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ABSTRACT 

Th i s  paper  d i s c u s s e s  t h e  combined Dirac-Einstein-Maxwell  equa- 

t i o n s  i n  gene ra l  r e l a t i v i t y .  A n ixed  t e n s o r - s p i n o r  formalism i s  
I 

used.  Some usua l  d e f i n i t i o n s  of s p i n o r  s t r u c t u r e  a r e  cons ide red ,  

and shown t o  be  e q u i v a l e n t .  The s p i n o r  c a l c u l u s  i s  ->hen developed 

from an axiomat ic  v iewpoin t .  The combined equa t ions  a r e  d e r i v e d  

0 '  

from a  common v a r i a t i o n a l  p r i n c i p l e ,  and shown t o  s a t i s f y  t h e  ex- 
e 

pec t ed  d i f f e r e n t i a l  i d e n t i t i e s .  A c l a s s ~ o f  e x a c t  s t a t i c  s o l u t i o &  

i s  found.  hes set solutions a r e  analogous 

s p e c i a l  r e l a t i v i t y  p ropaga t ing  a long  t h e  

t o  p l ane  wave s o l u t i o n s  i n  

3 x  a x i s  which a r e  n o t  squa re  

. i n t e g r a b l e .  Under f a i r l y  gene ra l  ~ s s u r n p t i o n s ,  it i s  shown t h a t  

t h e r e  do n o t e x i s t  exac t  s t a t i c  s o l u t i o n s  of  t h e  combined equa t ions  

wi th  f i n i t e  t o t a l  charge .  I t  s e e m  t h a t  t h e  s t a t i c  e l e c t r o - g r a v -  

i t a t i o n a l  background i s  n o t  compat ib le  wi th  l o c a l i z a b l e  m a t t e r  f i e l d s  

~ o s s e s s i n g  i n t r i c s i c  s p i n .  
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I .  SPINOR STRUCTURE I?l R I E M A N N I A N  MANIFOLDS 

The purpose o f  t h i s  work i s  t o  i n v e s t i g a t e  t h e  combined Dirac-  

Einstein-Maxwell equa t ions .  Thus we a r e r o n c e r n e d  wi th  h a l f - i n t e g e r  

- - .  
e-r;o(JJrry b u ~ + l  i l l -  s p l n  ma t t e r  fields. Wni 

y e s t i g a t i o n s  i n  a  p u r e l y  t e n s o r i a l  formalism (Whit taker  (36))  , such 

a  procedure  seems t o  be awkward and unna tu ra l .  I t  a l s o  obscures  t h e  
* -  
d 

r a t h e r  b e a u t i f u l  t e t r a d - m e t r i c  r e l a t i o n s h i p  which e x i s t s  f d r  a  mani- 

f o l d  c a r r y i n g  s p i n o r  f i e l d s .  Thus we choose t o  work wi th  a  mixed 
-. 3 

t enso r - sp ino r  formal ism.  I n  t h e i r  f u l l  g e n e r a l i t y ,  s p i n o r s  were d i s -  

covered by Car tan .  His.book (8) is a  s t anda rd  r e f e r e n c e  f o r  s p i n o r s .  
d 

The i n t r o d u d t i o n  of a  two-component s p i n o r  theory  i n t o  genera l  - 

r e l a t i v i t y  has  long h i s t o r y ,  beg inning  with  t h e  w o ~ k s  of  Weyl ( 3 4 ) ,  
+1 

(353, Fock (19 ) ,  and I n f e l d  and van d e r  Waerden (17 ) .  Many au tho r s  

de f ine  a  s p i n  h e t r i c ,  and t h e  ' s p i n  m a t r i c e s '  connec t ing  t e n s o r s  and 

s p i n o r s  , and p o s t u l a t e  -L some r e l a t i o n s  between thesP  q u a n t i t i e s -  and 

t h e  m e t r i c  t e n s o r .  A c i g a r  ax iomat ic  d e r i v a t i o n  of  t h i s  "a lgebra ic"  * 
t 

approach t o  s p i n o r  s t r u c t u r e  appears  i n  Schmutzer (32) . Cf.  a l s o  

f 
Corson 4 9 )  . I n  a d d i t i o n  t o  i t s  c l a r l t y  , t h e  axiomatic--approach de- -- - 

," 
- velops  t h e  c o m p l e ~ ~ e ~ 5 e . t a f  s p i n o r  i d e n t i t i e s  which may, be c o n s i s t e n t l y  

- f 
used ,  p e r m i t t i n g  t h e  f u l l  power of t h e  s p i n o r  t e c h n i q u e - t o  be brought  

/' 
i n t o  p l a y .  



jli" 
/ 

, /  Another approach t o  s p i n o r s  i s  t o  r e l a t e  t h e  g e ~ r a l  r e l a t i v -  6 

.I 

i b t i c  s p i n  ma t r i ce s  t o  t h e  u s u a l  P a u l i  ma t r i ce s  v i a  an-or thonormal  
*\ 

t e t r a d  (OT). Algebra ic  i d e n t i t i e s  can then  be deduced From t h e  prop- 

e r t i e s  o f  t h e  P a u l i  ma t r i ce s  and t h e  OT. This  i s  b a s i c a l l y .  t h e  'ap- 

proach o f  p h y s i c i s t s  u s ing  t h e  ' v e r b e i n l  formalism. 

A s p i n  s t r u c t u r e  may a l s o  be  in t roduced  i n  a  fash ion  

us ing the  e l e g a n t  c o n s t r u c t s  o f  modern d i f f e r e n t i a l  geometry. This  

approach b r ings  c l a r i t y  and g r e a t e r  v i s u a l i z a t i o n  t o  t h e  s u b j e c t .  
" 

f Penrose ( 2 7 )  and Geroch (15) have used t h i s  geometr ic  d e f i n i t i o n  i n  

i g e n e i a l  r e l a t i v i t y .  - - (  

We wish t o  show t h a t  t h e s e  t h r e e  approaches t o  s p i n b r  s t r u c t u r e -  
d 

a l g e b r a i c ,  t e t r a d ,  and geometr ic-  can be made c o n s i s t e n t  w i th  one an- 

o t h e r .  We assume some familiarity wi th  t h e  u s u a l  s p i n o r  q u a n t i t i e s :  
J 

s e e  Corson (9) , ' Bade and J e h l e  (2) , Penrose (26) , o r  P i r a n i  (28 )  . 
Our n o t a t i o n  and conventi.ons: s p i n o r  i n d i c e s  w i l l  be  denoted by cap- 

. - 
i t a l  L a t i n  l e t t e r s ,  w i th  conjuga ie  i n d i c e s  dashed,  'and t a k e  on t h e  
B 

va lues  1 , 2 .  The space- t ime ~ i g n a t u r e  i s  taken a s  -2.  Small  L a t i n  
. * 

l e t t e r s  denote  space- t ime t e n s o r  i n d i c e s  ranging  from 1-4,  and u n l e s s  

- - - -- - - - - p- - - - 

o the= i sepno ted  Greek le t ters  denote  s p a t i a l  t e n s o r  i n d i c e s  ranging  

-- - - -pp - - - - - - p- -- 

from 1-3. I n v a r i a n t  t e n s o r  o r  s p i n o r  i n d i c e s  a r e  denoted by paren-  
Is 

t h e s e s  : t hus  x (A' is a  s p i n o r  i n v a r i a n t ,  whi le  rl (mn) i s  a  t enso r r  
t 

i n v a r i a n t .  yAB denotes  t h e  ant isymmetr ic  s p i n o r  m e t r i c ,  and o 
A'B 



f 
7 
1 \ 

t he  s p i n  matr icds.  Spin i n d i c e s  a r e  r a i s e d  

AB B B B 
XA = y xB, xA = x yBA. Fur the r ,  yA.  = -y . A  

d e l t a .  THe (cons tant )  
P 

F i n a l l y ,  q (m) denotes  

and lowered us ing  y :  

B 
= t h e  Kronecker 

P a u l i  mat r ices  a r e  taken as  : 

t h e  Minkowski me t r i c  ( s i g n a t u r e  -2)  . 

Let us f i r s t  cons ide r  t h e  t e t r a d  d e f i n i t i o n  of s p i n  s t r u c t u r e .  
,' 

Let M denote wr space-time manifold,  which we assume t o  be  o r i e n t -  

a b l e  and p a r a l l e l i z a b l e .  ( I f  t h e  e n t i r e  manifold i s  n o t  

an orthonormal t e t ~ a d  def ined  g loba l ly  over M: 

m 
i z a b l e ,  we t ake  M t o  be a p a r a l l e l i z a b l e  submanifold).  L e t  X (n) be 

Thus 

4 

o r  equ iva len t ly  

f o 1  lows from t h e  usual  coordina t ion  of propFrP i s o c 3 i ~ o u s ~ ~ r e n t - i  and- 
- 

unimodular s p i n  t ransformat ions  : 



where U E SL(2 ,c), and A E L o ,  t h e  proper  isochronous Lorentz  group. 

Then we t a k e  t h e  g e n e r a l  r e l a t i v i s t i c  s p i n  ma t r i ce s  t o  b6 given by:  

The cons is tency  of  (4 ) ,  (5) r e q u i r e s  t h a t  a  s p i n  t r a n s f  rmat ion U 9 
C 

on a gene ra t e  t h e  cor responding  Lorentz  t r ans fo rma t ion  on t h e  

- 

t e t r a d :  

correspond t o  t h e  t r a n s  formed Thas t h e  t ransformed mat;ices a 

- 
' - h A-I (n) and t h e  freedom o f  choice  f o r  t h e  t e t r a d  t e t r a d  h 

('TT) (n) (k)' 
ir 

i n  45) corresponds t o  t h e  freedom of a  s p i n  t r ans fo rma t ion  on 

A number of  important  a l g e b r a i c  i d e n t i t i e s  i nvo lv ing  g m >  Y A B ~  

and a fo l low from ( 5 ) .  These w i l l  be d i scussed  a f t e r  we r e l a t e  

t h i s  " t e t r a d "  d e f i n i t i o n  of  s p i n o r  s t r u c t u r e  t o  an "a lgeb ra i c "  one. 

I t  i s  a l s o  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  P a u l i  mat r ices ,  can be 

expressed  i n  terms o f  a  l c a n o n i c a l l  s p i n  b a s i s  of C2. Let  zA = (1,O) 
-- At- 
( c A ~  = I ) ,  and we can 

- a  -- - - - -  - - - -  

and 7 = ( 0 , l )  . Then (S , ~ ) - i s  a  s p i n  frame A 

d e f i n e  t h e  ma t r i ce s  



* 
One e a s i l y  checks t h a t  f o r  E_ = r, T = t h e s e  a re  t h e  

f i n e d  i n  (1) . For (5,r)  an a r b i t r a r y  s p i n  frame, one 

, where LJ(T,T) = (6.1) . F ~ P  an a r b i t r a r y  choice  

m a t r i c e s  de- 

of  s p i n  frame 

t h e  ma t r i ce s  (7) a r e  n o t  i n v a r i a n t  under  t h e  coo rd ina t ed  Lorentz-  

s p i n  t r ans fo rma t ions  (4) . One c&ld r e p l a c e  t h e  d e f i n i t i o n  (5) by 

Th i s  merely amounts t o  a  d i f f e r e n t  a s s o c i a t i o n  -of s p n  frames and 

t e t r a d s .  (7) g ives  a  2-1  map o f  s p i n  frames t o  t h e  Hermit ian # p a t r i c e s  

9,. 

There i s  s t i l l  ano the r  t ype  of  s p i n  ma t r i ce s  t o  b e  d i s c u s s e d ,  

t h e  i n v a r i a n t  ma t r i ce s  a (@' B, . We f i r s t  qu i ck ly  examine t h e  a lgeb ra  
D ' 

o f  i n v a r i a n t  s p i n o r  c&p6nertts ,  wElc7i m i  bTles3-fsmllTartKmtEe-  - -  

A 
usua l  t e t r a d  i n v a r i a n t s .  Let  ( 5 . ~ 7  be a 3 p i n  EZE-lt, .rT T-cA_ 
= 1 Define t h e  s p i n  dyad h (1) = ,r ( 2 )  - 7 

A T h ~  - L 
A ' 

h(*:) may be  used 

t o  d e f i n e  i n v a r i a n t  s p i n o r  components e x a c t l y  as an OT 1':'' i s  used 

.c 



f o r  tensor  invar i an t s .  Invar iant  sp inor  ind ices  a r e  r a i sed  and low- 

ered us ing y (AB) = yAB = (-: :). In analogy t o  (2), ( 3 ) .  one f inds  

the  i d e n t i t i e s :  

For the  mixed q u a n t i t i e s  udtB,  consider  t h e  d e f i n i t i o n  

I f  we choose our  OT and spin  frame indep'endently of one another, 

t h i s  d e f i n i t i o n  would have the  unfortunate property t h a t  f o r  a given 

OT, o (mA'B) would depend upon t h e  choice of sp in  frame. The reason 

f o r  t h i s  i s  t h a t  a change of sp in  frame involves a sp in  transform- 

a t i o n  which should be coordinated t o  a Lorentz t ransformation.  Thus 

OTs and sp in  frames should be mated and transform together .  Let us 

suppose, then,  t h a t  an OT x(:) has been se lec ted ,  and using (5) , 

u Associate t o  t h i s  t e t r a d  t h e  sp in  dyad --(A) h 
- - 

corresponding t o  the  canonical sp in  b a s i s  (5,-r), where a s  before  
(A) A 

= (,O), = ( 0 , )  Then b = 6B, and o (n)A'B = ,pA'B) 

Given an a r b i t r a r y  t e t r a d  A(p), the re  e x i s t s  a Lorentz transformation n 

A with A (PI $m) = A(:). Let U be t h e  sp in  transformation corre-  (ml n 



' I  

sponding t o  A ;  i . e .  such t h a t  (4)  "holds .  Define h (A) = U (A) j$C) 
(C) B ' --- B 

One checks t h a t  h ( i '  i s  a s p i n  dyad. Then we a s s o c i a t e  t h e  dyad h 

t o  t h e  OT A. Then 
, 

rn 

Thus with such a coupling of  s p i n  and OTs, we have a - (m)AiB - - 

CT 
(m4'B) \ 

: the: i n v a r i a n t  s p i n  mat r ices  a r e  t h e  P a u l i  mat r ices  in ,  a l l  

frames. This i n v a r i a n t  . work provides t h e  motivat ion f o r  t h e  d e f i n i -  

t i o n  of sp inor  s t r ~ c t u r ~ w h i c h  fo l lows.  

We cons ider  t h e  "geometric" d e f i n i t i o n  of s p i n o r  s t r u c t u r e .  For 

t 
g r e a t e r  d e t a i l  &ee Geroch (15) and Penrose (27)  . Let M be para1  e l -  '-t 
i z a b l e  and o r i e n t a b l e  as  b e f o r e ,  and l e t  B denote t h e  p r i n c i p a l '  f i b e r  

of o r i e n t e d  orthbnormhl t e t r a d s  over  M. Let denote t h e  p r i n c i p a l  

f i b e r  bundle of s p i n  frames over  M :  i f  p E M ,  t e f i b e r  over  p i s  P 
t h e  s e t  { ( p , ( ~ , ~ ) ) :  :,T E C2, = 1). ~ h B / ~ r o u ~  f o r  B i s  taken 

- 
t o  be  t h e  proper  isochronous Lorentz - -- group L o ,  and f o r  B t h e  un ive r sa l  

- - - - - - --- 

A I 
covering space of L o ,  S L ( 2 , C ) .  - (Yfe do not  d i s c u s s  t h e  enlargement - 

- 

C \ 

t o  t h e  f u l l  Lorentz group h e r e ) .  Then a sp inor  s t r u c t u r e  on M i s  a 
i 



> - - - - - - - - - - - -- - - - - 

2 - 1  f i b e r - p r e s e r v i n g  s u r j e c t i o n  a :  -+ B which commutes wi th  the  

group ope ra t ions  : 
E * 

where U r ep rese  ts  A. # 
Now suppose we a r e  given a  t e t r a d  sp in  s t r u c t u r e :  i . e .  we a r e  

- m mA'B  - - A  given an OT 
(n) 

, and d e f i n e  a - A- b ( n ) A I B  a s  i n  (5) . Using 
Cn 1 C 

t h e  p r o p e r t i e s  of  t h e  Pau l i  ma t r i ces ,  t h i s  may b e  i n v k e d  t o  g iv6  \ 

- -  - - 
Let ( 5 , ~ )  be t h e  canonical  s p i n  frame, and d e f i n e  o(p, (C,r))<= 

rnAIBa . - m 
(P ,a (n) A '  B ) = (p,h{,)) E B .  I f  ( 5 , ~ )  i s  an a r b i t r a r y  spin$ frame 

- C '  D mAIBa 
k i t h  ( 5 , ~ )  = U(<,T)',  d e f i n e  (p ,  ( 6 , ~ ) )  = (p,U B~ 

(n) C 'D)  ; 
mA' B i . e .  we use the  transformed matr ices  U(o ) t o  genera te  t h e  map a .  

Note a @ , ( - < , - r ) )  = a ( p , ( < , ~ ) ) ,  and one e a s i l y  checks t h a t 0  i s  a  2 -1  

map of onto  B .  We denote 
- - 

t h e  maps of f i g .  (1) by U , A .  

s i n c e  ?j r ep resen t s  x. S i m i l a r l y ,  t: 

Then 



~ h u s  f i g .  (1) commutes, and we havqshown t h a t  a  " t e t r ad"  s p i n o r  
e b 

- -- - - -- - 

s t r u c t u r e  gives r i s e  t o  a  "geometric" sp inor  s t r u c t u r e .  

The converse r e s u l t  is t r i v i i l .  Given a  "geometric" sp inor  

- - - m rnAIB  - - m (k)AIB 
s t r u c t u r e ,  l e t  ( p ,  ( 5 , ~ ) )  = ( ~ , h ( ~ ) ) .  Then d e f i n e  o - +k)O 

- m 
I f  (S,T) = U(<, r ) ,  t h e  commutativity df f i g .  (1) impl ies  o(c,~) 

(n) 

= X(;)A- where U r e p r e s e n t s  -A. Then U(o mAf B ) = X 
(kl 

X 

(n) , 

x A (n)A'  B ,  v e r i f y i n g  (6) . 
(n) 

Next, 5e  cons ider  an "algebraic"  d e f i n i t i o n  o f  s p i n o r  s t r u c t u r e .  

Suppose g  a i j  ' a r e  chosen on M s u t h  t h a t  

where t h e  o mA'B a r e  assumed t o  be Hermitian, and 

Here 6 i s  the  genera l ized  Kronecker d e l t a ,  
mnsr 

- - 

ca l led  t h e  Levi -Civ i ta  t e n s o r .  Then M w i l l  be 
~ - 

a1 gebra i  c  sp inor  s t r u c t u r e .  

i s  usua l ly  yd "msr 

I n  p a r t i c u l a r ,  one may check t h a t  (13) i s  
4 

mn 
s a t i s f i e d  i f  gW = q , 



AB t h e  Minkowski met r ic ,  y - = m B ' A  t h e  P a u l i  mat r ices  (1). 

I n  t h i s  case ,  t h e  symmetric p a r t  of (13) r e l a t e s  t h e  P a u l i  mat r ices  

t o  t h e  me t r i c ,  and t h e  antisymmetric p a r t  g ives  t h e  usua l  c o m m u ~ t i o n  

,t 
r e l a t i o n s .  (13) may be found i n  Corson (9) and Schmutzer (32) .  

We wish t o  show t h e  equivalence of an a l g e b r a i c  s p i n o r  s t r u c t u r e  
A - - - -  - - - - - 

and a  t e t r a d  s p i n o r  s t r u c t u r e .  Suppose f i r s t  we a r e  given an a lge-  

m b r a i c  sp inor  s t r u c t u r e .  We wish t o  show t h e  e x i s t e n c e  of an OT X 
(n) 

s a t i s f y i n g  ( 5 ) ,  where a " I B  i s  given by t h e  a l g e b r a i c  s t r u c t u r e .  
Q 4 - 

Define A m = a mA' BG 
(n) (n)A1 B '  

Then (5) follows from t h e  p r o p e r t i e s  

of  t h e  Pau l i  matrices, and f u r t h e r  i -" 

Here we have used t h e  

These i d e n t i t i e s  w i  11 

2 

i d e n t i t i e s  

J 
- - -- - - - - - -- -- 

m 
be  shown t o  fol low &m (13) . Thus A 

In) 
is an 

OT, and ex i s t ence  of an a-lgebraic sp inor  s t r u c t u r e  impl ies  e x i s t e n c e  

o f  a t e t r a d  s p i n o r  s t r u c t u r e .  



Conversely, suppose we a r e  given a  s e t  of sp in  matr ices  s a t i s -  

fy ing  ( 5 ) .  The symmetric p a r t  of (13) may be Mri t ten  

T o s e e  t h i s  i s  s a t i s f i e d ,  us ing  ( 5 )  - and -- t he  propert ' ies o f  t h e  Pau l i  
-+  

matrices  we have 

Therefore a t e t r a d  s p i n o r  s t r u c t u r e  . s a t i s f i e s  t h e  symmetric p a r t  of 

(13) . S i m i l a r l y ,  we have f o r  t h e  antisymmetric p a r t  of (13) 

Then 



Therefore a  t e t r a d  sp inor  s t r u c t u r e  i s  an a l g e b r a i c  sp inor  s t r u c t u r e .  

Al together ,  we have shown t h a t  t h e  ex i s t ence  of any o f  t h e  t h r e e  

types o f  sp inor  s t r u c t u r e - - a l g e b r a i c ,  t e t r a d ,  o r  geometric--implies 
- -  - -- - -- -- -- - - - - - 

t 

t h e  ex i s t ence  of t h e  o t h e r s .  Besides i t s  s i m p l i c i t y ,  t h i s  r e s u l t  is 

of p r a c t i c a l  importance. Given a  me t r i c  g  i j  y i t  i s  e a s i e s t  t o  con- 

s t r u c t  a  sp inor  s t r u c t u r e  l o c a l l y  by f i n d i n g  an OT and us ing  t h e  t e t -  

r a d  d e f i n i t i o n .  But then a l l  t he  a lgebra ic  i d e n t i t i e s  which follow 
d 

from (13) a r e  a v a i l a b l e  i n  t h e  r e s u l t a n t  system. 
4 

This  r e s u l t  a l s o  g ives  an easy proof t h a t  any s e t  of Hermitian 

rnAt B matr ices  o s a t i s f y i n g  (13) must be ' a l g e b r a i c a l l y  independent.  

Suppose cl u  
mA' B 

= 0 ,  where am a r e  complex s c a l a r  f i e l d s .  By t h e  
m 

1 
k m 

above, t h e r e  e x i s t s  an OT X such t h a t  0 
m A I B  - m (n)AIB, Then 

Cn) - "n)' 
m 

9"n)' = 0 .  By t h e  a l g e b r a i c  independence o f  t h e  P a u l i  mat- 

m rites,--this implies  a X = 0 .  Then a X A(") = 0 ,  o r  a = 0  f o r  .. m (nl m (n> q 
7 9 

a l l  ci. 

I n  t h i s  chap te r  we have taken y = ( - y  i )  and have r e s t r i c t e d  
r , ,AB 

our  a t t e n t i o n  t o  unimodular s p i n  t ransformat ions .  In  l a t e r  work, we 

f cons ide r  t h e  more genera l  form 

P 
and correspondingly allow a r b i t r a r y  non-singular  s p i n  t ransformat ions ;  



3 

i .  e .  t h e  complete Gl(2 ,C)  group. This  n e c e s s i t a t e s  cer$ain changes 
\ 

- !  i n  our  formulae. Given (16), we t a k e  f o r  t h e  canonical  s p i n  dyad 

-- - - - - - - - - - - - -- --- - - 

4 A- - (A) = r tjB, and y Then h  (AB) - - ( o ii;-?~ pi- . In  p a r t i c u l a r ,  0 
-1 0 

# o ( ~ ~ ' ~ ) ,  where o (nA'B) a r e  t h e  usual  P a u l i  ma t r i ces .  Thus t h e  mat- 

r i c e s  appearing i n  ( I )  , (7) " become 0 cnAfB) , (3 (nA'B1 r e s p e c t i v e l y .  

A sp inor  s t r u c t u r e  con ta ins  the  e n t i t i e s  g i j '  A(*), n CAtB, and 

A 
- h . From an a l g e b r a i c  viewpoint,  t h e r e  i s  no *son f o r  regarding 

(B) 

some of t h e s e  e n t i t i e s  a s  more fundamental than t h e  o t h e r s .  Bergmann 

(5) d iscusses  t h i s  with r e fe rence  t o  0 
m A I B  and g i j .  For example, 

given A ( ~ )  and h  A A 
i n  (B)  ' (B) one may genera te  g i j  Fur the r ,  h  g ives  r i s e  
'! 
t 

t~ u (up t o  a s p i n  t ransformation)  by (7 )  , . and  then o fol- - 
lows from (8 ) .  Obviously o t h e r  choices f o r  t h e  independent q u a n t i t i e s  

a r e  p o s s i b l e .  From t h e  v a r i a t i o n a l  work of Chapter 111, however, we 
m 

s h a l l  s e e  t h a t  a t  l e a s t  f o r  t h e  case  of h a l f - i n t e g e r  s p i n  f i e l d s  t h e r e  

i s  some reason f o r  regarding  t h e  t e t r a d  A(:) a s  mqie fundamental than 

t h e  me t r i c  t e n s o r  g  . Penrose (27) has considered t h e  s p i n o r  s t r u c -  i j  
- - - -  - 

t u r e  of space-time as more b a s i c  than i t s  m e t r i c  s t r u c t u r e .  

In t h i s  chapter  we have assumed t h e  ex i s t ence  of  a  sp inor  s t r u c -  

t u r e .  T h i s  i s  a n a t u r a l  assumption s i n c e  our  aim i s  t o  i n v e s t i g a t e  
t 

t he  combined Dirac-Einstein-Maxwell equat ions ,  and t h e r e f o r e  any s o l -  



u t i o n  manifolds w i l l  conta in  s p i n o r  Dirac f i e l d s .  , I t  i s  well-known 

t h a t  t h e  g lobal  e x i s t e n c e  of  a  sp inor  s t r u c t u r e  impl ies  o r i e n t a b i l i t y  

of t h e  manifold (Penrose ( 27 ) ) ,  and Geroch (15) has shown t h a t  a  non- 

compact space-time admits a  sp inor  s t r u c t u r e  i f f  it con ta ins  a  g lobal  
- + -- - -  -- -- -- - - -- - - - 

f i e l d  of orthonormal t e t r a d s .  This r e s u l t  i n  t u r n  may be  used t o  

has a  Cauchy s u r f a c e ,  o r  a  show t h a t  an o r i e n t e d  space-time w 

space-time whose' Weyl t e n s o r  i s  everywhere of type  [l,l, l,l] , L2 ,I ,I] , 

[3,1] , o r  141 admitsc a sp inor  s t r u c t u r e  ( ~ e r o c h ,  (15a))  . 

Because o f  the.  way r e l a t i v i t y  i s  u s u a l l y  approached, g i j  .is 

ofterv given a  p resc r ibed  form ( s t a t i c ,  s t a t i o n a r y ,  . . .) , and one 
- f 

wishes t o  ob ta in  a  sp inor  s t r u c t u r e .  We have shown t h a t  

t h i s  reduces t o  f i n d i n g  an OT f o r  g i j .  I n  Appendix B ,  an e x p l i c i t  

OT i s  cons t ruc ted  f o r  a  p resc r ibed  met r ic .  While not  always t h e  

most n a t u i a l  i n  t h e  case  of  s p e c i a l  symmetries, t h i s  e x p l i c i t l y  

def ined  t e t r a d  makes t h e  matching of a  sp inor  s t r u c t u r e  t o  a  me t r i c  

an e n t i r e l y  c o n s t r u c t i v e  procedure.  In g e n e r a l ,  o f  course ,  such a  . 
procedure i s  only p o s s i b l e  l o c a l l y .  



I I .  SPINOR CALCULUS - 

In  t h i s  c h a p t e r  we develop t h e  s p i n o r  c a l c u l u s  based upon t h e  
4 + 

-: 

b r a i c  approach, s o  t h a t  a l l  t h e  u sua l  s p i n o r  i d e n t i t i e s  a r e  seen  t o  1 

% 

fo l low from t h e  d e f i n i t i o n s  and t h r e e  
- 

e s e  axioms may be  

found i n  Schmutzer ( 3 2 )  . A s  bsfore,& denotes  t h e  an t i symmetr ic  

s p i n o r - m e t r i c .  Spin i n d i c e s  a r e  r a i s e d  and lowered us ing  y :  

For t h e  mixed components, 

One n o t e  of  cau t ion  must be made. S ince  our aim i s  t o  u se  t h e  s p i n o r  
, 

c a l p s  t o  i n v e s t i g a t e  t h e  combined Dirac-Einstein-Maxwell  equa t ions  

we do n o t  assume t h e  c o v a r i a n t  d e r i v a t i v e  o f  y t o  be  ze ro .  Our 
AB 

choice  y 
A B ; ~  

# 0 i s .made  i n  o r d e r  t o  i n t roduce  t h e  e l ec t romagne t i c  

. p o t e n t i a l  i n  as  n a t u r a l  a way a s  possible-. This  cKoice 1s a l s o  

c o n s i s t e n t  wi th  t h e  phi losophy o f  minimal e l ec t romagne t i c  i n t e r a c t i o n  

( 7 ) .  Bergmann (5) shows t h e  e l ec t romagne t i c  f i e l d  can be  in t roduced  

with y 
AB ;k = 0 ,  b u t  a t  t h e  p&ce of making y a s p i n o r  d e n s i t y .  Our 

choice  i n c r e a s e s  t h e  g e n e r a l i t y  of t h e  formalism over t h a t  &ployed 



a 't + -  by Penrose e t .  a l . ,  i t h  a corresponding Inc rease  i n  t h e  complexity 

of formulae. I n  p a r z c e .  l a r ,  ou r  expression,  f o r  t h e  s p i n o r  a f f i n i t i e s  . 

i s  a f f e c t e d  by t h i s  See Bade and J e h l e  (2 )  and Penrose (26)  

-- 
i 

-- .- 
f o r  f u r t h e r  d i s c u s s i o n o f  t h i s  p o i n t .  

The antisymmetric s p i n  met r ic  y i s  determined by a s i n g l e  corn- 
AB 

value .  Following Bade and J e h l e ,  we w r i t e  
% 

p l e x  

Then 

'/ 
a r e  s p i n o r s ,  then 

In  p a r t i c u l a r ,  sp inor s  of odd rank have zero "absolu te  value". Let 

A - CA C A 
%\ be  an a r b i t r a r y  s y m m e t ~ i c  s p i n o r .  Then qA - -y---r-- =--y--9- - 

AC '&a 

Next, suppose q = -qBA. Ac - 
-1 

AB Then A A = Y qAC - (q12 +, 



- 

I f  xAB i s  a r b i t r a r y ,  t h i s  implhs 

"z 
Let (4) ope ra t e  on t h e  a r b i t r a r p  4-spinor rl y i e l d i n g  ;- AB CD ', 

F i n a l l y ,  (5) may be  w r i t t e n  

where 5 A ,  'A' n~~~ a r e  a r b i t r a r y .  . 
mA ' B 

We nex t  develop t h e  propertLes of  t h e  s p i n  mat r ices  a . 
L 

axiom r e q u i r e  t h e i r  Hermicity : L - 
Our f i r s t  

AXIOM I 

Note t h e  t ranspose  o f  o mA'B i s  omBfA. Axiom I1 r e l a t e s  t h e  b a s i c  

q u a n t i t i e s  o 
rnA1 B , gi , and yAB, m d  may be lodked upon as t h e  gen- 

e r a l i z a t i o n  of t h e  commutation r e l a t i o n s  f o r  t h e  Pau l i  ma t r i ces  t o  



fol lowing I -  (13)'- fof  

'- 18- 

t h e  d i scuss ion  r e l a t i v i t y ' .  'Tee 
1' 

genera l  

d e t a i l .  This form o f  Axiom I1 appears 
I 

i n  Schmutzer. (32)  and 

Corson (9) : 

The Levi -Civ i ta  t e n s o r  q was def ined  fo l lowing I-(13). ~ f i ' e  con- mnsr 
F 

s t a n t  B remains t o  be determined. The f i r s t  and second con t rac t ions  

of rl w i l l  be used f r equen t ly  i n  t h e  fol lowing:  

m n s  m n & p n r ? S  mns m n s  mnS 
-C ""t sSS+SSS+SSS-SSS-S66 -SSS (13)71dbcd' d c b  c b d  baC cd,b  bca 

From Axiom I1 it  fol lows t h a t  t h e  s p i n  mat r ices  a r e  an a l g e b r a i c a l l y  

independent b a s i s  f o r  t h e  s e t  of 2x2  complex ma t r i ces .  The proof 

appears i n  Ch. I .  To determine t h e  cons tant  B i n  Axiom 11, 

- - 



Then 

I 

and t h i s  gives 

Y 

i We t ake  B = + - t o  ag reeawi th  t h e  r e s u l t s  f o r  s p e c i a l  r e l a f i v i t y  
2 f 

( s i g n a t u r e  - 2 ) .  I n  t h e  fol lowing,  we mark t h e  most u s e f u l  i d e n t i t i e s  

with an a s t e r i s k ,  I*) . 
- 

the symmetric and antisymmetric r~ {arts . From 

* (i-6) 



g i v i n g  t h e  i d e n t i t y  

L 

I f u l t i p l y i n g  Axiom I1 by 
C L 

5 , 'we have 'mntp 2' 

E 5 i 2 g  . h i o n  I1 and {20) ,  (21 )  becomes 



3 = cpDa . Then 

Again u s i n g  Axiom I I ,  ( 2 2 )  gives 

But 

I 3  en 



- - - - - - - - - 

Since the s p i n  m a t r i c e s  m a t r i c e s ,  a b a s i s  f o r  t h e  conlplex 

f o l l o w s  t h a t  

Next,  m u l t i p l y i n g  ( 2 2 )  by q abdp and u s i n g  (13) , , - 



- - - - - - -  

On t h e  r i g h t  s i d e  of  (26)- c o n s i d e r  f i r s t  a 
dBt b 

AO B 

a p p l i c a t i o n  o f  (16) g ives  

a C 
ca D t  

. Repeated 

ad' b c  a b d  ad b c 
= g - ~ - g ' - - + 3  -a T++-g g $-a/, ,--- 

S i m i l a r l y  , 

and a f i n a l  ap f i l i c a t i on  o f  . (16) g ives  

S u b s t i t u t i n g  (27 ) ,  (28)  i n t o  (26) y i e l d s  
h 

*(29) 6 a s '  b d C - L [  bd a ad b 
A'Q 8'Cb D' ' 2 y - C D ' A - ~ ~  - - f l ~ h  



As w i l l  be  s e e n  l a t e r ,  t h i s  i s  a * p a r t i c u l a r l y  u s e f u l  i d e n t i t y .  I t  

appears  i n  Corson and Schmutzer,  b u t  i s  g e n e r a l l y  n o t  e x p l i c i t l y  

mentioned i n  o t h e r  m a k s  on s p i n o r  a l g e b r a .  ~ u l t i p l i c a t i o n  of (29) 

wi th  a f D ' A  y i e l d s  

i 

The i d e n t i t i e s  ( 1 6 ) ,  ( 17 ) ,  (19) ,  (20) , (22) , (25) , ( 2 9 ) ,  and (30) 
e 

a r e  t hus  a l l  seen  t o  be  a l g e 6 r a i c  consequences o f  Axioms I ,  11 .  * f -  

These i d e n t i t i e s  may be  looked upon as an u n r a v e l i n g  of  t h e  gene ra l -  
8 

i z e d  commutation r e l a t i o n s  g iven  ,by Axiom 11. 

Next, we make t h e  u s u a l  correspondence between second o r d e r  

Hermit ian s p i n o r s  A = kKl and o rd ina ry  t e n s o r s  A by s e t t i n g  . 
K ' L rn 

o r  u s i n g  (19) t h e  i n v e r s e  equ%t ion  
/ 

- f 

Tote t h a t  g iven t h e  correspondence (31) , t h e  requirement  t h a t  AK, 

be Hermit ian i s  e q u i v a l e n t  t o  Axiom I .  This  correspondence p r e s e r v e s  

i n n e r  p roduc t  s t r u c t u r e s :  4 



We nex t  i n v e s t i g a t e  c o v a r i a n t  s p i n o r  d i f f e r e n t i a t i o n .  Let  

denote  an a r b i t r a r y  I - s p i n o r .  A s  u s u a l ,  

a f f i n i t i e s  rA 
Bm ' 

with  

i n t r o d u c e  t h e  

s i m i l a r  r u l e s  f o r  h ighe r -o rde r  s p i n o r s .  We have t h e  u s u a l  

-K- product  r u l e  f o r  d e r i v a t i v e s ,  and i f  hg r e p r e s e n t s  

t r a n s  format ion ,  t h e  requirement  t h a t  I) 
A 
;m and ' ~ ; m  

i a n t l y  y i e l d s  t h e  t r ans fo rma t ion  l a  

an a r b i t r a r y  s p i n  

t ransform covar- 

For mixed q u a n t i t i e s ,  we def inek 

w i t 5  the dorim e x t e n t i o n  to h i g h e r  o r d e r  objects. ilerarckf mote  

:he x u a l  C h r i q t o f f e l  s y a b o l s .  Pie adopt as ou r  t h i r d  axiom: 



AXIOM I11  m A 'B 
j,, = 0 

f 
requirement  Axiom I11  i s  e q u i v a l e n t  t o  the  

- - -- - 

Wri t ing  Axiom 111 e x p l i c i t l y ,  

m I f  T is an a r b i t r a r y  t e n s o r ,  and T~ t h e  usual  t e n s o r i a l  d e r i v a t i v e ,  I k 

i 

To s e e  t h i s ,  

Tnen ~~r = 7 ' '  i f f  
1 k ;k 



This is t r u e  i f f  

But t h i s  is  j u s t  TAfB0 mA'B and t h e  r e s u l t  fol lows from Axiom 111. ;k' 

Using (38) ,  we l e t  I r ep re sen t  e i t h e r  t e n s o r  o r  s p i n o r  d e r i v a t i v e s .  

From ( 3 7 ) ,  

Then 

We r e t u r n  t o  t h i s  r e s u l t  s h o r t l y .  From (19) , 

Axiom I11 and (40) g ive  

From t h e  antisymmetry of  yAB, t h i s  gives 



The 4 equa t ions  (43 )  ana t h e  24 equa t ions  ,h = kn do n o t  com- {"5 iml 
p l e t e l y  a e t  rmine t h e  32 r e a l  quant-:ties o f  I' J A Let Bk ' 

6 

where $I is  r e a l .   hen (43) and.Axiom I11 a r e  s t i l l  s a t i s f i e d ,  and k 

s o  we in t roduce  t h e  4 addi t . iona1 equa t ions  

Yie t a k e  E = fi e ,  a n d  a s  i n  Bade and J e h l e  i d e n t i f y  @ w i t h  t h e  , t, k ' 

e l ec t romagne t i c  p o t e n t i a l .  I n  ' add i t i on  t o  t h e i r  remarks concerning 

. t h i s  i d e n t i f i c a t i o n ,  we w i l l  make an obse rva t ion  s h o r t l y .  From 

S u b s t i t u t i n g  i n  ( 3 9 ) ,  we then  have t h e  express ion  f o r  ou r  sp inor .  
* 

a f f i n i t i e s  : 



While (35) shows t h a t  the  sp inor  a f f i n i t i e s  a r e  not  themselves spin-  

o r s  (analogous t o  the  proper t ies  of the  usual  C h r i s t o f f e l  symbols), 

it is  easy t o  show t h a t  they behave l i k e  covar iant  tensors  w i th  

respect  t o  general coordinate transformations. 

For the  sp in  metric ,  we have 

Using (46), 

By (3 ) ,  we f ind  

Simi lar ly ,  



* 
By Axiom\III  and ( 4 l ) ,  we have 

However, it does n o t  fo l low t h a t  0 
kA1 

l = 0. 

As s t a t e d  p r e v i o u s l y  , (44) 4 4 9 )  a r e  no t '  usgd i n  a l l  formula t ions  

. (of  t h e  s p i n o r  c a l c u l u s .  We cons ide r  t h e s e  equa t ions  more c a r e f u l l y .  f < 
F i r s t ,  mot iva t ion  f o r  i n t e r p r e t i n g  $I a s  t h e  e l ec t romagne t i c  f i e l d :  

k  a 

it fo l lows  from t35)  t h a t  

R im  
I n  p a r t i c u l a r ,  i f  $ = 6Se , t hen  from (51), (46) we have 

which agrees  wi th  t h e  gauge t r ans fo rma t ion  p r o p e r t i e s  of  t h e  e l e c t r o -  

magnetic po te .n t ia1 .  Furthermore,  suppose we make t h e  t r ans fo rma t ion  , 

$ = 4 - u and s imul taneous ly  make a 'phase t r ans fo rma t ion1  $b*= 
, k d 

i u  a Sic , f o r  some r e a l  c o n s t a n t  a .  Then 



Taking a = - E ,  t h i s  gives 

Thus a s s o c i a t i n g  t o  t h e  gauge t ransformat ion  (I; = $k - o , k t h e  change 

- i ED - i ~ o  of phase $ = qAe gives $ A l k  = e . Then a gauge t r a n s -  

formation would l eave  a 1-inear sp inor  equat ion ( e .g .  t h e  Dirac 

equat ion)  i n v a r i a n t  up t o  a phase f a c t o r .  F i n a l l y ,  i f  w e  deiFine 

and t h e  new s p i n o r  d e r i v a t i v g  

" A then when $ = 0 we have I) 
k 

I Ik = $ A l k ,  anh t h e  i n t r o d u c t i o n  of (Ik 

corresponds t o  t h e  replacement $ A 

/ Ik ~~~k = 'Al lk +'ic&. This i s  

c o n s i s t e n t  wi th  t h e  usua l  philosophy of minimal e lec t romagnet ic  i n t -  

e r a c t i o n .  A l toge the r ,  then ,  t hese  t h r e e  observations--gauge t r a n s -  a -  i 

formation p r o p e r t i e s ,  i nva r i ance  of l i n e a r  s p i n o r  equa t ions ,  minimal 

e lec t romagnet ic  in t e rac t ion - -p rov ide  t h e  .motivation f o r  ou r  i n t e r -  



p r e t a t i o n  of $ a s  t h e  e lec t romagnet ic  p o t e n t i a l .  
k 

Note t h a t  if we had taken yABlk = 0 i n s t ead  of (41). ,  then  

1 2 
'12,k - 5 k y 1 2  = 0, which would imply 

Taking y = -y4ei0, t h i s  g ives  
1 2  

and t h e  q u a n t i t i e s  gk would no t  a r i s e .  

Returning t o  our  sp inor*ca lculus ,  by (46)  we f i n d  

Note t h a t  i f  $ # O ,  then yABlk 
k # 0 even when y 

AB , k-' = 0. The same 

conclusion follows' from (48 ) .  

We consider  more closely, the r o l e s  o f  y,8, Let A b e  a gene ra l  * 
\i 

s p i n  t ransformat ion ,  A E GI ( 2  , i t ) .  Then Axioins I ,  I 1  a r e  cova r i an t  
j 

4 under t h e  t ransformat ion  A ,  and G i o m  I11 w i l l  be s a t i s f i e d  when- 

A A -% A eve r  t h e  r a r e  given by (47 ) .  I n  p a r t i c u l a r ,  i f  A = r 6 C, 
BK , 

r =  

% i B  . . ' '  \ 
9 e , a,!' r e a l ,  then., y AB - - wAB. Under t h i s  t ransformat ion ,  



\ 
Thus we aga in  have a  s p i n o r  c a l c u l u s  i n  t h e  primed system, wi th  y = 

+ \  
c q ,  9 = 9 + f3. I n  o t h e r  woids, by such a  "gauge t ransformat ion"  y,0 i 
may be  taken  a s  a r b i t r a r y  complex numbers, y f '0. We a l s o  have t h e  

p h y s i c a l l y  i n t e r e s t i n g  r e s u l t  t h a t  g iven  a g e n e r a l  s p i n  <ransformation 

A E G1(2,6),  A may b e  w r i t t e n  up t o  an i%omorphism a s  t h e  product  of  
-- - - -  - - -- - - - - - -- - - . I 

a Lorentz t r ans fo rma t ion  and a  "gauge t ransformat ion" .  

Next,  we d e f i n e  a s p i n - t e n s o r  analogous, t o  t h e  Riemann t e n s o r :  

A A C 
*'") PA8mn r ~ n , m - r ~ r n , ~  + r i n r : m  -~BJ&. 

THis d e f i n i t i o n  appears  i n  Bade and J e h l e .  u t i o n  o f  (46) 

i n t o  (58) y i e l d s  ir' 

+ ,  

(59) may be  i n t e r p r e t e d  a s  ' t h e  e l ec t romagne t i c  f i e l d  o r i g i n a t e s  i n  

t h e  c u r v a t u r e  of s p i n  s p a c e ' .  To f i n d  an e x p l i c i t  exp res s ion  f o r  

A 
Bmn'  by Axiom I11 we have 

! 

Then c o n t r a c t i n g  - w i t h  r lDIB ,  
r 



i n  analogy t o  our  usua.1 t e n s o r  i d e n t i t i e s .  There a l s o  e x i s t  "Bianchi 

i d e n t i t i e s "  i n  t h e  s p i n  space :  

where < > denotes  c y c l i c  permuta t ion .  

For l a t e r  u s e ,  we cons ide r  t h e  r e p r e s e n t a t  i on  o f  i n f i n i t e s i m a l  
J .  

i x - m t z  t ransformatPons .  Consider  such a t r ans fo rma t ion ,  g 

2ie biish to associate t~ rhis r ransformat ion  a n - i n f i n i t e s i m a l  s p a o r -  - 

4 
- 

i n g  (59j , t h e  above g ives  
f 



A A A K e w r i t e A  = 6 B + n B .  The requirement  t h a t  y remain i n v a r i a n t  
B AB 

imp l i e s  T l  = TIBA. 
AB 

Then (65) gives '  

< To s o l v e  t h i s ,  we t r y  t h e  n a t u r a l  r e l a t i o n  
- - 

-- - - - - - - -  - -- 

s u b s t i z 3 i n g '  - (67) i n t o  (66 ) ,  we have 
1 

* 

Using (29) , we have C = %. Then (67) becomes 



VARIATIONAL DERIVATION AND DI FFEFLENTIAL IDENTI  TIES 
'-+ 

t 

We i n v e s t i g a t e  t h e  combined ~irac-t ins t e i n G ~ ~ r n . e l l  equa t ions ,  
/-=- 

using t n e  sp inor  ca l cu lus  developed i n  Chap$er 11.  Units  a r e  chosen 

such t h a t  c  = G = h = 1. The e lec t romagnet ic  p o t e n t i a l  i s  denoted 
- - -  -- - - -- -- -- 

by @k,  with Fk l  - - @ k / 1  - @ l / k  . We denote t h e  -2-component s p i n o r  

A wave f i e l d s  by x , EA. The ' b a r e 1  charge and mass o f  o u r  p a r t i c l e  
f 

a r e  denoted by e ,  m r e s g e c t i v e l y .  The fol lowing form o f  t h e  Lagrang- 

i a n  d e n s i t y  f o r  t h e  combined A f i e l d s  may be found i n  Bade and J e h l e :  

The coupling cons tants  have been chosen s o  t h a t  t h e  combined eq tns .  

G i l l  reduce t o  t h e  usua l  s p e c i a l  r e l a t i v i s t i c  eq tns .  f o r  o u r  u n i t s .  
C 

In another  formalism, these  equat ions appear i n  Das (10) .  Here 

G denote the. genera l ized  s p i n  mat r ices  of Chapter I ,  .which t h e r e -  

f o r e  s a t i s f y  Axioms 1-111 of  our  a l g e b r a i c  approach t o  s p i n o r s ,  and 

s t r o k e  r e p r e s e n t s  cova r i an t  differen-tiat ion of  e i t h e r  t e n s o r s  o r  
-- - --- - - 

sp inor s  . The form (1) i s  c l e&ly  i n v a r i a n t  under genera l  coord ina te  
- - 

t r ans fo rma t ions ,  and i f  one uses  I -  ( 5 )  , J I -  (47) t o  e x p l i c i t l y  dem- 



o n s t r a t e  t h e  dependence o f  be on t h e  choice  o f  t e t r a d ,  i t  can be  seen , 
! 

t h a t  i s  a l s o  i n v a r i a n t  under  t e t r a d  r o t a t i o n s  (Lorentz  t ransform- 

a t i o n s ) .  
(, 5 

By v i r t u e  .of 11 - (47 ) ,  t h e  e l ec t romagne t i c  p o t e n t i a l  appears  i n  

t h e  cova r i an t  d e r i v a t i v e  terms of  g. One could make t h i s  depend- 

t 

a s  i n  Chapter 11, and expres s ing  3 i n  terms o f  t h e  'double  s l a s h t  

c o v a r i a n t  d e r i v a t i v e .  As mentioned b e f o r e ,  t h i s  corresponds t o  t h e  

u sua l  phi losophy of minimal e l ec t romagne t i c  i n  e r a c t i o n  i n  s p e c i a l  F 
r e l a t i v i t y ,  where i n  t h e  p re sence  o f  an e l ec t romagne t i c  f i e l d ,  ak 

is  -replaced by ak i ~ $ ~  (7 ) ,  (30) .  
c 

( f )  For\\,the independent q u a n t i t i e s  appear ing  i n  2, we t a k e  Gk, h 
j ,  

A A ' 
, EA, x , E A f ,  and t h e i r  ( p a r t i a l )  d e r i v a t i v e s .  The cho ice  of 

t h e  t e t r a d  components A ( ~ )  s t h e  Pundamental geometr ic  v a r i a b l e s  
j 

r a t h e r  than t h e  more usua l  m e t r i c  components g . .  i s  a  c h a r a c t e r i s t i c  
1 3  

f e a t u r e  o f  h a l f - i n t e g e r  s p i n  f i e l d s .  Using and I -  5 )  , we s e e  

our  i ag rang ian  invo lves  t h e  t e t r a d  i n  a  manner which cannot  be  ex- 

p r e s s e d  i n  terms of  g a lone .  This  w i l l  be t r e a t e d  i n  d e t a i l  l a t e r .  i 3 -- - 

6- 
Let u s  f irst  cons ide r  t h e  Di rac  equa t ions .  Th,e s t a t i o n a r y  

p r i n c i p l e  



upon v a r i a t i o n  

For t h e  m a t t e r  

i n  t h e  form 

of t h e  f i e l d s  F g ives  t h e  Euler-Lagrange e q t n s .  
'A 

f i e l d s ,  t h e s e  equa t ions  can be w r i t t e n  more e l e g a n t l y  
- - - - - - - - - 

See Appendix C f o r  a  proof  o f  t h e  equ iva l ence  o f ,  (4)  , (5) . S u b s t i -  

t u t i n g  (1) i n t o  ( S ) ,  one has  . fo r  t h e  f i r s t  Di rac  equa t ions  

and t h e  complex c o n j u g a t e s .  S i m i l a r l y ,  t h e  6 equa t ions  a r e  

T u n i n g  t o  t h e  \.laxwell e q u a t i o n s ,  we have 

mci this gives  



For the  current  terms, the  relevant  p a r t  of the  Lagrangian is 

Using I- (47) , we find fo r  (9) the  r e s u l t  

Combining (8) ,  (lo), we have f o r  the  Maxwell equations 

k from which we def ine  t h e  current  j as 

Derivation of the  Eins te in  equations requires  a considerably 

g rea te r  expenditure of e f f o r t .  The most s traightforward approach 

is t o  consider the  t e t r a d  components as t h e  fundamental geometric 

var iables .  One then uses the  r e l a t i o n s  

t o  express the  geometric p a r t  of $ e n t i r e l y  i n  terms of the t e t rad .  



T h e  Euler-Lagrange equat ions  

then give t h e  f i e l d ,  equat ions .  Because of t h e  complicated dependence 
F - 

% 

\ 
+ of t h e  s p i n o ~  a f f i n i t i e s  upon t h e  t e t r a d ,  t h e  computations - -  - i n  t h i s  

-- - - - 

d i r e c t  approach a r e  exceedingly long.  I n s t e a d ,  we cons ide r  an a l -  

t e r n a t i v e  approach developed by Rosenfeld (29) .  Cf. a l s o  Be l in fan te  

(43 

Let us cons ider  f o r  t h e  moment an a r b i t r a r y  system con ta in ing  

g r a v i t a t i o n a l ,  e lec t romagnet ic ,  and mat t e r  f i e l d s .  Let Qy denote 

a maximal c o l l e c t i o n  o f  independent g r a v i t a t i o n a l  v a r i a b l e s  (gi , 
- ( f )  m A ' B  
A , C I  , . . .) . We w r i t e  t h e  p r i n c i p l e  of s t a t i o n a r y  a c t i o n  i n  

j 

t h e  form 

where & r ep resen t s  t h e  pure ly  geometr ical  p a r t  o f  t h e  Lagrangian, $ 

f i  

and d t h e  terms r e s u l t i n g  from o t h e r  f i e l d s .  For t h e  g r a v i t a t i o n a l  
G 

v a r i a b l e s ,  t h e  ~ u l ' e k - ~ a ~ r a n ~ e  equat ions  a r e  

For pure ly  t e n s o r i a l  ma t t e r  f i e l d s ,  one may always choose f o r  t h e  

\ t he  components of t h e  me t r i c  t e n s o r ,  gi j .  ~ a k i n ~  = RG, (16) 



becomes 
L 

where we have used t h e  well-known r e s u l t s  t h a t  up t o  a  boundary term 

and t h e  energy-momentum tensor  is  de f ined  by 
t 

I n  t h e  case o f  s p i n o r  f i e l d s ,  where t h e  t e t r a d  cannot b e  rep laced  

by gi j  i n  the  Lagrangian, we t a k e  t h e  t e t r a d  components as  t h e  
j 

independent v a r i a b l e s .  An i n t e r e s t i n g  p o i n t  a r i s e s  h e r e .  For pure  -. 
/r 

t e n s o r  f i e l d s ,  both b and 3 i n  135 )  depend upon A ( ~ )  only through 
j 
h 

g i  j . For sp inor  f i e l d s ,  t h i s  i s  no t  the  case  f o r y ,  r a i s i n g  t h e  

p o s s i b i l i t y  t h a t  it i s  no t  t r u e  f o r  & as we l l .  Thus it  would be of 

i n t e r e s t  t o  cons ider  choices  f o r  & depending e s s e n t i a l l y  upon t h e  
* 

A'~), which would reduce t o  RG i n  sbme sense  when no s p i n o r  f i e l d s  
j  

were Such con jec tu re  would lead  us  beyond t h e  bounds o f  /' 

Riemannian geometry and c l a s s i c a l  r e l a t i v i t y ,  and w i l l  n o t  be  con- * - -- - - --- -- - 

s i d e r e d  he re .  C f . ,  however, t h e  work of ~ $ l l e r  - ( 2 2 ) ,  - (23), and 
% 

- - 

Kilrnister (18).  Thus we again s e t 8  = R-, and t h e r e f o r e  



Thus t h e  f i  equat ions a r e  
A 

togethe? with t h e  requirement 

which follows from t h e  symmetry of  GI' . Define 

Then ( 2 2 ) ,  (23)  may be  w r i t t e n  
/ 

r e s p e c t i v e l y .  For pure  t e n s o r  f i e l d s ,  (26) i s  i d e n t i c a l l y  s a t i s f i e d .  

For. s p i n o r  f i e l d s ,  Rosenfeld shows it  f o l l o d  from t h e  m a t t e r  equa- 



t i o n s :  we s h a l l  s e e  t h i s  f o r  ou r  combined equat ions  l a t e r .  Using 

(20) ,  one e a s i l y  shows t h e  equivalence o f  .(24), (18) i n  t h e  case  
A 

- t h a t  3 depends upon g i j  a lone.  Following Rosenfeld,  we work with 

(24) ,  (25) .  We now summarize t h e  r e s u l t s  of Rosenfeld we s h a l l  use .  - 
- - - - - - - -- -- - - -- 

Let Q denote t h e  ma t t e r  f i e l d  va r i ab le s  f o r  some system. Let a 
1 - 

Q denote those f i e l d s  conta ined  i n  
'I 

{Q~{ which a r e  pu re ly  t e n s o r i a l ,  

and l e t  Qo denote t h e  remaining f i e l d s .  Suppose t h e  v a r i a t i o n  of 

t h e  f i e l d s  Q under an i n f i n i t e s i m a l  Lorentz t ransformat ion  A (ab) = 
0 

rl (ab) + (ab) a r e  given by 

and d e f i n e  

A - A (a) i ;l(b)d 
' dc . da(db) I 

Next, cons ider  an i n f i n i t e s i m a l  genera l  coordina te  t r a s f o r m a t i o n ,  

and l e t  t h e  c o e f f i c i e n t s  cJ  b e  de f ined  by 
a , i  

-. 

Let 



In s p e c i a l  r e l a t i v i t y  , f o r  an i n f i n i t e s i m a l  Lorent z t r a n s  formation 

i j j i 
E~ , one would f i n d  5Q = d E j i  ; i .  e .  , t h e  da simply g ive  t h e  

a a 
, 

- - - - -  - - 

v a r i a t i o n  of t h e  ma t t e r  f i & l d s .  Let 

4 

and d e f i n e  

/* 

where L = f .  Here t h e  double s l a s h  d e r i v a t i v e  i s  t h e  usua l  

cova r i an t  d e r i v a t i v e  f o r  t e n s o r s ,  and i s  defined by (2) f o r  sp inor s  . 
P- 

Rosenfeld proves t h e  fo l lowing important  r e s u l t s :  l e t  ';e rep-  

. r e s e n t  t h e  c o n t r i b u t i o n  t o  t h e  Lagrangian due t o  an a r b i t r a r y  co l -  
8 

f i  

l e c t i o n  o f  t enso r  and sp inor  mat te r  f i e l d s .  Suppose 2 i s  i n v a r i a n t  

under both Lorentz *and general  coordina te  t r ans fo rma t ions ,  and sup- 
A 

pose  f u r t h e r  t h a t  3 depends only upon t h e  f i e l d s  a n d A h e i r 3 i x s t  

i j -%. 
- ~ o v a r i a n t  d e r i v a t i v e s .  Define T by (24) .  h hen 



i j  
~ u r t h e ; ,  t h e  mat te r  f i e l d  equat ions  imply T i s  symmetric and d iv -  

C 
ergence f r e e  . 

The gene?a l i ty  and beauty of these  r e s u l t s  i s  ev iden t .  The 

t h e  savings i n  c a l c u l a t i o n s  compared t o  us ing  (14) o r  (24)  . (34)  

a l s o  gives a  r e  l a t i o n  between t h e  ' canonica l  ' energy-momentum tensor  

i j  and t h e  usdal  ,T of genera l  r e l a t i v i t y .  There q e  s t i l l  some i n t e r -  
-4 

e s t i n g  regard ing  t h i %  $ l a t i o n ,  as we s h a l l  mentio; a f t e r  

d i s c u s s i n g  the  Dirac energy-momentum. C. 
'\ 

We use  (34)  t o  c a l c u l a t e  T~~ f o r  our  Lagrangian (1). F i r s t ,  
-7 e h 

we w r i t e  

where E~~ r e p r e s e n t s  t h e  c o n t r i b u t i o n  t o  (34) from t h e  electromag- 

n e t i c  f i e l d ,  and M ~ '  t h e  contzribution from the  Dirac s p i n o r  f i e l d s .  

E x p l i c i t l y ,  

i j 
For E , by (30)  and t h e  t enso r  n a t u r e  of  $k, we have 



Then by ' ( 31 ) ,  ( 32 ) ,  

For c m e n i e n c e  in fo l l owing ,  w& take K = -& E z ~ m  @d35) 
/' 

' 4  

Then 

Combining (1) , (8) , (36 ) ,  ( 4 2 ) ,  and u s i n g  t h e  D i r a c  e q u a t i o n s ,  

- 
- i j  - 

If  one had used 118) d i re ; t ly  and d e f i n e d  6 E 
. . 

j k i  t hen  E~~ = l J  - 2Kg F I k . Using t h e  Maxwell eqiia- 

' ,  t i o n s ,  (43) may b e  w r i t t e n  



i j iUext, we consider  M . I n  terms of our sp inor  d e r i v a t i v e ,  we may 

w r i t e  (37)  as 

For ou r  s p i n o r  v a r i a b l e s ,  we have 

and t h e  conjugate  e q u a t i o n s .  ~ u r t h e - r ,  we have ' 

Then 

and t h e r e f o r e  t h e  last terms o f  (44) and (45) w i l l  a cancel  - -  one - another -- 

- -- 

i j  
i n  the  expression f o r  T . Then we rede f ine  



and (35 )  holds  f o r  these new d e f i  i t i o n s .  To c a l c u l a t e  M~', P -  - - -- f o r  an 
't 

i n f i n i t e s i m a l  ~ o r e n t z  t r ans fo rma t iqn  A 'w) = 0 + * E  (m) we have 

A A t h e  corresponding i n f i n i t e s i m a l  s p i n  t r ans fo rma t ion  nA. = 6 + 0 B ,  B 

L 
h l?h  s i m i l a r  conjuga te  equa t ions .  Since tEe 1 - sp ino r s  x , ' a r e  

'A 
i j  - d i j  i n ~ a r i a i i  t s  under coordina te  t r a n s f o r m a t i o n s ,  w e  have d - 

5 
= 0 .  x 

i C ~ z 5 i n i n g  ( 3 3 )  , ?Lt6j, ! 5 2 f ,  ~ i e  have f o r  t h e  Dirac f i e l d s  



- 

I a- 
where omit ted a i n d i c e s  ag ree  wi th  t hose  o f  t h e  p receed ing  term.  

U s i n g  11- (<6), we recombine t h e  above terms:  e . g . ,  
) 

S 

Al toge the r ,  we f i n d  

Caiiceling t h e  r e a l  terms wi th  t h e  corresponding conjuga te  terms 

b t a k i n g  t h e  d ivergence ,  ~ 

- Yp- 



In ano the r  formalism, an exp res s ion  s i m i l a r  t o  t h i s  appears  i n  . 

Bergmann and Thomson (6) . However, cons ide rab le  s i m p l i f i c a t i o n  
\ 

occurs  by r ea r r ang ing  terms and us ing  t h e  Di rac  equa t ions .  Consider 

f i rs t  t h e  x terms of (56).  - Wri t t en  ou t  wi th  one a p p l i c a t i o n  o f  t h e  
/ 

Q r r ~  w* ++,-we- -- - -  - 

We rea r r ange  t h e s e  terms through r e p e a t e d  a p p l i c a t i o n  o f  11- (16) .  

For 

S i m i l a r  c a l c u l a t i o n s  f o r  t h e  o t h e r  terms g ive  f o r  (57) , 



For t h e  5 terms i n  ( S 6 ) ,  t h e  same procedure g ives  

i B I A  j The conjugate  of  t h e  f i r s t  t e r m i n  (58) i s  imKo o  BID^ D7 sA, can- 

c e l l i n g  t h e  second term .of f 59) . Then combining f 58) and f 59) , we 

have 
t 

a L Returning t o  (SO), w e  nex t  c a l c u l a t e  t h e  term - , Q ' . Note t h a t  

i f  we make t h e  usua l  d e f i n i t i o n  o f  t h e  canonica l  briergy-momentum 
? 

t e n s o r  

we have 
B 

t 

by t h e  Di rac  equa t ions .  As i s  well-known, t h i s  t e n s o r  i s  n o t  always 



symmetric even i n  s p e c i a l  r e l a t i v i t y .  using (46) ,  

+I 

Using ( 6 1 ) ,  (60) may be w r i t t e n  a s  

and f i n a l l y  ( S O ) ,  ( 6 l ) ,  (62) g ive  

" Thus we have shown 

Propos i t ion  The c o n t r i b u t i o n  of  t h e  Dirac f i e l d s  t o  t h e  energy-&;- 
4 

mehtum tensor  of  genera l  r e 1  a t i v i  t y  i s  the  symmetri zed canbnica l  
A 

The r e s u l t  ( 6 3 )  i s  no t  t r u e ,  e . g . ,  f o r  t h e  e lec t romagnet ic  f i e l d .  
, 

I t  is,  i n t e r e s t i n g  t o  s p e c y l a t e  whether t h e r e  , i s  some phys ica l  prop- 
f 

J 
e r t y  of a  ma t t e r  f i e 1 3  Which i s  s u f f i c i e n t - ' t o  imply ( 6 3 ) .  This i n -  

t e r e s t i n g  and s imple p ropos i t ion  a l s o  means t h a t  t h e  genera l  r e l a -  

t i v i s  t i c  energy-momen,tum tensor  f o r  t h e  Dirac f i e l d  may be  obtained 
* 

from t h a t  of s p e c i a l  r e l a t i v i t y  by t h e  usual replacement of ordinary 

by - covar i an t  d e r i v a t i v e .  Mathematically,  t h i s  r e s u l t  - i s  something 

of a  s u r p r i s e ,  as  i t  does n o t  appear a t  a l l  ev ident  from (24) or  

( S O )  . 1 



For completeness ,  we summarize how t h e  r e s u l t  ( 6 3 )  may a l s o  be  

ob t a ined  d i r e c t l y  from (1) by v a r i a t i o n  o f  A ( ~ ) ,  u s i n g  ( 2 4 ) .  We may , 
, i 

w r i t e  

m 1 B ' This  exp re s s ion  depends upon X'T) through g  , om, x I and 58'1 1 

E x p l i c i t l y ,  d e f i n e  

Then , 

F u r t h e r ,  w e  de f ine  



Then 

rB' D& = 2EiKb4 +c.c. . 

One e a s i l y  checks t h a t  

F o r  the' remaining terms of  (69),  (70), One has  by I - ( )  I G ( 4 7 )  

I 
a d  a f t e r - l e n g t h y  c a l c u l a t i o n s  one f i n d s  



Using (72) , (73) , (74) ,  one f i n d s  a f t e r  more c a l c u l a t i o n  

Combining (a), (75) ,  one a r r i v e s  a t  (63)-  The complete c a l c u l a t i o n  

of t h i s  r e s u l t  p r  v ides  ample demonstration of the  power and value \ 
of Rosenfe ld ls  express ion  (34) .  

Before concluding our  d i scuss ion  o f  v a r i a t i o n a l  d e r i v a t i o n s ,  

we no te  one f i n a l  anomaly. For t h e  ma t t e r  f i e l d  equa t ions ,  we have 

used t h e  r e s u l t  t h a t  t h e  Euler-Lagrange equat ions 

can be  rep laced  by t h e  cova r i an t  form 

4 
This can be proved i n  genera l  f o r  Lagrangians whose ma t t e r  dependence 

can be  expressed i n  terms o f Q  a lone .  See appendix C-for-- - - - - - - - - - a' 'a lk  

d e t a i  1s. However, fur t h e  E i n s t e i n  equat ions ,  t h e  EuLer-Lagrange 

equat ions (14) apparent ly  cannot be  replaced by t h e  cova r i an t  form 



I t  would seem more s a t i s f a c t o r y  t o  be  a b l e  t o  d e r i v e  t h e  E i n s t e i n  . 

equat ions  from an e x p l i c i t l y  c o v a r i a n t  s e t  o f  equa t ions .  

Summarizing t h e  r e s u l t s  of o u r  v a r i a t i o n a l  work, we have t h e  , 
- A  - - -  - -- 

- - -  - -- - 

%reposition The combined Dirac-Einstein-Maxwell  e q u a t i o n s ,  der ived  

4 from t h e  p r i n c i p l e  6/dd x = 0, where 

1 4 8 '  8 ' A  ~ d r  x ,I-% ~ ~ ~ ) - i & ~ ~  , - 5  )jjJq A 811 8' AII > 

may be  w r i t t e n  



where a 

and we,-also w r i t e  t h e  Q : = 0 equat ions as 
i 3 

6 

k k A B f  k k  Define m = o E , A ~  x , n  = 0 gASBf . I n  t h e  usua l  co r re s -  
B ' A 

pondence o f  1-sp inors  and n u l l  v e c t o r s ,  m and n  a r e  t h e  vec to r s  asso-  

c i a t e d  with the  sp inor s  X, 5 r e s p e c t i v e l y .  Then (80) expresses  t h e  

i n t e r e s t i n g  r e s u l t  t h a t  t h e  cu r ren t  i s  t h e  t enso r  q u a n t i t y  co r re s -  

ponding t o  t h e  Dirac wave f i e l d s .  

The equat ions (79) conta in  24  unknowns : 10(g i j )  + 4(xA) + 4(EA) 

+ 4($k) + l ( e )  + l ( m ) .  Because of  t h e  freedom of imposing a  gauge 

condi t ion  on t h e  e lec t romagnet ic  f i e l d  and 4  coord ina te  cond i t ions ,  

1 2 thege a r e  27  equat ions : I 0  (Q. .) + 4(&) + 4(DB) + 4(DB) + 4(coord.)  
1J 

+l (gauge) .  The number of independent equat ions i s  reduced by t h e  

f i v e  i d e n t i t i e s  : 4  (QiJ 1 = 0) + l ( b  ? = 0 ) .  I k 
Thus we have 22  independent equat ions f o r  t h e  2Z unknown--fm- - 

- - F  
t i o n s  and 2 unknown cons tan t s .  This system may be made de terminate  

by p r e s c r i b i n g  va lues  f o r  e,m. I n  add i t ion  t o  t h e  22  independent 

equat ions above, which must hold l o c a l l y  everywhere, t h e r e  may be  



global  r e s t r i c t i o n s  upon t h e  s o l u t i o n s .  For example, f o r  s o l u t i  

with f i n i t e  t o t a l  charge,  one might reasonably r e q u i r e  t h a t  t 
4 

charge x e .  Such a  condi t ion  appears i n  Das and Coffman 

view of t h e  s c a r c i t y  of conserva t ion  laws i n  gene ra l  

t h i s  condi t ion  seems a  good can l d a t e  t o  rep lace-  t h e  u s u a l  square  \ 
i n t e g r a b i l i t y  o f  wave f u n & t i o n s . /  Such a d d i t i o n a l  g loba l  r e q u i r e -  

ments could a f f e c t  t h e  a r b i t r a r i n e s s  i n  t h e  choice of e,m. For - 

our  s t a t i c  s o l u t i o n s ,  we s h a l l  s e e  t h a t  e  and m cannot be  chosen 

independently.  We do no t  d i s c u s s  t h e  Cafichy problem h e r e .  

We have not  considered t h e  q u a n t i t i e s  y,8 appearing i n  t h e  s p i n  

m e t r i c  as unknowns. The reason f o r  t h i s  i s  t h a t  t h e  Lagrangian (1) 

i s  i n v a r i a n t  under t h e  two parameter  "gauge t ransformat ions"  f l ,  = 

4 i B  dAB, where r = a e , a, B E R .  From Chapter 11, t h e  conserved 
Y 

1 

q u a n t i t y  a s s o c i a t e d  with @-invar iance  i s  2 ~ #  k - 9k . We do no t  kdow 

t h e  conserva t ion  law a s s o c i a t e d  wi th  a - inva r i ance :  t h e  p h y s i c a l  s i g -  

n i f i c a n c e - o f  y i s  no t  c l e a r .  

I n  o u r  v a r i a t i o n a l  work we a l s o  ignored t h e  e x p l i c i t  dependence 

of t h e  Lagrangian on y .  For t h e  independent q u a n t i t i e s  we have s e l -  

e c t e d ,  t h e  x terms o f  t h e  Lagraagian involv ing  y may b e  writ+en 



where from Chapter I  by an appropr ia t e  coordina t ion  of  s p i n  frame and 
7 < 

t e t r a d  we have 

The 

the  

and 

expression f o r  t h e  5 terms i s  s i m i l a r .  usi-ese expression 

Euler-Lagrange equat ion  f o r  y becomes 

t h i s  i s  identica-Tly s a t i s f i e d  from t h e  Dirac equat ions .  

We have a l r eady  mentioned t h a t  Rosenfeld shows t h a t  t h e  invar-  

ianie o f  3 under 

a t i o n s ,  together  

i j  i d e n t i t i e s  Q l J 

X genera l  coordina te  t ransformat ions  a  d t e t r a d  r o t -  

with the  ma t t e r  f i e l d  equat ions ,  g ives  r i s e  t o  t h e  

= 0 .  More p r e c i s e l y ,  one can show 

vhefe @, @ a r e  t o 1  l e c t i o n s '  o f  Dirac equat ions .  The d i r e c t  proof ,  

o r i g i n a l J y  due t o  I n f e l d  and van d e r  Waerden ( 1 7 ) ,  h q u i t e  long. 
c. 

For completeness, it i s  given i n  Appendix D.  
t - - - - - --- - 

S i m i l a r l y ,  t h e  inva r i ance  of r - u n d e r  gauge t ransformat ions  
- - 

gives  r i s e  t o  t h e  i d e n t i t y  



TQ s e e  t h i s ,  we f i r s t  d e r i v e  t h e  c o n t r a v a r i a n t  
* 
6 equat ion .  We have 

by I1 - (48) . Then (85) becomes 

t h e  c o n t r a v a r i a n t  Dirac 5 equat ion .  S i m i l a r l y ,  t h e  cova r i an t  Dirac 

x e q u a t i o n - i s  

and (84) fo l lows.  



I V .  A SPECIAL SPINOR U L C U L U J  - 

Our primary o b j e c t i v e  is  t o  sea rch  f o r  exac t  s o l u t i o n s  of t h e  

combined Dirac-Einstein-Maxwell equat ions  such t h a t  t h e  e l e c t - r i c  and 
- - - - - - - - - - - - - - - 

g r a v i t a t i o n a l  f i e l d s  a r e  s t a t i c  and t h e  Dirac f i e l d  i s  s t a t i o n a r y  i n  

t h e  wave-mechanical sense.. Here we e x h i b i t  t h e  e x p l i c i t  s p i n o r  c a l -  - 

culus t o  b e  used. A static g r a v i t a t i o n a l  metric may always be w r i t -  ' 

ten i n  t h e  normal form 

For t h i s  me t r i c  we may choose our  s p i n  mat r ices  a k A t B  t o  b e  a  con- 
* 

formal f a c t o r  t imes t h e  usua l  choice  o f  s p e c i a l  r e l a t i v i t y :  

One e a s i l y  checks t h a t  t h e  choice (2) s a t i s f i e s  h i o m  I o f  our  s p i n o r  
* 

c a l c u l u s .  Axiom 111 i s  s a t i s f i e d  whenever t h e  s p i n o r  a f f i n i t i e s  are 

given by I f - f 4 f f :  indeed, I f - ( 4 7 )  w a s  &rivet---this end;-%---------- --- 

q z i ? )  by use of y 
M a  Here, we t ake  



One checks  t h a t  ( 2 )  , (33 s a t i s f y  Axiom I1 o f  t h e  sp$nor c a l c u l u s ,  

r e l a t e d  t o  our  space- t ime metric. We may t h e r e f o r e  a v a i l  ou r se lves  *- 

of a l l  t h e  i d e n t i t i e s  e s t a b l i s h e d  i n  Chapter 11. 9 ... 

K He have made no mention o f  t h e  q u a f l t i t i e s  y ,  8 w igh  appear  i n  
5 nB'A 

our  e q r e s s i o n  f o r  y 
ABJ 

11-(3). y i s  e a s i l y  d i sposed  o f :  if a 

n 
= (ca :) , then  t h e  r u l e  f o r  lowering i n d i c e s  g ives  o B, A 

l%is i s  c o n s i s t e n t  w i th  ( 2 ) ,  ( 3 )  i f f  

F u r t n e r ,  g iven t h e  ma t r i ce s  ( 2 ) ,  i f  y f 1 Axiom I1 w i l l  n o t  b e  sat-  

i s f i e d .  Tn i s  is e a s i l y  checked us ing  11- ( 1 9 ) .  Thus y i s  completely  

determined. Using (4) , 11- (46) becomes 

m-6 t he  express ion  f o r  ou r  s p i n o r  - - - a f f i n i t i e s  - - - - 11- - - (47) - - - - becomes - - 



The phys ica l  s i g n i f i c y  of  8 is  unc lea r .  One e a s i l y  shows 

A 4io t h a t  under a  gauge-type s p i n  t ransformat ion  , 

r e 3 e c t  t o  gauge t r a n s f o r m a t i m s .  In  p a r t i c u l a r ,  pne may choose 
8 

- by f i x i n g  the  g a u g e .  With this choice of  gauge, 0 i s  c o n s t a n t ,  and 

. \ 

we may t ake  

1 This g ives  f o r  Y A B  t h e  s imple form 

From 11- (49 ) ,  i t* then  fol lows t h a t  

Equations (1) - (7)  a r e  gauge-independent . (8) - (11) a r e  t r u e  only f o r  
- - - - - - - 

a s p e c i a l  choice  of  gauge. c 
- - 

One form i n  which Di rac ' s  equat ions a r e  t r a d i t i o n a l l y  w r i t t e n  

i n  s p e c i a l  r e l a t i v i t y  i s  



See e . g .  S c h i f f  (31) ,  s e c t i o n  52. Here, 

Writing our  Dirac equat ions  i n  component 'form f o r  t h e  c a s e  of s p e c i a l  

r e l a t i v i t y  and comparing with (13) , we f i n d  t h e  r e l a t i o n s  

l a r ,  f o r  a  pure I) s o l u t i o n ,  we have 1 

\ 

For our s t a t i c  c h e ,  t h i s  corresponds t o  a ' spin-up1 pure e l e c t r o n  . 
-- - - -- - - -  - -- 

wave (no pos i t ron )  . See S c h i f f ,  (52.17) . F i n a l l y ,  we n o t e  f o r  a 
- 

. - -- - - - 

s t a t i c  s o l u t i o n  with normal m e t r i c  form (I), we may t a k e  f o r  t h e  

e lec t romagnet ic  p o t e n t i a l  



implies we have a pure e l ec t ros t a t i c  f i e l d  w i t h  no magetism. ' 



Our 

- ~ 

aim is  t o  

* 

t h e  

V.  THE DIRAC EQUATIONS 

c a l c u l a t e  t h e  e x p l i c i t  form of Dirac equat ions 

i n  t h e  s p e c i a l  s p i n o r  ca l cu lus  of Chapter ,IV, assuming t h e  s t a t i c  

met r ic  form 

4 
where k ,  g ,  h ,  f do n o t  depend upon x . From ITI- (79) and t h e  de f -  

i n i t i o n  of s p i n o r  d e r i v a t i v e s ,  t h e  D i r a k e q u a t i o n s  a r e  

K r i t i n g  ou t  t h e  summations, and us ing  t h e  express ions  



and these  become 

-I; , 
2 I 

I I I 
2 2' - K  X , ,  ';gSy;, +h- X 13 + 



For 

and 

For 

t h e  e i g h t  terms i n v o l v i n g  t h e  s p i n o r  a f f i n i t i e s ,  we use  1 1 - ( 4 7 )  
. / 

t h e  s p e c i a l  s p i n o r  c a l c u l u s .  Then e . g .  

7-- - - -  1 - 

our  s p e c i a l  s p m  matrl'ces, 

S i m i l a r l y ,  

Then w e  have 

The 

f o r  f 12) 

R 

remaining . sp ino r  a f f i n i t i e s  a r e  c a l c u l a t e d  s imi l a r l y  ; t h e i r  



va lues  a r e  given i n  Appendix A. Using t h e s e  r e s u l t s ,  

A l toge the r ,  s i m i l a r  c a l c u l a t i o n s  g ive  t h e  r e s u l t s  



u s i n g  (8) - (11) and (14) , the  g e n e r a l  Dirac e 

1 
For a pu re  $ s o l u t i o n ,  we have shorn in I V -  (15) t ha t  x = - - -- 1 

= 0, and (15)-(18) reduce to 



2  
We have no t  y e t  used t h e  c o n d i t i o n  x = i c 2 ,  of  IV-(15) .  S u b s t i -  

t u t i n g  t h i s  i n t o  (191, we have 

Mul t i p ly ing  by 5 ,  we s e e  (23) i s  i d e n t i c a l  w i t h  (21) .  S i m i l a r l y ,  

I V -  (15) g ives  f o r  (20) 

Mul t i p ly ing  (24) by i and adding t o  (22 ) ,  we f i n d  2 

which g ives  



where X is a r b i t r a r y .  S u b s t i t u t i o n  of (25) i n t o  (24) y i e l d s  

e 

and we have shown t h a t  f o r  a  s t a t i c  me t r i c  and e l e c t r o s t a t i c  f i e l d ,  

t h e  genera l  pure  s o l u t i o n  o f  t h e  Dirac equat ions i s  t h e  genera l  

s o l u t i o n  of (211, (27), T281. 
- - 

As usua l  f o r  s t a t i o n a r y  waves i n  quantum mechanics, we look 

f o r  a s o l u t i o n  s a t i s f y i n g  t h e  s e p a r a b i l i t y  p rope r ty  
'-T 

1 2 3  
where S i s  a  (possibly~con-iplex) func t ion  of x , x , x  only .  This 

1 - 
i s  equ iva len t  t o  

Then (28) gives 

and 



From p h y s i c a l  c o n s i d e r a t i o n s  

(32 ) ,  i t  seems r easonab le .  t o  
I 

pure  + s o l u t i o n  we have 1 

f o r  a p a r t i c a l e  a t  r e s t  and equa t ion  

t a k e  C = m .  A l toge the r ,  f b r  a  s e p a r a b l e  

. 
/ 

where B i s  y e t  t o  be determined,  and i t  remains t o  s a t i s f y  ' (21) .  
J 

(34) i s  u s u a l l y  termed t h e  W e y l - M a j ~ d a r  r e l a t i o n .  By ( 3 0 ) ,  (35), 

Note t h a t  i f  we make t h e  f u r t h e r  assumption 

then  (21) i s  s a t i s f i e d  i f f  

where Y ,  Z a r e  a r b i t r a r y ,  o r  



and t h e  Dirac  equa t ions  a r e  s a t i s f i e d  by (30 ) ,  (32) , (34) , and ( 3 9 ) ,  
1 

provided  only B ,  Q, R can be chosen t o  make ( 3 9 ) X i d e n i i t y .  How- 
II 

e v e r ,  we do n o t  make t h e  s p e c i a l  assumption (37.) a t  p r e s e n t .  

I n  summary, t h e n ,  we have shown t h e  fo l lowing:  

space- t ime  and p u r e l y  e l e c t r o s t a t i c  f i e l d ,  t h e  D i r ac  

- (18) . I f  one f u r t h e r  looks f o r  a  p u r e  

may be s i m p l i f i e d  t o  t h e  equa t ions  (21 ) ,  (27) ,  (28) .  

f o r  a s t a t i c  

equa t ions  a r e  

q1 s o l u t i o n ,  

I f  t h e  s o l u t i o n  is t o  be s e p a r a b l e ,  i t  must b e  g iven  by ( 2 1 ) ,  (3O), 

(321, (34 ) ,  (35) .  F i n a l l y ,  i f  (37) h o l d s ,  t h e  s o l u t i o n  i s  g iven  by 
, 

(301, (321, (341, and ( 3 9 ) .  



V I  . THE MAXWELL - EI?ISTEIN EQUATIONS 

We i n v e s t i g a t e  t h e  Maxwell-Einstein equa t ions ,  u s ing  a  proc-  

zero .  We show t h a t  when t h e  m a s s  and charge s a t i s f y  t h e  ba l ance  

c o n d i t i o n  

4 
' we have M = 0 i f f  Q44 = 0.  C l a s s i c a l l y ,  i t  seems r easonab ledo tha t  

e q u i l i b r i u m  of g r a v i t a t i o n a l  and e l e c t r o s t a t i c  f o r c e s  would' only 

be p o s s i b l e  provided (I) h o l d s .  I t ,  

U n t i l  ,noted' otherwise2 i n  t h i s  s e c t i o n  we u s e  t h e  normal s t a t i c  
I' 

m e t r i c  form i 

edure similar t o  t h a t  o f  D a s  (10). For a  s t a t i c  m e t r i c  and pure  

- 
as  i n  IV- (1 ) .  Barred q u a n t i t i e s  (e .g .  R ) belong t o  

,-\- aB 
f 

d e f i n i t e  3-space 

t h e  p o s i t i v e  

and a  double s l a s h  r e p i . e s q p  c o v a r i a n t  d i f f e r e n t i a t i o n  i n  t s tl ;$ 
3-space.  The double s l a s h  s p i n b r  d e r i v a t i v e  used i n  Chapters  11, 

7 



I11 w i l l  no t  be needed here .  We remind the  reader t h a t  Greek indices  

a r e  t o  t ake  on the  values 1-3, and f u r t h e r  def ine  

Thus e.g. h2h = - 4 3  
hllcg 

. Final ly ,  we assume a pure wave f i e l d .  
. . 

4 
We begin with t h e  remaining Maxwell equation M = 0. By I I I -  

(79), t h i s  equation is  

This gives 

By V- (34) , we have t h e  Weyl-Majumdar condit ion,  which we w r i t e  as 

where 4 = Oq is  the  surviv ing component of the  electromagnetic pot- 

e n t i a l .  This assumption was o r i g i n a l l y  due t o  Weyl, and f o r  our 

assumptions is  a necessary consequence of the  Dirac equations.  Now 



and by (5) , ( 7 ) ,  we have 

Then i 

t - - - A - -- - - -- 

z:- - - -  (if -"da$i, = -Mx X &O. 
LI 

This  g ives  our  remaining .Maxwell equa t ion  i n  t h e  form 
, - 

3 .  
. . 

I 

We t u r n  now t o  t h e  c a l c u l a t i o n  o f  t h e  Q ~ ' ~  = 0 f i & d  equa t ion .  

First we f i n d  a n e x p r e s s i o n  f o r  t h e  cu rva tu re  i n v a r i a n t  R .  We have 

from t h e  dua l .  f i e l d  equa t ions  
.2 

i j  i j 
where M = g 

"i j 
, and we have used t h e  r e s u l t  g E i j ,  = 0. . From , 

jr t ,  
J I I -  ( 8 l ) ,  we have 



For; ou? s t a t i c  m e t r i c  form ( 2 ) ,  we may w r i t e  

from which i t  fo l l ows  t h a t  

Th i s  may be w r i t t e n  

The e l ec t romagne t i c  c o n t r i b u t i ~ n ~ t o  Q is  44 

I'n terms o f  t h e  t e n t i a l ,  T 



Al toge the r ,  t h e  e l ec t romagne t i c  energy c o n t r i b u t i o n  is 
B 

where a s  be fo re  K = - 8 ~ .  For t h e  m a t t e r  c o n t r i b u t i o n  . t o  T 
I 4 4 '  

we 

have 

1 
For <pure  $J s o l u t i o n  (X = c1 = 0 ) ,  we have 

1 - 

Lowering i n d i c e s  g ives  - 

/ 
- 1 

u s i n g  ( 1 2 1 ,  ( 1 4 ) ,  (16 ) ,  and (18), Q44 = 0 can b e  w r i t t e n  



C o q a r i n g  t h e  Q = O equa t ion  (19) with t h e  M 
4 4 e q u a t i o n  (8) , 

I 
one s e e s  t h a t  t h e i r  cons i s t ency  r e q u i r e s  

. '\ 
i* 

,. . Lislng 2 )  and t h q  'ba!'a6cei cond i t i on  ( l j  , t h e  l e f t  s i d e  of  (20) 
r 



\ 
i s  i i d e n t i c a l l y  ze ro .  For t h e  r i g h t  s i d e  o f  ( 2 0 ) ,  we c a l c u l a t e  t h e  

s p i n o r  q u a n t i t i e s  which appear  u s i n g  our  s e p a r a b l e  form assumed f o r  

t h e  wave f i e l d  i n  V- ( 3 0 )  : 

- This  assumption wiy be  j u s t i f i e d  by t h e  form of ou r  f i n a l  s o l u t i  . p 
L5cl F i r s t ,  we have 

and u s i n g  t h e  v a l u e  of r::; given i n  ~ p p e n d i x  A ,  

The re fo re  A 

Using 1'- ( 3 0 )  and V- ( 3 2 )  , (24)' becomes 

- 
khere ~i = ( S S )  . S i m i l a r  c a l c u l a t i o n s  produce t h e  cor responding  

5 t e n :  
, --% 

b 



7 

Then (25 ) ,  (27) , and V- (34) g ive  

terms of S ,  t h e  remaining s p i n o r  

and. (28) - (30) , we f i n d  f o r  

terms -of  (20) 

t h e  r i g h t  

b e c'ome 

s i d e  o'f 

z e r o  i f f  (1) h o l q s .  I n  
7. I 

t h i s  

f i n d  

t h i s  

gives  f o r  t h e  r . h .  s .  (20) 

F' 

t h e  r i g h t  s i d e  o f  (20) t o  

4 
case, ve have M = 0 i f f  Q44 

i d e n t i c a l l y '  

= 0 ,  and 

t h e  >iw*el l  equa t ions  w i l l  b e  s a t i s f i e d  provided the  f i e l d  equa t ions  

a r e .  For f u t u r e  use, j,- l 8 j  and ( 2 8 j  w e  have f o r  t h e  energy d e n s i t y  



wk next  t u r n  t o  a  c o n s i d e r a t i o n  o f  t h e  Q = .O f i e l d  equa t ions .  
aB 

For t h e  e lectroma@etFc c m r T b u t T o n f r o  the by I I I -  - 

. k i t dge the r ,  we have 

For  o u r  s t a t i c  m e t r i c ,  Ixe would expect from p h y s i c a l  c o n s i d e r a t i o n s  
2. 

t h a t  !.f., = 0 .  By 111-(61j ,  
Ad 

*-. 
an be  sho*n t h a t  >? = 0. Since  pFL3 i s  n o t  symmetric,  a l l  n i n e  

2 4 2  
onents  m s t  be ci-iecked independent ly .  We shox b = 0 and M 

= 3 :  tne o t h e r  c a l c ? ~ i a t l o n s  a r e  sirnilar. Using ( 3 4 j  and t h e  normal 



. - 
form o f  our  m e t r i c ,  

,, Using o u r  s p e c i a l  sp i ,nor  c a l c u l u s ,  

c aqd " 
2  ' 

F r m  Appendix A,  
' 2 ' 2  ' 1 ' 2  are imaginary.  Then 

-2 For 21 , 

2 2  3 2  2 '  , 
rn 

3 2 ' 2 ,  , v h e r s  (ij = 2 f i ~ i ~  f3 2% , - J r ) + c . c . ,  and 
J > 2 ' 2 ' 2  

22  3 2 '  2 3 2 ' 2 ,  , (ii; = 2 D i i g  (s 2 , 2 x  2 + z  G ~ ; ~ J ' ~ ! ~  2  ' + c . c . .  Using t h e  

s ? e z i a l  s p i n o r  c a l c u l u s ,  



A 3 where Im rA denotes t h e  imaginary p a r t  of TgC. Using o = -o 32 ' 2 
B C ' 2 

we nave 

-32 Then by (38) we have M = 0. Other  c a l c u l a t i o n s  follow along these  

l i n e s ,  g iv ing  t h e  r e s u l t  

We t u r n  now t o  

t h i s  purpose,  i t  i s  

...r 

t h e  c a l c u l a t i o n  of t h e  f i e l d  equat ions .  For 

convenient t o  w r i t e  our  me t r i c  i n  t h e  form 

where 5 = g dxadxB i s  i n  normal form. We have t h e  r e l a t i o n s  
aB 

where Al was de f ined  i n  (4).  For t h e  me t r i c  form (40), we find 



< f 
As i n   as ( l o ) ,  we w i l l  f i n d  i t  convenient  t o  r e p l a c e  t h e  f i e l d  

equa t ions  Q = 0 by the dual  equa t ions  
i j 

.4 

where 

compute T ,  we haveT by (16) , (32)  
1 
# 

Using (461, (45) becomes - 

S i m i l a r l y ,  by (33) , (39) , 

or using (46) , 



Then from (47) , , (49) , 

l f  s 
" - - - - i m t ,  .. . rnls yes rke s lmple  r e s u l t  

r- 
. T = -2Km. Using (43) , ( 4 9 ) ,  (50) , we can w r i t e  t h e  Q* equa t ions  a s  

aB 

S u b s t i t u t i n g  t h e  exp res s ion  given i n  (42) f o r  R (51) g ives  f o r  J 
5 aB ' 

Q& 
= 0 t h e  equa t ion  

L 

'.For t h e  Qi4 = 0 equa t ion ,  by (43), ( 4 7 ) ,  and (50) i e  have 

Using (42) , (53) becomes 

- B which implies t h e  3-space g dxCLdx is f l a t .  Then (40) may be 
ad 

w r i t t e n  t 



and f o r  t h i s  cho ice  t h e  Q& = 0 equat ion  (54) becomes 

/ To determine S ,  we r e t u r n  t o  t h e  Dirac e q u a t i o n s .  By (56 ) ,  

w e  have t h e  r e l a t i o n s  

Then by Y- (36) we have 
\ 

where B i s  t o  be determined.  If  V- (37) ho lds ,  by V- (39) t h e  unique 

s o l u t i o n  up t o  a  cons t an t  f a c t o r  i s  

I f  we do no t  assume Y- (37) , . t h e n  

remaining. Using (58) , t h i s  equa t ion  

forx 

have t h e  Di rac  equa t ion  V - ( 2 1 )  

may be w r i t t e n  i n  t h e  s imple  



i Clear ly ,  (60) s a t i s f i e s  (61).  b u t  i t  appears  t h e r e  may e x i s t  s t i l l  

Najumdar r e l a t i o n )  f o r  which V- (37) does no t  ho ld .  

A l t o g e t h e r ,  (56) s a t i s f i e s  t h e  Q* 0 f i e l d  e q u a t i o n s .  For 
aB =l 

our  assumptions ,  t h e  Di rac  equa t ions  a r e  s a t i s f i e d  i f  (59) , (61) - 
.. k 

4 
h o l d .  The Maxwell equa t ions  M~ = 0 a r e  i d e n t i c a l l y  s a t i s f i e d ,  and 

3 
1 = 0 i s  e q u i v a l e n t  t o  Qi4 = 0 by t h e  ' b a l a n c e '  c o n d i t i o n  (1). Thus .. 
we a r e  l e f t  t o .  s t udy  (57) , (61) , and t h e  Q* = 0 e q u a t i o n s .  

a4 

We now cons ide r  thk Q* = 0 equa t ions .  For o u r  s t a t i c  m e t r i c ,  
a4 

Fm- t h e  case 



us ing  Y- [ 3 0 j ,  
% 

P 
Similarly, *we  f i n d  f o r  the  remaining components o f  (64) 

d 

i Again u s i n g  111- (6l), 

For our s p e c i a l  assumptions,  

. I f  r = I, we f i n d  

and 



S i m i l a r l y ,  

L 

r ,  

t n e  equa'tions < 6 3 )  may S e  w r i t t e n  

&sS,,- * Ss,, = 0. 

, 3 The last equat ibn  o f  173) i s  e q u i v a l e n t  t o  t h e  cond i t ion  t h S t  - 
S 

b e  r e a l ,  and i s  au tomat i ca l ly  s a t i s f i e d  by (59) and t h e  r e a l i t y  o f  a 

A. ( u s i n g  t h e  s p e c i a l  me t r i c  (56) ,  t h e  remaining equat ions  o f  (73) 

may be h - r i t t e n  



-92- 
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- - - 

- -- 

20 
r o t e  thar if we a s m e  T-TSi;l ;-thenA f74) imp l i e s  w = o(xz) only.  ' 

' 
The remaining Dirac equa t ion  may be w r i t t e n  

S u b s t i t u t i n g  (75)  i n t o  t h e  f i rs t  o f  ( 7 4 ) ,  we f i n d  

and t h i s  ' 'gives 

S i m i l a r l y ,  t h e  o t h e r  equa t ion  of  (74)  g ives  

Sow (773,  (781 a r e  2 o n s i s t e n t  i f f  p/ = / P I  = / p I ( x 3 ) .  S i n c e  w d e -  

3 pends on ly  upon / P I ,  we t a k e  P  = P ( x  ) .  Then ( 5 9 ) ,  (77) g i v e  

Therefore (59)  becomes 

(803 

Then 

i 



and s i m i l a r l y  f o r  S"S w ,2 '  , 2 '  Then (75) becomes 

and t h e r e f o r e  B is  a n a l y t i c .  The remaining M~~ = 0 equat ions (74) 

a r e  i d e n t i c a l l y  s a t i s f i e d  by (81).  Thus wi th  our  assumptions we 

have a  s o l u t i o n  of  t he  combined equat ions  wi th  me t r i c  (56) and s p a t i a l  

p a r t  of t n e  wave funct ions given by (80) ,  provided (81) and t h e  Q*44 

= 0 equat ion (57) can 'be s a t i s f i e d .  

The fol lowing observat ion is of  i n t e r e s t :  if Ma4 had been zero,  

then t h e  Q* = 0 equat ions would have been i d e n t i c a l l y  s a t i s f i e d .  a4  

In t h i s  c a s e ,  (S6), (60) would provide a  s o l u t i o n  o f  t h e  combined 

equat ions ,  provided only t h a t  w s a t i s f i e d  t h e  Q i 4  = 0 equat ion (57).  

One can show t h a t  t h e r e  would then e x i s t  s p h e r i c a l l y  symmetric so lu -  

t i o n s  with f i n i t e  t o t a l  charge. The f a c t  t h a t  Ma4 # 0 may be i n t e r -  

p r e t e d  a s  showing t h a t  t he  i n t r i n s i c  s p i n  o f  t he  p a r t i c l e  is a f f e c t i n g  

t h e  geometry i n  t h e  same fashion as  o r b i t a l  angular  momentum would. 

In  t h e  l i g h t  o f  a  f u l l  sp inor  ca l cu lus ,  we s e e  t h a t  t h e  t r u e  phys ica l  

s i t u a t i o n  does not  appear t o  be s t a t i c .  This may exp la in  t h e  lack 

of  phys i ca l ly  reasonable s o l u t i o n s  i n  t h e  fol lowing.  

Turning t o  t h e  Qi4 = 0 equat ion,  by (79) 



Then t h e  equa t ion  (57)  i s  o f  t h e  form 

L L L 
+ GJ - + ( ( w  + (W $ 1 ;  = LLJ 

9 7 Y33 
- h(m,,) wnere M = u 

* ,22 

This  imp l i e s  / B J  = c o n s t a n t  o r  / P I  = c o n s t a n t .  I f  / P /  = c o n s t a n t ,  

Usin? t h e  a n a l y t i c  p r o p e r t y  (81), we. f i n d  

Then t h e  Q* = 0 equa t ion  (57) becomes 
4 4 

S i n c e  t h e  r i g h t  s i d e  o f  (85) i s  p o s i t i v e  d e f i n i t e  and w i s  r e a l ,  t h i s  

equa t ion  h a s  no s o l u t i o n s .  

%u %JJ 
~f / B I  = c o n s t a n t  = 1, t n e n ~  = e as i n  ( 6 0 ) ,  / P I  = e by 

3 (791 , and w = w ( x  ) on ly .  Then t h e  remaining Q* = 0 equa t ion  is 
44 

- L z  
L e t t i n g  V = e  , t h i s  becomes 



;+hich may a l s o  be w r i t t e n  

The gene ra l  s o l u t i o n  o f  f88j i s  s e e n  t o  be 

i t r a r y  r e a l  c o n s t a 2 t s .  See ?-lacRobert (19) fo r  d e t a i l s .  C f .  a l so  

11). Z 

The s o l u t i o n s  g iven  by (89) a r e  n o t  f l a t :  by ( 4 2 ) ,  

i ~ h i c h  nay van i sh  on ly  when L = 0 .  

Any s o l u t i o n s  of  t h i s  n a t u r e  a r e  p h y s i c a l l y  u n i n t e r e s t i n g ,  s i n c e  

t h e  t o t a l  charge ,  g iven  by 

130) Q =  [ fq4!17d3rI - -- - -- - - - - - 

v3 
- - 

would d i v e r g e .  Here - r e p r e s e n t s  t h e  u n i t  nogma1 t o  t h e  hype r su r -  
'-1 . 

f a c e  i3. F o r  ou r  s i t u a t i o n ,  a  neces sa ry  c o n d i t i o n  i s  t h a t  w b e  a 



I ,  
f u n c t i o n  o f  a l  s p a t i a l  coor 'dinates.  Thus a  s o l u t i o n  wi th  

e 

f i n i t e  t o t a l  n o t  p o s s i b l e  under  t h e  assumptions we have -. 
made. These assumptr "hi7 s a r e :  ( i )  s t a t i c  space- t ime;  - ( i i )  s p i n o r  

c a l c u l u s  r e l a t e d  t o  t h e  'geometry us ing  Axioms 1-111 o f  c h a p t e r  11, 

wi th  t h e  e l ec t romagne t i c  f i e l d  in t roduced  v i a  t h e  minimal e l e c t r o -  

e l e c t r o s t a t i c  e.m. f i e l d ;  ( i v )  

'. pure  s o l u t i o n ,  space- t ime s e p a r a b l e ;  (v)  e  = km.  

F u r t h e r ,  w e  car! s h ~ k ;  t h a t  [ Y )  i s  unnecessa . Suppose e  = Cm, 
-A 

c*# 1. From ( 2 P ) ,  t h e  cons i s t ency  of  Qd4 = 0 and d = 0 r e q u h e s  

T3en o r  t h e  l e f t  s i d e  of ( g l f ,  w e  have r 



Using the  expression following (SO), the  r i g h t  s i d e  of (91) becomes 

2 Then i f  C # 1, t h e  consistency of Qqq = 0  and M~ = 0  requires  

Since h i s  p o s i t i v e  d e f i n i t e ,  (96) cannot be  s a t i s f i e d .  We may 
1 

summarize these  r e s u l t s  i n  the  

Proposi t ion There does not  e x i s t  a  so lu t ion  of  the  combined Dirac- 

Einstein-Maxwell equations with f i n i t e  t o t a l  charge s a t i s f y i n g :  

( i )  S t a t i c  space-time; 

( i i )  Algebraic sp inor  s t r u c t u r e  of Ch. 1 1 ,  with minimal e l ec t ro -  

magnetic in te rac t ion ;  

( i i i )  Purely e l e c t r o s t a t i c  Maxwell f i e l d ;  

( iv)  Space-time separable,  pure $ Dirac f i e l d .  1 

As s t a t e d  previously,  the re  seems some hope t h a t  t h i s  s i t u a t i o n  can 

be remedied by searching f o r  s t a t i o n a r y  r a t h e r  than s t a t i c  so lu t ions .  

Assumption ( i i i )  ignores the  magnetic moment of the  e l e c t r o n  and 

the re fo re  should be dispensed with f o r  a  r e a l i s t i c  so lu t ion .  For 

-imt a 
assumption ( i v ) ,  we found no solu t ions  with wave f i e l d  Jill = e 

3 our wave f i e l d s  have a  non- t r iv ia l  x dependence. From t h e  corres-  

ponding s i t u a t i o n  i n  spec ia l  r e l a t i v i t y ,  one would then expect t h a t  



;, # 0.  Thus i t  seems u n l i k e l y  t h a t  t h e r e  e x i s t  p h y s i c a l l y  r e a l i s J i c  
3 

s o ' l u t i o n s  i n  g e n e r a l  r e l a t i v i t y  w i t h  a  pu re  I$ D i r a c  f i e l d .  
1 



For t h e  s t a t i c  h e t r i c  
1 

form I 
r 

1 2 3  
9&,;1ere k ,  g, h, f are fuqc t ions  o f  x , x , x o n l y ,  

9 

are  given by :  Cnris t o f f e l  symbols 

s p i n  natr i  ces t h i s  me t r i c  w r i t t e n  



u s i n g u  t h e s e  e x p r e s s i o n s ,  t h e  non-vanish ing  s p i n o r  a f f i n i t i e s  

are given  by : 





Let  g . .  5 e  
1 3  

shown t h a t  

a - g i v e n  s p a c e - t i n e  m e t r i c  form. I n  G l a p t e r  I ,  r~.e 

t?ie i n t r o d u c t i o n  of  a s p i n o r  s r ' r u c t u r e  r educes  t o  . 
t h e  pfoblem o f  f i n d i n g  an or thonormal  t e t r a d  f o r  g .  . . I n  g e n e r a l  ,- 

1 3  
J 

t e t r a d  si lould b e  c i o s e n  t b  make f u l l e s t  u s e  of  any space;-t5me ' 

4 show t l i a t  a  t e t r a d  zay  a l x a y s  3e chosen  by an e n t i r e l y  c o n s t r u c t i v e  

u s u a l  rYT f o r  rr.etrics i n  

s irrrplest  t e t r a d  f o r  a s t a -  

b ,  . ? r o c e d ~ r e .  T i ~ i s  c o n s t r u c t i o n  g ives  t h e  
* - L b  

n o r n a l  form, b u t  e . ~ .  does n o t  give t h e  

t i o n a r y  s p a c e .  The c o n s t r u c t  i0 i1  

d4) 

i s  due Klos t e r  [ p r i v a t e  corn- 
+ 

n u n i c a t i o n )  . - 
Consider  t h e  f o r m  

Xlen i t  f o l l o w s  



= d e i  
4 

4. n 
and t h e  componezts i-. 

( ~ j  

For t n e  s p i n  p a t r i c e s  , l e t  



For  p a r t i c u l a r  coord ina te  p a t c h e s ,  t h i s *  c o n s t r u c t i o n  may f a i l ,  e .  g .  

if 0 = 0 ,  but  a s i g i l a r  c o n s t r u c t i o n  i s  always p o s s i b l e  l o c a l l y .  



APPENDIX C -- 

idere we d iscuss  var ious  choices f o r  t h e  independent va r i ab l e s  

of a general  r e l a t i v i s t i c  Lagrangian, and show t h a t  t h e  Euler-  

Lagrange equat ions f o r  matter  f i e l d s  i n  genera l  r e l a t i v i t y  may be  

w r i t t e n  i n  e x p l i c i t l y  covar ian t  form. Consider a Lagrangian dens i ty  

x= LG , where L i s  a s c a l a r  dependent upon g i j ,  t h e  ma t t e r  f i e l d s ,  

and t h e i r  f i r s t  cova r i an t  d e r i v a t i v e s .  The ma t t e r  f i e l d s  may be 

t e n s o r  f i e l d s ,  sp ino r  f i e l d s ,  o r  mixed. - We cons ider  t h r e e  ways o f  

ob ta in ing  t h e  Euler-Lagrange equat ions : 

Case I :  Let 4. ' r ep re sen t  a mat te r  f i e l d  appearing i n  L. We 

t r e a t  +" '  and t h e  p a r t i a l  d e r i v a t i v e s  4 '  " as independent var- , d 

i a b l e s ,  and a r r i v e  a t  t h e  usual  equat ions 

Case 11: We t ake  4 " '  and $" '  as independent,  where s l a s h  I d  
i s  ou r  covar ian t  d e r i v a t i v e  of Chapter 11, and w r i t e  f o r  t h e  Euler-  

Lagrange equat ions 

Case 111: We formally t r e a t  4 " '  and 4 " '  lld as independent,  

where t h e  double s l a s h  covar ian t  d e r i v a t i v e  i s  t h e  usua l  covar ian t  



d e r i v a t i v e  f o r  t e n s o r s ,  and i s  d e f i n e d  by 1 1 1 - ( 2 )  f o r  s p i n o r  i n d i c e s .  

Iie t h e n  write t h e  ~ u l e r - ~ a ~ r a n g e  e q u a t i o n s  as 

Le t  us  f i r s t  c o n s i d e r  ( I ) ,  ( 2 ) .  To s a v e  bookkeep ing ,  we s u p -  

p r e s s  a l l  b u t  a  r e p r e s e n t a t i v e  p a i r  of  i n d i c e s  f o r  0. ' ' , w r i t i n g  

Then 
i 

aA A a.A For c a s e  11, where ; , , / d 
a= i n d e p e n d e n t ,  we t a k e  



as\ Since  u e  a r e  now t a k i n g  5 , ps independent  
, /' 

P 

3:- 1 1 - 4 7 ,  T F d  A i s  independent  o f  a l l  ma t t e r  f i e l d s  except  t h e  e l e c -  

t romagnet ic  f i e l d ,  which i s  a pure  t e n s o r  f i e l d .  Theg  

a ~ d  t n i s  g ives  

C o ~ b i n i n g  ( 7 ) )  ( 9 j ,  we* f i n d  f o r  (1) t h e  equa t ions  

- - - - - - - - - - - - - 

S]- clibect comparison, {ti) .=, (10) .  Turning n e x t  t o  c a s e  111, w e  

a.7. -3i.j: - - - s m ? o s e  : , , 
lld 

a r e  independent .  Then 



t h i s  g ives  , an d 

Sow 

" Combining t h e s e  r e s u l t s  wi th  (ll), we have f o r  

xh ich i s  i d e n t i c a l  wi th  ( 2 ) .  Thus a l l  t h r e e  approaches 

'. 'c, 

saxe equa t  ons . i 
8 

caS% 11, I11 do no t  impl?- t h a t  one can t r e a t  e . g .  

l e a d  t o  t h e  

- 7 
-3 i: 
: as  i nde  % enden t ,  \<here 7 ,  5 a r e  d i f f e r e n t  f i e l d s .  S i n c e  t h e  

s s i n o r  c o r a r i a n t  d e r i v a t i v e  depends i n  gene ra l  upon t h e  e l e c t r o -  
- - - - - - - - - - - - - - - - 

A a A . .  . 
r a , g e t i c  f i e l d ,  one carmot t r e a t  I d  

d t h e  e l ec t romagne t i c  

- - 
z ~ n l d  2 ,  as independent  i n  d e r i v i n g  t h e  Maxwell e q u a t i o n s .  This  i s  

1 % 

. . a.A 
z ~ z ~ l a r  r o  t h e  treatme:,; of  5 and g i j  i n  d e r i v i n g  t h e  E i n s t e i n  

A. 



c 

I n  111-(83) ,  we cla imed t h a t  t h e  combined e q u a t i o n s  111-(79)  

we g i v e  a  d i r e c t  p roo f  o f  ( 1 ) .  A s i m i l a r  p roo f  was f i r s t  g iven 

S>- I n f e l d  and Van d e r  waerden ( 1 7 ) .  Now - 

where 

r l  --lk ~ ' e t  us f i r s t  c o n s i d e r  31 ? 1 
. In  t h e  f i r s t  t e rm,  we have 

have u sed  I I -  ( 6 2 )  . To exp re s s  our  r e s u l t  i n  a  s p e c i a l  form, 
-1 lr 

add  t h e  fo l l owing  f a c t o r s  t o  t h e  f o u r  terms o f  fi'"1 r e s u l t i n g  
! 1 



* 
from d i f f e r e n t i a t i o n  o f  

First 

- ~ 

-2 
t e rm:  9' 2 jy A '  j d S A ~ i f B ~ s , j )  

1 

secon, term: " d' {a -+ XBk I . ) v 9 316 j . 

with s i m i l a r  exp res s ions  f o r  t h e  con juga te  terms.  Note t h e s e  terms 

cance l  one ano the r  and t h e r e f o r e  a f f e c t  on ly  t h e  form of  t h e  f i n a l  
2 

r e s u l t .  Adding t h e  f i r s t  f a c t o r  above t o  ( 4 ) ,  we have 
%-/ 

Using I I - (60) , t h i s  becomes 



For t h e  Riemann term, by 11- (29) 

Then becomes 

which reduces t o  

Then fo r  (5) we have 



e l k  Up t o  a m u l t i p l i c a t i v e  f a c t o r ,  t h i s  is t h e  f i r s t  t e rm of  M 
11' 

Al toge the r  we o b t a i n  by s i m i l a r  c a l c u l a t i o n s  

(10) may b e  w r i t t e n  s y m b o l i c a l l y  a s  
L 

v h e r e B k  i s  composed o f  Di rac  equa t ions  and t h e i r  d e r i v a t i v e s .  
1 

Before caf c u l a t i n g  31 we develop t h e  second-order  Di rac  
11' 

e q u a t i o n s .  From 111- (79) w e  o b t a i n  

Using 11- ( 6 0 )  , t h i s  g i v e s  

2 A - I  = - m  X ZL yD 



L t  d 2' + 1. t I  )-&m*\Hz(tj ~ A m n  gjt 
- 9 9  9 9  4 

kj tpR A ca lcu la t ion  s i m i l a r  t o  t h a t  preceeding (7) shows r) t lk j  = 0. 

The o ther  imaginary terms a l s o  vanish, and (14) implies 

Rgk j 1 r A 4 .  ll 
(15) Rttjtjd t s t a F b = ~ S o P t l ~ j ( 9 ~ g  

Subs t i tu t ing  (15) i n t o  (13), we have 

1. A 2 A i  9 d X  , j i  = -m T - z ~ f ' + i & ~ . d  
d 

This i s  t h e  second-order Dirac x equation. A s i m i l a r  ca lcu la t ion  

gives f o r  the  second-order Dirac 5 equation 

I *h 
= -mz&l -i RtCl - ~ E G ~ Q ~ ~  c 

We now proceed t o  calculate??' 
11' 

Using (3) , t h e  x terms of 

g1 up t o  a constant  f a c t o r  a r e  
I1 

. 1 A st d l  A B '  
l 8  ( J ' B A X ~ ~ ~ M  +ij X l n j  +. C.C. . 



:Jew t h e  f i r s t  term o f  c18) and i t s  conjugat?  g ive  

Lt 

A x h e  second term o f  (18) and ; i t s  con juga t e  may be w r i t t e r t ,  

2y (161,  t h e  f i rs t  term o f  (19) and i t ~ . . ~ o $ j u ~ a t e  a r e  ~ i r a c  'equa'tions. 
, *  > * ,  

r 

' '3 :.r._' . "- For t h e  second term o f  (19), by 11-(29) L 

'.@ ' 7 
o 5 ''a 

The imaginary term o f  (20)  w i l l  cance l  

( 1 9 ) .  S imp l i fy ing  (20) ,  we a r r i v e  a t  

I 
L ' 

wi th  t h e  con juga t e  term o f  



A s i m i l a r  c a l c u l a t i o n  with t h e  5 terms of  ?P1 leads  f i n a l l y  t o  

t h e  r e s u l t  

+ C.C. ) 

o r  symbol ica l ly  we may w r i t e  
+ 

k 
* 

whe5e is compos ed  of  Dirac equat ions .  F i n a l  l y  , g ive  

t h e  r e s u l t  

i 
i 

For t h e  e lec t romagnet ic  ccontribution, we f i n d  9 

A l t o g e t w r ,  we have f o r  t h e  E i n s t e i n  equations t h e  TI i-ve-r gen c 
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