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~ __...The vell kamows and um.xglﬂ-mbnuw# _

uitropolékii (XBA) method im noalimear sechanics is
briefly revieléd for second and third order weakly

nomlimear differeatial equatioas.

The main costributioa of this thesis is the development of
attchtqvehxsmt“crtiem axyrptuti’c l"&t‘ﬁ"‘”fﬁt‘ e
investigations of Ieakly aonlinear mechanical.systess with

strong damping sodeled by 3-dimemsional time depeadent

differential systeas.

The motivatioa for this study is based oa the fact that
there are many oscillatiag processgs in physics, sechanics aad
e:gineérinq‘:;ose conside:ation requires the involveent of stroag

. damping effects.

an elastic systea with interaal friction amd relaxatioa amder
the action of a”hitibiié’fbféé{’fhé'té§6iiiEémEifﬁiwfﬁgﬁiiféiia”;”W””””
and the stability of the stationary regime of oscillations is

b

~ examinmed. .

\
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- : !atiauS'qstillaiiig probless encountered atftié"ptéédif ; T
time by physicists, eagiseers amd appliéd -athenitician;t give ;

f

|
o
g

I
"]
|

' difficulties due to the iavolvseat of a sigmificant (or stroang) -
dampiag fofce. Since the differential equations which madel '

physical an& lechax1cal syatans are asuallr notlineat and

“"qetetaily“cat'tot*be'soived“etactiy, we ‘must Tesort to T
approximate solutioas that furnish adeguate information about the
character of the oscillations. One of the widely used methods

|
/
for finding approxisate solutioms of nomlinear differential &\
eqnations is the po:th?atio- method of —
Krylov-Bogoliubov-Aitropolskii (KBN) [1,2] vhich ilyolves. f
asyuptotic expanmsion in powers of a s-nil paraseter. ‘ %
' .
|

The aim of this thesis is to extead the KBA asylptotic:

_ . ‘ : ;

dependgyt secharical systes with stroag daspiag sodelled by a
3-~dimensional diff;thit’iir’iyxfél Te 'iﬁ an iﬂijiffiffdi}”'ﬁ’ o
application to an_ellkticrsystel with isternal frictioa and
telaxation'nndet the actiom of a hatloaic force is ladé.A

In chaptes 1, the KBA sethod for autonosous aqﬂ
nonastonosous seccad order differemtial equatioas is revieved. A

paper{ 3] by Lardeer aad Boijadziev 'hich extends the method used

by Gsinski (8] to a third order partial differeatial eguatioa

~ in the autonosous case is owtlined. Also sose basic results froa

the Bojadziev paper [ 5] comcerning the damped monlimear

'**533111{{10.3.oaeIIeﬁﬁyaj‘ailGlsiﬂilIdiffet‘::le systea are

4
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given.

In chapter 2 a 5—ﬁlensionaljeak1’ aomlinear nomautonomoms
oscillating mechamical system is studied im gemeral.
In chapter 3, an application is l;de to a sechanical

elastic systea with internal 'frictimll,tclaxatioa, apd ssall

external sinusoidal force. )
" In cha Pféf"f ’th’ﬁ””fﬁ%‘h’iﬁ’é’é ‘carve is investigated and the
stability of the statiosary regime of oscillations is examimed. ;]
’
~ ‘
) . . .
$
&
vil .




1. The Asymptotic Bethod of Krylev-Bogolisbov-Bitrosolskii

¥
!

ﬁ'“ﬁ‘f”l‘“bﬁ"tr soletions of II“‘ differential equation

Toa2x=8F (x,1) .

'Krylov asd Bogoliabow 11 iatroduced their method first for -

.%)

In [1,2] the solution of eguation (1.1) is sosght ia fora

1= acos+~ 2 E__l (a t’n

e k=1

N PR T PP

, . . ’

- where the fncti‘éur . »{I.qﬁ, k=1,2,..« are 2T veriodic ifl ‘
.and the magaitudes a A:nl P are deternined by the

differeatial equations o T ]

.:2 En (a) . \I»\. Z gn (. (1.3 |

k=1 k=1 ‘ :

: : :

ror =0 the solutiom (1.2) of the eq. (V,1) turas into the i

ulttion xtaqos.&ﬂé.) of the generating egsation |

Mﬁm to i A :

htonﬁno the fusctioas
{(1.8)

| “o*o l‘ (.‘a | ‘.‘o l’1.2....
k -k k L
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in such a maamer that their sebstitutioa imto {1.2)

satisfies the differestial equatioa (1.1). 7
The rigorous grousds of this asy-ptotic method is givea by
Boqoliuhov asd mitroplskii [2] . '
‘!he faylor hv&lop-t of the right hand side cf the eq. A
(1. 1) 18 .

=

f}(x'.x)zir(acoaq-,ﬂs)lin )*E [u P* {acosq‘l.-m}sim}»

4

.“ cost*-an sj.-(ré 1)!' (acm\’;-udsil\‘a ]0... . {1.7)

E:-f-'“ 4

Ditferentiatilg (1.2) aad -aki.wd‘;-lse of eguatioms (1.3), ocae
obtaias x and x. These o:pusdm together with (1 2) can be
'substj.tntcd into equations (1.9) aad the ‘teras’ of egnal orders of

cospared. The zero otdct tm caicel ﬂenticall.y wkile the

teras of order. £ and §£2 give thg following equtimﬁ:

W% eu =P fa,frs200 singe2ads cosfy (1.B) -
3_-{:2 R o e 1 ‘# 1c°s'#' -9 S
2 Fu ' ' . : :
W2 su)=r u,cpozc.h sisfe2auB cosf, (1.9)
2 2 2 |

¢

where _ ‘ - -

P (a,{)=P (acosy, -avsind) | - (1.10)
0 ! ; ' : : A

r (a, = -aRsin
1(a -{n n‘r;(acos*, ‘P)ou cosq»-

aB s:uu{/ ?1)?.'.(3_608*-&!58114»0 .

b

27
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da B '

2
- {aB -A —1)cosyr (24 B #2 __1 a)sin

1 1da 4» 11 1da ?- , ,

- ?u >%u ' L - B
20A -2JB —1 . C

To solve -the eq. (1.8) , the. functions u (a,*) and

F_ (a, +§are developed 1nto Fourier series s

u (a,{)=v (a)+ Z (Y (a)cos ny+W (a)sin nf«}'], - (1.12)
1 0 n=1 n n T : '
F ¢ b fa)sin ag).  (1.13)
F (a,\)=g (a)+ [g (a)cos n a)sin n -
0 +4 0 n=1 n +* n 7 ' '

. P

vhere : : -

g (a)=1 { F (a'{')cos nthl'.
" 0

n ]0O

Pl (1.14) -
b (a)=1j ‘P apsinagdy.
o o |

R |
The coefficiemts VvV (a) and W (a) have to be found.
n n :

~

Substituting the functions (1.12) and (1.13) into the eq.

(1 8), one gets

Qﬁv (a) + :i_ o2 (1= a)z[v {a) cos n+*i (a)sin nQﬂ

T n=1
E

=g (a)+{g_(a)+2a8 Joos{e( b (a) 420 Jsinp
0 1 -1 1 1 T
’?Q

+ 2. [g (a)cos n‘kh (a)sin a-.fl] .
B e |




Bquating the coefficients of harmonics of the same order,

i.e. the coefficients of cos anand sin n¢n=1,2,..., gives

g {a)+2a B =0, h (a)+20h =0, V {a)=g (a)/)2
1 -1 1 0 0

1
) , (1. 15)
g {a) h (a)
v {a)= _ 8 =, W {a)= _mn__ = Bm=2,3,ce. -
n 7 “¢3(1-n2) n | w2 (1-n2) - .

Then, froithe equations -(1.12), (1.14), and (1.15),

one gets *

e oy o

~

In a similar manmner, one can’iind the solution of the

differential equation (1.9). oo

L8

The above method can be applied with some additiomal

considerations to the nonautopomous differemtial ednation

.

A e02x=6F Pt  x,1) , {1 16)

vhere the function ?(bt.x,x) is 27 periodic in bt and can

be represented as a trigonometric polynomial e



L e e ey

. N inyt . . ,, |
F(ptt‘ax’z Z e P (x,x) . (1.17)
, a=-§ n
Here the coefficients P, {x,X) are polmomials im x and x.
The differential equation (1.16) describes vibrations of a
mechanical system with one degree of freedom with umit mass and
free freguency J vhich is under the action of a small noanlimear

perturb force vith frequency J.

If one ?P?liQS,th? letyod of Kry;Qyiand ?ogoliubov, for
autonono&s ;econd or&;r diffeténtial equations, starting with
the.solution x=acos(¢t+h%),'one_will obtain terss coataining
coé(n>+kﬁ)t And sin(n>+k¢)t because of (1.17) where k and n are
integers.

Ifzét least one of these so called combimation freqnencies
DPHkLW ha;pea S to be close enough to the free frequemcy () of the
.syste-; one can expect thatrthe amplitude will grov as in ‘the
case of linear resonamce. Because of that, there are
nonresonance and resonance vibrations.

Let us consider the diffetentialreqnation {1.16) under the

«

" condition (1.17) but in the resomance case when

W o (p/q)> (1. 18)
_holds. Here4p4ggg4gfgLg;igLggg;4gg!Lgnggandgzglnxixgl14p:ing.

According to fhe Krylov and Bogoliubov [1], the solution of

equation {1.16)ui§750n§ht in the fora



R —

>z |
r=acosol+ ¢ a (a,08,0) : (1.19)
o k=1 x

vhere a and § are functions of t, ¥ =))t, ol= EBH." and
' q

the functionm u (a,P.,®X), k=1,2,3... are foperiodic in

X
and py Hf'.
q

" In the monresonance case, as va;s mentioned, there is mo
‘stationary £eia£ieﬁAhgtieeﬁfthefpmmattﬂ%dﬁukiﬂﬁaiatkf fe—
excitation and that‘ of the oscillatiom. In the resonance case,
on the contrary, the teras AK(a,kh, Bk(a,'ch depend not oaly oa
a, as previously, but also on+, hence the amplitude a and the

\
phase } are givem by the equations

vhere the function A (a,)), B (a,«h, k=1,2,... are 27
k k

periodic in (.

Por ¢ =0, from (1.5), we get

a=a =constant, +:bt- E)t o,
q 0

0

and {1.19) turns into the gemerating solatiomn x=acos()t+l),).
: -y P ,
The difference'-)-il)generally is approximately zero in the
: o
neighborhood of the resonance, but it is possible to be not so



- small. Such a poiat of view gives us ‘the possibility\for

investigatién of the resomance zome starting froam the °
nponresonance zone and approaching the resomance zone. lé \ 14
previously, differentiating (1.19) and -a‘kinq use of eqnaii\éls |
{1.20), one obtai;s x and ¥ . The Taylor developsent of the‘\

right-hand side of the equation (1.16) is . \

¢P (8, x,.x) a¢P{ P, acos (p g +$) ,~audsin (gonh Fe2... . (1.2
q q .

- ‘\\
‘\

&ﬁtef~sﬂhstitatiaqjt#eiet?tessipas:ei;i:aaéiiéigta:14;¢sf:aaaf”mymggfQg
equating the coefficieant of f(assume we omnly meed to find the

first approximationm), one gets

> A1 "0,
o8 0290_3__ w2 —— s F

[ ROy HRHHY) 2
q q

oA

=F (3.9.290%—[@-2%—-2&:@ ]cos(geuh {1.22)
o q q9 oY 1 q

*((0-29)aiﬁ}*2@l ]sin(29#+) Y .
@ >y 1w

where

B (a.Q,EMP[Q.MMLQM_]_.—(lLLD—L
0 3 q q -

One seeks the solutiom of {1.22) in the form of a Pourier

series
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) i[meek(pgtP ]
K ’

a (a,b.po*Y)= u  (a)e _ (1.29)
—1 q a k ak
)
vhere the coefficients a (a) have to be fouad.
P

The development of the function (1.23) in a sum of the same type

is
‘ - (0) .uﬁ&ugm~j ,
P (a,6,p0¢P= 2 ¢ (a)e q Y ’ (1.25)
0 q n k . nk . : N
H
where . -
{(0) 1 [mm(2m -i[abek (P04 ]
F =—J J P {a.a.faﬂhe q ded(po+y) -
n,k 42/0 /0 0 q |

2 ’
(1.26)

Putting (1.28) and (1.25) imto (1.22), ome obtaims v

e B &) ) ﬂwii ) OFY)
Zk (2 (avkY 2 Ju , e K P
n . n

=

(0) i(nGek (p § +) oA .
=z ) 4 (a)e q § ? ]-[ (GS-EJ) _!-23133 )] (1.27)
nk n,k ' q )cf 1 )

) ) oB
cos (26+) +[ (N-pY)a _1+204 Jsin (po+) .
g 7 o 1 q '

' | i[nb+k (o+ ¢ ]

"~ ""Comparing the coefficiemnts of ¢ 2 q = for which




e 1| R
(- (a)*k 2ju  (a)=F  (a)
2,k

nk
or )
. .
(n 1
a {a)=
‘n,k a92[0 2- (n ¢k 2] :
{2 -i[nl+k (20*?)]
J F (a.s.eaﬂf)e asd(ps+p -
0 O‘ q
' = (1.28L/~//f’:,

Instead of the condition u) (n)+kQ) #0 or (k,t)ufnbro

ve can take the nonfulfilleent of the comdition

p (k-ﬂ)#nq‘-o . ‘ (1.29)

it

Therefore, the formula (1.28) gives us all coefficients of the

sum (1. 2#) vith subscripts which do not fnlfill the condition -
m

(1.29) Ve set the remaining coeffic1euts L (al with subscripts

T 'vhch"sanfr'TW*tvfrmo,—r;é.

, : 3
’ @) 110 om e o S
u (a0, for (k¥1)W+nry=0 . (1.30)
n,k

This seans that there be no first harsmomics ia the famctioa

o (a,e,290+) of the argumeat 23#41. Really for (1.30), we
1 q q

B+ (pp+¢) = (a+kp) b +k{=s porky

=t (pIFY k= 2 (RO ¢ (kTNY .
A E P g




Then a  {a} are coefficients of , i
n'k R - - ]
> ifnbek (Rt ] v, iy
e q =[ cos (Rg+{) tisin (pg+ ) Je i

q ’ 'q N 1S
*i(po*y 1i(k¥TN)Y .
=e q? .he o :f - ' . (1.37) ¢

Taking into account (1.31), ve find from (1.22) .

-, ok ' oB '
[ ©-p)) _1-2ad8_Xos(ps+¢) - (W-p ha _1+208 Jsin (po+h
- 9 ¢ 1 q q 3y 1 q
(0) +i(pd i(k+1 ‘ :
= Z P (a)e. ¢ “‘Pp ' ,‘.P . - (1.32)

ngep(k 1) =0 nk

L]

One can determire A and B A in the following mammer:

{i) neqlecig in (1.32) the teras with the factor W- {1) because ia

the resonance case this differemce is ssall emough;

[

{ii) express cos( tD*\b and sin( -Qﬂh, by the xu,le,:,"is _formulas o

) | b f(%,w) -i(%ow)'
and compare the coefficieats of e or e H

(iii) into the equality ia cosplex fora olitai.ned. compare
cortespondiagly_ the real amd the imagimary parcts.

Yery oftem in the applications, it is more coavemient for omse to

. work directly or to use (1.28).

In Fecent years the KBA method has been used by Bojadziev

and Lardmer [6-8] and Osinski [8 & 12] to find the moafrequent

- solution$ of hyperbolic partial differential equatioas with

ssall monlinearities. Nov we review some results by Lardaer and

N

10
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N

Bojadziev [3] with regard to partial differential equatioms .

- where subscripts of x amd t are used to denote the correspording

"this function, k .,k aad k ,are any real comstasts, amd ¢ is a - 4

involving third order tise derivat ves.

Consider the partial differential equations.

u +ka -k u

+tt Yttt 2 :xt-k;ux

4

=£?(X,ll,'u‘,ﬂt,..--2) ’ (1.33) ";‘

[ — — e — R

partial -derivatives-and the dots in the fubnction P on the right - - .

haid side indicate that higher derivatives of u may occur in

‘nonlinear right haamd side of (1.36) may be treated as a

_separable solutions of the fora

positive parameter assumed to be sufficiently small so that th'e,

perturbation.

The gemeratiang equatiom obtainéd by setting E=0 ia (1.33) has .

) A -2t | ' :
9 (x.t)=[g. e +he cos (Wt ) ]+(!) - (1.3w8) .

vhere g.,h,,and r; are arbitrary coastants, c‘:g(x) satisfies

L

the differential equation

-

#{(xny;#mo . o (1.3

AT

i s Sh oAb o 2 i i

p

and {"-I ,-'Z;*ﬂ-};] are the three roots of the characteristic ,

cubiC equation

m



o p30k'p2}}ﬁk&p+/gk,=0. a 1 . (1.36)

-

generatihgﬂeQnation,wne“nonld;seekdtheAsolntion,inwthem TR

¥

The coefficieats of (1.36) satisfy the followiag idemtities,
k, =7;+22(- . )‘:kg"‘\f;a’ LS;?+27‘. 2 ik, = I‘(Z..zu);zy . (1.37)

In order to solve an imitial value ?roble- for the

form of a sum of separable solutions:

) T6 Yt

/ 4., are prescribed at t=0, amd the orthogomality condition

" such a solution can meet the initial condtioms that 4,0,

{(x) . (i.as)

]

u (x,t)’=2'—('g“ e Oh;e— cos(d;tﬂ:')]ﬁ

By virtue of the cospletemess of the:set of eig®nfunctions,

b

(é; is the Kronecker delta )
ij .

enables simple expressioms to be extracted for the three sets of
coefficients {9, b, ,r. )
~ Consider tie noalisear equation (1.33), aand sappose

initially that ve wish to fimd the <single mode> solutioa a

(x,t}) correspoading to the ith mode (1.38) of the gemerating

equation. R

Ve would seet\ugn the form

12
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o, (x,t)=(a, +b, cos g )(x) +gu (x,a,,b,, P)+g2eee,  (1.39)
vhere a},b;,and\k.,‘are functions of t{sa‘tisfying the ;'
differential equatioas
a=-fa seaqanbyeere., e

b =-Z:b;+§B, (a,,b;) +€2..., \ (1.80)
‘P;z L):’EC: (a;.b;) '22- soe . - i
Bere dots denote derivatives with respect to t. Allowing ;
- . ;
€—0 in (1.39) and (1.40), ve see that the solautiom u; :

' ¢ , .
. degenerates into 'u;‘, as required. In the case of a gemeral
?‘ o -
} imitial value problem, we must seek the solutioa as a sus of
S :
‘\\ modes of the form (1.39) in the same way as im equation (1.38) 1
for the generating equatiom. It is also more coavenieat [8] if
ve change variables fros a ,b toxX,, P(defiued in the fora :
» 7 ‘\:g.‘

A -2pe R A S
a =e +b . =e .Then the solution is sought in the fora

,f’.

!
%
/ 5
i
£
i



&‘,“1’,{?‘.’22;3. ' r3 p‘z1fm“’ez...', ;7 . . ., - -

P=Lrer, ser... . (1.82)

In order to take fully into account the imteraction between
the differeat sodes, the gquamtities P ,Q and R occurring
‘in these differeatial equatjoss sust be allowed to depend

=

on‘all the‘ vatiableé [O&,P‘L}.

Hov a survey of a paper by Boj&dziev [5] conéerninq the three

~ dimensional autonomous differemtial [1]:

13

X=AX+$f (x) , X=dX/zdt | (1.43)

is presented.

Rere £ is a small positive paraseter ,x-—'(x',x‘_,x?) is a
vector, f(x)a(f' (x) .fl(xj ,IE3 (x)) is a real vector function
in a domain 6 with sufficient number of derivatives inmn G,

and £(0)=0. It is assumed that the real 3!3 cosstant

matrix A= (ajk’ has oné real-non-positive eige_nva].ne

T Fd
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£ .

s real part -%(7>0).
The strong limear dampimg force in the systea is represented
=S o : ‘ -
- by the real parts of the eigenmvalues -Tand -2

< The asynpiot»ic soiutioa of (1.43) is sought in the fors

x(t,§)= :{afh[cfm “esaia.bp i, N fmwy .

-

where the unknovn vector fnnctibn; u=(u‘,u,_,n3) is 2™

‘periodic in{. The ‘scalar vatiablaé\?, b and qT?are

fanctions of t satisfying the differemtial eguatioms
b
=’Ta”£A (a,b’ ’Eo. ey

1;=4Z£’,211(a}.b) tfeany - | (1.85)

'*-.&&(a"b)4£:‘-.o. : ) -
(g
‘Por ¢£=0, the solution (1.44) te&nces to the solution °
of the linear system of (1.83) with eigemvectors -

=144, 4

and q) (4; 4> 4>) cotrespomhng to the e1geavalues

-‘ and—Zﬁﬁfﬁbjﬁ' q;, is the conjugate otcP The unknova

{(1.85) are to Be determined fros the coadition that

- expression {1.48) satisfies (1.43) to each order of §.

-15



alplitndeé, a and b, in order to take fully inato account N S

their mutuwal interaction. : \\ﬁ_f//j

" The first approximate KBA solution is obtained by

truncating (1.44) amd (1.45) afte;-the»first tvo terms.

- Therefore, u is not included into the first approximation.

HOieyer, i£ isfié¢eséét} ib,keep“it in the first improved
approximation. Differemtiating (1.44) and nsikq‘(t.uS), one gets

X. This'expression together with (1.Bn)fis‘suhsgituted into

- (1.83) and the terms of equal orders of are compared. The, zero

order terms cancel identically while the teris of order ¢ éive

the folloving vector egquation for u :

(%J) * -i (y+J)

iaan-ibéui’ QnﬂPA +n[<‘; + e . ] -
e e
=Autf(x ) 7 - (1.86)
{0) . \ : , .
) ¢ =X (t,O) ’ ) . .
vhere A
o ir 8
-2;10=fe +B(a,b) + ibC(a,b) = D(a,b)e . (1.87)

R
z

The solution of Eq. (1.87) is sought in Fourier series

o<

o o . iy B
u(a.b.+)== :E: U (a,b)e i ’
A=-y0 B .
(1.48)
. T
U =(o0 ,0 ,O .

16



0] N , ' o S
o = in |
f£(x )= 2_ F (a,b)e ¥ R (1. 89)

T M TIT T T Tt YT TITRIA L et Tew sl ELFLT e ot T e tE st

f2n (0) -inm
P= (¢ ,F ,P )=1J

¢
f(x )e dy .

n a1l a2 a3  2%j0 - R
Substituting expressiom (1.48) and (1.49) iifd"‘(‘l;_iii.) ‘gives
- @= 20 oU ing (p4d) x (g3 8)
\ﬂ - o
B z {(-{a__n- ﬁb_niinduu}e NPM»D[ ‘ot + d?e - ]
= —TT = :_” a a = a h ' ] -
in in ' .
=A z 0 e ‘++ 2 Fe + , . » ) (1. 50)
n=-? n’ n=-9° a -
-y

Comparing the coefficients of the terss e provides

differential equations for U.. In order to .calculate A, B,

and C, only the equations U = (D.",!in,u.g),and = (0, .

£

0, «Us3) are needed: T 3
‘13_0+2b__0+j0 = A-F y © (1.51)
oa 2b 0 0 .
U o0 o i§ ;3
‘)'a_nﬁb_J-ibu +AU0 ='+De e 4 . . (1.52) 3
T 9a 2b 1 1 . 1 ;
. : * 1
Is it is costumary in the KBA method, here is assumed
that the functiom u, does not cortain teras proportional
to exp(sif), that is U =0 . In additionm, it is

assined that 'tilﬂcigés ‘mot contaim a teras without the -

17 ]
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Ve
expooential factor, that is U, =0. Using these assnlptxons'

and the substitutions a = gxpo(and b =expﬁ .equations

{1.50) and Tﬁ.51) reduce to partial differential equationms

vith constant coefficients:

a -
T 0+y o»w -{a- , =o ,  (1.53)
ot

U id
?.__J!Z 1- 1dm +AD = De ~-F 0 =0 - (1.58)
P 1 1 1 11 .

+»1h-05 L rrs i TRl s

The vector equation (1.53) can be solved for U, ;Uo}, and A.

The vector equatlon (1.54) analogically gives U 0,; and D ;

n
hence according to (14— 8and C . The formulas fof‘l, B, and C
Tre not presented here since their practical significance is

\\

restricted. It is more convenient, for each specific problen,

equations (1.52) and (1.58) to be solved directly. Only the
particular solutions of the monhomogeneous equations (1.53) and

{1.54) are to be considered. Note that A,B, and C take part im .

equation (1.45) whose solutioms give the amplitudes a and b and

.
inte DA b O BYREL R A 1w “r» NI Bl i A ot b ke

TS

the phasetf, and involve three comstants of imtegration, say a ,

A

b, , andx%e. The imitial conditiom X(t,) = (x,(t,), X (t ), x,(t,
})) for {1.43) generate the equatioas for obtaiming a ,b ,and

, Lgygsmyge initial valuge ﬁroblel for (1.43) can be solved.

Addition constants of integratiom are selected to be zero. 1In

gemeral, equatiom (1.45) are to be integrated numerically. i

18
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2. Asymptotic Solutioas of Time Dependeat Systcfk

In chapter 1, we haie introduced Bojadziev's results [ 5]
with regard to a 3-dimensional weakly nonlinear autonomous .
oscillating mechanical systea characterizgd by strong damping. '
The ain of this thesis is to extend the results of [:57} to a tile

dependentwsystel of the type

§=nx+€f(a,x), §=dx/dt, 6=>t O ”7(2.1')

where is a small positive paraseter, I)is the frequency
. . w 2) (3)
of the external acting force, X=(x , x , -X ) is a

ta) ‘

a) t3) - T '
vector, F(6,x)=(F (6,x),F (8,x),F ‘(9,9;) is a real

vector function 27 periodic in O with sufficient number of

derivatives vith respect to allrthe arguments in a domain G, and
F{0,0)=0. The 3x3 rea‘l constant matrix A= (a\-)K)ras in {(1.43) is
assumed to have one nonpositive eigemvalue -T (720) and tvo *
complex eigenvalues —23it} vith a4 nonpdsitive- real part -¢ (220).
The quantities -‘f and -2 represent the strong daaping force in
the system (2.1). The function P(f,x) is a finite sum of the

A

fotliexp (;‘.ne) Fﬂ(x) ., Wwhere F“(x) are polynosmials in x.

We seek the asymptotic solution of (2.1) in vector foras
| ) -

% i :
X (t,¢)=fasb{de wpe  1+fa(a,b,0,%) +gZeu., (2.2)

’

19



‘ (h (2 (T .

in § anddd= (p/g)ﬁ?ﬂ{«, p.and g are integers.
The scalar _variables a, b,-land ‘are functioms of t to be

determined by the differential equations

‘a=-'fa+£l (a,b,¥) ¢g2+...,
b=-1b+ ¢B (a,b,§) +¢2+..., , (2.3)

:1="5- (p/aWsEC (a, b, t2e... .

Actually, {2.3) are extension of formulas (1.20) and (1.45). -
Por $=0, expression {2.2) with {2.3) gives the solutiom of the
linear system of {2.1)

-Tt -2‘ 1(<5t+‘P) * i b)tw{/,)

x(t,0)= ae +b&e[+/ *pe )

3) T
vhere a , .’ andg{) are coamstants, 'P (-P . ) .

CP (43(1) (2) 4;3) T' and q;:( ‘“)-CI;(Z)&J’;Q)')T are

eigenvectors corresponding respectively to the eigeavalues

-? -2*105 and -i 1(5 C# is the coajugate value A

of ct, -

Polloung chapter 1, formula (1.18), ve defime the ‘state of

external resonance in the meighborhood of the matural frequency

L) with the fulfillmeat of the equality



vhere p and q are l‘utually ptiie integers. If p=q=1, the
resonance is called majs resosamsce (or prisjcipsl resesasce).
If 0(E)=0, ve have éxact resonance. Practically, resonance is
fossible only for few va&les of p armd g since the f.nnctio‘n F(B
»X) in (2.1) has a finite mumsber of terss. If the d'ifféi:e'n;;:e' :
- (p/9q) D in equaticn_(2.%) is not small, ve have the nonrésonance
case. Lsh)-(p/q)) gets smaller and sSmaller, we have the
possibility to stmry the phase l#izr the passing from
nonresonaice case tc resonaace case.

The functions A, B, apd C are assumed to depend om both
asplitudes, a and b, in order to take fully into consideration
their mutual interaction. They also depend om the phase ‘.F to

allov consideration in the resonance, case.

R NR VI

|
T

R A R

b i

Using and extemding the KBE techinque, we vwill find the
unkmovn functicns u, 4, B, and C involved in (2.2) amd (2.3).

Pirst from (2.2) with (2.3), we calculate X:

* - i

I=<?daOdh(4>eTOq:e-i Pb{(’;e CP e ]g_i(

Puda+ db+ Judb +30d]+.2. . .
aaﬁ ahcrt 30dt 2dd t 12

o A i pE R o b

FI 2R

Bond ad

* -jol i

RIS TR PR

#LPMQLMQE *pe  Ibide +

' @2.5)
* - jof
$ e 10+£C+.-]*ﬂa_qt-‘fvih-.)wu(—ﬁbo&‘no--)
: 2a >b

21
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4»92)0 2 (WKCCr..) Jrg2...
o SR

ifdeN At -i[+7) 1(:(*1‘)
- -chufb[q)e de 1+ f(‘f‘”’(?‘
* =4 (odef)- |
c? e 1- {a)n-kbéu*) autoan} 2,
ob o6 ot
vhere N
id
-2+iﬂ=re

il(a b qq

B(a,b,§) +ibC (a,b, @—D(a,b,ur)e

\ Snbst1tnt1nq (2.2) and (2 5) into (2 1), we get

1(0(01:) 7* 1H+r)

fosocge

-Taﬂ-zbisﬂ)em siou Jegzeo..
Ja b 28 oo

-l[:?aﬂ:{(#e c’>e }#iu(a b,B,uQ’...}*ZP(Q x) .

Comparing the terls of same order ¢ gives a vector equation
for u:
-Taf_u-jbu\_uaa_u*wQ*#*D[cPe ‘ ﬂ‘P e ]
9a b 36 5a ‘ '
{2.7)

-uw(e,x ) and,

x =x (t,0) Lﬁaﬂ:[c‘)e *c*:*e-p( Je

Further, ve expand the fumction P(B,x_) ~in .a double

Pourier sum

22
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B ,WHMJLZL Ml (n ’H) {2.8)

where

(h (2 (3 7 * - ~
* P =(F  LF L ) , P =P . ,and .
nk nk -nk nk -n,-k nk .
| ‘ (2.9)
1 2m (2m . =i (nG+kol)
F [(a,b)= — J P(f,x )e déd o
nk . ag2 0 Jo 0

are polynosials in a and b, and s is the set {n,k}.
Then ve seek the solutiom of (2.7) in the fora of a double

Pourier sus

u(a,b,0,8)=2 U (a,b)e , (2.10)
"~ s ak . * B

- (v (2) 3) *
vhere 0 =(0 «U e . ) and © =0 -
nk nk nk nk -n,~-k nk

Substitution (2.8) and (2.10) imto (2.7) gives

ar_.nk—Zb__.uk-[ A-i (@) k) ju je

2a ob nk

T g, Lweer -

{(2.11)

=

iJ it * -if -id i(nGekey

-_?A-D[*e e +cPe e . ]’Z

vhere I 'is the 3:3 ideniity matrix. . , -
To facilitate our study, we express the resonance coaditiom

(2.8) into the equivalent form n)0k5=3C¥0(£), vhere n and k are

integers. The pairs p, q, and n, k are connected with the

relationship qn+p(k31)=0. The set of integers s={m,k} vhich

appears in (2.8), (2.10), ard (2.11) can be presented as a sum,
of the tvo sets S'={(n,k) ngf(k+1)p10) and S -{(n,k) nq+fk

1) p=0}.

23



,,,,, L = _ L}

The comparisom of the coefficients of the corresponding

expomential teras éxp[i.(m)*kt)] in (2.11) for (m,k)Es, gives the

'pattiai differential equations for the wvectors U

A
20 20 v
-za-—uk-ib——nk-[A-i(n)*kQ)I]U =F , na,ky#0 T (2.12)
3a 2b Bk nk
and - .
30 o0 .
- a_;oo-Zb;—oo—u*’=s1h+r ) o ”1*”’”'”“(2:131 STt oo
Ja - ab - 00 00 - - T o ) B

Making use of the eguality ' ‘ L

- A by ifa okt per P )i (nrkp )0k g
e =e q =e q

ifs( po+PTYexy]
q .

i +po*ky]
=e q =e

a0 pe*ps (iG] i i (KT
= . q =e e

(n' UGS ] he

~

‘the comparison of the coefficieats of exp (¢i0) in (2.17) gives

tvo equations combined as follow

-

30 20 ixIY
:E;;{-Ta nk-9b ak-[AFIiOI JU }e ‘ Y
s 2a 3b ak (2.14)
2
. s 218 S (kT + £
= - 4~z P e =, = =

- ' +
vhere S is the set S, vith the upper sign, and 5, with the
" lower sign. Héiéiéi;'if”i§"éi§ﬁ§ﬁ’fﬁ”é&ﬁﬁidéf’fﬁé”éﬁﬁitiﬁi”"”
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(2,. 14) for the upper siga since tie/&thet equation gives the
conjugate values of the nnkaon. .
Equations (2. 13) and (2. 1‘3) besides U,, and U, ., , (n, k)es .
- also involve the scalar fn/nctxons A and D; hence, ve have more
_; variables thaa equat.lo:s. The detetlination of these functioas
requires, as it is cpstonry in the KBN method, the ilpositions

of certain addlt.lo,naI. conditions on the functioas U, and U, "," T

PR

,.\__' or on u, according to (2.10). Here ve assume:
¥ : ‘
;
(N i . ]
- g =y T s - & B
00 # - ‘
(v 3

vhich indicates that the scalar famction u does mnot

contain a term without an exponeamtial factor; amd

th (-
g =0, [n,k)&s , ay0, k#sl; O =0 =0, [2. 16)
nk 2 ) 01 0,-1 ’

vhich shows that u coatailis no teras exp(;/iao exp[i(k%d)sy], ny0,

k#+1, and in additio;, n"' ~ contains no such teras evem for a=0, . i

“¥e note that only the patticnlar solutionms U“K of egquatioas

Lty 3 it ) bk etk

{2.12), (2.13) and (2.18) are to be considered. The fnnctions A,

B, and C take part in eqnations {2.3) vhose solutioms will give

the asplitude a and b and the phase &{J, and will involve three

constants of imtegratiom. The initial conditiom X(t,) for (2.1)

B P S LW TP YW PRI T T T 1

generates the egmations for obtaining these three coastaats .

which solve the initial vlaue problem for (2.1). Additiom

b shasas e

constants of iategration are Ei?iéféiid”iafﬁé Zero.
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1.

Since P,K(a,b) are polynomials in a and b, ve can seek the
solution U_ (a,b) of f2.12) in a polynonmial fors. the vector

equation (2.13) is equivalenmt to three scalar equations

b b oot | b o bbb N e AR 4 b

. .} [8}} . : : o
involving U,0 ¢+U.6 and A {according to (2.15), U,:=0). !hq
, .
vector equation (2.18) with the assnlptian (2. 10) gives scalar
¢ ) (4] - )
equations for U:: . U.} » and D. The process of solving these
partial differential equations is shown im the mext chapter = J
-which deals with a specific mechanical systes. ;
| 1
— R —_—————— —— e ———= = e — — > Bk
- 3
. |
. - - ;
_ [, _ I [ _ I ,,,;’?
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3.2 qachanicilitil. Dependeat Systes with Iatermal Prictioa asd -

Belaxatioa

Consider an oscillatimg veakly nonlinear‘necﬁanical elastic

systen-vith‘intetnal frictionm, relaxation, and slall external

sinusoidal force wvhose sotion is modelled by the following scalar

equatioas A | ' | (

ian . ﬁi%f N

.. . (3.1)
otcogdxtexsgsxd , F&1 .

Bere, x is the deforlation, O\ is the stress, m is the mass of

the systel, and c, 4, e, and s are poéitiVe coastants. The terns

vith coefficxents d and s represent respectively the limear and

nonlinea: elasticity, the term with boefficiant‘e,correspondsﬂtow
the linear viscous damping, and the term with coefficient c
reflects the llnear relaxation.

The influence of relaxation om the oscillating systei,

especially im plastic saterials, sometimes may be 51gn1f1cant.

Osinski [8] has studied the systel (3.1) by ttansfo;lxng it to a

'is no couplimg of the,alpfitudes a and b, i.e., A depends on a

alone. He has also comsidered the particular case of two parely

27 .
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2

imaginary “eiqen'values of the characteristic polymomial and f

applied a perturbatios procedure. ’ }

n ’ . q) . T

Using the nev variables x=xm . x=x'w s and O\=X » transforas

(3.1) to

14 . . - 7 Y “

¢ =x ;

2y -1 3y -1 : S

X =~z X +a Esia$ 3.2y I

< (3) -1 (1) -1 {2) -1 {3) -1 (1) :

b =dc_ ‘x tec x -c X + sc (x )3 o 3

E

vith matrix vhf;éh is a 'particuilarr case of (2.71)77 " 7777777?

0 1 0

A= 0 0 -n ‘ " (3.3) ;

-1 - -1 -

dc ec -c i

!

- and nomlimear part ’ ' . E

() 3 T -1 T -1

F (6!1) ={0,0,h(x ) ) +#{0,a ZEsinf,0) , h=sc (3.%) j;i

) £

~We will consider the main resonamce case p==q=1r. i

Of course the assauaptiom made in chapter 2 with regard to the

eigenvalues of A holds fors {(3-2) . This assamption yields for a
system characterized with dissipation of energy.

“The characteristic polymomial of (3.2) is g ' ' t

3 =12 -1 -1

plAy=det{a=-AT}=A+c A te(mc) Asd(ac) . - <

28
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-

~{3.8), x, is givea in (2.7), imstead of using (2.8) aad

g TS -

- The equation p{A)=0 has at least one real negative root A}z-?'u
(T)Q) since its éogfticients are positiwe (c, d, e,»and R are .
positive). If (e/c)>d, then the othervtuo roots are hegative or
have a negatLVe real part. The condition for oscillatory
-solution, i.e. ,p(A)=0 has a pair of co-plex roots Az,-- +1A)

-

(é)D) is more complicated:

¥e choose the folloulng exgenvectdrsrof the matrix (3 3)7 W
= 01.-7,- ‘?) 4>=(_. (i-m). -.&-mm : - 3.6

, We find the Pourier expamsion of P(Q,x,) directly fros

(2.9). And froa (3.4), obe.gets F (O,x )=0,
- 1 0

-1 i6 -i@ - ' - X -i
P (Q,x )=-in E(e -e ),and P (f,x )=h{a3+3a2b(e +e )
2 o0 2 3 0 2 -

T2 -2ict ' 3it ik —jot =3jol
+3a{k)2 (e +2¢e )+ (b) 3 (e +3e +3e te ) ).
2 o2

In vector form, vwe have

P XA RURYAS o

Y A 2\ [ o\
— \ | / -1 \ i6 -i@ ‘,////"\\\
P(6,x )= 0 -i/2|mn E| (e -e )7 ‘ .
0 ,
ha (a2+3Db2) 0
2 ,

29



0
* 0 i =i (] 2id -2iX
(e +e )+ (e te ) +
3hb (aZ+)h2) | 3hab2 o
2 a3 48
0
= 0 3ig -3ix
(e te ) . B (3.7)
hb3 : : : ‘
8

The value A can be determined from (2.13) which with (2.15) and

(3. 5) in’ scalar forl ‘reduces to

(2 | o @) B 2) 1 (3)‘}'
(2) o U -
A¥0 , -Ja_00-2b_00 +» 0 =Ta,
.00 - oa 2b: 00
(3. 8)
(3) - (3)
U U -1 (2) -1 3)
ﬁ 00 -3b_00 -ec U +c U =myzA+ha(a2+3b2).
9a_ b 00 .00 2 o

)

 Eliminating-A from (3.8) gives two partial differential

: (2) - {3)
equations for U and O
' 00 00
~(2) (2) |
4 o0 T -1 (3) {(2)
-Ta_oo -Yb 00 +u ‘{u =0
2a i ob 00 00
(3.9)
(3) (3)
. oU U -1 (2) -1 {3} (2)
—Ya_oo ~Zb._00 -ec U +c O -l‘ru
oa 9b 00 00 00

=ha (a2+3b2) .
' 2
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Q
h

(2) _ o : i
.0 =k a3+k ab2=a, 0 =1 a3+l abz . "(3.10)
o0 1 2 o0 1 2

Substitating it into {3.9), ve obtain

-1 3 -1 2
(-uzk ' 1 )a +(-2Tk -2k +m 1 )ab =0
1 1 2 2 2
and 7 o
' 2 3 -1 2 2
k —l\g k )a +‘(-\fl —221 -ec k -m k )ab
1 1 2 2 2 2

o,
(—3711-1c

33 2

T T sha¥ = hab e T
_ 2 .

Comparing the coefficients of a3 and ab2 amd solving

the algebrajc equations obtained, gives

-1 2 -1 -1
k =h[ & -13a% -
'1[.CT.7&]Y’
a2
- kK = 3 h{2-(T+£)(c -T>22)-ec R O (3.11)
' 2 2

L

.11=!u\{k1 and 1 %m7+bk e

In order to calcqlate D and'g, hence B and C, ve cbserve that

equation (2.14) with the upper sign and with (2.16), (3.6), and

exp(if) =exp (i -V )=exp(i)exp(-iP) in (3.7) takes the fors '

£



[ () (L))
e
— bk { — Dbk it G A 1 0
Ja ab \
1@ L (2)
aU [ 30 -1
> -Ta ok |-l x| -] 0 -ikd 0 -wm
- aJa 2b
> ) 3) (3)
o0 a0 -1 -1 -1
\ nk nk l dc ec -c =i
S4a b
(1)
0 1
nk
12y i (k-1 i§
0 e =-1 (2-i0) De
nk 2 ,
(3) 2 2
0 -n(f -W +infd)
ok : - N e
[0 N / 0 \
i -1 i \14/ 1); L
-~ 1ilae 2! e + 0
= 2

hb(a2¢b2) | .
4

W

t

|

f
0 (

Here the set s ={(n,k)| a+ (k-1)=0}={(1,0),(0,1)}.
2 | L

According tg the assasption (2.16), we reguire that

(3.12)

\
1) ,
J =0 and 6&\ =0. Them equations {3.12) in scalar form are

10 217

32



2) i§
U =1De '
01 2
(2) (2) A
30 i (2) -1 (3) ‘ is
-Ia _ 01 =-%b_01 +id +m U -1 ((-id)De-
sa sb 0t 01 2
-1 -iq"
=~i mn Ee .
2
(3 (3) S
20 20 -1 {2) -1 (3)
-73_01 -%b__01 -ec ®© + {C +il§)0 -
oa 2b 01 01
i .
B (5+i0) 2De =3 hb(a2+b?) . ’
"2 2 8
e s
Eliminating in Egs. {3.13) the term De gives two
(2) (3
partial differential equations for O and U
01 01
(2) (2) B
20 20 (2) -1 {3)
-\fa_ov -4b_ 01 +(§iu§-_1_5_)u +a U
Ja ob 2 2 01 01
-1 iy \
=-i mn Ee : -
2 -

33
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(3) {3) ' . e ——

U 1] -1 (2) -1 (3)
“Fa 01 -%b 01 -fec +n(Ze1d)ZW s(c +idyu

" aa ob -2 : o1 c1

=3 hb(a2+h2)
2 )

(2) i$ -i¢

Assusing solutions of the . form U =1 De =Rh(p a2+p p2)+ ke -
: 01 2 2 1 2 1

(3) -1¢

(1] =b (q a2+q b2)+}lr e .
01 1 2 2

and substituting them iato (3.1#), ve have

-1 ‘
T 199 +3p i0-1p i*l q )azb*(-ib +3ivp -
1

181 a1 1 2 246 2
-1 -1 -1 =iy
1&9 2 q )b”‘iiéfl‘lﬁ/A*l 01- Ele =0 »
1
.  (3.15)
-1 -1 .
r- 2‘{ -éq “lec p -lmp (241 2+c q +10q -3h la2b+
‘ 18 1 Cr 12
-1- ~1
{ "3511 -lec »p Slln—réﬂmrrz}Q,,wq_tilx,:MJQ, R
22 28 2 2 28 _
_1 - -
[-ec p -p(i+inz oc/lum/u
12 2
-1y

Coaparing the coefficieats of a2b,and b3, and, solvinag e »

ve obtain

-1 | 2 -1 =3
P =-3nf 20 (27-c +Z-1 ("fd-iﬁ) 0 Z-1)) sec 1 .
, |

-1 ‘ 7 2 o ;17 N -
P =-3 Ml 2m(2%-c +%-iO0) 2F-1W) +m (L1 cec 1 .
B

a =2u (T*f{-iu\a P



.
r ?fnlh‘éin.;v‘mﬂ.&» 1}‘5“;&

- - / 43, 16%****7'” =

R x,, I

q =2m(22-iyp ,
2 2
-1 -1 ' -1 -1
/u=iz (c +iW{(c +iY (Z~2i) -1[m(Z-i) 2%ec T .,
/1 2 ’ n . .

>

-1 -1 o
/u =i 2 [a(&-iL) 2+ec  J{(c +iW) (£~ 2id)
2 2m .

-1 m{Z=i0) Z*ec- 1 ]}-1 .
» N
Froa {2.6) and‘(3.15), one gets . -
2 2 o
sz(Pia +sz )*'COS\P*USM‘{J,
(3.17)
2 2 =1 . ) "
€=0 a +2 b +b gfes%wxﬂ\?f. e
where
p =P #iQ , P =P +iQ , u =veiv . (3. 18)
1 1 1 2 2 2 1 :

To solve eguation {2. 12), wvwe take into account that accor-ding to

(3.7 only F k=42, +3 are differeat from zero. This implies

sk’

that U__=0 for ny0, k#+2,+3. For U land U"3 , ¥e get tvo vector

~mK

equat idns:
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5

20 20
02 02
-7&— -7 — "(I'Zim)u ={0,0,3hab?)
L Ja ob 02 4
and
20 o0
03 03

f‘{a — -fZb — ~(A-3LM) D
sb

EY

In matrix foram, (3.19) is

03

={0,0,1hbs

8 y

. {n (n.
ag _\ a0 :
02 _pzﬁ [—21»3 1
sa . ob '
it (2)
=31 ) 20
-fa | _02 |-¥p| _02 |-| 0 -2iu
‘ PY: | b
(3) {3)
50 o0 -1 -1
02 02 j &dcec
>a, 3b .
0
= 0
3hab2 .
-1
{3.21) gives three eguatioas:
(n {1
0 S0 {1y (2)
-Ta_oz -Yb_902 +2id0 =0 ,
ya >b 02 02
(2) {2}
50 Su 2 =Ty
-7a___02 -9b_02 +2iw0  =-m O ,
Ja b 02 02

36
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ORI **

o0 (3) -1 () -1(2 -1(3)
-Ta__oz -¢b_02 +2i00 =dc U ¢ec U -c O  +3hab?
Ja ob 02 02 02 02 14
@ : |
The partial derivative of U vith respect to a and b are
02
S o (M) M M )
329 ;3{! o0
02 --‘{ 02 Ta _ 02 -5p7 02 «2id 02 ’
oa o az oab oA
. | (3. 23)
5P - (o )zm MiH e
i1
_02 =-Ta _02-7_02 -Fb__02 +2i__ .
b Sasb ob Sb2 b .

Substituting (3.23) imto (3.22), we obtain

(n . (D o "
o o vl
232 ;:__02 ozﬁaby 02 422132)! 02 + (y2a- uQTai)__(YT
7 Saz2 J>adb 2b2 oa
(1)(1 1 ’3 -
) -1 {3)
o(&z t-mﬁbx) 02 820 =-a U (3. 24)
02 02
.. (3) {3)
2T X -1 {3) -1 (1)
Tta_02 -ib_ﬂz + (¢ 021&0 =dc © +
3a b 02 02
{1) (M -1 (3) '
ec( i 02 & 02 *21\%7 )-c_ 0 +3hab? .
, Sb 02 2 & ,

¥e look for solutions of the form
(1) (3)

T =pab2, U =fabz . (3.25)
32 02
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‘Substituting (3.25) iato (3.24) and compariag the

coetficieats of ab2 gives’
_ a1
P(“Tﬁ*}"-'é‘{i-wﬁ- azen Z)+n '--oi' »
B B T -1 -1 '
p({dc -Tec -2ec _2021«5&: )-T(-\I-Z&%Zc +21() =-3h .
- ’-‘ N 7 1 7 7 7 7 - ‘
Then, by Cramer's rule, one obtaims

P=3h , T=3h{-s[fe2((-i) 12}

1 1
vhere

O =Y ‘-
B =a(§r2-i) rzcn[‘f*z&-nﬁ) j2ec (e F+2(F-i-a71.
1 . ’ .

Similarily, in matrix fora, (3.20) is

h

3 1 oo 1 o
an(, )\ gm( ) / . \ S
03 03 [-310 1 o \ o

>a A4 ob 03
et 29" A _— (2)
-}’a 03 | <5l o3 [ =40 -310 -a o
>4

2b |l o3

(3) 3) : ‘
o0 au -1 -1 -1 . (3)
_03 03 \dc ec ~c -31!-) 0
oa ob ‘ 03

- {3.26)

[° -
=[ 0 .

=

The scalar equations obtained fros (3.26) are
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vt it e i

- ’ ’ ’Tﬁ*z M M @
[ ( !
—Ta _03 -%b __03 +3ivw =0 ,
oa 2b 03 03
I y o1 i
U (2) -1 { :
-Ta_o3 -fb_03 +3iW0.  =-m O ,
oa ob 03 03
(3) (3)
b)) ou (3) -1 (1) -1 (2)
. --‘i’a__o3 -%b _03 #3idU0 =dc U +ec < U
sa . ob —— 03 083~ 03— 0I~8 ——
(2) : :
Taking partial derivatives of U with respect to a and b
03

and substituting them into (3.27), ve find

, (M (1) 3o )
an

‘3232 < 12 ,, Z\Tgah 03 02252 03 + (?la-GQTn.) 03

(1)
U o . =1 (3)
+ (Y2b-6Wybi) __ 03 -RRU  =-n
ob - 03
(3) (3 =
' ou o0 -1 (3) -1 (V) ) f
} Ta_pa “%b_03 +(c +3i0)u  =dc . :
Ja a3b 03
’ m (m
=1 Al 20 :

ec(-fa_03 -fb__03 +31«h )nhbs

oa ob 03 8

Assume solutions are of the fora

(M. (3 -
U~ =Ib¥ , T =Jp¥T .

03 03
39
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] o - ' =
coefficients of b3 gives ' zz . '_//
-1 ’ “ ' ’ o
I(922-902-18%uli) +n J=0 | S
- -
7 ]
-1 -1 -1 ) .
I(dc -3ec i +3ec Vi) -(c -3%+3iW)JI=-1h . 3
By Cramer's rule, one gets } E
I- b , " 3= b [-9m(s-idz], i
3R . 6R i
2 2 - e _ N |
vhere :
, : -1 -1 B ;
R =9m(¥-iW) 2[ 3 (Z-iY)-c J+c [3e(g-iWj-d]. -
2 i
From (3.22), (3.25), (3.27), and {3.29) , one gets the solutions . A
for U and U . -
02 03 ,
e gy - R {f
0 =3h -[Tozgk-i&) ] ab2 ;
02 &8 L i |
1o\-aYe2(z-iy 1 :
0 = -([sk-3) | b3 . ' | L
03 8B :
2 -9m (Z-iV) 2 . ,.

Finally, acccrmm 12.2) trumcated up to the order of ¢ am

M%Hﬂﬂﬂ%ﬁlﬂﬂ“ﬁi@fﬂﬁlﬂé—ﬁﬂhﬁ”—L
of (3.1) as follow:

e BLHS

80
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(1 i —iw (1) 20 () -2ix (1) 3ic

X __ =at+lb{e +e )+¢(0 e +0 e ~ +0O e ’

2 ' 02 0,-2 03 g

CLo) -3ix
+0 e ) )
0,-3
(2) : is{ -ist . (2) [2) i
X =—‘5’a-1b,[ (2-iQ)e +{ytiv)e J*+ (U +0 e + \
2 : © s 00 01

(2) -ix  (2) 2ix (2) -2ix (2) 3ix (2) -3ix

4} e +0 e +0 e +] e +0 e ) o«
0,1 . 02 0,-2 03 0,-3 ‘
(3) 2 2 it 2 =it {3) , ’
x =-a{ a-mb[ (2-i0) e +(Z+id) e )+ (U o+ (3.31)
2 _ 00 ,
{3) i (3) =i (3) 2 (I) =2it ({3) 3ix
0O e +0 e +0 e +0 e +0 e +
01 “0,-1 02 ‘ 0,-2 - 03
: ' Y 4
{(3) -3i«
- - {} """"" — & r e Ty T N T
0,3 \
2 3y : (2 3
vhere 0 and O are given by (3.10), O and O

00 00 01 01

; {1 (2) (3) (@) {(2)
are given by (3.15), © s U s U ¢ U e U s and
02 02 02 03 03

g are givea by (3.19). The amplitudes a and b and the
03 » . :

e 2 2
a=—Ta+£a(k a +tk b)) ,
1 2

41
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22

2

b= lbfi[b(P a +P b )+vcosqovsln*] . | (3. 32).
1 2

and

)

. 2 2 -1
4*;CL)+£[Q a #Q b +b (vcosyrvsing) ],
1 2 .
vhere X and k are givem by (3.11)iand P, P, Q, Q
1 2 B 1 2 1 2

v, and.v by (3.18) and (3.16). . ’ \

¢

In gemeral, the systew (3. 32} can be solved numerically by usimg -

coaputer. However, valuable 1nfotlatioa can be obtalned by

inyeétiéating the stationary regise of oscxllatlons in chapter

A
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§. The Resosance Curve

The stétionary regime of oscillations is character ized by

'a=f>=‘\|i=0 in (3.32). We considetvher'e only the solution a=0 of the
, ' s
- first equation of {3.32) with a=0 which amocunts to neglecting

< the ponoscillatery part-of solutioh (3.31). The last two

eqﬁations. of (3.32) with 'b=+=0 and a=0 reduce to

. 3.
B (b,P) ==Jb+€P b *E(vcosyrusing) =0, , :
f 2 (8.1)
' 2 -1
‘P(b.ﬂP) =Q-1)b£Q b +¢b (vcos(/-vsincp)--o R
2 j

This implies

3 T :
~Zb+gP b =-¢(vcosyrusing) ,

3 .
(l-)->) b+¢Q b =- gncos?—vsimh .

\ 2
Therefore,

-

\

" 33 2 2 2 22
(-Zb+€2 b ) =¢ (v cos ?+2vvcos¢siukv siny),
' 2

(8. 2)

2 2

e 3 2
[ Q-)beEd 1= ¢ (v
PR

The elilinati:on of q' in (4. 2,). gives the equation of o\\

the resonance curvye

a3



: 2 -1 2 1/2 ,
h 1}?‘37‘20215 s [ ()Y (4.3)
in the plane (;),b) s Where
2 226 4 22 2 2 2 o
'F(b )=-¢ P b 42€7P b =% b +¢ (v +w ). (4. 4)
- 2 2 .

Equation {4.3) relates the amplitude jb‘rof th{el dscillati—ng tera
: \s
in (3.31) to the frequency 1) of the ertex:g_ral acting force.

The resomance curve {4. 3) consists of 'tio:‘(bfanches separated by

the backbone lire ' O e

2 Y
):c&go b {4. 5)
2

To facilitate the study of the resonance curve, kS

-we consider the positive zeros of the polynomial (4.4).
-Let t=b2, (4.4) becomes
P(t) =-£2P2t342¢5P t2-42t+52 (v24w2) (B.84°¢)
2 2

hence

4

F- (t)=-3 2P2t2+n P t- 2=0
2 2 #

has tha roots

t =z —_— '] t = -
1 ¢p P 3ZP '
z 2 . : :



Case 1: PD>0 .
2

since P (t)=-6¢2p2t+sefp ,
. 2 2 ,
Pn( z }=-6¢2p2 __i__ﬂtiﬁp 22&? )O ,'
391’

2 3¢p 2 2
2

P (2 =;6'gfez £ suehp =260 <0 »

gp 2¢P 2 2
2 2 :
Froa here we conclude that P(t) bas a local linilu- at tsBiP
, ) 2
and a local maximum at t= _é_ .
: 4 3
2 . B e

Now we discuss all cases that give positive roots

v

We have

P(— ) =-¢2p2 (i y3e2e8p (X )2-22_2_ teg? (v2ew2)

lax 2 ¢p 2 € eP
2 2 - 2

sz (vaenz)>0 , .

P(——— )=~ ui3 +te2{vaew2)
min 3€p 27£p

2
Then

<i> if 443<27g3p (v2+w2), then [ >0, (4.8°) has only
2 ‘ min -

one positive root;

4i> if 4%3=27¢3%P (vZ+wZ), then ﬁ =0, it has tvo
2 min .

doulle positive roots t =t <t ; )
’ 1 2 3 - -

<iii> if 853>27g32 {v2+¥2) , then [3 <0, '(8.4%) gives

min

45



-

three distinct positive roots. B

Case 2: P <0.
2

Then
?"(_éi_)=2£2p <0 implies a relative maximum at t=_—__

¢p . 2 3¢p
2 2

?"(jé-)=—2£ﬁp >0 means a relative minimus at t=— .
42 2 £p
2 ~ 2
Siailarily,
P P(___.)~- 433 +2?(12+12))o

max 3£p 27 p p
2

B = (_)-Qz(vzwfpo.
ain ¢p ’ .z
2
So (B.4') has only one positive root.
Tgeréfore, for the zeros of (4.4), ve have the
following results

<I> one positive zero b2 if P <0 or P >0 and
1 2 2

443<27¢3p (v2+w2),
2
<II> tvo double positive zeros b2=b2<h? if .
B - -1 2 3 -

P >0 and 843=27¢3P (v2+w2),
2 2 -

<IIi> three different positive zeros h2,b2, and b2 if
‘ ’ 1 2 3

p >0 and ﬂ£f>27 3Ip (v2+w2).
2 2
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Depending on the sign. of ¢ , the backbone curve
{8.5) sketched with broken linef and the resonance !
curve {(4.3) aré presented in Pigures 1, 2 and 3.
These figues shov how the shape of the resonance curve changes
according tp the nusber of the positive zeros of (4.4).

<i> one positive zero b2 if P <0 or P >0 and
1 2 2

813C27¢3P (viewd),
2

b} (1) b} Ub)

——

. FIGURE 1

b

<ii>three positive zeros with two double zeros bf=bf, ?f:

P >0 and 4¢3=27¢3p (vRew2),
2 2

I
b / (200 .b

UV —

FIGURE 2

87



dii>three distinct fpositive zeros:

p >0 and 4:3>27¢3p (v2+vw2).
2 2

bt 32y pt (3b)
:
b )
< : a
v
FIGURE 3

We now examine the stability of the stationary regime of
oscillations in the first approxisation b[c}exp’{i (&f»))t)
+¢fexp{-i(%>t) J}. Bere the amplitude b and the phase \P are in
the vicinity of the steady state' (v, "ﬂ) vhich satisfies (4.1).

The variational matrix of (4.1) is

B (b,¥) 3, (b,y)
. b g Doy
v(b,}) =

! : .

DL BN RS ,

R |

-fa3ep b ‘£(-vsinfrwcosy

2 _ o

- -2 , -1
2¢¢ b- b (voosy~vsiny) ¢b (-wsing-vcosy)
2 ®



'

-%+3¢p b2 -b(W-Y)-¢0 b3
2 . 2
-1

(W’)b +3€Q b -$+¢p b2
2 ’ ] 2

b

vhere the subscripts of B and ¥ indicate partial differentiation
vith respect to the corresponding arguments. The comditioms for

stability ot ‘&b,,ﬁ}, using (4.1), cam be expressed in the forn

* .« B b ,Y)+ %Hb 4)):-2432? b2+ (-2+¢P b3)

b 0 ‘0 '° 2 0 20
{8.6)
=2(- Z+28p b2)<0
20
and > _
ety (b ¢>) =b [psp b =§) (EP b2-%)+ (I-e-£Q b2) (8.7).
5 20 20 20

(¥-=350Q b2) PO .
20

-Condition (4.6) is satified for P.1<0 and It might be satified

even for some positive values of P , for example if ¢ and P,

2 .
are muchk samaller than &. Substitoting (4.1) amd (4.8) into
{8.3), vwe get

b2 (/- V*Eﬁég;)’ £=p=b-+2£&p be-$2b2eg2 (vZeu2), (5. 8)
2 ( .
Differentiating (4.8), we obtain
2b db (J-©-§Q b2) 262b2 (J-u-§Q b2) (-2€Q b db +1)
i) 2 2 2 4av

1)
= (- 6g2p2b5+82€p b3-2%2b) db .
2 v

&g



Further, ve have . ‘ ‘ B I

Q—J+EQL§2

db= . - — - 7
D [ (P--£0 b2) (J-B-38Q b2) +52-0gsp b2e352p2bs )
r2 2 ' 2 2

L.)-QogQ b2 : )
2 . (8.9)

det v(b,*)
V‘

-

Prom (4.9), ve see that the condition (8.7) is

satisfied if and only if db/dv anﬂ«3o94ig b2 have the same
22

sign, i.e.,

dbsd) > 0 for J(dogg b2, | ,
2
(4.10)

dbsdy < 0 for ) >ueg0 b2 .
2

Provided that conditiom (8#.6) is fulfilled, from {1510), it

follows that the stability regions of the stationary regime of
oscillation correspond on the left of the backbonme curve (4.5)

»

to the arcs of the resomance curve {4.3) oh which b is

in easihgvtogether ¥ith Q and on the right of {4.5} to arc; of
(4 3) on which b is decreasing functio&\gf;). The other arcs of
t he resonance curve correspond to unstaﬁility. The passage fronm

stability to unstability or vice versa occurs at the points of

the. resonance curve with vertical targent.

As an illustration below, wve consider three particular

cases of (3.1).
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Case 1:

a=1, c=0.5, e=1,125, 4=0.625, BE=5.531, h=100/9, and €=0.1

®hen the system (3.1) becomes 5 ' B

x +7=£5.531 sinB

O +0.500= 0.625x ¢ 1.125x +§5.56 x3

. vy .« (2) (3)
The change of varables x=x + I=K . and A=x

transforas (3.1) to (2.1) . One gets

(N ‘ (M V' |

b ¢ 0 1 0 X 0 \
=:(2) (2) ,

x =| 0 0 -1 | x + 24 5.531sin@

. m/ (3) l 3
S 1.25 2.25 -2 b 4 11.12(x )3 .

The characteristic polyaomial of (3.2) _
det [A-AI| = A342A242.25M1.25 = 0 | (4. 11)
bas the followinmg roots : -1 , -0.5%i.

From (3.10),(3,11),(3.17) and (3.18), we obtain

100 -1 50 -1
A =k a¥+k ab2 =— (8-13-2.25) a3 + — ({-2.25-1) a2b
9 3
3 =-1.533a3-5. 128a2b,
%y
3= P a2b + P b3 ¢+ vcosy + wsin¢ (4. 12)
1 2
=-2.667a2b ¢ 4b3 -2.115cos ¥+ 0.163siny )
" cony - veh
C=9Qa2 + Qb2 + b (vWcosW¥Y- vsin®)
1 2 .
. - , ‘
=-5.333a% - 5.333b2 ¢+ b (0.V63cosP¥ 2.V1Ssiady, -

L4
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1 1 1

p=P + iQ =8-5.333i,
2 2 2

: o
and | s
g = v + iv =-2,115+0,.1631
Substituting (4.12) into (2.3), trumcatiag up to ihe order
of ¢, we have |

a = -Ta + $a{a,b,d) = -a ~ §£({1.533a3 + 5.128ab2?),

~Ib 4+ iB(a,b,l{-r\)z -0.5b ¢+ ¢(-2.667a2+8b3-2.115cos Y

b

fO_tﬁBsin*&,

Y= 1- v +EC(a,b,9) = 1-ve[-5.333a2-5.333b2
L . T
+b  (0.163cos¥+ 2.115sin¥p ] .

Substitnfin P *. v, and v iato (4 after elimatin
R s (8.2, ting
*% in {4.2), ve obtainm the equation of the resomance curve

. =1 - 172
Y= 1-0.533b2+ b (-0.16b%+0.4b*-0.25b2¢0.05)

¥

R S

which consists of two bramches separatéd by the backboae line

Ay

V= 1-0.533p2 . s N
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and since Q < 0 ,
» 2

~

the resonance curve is of the type 3a. It is sketched on Fig 1.

Since the stability condition ({%.6) is-satiSfied only for

-

172
b <{5/8),
0 .

Accdrding to (4.10), only the branch (1,) and the small arc ulﬁa’
(n'(.77,.8),ﬂz(.8, «79)) of the resonance curve correspond to L
~stability of the statiomary regime of oscillations. Note that

the tangedtbline at.M of the resonance curve is parallel to b'(&

axis. )
Pt
Case 2:

2=1, c=0.5, e=1,125; 4=0.625, E=5.018, and h=150/9.

The systea {3.1) now is
' 4

x +0.=¢5.018sind -
“

XN+0.50x= 0,625x + 1.125x + £3.125x3 .

And three dimensional diferemtial systes ({2.1) becomes

o
x o 1 DS : S - 0

. {2) ‘ 12 '

x =/ 0 0 -1 | x +$] 5.018sinf " .

-(3)/ B ) (N

x 1.25  2.2% -2/ \«x .1 6.25(x )3 )
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Sisilarily, ome gets three roots of (4.11). They are
-1 and -0.5¢i . Then. ' ’

A =k a3 + kx ab2 = -0.862a3-2.885a2b,
1 2 .

B=Pa2b + P b3 + vcosy + usinsP
S 2

-6.667a2b+5b3- 1.919cos<{»o. 148siny ,

/ (4.13)
-1 : :
C=0az+ Q b2z +b (vcosY~ vsiny)

1 2 '

. -1 '
=-13.333a? - 6.667b2 + b (0.148cosy+ 1.919siny),

LY

where -

11 | | f

p =P+ iQ =5-6.667i,and

a = Vv + iv =-1.919+0.148] -

After substituting (4.13) into (2.3) , we have

—-Ta + £a(a,by)

.
1

-a + ¢€(-1.919a3 + 0.148ab2),

-

b= - b +gB(a,b,§) = -0.5b + £(-6.667a2b+5b3

-1.919cos +0. 1u8siay), .

B
[}

1- v +gCa,b,y) = 1-veg[-13.33322-6.667b2

-1 "
+b  (0.188cosy¢ + 1.91931n+)].
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Here the equation of the resomance curve is

)

It consists of two branches separated by the backbone line

)= 1-0. 667b2. \

The polynomial (#4.#4) has three positive zeros bf=1?15, bf=b:'

/2

-1 —
(-0. 25b‘00. Sh‘-0025b20°.037) . .

1-0.667b2+ b

=0.581, tvo of which are equal.

Since 3 < 0 the resonance curve is of the type- 2a.
2 : - K -

Simce the stability condition (8.6} is'sagisf.}ea only for b <

/2
(0.5 .,

g .
According td (4.10), only the branch (lff of the resonance curve

-corresponds to stability of the statioamary regime of

oscillations
. LY

Case 3: m=1, c=24,49, e=1.75, d=7/12, E=10, and h=10, Por the

systea (3.1) we have

L ]
3

Y +G= £ 10sinf

ONY28 Oy= 1 x+ 1 x4 £240 x3
49 12 & 49
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_and the three dimensional diferential system (2.1) is

n e (1)y - ' ' Yy

x [0 1 0. X ‘ 0
« (2) , (2) ,
X = 0 0 -1 x + ¢(10sinf * /
-3 (383 3m3 a9 (3) (1
x 288 96 24 X 10 {x )3

T he cbaracter:.stlc equation

detll-A1}~A?¢&9A303H3Kf3“3 =0, {4. 15)

288
has one real and tvo cosplex roots

-0.81, 0.816+1.496i

) . Prom (3.10), {(3.11), {3.17), and (3.18), ome gets
A=k a3 + k ab2 = -0.565&3-3,05ab2,
1 2
B =P azb. ¢+ P b3 + vcosy+ wsin
, , ¢ Y
= E.J~6a2b-0.323c084»0.ltsin*a
) -1 L
C = C az + Q bz + } (!COS\‘}- vsmnp
2
-1
=8.672a% - 0.863b2 ¢ b (0.8kcos\P+0.323siny,
wvhere
p = P+ iQ =6.186+48.672,
11 1 ‘ :
p =P+ iQ =0.116-0.861,
2 2 2 ’
U= v ¢+ iv =-3.323+0.881 -
a = ;75 + EA(a,b, P = -0.8%a ¢ ¢(-0.565a% -3.08ab3),

/
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b= -%b + £B(a,b,§) = 0.816b + g (6. 146a2b-0.323cos P
+0.uusin4n, | '

and A ' ' :
\P= 1 -v ‘*iC(a.b,\‘a) = 0.0'85-v+€[‘8.672a2-0.863bz

-1 ‘
th  {0.4ucos¢+0.323sinyy ].

The equation of the resonance curve is

1 1/2

J)=O.085—0.086b2_+_h (~0.239b2+40.239) .
It consists of twvo Lkramches separated by the

’ttckbeﬁe line
)= 0.085-0.086b2.

The polynomial (4.4) im this case has only ome real root b2=1,

Since it Q <0, the stability condition (4.6} is
2

- satisified for all b, accordiag to {(#.10), only the

trafich (l;) 6f the resonance curve is stable.
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5. Comclusioa

In this thesis a genel:al case of dalpeﬁE oscillations IOdEl@% by a
3-dimensional tlle dependent differential systes (2. 1) bas been
studied , In application, the equation {3.1)
governing the oscillations of an eiastic system with internal - ) é
Vfriction and relaxtion under the action of a harsonic fo:qe has é
been discuSsed; - Y 7 : | :

The resonance'curve has been iﬁ?gg;ggated and

the stability of the stationary regime of

oscillations in the first approximation has been examined. ;

Although the extended XKBM method givesfthe»ilpression of
teing coaplex, it can be readily applied by following four ;
simple steps: | : _ . - - R S
<1> e;panding the functions F ({§,x)- in Pourier series (2.8) and
solving the integrals (2.9);

<2> solving the differential eguations of; Buler's type ({2.5)

using the substitution
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id

- i¥

—2*1¢=Fé and Bt¢ibc=De ,
or assuliig a polynomial solution in terms of a and b, ' T
and writtep in expoential fora harmonic terams.
<3> aeternining the asplitude a,b and the phaée\f by solving the
equations {2.3) with separable variables. |

¥

<4> solving numerically the truncated system (2.3).

The extended KBM method essentially replaces the task of solving

the nonlinear equation {2.1) by the lnchusinpler task of solvimng -

the equations {2.3). or investigating the nonstationary

regime of oscillationms.

-

If one whishes to use a computer, then it is less costly and
more accurate not to solve an equation directly (2.1),b3} after
cospleting step 1, to solve eqhations {(2.3) for a, b, and

instead.

i
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