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ABSTRACl' t 

f 

+- 

5 

A general solution for  a c lass  of plane strain boundary value 

problems involving perturbations about a f i n i t e  i n f l a t i on  of a s lab  
d 

containing a c i rcu la r  hole o r  inclusion is  obtained. The governing 

*- u- . 

of a general strain-energy function. An exact general analyt ic  solu- 

t i on  is obtained f o r  !money-RLv1i.n materials although the  method is  

- -- - - - - not res t r ic ted  t o  -5 p a r t i m l a r  c l a s ~ ~ o f ~ m t e r i a i _ .  -bPp-licati-o~*- -- -- 
- - 

-- 

are  made t o  the case where a perturbational uniaxial tension is act- 

ing a t  sections far from the cavity o r  the inclusion - a d  t o  some cases 

where perturbational loadings a re  applied a t  the edge of the hole. 

The  deformation, the s t r e s s  f i e l d  and the  s t r e s s  conce&ation around 

the hole are investigated i n  d e t a i l  and the computaticnal r e su l t s  are 

~ r e s - ~ I T E e ~ ~ - c a 1 1 y  . . - 

The general solution o b t a i n g  is a lso applicable t o  problems in- 

volving geometric perturbations of the boundaries of the or ig ina l  body. 

Specific analytic solutions are obtained taking in to  account both the 

perturbation due t o  an a 2 ~ l i e d  s t r e s s  f i e l d  and the  perturbation i n  

the geometry of the or iginal  Sody. :Il'e investigate the  problem of a 

slab w i t h  a rough cavity and the,case where the cross-section of the 

hole is e l l i p t i c ,  both i n  t3e context of a perturbational uniaxial .a7% 

T h e  m e w  can also be extended t o  materials with a strain-energy 

function that may be regarded as a perturbation of the Mooney-Rivli?, ' 

form. 
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I N T R O D m I O N  
. 

- * 
- I n  view of the  nonlinear character of the equations governing the 

Theory of F in i te  Elas t ic i ty ,  so f a r ,  only a few exact solutions val id  

with t h i s  assumption, the  number of known exact solutions remains l w t e d .  

F u r t h e r  p r c q r s s  , however, can b~ madede_thptbe _aid of - appr-ti~nfithe- 
- - -- -- - -- 

ories.  

In  particular there i s  the theory of successive approximations, where 

the f i r s t  apgrorimation ie the s o l u t i e o  a corresponding problem of lin- - 

--ar e las t ic i ty .  The method is limited t o  problems involving deformations 

that do not depart much from the inf i n i t e s ' i h l  deformation, so  the c lass i -  . 

f'%-- 

inevitably excludes more interest ing e f fec t s  in f i n i t e  elas- 

- 

t i c i t y .  

I 
Another method is bas& on the theory developed by Green, Rivlin and 

Shield 111, on the superposition of small deformations upon large e l a s t i c  

deformations for  which the solution is available. This allows one t o  con- 

sider large deformations in contrast  t o  the method of successive approxi- 

volviiig perturbation of the properties of the or iginal  body, have been 

develcqed. P e r t n r h t i o n  of the strain-energy function has been consid- 



problems with geometric perturbat ions o n k h e  boundary surfaces ,  has been 

formulated. by Graham [4J. 

Many problems involving incompressible ma te r i a l s ,  have been solved 

by assuming a s u i t a b l e  deformation f i e l d  and then determining t h e  surface  

t r a c t i o n s  required t o  maintain equilibrium of t h e  deformed body. This 
- - - - - -- - -  - - - - - - - - - - -- - - - -- - 

inverse procedure is no t  app l i cab le  t o  most compressible mater ia ls .  The 

assumed deformation can seldom be maintained without body forces ,  a s  the  

( only con t ro l l ab le  deformations f o r  these  mater ia ls  a r e  homogeneous de- 
J -  - -  ~ y=-y=_--------- ~ -- - - - - = - - 

~ 

formations. Various approximation procedures have been proposed. 

Spencer [3] has props& the  per turbat ion  of the  so lu t ion  f o r  an incom- 

p ress ib le  body with the  volume changes ca lcula ted  f o r  t h e  perturbed e las-  

t i c  constants.  Haddow and Faulkner t51 have developed a method of solu- 
. . 

t i o n  t o  consider f i n i t e  expansion of a th ick  compressible spher ica l  e las-  

t i c  she l l .  Their 2 r x e d u r s  is  appl icable  t o  any admissible s train-ener-  
- - - - - -- -ppp-p - - 

gy function and a l s o  t o  a mater ia l  whose cons t i tu t ive  coe f f i c i en t s  a r e  -- 
t 

not  derivable from a strain-energy function. 

Other methois are in a sense more r e s t r i c t i v e .  Most of them de- 

2 ~ - d  on some p a r t i c u l a r  f e a t u r e  of the  geometry of t h e  body which- sug- 

g e s t s  a methoci of sin_pl'ifyinq approxination (such a s  the  approximation 

of a thin membrane). 

The  nethod used in t h i s  -work i s  based i n  p a r t  o n  t h e  theory of Green . !  i 

-Rivlk and 5hieId [I1 of superposi t ion of-small deformations upon l a rge  - - - - 
'i 

e l a s t i c  deforpations. This theory has been applied t o  a v a r i e t y  of spe- 
- 

a 

c i f  i c  3roblems. 

The r o b l e m  of -11 tors ion-  superimposed on T i n i t e  extens ion of a . ~ - -  ~ 



1 1  - + 3 .  

/ 

& 
cyl inder ,  inves t iga ted  by Green and Shield 163, received a s p e c i a l  a t -  

t en t ion  a t  t h a t  time a s  it provides one of the  most e legant  and con- 

vincing experimental v e r i f i c a t i o n s  of t h e  theory. Small bending of a 

c i r c u l a r  bar superimposed on a f i n i t e  extension o r  compression has been 
- 

given f o r  t h e  s m a l l  bending under i t s  own weight of a s t re tched horizon- 

tal cylinder. The gravi ty  e f f e c t s  have a l s o  been considered by Vaughan 

Green and Spencer [91 have obtained the  solu t ion  t o  t h e  problem of small 

deformations superimposed upon extension and to r s ion  of a Neo- 

Hookean c i r c u l a r  cyl inder.  In these  inves t iga t ions  the- f i n i t e  deforma- 

t i o n  has been considered a simple extension pr a compression. ' 6  

Ebrther progress has been made towards problems involving non-uni- 

m a r g e  extension i n  inves t iga t ing  cases wiTTThlgh  degree of sym- 

. - 
netky [ lo]  o r  a spec ia l  choice of r a d i a l  displacement Ell].  

I n  t h i s  work we obtain an exact general  a n a l y t i c  so lu t ion  t o  a c l a s s  

of boundary value.problems involving per turbat ions  about a l a rge  non-uni- 

z ~ o r m  r z d i a l  extension. This c l a s s  of mundary value problems a r i s e s  when 

a s l a b  with a c i r c u l a r  hole o r  inc lus ion,  f i n i t e l y  deformed due t o  a uni- 

fo rz  pressure applied a t  t h e  opening, is f u r t h e r  subjected t o  some per- 

turbat ions .  Ke obtain an exact general  ana ly t i c  so lu t ion  f o r  the  plane- . , 
- - - - -- -- -- - - 

strain case concerning incompressible mater ia ls  of t h e  Mqoney-Rivlin type. 

- - - - - - - 

The method, however, is no t  r e s t r i c t e d  t o  t h i s  p a r t i c u l a r  c l a s s  of-mate- 

r i a l s .   cations a r e  made t o  a number of s p e c i f i c  boundary value e b -  : 
x .  

L 
lems. We use t h e  solu t ions  t o  inves t iga te  tlie e f f e c t  of  €Fie KoTe on the 



s t r e s s  and displacement f i e l d s .  

The study is  f u r t h e r  extended t o  problems involving pekturbation& 

of proper t ies  of the o r i g i n a l  reference body. 

The work is  organized a s  follows. W e  b r i e f l y  present  t h e  general  
a 

- theory of Green, Rivl in  and - Shield 111, f o r  small .defognat&oS su e r b -  - 
- - -  b- 

posed on large  e l a s t i c  deformations (Chapter 2 ) .  In  addi t ion ,  w e  g ive  a 

sunnary of Spencer's theory of f i n i t e  deformations with a perturbed s t r a i n -  

energy function [21 and t h e  r e s u l t s  of the  work of Graham on f i n i t e  elas-  
- - - -- 

- -  - - - 
- -  - -  

-- 
-- - - - ---  - 

t i c  deformations of i r r e g u l a r l y  shaped bodies [43 .  

Having s t a t e d  t h e  general  problen (Chapter 3 ,  sec t ion  3.1) t o  be 

solved, w e  g ive  t h e  solu t ion  of t h e  i n i t i a l  deformation problem (sec t ion  

3.2).  3 

The governing'equilibrium equations f o r  the  perturbed s t a t e ,  formu- 

S 
l a t ed  f o r  an i n c o m r e s s i b l ~ e ~ a a t ~ i a l l _ i n ~ t e r m s a f _ ~ a ~ s _ t r a ~ n  -em 

function (Chapter 4 ) r  a r e  solved exact ly  fo r  Mwney-Rivlin n a t e r i a l s  

(Chapter 5 ) .  

A2plications of the  general  so lu t ions  a r e  made t o  a number of bound- 

a r y  value problems of i n t e r e s t .  F i r s t l y ,  wp ra 
--f 

-ns ider  t h a t  t h e  perturbat ion 

-t i s  zaused by un iax ia l  t e n s i i e  loadings ac t i ag  a t  g r e a t  d is tances  from t h e  
- 

cav i ty  (Chapter 6 ,  sect ion 6.1-1) .  The casesbwhere a r i g i d  bonded in- 

c lus ion (sect ion 6.1.2) or  an inserted f r i c t i o n l e s s  inclusion (sec t ion  - 
-- -- 

6. I. 31 embedded i n t o  the sla3 a r e  present ,  are a l s o  considered. The ana- 

L y k  -p•’essior,sAzv2 I E & = v a l l - t - e 4 ; e ~ 3 * y - h ~  - ,  

t o  allow de ta i l ed  inves t iga t ion  of t h e  deformation and s t r e s s  f i e l d s .  

I n  Linear E l a s t i c i t y ,  t h e  s t r e s s  d is t r ibut - ion  caused by a h a d  applied to 



a s l a b  weakened by a cut-out d i f f e r  considerably from t n a t  in an unweak- . 

ened body, We have found here  t h a t  t h e  s t r e s s  concentrat ion e f f e c t  a t  

the  hole is  magnified due t o  t h e  f a c t  t h a t  the  s l a b  has previously been 

f i n i t e l y  deformed. 

E'urther -- we inves t iga te  t h e  e f f e c t  of g a l l  shear>g fcocces, unifo-xik -- 

d i s t r ibu ted  a t  t h e  edge of the  hole (Chapter 71, and obtain t h e  s p e c i f i c  

so lu t ion  t o  t h e  problem where a per turbat ional  r a d i a l  loading is  applied 

a t  the opening (Chapter 8 ) .  
- -- --- - -- - - - - -- - -- -- - 

-- - - - - 
- - - - - - - -- - -- 

The general  s o l u t i w  obtained i s  a l s o  applicable t o  problems involving 

per turbat ions  of t h e  b d a r y  surfaces of the  o r ig ina l  reference body. 

Speci f ic  ana ly t i c  so lu t ions  a r e  given taking i n t o  account both perturbat ion 

due t o  an applied s t r e s s  f i e l d  and the  geometry of the  o r i g i n a l  body (Chap- 

ter 9 ) .  We examine two cases,  namely, t h e  problem of a s l a b  with a rough 

cav i ty  ( s ec t L 0 n 9 ~ 2 J ~ ~ - a  h ~ ~ t h r n s p w h e r e  the c r a s s l s e c t i o d t k e - h +  -- --- 

i s  e l l i p t i c  (sec t ion  9.1) where, i n  both cases, a per turbat ional  uniaxia l  

tension is  applied. I n  addi t ion  t o  the  ana ly t i c  so lu t ion ,  a numericall 

so lu t ion  t o  t h e  l a t e r  problem has a l s o  been ~ b t a i n e d  [20] using Colsys 

numerical procedure [12], [13]. The r e s u l t s  obtained a r e  in good agree- 

xent  with-those presented here. 

* 
Final ly ,  w e  show how t h e  study can be extended t o  mater ia ls  with a 

- 

strain-energy function which is  a perturbat ion of Mooney-Rivlin form 
< ,  , 

0 
i n  each re levant  chapter a r e  given in t h e  Appendix I and 11. 

Concluding r m k s  and top ics  f o r  fu r the r  research  are sued i n  
- 

t h e  l a s t  chapter.  - I 



The inethod employed in this study is based in part upon the theory 

of a perturbational displacement field superimposed on a finite deforma- 
' g @  

: tion, This theory has been developed by Green, Rivlin and Shield [l] 6 & 
- - -  - -- - - - -- - -  - -- 

- * -- 

and is also described in Green an,d Zerna [141. The notation of Green 

and Zerna is adopted- A brief summary of the results and principal I 

L .  

notations is given here. t 

- - - - - - - -- -- -- - - 
- 

- -- - - 

- 1  
-- - - -- -- - 

Let BO, 8 and 8' denote the body in its unstrained. finitely deformed 
C 

and-perturbed configuration, respectively. We shall represent by T the 

-5 
displacement vector of a typical point in 8 and by G + EW 1 8' where c t 
is a nondimensional constant so small that squares and highdr powers may 

J 
k 

be neglected compared' w i a  e. For any curvilinearsystem {0 1 moving wi 
-- -- 

che body, we take the natural base vectors at a generic point to be 

- .  -i i Gi and gi in go, Gi a d  G ~n 8 and G.  + EC' G +? acpi in 8'. The cor- 
1 i ' 

ik . Gik responding metric tensor components are g g In B 
ik ' 0' Gik' in $ 

ik' ,ik and, to first order in &, G + € G L r  G + EG in 8'. Then, 
ik 

where a double line stands for covariant differentiations with respect to 

the coordinates in the body 9. 
I - .  

. > 

The determinants of the metric tensor components g and G are 
ik ik 



denoted by g and G, respectively and the determinant of G + &G& is i k  

denoted by G + &GO. To the f i r s t  order of & we have: 

The s t r a in  iniariants associated with the body g0 are expressed by 

We sha l l  assume tfie body i s  hanbgeneous and isotropic ,  so  t h a t  the 

responding t o  the s t a t e  of deformation B ,  

W = W ( I  I I ) .  
1' 2' 3 

. 
The rela t ion between s t r e s s  and s t r a in  can be writ ten In the form 



ik 
and the tensor components B by 

For the configuration 9', the strain 
- - -- - - -  - 

energy W-becomes - --- - - - -  

1 

The scalar invariants T and p l  which, for the body 8 are functions 

of Ill 12' 13, become functions of I 
1 

+ &I;, I2 + &I' I3 + &I; and 
2 ' 

may be represented by 9 + &@', I + EY', p + &p'. Up to order & ,  we 

may show that 

( ~ / 2 1 ~  I-; 

where 

The elastic potentidl W which ap&ars in relations /2-11) mny be expressed 



in the form given by (2.5) and depends . ~ c l u s i v e l y  on I , 
1 I2,  =3* 

The quantit ies A, B, ... ,F a re  evaluated f o r  the f i n i t e l y  strained 

body 8 and in turn depend only on I l r  I and 13. 
2 

The tensor cwponents B~~ in 12.8) become B~ + EB'* for the 

i k  
f i e ld  is modified t o  ,cik + ET' i n  which 

For the incompressible, homogeneous,isotropic so l id ,  the e l a s t i c  

potent ia l  depends only on I and I since I is unity in every deforma- 
1 2 .  3 

t ion.  The consti tutive re la t ions  (2.6) and (2.13) re ta in  the same form. 

but now 



Also, 

and in view_of th+ conditions Ca ,la and (2.16)-, the- f i r s t  &~el&i-ons---  

i n  (2  -10) reduce t o  

i k  i k  
The s t r e s s  tensors z and T' are indeterminate up t o  an arki t rary 

pressure which a r i ses  as a consequence of the incompressibility con- 

s t r a in t .  The functions p and.p' t h a t  depend on posit ion and time can 

'I be determined only when an i n i t i a l  boundary value,problem is posed. 

- A#e-&se--eqtratio~ls of e-2anum . .  . 

i n  8 are fi 

ik ,  
T , !_  = 0 

and in 8' 

Xe have assumed a quasi-static loading and therefore 

- - 

have been ignored. 

boundary the s t r e s s  vector -€ 

i ne r t i a  terms 

required t o  equi- 

l i b r a t e  the surf ace force 5. I f  P + EP' is an applied force a t ,  the 

bou&ary of 8 ' ,  rrreasnrec3 Ter uni t  area of the corresponding surface im 8 

* 



with-outward normal g, then the  surface conditions are  

- - - - - A - -- 
the boundary conditions lead t o  

Related to the Green, Rivlin and Shield theory of superposition 

of small deformations upon large e l a s t i c  deformations, G'. A. C. Graham 

f ~ e : - @ ~ o p c d  a --fkN7-es- 
. . 

'&e4&xxa&ion ,lati- 
f 

fo r  bodies with i r regular  shapes. &e undefomed shape of these bodies 

i s  a perturbation of the undefomed shape of an6ther body, f o r  which .a 

f i n i t e  deformation solution is already available. 

Let 

be the surface t h a t  bounds the undefomed body. A f i n i t e  deformation 

_ - - - - _  - _ 

that is consistent with the given t ract ions  on the surf acep ( 2  - 2 3 )  is 

assumed t o  be k n w n  throughout the body. Replacing 
- 

the  surrace (2. 



L the t ract ions  acting Bcross the surface f = 0 t o  maintain the f i n i t =  

deformation w i l l  nu t  in general maintain the given deformation when . 

acting on the pe&urbed surface f + q = 0. In  .order t o  s a t i s 9  the 
L 

t ract ion boundary condition on t h i s  surface, an additlonal deformation 

ew, assumed to  be of order E ,  is superimposed on the given deformation, 
-- - -- - -- - -- - -- -- 

It is found that up t o  f i r s t  order i n  c, the value of the tractions- - - - -  - - 

acting 

where 

C 

across the surface ( 2  -24) is given by 

i k  j i'j k 
A '  T '  + v t i k  + 5 w I l k  , 

u s  take the  strain-energy function W* t o  be a perturbation 

of a s t r a in  energy function W: 

- - - - - - - - - - - -- 

where EW' i s  a mail perturbing strain-energy function. Assume tha t  

1 - .  
an expl ic i t  solution can be found for  the given problem where the 

material is b a t  w $ t h  strain-energy function W .  Then, ;eplacing.~,  by w*, 
- --- 



an additional small defornhation is superimposed on the existing finitk 
- * 

deformation. 'I!h6 theory -of f b i t e  e last ic  def ormattion . w i t h  a b-ed 
* 

Grain-energy function has beeq formul&sd by A .  J. M. Spencer f 2 l imd 
, - 

it closely resembles the theory of -11 deformati& superposed-on finite 

- -  
e last ic  deformations. .-eyer, the functions *' , 1' -ax& p' o&g*ceiia- 

- - - -- - - - -- - - - - . 
* - -*i-* ..A- -- -- 2 -  - 
theory dif fe= functions +' , .Y-' and , 

* P' in the paper 

s 
of Green, &lin and S [ 1 I ,  by the addition of terms involving * 

the perturbing strain-energy function. In fact ,  ., 
- -- -- ---- 

- L 



3. FINITE INFLATION 

3.1. Introduction 

. 
on which  a perturbation is super&-posed. This c lass  df boundary value' 

problens*arises when a slab which contains a c i rcu la r  hole or inclusion 
-~ -- -- -- 

~ 

-p-p 
- -p- - - --- 

-- ~- 

is f i n i t e l y  cieforme due to  an expanding pressure applied a t  the  inner 

bomdary and it is *&her subject& t o  sane perturbations. 

Rather t o  assume a certain displacement f i e l d  and then ver i fy  tha t  

t h e  prescribed cfefurztation can be maintained by surface t ract ions  only, 

we wish to  obtain a l l  combinations of two-dimensional displacement f i e ld s  

that can be superhposec? on the - i n i t i a l  inf la t ion such tha t  the equil ibri-  

urn can be controlleii by surface forces alone. 

The equilibrium sqxations for  the  perturbed s t a t e  a r e  formulated for  

a 
incompressible materials c g x s  of a general strain-energy function and 

solved esactly for Hcmney-Zivlin materials. 

The general solutiarr is spx2alized for  several -boundary value prob- 

1 ~ ~ s  of interest. ?'he effect of cite hole on d e f o m t i o q  and stress f i e ld s  

ularly shaped cross-sections of the cavity and it can be extended t o  mate- 

rials for wfiich the  s-ah-energ.? •’*action i s  a perturbation of Mmney- 



3.2. Solution of the Finite Deformation Problem 

In this section we consider the radial deformation of an infinite 

slab of a homogeneous, incompressible material. In its unstrained and L 

/ 

unstressed state, the slab has a circular hole of radius a removed from 
0 

i t s  center and isinfattedb~zumiform pxessureP a p p l i d t o A e c w e d ~  
.o 6- 

- - 
surface of- the hole. During this process the thickness 8 of the slab 

i$ lnaintained constant by rigPld baundaries along its plane faces. 

in the undeformed reference configuration, and let y 1 1 ~ 2  and y3 be the .. 
coordinates of the same particle in the deformed configuration 8. Then, 

in terms of the cylindrical gm1a.r coordinates 

of particles in the deformed state, the deformation is'described.by 

7 '  

the metric matrix and its inverse are components of m e  non-zero 

known to 'be 

and 

Further computation reveals that 



and 

It follows 

- - 

from r e l a t i o n s  (3.2.5) t h a t  

We may use the  r e l a t i o n s  (3.2.3) - (3.2.8) t o  express t h e  

s t r a i n  invar iants  in the form 

The incompressibi l i ty const ra in t  (2 -15) requires  t h a t  

and leads ,  on in teqra t ion ,  t o  
- 

The constant  K m a y  be e i t h e r  pos i t ive  o r  negative, according a s  t h e  r a t i o  
-- - 

of %he radius of &&e hole before and a f t e r  the expansion, ad/a, is l e s s  



o r  g r e a t e r  than uni ty .  W e  r ep lace  r e l a t i o n  (3.2.10) by 

where 

Moreover; under the condit ion of-volume preserva t ion ,  t h e  r e l a t i o n s  

(3.2.53, (3.2.6) , (3.2.7) and (3-2.9) reduce t o  

- 

ik 
and t h e  t enso r  B ( r e l a t i o n  (2.8)) may be expressed a s  

(2.6) w e  ob ta in  the s t a t e  of  s t r e s s  throughout t h e  body •’3 

Subs t i tu t ing  r e l a t i o n s  (3.2.4) , (3.2.15) and (3.2 ..18) i n t o  r e l a t i o n  

- 



The functions Q and H a r e  derived from r e l a t i o n s  (2.14)-. 

The equations of equilibrium (2.18) may be wr i t t en  in t h e  equi- 

valent form 

i 

where, f o r  the  metric  tensor of t h e  s t r a ined  body 8, t he  only non- 

zero Chr i s to f fe l  symbols a r e  

We can prove t h a t  t h e  equilibrium equations can be expressed as 

These equations a r e  s a t i s f i e d  i n  the  absence of body forces  provided 

t h a t  the  hydros ta t ic  pressure p i s  such t h a t  

where 3 i s  a constant and 

We now s u b s t i t u t e  the r e l a t i o n  (3.2.23) in to- (3 .2 .19)  and obta in  t h e  

ik 
s t r e s s  f i e l d  T in the form 



In order. t o  support the deformation, the following forces must 

be applied a t  the boundaries: 

r=a r-a 

(ii) a dis t r ibut ion of normal forces on the plane boundaries 

A boundedness condition for  L ( r )  as r +- is required 

where L is 

If we 

constant H 

a constant. 

choose a vanishing s t a t e  of s t r e s s  a t  i n f in i ty ,  then the 
- 

must take the value 
I 

- - 

- 
In using the notation 

reference to "r + m", but t h i s  
we shall omit, throughout, an expl ic i t  
w i l l  always be understood. 



- 

4. SUPERPOSITION OF A S M A U  DEFORMATION FIELD 

1 

ON A FINITE INFLATION 

Consider t h a t  t h e  s l a b  s t r a ined  as  described i n  chapter  3 i s  

f u r t h e r  perturbed by a c e r t a i n  force-dis t r ibut ion ,  thus reaching i ts  - - 

f i n a l  s t a t e  of equilibrium 8'. 

The displacement f i e l d  E; superposed on the  previous f i n i t e  defor- 

mation is u n k n o m a t  Wiis stage - We mte, respect ive ly  by el ,wZ>, - - -  - - = - 

1 2  -1 -2 
cw ,w > and cw ,w > t he  covar iant ,  contravariant  and physical  components 

of the  displacement vector  G( r ,8 ) ,  r e fe r red  - - t o  the  base vectors  a t  

points  P i n  e e  bcdy 8. 
3 

I n  order  t o  f i n d  the f i n a l  s t r e s s  f i e l d ,  some preliminary calcu- 

l a t i o n s  are  necessary. 

ta ined i n  t h e  form 

and 



If t h e  re la t ions  (4.2) , together with (3.2.4) and (3.2.8), are subst i -  

tu ted  i n t o  r e l a t i o n s  (2.1) and (2.21, we f ind  t h a t  the contributions 

G& and G ' ~  t o  the  covariant  and contravariant  components of the 

metric tensor i n  9' can be wri t ten  as 

f 

and 



,We subs t i tu te  the resu l t s  (3-2-15) and ( 4 - 3 )  i n t o  (2.12) and veri fy  t h a t  
- - - - - - 

- -  ---  

!v - -  

mus re la t ions  (4.3) - become, respectively 



and 

Since the,material is incompressible, we have G' = 0, and therefore 

A(4.12) 

for all <r,B>. We may use the above results together with 
- - - -- - 

(3-2.151, 
-- 

expressed 

and (4.9) to show that the invariants I' and 1; can be 1 



As an inmediate  consequence of (4.13) , r e l a t i o n s  (2.17) may b e  w r i t t e n  

in t h e  form 

O n  s u b s t i t u t i n g  (3.2.41, (3 .2 .15) ,  (3.2.181, (4.91, (4.11) and (4.14) 

- - 
- ---- 

- intCp( 2 .13 )  -then-usi-=-the -2i35v% (-P112) , WE may mc1acTe €hiit - 

, i k  
t h e  s t r e s s  components T are g iven  by t h e  e x p r e s s i o n s  

The s t r e s s  e q u a t i o n s  of e q u i l i b r i u m  corresponding t o  t h e  cckf i g u r a -  

t i o n  8' a r e  

o r ,  i n  component form 
- 



Let us recall from (2.19) that . 

F 

When the required covariant differentiations are performed,the expressions 

xl1 = 7) 11 + Tll & 
a r '  

using also the incompressibility constraint (4.12). Th.e equilibrium 

equations ( 4.17) become 



We now substitute the stress fields determined in (3.2.25) and (4.15) 

into (4.20) . The last equation of (4.20) impliees that the contribution - 
p' to the final hydrostatic pr&ssure does not depend on z. We obtain 

a au 2 2  1 - {p' + - [H - L(r) - 2(p + Y) + 29 (Q - -2)(A + F) 
- ar ar - 

- - - - Q .  - 



5. EXACl! SOLUTION OF fCIiE EQUILIBRIUM EQUATIONS 

To solve the equations of equilibrium (4.21), we seek a solution 

in the form of a Fourier Series whose coefficients are themselves 

u(r, 8) = 1 {U (2 cos (no) + qn(r) sin h e )  3 , 
n=O 

n 

The incompressible nature of the material requires that 

and 

must be fulfiSled for all n. Substitution of (5.1) into the equilibrium 
* 

equations (4.21) then gives a set of four ordinary different ial  equations 

n 
' ""d which together w i t h  ( 5 - 2 )  aud (5.3) determine u . fin, v,, Gn, p, 

mey-Riv l in  type w i t h  



although the method used is not  r e s t r i c t e d  to  this -ticul& form. 

Relations (2,141 and (5-4) y i e l d  

expressed by f3.2.12). we can evaluate the  d e f i n i t e  i n t e g r a l  (3.2.24) 

where 

$ 

Lof (3i2.29) , t he  constant  B takes  the value Consequently, 

and hence, +e eq2nciiq ~rfssure (3-2.26) is then 



and 

t o  obtain 

Seeking 

and 

ZII 

solutions of the form (5 -1) w e  f ind that 



The equations obtained from the  r e l a t i o n s  (5.13) and (5.14) a s ' w e l l  

a s  the  incompressibi l i ty condit,zons (5.2) and (5.3J take  a p a r t i c u l a r  

form when n=O. '!&erefore, w e  s h a l l  inves t iga te  the  case n=O and n#O 

separately.  

Case 1. provided' n#O , v (r) and K (r) can be eliminated from 
- - - rl n -  - - 

conditions (5.2) ahd (5.3) : 

(5.13) and (5.14) y ie ld  a system of four  ordinary m e  re la t ions  

d i f f e r e n t i a l  'equations . 

- 

that 

mn -&) = 0 

(5-18) } and uncoup s i n t o  two 7 
9 5 . 2 0 .  I n  view 

from equation (5 -18) ts be 

(5.15),  t h e  function %-can be deduced 



t 
and then s u b s t i t u t e  i n t o  (5.17).  S-larly, using r e l a t i o n  (5.16) ; 

5; can be el&ninat;ee- from (5. i9) and (5.20) . I t  carbe-prove& t h a t  
- - 

p' and 5' have t h e  same functional  form i n  u and respect ive ly  
n n n .  

5 

and t h a t  both un( r )  and qn(r) s a t i s f y  the  four th  order  d i f f e r e n t i a l  

On subs t i tu t ing  the expression (3.2.12) f o r  Q ( r ) ,  equation (5.22) becomes 

d4u d 3 u  d2un du n + b (r)r?  +b (11- Lu ( r )  = b ( r ) r  - = o  + b + b4 (r)- 
n 0 dr4  1 d r  2 dr2  3 r d r  r2"n 



To i n v e s t i g a t e - t h e  behaviour of the  po in t  a t  i n f i n i t y  and t o  de- 

termine t h e  appropriate form o f  the  so lu t ion ,  we map t h e  point  a t  in- 

finity i n t o  the  o r i g i n ,  using the  transformation 

Higher der iva t ives  w i t h  respect  t o  r transform as follows 

Thus, i n  terms of the  parameter t , equation (5.23) becomes 

d4u d 3u d2u du 
4 n 3 n 2 n n 

LU (t) = a o ( t ) t  + a l ( t ) t  j + a 2 ( t ) t  - 
dt2  

+a3 (t) t;l?_ + a 4 ( t ) u n  = 0  
n dt' d t  

2 2 4 4 6 6 
a (t) s 6 - 22k t + 26k t - 10k t 
1. 

I 

2 2 2 2 4 4  2 6 6 .  
a3 (t) 5 - (2n +1) + (4n2-1) k t - (7n -5)k t + 3 (n -1) k t , 



Equation (5.27) is equivalent  t o  

where . 

The point  t=O is a regular s ingu la r i ty  for (5.29) , as po (t) . . . , pj (t) 

4 3 2 
are not analyt ic  but a l l  of t p (t) , t pl (t) , t p2 (t) and tp3 (t) are  

0 

analyt ic  i n  a neighbourhood of t = O .  
- - -- - - - - - - - - - - - - 

We shall construct  the general  so lut ion of t h e  equation (5.27) 

by f indin9 four  independent solut ions .  

If u is assumed t o  be a function of the  form 
n 



where, for each n, it is convenient to define the functions 

f (11, g(A) , h(A) , and J (1) by the expressiong 



The functions (5.33) are  related t o  the coefficients of u and its 
n 

derivatives as they occur i n  the d i f fe ren t ia l  equation. 

A+j . By equating t o  zero the coefficients of t I j = 1 I 2 ,  - - , 
a recursive system is obtained 

whzch can be solved for  a a . . . as functions of X I  except 
1 n12' 

possibly a t  zeros of f (  A+ j l  . It can be shown t h a t  the indicia1 equation ' 

•’(XI = 0 

has solutions 

These form a s e t  of four roots,  a l l  d i f fer ing by integers and d i s t i nc t  

provided n$l. In  case n=l, there i s  a double root  and again a l l  roots 

d i f f e r  by integers. 

- - 

Case l a .  Consider n#1 and l e t  

Z n+l , h2 E n-1 , X j  5 -n+l , 1 X 4  3 -n-1 , 

such t h a d  z X > X > A*. 1 2 3  



Thus, 

- root:  

I f  A i s  s e t  equal t o  A then the  quan t i t i e s  f-j) # 0 f o r  all j.1. 
1 ' 

there  is always a p m e r  s e r i e s  solut ion associated 

- 
Each of the  coef f i c ien t s  a * is uniquely determined i n  terms of a non- 

n I j  

zero a r b i t r a r y  constant  a by the  recurrence r e l a t i o n s  (5.34). We f ind  
n,O 

t h a t  

w i t h  

and 

For the remaining roo t s ,  there i s  a t  l eas t  one N, spec i f i c  t o  each X I  

f o r  whicn 

and a r e l a t i o n  of the form 

2 - [k g (X+N-2) an + k4h ( A + N - ~ )  an 

specified, evaluation of o a t  A=A1 
" , j  

6 + k 3 (A+N-6) an IN-6 I 

C L A -  

(5.41) 

w i l l  be understood. 



cannot be •’ul f i l l e d  ; consequently, there i s  no corresponding power s e r i e s  

representation about t = O  , unless, tlq right-hand side fo r  

N happens tb be zero. 

We sha l l  show that there i s  a lso,  fo r  a l l  n, a 
- - - - - 

associated with the second la rges t  root. 

Regardless of the ' spec i f i c  value of n , f ( ,I2+ j ) 

power 

tha t  par t icu la r  

s e r i e s  solution,  
- - - - - -  

and does not vanish f o r  any other valirk-of j . Corresponding t o  j=2, 

re la t ions  (5.34) give 

It turns  out tha t  A, = n-1 is also a root of g(A), and therefore,  a 
n ,N L 

determined as  a ra t iona l  function of A ,  does not have 

The terms 

are now readily obtained and also w i l l  not have A 
2 

the di f fe ren t ia l  equation has d second solution of 

X a s  a pole, 
2 

2 pole. Thus, 

The leading term is. t\' A d  so,  the corresponding solution i s  dikferent 

from any associated with A The w f f i c i e n t s  Bn . sa t i s fy  the recursive L ' 13 



r e l a t i o n s  (5.34) where A=A I n  t h i ~ ~ c a s e  
2 

such t h a t  

.J 
.When A=A3,  f(A+j) = 0 f o r  j = A - A  = 2n-2 and a l s o  f o r  j = A -A = 2n. 

1 2  1 3  
* 

Tie cannot draw a general conclusion concer%ing a l l  n ,  regarding t h e  form 

of the  so lu t ion .  

I f  the  right-hand s i d e  of the  r e l a t i o n  (5.41) is  not zero f o r  both 

j = 211-2 and j = 2n, no number a s a t i s f i e s  t h e  equation and t hus ,  
n ,N 

no solu t ion  of the  tyse  (5.31) e x i s t s .  :r'e note t h a t  the  functions y . ( A )  
nr1 

defined as 

a r e  ana ly t i c  a t  k=h and s a t i s f y  the  recurrence r e l a t i o n s  (5.34) not  only 
3 - - 

f o r  X near X but  a l s o  f o r  X=X . Let 
3 1 --- - -  -- - 

T 



Although the formal series (5.48) sat i s f ies  the differential equation-for 

A=A3, its f i r s t  N-l terms vanish, and u l t&te ly  the series i s  merely a 

multiple of the f i r s t  solution cp (1) 
&I - In fact ,  - ' 

solution cpj3\t), associated with the indicia1 root A  
3 

where 

. I  'nrN a = -  ( A )  , j =N+l,N+2, ... 
"n,] 1=h3 anto n,j-N 1 

and 



*. 
If the  tm crit ical  coef f i c ien t s  can be determined from (5.41) , then 

there  is a pcwer series solut ion 'associated a l so  with t h e  t h i r d  root:  

- - - - - - - 

The -two XEes of the solu<ions (5.50) and (5.52) can be wri t ten  i n  the 

same form a s  

where a ZO and y* - a .(A3) i f  f o r  a cer tarn  n the solut ion 
~1 n ,j ~ I I  

- 
c tu re  (5.521, and a = ynfN/anfO and r *  . i (A) a x  x=x3 i f  n n r l  

so lut ion i s  o f t h e  form (5 . i3 ) .  

. - Analogously , 

is  the fourth independent solut ion 

i f  ; f o r  a given n ,  the  solut ion is  
. ,  

I 36- 4 

has t h e  

the solution 

where b SO and 6* E a . ( A 4 )  
n n ,  j n13 

of 'a power s e r i e s  form, and 

i f  t h e  solut ion involves l q a r i t h m s .  7 - -  
3 = 0 , &* 5 (+) 

a n , d " n , ~  n , j  A A=?, 
4 a 6 

Similar recursive re la t ions  with (5.51) hold for n' an6 esalu- 
n , j  

ated, though, a t  X=i 
4 ' 

Case lb. For -Ae s p e c i f i c  value n=l ,  the four th  order d i f f e r e n t i a l -  

equation (5 .27)  , in u C t )  , lowers i t s  order and becomes 
;I 

order three  in u ' I t )  dul/dt : 

an equation 



3 
3 d us 2 d-u' 2 Lu' ( t )  = c p t  - + c1W t - du' t c  (t)ul = 0 , 1 at3 dt2 + C2(G)t - 

d t  

w h e r e  

ae follow the procedure used i n  the preceeding case and seek a pckvez 

se r ies  solution of the foxm 

'where we have defined 



The soluticms of the indicia1 equation f (A) = 0 are found t o  be 
1 

PS has been shown, &<re is a t  leas t  one independent solution expressible 

-in a power series f om, _an& t h i s  correspomls t o  the largest  root - 1 t - w i l l  - 

be s h a m  that the solution associated w i t h  the second root involves loga- 

rithms and the solation -rresponding t o  the l a s t  root is again expressi- 

ble in a p o w e r  series form- ,. 
-- p-------------ppp-ppp------ ~ - - - -  -- - - - ~  

- - - -  ~ ~ - ~ - - ~  ~ ~ -~ ~ - -  ---p --- - - - ~- 

Settinq X=E,-we obtain 

The coefficients cz . are t o  be determined from the re- 
1,j %lP3 1 

currence relations 

j takes +he value 



The corresponding relation, obtainGd by equating to zero the coefficient 

of the firtst power of t in (5 -59) , is given by 

Since t h e  function g f 1) iioes rrot vmdsk for X=X t h e  relatkon-f 5; 6$)-- - -- - - 
1 2' 

cannot be satisfied for any choice of a ( A  ) .  St can be verified that 
1,2 2 

a solution associated with X =-1 is furnished by - 2 

where 

The critical coefficient here is found to be 

aB 
and the derivatives 3 ' 2 satisfy recursively 

1,j a 1  i? 

such that 



- Considering now the smaller root  A w e  s e e  t h a t  f ( A  +j) becomes . 
3 ' 1 3  

and 

-1 
and correspondingly, t3e coeff icier ts  of t 

given by 
.. 

and t zre resgectively 

where 



I t  tu rns  o u t  t h a t  g ( A  ) = 0 and hence, r e l a t i o n  (5.72) i s  f u l f i l l e d  
1 3  

f o r  any value of y 
f , 2 -  

The r e l a t i o n  (5.73) can be s a t i s f i e d  i f  the  sum 

of t h e  l a s t  two terns can be made zero. This may be arranged i f  

I•’ yl12 s a t i s f i e s  (5.7 1 then r e l a t i o n  (5.73) i s  f u l f i l l e d  f o r  any y 
1 ,4 -  

I n  part icular ,we can choose 

D 

A l l  o ther  coef f i c ien t s  are obtained f r o m  thk recurrence r e l a t i o n s  

Writting 

it follows from (5.611, (5.65) and (5.78) t h a t ,  corresponding t o  n=l,  

the  d i f f e r e n t i a l  equation - (5.27) has t h e  solut ion u  (t) sa t i s fy ing  - - - -  - 1 



C a s e  --2 . 

conditions of 

If n 4 ,  the equilibrium equations (5.131, (5.14) and the 

incompressibi l i ty (5.2) furnish  

In  view of the expression (3  - 2  -121 f o r  Q ( r )  , t he '  equation (5.82) 

may be readi ly  i n t e g r a t e d  t o  y ie ld -  

and hence, 

To in teg ra te  

formation (5.251 . 

eqxi t ion  (5.81) we f i r s t l y  

z p a t i o n  (5.81) becomes 

the  inverse trans- . 



I t  can be shown that the general solution of &e equation (5786) 

is given by 

The coefficients a are determined by the recurrence relations 
- - 

? - 
"Ij - 

- - - - -  - - 

(5.87) in the form - 

where the functions f ( A )  and g ( A )  have been defined as follows 
0 0 -- 

The values of h for which ' ( A )  = 0 are Lo 

The ~ o e f f i c i e n t s  b are defined by 
- 0 ,j 

and, we obtain that 
- 



The de r iva t ives  
ab 

= s a t i s f i e s  recurs ive ly  , - a l  

where it can be shown t h a t .  

The s e r i e s  involved i n  a l l  so lu t ions  ob*ained here have r a d i i  of 

convergence a t  l e a s t  as  l a r g e  a s  the  distance t o  the  neares t  s ingu la r i ty  

Qffthe-hcneff i c i e n t ~ f u n c t i ~ ~ & ~ c c u s  at + =  l,!k -. -- -- -- 

We reassemble the  so lu t ion ,  f i r s t l y  including expression (5.84) 

r'or u (r) and in tegra t ing  r e l a t i o n  (5.79) t o  obta in  u ( t ) .  We use the  
0 1 

p a r t i a l  r e s u l t s  (5.38) , (5.45) , (5.52) and (5.54) which express u,(t) 

f o r  every n # 0 , l  and apply, throughout, the  inverse  transformation (5.25).  

Further ,  w e  derive v (r) and f ( r ) ,  making use of t h e  r e l a t i o n  (5.87) 
n ' n 

and employing +he incorrpressibi l i ty conditions (5 .2)  and (5.3) together  

with the  corresponding r e s u l t s  fo r  u ( r ) .  We obtain t h a t  any perturba- 
n 

f t i o n a l  displacement f i e l d  =,R = ccu,~v>,' t h a t  can be superimposed on t h e  

longs t o  t l e  general  so lu t ion:  



= a a -. 
+ *(A) I-'] [B sin (0 ) - B1cos (0 1 / j=1 j ah k=-1 1 - 



SO. 

m D) 

-n-1- j + 1 $ { [  1 cn*j,a .r 1  sin (no) - I; cos (n 0) I 
n1T1 n n=2 j =O 

m 
-n+l- j + I 1 (n-2+j 1 Bn .r 1  sin (no) - i cos (no) I 

r l  - n 
j =O I 

I n  order  ' t o  c a l c u l a t e  t h e  a d d i t i o n a l  s t r e s s e s ,  w e  f i r s t l y  ob ta in  

the hydros t a t i c  p re s su re  ' ( r ,  3)  making use of t h e  r e s u l t s  (5.85) and 

- -  - 

. ( 5.2  1 7 and p e r f  T-Fithi re-i red-GyhFder iva tTvFs  T r f l e  d i  s p  1 ace - 
Rent con2onents; 'hen, xe su5sc i tu t e  i n t o  r e l a t i o n  (5.11) alonq with 

the displacement g rad ien t s  der ived  from (5.95) and (5.96) .  l i n a l l y  we 

obta in  the fol lowin5 Inc r scen ta l  s t r e s s  c o q o n e n t s  : 



m 

+ [cL F~ .B [B cos (no) + angin b e )  I 
j=o "'1 "4 n  

where 

1 
F, 

5 2 3 
F . ( k , r )  : [ ( n i l )  (n -n+2) - n(n+4) j - (3n+2) j - j 1 

" 1 3  





Q1 

1 5 - 2 ~ 1  - 2 t ( 1 ~  .a .L. *-2-J) [A cos (no) + sin (no) I 
n n n = 2 n  jdnfJ n'J 

where 

2 2 3 kL + [2n(n+1) (2+n) + 4 (nf 1) j + (3n+4) j + j 1- 7. 





a o o  OD 
1 + [bn(ln -O: 1 H .a .r 

-n-2- j 3 
- +'I H~ . a n I j r  -n-2- j r j=O nt7 n11 

a0 j=* 6' 
I, n-j Fc . < - _  - - 

- - * E ~ ~  j"f jr n P cos (no) 1 )>-,-- 
. j=O n 

where . 
I .  

5 - 2 
'n, j = 2(n+1) (n-j) + j . 



where 

2 1 t (  11' .a .r 
-n-2- j ) [A cos (n0) + insin (n811 

n , ~  n r 3  n n=2 j=O 

m 
n-2- j 

] [C cos (n0) + s i n  (n3) 1 
j =O 

n n 



It is worth noting that the displacement field that constitutes 
4+ 

f - 
- - 

the general solution of the problem corresponding to the Hooney-Rivlin 



strain-energy func t ion  i s  a l s o  v a l i d  f o  neo-Hookean s o l i d s  when t h e  

t h e  cons tan t  c = c + c2 of the Mooney-Rivlin materialis i d e n t i f i e d  
1 

with t h e  cons tan t  C , ( C  = cl, C 2  = 0 )  of t h e  neo-Hookean s o l i d .  However, 

11 22 11 12 
although the, nonvanishing s t r e s s  7 , T and .rO , .r022 and .rO cor- 

- -  - - - - - - -- - - -  

r e s p n d i n g  t o  Mooney-Rivlin s t rain-energy func t ion  a r e  t h e  same a s  those  - 

corresponding t o  t h e  ne Tan , t h e  s t r e s s  + T ~ ~  and T * ~ ~  d i i f e r .  

s' 



In  order t o  i l l u s t r a t e  the-method outlined i n  the preceeding sections,  

w e  sha l l  now investigate some spec i f ic  boundaxy value problems. 

I n a t h i s  chapter we consider t h a t  the perturbation, applied t o  a f i n i t e l y  

der'orneci s lab,  is caused by unil'orm t ens i l e  loadings acting a t  sections far 

- ---- 

from the o p e n h e - s & i m s t r L ? j % - t k e  czse o f  Z ~ ~ w 2 t I - i  a circuI-5i - 

K 

hole and two cases -&ere a r i g id  inclusion is  embedded i n t o  the body. 

6.1. Perturbational Uniaxial Tension Applied t o  a Fini te ly  

Deformed Slab w i t h  a 

applied i n  the x_ direction.  No additional forces, besides the expanding 
l. 

a t  *inity may be expressed as 

Xe serfom the approgriate censor transformation i n to  polar coordinates 

o j ta i2  



A 

However, by (5.101, T* 0 and therefore 

L.. 
In view of the expressions (5.97) , (5.98) and (5.99) for  the s t r e s s  

- - -- - 

canDonentF T'*, re la t ions  (6.1.3) are sa t i s f ied  provided 

C = 0 , for  a l l  nf2 , (6.1.4) 
I? 

- - - - Cn - Dn - Dn = 0 , for  a l l  n . 

we &SO require tha t  the s m a l l  uniaxial loadings a t  i n f in i ty  

iruiuce no changes in the - a ~ l i e d  force dis t r ibut ion a t  the hole. 

*- zence, a t  the boundary surface F a ,  xe must have 

toqether wit?? the i ~ c m ~ r o s s i 3 i l i t y  cors t ra ints  (5.2) and (5.31, we 



Corresponding t o  n#O, we obta in  
-5 - 

- - - - 

(6.1.7) 
where w stands f o r  e i t h e r  u (r) o r  -q (r) . Relations (6.1.7) 

* n 
t 

n - b n  

provide f o r  each n,  two s e t s  of coupled equations f o r  the  unknown 

w r. 

constants (A ,B ) and {A ,B ). It can be shown t h a t ,  except when 
n n n n 

n=2, each system admits only t h e  t r i v i a l  so lut ion 
f 

* 

I n  order t o  obtain the  value of the constants A and B , we have t o  
2 2 

t o  specify some r e s u l t s .  

Tne functions f, g, 5 ,  and j involved i n  the  recursive re la t ions  

f o r  t i e  coef f i c ien t s  1, 3 ,  y and d are obtained f rm t h e i r  general ex- 
- - -  - 

pressions (5.33) by setting n=2. The i n d i c i a l  roo t s  (5.36) become f o r  



I n  f a c t ,  only t h e  f i r s t  th ree  roo t s  contribut; t o  the  solutiori of the 

posed boundary value problem s ince  t h e  constants  D and 6 must anish 
n n d 

t o  meet t h e  s t r e s s  condit ions a t  i n f i n i t y .  

We have proven that f o r  every nfO, there  a re  two independent power 

s e r i e s  so lu t ions ,  corresponding to- the-largest  and the second largest P 
- 

i n d i c i a 1  root .  These so lu t ions ,  f o r  n=2, have the  form 

Tne coef f i c i en t s  a and B2 s a t i s f y  t h e  recurrence r e l a t i o n s  
2 , j  j 

ir. xhich i. A respect ive ly  take values 1 and 3 .  It can be shown t h a t  
1' 2 

i n  t h i s  case the i n i t i a l  t e a s  are  given by 



To investigate the  na tu reh f  the solution associat  with the 

f i r s t  root,  we note that in c a s e  A=-1, f /A+-j)=O fo r  j= 3 _an_d j=4. 

khen j=2, the re la t ions  (5.411 yield 

=though f  (1) =f (A2)=0, it turns out t ha t  also g (-1)=0 and thus a ( A  ) 2,2 3 . r 

would not be an impediment i n  determining recursively the coefficients 

a . ( A 3 ) .  However, when j=4, we have 
2 ,I 

Xe r eca l l  tha t  f ( 3 )  =f (X =O and, it an be shown tha t ,  whereas g ( l ) = O ,  
1 

h(-l)#O and the re la t ion  (6.1.15)-cannot be sa t i s f ied  for  any choice of 

,l 
2 , 4 '  

Consequentl'y there i s  no _wwer se r ies  solution associated v i th  3 
X =-I; the  corres-pondirq solution involves logarithms and it follows from 

3 

re la t ion  i 5.47) tha t  



T& calcula t ions  show t h a t  the  c r i t i c a l  coe f f i c i en t  y - . may -be ex- 
--  2,4 . - 

. . 

pressed by. / 

The rem'aining y coef f i c i en t s  a r e  r e l a t ed  t o  the a ' s  by 

To obta in  the  de r iva t ives  of y . ( A )  involved i n  the so lu t ion  (6.1.161, - - - 
7 2 •’1 - -- - - - 

,- 
we use the  groperty t h a t  the  y ' s  thenselves, by de f in i t ion ,  s a t i s f y  re- . 

l a t i o n s  of the form (5.34) . It can be shown t h a t  

A l l  o ther  y' a r e  obtained recursively i y  

A * I n  t h i s  an6 s - b s q e n t  c h a ~ t e r s ,  i n  order t o  simplify the wri t ing ,  

ire denote by " ' '' der iva t ives  x i t h  resgect  t o  A .  If  no X i s  mentioned, 
=valuat ion a t  <.he ar;rqriats X is  w.derstood, i . e ,  we evaluate a a t  
X1=3, 3 a t  X =I ~,-,2 a t  i, =-I. 2 ,j 

2 ,j 2 G l j  3 



The constant A has $he value  given by (6.1.6) 
0 

5 6 . 1 4 )  The constants A and B2 a r e  s t i l l  2 

and the constant  C is given . 
I 2 

unknown and a r e  t o  be deter- 

- mined - fronl - the boundary - condit ions - - imposed a t  r=a.  elations (6 -1.7) ~ i e ~ e -  - , - 

and 



* * * 
We s h a l l  eva lua te  t h e  nondimenkional constants  A A and B2 

0 '  2  

def ined as 

+ a . n b B z A  - - - - r a t h e r  than-A , 

We not? t h a t  a l l  odd c o e f f i c i e n t s  a ,  B and y '  vanish and s o  t h e  

-remainin* terms a r e  of even o rde r .  Furthermore, f o r  s i m p l i f i c a t i o n ,  

- we s h a l l  wr i t e  q i n s t ead  of 2 
2 i  

2 ins tead  of 0 
2 , 2 i r  '2i 

f o r  
2 , 2 i r  '2i  

Y;, 2 i  
and s e t  



i=fz 
&- 

- 's 
The solution of the -posed boundary 

- 
- placement f i e l d  ~w an2 t i e  stress fiela 

value problem, given by the dis-  



2** P 1 - r  $1 - a AO(l +- ln- 
2 ,21k2 

/r21 





F 

fn the limiting case, &n the f i n i t e  deformation vanishes ( that  i s  

k/a = 0 ) ,  CLassical ~ l a s t & i t ~  cesults 1163 are recovered; 

taking into account that  5(C +C of the Mooney- Rivlin material is 
1- 2 

associated with Y o m g E s  1~odulus, El for  infinitesimal deformations. 

-- - -- - 

3efomtForr f i e l d  w Z  s t ress  distribution. 

For s ~ r Z l =  : r c iE le~=  rc Sr-ear Slast ic i t :~,  eke s t r e s s  distriSution 



\* 
and correspondingly, the deformation f i e l d  and t h e  s t a t e  of stress have \ 

\ 
been computed f o r  a s e l e c t i o n  of  various f i n i t e  deformations in t h e  form t, 

--- 
of an input  a/a The numerical r e s u l t s  and curves fiave been obtained 

0 ' 
\ 

on &I!CS In tegra ted  Graphics System on an IBM370 w i t h  a PL1 programme. 

The s p e c i f i c  values of  a/a  -will b e  t aken& 1 Spa/& 5 2 -  which- -- 

0 0 

is the range of p r a c t i c a l  interest. Xe need an est imation of the sums 

It emerges t h a t  the  convergence of  the s e r i e s  is rapid on the  whole / 
3s exoected, the l a r q e r  t5e f i n i t e  deformation, the slower t h e  con- . 

- ---- vergezxe;+-Sxc2 5 i n i t M  e m m e r q e r r c e  is h t k r a s  

r increases .  The corresponding numerical r e s u l t s  a re  r e s e n t e d  i n  the  

Appendix I. T h e  t runcated slims along with the  number of t e r m  t o  be 

taken i ? to  account f o r  7-digi t  accurac-  a r e  tabula ted  (Table I ,  Appen- 

d i x  I), as function of the xaqnitude of the  f i n i t e  deformation and the 
- - - 

distance. An error e s t k t i o n  is a l s o  given. . 
Since +he analytical so lu t ion  i s  va l id  as long aS the addi t ional  

-2lacp~aent fleld gLves rise tc small s t r a i n s ,  t i e r e  is a l i in i ta t ion  

3 

defornacion superpsed an f h i t e  defnrmation, f o r  a l l  1 6 a/a S 2. 
0 



Table 6-1.1 shows the computed values of-the nondimensional con- 

stants A* A* and B* corresponding to a number of initial inflations. 
0' 2 2 



where ire have s e t  r z m a .  ' E e  addi t ional  displacements depend both on the  

\ 
oxpad ing  y e s s u r e  an6 '&e t e n s i l e  loading. It is  i n t e r e s t i n g  t o  note 

t h a t  while the expanding pressure is  responsible f o r  t h e  d i r e c t i o n  of the 

incremental disclacenent ,  Yrre i n t e n s i t y  of the  a x i a l  loading a f f e c t s  only 

data. Some s i q n i f i c s t  r e s - S t s  are ?resented i n  a few 3raphs. 

- - 
It =an 3e sesn t i ~ a f  ~ 3 . e  zzzec t  35 t;x hole is of a very local ized  

r -  t is  i p :  
. -  - F - -  ,I --- .-,le, v-r-e ~ 2 ~ s -  Q . ~ . . :  5 - L . 4  refer to a Itrg~r 3rea. me corn- 



Pig.  6.1-1 





i 

Fig.  6.1.3 



Fig. 6.1.4 



(*t is, as a/a i n c r e a s e s ] ,  t h e  d i s t o r s i o n  of t h e  r a ~ a l  l i n e s  is more 
0 

pronounced and is also more d ispersed .  The deformation of the c a v i t y  

and surrounding l a y e r s  are now examined i n  more d e t a i l .  

Y 
T+/deformatior? cf the ho le ,  corresponding t o  d i f f e r e n t  values of 

- - - - - - - 

t he  e q a n d i n g  pressrrre are given i n  f i g .  6.1.5. For a b e t t e r  comparison, 

t h e  curves a r e  d r z m  uaZer.';r,e a s s ~ m g t i o n  that t h e  var ious  i n i t i a l  r a d i i  

of the ho le ,  d e n o t d  - c y a o f  
reach a f t e r  t h e  f i r s t  d e f o m a t i o n ,  t h e  same 

- - -- - - -- -- - - - 

value r = a ,  which is  taken as a re ference .  

Tig. 6.1-6 descr5hes how concent r ic  l aye r s  enc los inc  t h e  hole  ( t h e  

re ference  c i r c l e  -5s tdcsr: 4ere t o  be r=maf a r e  deformed &en tkie 5od-j i s  

only s t r e t c h e d  a t  in f fn i ty  and 3 o t  subjec ted  t o  any finite deformation. 

- .  
;:>ire Ze fomat ioz ,  f ~ z  less is +;e 5eviiation f ron  its ori5inaL c i r c u l a r  

=- - - .  6 -:.f; , t h e  = a + a l  ~ 7 s  -,IS =zncerttica~ layers a2~roac3  a de- 



Fig. 8.1.5 



Fig.  8.1-8 





Fig. 6-13 



Fig. 6.,1.9 



- .  
Consequently, the stress vector &kociatedwi.th a surface which a plane , 

- . , 

in 8, passing through the akis of the hole  is deformed into, is given by 

(6.1.40) 

W e  substitute into (6.1.40) : relation (5.101 for  T ~ ~ ,  relation (6.1.33) 

for T' 2 2 

sion for  

a u  6 .  

and - derived from (6.1.30) . We obtain the fol l&ing expres- a r 

the normal stress: 



the relations (6.1.27) ..--A 

and also set .r 5 ma. We may rewrite (6.1.41) in the form: 

2 
a. 

-. 
2 3 - ' n41n - 1 [-(24+48i+32i +8i ) + 

2 a m .  
1=0 



86. 

- - 
f 

Letting 8 = ,W2 in (6.1.40) , ue obtain the stresses in a section nor- 
* 

mal t o  the direction of the uniaxial tension yielding a vanishing &ear 

stress .r: and a maximum value for  the normal stress 7 The correspond& r e  8 8' 

ing results for T are plotted in Fig. 6,l. 10. Although the effect of 
88 

- - -  - ---- - - -  
infini ty as  r in&-es, a" ma&iEing eifect on stress concentration, due 

to the f in i te  deformation, has been ascertained. 

We shall nou investigate the stress T in more detail .  If  only the 
- - - 
- - 

- -- --& . 
expanding pressure is applied, we have an axially symnetric f in i te  deforma- 

tion, and T*, is only r dependent. Varying the applied pressure, 
"8 8 rJ 

increases everywhere with a/a The maximum value is attained a t  the  hole 
0 

and approaches zero very fast  a s  we go away from-the hole (Fig. 6.1.11). 

W e  consider now the complete problem, when the uniaxial tension is also 

It emerges that  there i s  a definite ,increase in the contribution of the 

uniaxial tension to f5e to ta l  stress T with theiZltensity o f  the in- ee 
t 

flation. A t  the hole, a t  - 8  = ?r/2 where the largest value of T occurs, 
88 

the stress resulting from the uniaxial tension alone i s  3.12 times the 

value a t  ihfinity for a previous inflation of a/a = 1.20 and increases 
0 

to m r e  than 4 i f  a/a = 1.75. These should be compared with the clas- 
0 

s ical  result 3.00 which is the stress concentration factor corresponding 



Fig.  8.1.10 



Fig. 6.1.11 



Table 6.1.2 t 

- 
i 

-- 
- - 

The variation of T around the hole is shown in the diagram 6.1.12. 
8 8 

Compared with the classical solution, the area with compressive stress 

qradually diminishes as the finite deformation gets larger, 
- 



Fig. 6.1-12 



- - 

6 . 2 .  Perturbational ~ n i a x i a l  Tension Applied t o  a Finitely 

~efonned Slab vith a Bonded Rigid Inclusion 

In t h i s  sect ion w e  consider t h a t  a r i g id  cyl indr ical  inclusion is  

embedded in to  the body. XP- assume tha t  the inclusion is joined t o  the 

of the sf&. Thus, - a l e  the boundaq conditions a t  i n f i n i t y  remain a s  
.-a 

they have been s t a t e d ' i n  f6.1.1), w e  require t ha t  there are  no displace- 

Relations (6  2 - 1) yield 

and t h e  nonzero constants A* and 3' m u s t  sa t i s fy  the coupled equations 
2 2 

where the notations given 3y (0.J.261pand 15 -1.271 have a lso be- employe&, 

The s t a t e  of defamation and the s t r e s s  f i e ld  are formally described 

by r e l a t i o n s  (6.1.30) - (6.1.34) , Eowever, here, A* = 0 and {A* 3 ), 
0 2' 2 

determined frm d i f f e r e n t  boundary conditions, are specif ic  t o  each case. 
- - - - - - - - 



It can 

the results 

be shmcn that, if the f M t e  def omat ion is removed, 

in this case to - 

which coincide w i t h  t he  c lass ica l  solution f161. 

, Deformation f i e l d  and s t r e s s  dis t r ibut ion.  

I n  order t o  deternine the  deformations and s t resses  throughout 

the h d y ,  we have t o  obtain the spec i f ic  v a l u e h o r  the constants A* 
- - - 2 

and B; which are  f ixed by  the boundary conditions. Fo l lwing  the pro- 
d 

cedure shown in the previous sections,  numerical calculations have been 

carried out  fo r  various values of the r a t i o  a/ao. Some results are 

given in the T&le  6.2.1. These constants are then subst i tu ted in to  

ref ations (6.1.37) , (6.1.38) and (6 -1 -42) . We vary the r a t i o  k/a t o  

c-are thg deformations - - - --- and stresses f o r  -- di f fe ren t  - i n i t i a l  - - - - - -- f i n i t e  - -- - in- ---- 

r'lations. Taking a sexpence of values for  m, we investigate the de- 

formation and stresses i n  layers a t  various distances from the inclusion. 

W e  a l so  vary 9 from the l i n e  of the axial tension, (8=0) , t o  the l i n e  
- - - -  - - -  - -  --- - - - 



Table 6-2-1 

perpendicular t o  it. ' m e  c ~ u t a t i o n a l  r e s u l t s  a r e  presented graph- 

ically i n  Figs,  6.2.1 - 6 . 2 . 5 .  

-- 

Xear t h e  bonded inc lus ion,  t h e  layers  c lose ly  follow t h e  s h a p e o f  

the  inclusion whereas the r a d i a l  d i s t o r s i o n  is very pronounced. The radi-  

a l  l i n e s  a r e  bent  in Lkie reverse  way t o  t h e  inc lus ionless  case,  a s  the 

e l a s t i c  mater ia l ,  h n d e d  t o  the  inc lus ion,  is  prevented from s h i f t i n g  

(Fiqs. 6.2.1 and 6 - 2 - 2 1 .  The 2resence of the  inc lus ion considerably 

c h n g e s  the deformation and s t r e s s  f i e l d ,  y e t  t h e  e f f e c t  is concentrated 
t 

t he  v i c i n i t y  of the  inc lus ion.  3s t h e  r a t i o  k/a increases the  d is -  

to r s ion  of the  r a d i a l  li?es i s  mre ?renounced and =ore widespread (Fig. 
- - - - - -  - - - - - - - - - - - 

Away f r m  the inc lus ion,  a s  has been observed i n  the  case of a slab 

w i t h  a hole,  the  deformed layers and r a d i a l  l i n e s  take  the shape that tor- 

- - -  -- 



Fig. 6.2-1 
* 







Fig. 8-2.4 
\. 



Pig. 6.2.5 



responds t o  t h e  c l a s s i c a l  l i n e a r  e l a s t i c i t y  so lu t ion  (Figs. 6.2.2 and 6 . 2 . 3 ) .  

- Regarding t h e  stress f i e l d ,  a f t h e  edge of t h e  inc lus ion,  i n  t h e  case 

of zero f i n i t e  deformation, t h e  normal stress Tee has negative values i n  

the  zone 0 = n/2 - n/E, rrL2 + n/6. The stress z remains negative f o r  
8 0 

small f i n i t e  deformations b u t  a s  k/a i n c r e a s e s , t h i s  zone with compressive 
- ---  - - - -- - - -- - - - - - - -  - - - - - - - - - - - - -- - - 

% t r e s s  vanishes and-?; is t e n s i l e  everywhere (Fig 6 . 2 . 4 ) .  .. 
88 -- 

T~ 

The va r i a t ion  of T w i t h  r a t  the sec t ion  8 = n/2,for various r a t i o s  80 

a/ao is  shown i n  t h e  diagrams 6 . 2 . 5 .  A s  k/a + 0,  t h e  diagraqs approach t h e  

t h e  normal s t r e s s  % e approaches t h e  value speci f ied  a t  i n f i n i t y .  



6.3. Per turbat ional  U n i a x i a l  Loading Applied t o  a F i n i t e l y  

Deformed Slab Containing an Inser ted  

W e  s h a l l  now inves t iga te  a version of the  

considered in sec t ion  6.2. We assume t h a t  the 

Inclus ion 
- 

boundary value problem* - 

inc lus ion is only in- 

hetween- t h e  inc lus ion -- 

and t h e  surrounding slab. Thus, the  mixed boundary conditions 

are t o  be s a t i s f i e d  at P a .  

The deformation f i e l d  and s t r e s s  f i s t r i b u t i o n  a re  described 

(6.1.30) - (6.1.34) , where, consis tent  with re la t ions  (6.3.11 , 

and (A* B* } are solut ions  
2'  2 

/E 
of the  system 



In  the spec ia l  case of in f in i t e s ima l  deformation only,  once again 

t h e  r e s u l t s  coincide with those predic ted  by the Class ica l  E l a s t i c i t y  

Theory : 

P a 
2 

.r: = -[I + (1 + P2) cos (28)]  , rr 2 
(6.3.5) 

r 

Deformation f i e l d  and stress d i s t r ibu t ion .  

The constants  A* and B* solu t ions  of the cougled equations (6.3.3) 
2 2 ' 

-and--@ r T A T , - r u d n u m e r l c a L 1  y ro r s eve r a l -va lues  o t r a t i o  a/ao . 

The  r e s u l t s  are given i n   able- 6.3.1. 

Table 6 .3 ; l  



Inves t iga t ing  the displacement f i e l d ,  it is observed that th r a d i a l  

l i n e s  bend very l i t t le .  They merely ad jus t  t o  the  tendency of  po in t s  t o  
t 

-3 accurmilate a b u t  the s t re t ch ing  -axis (Figs : 6.3.1 and 6.3.2) . Comparing - 

theWesul ts  wi th  those f o r  the  boundary value problems 6 .1  and 6.2, we 

no te  t h a t  the displacements associa ted  with a given l aye r  i n  the  v i c i n i t y  

of the i n se r t ed  inc-lusion are la rge r  than t h o s e  t h a t  would c o r ~ e s ~ o n d ~ t o - -  - - - -- 

the case of the bonded inc lus ion but  not  a s  l a rge  a s  those associated 

dth t h e  case where no inc ius ion is presen t  (Figs. 6 -3  - 3  ; 6.2.3 and 6.1.8) . 
- - -- -- 
F --- 

- - -- - - - -- - -- - - -- - - - - - - -- - - -- --- - 
- - - - -- - 

--- 
These r e s u l t s  might have been an t i c ipa ted  by considering t h e  nature  of 

the  cons t ra in t  imposed by an inc lus ion t h a t  allows the  surrounding mate- 

r i a l  t o  s l i p .  I 

The hoop s t r e s s  T is given i n  Fig. 6-3.4. I f  t h e  f i n i t e  defoma- ee . 
t i o n  is removed, t h e  stress T i s  pos i t ive  everywhere and no area  with e e 

compressive stress occurs. For 8=0, T,, vanishes and a s  0 increases ,  _the 

t 
value of T increases reaching a t  8=sr /2  i ts  maximum, which i s  t h e  value 

8 8 

of the  load a t  i n f i n i t y .  I f  the  s l a b  was previously i n f l a t e d  t h i s  maxi- 

mum value increases with the  degree of i n f l a t i o n .  

Fig. 6 . 3 . 5  i l l u s t r a t e s  the  va r i a t ion  of T with r a t  the  sec t ion  
8 8 

corresponding t o  8 = s / 2 ,  f o r  a number of  f i n i t e  derormations . I n  a l l  

cases,  a s  w e  go away f-rom t h e  inc lus ion,  T decreases f a s t  t o  'the value 
88 

speci f ied  a t  i n f i n i t y ,  



Fig. 6.3.1 



Fig. 8.3.2 





Fig.  6.3.4 



Fig.  6.3.5 



-- - - - -  - - 

7 .  PEWPURBATIONAL SHEARING FORCES 

I n  t h i s  chapter we special ize  the  general results t o  the case 

where the perturbation is caused by s m a l l  shearing forces T ET, *mi-. 

k 
f o - m l y  dis t r ibuted along the edge of t heho le .  %e cones-ponding bound- 

- - -- - - - - - - - - - - - -. - - -- 
ary conditions a t  r=a a re  given by 

and 

We may assume tha t ,  by applying a s m a l l  t w i s t ,  no r ad i a l  dis-  

placement should take place a t  F a ,  t ha t  is ,  

- 

and we also may require a s t a t e  of f r ee  s t ress  a t  i n f in i ty  

l t A c a n  be shown that the constants involved i n  the c~enekal 

solution (5 -95) and (5.96) , must be chosen such tha t  



if the requirements (7 -1) , (7-3) and (7 -4 )  are to be sa t i s f ied .  The 

boundary conditions (7.2) yields  

and, i n  view of (7.5) , we  obtain 

2 
w h e r e  I4 2aTa . 

The solution t o  the boundary value problem may be expressed by 

In  a limiting case, when the f i n i t e  deformation 
. - 

solution ( 7 . 8 )  lea& t o  _ 

which are  i n  agreement with the r e sa l t s  of Classical 

i s  removed the 

E l a s t i c i t y .  







- - 

This p r o b l h  has axia l  symmetry. By applying a couple M a t  the  
- 

opening, the  incrxmental displacements t ha t  occur are only tangential  

and'the body deforms 1i;ke conkn t r i ca l  ring; s l iding over one another. 

Once again we  note t h a t  the displacements (Fig. 7.1) and s t resses  (Fig. 
- - - - 



8. PERTCTRBATIONAL FWIIAL FORCES 

We consider that the  s l a b  i s  subjected t o  t h e  fo rce  d i s t r i b u t i o n ,  

m d e l  a small weight d i s t r i b u t i o n  supported by t h e  lower ha l f  of the  

curved surface ,of  the  hole. Far from the  opening, the  uniaxia l  tension 

(6.1.1) remains unaltered.  - 

We s h a l l  expand t he  boundary conditions i n  Four ier  s e r i e s  and r e t a i n  

from the  general so lu t ion  those contr ibutions s a t i s f y i n g  t h e  required 

senta t ion  

We r e c a l l  from (6.1.4) that the s t r e s s  conditions a t  i n f i n i t y  a r e  

s a t i s f i e d  provided 

~ W = D  = D = D , f o r  a l l  n . 

Tse boundary condit ions a t  r=a r w r e  t h a t  

-- 



where T is given by (8.2) . W e  s u b s t i t u t e  i n t o  (8.4) the  expressions 

11 
, (5.10) , (5 -97) and (5 -99) f o r  2 , and 7'12 and the  displacement 

au av 
gradients  - and - determined from (5.95) -'and (5'. 96) . It  ciixi be shorn a r  a r  
that the contr ibution of terms corresponding t o  n=O y i e l d  

The contr ibution of terms regarding n = l p r o v i d e s  two coupled equations 

f o r  the  u n k n m  constants  2 and 
1 1 



- ---- 

whereas 

Further  

we have 

the equat ions  f o r  A and B give 
1 1 

r 
c a l c u l a t i o n s  revea l  t h a t  corresponding t o  n=2m, m = 1,2 ,3 ,  ... 

m 
2 2 3 

A 1 -{ [ i n+ l l  [n -n+21 - nCn+4) j - (3nt2) j -4-& - - - 

n 
- 

j =O 
- ---\ 

3 2 2 3 k2 + [nCn+l) C- 1. +41 + (lz +8n+4)j + (3n+4) j + j 1- 2 2 a 2 

2 2 
n -n-2- j 

an, jr- - -- - - - - - - - - - - - - - - - - 
-- 

m 
2 3 

Bn 1 { [nfn-1) (n+4) - (n2-8n+4) j r (3n-4) j - j I 
j=O 

n 2 
+ [- - 3 2 2 3 k2 

2 (n-1) + (7 -4n) j + (311-2) j + j 1- 
a2 

2 2 a; 
+ ( 

n n -n- j - - 1 - 1 n - j  .r 
1-k2/a2 , a2  r3 



- [nb-1)  + j l l n  .o" n+l- j 
>I.;; .r l > - - 

r 1 p a  

which allows us t o  de temine  the  constants A and B 
2lT 2m- 

t o  the odd n ' s  we o ~ t a i n  

Corresponding 

Thus, the  r a d i a l  component of the fisplacernent f i e l d ,  u ( r ,8 )  r educes - to  



and the corresponding relation for the tangential component v(r,e), 

may be derived from (4.12) and (5.12). In terms of power series, the 

incremental displacements and stresses result from their general ex- 

pression 35.96) - (5.991 where the arbitrary constants 7- 
here by relations (8.3)- and (8.5) - (8.11). 

- - - - - -  - 

are specified 



J+ 
-9. PEFCRXBATION DUE T ~ T L I E  S W E  OF THE OPENING 

The general analyt ic  solution (5.95) and (5.96) obtained fo r  a s lab  

with a c i rcular  opening is  a l so  applicable t o  cases involving geometri$. - 

perturbations of t he  boundaries of the  or iginal  body. Following from the 

work of Graham [41, the  perturbation i n  shape i s  regarded a s  an addit ional 
- --- - -- -- - - - - - - - - - - - - -- 

- 

displacement f i e l d  t h a t  is superimposed on the  f i n i t e  deformation of the  - 

reference body, $or which the  solution i s  available. 

In  t h i s  chapter we sha l l  obtain specif ic  analyt ic  solutions taking 

turbation i n  the  geometry of the  or iginal  body. We examine two casesr 
& 

namely, the pr-oblem of a s lab  with a rough cavity and a l so  the  case where 

the  cross-section of the hole is e l l i p t i c .  In  both cases, a perturbational 

uniaxial  tension is applied. 

9-1. E l l i p t i c  Boundary 

Suppose t ha t  the  s lab has an e l l i p t i c  opening ST , i n  i ts  undeformed 
0 

s t a t e  BO, given by the  equation 

where B i s  a constant such that O=CBdl. The body 8 undergoes the  f i n i t e  
- - 

0 

deformation described by re la t ion  ( 3 . 2 . 2 )  reaching the  s t a t e  3. It can 



be shorn t h a t  the surface  S i n  t o  which t h e  surface  S is f i n i t e l y  *. r r 0  

deformed, is given in terms of 'the convected coordinates (r, 0 , z )  by t h e  

expression 4 

up t o  the f i r s t  order  in E. The body 8 i s  then 

small uniaxia l  tens ion a t  i n f i n i t y  reaching the  

f u r t h e r  subjected &a a 

f i n a l  configurat ion 8'. 

. . 
- - - T h e  e q u h h r i u m  mtio--c01:res=nid n n m - & '  _alre&~enbyA4~2QIwhere--= 

i k  
the  stress components T~~ and T* a r e  expressed by r e l a t i o n s  (5.10) and 

(5.11) , respect ive ly .  

Using the  d e f i n i t i o n s  (2.27) and (2.28) , we compute the functions 
B 

x and x with regard t o  equation (9 .1.2) . These functions a r e  given by . 
s 

. .  

On subs t i tu t ing  (9.1.3) i n t o  (2.25),  we obtain t h e  t r a c t i o n  across the  

surface (9.1.2) i n  the  f o m  

Now a t  po in t s  of ST, we f ind  t h a t  t o  f i r s t  order  i n  E, * 
- - 



and therefore ,  the r a d i a l  deformation function Q ( r 1 ,  ( r e l a t ion  
- 

takes the value 

Canseqhently , i f  m a y  be- shm?-a -#mi-&& stress-component-cat-$--is--- r 
expressed by 

I f  we require that t h e  f i n i t e l y  i n f l a t e d  s l a b ,  subjected a l s o  t o  

the  uniaxia l  tens ion P E EP a t  i n f i n i t y ,  is t o  be maintained i n  equi- ' 

libriurn by applying t o  S the  same t r a c t i o n s  as those given by ( 3  -2  -26) , 
f 

t h a t  it is s u f f i c i e n t  

in view of r e l a t i o n  (4.1.4) . We now s u b s t i t u t e  i n t o  (0.1.8) the  s t r e s s  
C 

i k  , ik 
where ?r and T a r e  expressed 

boundary conditions (9.1.8) y ie ld  

i j c s ~ s  nents X given by r e l a t i o n s  (4.19) 

(5 -10) and (5.11) , respectively.  The B 
k2 - (2 - kZ) 1 1  + cos (28) 1 , 

2 2 - - - - - - - - a a 



The problem of superpos i t ion-of  a small s t r e t c h  a t  in f in i ty .  on a 

l a rge  r a d i a l  deformation of the  s l a b  with an e l l i p t i c  opening i s  reduced 

t o  searching f o r  a so lu t ion  t o  the  equilibrium equations (4,201 - t h a t  --_ -- 
k , 

correspond t o  t h e  c i r c u l a r  case,  s a t i s f y i n q  the  required condit ions 

(6.1.1)- a t  i n f i n i t s a n d  the appropr ia te  inner boundary condit ions &9. L.-9J . 

The boundary condit ions a t  i n f i n i t y  a r e  met provided r e l a t i ~ ~ s - ( 6 . 1 . 4 )  

a r e  s a t i s f i e d .  Recarding t h e  boundary conditions a t  t h e  hole ,  we note 

- ~ ~ 

t h a t  -- p- the  -~ r i g h t  hand s i d e  of ~ L\e ~ r e l a t i o n s  (9.1.2) -- ~- account f o r  the  changes 
- -  - - -  -- - - -~ - ~- ~~ - ~ -- 

caused by the  2er turbat ion  in shape. I n  f a c t ,  with B=O, these  r e l a t i o n s  

become the  boundaq condit ions a p r o ~ r i a t e  t o  the  c i r c u l a r  hole case. 

It can be shown t h a t  the  so lu t ion  t o  the  boundary value problem 

considered here is formally described by 

' 9  

xkere tGeD constants I - and B a r e  derived from conditions (9.1.9) 
0' -+2 2 

E ~ E  C is  the  s i n e  as  given by (6.1.4) . Relations (9.1.9) y i e l d  fu r the r  
2 

a l s o  t h a t  A and 5 are solu t ions  of the  equations 
2 2 



w e  s h a l l  f olfow the procedure ou t l ined  i n  Chapter-6-mkIng t h e  apFopria€ep- 
- - - -  - > . - - -- -- 

- 
subs t i tu t ion  of u (r), d u p  ana Xigher de r iva t ives  i n  terms-of power 

2 2 

se r i e s .  We s h a l l  render t h e  in tegra t ing  constants  non-dimensional and 

PLt- -- the~tionsL%l-l~-L~ more;co~&&-frs=~nl~.&ea2.=co~- - - -- 
putat ions.  Further ,  w e  compute the  displacement and s t r e s s  f i e l d .  

A t y p i c a l  deformation f i e l d  near the  e l l i p t i c  hole i s  given in Fig. 

9.1.1, i n  terms of a d i s t o r t e d  sqare g r i d  agains t  t h e  reference  gr id .  I n  

t h i s  instance,  t h e  major-axis of t h e  e l l i p s e  is  taken perpendicular t o  

t h e  l i n e  of s t r e t c h  where f3 = -5 ,  E = .1 and a/a = 1.5. ~ G e r i m e n t s  men- 
0 

t l o n i  In the  paper of Varley and Cumberbatch [171, although i n  a d i f -  

f e r e n t  context ,  produce configurat ions s imi lar  t o  those obtained here. 

Inves t iga t ing  the  s t r e s s  f i e l d ,  we note t h a t  as a result of t h e  f i -  

n i t e  i n f l a t i o n ,  t h e  s t r e s s  concentration e f f e c t  i s  strengthkned. Further- 

nore, the  pos i t ion  of t h e  e l l i p t i c  hole with respect  t o  t h e  d i rec t ion  of 

:- t h e  un iax ia l  tension has a s i g n i f i c a n t  impact on s t r e s s  concentration. 

It can be shown t h a t  the  hoop s t r e s s  'rge (r ,B 1 derived f o r  two extremum 

, p s i t i o n s  of t h e  e l l i p s e ,  namely, when the  major a x i s  i s  perpendicular t o  
- - - - 

- - - -  A 

t h e  l i n e  of tension (s=-11, and -&en t h e  major a x i s  i s  p a r a l l e l  t o  it 

(s=+l) , is  given by the  expression (6.1- 41) evaluated a t  r=a, with the  

add i t iona l  t e r m  



Fig. - 0-1.1 - - - 
- - -  



The results given in Table 9-1-1 show that, in agreenent w i t h  Linear Elas- 

t i c i ty ,  the stress concentration is more pronounced when the major a x i s  

* - 
These values shcluld be c01ci"~ed with the Linear Elasticity results [183. 

Corresponding to a givern inserfection, of an el l ipse where e = - l ,  B = . 5 ,  

the ma3or axis and is 2-91 when the line of tension is parallel t o  it, 

- 
The st ress  intensity factor carresp~,nding to  an elliptic bole w i t h  

.- 
L - .-, . 

to it is given by 1 + 2a/bt 



cornpard with 3.00 which corresponds to the circular case. These values 
1 

L 

increase e i t h  the degree of inflation as is shown in Table 9.1.1. 



9.2, Arcisymmetric Imperfect Cylinder 

In  this section w e  assume tha t  the surface of the  cyl indr ical  

opening is rouqh, within a s t r i p  of order E. Let the small variation 

of the radi-with the angle be described, in the undeformed s t a t e&,  - -  
- - - - - - - - - -- - - - - - - - - - - - 

by a s ine function, iii the form 
* 

The body BO is f i n i t e l y  deformed into the s t a t e  8 consistent with 

(3.2 -2) , and corres_pondinqly, it can be shown that the surface (9.2.1) 

deforms into  the surface S given by the equation r' 

Zls described i n  previous sections,  we assume tha t  the body is subjected 

to a smpfl m i a x i a l  loadinq a t  i n f in i ty .  T h e  stress-equilibrium equa- 
- 

tfon associated w i t h  the  f i n a l  confiquration, 8', are  given by equations 

ik ( 4  -20) , a r e  the s t r e s s  components riL and 7' are, respectively ex- 

. 
It f o l l o w  fran re la t ions  (2.28), (2.29) and (9.2.2) t ha t  

On subst i tut ing re la t ion  (9.2 -3)  into ( 2 . 2 5 )  , the t rac t ion  vector 

across &'h surface (9.2.2) becomes 



of the  surface  (9.2.2) t h e  s t r e s s  It can be shown t h a t  a t  the  points  

cmponent may be expressed by 
- - - -  - - - -- - - - - 

c 
J The deformation can be sustained by applying a t  t h e  surface  

- 
- - -  - -- 

- -- -- - - - - - -- - - - - - - -- - 

same t r a c t i o n s  as expressed by (3.2.26) provided 

- 2 a6 - In - ] cos (me 
1-k2/a2 a2 

a f t e r  s S s t i t u t i n g  (4 -19) for  the  corresponding expressions 

- - 

X can be sl?ora =bat, c o n s i s t a ~ t  

(6.1- 1) and (9.2 - 5 )  , t h e  radial  displacement f i e l d  aay be wr i t t en  i n  



h e r e  the i n t e g r a t i o n  cons t an t s  A 
0 

A2, B2 and C a r e  r e s p e c t i v e l y  
- - - - - - - - - - - - - 

2 
- -  - - - -- 

- 

s i v e n  by (6.1-61, 16 -1 -24 ) ,  C6.1.25) and (6.1.4) and a n d ;  - a r e  - 
m m 

determined by the t w o  equat ions :  



10. PERTUPBATION OF TH3 STRAIN E N E R a  FUNCTION 

The analyt ical  solution obtained fo r  problems involving materials  

w i t h  a spec i f i c  s t r a i n  energy function makes a l so  possible t o  invest i -  

--- - - - -  

gate cases corresDonding t o  re la ted  materials ,  with a perturbed s t r a i n  
- 

enrcg function. I n  view of the Spencer theory [ 2 1 ,  a s t r a i n  energy 

function W modified by a small perturbation to  

w i l l  r e su l t  i n  an addit ional  small deformation superimposed on the 

exis t ing f i n i t e  deformation. We assume t ha t  W has the ~ooney-Rivlin 

form 

and we make no s ~ e c i f i c  assumption about EW', o ther than t h a t  E is 

~ ~ 1 1 .  

ik  
It  can be shown tha t  the'-stress components z z r e  given by 

i k  
and remain unchanged whereas the  s t r e s s  comsonents z' jecome 



 re the functions 9' and H' of the Spencer t h e ,  given by relations 

reduce in this case t o  

(10.3) modify the f i r s t  of the equilibrium equations (5.12) and bring 

no change in the l a s t  two. W e  may show tha t  

The ef fec t  of the  terms containing and Y' the is t o  increase 

complexity of the equations which correspond t o  (5.271, but the pro- 

as well. cedure followed i n  chapter 5 w i l l  apply here 



CONCLUSION 

In  t h i s  work we have considered a c l a s s  of boundary value problems 

involving per turbat ions  about a f i n i t e  i n f l a t i o n  of a s l a b  with a circu- 

-- l a r  cavi ty-  The e q u i l i b ~ i ~  equaeions have been formuhted f o r  incom- - - - - - 

press ib le  mater ia ls  i n  t e rns  of a general strain-energy function f o r  t h e  

plane s t r a i n  case. An exact general  so lu t ion  i s  obtained f o r  mater ia ls  

w i t h  Mooney-Rivlin strain-energyL _aLth~~ggh the-method-is _not restzicted-- 
- - - - -  - -  

to t h i s  p a r t i c u l a r  form. 

Speci f ic  ana ly t i c  so lu t ions  a r e  obtained f o r  a number of boundary 

value problems. of ?interest. There a r e  two categories:  ( a )  problems where, 

far from the  cav i ty  o r  the  inc lus ion embedded i n t o  the  body, a perturba- 

t i o n a l  uniaxia l  tensign i s  applied and (b) problems where a per turbat ional  

-- - l o a t t i s - 2 n = t h g - a t r ~ m ~ e ~ ~ e a n ~ i - c e x p r e s ~ i o n s h a v e 1 n  many cases 

been evaluated numerically t o  allow de ta i l ed  inves t iga t ions  of . the de- 

formation, t h e  s t r e s s  f i e l d  and s t r e s s  concentration e f f e c t  around t h e  

hole.  

The general  so lu t ion  has f u r t h e r  been used t o  t ake  i n t o  account both 

t h e  perturbat ion due t o  an aps l i ed  s t r e s s  f i e l d  and t h e  per turbat ion  i n  

t h e  geonetzy of the  o r i g i n a l  body. We have examined t h e  problem of a rough 

cav i ty  and the  case of an e l l i p t i c  cross-sect ion of the 'hole  where, i n  both 
- - - - - - - - 

zases ,  a s e r t u r b a t i o n a l  - & i i a i a l  tension i s  appliedA. I n  addi t ion  t o  t h e  

solu t ion ,  a nunerical  so lu t ion  the  l a t t e r  problem has 

- . . 
been obtained and the  r e s u l t s  a r e  i n  good agreement. -~ 

a l s o  



-. . 
- 

Fina l ly ,  w e  have shown how the study can be extended t o  ma te r i a l s  

with a strain-energy function which a r e  per turbat ions  of t h e  Mooney- 

Ftivlin form. 

The work presented here allows fu r the r  inves t iga t ions .  W e  note 

that the  general  so lu t ion  derived f o r  a s l a b  of i n f i n i t e  extent  is equal- 
- -- - - -- - - - - - - A 

- - - - - - - - - - - - -- -- - - - - 

ly a p p l i c a b l e t o  h o l l o w  cylinders t h a t  allow a s t r e s s  d i s t r i b u t i o n  on t h e  

ou te r  surface.  Solut ions t o  o ther  boundary value problems, f o r  a s l a b  o r  
* 

a tube can be derived as s p e c i a l  cases of the  genera l ' so lu t ion .  Moreover, 
-- 

~~ ~p 

~ ~ ------- ~ - --  
-- - 

solu t ions  corresponding t6 &her geometric per turbat ions  of  the  boundary 

surfaces of the  body may a l s o  be given. Further ,  we can seek s p e c i f i c  

so lu t ions  f o r  mater ia ls  with a strain-energy function t h a t  may be ,re- 

garded a s  a per turbat ion  of t h e  Mooney-Rivlin type. 

Apart from a l l  these  immediate extensions, a p a r a l l e l  problem t o  

the one solved he re ,  where w e  have assumed t h a t  t h e  thickness of the  

s l a b  i s  prevented from changing, one might explore the  case where the  

x thickness of the  s l a b  is allowed t o  change s o  t h a t  the- r e s u l t a n t  forces 

applied on the  plane faces a r e  zero. The solu t ion  of the problem is  ex- 

pected t o  be more complicated than t h a t  presented here.  



APPENDIX I 

/ 

* A A * 
I n  evaluat ing the coef f i c i en t s  a 82i, yZi, and yii the  r e s u l t s  2 i  ' 

obtained i n  double prec is ion  (9  decimal d i g i t s )  a r e  within f0.1% of t h e  

corresponding values obtained in extended prec is ion  (16 decimal d i g i t s )  
- - - - - - - - - - -- - - - - 

f o r  a l l  i=1,2 ,  ... ,10000. This ind ica tes  t h a t  the  recurrence formulas 

f o r  t h e  coe f f i c i en t s  are numerically s table .  ~Ljon f u r t h e r  inves t iga t ion  

2 2 
where n = 0 , 1 , 2 , 3 ,  O S g Z k  /r c l ,  la4 C c / i .  This y i e l d s  an e r r o r  e s t i -  

mation f o r  t h e  tmmcated sums i n  t h e  form 

where c is  a constant.  Further, we include some t a b l e s  with truncated 

sums along with the  number of terms taken i n t o  account f o r  a 7-dig i t  

accuracy. 







It can be shown tha t  the  physical components of the  s t r a i n  tensor 

' i j  
are given by 

where u ( r , 8 )  and v ( r , 8 )  a r e  expressed by-relation 6.1.30 and 6.1.31, 

respectively. The condition 
- 

yields  t o  a l imita t ion on the  admissible ax ia l  tension applied a t  in- 

f in i ty .  Although the value P/& does not have any qua l i t a t ive  influ- 

ence on the incremental deformation f i e l d  a s  it merely plays the  ro l e  

of a scale  factor  f o r  bo th -u  and v and neither does have an impact on 

the  s t r e s s  concentration e f fec t ,  it gives however the upper l i m i t  f o r  

on f i n i t e  deformations r m a i n s  va l id  f o r  the  specified range 1s a/a s 2. 
0 - 



[l! A-E: Green, R.S. Ftivlin and R.T. Shield,  General Theory of Smal l  
E l a s t i c  Deformations Superposed on F i n i t e  E l a s t i c  ~ e f o r m a t i o n s ,  
Proc. Roy- Soc. Lond. A ,  211 11952), 128. 

[31 A.J.M. Spencer, F i n i t e  Deformations of an Almost  I n c m p r e s s i b l e  
E l a s t i c  Sol id ,  Proceedings of the In t emt ianaZ  S;JrnPosiwn on Sec- 
_ m J B r _ m c t s _ i _ n  Z2as+ic5tgtPlasticiQ, d E t u i d  Dpamks, 

_- - - - - - 

Saifa  1962, 200. 

E41- G.A.C. Graham, Finite Z l a s t i c  Deforinations of Bodies with Irreg- 
u l a r  Shapes. J. Appl. Math. Phys. ( Z M P ) ,  22/2 (1971), 307. 

[51 J.9. Haddow and Y.G. Faulkner, F i n i t e  Expansion of a Thick C m -  
p ress ib le  Spherical  E l a s t i c  She l l ,  I n t .  J. Mech. Sci . ,  16  (1974), 
63. 

4/ 

[61 A.E. k e e n  and R.T. Shield, F i n i t e  Extension and Torsion of Cyl- 
inders,  Phi l .  Trans. Roy. Soc. Lond. A, 244 (1951), 47. 

[73 R.L. Fosdick and 2.T. Shield,  Sinall Sending of a Ci rcu la r  3ar 
Superposed on F i n i t e  -tension o r  Compression, Arch. Rational 
Xech. Anal., 12/3 (1963), 223. 

E81 H. Vaughan, Tke F i n i t e  Coinpression of E l a s t i c  Sol id  Cylinders i n  
t h e  Presence of -avity, "roc. !toy- Soc. Lond. A,- 321 (1971), 381. 

[91 A . Z .  Green and 2.J.Y. S2encer, The S t a b i l i t y  of a Cizcular Cyl- 
ir,der wider P$-ite --ension uad Torsion, Z.  -?faths. Phys. 37/4 
(19591, 

Elll J 3- 1 C l o s e 6  P a r - S o l u t i ~ n s - f o r  Sinall  De'ormations Super%-- -- --- 

2os& upon Sirnul"a?eses Xnflation and Extension of a e l i n d r f c a f  
Tube, J. of Zlas tFci ty ,  6/2 f19761, 113. 

i121 F,'. X s c h e r ,  J. Ckcistiansen =Ci 2 .D.  Russel l ,  Collocation Software 
for Soundary-Tlalrre Qrdinary D i f  f ~ j e n t i a l  E ~ u a t i o n s  , ACX Trans. on 
~Xaths. Software, 762 (19811, 209. 

- - -- - -- 
a. 



f133 U. Ascher, 3- Christiansen and R.D.  Russell, COLSYS - A Collo- - 

cation Code for Boundary-Value Probless,. C&s for B t n m h q - V a l u e  
PPobZems, L e t w e  H&es ~O?puter  sciences, Ed. B- Childs et al, , 
Springer-Verla2, ?Sew York, 1979. 

t 

1141 A.E. Green and W. Zerna, Theoretical Ekst%tz, 2nd. ed. ; Oxford 
University P r e s s ,  1968. 

[ l sf E. A. C o d d i n g t a n  and R. Levinson, 2%- of Qrdimmj Xff#mt&d 
-- - - -  r r f C  -ap9iBLs5 --p-ppppp-----p -- 

- - E m * -  - # 

- -. - - - - -F - - - - - - - - . - - - - - - - -. - - 

I161 24. I .  Muskhelisfivili, Some &&&? ProbZems of the  L ~ t ~ t ~ i ?  The* 
of E k s t ~ t y ,  4th- ed. , Noordhof f , Groningen, 1964. 

f171 E. Varley and E. Cunberbatch, Finite Deformations of Elastic Xate- 
ppp-- - c.-- 

341. 

[181 S. Timoshenko and 3.9. Goodier, Theory of htwty, Mc. G r a r  
Hil l ,  1957. 

1191 E.M Croitoro, SaaP1 Defornaations Superposed on a Finite Inflation 
of a Slab w i t h  a C i r c u l a r  Opening, Boc. of the 9th. Ca?zud%m Con- 
pess  of &pZ. XaF,., 1983- 

- E203 E.M. Croitoro and K-A- Lindsay, Pertur@tions about a F i n i t e  Elastic 

~ 

I n f l a t i on  of a Slab vith a Hole of ~rr&ular Cross-section, J- -1- 
Math. Phys, (ZEIWP), t o  appear. r 




