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b r i e f l y  reviewed for =onit and t h i r d  order eeaL1y 

maliaear d L f f Z k e m t i a l  eqmtioos, 

P k  raia ccmttfhft)eP of this t h e s i s  is the demfapmmt of 
- - - - - - -- - - - - - - - - -- - - -- - - - - - - 

d i f  fereut ial  s y s t e m s ,  

The motiwatL08 for this stad1 is based oti the fact tiat 

there are manj oaciL1ati.g pr- ia pkysies, rcbuim ud 
P* 

u g i n e e r i a g  whaar, carsiderotion reqoires t h e  irrrolvm!~wt crf stroag . 
damping effects. 

aa elastic sptem with intbraal friction am6 relaxation mdec 
-'% 

t b e  a c t i o n  of a Iarnoaic farce. ?he r e a s ~ ~ ~ c s r ~ i s ~ ~ e t c h e d  
- - 

and t h e  s t a b i l i t y  of t k  s t a t i o l ~ z  regbe of aecillatieas is - 

iii 
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I 

t i m e  by p k y s i c i s t s ,  emgiaeers artd a p p l i e d  matieraticia- give I I 

d i f f i c a l t L e s  doe to the irrolraent af a s i g a i f  icant for stmag)  
I 

1 

4 

character of the oscillrtioirs. 0- of tk uidhly us& rlathuds 
.. 

for f i a d i n g  approximate solatioms o.f a o a l i ~ g a r  d i f f erent ia l  

asymptotic erpansllon l a  pees of a small parameter. 

?be aim of t h i s  tbsts is to- m t m d  the K M  asymptotic 

methad far: 

app l i ca t ion  to an &;tic sptem d t b  imtern.1 fcietia and 

relaxation mdar the act- af a hrmtmic is made. 

la chaptea 1, the KBE mthod  for aatoaoaoos a* 
1 

moeartma%ous soccd ordat differerrtial eqaatioma i s  rerllewed. 

i n  t b e  arttosomoos case is o r t l i m ~ d .  Also aoee basic r e s u l t s  frm 



- 
plr en, 

Ia c h a p t e r  2 a 3-dimeuioml maaklj moli1ine.r noramtonornoas 

a s c i l l a t i m g  m e d u i c a l  system fs s t o d i e d  in geberal. 

f n  c h a p t e r  3, an a p p l i c a t i o n  is made t o  a mechanical 
i 

elastic system w i t h  i ~ t e r a a l  frictio~,relaratioa, and 

s t a b i l i t y  of tbe s t a t i a a r y  regise of o s c i l l a t i o n s  is 



tor =O t h e  solwtior 2 of the M~ (1 , l )  tmrmr into t h e  



D i f  fetemtfatleg (1.2) r d  mak- rse -of eptltiors (1.3p. m e  

term of order.€ a& e2 girs the follorirg eqmatioa8: 



To s o l v e - t h e  eq. (1.8) , t L e . f n r t i o n s  u,(a,V) and 
' . 

I, (a,?-are d e r e l o p e d  into Pcmrier series * -- 
- --  

- 

h -- - -  - b 

1 (a&)=r [a) + [I (a) con ne~ (a) sin a+], ( I .  12) 
t 0 a51 a n 

w -p. 

P (a,S)=g a +  ig ( ~ ) C O S  rnph 4 a ) s i m  ~ $ 3  
f 

( 1- 13) 
0 0 I n a 

where C 

The coefficieats V (a) and P (a) hare to be fotmd- 
a B 

S a b s t i t  rrting t h e  f aectioas f l ,  1Z) and (1.13) i n t o  the eq, 
* 
i 

(1.8), o n e  gets 

e 00 

32' (a) + z ,p (I-.) 2 [ .  (a) COS I*IE (a) sin .*I 
- - - -- - 0 -  a= f a 

0 
n 



Equating the coefficients of harmonics of the saae ~ ~ d e r ,  - 
i.e. t h e  coefficients of cos a f  and s i n  n t a = 1 , 2 ,  .... g i v e s  

g (a) +2a  B =0, B (a) +2& =0 ,  V (a) =g (a)./aa 
1 1 1  t 0 0 7 

Then ,  &%the e q o a t i o n s  - ( 1 . 1 2 ) ,  ( 1 . 1 4 ) ,  and (1 .15) .  

one gets b 

I B (a) =-- 1- '  F (aces*. - a t k i n  ) cos 
1  2aw- 0 FY . 

In a s i m i l a r  manner, one cam k n d  t h e  s o l u t i o n  of the 

differential eqaatioa [ 1 . 9 ) =  t - 

The above method can be a p p l i e d  w i t h  some a d d i t i o n a l  

c o n s i d e r a t i o n s  to tbe n&autonomoas d i f f e r e n t i a l  A i m t i o n  

where  t h e  f a n c g o n  1 (h,r , ;)  is 2 T  p e r i o d i c  ia bt and can 
, 



I . * 
Here the coef f i c i entg  P, (x, x) are p o l  yaomials ia x and r, 

The differential e q u a t i o n  (1  .I 6) describes vibrations of a 

mechanical systen w i t h  one degree of freedom with Pait mass and 

free frequency d which is  under t h e  a c t i o n  of a sm11 nonlinear -- 
J p e r t u r b  force with  frequency , - 

- - 

If one a p p l i e s  t h e  method of Kry lor  and B o g o l i u b o r 8  for 
- - - - - - -- -- -- - - -- - - - - - - - - - - -- -- - - - -- - -- - 

-- - 

9 * 
autonomous second order d i f f e r e n t i a l  eqrrations,  starting w i t h  

the solution x=acos  fwt+t*),), o n e - w i l l  o b t a i n  terms c o n t a i n i n g  

cos (n>+kd) t a n d  s i n  (nJrkb3 t because of (1.17) where k and n are 

integers, 

If ,at l e a s t  one of t h e s e  so called combiaatiom freqaeacies 
iD 

+bh&kappeas  to &-c&e-+4x~ a - 4 -  

s p s t e m ,  one can expect that the amplitude will grou a s  i n  * t h e  

case of linear resonaace. Because  of t h a t ,  there are 

noaresonance and r esonaace v i b r a t i o n s ,  

Let a s  consider the d i f f e r e n t i a l  e q a a t i o n  (1.16) nniier the 
4 

"Ec 

c o n d i t i o n  (1.17) b u t  i n  t h e  resonance case  when 

h o l d s -  Here p and q are i n t e g e r  numbers and r e l a t i v e l y  pri .e ,  

According t o  the ICrylor and B o g o l i a b o r  [ I  1, the s o l u t i o n  of 

e q u a t i o n  (1.16) - is - -  s o a g h t  ia t h e  - form 



where a and 0 arc functioas of t , 8 = 3 t .  d= e @ + y  and 
Q 

t h e  function a (a,e,ot). k=1,2,3. , .  are 2TTperiodic in 
k 

.and ~ ~ ' 9 .  
9 

I n  t h e  nonresonaqce c a s e ,  as was rent ioned ,  tbere is so 

*&&cwHs 7- -- - - 

exc i ta t ion  and that of the  oscillatiom, I n  the resonance c a s e ,  

on the contrary .  the terms iK(a.*.  8 *(a,* depend not -11 om 

a ,  a s  prewious ly ,  bat also at, h e n c e  t h e  amplitude a and t h e  
It 

phase  $. are g i v e n  b~ the equations 
c 

where . t h e  func t ion  A ( a ,  B ( a ,  k=1,2, . . .  are 277 
k k 

?or t = 0 ,  fro. ( 1 . 5 ) .  ue g e t  

t - -  

and (1.19) tarns  into  the generatiag soletioa r=aoosdt+t3,) ,  
? 

The d i f  f e r e ~ e ~ - - 3 c ~ e r n r a l l ~  is approximate ly  zero ia t h e  t -3 
neighborhood of  €lie resonance, b u t  it is passibxe Eo -b4 i%6€ so 



i a r e s t i g a t i o n  of t h e  resoaaace oome s t a r t i n g  from the ' 
2 

nonresonance zone and approaching t h e  resonance rose, As 

(1.20). one o b t a h s  ; and k* . ?he Taylor developmeat of the 

right-hand side of t h e  equation (1.16) is 

equat ing  t h e  coeff icieat of €(assume w e  o.1~ need t o  fimrd t h e  

first approximation), o m  gets 

-- - - - - - 

One s e e k s  the s o l ~ t i o n  of (1.22) in t h e  form of a Fourier  

ser  ies 
- - 



. 
f1) 

where t h e  coef f i c i e a t s  o (a) itam to be foimd, 
a,k 

'. The .development of the fanct ioB 11.23) in a sum of the sa88 t y p e  

is 

9 
- 

(1.26) 
4 

P u t t i n g  (1.24) and (1-25) i n t o  (1.22). dere o b t a i n s  



/-. 

we can  t a k e  the aonfolf i f lment of t h e  condition 

-- 
Therefore, t h e  formula f I, 28)  gims us a l l  c o e f f i c i e n t s  of t h e  

sum (l,21)) w i t h  s u b s c r i p t s  which do  not f u l f i l l  t h e  condition . 
(1 I 

(1.29) We set t be remaining coef f icieats (a) w i t h  & s c r i p t s  

T h i s  means that t h e r e  be no f i r s t  harmomics ir the fo.dtioa 

of the argamet g6.y. R e a l l y  for (1.30). me 
1 Q !I 

bare 



- 

'Paking into account  11,312, we find from (1.22) , 

One cam determine  A ,  and 8 ,  i n  t h e  fo l l owing  ranaer: 
/ 

d (i) negre t in (1.32) tbi  t e r m s  w i t  b t h e  factor d- PJ because 1. 
8 

the resonance case t h i s  df'fferemce. is 'small emoagh.; 

P (ii) e x p r e s s  cos [ -8+* and sin ( the hlleris tormolas 
8 

-i (t @+Y 1 
and compare the coefficients of e 0s e . 

I 

( i i i )  into the equality ia complex f orr obtained, compare 

correspondiagly .the real i u d  th imagioary parts. 

Very oftea i n  the applications, i t  is more collreaieat for ore to 

work directly or to use (1,28), 

In &eat years tbe KBR m t b o d  h a s  beea used by Bojad+iev 

and t a t d n e r  16-81 and O s i n s k i  1 0  , 121 to f i n d  the no l f r sqaent  

so let ionS of h yperboUc partial d i f f e r e n t i a l  equations with 



- ~ 

Bojadzier [ 3  ] w i t h  regard to  p g t t i a l  d f f f q r e n t i a l  eqaatioas 
- - * 

srtwolrtng t h i r d  order tile derivatiwes, 
\ 

Consider t h e  part ia l  differential equatfons. - , 

hand s i d e  indicate tbt Bigher d e r i v a t i v e s  of u may occur i n  

this f u n c t i o n .  kt, kiand t pre aay real comstuts. and E is a 
-- -- - 
-- ---- - - -- 

- - - 

positive parameter assrued to  b e  s a f f i c i e a t l y  s8a l l  sa that t h e  

naplinear r i g h t  haad s i d e  of (3.36) may be treated as a 

pettmrbat ioa .  

+e ge~erating eqoatioa obtained by setting im (1.33) h a s  

separable so lut iars -  of t h e  form - 

where g,,h;,aad r i  a r e a r b i t r a r y c o a s t a n t s ,  r) satisfies 
e- 

the differential  eqmatioe 



The caefffcieats af fl.36) satisfy the follolrfmg i&emtities, 

In order t o  solre an iiftial value  problem for tke 

genexating eqaatioe,--w sanld-seek the s o l n t i a ~  in the 

form of a sum of separabls  so lu t ions :  

B? virtue of t h e  completeness of theiset of e i ~ n f o a c t i o n s ,  

' s u c h  a s o l u t i o n  cam meet the  i n i t i a l  c o n d t i o n s  t h a t  o,a,, - 

a tt are prescribed a t  t=O, amd t h e  o r t h o g o n a l i t y  a n d i t i 0 . n  

enables s i m p l e  erpressiors to be e x t r a c t e d  for t b e  three sets of 

Consider  the aosli.ear eqnatfon (1.33)', and sappose 
* 

h i t i a l l y  that  re r i s k  to find the < s i n g l e  mde> s o l a t i o ~  u 
-- 

[x,t)  correspoadf8g to t h e  ith rude (1.34) of t h e  gemfating 



where a;,b,,andq;;are f u n c t i & s  of t5satisfTinq the 

differential eqaa-cms . 

W r e  d o t s  d e n o t e  derfrati tes  with respect to t, Allowing i 

t 
I 

c-0 in (1.39) and (1.40). we see that t8e salat ioa a; 
(9 

degenerates i n t ' o  n; as required, In t h e  case of a geaeral 
1 
t 
i initial value prublem, we m u s t  seek t h ~  s o 2 u t i ~  as a SUD of  

' i ', 
modes of the form f1.39) in t h e  same m y  a s  ia equation (1.38) 

1 - - 

for t h e  g e n e r a t i n g  e q u a t i o n ,  It is also more coareniert [ 8 ]  if 1 
we chaage variables f ron a ,b tow;, P < d e f i n e d  in t h e  form i 5 

r j ,  
F . - 

-)p < -ti P i  
a; =e ,bi=e ,Then the solution is sought  in t h e  form 

t 



order t o  take folly into account t h e  istaraction betmen 

the different modes, the quaatities P ,Q and R occorring 

in ,these differential eqoatioms rest -- I a be  aflowed to -- dewad - L L  

on ' a l l  the variables  1 " L p . 3  * 

Eou a surrey of a paper by Bojadzier 15 ] concaming the t h r e e  
i 

dimensional autonomous diff ererrtial [ 1 1: 

r 
Rere E is a smal l  p o s i t i v e  para .ete r .I= (x,  ,sL. x l )  is a 

vector, f (x)=(f ( f (r) . f  (x) )  is a real vector f u n c t i o n  
I 

in a domaim 6 w i t h  sufficient number of derivat ives  i n  G, 

and f (O)=O. It is assumed that t h e  real 3x3 constant 

matrix A= (air ) has one real- non- posit ite eigenraloe 



- t . \  .-. - nd t w o  cpqxletx sxqemwa~mes - p w w r t s  a 
-- 

7 rea l  part -2fk>8). I 

P 

d 
The strong l i n e a r  daapimtg force i n  the system is represented 

%\ 
I br t h e  real parts of tLe eigenwalues - 7. and -2 
The asymptot ic  so lnt ioa  of (1-43) is sorrght is the form 

C 

shore t h e  unknorn vector f u o c t i o ~ ~ s  n= ( 5 ,  .al, a3) i& 2 8  

f u n c t i o n s  of t satisfying the d i f f e r e n t i a l  eqoatiams 

?or f=O , the s o l u t i o n  (1-44) reduces  t o  the s o l u t i o n  ' 

- of t h e  limear.system of (1-43) with eigeztweetofs 

and += (0; cor=asp&king to t h e  eigemva1ttos 

- ~ ~ ~ + i r 3 ; ~ i ~ ~ ~ ~ ~ + ~ - i ~ t ~ c a n ~ ~ a t e  s +. iim aatsorm 

(l,Q5) are to be deterwised from the comdftion that 



arpli*rides, a altd b, i n  order to take f ta l ly  iato account 
I 

their mutual i n t e r a c t i o n ,  J 
'' The first approrirate  KBf9 s o l u t i o n  i s  obtaineit by 

truncating ( 1 -48 )  aad (1.45) after- the first tvo  terms. 

. Therefore, u is not included into t h e  f irst  approxkmation, 
P 

- - - - - - - 

Eouev.er, i t  is n e c e s s a r y  to keep it i n  the first. impsotad 

approximation, D i f f e r e n t i a t i n g  (1.44) and us-' (1.45),  one gets 

x- This expression t o g e t h e s  w i t h  (1.44) .'is substituted into 

order terms cance l  identically w h i l e  t h e  terms uf order give 

t h e  fo l lowing  vector  equation for u : 

The s o l u t i o n  of Bg. (1.47) is sought in Fourier =Lies 



-- - -. - 
S u b s t i t u t i n g  express ion-  (1;48) and (1.69) into (1-46) g i v e s  ' 

Compar ing  t h e  coefficients of t h e  

and C, only the equations Do= (U,, 
' 

%a u , ~  ) are  needed: . . 
ao a 

'fa-0+kb-0+~0 = A-P 1 I 

aa a b  0 ' 0 

* ( 1. SO) 

:s # 
terms e prov ides  

order t o  , c a l c a l a t e  A, B, 1 
. w  - 

As it is costaaary in' the KBEI me$hod, here is assused 

that t h e  functiorr tr, does not contain terns p r o p o r t i o n a l  

to  e x p ( t i 9 ,  t h a t  is U =O . I a  addftion, it is 
I t  



erponent ia l  factor, that  is O, =Om U s i n g  t h e s e  assumptions ' 1 
-- - - - - I -  4 

and She s u b s $ i t u t i o n s  a = e x p 4  and b =expp , e q u a t i o n s  
9 

$1.50) and v . 5 1 )  reduce t o  p a r t i a l  d i f f e r e n t i a l  equations 

with c o g s t a n t  coefficfe~s: 

3 

- - - - - - ---- 'F 
7 

T h e  vector  e q u a t i o n  (1.53) can b e  solved for 0, , U Q I ,  and A. t' 
f 

The vector e q u a t i o n  (1.54) a n a l o g i c a l l y  g i v e s  U,, ,IJ,3 and D ; ! 
* 1 

hence a c c o r d i n g  to (3.-and C . The f o r ~ u l a s  f o f  8 ,  B, and C 
7 

Y= e not p r e s e n t e d  here s i n c e  t h e i r  practical s i g n i f i c a n c e  .is 
L. 

restricted, It is sore conrenie~t, for e a c h  specific problem, i 
2 

p a r t i c u l a r  soletions of the aoatto~geneoas e q u a t i o n s  (1-53)  and i f . 
I t - S Q )  are t o  be c o n s i d e r e d .  Bote that A,B, and C t a k e  part  in . I 1 

1 
'1 

equation f 1 .45 )  whose s o l u t i o n s  g i v e  the a m p l i t u d e s  a  and b and c+ 3 

t h e  phase +, and inrolre three colsstants of integration,  s a y  a . A 

/ 

b, .  and T h e  i n i t i a l  c o a d i t i o n  X ( t , )  = ( x , ( t . ) ,  x L ( t . ) ,  x l ( t e  

1 )  for [ l . 4 3 )  generate the e q u a t i o n s  for o b t a i n i n g  a , b  ,and 

t b a s  the initial v a n e  problem for [1,Q3) can be solred, L- -- 

Addition constamtts of i a t e g r a t i o a  are s e l e c t e d  to be zero. I n  
- - - - - - - - - - - - - 

gen-era1 , eqaat i . 0 ~  (1.45) are to be  i n t e g r a t e d  numer ica l ly ,  



I n  c h a p t e r  1, w e  have i n t r o d m e d  Bojadzievrs resalts [ 51 

u i t h '  regard to a 3-dimeasioaal. weakly nonlinear autonomous 

o s c i l l a t i n g  m e c h a n i c a l  system c h a r a c t e r i z e d  by s t r o n g  damping, 

T h e  air of t h i s  thesis is to erterrd t h e  r e s u l t s  of [ S  3 to a t i m e  

dependent  s y s t e l  of the t y p e  

3 where  is a s m a l l  p o s i t i v e  parameter,  is  t h e  frequency 
(I' (31 

of t h e  e x t e r n a l  a c t i n g  force, X= ( x  , I , - xr3' ) is a 

-rector f o n c t i o g  2 rT p e r i o d .  $4 8-i t h  s u f f i c i e n t  no mber of 

d e r i v a t i v e s  w i t h  respect to  all t h e  argumerrts i n  a domain G ,  and .. 

P ( O , O ) = O .  The 3x3 real c o n s t a n t  matrix A= (a. ) a s  i n  (1.43) is 3 
assumed t o  h a r e  one n o n p o s i t i r e  e i g e n v a l u e  - f (720) and two ' 
complex e i q e n w a l w s  -1,ib w i t h  a n o n p ~ s i t i r e  real part  - 2 (k0). 

The p u a n t i t ~ i e s  -7 and - k  r e p r e s e n t  tho s trong  damping fame in 

t h e  s ~ s t e ~  ( 2 - . I ) .  T b e  f u n c t i o n  P(8.x) i s  a f i n i t e ' s -  of t h e  

forazexp  ( in@)  F (x) , where Fh(x)  are p o l p o r i a l s  in I. 
a n 

We seek the asy6ptoE-solfl6n o f t 2 ,  I )  in rector form 
*. 



i n  8 and o(= (p/g)@+J., pand p are integers. 

Tbe s c u r a r i a b l e s  a, b e -  and 'are fmctioas of t t o  be 

%%?-- 
determined by  the d i f f e r e n t i a l  equations 

Actually, (2.3) are e x t e n s i o n  of formalas (1-20) aad (1.45)- 

For E=O, expression ( 2 - 2 )  with (2.3) gives the solnt ioa of tbe 

linear system of (2.1) 

where a , b , are c o n s t a n t s ,  
0 0 

* -1. -k+id, and -i-id; is t h e  conjugate ralae 
4 

Following c h a p t e r  .l, foraala (1.18), we def iae t h e  State of 
- 

e x t e r n a l  resonance ia the neighborhood of t h e  natural f requency  

3 w i t h  t h e  f u l f i l l a e a t  of t h e  e q u a l i t y  



? 

where p and q are nutaal ly  ~ r i . e  F e t e g e r ~  I f  p=q=l, t h e  

resonance  is called (or -). 

If 0 (•’)=On we bare exact r e s o n a x e .  P r a c t i c a l l y ,  resonance is 

L ~ o s s i b l e  only f o r  feu ra ues of p a d  q since t h e  function P(8 ,. 

,r) in (2.1) has a finite .umber of term. If the d i f f e r e n c e  1 
i, 
t 

- (p/q) 3 in e g ~ a t i c a ~  (2.4) is n o t  small, r e  hare t h e  noaresonance 1 ?i 

case. AS 3- ( p / g ) 3  g a t s  smaller alld smaller, .e have t b e  

The functions A, 0, aad C arq assumed t o  depend oa both  3 3 
- 

a a p l i t  n d e s ,  a and b, ia o r d e r  to take f a l l y  i n t o  c o n s i d e r a t i o n  I 
5 

24 4 
their mutual i n t e r a c t i o n ,  They also depend om the phase  + 

4 
allou c o n s i d e r a t i o n  i n  t h e  resonance* case, 4 

ab 
- - - - -- - -- - - -- -- f: 

& 

Using and er teading  t h e  KBil t ech ingue ,  ue w i l l  find the - - 
d 

1; 

r r a k ~ o w n  f u n c t i o n s  9, A, B, and C involwed in 12.2) aed (2.3). 2 
4 

Firs t  from 12-21 with 12-31 , ue calculate I: 
"+ 



where 

S u b s t i t u t i n g  (2.2) and 
- - 

8 ' 

( 2 . 5 )  i n t o  (2 .  1) , ue get 
- -- -- - - - - - - - - - - - - - - - -- - -- - - - 

- - - -  

&+r) i .+J)+< - i g + d )  
I+ ~ff i+N+? 3 

for u: 

F u r t h e r , .  - - ~  - ~ - - -  - we - - ~  - erpand t h e  funct iom P (6, x ) i n  .a doable 
b 

Fourier snm 
1 



are polynomials  in a a& b, and s is the set jn,k]. 

Then w e  seek t h e  s o l u t i o n  of (2-7) i n  the form of a d o u b l e  

Fourier sum 

(1) ( 2 )  ( 3 )  * 
where U = ( U  ,U ,D , ) and U =U - 

nk nk nk nk -a,-k nf 

S u b s t i t u t i o n  (2.8) and (2.30)  into (2 .7 )  g i v e s  

where I .is the 3x3 i d e n t i t y  matr ix ,  . 
T o  f a c i l i t a t e  oar strtdy, we express tie resonance c o n d i t i o n  

(2.4) i n t o  the e q a i r a l e n t  form a > + k h h  (e), where n and k ;re 
% 

, integers. The pairs  p, q, and n, k are connected v i t h  t h e  
- - - - -- 

..I r e l a t i o a s h i p  qn+p (k$) =O. The set of integers s= (m,k) ;hich 

of t h e  two sets S =[(rt,k) aq* (k + I ) @ )  and S = { ( a , k )  nq+-fk.T 
f 2 



- - -- The compariara of t h e  caefficieats of t i e  cosrespondfng 

e r p o m e n t i a l  terms e x p ( i ( n j + k d  ] in (2 .11 )  for (m,k)Es, g i v e s  t h e  

a 
partial dif ferbntial equations for the rectors O 

d U  dO 
-fa-nk->b-~~-[A-~($+Ls)I]U =P , a,k#O (2.12) 

&a ab ak nk 
and 

f laking use of the e q a l i t y  

the comparison of the coefficients. of erp ew i n  (2 .31)  g i v e s  , 

two  equations conbined as follov 

+ ' 

where 5; is the set S, with the upper sign, and Sa with t&e 

. Iouer sign, Kouefer, it iS e-gli to c o n s i d e r  tBie equat ion 



f2.1Q) for the upper sf* s 3 c e  t & * ' o t h e r  eq9at;foa gives t h e  8 

- 
i 

con jagate v a l u e s  of the ankaowm,' 
/ 

Equat ions  (2.13) and ( 2 4 )  besides 0.. and U., , (a,k)esl, 

also i n v o l v e  the s c a l a x  fnpkions A and D: hence, me h a r e  more 
,- 

variables than e g u a t i q i  The  d e t e r m h a t i o ~  of t h k  fumct ions  

requires, as it is cp$tomry i n  the EBB method,  the i m p o s i t i o n s  
5 

of certain a d d i t i o i a r  coaditioas on the f nact&oas  W, aria Ual, , . '  r 

qr on n, a c c o t d i a g  to (2.10), Here we assase'= 

contain a tekm u i t b o e t  an exponemt ia l  factor; aad 

w h i c h  shows t h a t  u contails no terms exp(+@ erpfi ( k ~ l ) ~ ] ,  m#O, 

kj21, and in a d d i t i o n .  u ,  c o n t a i n s  no sueh terms ewe. for n-0, 

Pe note t h a t  o n l y  the particular s o l n t i o a s  U N K  of e q a a t i o a s  
/ 

(2.12), (2 -  13) and ( 2 - 1 1 )  are to  be a n s i d e r e d ,  The fanctioas A, 

0 ,  and C t a k e  part in eqoatioas (2.3) whose sobtioms rill g i v e  

tbe amplitude a and b u d  t h e  phase 9 ,  aad w i l l  i n v o l v e  t h r e e  

c o n s t a s t s  of iategratiort. f k  i n i t i a l  coadit iot  X e,) for: 12.1) 

generates t h e  eqaatioas far obtaising these t h r e e  co~stamts 

w h i c h  so lve  the i n i t i a l  tlaoe problek for (2.1). Additioa 
- 

constants  of i a t + r a t 3 6  Zke selected t o p  be -zero, 



s o l a t i o ~  U,,(a,b) of (2.12) ia a polpomial  tom. The recto; 
--, 

equatiom (2.13) is e q u i r a l u t  t o  three scalar equations 
C 

*A e) 01 ~ t )  inrolvisg U o o  ,U ,, . and 1 (according t o  (2.15). U,, = 0 ) .  The 
3, 

rector equation (2.18) with t h e  assumptius (2. $ 0 )  gires scalar 
ut t't. 

equations for U,, , Ue, , and D. t h e  process of so lv ing  t h e s e  

p a r t i a l  d i f f eree t ia l  e q a a t i o n s  is shorn F a  €6 me- csapter 
- 

w h i c h  deals with a specific mechanical system. 



consid& aa o s c i l l a t i n g  weakly nonlinear I.echanical e last  fc 

system with i n t e r n a l  f r i c t i o a ,  relaxation, and small  external.  

Elere, I is ttre d e f o r n a t i o ~ ,  \is t h e  stress, m is the mass of 

t h e  system,  and c, d, e, and s are positive constants ,  The terms 
- -- - - -- - - - - - - -- - - -- - 

w i t h  coefficiests d and s represent respectirely the  l i m a r  and, - 
a o ~ l i n e a r  e l a s t i c i t y ,  t b e  term wi th  cmf f icient 'e corresponds t o  

the l inear riscoos damping, and the term with -efficient c 

re f l ec t s  t h e  l i n e a r  relaxation, 

?be irrf luence of relaxation cm the o s c i l l a t i n g  system, 

especially im plastic materials,  s o m e t i m s  say be s i g n i f i c a n t ,  
--? 

Q s i u k i  [ 8 3  has s t u d i e d  t h e  systea (3.1) by t r a n s f o f ~ i n ~  i t  to a 

is no c o u p l i n g  of the ampiitudes a and b , i - e m ,  A depends oa a 



i m a g i n a r ~  iigeirral nes of t h e  characteristic pelyaaaiaf am3 3 a 

- a p p l i e d  a p e r t u r b a t i o n  procedare, 
C't * W  (11 U s i n g  t h e  neu variables  x=x , x=x. , and q = x  , traasforms 

We w i l l  consider t h e  main resanaace case prq=l. 

Of coarse t h e  assumption made fa chapter 2 rith regard to  the  

- e i g e n r a l o e s  of A holds for+ (3 .2 )  . T h i s  a s sa~pt ioe  y i e l d s  for a 
- - 

s y s t & i  characterized sith d i s s i p a t i o n  of eaergy, 



The equation p(h)=O has a t  bast m e  real negative root & '-7 (T>o) since its wef ficients are positive (c. do e. -amd B are * 

positive),  If (e/c)>d, thelr t h e  other .two roots are negative or 

have a negative real part. The c o n d i t i o n  for oscillatory 

-solution, i .e.  .p(A)=O h a s  a 

ad choose the folloriag eigenvectors of the  matrix (3.3) 

( 2 . 9 ) -  And fro8 (3.6). onelgets P (8.x )=0, 
I 0 

- 1  ie -iO id -id 
P (O8x A) = - i ~  8 &  -e 1 . atld P (8.x )=Maw3atb(e - +e 1 

iC- 
2 0 2 3 0 2 

'. 

In rector form, .we bare  



The value A c a n  be determined from (2.13) 
I 

(3.5) in sca lar  form reduces to 

which with (2.15) and 

1 E l i a i n a t i n g  A from (3.8) g i v e s  t w o  p a r t i a l  d i f f e r e n t i a l  

( 2 )  (3) 
equations for U and U 

00 00 



Subst i ta t - ing  it i n t o  [3 ,9 )  , we obtain 

and 

Comparing t h e  coefficiemts of a 3  and abn and s o l v i n g  

the algebra j c  equatiot is  obtairted, g ives  

1 =4mF and 
1 1 

Xo arder to calculate D a n d  $, hence B and C,  we abserwe t e a t  

eqoat ion (2,141 w i t h  the  upper sign and with (2.16). (3 .4) .  and 

e x p ( i e ) = e x p ( i  @-h)=erp[H)exp(-i.t) i n  (3.7) takes t h e  f o s s  



Here the set 5'- ((not)) n +  (k-1)=0)={(1,0). (0.1) 1 .  
2 

D =O and U ? =O,  the^ e q u a t i o n s  (3-12)  in scalar form are 
10 s 1 -  



; d 
E l i a i n a t i n g  in Eqs. (3.13) the term De g i v e s  two 



( 2 )  is 
Assuminq solutions of t l e - f o r m  0 =1 De =P(p  a2*p bz)+ 

-19 

01 2 2 1  2 

a n d  s o b s t i t a t i ~ g  them into ( 3 . 1 4 ) ,  we h a v e  

-i'i' 
Compariaq t h e  coefficis~ts of a * b , a n d  b', ard, r o l v i o a  e 

we obtain 





In a a t r i x  form, (3.19) is 



12 
The part ia l  d e r i v a t i v e  of U with respect to a and b a r e  

b 
S a b s t i t u t i n g  ( 3 . 2 3 )  into ( 3 . 2 2 ) .  we o b t a i n  



Then, by' C r a m e r ' s  rule, one oMa'ins 

S i r i l a r i l y ,  ia aatrix, form, (3 .20)  is , 

The scalar eqaations obtliaed fro8 (3.26) are 

38 



( 2 )  . f 

Taking  partial  derira tires og U w i t h  r e s p e d  t o  a aad  b 
03  

and- s u b s t i t u t i n g  them i n t o  ( 3 , 2 7 ) ,  we find 



coefficients of' b-1 gi- 

where 1 
-1 -1 s 

R =% ($-id) 2[ 3 (544) - C  ]+c [ 3e (k-i& -d 1. . + + 
u 

4 
9 

Pro. (3.22) . ( 3 . 2 5 ) '  (3,271, and (3.29) , one gets the s o l u t i o n s  
, 

e 

for U and U * 

0 2  0 3  
* 



(3) io( ( 3 )  - i o2  (3) 2- (3) -2iq ( 3 )  3 i q  
U e + U  e +I] e +a e +O s + 
0 1 0 ,  - 1 02 0 ,-2 0 3 

P 
3 -3i4 

- - * + t -* .- 
8 d-3  

121 (3 )  . li 4 2 )  (3) 
where 11 3nd U are given by (3. l o ) ,  U and U 

00 00 0 1 0 1 

11) ( 2 )  (3) 11) ( 2 )  
are given by (3 .1S) ,  U , D . U , U , U , and 

02 02 0 2  03  0 3  

( 3 )  
a are g i v e n  by f3.19)- The amplitudes a and b and t h e  

0 3  



I 

vhere  h and k a r e  g i v e n  by (3 .11 )  and P , P , Q, Q 
t 2 1 2  1 2  

r, and . v  by (3.10) and (3 .16) .  

6 

computer, Bouerer, valuable informtion can he obtained by 

inve;ti&ati.ocj the stationary regiae of o s c i l l a t i o n s  in chapter  
+ 

<A 
- - -. 



4, The P e s o r u e s  C r r a a  

The st a t i o a a r g  regime of o s c i l l a t i o n s  is characterized by 

H=b=.+0 in (3.32). Ue c o n s i d e r  hare o n l y  tbe s o l u t i o n  a=O of  the 
.& 

first e b a t i o a  of (3 ,32 )  w i t h  a=O w h i c h  amounts  t o  neglecting 

+ the i t o a o s c i l h t o ~  p r t  of s o l u t i o n  (3.311. The l a s t  t w o  

e q u a t i o n s  of  (3 .32)  w i t h  b = ~ 0  and a=0 reduce t o  

* 

Phis i m p l i e s  

Therefore, 
1 

The e l i m i n a t i o n  of in (4.2). g i r s  the egaation of 7 
/ 

the resonance curre . .  



1 

Equat ion  f4.3) relates the ampf i tPde  b of t h e  o 6 c i l l a t i n g  term 
t 

in (3 .31 )  to the freqrrency 3 of the erterpal  acting force. 
- .  

The resonance curve (4.3) cons i s t s  of too 'bkanches separated by 
" j 

- 
T o  f a c i l i t a t e  t h e  study of t h e  resonance c u r v e ,  . 

L e t  t =W,  (4.9) becomes 

he n c e  



P 2 
Prom here we c o n c l u d e  that  ( t )  h a s  a local minimmat  t=.- 

2 and a local maximm at t= - . 35Px 

u 
2 - - - - - - - - - -- 

.+ 

low ue d i s c u s s  a l l  cases t h a t  give p o s i t i v e  roots 

(i> if 4t3<27&3P (r++wz), t h e n  >0 ,  (4.4,) has o n l y  
2 ' min 

one p o s i t i v e  root; 

I 

d o n h l e  posi t ire  r o e s  t =t <t ; 
1 2  3 -  Z 





Depending o n  t h e  sign.of C , t h e  backbone curve 
2 

(6.5) s k e t c h e d  w i t h  brokea l i n e ,  and the resonance 

c u r v e  (4.3) are p r e s e n t e d  i n  Figures  1, 2 and 3, 

T h e s e  f i g n e s  s h a v  how the shape of t h e  resonance curve changes 

according to the n u a b e r  of t h e  p o s i t i v e  zeros of (4.Q). 

<i> one p o s i t i v e  zero b2 if P 50 or P > O  a n d  
1 2 2 

- FIGURE 1 

>) 

€ i i > t h r e e  p o s i t i v e  zeros w i t h  two double zeros bf=bt ,  b2: 



t i i i> tbree  d i s t i a c t  posi .€i  w zeros: 

Ve nou examine  t h e  s t a b i l i t y  of the  s t a t i o n a ~ y  regime of 

o s c i l h t i o n s  i n  the f ikt  a p p r o r i a a t  i o n  b {+xp[i (++St) 

+*'expl -i{31fbt) I) .  Yere t h e  a m p l i t o d e  b and t h e  p h a s e  a r e  i n  

the v i c i n i t y  of the steady state , which sat isf ies  (4 .1) .  

T h e  v a r i a t i o n a l  m a t r i x  o f  (4, I )  is 





. F u r t h e r ,  we have 

* 
Pros (4.9), we see t h a t  the condition (4.7) is 

s a t i k f  ied if + and if db/dr and ~ - 3 + c Q  b2 hare  the sawa 
2 2 '  

sign, i. e, , 

/ 
P r o v i d e d  t h a t  c o n d i t i o n -  (4.6) is f u l f i l l e d ,  from (8 .  W )  , it 

- - 

follows t h a t  t h e  s t a b i l i t y  regions of the s ta t ionary  regime of 

oscillatiort c o r r e p o n d  on the left of the backbone curre ( 4 . 5 )  

t o  t h e  arcs of the r e s o n a n c e  c u r r e  ( 4 - 3 )  on uli'ich b i s  
d 

i ~ c f e a s i l ~  together w i t h  3 and on t h e  r i g h t  of (4 .5)  t o  arcs of 

(4 3 )  on w h i c h  b is d e c r e a s i n b  f o s t i a a  of J. The other arch of t %-- 
the resonance curre c o r r e s p o n d  t o  a n s t a b i l i t y ,  The passage from 

s t a b i l i t y  to m s t a b i l i t y  or rice versa occurs  a t  the p o i n t s  of 

the resonance cnrre with vertical t a r g e n t .  
- - 

-- - -- 

A s  an  i l l u s t r a t i o n  below, we consider three part icular - - - - - - - 
-- 

cases of (3.1). - 



Then the systee (3 -1 )  becomes 

trasSforms (3.1) t o  (2.1) , One g e t s  

T he character is t ic  pol yaomial o f  (3.2) 

Bas t h e  fo l lowiag ruuts : - 1  . -O.S?i, 
- - 

Prom (3.10) , (3 ,11)  , (3, 17) and (3 .18 ) ,  we o b t a i i  

100 - 1 50 - 1 
& = k a S + k  3b2 =- (8-13-2.25)  a3 + - [ - 2 - 2 5  1) s b  

9 3 
3 =- 1 .  S33a3- 5,128a,+b, 

kt 



where 

and 

~ u b s t i t n t Z i n g  10.12) i a t o  12-31, truncat irg u p  to t h e  order 
- 
of,•’, w e  h a v e  

S n b s t i t u t i n q  P .p ,re and r iato (44) after e l i m a ~ m q  
2 *  

J 

3. in (4.21, r e  obtain t h e  equation of the resolrawze c u r v e  

which consists of two branches s e p a r a t e d  by t h e  backbare l i n e  
- - - - - - - -- 

4 

$ =  1-0.533bz '. -/ 5 '. , 



- 

I 
* k * + k p d &  f4d+ 4 k i t s e e e e ~  *.?5)/2. 

1 - 2.3 
and s i n c e  Q < O , 

2 . 
t h e  rescmance curre is of t h e  type 3a. It is sketched o n  F i g  1. 

% 

Since the s t a b i l i t y  c o t l d i t i o a  (4 .6)  is - s a t i s f i e d  only for 
. 

According to (4, lo), only the branch (I ,) and t h e  small arc I, (Ia 

(a '  ( - 7 7  ,.8) .Ha ( - 8 ,  - 7 9 ) )  of t h e  resonance curve correspond t o  I 

- - 

s t a b i l i t y  of the staticmarp r e g i n e  of o s c i l l a t i o n s .  H o t s  t h a t  

t h e  tangeat  f i n e  at-H of the resonance curve is parallel to b 

a x i s ,  

Case 2: . 
a= I ,  c=Q, 5, e=l,12S, d=0,625, E=5,018, and B=150/9, 

- - - -  

The spstea ( 3 .  Tj  ~Cow is 
/' 

and t h r e e  d i e e o s i o n a l  d i f erem' t ia l  s y s t e m  (2.1) become's 



-1  and -0.52i a Then* 

After s u b s t i t u t i n g  t4.13r i n t o  (2.3) , re have 



I/ 2 - 1 
+ 

- 

h= 1-0.667b2t b (-0,25b.+0. Sb+-0,25b2+0,037) . 
It consists of two branches separated by t h e  backbone line 

>= I-0.667b2. 

The p o l y n o m i a l  ( 4 4 )  bas three positive zeros bZ= C15,  P = b Z  
I 2 3 

=0,58t, two of which are e q u a l .  

S i n c e  Q < 0 the resonaxe curve is of t h e '  type- 2a. 
2 4 

X r c i o r d i n g  to ( 4 . 1 0 ) .  only the branch (la) of t h e  resonance carve 
* 

.corresponds to  s t a b i l i t y  of the statiola.ary- regile of 

o s c i l l a t i o n s  
I 

B 

case 3: .=I,  c=24/49, e= 1.75, d=7/12, E=1& and h=lO, F o r  t h e  
I 

- 

s y s t e i  (3.1) we have 



and t h e  three dineasiooal d i f e r e n t i a l  system (2.1) is 

T h e  characteristic equation 

h a s  one real and t w o  complex roots -0.41, 0,816t1.896i . 
- 
- 

- 

J - Pro. ( 3 . 1 0 ) .  3 - 1 1 ) ,  4 3 - 1 7 ) ,  and 4 3 - 1 8 ) ,  orre gets 



+O.44sin , 
and 

If" 

The e q n a t i o n  of t h e  i?esonaace curre is 

It c o n s i s t s  of tvo  branches separated by the 

The pol p o a i a l  (4.4) in t h i s  case h a s  o n l y  m e  real  root b * = l ,  

S i n c e  it Q <a, the' stability c o n d i t i o n  (4-6) is 
2 

s a t i s i f i d  far dl1 & acctxainqto pLtQ), y fAe 

traach (I3) of t h e  resonance c u r v e  is s t a b l e .  



In this thesis a g e n e r a l  case of damped o sc i l l a t ions  model% b y  a 
\ 

3 - d i a e n s i o n a l  time dependent d i f f e r e n t i a l  system (2.1) has b e e n  . 

s t a d i e d  , In applicatiotr,  t h e  equat ion  f3 .1)  

governing t h e  o s c i f h t i o n s  of an elastic  system with in terna l  
'3 

f r i c t i a n  a n d  relartron under t h e  action of a harmonic  force has 

b e e n  b i  scaSsed, 
L 

%-- 

T h e  resonance  carve h a s  been i n v e s t i g a t e d  and 

t h e  s t a b i l i t y  of the s t a t i o n a r y  regime of 

o s c i l l a t i o n s  in the first a ~ p r o x i r a t i o n  h a s  been examined., 

Although the extended KBE method g i v e s  the iapress ioa  of 

keing complex ,  i t  can be readily a p p l i e d  b y  f o l l o w i n g  four  

simgle s t e p s :  

+ 
<1> expanding t h e  f u n c t i o n s  P (e,x)- i n  Fourier series (2.8)  a n d  

? 

solving the i n t e g r a l s  (2 .9)  ; 

<2> solving t h e  differential e q u a t i o n s  ofr E u l e r l s  t y p e  ( 2 . 5 )  

u s i n g  t h e  s u b s t i t u t i o n  



ib- is - 

-k+ia=fe and B+ibc=De 

:' f or  a s s a m i i g  a polynomial s o l u t i o n  i n  terms of a and b, 

and w r i t t e n  i n  e x p u e n t i a l  f o r a  harmonic terms. 

<3> d e t e r a i n i n g  t h e  a ~ p l i t u d e  a,b and t h e  phase 3. by solving t h e  

e q u a t i o n s  12-31 with separable variables.  

-. 

<4> s o l v i n g  n t i a e r i c a l l p  the t r u n c a t e d  system (2.3)- - 
The  e x t e n d e d  KB8 method  e s s e n t i a l l y  replaces the task o f  s o l v i n g  

the nonlinear e q u a t i o n  (2-1) by t be much s i m p l e r  task of soloing 4 
- - 2 T 

the e q u a t i o n s  (2 - 3 ) -  o r  i n v e s t i g a t i n g  the nonstat ionary  
- 

regime of o s c i l l a t i o n s .  3 

If  one w h i s h e s  t o  use a computer,  then it is less c o s t l y  and 
17 

More a c c u r a t e  n o t  t o  s o l v e  an e q u a t i o n  directly (2. l),bn afier f 7 

c o m ~ l e t i n g  s t e p  1, to s o l v e  equations (2 .3)  f o r  a ,  b, and 
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