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A comprehens ive  evcloprnent o f  B ~ u T ' s  axioms f o r  c o m p l e x i t y  . 9  - 
- measures is g i v e n  and t h e  f o l l o k i n g  c o n c c 2 t s  and  sone  o f  t h e i r  u s e s  i n  

abstract comblex i ty  t h e o r y  are d i s c u s s e d :  Church ' s  T h e s i s ,  a l m o s t  

t everywhere , .  d i a g o n a l i z a t i o ' n , , t h c  H a l t i n g  Problem, d o v e t a i l i n g ,  t h e  Recur s ion  
d 

Theorem. S e v e r a l  r e s u l t s  f u n d m e n t a l  t o  a b s t r a c t  complex i ty  t h e o r y  a r e  + 

i n v e s t i g a t e d  i n  t e rms  of how t h e  above c o n c e p t s  are used  i n  t h e i r  p r o o f s .  

The i n t e n t  of t h e  a u t h c r  is t o  h e l p  t h e  r e a d e r  d e v e l o p  a s w o k g  background 

i n  abstract complex i ty  t h e o r y  w i t h o u t  r e q u i r i x q  of t h e  r e a d e r  any 2reviqus 

knowledge i n  r e c u r s i v e  f u n c t i o n  t h e o r y .  
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1- 

CHAPTER 0 

INTRODUCTIOW 

5 0.0 O u t l i n e  
- 

Most o f  t h e  l i t e r a t u r e  on a b s t r a c t  complexi ty  theory*  i s  w r e t e n  

under f the  assumption t h i t  t h e  r e a d e r  h a s  a s t r o n g  background i n  r e c u r s i v e  
h 

f u n c t i o n  theory .  T h i s  a u t h o r  f e e l s  ' t h a t  many mathemat ic i ans  and computer' 
- 

s c i e n t i s t s  who might  o t h e r w i s e  f i n d  a b s t r a c t  c6mplexi ty  t h e o r y  a n  E 

--X 
i- 

- _ +  3 

i n t e r e s t i n g  and rebiarding t o p i c ,  t o  s t u d y ,  f i n d  t h a t  t o  e x t r a c t  from' 
b 

r- 

r e c u r s i v e  f u n c t i o n  t h e o r y  t h o s e  t o n i c s  r e l e v a n t  to  complexi ty  t h e o r y  is t o o  

' much o f  a n  under tak ing .  Tfiis p a p e r  c o n s t i t u t e s  a n  a t t e m ~ t  by t h e  a u t h o r  t o  
* 

i s o l a t e  and demons t ra te  t h e  u s e  o f  m3ny of t h e  c o n c e p t s  and t o o l s  commonly 

used i n  complexi ty  t h e o t y  r o o f s  and counter-examples.  T h i s  i s  done w i t h i n  

complexi ty  t h e o r y  i t s e l f ,  t h u s  mak-inq the paper r e l a t i v e l y  s e l f - c o n t a i n e d .  
4 '3 

W e  d o  a s - u ~ . e  t h a t  t h e  r e a d e r  has some backgrouns i n  b a s i c  
B 

m a t h e ~ a t i c s  and i n  t h c  t h e o r y  of c o m p u t a b i l i t y .  I f  t h e  r e a d e r  can  

unders t and  .the t o p i c s  d i s c u s s e d  i n  5 0.1, h a s  s e e n  a development o f  Tur ing 

machines and t h e  c o n s t r u c t i o n  o f  a Universal l'ui*ing machine, t h e n  h i s  

Packground should  be adequa te .  CHAPTER 1 c o n s i s t s  o f  a review of  t h e s e  

l a t t e r  two t o p i c s .  ' 

A b s t r a c t  complexi ty  t h e o r y  i a s t u d y  o f  p r o p e r t i e s  o f  complexi ty  t 
measures ,  t h a t  i s ,  o b j e c t s  t h a t  s a t i s f y  c e r t a i n  axioms (from Blum 121) t h a t  

- - 
w i l l  be p r e s e n t e d  i n  CEIAP'iZIR 4 .  Pn t h i s  l i g h t , - a b s t q a c t  complexi ty  t h e o r y  

\ 

g i v e s  a macroscopic view o f  s p e c i f i c  cornplexi t y  measures.  S e v e r a l  of t h e s e  

* C- 

* Sometimes w e  u s e  "complcxity theory"  f o r  "abstract complexi ty  
t h e o r y .  " 



-- 

measures ,  such  a s  t i m e  and  t a p ~  measures  on T u r i n g  mach ines ,  a r e  s t u d i c d  ' \  

7 

i n  t h c i r  own r i g h t .  Although n o t  i s s e n t i a l ,  i t  migh t  be h e l p f u l  f o r  t h c  
\ 

r e a d e r  to  i n v e s t i g a t e  some o f  t h c s e  s p e c i f i c ~ m c a s u r e s  b e f o r e  s t u d y i n g  t h e  

more g e n e r a l  t h e o r y .  CHAPTER 2 g i v e s  a v e r y  b r i e f  d e s c r i p t i o n  o f  some 
6 

t i m e  and  t a p e  measu res  on  tho. Tur in?  machines deve loped  i n  CILUTER 1. 
0 

J .  

I n  CHAPTER 3 w e  g i v e  a formal  d e f i n i t i o n  of c o m p u t a b i l i t y .  T n i s  

c o r r e s p o n d s  to  t h e  d e f i n i t i o n  o f  t h e  p r t i a l  r e c u r s i v e  f u n c t i o n s  i n  

r e c u r s i v e  f u n c t i o n  t h m r y .  However, s i n c e  t h i s  p a p c r  a p e a l s  t o  t h c  

r e a d e r ' s  i n t u i t i o n  i n  c o m p u t a b i l i t y  r a t h e r  t h a n  a knowledge o f  r e c c r s i v e  

f u n c t i o n  t h e o r y ,  wc c h o o s e  t o  name t h e s e  p a r t i a l  f u n c t i o n s  as t h e  

computablc  p a r t i d l  f u n c t i o n s  r a t h e r  t h a n  t h e  p a r t i a l  r e c u r s i v e  f u n c t i c x .  

The r e n a i n d c r  of t h e  paFcr d e a l s  w i t h  s p e c i f i c  n o t i o n s  which t h e  

a u t h a r  fee l s  f o m  t h e  ' b a c k b ~ n e '  c i '  ah:-tract  comnle:-:ity t h e c r y .  I n  

CHAPTER 5 w e  l ook  a t  t ! ~  n o t i o n  of alnost e v e r y o k c r e ,  why i t  a p a e a r s  i n  

complex i ty  t h e o r y ,  

complex i ty  t h e o r y .  

Problem; CHAPTEX' 7 

In CHAPTER 8 the Rccur s ion  Theorem is d i s c u s s e d .  Some a u t h o r s  

seem vczy r e l u c t a n t  t o  make u s e  o f  t h e  f i ecu r s ion  Theorem i n  p r o o f s  ( s e e  t!le 

and a t  its 

CHAPTER G 

dea l s  w i t h  

i n p a c t  on  t h e  r e l e v a n c e  o f  s tudyin , -  

deals w i t h  d i a g o n a l i z a t i o n  and  t h =  H a l t i n s  

d o v e t a i l i n a  a rguments .  

d i s c u s s i o n  of  t h c  S p e d  U p  Theorem i n  [ 4 ] ) ,  hrcsur rab ly  hecause t h e y  feel 

tIpt t h e  i n t u i t i v e  ddr-ivc beh ind  s u c h  p r o o f s  becones  o b s c u r e d .  T!lis a u t h o r  - - - 

I, 

d i sag ree : ;  and h o p s  t h a t  CHAPTEX 8 w i l l  h e l p  t o  ' c l e a r  t h e  f o g '  a round t h e  

Rccur s ion  Thenrtm and  cnablc t h e  r c a d ~ > r  t o  f u l l y  a p p r e c i a t e  t h c  i n t u i t i o n  

bel i ind v;irious u s e s  of t h i s  p o w c ~ f u l  theorem. 

CIW'TER 3 is d b r i c l  di : ;cussion of f u r t h c r -  topic!: t h a t  the r c a d c r  

may' w i  s h  t o  st ~ : c iy .  



, f 

Although most o f  t h e  fundamental r e s y l t s  o f  a b s t r a c t  complexi ty  , 

t h e o r y  a r e  d i s c u s s e d  a t  l e a s t  b r i e f l y  i n  t h e  papqr ,  t h e  a u t h o r ' s  int t2ntfon 

i s  n e i t h e r  t o  p r e s e n t  a comprehensive .study o@hc r e s u l t s  o f  complexi ty  

4 
t h e o r y ,  nog t o  p r e s e n t  a l l  of  t h e  n o t i o n s  from r e c u r s i v e  f u n c t i o n  t h e o r y  

which a r c  us& i n  complexi ty  t h e o r y .  H e  i n t e n d s  o n l y  t o  p r e s e n t  some o f  

' t h e s e  r e s u l t s  and n o t i o n s  i n  such a  manner t h a t  t h e  reader'  may a c q u i r e  a 

s t r o n g  background i n  a b s t r a c t ~ ~ c o m p l e x i t y  t h e o r y ,  $ithout r e q u i r i n g -  t h a t  

t h e  r e a d e r  have any p r e v i o u s  knowledge i n  % rec s i v e  f u n c t i o n  t h e o r y .  



Q t h e n  P. ' E 

a - * ' i f  and o n l y  i f . '  . '  .1 - 
k 

W e  u s e  - N t o  ,represent the natural nuxit: rs, { O I l , 2 , . .  . I .  ;*? , - 
I - 

for k 1 , 2 , . . ,  rcprcsents t h e  se't of ,111 k-tuples of n a t u r a l  

r .  

numbers. For k ? 2 ,  a  particular k - t u p l c ' , i s  r e p r e s e n t e c !  by either ar! 

u n d e r s c o r e d  letter G r  a I ~ a r e n t ~ i c s i z c ~ ' l i s t ?  ~ o r ' c x a n ~ l e ,  w e  night w r i t e  - % 

' - i f o r  i i . . i . .fl1 - p d  - N are essentially the sanc .  and I& d o  

i s t c i n g u i s h  between the two. ' 9 

3 
P a r t i a l  f u n c t i o l i s  a rc  u s d  e x t e n s i v e l y  i n  t h e  paper.  A l l  p a r t i a l  

C 3 k 
f ~ c t i o n s  w i l l  nap from N , to N for sonc k. .Let be any p a r t i a l  - - 

dcf incd to bc ssmc naturzl nu&cr ,  or e l s c  i t  may be u n d e f i n e d .  The d o y a i n  

/ 
4 

of J d two tcd  Darn (I$) , i s  d e f i n c d  by 

k 
Dorn(Q) = {n - < - N 1 $2 is de f ined ) .  

bhc image of J J ,  d c n o t c d  I m  ($) , i s  dcf incd  by 
\ 
\ 



0 ' .  br - 5 - 
0 

\ 'i 

T ~ S  t h e  image o f  $ i s  t h e  s e t '  o f  v a l u e s  t a k e n  by $. 
\ 

t 14 
-%,? 

- -- 
Suppos-e w e  have a set I ,  and  f o r  e a c h  i I we have  o n e  

ted p a r t i a l  f u n c t i o n  Ai. W e  s a y  t h a t  I i n d e ~ e s  t h e  se t  o f  , 

t ,  - f u n c t i o n s  {Oi I i C I}. W c  will d c ~ o t e  s u c h  a n  i n d e x i n g  by ($ i ) iCI .  I n  c, - 
&is,+$ 

di. k .  
t h e  paper, t h e  i n d e x  set  t r i l l  a lways  be' - hT f o r  s o m e  k .  "An i n d e x i n g  of 

P 
0 

+Q 2 

p a r t i a l  f u n c t i o n s ,  (Oi) itN, ( t h a t  i s ,  where k = 1) w i l l  be c a l l e d  a - - 
I sequence  o f  p a r t i a l  f u n c t i o n s  i n  o r d e r  t o  r e n a i n  c o n s i s t e n t  w i t h  t h e  ' 

+ 
= 

"R * i 
a r e  s t r a i g h t f o r w a r d  - 

e x c e p t  when used  w i t h  p a r t i a l  f l i ,ne t ions .  L e t  $ $ be p a r t i a l  f k t i o n s  

kl 
a k 2  k '  

- 
k2 

on N , 5 , r e s p e c t i v e l y .  L e t  n  C li .and n C N 2. L e t  D be -1 - -2 - 
4 B 

any o n e  of t h e  atqve o p e r a t o r s .  

f I f  e i t h e r  q n o r  0p2 is u ~ d e f i n ~ a d  t h e n  qf n  U l) n  is  
1-1 1-1 2-2 

un8ef ined.  0 ~ h t n : i s s  Q 1 ~ l  u $ n  
is 

o r  f a ' s e  i n  t h e  obvious manner.  \ 
2-2 

K a l s o  u s e  t h r e e  o t h e r  r e l a t i o n a l  o p e r a t o r s  5 ,  I,.?. 

- $lq !1 Q2cZ i s  t r u e  i f  e i t h e r  b o t h  and $2s2 are u n d e f i n e d  o r  i•’ 

- 
"19 - 

"212 
, otherwYsc it i s  f a l s e .  $ 2  5 *212 is t r u e  if e i t h e r  

o r  $1~1 5 $ n o t h e r w i s e  it i s  f a l s e .  $lil !1 ?J) n  i f  and 
2- 

2-2 ' 2-2 

4 o n l y  i f  $J n  5 $ n l 
2-2 1-1 ' 

k k 
If ,J12 ^ ' b o t h  map f r o n  - N t o  N a n d  Vn < N , Q1fi Q 2 ~ ,  - - - t 

t h e n  xe w r i t e  F1 = $,. I 
k  - Let $ be a p a r t i a l  f u n c t i o n  o n  and  n  c N . F o r  m ( N, - - - - 

L -  - 

w e  h a v e ,  
- 

@n = rn is .true Qn m is t r u c  - 
\ 

and $2 r m i s  t r u e  - $fi <, rn is  t r u c . ,  
' . . ? 

I Jo t i ce  t h s u 3 h  t h a t  if $2 is unde f ined  t h e n  Jm = m and . $n m arc - 
u n d e f i n e d ,  whereas $5 :  m and $n 5 m a r c  f a l s e .  - 

/ 



/ \ I 
.c 
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. &  
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- 6 - 

Q - . P  
k 

P a r t i a l  p r & i c a t e s  will map from N t o  {T?UE: FALSE}, f o r  - F - 

k k some k. Thus, i f  n is  a' p a r t i a l  p h d i c a t e  on N and  n  C N . the;] - - - 

e i t h e r  

.- 7fn is TRUE - 
b '  

7in is FALSE ,- o r  - . 
i .  

t .  o r  TTn is  unde f ined .  
9 

- 

0 f t e n w e ; z r i t c " n n  holds"  o r n e r e l y  'Bn' for ,  ' T T ~  i sTRUE. '  I f  72 - - - 
w 

is FALSE' o r  u d c f i n e d  w e  w r i t e  ' T Z  $p3s n o t  h o l d . '  We sometirzes w r i t e  
/' 

L 

' -nnl f o r  . ' ~ n  is FALSE. ' . - m .- P -_ - 
A t  tines. i f ' a n  r x ~ r e s s i o n  is  b e i n q  used t o  r e c r e s e n t  a f o n c t i o n  

- ,  
* 

, o r  a p r e d i c a t e ;  w e  w i l l  u s e  C h u r c h ' s  lanb2a n o t a t i o n  i n  o r d e r  t o  make 

clear which v a r i a b l e s  i n  t he  e q x e s s i o n  a r c  arqw-iezts (ar.d al2a t o  g i v e  a 

I * 
5 f i xed  o r d e r  to t h e s e  v a r i a b l e s ) .  Fo? e x ~ ~ ~ l c ,  i f  (<; 1 is  a sequence  

1 i C X  - 
of p a r t i a l  f u n c t i o n s  o n  N then - 

is t h e  p r t i i l  f u i l c t i c n  I$ on bJ2 d e f i n e d  by ' S - 
I 

b 

$ f ( i , n )  - - d e f n  Qi ( n )  . 
i .  

Given $ a s  above, and  sonc  f i x e d  i C N ,  - 
f .  

- Xn[O(i.n) 1 
- 

\ -  is - t h e  p a r t i a l  f u n c t i o n  (3 on - N d e f i n e d  by P 

p ( n )  - Q ( i . n ) > .  d e f n  

Where n i s  a p a r t i a l  predicate o n  5, w e  use  t h e  n o t a t i o n  

k ' 
The cornposi t .  a n  ~f a p a r t i a l  f u n c t i o n  on  N - w i t h  p a r t i a l  

f u n c t i o n s  2,..., 
k 

on N . say - 



, * 

Q = .\nl.,n2,. .. ,y,[$Wl(nl~n2~ . .. . ,qk) ,... ,Jlkl (n1,n2,... 
Lp - . -. . - is defined by 

~(nl.nzI . Ink):defn undefined if 3i 'kg, $.(nl,n2 1 ,..., n k 1 is * . .  

9 
- undefined 

The composition of a partial predicate with partial functions is defined in 

a similar manner. We use g 0 f for Xnf - (f Cn) - 1 1. 
t 

A procedure is an intuitive notion with which we assume the 

reader is familiar. We allow the 'result of prvcedures to-be undefined on 

some inputs (pssibly-becJuce of infinite cycling). If a grocedure gives 

a result on all inputs from so5e set, then we call it a total procedure on 

this set of inputs. Ke use the words check, compute, construct, decide, 

d e t e c t ,  find, generate, and telf, all =-it11 the understandinq that t h e y  



I n  t h i s  chapter  we l o o k  a t  a s p e c i f i c  model f o r  Turing machines 
A .  

. *  
(5 1.1), at a method of nunbering these machines ( 5  1 ' . 2 ) ,  ar.d a t  a . 

- i 

. mach!a&Lhich is u n i v e r s a l  f o r  t h e s e  machines ( 5  1 .3)  . ~ h e s e  n o t i o n s  -re 
r .  

t r e a t e d  i n f o r m a l l y  as  i+ is expected t h a t  the r e a d e r  has  p r e v i o u s l y  

s t u d i e d  ihem i n  a ?re f o n a a l  s e t t i n g .  
4 

W e  p r e q e n t  t h e  m a t e r i a l  i n  t h i s  c h a p t e r  on ly  so t h a $  l a t e r  i n  
.Bt A 

the paper  we have a T i x e d  development of c o n p u t a b i l i t y  from which t o  draw 
* 

examp% s . 



1 1  ,Turina ?lachines and T h e i r  P a r t i a l  Functions 
C- 

J 
I n  t h i s  section we describe'a model of !I'uring machine which w i l l  

be used to  exemplify various concepts presented i n  the paper. This rnbdel 

is s l ight ly  different from models normally used t o  describe computability 

- in  that  it has twcj t a p s ,  one devoted solely to  input and output and the 

other devoted t o  doing the actual com?utations. We do t h i s  only so that  
b - 

the model can serve bet ter  in  our exzmples, not t o  improve' the description 
b e 

of con~utabi l i ty  in  m y  way. 

Our model is a two tape (seni-infinit the r ight)  deterministic 

Turing -chine with the extra restr ic t ion that one df the tape heads, called . 

the I/O tape head, canaot move l e f t ,  and can only read and write the symbols - 
0, l .  Ths ~ t h c r  tape head w i l l  be called t h e  work tape head. 

" 

Ke give a more detailed description. By a ~ u r i n q  machine . .  
a 

instructicn w e  mean > cpintuple of the following form, 

where 

{qili C - N) is coalled the s e t  of s ta tes .  
a! 

{ t .  1 i t N) is  called t h e  s e t  of tape symbols. 
'1 

s 

1 - 

Thus i n  the above quintuple, 
qk'% 

are s ta tes ,  and , t , t  -- 

j n 

are tape s~nSols .  We consider 'and 0 as the s a p  tape syrrbol, 

and t and 1 as the same tape symbol. 
1 

I 



i t .  is c a l l e d  t h e  i npu t  pa i r .  
5 3 #' 

I 

'k 
is t h e  i n i t i a l  s t a t e  of  t h e  i n s t r u c t i o n .  - 

e is t h e  f i n a l  s t o t e  of t h e  i n s t r u c t i o n .  

' 1  ( p , t n )  is t h e  o u t  u t  , --B_7ee 
(Dl ,.,I is t h e  rnGbon p a i r .  

P By a W i n g  machine we mean f i n i t e  l i s t  o f  Tur ing  machine 

i n s t r u c t i o n s  such t h a t  no two i n s t r u c f 3 o n s  i n  t h e  l i s t  have the s+ne 

i n p u t  p a i r  and i n i t i a l  s t a t e .  

Suppose w e  have t w o  t a p e s ,  i n f i n i t e  o n l y  t o  the2 right: which 

are d i v i d e d  i n t c  ce l l s ,  each of which c o n t a i n s  p r e c i s e l y  one t a p e  s w b o l .  
- 

\ ~ i v e n  a Tur ing  machine,  p l a c e  bhe I j O  tape head on m e  of t h e  c e l l ,  

the' t a p e s ,  and t h ~  ::o-k t a p e  head on onc o f  the c e l l s  of the other 

- t a p e .  Place t h e  nachinc  ii scm s t a t e .  Th i s  machine w i l l  now o r c r a t e  
. .r 

i n  steps as fo l lows .  Suppose a t  t h e  beginning of any s t e p ,  
. I  

& 1 ' t t ha t the )  - 
1/0 t a p e  head is  r e a d i n g  tape synbol  i, t h e  work ape hcad i s  r e a d i n g  

tape symbol t and t h e  machine is i n  seate 
a'k 

. I f  t h e  machine has 
j ' 

an i n s t r u c t i o n  i n  i t s  l ist  of t h e  form, 

f o r  sene ~ , P , ~ , , D ~ , D ~ , ,  t hen  i t  e n t e r s  s t a t e  s, r e p l a c e s .  i hvi th  

\ p  w i n g  its I/O t a p e  hcad,  r c p l a c e s  t w i t h t &  * us ing  i t s  work t a p 6  . 
j n 

head,  moves t h e  I/O tape head no c ~ l l s  ox anc c e l l  t o  t hc  r i g h t  ac$ording 

as D is N o r  R, and m v c s  i ts  work  t a p e  head one  c e l l  t o  t h e  l e f t ,  
1 

no ce l ls ,  o r  one  ce l l  t o  t h c  r i g h t  according as D2 is L,N o r  R. If  

Henceforth w e  w i l l  .rl.L>rcviat c ~ u c h  phrases as 'replaces t w i t h  t ' 
j n  

t - with ' p r i n t s  t .'. 
n  



t h e  work t a p e  head moves l e f t  o f f  o f  the work tap- or- i f  t h d s  n " - 
&_ 

i n s t r u c t i o n  with i n p u t  pair ( i , t . )  and i n i t i a l  s t a t e  q k .  t h e n  t h e  
J, / 

. machine h a l t s .  P 1 C .  

* 

Let  T b e  a Turing machine. T d e f i n e s  a p a r t i a l  f u n c t i o n  

k k k r on - N f o r  each k ,  a s  fo l lows .  The v a l u e  of T (n1,n2,...,nk) is 
0 - P 

determined by s t a r t i n g  T i n  s t a t e  qo' w i t h  t h e  I/Q t a &  head on 

. . 
t h e  l e f t m o s t  c&l o f  a t a p e  o f  the  form, 

' e 

k groups o f  1's 

* 
and t h e  work t a p e  head s t a r t i n g  on t h e  leftmost c e l l  of  a t a p e  f i l l e d  

k complete ly  wi th  0 ' s .  I f  T on t h e s e  t a p e s  does  n o t  h a l t  t h c n  T (nl,n2, ..., 
k 

5) - 
i s  undef ined,  i f  T h a l t s ,  t h e n  t h e  v a l u e  of  T (nl,n2,. . . . ,rk) i s  de.•’ined 

t o & e  t h e  number of 1 's between t h e  l e f t  end of  t h e  1/0 t a p e  and t h e  f i n a l  
4 i 4 

p o s i t i o n  o f  t h e  1/0 t a p e  head. 
F. 

! - 
k - 

Henceforth,  when w e  speak o f  t h e  f u n c t i o n  on - N -computed by 

a Tur ing machine, w e  w i l l  mean t h e  f u n c t i o n  d e f i n e d  as above. 
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h 

, 

""-, 

. 
- 5 1.2  A ~ g d e l N u m b e r i n q  - 

\ > 

we would l i k e  f o  number t h e  s e t  of  a l l  o f  o u r  m d n g  machines  
s . . 

* L so t h a t  t h e  numb r f o r  a machine and  b e i n g  g i v e n  a machine w i l l  

be much the t h i n g .  .Our i n t e n t i o n  'is t h a t  sohe  T u r i n g m a c h i n e s  w i l l  F 
be a b l e  t o  h z v d o t h e r  T u r i n g  machines  as i n p u t s  and o l i t p u t s  by merely 

i n p u t t i n g  and o u t p u t t i n g  t h e  numbers o f  $hose o t h e r  T u r i n g  machines.  Such 
! .  

1 ,  

a nurrhering w i l l  b e  ca1le.d a Gbtdel numbering, s i n c e  o u r  r e a s o n s  for numberins- 

t h e  T u r i n g  machines are similar  t o  & d e l l s  re 
P 

i n  t h e  p foo f  of t h e  famous i n c o m p l e t e n e s s  theorem i n  m a t h e n a t i c a l  l o g i c .  
- 

e. ++ - ~. . 
(i.e. & d c l  i n t e n d e d  t f i a t  some f o r m u l a s  c o u l d  mke s t a t e m e n i s  a b o u t  o t h e r  . 

' L  . 
f o r m u l a s  by making s t a t e m e n t s  a b o u t  t h e  num5ersA of t h e s e  f o r m @ a s ) .  E?ore i . . 

c.. 
B 

/ . - 
p r e c i s e l y ;  by a ~ 6 d e l  nwnber4ncjiof tfe set  o f  R l r i n g  m a c h i n e ~ ' ~ e  w i l l  mean 

a method o f  enumera t ing  a l l  of t h  W i n g  m i c h i n e s  so t h a t  t h e r e  is  a d 
p r o c e d u r e  which,  g i v e n  a number i C P J  , c o n s t r u c t s  ( t h e  l i s t  o f  i n s t k u c t i b n s  

* ,  

t h f o r )  t h e  i machine,  and a l s o  a p r o c e d u r e  which ,  g i v e n  ( t h e  l i s t  o f  i n -  

t h  
s t r u c t i o n s  f o r )  t h e  i *chine,  computes  i. I n  t h i s  s e c t i o n  we w i l l  

d e s c r i b e  a s p e c i f i c  G d c l  numSering f o r  o u r  s e t  o f  T u r i n g  machines.  

1 
A list o f  e i g h t  numbers i s  of i n s t r u c t i o n  format  i f  

P - t h e  f i r s t  number is e i t h e r  0  o r  1 
* 

- t h e  s econd ,  t h i r d ,  and f o u r t h  numbers are natur:ll numbers 

- t h e  f i f t h  number is e i t h e r  0 o r  1 - 

- t h e  s i x t h  number is  a n a t u r a l  number 

.- t h e  s e v e n t h  number is e i t h e r  l o r  2 

- t h e  e i g h t h  number is e i t h e r  0 , . 1  or 2 . 
Such a l i s t  of  nwnbers i l j , k , m . p , n , d l , d 2  c o r r e s p o n d s  t o  t h e  T u r i n g  



I /  
where . D gand D2 a r e  I,, N o r  R accord ing  as dl and dl are 0 . 1  

1 

o r  2 ,  ' r e s p e c t i v e l y .  C e r t a i n l y  t h e r e  is a procedure  which checks  whether 
- 

o r  n o t  a g iven  l ist  o f  . n a t u r a l  nw&rs is o f  i n s t r u c t i o n  format.  
% 

A l is t  of 80x1 n a t u r a l  numbers, f o r  any  ACN,  - i s . o f  machine 

format i f :  when t h e  l ist  is broken down i n t o  c o n s e c u t i v e  lists o f - i g h t  
C 1 riders, each s u b - l i  t is of  i n s t r u c t i o n  format ,  and fu r the rmore ,  the re -  "< - 

are no i p o  such s u b - l i s t s  w i t h  t h e  same f i r s t  three members i n  t h e  same 
34 

i,. * - 
. - I 1  

order .  C l e a r l y  t h e r e  i s  a one t o  one 'correspondence betweqtj lists of P 

n a t u r a l  nunbers  o f  machine fo rmatBnd  Turing machines. (Not ice  t h a t  w e  

must c o n s i d e r  t w o  lists o f  Tur ing machine i n s t r u c t i o n s  which are j u s t  

- : ' r&akrangencr#ts o f .  each o t h e r  ns d i k t i n c t  machines) .  Also ,  t lere is a 
, * - '  4 

-4 - .  d 

procedure  which checks whether o r  not a g iven  list of n a t u r a l  numbers 

. . 
* s  of  machine formkit: 

4 
fl 

9 ,  
* - 

- It is a l s o  easy t o  see t h a t  t h e r e  i s  a praced&e which,' when. . 
, 

F 
given  a machine (as a list of i k t r u k t i o n s ) ,  o u t p u t s  t h e  corresponding 

t 

list of n a t u r a l  numbers o f  machine fo rmat ,  and t h a t  t h e r e  i s  a procedure  

which, when g iven  a l ist  of n a t u r a l  numbers of machine format ,  o u t p u t s  
i -& 

t h e  l ist of  i n s t x u c t i o n s  f o r  t h e  corresponding machine. 

Suppose w e  have a p rocedure  , which g e n e r a t e s ,  one  a t  a t i m e ,  

I * 
each f i n i t e  l i s t  o f  n a t u r a l  numbers, wi thou t  r e p e t i t i o n .  A s s o c i a t e  w i t h  

- - 

t h e  nxnber i, t h e  machine corresponding t o  t h e  i + l  
th 

l ist  o f  machine 
-L 

format  which is genera ted .  T h i s  c o n s t i t u t e s  o u r  enumeration or numbering 
I 

st  
of  t h e  Tur ing h a c h i n e s .  (Not ice  t h a t  0 corresponds  t o  t h e  1 list' 

nd I 
6 f  machine format g e n e r a t e d ,  1 to  t h e  2 , etc.) 



Given a machine w e  can  f i n d  i t s  number by g e n e r a t i n g  the l i s k s  

of n a t u r a l  numbers u s i n g  t h e  g i v e n  p r o c e d u r e ,  i n c r e m e n t i n g  a c o u n t e r  

e a c h  t i m e  a l ist  o f  machine format i s  g e n e r a t e d  u n t i l  w e  f i n d  t h e  l ist 

o f  machdine fo rma t  which c o r r e s p o n d s  t o  t h e  g i v e n  machine. The mach ine ' s  

number w i l l  be t h e  v a l u e  o f  t h e  c o u n t e r  minus 1, t h a t  is, o n e  less t h a n  

- t h e  number of l ists o f  machine f o r n a t  g e n c r a t e d  i n  o r d e r  t o  f i n d  t h e  
. . .  

c o ~ r q z t  one.  Conve r se ly ,  g i v e n  i we can  c o n s t r u c t  t h e  a s s o c i a t e d  . 

m c h i n e  by g e n e r a t i n g  t h e  l i s t s ' o f  n a t u r a l  n u r h e r s  u s i n g  t h e  g i v e n  

t h  
p r o c e d u r e  u n t i l  t h e  i + l  l x s t  o f  machine f o r m a t  i s  g e n e r a t e d ,  t h e n  

o u t p u t t i n g  ( t h e  l ist  of i n s t r u c t i o n s  f o r )  t h e  machifie c o r r e s p o p d i n g  t o  

t h e  i + l  
t h  a 

0 list o f  machine  f o r n a t .  

~ h u s ,  g i v e n  a p r o c e d u r e  w h i c h  g e n d f a t e s  a l l  f i h i t e  l i s t s  o f  

n a t u r a l  n u m b e r s ' w i t h o u t  r e p e t i t i o n ,  we car? ~ & d e l  n x ~ 3 e r  t h e  T u r i n g  

machines.  .In 5 7 . 1  w e  w i l l  develop such  a p r o c e d u r e .  Us ing  t h a t  

, ' p r o c e d u r e ,  e t  u s  c a l l  t h e  r e s u l t i n g  G d e l  n u n h e r i n g  t h e  s t a n d a r d  
* .  . .  

number inq  cf t h e  T u r i n g  machi&:. %t T be t h e  T u r i n g  machine- 
& 

9 i i 
.j . . a F 

a s s o c i a t e d  w i t h  t h e  number r ,  is t h e  s t a n d a r d  nunhx-ing.,  and  l e t  
- 

Lb 

k k 
T be t h e  p a r t i a l  f u n c t i o n  on -N conputcd  by Ti. 

t 

i - 
k 

N o t i c e  t h a t  i f  T i s  t h e  p a r t i a l  f u n c t i o n  on N computed - 
by a T u r i n g  machine,  T, t h e n  t h e r e  a r c  i n f i n i t e l y  many T u r i n g  machines 
-r 

which compute T .  - T h i s  is  b e c a u s e  ice can  keep  a d d i n g  i n s t r u c t i o n s  t o  
+ 9 

-- 

T whose i n i t i a l  s t a t e  is n e i t h e r  q n o r  t h e  f i n a l  s t a t e  o f  any o t h e r  
0 

i n s t r u c t i o n  o f  T. The r e s u l t i n g  neb; machines c l e a r l y  work prec ise ly  

like T on a n y - t a p e s .  F u r t h e r n o r c ,  a l l  of t h e s e  machines must  have  X 

d i s t i n c t  n u m b e r s 5 i n c e  t h e y  are d i s t i n c t  machines.  T h u s  w e  have i n f i n i t e l y  

k 
many numbers i C N  . s u c h  t h a t  T = T. - i 

I 



1 3 A .Universal  r'acp.Pne 

A Turing machine, U ,  w i l l  be c a l l e d  u n i v e r s a l  f o r  t h e  s t a n d a r d  --_ 
n d e r i n g  o f  t h e  Tur ing machines i f ,  ,l%r each k ,  t h e  f u n c t i o n  Vk On J 

bIk+' d e f i n e d  by U h a s  t h e  p r o p e r t y  t h a t  V i  € N, - - Vnl,n2, ...; n - f N 
k -I 

k 
w e  have pk( i ,n l ,n2 , . . . ,n  ) J T .  (nl,n *,..., n 1. I n  t h i s  s e c t i o n  w e  

B k 1 k, 

attempt t o  i n d i c a t e  how such a machine might o p e r a t e .  

B a s i c a l l y ,  i n  o r d e r  t o  compute n 1 , n 2 , , ,  U w i l l  h 
th 

c o n s t r u c t  t h e  i Tur ing  machine, Ti, t h e n  s r l a t e  Ti on i n p u t  

n 1 , n ,  n ) The f o l l o w i n g  g i v e s  a g e n e r a l  d e s c r i p t i o n  o f  how U 
k 4 

might accomplish t h i s ,  b u t  l a c k s  d e t a i l .  W e  l e a v e  it t o  t h e  r e a d e r  t o  

convince h imself  t h a t  such a machine, U ,  can be c o n s t r u c t e d .  
- ?  

,/ o n  i n p u t  ( i ,n l ,n2 , .  . . , n k ) ,  u c o p i e s  i from the I/O tHpe to  

t h e  work t a p e ,  replac i r ig  t h e  i ones  on t h e  1/0 tapeawi th  z e r o s .  N o w ,  

hold ing  t h e  1/0 t a p e  head s t a f i b n a r y ,  U g e n e r a t e s ,  u s i n g  t h e  proce&qre 
\I 

upon which t h e  s t a n d a r d  numbering is based,  t h e  f i n i t e  lists o f  n a t u r a l  

riders u n t i l  t h e  i+ l th  l ist  p i  machine format i s  genera ted .  The 

machine a s s o k i a t e d  w i t h  t h i s  l ist ,  
Ti, 

i s  t h e  machine t h a t  mus t  b e  

s imula ted .  
.v 

. . S t i l l  ho ld ing  t h e  1/0 t a r  head s t a t i o p a r y ,  U sets a s i d e  an 

a r e a  of work t a p e  i n  which t h i s  i + l  
th - 

list o f  machine format  i s  s t o r e d ,  

a long  w i t h  a n  a r e a  i n  which t h e  nlmiber o f  t h e  c u r r e n t  s t a t e  o f  t h e  
r 

s i m u l a t e d  machine w i l l  b e  s t o r e d .  (This  c u r r e n t  s ta te  spacc- kt m be , _ -  = - 
'ap 

l a r g e  enough t o  con' a i n  t h e  number o f  t h e  l a r g e s t  numbered s tate of Ti). 

The rqrnainder o f  U ' s  work t a p e  w i l l  be used as i f  it were T ' s  work t a p e ,  i 

u s i n g  m + l  cel ls  (call  each consecu t ive  group o f  m+l cells a pseudo-cel l1  



1 6  
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were  o n e  c e l l ,  where m i s  t h e  nurrber o f  c e l l s  r e q u i r e d  t o  

h o l d  t h e  number o f  t h e  largest  numbered t a p c  symbol of  T The l e f t  . 
i 

/ 

most ce l l  o f  one o f  t h e s e  p s e u d o - c e l l s  'is used  t o  marc t h e  c u r r e n t  
, . 

p o s i t i o n  o f  t h e  work tape head o f  t h e  s i m u l a t e d  machine.  The r ema in ing  ' ol cells- a r e  us& t o  s t o r e  t h e  number o f  t h e  t p p e  symbol which t h e  

s i m u l a t e d  machine c u r r e n t l y  h a s  pr in te -d  t h e r e .  \ \ 
J 

- 

Now U can s i m u l a t e  a  step oT 'T By r e a d i n g  .an 1/0 t a p e  e 
i 

s).:bol, ( i n i t i a l l y  U ' s  1/0 t a p e  head  must b e  p o s i t i o n e d  Lo r e a d  

(nl# n2 ,  ,nk 1) , t h e n  comparing t h i s  symbol gogether with t h e  rider of  

t h e  t a p e  synrbol i n  t h e  p ~ e u d o - c c l l  marked as c u r r e n t l y  b e i n g . r e h d ,  
o* 

h t o g e t h e r  w i t h  the n-cr i n  t h e  c u r r e n t  s t a t e  s p a c e ,  to  t h e  f i r s t  three 

numbers o f  each  ' i n s t r u c t i o n '  i n  t h  l i s t  o f  machine format. If it 

f i n d s  no  match t h e n  U halts. If it f i n d s  a match t h e n  t h e  n u ~ k ~ r  of 

the new s t a t c  g i v e n  b y  t h n  matchcd i n s t r u c t i o n  is  p r i n t e d  i n  t h e  c u r r e n t  
r 

s t a t c  s p a c e ,  t h e  1/0 symb~l t o  h e  p r i n t e d  is p r i n t e d  by t h e  I / O  t a p o  
s' 

head ,  t h e  number o f  th; work t a p c  symbol t o  be p r i n t e d  i s  & i t t e n  i n  4 

t h e  p s e u d o - c e l l  m r k e d  a s  c u r r e n t l y  b e i n g  r e a d .  Now the I / O  t a p c  head  
/ I  

and t h e  head markqr  on  t h e  pseudo-work t a p e  a r e \ o v e d  a s  i n d i c a t e d  by 

d 
t h e  ' i n s t r u c t i o n ' .  I f  t h e - h e a d  marker  is t o  b e  moved l e f t ' o f f  o f  t h e  

pseudo-work t a p e ,  t h e n  U h a l t s .  

The r e a d e r  can  s e e  t h a t  t h e  a c t i o n  o f  U ' s  1/0 tape P e a d  on I 
G- t h e  (n l , n2 , -  o . , n  ) p o r t i o n  of t h e  o r i g i n x l  1I/O t a p e  rill be p r e c i s e l y  

k 



d 

- 

1's on the I/O tape which determine tl~c 0's we have that the number of 

result of U on input (i,nl,n ,..., nk). is precisely the 
2 

same as those 

for- T on input (n1,n2,.'..,n ) .  ~ h u s ,  if U can be constructed, then 
i k 

machines. We leave U is universal for our standard numbering of Tiucing 

to convince himself t he  U can be constructed. reader in fact, 
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CHAPTER 2 

TIFIE A h  TAPE MEASURES 

5 2.0 Discuss ion  
d a 

f n  c h a p t e r  4 w e  w i l l  d i s c u s s  some axioms f o r  complexi ty  measures. - *  
' 3  

2 h! 
* *  

I n  t h i s  c h a p t e r  w e  p r e s e n t  two measures on o u r  Turing machines which 

s a t i s f y  t h e s e  axioms. These are  t i m e  measure and tape +measure. - Time 
a '9 

measure c o u n t s  t h e  number of s t e p s  used by a computa t ion ,and  t a p e  measure 

c o u n t s  t h e  number of work t a p e  c e l l s  used a computat ion.  I n  the 

3 
t 

l i t e r a t u r e  bo th  o f  t h e s e  m sures a r e  s t u d i e d  i n  Qeir  ow* r i g h t ,  as 

w e l l  as 6 e i n g  examples o f  ,+stract complexity measures. (For  v a r i g u s  

s p e c i f i c  r e s u l t s  f o r  t ime  and tape measures,  a s  w e l l  a s  Lssme o t h e r  
' 

3 
. . 

r e f e r e n c e s  see Mopcroft and Ullman [ S ] ) .  I n  t h i s  paper  w e  make u s e  o f  
P 

t h e s e  measures on ly  a s  s p e c i f i c  examples o f  a b s t r a c t  c o n p l e x i t y  measures. 

Another measure t h a t  might  i n t e r e s t  t h e  r e a d e r ,  is r e v e r s a l s ,  
9 2' @ 

c o u n t ' o f  the number o f  t i m e s  t h e  we$: t a p e  head changes direcci-on.  

T h i s  a u t h o r  h a s  &en no s e r i o u s  t r e a t m e n t  of reversal measures i n  13e 

a 

I n  2.1 we look a t  time measure, i n  5 Q.2 we look a t  two 

s l i g h t l y  d i f f e r e n t  t a p e  measures,  and i n  5 2.3 w e  look at a r e l a t e d  

topic, t h e  use  o f  t a b l e  lookups t o  do e f f i c i e n t  computa t ions ,w&th 
\ 

respect to  time and tape. 

0 - 

- 



5 2.1 A Time Measure 

W e  can d e f i n e  a t i m e  measure on (T;) CN by * 

1 

oi (n); defn 
t h e  nwtber o f  steps 

Ti 
t a k e s  b 

1 t o  compute T~ (n) i f  t h i s  

number i s  f i n i t e ,  o t h e r w i s e  

oi (n)  i s  undef ined.  - 

Since  Ti 
1 

t a k e s  a f i n i t e  number of  s t e p s  i n  computing Ti(n)  

1 
i f  and o n l y  i f  n i s  d e f i n e d ,  w e  have 

number of s t e p s  Ti t a k e s  

1 1 i n  coinputing T~ (n) i f  T. (n) is  d e f i n e d  
1 

1 
undef ined i f  T. (n)  i s  undefined.  

1 

Notice  t h a t  f o r  any i , n  and n, w e  can  check w h e t h e r  o r  n o t  

Ui (n)  ;r. m a s  fo l lows .  Froa i m n s t r u c t  
Ti 

. Fan T on n ,  coun t ing ,  
i 

t h e  number of s t e p s  t A e n ,  u n t i l  e i t h e r  
Ti 

h a l t s  o r  more t h a n  m s t e p s  

a r e  taken;  whichever o c c u r s  f i r s t .  I f  T on n u s e s  more t h a n  m 
i 

steps then ' answer  FALSE, e lse  answer TRUE o r  FALSE accord iqg  as 
Ti on L - 

*n used e x a c t l y  m s t e p s  or n o t .  

The main reason  t h i s  argument works is because  e i t h e r  T on 
i 

n h a l t s  t a k i n g  no more t h a n  m s t e p s ,  or else 
.Ti. 

on i n p u t  ' n u s e s  

more t h a n  rn s t e p s .  We w i l l '  see t h a t  t h e  sane i s  n o t  t r u e  f o r  t a p e .  

. The two i n p o r t a n t  p r o p e r t i e s  of t i m e  measure t h a t  w i l l  be of  

d 

i n t e r e s t  t o  us  i n  t h i s  p a p e r k a r e  
a 

1 
(1) T~ ( 2 )  is  d e f i n c d  - a. (n )  is  def ined .  

1 

( 2 )  It i s  p o s s i b l e  t o  check, given  i , n  and m, whether 
Y 

or n o t  oi (n)  =, m. 
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5 2.2  Two Tape Measures 
- 

W e  can d e f i n e  a  t a p e  measure o n i  
1 

(Ti) ~ c N  by 
6 - 

t h e  n w b e r  of  d i s t i n c t  tape cel ls  . 
1 

I v i s i t e d  by T . ' s  work t a p e  head 
1 

I 1. 
i n  computing r i l (n)  i f  t h i s  

number is  f i n i t e ,  o t h e r w i s e  
a 

A .  (n)  i s  undefined.  

- 
Notice  t h a t  it is  p s s i b l e  for A.(n) t o  b e  d e f i n e d  b u t  

1 

1 
~ ~ ( n )  undefined.  For example T on i n p t  n might e x e c u t e  an  

i 

i n s t r u c t i o n  such a s  \ 

t h u s  c y c l i n g  i n f i n i t e l y  on a f i n i t e  a m - m t  of ~.:ork t a p e .  Tbxs it is 
r 

n o t  t r u e ,  a s  with t i m e  measure, t h a t  e i t h e r  
*i 

on i n p u t  n h a l t s  

u s i n g  no more t h a n  m work t a p e  cel ls ,  else Ti 
on i n p u t  n u s e s  

- more t h a n  m work t a p e  cel ls .  However, w e  w i l l  show t h a t  it is s t i l l  
\ 

p o s s i b l e  t o  check, given i ,n ,m,  whekher o r  n o t  A.(n)  a m .   he 
1 

, argument h i n g e s  on the f a c t  t h a t  w e  can d e t e c t  i f  T on i n p t  n  is  
i 

c y c l i n g  on a  g iven  f i n i t t i  amount of work t ape .  

Suppose t h a t  t h e  computat ion done by 
Ti 

on i n p u t  n  reaches  

a p o i n t  where e x a c t l y  k d i s t i n c t ,  work t a p e  c e l i s  have been v i s i t e d  
1 

$ 

and a l though  t h i s  computat ion w i l l  n o t  t c r m i n a t e ,  n o  p r e v i o u s I y ~ i i h v i s i t e d  
-.- 

work Gape cel ls  w i l l  be v i s i t e d .  Then, i n  subsequcnt  s t e p s  o f  computat ion,  

t h e  1/0 t a p e  head w i l l  e i t h e r  

(1 1 r c a c h  an I/O tape ce l l  from which i t  w i l l  never move, 

ror  ( 2 )  c v c n t u a l l y  move a c r o s s  each cel l  of t h e  1/0 t a p e .  



- - 
'Le t  q be t h e  number o f  d i s t i n c t  states and t b e  t h e  number 

of d i s t i n c t - t a p e  symbols appear ing  i n  T . ' s  i n s t r u c t i o n s .  W e  c a n ' d e t e c t  
1 

k 
c a s e  (1) above, f o r  i f  T on i n p u t  n  r u n s  more t h a n  2qk t  s t e p s  

i - 
wi thou t  v i s i t i n g  a  previ'ously u n v i s i t e d  work tape ce l l  and w i t h o u t  moving 

the 1/0 t a p e  head,  t h e n  T must be  cycl ing . .  T h i s  i s  becquse  i f  
i . Ti 

does  t h i s ,  t h e n  it must have been i n  t h e  same s t a t e ,  w i t h  t h e  1/0 t a p e  

and work tape i n  t h e  same c o n f i g u r a t i o n  (a t a p e  c o n f i g u r a t i o n  is t h e  

c o n t e n t s  o f  t h e  t a p e  t o g e t h e r  w i t h  t h e  w s i t i o n  o f  t h e  t a p e  head) a t  

least twice .  Thus Ti must be  c y c l i n g  through t h e  same sequence o f  

steps o v e r  and over .  

W e  can d e t e c t  case ( 2 )  above,  f o r  i f  T .  ' s  i n p u t  head moves 
L 

k 
/ 

. aclloss more than  q k t  0 ' s  t o  t h e  r i g h t  o f  t h e  input '  n ,  w i t h o u t  T 
i 

v i s i t i n g  a  new work t a p e  c e l l ,  t h e n  T must be c y c l i n g .  T h i s  i s  because 
i 

i f  Ti does  t h i s  t h e n  T must h i - x  been i n  t h e  same s t a t e ,  wi th  1/0 
i C 

t a p e  head moving r igh*  o n t o  a  0 and having o n l y  0 ' s  t o  t h e  r i g h t ,  and 

w i t h  the work t a p e  h e a d . i n  the same c o n f i g u r a t i o n  t w i c e .  Thus, s i n c e  

t h e  1/0 t a p e  head can o n l y  move e i t h e r  t o  t h e  r i g h t  o r  else n o t  move a t  

a l l ,  t h e  I/O t a p e  is c f f n c t i v e l y  i n  t h e  same c o n f i g u r a t i o n ,  hence a g a i n  

Ti 
must be c y c l i n g  through t h e d a m e  sequence o f  i n s t r u c t i o n s  o v e r  and 

* .  over .  

Thus w e  can d e t e c t  i f  
Ti 

on i n p u t  n  c y c l e s  on-cxactl-y k 

work tape c e l l s  a s  fo l lows .  A f t e r  2 u s e s  k c e l l s ,  check i f  it e v e r  
i 

k 
v k e s  n, .re  t han  2qkt s t e p s  w i t h o u t  moving its 1/0 t a p e  head o r  u s i y  

- a new work t a p e  ce l l ,  or i f  T.  ever moves i ts I/O t a p e  head r i g h t  - 1 
k 

a c r o s s  more t l ~ a n  q k t  0 ' s  t o  t h e  r i g h t  o f  i n p u t  n  w i t h o u t  us ing  a  



- 

new work t ape  c e l l .  I f  e i t h e r  of  t hese  happen then  Ti is  cycl ing,  U 

-\ 
- +- 

Fu?thermore, i f  Ti 
cyc le s  o n .  k work t ape  cells then one of  the" 

ow. given i.n,m we can check whether o r  n o t  A .  1 (n) = m 

a s  fol lows . k r o m  i cons t ruc t  T then run Ti o.n i n p u t  n counting 
i 

d i s t i n c t  work\ape c e l l s  used. and checking i f  Ti cyc le s  on k work 

\ 4  

t ape  cells f o r  each k C m. I f  Ti uses  more than  m work t a p e  cells dl 

&en answer FALSE. If  T cyc le s  on k w o r q t a p e  cells where k 5 HI, 
i 

then answer TRUE o r  FUSE a c c ~ r d i n g  a s  k is o r  i s  n o t  m. I f  Ti 

halts a n s w e r  TRUE or F 

k?e can modify-the &ove t a re  measure s l i g h t l y  so t h a t  i f  t h e  

meas-e i s  defined then the computatian is  defined. Look*at  t h e  tape  

msasure def ined by 

A * .  (n) = t h e  number of d i s t i n c t  work 
1 

t ape  cells used by Ti i n  

1 1 
compu~ing ~ . ( n )  i f  ~ . ( n )  i s d e f i n e d  

1 .  1 

undefined 
1 

i i f  T .  (n) is undefined . 
1 

s i r rdlar  to  t h e  above. The only change is t h a t  i f  w e  d e t e c t  t h a t  
Ti 

on inpu t  n cyc les  oh k .work tape c e l l s ,  w e  always answer FALSE, 

even i f  k = m. 

The inportant p r o p e r t i e s  of these t ape  measures t h a t  w i l l  

i n t e r e s t  us  are 

I F  thc computation te rmina tes  then t h e  

measure is def ined.  



(2) hive$ i,n,n we can check whether or. 
r 

x B 

not Ti on input n uses exactly 

m distinct work tape cells. 

Additionally, for the A *  measure we have that if the measure 
i 

is defined then the computation terminates. 



i 
b 

5 2.3 Table Lookups. for Efflciertt Computations 

Suppose a w i n g  machine T computes a function T on 

such that for some given n C N, T (n) is defined. Suppose further - am 
that the computation of r(n) is relatively compl& inL?!hat it uses 

relatively large amounts of time or 

machine,-t computes 'I in such a 

in an extremely efficient manner in 

tape. Surprisingly, there is another 

manner that T (n) is computed ' 

terms of timeQand tape used. The 

new machine can do this by making use of a method called a table lookup. 
A 

To construct this new machine, first modify T to a new 
- 

machine T' so that T' operates in basically the s h e  manner as T / 

except that on every input, T' .cogies the input onto its work tape 

(setting the 1/0 tape copy to 0 ' s )  before starting any real computations, 
c=2 

then does the computations using the work tape copy rather than the now 

lost 1/0 tape copy. There are some technicalities to overcome in this 

modification because of how the oyiginal machine T might make use of -. 

the 1/0 tape copy of the input. For instance, T might use some of , . 

the 1's composing the input for output as well.' However, these techni- 
* 

calities can be overco;,?. For exmple, we can ma3ce T' do all the 

computations on the work tape using a section of the wor tape as.a 

pseudo I/O tape, then once the result is completely computed, copy it 

m t o  the 1/0 tape. (':%is may increase the number of work tape cells used.) 
- 

Suppose we have T' as above so that it also computes T. 

T' can now be modified to make use of 

computation when the input i is n. . 

a table lookup fgf an efficient 

Chose n+l states 



~ k o l ~ k l l " ~ ' ~ k  which a r e  not  i n  t h e  i n s t r u c t i o n s  of TI, Add ins t ruc -  
n 

t i o n s  t o  T' s o  t h a t  before  copying t h e  inpu t  i t o  t h e  work tape ,  

t h e  f i r s t  k  c e l l s  of t h e  I/O t ape ,  where k  = m i n { i , n ~ ,  a r e  read i n  

such a  way t h a t  i f  i 5 n then 

(a)  t h e  machine is l e f t  i n  state qk ' 
i 

(b) t h e  work tape  head does no t  move, 

and (c)  t h e  number of s t e p s  used t o  read input  

i is approximately i. 

Some modificat ion t o  t h e  i n s t r u c t i o n s  of TI w i l l  l i k e l y  be required  

b u t  b a s i c a l l y  t h e  above involves adding i n s t r u c t i o n s  of t h e  form 

( ( 1 , O )  I qk I (0, 0) ( R f N )  . 
j 'kj+l 

Now i n s t r u c t i o n s  can be added s o  t h a t  i f  t h e  inpu t ,  i, i s  less than 

n, ( i . e ;  t h e  machine is  i n  s t a t e  
qk. ' i < n ,  a f t e r  t h e  inpu t  has  
1 

been read)  then i is w r i t t e n  on t h e  work tape  and t h e  computation 

continues a s  with TI,  i f  the  inpu t  is  n  (i.e. t h e  machine is  i n  

s t a t e  qk a f t e r  t h e  inpu t  is  read) then m,  where m i s  t h e  value  
n  

*C (n) , i s  immediately w r i t t e n  on ' the  1/0 t ape ,  without moving t h e  work 

tape  head and using a s  few s t e p s  a s  poss ib le ,  and i f  t h e  inpu t  is  

g r e a t e r  than n  ( i . e .  t h e  machine i s  i n  s t a t e  qk and t h e  input  
n 

s t i l l  is  no t  completely read) then it i s  copied onto t h e  work tape  

and processing continues a s  with TI. 

The new machine, c a l l  it T", uses  a  ' t a b l e '  of i n s t r u c t i o n s  



t o  look up the input. I f  the input is n, then the t a b b i n d i c a t e s  - -- 

that  the output m is t o  be immediately written without any real  

M \ 

computations, otherwise the table indicates that  processinq~should 

continue as with .T', Since ' computes T and since m = ~ ( n )  

we have that 2"' computes . Furthermore, on input n, Tn's work 

1 L, 

tape head v i s i t s  only one ce l l ,  (i.e. the leftmost c e l l  of the work 

tape) and uses very few steps (i.e. .- only . enough &epz to  read the 

input and pr int  the output, approximateFy n + ~ ( n )  steps)'. 
\ 

- * - - - 1 

. , , , By a s l ight  modification of the above argume~t oz by repeated 

: ' application of it. we can see that  any partial-function computed by a * ' 

Turing machine c& be compute quite eff ic ient ly ,  in  terms of time ah6 

tape, on any f i n i t e  nurnbe~ of inputs for which the computation terminates. 

It is interesting . v t o  notice that  no matter how eff ic ient ly  

the computation is done, the time taken always gives a bound t o  the 

value of the resul t ,  since it takes time to  write the answer. However, 

the amount of work tape used does not necessarily re f lec t  the value of 

the result .  I n  .fact table lookups require &out n + ~ ( n )  steps, but . 
only one work tape ce l l .  Furthermore, th i s  one work tape c e l l  i s  not 

used for  any purpose, it is vis i ted only because the work tape head w a s  

i n i t i a l l y  placed there. 

Notice that  w e  seen  to  have used less work tape on input n a t  
- - 

t h e  expense of using mwe on other inputs, since now the inputs must be 

copied o n t o  th; work tape. This is a resui t  of ovr choice of a modcl for 

I'uring machines and of our method of doing table lookups rather than an 

in t r ins ic  property of table lookups. 
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CHAPTER 3 - 

3.0 Discuss ion 

a formal d e f i n i t i o n  of t h e  W e  would l i k e  now to look 

1 

computable f u n c t i o n s .  As wcll, we w i l l  look a t .  ' ~ h p c h ~ s  T h e * i s l ,  the:*. . . -  - . .. . 
- 1  

c l a i m  t h a t  this d e f i n i t i o n  do& ,' i n  f a c t ,  *dhpkurc t h e a . i n t u i t i v e  notions, 
5 - - 

. . 
of computab i l i ty .  

W e  %o d i s c u s s t h e  f a c t  t h a t - m o s t  of t h e  p r o o f s  i n  t h i s  
i 

i 
. *  

paper hinge  on the i n t u i t i v e  n o t i o n  of comput&i l i ty  r a t h e r  t h a n  - 
C 

q e t a i l i n g  a more formal  proof .  I n  5 3.2 we g i v e  some examples o f  t h i s  

in fo rmal  approach t o  p r o o f s  involving computab i l i ty .  



- - 

5 3.1 Church ' s Thesis 

It has been demonstrated that every accepted mathematical 
' I  

4 

formulation of the intuitive notion of computability is in some sense 
L'O 

- 
equivalent to the Turing machine formulation. This, together with 

strong arguments.by various people who have developed some of these 
., - 

formulations have convinced most readers of the literature that we 

have captured the notion of computability by use of a Turing machine 

formulation. Thus we define the  ompu put able partial functions and 
> 

predicates as follows. 
4 

3.1.1 DEFINITION. A partial ;unction $ on - tJk is computable 

. if $ is copputed by some 'hrring machine. s 

* -L 

R partial predicate n on - ?Ik is cornputA1e if there is 

k 
a cornpiitable part-ial function J, on - N 3 \In - C - N ~ ,  

I if Tr (2) is FALSE 

[undefined if n (n) - is undefined ., 
li 

('i) i FN 
is called tke standard numbering of the computable 

- 
k 

partial functions on - N . 
P 

Reasons for using partial functions rather than just total 

functions in developing con-iputability will be investigated in Chapter 6. 
d - 

The claim that we have captured the intuitive notion of 

- computability with the above definition has come to be known as 'Church's 
, 

Ti:esisl. Church's T i i e s i s  has evolved into a justhfication for lack of 

fo~~ality in many proofs involving computability. Rather than actually 



demonstrating the existence of a Turing &chine which computes a certain 
P 

function, we oftcn only demonstrate that this function is intuitively 
h 

computable. It 'is left to the reader - to convince-himself as to the 
B 

' b 
existence of the appropriate Turing machine. 

I - -- The use of Church's Thesis in this manner can be extremely 

V 
I useful in reducing the length and detail df a proof, thus increasing 

clarity. However it also introduces many traps and hitfalls to the 

reader ovstudent with a weak intuition in computability. Any author 

making use of Church's Thesis in this manner s$ould exercise extreme 
I , \ 

caution *and should be prepared to back up his proof with more rigorous 

detail if challenged. 

1n:this paper we use ~hurch.'s Thesis in this manner extensively, --% 

as it is the int~itive~drive behind the proofs that is of interest ko us. 

i" 
Above, we discussed Churcll's Thesis as a%laim that the 

*. 

intuitively computaSle functions arc computable in the formal sense. 

Another aspect of Church's Thesis, oftcn called the Conversge t~ Churcb's 

1 Thesis, is the claim that formally computable functions are intuitively 

computable. Here we must look more closely at precisely what we mean 

by an intuitively computable function. As an exmple, look at the 

function f defined on N by - 

f (n) =de 1 if I have a dime in my - 

pocket as I write this ' 
- 

0 otherwise. 

f is formally computable, since it is either identically 0 or 
1 

identically 1, and each of these functions can be computed by a 



I 

Turing machine. However, i s  it i n t u i t i v e l y  computable? ,We w i l l  agree 
a 

/' 

y e s ,  it is computable, but we may never  be abXe t o  d e c i d e  which procedure  

computes it. 
. o  

Thus, w e  must t reat  t h e  q u e s t i o n  as to  whether a f u n c t i o n  is 

computable as a - q u e s t i o n  d i s t i n c t  f ~ o m  whe ther  o r  n o t  we Can decide 
n' 

how t o  compute it. 
a 



.s 
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5 3.2 Some Results 

We will .now look at a few simple results involving con&ut-able 

functions which exemplify the use of Church's Thesis as .described in t h e  

pr,evious section. W e  again remind the reader that these proofs should 

be considered informal. The formalization would involve a demonstration 

that the appropriate Turing machines exists. 

We first show that the composition of computabl 
% - 7 computable. 

k ' 
3.2.1 PROPOSITION. Let $ be a compbtablc part id^ function on N , 

0 
- 

k 
and $l,@Z,...,~k, be computable partial functions on N .   hen - 

is computable. , 

Proof. The require6 f u n c t i o n  i s  computed -by the following procedure, 

On input (nlIn2,. .. I n  ) I 
k .i 

(1) Compute, in turn 

If any of thcsc is undefined, then t h e  result of the procedure 
- 

is undefined, otherwise denote these values by p 1tP2~- - '  tPk, 
2 

respectively. 

( 2 )  Compute $(pl,p2,. . . .pk,). If this is defined then output 
v 

D 

the result and h$$?$t, clsc the result is undefined. 
' S P  

Clearly, this procedure cd~putc5"thc requixcd function hence it is 



- evident, by ~hurch's*~hesis, +hat the required function is computab1e.o 

8 

D 
Since conputable predicates are defined in te'rms of computable 

functions we 'h&e a s  a corollary to the above PROPO~ITION that composition 
0 b 

of a kmputable partial predicate with computablec functions is computable. 
L 

* 

k ' 
3.2.2 COROLLARY. 'kt T be a computable partial predicate on - N . 

k t .$l,2,...,k, be computable partialtfunctions od - N The$ . 
P J 

B i 
Anl,n2:...,nk[~($ 1 (n 1 ,n 2' ) - t . - - v $ J k ,  (nltnZr---tn ) ) I  

k k 

is computable. 

2 - Proof. .Clear fromcDEFINITIO?; 3.1.1 (definition of cgmputable predicate) - 
B 

and PROPOSITION 3.2.c1;.n 

& result closely tied t8 the result in 5 2.3 -on 'table lookups 

is the result that changing the value of a comixtable function on a 

finite nuaber of arguments ,does not change its computability. This 
" 

*. 3 

result follows from a finite nmber of applications of the following 
0 

proposition. 

.̂r 

I\ ' k  -.* 
'. 2.3 PROPOSIT,ION. Let $ . be a coriputable partial function on ' - N . 

d 

f ollmrs , are bo-th computable. .L 

bi 
\ 

$ n - undefined if n = i 
1- -defn - - 

L 

otherwise. 
C 

I$) - n otherwise . R 

Clearly, th_S folloi~i~~y procedure computes $1 



n = i t h e n  q o  to  ( 4 ) .  - - 
0 

(2 )  Compute 1 n .  If t h i s  i s  undefined t h e n  t h e  r e s u l t  o f  - 
t h e  p r o c e d u r e  is unde f ined .  

(3 )  Output  ?It n ,  h a l t .  - 
(4)  Go  t o  ( 4 ) .  

E v i d e n t l y  i s  computable .  . C l e a r l y  $2 " i s ' c o m p o t e d  by t h e  slame 
1 < 

p r o c e d u r e  w i t h  ( 4 )  r e p l a c e d  by  

( 4 )  ' Outpu t  m,  h a l t .  

= Thus it is ' ev iden t  that 7$2 
is also computahl e .  n 

S t a t e m e n t  - (1) ;f the  p r o c e d u r e  i n  t h e  above p r o o f  c o r r e s p o n d s  

t o  a table lookup.  S t a t e m e n t  ( 4 )  i n d i c a t e s  one method by which w e  may 

2 I 
f o r c e  a p r o c e d u r e  t o  b e , u n d e f i n e d .  For  t h e  sake o f  c l a r i t y  o f  such  

s t a t e m e n t s  i n  f u t u r e  p r o o f s ,  we w i l l  u s e  s t a t e z e n t s  which more c l e a r l y  
' 

- .  

i n d i c a t e  t h e i r  f u n c t i o n .  Thus (4 )  migh t  be r e p l a c e d  by 
I 

I 

(4)  L e t  t h e  r e s u l t  be unde f ined .  I 
I 

1 I 

  he p r o o f  o f  t h e  f o l l o w i n g  theorem i s  e s s e n t i a l l y  given by 

t h e  c o n s t r u c t i o n  of a u n i v e r s a l  machine ( s e e  3 1 . 3 )  , t h u s  we d n o t  " . oi 
a p p e a l  t o  Church ' s  T h e s i s  i n  its p r o o f .  It is o f t e n  c a l l e d  t h e  . 
U n i v e r s a l  Machine Theorem. I 

-43 - 
3.2.4 THEOREPI. For e a c h  k there is a computcble  partia; f u n c t i o n  - 

b i 



By c o n s t r u c t i o n  o f  a u n i v e r s a l  machine as  o u t l i n e d  i n  '5  1.3.0 
d 

However, w e  do appea l  to  Church's  Thesis '  i n  o r d e r  t o  prove t h e  

m ' 
f o l l o w i n g  resu-. Th i s  r e s u l t  is c l o s e l y  r e l a t e d  t o  t h e  

'n 
Theorem 

of r e c u r s i v e  f u n c t i o n  theory .  (See Rogers [€I]).. 

-i 

3.2.5 THEORUI. For every  computable p a r t i a l  f u n c t i o n  $ on N ~ + '  - 
k  

t h e r e  is a computable t o t a l  f u n c t i o n  s on N 3 V i l , i 2 .  ..., i C N ,  - k - 

Proof .  L e t  T be  a  Tur ing  machine which conputes  . C l e a r l y  t h e  
u 

3 
%- 

fo l lowing  procedure  computes s. 

On i n p u t  (il, i2 , . - ik) , 

(1) Godify the  i n s t r u c t i o ~ s  of T t o  a new machine T'  so  

. t h a t  on i n p u t  n ,  T '  writes (ii,i2, ..., ik) on i ts work 

t a p e ,  t h e n  aimics t h e  ccmputat ion o f  T on (il, i2 ... . ,i ,n) . 
k 

(2 )  Compute and o u t p u t  t h e   el n d e r  o f  T ' .  

E v i d e n t l y  s i s  computab1e.o 

J 

Many d e t a i l s  have Seen  l e f t  o u t  of  (1) of t h g  p rocedure  in the 

above proof  f o r  b r e v i t y .  S i n c e  t h i s  r e s u l t  is not c e n t r a l  t o  t h e  paper ,  

l e t  it s u f f i c e  t o  s a y  t h a t  the rescl t  can be p r o v e n ' i n  a more r i g o r o u s  . 
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CHAPTER 4 

BLUbl' S AXIOMS i 

5 4.0 Discuss ion  . 

I n  t h i s  c h a p t e r  w e  w i l l  p r e s e n t  t h e  a x i o n s  f o r  a b s t r a c t  

complexi ty  t h e o r y  which w i l l  b e  used th roughou t  t h e  r e n a i n d e r  of t h e  
C 

paper .  These axioms t i e  t o g e t h e r  two n o t i o n s .  One is t h e  n o t i o n  o f  

'j 

a &del numbered l i s t  o f  c o m p u t i n ~  d e v i c e s .  Th i s  n o t i o n  i s  c a p t u r e d  

by t h e  d e f i n i t i o n  o f  an a c c e p t a b l e  n m b e r i n q  i n  5 4 .2 .8  I n  o r d e r  t o  

i n t u i t i v e l y  d e v e l o c  t h i s  d e f i n i t i o n ,  6 4 .1  p r e s e n t s  a s t r o n g  back- 

ground t o  a c c e p t a b l e  nunber ings .  

The second n o t i  on is t h a t  o f  nkasur ing  conp lex j  t y  by c o u n t i n 9  

r e s o u r c e  u n i t s  used by t h e  conpu t ing  devices.  The type of r e s o u r c e  

measured must b e  c l o s e l y  t i e d  t q  t h e  w d y  i n  which t h e  d e v i c e s  work 

so t h a t  t h e  nuLer  o f  r c s o u r c e  u n i t s  used does ,  i n  f a c t ,  r e f l e c t  t h e  

complexi ty  of  t h e  computat ion.  The d ~ f i n i t i o n  of  a  measilred se.quence 

i n  5 4.3 p a r t i a l l y  c a p t u r e s  t h i s  no t iqn .  ( W e  have ,soen p a r t i c u l a r  

examples of such r e s o u r c e s  i n  CHAPTER 2.)' 

I n  5 4.4 w e  p r e s e n t  t h e  axioms of a b s t r a c t  complexi ty  theory .  

These t i e  t o g e t h e r  t h e  above t w o  n o t i o n s .  The r e a d e r  should  b e  aware, 

however, t h a t  t h e  concep t s  o f  a c c e p t a b l e  numbcrings and measured 

sequences  a r e  of independent  i n t e r e s t  as w e l l  as be ing  u s e f u l  ia 
I. 

d e f i n i n g  a b s t r a c t  complexi ty  measures. 



5 4.1  lJniversa1 p a r t i a l  Funct ions  Q 

@ 

The n o t i o n  of a u n i v e r s a l  machine can be extended to  ah 

analogous n o t i o n  f o r  any index ing  o f  p a r t i a l  f u n c t i o n s .  We w i l l  d e f i n e  

t h e  n o t i o n  of  an a r b i t r a r y  u n i v e r s a l  partial f u n c t i o n  b u t  w i l l  c o n c e n t r a t e  

o u r  a t t e n t i o n  on o n l y  t h o s e  t m i v c r s a l  p a r t i a l  f u n c t i o n s  which are computable. 

The f o l l o x i n g  d e f i n i t i o n  d e f i n e s  t h e  u n i v e r s a l  p a r t i a l  f u n c t i q n  
t 
3 

f o r  any index ing  of p a r t i a l  f u n c t i o n s  on - N , ( I ) J ~ ) ~ ~ ~ ~ .  The two main 
---  

t h e o r e m  o c  t h i s  s e c t i o n  i n d i c a t e  t h a t  f o r  our purposes  w e  need o n l y  
% 

c o n s i d e r  t h e  n o t i o n  f o r  sequences, 
('i) ~ C N -  

Indeed,  th roughout  most 
- 

of t h e  paper  w e  m a k e  u s e  of t h e  n o t i o n  o n l y  f o r  such sequences.  

The more g e n e r a l  n o t i o n  plays a r o l e  i n  some p r o o f s  i n  CHATTER 8, 

and is used only  i n  t h e  few places t h a t  are e s s e n t i a l  f o r  t h o s e  

proofs. ' 

I n  t h e  paper w e  w i l l  d e a l  o n l y  wi th  indexinqs  o f  p a r t i a l  

f u n c t i o n s  or. - I:. Analogous r e s u l t s  hoFd f o r  index ings  o f  p a r t i a l  

m !J 

f u n c t i o n s  on - N , f o r  each m. 

4 . 1 ' 1  DEFINITION. Let (oil iCN be a sequence of  p a r t i a l  fur ic t ions  
- 

' on - N. The p a r t i a l  f u n c t i o n  p on N2 d e f i n e d  by - 

is t h e  u n i v e r s a l  p a r t i a l  f u n c t i o n , f o r  (qi) i c N -  - 
More g e n e r a l l y ,  

" k + l  on N ,  t h e  f u n c t i o n  on N - - 

is t h e  u n i v e r s a l  p a r t i a l  f u n c t i o n  

i s  a n  index ing  o f  p a r t i a l  f u n c t i o n s  

d e f i n e d  by 

'(i i ..., i,) (n 1 
1' 2' 

f o r  



W e  w i l l  sometimes a b b r e v i a t e  ' u n i v e x s a l  p a x t i a l  f u n c t i a n  f o r  

('i) ~ C N  
t o  ' u n i v e r s a l  f u r  

($i) icN ' . - - 
W e  mentioned earl ier  t h a t  our  concern i s  w i t h  computable 

u n i v e r s a l  part ial  f u n c t i o n s .  Hence w e  g i v e  t h e  f o l l o i i i n g  d e f i n i t i o n .  

4.1.2 DEFIIU'ITION. . L e t  
('i) i FN 

be a sequence of  p a r t i a l  f u n c t i o n s  
- 

on  - N. If t h e  u n i v e r s a l  p a r t i a l  f u n c t i o n  f o r  i$i)iCN i s  

computable t h e n  ($i)iiN is a cornputably e n u ~ e r a b l e  sequence 
- 

o f  p a r t i a l  f u n c t i o n s .  
- .  

Hence, s i n c e  t h e  u n i v e r s a l  p a r t i a l  f u n c t i o n  f o r  d u r  s t a n d a r d  

1 
numbering. hi) FN . can be shown to  be computable by t h e  c o n s t r u c t i o n  

, - 
1 

of a  u n i v e r s a l  machire (TliEO3EEl 3 . 2 . 4 )  . (T i )  i c N  . is  computctbly 
- 

enumerable. 

Where does t h e  phrase comput&ly enumerable-come,frorn? The 
b 
5 

f o l l o w i n g  theorem h e l p s  answer t h i s  and a l s o  g c n a v d l i z e s  t1le fc'l lowing 

n o t i o n .  

I f  f  is a computable t o t a l  f u n c t i o n  t h e n  the sequence o f  

partial f u n c t i o n s  ( T  
1 

1 h a s  a u n i v e r s a l  f u n c t i o n .  That  i s ,  f ( i )  i C H  - 
' t h e r e  is a  computable f u n c t i o n  such t h a t  V i  F - N ,  Vn F - N. 

Such a f u n c t i o n  L I ~  can be  computed by a machine 
Uf 

which 

works as fo l lows .  On i n p u t  i n  . Uf r e a d s  i, computes f  (i) , 
w 

t h e n  works l i k e  . Z! on i n p u t  (i ( i)  n )  , where- IJ computcs the u l i ive r sa l  

1 
f u n c t i o n  f o r  

(Ti) ~ C N .  
B a s i c a l l y  the S o v e  is j u s t  t l ~ c  r e s u l t  t h a t  a 

I - 
compos i t ions  of comptd~ lc  p z r t i a l  f u n c t i o n s  are computab3c. 

\ 



3 THEOFEX. For any sequence o f  p a r t i a l  f u n c t i o n s  on - N, ( $ i ) i f N I  - 
t h e  fo710wing are e q u i v a l e n t .  

Proof .  

k V conpu tzb le  t o t a l  ' f on - N , t h e  u n i v e r s a l  p a r t i a l  f u n c t i o n  

on - N k+l for ( $ 1  k is coxpu tab le .  A 
--- 

V computable t o t a l  f on - N, t h e  universal p a r t i a l  f u n c t i o n  

$ *  on - N~ f o r  (<: 1 
f (i) i G i  

i s  computable. - 

(Oil i F N  i s  conpu tab ly  e n m e r a b l e .  ' 

- 

3 computable t o t a l  t on - N, V i  C - N,  

( 1 ) = ( 2 ) .  (2)  i s  a s t a t e m e n t  o f  (1) with  k = 1. 

( 2 ) = ( 3 )  . From DETINITION 4.1 .2 ,  it i s  seen t h a t  (3 )  is a 

s ta temer i t  of ( 2 )  w i th  f d e f i n e d  by 

f (i) = 
def  n i .  

(3)=3(4).  S i n c e  (Qi)  iCN i s  cornputably enumerable w e  have t h a t  
- 

$ on - PJ2 d e f i n e d  by 

$(id:defn ILi (n)  i s  computable. 

S i n c e  is  computable w e  have by THEOREM 3.2.5 t h a t  there is a compdtable 

t o t a l  f u n c t i o n  t on - N 3 V i  C - N ,  'dn C N,  - 

Hence, v i  € N ,  - 

4 By TI~EOKE~KE~I  3.2.4, choose computable p a r t i a l  p1 on 

which is u n i v e r s a l  f o r  
1 

( ' i ) i C N  
. L e t  t be given by ( 4 ) .  Given 

- - 
Nk+l . . 

a s  i n  ( I ) ,  d e f i n e  computable p a r t i a l  $ on - by 
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computable, hence is cornputably enumerable, C l e a r l y ,  
('i ' i CH - 

(k) I m e d i a t e  from t h e  equ iva lence  o f  (3)  and (4)  i n  'l'F1EOREM 

4.1.3, s i n c e  V i  C N, T 
1 

is computab1e.o - - t ( i )  

I n  5 6.2 w e  w i l l  see t h a t  t h e r e  a r e  sequences  o f  computable 

p a r t i a l  f u n c t i o n s  which are n o t  computably enumerable. Thus i f  w e  have 

a sequence of  computable p a r t i a l  f u n c t i o n s ,  ( I ) ~ ) ~ ~ ~ ,  t h e r e  is no reason 
- 

t o  s u s p e c t  t h a t ,  from i and n w e  Oi(n). T h e r e f o r e  the 

&he d e f i n i t i o n  of cornputably o f  p a r t i a l  f u n c t i o n s  
i 

/ 

i s  q u i t e  s i q n i f i c a n t .  The fo l low& LCXA is q u i t e  u s e f u l  i n  many 
1 

p r o o f s  t h a t  r e l y  on t h e  cozpu tab le  e n u m e r a b i l i t y  of  c e r t a i n  

sequences. 

4.1.5 LE12LI. t ( @ i ) i F N  be  conputably  enumerable. 
- 

Then, V computable f on N,  - ('f (i) is computably enumerable. 

Proof.  Inmediate from (3)=(2)  i n  THEOREM 4.1.3, and DEFINITION 4.1.2.0 

The p r o p e r t i e s  i n  TIIE0REI.I 4.1.3 can be viewed as v a r i o u s  

s t a t e m e n t s  f o r  a r b i t r a r y  sequences of  p a r t i a l  f u n c t i o n s  analagous  t o  

t h e  s t a t e m e n t  of THEOREX 3.2.4. S i m i l a r l y ,  t h e  p r o p e r t i e s  i n  t h e  

fo l lowing  theorem c o r ~ ~ s p o n d  t o  THEOREK 3.2.5. 

- 

4.1.6 TIIEOREI4. For any sequence of  p a r t i a l  f u n c t i o n s  on N, - ('i) i FN,  

t h e  fo l lowing  are e q u i v a l e n t .  

is u n i v e r s a l  f o r  ($fii'icNk - 
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2 pa r t i a l  o n  N , 3 computable t o t a l  f on N 3 - computable 

u n i v e r s a l  f o r  
( " f ( i ) ) i ~ f l  - - 

t o t a l  s on N 3 V i  f  N, - - cornputable 

' s  (i)- 

( 2 )  i s  a Proof. rcs ta tenent  of (1) with k = 1. 

Choose computable 1 on N 
2 

1 
universal  f o r  - 

Then 
1 

( T i ) i ~ N -  
Let s be t h e  f  g i v e n  by ( 2 ) .  

T h e r e f o r e ,  Qi f  - N, T 

kt 1 
(3)=r(l)  L e t  ! on N be given a s  i n  (1). Choose s as 

i n  ( 3 ) .  By the THrO!'=.I 3.2.5 c :~oosc ccrpputable total s '  ' on N > 3  - 

k t .  f =defn sos'. Then , i 2 ,  i f - N,  \In f  - R. 



Notice that since any sequence of partial functions has exactly 

one universal function we have 

. (a) V coinputable total f on N, the universal partial function - 
2 

on i - N for 1 is computable, 
('f(i) i<:J - 

is equivalent to 

2 
(b) V com~utable total f on - N, 3 computable partial on N , - 

3 $ is universal for ) 
"'f (i) ~ C N  - 

Thus, a beautiful symetry between THEOREHS 4.1.3 and 4.1.6 is seen. 

THEORE!4 4.1.3 gives us 

2 V computable total f on N, 3 computable partial $ on N , - 

3 is universal for 1 '  - "f~i) iCN - 
3 computable total t on N 3 W i  € i J ,  f 

1 - - t(i) = $i , 

and TFEORE:4 4.1.6 qivcs us 

2 
V com~utable partial on N , 3 cox-putable total f on N, - - 

3 $ is universal for 
'of (i) 'i ta - 

3 compult&le total 

8 
At tines we will use statements like (b) above to replace 

stateiients like (a) in order to emphasize this symmetry. When this is 
D 

done, the reader should realize that it is the conputability of $ 

that is most significant, not the existence of $ . 



.J 

% 

5 4.2 Acceptable Mumbcrings 

In Chapter 2 we lookcd at two resources that seemed appropriate 

4 for use in"casuring complexity of computations. These resource measures * 

were based on a W i n g  machine ,characterization &f computability . We 

mentioned that both of these measures satisfy the definition of a 

complexity measure. 

Abstract complcxLty theory is blessed with yet another 

generality. It encompasses not only'mny measures on a specific 
d 

characterization of computations, hut also measures on any reasonable 

characterization of computability. In this section we attenpt to describe 

precisely what we mean by a 

V e  expect that . in 

reasonzble characterization of corn,nutaSility. , 

any such charzctcrizat-ion we should be able 

to number the conpucing devices so we can do the follo;~ir,g. 

(a)  Given a nuher we can construct the associated device. 

d (b) Given a device we can co~pute e associated nm3er.  

9 
That is, we should be able to ~ 6 d e l  numbcr the set of computing ckvices 

satisfying the characterization. 

Thg above two properties are device depen3ent. The concept 

bf an acceptable nwrbering is a device independent concept which scems 

to captdre very well the notion of a Gdel numbered set of computing 

deviccs satisfying a certain characterization. We wiil sec that the 

essence of '(a) above is captured by one, hence all, of the properties of 
4 

TLlEORCll 4.1.3 a d  the essence of (b) similarily corresponds to THEOREI! 



4.2.1 DErINITION. A sequence  o f  p a r t ?  a 1  f u n c t i o n s  on N, (pi)icN , - 
is a n  a c c e p t a b l e  numbering o f  t h e  computable  p a r t i a l  f u n c t i o n s  on 

N ,  if .(oi) ifN - s a t i s f i e s  - 
(1) V computable  t o t a l  f on  N ,  3 computable  p a r t i a l  $ C .  - , - 

\ 

2 . 
on N , * 

- 9 

$ i s  u n i v e r s a l  f o r  1 ( @ f ( i )  i C N  - 
2 

(2)  computable  p a r t i a l  JI or, - N , 3 computable  t o t a l  f 
- 

on - N, 

JI is u n i v e r s a l  for (qf (i) i c N -  
- 

r 
I f  w e  t h i n k  o f  t h e  sequence  of  f u n c t i o n s ,  ( ( r i ) iCN,  as a l i s t  

- 
of computing d e v i c e s ,  t h e n  (1) o f  t h c  d e f i n i t i o n  c a p t u r e  (a)  above ,  4 

a 

i n  t h a t  w e  t h i n k  of a s  a p r o c e d u r e  which o n  i and 

f ( i )  , c o n s t r u c t s  f rom f ( i ) ,  t h e n  r u n s  'Qf (i) on n. 
'f (i) gS L 

w e l l ,  (2)  o f  t h e  d e f i n i t i o n  c a p t u r e s  (b )  above e i n  t h a t  we t h i n k  o f ,  f 

as a p r o c e d u r e  which ,  on i n p u t  i, m o d i f i e s  a g i v e n  d e v i c e  which 

computes $ t o  a d e v i c e  q which computes  h [ $ ( i , n ) ]  t h e n  computes 

a n  i n d e x  f ( i )  f o r  q ,  s o  t h a t  V = (3. 
f (i) 

& 

From TEEOPXXS 4 .1 .3  and  4.1.6 i t  i s  e v i d e n t  t h a t  a n  a c c e p t a b l e  

numbering forms t h e  set o f  a l l  t h e  computable  p a r t i a l  f u n c t i o n s .  ' 

4.2.2 PROPOSITIOII. L e t  (viliCN be a n  a c c e p t a b l e  numbering a n d  P 
- 

be t h e  , set  ~f a l l  t h ~  conput  l e  p a r t i a l  f u n c t i o n $  o n  - N. Thcn 



,=== 

1 
P r o o f :  W e  show t h a t  q i  1 i - = . I i c ~ ) .  

1 - 
S i n c e  

('i) i c ~ J  
s a t i s f i e s  (1) , o f  D E F I N I T I O N  4.2.1 w e  have,  

- - 
\ 
L .by THEOXEM 7 D 4 .1 .3 ,  t h a t  t h e r e  is  a t o t a l  f u n c t i o n  t 3 V i  C - N ,  

By (2) of D E F I N I T I O N  4 .2 .1  and by THEOREX 4.1.6 w e  have  a 
L- ' 

total  f u n c t i o n  - 3 V i  C N, - 

1 
Hence, T 1 i ( ~ )  C (qi 1 i €XI .o 

i - - 

The computable  t o t a l  f u n c t i o n s  t and s ,  g i v e n  by THECRCPS 4.1.3 and 

i" 

4.1.6 g ive  a  c l o s e  t i e  'between an  a c c e p t a b l e  nunbe r jxg  and  o u r  s t a n d a r d  

numbering. T h i s  t i 4  a l l o w s  u s  to s h i f t  our a t t e n t i o n  away f r o m  t h e  

s t a n d a r d  nunbclring toward  any  g i v e n  a c c e p t a b l e  n w b e r i n g .  F o r  i n s t ~ n c e ,  

w e  c a n  c h a r a c t e r i z e  computably enumcrablc  sequences of p a r t i a l  f u n c t i o n s  d 

on N by t h e  a b i l i t y  t o  computzhly enumera te  i n d i c e s  i n  any a c c e p t a S l e  - 
t h a n  enumcrntc  i n d i c e s  i n  o u r  s t a n d a r d  numbering as  i n  

' . 
I 

9 

4.2.3 PFt@POSITION.' Let 
("i' i ( N  

be any a c c e p t a b l e  nnmbering,- and 
- 

, 

($i) i\FN . he any  sequence  of partial f u n c t i o n s  on N. Then, - - 
(qi) i f* is cornputably c n d r a b l e  

- 



, 

Thus, s' i s  computable s i n c e  f and t a&, and Vi C N, - 
, 

. < = + 
* ' s  ( i )  i " 

(f). Suppose 3 coinpta3le t o t a l  s 3 Y i  C N ,  - 

Choose computable p a r t i a l  $ 

Define c o m p t a b l e  p a r t i a l  11 

1; ( i , n )  =. $(s  (&I  ,n) . defn 
C 

T='i?l~, 1-1 i s  u n i v e r s a l  f o r  ( $ J , ) ~ ~ ~ .  T h e ~ e f o r e  i s  comput&'ly 
- ( Q i ) i ~ t d  . - + . .  #, 

enum:rable.u 



ii 

The f o l l o w i n g  Lemma is immediate from (1) o f  D E F I N I T I O N  4.2.1 

and ( 2 ) = ( 3 )  of THEOREM 4.1.3. 

4.2.2 LEIJDA. Every .acceptable n d e r i n g  i s  comptably enumerable. 

Proof. Immediate as indicate" ab0ve.n 

The following proposition demonstrates just  hcw c l o s e l y  related . 
-4 h 

acceptable numberings and our s t a n d a r d  nunbcring are. 

4 : 2 . 5  PROFOSITICX. k s e ? u i n c c  of  pa r t i a l  f ufictions , ( ~ ~ 1  ic.lJ is an 
- 

acceptable numbering - 
(1) 3 corngutable t o t a l .  t o n  - K .  i C - , T' 

t(i) 
= (ii 

T iEORE14S 4.1.3 and -4.1.6. 3 

W e  now t u r n  o u r  dtter\.tlo:, tc  measureil sequefices. 

3 

'. 



3 4 .3  Measured Sequences ' 

We have seen  t h a t  each of t h e  t? --ee r e s o u r c e  measures d e f i n e d  ' 

0 

i n  Chapter  2 has t h e  p r o p e r t y  t h a t  w e  can compute, j i v e n  i ,n ,m whether 

The axioms o f  complexity t h e o r y  a t t e m p t  t o  e n c o n p a s  measures 
\ .  

which a r e , o b t a i n e d  by co3mting resource  u n i t s  used by computa t ions ,  such 

a s  tine and t a p e  measures. The t y p e  of  r e s o u r c e  neasured . shou ld  b e  s o  

c l o s e l y  t i e d  tc t h e  co:n,?utation t h a t  w e  can t e l l  when a computat ion h a s  , 

reached a p i n t  beyond which no more r e s o u r c e s  w i l l  be used.  Furthermore,  
\ 

if such a p o i n t  is reached,  we should  be a b l e  t o  say  something v e r y  

d e f i n i t e  about  whether o r  n o t a  r e s u l t  f o r  t h e  computat ion i s  def ined .  

T n i s  i s . i r i t i m a t e l y  t i e d  t o  t h e  A i l i t y  t o  comgute, g iven  i ,n ,m,  whether 

t h  
o r  n o t  the i machine on i n p u t  n .  u s e s  m r e s o u r c e  u n i t s ,  a s  exempl i f i ed  

ir. t h e  $ . scuss ion  of  t i m e  and t a p e  neasurPs  i n  Chapter  2. 
. . '., 

The above d i s c u s s i o n  m o t i v a t e s  t h e  fo l lobl ing d e f i n i t i o n  o f  

B neasuref! sequences of  p a r t i a l  f u n c t i o n s  on - N. 

be a sequence of  p a r t i a l  f u n c t i o n s  

on - N. ($i)itll is  a measured sequence i f  
- 

3 
- i s  a computable t o t a l  p r e d i c a t e  on - N . 

e 

A p a r t i a l  f u n c t i o n ,  I$, on - N h a s  a 

hn,rn[$(n) = m] 
2 

is a conputablc  t o t a l  p r e d i c a t e  on - N . 



- - 
From t h e  d e f i n i t i o n  it is c l e a r  t h a t  measured qequences o f  

f u n c t i o n s  and f u n c t i o n s  w i t h  computable graphs  a r e  c l o s e l y  r e l a t e d .  

9 

T h i s  r e l a t i o n s h i p  between measured sequznces and f u n c t i o n s  w i t h  computable 

*k graphs . seems  t o  p a r a l l e l  t h e  r e l a t i o n s h i p  between cornputably enumerable 

sequences  and computable p a r t i a l  f u n c t i o n s .  T h i s  o b s e r v a t i o n  l e a d s  us  

. to  PROPOSITION 4 . 3 - 2  and i n d i r e c t l y  t o  PROPOSITION 4.3.4.  Plotice t h e  
- - 

s i m i l a r i t y  between PROPOSITION 4.3.2'and CORQLLARY 4.1.4 . 

4.3.2 PROPOSITION. A p a r t i a l  f u n c t i o n  h a s  a compntable graph 
- . - 

- - 
a. 3 a .  measured sequence ($i) cN 3 9 F I ~ c M ) .  - 

- 
Proof .  . L e t  have a computable graph.  For e'-ch 1 - d e f i n e  

i 
Jfi by i/ii =defn 9. To compute whether  o r  n o t  0. ( n )  -- m, compute 

4 
whether or n o t  ~ ( n )  = m. E v i d e n t l y  ($i)iCN i s  q measured sequence.  

1 - 
(Q. ~ c t  { 1 i where ( W i ) i c N  - i s  a measured 

sequence.  Given i C N  3 p = IC, a procedure  to  compute, g i v e n  n,m, 
-1 i ' 

whether o r  n o t  ~ ( n )  s m i s  as  fo l lo ics .  

I 
(1) I f  ai ( n )  = rn t h e n  o u t p u t  &RUE and ha1 t .  %. 

(24 O*tput FALSE and h a l t .  

S i n c e  such i e x i s t s ,  t h e  above procedure  e x i s t s ,  hence  X n , h [ ~  ( n )  a m] . . 

The r e a d e r  may b e  uneasy about  t h e  (+) proof  o f  t h e  above 
*+ 

p r u p o s i t i o ~ i ,  s i n c e  g iven  cp w e  may n o t  be a b l e  t o  ccmpute i. such t h a t  
C 

$i = ~p.  However, w e  o n l y  need t o  show t h a t  a procedure  f o r  computingd 
A 

h , i n [ v ( n )  a m] e x i s t s ,  we a r e  n o t  r e q u i r e d  t o  c o n s t r u c t  such a procedure .  



Hence, w e  do no t  need t o  be  a b l e  t o  compute i, b u t  need on ly  k n o w  

t h a t  i e x i s t s ,  f o r  i f  i exi . s t s ,  then t h e  procedure given i n  the proof 

e x i s t s .  
0 

We nov demonstrate t h a t  f unc t ions  wi th  computable graphs a r e  

computable. 

4.3.3 PROPOSITIOX. Let  $ be any p a r t i a l  f unc t ion  on . - N with a 

computaSle grap5. $ is computable. 

Proof. . C l e a r l y ,  t h e  fol lowing procedure computes $. C 

On inpu t& n . 

(1) Set m " to  0. 

( 2 )  If 6 ( n )  = m, ou tpu t  m and h a l t .  

( 3 )  Set  m t o  m+l. 

(4)  Go  t o  (2). 

( E ~ t i c e  t h a t  i f  $(n) i s  undefined then  the  procedure loops through 

( 2 )  , (33 , (4)  forever ,  thus  is  undefined. ) Evider'tly, $ is  computab1e.o 

, . Notice that Vn € N - I 

. 
I t  is clear t h a t ,  by mimicking t h e  above proof,  we can show t h a t  any 

k 
func t ion  $ on - N is computable i f  Vn n € N, 

1' 2" k - 

k71 
where P is a computable t o t a l  p r e d i c a t e  on - N . Thus, such p roo f s  

a s  t h e  above w i l l . ,  hencefortlh, be 

following, 

a5brcviated t o  something l i k e  t h e  



Proof. - Since Vn C N, - 

and since Xn,m[q(n) = m] ' is a computable total predicate, it is evident 

that $ is computab1e.o 

Since functions with conputable graphs are computable , we have 

as an immediate corollary to PROPOSITION 4 . 3 . 2  and PF.(3POSITION 4.3.3 

that each function in a measured sequence is conputable. 

4 .3 .4  COROLLARY. If ($i)iCM is a measured seauencc t h e n  each $i 
- 

is computable. 

Proof. Inmediate from PROPOSITIO!.: 4.3.2 and PF.CPOS~TIO:I 4 . 3 . 3 .  n 

The proof of the next pro2osition also makes use of the 

p-operator. The reader should attempt to construct a procedure which 

actually computes the function Ij in this proof. If any difficulty 

is encountered, he should refer back to the two broofs.of E'ilOF0SITIC:J 

4 . 3 . 3 .  This proposition is due to Blum [2 ] .  

4 . 3 . 5  PROWSITTON. Every measured sequence is computablp'encmcraSIc. 

Proof. Let ($i)ifN be a measured sequence. D c f  ine a partial 'f-imcticn 
- ' * 

on - N~ by 

$ (i ,n) z defn ]lrn[$. (n) a m). 
1 

Sirice hi,n,m[bi(n) a rn] is a computable total predicate, - (1  i s  

-evident19 conputablc. Clearly, Vi C - N, Vn C - N , 

Thus $ is universal for , ($!i)icN. Since V J  is compu&hle, ( q l i )  c N  
- - 

is. con~putably cnutnerc~le. n _- 
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, . 
1 

The following lermna will be useful in various proofs later in 

the paper. 

4.3.6 ZEYMA. - (qiIiCN is a measured sequence - .. - hi ,nIrn[qi (n) C m] is a computable total predicate. '?? 

Proof. (3) . Let ( ) . . be a measured sequence. The following 
1 1 C . r  - 

procedure tells us, given i,n,m, whether or not $ . ( n )  ;S m. 'l3-n.~~ 
1 

it is evident that hi.n.m[ Vi (n) 5 m ] is computable. 

On input 'i,n,m, 

(I), Set m' to 0. .3 

( 2 )  If m' > m, answer FALSE and halt. 

(3) If $.(n) = m a ,  answer TRUE-and halt. 
1 9 

P 

( 4 )  Set m' to m'+l. 

(4). If Xi.nrm[$i(n) 5 m] is computable, then the following 

procedure cpmputes Xi.n.m[$i(n) -- m]. 

On input i,n,m, 

(1 If qi (n) 5 m is' FALSE, then answer! FALSE and halt. 
j_ 

.(2) If m = 0, thc-n answer TRUE and halt. 

(3) If n 5 - 1  then answer FALSE and halt. 
- 

( 4 )  Answer TRUE and halt.. - 

~vidently ki,n,m[$. (n) m] is computable and total hence 
1 , (Qi)i(N - 

- 

is measured-o 
- - 

In future proofs we will appeal more and more to the reader's 

intuition about what is computable. For instance, the aMv6 proof might 
* J 

be abbreviated to 



3 
proof. ( 1 .  Dcfine a predicate P on  - N by 

P ( i , n , m )  = TRUE 3m' 5 m 3 $ i (n )  = m '  

FALSE otherwise . 
E v i d e n t l y  P is con?utable and 

p = Ai ,n Im[Qi  (n) ,5 m] . 
0 

3 . Define a predicate P on N by - 
0 

P ( i , n , m )  = 

0 

. defn / 
TRUE $i (n)  S n is TRUE and 

Oi ( n )  5 rn-1 is F M S E  (or m = 3)  

FALSE otherwise . 
E v i d e n t l y  P is conputable and 

P = Xi ,n ,n [$  ( n )  i. n]. o 
I i 

Also, i f  Ai,n,m[';l ( n )  '5 m] i s  cozputa%le,  then we c m  
i 

L-compute whether Vi(n)  m . This can  be done s i n c e  Qi(n) c n 

/ 

i f  and o n l y  i f  rn # 0 and Vsi(n) - n-1 . 
We now t u r n  o u r  a t t e w t i c n  t o  stating tlie axioms for abstract 

complexity measurcs. 
, 



5 4.4 Axioms f o r  Complexity Measures 

In  [2 ] ,  :-lanuel Blum p r e s e n t s  t h e  axioms f o r  complexity measures 

. * 
which we w i l l  use i n  t h i s  paper.  These axioms seem s l i g h t l y  s t ronge r  

than  what is r e a l l y  d e s i r a b l e ,  s i n c e  they  do n o t  a l low complexity measures 

t h a t  l e t  the n d e r  o f  resource  u n i t s  used by a computation be de f ined  

whi le  t h e  r e s u l t  of t h e  computation i k  undefined. I n  [l], Aus i e l l o  ' 

p r e s e n t s  weaker, more acccp tab le  axioms. W e  p r e s e n t  them h e r e  i n  o r d e r  

t h a t  w e  m a y  compare t h e  two sets of axioms. 

4.4.1 DEFINITION. .An ordered p a i r  of s - y e n c e s  of p a r t i a l  f unc t ions  
$ 

(1) ( v ~ ) ~ ~ ~ :  is an accep tab le  numbering. 
- 

(2)  (oi)icN is a measured sequence. 

(3a) V i  F - M, Vn € - N, 

. mi (n)  def ined  - @. (n)  def ined.  . 
1 

2 
(3bl There is a computable p a r t i a l  prc-dicate n on N 3 

, . Y i C N , b C N ,  - - 
I 

0 .  (n) def ined  3 ~ i i , n )  de f ined  
. 1  

and c p .  (n)  def ined  a n (i ,n)  holds.  
1 i 

t 

I n t u i t i v e l y ,  the acceptab le  numbering should be viewed as a 
a 

'Gde l  numbered' sequence of computing dev ices ,  and t h e  measured scqycnco 
A 

as  func t ions  which count some type of resource u n i t s  used by t h e  

corresponding d w i c e s .  That is ,  @.(XI) w i l l  be t h e  numbp~ of r c sou rcc4  
1 

u n i t s  used by t h e  computation q i ( n ) .  * 



\ 

C e r t a i n l y  w e  s h o u l d  h a v e  t h a t  i f  t h e  r e s u l t  of t h e  i 

on i n p u t  p is d e f i n e d ,  t h e n  t h e  number o: r e s o u r c e  u n i t s  u sed  f o r " t h a t  

compu ta t ion  s h o u l d  b e  f i n i t e .  Hence w e  have axiom ( 3 a ) .  Axiom (3b )  w a s  

.8 
d i s c u s s e d ,  t o  some e x t e n t ,  a t  t h e  b e g i n n i n g  o f  &i 4.3. The t y p e  o f  

% 

r e s o u r c e  t h a t  i n t e r e s t s  u s  must  be s o  c l o s e l y  t i e d  t o  t h e  compu ta t ions  

t h a t  if the number o f  r e s o u r c e  u n i t s  u sed  i n  a computa t ion  is f i n i t e ,  

2 
t h en  w e  can  compute whe the r  or n o t  the r e s u l t  f o r  the  coz-tputation i s  

d e f i n e d  . 
d e f i n i t i o n  g i v e s  t h e  axicnS as t h e y  w e r e  

I 

o r g i n a l l y  presented by R l u m .  N o t i c e  t h a t  axiom ( 3 )  r e r y l r c s  t h a t  i f  . 

* 

t h e  number of  r e s o u r c e  u s i t s  used is def i n c c i ,  then t h e  computa t ion  rnust 

d e f i n e  a r e s u l t .  

4:$,2 DCFINITTON. An order  pail- o f  sequences of p a r t i a l  f u n c t i o n s  

( @ i )  i 
is a n  accep tcab le  numbering, 

- 

('i) i ( t l  
i s  a measured sequence .  

qi ( 1  d e f i n e d  0 .  1 ( n )  d e f i n e d .  

I t  is i n t e r e s t i n g  & h a t ,  h i s t c r i c a l l y ,  Blum's axioms appeared . 

f i r s t ,  and  t h e y  were n o t  weakened t o  the  more ' n a t u r a l '  axions by A u s i e l l b  

B 
until s c v e r a l  yea r r .  l a t e r .  A u s i c l l o ' s  reasons f o r  weakening t h e  Plum's 

B 

Axioms seem t o  'bc thcsc: 



- 

F i r s t l y ,  t h e  ~ a k e r  axioms demonst ra te  more c l e a r l y  how w e  shew 
* 

t h a t  c e r t a i n  measures arc, i n  f a c t ,  complexity measures. For  example, 

w i t h  t h e  t a p e  measure (hf 1 icLJ, i n  o r d e r  t o  'show we can t e l l  whether - 
o r  n o t  (n)  = m, we a c t u a l l y  demonst ra te  t h e  e x i s t e n c e  of  t h e  p r e d i c a t e  

I 

7T o f  axiom (3b) i n  DEFINITION 4.4.1. 

Secondly, A u s i e l l o l - s  p a p e r ,  [l], was a s t u d y  o.f c y c l i n g  

, computations, t h a t  is,  t h o s e  computat ions which never  t e r m i n a t e  b u t  
I 

u se  o n l y  a f i n i t e  n d e r  o f  r e s o u r c e  u n i t s .  Hence h e  needed weaker 

axioms which a l l o x e d  a b roader  spectrum o f  complexi ty  measures. 

T h i r d l y ,  it is matbemat ica l ly  more t a s t e f u l  t o  use  the 

weaker axioms, a s  v i r t u a l l y  al! of  t h e  impor tan t  r e s u l t s  t h a t  are t r u e  

- u s i n g  Blum's Axioms, r e n a i n  t r u e  ( p o s s i b l y  i n  a s i i g h t l y  modif ied  form) 

u s i n g  A u s i e l l o ' s  axioms. Th i s  is  because  any proof  which , Got use  

t h e  f a c t  t h a t  '@. ( n )  d e f i ~ e d  P. (n) def ined '  w i l l  b e  t r u q i n  both 
1 1 - * 

systems,  and p r o o f s  t h 3 t  do use  th is ' fact  can o f t e n  be modif ied  by r e p l a a i n q  
I 

u s e s  o f  ' 0 .  (n)  d e f i n e d  = GJ (n) d s f i n e d '  by u s e s  o f  
1 i U. 

. n d e f i n e d - a n d  n ( i n n )  ho lds )  -. q .  (n) def ined .@ 
1 1 

I 

T h i s  i s  t h e  essence  o f  p a r t  (2 )  of t h e  fo l lowing  theorem. The proof o f  
-. 

p a r t  ( 2 )  p a r a l l e l s  t h e  c o n s t r u c t i o n  of  A* from X i n  5 2.2.  

4 .4 .3  THFZOFCY. 1 Every complexity rnkasure is a weak complexi ty  
k 

C 
, 

measure, 

&.- measure. There i s  a complexity measure ( ( y l i ) i C N , ,  
. -* (9*i) ifN) 1 - - 



Proof. ( 1 )  C l e a r l y ,  DEFIIJIT~OK 4.4.1 i s  s a t i s f i g 3  i f  n i s  d e f i n e d  
b 

( u n d e f i n e d  i f  q i  (n)  i s  ~ d e f i n e d .  

0 @ * ( n )  = Qi ( n )  i f  vi ( n )  i s  d e f i n e d  
* 

defn { u n d e f i m d  i f  cn i ( n )  is u n d e f i n e d .  

C l e a r l y  ( 0 ; )  i f N  i s  a s e q u e n c e  of p a r t i a f  f u n c t i c n s  s a t i s f y i n g  V i  f F!, 
- - 

and Vi f - N ,  Vn t N ,  - 

c ~ .  ( n )  d c f i n c d  =. ??(R) = 2 ( n )  . 
1 1 i 

I t  r e m a i n s  tg s h o v  
(Cf)iCEI i s  a measured, >;,. .,I '1:. . 

- 
k 

C l e a r l y ,  t h e  f o l l o h - i n g  p r o c e d u r e ,  g i v e n ,  i , n  ,m, co r .~>u tes  w h s t h c r  o r  n o t  
1 - .  

Q*(n) = m. 
1 

On i n p u t  ( i , n , m ) ,  - 
e 

( 1 )  Compute w h e t h e r  or not Oi (n) z m. 

( 3 )  Compute i n .  ( T h i s  i s  dcfirlccl s i n c e  C .  ( n )  i s  defiried. ! 
1 

( 4 )  I f  n ( i , n )  h o l d s ,  t h e n  a n s w e r  TFL'E slid h a l t .  ,, ' w 

(5) A n s w e r  FhLSE and h a l t .  n 

- - - 
T h r o u g h o u t  t h e  r e m a i n d e r  of t h e  paper we u s e  o n l y  E l u r n ' s  

Axioms -* It is f e l t  t h a t  t h ~  s t a t e m e n t s  of t h c  t h e o r c x  a n d  p r o o f s  a r c  

much more clear u s i n q  tllc s t r o l q c r  ax ioms .  Thc recc?cr In.ly take i t  upon P 7 

himsc '  f t o  r c s t n t  c t h e  theorc lns  ,and proofs u s i n c ~  A u s i c l l o ' s  asioms. 



The fol lowing f a c t s  aEe c l e a r  from r e s u l t s  i n  t h i s  chapte r .  

4 . 4 . 4  FACTS. L e t  - - ( @ i l i f N  - ) be a complexity measure. Then 

t h e  f o l l o w i n g  a r e  t r u e .  

(1) i s  cornputably enumerable. - 
i s  cornbutably enumerable. (2 )  ( O i l i F N  

- 
'(3) d computable t o t a l  s f  V i  . f  - N, y S  (i) = @ .  i 

n ( 4 )  Pi C - X I  @ i s  computable. i 



CHAPTER 5 

C 
W E  NOTION OF 'ALMOST EVCRYWliEPE' 

5 5.0  D e f i n i t i o n s  and  D i s c u s s i o n  % 

L e t  n be any  p a r t i a l  p ~ c d i c a t e  on - N. W e  s a y  t h a t  T h o l d s  

d e v e r y w h e r e  i f  n ( n )  is TsUE for e v e r y  n f rN. - We say ' n h o l d s  a l m o s t  

everywhere  i f  ) i s  T W E  f o r  a l l  but f i n i t e l y  many n C - N. W e  s a y  

t h a t  7 h o l d s  i n f i n i t e l y  o f t e n  i f  ~ ( n )  is TRUE f o r  infinitely many v 

Qs- , 
n C N. - 

5.0.1 . DEFINITIO~. L e t  n be a p r t ' i a l  predicate on - - N. - 

w 
n h o l d s  almost ewr-ywhcre ,  written Vn C - 1Y', ~l ( n )  , i f  

3k C - t!, Yn ? k ,  ~ ( n ) .  

02 
7 n h o l d s  i n f i n i t t l v  o f t c n ,  wr i t tc7n  j n  C - G ,  a ( n )  , i f  

I n  a s e n s e ,  a lnost  cverywl. .-c. and i n f i n i t e l y  ~ f t e n  a r e  n e g a t i o n s  

o f  one  a n o t h e r .  That is,  it is false t h a t .  T h o l d s  a l x o s t  

.everywhere if and  o n l y  if ;i d o e s  n o t  h ~ l d  i n f i n i t e l y  o f t e n .  

5.0.2 PROFOSITION. L e t  n bc a n p a r t i a l  p r e d i c a t e  on - N.  

- ?n C - N, ( a4 (n )  . d o e s n ' t  h o l d ) .  

P roo f .  Intuitively, t h e r e  i s  not a k C - N 3 ,for every n Z k n ( n )  

h o l d s , ,  i f  and only i f  f o r  e v e r y .  k f - N t!~ere is sonc n 2 k f o r  which 

.n ( n )  d o c s : ~ ' t  ho1d.u 



I n  t h i s  c h a p t c r  w e  w i l l  encoun te r  t w o  iwrdam6ntal r e a s o n s  . a 

1 

f o r  t h e  dccur rence  o f  the '  n o t i o n  of a lmos t  everywhere i n  a b s t r a c t  

othepfy.  
6 

"v 2 

, %. .a- a r ,. ' ~he.h?:rst r e a s o n ,  which we wi-' 1 ' i n v c s t i g a t c  i n  5.1, i s  a 
. 

m a t t e r  o f  cho ice .  Complexity t h e o r i s t s  have ch6sen t o  make a d e f i n i t i o n  , 

P 

' which i n v o l v e s  the notion '  of a lmos t  ' m e r y w l ~ e r e .  

- The second, r e a s o n ,  which w i l l  be i n v e s t i g a t e d  i n  5 5.2 ,  i s  
*d 

more p r e s s i n g .  M e  w i l l  see several r e s u l t s ,  b o t h  i n  55.2 and i n  t h e  

remainder  o f  t h e  paper, which can b; proven t b  h o l d  o n l y  a lmos t  every- 

where. Many of t h e s e  r e s u l t s  g i v e  such deep  i n s i g h t s  i n t o  c o m p u t a t i o r ~ a l  

c o m p l e x i t i e s  t h a t  t h e y  a r e  cons ic le rcd0 to  be f u n d m e n t z l  r e s u l t s  of 

con?,?lesity t h e o r y .  I * 

I t  is  n o t  s u r p r i s i n g  t h a t  53th of t h e s e  r e a s o n s  can  be t i e d  
I" 

e 
- back t o  t h e  u s e  of  . t a b l e  logkups f o r  do ing  e f f i c i e n t  computa t ions  .on a 

f i n i t e  nunbers  of a r g m e n t s .  
ai -* 

B 
r * 

I n  5 5.3 w e  attercpt t o  d i s c u s s  b r i e f l y  two p h i l o s o p h i c a l  

q u e s t i o n s  t h a t  cm be raised i n  r e g a r d  t o  t h e  p r e v a l e n c e  of  t h e  n o t i o n  

of a lmost  e v e r y h e r e  i n  complexi ty  t h e o r y .  One o f  t h e s e  a s k s  about  
'r . 

t h e  r e l e v a n c e  ~f complexity t h e o r y  t o  real  computing environments ,  

t h e  o t h e r  a b o u t  t h e  r e l e v a n c e  o f  com$lcxi ty ' theory  t o  t h e  computer  

. . . I 

s c i e n t i s t .  . ,  
r 4  

C li 

B 



a 

5.1  Complexi ty C l a s s e s  ,- 

R e c a l l  t h a t . i n  5 2 . 3  w e  d i s c u s s e d  t h e  f a c t  t h a t  very complex 
, . 

c o m p u t a t i o n s  on T u r i n g  machines can  be done very e f f i c i e n t l y  f o r  a 

a r 

f i n i k e  number of i n p u t s  by  u s i n g  table lookups .  T h a t  i s ,  g i v e n  a 
\ 

machine that u s e s  m A y  resour 'ces  on e v c r y  i n p u t ,  we c a n  c o n s t r u c t  a 

new machine which works  l i k e  t h e  g i v e n  mich ine  o n  a l m o s t  a l l  i n p u t s ,  

bu t  f o r  t h e  f i n i t e  n w b c r  o f  e x c e p t i o n s  it u s e s  r e l a t i v e l y  few r e s o u r c e  

u n i t s .  T h i s  is done by h a v i n g  t h e  new machine,  on  r e a d i n g  or:e o f  the 

f i n i t e  number o f  i n p u t s  f o r  which  w e  d e s i r e  an e f f i c i e n t  compu ta t ion ,  

e n t e r  some s t a t e  which causes  t h e  o u t p u t  t o  b e  p r i n t e d  i m e d i a t e l y  w i t h  

n o  computa t ion  o t h e r  t h a n  readir~.;  t h e  i n p u t  and p r i ~ t i n g  t h e  o u t p u t .  

The q u e s t i o n  a r i s e s  a s  t o  w e  s h o u l d  c o n s i d e r  t h e  

compu ta t ion  dontt by t h e  fie:? n~cl-i inr less ccinplsx t h a n  Lle c o c p u t a t i o n  

done by t h e  o r i g i n a l  machine. I t  seems t~ bc u n i v e r s a l l y  a c c e p t e d   to^ 

g ive  a n e g a t i v e  a n s T . ~ e r  t o  t h i s  q u c s t i c ~ l .  T h i s  i s  r e f l e c t e e  in th? 

d e f i n i t i o n  of a complex i ty  c l a s s .  

A p a r t i a l  f u n c t i c r ~  Q is i n  t h e  $l-cornplexity c l a c s ,  f o r  

a n o t h e r  p a r t i a l  f u n c t i o n  , i f  t h e r e  is  a way t o  compute ;r us i r , ?  l e s s  

t h a n  $ r e s o u r c e  u n i t s  almost e v c r p h e r c :  Thus,  t h e  d e f i n i t i o n  o f  

complex i ty  c l a s s e s  h e l p  t h e  cor r? lex i ty  t h e o r i s t  cope  wi t ! l  t a b l e ,  lookups. 

measure and I he any p a r t i a l  f u n c t i o n  on - N. Tiw. $ - c c n ~ l e x i t y  

c l a s s  i n  - N  is 



-1f t h e  u n d e r l y i n g  measure, M, is unders tood  t h e n  w e  w i I 3 .  

v r i t e  C f o r  'c:' I n  -conp lcx i ty  t h e o r y  we &re u s u a l a y  i n t e r e s t e d  i n  . 
9 + - 

$ - c 0 ~ ~ 1 e x i t y  c l a s s e s  f o r  con?utable t o t a l  $). ( eg ,  [3I  t [ d l  t ( 7 1 ) .  

However, some p a p e r s  do d e z l  w i t h  conpu tab le  p a r t i a l  $. ( e g ,  [ 6 ] ) .  
" 

B 
Many of t h e  r e s u l t s  p r e s e n t e d . i n  t h i s , p a p e r  can be r e s t a t e d  

i n  a more c o n c i s e  form usincj complexi ty  c l a s s e s .  W e  w i l l  d i s c u s s  t h i s  

f u r t h e r  i n  .b 9 . 2 .  However, this a u t h o r  f e e l s  t h a t  most of these r e s u l t s  

a r e  i n t u i t i v e l y  more comprehensible when s t a t e d  w i t h o u t  t h e  u s e  of 

c o n p l e x i t y  c l a s s e s  There fo re  the  major p o r t i o n  of  t h e  paper  makes no 

mention of c o ~ p l e x i t y  c l a s s e s .  The r e a d e r  s h o u l d  b e  aware,  however, 
C . . 

t h a t  t h e  n o t i c n  o f  c o k p l e x i t y  classes i s  funZamenta1 t o  many p r e s e n t a t i o n s '  

of c o r p l e x i t y  the or:^. I n  f n c t ,  t h e  s t l ; d y  of c o n p l e x i t y  classes is one  

@ 
cf t h e  ~ a j o r  f i e l d s  of V s t u e y  w i t h i n  c o x p l e x i t y  



5 5.2 Honesty and Related Topics 

We now t u r n  our a t t e n t i o n  t o  s e v e r a l  r e s u l t s  t h a t  can only 

be proven t o  hold  almost everywhere. The f i r s t  r e s u l t  i n d i c a t e s  t h a t  

from t h e  number of resources u n i t s  used by a computation, we can compute 

an upper bound t o  t h e  value of t h e  r e s u l t  of  t h a t  computation. 

5.2.1 THEOREN. Let 
(@i) i CN 

) be a complexity measure. 
- - 

2 
There i s  a computable t o t a l  h on - N 3 

V i  € - N I  Vn € - N ,  [qi(n) C h(n ,Oi (n ) ) ] .  

Proof. Define computable p on - N~ by 

p ( i ,n ,m)  = defn Oi (n) a m 

[0 otherwise . 
2 

Define computable h on - N by 

Then V i  C - N ,  Vn 2 i t  i f  q i (n)  is  defined then 

2 ~ ( i , n , @ ~ ( n )  1 ( s ince  i P n) 

and i f  q i (n)  i s  undefined then Q. (n) i s  undefined. hence 
1 

h ( n , @ . ( n ) )  i s  undefined. Furthermore, h i s  tota1.0 
1 

Henceforth we w i l l  no t  bother  t o  separa te  arguments a s  (*) 

i n t o  t h e  cases  where q i (n)  i s  defined and q i (n )  i s  undefined. W e  w i l l  

w r i t e  something more l i k e ,  



Argw-ents  which d e f i n e  f u n c t i o n s  such a s  h  i n  terms of 

f u n c t i o n s  such a s  p, a s  i n  t h e  above p r o o f ,  are q u i t e  common i n  

complexity theory .  I t  is s i g n i f i c a n t  i n  t h i s  t y p e , o f  arguinent t h a t  t h e  

a lmost  every  :CN - f o r  which t h e  r e s u l t  ho lds  depends d i r e c t l y o n  i. ' 

, 
Hence, v a l u e s  n  f o r  which t h e  r e s u l t  i s  known t o  h o l d  a r e  u s u a l l y  

q u i t e  l a r g e .  
* . 

The fo l lowing  diagram may h e l p  t h e  r e a d e r  v i s u a l i z e  t h i s  

type of  arcyment more c l e a r l y .  Let m be  f i x e d .  

h ( l , n )  = m x  { p l l , l , m )  
i 

f 

h ( 2 , n )  = max t p ( 1 , 2 , n ) ,  p ( 2 , 2 , m ) )  

h ( 3 , n )  = nax { p ( 1 , 3 , m ) ,  p ( 2 , 3 , m ) ,  ~ ( 3 , 3 , m ) )  

h  (4 ,x) = m a  {F (114 , m )  , ~ ( 2 , 4 , m ) ,  p ( 3 8 4 , n ) I  P ( ~ ~ ~ ~ ~ )  

t h  
I t  i s  d e a r  by looking undcr the' i c r  lumn of  v a l u e s  f o r  p 

- .  

i n  t h e  diagrain t h a t  f o r  a l l  S u t  q i n i t e l y  miiny n  (i:e. f o r  a l l  n 2 i) 

h(n,m) is  a t  l e a s t  a s  l a r g e  a s  p ( i , n , m ) ,  and t h a t  as i g e t s  l a r g e r ,  

t h e  f i n i t e  n d c r  of e x c e p t i o n s  g e t s  l a r g e r ,  b u t  is  independent  of m. W e  

will now look a t  an  example which i n d i c a t e s  t h a t  w e  c a ~ m o t  hope t o  prove a .  

r e s u l t  s i m i l z r  t o  TEIEGFEX 5 .2 .1  which  ho lds  everywhere. 
P 

rn 

I n  5 2.3 w e  o b s e v e d  t h a t  thy  t ime measure d e f i n e d  i n  5 2 . 1  

always r e f l e c t s  t h e  v a l u e  of t h e  r e s u l t  of  a  conpu ta t ion  even i f  t h e  

c o m ~ u t a t i o n  u s e s  t a b l e  lookups. T h i s  is because t h e  t i m e  t aken  t o  

write t h e g r c  s u l t  i s  a  f u n c t i o n  of  t h e  va lue  w r i t t  I .  However, o u r  J 
t a p e  mea:,;.res need no t  r e f l e c t  t h e  va lue  of  t h c  r e s u l t  s i n c e  wc can 
, .. 



w r i t e  a r e s u l t  us ing  only one work t a p e  c e l l  by making use of t a b l e  

lookups. Recal l ,  though t h a t  t a b l e  l o o k ~ p s  a r e  only good f o r  a 

f i n i t e  number of inputs .  I t  i s  f o r  t h i s  reason t h e  func t i an  h i n  

THEOREM 5.2.1 can be proven t o  work almost everywhere b u t  no t  every- 

where. 

1 
5.2.2 EXAMPLE. The complexity measure ( ( T ~ )  iEN1 (hfIiCN) i s  such 

- - 
t h a t  t h e r e  is  no h on - N~ 3 v i  E - N,  vn E - N ,  

Proof. W e  w i l l  g ive  a very rough argument which we leave t o  t h e  

reader  t o  r e f i n e .  

For each kCN - t h e r e  i s  a Turing machine which on inpu t  0 ,  

ou tpu t s  k using only 1 work tape  c e l l .  I t  i s  impossible t h a t  t h e r e  

is  a t o t a l  h such t h a t  

Vk E - N ,  k 5 h ( 0 , l ) .  

We have seen Lha t ,  i n  a sense ,  we can bound t h e  values  of 

computations by t h e  complexity of those  computations. I n  5 6.1 w e  

w i l l  s e e  t h a t  it is n o t  poss ib le  t o  bound complexit ies  of computation 

by t h e i r  va lues  i n  a s i m i l a r  manner. This i s  because t h e r e  a r e  

a r b i t r a r i l y  complex bounded funct ions .  However, those  funct ions  

whose complexity can be bounded by t h e i r  va lues  a r e  important t o  t h e  

complexity t h e o r i s t .  Such funct ions  a r e  c a l l e d  honest  functions.  

5.2.3 DEFINITION. Let M = ( ((pi) i C N ,  (a .  ) be a complexity 
- 1 i E N  - 

measure..  Let  y be a s e t  of computable p a r t i a l  furictions on - N ,  

2 
and h be a computable t o t a l  funct ion  on N . 



-. 
\ 

fl 
. 

C \ '% 

' 66 e, 
L 

\ 

. - 
'4' is h-hones t  i n  i f  Yip € .'!. 3i C - N 3 rpi = cp and  

OD 

B Yn C - N. a .  I (n )  <. h  (n  ,rpi (11) . 
' ,  

2 
Yr i s  h o n c s t  i n  i4 i f  3 c o n p u t a b l e  to ta l  g o n  N 3 Y i s  gLhonest  

s - 

i n  M .  A cornnutable p a r t i a l  f u n c t i o n  - p  is h-hones t  or h o n e s t  

i n  M, i f  { is  h-hones t  o r  h o n e s t  i n  M, r e s p e c t i v e l y .  
f 

i 

We s u p p r e s s  ment ion  o f  I4 i f  it i s  u n d e r s t o o d .  N o t i c e  t h a t  a 

set  o f  h c n e s t  f u n c t i o n s  is n o t  n e c e s s a r i l y  a n  h o n c s t  s e t  of f u n c t i o n s .  

' Honest  f u n c t i o n s  and  f u n c t i o n s  w i t h  computable  g r a p h s  ate 
'X 

s u r p r i s i n g l y  t h e  sane. T h i s  . b e c o ~ e s  more c l e a r  when w e  n o t i c e  t h a t  when w e  
& 

t 

are d e a l i n g  w i t h  o n l y  one f u n c t i o n ,  w e  can  u s e  everywhere i n  p l a c e  of alrno'st 
i 

evcr>-..~here i n  DEFIKITION 5.2.3. The p roo f  of t h i s  h i n g e s  o n  t h e  f a c t  t h a t  

chznging  a  conpu tab le  f u n c t i o n  on a f i n i t e  number of arQumcnts d o c s  n o t  

6 

a f f e c t  i t s  c o m p t a b i l i t y  . 
t 

. .  
.- 

5.2.4 LE::.:k. ~ e ( t  ( ( $ ' i ) l C N l  
('i) ~ c N  

be a . c o m p l c x i t y  measure.  L e t  (p 
- & 

2 
b e  h o n e s t .  3 computable  h '  o n  - N . 3i t - N 3 qi r ip and 

2 
P r o o f .  Choose i C , k C I and computable  total h  on N 3 .pi = q anCl - - - - 

\ Vn 5 k, @ .  ( n )  5 h ( n , q i ( n ) ) .  P 

1 

Def ine  a f i n i t e  set  I by 

I = 
d e f n  {n C - N I n  < k and q i ( n )  is d e f i n e d )  f 

Def ine  r on N 'by " - 



- E v i d e n t l y  r is cornputcable s i n c e  r is e q u a l  t o  the computable  

function which is i d e n t i c a l l y  z e r o ,  e x c e p t  f o r  a ~ f i h i t e  n d e r  o f  

a rguments .  F u r t h e r ,  r is  t o t a l  s i n c e  i f  n  j! I t h e n  r ( . n )  = -0, and , A if 

n F I then q i ( n )  i s  d c f i n e d .  c o n s e q u e n t l y  r ( n )  i s  dcfined. 

E v i d e n t l y  h' i s  computable and t o t a l .  

Also, -if n 2 k t h e n  , 

h n ,  n 3 h(nPTi  (11) 1 

and i f  n  < k then 

i f  q i  ( n )  i s  de f i ned  

1 unde f ined  i f  qi  (n) is un&f iced. 

W e  a r c  now i n  a position t o  p rovc  that h o n c s t  f u n c t i o n s  

and f u n c t i o n s  w i t h  computable  graphs  are t he  sane*. 

cp is h o n e s t  - Q has a computable  graph. 

p r o o f .  ( 1  . ~ h o o s e  h *  an - N* and i c : 3 
4 

- 

and Vn f N, - 



Look a t  the fo l lowir ig '  procedure. 

(1) Compute h' (n,m) . 
1 k '  

( 2 )  C o f i p t e  w h e t h e r  or n o t  Bi (n )  5 h '  (n,m) . I f  n o t ,  t h e n  

a n s w e r  FALSE and  h a l t .  
-.- 

* ,  

' ( 3 )  Compute q i ( n ) .  

(4 )  I f  cpi ( n )  = m t h e n  anshver. TRUE and h a l t ,  else answer 

FALSE and h a l t .  

W e  c an  see t h a t  t h i s  p r o c e d u r e  computes w h e t h e r  o r  n o t  ..rp ( n )  a m 
.1Lt 

as f o l l o w s .  - 

I f  q ( n )  = m t h e n  q . ( n )  1 = m ,  hence (b . (n )  1 2 h 1 ( n , m )  a n d  (4)  xesults 

i n  t h e  answer TWE.  

If p ( n )  # m, t h e n  either ( 2 )  results ill the answer FALST: or else 

O . ( n )  C h 1 ( n , m ) .  I n  t h e  latter case w e  have (pi(") is d e f i n e d ,  hence 
1 

(3 )  r e s u l t s  i n  sorrie v a l u e  lor cpi ( n )  S i n c e  q i  (n)  = q ( n )  and  

q(n) # m,  (4 )  w i l l  result i n  the answer  FALSE. 

( )  Choose i 3 cp = q. D e f i n e  computable  t o t a l  h on 
i 

2 .9 

N by - 

h(n,m) = 0 .  (n )  cp ( n )  m 

clcfn{ol - otherkse. i + 

Now Vn C N ,  - 

Thus ,  is h-honest. u 



PROPOSITION 4.3 .2  t e l l s  us that  has a computable graph - 
i f  and o n l y  if cp is a member: of a measured sequence. Hence t h e  -+ 

f o l l o w i n g  c o r o l l a r y  Is inuncdiatc .  

5.2.6' COROLLARY. Let ( ( 1  1 1 be a c o : m l e x i t y  measure.  
- i i C N  - 

M' 
3 a measured sequence  (Oil cN 3 o C {'iti I ~ C N )  - 

,, - 
q '  is h o n e s t .  

L 
- 

Proof .  . Immediate. from PR0POSITIO:T 4.3.2 and PROPOSITIO?: 5.2.,5:n * 

Does this i c d i c a t c  t h a t  measured sequexces and h o n e s t  se t s  

are e s s e n t i a l l y  t h e  same? IJot qui to. The fol1ot:ing p r o p o s i t i o n  i n d i c a t e s  

t h a t  measured secpef ices  form h ~ n k s t  se ts .  I n  5 7.*2 w e  w i l l  see t h a t  

t h e  set of  - a l l  h - h o n r s t  f u n c t i o n s ,  for any g i v e n  h ,  foras a measured 

sequence .  Howcvcr, i n  5 G . 2  w e  ;.;ill c o n s t r u c t  a n  h o n e s t  set which 

cannot  p o s s i b l y  forn a measured s e y c n r c .  T h i s  h o c c s t  set w i l l  even 

be seen t o  bc co rn~u tc tS ly  enmcrakle!  

5.2.7 PROI'QSITIOF!. I E ~  , ( ) be a co inp lcn i ty  measure. 
- i i t N  - 

('i)i~N 
a mecisurcd sequence. Then {d*i 1 i f ~ f  i s  h o r e s t .  I n  - i - 

f a c t ,  f o r  any  computable  t o t a l  f on N 3 V i  E N, - - - ' f ( i )  - qi r 

w c  havc that  3 conputable t o t a l  h on H~ ? Vi ( Ii. - - I 

Proof .  S i n c c  every  measurccl secpcnce is c o n p u t a b l y  enumerable 3 -- 

1 

Thus, it s u f f i c e s  to procr the sc!cor.d p, i r t  of tilt. p:-oposition. 



1 ( ' f ( i )  i6N 
is computably enumerable (LEMXA 4.1.5) thus it is  e v i d e n t  

- 
9 

t h a t  p on - N is computable where p is d e f i n e d  by 

p is  t o t a l  s i n c e  i f  J J .  (n )  = m w e  have 
'f (i) 

= m t h u s  
. u 1 of (i) 

2 
is d e f i n e d .  Def ine  compntable t o t a l  h on N by - 

Then ,Vi f N ,  Vn 1 i, we have - 

2 p , n i n  ( s i n c e  i 5 n )  

Inmedia te ly  w e  have t h e  fo l lowing  c o r o l l a r y .  

.5 .2 .8  COROLLARY. For any c o n p l e x i t y  measure ( ((pi) C N ,  (Gi ) CN) 
- - 

we havs  t h a t  {Q. 1 ~ C N )  is h o n e s t -  
1 - ~ - 

~. 
Proof .  Inmediate from PR010SITION 5.2.7 and the f a c t  t h a t  (Oi ' i fN - 

is a meascred sequence. o 1 

W e  t u r n  our a t t e n t i o n  away from honesty  f o r  a moment, to  look a t  how 

d i f f e r e n t  complexity measures re l ' a te  to  each o t h e r .  The r e l a t i o n s h i p  

w e  w i l l  d e r i v e  is sometimes u s e f u l  i n  d e m n s t r a t i n g  that c e r t a i n  

p r o p e r t i e s  a rc  measure i n v a r i a n t .  A measurc i n v a r i a n t  p r o p e r t y  i s  a- 

p r o p c r t y  !..-hich is t r u e  i n  a l l  n c a s w e s  i f  it can be shown to  be t r u e  

i n  any one measure. W e  w i l l  t h e n  look a t  honesty  as  a measurc i n v a r i a n t  

p r o p e r t y .  
.+ 



5.2.9 LEMMA. Let  ( (ailiCR - - 
h 

1 . ( (Gi) iCN1 - (0,) iCN) b e  any two 

complexity measures. There i s  a computable t o t a l  f on - N 3 

A 

Furthermore, v computable t o t a l  f on - N 3 V i  C - N. qf  ( i )  : qi 

2 00 

3 computable t o t a l  h on - N 3 Qi E - N, Qn C - N. 
A 

@f (i) (n) ,5 h h , a i  (n)  

and Ymllm2 C El  Vn C - N,  

Proof. (Gi) C~ i s  an acceptable numbering, hence i s  computably 
- 

enumerable by LEMMA 4.2.4. Thus by PROPOSITION 4.2.3 3 computable t o t a l  

f on - N 3 V i  E - N,  

- h 

' f ( i )  'i . 
Let f be any such function.  

Define 6 on - N3 by 

otherwise . 
Evidently,  p i s  computable s ince  ('f (i) ) i E N  

is  computably enumerable 
- 

(FACT 4.4.4) and s ince  (8i)iCN is  a measured sequence (DEFINITION 4.4 .1) .  
- 

p is  t o t a l  s i n c e  Zi (n) = m 3 Gi (n) is  defined 

=) 'Pf (i) 
(n) i s  def ined 

(3 (n)  i s  defined.  
f (i) 
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t 

E v i d e n t l y  h '  and h  are computable  and t o t a l .  C l e a r l y ,  
- 

m > m a h(n ,m 2 h(r i Im2) b< d e f i n i t i o n  o f  h .  
1 -  2 1 

~ l s o  Qi E N, Vn 2 i ,  - 

Although t h e  p r e v i o u s  LEFXA i s  more u s e f u l ,  t h e  f o l l o w i n g  more 

symmetric r e s c l t  seems nore impressive. The r e s u l t  i s  from Blum [ 2  1, 

complex i ty  measures .  

3 computable  t o t a l  h o n  !! 3 V '  C N, vn C N, - - 

and O .  l n )  < h ( n , b i ( n ) ) .  
1 

i. choose 2 P r o o f .  Def ine  f ( i )  = defn h l Ih2  on N . k l Ik2  < N I  - 7 

> Vi E - IJ, we have, 



# * 
The f o l l o w i n g  p r o p o s i t i o n  u s e s  LEI-FA 5.2,9 to  show '#at h o n e s t y  - 

is measure i n v a r i a n t .  

measures. L e t  Y be a set o f  computable  p a r t i a l  f u n c t i o n s  o n .  N. - 
A 

Y is h o n e s t  in M o 3' is h o n e s t  i n  1.1. 

. *  Proof .  By s ~ m e t r y  w e  need  o n l y  prove ==. Choose g 3 Y is  g-hones t  

h 

i n  M. 

Choose f and h by LU'IW 5.2 .3  

and  Vm ,n, F N, Yn C r:, m > m2 -. h ( n , n  l e t  h ( n . n  ) .  1 L. 
- - 1 1 2 

3 0 

E v i d e n t l y  h '  i s  c o m p t a b l e  and t o t a l .  W e  w i l l  show t h a t  P is 

, h'-honest i n  :I, Let C 5'. Choose i < N ? - 
A m A h 

vi = c and V n  C - N ,  Ci (11) 5 g(ri,vi.(n) ) . 



..- - 
Notice t h a t  ~ < c  shcu-ld choose k G - N 3 (*)  holds for all 'n 2 k, 

. - 
to be the maximurn.of 

kl 
and k where, 

C 

2 

I n  L u t u r e  proofs t ~ e  pill n o t  bother to indicate when' wc are using 
e 

. < 

sucfi ' t r i c k s '  w i t h  ' a l m o s t  everlwhere.' 

, 

,* 
3 1 

3 '  
i - .  P 

i 

D 

1 ' * 

r* 



5 5.3 Relevance of Abstract Complexity Theory 

In this section we wish to take a brief philosophical look at 

abstract complexity theory. We will look at how complexity theory relates 

to real computing environments, and at how worthwhile the study of 

complexity theory might be to a computer scientist. This author maintains 

that if any doubt at all arises as to whether or not abstract complexity 

theory relates closely to real computing environment, or as to whether or 

not the study of complexity theory is worthwhile to the computer scientist, 

it arises because of the prevalence of the notion of almost everywhere in 

complexity theory. Hence the seeming misplacement of this section in a 

chapter about the notion of almost everywhere. 

Let us look first at the question about computing environments. 

We will see that a computer system does, in a sense, fit the axioms of a 

complexity measure. 

We will make a few assumptions of the machine language of a 

computer system. We assume that the instructions have an upper bound to 

their length, that for each computable function we can write a programme 

to compute it (i.e., we should be able to simulate Turing machines using 

the language), and that we can &del number the programmes which can be 

written in the language. These seem to be true of every machine language. 

The set of ~6del numbered programmes will form an acceptable numbering. 

We will encounter a minor difficulty in trying to run these 

programmes in our systems since almost all programmes are too large for 

the system. However, since the system cannot execute more than a fixed 

number of instructions at a time (usually one) let us store the programme 

on tape and give the system only those instructions it requirr.: at any one 



time. 

The reader can see we have already moved away from an ideal 

computing system in order to create an environment suitable to discussing 

a complexity measure. 

Suppose we feed inputs into the system on tape. Then our system 

can work on arbitrarily large inputs. Now, since this is supposedly a 

real computing environment, it may have available to it limited quantities 

of some resources and all it requires of others. For example, it may have 

all the time it needs but only a fixed amount of memory. It is possible 

that some programmes require more units of some resource than are available 

to it. 

Let us make another assumption. Suppose any time the system 

attempts to use more units of resources than are available to it, that we 

can give it more of any type of resource it requires. 

We have moved another step away from any real system. However, 

we are not being too unrealistic in that we have the technology, if not 

the resources, to build such a system. 

Suppose that we define a complexity measure on the programmes for 

this system by counting certain resources used by the programmes. 

Now any result from complexity theory can be applied to 

programmes on this system. However, are these results at all useful 

within this computing environment? 

Suppose we have a programme to which we would like to apply some 

result from complexity theory, and that this result holds only almost 

everywhere. In any real application, we will only be interested in the 

computations of the programme on some finite set of inputs, if ?or no other 



reason than because the  s i ze  of inputs is l imited by how long we a r e  

wi l l ing  t o  spend wri t ing them on the  tape. Since we w i l l  only use the  

programme f o r  a f i n i t e  number of inputs ,  of what use t o  us i s  a r e s u l t  

which holds f o r  a l l  but  a f i n i t e  number of inputs? 

We can see then, t h a t  although a computer system may s a t i s f y ,  i n  

a sense, the  axioms f o r  a complexity measure, many of the  r e s u l t s  of 

complexity theory ( i . e . ,  those which hold only almost everywhere) have no 

r e a l  significance.  

Does t h i s  mean t h a t  complexity theory i t s e l f  is not s ign i f ican t?  

This author f e e l s  t h a t ,  i n  s p i t e  of t he  above, complexity theory i s  an 

important f i e l d  f o r  the  computer s c i e n t i s t  t o  study. Many r e s u l t s ,  

although they may hold only almost everywhere, do give deep ins igh ts  i n t o  

the  complexity of computations. The computer s c i e n t i s t  can grea t ly  

increase h i s  i n tu i t i on  i n  computability, and h i s  understanding of 

computations and computational complexities by studying abs t rac t  complexity 

theory. 



CHAPTER 6 

DIAGONALIZATION AND THE HALTING PROBLEM 

5 6.0 Discussion 

Suppose we wish t o  de f ine  a  funct ion  s o  t h a t  it i s  not  i n  a  given 

sequence of functions.  I f  t h e  sequence. say (fi)iCN . conta in  
- 

t o t a l  funct ions  on - N , then we can de f ine  t o t a l  f  on - N by 

f  (n) = f  (n) + 1 defn n  

I t  i s  c l e a r  t h a t  f  )? { f .  I i € - N )  s i n c e  f o r  each i € - N . f  (i 
1 

only 

# f i ( i ) .  

hence f  f f i .  

This  type of process  i s  c a l l e d  d iagonal iza t ion  s i n c e  f  i s  made 

no t  equal  t o  t h e  diagonal of t h e  following t a b l e .  

I n  cases  where f  must be  computable and t h e  funct ions  i n  t h e  

sequence a r e  p a r t i a l ,  var ious  complications a r i s e .  This i s  because 

'pn (n) qn(n)  + 1 , i f  qn (n )  i s  undefined. Many t imes it i s  s t i l l  

poss ib le  t o  def ine  computable f ,  u sua l ly  a t  t h e  expense of adding 

complications t o  t h e  argument. 

We w i l l  use t h e  term 'd iagona l i za t ion '  t o  desc r ibe  any process,  

no mat ter  how complex, of def in ing some funct ion  such t h a t  it i s  not  i n  a 

s e t  of o ther .  funct ions .  

I n  5 6.1  we look a t  some uses of d iagonal iza t ion .  One of t h e s e  



is the p r o o f  of the H a l t i n g  Problem. The I ? d l t i n g  P r ~ b l c m  indicates t!+t 

+ere is  n o  p r o c e d u r e  which t e l l s  u s ,  given i and n ,  whe the r  or n o t  t h e  

i t h  computing device h a l t s  on i n p u t  n.  I n  5 6.2 t h e  I i a l t i r q  ProSlem i s  

used t o  c o n s t r u c t  v a r i o u s  cxamplcs o f  f u n c t i o n s  vhich are b a d l y  behaved in 

some r e s p e c t s .  



$ 6.1 Some Applications - The Halting Problem 

Let us look first at a simple application of diagonalization. 

The proof of the following proposition consists of defining a computable 

total function f so that it is not in a given measured sequence, 

('i) i CN 
. This is done by defining f(n) so that it is not equal to 

- 
$n (n) 

6.1.1 PROPOSITION. Let ($i) cN be a measured sequence. There is a 
- 

computable total f on - N 3 

f L N i  I i C N 1 .  7 

Furthermore Im(f) 5 {0,1} . 
Proof. Define f on - N by 

f (n) = 

defn i 1 IYn(n) r 0 

0 otherwise . 
Evidently f is computable and total. Also, vi C - N , 

f (i) ia $i(i) , 

hence f # . 

Thus, since acceptable numberings contain all the computable 

functions, they cannot be measured. 

6.1.2 COROLLARY. No acceptable numbering is a measured sequence. 

Proof. Immediate from PROPOSITION 6.1.1 and PROPOSITION 4.2.2.0 

It follows, then, that we cannot compute, given i,n, whether or 

not cpi(n) is defined, for any acceptable numbering ('i) i CN 
. This is 

- 
clear, for if we could then 

('i) i CN 
would certainly be measured. - 

The question, 'Given an acceptable numbering (qi) ,,\, i s  there 



a  way t o  compute, f o r  each i , n  , whether o r  not  cpi(n) i s  defined?' 

has been c a l l e d ,  f o r  obvious reasons,  t h e  Halt ing Problem. 

The above argument i n d i c a t e s  t h a t  t h e  answer t o  t h e  Halt ing Problem is 

negative.  

6.1.3 THEOREM. Let  ((pi) icN be an acceptable  numbering. The t o t a l  
- 

pred ica te ,  P I  on - N~ defined by 

P  = 1 i . n  [cpi (n) i s  def ined]  
defn 

i s  no t  computable. 

Proof. Suppose it i s  computable. We w i l l  show i s  measured, 

thus  con t rad ic t ing  COROLLARY 6.1.2. 

Given i,n,m, it i s  c l e a r  t h a t  t h e  fol lowing procedure computes 

whether o r  not  cpi (n) = m. 

On inpu t  ( i ,n ,m).  

(1) Compute ~ h e t , ~ e r  o r  no t  cp .  (n) i s  defined. 
1 

(2) I f  no t  then answer FALSE and h a l t .  

(3) Compute cpi (n) . 
(4)  I f  cpi (n) = m then answer TRUE and h a l t ,  

e l s e  answer FALSE and h a l t .  

Thus ((pi) icN i s  measured, con t rad ic t ing  COROLLARY 6.1.2. Therefore 
- 

h i , n  [p i (n)  is def ined]  i s  no t  computab1e.o 

The reader  may wonder why we de f ine  computability i n  terms of 

p a r t i a l  funct ions  s ince  i n  any r e a l  s i t u a t i o n  we a r e  i n t e r e s t e d  only i n  

t o t a l  computable funct ions  and s ince  i n  deal ing  with p a r t i a l  functicms we 

i' g e t  a  negative answer t o  t h e  Halt ing Problem. We can e a s i l y  .+<r this 



query  u s i n g  a s imple  d i a g o n a l  argument. 

* Suppose we have sone workable c h a r a c t e r i z a t i o n  o f  a l l  the 
. 

G 

i n t u i t i v e l y  conputable  t o t a l  f u n c t i o n s .  W e  e x p e c t  t h a t  . t h e s e  f u n c t i o n s  

could  be Gijdel numbered so t h a t  g i v e n  i w e  can c o n s t r u c t  a d e v i c e  t h a t  

computes t h e  i t h  func t ion . '  Thus w e  cou ld  c o n s t r u c t  a d e v i c e  which on . 9 

i n p u t  n ,  c o n s t r u c t s  t h e  n t h  d e v i c e ,  r u n s  on n ,  t h e n  o u t p u t s  one  p l u s  
a, 

b 

t h e  r e s u l t  of  t h e  n t h  d e v i c e  on i n p u t  n. C e r t a i n l y  t h e  f u n c t i o n  
2 

, - 
d e f i n e d  by t h i s  new d e v i c e  would be  i n t u i t i v e l y  computable. However, by 

i t s  d e f i n i t l o n  it would n o t  be i n  t h e  o r i g l n a l  set  o f  computable f u n c t i o n s .  

(It shou ld  b e  c lear  t h a t  the above argument can b e  used to p r o v e  t h a t  the 

s e t  of a l l  comput&lc t o t a l  f g n c t i o n s  cannot  f o p  a  ~ o r n p u t ~ a b l y  enumerable 
"'*, F: * 

. . sequence.  ) . 

- 3 
Thus i t  seers t h a t  any c h a r a c t e r i z a t i o n  o f  computabil ' i ty  which 

a l l o x s  o ~ l y  t o t a l  f~ - c t i o n s  is i n s u f f i c i e ~ t .  I f  o u r  c h a r a c t e r i z a t i o n  - 

- a l l o w s  p a r t i a l l f u n c t i o n s ,  t h e n  the argument which shows t o t a l  f u n c t i o n s  arc 

i n s u f f i c i c - n t ,  can  b e  modif ied  to  rt ~ n r  t h a t  the aswc.- t o  t h e  H a l t i n g  

Problem i s  n e g a t i v e .  T h i s  can b e  seen  more c l e a r l y  i n  t h e  p r o o "  t h a t  t h e  

f o l l o v i n q  s p c c i a l  form o f  t h e  IIa1tir.r; Problem has a  n e g a t i v e  an.:wer. 
$ 

' k v m  afi i ccep t$ i i l e  numbering LCi) icN , - is t h e r e  a way to  co&utc 
- 

f o r  each n ,  whetlier o r  n o t  q n ( n )  i s  d e f i n e d ? '  The fo l lowing  lcmia 

g i v e s  a n e g a t i v e  answer to  t h i s  S p e c i a l  I ! a l t i ~ g  Problem. 

6.1.4 Lii!??lA. - L e t  (gi)icx b e  an a c c c p t c b l c  nunbering.  Then the t o t a l  
- 

p r e d i c a t e  P on - J d e f i n e d  by 

is  dcfirred] P = - [q ( n )  de fn  n 

i s  n ~ t  computable. 



8 3 

Proof. Suppose it is computable. We ob ta in  a con t rad ic t ion  by de f in ing  

a computable funct ion  cp which i s  no t  i n  Define cp on - N by 
- 

cp(n) = defn [ cp, (n) + 1 i f  cp, (n) i s  def ined 

0 otherwise. 

Evidently cp i s  computable. However. V i  C - N , q # cpi s i nce  

i f  cpi (i) is  defined then cp (i) = cpi (i) + 1 

and i f  c p ,  (i) i s  undefined then c p ( i )  = 0 . 
1 

This c o n t r a d i c t s  PROPOSITION 4.2.2. Thus An [cpn (n) i s  def ined]  i s  no t  

The above LEMMA proves more u s e f u l  i n  cons t ruct ing  counterexamples 

than THEOREM 6.1.3. I n  f a c t ,  most d iscuss ions  of t h e  Hal t ing  Problem 

use LEMMA 6.1.4 t o  prove PROPOSITION 6.1.3. We leave  it t o  t h e  reader  t o  

s e e  how t h i s  might be done. We w i l l  look a t  some uses  of  LEWm 6.1.4 i n  

5 6.2 of t h i s  chapter .  

The next  r e s u l t  uses  a  s l i g h t l y  more complicated diagonal  

argument. The r e s u l t  i n d i c a t e s  t h a t  t h e r e  a r e  a r b i t r a r i l y  complex funct ions  

i n  t h e  sense t h a t  f o r  any computable $ t h e r e  i s  a computable funct ion  cp 

with t h e  same domain as $ such t h a t  every device which computes cp almost 

always uses  more than $ resource u n i t s .  cp i s  const ructed  by 

diagonal iz ing  over t h e  s e t  of funct ions  t h a t  can be  computed by using l e s s  

than resource u n i t s  i n f i n i t e l y  o f t en .  Thus i f  cp i s  computed using 
i 

l e s s  than $ resource u n i t s  i n f i n i t e l y  o f t e n  then cp # cp . Taking t h e  
i 

con t rapos i t ive  we have t h a t  i f  cp = cp then cpi i s  computed using more 
i 

than $ resources almost everywhere. 

6.1.5 PROPOSITION. t ( (qi) i C N  , (Qi)  iCN)  be a cc:,;: . y aleasure. 
- - 



Let I/J be any computable p a r t i a l  funct ion  on - N. There ' i s  a 

computable p a r t i a l  function on 5 3 Dom(9) =  om($) and V i  C - N, 

' i = cp -. Vn E - N,  @. (n) > $(n)  . 
1 

Furthermore, q can be defined 3 Vn E - N, i f  q ( n )  i s  defined then 

Proof. Let be defined by t h e  following procedure. 

On inpu t  n. 

(1) Compute $ (n ) .  If $(n)  is undefined then ~ ( n )  i s  undefined. 

(2) ( ~ n  case $(n)  i s  defined.)  

Define Xn = {qi (n) I i C n and @ .  (n) < $ (n) 1 
1 

(Evidently 
'n 

i s  f i n i t e ,  having a t  most t h e  n + 1 members 

qo (n) , ql (n) , . . . ,rfi (n) , and can be  computed from n.) 

( 3 )  Define q (n)  = uk [k  p Xn 1. Halt .  

(Evidently such k can be  computed and k I n + 2 , s ince  

'n 
has a t  most n + 1 elements. Hence q ( n )  I n + 2 . )  

Suppose we have i C N 3 n , @ n < n Choose any 

n 3 i 3 0. (n) < $ (n) . Then $ (n) i s  def ined and 9 .  (n) € X . 
1 1 n 

Thus q (n) # qi (n) hence q # qi. W e  have, then,  t h a t  V i  E - N,  

(5 c N, m p )  < qi # ip . 
Clear ly  Dom(q) = Dam($) by (I) ,  hence 

Since q ( n )  I n + 2 w e  have a s  a c o r o l l a r y  t h a t  t h e  s e t  of a l l  

computable funct ions  i s  not  honest .  

6.1.6 COROLLARY. Y computable t o t a l  h on - N ~ ,  3 computable t o t a l  f 

on N 3 f is  no t  h-honest. - 



Proof.  Let  h  be  given. Define r on - N by 

r ( n )  = max(h(n,m) I m I n  + 2) + 1. 
defn  . 

Evident ly  r i s  computable and t o t a l .  Choose computable t o t a l  

f  on - N 3  f ( n ) I n + 2  and V i  C N ,  - 
03 

i 
= f  = ' J n  € - N,  @ . ( n )  1 r ( n )  

1 
00 

a s  i n  t h e  above PROPOSITION. Thus, i € - N i f  q  = f t hen  th € N, 
i - 

Thus, f  i s  n o t  h-honest. 

I n  f a c t ,  (*) of  t h e  above proof  i s  s t r o n g e r  than  what is 

needed s i n c e  i n  o r d e r  t o  prove f i s  n o t  h-honest we o n l y  need prove t h a t  

Qi(n) 7 h ( n t v i ( n ) ) .  

I n  [ 2 ] ,  Blum has  shown t h a t  t h e  f u n c t i o n  cp of  PROPOSITION 6.1.5 

can be  de f ined  t o  t a k e  on only  va lues  0 o r  1. The fo l lowing  i s  t h e  

essence  o f  t h e  argument. 

Given an inpu t  n ,  i f  $ ( n )  i s  undefined then  l e t  q ( n )  

be  undefined. I f  $ (n)  i s  de f ined  c o n s t r u c t  a  l i s t ,  c a l l e d  t h e  l ist  of 

i n d i c e s  of  cance l l ed  f u n c t i o n s ,  a s  fo l lows .  P l ace  i n  t h e  l i s t  each i € - N 

such t h a t  f o r  some k  < n q ( k )  has  been p rev ious ly  de f ined  t o  be  no t  

equal  t o  qi (k) . Now f i n d  t h e  l e a s t  i i n  { i  I n  I mi (n )  E $ ( n )  } 3 i is 

not  In t h e  l ist  of  i n d i c e s  o f  cance l l ed  func t ions .  Define q ( n )  t o  be  

0 o r  1 s o  t h a t  b ( n )  i s  n o t  equa l  t o  . n )  (Notice t h a t  f o r  any 
1 

l a r g e r  n ,  i w i l l  now be i n  t h e  l i s t  o f  i n d i c e s  o f  can(:#- a fun- t ions . )  



The proof fol lows by showing two th ings .  F i r s t l y ,  t h a t  i f  i is  such t h a t  

m 
3n € - N ,  mi (n)  c I) (n) , then f o r  some n ,  rp (n) # rpi (n) . Secondly, t h a t  rp 

i s  computable. 

The f i r s t  of these  fol lows from t h e  cons t ruct ion  of . The 

second fo l lows i f  we can show t h a t  it i s  p o s s i b l e  t o  cons t ruc t  t h e  l i s t  of  

i n d i c e s  of  cancel led  functions.  A problem a r i s e s  here  i f  t h e r e  i s  some 

k C 2 3 $ (k) i s  undefined. For i f  t h i s  is  t r u e  then q (k) i s  undefined, 

and it may be impossible,  f o r  n 7 k t  t o  cons t ruc t  t h e  l i s t  i n  a 

s t ra ight forward  fashion.  Blum's cons t ruct ion  o f  rp makes use of 

"doveta i l ing"  t o  overcome t h i s  d i f f i c u l t y  a s  w e  w i l l  s e e  i n  5 7.2. For 

t h e  moment l e t  us prove t h e  r e s u l t  f o r  t o t a l  I). 

6.1.7 PROPOSITION. Let  , (@i) i €N ) be a complexity measure. - - 
Let r be  a computable t o t a l  funct ion  on fl. There i s  a computable 

t o t a l  f on - N 3 ~ m ( f ) c  ( 0 , l )  .and V i  € - N , 

Proof. Let f be def ined by t h e  fol lowing procedure. On inpu t  n, 

(1) Do t h e  first n s t a g e s  i n  t h e  cons t ruct ion  of t h e  l i s t  L, where 

L i s  const ructed  i n  s t a g e s  k = 0,1,2,  ... a s  fol lows.  

Stage k. Find t h e  l e a s t  i t  5 k 3 

(a)  Qi k c r k , r (k) can be  computed, I 
w e  can compute whether 

ai (k) c r (k) holds. I 
and (b)  i' i s  no t  y e t  i n  L. ' ~ t  each s t age  the  l is t  L ' 

w i l l  be only f i n i t e  s ince  

w e  add a t  most one 

element t c ~  L a t  each stage. ,  



I f  such i' e x i s t s  p lace  it i n  L, then go t o  t h e  

next s t age ,  e l s e  go d i r e c t l y  t o  t h e  next s t age  adding 

nothing t o  L. 

(2) I f  i i s  added t o  L a t  s t age  n then def ine  f  (n) by 

1 0  otherwise . 
(Since 0 .  (n) < r ( n )  , qi(n) i s  defined and can be computed.) 

1 

I f  no index i s  added t o  L a t  s t age  n l e t  f ( n )  be defined by 

f  (n) = 0 .  
defn 

Notice t h a t  i f  i' i s  placed i n  L a t  s t age  k then cp (k) # f ( k ) ,  by i ' 
d e f i n i t i o n  of f .  Evidently f  can be computed. We now show t h a t  

V i  € - N,  i f  h C - N, mi (n) c r (n) , then q # f .  Suppose w e  have i 

i - N 3 qn C - N, Q . ( n )  < r ( n ) .  Choose n 2 i 3 0 < r n  and n '  i s  
1 1 

g r e a t e r  than every element i n  t h e  following f i n i t e  set, 

{nil I i' < i, i' is added t o  L a t  s t age  n i l}  . 
(This s e t  i s  f i n i t e  s ince  an index i s  added t o  L i n  a t  most one s t age  of 

t h e  const ruct ion of L. ) Such n '  e x i s t s  s ince ,  qn € - N,  mi (n)  < r (n) . 

Now l e t  us look a t  t h e  computation of f ( n l ) .  

CASE 1. I f  i i s  placed i n  L before  s t age  n ' ,  then 3k < n '  such 

t h a t  i i s  added t o  L a t  s t age  k. Hence f  (k) # cpi (k) and 

CASE 2. I f  i is not  placed i n  L before  s t age  n ' ,  then look a t  s t age  

n '  of t h e  construction of L. We a r e  t o  f ind  t h e  l e a s t  i' 5 n' 

3 n < r n  and i ' i s  not  y e t  i n  L. Cer ta in ly  i i s  
1 

a candidate f o r  such i ' ,  b u t  i s  it t h e  l e a s t  candidctc? Any 



other  i '  < i 3 0 ( n  < r n  , is  added t o  L a t  s t age  n i t ,  
i ' 

and n < n '  by choice of n '  . Hence any o the r  candidate i s  
i ' 

al ready i n  t h e  list. Thus i i s  t h e  l e a s t  i' s a t i s f y i n g  t h e  

condit ions.  Therefore i is added t o  L a t  s t age  n t ,  and 

Thus we have V i  € - N ,  

(h € - N, b i b )  < n )  q # f .  

Taking t h e  contraposi t ive  we have V i  € - N ,  

00 ' i = f a Vn € - N ,  Qi(n) 2 r ( n ) .  

By d e f i n i t i o n  of f it is  c l e a r  t h a t  I m ( f )  C {0,1) and t h a t  f i s  t o t a l . 0  
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•˜ 6 .2  Usin@ the IIaWinq -Problem 
- - 

2 -the p r e v i o u s  s e c t i o n m e  kaw t h a t  t h e r e  i s  a n e g a t i v e  answer t o  

- - 

4 

. = b o t h  t h e  H a l t i n g  Problem and t h e  S p e c i a l  H a l t i n g  Problem,  t h a t  is*, t h e r e  
a& 

i s  no xiay t o  compute, far each  i , n ,  whe the r  or n o t  q i ( n )  is d e f i n e d ,  

and t h e r e  i s  no  way t o  c o n p u t e ,  f o r ,  e ach  n ,  whe the r  or  n o t  cpn(n) i s  
, . B 

d e f i n e d ,  a 
a. 
L- 

The n e g a t i v e  answers  t o  t h e  H a l t i n g  Problem and t h e  S p e c i a l  
- a 

H a l t i n g  Problem have provQn exkrcmcly u s e f u l  i n  c o n s t r u c t i n g  v a r i o u s  

counter -examples .  The method i n  which these are used usually f o l l o w s  t h e s e  
6 dl 

1 

l i n e s .  Suppose w e  would l i k e  t o  f i n d  some type of o b j c c t  that d o e s  n o t  

have  a c e r t a i n  p r o p e r t y .  We a t t e m p t .  t o  d e f i n e  such  an  object so that i f  

i t  d i d  have  t h i s  p r o p e r t y ,  t h e n  we could  compute whe the r  o r  n o t  ipn(n) is 
1 - 

d e f i n e d  ( o r  qi ( n )  i s  d e f i n e d )  for each n  ( o r  each i , n )  , t h u s  . 

, , c o n t r a d i c t i n 5  t h e  kno:.:rl n e g a t i v ?  r e s u l t  t o  t l le  S p e c i a l  H a l t i n g  Problem ( o r  

H a l t i n g  Problem) .  'Hence t h e  o b j e c t  d o e s  n o t  have  t h a t  p r o p e r t y .  

I n  t h i s  s e c t i o n  we w i l l  l ook  a t  three d i f f e r e n t  c o u n t e r - e x a m p l e s  

a d  u s e  t h e  n e g a t i v e  ansr.:er t o  t h e  S p e c i a l  I l a l t i n g  Problem ( i  . e . ,  LEMm 
r3 

.--% > 

6.1.4 1 t o  p r o v e  t h a t  t h e y  are, , i n  f a c t ,  ' counter -examples .  
-- 

% 
4 

We f i r s t  show t h a t  t h e r e  are conputcable p ' a r t i a l - f u n c t i o n s  whose S 
5 

g r a p h s  a r e  n o t  computable .  N o t i c e  t h a t  any such  f i n c t i o n  c a n n o t  be t o t a l  
r 0 

s i n c e  e - ~ e r y  computable  t o t a l  f u n c t i o n  has a cornputcable graph . -  Our approach  

i s  t o  d e f i n e  a computablr. f u n c t i o n  ~p 3 tln € N ,  -- 

i - 
I' 

.+ 

8 1' 

~ ( n )  = 0 q n ( n )  i s  d e f i n e d .  'p, h - - 

.+ 

Then,  i f  t h i s  f u n c t i o n .  h a s  a comPutak,le q r a p h  w e  c a n  computc w h e t f i b  or n o t  

P 

o ( n )  i s  d e f i n e d  by  cornputjr~g whe thc r  o r  n o t  q ( n )  = 0 .  Thus cp c a n n o t  
n 

have a c o x p u t a b l e  qr~ph. 
I 



- S i n c e  f u n c t i o n s  w i t h  c ~ r i l p u t a 3 l c  cjraphs and h o n c s t  f u n c t i o n s -  arc 
P 

ID - 
s 

t h e  same ,' by PI?OPOSITIO;I 5 . 2 . 5 ,  we have t h a t  t h e r e  a re  c o ~ f i ' i h l e  fund50n-s 

whip11 a r c  n o t  h o n e s t .  T h i s  i s  s t r o n g e r  thd11 COKOSLAFY G .  1. G -8~hich indicates 

G 
t h a t  f o r  each h  t h e r e  i s  a is n o t  h -hones t .  u o w e ~ ~ e r ,  

COROLLARY 6 .1 .6  is s t i l l  o f  i n t e r e s t  i n  that t h e  f u n c t i o n  which i s  . 

c o n s t r u c t e d  i s  t o t a l ,  whe rea s  , v  as ahove i s  p a r t i a l .  

b 
6-2 .1 .  EYAWLE. Therp is  a comps tab le  f u n c t i ~ n  p whose graph is not 

- 
c o n ~ u t a h l e .  Hence, t h e r e  i s  a coinputable f u n c t i o n  q which is  n o t  

h o n c s t .  

' 1 
P r o o f .  The second r e s u l t  fo1loi:s d i r c c t l y  froin t h e  f i r s t  arid PF.Qf3SITIC:; 
i 

\ 

I n  o r d e r  t o  prove t h c  first r e s u l t ,  d e f i n e  0 on N by 
7 

c ~ ( n )  - ( n )  - 2 (11) . d e f n  n n 

E v i d e n t l y ,  (5) is  corcputaSle,  s i n c e  (q ) ' is comyutabl y cnmer&le,  222 
i i C N  - 

\. t 

~ ( n )  i O J  ' 1  i f  q, ( n )  is d e f i n e d  

i unde f ined  if vn ( n )  i s  u n d e f i n e d .  

If w has a c o n p u t a 5 l c  graph t h e n  t h e  p r e d i c a t e  !,n,m[ .- (n! ,- rn: i s  

computabcle,  hence  h [ l p  ( n )  r 01 is  computable .  - C l e a r l y  h [ L . 4 n )  : O !  i s  

t h e  s a m e  as t h e  O r e d i c a t e  ?a [q  ( n )  ; I s  d e f i n e 8 1 .  Hence An[q ( n )  i s  deflncl] +\ 0 n  

is computable  c o n t r a d i c t i n g  LC$~ G.<.TG ~ h u s , \  c c a n n o t  h b r e  a c c - ~ u t a b l v  

grapn . 
- - 

An arqumcnt n u c j ~  more s o p h i s t i c a t e d  t h a n  the a l o v c ,  h u t  u s i n g  t h e  
. . 

same bas ic  n o t i o n ,  a i d s  t?d-ucting a n  h o n c s t  s e t  of fu: l i t ions:  Y', 
us in 

which 'cannog he f o r n c d  i n t o  a measured s e q u e n c e .  Y i s  dc.f i n c d  t.o bc 
L ,., 

{$I I i C - 11) where (f,:) i C N  i s  d i n  I t .  i*' ( n )  j c  , v t e d  - 
- i t  11 



2 
, . 

C e f i n e  1) on - N by 

$ i i , n )  = q n  - n  i f  n = i I d e f n  , R I 

i l  o t h e r w i s e  . 
Evic?ent ly,  $ is c o ~ p u t i b l e  and u n i v e r s a l  f o &  (I) * )  i i € N  hence  by &INITIOX 

4.1.2, .is ' c o r p u t a b l y  enumerable .  C!?OOS~, bg THEOPEM 4 . 2 . 3 ,  
- 

a -able t o t a l  f u n c t i o z  f on  - N 3 
C 

2 
Gef ine  h on - N by 

/ 

h  (n,m) = dcfn ? maxi9 (n )  1 i < n)  i f  rn = 1 
f (i) 

*( 

o t h e r w i s e  . 
E v i d e n t l y  h i s  computable  s i n c e '  1 

( o f ( i ,  i c n  is cornputably enumerab le ,  
- 

L€:.V~JI 4.1.5. Also h i s  t o t a l ,  by t h e  fc , lowing. 

~f m # 1 t h e n  h(n ,m)  = 0. For rn = I ,  

n o t i c e  t h a t  f o r  e a c h  'i < n ,  
'f (i) 

tn)  i s  d e f i n e d  since 
i 

--- ( n )  I i < n )  is d e f i n e d .  
f (i) 

a 

a * .  

9 1 

$' (n)  = 0. If ($ i ) i cN i s  a measured sequence  s u c h  t h a t  '4' = I i C N) n - 
t h e n  we can compute whe the r  o r  n o t  cp ( n )  i s  d e f i n e d  b y  s e a r c h i n g  .forp 

n .  
- 

i 3 t h e n  check ing  whe the r  or  not qi ( n )  = 0. 

6.2.2 EXiL'tPLE. There i s  an h o n e s t  set o f  f u n c t i o n s ,  Y ,  3 " t h e r e  i s  no  

measured sequence  ( $ 1  with Y .= {$i I i C - N} .. 
7 

Proof .  Fo r  any  g iven  complex i ty  measure ( ( 1 ~ ~ ) ~ ~ ~ ~  (oil iCN) , d e f i n e  $: o n  .N - - - 
u 

- by $! (n) r defn ,fcpn(n) - u n ( n )  -- i f  n  = i A - -  

1 1 , f o r  every i € - N .  

k l o t h e r w i s e  

ir 

- 

- 



. 
,- 

.32 

Now, v i  ( 21 Vf ( i )  = $I: and Vn 3 i, .d 

A 1 

Hence Y = ! I i C 13) is '  h-hones t .  
d e f n  1 - l!ow suppose  

- + 
measured sequcncf with: '? = (0. ] i 11) 'l The fo1lo;:ing procedure 

1, - 'L L \ 

, 
c o p p u t e s ,  g i v e n  n ,  whether or n o t  Gn (n )  ' is  d e z i n c d .  ; 

On&n u t  n .  S 
(1) For--each i = 0 , 1 ,  2 , .  . . conpu te  w h e t h e r  or n o t  $i ( n )  = 1 

,- .-\ 
until ) i\ .- i-s 6 u n d  3 Qi ( n )  2 1. . ( T h i s  w i l i  be an i 3 

I. $Ji = - 1 

(2)  Compute chether or  no t  Fti ( n )  E 0.  I f  $. ( n )  Y Q t h e n  
1 

a n s w e r  Y X i C  and h a l t ,  ' else ansv.-er FALSE and  h a l t .  a- 
n 

I t  hecomes c l e a r  t h a k t t i e  above  does answer whether or no t  qn (n )  is  

d e f i n e d ,  when w e  n o t i c e  that vn ( n )  is d e f i n e d  c. $' (n )  7 ' 0 ,  and that 
n 

$Ji(n)  f 1 = 8 ' .  T h i s  conti-;diets ISiPlA 6.1.4.  Thus no  duch 
n - 

e x i s t s .  n 

i 
I n  t h e  d i s c u s s i o n  j u s t  p r io r  t o  EX+'% 6.1.4 it was i n d i c a t e d  that 

a s i m p l e  d i a g o n a l  a r q u m ~ n t  c a n  he used t o  p r o v e  the set o f  a l l  comtwtable  
- 

t o t a l  f u n c t i o r i s  c a n n o t  form a ccx-qwtably enunerahle sequence .  The n e x t  

- 7 

c o u n t e r - e x m p l e  dctmonst-rates, %us ing  LE:+lA 6 . 1 . 4 ,  t h e  e x i s t e n c e  of a n o t h e r  
v 

-0 
*"$ , 

k'. 
se t  of computable  t o t a l  f u n c t i o n s  w h i c ! ~  i s  1 f 6 t  co;qwta.bly e n u m e r & ~ 8 . ~  - 

ri) 

- 
6 . 2 . 3  I:wJ.lPLE. Thcrr!  i s  a set, , of c o m ~ ) u t a h l c  t p t a l  f u n c t i o n s  on K - 

there is no cornlwt zkn 1:- cn~rncrn!dc, s e q u e n c ~ .  

'k 



Proof. For each i € N d e f i n e  on N by 
1 

- - - * 

a 

0 i f  n f i  - 
if n' = i and Gi (i) i s ' d e f i n e d  

7' \ i f  n = i and pi (i) is undefined.  I 
---7-+ 

Notice that any \ unct ion  xh ich  is  0 everywhere b u t  a t  one a rgurknt  i s  

\ congutable.  Hence each is computable. Let 'i' = {q~i 1 i € N} -. _-- 

Suppose there i s  a cozputably e n u m r a b l e  sequence, ( $ i ) i C M  such 

\U = 1 i C I!] . The fol lowing procedure  computes, g iven 
i - 

v 
not"  q, (n )  is def ined .  

On i npu t .  n. 

(1) For each i = 011121.. .  compute Qi(n) u n t i l  w e  f i n d  io 3 

l!,.(n) # 0: (This i s  an ' i  3 $ = @ '  .) 
1 i n 

(2) If $. (n) = 1 then answer TRUE and h a l t ,  else answer FALSE 
1 

+ G 
1 ' and h a l t .  

4 - 
I ' 4 - 

~ u i d e r r d y  h !vn  (n) i s  def ined  1 i s  computable. This  c o n t r a d i c t s  L W A  

6.1.4. Hence no such 
"i' i 

e x i s t s .  c 
- 

\ 
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CHAPTER 7 
, _  _ , -- - 

The n e g a t i v e  answer t o  t h e  ~ a l f i n ~  ~ r o S l d m  prescnfs a  g r e a t  

b a r r i e r  i n  p r o o f s  t h a t  would o t h e r w i s e  seem q u i t e  n a t u r a l .  Powever,  many 

! 

p r o o f s  t h a t ,  a t  f i r s t  g l a n c e ,  scev t o  r e q u i r e  t h a t  w e  have  a p o s i t i v e  
- 

answer t o  t h e  H a l t i n g  Problem, do n o t  need such  a  s t r o n g  r e s u l t  a f t e r  a l l .  

They may o n l y  r e q u i r e  t h a t  we f i n d  t h o s e  n f o r  wh ich  a conput; iblc  f u n k t i o n  

, - 
q is  d e f i n e d .  D o v e t a i l i n g  i s  any o r d e r l y  p r o c e s s  f o r  g e n e r a t i n g  

v a l u e s  n.  % 

The r e a d e r  may n o t  see the d i s t i n c t i o n  betv-sen computing, g i v e n  

n,  whe the r  or n o t  ~ ( n )  is d e f i n e d ,  and g e n e r a t i n g  t h o s e  n  for which , 

q ( n )  i s  d e f i n e d .  L e t  u s  look '  a l i t t l e  more c lose l} '  a t  t h i s .  :4e w i l l  

a t t e m p t  t o  show t h a t  b e i n g  a b l e  t o  g c n e r a t e  those n  f o ~  which (C (n )  i s  

d e f i n e d  d o e s  n o t  imply  t h a t  w e  can  compute, give11 n ,  whe the r  o r  n o t  :7(n) 

is d e f i n e d .  Suppose w e  can  g e n e r a t e  t h o s e  n  f o r  which cp(n) is  "def ined .  
. . 

Given n ,  w e  can  check  if ~ ( n )  is  d e f i n e d  by s c b i n g  if n i s  g e n e r a t e d ,  

t h e n  answer ing  TRUE if it i s .  However, i f  n  i s  n o t  g e n e r a t e d  he w i l l  w z i t  
\ 

f o r e v e r .  Tha t  i s ,  w e  may n e v e r  be a b l e  t o  say  d e f i n i t e l y '  t h a t  ~ ( n )  . i s  

n o t  d e f i n e d .  

In !2 7 .1  we p r ~ s c n t  a  d i s c u s s i o n  o f  computable  h i j c c t i m s ,  which 

a i d  us i n  d e f i n i n g  and making u s e  of some d o v e t a i l i n g  p r o c e d u r e s .  In S 7.2 
T 

w e  d i s c u s s  three d o v e t a i l i n g  p r o c e d u r e s .  W e  a l s o  look  a t  a f e w  p r o o f s  

u s i n q  what t h i s  a u t h o r  f e e l g  is t h e  b u s t  o f  t h e  t h r e e  d o v c t a i l i n g  p r o c e d u r e s  - 



5 7 . 1  Computable B i j e c t i o n s  
- 

k 
A t o t a l  f u r i c t i a n  on N i s  s u r j e c t i v e  i f  for e v e r y  n € N t h e r e  - - 

k 
i s  a n  e l e m e n t  of  N which t h e  f u n c t i o n  maps t o .  n.  It is i n j e c t i v e  i f  n o  - 

k J 
two e l e m e n t s  of N map t o  t h e  same e l emen t  o f  N. A k o t a l  f u n c t i o n  i s  - - 
b i j e c t i v e  i f  it i s  b o t h  s u r j e c t i v e  and i n j e c t i v e .  \I A 

J * 
#" 

k 
7 .1 .1  D E F I N I T I O N .  L e t  f b e  a t o t a l  f u n c t i o n  on N . f i s  b i j e $ t i v e  - 

k 
and ( 2 )  Vcl, n  C N .  -2. - n  f n  = f n  f f n  . -1 -2 -1 -2 

We w i l l  show how t o  co1:struct a compurnble b i j e c t i o n  o n  N~ 'fk gach  k. .) \ - -. 

L 0 

I f  k = 1 t h e n  t h e  i d e n t i t y  f u n c t i o n  s u f f i c e s .  The f o l l o w i n g  l e m m a  shows 
a .  

t h e  r e s u l t  f o r  k = 2.  
* .  

2 7.1.2 LEal'.iA. The re  i s  a computable  b i j e c t i o n  on  N . 
\ e 

- 
Procf.  - L e t  f  b e  t h e  f u n c t i o n  d e f i n e d  by t h e  f o l l o w i n g  p rocedure .  

On i n p u t  a ( n p 2 ) ,  
v 

(1) S e t  m t o  0. 

( 2 )  s e t '  k t o  O. 
Z1 

( 3 )  S e t  i t o  k .  

, ( 4 )  S e t  ' j  t o  0. 

(5)  I f  n = i 
1 

and n  = j ,  o u t p u t  m and  h a l t .  
2 

( 6 )  S e t  m t o  m + 1. - 

( 7 )  S e t  i t o  i - 1. ( ~ t  t i m e s  i may be s e t  t o  -1.) 
1 

(8) S e t  j t o  j . + l . *  

( 9 )  If j 5 k t h e n  go to  ( 5 ) .  '2 
(10) S c t  k t o  k + 1. 



E s s e n t i a l l y  t h e  above procedure enumerates t h e  elements  o f  3 i n  t h e  o r d e r  

u n t i l  (nl,n2) i s  encountered. It then  ou tpu t s  one l e s s  t han  t h e  number 

of  ordered  p a i r s  enumerated s o  f a r .  Evident ly  f  is  a computable 

2 
b i j e c t i o n  on - N .o 

2 k  
From t h i s  b i j e c t i o n  on fl we can d e f i n e  a  b i j e c t i o n  on - N 

f o r  each k  > 2 by a  s t r a igh t fo rward  i n d u c t i o n  argument. 

7.1.3 PROPOSITION. For each k  C - N t h e r e  is a  computable b i j e c t i o n  on 

Proof .  For  k  = 1 t h e  i d e n t i t y  func t ion  s u f f i c e s .  For k  = 2, f 

k 
de f ined  i n  t h e  above LENMA s u f f i c e s .  For k  7 2 d e f i n e  f k  on - N by 

fk(nl ,  ... ,n ) = 
k defn  f (fk-l (rill.. . ,nk-l) 

where f  = f ,  wi th  f a s  i n  t h e  above LEMMA. Now f  = f  i s  
1 2 defn  2  
$ 

i 
1 computable. Assuming t h a t  i s  computable we have 

f k  
i s  computable 

fk - l  
!. 

1 s i n c e  it is a composition o f  two computable func t ions .  Hence by induc t ion  

i f k  
i s  computable f o r  a l l  k .  

i 
I S imi l a r  i nduc t ion  arguments show t h a t  f k  is a  b i j e c t i o n .  (Hint :  
i 
1 T r e a t  i n j e c t i v i t y  and s u r j e c t i v i t y  s e p a r a t e l y . )  
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. * 
7.1.4 DEFINITION. For  each k ,  l e t  v 

- 

h l , n  Z,'... . k  , n  [-=n;,n2,... ,nk>l 

k 
f 

be  sone f i x e d  computable b i j e c t i o n  on N . - 

The n o t a t i o n  i n t r o d u c e d  i n  t h e  pbove d e f i n i t i o r ~  w i l l  be  used i n  

s e v e r a l  p r o o f s  i n  t h e  remainder o f  t h i s  paper.  Given nl,n2. . . . ,q the 

M 

k- tup le  (nl,n2, ... ,n ) i s  mapped, by t h e  above d e f i n e d  b i j e c t i o n ,  to  the 
k < 

n a t u r a l  nunber c n l  .n2. . I .  ,nkz . . Since  the p a r t i c u l a r  b i j e c t i o n  t o  be 
I 

. a 

used is l e f t  a r b i t r a r y  i n  t h e  d e f i n i t i o n ,  any computable b i j e c t i o n  can be 
1 

used i n  t h e s e  p roofs .  The is r e a l l y  g iven  to  f i x  a n o t a t i o n ,  

n o t  t o  f i x  a b i j e c t i o n .  

There are two impor tan t  p r o p e r t i e s  of c o m p u t h l e  b i j e c t i o n  which 

% I 

*wi l l  b e  used r e p e a t e d - y  i n  p r o o f s .  The f i r s t  i s  t h a t  g iven  n,  t h e r e  a r e  

4 o n l y  a f i n i t e  number o f  k - t u p l e s ,  (nl.n2. ..., n ) such t h a t  k 3 

<nl ,n2 I . . .n > 5 n. This is  because  t h e r e  are o n l y  a d f i n i t e  n@er o f  
k 

n a t u r a l  numbers m wi th .  m 5 h. 

The second p r o p e r t y  is  t h a t  g iven  n € N, w e  can compute - /- 
,@ 

-i' f 
(n .n ;. . . .n 1' such t h a t  <nl ,n2.. . .n z = n. T h i s  is because  we can ' r~ . 

1 2  k k 
1 I 

enumerate,  i n  some computable f a s h i o n ,  a l l  of  t h e  k - t u p l e s  ( s i m i l a r  tk - 

&- 1 t 

enumerating a l l  o r d e r e d  p a i r s  as i n  LEEMA 7.1.2) . A s  each k$ tu~le - - -  

p n l . .  . . .n 1 is e n m e i a t c g  we can compute cnl ,n2, .  . . , n  I and check if it 
k k 

e q u a l s  ri. If it does ,  o u t p u t  (n1,n2,....n ) ,  else enumerate t h e  n e x t  ' 
k I 

k- tuple .  
- -- 

The above argument w i l l  b e  used i m p l i c i t l y  i n  s e v e r a l  p roofs .  I f  
I -- 

n is  g iven  w e  may write "a s t a t e m e n t  such a s ,  "compute n ,n  , . . . ,n  3 
1 2  k 

t n  ,n . . , n  >.= n," and l e a v e  i t  t o  t h e  r e a d e r  to  see t h a t  n , n  ,..., n 
1 2 ' -  1.. 1 2  k 

can i n  f a c t  b e  computed. 



PBC 
9 d 

I n  5 1 . 2  w e  ment ioned  t h a t  t h e r e  i s  a p r o c e d u r e  which g e n e r a t e s ,  
A 

w i t h o u t  r e p e t i t i o n ,  a l l  o f  t h e  lists o f  n a t u r a l  numbers. !Ce can  now s e e  
. - 

t h i s  as f o l l o w s .  
6 

F i r s t l y ,  n o t i c e  t h a t  g i v e n  k ,  and nl.n2.. : .n € N ,  it i s  k  - 
C 

e 

p o s s i b l e  * t o  compute f (n , n  
k  1 2 ' " '  

, nk )  where 
fk 

is  d e f i n e d  as i n  t h e  

proof of PROPOSITIO?I 7.1.3.  A 1 1  w e  do. is compute 
E 

% J b . . 
.t 'iff (. ..f ( f ( n l l n 2 )  , n 3 ) .  ... n  1 n  , 

k - r  - k  

where i is  d e f i n e d  as  i n  t h e  p r o o f  of LEECIF.  7.1.2. Hence, g i v e n  n and k ,  it 

d 

w i l l  be p o s s i b l e  t o  c o z p u t e  ( n l , n 2 , ~ . . , n  ) such  t h a t  n  = ~ ( n 1 , n 2 , . . . , n  1 .  
\ k k 

W e  can  now see t a t  t h e  f o l l o w i n g  p r o c e d u r e  q e n e r a t c s  a l l  o f  t h e  ?: 
% \  

'-14- .\ l ists of n a t u r a l  ;umbers a s  rerjui red. 
, -. 

I n  o r d e r  t o  ohput. t h e  ' mth li , for m' c E, 
\ 

\ 

(1) C o r r p ~ t c  ( n , k )  such  t h a t  m = f (11,k) . 
such t h h t  

'. . k 

+. ( 3 )  Outpu t  t h e  list n l , n 2 , . .  .:nk and  h a l t .  . . 
P - 

\ 
Thin procedure g i v e s  a l l  t h e  list.s, f o r  i f  nl,n2. .... n is a  l ist  o f  

k  

\ n a t u r a l n & e r s ; t h e n i t o i l l h e t h e  f ( f k ( n l , n 2 . . .  . , n  k ) , k ) - t h  l i s t  outputtez 

) by t h e  p r o c e d u r e .  ~ u r t d c r n o r e ,  t h e r e  are no r e p e t i t i o n s  since f  and f 
1 

k 

are i n  j c c t i v e .  
i 

Wq now look  a t  sor?.e methods o f  d o v e t a i l i n g  and  a t  soxe  proofs t h a t  

make  u s e  of dovetailin+ 
\ 
\ 

- 



L e t  u s  look a t  a  s imple  example of  d o v e t a i i i n g ,  u s i n g  a g i v e n  

- - '(ai) i C N )  . W e  wouId l i k e  t o  d e f i n e  a p m e d u f e  complexi ty  measure . ( (qi)  i c N p  - - . f -  

which', on i n p u t  i, e n u m e r a t e s - t h o s e  v a l u e s  n  f o r  which q i ( n )  i s  d e f i n e d .  
f 

1 
The LBS<owing p rocedure  does  t h i s .  

2 

/ O n ' i n p u t  i, enumerate v a l u e s  n  i n  
f 
' fo l lows .  A t  s t a g e  m ,  

(1) Output  each v a l u e  . n  5 m 3 Q'. (n)  
1 

12) G o  t g  t h e  n e x t  s t a g e .  

s t a g e s  - 
R e c a l l  t h a f  

hi ,n,m[Qi (n )  L m! 

i s  computable. 

C e r t a i n l y  t h i s  p rocedure  works, f o r  i f  o i ( n )  i s  d e f i n e d  t h e n  n  is . 
C 

/ 

enumerated a t  s t a  e b 2  = max{n,@. ( n ) )  . Also,  i f  n  ' is  enumerated t h e n  it 
1 

must be enumerated a t  some s t a g e  m where Qi (n) 5 m. Hence . n  is 
1 

a d e f i n e d ,  t h u s  ipi ( n )  i s  def i:led. Not ice  though t h a t  v a l u e s  n w i l l  be 

* 
e n u r e r a t e d  i n f i n i t e l y  o f t e n . ,  

* 

The f o l l o w i n g ,  s l i g h t l y  more s o p h i s t i c a t e d  d o v e t a i l i n g  p rocedure '  

enumerates a  v a l u e  n  a t  most once and 'enumerates a t  most one  v a l u e  a t  each, .  . 
- 

s t a g e .  

On i n p u t  i, enumerate v a l u e s  n  and b u i l d  a l ist  L, i n  s t a g e s  

- 
m = 0 , 1 , 2 ,  ... , a s  fo l lows .  A t  t h e  s ta r t ,  L is empty. 

A t  s t a g e  m, 

(1) Find t h e  l e a s t  n  5 m 3 @ . ( n )  5 m and n  h a s  n o t  yet been 
1 

r' 
p l a c e d  i n .  L. 

(2)  If such n  e x i s t s  then ( a )  P lace  n  i n  L. 
-- 

(b) Output  n. 

( 3 )  G o  t o  t h e  n e x t  s t a g e .  
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We l e a v e  i t  t o  t h e  r e a d e r  t o  he above p r o c e d u r e  works ,  

c? - 

ment ion inq  o n l y  t h a t  L is keep t r a c k  o f  t h e  v a l u e s  

enurn6'ratcd so f a r .  

One r ema in ing  drawback o f  ',the above pro&dL.;e is t h a t  t h e r e  i s  

no  s$ rong  t i e  between n  and n, where n is  enumerated a t  s t a g e  n, 
' 

b 
o t h e r  t h a n  m i s  great& t h a n  o r  c q u a l  t o  both n  and  Q i ( n ) .  This 

becomes more a p p a r e n t  when we l ook  A t  t h e  f o l l o w i n g  p r o c e d u r e ,  f o ~ . w h i c h  
-- 

e a c h  v a l u c  enumerated is' mar; c l o s e l y  f i e d  t o  the stage a t  which it i s  ) 

* 
enumera ted .  

e 

, On i n p u t  i, enurncrate v a l u e s  n  i n  s e d g e s  x = 0,1,2, ... , 
P, 

as f o l l o w s .  ( R e c a l l  t h z t  ~ n , m [ < n  ,n>] i s  a conputable b i j e c t i o n .  1,  
I - 

. wL 

A t  s t a g e  x ,  
I 

(1) Compute n , n  3 <n,m> = x.  o I 

1 b 

( 2 )  I f  3 .  ( n )  = rn o u t p u t  n .  < 

1 e 

( 3 )  Go t o  t h e  n e x t  s t a g e .  

N o t i c e  t h a t  n is enumerated a t  s t a g e  x i f  and o n l y  i f  . 

\ 

The p roccdurg  works s i n c e  i f  q i  ( n )  is d e f i ~ i c d  t h e n  n  is  

enumerated a t  s t a g e  x = < n , O i ( n ) > .  A l s o  if n  i s  e n u n e ~ a t e d  - ' 
enumera ted  a t  st%ge x = <n,rny where 0 .  ( n )  = m. s i n c e  i .  (n) ' is. 

1 cl. 

d e f i n e d  w e  have t h a t  cp. ( n )  i s  d e f i n e d .  6 .  

1 
, 

We w i l l  make use _of o n l y  t h c  l a t t e r  method of d o v e t a i l i n g ,  s i n c e  --- 

i t  h a s  a l l  of t h e  s t r c n g t l ~ s  of t h e  o t h e r  two methods p l u s  a s t r e n g t h  o f  ~ t s  

own. Both PROPOSITION 7 . 2 . 1  and PROFOSITION 7.2.+2,can bc dqne  u s i n g  e i t ! ?e r  

of t h e  f i r s t  two methods. PROPOSITION 7.2.4,  howevt;r, r equ i r e s  the u s e  of 
L 

I ' 
the l a t t e r  mcthcd.  1 

i,ct u s  f i r s t  l ook  a t  a  f a i r l y  s i m p l c  p roo f  which u s e s  d o v c t a i 1 i ; q .  

I ah 
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r -93, 
~ e t '  r ( i , n )  be a p a r t i a l  p r e d i c a t e  which is defzned p r e c i s e l y  on t h o s e  

va lue s  i , n  f o r  which ipi(n) is d e f i n e d .  Think o f  n ( i , n )  as s a y i n g  -e 

1 sozo th ing  about  t h e  com?utat ion,  p i i n ) .  Suppose we would l i k e  t o  
' " 

enumerate i n d i c e s  f o r  t h o s e  fqmct ions  pi . 3 vn C . N ,  - n ( i , n )  doe? n o t  holci. 
% 

I Notice t h a t  i f  ' i is undef ined a lmos t  everywhe&e t h e n  w e  sh.suldb enumerate . P 
an i n e x - f o r  . cp t hus  w e  can  proceed as fodlows. For  each  i ,k' d e f i n e  

i ' J 

i f ,  by u s i n g  d o v e t a i l i n g ,  w e  never  f i n d  a n  'P i  a 

e Q 

P n 2 k 3 IT  (i , n )  is 'TRUE ,- a n d  t o  b e  undef ined on each  n' enumerated a•’ ter  
1 

n i f  w e  f i n d  an n > k 3 T ( i , n )  i s  TRUE. Then w e  have t h e  fo l lowing.  

I f  .(Bf i s  such t h a t  Yn 2 k ,  n ( i , n )  does  n o t  h o l d ,  then - .s 



I f  Q i ( n ' )  = m  and n '  Z k and n ( i , n 9 )  i s  TRUE . 
' 8  a 

. I t h e n  l e t  I$ ( j  , n )  be undbf ined .  ( S i n c e  Q .  1 (n '  ) iso 

d e f i n e d ,  qi ( n ' )  i s  d e f i n e d ,  hence  n ( i , n l )  i s  

. '  
de f ined '  and can be computed. ) 

d o e s  n o t  result i n  $ ( j , n )  s undefified, sb 
? 

t h e n  out~ut q .  ( n )  an-alt. 
1 - 

Bnd v:e have 
%? 

$ ( j , n )  z @ ( < i , k > , n )  l 





I e f i n e  ( 9 . )  - - 
3 ~ ( 2  by Jlj d e f n  

An [$  ( j  , n )  1 . E v i d e n t l y  $ is computable  
- . - '  

hence  (9,) CN i s  computably enumerable .  W e  shox t h a t  ($ . ) is a  
- 3 jCN 

measured sequence .  ... 

By r e f e r r i n g  t o  t h e  procedure for cornputin3 I$, p a r t i c u l a r l y  a t  

step ( 3 )  w i t h  x * <n,c?. (n)=l ,  i t  is e a s y  to see t h a t  t h e  f o l l o w i n g  
I 1 i' 

p r o c e d u r e  computes ,  f o r  given j , n r p ,  whethcr  o r  n o t  $.(XI) z p. 
3 . .-. 

* .  On i n p u t  ( j , n , p ) .  

(11 ' -~ompbtc i , k , m  3 < i , k ' , m >  = j .  F - 
( 2 )  If n .: k check  i k  6 .  ( n )  5 m and  

1 

i f  n  2 k  check  i f  Q. (n )  5 h(n ,m)  .. 
1 

I f  n o t  thm answer FALSE and h a l t .  
I 

( 3 )  ( I n  case n  < k. an2 . n  m o r  n > k a n d  
1 

6 .  ( n )  <_ h (n ,m)  . ) Colnputc 3; (3) . (Thisc'dtlst be de f ine2  
1 1 

4 
' ?,% 

s i n c e  O. ( n )  i s  dcf i:lcci.) I f  Q .  (,.I_) f p thtr ,wanswsr 
1 ' 4  

FALSE and h a 1  t . & 

( 4 )  ( I n  case el (11) = p.  ) Work t h ~ , ) u g ' n  t h e  procei i i l re  f o r  

computiny j n . I f  .step ( 3 )  ever r q u i r e s  t h a t  $ ( j  , n )  

be undeiined tht31: ans l ie r  I'ALSE and ! l a l t ,  o t h e m i s e  a n s - r - r  
-. - 

TRUE anG h a l t .  

E v i d e n t l y  ( I $ ~  ) cN i s  a mczsurcd sequence .  
$ 3  

c a n  be s e e n  t o  be - 
h-hone5.t a s  f o l l o w s .  (Let < i , I : , r >  = j .  ) 

. x 
ChSE 1. 3 n n  C - N ,  $ ( j  , n u )  is undcfincxl by ( 3 )  of- thc procedwe for 

* - 
c a l c u l a t i n g  ( 1 .  Then f o r  almost 2 2 1  n j I )  i s  undefined. 

T h i s  is becausc f c r  a1no:;t  '11 1 n e i t h c r  6.. (11) is undc f incd  
1 

* 

or I ,  I n n i ( n .  If q . ( n )  i s  u n d e f i n e d  t h e n  $ ( j , n )  
1 1 

is  u n d c f i n c d  t j y  ( 2 )  ol thtl  proccdur-c ,  and i f  

, 
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4 . -  - en.0.  ( n ) >  2 <nl,Q. ( n ' ) >  ' then  $ ( j , n )  is undefined by (3)  of 
:1 1 

t h e  procedure.  Therefore.  $ j  is undefined a l m o s t  everywhereE- 

undefined by ( 3 )  o f  the procedure. Then. 

--7 

Furthermore Yn 2 k. e i t h e r  q i (n)  is undefined Or 
9 

9.  (n)  = m 
1 6 .  - U 

B 
5 h (n n . (n)  ) . . ' t ~ y  ( 3 )  of t h e  procedure.  

1'3 - 
Q \ m 

Thus $ = and Vn C N .  
I - 

Hence '1 
i s  h-honest. 

It remains t o  show t h a t  i f  i s  h-honest then 3j C N 3 $ = 9. L e t -  
j 

cp be ' h-honest. Choose i , k  C tJ 3 (F = - q i  and Yn 2 k ,  

Let m = max{0 . l n )  I n  c k ,  cpi (n )  is  def ined] .  One can easi ' ly see ,  by 
1 

fol lowing througp t h e  procedure f o r  computing j ) ,  t h a t  

where j = < i , k , r n > . c  

7.2.3 COROLLARY. Let ((qi)iCN, ( O i ) i C i )  be a c~rnplexity measure and 

2 
h be a computable t o t a l  func t ion  on - N . Thcre is  a cornputably - 

3 enumerable sequence (9) ~ c N  - 
. I j C M) = { q ~  I q~ is h-honest) .  

3 - - 
Prmf.  C l e a r  fron the previous  PROPOSITION and PROPOSITION 4.3 .5 .0  



The fo l lowing  thecrem e x t e n d s  PROPOSITION 6.1.7- to  computable 
-- 

I 

p a r t i a l  f u n c t i o n s . *  The p roof  makes u s e  o f  d o v e t a i l i n g  t o g e t h e r  w i t h  a 

d i a g o n a l  argument s i m i l a r  to  t h a t  appear ing  i n  t h e  p roof  o f  PROPOSITION . I 

6.1.7. The r e s u l t  and the basic method o f  p roof  a r e  from Blum [ 2 ] .  

7.2.4 THEOXEM L e t  ((qi)iCN, 't r" . ) be a  c o n ~ x  i t y  measure" There 
- 4  

I i C N  - -. 7 

is a computable t o t a l  f u n c t i o n  f ' 3  V i  C - ti, V j  C - N, D o r n ( ~ . ~ ~ ~ )  ) = Do;n(q.) 
1 

OD - 
and V j C N ,  - q j  = ( P ~ ( ~ )  * Yn C - LI, 8 .  (n )  > qi (n )  . 

3 

Proof .  L e t  f b e  a computable t o t a l  f u n c t i o n  3 V i  C N ,  

= h [ $ ( i , n ) ] ,  where i s  t h e  com-;utable p a r t i a l  f u n c t i o n  on N 
2 - 

'f (i) - 

. .  " 
d e f i n e d  by t h e  fo l lowing  p rccedure .  

v 

On- inpu t  i n .  8 

(1) Compute vi (n )  . I f  'ii (n). i s  undef ined then  l e t  $1 (i , n )  

be undef ined .  

( 2 )  ( I n  c a s e  q i  (n)  i s  d e f i n e d . )  J+ 

s t a g e s  o f  t h e  c o n s t r u c t i o n  bf t h e  

c o n s t r u c t e d  i n  s t a g e s  x  = 0,1,2., 

t h e  f i r s t  <n,O. (h) > 
1 

list L where L  i s  
i ' i 

.. a s  fo l lows .  A t  the 

9 
s t a r t  L  i s  empty. S t a g e  x = <k,m> 

i 

( a )  compute whether o r  n o t  @ .  (k) 5 m. I f  n o t  go  t o  t h e  
1 

P 

n e x t  s t a g e  i n  t h e  c o n s t r u c t i o n  of L.  adC!ing4 
1 ' 

no th ing  t o  L  . 
i 

(b)  (In c a s e  Oi (k) = m.) F i n d a t h e  le..st i '  5 k 3 

Qi, (k) r qi  (k) and i '  is n o t  y e t  i n  Li . I f  no 

such  i '  e x i s t s  then go on to  t h e  n'ext s t a g e  o f  t h e  

-- c o n s t r u c t i o n  of Li , adding no th ing  to  L . 
i 

b 
(c) ( I n  case such i '  e x i s t s . )  Add i' to  L and g o  

i 
r 

C 



t o  t h e  next stage o f  t h e  c o n s t r u c t i o n  q f  I; . 
f -  i . r 

w 
( 3 )  If 5 '  is added to.  Li a t  stage <n,@. ( n ) >  t h e n  d e f i n e  

1 - - 

(Not ice  t h a t  i f  i f  is added to L at stage, <nIQi ( n ) >  i 

i then O., L (n) < q i ( n )  qi  (n )  ,is d e f i n e d  hence q i ' (n)  . 
is  d e f i n e d  and can be  c t e d .  Also ,  at  most one e l e m e n t -  - - 

a 
is added t o  Li a t  any no th ing  i s  added 

t o  Li a t  s t a g e  <n.@. e @ ( i , n )  by 
1 

$ C l e a r l y ,  Irn(0) 5 10,11 hence Vi C 3 I m b f  (i) ) = (0,&t i s  easy to  

see t h a t  Dam{qi )  = ~ o e  (Q ) Thus, i f  we c a n  show t h a t  Vi € N ,  Qj C N,  . f (i) - - 

) t h e n  w e  have *by c o n t r a p s i t i o n  and the f a c t  t h a t  Dom (pi) = Dom (vf (i) , 
7 

t h a t  V i  € N ,  - V j  € - N ,  
I 

Suppose t h a t  9.b) K yi (n )  f o r  i n f i n i t e l y  many n. Choose 
3 1 

, * n '  2 * j 3 @ .  (n '  ) < qi (n '  ) ( t h i s  r e q u i r e s  t h a t  9. (n '  ) be d e f i n e d )  and 3 1 

< n n , Q . ( n ' ) >  i s  g r e a t e r  than  t h e  maximum o f  t h e  f i n i t e  set 
1 

? 

I = {<n ..,Cgi(ni,)> I i ' c j ,  i ' -is added t o  
Li 

a t  s t a g e  <ni, ,hi (n i l  >-*I 
1 

L e t  u s  look a t  t h e  v a l u e r o f  Vf ( = I  (n '  1 - 

CASE 1. j is  p l a c e d  i n  L b e f o r e  s t a g e  < n ' , @ .  ( n ' ) >  i n  t h e  
- - i 1 

c o n s t r u c t i o n  of  L . Then by looking a t  t h e  way i n  which L 1s 
i i 

c o n s t r u c t e d  wc c a n  scc t h a t  t h e r e  must be some k 3 

< k I Q i ( k ) >  c < n u , + .  ( n ' ) >  and j is placed i n  L a t  stage 
3. i 

I 



<k,@. ( k ) > .  Hence 
1 

f cp. ( k )  , 
3 .  

by t h i  d e f i n i t i o n  of $ ( i r k ) .  

CASE 2. j is n o t  p l a c e d  i n  b e f o r e  stagen- < n '  , @ .  ( n ' ) > .  Look a t  0 
Li 1 

s t a g e  < n 1 , O . ( n ' ) >  of t h e  c o n s t r u c t i o n  of L . W e  a r e  to f i n d  
1 i .  

t h e  l e a s t  i '  C n '  3 Q i , ( n ' )  c cpi(nt)  and  ,it is n o t  y e t  i n  L i . 

C e r t a $ n l y  is  a c a n d i d a t e  for such i '  by the c h o i c e  of n ' ,  

' b u t  i s  it t h e  smallest c a n d i d a t e ?  Yes, it must be, s i n c e  gny 

c a n d i d a t e ,  .in , 'smaller t h a n  j is' i n  t h e  sef I ,  hence  mus t  

have been added  t o  Li a t  stage n . n .  where n.' w a s  i 1 1  
1 

4 .  ( n l ) > .  Hence j i s  added chosen so that < n i , , @ .  ( n . ' ) '  € < n l ,  
1 1  

to Li a t  s t a g e  < n ' , O . ( n l ) > . * B y  t h e  d e f i n i t i o n  o f  f and  Q, 
1 & 

Thus w e  have  t h e  d e s i r e d  r e s u l t  t h a t  V i  d - N ,  V3 6 - N, ' 

E 



- CHAPTER 8 
- 

* # . THE RECURSION THEOREM , 

I 

\ 

5 8.0 D i s c u s s i o n  
P . . I 

I n  +is ' d  c a p t e r  w e  l o o k  a t  one  o f  the fundamenta l  r e s u l t s  o f  a 

, . 

r e c u r s i v e  f u n c t i o n  t h e o r y ,  the .  Recur s ion  Theorem. W e  ;ill n o t  i n b e s t i g a t e  ' 

t h e  f l r - r e a c h i n g  i n p a c t  o f  t h e  Recur s ion  Theoren ,  but o n l y  l e o k  a t  it i n  

r e l a t i o n  t o  complexi ty-  t h e o r y .  

u c e  and  p r o v e  t h e  Recur s ion  Theorem, We 

i n v e s t i g a t e  t h e  s e l f - r e f e r e n t i a l  a s p e c t  o f  t h e  R e c u r s i o n  Thearefi ,  which 
!" 

e n t a i l s  i n v e s t i g a t i n g  p r e c i s e l y  how t h e  p r o o f y o r k s .  T h i s  i n v e s t i g a t i o n  

of t h e  p roo f  of t h e  ~ e c u r s i o n  ~ h e o r c m  leads us t o " k e e  how one  might e x p e c t  

V \ 

t o  apply t he  Recur s ion  Theorem t o  o b t a i n  v a r i o u s  r e s u l t s  i n - c o m p l e x i t y  

. !"-- 
. I .  "sf 

t h e o r y .  I n  5 8.2,we b o o  a t  two r e s u l t s  by a g e n b r a l  f o ~  o f  

the Recurs  i o n  Tineor em. 



% .  

5 8.1 The S e l f - R e f e r e n t i a l  Aspect  of t h e  Recursion' Theorem 
- 

t 
- 

Suppose, w e  subd iv ide  t h e  n a t u r a l  number= i n t o  d i s j o i n t  sets 
1/ 

I.. acc&ding t o  a c e r t a i n  p o p &  ty t h a t .  t h e  numbers have. W e  t h i n #  o f  a 

f u n c t i o n  g on N a s  having a f i x e d  p o i n t ,  x C N, w i t h  r e s p e c t  to  t h i s  - - 
- "  

s u b d i v i s i o n  o r  t h i s  i f  x and q ( x )  a r e  i n  the same rnexxber c f  

.. '. 
t h e  s u b d i v i s i o n .  That is,  x '  and g (x)  a r c  e s s e n t ' i a l l y  the s&?e i n  

&I *? 
4 

.i ternis of tk given  proper ty . .  b 

L- L 3 -  

1 For i n s t a n c e ,  suppose t h a t  t h e  p r o p e r t y  o f  v a l u e  o f  a rider is' I 

- < 

d'f i n t e r e s t .  Each n ~ ~ b e r  i s  p l a c e d  i n  i ts own unique m e n b e r  o f e t h e  
. - 

subd ' iv is ion.  Thus, f o r  x t o  'be a f i x e d  p o i n t  of & , w i t h  r e s p e c t  t o  
n 

h 

v a l u e  w e  must have x  'and g i x )  'in t h e  same menbcr of  t h e  s u b d i v i s i o ? ,  
* 

hence' g (xb = x. 
- I .  . 3 .  

a s ,  ' Let  us. look a t  a l e s s - t r i v i a l  exanple .  Suppcse t h e  rcgert;. 
I * _ '  

-a 4 - - .  0 

&=- t h a t ' i n t e r c s t s  u s  i s  t h e  property o f  bein9 an. index t o  a f u n ~ %  n i n  sene 

. . 
' a c c e p t a b l e  nunber ing,  2 .  'Riose nuinbers which ir&x tbe sar.e •’tur.;tion - . . 

w i l l  be in t h e  same member o f  the-,_suMivision.  the:^ x is a f i x &  p o i n t  
- P . - 

I Z 

f o r  g w i t h  r e s p e c t  t o  indexinq i f  x and g(x) are i n  the sane 

s u b d i v i s i o n ,  i .e . ,  i f  - 
(Pg ( X I  

- V i .  The r e c u r s i o n  theorem s t a t e s  that 

- every  computable t o t a l  f u n c t i o n  has such a f i x e d  p i n t .  
P 

1 - - 

8 . 1 1  THEOilE!? - (The Recursion Theoremy L e t  (viIicN be a n  a c c e p t a b l e  1 ' 

. - 

V com&table total g on - N, 3x C - K 3 .. 

P r o o f .  Choose p u n i v e r s a l  f q r  ( Q ~ ) ~ ~ ~  
.__ 

by (1) of DEFINITI@K 4 . 2 . 1  
- -, 

(def in i t i -on  of  acccp tab l  c nuinbcr i n ?  . Define J1 on' - N~ by 





I The d e v i c e  q x ( n )  by computing a n o t h e r  index  f o r  i t s e l f ,  

&\ - 

g ( x ) ,  t h e n  computing and o u t p u t t i n g  
g ( x )  ' ,"< - 1 

\- 

The above may c o n s t i t u t e  t h e  e s s e n c e ,  b u t  it c e r t a i n l y  d o e s  n p t  f 

c o n s t i t u t e  t h e U ' s u b s t a i \ c e '  o r  ' u s e f u l n e s s '  of  t h e  s e l f - r e f e r e n t i a l  espect n f  
', 

2 
B t h e  recurs ' ion  theorem. W e  g e t  a t b  t h e  ' subs tance '  by l o o k i n g  a t  p o s s i b l e  

c h o i c e s  fo r  t h e  mc t ion  g . . 4 

Suppose g  is a computable f u n c t i o n  d e f i n e d  so t h a t  for  each i, 

4 

t h e  d e v i c e  
'g (i) 

computes 
'g ( i)  

(n)  by i L v e s t i g a t i n g  v a r i o u s  

computa t ions  o f  
*i 

. Now, t h e  d e v i c e  
'x 

o f  t h e  theorem, computes .  q x ( n )  

I 
by computing g ( x ) ,  t h e n  computing a n d - o u t p u t t i n g  9 

g (XI ( n ) .  Hence tfie 

c o n p b t a t i o n  o f  cpx(n) w i l l  look a t  v a r i o u s  computa t ions  o f  q . Thus, 
i' 

X 
J 

l. . . ,  'by a p p r o p r i a t e  c h o i c e  of g ,  
. we 

d e f i n e  a d e v i c e  
cPx 

which 
. 

i x v e s t l g z t t e s  v a r i o u s  computa t ions  d m c  by i t s e l f . '  
1 . 
-1 - 

T h i s  a u t h o r  k m s e r s  .. t h e  a b v r  t o  be t h e  'substance) v 

l-. --. . 
of t h e  s e l f - r e f e r e n t i a l  a s p e c t  o f  t h e  ';>ZUFS-~$ theorem. Looked a t  i n  the . . - 

1 

l i g h t  o f  t h e  above d i s c u s s i o n ,  t h e  proo; o f  t h e  followi-source was te '  
-1 . 

theorem becomes a lmos t  t r i v i a  1. The thecrern i n d i c a t e s  t h a t  any f u n c t i o n  l-. \ 
7 

- can be computed i n  a r b i t r a r i l y  complex ways. Notice t h e  r e s u l t  h o l d s  

. - everywhere. 
> -- 

. - 
8.112 PROPOSITIC:;. ~ c t  ( ( Q ~ L ~ ~ .  4 . ) .  ) be a complexi ty  measure.  

i - 1 1CN - 
L c t  r ,f be any two co.nputable t o t a f  fbncb io  - N. Then, 

* 
3x C - N ,  3 qx = f and r ' ,  

.z 

2 ,  
Proof. Define @ on N by - -. - 



1 1 3  

~ v i d & t l y  $ is  computable .  Choose computable  t o t a l  g on - N 3 

V i  € - N ,  Vn € " N ,  $7 n = $ i n . T h i s  is  p o s s i b l e  s i n c e  (cp ) is - g ( i )  . i i C N  - - 
a n  a c c e p t a b l e  n w h e r i n g .  Choose by t h e  Recur s ion  Theorem. 

unde f ined  rf @ (n )  < r ( n )  
\ X  

o t h e r w i s e .  

\ 0 

Nori, if 4) ( n )  < r ( n )  t h e n  'Px(n) is d e f i n e d .  ~ h u s ,  
X 

it is i m p o s s i b l e ,  f o r  any  n € - N ,  t h a t  9 ( n )  -9 undefined and  

b, X 
Y 

Q ( n )  < r ( n ) .  ~ h c r e f d x e ,  dn C - N, . 
X 

q,(n) = f ( n )  and O (n )  t r ( n ) . o  
X 

L 

The r e c u r s i o r i  t h c o r c n  :;roves t o  be  "more u s e f u l  i n  t h e  f o l l o w i n g  

! . 
more g e n e r a l  form. 

s 

I 

8 . 1 . 3  LExhL4. Let ( ~ 2 ~ ) ~ ~ ~  b e  a n  a c c e p t a b l e  numbering. L e t  h b e  any 
- 

computable  t o t a l  f u n c t i o n  on  - N k f 3  Then. 3 computable t o t a l  f 
I \ 

k 
o n  c ,  V i l , i  21....,ik € - N. 

I. 
I 

I.. 
/ I  . - . . - . -. ' f ( i  , , ll ,i2 I . . ik) h i l  . i k '  f ( i  1' i 2'" . I i k )  

._ - . .. k+2 
P r o o f .  D e f i n e  -$  l o *  _K. _ by 

. 

\ 
$(ilIi2:. . I i k I i I * n )  = p ( p  k+ 1 4 i I i l I . .  ,i k 'i) + .n )  

where p i s  u n i v e r s a l  f o r  (qi iCPI and  "k+l 
i s  universal f o r  

- - 

k+L 
.P T i )  iCIJ.  E v i d e n t l y  ' JI i s  comput jb l c .  Choose g o n  - N ~ + ~ ~  by 

. - " I 

( 2 )  2 (1) o f  TIIECREM 4 . 1 . 6  and  DEFINITION 1.2.1 ( d e f i n i t i o n  of acceptable 
- 

1 k + l  + number ing) .  s u c h  that JI ir. u n i v e r s a l  •’0; (~p g (i I t . .  . #ikIi) ( i l . .  . . i k . i ) C ~  - . 
1 ' Choose V 1 V i i . .  i i C N,. 

k ' - 
7 L 



Def ine  f by 

f (il,i2 ,... ,ik) = g (il ,i2,. . . i , V )  . . . defn k 

- - h i , .  . . i ,  4 (i ..., i V!) ( n )  . 
1 ' k ' 

E v i d e n t l y ,  f i s  com2utahle-  and t c t a l  .o 

In the next sec t ion  w e  l ook  a t  two r e s u L t s  whosc  roofs makc u s e  

of t h i s  more genzral r e s u l t .  
-, 



5 8 .2  Some U s e s  o f  t h e  'Recursion Theorem 
- 

*B I t  i s  n o t  s u r p r i s i n g  t h a t  many r e s u l t s  t h a t  are very  t r i v i a l -  t o  

prove u s i n q  a s p e & i f i c  mode? o f  computat ion become q u i t e  ' d i f f i c u l t  to p r o w  
8 .  

when w e  a b s t r a c t  t o  a c c e p t a b l e  numberings. 1n some cases t h i s  i s  because  
0 - 
of the f a c t  t h a t  i n  d e a l i n g  w i t h  a c c e p t a b l e  numberings w e  canno t  s t i p u l a t e  

' 

- 

p r e c i s e l y  how a computat ion i s  t o  be  c a r r i e d  o u t  n o r  can  w e  look a t  how t h e  
--4 
SP -- + 

i n d e x  o f  a  f u n c t i o n  i s  a r r i v e d  a t .  

A s  an ex e f i r s t  s i t u a t i o n ,  where w e  canno t  s t i p u l a t e  

.how a c o s g u t a t i o n  is t c  be c a r r i e a  o u t ,  r e c a l l  t h e  Resource Waste Theorem 

of t h e  p r e y i o u s  S e c t i o n .  I n  t h e  case o f  Turing machines,  G E  know - - '  

p r e c i s e l y  hcw ! b r i n g  nach ines  o p e r a t e  and can see t h a t  it is p o s s i b l e  t o  

d e s i g n  one t h a t  wastes  r ( n )  work t a p e  ce l l s  i n  computing fb). W e  s imply 

I 

compute r . (n)  , run the work . t a p e  head a long r (n)  t a p e  ce l ls ,  t h e n  ' 

I p roceed ~ i t h  t h , ~  com;)utation of  f  (n)  . However, t h e r e  is no 

s t r a i g h t f o r ~ ~ a r d  way t o  g e n e r a l i z e  t h i c  proof  t o  a r b i t r a r y  a ~ c e p ~ b l e  
q 

numberings. I n s t e a d ,  we r e l y  on the r e c u r s i o n  theorem to  t e l l  u s  t h a t  i n  

. 
any a c c e p t a b l e  numberin? i% is p o s s i b l e  t o  d e f i n e  f u n c t i o n s  wllich 

i n v e s t i g z t e  t h e i r  own c o m ~ u t a t i o n s .  
1 

The fo l lowing  p r o p o s i t i o n  is a g e n e r a l i z a t i o n  of  the ~ e s o u r c e  . 

Waste Theoren which shcws t h a t  t h e  r e s u l t  works f o r  p a r t i a l  f u n c t i o n s  a s  , 

w e l l  a s  t o t a l  f u n c t i o n s .  Furthermore,  it i n d i c a t e s  that  an index f o r  a 

P ?. 

w a s t e f u l  f u n c t i o n  can be computed from t h e  i n d i c e s  of the -given f u n c t i o n s ,  -- 

t h u s  t h e  s ras te fu l  f u n c t i o n  can be  'constructed' from the g i v e n  f u n c t i o n s .  - 

8 - 2.1 PROPOSITION. Let ( (qi) iCN , (Pi) icN) be a complexi ty  measure. 
- - 

- 
' w ( i ,  j) - (Pi and Vn t - N, 4w(i , j 1 (n)  2 (P. (n) - 

3 



Proof. Define $ on - N~ by 
c 

$ ( i l j  z defn undefined i f  9 .  (n) is  undefined 
3 

! undefined i f  Qk(n) < 9 .  (n) i f  9 .  (n) 
3 I 3 

qi (n) otherwise i s  def ined.  

3 
Evidently $ i s  computable. Choose computable h on - N 3 

V i ,  j , k  € - N ,  Vn € - N ,  

' h ( i , j  ,k)  
(n) z $ ( i , j , k , n )  

by (2) s (1) of THEOREM 4.1.6 and by DEFINITION 4.2.1 ( t h e  d e f i n i t i o n  of 

(* ) undefined if cp.(n) is undefined 
3 

undefined (n) < q .  (n)  
w ( i , j )  3 

cpi (n) otherwise i s  defined.  

Suppose q . (n) i s  defined and Ow (i n c 9 .  n . Then Qw (i (n) is 
3 , j )  3 , I )  

def ined,  hence qw(i,j) (n) i s  defined.  But i n  t h i s  case  qw (i , j ) (D)  is 

undefined by ( * )  above. Therefore,  t h i s  case  i s  impossible. Thus, 

V i , j  € Vn € - N ,  

(n) undefined i f  cp . (n) i s  undefined 
' w ( i , j )  I 3 

qi (n) i f  q . (n)  is defined,  
3 

and n defined = ( @ w ( i , j )  (n) L c p .  (n) o r  
3 f (i,j) (n) is undefined), 

3 

Hence, i t  € N i f  Dom(cp.) = Dom(cp.1 then,  - 1 3 
- 

' w ( i ,  j )  - (Pi and 
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As a n  exardple of t h e  problems t g a t  c a n  a r i s e  because  o f  t h e  f a c t  

- - 

t h a t  w e  d o  n o t  know h o ~  an  . index o f  a f u n c t i o n  i s  a r r i v e d  a t  i n  a n  
I 

a r b i t r a r y  a c c e p t a b l e  numbering, w e  look  a t  t h e  r e s u l t  t H a t  e a c h  computable 

f u n c t i o n  h a s  i n f i n i t e l A r  many i n d i c e s .  Th i s  is  easy  t o  p rove  u s q g  Tur ing 

machines because  w e  know t h a t  adding more i n s t r u c t i o n s  to a machine g ives  
f B" ' 

it a l a r g e r  index.  Thus w e  can  g e t  s u c c e s s i v e l y  l a r g e r  i n d i c e s  f o r  t h e  

same machine by s u c c e s s i v e l y  add ing  " u s e l e s s "  i n s t r u c t i o n s .  

For  a r b i t r a r y  a c c e p t a b l e  nunber ings  wc can  p rove  t h e  r e s u l t  by 

making u s e  of  t h e  r e c u r s i o n  theorem. Here we u s e  t h e  r e c u r s i o n  theorem t o  

c o n s t r u c t  f u n c t i o n s  that i n v e s t i q d t e  t h e i r  own i n d i c e s .  - 
' \  

8.2.2 PROFOSITION. L e t  ( m i )  i C N  be  a n  a c c e p t a b l e  numberj ng. 3 
- 

computable t o t a l  s on M, V i  € N ,  - - 

- 4 
Proof .  Define i j , k , n  on N by - 

+ ( i , j , k , n )  - - d e f n  
qi (n)  k > i 

\ [ j k 5 i .  % 

, Choose c o r n p t a b l e  h on N~ 3 Y i ,  j ,k C N ,  Vn C N - - - 
(n )  = $(it j I k l n ) .  ' h ( i ,  j , k ) ~  

2 
Choose com2utable w on N 3 V i I j  C N I  - - 

Now, w e  wish t o  show t h a t  

Suppose n o t .  Choose i 3 

t 

+. 



and 

b 
, 

c 

Thus .Vn € N, - 
- 

C 

Hence, 

T h i s  c o n t r a d i c t s  * )  , t h u s  V i  C N, 3j C N ,  3 w ( i ,  j )  > i. D e f i n e  s on - - 

s ( i )  = w ( i , u j [ w ( i , j )  > i ] ) .  
def n 

4 
E v i d e n t l y ,  s i s  com,.)ctsble a:ld 

8 ' 
s ( i )  > i. 

F u r t h e r m o r e ,  Wi C - N I  3 i  C 14 3 - 

s i n c e  - w ( i ,  j ) > i. Thus,  Vi € N, cp - - (Pi and s ( i )  > i - o  - - - s ( i )  

Rcpcstcd a p p l i c a t i o n s  of the above PROFOSl ION y i v c  u s  the resclt 

t h a t  e v e r y  conputable f t a i c t i o n  h a s  i n f i n i t e l y  many i n d i c e s  i n  any  
I 

'? 

acceptablc numbering. 
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CHAPTER 9 
a 

1 URTHER TOPICS 
. -  

3 9.0 Discuss ion  
'a 

A t e c h n i &  o f  p roof  t h a t  may g a i n  i n c r e a s i n g  p o p u l a r i t y  i n  

com31exity t h e o r y  i s  t h e  u s e  o f  measure i n v a r i a n c e  (see •˜ 5.2) .  I f  a 
.t 

p r c p e r t y  can  be-shown t o  be  measure i n v a r i a n t  and i t  can  be demonst ra ted  -- 

t h a t  a t  least one s p e c i f i c  measure h a s  t h i s  p r o p e r t y ,  t h e n  w e  can conclude  
Lp - . 

t h a t  a l l  complexi ty  measures have t h i s  p r o p e r t y .  I n  5 ' 9 . 1  w e  look  a t  the. 

Speed U p  Theoren a s  an  examele o f  t h i s  t echn ique .  

I n  5 5.1 it w a s  mentioned " t h a t  t h e  s t u d y  o f  complexi ty  classes 

has  become one o f  t h e  main t o p i c s  of s t u d y  i n  complexi ty  t h e o r y .  T h i s  is . 

/ 

due i n  part to t k i e  fzct t h a t  most of t h e  basic complexi ty  t h e o r y  r e s u l t s  

can be  s t a t e d  i n  te rms o f  c o n p l e x i t y  c l z s s & .  I n  5 9.2  we w i l l  look a t  

Lhe Conpression-Theorem arid the Gap Theorem i n  t h i s  l i g h t .  
0 

%he proof of this Sap Theorem r e s u l t e d  i n  a f l u r r y  o f  a c t i v i t y -  

i n  an a t t e m p t  t o  f i n d  a b e t t e r  method o f  naming t h e  complexi ty  c l a s s e s ,  
#. 

Fron t h i s  a c t i v i t y  came t h e  llaming Theorem. Th i s  theorem w a s  proven using 

a t e c h n i q u e  which is  c a l l e d  a p r i o r i t y  argument. I t  is f e l t  t h a t  a s t u d y  

, \  of  p r i o r i t y  a r g u m n t s  1s beyond t h e  scope o f  t h i s  paper .  However, i n  , 

5 9.3 w e  w i l l  t a k e  .i brief look a t  Lhc proof  o f  the Naming Theorem. 

- 
A 

' k 
b& - 

- p  - 



, 

-- A. 

1 2 0  
9 

'*,I ., I 

5 9.1 Measure I n v a r i a n c e  
- -- - 

If a p r o p e r t y  c a n  be shown t o  be measure i n v a r i ~ n t  and  i f  it c a n  

bc. d e m o n s t r a t e d  that sofie p a r t i c u l a r  cornplcxi ty measure  has t h a t  p r o p e r t y ,  

t h e n -  w e  c a n  conc lude  t h a t  a l l  ~ o n p l c x i t y  rmasures have t h a t  p roperq .  

LEIWA 5.2.9 p r c v e s  t o  be q u i t e  u s e f u l  i n  s h o i ~ i n g  that c e r t a i n  p r o p c r t i c s  

\* 

are measure . i n v a r i a n t .  T h i s w b e  n i c e l y  e x e m ; ~ l i f i e d  by a prbof  o f  t h e  
2 -7 

Speed Up Theorem g i v e n  by Hartmanis arid H o ~ c r o f t  i n  [41 .  

The Speed Up T h e o r m  w a s  o r i a i n a l l y  s t a t &  and p r o v e n  by B l m  

(see [ 2  1 ) i n  a s t r a i g h t f o m a r d  b u t  d i f f i c u l t  .manner u s i n g  some t ech r . i ques  

s i m i l a r  t o  t h o s e  used i n  t h e  p r o o f  o f  THEO?XE.! 7 . 2 . 4 .  I n  141, Hartmanis  
% 

and Hopcro f t  d m o n s t r 3 t e d  t h t ~ t  Sped Up is measure i n v a r i a n t  and  a l s o  gave  

a n  . e x a m ~ l e  of a p a r t i c u l a r  measure i n  which Speeii U p  w a s  sho-m t o  h o l d .  

T h i s  two-s tage  p r o . ~ f  is r e l a t i v e l y  e a s y  t o  fo l low.  

E s s e n t i a l l y ,  thc SpceC v~ Theoren indica tes  t h a t  i n  every 

- 

complex i ty  measure t h e r e  are f u n c t i o n s  s o  complex t ha t  f o r  eac:~ ne thod  of 

computing s u c h  a f u n c t i o ~ : ,  t h c r e ' i s  a lways  a more e f f i c i e n t  net::xl. 

However, t h e  computa t ion  is mcrc e f f  i ~ i e n t ~ d o n l y  o n  a l p o s t  every arc;cr?c?nt, 
6 ,/' 

and f u r .  s n n o r e ,  t h e  f a s t e r  w e  "speed  &" the c o m p t a t i o n  by s c c c e s s i ~ - e  
c-" J I 

a p p l i c a t i o n s  o r  t h e  theorem,  t h e  q - e a t e r  t h e  number o f  e x c e p t i o n s .  
> "  

I n  t h e  f o l l o w i n g  p roo f  of  t h e  S p e d  Up Ti lcoren w e  d c ~ o n s t r a t e  

o n l y  t h a t  Speed U p  is measure i n l T a r i a n t .  The r c a d c r  c a n  r e f c r  t o  . the v:..-ork I 
by Har tmanis  and Hcpc rn f t  i n  [ 4 ]  i n  n r d c r  to  s e e  hsw to c o n s t r u c t  a I 
s p - e c i f i c  measure for d i i c h  the Syeed Llp Tficoren c a n  be c a s i l y  siio;m t o  h c l d .  n 

- 

9 

9.1 .1  THEOFXII. L e t  4 . 1 .  1 he a com;\ lexi ty  tncrisure and r 
- 4 1  1 C N - 

2 
be any c o q m t a b l c  t o t a l  f u n c t i o n  o n  - N . Thcrc  is  a c o n p u t & l e  t o t a l  

f u n c t i o n  g on - N 3 I m ( g ) s  {0,1) and Vi C - N, 
* 



.' i = g = 3 j  € N, cp = g and Vn ??N, r ( n . @ . ( n ) )  5 0.b). 
j - 3 1 

Proof. We dly show t h a t  i f  a complexity measure (-(GikiCNr - - - - 
s a t i s f i e s  t h e  'THEOPEI-I t h e n  s o  does  any o t h e r  complexi ty  measure 

A 

By LEPTA 5.2.9 cfioosc co@utable  t o t a l '  f.f on - N and h,fi on 

OD h A 

and Yn C N ,  - (n )  5 h ( n , Q .  ( n ) ) .  
1 

2 
Given computable t o t a l  r on - N* .define r' on - N by 

1 
Q 

r (n,m) = $(n,max{r(n,m')  / rn' 5 h ( n , m ) ) ) .  
def n 

h ' k 
Since  ( ((pi) C N 1  (bi) iCN) s a t i i f  ies  the '  THEOF.E!4, choose 

- - 
c @ m P t a b l e  t o t a l  g on - N 3'Irn(g) {0 ,1 )  and Wi € - N, 

Let  i C - N be g iven  3 rpi = g .  Yie w i l l  a t t e inp t  & f i n d  j € - N 3 

OD 

' j = q and Vn f - N.  r ( n , O . ( n ) )  C P i ( n ) .  
3 &- 

t h u s  proving t h e  d e s i r e d  r e s u l t :  

From the d e f i n i t i o n  of  r '  and the f a c t h t h a t  

J '  
we have, by ( *** ) ,  some j C - N 3 = g  and 

j 

BY. ( * )  and t h e  f a c t  t h a t  cp is t o t a l ,  w e  have t h a t  i 



Thus, 

Hence, by (** ) ,  we have 

thus, , 

00 

Vn 
4 - 

Therefore, 

A l s o ,  

00 

'n c 5, 3fcjl, n 5 h n ,  j I ,  (n)), 

C - N, r(n,Of(jl) (n)) 5 n a x { r ( n . n 1 )  I n' 5 h ( n l ~ . l ( n ) ) ~ .  3 



5 9 .2  Complexity ~ l a k s e s  , - 
-- 

I n  5 5.1 we i n d i c a t e d  t h a t  one o f  t h e  main f i e l d s  of s t u d y  i n  ' 

complexity t f p o r y  i s  t h e  s t u d y  o f  p r o p e r t i e s  o f  complexi ty  c l a s s e s .  (For . . 

example, see [61 and [71.& One r e a s o n  f o r  th is  is because  many of t h e  

fundamental  r e s u l t s  o f  complexi ty  t h e o r y  can  b e  s t a t e d  very c o n c i s e l y  i n  

b 
t 

t e r n s  o f  complexi ty  c l a s s e s .  

For  example, THEORE4 7.2.4 can be  r e fo rmula ted  (wi th  a s i i b h t  
- - 

m o d i f i c a t i o n  t o  t h e  p r o o f )  as * V complexi ty  measure ((qiIicN, (Qi CN) 
t ' i - 

1 . . -  - - 8 , .  * 
3 c o m p t z b l e  t o t a l  f on N, V 1  t N,  Dom (qi) =  on (q - - f (i) ) a n d '  

t o t a l  t h e n  

Thus no complexity c l a s s  contain 's  a l l  of t h e  computable t o t a l  f u n c t i o n s .  

Th i s  r e s u l t  can  be  c a r r i e d  s l i g h t l y  f u r t h e r  t o  g i v e  a more s t r i k i n g  r e s u l t  % 

o f t e n  c a r l e d  t h e  Compression Theorem ( B l u m  7 2 1 ) .  

a 

9 . 2 . 1  THE0iE:I. L e t  ( ( ' P i ) i C N ,  ( @ = I i C N )  be a complexi ty  measure. 
- - ikz 

2 
There is  ccnpu tab le  t o t a l  funct- ion h on  N 3 Vi € N ,  i f  cp; is  - - 
t o t a l  then  

Proof .  Choose f a s  i n  ( * )  above. By PROPOSITIONS 4.2.3 and 4.3.5, 

choose computable t o t a l  s on N 3 V i  € N, - - P 

3 
Define computable t o t a l  p OR N by - 

othcrwisc. 

2 
Define com,sutablc t o t a l  h on N by - 



1 

124 

h(n,m) = 
lpJc 

def n max(p(j,n,m) 1 j 2-n}- 

gaps in co?nplexities khrough which no new f Ions are conputed. n 
9.2.2 THEO!wl. Let ( , (Bi) icN) be a - & 

2 
- - 

'I V computable total g on N 3 Vn,m C N, g(n ,m)  2 m, W computaSle 

tot31 r on - N, 3 computable'total increasing t on - N ? Vn C - N, 

t(nf 2 r(n) an3 -- -- 

f 
't = C~n[g(n,t(n))] 

c 

r . .  -Given g ~ n d  r d e f i n e  t inductively by the following -. 

I 



4. 

t ' ,-- , 
125 

On ' input  n,  
-- -+- - 

i (1) I f  n = 0 t h e n  o u t p u t  r ( 0 )  and haEt .  
rJ 

(2i compute t ( i-  1). 

I 

(3)  S e t  k t o  n a x ( t ( n  - 1) , r ( n ) ) .  

( 4 )  I f ,  , fo r  each i 5 n ,  e i t h e r  

. t h e n  o u t p u t  k and h a l t .  

(5) S e t  k to,  k + 1, 

E v i d e n t l y ,  - t is comput&lc. t i s  t o t a l  s i n c e  i f  a ,  (n)  is undef ined 
1 

'h 
t h e n  bi (n)  f g (n .k)  and i f  Qi (n )  i s  d e f i n e d  thcn  @. (n) j t f o r  

1 

every k 2 Oi (n )  - t is  i r icceas ing and Yn € N,  t (n) t ' r  (n)  , by ( 3 ) .  . - 
W e  now prove t i s  t h e  r e q u i r e d >  f u n c t i o n  by p rov ing  :hat V i  € N ,  

A - 
m m 

Yn h - N. Qi(n)  5 t ( n )  -Yn F - N. @ . ( X I )  Z g ( n , t ( n ) ) .  
1 

L e t  i € - N be g iven .  W e  have ( 1  s i n c e  Vn C '1 , - 
g ( n , t ( n ) )  Z t ( n ) .  

Suppose vn - N, Qi(n)  5 g ( n I t ( n ) ) .  For a n y .  n t i 3 @ . ( n )  Z g ( n , t ( n ) )  
1 

w e  have 9, (n)  5 t (n)  , by ('4) i n  t h e  procedure  f o r  corrputing t. Thus, 
1 

m 
Vn C N,  9 .  (n)  5 t ( n ) . n  - 1 

'The Compression Tfieorem i n d i c a t e s  t h a t  i f  a complexi ty  c l a s s  i s  
t - - -- 

n a n d  by a t o t a l  r e s o u r c e  coun t ing  f u n c t i o n  t h c n  w e  have a method of naming 

a s t r i c t l y  l a r g e r  corcplcxity class. Ilowkver, t h e  Gap Tneorem i n d i c a t e b  

t h a t  t h i s  m e t h d  w i l l  n o t  work f o r  e v e r y  computable t o t a l  f u n c t i o n  used to 

name a complexity c l a s s .  



i 

5 ~9.3 , ~ o n c l u s ' i o n  
- 

\ 

I n  l i g h t  o f  t h e  Gap Theorem, much work was done i n  an a t t e m p t  t o  
9 - 

rename t h e  complex i ty  classes o f  a  complex i ty  measure  w i t h  a smaller se t  . . 

of f u n c t i o n s  t h a n  t h e -  set of a l l  computable  f u n c t i o n s ,  so t h a t  v a r i o u s  gap 
i 

-ph&omena w&ld n o t  appear. I n  [ 3 ] ,  Ebrod in  shows t h a t  t h i s  is  to  s o m  

e x t e n t ,  i m p o S i b l c .  However, one  r e s u l t  of t h e s e  a t t e m p t s  is t h e  Naxin? 

'Theorem. - a 
9 

The Kming Theoren  s t a t e s  t h a t  f o r  every conp:kxit.y measure 

t h e r e  is  a measured s e q u e n c e  wh ich  n m e s  a l l  ~f t h e  c o m p l e x i t y  c l a s s e s .  

The r e s u l t  is d u e  to  McCreight and  Heyer [71 and i s  p r d v e n  u s i n g  a 

t t e c h n i q u e  called a p r i o r i t y  arguiicnt .  

The a u t h o r  f e e l s  t h a t  a d i s c u s s i o h  o f  p r i ~ r i t y  a rgumen t s  is  

beyond t he  scope o f  t h i s  paper. S u f f i c e  it to s a y  thcit  t h e s e  t y p e s  of 

a rqumen t s  c a n  s o m t i m e s  be u s c 2  i n  d e f i n i n g  f u n c t i o n s  which must  s a t i s f y  a 

d 
\ set o f  near c o n f l i c t i n g  c o n d i t i o n s .  (See Rogers [81 f o r  a more d e t a i l i d  

d i s c u s s i o n  o f  p r i o r i t y  a rgumen t s . )  

I n  KcCrc ight  and Meyerts proof o f  the Naming  heo or em a j e p r i o r i t y  

a rgument  is used t o  d e f i n e  a com2utable  t o t a l  f u n c t i o n  g on - N ? 

(1) Given i ,  j C , w e  have f o r  e a c h  n  < N 3 $9 (n )  < Q .  ( n ) ,  sonc - 
-) i 3 

and  (b) nl f n2 EI # m . 
11 1 2 



t h a t  hPg(i) 1 i E - N} is, honest .  
- 

These two condit ions '  c o n f l i c t  t o  t h e  e x t e n t  t h a t  (1) asks  t h a t  
' .L 

\ 

c e r t a i n  va lues  of 9 be small  whereas (2) a s k s  t h a t  va lues  of 9 
g ( i )  - - g (1) 

B 
b 

be l a r g e .  file i n t e n t i o n  of cond i t i on  (1) is t o  g i v e  us  t h a t  V i , j  C - NI 

Heqce, by con t r apos i t i on ,  and the f a c t  t h a t  Dorn (pi) = Dorn(qg(.)$-. we 

The . i n t en t ion  of cond i t i oq  (2 )  is t o  g i v e  u s  t h a t  
8 

\ 

- {V (i) I i E - N) i s  contained i n  some measured sequence, by PROPOSITION 

The impact of t h e  Naming Theorem becomes c l e a r  when we n o t i c e  3 ,  
t h a t ,  i n  t h e  Compression Theorem, w e  can rep lace  t h e  resource  counting 

func t ions  , . ; by any o t h e r  measured sequence. Hence, the Tesaurcc ('i) ~ C N  - 
counting func t ions  can be  r e ~ l a c e d  by tfie measured seauence given i n  the 

- 

Naming Theorem. 
B 

Curxently much of t h e  work done i n  comr~lexi ty  theory  is a - 
i n v e s t i g a t i o n  of t h e  r ecu r s ive  p r o p e r t i e s  of compexity c l a s s e s .  There is 

some work being done i n  r e l a t i n g  complexity theory to concepts  such as 

s imula t ion  and p a r a l l e l i s m  ( see  [ 4 ] )  . 
It is hoped t h a t  t h i s  paper has provided a s t ronq  b a s i s  of 

-- 

knowledge i n  complexity theorv from which t h e  reader  may e a s i l y  begin t o  

1 s tudy t h e s e  more advanced topics: 
'I 

- 
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