method 1 to z, largely - - 
overcomes the computational difficulties of the previous 

- - --- - - - - - - - - - - -- - 

method, since only one new ~-matrix need be evaluated. 

The restriction to models having no interaction 

or nesting between fixed and random effects, except the 

residual effect, i-6 equivalent to requiring: 

rank (X U .U ) 1 1 "  q-1 = rank rank (U1. .Uq-l) -1 

where X is the fixed effect design matrix excluding the mean 

,F- effect. Since if this bails to hold, there are some 

columns of U1... 
uq-l' 

say U and a matrix M, such that 

U = XM. So multiplying (X - XLX) on the right by M, 

because XLU = 0 by (3.71) . 

Now X - XLX is required to have identical rows by (3.73) 
- - - - -- - - - 

and hence (X - X ~ ) M  = U must have constant columns, but 
- - - -- -- 

this is t possible for columns of a design matrix, except "P 



3.2.9. Procedure for Henderson's Method 11. 

To produce a matrix L satisfying (3.71) a (3.73), 

we re-write the model (3.64) as: 
- 

y = - lU + Xaga + Xbgb + + U v + e (3.78) b-b - 

where the columns of X and elements of 8 ,  and columns of - - 
afid elements of 

- 

have been re- 

ordered and paritioned in such a way thst: 

a) Ud_-has --- full and maximum - column rank (3.79) 
- - - - - - -- -- 

and b) (XbIUa) has full and maximum column rank, 

(3.80) 

Consequences of this are: 

a) There exists K, such that Ub = UaK. (3.81) 

For, otherwise U would have columns independent of those of 
b 

L 
Ua contradicting (3,792. - 

b) There exists vector g, such that U E = 1 
a - 

For otherwise 1, which is in R(UIU 2...U ) ,  would not be 
q-1 

in R(Ua), OWa4eby contradicting (3.79). 

c) There exists matrix M and veCtor t. such 

that Xa = It' + XbM - 

rank(Ua) = rank()() + rank(U1,UZ.. .U ) and we:have restricted 
q-1 



the model to ensure that this does not ocour. 

Next writing Z for (X X U U ) ,  the matrix: 
a b a b  

where 

is a generalized inverse of Z ' Z  with partitioning conforming 

to the partitioning of Z .  Hence if we treat the random 

effects as fixed, G Z 1 y  is an unbiased estimate of the effect 
- -- - -  - - - - - - - 

parameters. The part of the estimate for the fixed parameters, 

B a n d g b  is: 
-a 

a) LIXb = I from (3.84) 

C) LIUb = L U K = 0 from (3.81.)&-CB.87)':{3.88) 
1 a 

d) L ~ A  = L U e = 0 from (3.82)& (3.87) (3.89) 
1 a 

e) LIXa * L It' + LIXbM from (3.83) 
1- > .  

= M from (3.89) and (3.86) (3.90) 

L of (3.85) satisfies conditions (3.71) hod (3.73) since: 

W a x b ) = =  - 0 from EL€-- 13.921 

C )  (X,Xb) - (XaXb)L(XaXb) = (XaXb) - (X L X ,X L X ) b l a  b l b  

= (xaxb) - (xiM,,Xb) from (3.84) and (3.90) 



= (It' ,0) since Xa- XbM = - It' from (3.83) 
1 

and (It1, - 0 )  has identical rows. (3.93) 

3.2.10. Invariance of Hendersons Method I1 to Choice 

of Fixed Effect Estimators. 

SeqrLe (1968) and (1971) considered that this 

method would produce different estimators of the v a r k c e  

components for different choices of L.   hat this is not so 

-- --- 

was shown by ~enderson, searZZ-Xn& S c f ' i X e ~ - ~ ~ t - 4 f .  ~ h e  - 

6 

observation rests on re-parameterizing the model (3.78) as: 

3 

where 
1 1  

- - MBal + Bb using (3.83) 

and 
using 

and (3.81). - 

The L i n e a ~  functions and l2 of the parqmeters 

are estimable because: 

Hence the same linear functions of estimates of -a' B -bl B 

v v and p are invariant to the ehoice of generalized . 
-a1 -b 

inverse for Z'Z used to solve the normal equations. 

(Searle (1971) p 181). 

-- - - - -- 

Now if - z i s  the vector of residuals y - XLy 

* 
using L a second matrix satisfying (3.71) to (3.73), then: 



where: ['I = L y  and 
b* 

-b 

Hence, - z - z* = - lt'(b - b*) + Xb(Mb + b - - Mb*) -a -a -a -b -a 

= - It' (ka- -a b*) = cl - (3.98) 

where c = - t'(b - b*). 
-a -a 

The second term of (3.98) vanishes because Mb + b is an -a -b 

estimable function of parameter estimates and hence invariant - - 

to the particular rstimates used. 

Now the quadratic forms used in applying 

- - methoa 1 to z or z* have matrices 7 of F3.29)  which have -€Iff' - - -- i 

property that P.l = 1 and 1 1 (3.34). Hence, 
1- - - - 

Z*'P.Z* = (2  - cl) 'P. (z - cl) - 1- - 1 - 
* a l P , z  - 2cl'z + nc 2 - - - (3.99) 

1- 

The ANOVA 

contrasts 

and 

where 

SSs used to estimate the variance components are 

of these SSs and hence terms with c and c2 vanish. 

\ 
Computing the Coefficients of the Residual Effect 

Variance Component in Henderson's Method I1 

The transformed model for - z = y - XLx is qiven 

so that: 
q-1 

Cov(q) = C 0 U U' + 0 u*U*' 
i i i  

i=1 q q q 

model (3.74)with components t.= z1P.z, where 
- -% 1 -\- 

-1 -1 
P1= L(1'1) - -  - 1, P2= u1(u1u 1 u;, . . . 1 1  Pq712 .In 

(Note P 
q+l 

# U* (U*'U*PU*' 
q q q  g (3.102) 



Sc 
has i,j th element: tr(P.U.U!) for i=1,2 ..q+l, 

1 3  7 

and j=1,2...q-1 and tr(P U*U*') for i=1,2 ...q+ 1. 
i q q  

1 (3.103) 

Also, E(r) - = H 8 
c- (3.104) 

where: - _  r = Rt, - with R being the q x q+l contrast matrix 

such that r is the vector of random effect ANOVA - 
S S s .  H = R S c  is a q x q matrix. 

C 
(3.105) 

The computations for - t, 5 and all but the last 
- - - - - - -- - - 

- - -  

column of Sc are identical to those for Henderson's method I. 

For the last column of Sc we have from (3,741 and (3.85): 

Hence, 

However, 

and 

, Hence, 

where: 

and 

LIPi= 0 from (3.87) and (3.89) 

X'L' U'L' = Gll 
LILi = Gil b 1 + G12 q i (3.1091 

from (3.851, (3.86) and (3.87). 

rank(p.) is the number of columns in the associated 
1 

design matrix (3.111) 

W need only be computed once, and used in (3.110) for each 
-, - - - - -p-pppp 

element, i=1,2 ...q+ 1. The simplification from (3.107) to 
-- 

(3.110) is a result of the particular choice of L (3.85). 



3 .3  R e d u c t i o n s  i n  R e s i d u a l  SS f o r  V a r i a n c e  Component  Mode l s  - 
with R e s i d u a l  E r r o r  - H e n d e r s o n ' s  Method I11 

A s e c o n d  g r o u p  o f  q u a d r a t i c  f o r m s  m o t i v a t e d  by t h e  
i 

model  s t r u c t u r e  a n d  e a s e  o f  c o m p u t a t i o n ,  a r e  t h o s e  r e p r e s e h t -  
&' 

i n g  r e d u c t i o n s  i n  r e s i d u a l  SS a s  d i f f e r e n t  g r o u p s  o f  t h e  

mode l  c o n s t a n t s ,  ( f i x e d  e f f e c t  p a r a m e t e r s  o r  random e f f e c t  - - .  

v a l u e s ) ,  a r e ' a d d e d  a f t e r  a l l  o t h e r  c o n s t a n t s  h a v e  b e e n  

f i t t e d .  The  i d e a  s t e m s  f r o m  f i t t i n g  c o n s t a n t s  m e t h o d s  f o r  
I 

- - --- 
~ ~ B a l a n c e d  f i x e d  effect-'moi%?Xs CSearTe (I9Tf) p  24-6 ariZfT19TZm 

a n d  i s  t h e r e f o r e  s o m e t i m e s  known a s  t h e  m e t h o d  o f  f i t t i n g  

c o n s t a n t s .  - 
- 

The me thod  o v e r c o m e s  t h e  d i f f i c u l t y  o f  b i a s  t h r o u g h  

f i x e d  e f f e c t s  by t h e  s i m p l e  e x p e d i e n t  o f  a l w a y s  f i t t i n g  t h e  

f i x e d  e f f e c t  p a r a m e t e r s  f i r s t ,  s o  t h a t  t h e y  d o  n o t  i n f l u e n c e  
- - 

t h e  r e d u c t i o n  i n  r e s i d u a l  SS.  T h i s  i s  e q u i v a l e n t  t o  u s i n g  

by S e a r l e ' s  ( 1 9 7 1 )  

s e c t i o n  3 . 2 . 7 ,  a n d  

l e a s t  s q u a r e s  r e s i d u a l s  f r o m  t h e  f i x e d  e f f e c t  p a r t  o f  t h e  

model  t o  e s t i m a t e  t h e  v a r i a n c e  c o m p o n e n t s .  T h i s  i s  s u g g e s t e d  

g e n e r a l  me thod  o f  a d j u s t i n g  f o r  b i a s ,  

a g a i n  b y  H a r t l e y ,  Rao a n d  L a M o t t e  ( 1 9 7 8 ) ,  

who u s e  u n w e i g h t e d  s u b - c l a s s i f i c a t i o n  S S s  o n  t h e  r e s i d u a l s .  = 

The d i f f  i c u l t y  w i t h  t h i s  me thod  o f  F i t t i n g  C o n s t a n t s  

i s  k h a t  t h e r e  a r e  g e n e r a l l y  more  r e d u c t i o n  SSs a v a i l a b l e  
- - - -- - 

t h r o u g h  f i t t i n g  t h e  c o n s t a n t s  i n  d i f f e r e n t  o r d e r s ,  f h a n  a r e  

n e e d e d  t o  e s t i m a t e  t h e  v a r i a n c e  c o m p o n e n t s .  The o r d e r  o f  

f i t t i n g  d o e s  n o t  a f f e c t  b a l a n c e d  d a t a  b e c a u s e  t h e  r e d u c t i o n  

'SSs a l l  become t h e  ANOVA S S s 1 7 1 e a d i n g  t o  t h e  e s t i m a t o r s  o f  



s e c t i o n  3 .1 .  However ,  f o r  u n b a l a n c e d  d a t a  d i f f e r e n t  o r d e r s  

o f  f i t t i n g  p r o d u c e  d i f f e r e n t  e s t i m a t o r s .  

3 . 3 . 1 .  R e d u c t i o n  SSs  ,and t h e i r  E x p e q t a t i o n s .  1 

\ 
To e x a m i n e  a  p a r t i c u l a r  r e d u c t i o n  SS we w r i t e  a  

s t r u c t u r e d  v a r i a n c e  c o m p o n e n t s  model  w i t h  r e s  d u a l  error- , - "k - -- - - 
1 

( 2 . 2 3 )  i n  t h e  f o r m :  

w h e r e :  
b 

The r e s i d u a l  e f f e c t  e  i s  a s sumed  t o  h a v e  i d e n t i t y  d e s i g n  - - 
m a t r i x ,  a n d  C o v ( e )  = 8 1 . Z ,  a l w a y s  c o n t a i n s  t h e  f i x e d  - q n  

e f f e c t  d e s i g n  m a t r i x  a n d  U i s  t h e  c o l l e c t i o n  o f  s, 

c o m p l e t e  random e f f e c t  d e s i g n  m a i r i c e s  f o r  t h e  e f f e c t s  to '  

b e  f i t t e d  f i r s t .  ( 0  5 s c q - 1 ) .  Z 2  c o m p r i s e s  t h e  random 

e f f e c t  d e s i g n  m a t r i c e s  f o r  t h e  e f f e c t s  t o  b e  f i t t e d  l a s t  

( o t h e r  t h a n  t h e ' r e s i d u a l  e f f e c t ) .  T h r r a s u l t i n g  S Si.sthn 

r e d u c t i o q - i n  r e s i d u a l  S S ,  d u e  t o  f i t t i n g  t h e s e  e f f e c t s  
- -  - 

a f t e r  t h o s e  i n  Z1, o r  f o r  f i t t i n g  b u f t e r  bl. 
-2 

We n o t e  t h a t  a f t e r  b o t h  s t a g e s  o f  f i t t i n g ,  t h e  
- 



model  c o n t a i n s  a l l  t h e  e f f e c t s  o f  t h e  v a r i a n c e  component  
7 

model .  T h e r e  i s  a  f u r t h e r  r e s t r i c t i o n  on t h e  s e t s  o f  e f f e c t s  

i n  Z1 and  Z 2 .  T h i s  i s ,  t h a t  t h e  e f f e c t s  i n  Z1 may n o t  b e  

o f  h i g h e r  o r d e r  t h a n  t h o s e  i n  Z 2 .  I f  t h i s  o c c u r s ,  %he. 

r , e d u c t i o n  i n  r e s i d u a l  SS i s  z e r o  f o r  t h a t  e f f e c t . ( 3 . 1 1 4 ) .  

One c l a s s i f i c a t i o n  e f f e c t - ' i s  o f  h i g h e r  o r d e r  t h a n  a n o t h e r  - 

i f  t h e  f a c t o r s  r e p r e s e n t e d  by t h e  s e c o n d  a r e  a  s u b s e t  of  
< 

t h o s e  r e p r e s e n t e d  by t h e  f i r s t  e f f e c t .  

a n d  

A 

When t h e  model  y = Z b ' i s ' f i t t e d  t o  t h e  r e s p o n s e  v e c t o r  by 1- 

l e a s k  s q u a r e s ,  t h e  r e s i d u a l  SS i s  s m a l l e r . t h a n  t h e  t o t a l  Y s  
by an a m a u n L R ( ~ ~  ,-the_SS d u e  t o  f  i t t i n q  t h e  m o d e l ,  \ 

- 
where :  ~ ( b  ) = y ' q ( Z 2 Z l )  Z l l y  ( 3 . 1 1 8 )  

- -  -- 1 .. A. A 

A A 

F o r  t h e  f u l l  model  y = Z l b l  + Z2b2 t h e  r e d u c t i o n  i s :  - - - , 
-- 



and t h e  r e d u c t i o n  due t o  f i t t i n g  b a f t e r  kl i s  d e f i n e d  t o  
-2 

a 

- - --- -- --  - . -  % - - -  - - -  

Taking e x p e c t a t i o n s  o v e r  t h e  f u l l  model ( 3 . 1 1 3 ) ,  I 

where we have  u s e d  ( 3 . 1 1 5 1 ,  t h e  c y c l i c  p r o p e r t y  o f  t r a c e ,  t h e  

p r o p e r t y  o f  g e n e r a l i z e d  i n v e r s e s -  AA-A = 'A ,  and ( 3 . 1 1 7 ) .  

-- - - - -  - - -  - --- 
- 

s i m i l a r l y  w i t h  e x p e c t a t i o n  o v e r  t h e  f u l l  q o d e l ,  

But u s i n g :  



where :  

Hence , 

-. - a - - 
The l a s t  t e r m  i s  z e r o ,  s i n c e  

k2 c o m p r i s e s  o n l y  random 

e f f e c t s ,  E ( b 2 )  = 0 .  , . - 

b e c a u s e  t r  ( z x z ' z ) - z ' )  = r a n k ( Z )  . 

Hence,  t h e  e x p e c t e d  v a u e  o f  t h e  r e d u c t i o n  SS i s  a  l i n e a r  

f - u n c t i o n  o f  t h e  v a r i a n c e  components  r e l a t i n g  t o  t h e  

c o n s t r a i n t s  f i t t e d  l a s t .  I t  d o e s  n o t  i n v o l v e  t h e  f i x e d  e f f e c t s  

o r  t h e  components  f o r  c o n s t a n t s  f i t t e d  f i r s t .  w i t h  

j u d i c i o u s -  p a r t i t i o n i n g s  o f  e f f e c t ' s  i n t o  kl a n d  b t a k i n g  
-2 ' 

c a r e  'w i th  t h e  r e p t r i c - t i o n  ( 3 . 1 1 4 ) ,  we c a n  p r o d u c e  a v e c t o r  r of  

r & d u b t i 3 0 n  ' S S s ,  whbse e x p e c t a t i o n s  p r o v i d e  a  s e - t  o f  

e s t i m a t i n g  e q u a t i o n s  f o r  t h e  v a r i a n c e  componen t s .  Given  t h e  
-- -- -- -- -- -- - 

v e c t o r  - r h a r t i t i o n e d  i n t o  ' e f f e c t s  f i t t e d  f i r s t  and  l a s t ,  we 
-- - - 

. p e r f o r m  a t w o - s t a g e  p y o c e d u r e :  



I a) Fit y = Zlbl ' +  5 and obtain 

rank (Z1), R(bl) and the residuals I 

A A 

e = y - Z1kl = N1y I 

1 
6 

+ e and obtain b) Fit e"= Z2k2 - 

rank (Z1Z2) , R(Ll b2). 
. - -  - -- A 

3.3.2. computational Method - Henderson's Method 111. 

producing the reduction SSs and the matrices required for 

coefficients of the &xpectation (3.125). They are 

i essentially the algorithms for least squares,solution of 
.: 

i 
i multiple linear regression problems. The method used here 
i \ 
1 is a modification of Gaussian Elimination, the Sweep 

' U  
t - - % Operator, as defined by Goodniqht (1978.1. - - - 

i 
Given a set of Normal Equations for model (3.113): 

i 
! 
I 

I ZiZ1 Z;Z2 (3.126) 

z 1  y'Z2 Y'Y 

The Sweep Operator applied to all columns containing Z'Z 1 1  

in A transforms A to A1 

- 
where: N1 = (I - Z1(ZiZ1) Z1) 

- - 

, .  



A f t e r  t h i s  s t a g e  o f  t h e  c o m p u t a t i o n  we h a v e  R ( b l l 1 5  b e c a u s e  

l l N l y  = y'y - R ( k 1 ) ,  a n d  t h e  c o e f f i c i e n t s  f o r  B Z i  i n  ( 3 . 1 2 5 )  * 
.T- 

6 f rom t h e  t r a c e  o f  a p p r o p r i a t e  s u b m a t r i c e s  o f  Z;N1Z2. 

The Sweep o p e r a t o r  a l s o  c o u n t s  t h e  r a n k  o f  t h e  s w e p t  columns 

of  A ,  s o  w e  h a v e  t h e  r a n k ( Z l ) .  I f -  s w e e p i n g  i s  ; o n t i n u e d  on 

t h e  co lumns  o f  A12-con ta in ing  Z i N 1 Z 2  t h e  r e s - u l t  i s :  

( 2 1 2 )  -, ( 2 1 2 )  - z l y  1 ( 3 . 1 2 8 )  

h a s  b e e n  c o l l a p s e d .  A t  t h i s  s t a g e  we h a v e  r a n k ( 2 )  and 

~ ( b ~ , b  b e c a u s e  X ' N ~  = y 'y - R(bl,b2). Hence we h a v e  t h e  -2 

whole  e q u a t i o n  f o r  t h e k  p a r t i t i o n  bl,b2: 

The sweep a l g o r i t h m  c a n  b e  prdgrammed t o  

o p e r a t e  on t h e  l o w e r  t r i a n g u l a r  p a r t  o f  A s t o r e d  i n  a  

o n e - d i m e n s i o n a l  a r r a y  by - rows ,  (Goodn igh t  ( 1 9 7 8 b ) ) .  A l t h o u g h  

A1 and  A 2  a r e  n o t  s y m m e t r i c ,  t h e  u p p e r  a n d  l o w e r  t r i a n ' g u l a r  
-, 

I 
' p a r t s  d i f f e r  a t  mos t  i n  a g n  s o  t h a t  t h e j w h o l e  m a t r i x  may b e  

r e c o v e r e d  f'rom o n e  h a l f .  
-- 

k 
The columns o f  A d o  n o t  n e e q ' t o  b e  ord;e-d i n  any  

s. 

p a r t i c u l a r  way. The o r d e r i n g  o f  (3 .126)  was o n l y  f o r  
- - - - - - - - - - - - - - - - - 

n o t a t i o n a l  c o n v e n i e n c e .  S i r n i l a r l y , % h e  e f f e c t s  s e l e c t e d  t o  
- - - - - - - - 

b e  f i t t e d  f i r s t  * o r  l a s t  n e e d  n o t  b e  g r o u p e d  i n  a n y  p a r t i c u l a r  

way. Hence ,  a  c o n v e n i e p t  way o f  p r o d u c i n g  a s e t  o f  e q u a t i o n s  



l i k e  ( 3 . 1 2 9 )  i s  t o  s p e c i f y  an  o r d e r  f o r  a d d i n g  t h e  e f f e c b s  o f  

model  ( 2 . 2 3 )  i n t o  t h e  g r o u p  t o  b e  f i t t e d  f i r s t ,  w h i l e  t a k i n g  

3 

a c c o u n t  o f  t h e  r e s t r i c t i o n  ( 3 . 1 1 4 .  F o r  e x a m p l e  f o r  t h e  mode l :  
q - 1  

l =  Xg + Z U j x j  + +e ( 3 . 1 3 0 )  
j = l  

where :  x = ( X ~ , X ~ ~ . . . X ~ )  a n d  - f3 = (Eifgif. .g;)* 

w e  s p e c i f - y  a n  o r d e r :  ( k l f k  2... k ( q - 1 ) )  ( 3 . 1 3 1 )  - - 

which  i s  a  p e r m u t a t i o n  o f  ( I f 2  .... (q -111 ,  a n d  s p e c i f i e s  t h e  

o r d e r  i n  which t h e  r a n d o m . e f f e c t  v a l u e s  ( v l , v  ... v ) a r e  t o  
-2 3 - 1  

to. t h e  s e t  o f  r e d u c t i o n  S S s :  , /'- 

where :  RSS i s t h e  r e s i d u a l  SS a f t e r  f i t t i n g  t h e  f u l l  model .  

An a l g o r i t h m  f o r  c o m p u t i n g  t h e s e  SSs i s  a s  f o l l o w s :  
- - - 

The columns o f  t h e  n o r m a l  e q u a t i o n s  A o f  ( 3 . 1 2 6 ) ,  c o r r e s p o n d -  

i n g  t o  X a r e  s w e p t  f i r s t  a t  s t a g e  0 .  T h i s  r e s u l t s  i n  a  
T 

m a t r i x  A. w i t h  t h e  fo rm o f  (3 .127)  ,from which  i t  i s  e a s y  t o  - -- 
o b t a i n :  tl= y m y  - R ( g )  = ymNoy ( 3 . 1 3 2 )  

a n d  s - t r ( U k i  k i  ( 3 . 1 3 4 )  - I N  U ) f o r  i = 1 , 2 . .  . q -1  
1 ,i - 

where :  zo= ( X  1 f X 2 f . . X r )  a n d  No= I - Z O ( Z ; Z o )  Z;. 

-- -- c o r r e s p o n d i n q  t o  t h o s e  o f  U , ,  i n  t h e  n o r m a l  e q u a t i p n s .  The 
< *  

KJ. 

p r o c e s s  c o n t i n u e s  p r o d u c i n g  A 2 ,  A 3 f - - .  A t  t h e  j t h  Aq-l' 



s t a g e ,  t h e  f o l l o w i n g  s t a h t i c s  a r e  r e a d  f r o m  A 
j'. 

w h e r e :  

- - 

f j+l = r a n k  ( X 1 X 2 . .  . X r  , U k l .  . .Uld ) 

= r a n k  ( Z . )  
7 

0  f o r  i = 1 , 2  ...j 

' A f t e r  t h e  f i n a l  s t a g e ,  f r o m  
Aq-l 

we h a v e ;  

t 
q 

= y'y -R(gl.* . f i r l x k l ' .  .xkk(q-r) 1 

f  a n d  = r a n k ( X  X 2 . . . X v t U k l . . . U  ' 1 
9 k ( q - 1 ) .  

T h e r k  a r e  n o  n o n - z e r o  v a l u e s  f o r  s L i k e  ( 3 . l 3 7 1 ,  b e c a u s e  
q ~ i  ' 

we h a v e  f i t t e d  t h e  w h o l e  m o d e l ,  a n d  N - 0 a l l  i .  'ii q  

L e t  r b e  t h e  q - v e c t o r  w i t h  c o m p o n e n t s  - 
- 

r i = t -ti - Wki.. .xk!k(q-f31.. .g1xkl. .xk,i-D q 
3 

i = 1 , 2  . . . q -  1 

a n d  r = t = r e s i d u a l  SS. 
q 9 

- ( 3 . 1 3 8 )  

L e t  R b e  t h e  o b v i o u s  q x q  m a t r i x  o f  row c o n t r a s t s ,  s u c h  t h a t :  

r - 3 L R I -  - - 

w h e r e :  
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d )  UimNi,l = 0 for m=1-,2.. .i-1 

4 

The diagonal elements dii, and hence variances of t i are 

- - 

easy to calccilate with € l i e - a l ~ f i m - o F  s-%Zti;on S;=-2:;-by=-==---- 
a 

calculating the SS ~f elements in the m,p th submatrix of 

the unswept portion of A1:- (Z;Ni-1Z2). That is, the 

submatrix U,'mNi-lUkp. This SS is the coefficient of 

'kp 'km 
in dii. Howaver, the off diagonal elements are 

\ 

computationally far more burdensome. I n  order to get a 
A 

- - - - - - - - 

measure of , we would have to substitute 2 for 8 
- - - 
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However ,  i f  t h e  mode l  i s  r e d u s e d  by e x c l u d i n g  t h e  SIRE X DBRD 

i n t e r a b t i o n ,  ' s e v e r a l  v a r i a t e s  s t i l l  h a v e  n e g a t i v e  SIRE 

v a r i a n c e  c o m p o n e n t s .  The e s t i m a t e s  u n d e r  t h e  r e d u c e d  m o d e l  

a r e  g i v e n  i n  t h e  f o l l o w i n g  t a b l e .  
. . 

T a b l e  ( 3 . 1 ) :  H e n d e r s o n  Method I11 E s t i m a t e s  f o r  D a t a  S e t  1 

Under  t h e  ~ c d u c e d  Model .  

VARIABLE VARIANCE COMPONENT ESTIMATE F O R :  

SIRE RESIDUAL 

MASB 

HTAB m 

DPTB 

LENB 

HTAW 

DPTW 

LENW 

MASW 

3 .4 .2 .  D a t a  S e t '  2 .  

The d a t a  g e n e r a t e d  t o  f o l l o w  t h e  mode l  w h i c h  was  

t h e  c a t t l e  b r e e d i n g  e x p e r i m e n t  2 . 7 . 3 . ,  w a s  
- - - - - - - - -- 

a n a l y s e d  a c c o r d i n g  t o  t h e  f u l l  mode l  o f  T a b l e  ( 2 . 2 ) .  

The H e n d e r s o n  Method I11 e s t i m a t e s  f o r  t h i s  d a t a  a r e  g i v e n  

i n  t h e  f o l l o w i n g  t a b l e .  



T a b l e  ( 3 . 2 ) :  Henderson  Method I11 V a r i a n c e  Component E s t i m a t e s  

f o r  D a t a  S e t  2 .  

VARIABLE VARIANCE COMPONENT ESTIMATE FOR: 

SIRE SIRE X DBRD RESIDUAL 

% 

The t r u e  v a r i a n c e  component  v a l u e s  w e r e  1 0 . 0 ,  3.0 and  8 . 0  

r e s p e c t i v e l y .  

D a t a  S e t  3.  

The g e n e r a t e d  d a t a  s e t  o f  2 . 7 . 3 .  was a n a l y s e d  
! 

a c c o r d i n g  t o  t h e  m o d e l  o f  T  b l e  ( 2 . 6 ) .  The r e d u c t i o n s  i n  
- - - - - - - -- 

\ 
r e s i d u a l  SS u s e d  f o r  t h e  Henderson  Method 111 e s t i m a t e s  w e r e :  

- 



a n d  

T a b l e  

. - - 8 4 

a) R 1 ,  P X R 1 ,  R 2 ,  R 1  X R 2  f i t t e d  a f t e r  MEAN and P, 

b) F X ~ 1 ,  R 2 ,  R 1  X X 2  f i t t e d  a f t e r  MEAN, F ,  and R 1 ,  
a 

c )  R 2 ,  R 2  X R 1  f i t t e d  a f t e r  MEAN, F ,  R 1 ,  a n d  F X R 1 ,  
- 

d )  R 2  X R 1  f i t t e d  a f t e r  MEAN, .F, R 1 ,  F X R 1 ,  and  R 2 ,  

-- 

e )  R e s i d u a ' l  S S  a f t e r  f i t t i n g  t h e  f u l l  m o d e l .  

T h e  e s t i m a t e s  a r e  g i v e n  i n  th.-& t a b l e .  
- 

- - A - - -A -- - - 
( 3 . 3 ) :  H e n d e r s o n  M e t h o d  I11 V a r i a n c e  C o m p o n e n t  

E s t i m a t e s  f o r  D a t a  S e t  3 .  

R 1  R 2  F X R 1  R 1  X R2  R E S I D U A L  

T h e  t r u e  v a r i a n c e  c o m p o n e n t s ,  w e r e :  3 0 . 0 ,  1 0 . 0 ,  3 . 0 ,  6 . 0 ,  -- 

and 1 2 . 0  r e s p e c t i v e l y .  



CHAPTER 4 

\ 

Classical Approaches t o  Optimal Variance Component Estimation. 

Discussion of the Z4NOVA and Fitting Constants methods of 
-- 

variance component estimation i l lustrates three aspects of the general . 
estimation problem : A -- - 

a). What cr i ter ia  should we use to judge between 

candidate estimators? 

which the estimators are t o  be selected, witbout 

a high risk of excluding particularly desirable 
fl 

ones? 

C) What properties should be required of 
'F 

estimators, and are there any available with 
- - - -  - - - - -  -- - - -- 

these properties? 

TWO cr i ter ia  for choice between estimators are used:.mi'nimum 

mean square error and a minimum norm. The choice i n  the variance 

component case is a trade-off between extra assumptions on the model 

and restrictions on the class of estimating functions. T h i s  is  because 

variance component estimators have variances or mean square errors, 

which depend on second to  fourth order moments. Hence, not only are 

other unknown parameters may be involved as well. 

Rao, C.R. (1971b) assumed. f in i te  fourth order moments in 

the structured model (2.13) and made progress with the criterion of 
- - - -- - 



local minimum variance amongst quadratic unbiased and invariant 

estimating functions. Apart-from the restriction on functions, the 
. " 

local property requires specification of a priori values of 

variance components and kurtosis parameters. 

For normal models,'hor*ever, local minimum variance e d  local 

classes of unbiased estimating functions, as well as i n  some classes 

0.f biased, quadratic estimating functions. (LaMotte (1973 a and b) ) .  

- - - - - - - - --+%&un&e- e & = i L t  . . 

require normality, produces the same estimators when normality is 

available. 
I 

The minimum norm criterion was introduced by C.R. Rao 

(1970, 1971a, 1971 .  and 19721. The motivation is along the lines 

of linear least  squares estimation for location parameters, but 

estimator y' A y , which is somehw obvious but unobservable, use 

the estimator y' A y where A minimizes some norm between A and A. 

This  method does not require the normal distribution assmptions, but a 

is  restricted t o  quadratic functions. Like minimm'mean square error, 

it does depend on the variance casnponents and in  practice is also a 

local criterion. 

answer t o  the second question about restrictions on the 
I 

class of estimating funckions, is forced by the choice between 

optimality criteria.  -Restridtion t o  quadratic tunctions i s  not 

severely counter-intuitive, since the parameters of interest are 

- --- - - - - -- - - - - - - 



, 

P-pp -p 1-- 

second order moments. However, 
b 

considering quadratic plus l inear  functions, or quadratic functions - 

of- a transf omed response. + 

- 

The questiog of properties t o  be required of candidate 

estimators is  plagued by issues of consistency, as well as trade-offs 

-- between- desirable- features- be the -estimators, W r e m e n t s  of --. - -- -- - - 

unbiasedness, invariance t o  translations of the location parameters 
i 

and non-negativity a r e  considered. Conditions f o r  estimabili ty und 
9 

Effects of Unbiasedness Invariance and i on-~ggativ'ity on 

~ s t i m a b i l i t y  . 
For the general l inear  model (2.11 

with COV(Y) = - i e v 
i i 

i=l 
1 

we consider estimation of l inear  functions of the variance parameters, 

L e t  Q be the c lass  of quadratic functions of y, and QL quadratic . ' 
plus 1i.near functions. 

Q = y A :  A n m ,  A = A' and - a € pn ) (4.3) 
- - P-p- 

- - 
-P- \ 



Unbiasedness. 
d 

By (3.71 we have; . . 
9 . ,% 

E( y ' ~ y  + a'y) = C Bitr(AVi) + B'X'AXB - + - -  a ' X B  (4.4) , 1 

i=l 

Hence, i f  QL(U,h) - and Q(U,&) a r e  t h e  sub c l a s s e s  of QL and Q of 
0 

func t ions  unbiased f o r  YO- w e  can w r i t e :  

~ ~ ( ~ 1 5 1 )  = { y'Ay + g'yL: A = A ' ,  X r A X  = 0, g X  0 and 

- - 
and Q ( u , ~ )  = {Y'_A~: A = A ' ,  X'AX - - - - = - 0, - - and - -- -- - - -- - -- -- A - --- - 

-- - -- - - - pp - 

tr(Avi) = 51, i=l12..^.q} ( 4 . 6 b  
A 

Conditions f o r  e s t i m a b i l i t y ,  t h a t  is,non-emptiness of t h e  

c l a s s e s ,  were developed i n  genera l  by Seeley (1970a and b) and more 

s p e c i f i c a l l y  by Pincus (19741, and Klef fe  and Pincus (1974 a and b). 

Both c l a s s e s ,  Q L ( u , ~ )  - and Q (U,h) a r e  non-empty i f  and 

- - - -  

only i f  - h E R(H 1 , where 
U 

- 1 
and N = I - PI P = X(XVX) X'  - 
An a l t e r n a t i v e  necessary and s u f f i c i e n t  condi t ion is: 

h € R(H ) where H = ( t r ( V . V -  PViPV.)) - u u ~j J 

i1 j=1 ,2 . .  .q. 

* 

-L- 
This follaws from (4.7) because of t h e  f a c t  t h a t  

R($) = R(%) (A.2). 

To e s t a b l i s h  t h e  r e s u l t  (4 .7) ,  we f i r s t  note  t h a t ;  
-- -- 



. .  
* 

Hu = IT* where T is 4 x n2 with i UI row given 

Hence, 

.- - symmetric -matrix A such -that X' AX a 0 and tr(AVi) = hi, i=l, 2.. .q.. - - - - - -- .. I -- - 

Hence, 

On the  other hand, if - h C R(HJ , tlierd e x i s t s  - b # 0, such t h a t  

9 
I f  A = Z (b./2) (W.+  V.N) where N = I - P 

j=1 3 3 3 

then A i s  symmetric, - - - - - - 

X'AX = 0 s ince  NX = XN = 0 

and t r ( ~ ~ ~ )  = C ( b . / 2 ) ( t r ( ~ ~ , ~ . )  + t r ( ~  N V ~ ) )  

j 
3 3 1 j 

= B b .  t r ( ? i ~ . )  = hi from (4.10) 

i 3 3 

(using : tr (AB) t r t ~ ~ )  and tr (A) = t r  (A'  ) ) 

Hence, 

f o r  any a s.t. a'X = 0. - - (4.11) 

- -  - - -- - 

Further equivalent conditions t o  (4.7) and (4.8) follow from observing 



-1 - -1 and P(B) , = X ( X I B  XI X'E . (A.3) 

I n  p a r t i c u l a r ,  i f  - s is a q-vector, sudi  t h a t  VIE) =C s . V .  1 1  is p.d. 

Then Q (U,k) and QL(u,~) _--- a r e  non-empty i f  and only i f  
- ,  

- - 
where ' 

and 

Seeley (1970b) gives two coro l l a r i e s  t o  (4.7): (4.14) 

a)  €Ik is unbiasedly estimable i n  Q o r  QL i f  

q-1 and only i f  there  does no t  exist 5 # OC R 

and A symmetric such t h a t  

Vk = X A X '  + C aiVi 
izk 

b) All components of - 6 a r e  unbiasedly estimable 

i n  Q o r  QL i f  and only i f  

{vi.. .V a r e  independent i n  t h e  vector  space , 
9 4 

of nxn symmetric matrices and 

sp  {vi, ... v I n sp rx  A X I :  A = A ' )  = { o I 
9 

Comparing condition (4.7) f o r  Est imabil i ty of  and (2.3) f o r  
-- -- -- 

I d e n t i f i a b i l i t y ,  we note t h a t  the  two do not  coincide, s ince  



i n  general,  

pincus, (1974) , s h w s  that i n  normal models, i f  
' i ; 

Q ( u , ~ )  and Q L ( U , ~ )  - a r e  empty, then - h'0 - is not  unbiasedly e s t i d &  ";l ;- * , 

by any function of  the response. 

A c l a s s  of est imating functions where the  b i a s  is 
-- - A 

unaffected by the  f ixed e f f e c t  parameters is  Q(PU) 

- . I .  
= >  ' where ; . .-> ... >x 

'I _ . .-  

Invariance t o  Translations of the Fixed Ef fec t  Parameters. 

In  the  model (4.5) the  covariance s t ruc tu re  i s  invar i an t  t o  

t r ans la t ions  of-.---%is provides an i n t u i t i v e  argument f o r  - 
\ 

requir ing estimators of 8 t o  have the  same invariance. (Rao, C<R. 

f (y) is  inva i i an t  i f  and only i f  f (y + XE) = f (y) f o r  a l l  

B E fig. According t o  Lehmann((l959)p 2151, we need only consider - - 

functions of a m a x i m a l  invar iant .  
" .  

For the  l i n e a r  model (4.5) , 

z = N ( = ) y  - (4.16) 

is  a maximal invar iant  where 



Kleffe (1976a) shms t h i s  a s  follows: 

- a) ' N W  (y + XB) = N(E)Y a l l  1 E R' - 
because N ( 2 )  X = 0, so N ( s ) y  - is ihvariant, and 

and N ( 2 ) y  = 0,  which contradicts the f ac t  t ha t  

rank (N (=) ) = n - rank (XI. 

In fac t .  any function B y  where R(B) A RIX) and 

rank (B) = n - rank (X) is  a maximal invariant. In par t icular ,  

N (s)  - , can be factored as BB ' with B n x (n--rank (x) ) having f u l l  column 

rank and then B u y  is  a maximal invariant such tha t  

is non-singular when V(8) - i s  p,d, 

I f  we r e s t r i c t  a t tent ion t o  quadratic estimating f u k t i o n s ,  

Q and quadratic plus l inear  functions, QL, we can cha rac t e rhe  the 

invariant functions by: 

and Q (I) = { y ' ~  y: A  = A '  , AX = 0) 

since : 
* 



. 
If we include the r e s t f i c t i on  of.unbiasedness for on these classes, 

they b e c o m e :  

QL(U, I ,&}  = {Y'AX+Z'  AX = 0, &'X = 0 
\ 

and tr (AVi ) = hi, i=l , 2 .  . . q 1 (4.19) 
X 

1 .  I 
and 

Q (U, I ,&) = IYLAX:; A = A' , AX = 0 and 

A necessary and s u f f k c i e n t  condition for Q ( U , I , & )  or  
I 

- - - -- - - 
- - - - - - - - - 

-- --- 
- 

QL(U, I , & )  to  be n o n - e m p t y  is that  

w h e r e  

and N =  I - P  

To s h o w  this, first note tha t  H = TT' w h e r e  T is qxn2 with i fh- 
%. Uz 1 

r o w  V e c  ' (NViN) (A. 1) . 
if Q (UI I , & )  or QL-(U, I ,&) are n o n - e m p t y ,  + there exists  a 

% symnietric m a t r i x  A such, t ha t  AX = AP = 0 and t r ( A V i )  = hi, i = 1 , 2 . . q .  
I /' 

/ 
H e n c e ,  A = NAN and 

hi = t r  (NANVi) = tr (NViNA) 

= V e c '  (NViN) VeC (A) for i=l, r 

T h e r e f o r e  - h = T V e c  (A) so - h C R(T) = R (Hut I )/ 
-- - - - - -- -- 

O n  the  other hand, &f - h C R($ ) ,  there ex i s t s  b such t h a t  
,I - 



Hence 

A 
Equivalent conditons to (4.21) follow from the factthat-for - - - L L  

' where 

f c 
and 

-1 - -1 
N(B) = E'(I -P(B)),-P(B) = X(XIB XI XIB . 

% f  * 

In particular, if V(s) - = CsiVi is p.d. we write 

It is easy to find examples where Q(U,I,L) is empty and-in 

these situations, unbiasedness and invariance cannot both be required 1, 
properties. Rao, C.R. (1979) gives the following examplg: : - , .  

with , 

Then-symmetris matrices A such that AX = 0 imply that - - 

tr(AV 1 ) ---- = tr(AV4) - so that - only the linear - combination a(g +e ) is 
r- 

unbiasedly estimable. 



Another way 'to view th i s  i s  t o  note tha t  HU = ( 1  , while 
. . ,I  

= I" Lo that  unbiased and invariant estimation is limited, 
H~ 2 

while a l l  functions are unbiasedly estimable. 
, 

Where Q , I ,  i s  empty and unbiasedness i s  forfeited, Kleffe (1977~) 
i?. 

reports that  qua&atic minimum bias invariant estimation reduces t o  the 
JI * -17 * 

class  Q(U,I,h 1 wli,ere - h -  is the projection of - h onto R ( % , ~ I - .  - 

Hence, these estimators can be examined with thoqe i n  Q ( U , I , h ) .  . " 

- -  - - - - - - - -- - - - - - - - - - - - - - 

4.1.3. ~on-~e~a-e variaGG Component ~s t imat ion .  
- 

L -- 

In variance component models (2.16), the variance component 

parameters, 8 .  are  non-negative. A-11 classes of estimators 
1 

considered so fa r ,  allow estimators t o  take negative y q J ~ e ~ ,  even 

when the parametric function h'g is positive. The diff icul ty  with 

non-negative estimation, i s  that  the requirements of non-qegativity 
- - 

and unbiasedness are  frequently incanpatible. I f  unbiasedness is  not 

required, but the class of estimators is restr ic ted to  quadratic forms, 

which do not take negative values, the class becomes: 

and w i t h  invariance, but not unbiasedness: 

Because we allow biasedness, these classes always contain estimators 

for  &!8, LaMotte C3-9Z3al used_Lac_a_ll~ m i n i m u m  mean square error to  

produce optimal estimators i n  th i s  class for Normal models. Rao, P.S.R.S. 
-- - -- -- -- - - 

and Chaubey (1978) and Rao, C.R.' (1979) provide non-negative 



% .  

.i 

estimators in Q (1,NND) and Q (NND) , vsing the locally minimum norm 

criteria, without the assumptions of Normality. Fortunately, these 

coincide with LaMotte's (19734 &#'&-mators in the normal case. 
P Y 

LaMotte (1973b), Pukelsheim -(1977) and Kleffe (1980) investigated 
\ " % 

the relationship between unbiasedness and non-negativity."- 

Firstly, nan-negativity and unbiasedness together imply 
- * - - 

invariance because the unbiasedness condition: X-'AX = 0 implie 

AX = 0 for A n,n.d. 
-4- 

. > 

L&otte (1973b) shows that if V., .i=1,2...q are n.n.d., 
& 

and if C Vi is ~ . d .  then 0 is not Q(U,NND) esCimable. 
i# j j 

Furthermore, if V is p.d. then 0 is the only variance component 
j j 

which is Q(U,NND) estimable. For classification models this means that 
. . 

only the residual error component is non-negatively and unbiasedly 

estimable. 

4.2. Minimm Variance Unbiased Estimation in Normal Models. 

If we do not restrict the class of estimating functions but 

do assume Normality and p.d. covariance structure, then optimal estimators 

can be found on the basis of local minimum variance, since in general 

--- - -  

the variances of estimators depend on the parameters. Conditions under 

. . whicfr the varhnce of these esthmbrs IS ~ndqmdemt of thcp'aranreters- - -- - 

are precisely the conditions of balance (2.60) and (2.61). 



-- - 

A 97 
- --- . 

"$. 4a2.1. Locally Minimum Variarice Unbiased Est imators  (,IHVU&o). 
0 ., % 

Kleffe  (1977d) developes I34WEs f o r  Normal models with the  

and 

, .  
~ i v e n -  - b and 5. - a;@!kori values f o r  - B and'i:~, such $a$: 

; - ?%*. q a"' .. 
V ( 2 )  = C s V i sp .d . '&. ,  

i i (4.29) 
i= 1 

'j 

a) Y= - h '0  - is unbiasedly est imable i f , a n d  only i f  i 

e 

where: %(g) = ( t r ( ~ ~ ( s - ) Q . ) ) +  (4.13) (4.30) 
7 

-1 . 
- - - A .  (9) ----- = V ( S Y ' ( ~ ~ -  - -- P ( ~ ) v ~ P ( ~ ) v ( s )  --- - (4.31) - - - - - - - - - - - - - - 

and -1 - 
P (s) - = X(X'lv(s) - X) x'v(Sr1 - (4.32) 

7 

b) I f  - h s a t i s f i e s  a )  then t h e  LMME of y a t  @&) is: 
A 

y = C A i ( ~  - X g 1 A i ( ~ )  (y - $1 , . (4.33) 

= A ' r  (s) - -a - 

\ ' where: A = (1 , 1 . . . X is any soIu t ion  t o  
7 1 2  q 

and ' A ( ~ )  = CX i i - , ,  A (s) (4.38) 
n n 

We can qi)d y a s  h '0  where 0 is any so lu t ion  t o :  e - - - 
n 

HU (9) 2 = (5) (4.39) 

It is i n t e r e s t i n g  t o  note  t h a t  t h e  WyU'E t u r n s  o u t  t o  be i n  QL(U,h) - 
even though a l l  es t imat ing  func t ions  a r e  considered. (4.40) 

4 
- - - -- 

Establ i sh ing  p a r t  a) r e s t s  on t h e  observat ion t h a t  

then h ' 0  is  not  unbiasedly estimable.  (Pincus (1974)) .  - - 



* 

- - - 

- 'u 

98 - 
-- - a -- -- 

* h 
4 

: 3 ?- F o r  p a r t  b) w e  n o t e  that y is unbi&s&d h r  y because 

XIAi(S)x = 0 , i=1,2. .  .q and 
.,,. 

t r ( ~ ( s ) V ( g ) )  = C 1 Ait r (Ai ( s )v . )0 .  = X ' H ; ( E ) ~ =  y 
3 3 

i j  
&:& 

Then, i f  g ( y )  is  any random v a r i a b l e  w i t h  z e r o  e x p e c t a t i o n  overt C2 & 
8 s 

and f i n i t e  second o r d e r  moment, then:  

D i f f e r e n t i a t i n g  (4.41) w i t h  r e s p e c t  t o  8 (A.6), we can in te rchange  
i 

E ~ . g  ( g ( r ) ( y -  x ~ ) ' v ( ~ ~ J ~ v ~ v ( ~ ~ ( ~ ~  XE)) = 0,  a l l  i . (4 .42)  

f o r  i=1,2. .  .q (4.43) 
- 

The second o r d e r  p a r t i a l  d e r i v a t i v e s ,  o f  (4 .41)nwith  r e s p e c t  t o  BiBj I  

f o r  i,, j = 1,2.. .p. (4.44) 

Now sp{x.xl  , i, j = 1 ,2  . . .p 1 = S ~ { X C X '  : C symmetric} and hence 
1 j 

i n c l u d e s  t h e  mat r i ces :  P(s)ViP(g) '  f o r  i=1 ,2  ...q and t h e r e f o r e ,  

S u b t r a c t i n g  (4.45) from (4.43) g i v e s :  
v 



o r  s ince  X I A i  (g) X = 0, 
A 

' I  
- - - - - -- - 

< '  
- mlx(Fbf-r - -+ 7 +-=---= =--=- =--:, - s&E~ Y -  - - B - , i [ I, 

Thik a t t a i n s  its = Ji h d  8 = E:, 
A 

= - A ' H  U - -  ( s ) X  = - h l ~ i ( g ) h  from (4.35) (4.47) . 

One modif icat ion of  (4.34) is t o  use  t h e  b e s t  l i n e a r  unbiased es t imator ,  
A A 

6 = (x'v(?) x)-xVy of  f o r  t h e  a p r i o r i  value - b. 93en XB - = P (5)y - 
A A 

and y becomes y* given 2: 

This i s  independent-o$ any a p r i o r i  value f o r  B bu t  may be biased. 
,Q 

- 

I f  HU (E) i s  non-singular, and wr i t ing  f o r  5 -0 

we can e s t a b l i s h  an i t e r a t i v e  scheme: 

0 = d l 0  )r  (0 , and X S = P ( ~ J ~ - ~ ~ ~  
-i U-4.-111-4-1 

i = i3lci-t- minimHm=e -- I f-~-6s~he~cenvergss,-t;h~resu 1 t 

unbiased es t imator  (IMVUE) which is not  genera l ly  unbiased. 

Seely (1971), Rao, C.R. 41971) and Klef f e  and  incus (1974a) 

examined condi t ions  under which IMVUEs a r e  independent of  b and s 
- 



and hence UMWE. The condit ions t u r n  out  t o  be equiva len t  t o  t h e  

condi t ions  of balance. i n  balanced var iance  component models (2.58). 

which l e a d  t o  t h e  ANOVA es t imators  c)f 3.1. which a r e  UMVUE. (4.50) 

P 

4.2.2. Locally Minimum ~ariax%e 1 n v a r i a k  and Unbiased Estimators.  

I f  t h e  c l a s s  of es t imat ing  func t ions  is r e s t r i c t e d  t o  ' invar ian t  
a 

B 

and unbiased e s t ima to r s  then we need only consider  func t ions  of  a maximal 
$> " 

i n v a r i a n t  (4.16). Inva r i an t  and unbiased funct ions have t h e  p rope r t i e s :  
r 

g tr + XB) - =- g (1) f o r  a11 - €3 and g ( - 1  - =-F4:5$Z - - - 

1 = Using a f u l l  rank maximal i n v a r i a n t  (4.17), Kleffe  shows t h a t ,  

given 2, an a p r i o r i  va lue  f o r  8 : 

a )  The Local ly m i n i m u m  var iance  unbiased and i n ; a F  es t imate ,  

(LMVIUE) of Y = - h'0 - e x i s t s  i f  and only i f  - h € R ( H ~ , ~ ( S - ) )  
* 

where: H (s) = ( t r ( N ( s ) V i N ( g ) V . ) )  (4.22) 
U , I  - (4.53) 

l 

and . b) The LMVIUE of y = h '8  is,  - - 
* 

where 
B 

A i s  any s o l u t i o n  t o  H ( s ) h  = h 
A U , I - -  - 

- 7  

and 8 is any so lu t ion  t o  - Hm (g) Q =r+, , I (2) (4.58) 
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This r e s u l t  a l s o  follows from noting t h a t  RCHUI (2)) = R(Hm) (4.22)  

and .applying the LMTUE. r e s u l t  (4.331 ,to the  transformed model f o r  '- .-=-. 

z = N(s-)y a maximal invar iant  with respect  t o  t r ans la t ions  i n  g. 

Put t ing  5 = % and using 

we can define i t e r a t e d  MVIUE, IMVlITE (4.59) / - 

4.3. Minimum Norm Quadratic Estimation i n  General Variance Component 

In  -a s e r i e s  of papers (1970, 1971a, 1971b, 1972), C.R. Rao 

developed a miqimum norm c r i t e r i o n  f o r  variance component estimation, 

s t a r t i n g  with heteroscedast2c regression models. The main advaneage 

of the  method is  t h a t  it does not  require the  normal d i s t r i b u t i o n  

assumptions on the  model, but  the  optimization is only ca r r i ed  ou t  over 

r e s t r i c t e d  c la s ses  o f  quadra i c  est imating functions. 2 
Fortunately the  technique r e s u l t s  i n  optimal est imators,  

which agree with those f o r  Normal models derived through minimum mean' 

square e r r o r  o r  maximum likel ihood p r inc ip les ,  when the  c l a s ses  of 
w 

est imating functions coincide. (Chaubey 1980). It is  a r  d t h a t  T 
the  r e s t r i c t i o n  t o  quadrat ic  forms i n  the  response, y, o r  transformed 

+ response y - W, - is not severe, because optimal estimators f o r  

normal models with o ther  c r i t e r i a ,  turn  out  t o  be functions of t h a t  form. 
-- -- - - -- - - -  - 

The minimum norm est imators s t i l l  suffer from the p o s s i b i l i t y  d 

Pi-& - 

of producing negative estima%rs i n  some c lasses .  Chaubey and Rao, P.S.R.S. - 
-% 

(1976), -J?ao, P.S.R.S. (1977) and Rao, P.S.R.S. p d  Chaubey (1978) I 



examined modifications to  avoid th is .  One possibil i ty i s  t o  consider 1 
I 

biased quadratic estimating functions and i n  th is  case, it is possible 
1 

t o  incorporate information on the structure of the error  term for  

structured models, (2.16). This does not seem t o  be possible with 

other methods of estimation. 
41 

The distribution of the minimum norm estimators is u n k n m .  

Brawn (1976) showed them t o  be asymptotically normal and consistent. 

However, he based these resul ts  on the assumption that  models of 

- - - L - -  --- -- - 
- 

of small &ension. This assumption is  dgfficult  t o  meet i n  practice. 

4.3.1. Principles of Minimum Norm Quadratic 9Estimation. (MINQE) . 
To estimate the function y = h'0 with the minimum norm 

* - -  

technique, we must f i r s t  identify a &dratic estimator, ~ ' A X  which 

would be the obvious choice i f  the random part  of the model were 

observable. Next, we must choose the observable estimator, y'Ay, 

from some class of quadratic estimators, which pinimizes IIA - A [ /  
C 

for some suitable choice of norm, 11 . 11 .  

The structured model, (2.16) , has f om: 

y =  X B +  U v  + ... + U v  = XB +Uv 
1-1 - (4.60) n - 

with 

and 

E(xi)  = 0, E(v.v!) = 0 for  i # j ,  
--I 

E(v.vl) = O i l q i 1  for  i = 1,2. .  .q. 
1-i 

IT the v;--were-observable, art obvious est-%mate os? 
1 

and hence for y = h'0 : - - 



where : D = diag(  (hi/qi) Iqi I i = 1,2.. .q) 

I By wr i t ing  an a r b i t r a r y  quadrat ic  form i n  y as: 

U'AU , U'AX 'YAY = [i] '[X'AU , x'AX] [i] . 
we see  t h a t  the  quantity t o  be minimized is: , 

2 IIU'AU - D , U'AXII 
X'AU , X'AX 

I 
1 

 here i s  an a r b i t r a r i n e s s  i n  the  choice of  nonn. We w i l l  show i n  
1 

1 4.3.2.  and 4.3.5.  that i f  we use the  usual Euclidean norm and minimize 
1 

MINQE, s have the  same form as the  LMVUE, s of 4.2 .  but  'having minimum 

- variance a t  points  8 = a l ,  f o r  a >O, i f  the model had been normal. - 

W e  may, hcwever, have some p r i o r  information about the  

parameters i n  the  madel, f o r  example, a p r i o r  value 5 # a l ,  f o r  9 - - 
and a p r i o r  value 2 and prec is ion  K f o r  B ,  ( K-' is a p r i o r  - 

covariance matri-x f o r  B ) .  One way t o  incorporate t h i s  information - 
i n t o  the  minimum norm method and t o  produce est imators with good .. 

, proper t ies  a t  points as < Qg,  is  t o  consider the  weighted Euclidean - - 
norm: 4 

D's)' 0 U'AU - D , u'AX] [ D V  ;+]l12 l l [  5 K3][X'AU . ,  X'AX 

where: D ( 2 )  = d i a g ( s I  , i = 1 , 2  ...q 1 .  
i q i  

For normal models t h i s  norm produces the l&a l ly  minimum variance 

estimators a t  poifits 9 = i n  Re.  - 

Use of the  weighted norm (4.66) is  equivalent t o  using 
-- - -- - - - - - 

the  w $ i g h t e d  norm on a transformed model: 



- - AD.- - -  - 

w h e r e  4 r* = r - el X* = XK , B* = K-'(& - b), 

'i 
* = u and v * = ( l / G i ) %  

1 1  i 

T h e  na tura l  estimator of y = h ' 0  b e c o m e s  - - 
A 

w h e r e  D = d i a g (  . ( h . s . / q i ) I q i l  1 1  i = 1 . 2 . .  .q) ( 4 . 6 9 )  

&en y*= y* + & - = X*8 - + U*v* - A n d  the quant i ty  t o  be . . 
minimized is: 

T h e  o b v i o u s  estimator i n  this case reflects the m o d e l  structure. T h e  

MINQE technique is therefore able t o  u t i l i z e  the structure w h e r e  other 

1 

inethods ignore it. 

I n  the general m o d e l  ( 2 .  

U*'AU* - Dl U*'AX* 

X * ' A U *  , X* ' AX* 

t h e  choice of na tu ra l  e s t i m a t o r  H s  not  as 1 

2 - - - -- 

obvious as for the structured model. H o w e v e r ,  given prior information 

= tr ( (U*'AU* - D) (U*'AU* -D) ) + 2 t r  (U*'AXKX'AU*) 

+ tr (X'AXKX'AXK) ( 4 . 7 0 )  

-=-- 1 
w h i c h  is  identical  t o  ( 4 . 6 6 ) .  

s,j b and K w i t h  the transformed model: - - 

w h e r e  
- 

2, X* and B *  are as i n  ( 4 . 6 7 1 ,  - 
a - 

A ( z )  i s  a p.d. square root of V ( s )  - 

and 



- -  --- 

e* were observable and normal, it would have model: - 

where v*(g) = CBiVi* 

and 

Hence from (4.33) the LMWE of y = F E  given = would be; 

where 9 = CAi* Vi* 

A* is any. solution t o  H (5) A* = h - 

and 

= ( t r ( v ( g l v i  vv(ilvj) 

The simplifications over (4.33) being due t o  the cen t ra l i ty  4 the f ac t  

tha t  V* (s) = I. 

Similarly t o  (4.65) , we see t ha t  the quantity t o  be minimized i s :  



4.3.2. Minimum Norm in Quadratic, Unbiased and Invariant 

~stimators - MINQE (U, I) . - 
In the class Q(U,I,h) (4.201, the conditions: 

AX = 0 and tr(AVi) = hi, i=1,2--.q 

simplify the quantity (4.70 ) or (4.74) to be minimized. ~n'~articular, 

for the general model, (4.74) becomes: 

which is independent of K, and from the definition of T, (4.73), 

we obtain: 

and therefore the second term becomes: Ch?tr (AV. ) = h1X*from (4.751, 
1 1 - - 

. which is independent of A. Hence the quantity to be minimized is: 

tr (V (s) AV (5) A) 1 

subject to A satisfying (4.75). 

.- __ - Given - s and - h such that Q I h - is non-empty, we know 

from (4,221 that there exists - satisfying: 

H~~~(E)X = - h 

where (s) = (tr(N(s)ViN(s)V. 1 ) .  
' H ~ , ~  - I 

L 

Under these conditions the optimal choice of A which minimizes (4.76 s k 

This follows.because ylA*x is clearly in Q(U,1,h) and if A is any - 

other matrix satisfying (4.75), then A = A* + B for some B satisfyig: 
- -- - - - - - - - - - 

B # 0, B = B1, tr(~V~) = 0, for i=1,2 ...q 
- - - - 

and B X =  0 so that (I - P(z))B= (I - P(s)')B= B. - 



Hence, tr (V(=)AV(s)A)  = t r  (V(s)A*V(s)A*) - - + 2 t r  (A*v(~)BV(=) ) C 

but  t r  (A*V (s) - BV (s)  - ) = C A i t r  (N (5) viN (s)V (5) BV(2) ) 
* 

. , 
Since t h e  l a s t  term of (4.78) is non negative we ha& t h a t -  -\? -2 

tr  ( V ( s ) A v ( s ) ~ )  - 2 t r  (v(s)A*v(s)A*) - - (4.80) 

and hencer MINQE ( U ,  I) given s o f  Y = - -  h18 . is: 

where : - A i s  any soluti'on t o  H ( g ) i = h  
U I I  

(5) = (tr (N (s) ViN (2) V . *u, I 3 

and r (s) = ( y ' ~  (g)ViN (s)~,  i=1,2.. . q) ' 
*,I - 
One common d i f f i c u l t y  with M4NQE(Ur1) is  t h a t  cases occur 

where Q(U,I,&) i s  empty and then the  estimator i s  not  available.  

W e  note t h a t  HINQE(U,I) i s  independent of the  model - 

3- 

s t r u c t u r e .  I f  we had chosen t o  minimize (4.70) f o r  the  s t ructured [1 

model, w e  would choose A* t o  minimize: 

s in'ce u*u*' = CsiVi = V(s )  

M I N Q E ( U , I )  i s  a l s o  independent of the f ixed e f f e c t  

parameters g, a s  expected f o r  invar iant  estimators. 

Under normality MINQE(U,I) reduces t o  the  IMVIUE (4.541, 
A A 

and a s  f o r  thatT-esthmtor w e m e  @r~in+h*ferm~-y=hLC- - - 
6 

where @ satisfies: - - 
- - -  - - * - 

A 

( s ) 8  = r  (4.83) H ~ , ~  - - -u, I 



Putt ing 0 = s we can define an i t e r a t i v e  procedure f o r  
-0 - 

eliminating t+e influence of the  s t a r t i n g  value s: - 
r A A A 

A A 

t o  a so lu t ion  2 C then is  ca l l ed  ' 
- 

i t e r a t e d  MIN*. lMINQE (u, I) . Under normality IMINQE (U, I ) is a l s o  

1 M V k  (4.591, and we w i l l  see (5.37) t h a t  the  equations (4.84) a r e  % 
a1so"the marginal maximum l ik l ihood estimators. 

Variants of MINQE(U,I) given s e x i s t  f o r  cases where 
--D 

- -L -- - - - - - - -- - - 
+ - -- - 

no p r i o r  knowledge of s is  available.  One of these  va r i an t s  is  - 

MINQEO(U,I) f o r  models with a res idual  e r r o r ,  obtained by taking = 
b 

4 

t o  have zero components, except f o r  the  one correspondin t o  t h e  

res idual  e f f e c t ,  which is taken a s  unity. (4.85) 

This estimator has the  advantage t h a t  it i s  r e l a t i v e l y  easy t o  

compute (Goodnight 1978a). 

Anot e r  va r i an t  M I N Q E 1 ( U I I )  i s  obtained by s e t t i n g  a l l  the  r 
elements of - s q g u a l  t o  - 1. 

4.3.3. The W-Transformation. 

Computing elements of the  equation systems (4.83) and (4.841, 

proves t o  be a formidable t a s k  f o r  general models, s ince  it requires  

V ( ~ J ' ,  t he  inverse of an n m  matrix, where n w i l l  t yp ica l ly  b e  large.  

Even if this w a s  possible,  e l emen t s such  as -tr-cprcS~UVw-)-Vi~-~d-- -- - 1 - 3  

~ 1 '  N (5) ViN ( 5 ) r a r e  - -  expensive - t o  compute. - 
- 

One suggested solut ion is  t o  r e s t r i c t  2, so a s  t o  make 

v (?T' easy t o  MINQEO of (4.85) is  one such solut ion.  



However, t h e  computing problems a r e  considerably eased, even f o r  

genera l  

(2.23). 

s o  t h a t  

where 
I 

s i n  s t ruc tu red  variance component models wi th  r e s idua l  e r r o r s  - 

and 

Writing y + ( 0  i l 2 . q - 1  w e  have: - 
" .- 

vcg = e q ~  (I) 

~ h e r < - ~ ~ Q )  is no t  r e l a t e d  t o  H ( s )  - of ( 2 . 3 )  bu t ,  =P 

w 
b? 

% H ( Y )  - = U D ( y ) U '  + I (4.87) 
5 

a 
I t  is easy t o  show (A.5a) t h a t ,  

The f i r s t  form does not  r equ i r e  Yi> 0 f o r  a l l  i and hence is  

preferab le .  Also, s ince  0 > 0 
q 

I n  t h i s  s i t u a t i o n ,  we only  r equ i r e  t h e  inverse of Im + U'UD, which is  

- q-1 -- --- - 

rnxm when m = qi and m i s  t y p i c a l l y  much smaller  than n. 
i=l 



- /-- 

Furthermore, given 5 

we let 

c = (sip - 4 

c and Wo are easy toaco@ute and writing H for H(c) let: - - - ~k 
- 

Then, by substituting (4.88) into (4.90) 

where 

W1 is easy to compute and provides all the elements required to form 

H ( s )  and r (s) aswillbeseenin4.3.4. 
U,I - *,I - 

This method of forming W is known as the W-Transformation 
1 

and was suggested by Hemmerle and Hartley (1973). Schemes for 

computing W1 from W and D were developed by Thompson (1975). 
0 

Hemmerle and Lorens (1976), Liu and Senturia (19771, Hemmerle and 

Downs (1978) and Goodnight and Henrmerle (1979). The latest methods 
I 

re&y orrghe obsesvakion khak -ilf a ~holew a r S s u e e p O p - ~ r  - I 

-1 
(Goodniqht 19784is applied to the m columns of U'U + D - - in: 



(A. 92) 

The resu l t ing  matrix is: 

A 

Furtheprmore, s ince  w e  a r e  only in te res ted  i n  W and s ince  elements 
- 

1 

of U ~ U + D ~  a r e  easy t o  obtain f rorn wO'and - c ,  we  need never form 

the  matrix (4.92), t o  achieve the  transformation t o  (4.93) . 
- - - - - - - - - - - - - -- - - - -- -- - - 

- - - - -- - - 

This algorithm can be programmed t o  take a given - c and 

produce the  lower t r i angu la r  p a r t  of W1 i n  place of t h a t  of Wo. The 

Progr- can Use5 the  Sweep Operator of Goodnight (1978b)and is 

unaffected by small o r  zero elements i n  - c provided,in place of -- 

-1 -1 
( U ' U  + D , t he  algorithm uses D ( I  + U'UDT' a s  i n  (4.91). 

4.3.4. Computing MINQE (U, I )  Estimates. a 

With s t ruc tured  models having a res idual  e r r o r  (4.86), we 

have the  W-Transformation of 4 . 3 3 ~ t o  produce t h e  matrix W1 (4,90) 

from c and Wo (4.89), which is derived from the  model s t ruc tu re  and - 

the  given p r i o r  value - s f o r  - 8 .  

Applying the  Sweep Operator (Goodnight 1978b)to the  columns of 
W1, 

-1 
containing X'H X ,  w e  get :  



(I - P (g) ) is idempotent and . rank (I - P (c) = n-rapk ( X I  . 

The lower triangular part of bl can be formed in place, 
2 

- 

froan W1. The Sweep Operat~r of Goodnight (1978b) can be programmed 

to leave R ( c )  instead of I in the central position of- W2 (4.95). 

easily calculated. If we consider U partitioned according to the 

random effect structure matrices; 

a = tr(UilMUi) 
i 

be the trace of 

i=1,2.. .q-1 

the i~th~block of U'MU. 

Then let 

L e t  

be the SS of all the elements in the i,j th 

block of U'MU. 

(Note : = b..) bij 13 

and let 

- -3 

be the SS of hements in the i th block 

of U'M y. 
-- 



These quantities can be computed from W (4.90) 1 ' 
* 

and, together with ylM Y, are all that are required to form the 

MINQE(U,I) equations. These equations can be f o m d  and solved to 

provide the estimates. 

In models like (4.80) , we have 

vi = U.U.' i=1,2 ...q- 1, v =I 
1 I_ - 9 

= (lYsq)M(c) = (l/s )M. 
9 I 

a (s) are: s %,I - 

For j=q, the i,q th element for i=1,2 ...q- 1 is: 

= tr(UilMMUi) 
q- 1 

= tr (uilMUi) - 1 c. tr (U. 'MU.U. 'MU. 1 (A-5d). - 
3 - 1 -  J 3 -1 - - 

4 j=I 

= n - rank (X) - PEcitr (UilMUi 



2 
For elements of s q (s) 

and for  the q t h  element, 

- = y l ~ x  - Z C ~ ~ ' ~ U . U . ' M Y  = ~ ' M x - +  k id l  
1 1  

(A. 5f 

Note that  i f  - s were the correct value of 8, the generalized leas t  - 

- - - - squares estimatxr _of the f5.M ef fed-parameters is  : --==-- -- - 
/ 

- --- 

-1 . 
= RX'H Y 

which is available i n  W2 of (4.94). 
- 

is available in  W2 i n  view of 7.4. !%) . 
However s is only a prior value for the unknown - 8. We 

n A I\ 

expect a good estimate of f3 t o  be @(€I) where 8 i s  the solution to  - - - - 

the MINQE (U, I) equations 64-83) . This val';e, together with an 
A h 

estimate of Cov(g(c) becomes available in W2 i f  we s t a r t  the 
A 

algorithm with - 8 as prior va1.e. 

These considerations also indicate how the computing method 

can be used t o  produce I;MINQE(U,I)  estimates (4.84). Thig 
- - - -- - --- - - - -- pp --- - -- 

algorithm can be used t o  compute these values, when convergence 

) occurs. 



4- 3.5. MINQE without Invariance. 

For many models it is easy to find cases where Q(U,I,h) 

(4.20) is empty. For example, ixi model (4.23), with 

h + (a,a) for a € IR, Q u I is empty. In these situations, - 

conditions of invariance or unbiasedness must be abandoned. In either 

case, the resulting estimators depend on the fixed effect parameters - - - - -  - 

and prior information about both 8 and - 6 is required. The 
. 

estimators will have minimum norm properties dependant on the prior 
- - - - - - - - - - - -- 

- -- - - 

information. 

For 2 a prior value 2, such that V(s) - is p.d., is required, 

- 1 
and for a prior mean 2 and p.d. dispersion K can be 

incorporated. ' (4.107) 

The mean is used to transform the model according to Y - Xb_. The 

dispersion is used v a its inverse K, which is a precision matrix and f - - - - -  - -- 

is used with the norm (4.70) or (4.741, to weight the contribution of 

the fixed effect parameters. 

If A b tisfi'es the cond'tions for unbiasedness: 
I; X'AX = 0, tr(AVi) = (4.100) 

then the squared norm (4.74) becomes: 

at (4.75) - (4.76), because of the unbiasedness conditions (4.108). 
-- 

Also, because X'AX = 0 we can write the terms of (4.109), which do 

not contain T as: - 



R is p.d. because V(s) - is p.d. and XKX' n.n.d. Hence the quantity 

to be minihized over A satisfying (4.108) is (4.110) . 
- - 

Pringle (1974) gives an explicit expression for A*, the A 

matrix which minimizes (4.110) , provided Q (U,&) is non-empty: 

where 

A is any solution of HU(R)- = & -. 

which has the same column space as 

Clearly 7' A*y E Q (U, - h) 

because tr (A*Vi) = h. (since %(.R)X = h) 
1 a- 

and - 1 
X'A*X = o (since X'R P(RI = x~R-' 

-1 - 1 
and F(R R X = R  X.) 

If A is any other symmetric matrix satisfying (4.108),' then 



Therefore (4.110) can be  w r i t t e n  as:  

b u t  

= Chi (tr (ViB) - tr (ViP (R) 'BP (R) ) ) = 0 

- 

Also tr (RBRB) > 0 s i n c e  R i s  p.d. and the re fo re  A* is optimal.  

MINQE(U1 given 2, b and K is  independent of  t h e  model 

s t r u c t u r e ,  (4.67) or (4.71\ ,  and of t h e  n a t u r a l  es t imator ,  T o r  D, 
- - - -- -- - - - - - - -  -- 

- - 

.. . 
b u t  n o t  of  t h e  p r i o r  p r ec i s ion  K i n  t h e  norm (4.70) o r  (4.74).  

K 'weights t h e  con t r ibu t ion  of p r i o r  knowledge about r e l a t i v e  t o  

8 i n  t h e  minimum norm c r i t e r i o n .  - 

MIN(ZE(U) given - s, - b and K of  Y = h '8  is: - - 

where 

h is a s o l u t i o n  tp H ~ ( R ) X  = h, 

and 

=" * 
If K = 0, then R=V(s) and MINQE (U) co inc ides  wi th  LMWE 

b 

(4.33) f o r  normal models. 
A A h 

W e  can write y a s  h t 8  where 8 is  any s o l u t i o n  t o :  - - 
A 



Starting with &, = - b and 6+ = 2 we can establish an iterative 

process using (4.113) and 

If this converges to a value in the parameter space, it is called the 

iterated MINQE (U) , IMINQE (U) . 
L 

Variants of 'MINQE (U) are derived by taking K to be r I 
. . -  

i quivalent,~ assuming to have prior distribution with mean 2 
2 ( 1  I The resulting estimator (4.111) is called 

In an attempt to eliminate the influence of the fixed 

effects on the estimator, -MINQE (U) was defined, (Kleffe 197%) , as 

the limiting r-MINQE(U1, as r tends to infinity when this limit 

exists. Rao, C.R. and Klef fe (1580) , report that -MINQE (u? coincide& 

with MINQE(u,I), (4.81), when t h ~  latter exists. 

4.3.6. MINQE without Unbiasedness . 
If we restrict attention to quadratic estimating functions, 

but do not require unbiasedness for y = kt$, we still have three 

estimator classes of interest, (4 .21,  (4.15) and (4.18) : 

Q = {Y'A y: A symmetric (A = A'  1 ) 
-3 

Q(PU) = &'A y: A = A' and XI?= 0) 

and Q(1) = ( y ' A  y: A = A' and AX = 0) 

The optimal solution to the minimum norm criterion over these classes, 
- --- - - - - -  

does however, depend on the choice of model structure and the natural 

estimator, because we no longer have the condition tr(AV.)=h.,i=1,2..q, 
1 1  



P 

which made tern in the expansion of the norm involving the natural 

estimators T or D become independent of A. 
' 1 

In effect, without unbiasedness MINQE takes into account 

the structure of the error tern in the model (2.1-6) , through the 

use of this structure in deriving the natural estimator, (4.68 1 .  We 

have, therefore, two cases to consider; One with the structpred 
-. 

model (4.67) and natural estimator D of (4.68) and one with general 

model (4.71) and natural estimator T of (4-73) . 
However, noting that U* is a square root -- -- of -- V(S) - in 

- - - - - - - 
- - - 

the sense that V (s) - = U*U*' in the same way that V (2) = A (2) (=) , 

we can write C for U* or A(s) - and E for D or T in (4.70) and 

(4.74) . Then the norm to be minimized is: 

C'AC - E, C'AX 1 X'AC X'AX 

+ tr (X'AXKX'AXK) (4.117) 

. This is minimized at A* in the unrestricted class of symmetric matrices 

if and only if the cross product terms in the expansion, (4.117) vanish 

for all symmetric B. 

. A*, which satisfied this conditi0n.i~ given by: 

and 

{A: A= A' and X'AX = 0f = IB - P (s) 'BP ( 7 .  

- - s) : B =B1 1 (4.119) 

{A: A= A', AX = 0) = IN (s) - BN(S) - : B =B' 1 (4.120) 



(Kleffe and Pincus (1974b) Lemma 2.4 and (2.15)) 

where 

and 

-1 - a1 
P (s) - = X(X'V(=) X) XVV(~) 

Hence, by substituting A* + B - P (5) 'BP (2) or A* + N (6) - BN(s) - f& 
-* 

A in the expansion (4.117) and equating the cross product terms to ' - 

zero, we can obtain expressions for the optimal A* in the.classes 

Q(PU) and Q(1). These are: 

and 

A* (I) = N(S)CEC'N(E) - (4.122) 

- - b and K~in the class Q is: Then MINQE of h' 8 given s, - 
(y -g) ' A* (y - Xb) - for A* of (4.118) , (4.123) 

- - b and K in the class Q (PU) i?: MINQE (PU) of h'8 given s, - 
- 

, 
and MINQE(1) of h'8 given s, in the class Q(1) is: ' A 

- - 

Y' A*(I)y (4.125) 

which is independent of 2 and K. 

In the structured model (4.67), with natural estimator E = D 

of (4.68 ) , we note that; 



where 

and 

A* is  any solu t ion  t o  H (SIX* = h - - - 
- 1 

H (s) - = ( t r ( v - ' ( = ) ~ ~ ~ ( ~ )  V . ) )  
3 

Hence MINQE without unbiasedness incorporates t h e r V w l e d g e  of s t ruc tu re  

of the  e r r o r  term i n  the  model through the choice of  na tu ra l  estimator. 

From (4.125) and (4.126) we can obta in  an expression f o r  the  
- 

) of - 8 i n  the  s t ruc tured  model (2.16) as: 

For the  general model (2.1),  using (4.121), we can wri te  the  

- - 

Both (4.128) and (4.129) suggest an i t e r a t i v e  procedure - 
A 

IMINQE (I) defined by s e t t i n g  - s I 0 
-0 -. (4.130) 

In  sec t ion  5.1.2, w e  see  t h a t  IMINQE(1) defined (4.129) is  the  

maximum likel ihood estimator under normality. The d i f ference  between 

(4.128) and (4.129) i l l u s t r a t e s  a f a i l u r e  on t h e  p a r t  of maximum 

likel ihood,  t o  take'account of t h e  s t ruc tu re  i n  s t ruc tured  variance 

component models. 

Rao, P.S.R.S. and Chaubey (1978), considered MINQE without 
- - - -- - - - -- - -- --p-- 

unbiasedness a s  a means of o b t a i n h g  non-negative est imates of variance 
- 

+ 
components i n  heteroscedast ic  regression models. In  the  more general 

s e t t i n g ,  developed i n  Chaubey (1980) and Rao, C.R. (1979), MINQE 



given 2, b and K and MINQECI) given s are non-negative for non- - 

negative functions h'B. - - 

a). 

4;4. - Minimum Norm Estimates of Variance Components for Example Data 

Sets 

Minimum norm estimates of the variance components were 

calculated for the example data sets, described in 2.7. Estimates with 

unbiasedness and invariance properties, were calculated using the 

As with the estiytes obtained by Henderson's Method 111, 

3.4.1., all variates except LENB had negative estimates of variance 

components, both for MINQEO(U,I) and MINQE~(U,I). For variable 

LENB the estimates were; - - 

Table Minimum Norm Estimates of Variance Components for Variable 

LENB of Data Set 1. 

COMPONENT MINQEO (U, I ) MINQE1(UII) IMINQE(U,I) 

SIRE 35.945 . 34.805 36.646 

SIRE X DBRD 60.067 52.901 55.293 

RESIDUAL 



The IMINQE(V,I) e s t i m a t e s  f o r  variable LENB, converged 

a f ter  f o u r  i t e r a t i o n s  of (4.84),  s t a r t i n g  w i t h  t h e  MINQEl(U,I) 

- a, *-  2 
e s t i m a t e s .  E x a c t l y  t h e  same values were  o b t a i n e d  w i t h  the m a r g i n a l  . 

maximum l i k e l i h o o d  method. T a b l e  (5.1) . 

4.4.2. Data  Set 2. 

F o r  t h e  data g e n e r a t e d  t o  f o l l o w  t h e  model f o r  t h e  cat t le  

b r e e d i n g  expe r imen t ,  better results were  o b t a i n e d .  The minimum ndrm 
- - -- - - - -- - 

e s t i m a t e s  f o r  t h e  t e n  variables are g i v e n  i n  Tab le  ( 4 . 2 ) .  

T a b l e  (4 .2 ) .  Minimum Norm E s t i m t e s  of V a r i a n c e  Components for Data S e t  2. 

VARIABLE COMPONENT MINQEO(U,I) MINQEl(U,I) IMINQE(U,I) 

SIRE: 13.814 15.384 15.425 

1 SIRE X DBRD 2.198 1 .931  1 .935  

RESIDUAL 8.662 8.222 8.221 

SIRE 4.263 5.337 5.260 

SIRE X DBRD 2.547 2.849 2.858 

RESIDU e 9.763 9 .278 9.280 

SIRE 7.674 9.250 9.200 

SIRE X DBRD 3.934 3.322 3.411 

RESIDUAL 9.126 8.802 8.797 

4 SIRJ3 X DBRD 3.258 3.015 3.034 
-- 

RESIDUAL 8.657 8.731-- 8. '130 

Tab le  (4.2)  con td .  



Table  (4.2)  contd.  

VARIXILE COMPONENT MINQEQ (.U, I 1 MINQEl (V, I ) I M m E  (Ut 1) 

-.v 
Y 

SIRE 5.240 $se2 5.154 

5 SIRE X DBRD 

RESIDUAL 

SIRE 

SIRE X DBRD 

RESIDUAL 
,' __-" 

STRE 

SIRE X DBRD 

RESIDUAL 

SIRE 

SIRF: X DBRD 
I 

RESIDUAL 

SIRE 4.887 4.212 4,231 

9 SIRE X DBRD 3.596 4.039 4.016 

RES I DUAL 7.813 7.876 7: 877 
* 

SIRE 19.659 

10  SIRE X DBRD 1.528 

RESIDUAL 6.996 

The IMINQE(U,I) v a l u e s  agreedqwi th  t h e  marginal maximum 
- - - - -- - - 

l i k e l i h o o d  e s t ima t e s ,  computed w i th  programme BMDP3V (Dixon and Brown 



4.4.3. Data Set 3. - .  
For the small generated data set of 2.7.3, the minimum norm 

estimates, like the Henderson MethodeIII estimates, 3.4.3,' had numerous 

negative values. The negative values prevented convergence of the - 
iterative scheme (4.84) , for IMINQE (U, I) . 

- A 

Table (4.3). Minimum Norm Estimates of Variance Component's for Data Set 3. 

VARIABLE ESTIMATOR VARIANCE COMPONENT FOR: 

- 1 MINQE~(U, I) 62.115 51.487 9.239 -13.473 5.107 

MINQE~ (U, I) 43.630 25.083 -4.280 5.874 15.757 

2 MINQEO (U, I) 22.151 21.841 -5.119 0.814 13.600 

MINQE1 (U, I) 27.086 20.094 -3.880 4.211 9.857 

3 MINQEO (U, I) 25.945 -10.052 - -8.883 38.655 1.179 - 

MINQE1 (U, I) 17.706 -6.745 -7.160 21.048 12.271 

4 MINQEO (U, I) 4.132 -9.867 -13.775 20.156 15.011 

MINQEl(U,I) 3.575 -7.982 -14.498 . 17.834. 16.398 

5 MINQEO (U, I) 11.115 14.769 -15.583 21.240 11.687 

MINQE1 (U, I) 4.559 16.516 -18.561 19.204 15.815 

6 MINQEO(U,I) 86.940 18.571 29.259 -25.721 6.245 

MINQE1 (U, I) 58.329 16.622 20.904 -6.757 8.964 

--- - - -  

7 MINQEO (U, I) 30.049 43.450 14.856 -26.841 11.865 

Table (4.3) contd. 



Table (4 .3)  contd. 

VARIABLE ESTIMATOR YARIANCE' C ~ O N E N T  FOR: 

R1 R2 R1 X F R 1  X R2 RESIDUAL 

MINQEl (U,I) 34.005 3.239 -0.552 
- L - L  - - 

21.114 

9 MINQEO (U,I)  84.012 14.212 -5.389 11.182 

MINQEl (U,I)  59.474 15.506 



CHAPTER 5 

Maximum Likelihoqd Methods of Variance Component Estimation 

in Normal Models. 

Maximum likelihood estimation of variance components 

was examined by Hartley and Rao, &N.K. (1967) and reviewed 

by Harville (1977). ,Apart from the appeal of the principle, 

it produces estimators with desirable properties. In 

particular, the maximum likelihood estimators (MLEs) are 

t 
paramete'rs can only have positive estimates. Thus, at 

least conceptually, one major problem of other estimating 

methods is overcome. 

9 
When a theoretically practable and practically 6 

i 
applicable notion of a limit of size for variance component 

models is available, the MLEs also have the desirable 

property of sufficiency, consistency and limiting normality. 

Hartley and ~ a o ,  J.N.K. (1967) and Miller (1977): used 

different notions of t w  limit .to obtain these results. 

Where these limit definitions are applicable to specific .- 

models, the ML approach provides some measure of the variance 

of the estimators through Fisher's- information matrix. 

Drawbacks of the ML approach are computational 
- - - - - - - - - - - - - - - - - - - 

diffibulties, the fact that the estimators may be 
- - - F 

unacceptably biased in some cases and the requirement for 

assuming normality in the model. 
, 



o f  t h e  c o v a r i a n c e  m a t r i x .  T h i s  p r o b l e m  h a s  b e e n  overcome t o  

4 some e x t e n t  f o r  s t r u c t u r e d ~ m o d e l s  w i t h  r e s i d u a l  e r r o r s .  

t h r o u g h  t h e  d e v e l o p m e n t  o f  t h e  W-a lgor i thm,  s e c f i o n  4 . 3 . 3 .  

'-+ 
J e n n r i c h  a n d  Sampson ( 1 9 7 6 )  r e v i e w  t h e  comput ing  methods  

a v a i l a b l e  and  h a v e  p r o d u c e d  a programme, BMDP3V,-which w o r k s  
+* 

f o r  a  commonly u s e d  r a n g e  o f  m o d e l s , ( D i x o n  and  Brown ( 1 9 7 7 ) ) .  
7 

The p r o b l e m  o f  u n a c c e p t a b l e  b i a s  i n  MLEs f o r  some 

mode l s  c a n  b e  v i e w e d  a s  a  f a i l u r e  o f  t h e  t e c h n i q u e  t o  t a k e  

a c c o u n t  o f  u n c e r t a i n t y  a b o u t  t h e  f i x e d  e f f e c t  p a r a m e t e r s .  

P a t t e  s o n  and  Thompson ( 1 9 7 1  and  1 9 7 4 )  and l a t e r ,  C o r b e i l  P 
and  Searl ,e  ( 1 9 7 6 a )  s u g g e s t e d  max imiz ing  t h e  m a r g i p a l  o r  

i n t e g r a t e d  l i k e l i h o o d  o f  t h e  v a r i a n c e  c o m p o n e n t s ,  MMLE. T h i s  

E v i d e n c e  o f  r o b u s t n e s s  o f ' t h e  M L B  and MMLES t o  



v -. 
i t e r a t e d  minimum norm t e c h n i q u e s  p r o d u c e  t h e  same 

e s t i m a t i n g  equatibm%&o< non-normal  mode l s  a s  MLEs and  

MMLEs d o ' f o r  n o r m a l  c a s e s .  

5 .1 .  ~ a x i m u m  L i k e l i h o o d  - E s t i m a t i o n  - i n  t h e  G e n e r a l  Normal 

We assume t h e  r e s p o n s e  i n  model  ( 2 . 1 )  f o l l o w s  t h e  

i. n o r m a l  d i s t r i b u t i o n :  

We a l s o  assume v (B)  i s  p . d .  f o c 8  - € P e t  b u t  no  a s s u m p t i o n  - 
i s  made a b o u t  t h e  s i g n  o f  Oi  i n  t h i s  model .  

The l o g  l i k e l i h o o d  f u n c t i o n  o f  - 6 and - 8  f o r  t h i s  

model  i s  d e r i v e d  f rom ( 2 . 5 )  a s :  
- - -r  - 

A A 

a n d  t h e  MLE of  - B a n d  - 8  i s  t h e  v a l u e  (8,9 
A A 

Such t h a t  - B C f i g  and  - 8  C f ig  a n d  
,. * - - 

5 . 1 . 1 .  The Maximum L i k e l i h o o d  E q u a t i o n s .  
- - - - - --- - - - 

The g e n e r a l  p r o c e d u r e  f o r  o b t a i n i n g  e x p r e s s i o n s  
- - - e - -  

f o r  t h e  MLEs, - B a n d  - 8  o f  ( 5 . 4 ) ,  i s  t o  e q u a t e  t h e  f i r s t  

o r d e r  p a r t i a l  d e r i v a t i v e s  of  . t h e  l o g  l i k e l i h o o d  ( 5 . 2 )  t o  z e r o .  





5 . 1 . 2 .  P r o p e r t i e s  o f  t h e  Maximum L i k e l i h o o d  E q u a t i o n s .  l 
The MLE o f  8 ,  i s  i n v a r i a n t  t o  t r a n s l a t i o n s  o f  

J - 
by  X i  f o r  a n y  fiC Q g ,  s i n c e  f r o m  ( 5 . 1 1 )  i t  i s  a  f u n c t i o n  - 

O o f  a  max'imal i n v a r i a n t  N ( 8 ) y  ( 4 . 1 6 ) .  I n  f a c t  ( 5 . 9 )  i s  

i d e n t i c a l  t o  e q u a t i o n  ( 4 . 1 2 9 1 ,  w h i c h  was t h e  b a s i s  f o r  

d e f i n i n g  I M I N Q E ( I )  a n d  h e n c e  i n  n o r m a l  m o d e l s  IMINQE(1) 
- - 

i s  MLE. 

When - 0  i s  i d e n t i f i a b l e ,  t h a t  i s ,  when{ V1.. . V  1 
q  

- - 
- --- 

- ---- - - - - - - - - - 

a r e  i n d e p e n d e n t ,  2  -1.1, H ( 0 )  o f  ( 5  .16) h a s  f u l l  r a n k ,  s i n c e  
- - 

- 

H I  ( 6 )  - = TT' , w h e r e  T , q  x  n 2  h a s  i t h  row Vec '  ( V ~ V ( ~ Y ' )  - a n d  

{V1.. . V  1 i n d e p e n d e n t  i m p l i e s  V v ( O r l . .  . V  v ( 8 ) - l 1  i s  
' 

4 1 - 4 - 
i n d e p e n d e n t  a n d  s o  r a n k  ( H  (8) ) = r a n k  ( T )  = 4 .  I n  t h i s  c a s e  t 

t h e  i t e r a t i v e  p r o c e d u r e  f o r  s o l v i n g  ( 5 . 9 )  c a n  b e  w r i t t e n  a s :  

One d i f f i c u l t y  w i t h  t h e  ML e q u a t i o n s  r e p o r t e d  i n  Rao,  C . R .  

( 1 9 7 9 )  i s  t h a t  ,even when - 0 i s  i d e n t i f i a h l i  i n  t h e  mode l  

( 5 . 1 ) ,  i t  ma.y n o t  b e  i n  t h e  mode l  f o r  a  max ima l  i n v a r i a n t .  

F o r  e x a m p l e  ,, i n  t h e  model  ( 4 . 2 3 ) ,  V1 a n d  V2 a r e  i n d e p e n d e n t ,  

b u t  NV N = N V 2 N .  I n  s u c h  c a s e s ,  t h e  l i k e l i h o o d  f u n c t i o n  
1 

d o e s  n o t  h a v e  a maximum a n d  s o l u t i o n s  t o  ( 5 . 1 2 )  e x h i b i t  

f u n c t i - o n a l , r e l a t i o n s h i p s ,  w h i c h  may n o t  h o l d  f o r  t h e  t r u e  

p a r a m e t e r  v a l u e s .  , - - -- - - - - 4 

C .  

The MLEs alre b i a . s e d  s i n c e ,  i f  ( 5 . 9 )  h o l d s  
-- --  -- p-p--- 



w h e r e  

I f  w e  d e f i n e ,  a n  e s t i m a t o r  by  e q  u a t i n g  1: (8) -u , I 
( 5 . 1 1 )  t o  i t s  e x p e c t e d  v a l u e  a f t e r  t h e  s p i r i t  o f  t h e  A N O V A  

e s t i m a t o r s ,  we o b t a i n :  

.which i s  i d e n t i c a l  t o  ( 4 . 8 4 )  , t h e  d e f i n i n g  e q u a t i o n  f o r  
- -- 

IMINQE(U,T) a n d  w i l l  b e  s e e n  t o  b e  t h e  m a r g i n a l  ina<iium 

l i k e l i h o o d  e q u a t i o n s .  

The I n f o r m a t i o n  M a t r i x  f o r  MLEs. 

One means  o f  g e t t i n g  a n  e s t i m a t e  o f  t h e  p r e c i s i o n  

o f  t h e . M L E s ,  i s  v i a  F i s h e r ' s  I n f o r m a t i o n  M a t r i x ,  w h i c h  i s  

t h e  i n v e r s e  c o v a r i a n c e  m a t r i x  o f  t h e  l i m i t i n g  d i s t r i b u t i o n  

o f  t h e  M L E s .  The n o t i o n  o f  l i m i t s  i s  d i f f i c u l t  t o  f o r m a l i z e  

i n  v a r i a n c e  componen t  m o d e l s  a n d  it i s  n o t  known i n  w h a t  
i 

c i r c u m s t a n c e s  o f  mode l  o r  d a t a  s i z e  t h e  u s e  o f  t h e  I n f o r m -  

a t i o n  M a t r i x  i s  j u s t i f i e d .  
--. -. -1 

S e a r l e  71970) d e r i v e s . t h e  1n fo rma t io f7 fTZi t r ix  a s :  



T h i s  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  t h e  i n f o r m a t i o n  m a t r i x : -  

t h e  n e g a t i v e  e x p e c t a t i o n  o f  t h e  s e c o n d  o r d e r  p a r t i a l  7 

d e r i v a t i v e s .  The d e r i v a t i v e s  a r e  g i v e n  i n  ( A . 6 h ) .  lL 
5 . 1 . 4 .  C o m p u t a t i o n  o f  MLEs i n  S t r u c t u r a l  Mode l s  h a v i n g  a 

- 

_ - _ R e s i d u a l  E r r o r ,  

S i n c e ,  c l o s e d  f o r m  s o l u t i o n s  t o  t h e  ML e q u a t i o n s  + 

* 

a r e  o a y  a v a i l - a b l e  f o r  some b a l a n c e d  m a d e l s ,  i t e r a t i v e  

-- - & ---- - -  C _  - .  -- - -- 

t e c h n i q u f s  m u s t  b e  ~ s e a .  T h e s e  t e c h n i q u e s  r e q u i r e  t h e  , 
- 

1 .  I .  

i n v , e r s i o n d  o f  t h e  c o v a r i a n c e  m a t 6 i x  a t  e a c h  s t e p .  The 

c o m p u t a t i ' b n a l  b u r d e n  o f  t h i s  r e q u i r e m e n t  l i m i t s  t h e  
4 

* 

' p r a c t i c a l  a p p l i c a t i o n  ' o f -  ML * t o  s t r u c t u r a l  m o d e l s  w i t h  

r e s i d u a l  e r r o r s ,  w h e r e  i n ; e r s i o n  v i a  ( 4 . 8 8 )  a n d  t h e  W- 

a l g o r i t h m  o f  s e c t i o n  4.3. ,3.  a r e  a v a i l a b l e .  - 
- - 

S e v e r a l  t e c h n i q u e s  f o r  s o l v i n g  t h e  e q u a t i o n s  

, ( 5 . 7 )  a n d  ( 5 . 9 )  a r e  a v a i l a b l e ,  The m o s t  d i r e c t ,  i s  t o  

i t e r a t e  ( 5 . 9 )  a n d  u p d a t e  ( 5 . 7 ) ,  d t  e a c h  c y c l e .  M i l l e r  ( l 9 7 9 ) ,  

shows  t h i s  m e t h o d  t o  b e  r e l a t e d  t o  t h e  F i s h e r  S c o r i n g  

A l g o r i t h m ,  b u t  r e p o r t s  d i f f i c u l t y  i n  i m p o s i n g  thTe  non-  

n e g a t i v i t y  c o n s t r a i n t s  a n d  e n s u r i n g  t h a t ,  when t h e  s y s t e m  

c o n v e r g e s  t o  a  f e a s i b l e  s o l u t i o n ,  i t  i s  a  maximum o f  t h e  

1 i k e l i h o o . d  f u n c t i o n .  
- -- - - - - 

H a r t l e y  a n d  Rao ( 1 9 6 7 )  , H a r t l e y  a n d  $ a u g h n - ' ( 1 9 7 2 )  
-- 

'% 

a n d  Hemmerle a n d  H a r t l e y  ( 1 9 7 3 1 ,  p r o p o s e d  s c h e m e s ,  w h i l e  

d e v e l o p i n g  t h e  W - T r a n s f o r m a t i o n ,  w h i c h  a r e  e s s e n t i a l l y  h y b r i d s  
I 

a 



of-+two c.lassical methods of non-linear optimization: the 

m~ewton-~aphson and Fisher Scoring Algorithms. Jennrich and 

Sampson (1976) and Hemmerle and Downs (1978) , compare and 

develop hybrids of these two methods, which appear to work 
I 

well on many models. Jennrich and 6ampson (1978) discuss 

the combination of the two basic algorithms into a_ 

programme BMDP3V (~ixon(1977)).  his programme takes 
,-f-4 -\ 

advantage of the scoring algorithm's ability to correct poor 
- - - - - 

-- initial values, and the ~ewton-Raphson ability to use tEep 

quadratic form of the log likelihood to converge quickly V 
from'good approximate values. 

We cbnsider computatiod of the components required 

for both algorithms. The Structured Mode1,with residual 

error (2.23) has form: 

H(y) = UD(y)U1 + I n 

D(y) = diag(yiIqi, i=l ,2.). .q -1 )  

Y = (e1/eq,e2/eq,...eq-1/eq) 1 (5.19) * 

If the values o f  B and 8 at the start of any 

iteration are b F and 2; 

let 5 = the value for the 



description of the W-Transformation, 4.3.3, we write H 

and D interchangeably with H(c) and D (5). - 
k 

Starting. with b, s and W of (4.89) , the W- - - 0 

Transformation produces W; (4.90), which is easily 

transformed to W2: 

-- 

via: 
- 

-1 
Z ' H  U = - 

and 
-1 

Z ' H  Z = - - 
Noting that ~ ( 2 )  = 0 H 

q 

provides all components 

(1) and using A .  5a) and b) , W2 
" * - - -  

necessary to evaluate the log 

likelihood (5.3) and its first and second order derivatives. 

Hence the equations for the next estimated values and the 

information matrix (5.15) can be established from W2 ' 

We make the following notational definitions for 

the arrays of first and second order partial derivatives of 

the log likelihood evaluated at b and s: - 



I4
 
0
 

U
-l 



and for j=q: 2 
=- (l/2sq) (tr -tr ( u ~ ~ H ~ u D u & J ~ )  

Having calculated the components of (5.22), for given values 

of and &, 2 and s, the likelihood can be evaluated and new 
/ - - " 

I 

estimates of the parameters computed so as to increase the 

likelihood by either of two standard methods. 

a) The Newton Raphson Algorithm: 

This algorithm computes new estimates bl and -1 s 

from - b and - s, according to: 
b = b-7 &a& - -  I 

- ( 5 . 2 9 )  
-1 - ,, - 

where - ( 6  is the - -  solu - ion to: -- - - 



b) The Fisher Scoring Algorithm. 

This method computes the new estimates -1 b and 

s as: 
-1 

* 
and 

where 

(6 '6 ) ' is the solution to: -b -S - - 

5.2. Margknal Maximum ~ikelihood Estimators in, the General 

Normdl Model - MMLE. 

- - 

do not reduce to the ANOVA estimators in balanced models. 
- 

Corbeil and Searle (1976b), show that the bias may be 

considerable in models with numerous fixed effect parameters. 

In an attempt to remedy these 'deficiencies', Patterson and 

Thompson (1971) and '(1974) suggested maximizing the 

Likelihood of'contrasts' of the response, which have zero . 

expectation. T at is, statistics of the data which are 2 
invariant to translations in the fixed effect parameters. As 

- 
pp pp -- - - 

in 4.1.2, under the invariance principle, we need only 
- 

- - 

F- consider maximal invariants By where BX = 0 and rank B 

I 

As noted in 5.1.2, the MLEs are also functions of 



L --- - - - - - - - pp A- a L -  - ---- > -  
- .*.- 

- -- -- - -- - 
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a maximal invariant and Patterson and Thompson (.L974), argue 
k 

that this indicates that the MLEs can contain no information. 

about - 8, which is not contained in the likelihood function 
for a maximal invariant. 

. This procedure has a Bayesian justification from 

the point of-view of marginalizing a posterior distribution------ --- - 

over nuisance parameters, 6.1.4.. In the classical approach 

Lebesgue measure is used, in a Bayesian approach 
- -  
- - ---- - - --- - - -- - - - pp -- .- -- 

on the parameter space might appear preferable. 

Hence we refer to the method as marginal maximuni likelihood 

estiiation (MMLE). It. is also known as restricted or 

modified maximum likelihood estimation. 

5.2.1. The ~ a r ~ i n a l  Maximum Likelihood Equations. 
- -  - -- - 

If By is a maximal invariant (4.171, it has 

B distribution N(0, BV(8)Bt), since BX = 0. Hence the log - 
i 
! likelihood of By is: (5.33) 

Differentiating with respect to 8 and setting the resulting i 

expressions to zero, we obtain the MML Equations: (~.6i). 

These e q u a t L ~ ~ ~ n i n d e p e n d e n t  of the particular full rank 
i 

maximal invariant used, since for any B with size (n-rank(X))xn 
\ 

having maximal rank and for which BX = 0 ,  we have: 



S e a r l e  ' (1979 p . 2 7 ) .  

Hence t h e  M M L  e q u a t i o n s b  a r e :  

o r ,  n o t i n g  t h a t  N ( 2 )  = N ( O ) V ( E ) N ( ~ )  - we have: 

a n d  t h e  e q u a t i o n  c a n  b e  w r i t t e n :  

a n d  

We n o t e  t h a t  e q u a t i o n  ( 5 . 3 7 )  i s  j u s t d h e  d e f i n i n g  e q u a t i o n  

f o r  IMINQE C U , I )  (4.84) a n d  i s  u n b i a s e d  i n  t h e  s e n s e  t h a t  

E ( r U  , I . (2)  ) = H U ,  I ( 8 ) .  The MML e q u a t i o n s  a l s o  . r e d u c e  t o  

t h e  ANOVA e q u a t i o n s  f o r  b a l a n c e d  m o d e l s .  ( s e c t i o n  5 . 3 ) .  

5.2.2. The I n f o r m a t i o n  M a t r i x  f o r  MMLEs. 

The F i s h e r  I n f o r m a g i o n  M a t r i x  i s  o b t a i n e d  a s  t h e  

n e g a t i v e  e x p e c t a t i o r  o f  t h e  l o g  l i k e l i h o o d  

(A.6 i .1 ,  i s :  

( 5 . 3 3 )  a n d  f r o m  

T h i s  -- i s  t h e  i n v e r s e  -of t h e  a s s y m p t o t i c  c o v a r i a n c e  m a t r i x  o f  
- - - -  - -- - 

t h e  MMLEs. C o n d i t i o n s  o f  s i z e  o r  d e s i g n . f o r  t h e  m o d e l s ,  
- 

A - b 

w h i c h  make 1 ( 8 )  - a r e a s o n a b l e  e s t i m a t e  o f  I ( @ )  - a r e  unknown,  

a s  i n  t h e  c a s e  o f  t h e  i n f o r m a t i o n  m a t r i x  f o r  MLEs ( 5 . 1 5 ) .  



5 . 2 . 3 .  C o m p u t a t i o n * o f  MMLEs i n  S t r u c t u r a l  Models  h a v i n g  a  

1 R e s i d u a l  E r r o r .  

E s s e n t i a l l y  t h e  sarne&roblerns a r e  a s s o c i a t e d  w i t h  

comput ing  MMLEs as w e r e  e n c o u n t e r e d  w i t h  I M I N Q E s  a n d  MLEs. s 

T h e r e  i s  no  c l o s e d  fo rm s o l u t i o n  t o  t h e '  MMLE e q u a t i o n s  
r- .\ 

( 5 . 3 7 )  , -0 ' i t e r a t i v e  mus t  b e  u s e d .  F u r t h e r , ,  - + - - -  -- 
t h e  componen& o f  t h e  e q u a t i o n s ,  o r  e v a l u a t i o n  OF t h e  l o g  

i 

l i k e l i h o o d ,  r e q u i r e  t h e  i n v e r s i o n  o f  t h e  c o v a r i a n q e  a t  e a c h  

- s t e p .  m e  c o m p u t a t r L t X  h r - s e r r  GF t h i s - l a s t r - r e q u i - r e m ~ m t ,  ----- - 

6 

means t h a t  MMLE i s  n o t  f e a s i b l e  i n  l a r g e  g e n e r a l  m o d e l s .  

Rao, C . R .  ( 1 9 7 9 )  q u o t e s  sowe s p e c i a l  c a s e s  o f  h i e r a r c h i c a l  

c l a s s i f i c a t i o n  mode l s  and  o r t h o g o n a l  b l o c k  d e s i g n s  where  

t h e  i n v e r s e  i s  e a s y  t o  f i n d .  The mos t  g e n e r a l  c a s e ,  however ,  

i s  f o r  s t r u c t u r e d  mode l s  h a v i n g  ,a r e s i d u a l  e r r o r  ( 2 . 2 3 ) ,  where  

- - - 

t h e  i n v e r s i o n  Eorm ( 4 . 8 8 )  and  t h e  W - t r a n s f o r m a t i o n  o f  4.3.3: 
1 

a r e  a v a i l a b l e .  ( C o r b e i l  a n d  S e a r l e  ( 1 9 7 6 a ) ) .  I 
1 D i r e c t  i t e r a t i v e  a p p l i c a t i o n  o f  ( 5 . 3 7 )  d o e s  

i 
i p r o d u c e  t h e  MMLEs, when c o n v e r g e n c e  o c c u r s  and  t h e  l i m i t  
I 
I 

i s  i n  t h e  p a r a m e t e r  s p a c e .  T h i s  m e t h o d q s  a  s i m p l e  i t e r a t i o n  

i of t h e  M I N Q E ( U , I )  a l g o r i t h ?  o f  4 . 3 . 4 .  a n d  i s  recommended 
. . by M i l l e r  ( 1 9 7 9 ) .  P r o b l e m s  o f  s l o w  c o n v e r g e n c e ,  d u e  t o  

o s c i l l a t i n g  v a l u e s  and  d i f f i c u l t y  i n  a p p l y i n g  t h e  p a r a m e t e r  
-- - -- - - - - -- -- 

s p a c e  c o n s t r a i n t s  weres e n c o u n t e r e d ,  a s  i n  H i l l e r  ( 1 9 7 9 ) .  
- - - - -- - -- -- 

The f i r s t  o f  t h e s e  p r o b l e m s  i s  s o l v e d  b y  d e t e c t i n g  

t h e  o c c u r a n c e  o f  o s c i l l a t i o n  and  t a k i n g  a  new s t a r t i n g  v a l u e  

b e t w e e n  t w o  o s c i l l a t i o n s .  



B e t t e r  p r o c e d u r e s  may b e  t o  u s e  t h e  Newton Raphson 

o r  F i s h e r  S c o r i n g  ~ l ~ o r i k h m s  t o  l o c a t e  t h e  maximum o f  t h e  

m a r g i n a l  l i k e l i h o o d ,  in t h e  same way a s  f o r  MLEs 5 . 1 . 4 .  

(19-76) and , ( 1 9 7 8 )  i n  t h e  programme BMDP3V (Dixon and  Brown 

( 1 9 7 7 ) ) .  A l l  components  r e q u i r e d  t o  compute  t h e  s e c o n d  

o r d e r  p a r t i a l  d e r i v a t i v e s  ( A . 6 i )  a r e  a v a i l a b l e  i n  Wl ( 4 . 9 0  

e  W-Trans fo rmat ion  a n d  W 2  ( 4 . 9 0 )  o b t a i n e d  f r o m  WA1 

5 . 3 .  Maximu" L i k e l i h o o d  ~ e t h o d s  f o r  B a l a n c e d  V a r i a n c e  

Component Models .  

The b a l a n c e d  v a r i a n c e  component  model  (2.. 5 8 )  , h a s  

t h e  fo rm:  

where  

Q i I , i = l 1 2  ...q a r e  s y m m e t r i c ,  i d e m p o t e n t  

and  m u t u a l l y  o r t h o g o n a l ,  

and  R ( X )  i s  i n v a r i a n t  t o  Qi i = 1 , 2 .  ..q. 

The p a r a m e t e r  s p a c e  i s  r e s t r i c t e d  by l i n e a r  c o n s t r a i n t s  
w_ 

k c ,  a n d  t h e  p a r a m e t e r s  o f  i n t e r e s t  a r e  l i n e a r  f u n c t i - o n s  o f  g, 

8 = B w .  - 1- 
-u 

- -- - P 



5 . 3 . 1 .  Maximum L i k e l i h o o d  E s t i m a t i o n  - MLEs. 

From ( 2 . 7 4 ) ,  t h e  l o g  l i k e l i h o o d  o f  mode l  ( 5 . 4 0 1 ,  

w i t h  t h e  n o r m a l  d i s t r i b u t i o n  a s s u m p t i o n s ,  i s  p r o p o r t i o n a l  t o :  

- 
- -  - - 

where m = r a n k t Q i ) .  i 
A 

F o r  e a c h  2 f ( 5 . 4 1 )  i s  m a x i ~ i z e d  a t  6 = 6 = ( X ' X ~ X ~ ~  
- - - 

w h i c h  i s  i n d e p e n d e n t  o f  2. 
- -- - -- -- 

- -- -- - 
-- - - 

- -  - -  

- - -- 
With  B t a k i n g  i t s  m a x i m i z i n g  v a l u e ,  t h e  f i r s t  t e r m  o f  ( 5 . 4 1 )  - 
v a n i s h e s  a n d  t h e  r e m a i n d e r  i s  max imized  f o r  e a c h  t e r m  o f  t h e  

s,um when: 
A 

i = Wi = (x' NQiNy) / r a n k  ( Q i )  ( 5 . 4 2 )  

t 
T h e s e  maximum l i k l i h o o d  e s t i m a t o r s  a r e  b i a s e d  b y  a  f a c t o r  o f :  

t r ( N Q i ) / t r  ( Q i )  = (mi -  t r ( P Q .  ) ) / m i  
- - 

-- - 1 - -- - 

- - 

T h i s  b i a s  c a n  b e  a p p r e c i a b l e  when t h e r e  a r e  many f i x e d  e f i e c t s  

w h i c h  r e s u l t s  i n  & ( P Q ~ )  b e i n g  l a r g e .  
A A 

The MLE o f  i s  8 = B  w - - 1- ( 5 . 4 3 )  
A 

w h e r e  w h a s  e l i m e n t s  d e f i n e d  by  ( 5 . 4 2 ) .  - 

5 . 3 . 2 .  . M a r g i n a l  M a x i m u m t i k l i h o o ~  E s t i m a t i o n  - MMLE. 

I f  B i s  n  x ( n  - r a n k ( X 1 )  w i t h  f u l l  co lumn r a n k  

a )  B ' y  i s  a  max ima l  i n v a r i a n t  ( 4 . 1 7 ) .  
-- 

s f u l l  r a n k ,  

a n d  c )  R(B)  i s  t h e  o r t h o g o n a l  c o m p l i m e n t  t o  R ( X )  a n d  

-1 
t b e r e f o r e  B ( B t B )  B' = N a n d  B I N  = B 1 ,  NB = B . ( 5 . 4 4 )  



- - - - - - - 
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In the model (5.40) with the normal distribution 

assumptions, B'y % N(0, B'v(w)B) 

NOW, (B'v(U~BT~= - (B'BxlBIV (OilB - (BIQjl (5.45) 

and det(B'~(u)B) - = det(B'm(~'Bi~B'V(w)B) - 
-1 However, (BIB) B'v(~)B - (B'BY'B'Q.B = wi (B'BY'B'Q.B 

1 1 

- 

1 

-1 so that the eigen values of (B-'B) B'V(w)B are with 
" i 

multiplicity rank((B'B~'B'~. B) = tr l (B'BilB'QiB) = tr (QiN 
1 

because of idempotency. Hence, . 

- =9- -- 
det(B'~(~)Bj - = d e t ( ~ ' ~ )  n wi m i - r i  

i=1 
where mi - ri = tr(Qi) - tr(PQi) = tr(NQi). 

9 
Thus the log liklihood is.propoxtiona1 to: 

q 
- ( (mi-ri)log(Ui) + (l/Oi)ylNQiNy) (5.46 
i=l 

and this is maximized when: 

which is just the ANOVA estimator (3.10) and hence is 

the UMVUE. v 

The same estimators are derived from a logical 

Bayesian point of view in 6.1.3. 



~aximumLikelihood Estimates of Variance 

Components for Example Data Sets. < 

Maximum liklihood and margiaal maximum liklihood 

estimates for the example data sets of 2.7. were computed 

using the programme BMDP3V (Dixon and Brown (1977) 1 . 

5.4.1. Data Set 1. 

- The SIRE and SIRE X DBRD c~xnpog_enltswerg-Eonntr;lined ----- - 

to be zero in all variables except for LENB and MASW which 

had the following estimates. 

TabLe 5 . 1  ML and MML Estimates of Variance Components 

1 

for Variables  rand MASW of Data Set 1. 
d 

VARIABLE COMFQNENT ML ESTIMATES MML ESTIMATES 

SIRE 17.482 36.646 

LENB SIRE X DBRC 19.166 

RESIDUAL 753.831 758.485 

SIRE 4.793 24.871 

MASW ' SIRE X DBRD 0. 

RESIDUAL 565.151 576.496 

J The MML estimates for LENB agreed with the 
- - - - - - - 

IMINQE(U,I) estimates of 4.4.1. The iterative scheme (4.84) 

did not convergeefor variable MASW, 



5 . 4 . 2 .  Data Set 2. 

The ML estimate for the data generated to foilow 

the model assumed for data set 1, were in good agreement 

with the Henderson Method 111 estimates 3.4.2, and the 

\ 0 

MINQE estimates 4.4 .2 .  The MML estimates agreed exactly 

with the IMINQE(u,I). estimates of Table ( 4 . 2 ) .  

T a b l e  ( 5 . 2 )  ML EsLbta=kes  of the Variance C a m p o n a n t s  f o x  Data 

Set 2. 

VARIABLE VARIANCE COMPONENT FOR: 

SIRE SIRE X DBRD RESIDUAL [ 

The actual variance component values were 10.0, 3.0 and 8.0' 

respectively. 



5 . 4 . 3 .  D a t a  S e t  3 .  

T h e  ML e s t i m a t o r s  f o r  t h e  s m a l l  g e n e r a t e d  e x a m p l e  

o f  2 . 7 . 3 ,  a r e  g i v e n  i n  t h e  f o l l o w i n g  t a b l e :  

- 
T a b l e  ( 5 . 3 )  ML a n d  MML E s t i m a t e s  o f  V a r i a n c e  Compone,nts f o r  

m 
D a t a  Set 3 .  - 

VARIABLE ESTIMATOR . V A R I A N C E  COMPONENT F O R :  

1 MML 

ML 

2 MML 

3 MML 

4  MML 

5  MML 

ML 

6 MML 

ML 

7  MML 

ML 

8  MML - 

ML 
-- 

2 2 . 7 5 0  

1 1 . 7 8 2  

1 7 . 8 1 7  

8 . 9 6 7  

4 . 4 4 7  

0 . 8 5 7  

0 . 0  

0 . 0  

7 . 5 0 4  

2 . 0 2 3  

1 1 . 8 4 9  

5 . 8 2 5  

1 8 . 4 0 9  

L O .  3 1 4  

1.869 

1 . 3 7 7  

T a b l e  ( 5 . 3 )  c o n t d .  



Table (5.3) contd. 

V A R I A B L E  E S T I M A T O R  V A R I A N C E  C O M P O N E N T  F O R :  

MML 

Mb- 

The actual variance component values were: 30.0, 10.0, 3.0, 

6.0 and 12.0 respectively. 



CHAPTER 6 

Bayesian Approaches to Estimation in Normal Variance Component Models. 

Bayesian inferences and estimating functions have not been 

constructed for the covariance parameters of the general linear model, 
- - 

A 

(2.1), even for the normal case. 

Lindley and Smith (1972) consider Bayesian influence for the 

structure to be known. Smith (1973) extends the ideas to models with . 

random effects represented as location parameters having a known 

covariance structure. No Bayesian methods of estimating this covariance 

structure are considered. Dempster, Rubin and Tsutakawa (1981) suggest 

estimating the covariance matrix of random effects by ML or MML and 

then using the Bayesian approach of Lindley and-Smith (1973) to 

estimate the lbcation parameters. They also consider an algorithm for 

this purpose, the E-M algorithm. / 

Bayesian estimation of covariance parameters has only been 

considered in simple models. Klotz, Milton and Zacks (1969), considered 

balanced one-way classification models with a quadratic loss function. 

Zacks (1970) considered the same model with squared error loss; but 

restricted the class of estimating functions to the set: 

Tkre!snI;t:ingBayes estimators are termed Bayes Equivariant Estimators. 

Tiao and Box (1967) , Box and ~jcao (1973) and Sahhi (19x1 , 

consider simple balanced classification mode3s with non-informative 



reference priors. Portqoy (1971) conside~s the use of scale invariant 

loss functions for the balanced single factor classification~model. 

Results for the simple models do not generalize well, 6ut 

do illustrate two approaches to the problem. Firstly, restricting 

the model, so as to provide tractable results and secondly, restricting 
- - 

the class of candidate estimating functions. 

Considering the first approach, that of restricting the model, 

- R u b L ~ L ~ t i k  &eves-tbz m x L g e m ~ a 1  xesIlhkxh~considerin~-a ------ --- --- - - :-- - - 

balanced variance component model (2.58) without any restrictions on 

s+ the variance component parameter space, which is taken to be R . 
/ &' 

Classical- approaches yield UMVUEs for these models. Rudolph (1976) , 

uses the con jugate f @mil~ of ' ~ o ~ l - ~ a m m a  distributions. 

'Rudolph ' a technique requires choosing a-normal-gartpna prior density 

for t r m s f o w  of the parameters of interest; The resulting 

posterior distribution for the variance components of interest involves 

an expectation, which must be evaluated for each model. The practicality 

of the results is severely limited by these difficulties, together with * 

the loss of applicability, due to ignoring the constraints in the 

parameter space. 

We will consider balanced variance component models and derive 

non-informative prior distributions from the logical Bayesian view 

- - - - 

developed by Villegas (1977a and b). Like Box and ~ i a o  (1973) we 

by truncating the posterior distribution. The logical prior turns out 

to be the same as Jeffreys' prick, wed by Box aqd Tiao (19731, for 



special cases of balanced classification models. 

The second approach to Bayesian estimation, that of 

restricting the class of estimating functions and minimizing a byes 

risk, simplifies the problem of choosing a prior distribution in many 

cases because the risk associated with certain classes of functions, 
" 

depends only on the first two moments of a prior distribution. Kleffe 

and Pincus (1974b) and Kleffe (1975 j consider the structded 

variance component model without the assumption of normality. They 
-- --- 

- - -  - - 

show that the risk associated with unbiased quadratic estimators under 

squared error loss, depends only on the first two moments of the prior 

distribution and the first four moments of the response distribution. 

No readily applicable form$ of the estimators appear to be available. 3 
We will consider the general normal model and some sub- 

classes of quadratic estimating functions. 
- - - - 

6.1. Bayesian Inference in Balanced Variance Component Models. 

The balanced variance component model, (2.501, has the form; 

y = x B + e  - (6.1) 

where 

Qi, i=1,2 ...q are symmetric, iddmpotent and 

mutually 0rthog~naJ. 
I- 

( 6 . 3 )  

The parameters of interest are linear functions of W, say 8 = BC. - 

We consider X to have full cblumn rank. If this is riot the case, the 
% 



original model can be re-parameterized to make X have full rank. The 

parameter space of 2, is a subset of EXq+, with linear restrictions 
W - 

c:{ B W =0 > 0, B W = 0) . In some applications, (Box and Tiao (1973) 1- - 2- - 

Ch. 5 and 6), B is void and B w > 0 reduces to: 
2 1- 

O<w z w  q-15 . . .. 5 w1 (6.5) 

. - 

From (2.74), the likelihood for model (6.1) with the normal 

distribution assumptions is proportional to: 

I\ 

where - 1 
m i  = rank(Qi), = .(XIX) X'y 

6.1.1. The Multi-Group Structure of Balanced Variance Component Models. 

n The sample space of model (6.1) is R . We consider the set 

G of trartsfornrations of this sample spaee defined by: i 
f 

v(A)y - = v(A) XB + v(A)e and R(X)  being invariant to v(A), means - - - - - 

Then for gl and g in the set G, 8 

- 2 - i 



  he s e t  G with the  binary operation, g20 gl defined by (6.9), i s  a 

group. Closure follows by observing t h a t  y3 ( R' and A3 C nq', s o  ' 

* .  
t h a t  g3 € G. Associat ivi ty follows from the  mutual orthogonali ty and 9. 

, idempotency of Qi, (6.3) ,  which allow V(X1) and v(A2) and 

therefore ,  B ( i l )  and B(&) t o  commute. The i d e n t i t y  element is  . 

- a - - 
g (2, LT; since V (1) = I by (2.67) .   he inverse of g (1, A) is  - 

' d l  
g ( -  y, ) , where j1 = ( l /h l ,  l / h 2  , . . . l / h q )  ' C pq+. 

G induces a hommorphic qro-up of transformations of -- - - - 
- - - - - -- - 

the  parameters i n  the  space R' x R~'. This is  t h g ~ a r a m e t e r  space i f  

we ignore the  cons t ra in ts .  

- 
C = {:(I, x)' : ( R', 1 € nq'} 

- 
g (1, XI @I g) = (fyg*) 

B *  = I3(h)B + y and w* = (A: wit i=l,;. . . q ) '  - - - - 
-- - 

The model (6.1) i s  invar iant  t o  G I  i n  the sense of VBllegas (1981), - 

meaning t h a t ,  i f  y has d i s t r i b u t i o n  with parameters B and w, then - - 
- 

- g (r i ) y  has d i s t r ibu t ion  with parameters g (1 A) @,s) . ,.: ?'  -= 

(6.11) 
<:- -- * 

This follows from (6.7) : 

g(1I  X)y = v(X) y + xy 



It 'is important to note however, that the transformed parameters may 

violate the constraints (6.5). Some consequences of this will be 

considered in subsequent sections. However, if we ignore the constraints, - .  
model (6.1) is invariant to ,G and hence a statistical G model (Villegas 

We are interested in separate inference about & and Q and so we fa-r - 

G into subgroups: 1 

- - -- - - - - - - - -- - - - \ -- - 

where, Gw is a direct product o groups Gi, for i=1,2 ...q. 
- 

where; Gi = {g(~.ei) : pi= L except for component i 

which has value hi > 0) (6.14) 

and 

G is isomorphic to the group of translations of in !ItP. since B - - - 
~ ( 1 )  - = B(L) = In. Gw is isomorphic to the direct product of q 

- 
groups of multiplication by positive scalers. 

G factors, because G and Gi are subgroups of G and B - 

g(0, Ql) x g(01 x "'X g(0, 

-- LC_ 

and I = s(y,% < G (6.16) 

With the factorization (6.13) and the 

statistical bi-group model (Villegas (1982) 1. 
- - - - - -- - - - 



- --- - 

? c6 - I J-J 

6.1.2. The Logical Prior Distribution. 

Box and Tiao (1973) consider examples of balanced 

class i f icat ion models and derive Jeffreys '  p r io r  for  fi and - w, 

assumin independence of - B and - w and ignoring the constraints 
8 

on (6.5). Under the same assumptions, the balanced variance P - 
- - 

component model (6. l), is a s t a t i s t i c a l  bi-group model, a s  

developed in 6.1.1. Following the principles of logical  Bayesian 

inference fo r  multi-group models (Villegas, 1981 and 1982), we w i l l  
- - - - --- - L- -- - - - 

- - - 
- --- -- -- 

derive the logical  p r io r ,  which turns out t o  be ident ical  t o  

Jeffreys '  prior:  
q 

a@, w)dE ds = fl (l/ui), dgd g (6.17) 
i- 1 

While t h i s  p r io r  assigns posit ive probabil i ty t o  par t s  .of R ~ + ,  known 

t o  be impossible according t o  the constraints (6.5), it do- provide 
-- -- - - -  - b -- 

t ractable  resu l t s  and the constraints can be' cbnvenieitly re-introduced 
ui 

by truncating the pr io r  or; posterior dis t r ibut ion and dividing by a 

normalizing factor a s  i n  Box and ~ i a o (  (1973) ~ 6 7 ) .  

Two principles are  used in 'deriving logical  p r io rs  

fo r  s t a t i s t i c a l  multi-group models. An invariance principle (Villegas, 

(1977a) ) and a conditionality principle (Villegas (1977b) 1 .  z 

/ 

.The invariance principle s t a t e s  tha t  the  pr ior ,  representing 

ignorance, should be the measure on the parameter space, which i s  
- - - - - - - - 

invariant under the action of the group G , t o  which the &el is a l so  
- - - - - - - - 

invariant. (6.10). The in tu i t ion  behind the pr inciple  is t h a t  

ignorance pr iors  should only represent information about the parameters 



which i s  contained i n  the  model. In a group mdel ,  t h i s  information 

has been expressed by the invariance of the model t o  the group of 

transformations. The pr ior ,  therefore, should a lso be invariant t o  

t h i s  group. In our s i tuat ion,  w e  have ignored information contained 

i n  the constraints (6.5) , i n  order t o  develop the grpup structure.  

When inference is required separately fo r  dif ferent  subsets 
7 

i- 

of the parameters, anomalies may occur whereby conditional inferences, 
i .A 

given values fo r  one parameter subset, d i f fe r  from inferences obtained , 
- - -  -- - - - - -- - --- - - - - -- - - - - -- - - -- - - - -- - - -- - -  - - - - 

by s ta r t ing  with a m d e l  9 v i n g  the appropriately reduced parameter s e t ,  

, The conditionality principle s t a t e s  tha t  the logical  p r ior  should avoid 

such anomalies. 

In multi-gro models a s e t  of reduced models can be obtained t 
by repeated conditioning of .the f u l l  model on a l l  but one of the 

- paramzk;lr _subsets of in te res t .  These redaced madeLs a r e  invariant t o  -*a - - - - - 

appropriafk. tr&sformatiorl sub-group. Villegas (1982) shows tha t ,  in 

t h i s  si tuation,  application of the coriditionality principle r e su l t s  Tn 

the logical  pr ior  being the product of the logical  pr iors  fo r  G c h  
-7 

reduced model. 

The f i r s t  sub-mode!d<o consider i s  (6.1) , with w known. This - 
reduced model has parameter and is  invariant under G (6.151, the 

B - 
P 

group of translations i n  P .-  This is a location mde l  and the measure 

B i s  known. This reduced model is  invariant t o  G (6.14), a 
W .  - 

di rec t  product of q groups of multiplication by posit ive scalers.  



The measure which is invar iant  t o  t h i s  group, i s  the  product 

Hence the  log ica l  p r i o r  f o r  the bi-group model is (6.17) , which * 

corresponds t o  the  p r i o r  derived through Je f f reys '  ru le .  (Box and Tigo 

- -  -- 

- -- - - - - 
-- 

- - -  

63 .5 .  - The P6s te r io r  ~ i s  tribuT70n 

The j o i n t  pps te r io r  d i s t r ibu t ion  i s  obtained a s  the product 

of the  p r i o r  (6.19) and the  l ikel ihood (6.6).  The cons t ra in t s  (6.5) , . 

a r e  reintroduced, e i t h e r  by t runcat ing  the p r i o r  o r  the pos te r io r ,  a s  is 

done i n  the  method of Box and ~ i a o  ( (1973) p 67 and. p 279) . The pos ter ior  

d i f f e r e n t i a l  i s  proport ional  to :  

f o r  0 < o 5 w < ... 5 a 
9 q-1- 1 

where m = rank ( Q ~ )  = t r  (Qi) . i 

1 
Hence, condit ionally on g, &has a normal d i s t r ibu t ion .  ~ n t e g r a t i n g  over ' 

S2 and using (2.70) , we obtain the  marginal pos te r io r  of w  with - B - .." - 
d i f f e r e n t i a l  proport ional  to: 

f o r  O < W  c u  < < w  
q - (q-1) - ... - 1 

where : r = rank(pQi) = tr (PQi) i a l- 

hence, m - r = tr(Qi - PQi) = rank(NQi) . i i 



From t h i s  j o i n t  pos ter ior ,  we see t h a t ,  ignoring the 
d 

const ra in ts ,  the  wi a r e  independently d i s t r ibu ted  a s  inverse - 

chi-square random q u a n t i t i e s ,  (Box and Tiao (1973) p 88) . That is  : 

Ipo=ing_  the- &%s t r a i n t s  , t h ~  mode of the  distribution A L 2 l )  
A 

occurs a t  2 with components ; 
A 

w. = ylNQiNy/(rank(qi) + 2 )  
'1 

(6.23) 

- - --- -- - - -- ---- - -- - - -- 
- 

. The mode of the  constrained d i s t r i b u t i o n  w i l l  occur a t  the  same values, 
A 

w , provided they.do not v i o l a t e  the  cons t ra in ts  i n  (6 .2 l ) , in  which case i 

the  mode occurs a t  a boundary of the  parameter space. 
A 

The point  estimator - w (6.23) s u f f e r s  from two disadvantages: 

F i r s t l y ,  it is biased and does no t  coincide with the  MMLE (5.46) which 
C 

i s  UMVUE (3.10) . Secondly, it w i l l  not  be invar iant '  t o  transformations 
- --- - - 

- 

i n  the  way t h a t  maximum likel ihood estimators are .  We w i l l  generally be 

in te res ted  i n  transformations of 2. The reason f o r  these  disadvantages 

is  t h a t  we have maximized the  der iva t ive  of the d i f f e r e n t i a l  (6.21) w,ith 

respect  t o  an a rb i t r a ry  measure, the  Lebesque measure. This measure is  

a r b i t r a r y  i n  the  sense t h a t  it is not an i n t e g r a l  p a r t  of the  model, and 

i s  not  r e l a t i v e l y  invar i an t  under puwer transformations of the  parameters.. 

The na tu ra l  measure f o r  the  parameter space nu is the  p r i o r  (6.19) and - 
maximizing the  der iva t ive  of (6.21) with respect  t o  t h i s  measure r e s u l t s  

-- - -- - 

i n  estimators which avoid the  two d i f f i c u l t i e s .  This der iva t ive  is: 
- -  --- 

which is  j u s t  the  marginal l ikel ihood (5.46) . Its maximum is a t t a ined  



a t  the  MESLE C5.461, which a r e  a l s o  the ANOVA est imates 13.10) and a r e  

This provides an in te res t ing  -justification of the  Marginal 

Maxim& Likelihood approach, which can be extended t o  the  general model. 

which specifkes a uniform measure f o r  B and p r i o r  independence of B and - * 

- 
8 has the  form: - 

If the  model is  parameterized s o  t h a t  X has Cull rank and the  l ikel ihood 

' fac to ied  A s  i n  (2.61, thk the j o i n t  pos te r io r  is proport ional  to: 
w 

- - -- 

d e t  (V(8)~'det - (x1V(f3~'$' - e-I- ( l / ~ ) ~ ~ N ( ~ ) ~ l  n(d2) 

Hence condit ionally on - 8, is  normally d i s t r ibu ted ,  and therefore the  

f i r s t  term of (6.25) is proport ional  t o  the marginal d i f f e r e n t i a l  f o r  

8. Maximizing the der ivat ive  of t h i s  with respect  t o  the  p r i o r  measure, - 
;4 

.rr (do) - provides point  est imators of 8 even when the  form of thg p r i o r  is  

unknawn. These est imators must s a t i s f y  the  equations: 

- - - - - - - - - - - 



- - - - - 

C 
- -  - 

160 

These a r e  j u s t  the  marginal maximum likel ihood equations (5.36) . 
4 

6.2. Bayesian Estimators i n  Restr icted Classes of Functions. 

. ~ The problem of f inding applicable p r i o r  dens i t i e s ,  which give 

r i s e  t o  t r ac tab le  pos te r io r  forms, remains unsolved f o r  the  general - -- -- 

model. One approach t h a t  has been considered however, i s  t o  

inves t iga te  the  expected r i s k  under squared e r r o r  loss  over c lasses  of 

- ---- 

- - e s t i m a t i n g  mForrs. Portnoy ( IWI) cow iC iSd  f i e  o ~ e 3 r S y  baIan2iSil - 

model. Harvil le  (1974) showed t h a t  f o r  the  general  normal model, 

consideration of functions invar i an t  t o  t r ans la t ions  i n  the  f ixed e f f e c t  

parameters, meant t h a t  the pos te r io r  di_stribution is  independent of 

p r i o r  knowledge of t h e  f ixed e f f e c t  parameters. Kleffe and Pincus (1974a) 

consider the normal variance component model: 
-- - - 

together  with c lasses  of unbiased and invar iant  quadrat ic  plus l i n e a r  

functions. 

I n  some c lasses  of quadrat ic  plus l i n e a r  functions, t h e  

expected r i s k  under squared e r r o r  loss  depends only on the  f i r s t  and 

sdcond moments of t h e  p r i o r  d i s t r ibu t ions .  We consider the  p r i o r  

--- - 
1nformati5n-tobeSUmmariZ~byindependence of - B and 5, together  with : 



where K and M have f u l l  column rank. 

M can be p a r t i t i o n e d  by c o l m s  M = (zl, E2...fi 1. 
111 

- - 
A ---a 

6.2.1. Estimating RlnCtions wi th  Bayes' Risk Defermined by t h e  F i r s t  , 
Two Moments of t h e  P r i o r  Dis t r ibu t ion .  

-- L e t - c  be- t h ~ a c t a ~  u ~ ~ r s = ~ r  r Unwy ----- - - 

L 
independent func t ions ,  h e  1 , 2 r  of t h e  var iance  o r  covariance - 1- 
components. The r i s k  mat r ix  under: squared e r r o r  l o s s  f o r  p a r t i c u l a r  

parameter values,  and 8 has i, j t h  component :- - 
r = %(gi- h . 'O)(gi  -4 'g)  i , j = 1 , 2  ... r i j I -  

(6. 30) 

where 

- - - -  

d Ey denotes expectation-uver the-distrL-ibution o f *  y. 

The Bayes r i s k  is  t h e  expected r i s k  over  t h e  p r i o r  

d i s t r i b u t i o n  of  and 8: - 

R e s t r i c t i n g  the es t imat ing  funct ions gi t o  be i n  t h e  c l a s s :  

QL(PU1 = { y ' ~  y + - a ' y  : A = A ' ,  X'AX = 0, a'X = 0) (6.32) 

which have b i a s  independent of  t h e  f ixed  e f f e c t  parameters,  t h e  Bayes' 

r i s k  is  determined by :the f i r s t  two moments of  t he  p r i o r  d i s t r i b u t i o n  - - -- 

and i s  independent of t h e  func t iona l  fonn,apart  from inde~endencb  of  

B and 8. This follows by considering the  form of  r i s k  f o r  func t ions  - - 



r = Cov (y8Aix, y'A yl i j j 

This follows by considering the covariance ahd product of bias, separate- 

ly with (3.7) and the properties of A and + (6.32 ) . Using (3.14) and - - -- - -- - - uu - 

(3.151, the forms for the covariances, we obtain: 

+ (tr ( A ~ V  (2) ) - % '8) (tr (A .V (2) - % '9) 
7 

Taking the expectation over - B, we note that the second term is 

4tr(AiV(g)A.XE (gg')~'). For expectation over 8, we write each 
3 B 

term as a sum C C0.0 .f (vi ,V. ) or 'Coif (Vi) of linear functions of 
1 3  3 i j i 

the known matrices 
vi 

and V From 46-29), we note th t 
j ' %A 

~ ~ 0 . 0  can be written as: .Z mik mjk where M = (mik) . Also, 
- 1 j k= 1 

Hence (6.44) becomes : 



Although the Bajrest risk (6,351, is independent of-the 

functional form of the prior distribution, there appears to b& no 

workable,. or enlightening, solution to the problem of minimizing 

(6.35) over Ai and A satisfying the conditions of QL(PU) (6.32). 
j ' 

The problem is similar to that of obtaining MINQE(PU) (4.124), but 
-- 

we notice that in the Ba-yes case,-~ are optimizing -ov& m + 1 prior - - 

values ;mk, k=1,2 ... m and - s v a n d  - so the resulting estimator 

should have good minimum norm properties over a wider set of 
-- - 

-- - 
____ - 

-- - 

parameter values th,an the M%QE estimator. 

As in the case of MINQE, the functional • ’ o m  can be 

restricted to subsets of Q~(PU), while maintaining independence from 

the functional form of the prior. Kleffe and Pincus (1974a) considered 

Bayesl Quadratic plus linear unbiased estimators F3AQLE (U, hi, i=L,2..r). 

The minimization problem reduces to: 
- 

with Ai,ai satisfying requirements of QL(U,h.) and similarly for 
-1 

A.a . Kleffe and Pincus (1974a) derive conditions for Aigi, A.a. to 
. 1-3 1-3 

exist and be optimal and conclude that it is sufficient to optimize 

for each function h.'E independently. 
-1 - - -- - - - 

-- 

If invariance is required of the estimators then AX = 0 and 
- -- 

the optimal valu; of a is zero, so the minimization for BAQE(U,I,&), 



the Bayes' quadrat 

m 

ic unbiased and invariant estimator, becomes: 

9ubject to A satisfying conditions for Q(U,I,h). This will exist 

provided Q(U,I,h_) is non-empty, (4.21) and minimizing each term 

of the- sum is the MINQE (Uf I ,hf problem of 4.3.2. 

- 



CHAPTER 7 

Linear Estimation o f  yar iance Components i n  Derived Mod-. 

In  2.6 we observed that quadra t ic  e s t ima t ion .o f  covariance 

parameters i n  the general  model (2.1) is equivalent  t o  l i n e a r  
a - L L  -- - - - - - - - - - - 

est imation o f  l oca t ion  parameters i n  a derived m d e l :  

where 

Cov (y) = F 

moments. 

I f  we f u r t h e r  r e s t r i c t  es t imators  t o  i nva r i an t  quadra t i c  forms i n  y, 

we need only consider  func t ions  of  a maximal i nva r i an t .  One such 
- - 

i n v a r i a n t  is Ny where N = I - X(X1X)X1 and then  we have d e r i  ed Y 
model (2.91) : 

with 



- 
where y, = Vec(N='N) = N y  60 Ny 

r* 

= N @ N y @ y = N @ N y  .. .. 
5 = N @ N X  .. 

and E(%) = 0 

As mentioned in 2.6, difficulties with these derived models include 
a- L L  -- - - --  - 

dealing with a restricttSd sample space and complicated covariance 

structures, F, which, in general, are functions of - 8 and 8. 

- - 

Using results on linear estimation theory, several researchers 
- - - - - -___--- 

- - -  - -  
- - - - -- - - - - - -- - 

have derived quadratic variance component estimators with various 

optimal properties. Pukelsheim (1976) demonstrates the equivalence 

of minimum mean square error and minimum norm for quadratic estimators 

to best linear estimators in the derived model. ~ukelsheim (1977), 

applies the best linear estimation results to the' structured variance 

component model. Gnot, Klonecki and Zmyslony (19,9271, consider unifarm 

m i n i m  variance estimators amongst quadratic and quadratic plus linear 

functions. They make extensive use of dispersion mean correspondence. 

~ q g a s  (1977) and Kleff&& 
i' 

consider best simultaneous estimation 
a+ 

of location and coydriance pa#&neters. 
/ J 

7.1. Ordinaxy  east Squares Estimation in Derived Models. 

The OLS estimator of, Q in model 7-.1 is the solution to: 
- - A  ..,- 

- - ~ L X - ~ ; L X ' ~ -  -- - **, 
A  

or i (3 .4 )  
- -- He = r 

w .., 
where H = ((trace(V.V.1) =(Vec'(Vi)Vec(V.)) = X'X by (2.78). 

1 3  7 

It has full rank if 8 is identifiable, 2.1.1. - 



This estimator is not known to have any desirable properties, unless 

6 were known, when its only property appears to be unbiasedness, unless 'a - 'cr 
F is proportioned to I. . 

With the inclusion of invariance, we can use OLS on model 
- - - -- - - -  

(7.2) and obtain the MINQEO ( U , I )  (4.85) estimator, since; 
..d * 

XNVXN = (Vecl (ViN)Vec(NV.)) 
I 

and 

Hence the OLS equations are, 

A 

with - 9 having minimum norm at the value of € Re,  which makes 
- - - - - - - --- - - -  - -  

V (2) = I. This value is (0,0, . . .1) ' for madels with a residual error. 

9 
7.2. Generalized Least Squares and Best Linear Unbiased Estimation. 

For any linear model: f 

wjth Cov (x) = F. (7.7) 
A 

A GLS estimate of - 0 is a solution, - 8 to the equations: 
A - - 

- - X ' E  X6 = X'F I 7  n\ - - 
- 

where F is a generalized inverse of F. 

Zyskind and Martifi (1969), give a ~eneralized Gauss-Markov 
A 

theorem to the effect that 8 of (7.8) is the best linear unbiased - 
- - 

-- 



estimator of $, provided F- belongs t o  a specific class of 

generalized inverses of B. 

In the particular case where R(X) - c R(F)  , t h i s  c lass  

includes a l l  generalized inverses. (Zyskind and Martin (1969) c o r . ( l . l ) ) .  

Searle (1959) gives an equivalent condition for R(X) 5 R(F) as  

6 . 3 .  c i a l i r e d  Least Squares and Maximum Likelihmd i n  Normal Mcdels. 

we have seen 2.6.5r that the covariance of the general derived model is: 

Using the properties of the Vec-permutation matrices (2.84) t o  (2.861, 

t 
it is easy t o  show tha t  - a generalized - - 

where V i s  written for  V (8). 

Furthermore, 

-- - 
X'F X 6 = x ' F - ~  

is the BLUE of 8. 



These generalized least squares, (GLS) equations, reduce to the ML 

equations when we estimate 51 by the GLS estimator in the original 

model: 
*.* 

The equations (7.14) are: 

Also, 

Substituting the GLSE of XB in (7.17), we obtain; - 

and 

Hence the GLS equations are (7.18) and 

where 
- 



which are exactly the MI, equations (5.7) and (5.9). Hence 

shultaneous , BLUE of 6 and 9 in the derived model is ML - - 

where N = I - x(x'x)-x' . 
Tf = V&(I - P,CJ)* 

Furthermore, F F -X = XN, so (7.9) is satisfied and the solution to N N N  

the generalized leastasquares equations is,,the-BLUE. (7.'23) 
d 

In the same way as the equations of 7.3.reduced to,the ML 





Appendix Mathematical Results. 

A.l. The Vec Qperator 

For a matrkx A = (a f o r  i=1,2 ... m, j=1,2 ... n, 
i j 

Vec ( A )  is the mn x 1 vector: 

(allla 211... a m l . a 1 2 1 a 2 2 1 1 1 . a m 2 1 - ~ ~ ~ l n ~ ~ 2 n  1 '  mn 
-- - L L -  

properties bf the-v&c bperatorua6d its relhtionship to the 

Kronecker product are given in chapter 2, (2.77) - (2.79) 

these results in detail. 

A.2 R ( H ~ )  = R(HG) (4.8) 

Given V1 ,V2,. . .V where Vi are n x n symmetric 
q 

- matrices, and X an n x p matrix, 

Let H = (tr(v.Nv.)) for i,j=1,2 ...q, u 1 1  

H;= (tr ( (Vi- PViP)V. 1 )  for i, j=1,2.. .q, 
I 

IB = sp{~vi+ N V ~ :  i=1,2.. .q) 

and B*= sP{ vi- PViP : i=1,2.. . q) 
Then the following results hold: ' -. 

- -  proof: I•’ Zai (Vi-PViP) = (V - PVP)= 0 (V Ea V )then: 
i i 

hence, 

then 

similarly 

On the other hand if Lai(Nvi+ V' N) = 0 , 
. 4  

9 

NVP + VNP ='NVP = VP-PVP = 0 so VP = PVB ahd 
- 





H o w e v e r ,  i f  w e  w r i t e  t r  ( A ( V ~ - E V ~ P )  9 .as V e c '  ( V i - P V i P ) V e c  ( A )  
. 

t h e n  w e  have h = T  V e c ( A )  w h e r e  T i s  t h e  q x n 2  m a t r i x  - 
w i t h  i t h  r o w :  V e c '  ( V  - P V i P ) .  

i 
0 

H e n c e ,  h  € R ( T )  b u t  s i n c e ,  - H;T = TT' . ,  R ( T )  = R ( H 6 )  and s o  

e l  R(HG) 5 R ( H U )  

Proof:  Suppose h # 0 a n d \  h = H * a  = T T ' a .  - u- - 
- -- FeccT;a-C- 

- - -- 

We h-e~hEc-Fa * - -&--rVe-*v7--7v-;-P 1 = 
3 

v,- -Pv,prr 
J 3 j 3 I 

= V e c  ( A )  w h e r e  A  = Z a .  (V - P V  . P )  i s  s y m m e t r i c .  
3 j 3 

A l s o  hi 
= V e c '  (Vi -  P V i P ) V e c ( A )  = t r ( A ( V i -  P V i P ) )  

A 

and  s i n c e  h i #  0 a l l  i ,  A  ,t B *  . 
F u r t h e r ,  A  E S s o  A = B l +  B  w i t h  B1+ 0 a n d  B I C  8 by c ) .  2 

H e n c e ,  hi= t r  ( ( B ~ +  B 2 )  ( v i -  P V i P ) )  = t r  (B1 ( v i -  P V i P ) )  
- - -- - -- --- - -  - ----- - 

A 

because B 2  E B* . A l s o  B I E  8 s o  t h e r  e x i s t s  b s u c h  t h a t  - 
B1= Z b .  ( N V . +  V . N )  

3 1 3  

H e n b e  hi 
= t r  (B1 (Vi-  P V .  P )  1 = 2 Z b .  t r  ( v ~ N v .  ) . - 

' 1  3 3 

o r  h - = 2 H U b  a%!d s o  R ( H c )  5 R ( H U ) .  

< 
A . 3 .  For  B  p .d .  R ( H u  ( B )  ) R(H;) ( 4 . 1 2 )  

If i s  a r a n d o m  va r i ab l e  w  t h  m o d e l :  

-- 

P 
y _ = X & + &  a n d C b v ( y 1  = CBiVi 

2stimb12 - - 
f u n c t i o n s ,  r' A y  w i t h  A s y m m e t r i c  if a n d  o n l y  i f  



J 

i - 
~ f  w e  l e t  D b e  t h e  s y m m e t r i c  p .d  s q u a r e  r o o t  o f  i 

i 

B t h e n  we c a n  c o n s i d e r  t h e  model :  

y *  = x*B + e*  w i t h  COV(Y*) = CO.v? - - 1 1  

-1 i 
where  Y* = D - ' ~ ,  x*= D - ~ x ,  - e*= D - e 

- 
and  

-1 
Vf = D ' V ~ D  . 

- - 
+ C l e a r l y ,  - E-(xLAx)-s - -h!a . . - i s -and o n l y  i f  E(y*~-BADyib.)-=-fk-L@--- - - - - - -- - - - - 

I n  which  c a g e  R(H$) = R ( Q )  

w h e r e  Q = ( t r  ( (V! - p * V j P * ) V ? ) ,  and  P*= X *  ( x * ' x * ) - x * '  

- - - - - -- - - - - - - - - - -- - - 
- --- - -  -- - 

1 
-- - - -- - -- -- - -- - -- - 

- - -- - - - -- 

h o w e v e r ,  w i t h  t h e  c y c l i c . p r o p e r t y  o f  t r a c e ,  

Q = ( t r ( ( ~ " ( v ~ -  P ( B ) V i P ( B ) ' ) B - l v . )  = HU(B) 
3 

where  P ( B )  = x ( x : B - ~ x ) - x ' B - ~  

- 

A.4. F o r  B p . d .  R(HU, I (B) )  = .R(H 1 .  
U I I  

I f  y i s  a random v a r i a b l e  w i t h  model :  
- * -- - -- - - - -  - - - - - -  - -  - - - -  -- -- 

y = X j !  + - e  and  Cov ( y )  - EBiVi, . 2 

t h e n  we know t h a t  h ' g  i s  q u a d r a t i c a l l y  a d i n v a r i a n t l y  - 
v 

e s t i m a b l e  i f  a n d  o n l y  i f  h  - € R(HUI1) 

I f  w e  l e t  D b e  t h e  p . d .  s q u a r e  r o o t  o f  B ,  t h e n  

we c a n  c o n s i d e r  t h e  t r a n s f o r m e d  model :  

y *  = x*g + - e * ,  Cov(y*)  = zeiv; 
-1 \ $ where  y* = D y X *  = pC1x, e* = D-'e i d 

c- - 
bz7 -1 -1 

a n d  
- - - - - - - .- V i  a ,D V p  ____ 

. . 
C l e a r l y ,  E ( y ' A y )  = h ' B  - - i f  and o n l y  i f  E ( y * ' w  *) = hvO 

t 

1 3 S 
;a 
i 
33 

iri 

4 + I n  which  c a s e ,  
R(HGII) = R ( d y  , I )  

I -f 

where  
I 

H* = ( t r (  (VZ - P**VZP*)V.)),  P*= X * ( X * ' X * ~ X * '  + 
- U , I -  - - - - 3 - - -  - P' 4- 

-'-, 
b u t  w i t h  t h e -  c y c l i c  p r o p e r t y  o f  t r a c e ,  H*  = H (B) 

U I I  U , I  
i 
+4 

f 
Q 
r. 

I:$ 

! 
f= 



= I + UDU 

( A  more general v e r s i o n  

 with f o r m  R + U D U ' ,  



f) y ' M  M y = x ' M  y - y ' M  U D U ' M  y by c )  

g) y ' M  M  M y y  y ' M  y - 2 y l M U D U ' M  g 

+ y ' M  U D U ' M  U  D U ' M  r. 

A . 6 .  M a t r i x  D i f f e r e n t i a t i o n  R e s u l t s .  

a )  L e t  A = a x , B  = ( b i  ( x )  ) 

~ e f i n e  9 = ( 5  a ( x ) )  = (a* ( x ) )  w i t h  e q u i v a l e n t  
dx dx i j i j 

d e f i n i t i o n s  of p a r t i a l  d e r i v a t i v e s ,  w h e  . x  i s  a vec to r .  

b )  6 A B  = A d B  + d A  B  3 dx 
- - 
dx dx 

Proof :  a If A B  = C = ( c i j  ( x )  ) , 

H e n c e  

a n d  t h e  r e s u l t  tol!byy,. - - 

B 



AA-l I and - dI = 0 
dx 

Proof: 

d) - d det (a) = det(ri tr(A1-laA) 
ax dx 

Differentiating and grouping the terms of the sum; 

cofactor of A. 

where ad j(A) , the classical adjoint, is (A, . )  
1 3  

-1 
Kowever, adj (A) = det (A) .A . . 

/ 
so adj (A' = det (A) .A'-' and the result follows. 



, 
Proof follows from dl, b) and c). 

'4 
g) For vector b = (bl (x9 . ... b,,(x) ' and constant 

symmetric matrix A with i th column a 
i ' 

- 
- 

d--b'-~' - - b--*- 2-db- ' A -  b - - - 
dx - 

dx 

and d A b = Adb 
I 

- - - 
dx - 

; -p-p-Lp-pp-p ! & - L ~ - - :  ----p-p--p--pp 

-- - - - - - - - - 

Proof: - b ' A b =  - C C b b a  
i j  i j ij 

a ~ ' X ' A  x g = 2xi1 A X j3- where x is the i th 
aei i 

column of X. 

Hence, a ~ ' x ' A  x & = ~ X ' A  x j3- . 
aB 

Similarly, 
- 





i) Derivatives of the log likelihood of a maxima1 

invariant: 
J 

iIj=l,2. ..q Using (3.7). 

Note: 



%- 

- - - - - - - 

- - - --- - 
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