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Minimum energy*  s o l u t i o n s  have been  found f o r  t h e  

c o n f i g u r a t i . o n s  o f  t h e  m o l e c u l e s  i n  l ens - sha?ed  n e m a t i c  

. l i q u i d  c r y s t a l  d r o p l e t s .  These s o l u t i o n s  a c c o u n t  f o r  
- 

m o s t  of t h e  p h e n ~ m e n b ~ o b s e r v e d  i n  t h e s e  d r o p l e t s  on l i q u i d  
. . 

s u b s t r a t e ;  when viewed between c r o s s e d  p o l a r i z e r - s ,  Such - -  

a d r o p l e t s  a r t  shown t o  have  c y l i n d r i c a l  symvet ry  and ro 

produce  t h r e e  d i s t i n c t ,  p a t t  r n s  w h j c h ' a r e  c a l l e d  t h e  riormal, 8 
r i g h t - h a n d e d ,  and  l e f t - h a n d e d  con• ’  i g u r a t i o n s  . . T h e  o p t i c a l  

pa t teyf is  have  c i r c u l a r  f r i n g e s  c r o s s e d  by e x t i n c t i o n  b r u s h e s .  . 
' I n  t h e  normal  case t h e s e  r u s h e s . f o r m  a cross which  lies* k 

p a r a l l e l  t o  t h e  c r o s s  o f  t h e  c r o s s e d  p o l a r i z e r s .  I n  t h e - o t h e r  
@. . I 

cases t h e s e  b r u s h e s  a r e  s imilar  a t  l z r g e  r a d i i ,  b u t  n e a r  t h e  . 
\ . c e n t e r  of t h e  d r o p s  t h e y  r o t a t e d  w i t h  r e s p e c t  

I t o  t h e  cross of the 

T ~ C  problem is one  of t h e  e l a s t i c i t y  t h e o r y  o f  t h e  
, B 

- n e m a t i c  1 i q u i d  &systa> w i t h  p a r t i c u l a r  boundary c o n d i t i o n s .  

P .  
The' calculus"-of  v a r i a t i o n s ,  is used  t o  d e r i v e  t h e  t o r q u e  

- . e q u a t i o n s ,  t h e  s o l u t i o n s  o f , w h i c h 7 a r e  found by r e l a x a t i o n  , 

7 - 
4 

m a h o d s  on a d i g i t a l  compute r .  These  s o l u t i o n s  are used.  
# *  

to draw p i c t u r e s  o f  t h e  m o l e c u l a r  a r r a n g e m e n t s  and w i t h  

t h e  a i d  o f  Maxwel l ' s  e q u a t i o n s  t o  p r e d i c t  t h e  o b s e r v e d  

op t i ca l  p a t t e r n s ,  i n c l u d i n g  t h e  case of. 

a p p l i e d  aljbng the-symme, t ry  a x i s .  



t o  thank I wish P r o f .  A. S .  A r r o t t  f o r  h i s  c o n s t a n t  

end 2 uragement, a s s i s t a n c e  and humor dur ing  the course  of  t h i s  

p r o j e c t ,  Without h i s  boundless  enthusiasm, t h i s  thesis might 

t o  ',thank t h e  o t h e r  ~ never have been w r i t t e n .  I would also l i k e  

members o f  m y  committee: P r o f s , X .  Guyon, B , , P , ' ~ l a y m a n ,  
6 

-A  - 

L . . f i .  P a l m e r ,  an2 K .  S. Vi.swanatnan f o r  t h e i r  d i l i g e n c e  dur ing  

th<pr&paration and e x a m i n a t i ~ n  of t h e  t h e s i s .  I wish t o  thank 

P r o f .  R ;  h u s s e l i  w.;o ;as i n s t rumenta l  i n  t h e  e a r l y  s t a g e s  of 

the 'compater  a a l y s i s ,  D r s .  D. Bloomberg- and B. Heinr ich  

who provided many s t i m u l a t i n g  conversa t ions ,  and t h e  t e c h n i c i a n s  

of t h e . P h y s i c s  ~ e p a r t m e n t ,  i n  p a r t i c u l a r  P e t e r  G a r n e t t ,  f o r  

t h e i r  t e c h n i c a l  a s s i s t a n c e  whenever r equ i red .  Most of t h e  

typing was compete6tJy done by Georgina Car lson  whi le  Ralph 
4 

C 

Kerr and plargaret  L i n q u i s t  e n s u r e d , t h a t  a l l  t h e  r e q u i r e d  
f 

f o r m a l i t i e s  w e r e  s a t i s f i e d ,  .I am happy to  acknowledge t h e  \ 

f i n a n c i a l  a s s i s t a n c e  provided by t h e  Nat ional  Research Council  

of Canada and by Prof.  A r r o t t ,  



\ 
i I .  

-. ;*:< 

. J  
* . "* , 

m.r I~LBT,E  OF COXTENTS' - - - 
c. Q 

. . . I 
n 

L b  
- 

3 ( $AGE 
- - -  L - - -- ABSTGCT = iii - ,  

1 

ACKNOWLEDGMENTS ' iv 

LIST OF FIGURES 
c- 

v i i  

INTRODUCTION I. -1, 
I 7 

A 

2. N e m a t i c  L i q u i d  Crystals \ 5 
F '  

- s - A- 

T e c h n i q u e s  
\- 

. & ? 

. 1 2  
1 

Z 

4 .  

n t e r p r e t a t i o n s  of the Outer 

Brush  P a t t e r n  . - 18 

4 .  C o n j e c t u r e s  on  t F , e ,  C e n t r a l  C r ~ s s  2 1 
a, 

7 

2 4 111. 1. Energy  and Torque  E q u a t i o n s  

- .  2, One c o n s t a n t  Approxima t i o n  38  

3. Three  C o n s t a n t  C a s e  
a 

. 4%2 

I V .  1. C h o i c e  of Parameters , 53 

2. R e s u l t s  f o r  S I B  = . @  . and  T/B = - 5  5 1  - 
3 .  - E f f e c t s  of Di e r e n t  E l a s t i c  C o n s t - a n t s  ' 6 4  

* 
1 .  

4 .  E f ' f e c t s  of a Y a g n e t l c  F i e l d  66  

V. 1.  I n t r o d u c t i o n  t o  t h e  Optics C a l c u l a t i o n  . 71 

2.  Maxwe l l ' s  E q u a t i o n s  i n  a T r a n s l a t i o n a l l y  73- 

I n v a r i a n t  'Xedium 

3. Applicgtion t o  Drops 79 

- v - -  





.LIST OF F I G U R E S  - 
- - - 1 

F i g u r e  
- 

Page  

;. T . 1  MBBA d r o p l e k s  on a wate r  s 6 b s t r a t e  observed  
between c r o s s e d  p o l a r i z e r s  w i t h  w h i t e  l i g h t .  2 

# 
L 

11.1 Schematic of expe r imen ta l  a p p a r a t u s  showing 
t h e  i n c i d e n t  l i g h t ,  water s u b s t r a t e ,  l i q u i d ,  
c r y s t a l  d r o p l e t ,  and midroscope o b j e c t i v e .  

s I n  ( a )  t h e  l i q u i d  c r y s t a l  d r o p l e t  i s  sus-  c? 

pended from a wate r  d r o p  approximate ly  
5 rnrn., i n  d i ame te r  w h i l e  i n  (b) it is f l o a t i n g  

M on a  wa te r  c o l m n  aboy t  3 mrn. i n  d i a m e t e r .  1G x 
- - - 

. . . .  a A - - 
* - Experimental  a p p a r a t u s  showing t n e :  11.2 

A (a) R e i c h e r t  microscope ,  (b) q c a r t a  i@n$s, 
( c )  j a r r e 1 1  A s h  monochromator, '(d) o p t i c a l  
l i g h t  p i p e ,  re) water-cooled mag-iet, - d 
( f j - t&mperafure-cont ro l led  sample-ha1,der ,' 

11 and7 (9)  Le ica  3 5  mrn. camera. - 
-r 

i 

11.3 M B B ~  d r d p i e t s  o n  a  wate r  s u b s t r a t e  observed 
between c r o s s e d  pola-rize-rs  wi th  whi\te l i g h t .  
I n  ( b )  t h e  d r o p l e t s  have been r o t a t e d  by 

' L a b o u t  4 5 O  from T h e i r  posi ' t ion i n  ( a ) .  1 3  

1 1 . 4  L i c r y s t a l  Nematlc Phase  4 d r o p l e t  on a g l a s d  
s l i d e  observcd ,be tween  c r o s s e d  p o l a r i z e r s "  
w i t h  wh i t e  g i g h t  . 1 6  

t - - * -  -. 
--' 111.1 Sp lay ,  bend, and mos t ly  t w i s t  i n  a c y l i n -  

@/ 

d r i c a l l y  symne t r i c  m e d i u d .  I 2 5  ' \  

TI1 . 2  The c o o r d i n a t e  sy s t em showing t h e  p o l a r  . 
a n g l e s  and 2 n d  t h e  u n i t  v e c t o r s  6, @,* , t 

and 2 a t  t h e  o i n t  ( p , z j .  2 7 

- 111'-3 (a1 Shows t h e  t o p  view of- a r eg ion  -in 
which t h e r e  is a p o s i t i v e  s p l a y  d e n s i t y  i n  3 
t h e  h o r i z o ~ t a l  p l ane .  1h t h e  v e r t i c a l  
p l a n e  of t h i s  r e g i o n  t h e r e  can  be a 
p o s i t i v e  s o u r c e  d e n s i t y  (b) o r  a  n e g a t i v e  

* 

P < 

s o u r c e  d e n s i t y  ( c ) .  00 is t h e  a x i s  o f  - 
\ 

symme_ry - - - - -- - - - - - 

L 
.-. - 4 0  

- s 
IV.la Top view of a l ayer  2 u n i t s  f r o m , t h e  w a t e r  - - 

-- - -- 

s u r f a c e  of a 1 9  u n i t  thick MBBA dr-Tet 
4 f o r  t h e  t w i s t e d  c o n f i g u r a t i d n  w i t h  S/B = - 8  

and T/B = .5 from p = 0 t o .  P = 112 u n i t s -  The 
) a .  

i n s e r t e d  crosses i n d i c a t q t h a s e  mo lecu le s  
whose p r o j e c t i o n s  i n  a p l a n e  p e r p e n d i c u l a r  
t o  t h e  a x i s  of  symmetry l i e  w i t h i n  7" of e i t h e r  3 .  ..- 

-> , , t h e  p o l a r i z e r  o r  t h w a n a l y z e r  axis. 54  

v 
. - vii - 

. . 
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d 
- - 

1v;lb ~ a g n i f i c a t i o n  of the c e n t r a l  ;egion o f  (a)  from - z 

p = 4 to 3 = 28 u n i t s ,  - -- 

8' 3: 
side view o f  t h e '  t w i s f e d  s o l u t i o n  of a  1 9  u n i t  

, t h i c k  MBBA a r o p l e t  w i t h  S/B -= .8 and T/B = .5 
from ; = O'to p = T8Q un.ifls. T.he w a t e r  s u r f a c e  i s  

'at the  top  and the a i r  s u r f a c e  i s  a t  t h e  bottom. 
00 i s  t h e  ' a x i s  of  symmetry. . 5 6  

, I 

1 
Iu.2a, Top view of a l a y e r  2 u n i t s  from t h e  w a t e r ' s u r -  

, face of a  19 u ? i t  thick MQBA d r o p l e t  f o r  t h e  I 
' normal c o n f i g u r a t i o n  w i t h  S/B = .% and T/B = .5  

from i; = 0 t o  r = 28 u n i t s .  The i n s e r t e d  c r o s s e s  . '  
- - - i 

"ndica-te ~herse-n.ol\Bcu%esLwhose p r o  jeer ions  i n  a + 

p l a n e  p e r p e n d i c u l a r  t o  t h e  *symmetry a x i s  L i e  
. . w i t h i n  7 O  s f  e i t h e r  the p o l a r i z e r  o r  t h e  a n a d z e r  

2 x i s .  . . 57 
- 

- IV.2b S i d e  v iew-of  the normal s o l u t i o n  of a 1 9  u n i t  , t h i c k  
MBBA d r o p l e t  w i t h  S /B  = .8 and T/B = .5  from 0 = Q 
$0 p k 8 0  units. The w a t e r  surface i s  a t  t h e  . 

4. 
-- 4 . top and the a i r  s u r f a c e  is  a t  t h e  bottom.' 00 i s  

t h e  a x i s  of symmetry. 58 

I .  3 phase"diagrain f o g  t h e  t w i s t e d  conf  i g u r a t i o n .  A 
s t a b l e  t w i s t e d  phase  - (x)q  o c c u r s  f o r  T/S<l .  For  - 
T / S L ~  o n l y  the normal p h a s e  (01 i s  s t a b l e .  65 

xV.4 T o p  view of a l a y e r  , 2 f u n i t s  from t h e  w a t e r  s u r f a c e  
o f  a 1 9  unit thick MBBR d r o p l e t  f o r  t h e - t w i s t e d  
c o n f i q u r a t l o  n w i t h  S/B = 1 and T/B *= -5,-' . 7 ,  .8 ,  
and - 9  fYoz ; = 0 t o  a = 2 r u n i t s .  ' The i n s e r t e d  
c r o s s e s  i n d i c a t e  t h o s e  rno ldcu les~whose  pro jec t i%ns  - 
i n ' a  p l a n e  p e r p e n d i c u l a r  t o  t h e  symmetry a x i s  
l i e  within 7 O  o f  t h e  p o l a r i z e r  or t h e ' a n a l y z e r  

I - ax i s . ' '  %. - ', - , . . -- 
9 - ., - 677 . 

%e 

v. 1 
b 

The extinction cross p r e d i c t e d  by the s o l u t i o n  
of X a x w e l l ' s  e q u a t i o n s  f o r  the t w i s t e d  config-u- 

* r a t i o n  of an  MBBA d r o p l e t  w i t h  SIB = . 8  and  T/B 
= .-5 between c r o s s e d  p o l a r i z e r s .  T h e  fringe 
p a t t e r n  has been suppressed .  The s h a d i n g . i n d i -  
c a t e s  where t h e  t r a n s m i s s i o n  c o e f f i c i e n t  - - -  is  -- -- 

I .- Iqs-s wthan. 3 % .  - 8& . 
I \ 

r 
- -- --- 

V . 2  The rnggnEtic f i e ld  a t  which a n  e x t i n c t i o n  f r i n g e  . 
a t  t h z  vacuum wayelength  Ay c o i n q i d e d  w i t h  

1 - a c r o s s h a i r  a t  a r a d i u s  o f  25 mic rons  i n  a n  
-,+ -- MBBn d r o p l e t  250 m i c r o n s  i n  diameter as a 4 f u n c t i o n  of L P J v  (6000) -. 

b h/ 

4 
1C 
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_ A n e m a t i c  l icu, icio c r y s t a l  i s  a f l u i d  composed of e l cxga t - ed  r. 
4 

m o l e ~ u l e s  w h i c h  t e n i  t o  be p a r a l l e l  t o  o n e  a l o ' t h e r .  T h i s  
, /'- . 

t endency  is sufficiently s t r o n g  t o  p r o d u c e  c o n s i d e r a b l e  l ong  
--- -- - 

- -- - A --- - - 
r a n g e  o r ' i e n t a t i o f i a l  order b l l t  is n o t  s t r o n g  enough t o  o v e r -  

i 
\ 

come t h e  e f f e c t s  of p roduced  by a n  inter-, 

- - - face.. T h e  m o l e c u f a r  conf l g u r a t i o n  .is, determined 
e 

from a c o m p e t i t i o n  ~ e t w e e n  t h e  

'L 
The c a l c u l a t i o n  t o  b e " d i s c u s s e d  <trose from t h e * q u e s t l o i ;  

d of  t h e  o r i e n t a t i m  of t h e  mole .cules  i n  a f r e e  d r o p  of  a 

n e m a t i c  l i q u i d  c r y s t a l .  One q u i c k l y  r e a c h e s  t h e  c o n c l u s i o n  
* 

t h a t  t h e  m o l e c u i e s  i n  a s p h e r i c a l  d r o p l e t  s h o u l d  no* a l i g n  , 

\ #' 

i n  a s p h e r i c a l l y  symmetr ic  f a s h = o n .  ' . O p t i m i s t i c a l l y  one  might 

e x p e c t  t h e ) m o l e c u l e s  t o  display c y l i n d r i c a l  .symmetry, t h e  

a x i s  o f  which  would be i n f i n i t e l y  d e g e n e r a t e . '  T h i s  d e g e n e r a c y  

is temoved i f '  t h e  d r o p s  are p l a c e d  a t  t h e  i n t e r f a  between 7 
. t w o  media (for example, a i r ' a*  w a t e ' r ) .  T h i s  r e s u ' l t s .  i n  a 

\ i 
l ens - shaped  d r o p l e t  w i t h  a u n i q u e  a x i s  o f  symmetry. A t y p i c a l  . 

'.s= 

p r e p a r a t i o n  o f  d r o p l e t s  o f  ~ e t h o x y b e n z y l l d e n e - ~ u t y m l i n e  - / - - -- - - - - - 

(MBBA) on 5 - w a t e r  substrate i n  a i r  is  shown i n  F i g .  X l . l  as 
- - . , 

i t  a p p e a r s  i n  a p g r o x i m a t e l y  p a r a l l e l c w h i t e  l i g h t  be tween  
%% 

c r o s s e d  p o l a r i z e r " ~  _, A t t e n t i o n  is drawn t o  t h e  d a r k  brushes 
\ .-<-=- 

A - 
- 1 -  

1 

7 

6 P 
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r a t h e r  t h a n  t h e  f r i n g e  p a t t e r n .  

t i o n s  are observed on t h e  *same 
\ 
I. 

t o  a s  t h e  l e f t -  and  r i g h t - h a n d e d  a n d  t h e  n o m a - 1  c o n f i g u r a t i o n s .  
\ 

I n  t h e  normal  c o n f i g u r a t i o n  the d a r k  brushes re o r i e n t e d  as t . 
a  cross c o i n c i d i n g  w i t h  t h e  & o s s  of  ;he c r o s s k d  p o l a r i z e r -  . 

\ .  
a n a l y z e r  p a i r .  T h i s  t y p e  o f z o p t i c a l  p a t t e r n  is  what  one  

- , \ - - A - - 

would e x p e c t  'from a c o n f i g u r a t i o n  i n  which the '  p r o j e c t i o n s  ' . 

o f  the m o l e c u l e s  p e r p e n d i c u l a r ' t o  t h e  d i r e c t k o n  of the l i g h t  

are s t r i c t l y  r a d i a l  or  s t r  t l y  c i r c u m f e r e n t i a l  a b o u t  t h e  

a x i s  o f  symmetd The l e f t -  nd right-han'dded ' s p e c i e s  show 
\ .it a 

a rotated cross i n  t h e  c e n t e r  o f  t h e  d r o p l e t  which  s l o w l y  
0 

rotates t o w a r d s  the normal  cross a s  one  p r o c e ~ d s  ou twards .  

These  have  s u r e l y  been  o b s e r v e d  by o t h e r s ,  b u t  have  r e c e i v e d  
I . .  

d 

s c a n t  a t t e n t i o h .  

The c a l c u l a t i o ~ s  t o  b e  d e s c r i b e d  show. t h a t  t h e  r o t a t e d  

o p t i c a l  cross c a n  be a c c o u n t e d  fo r  i n ' t e r r n s  o f  a r a t h e r  com-" 
> . - 

9 - *  

p l e x  p a t t e r n  o f  m o l e c u l a r  o r i e n t a t i o n  which  m i n i m i z e s  t h e  

energy o f  t h e  system. I n t h i s  p a t t e r n  t h e  m e a n - o ~ i e n t a t i o n  

a t  e a c h  p o i n t  i n  s p a c e  i s - d e s c r i b e d  by two p o l a r  a n g l e s  
'3 

and @. The energy-is e x p r e s s e d  i n  terms o f  t h e s e  a n g l e s ,  
/ 

their spatial deriuatives, and three e l a s t i c  constants ' - -  - 

1sp&ay, twisi, a n d  ben'd) . I t  w i l l  be shown t h a t  w?& t h e  

t w i s t  e l a s t i c  c 0 n s t a n t . i ~  less t h a n  t h e  s p l a y  e las t i c  cons -  
* \ 

t a n t  t h e  left-'and r i g h t - h a n d e d  s p e c i e s  are s table  and  

* . . 
d 

/ 
r ,  



equal in energy while the normal configuration is apparently 

metastable and only slightly higher in energy ergs). 

An attempt will be made to keep the mathematics in the 

main body of the text to a minimum. Thus most manipulations 

will be relegated to the appendices as will the discussion of 

the computer calculations used to treat the problem. ' 

The introduction will conclude with a brief description 

of nematic liquid crystals. This will be followed in Ch. I1 

by a description of the simple experiments performed and the 

conclusions one can reach from the observed optical patterns. 

The energetics of distortions in nematics as derived 

by Frank (Fr-58) will be presented in Ch. 111. Then the 

technique of deriving the energy and torque equations in a 

geometry slightly simpler than the actual drop will be pre- 

sented. This will include a discussion of which terms in 

the energy most influence the configuration, the role of 

the relative values of the elastic constants, and the effects 

of the magnetic field term in the energy. The manipulations 

will appear in App. I. The calculation required for the full 

droplet will be indicated in App. I1 along with details of 

the justification for the approximations made in the simpli- 

fied calculation. 

The presentation and discussion of the results of this 

calculation will take place in Ch. IV. In Ch. V the method 

of handling the propagation of light through the liquid 
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Z '? 
crystal- medium will be discussed. This involves 

tion of Mame&: * s equa ti-ons in a t.iri+frinqerrt- r n e ~ - ~ r r 7 j f r i & -  

the optic axis has non-zero spatial derivatives. Ch. V. 1 
. . 

concludes with a comparison of theory and experiment in 
-9 

- .  , 

hhich the optical patterns observed, their relation -to the , . 
/ 

4 moleculai orientation, and the effects f a magnetic field 2 
will be discussed.. In Ch.VI the and solutions .ate re- 

6 a 
- -- -- viewed, -comparisons are made with' other a~t'ors , an6 some 
* 

interesting extensions of the ideas discovered are indicated.' 

- 

I. NEMATIC LIQC'ID CRYSTALS 

r The liquid crystalline phase is intermediate in order. 
) 

between the ery$ta,lline solid apd the isotropic liquici and 
,D 

2 is separated from these phases by first order transitions 

as demanstrated by such experiments as heat capacity Jv 
9 

measurements (30-69) and volume expansion fPr-73) . 
\ .L 

The ;irnple type of liquid crystal ordering js the nema- "B t 

tic phase, th@ feature of which is the resence of long- . P - 
range orien&tional order of the mobcules. The mol&cules 

tend to be( p8rallel 'to a common axis, cal_led the directo$, \ -. 
L < 'I r f l  j 

3, Ibout which there appears to be rotational symmetry. This 

property is demonstrated in all macroscopic tensor jroperties. 
- -- -L 

  he nematic phase behaves like a uniaxial medium with tHe 
e i. - 

principal axis' along the director. a t  shows a -Parge hire- 

fringence effect, .the difference between the indices of 
'2 

\ 
> 

refraction is typically 0.2. compared with 0-01 forquaftzl ' .  

L, 
4 . 1 

The magnetic ahd electric susceptibilities as well as the 
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t h e r m a l  conductivity and v i s c o s i t y  t e n s o r s  a l s o  show l a r g e  

a n i s o t r o p i e s .  

The l a c k  of  Bragg peaks  i n  t h e  X-ray d i f f r a c t i o n  p a t t e r n s  

i n d i c a t e s  t h a t  t h e r e  i s  no long  r a n g e  o r d e r  t o  t h e  s p a c i n g  

of t h e  c e n t e r s  of g r a v i t y  of  t h e  m o l e c u l e s .  

I n  a n  i n f i n i t e  medium t h e r e  i s  no p r e f e r r e d  d i r e c t i o n  

f o r  t h e  d i r e c t o r .  I n  a  f i n i t e  sample t h e  m o l e c u l e s  c l o s e  

t o  a n  i n t e r f a c e  g e n e r a l l y  have  c e r t a i n  p r e f e r r e d  o r i e n t a t i o n s .  

For  example, on a  c r y s t a l l i n e  s u b s t r a t e  t h e  c r y s t a l  a x e s  may 

b e  p r e f e r r e d .  A t  a n  i s o t r o p i c  i n t e r f a c e ,  t h e  p r e f e r r e d  

o r i e n t a t i o n  i s  d e g e n e r a t e ,  t h a t  i s ,  t h e  m o l e c u l e s  l i k e  t o  

make a n  a n g l e  8 w i t h  r e s p e c t  t o  t h e  normal  t o  t h e  s u r f a c e  

b u t  t h e  a z i m u t h a l  a n g l e  i s  undetermined.  T h i s  p roduces  a n  

" e a s y  cone" o f  s u r f a c e  p i n n i n g .  E x p e r i m e n t a l l y  a l l  v a l u e s  

f o r  t h e  a n g l e  8 have been found,  from 8 = 0  , t h e  homeotropic 

c o n f i g u r a t i o n ,  t o  8 = 90• ‹ ,  where t h e  m o l e c u l e s  l i e  i n  t h e  

s u r f a c e .  The e x a c t  a n g l e  depends  on t h e  n a t u r e  o f  t h e  

l i q u i d  c r y s t a l  m a t e r i a l  and t h e  s u b s t r a t e .  I t  c a n  a l s o  b e  

somewhat t e m p e r a t u r e  dependent .  

P r i n c i p a l  among s e v e r a l  e f f e c t s  c o n t r i b u t i n g  t o  

t h e  m o l e c u l a r  i n t e r a c t i o n  i n  nemat ics  a r e  a t t r a c t i v e  van 

d e r  Waals i n t e r a c t i o n s  and r e p u l s i v e  ha rd  c o r e  i n t e r a c t i o n s .  

The l a t t e r  a r e  p r i n c i p a l l y  q u a d r u p o l a r  i n  symmetry, even 

though t h e  ends  of  t h e  m o l e c u l e s  a r e  n o t  c o m p l e t e l y  iden-  

t i c a l .  The van  d e r  Waals i n t e r a c t i o n  i s  a n i s o t r o p i c  

because  t h e  e l e c t r i c  s u s c e p t i b i l i t y  i s  h i g h l y  
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B 
\ 
s anisotropic. A dipolar fluctuation in one molecule induc\es . 

i s k 
% 

a dipole moment in a neighbouring molecule,. with the resulting 
*- 

9 

interaction possessing quadrupolar. spunetry* With quadrupolar 
> .  

/'- 
/ 

symmetry the director 6 is indistinguishable from -fi. That 
Q 9 

P- is, the re#ersal of a group of molecules will not c+pnge 
- - a - - 

-- .. LA 

- 

its energy with respect to a neighbouring group.. This ik 

in contrast to ferromagnetism where'the reversal of regidns 

of magnetization is en&&t<cally unfavorable. However if 

on? only compares cases where the director or the magnetiza- 

(tk . 
tion direction-varies slowly with'respect to molecular ais- 

tances' the mathematical formulations of the two problems 

8 ' have condiderable similarity. 'I 
t 

. The nematic phase can occur only in materials which can- 

not distinguish right from left, t h u s  t* molecules must. be 

I- identical to their, mirror images. Molecules wi handedness 
\ 

tend to form cholesteric liquid crystals. It would be 
- 

an extension of the present work to include-the elastic 

properties of such materials. 

5 

\ '  ' 4  w r - 

\ FJ 



11.1 OBSERV&J'IONAL TECHNIQUES 

Lens-shaped droplets were obtained by spraying a small , 

quantity of the desired nematic liquid crystal onto a suitable 

substrate. The material most,frequontly work d with was ' 

\ 2 I 

. - 
- 

Methoxybenzylidene-Butylaniline (MBBA) which is nematic in ' 
b I 

the temperature range of 10'~-47~~. The ,WBA was obtained 

from Varilight ane was use-t t purification. Its 
L.* 'd 0' 

, elastic and optical constants have been measured by several 

. workers, making +t possible to compare sQme of the predicted 
0 

restilts quantitatively with experiment. 

The substra.te that pr s most convenient to use with the "P 
r ZWBA droplets is water. The advantage of water is that it 

is not too highly soluble in MBBA atnd. even though it does 

cause hydrolysis, the reaction rate is sufficiently plow as ' 

( .  * 
to allow a sample to be observed for several hours. Pe 
isptropic surface presented by) the water to MB3A proved .far 

superior to any solid substrate because the local, irregula- . 
4 

# 
rities of the solid usually destroyed the desired cylin- 

drical syprmetry. e . $ 

'Ir - 
Two 'techniques of preparing MBBA droplets for observa- 'Ir \F 

Two 'techniques of preparing MBBA drol 

tion were employed. T h e  first consist placing akr;all  
\ -- * 

drop of water (-1/2 cm diameter) on of a cover 

, 

- 8 -  
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.. 1. - A -  

- 

b . 
, s a s s  and t h e n  spraying t h e  w a t e r  drbp u s i n g  an atomize&--- 

- 
** ="- 

' b o t t l e  con ta in i r .@-?h~  MBSA . T h i s  . produced 'a g roup  of s m a l l  / , 
L nema- t i c  droplers , ~ h i z h  g a t h e r  a b o u t  t h e  bottom of t h e  w a t e r  

,, 
drop  a= shown i n  Fig. I I . l a .  I n  t h e  second t e c h n i q u e  t h e  

,- . . , J 

water d r o p  w a s  c o n t a i n e d  i n  a c a p i l l a r y  a b o u t  3 $1 ' i n  d i a -  

meter and t h e  MBBA was sp rayed  on t h e  t o p  s u r f a c e  as shown a" 
- 

Cc 8i '7 - 

i n  F i g .  I I . l h .  S t u d i e s  w e r e  a l s o  made of ~ i c r ~ s h a l  ~ e 6 a t l c  
0 B 

Phase 4 from E .  fterc-k ('0,. which 1 s  nematic  between.  1 6 • ‹ C  an0 

7 6 O ~ .  The ~ i c r y t a l  d r ) e s n ' t  i n t e r a c t  as strongly with t h e  

g l a s s  as t h e  XBSA does and thus samples  showing c y l i n d r i c a l  

symm;try cou ld  t e e  ob ta ined  by' spr&ing d i r e c t i y  o n  g lass  
R 

%lides .  The samples  w e r e  viewed o p t i c a l l y  u s i n g  a . t 

R e i c h e r t  m e t a l l u r g i c a l  mic roscope ,  d o w n  i n  F i g .  1 1 . 2  .* The 

d r o p l e t s  cou ld  be viewed i n  l i g h t  of  any p o l a r i z a t i o n  with 
A - * 

the i n s e r t i o n  of t h e  a p p r o p r i a t e  l i n e a r  p o l a , r i z e r s  and q u a r t z  

wedges. The l i g h t  used was prov ided  by a q u a r t z  lam? which 

could be viewed d i r e c t l y  gr a f t e r  h a r i n g  p a s s e d  th rough  a 

rnonochromator when t h e  dependence of t h e  image on wavelength - 
was o f  i n t e r e - s t .  To  produce  a clearer image o f  t h e  f r i n g e  

a socl~uni 1amp.cou ld  be used i n  p l a c e  o f  t h e  q u a r t z  

i d 

lamp, Also shown i n  fiq. 1 1 . 2  is a small water -cooled  ~ a g n p t  

\ - -- 

t h a t  c o u l d  provite up t o - 1 0  k c  a l o n g  t h e  d i r e c t i o n  of t h e  a 

I 
-- 

l i g h t  and  the a x i s  of iyrmnetry of  t h e  d r o p l e t s .  To improve / 
\ 

the o p t i c s  t h e  l i g h t  was conducted f rom the,monochrornator 
s I 

to  the hollow pole t i p  of t h e  magnet w i t h  a l i g h t  t u b e .  







Pictures were t a k e n  usini j .  a i,ei.ca 35 mm. camera and either 

Kodak Tri-X black and white film or Kodak High Speed Ekta- 

chrome EH-135 color f i l m .  Fqr the color pictures between 

crossed polarizers it was sometimes found useful to use a 

Xenon flashgun to avoid excessive exposure times. 

The sample holder consisted of a copper block inside 

which the sample was placed. The temperature could be con- 

trolled by passing water through channels milled in the 

copper block. The whole assembly could be inserted into a 

slot in the magnet phcing the sample between the pole tips 

in the path of the 1 3  y k l t .  

11.2 OBSERVATIONS -- 

The droplets were observed with approximately parallel 

light propagating along t h e i r  axes of symmetry. The light 

is usually linearly polarized in the NS direction with respect 

to the microscope before encounterinq the droplets (See Fig.I.1). 

After emerging from the droplets the light encounters an 

analyzer whose plarization axis is rot.ated 90' from the pola- 

rizer, i.e., alony t h e  EW direction of the microscope. The 

most common objective cn~ployed has a magnification of six- 

teen while the eyepieces have a magnification of eight or 

twelve. The droplets vary between 30 and 1000 microns in 

diameter. In Pigs. 1.1 and 11.3 are some examples of MBBA 

droplets on water. The patterns have a strong resemblance 
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"- /' 
t o  conoscop ic  images  of a u n i a x i a l  c r y s t a l  c u t  p e r p e n d i c u l a r  

t o  t h e  o p t i c  a x i s .  _r 

T h e .  p a t t e r n  i s  c h a r a c t e r i z e d  by - d a r k  b r u s h e s  t h a t  l i e  ' 7 

t 
r o u g h l y  p a r a l l e l  io the \S  and EW d i l \  t ions, .  t h a t  is, T. . 

' p a r a l l e l  t o  t h e  c r o s s  o f  t h e  c r o s s e d  p  l a r i z e r s .  I n  some B\ 
d r o p s  t h e  brushes are p u r e l y  r a d i a f  i n  c h h r a c t e r ,  = _  - t h i s  , __ i s  -ppp -- 

c a l l e d  t h e  normal c o n i i g u r a t i o n .  In m o s t  of t h e  d r o p s ,  
i 

holever, t h e  brushes have some c u r v a t u r e  t o  them. Some of  ' 

1 %" - - 
t h e  d r o p s  show t:?eir b r u s h e s  r b t a ' t i n q  clockw'ise  as 

. ' 
g p p r o a c h e s  t h e  center of t h e  drop w h i l e  i n  o t h e r s  t h  b r u s h e s  

rotate  coun te r -c iockwise  . ~ h e ' s e  are c a l l e d  the  r i g h t -  and 

1 l e f t - h a n d e d  c o n f i g u r a t i o n s  r e s p e c t i v e l y .  A t  ̂ t h e  c e n t e r  of 

the d r o p l e t s  t h e r e  appears t o  be a  cross rotated a b o u t  45" 

t o  t h e  p o l a r i z e r  axis w h i c h  occupies h r e g i o n  of about l01l 

i n  r a d i u s .  A l l  bhree  t y p e s  c a n  be p r e s e n t  in a s i n g l e  pre- 

" p a r a t i o n  as  .shown ir: F i g .  1.1. I n  a d d i t i o n  t o  t h e  b r u s h e s  

t h e r e  are c o n c e n t r i c  c i r c u l a r  f r i n g e s .  

The d r o p l e t s  a r e  c y l i n d r i c a l l y  s k e t r i c  as  shown 

by t h e  i n v a r i a n c e  o f  t h e  o p t i c a l  p a t t e r n s ' i n  F i g s .  11.3a and 

. II.3b as  t h e  dr*lets a re  rotated. These  p a t t e r n s  have a 
a 

s t r o n g  resemblance ta the A i r y  (Ai-31) spirals p roduced  bf. - 1 :  
> 

. two pieces o f ' q u a r t z  of  o p p o s i t e  handedness  placed on to? - - I  

3 o f  each o t h e  and observed between c r o s s e d  p o l a r i z e r s  i n  
i 

d i v e r g e n t  l i g h t .  , 



Again one has the. e x i s t e n c m e  rotated cross and the 
-< 

.--. 
--, ,* -- 

-, --,. .- 
oqter brushes.. The-&inge patterns ar>getrerally more -- - -- -. 7% diffuse than those ifi  PIBBA, due to t h e  Licrystal being ogficnlly 

d 
\. -- 

1? t h i n n e r .  Th1s"shows that the effect of the rotated brushes 
* 

, ---- - --- 
. to be explained/?!? n& peculiar to MBBA. e .  

. . 

When a magnet'ic field is applied perpendicular to the 
, . 

substrate there is a change in the fringe patterns. This 

is the result of the ~cleculcs being anisotropically 

diamagnetic. ? h e i r  long ax.es align with the magnetic field. 

' v  \ 

Aligning ther moLecdes parallefko the light direction re- - 
j .  

'$ 

duces the amount of birefringence present which reduces , 

the optical retardation of the droplets. 'This causes a 
I - 

reduction in the number of fringes with a resultant incr ase 9 
in the width of the remaining fringes. The nature of the 

~. rotated cross di)eA net appear to be affected by the presence 

P Q. , of the field. 

The magnetic field, applied parallel to the axis of k <  

symmetry of the drops usually rnaintairk the 'symmetry as 
L 

demonstrated by the invariancghof the optical-pattern as - -  

the sample is rotated between the polarizers. However for 
- c- - 

some larger droplets (radii in excess of 100~n) and magne- 

tic fields of 6-10 kG, the symmekry sometimes gets 

Broken. This is demonstrated by the slow nucleation of 

tiny'bubbles in,rhe'droplets. As tim.e goes on the bubbles 
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become more numerous, grow bigger, and start to merge. The 

process is reversible as demonstrated by their slow dis- 
. I '  

appearance when the magnetic field is decreased. The droplet 

symmetry is then restored. The presence of the bubbles does 

not seem to greatly affect the brush pattern or the pattern 

of the fringes. The droplets can be recycled in such a 

fashion many times. Such "decorative" effects were first 

seen by Rault (Ra-71) who obtained them by placing a film 

of MBBA on ethylene glycol. There are two possible explana- 

tions. The bubbles could be regions of impurities that are 

expelled by the magnetic field. The second possibility is 

that the molecules are reorienting themselves disconCinously 

to minimize the energy. 

An observed pattern can be changed by inserting a quartz 

wedge or a quarter wave plate. When a quartz wedge is inserted 

between the droplets and the analyzer with its fast axis in 

the NE-SW direction the outer fringes in the NE and SW 

quadrants move inwards while those in the NW and SE quadrants 

move outwards. When the wedge is withdrawn the movement of 

the fringe pattern reverses. 

When the droplets are observed with only the polarizer 

or the analyzer most of the birefringence effects disappear. 

What does remain is a flickering pattern in the two quadrants 

parallel to the direction of the polarization of the light. 



. ; S L  
When viewing t h e  d r o p l e t s  w i t h  I l i h t  p ropaga t ing  p a r a l l e l  

I - J 
t o  t h e i r  symmetry axes the:ef f e c t  c& t h e  o p t i c a l  a n i s z r o p y  9' 

of t h e  moleculks can  be determined by examining 

--3 
, 

t h e  e f f e c t  on t h e  l i g h t  o f  t h e  p r o j e c t i o n s - o f  t h e  molecules ' L 

- - --- 
i n  a p l a n e  p e r p e n d i c u l a r - t o  t h e  % d i r e c t i o n  - gf t h e  l i g h t  pro- 

u 

paga t ion .  I n  the two simplest c o n f b u r a t i o n s  p o s s i b l e  for\ 
r .  --L. 

l a r g e  r a d i i .  t h e  pro jecqtions 05 the molecules i n  t h e  horizon- - 

I 

. t a l  plane.  can be rad&l  or c ikcumfe rbn t i a i .  When l i g h t  t h a t  
I 

is  l i n e a r l y  p o l a r i z e d  i n  t h e  13s d i  e c t i o n  encounfers  t h e  $' J . 
P / ! r a d i a l ' c o n f i g u r a t i o n ,  a t  t h e  po n t s  c l o s e  t o  he NS a x i s  .of I 

a 4 i 
t h e  drop t h e  electr f i e l d  is v i b r a t i n g  p g r a l l e l  t o  t h e  

,- 7 > 
3 

J * 
d i r e c t i o n  o t h e  molecules  and hence ' t he  l i g h t  p o l a r i z a t i o n  

\ 

l ies  i n  t h e  l o c a l  p r i n c i p a l  p lane .   be p r i n c i p a l  p lane  is 
2 d 

de f ined  a s  t h a t  p l ane  which c o n t a i n s  t h e  d i r e c t i o n  of pro-  - . 
d  t h e  opt ic  a x i s .  L igh t  whose p o l a r i z a i i o d  i s  i n  a 

4. 

the p r i n c i p a l  p l a n  behaves a s  an  ~ ex&-aord inaq  wave, t h a t  -\ 
is,  i t s  index of ge/g8ction depenas on t h e  ang le  between (4. 

tal 

the d i r e c t i o n  ?& propaga t ion  and theJ op t i cp  axis. Since  the. \ 
> '  

assumption is thalt all t h e  p r i n c i p a l  p l anes  a long t h e  NS &@ 

,---- J % 

-- 
a x i s  @e. m i a l ,  the  l i g h t  gxpagqtm h e r e  is complete ly  

4 

* 

a- -4-' - 
I 
4 7 -- 

e-ray and t hus  its d i r e c t i o n  6•’ d l a r i z a t i o n  ik unchanged . 
\ -b L 

a s  i t  $ r o p d g a t e s t h r c u g h  t h e  d m p l e t .  When it emerges, i t s  

arizatian is  pe rpend icu l a r  t o  t h e  p o l a r i z a t i o n  a x i s  of 
', 

I 



the analyzer and so it gets absorbed producing a dark region. 

This effect produces a dark brush in the NS direction. Light 

entering the droplet along the EW axis is polarized perpen- 

dicular to the principal plane and thus becomes the ordinary 

or o-ray. When it emerges its polarization is still perpen- 

dicular to the analyzer direction and it gets absorbed pro- 

ducing the dark brush in the EW direction. Light entering 

the droplet along the NE-SW and NW-SE axes gets broken into 

two components, travelling parallel and perpendicular to the 

principal plane, producing the e- and o-rays respectively. 

These travel at different velocities and then recombine 

after leaving the droplet. However, their phases can be 

different and thus they can produce any degree of elliptical 

polarization. Since the light is no longer polarized per- 

pendicular to the analyser a bright region can occur along 

the NE-SW and NW-SE axes. The same argument can be applied 

to the circumferential configuration, only now along the NS 

axis the light propagates as an o-ray while along the EW 

axis it propagates as an e-ray. Thus both the radial and 

circumferential configuration droplets can explain the outer 

brush pattern observed. 

Di.fferentiating the two configurations is possible 

by analyzing the movement of the fringe pattern when a 

quartz wedge is inserted. It is necessary to recall that 
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< 
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s- . 

nemat ics  ;how p o s i t i v e  b i ref+ingence,  which means t h e  o-ray 

propaga tes  -more q u i c k l i  t han  the e ~ r a y  . 
i 

The o b j e c t s  t h a t  a r e  being looked a t  are d r o p l e t s  dha t  
B .  

have zero  t h i c k n e s s  and t h u s  z e r o  o p t i c a l  r e t a r d a t i o n  a t  t h e  
' i t  

o u t e r  .edge' and whi& become t h i c k e r  a s  one moves towards t h e  
Z' 

- c e n t e r .  Thus a s  the ' quar tz  wedge is i n s e l t e d  i f  t h e  f r i n g e s  

a t  s o b  p b i n t  move towards t h e  o u t e r  edge,  t h e  o p t i c +  r e t a r d a -  - - - - - - - - 

1 B 

t i o n  of  t h e  system a t  t h a t  p o i n t  is  i n c r e a s i n g ,  i .e . ,  t h e  
P 

e f f e c t  of q u a r t z  wedge i s  adding t o  t h a t  due t o  t h e  d r o p l e t .  
9 . +  

- - 

I f  a t  some p o i n t  t h e  f r i n g e s  move away from t h e  o u t e r  edge, t h e  
rB - 

o p t i c a l . r e t a r d a t i o n  of the system a t  t h a t  p o i n t  is dec reas ing ,  I 
i .-e. ,  t h e  e f f e c t  of  t h e  q u a r t z  wedge is s u b t r a c t i n g  from t h a t  

? f-$ 

due to ' l the d r o p l e t .  ~ d d i t i o n  occu r s  in t h o s e  r e g i o n s  i n  which 
J 

t h e  fast axes of t h e  d r o p l e t  are a l igned  paial lel  to t h e  f a s t  
1 .  l 

axis of the  q u a r t z  w e b g e .  Since  f o r ' a  nematic l i q u i d  c r y s t a l  . 
- t h e  slow - a x i s  corresponds  to t h e  e-ray and t h u s  t o  t h e  d i r e c t i o n  

- 

of t h e  p r i n c i p a l  p l ane ,  t h e  observkd s u b t r a c t i o n  i n  )the NE and 

S W  quadrants '  when t h e  q u a r t z  wedge is i n s e r t e d  w i t h  i ts  f a s t  

a x i s  d o n g  t h e  NE-SW d i r e c t i o n  i n d i c a t e s  that t h e  p r o j e c t i o n S  
' I 

of t h e  molecules  perpendicu la r  to t h e  symmetry axis must be 

r a d i a l .  
\ 

 his b o d i p r a t i a n  is confirmed by the &ling pattern 

observed when only a  pola'rizer is used. ckling resullb 
1 &-+ 

from t h e  v i b r a t i o n s  of  t h e  molecules about  t h e i r  equ i l i b r ium . 
i 

p s i  tions . The ordinary ind&*- of r e f r a c t i o n  is  independent  -of 

the o r i e n t a t i o n  of t h e  molecules,  but t h e  e x t r a o r d i n a r y  index of 
,' 

r e f r a c t i o n  depends on t h e  d i r e c t i o n  of propaga t ion  of t h e  l i g h t  

-- 
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w i t h  r e s p  c t  t o  t h e  o p t i c  a x i s .  Thus as the molecules f l u c -  
* 
I I e I t u a t e , ~  the local i n d e x  o f  r e f r a c t i o n '  f o r  the e- a y s  v a r i e s  

/ ' 

and t h e y  a r e  r e f r a c t e d  whereds t h e  o - rays  a re  u n a f f e c t e d .  . 
f 

The s p e c k l i n g  p a t t e r n s  are observed t o  be p a r a l l e l  t o  - t h e  
P 

p o l a r i z e r  3 x i s ,  which a g a i n  i n d i c a t e s  t h a t -  t h e  p r o j e c t i o n s  

. o f  t h e  m o l e c u l e s  i n  a p l a n e  p e r p e n d i c u l a r  t o  t h e  a x i s  of . . 
.' i* 

symmetry a t  l a r g e  r a d i i  are r a d i a l :  
I 

- 1 1 . 4  CONJECTURES ON THE CENTRAL CROSS 
. + 

1 9  

The c e n t r a l  r o t a t e d  c r o s s  can  haVe.some s i m p l e  explana-  

- . .  t i o n s  r-elated t o  t h e  c o n f i g u r a t i o n  o f  t h e  m o l e c u l e s .  / O n e  

can v i s u a l i z e  t h e  s i m p l e  case where a l l  t h e  h o r i z o n t a l  pro- , 

j e c t k n s  of  t e .molecu les  i n  a , v e r t i c a l  ,column th rough  t h e  Ic' 
'! 

d r o p l e t  l i e  a l o n g  t h e  same d i r e c t i o n :  S i n c e  t h e  c r o s s e s  a re  

e x t i n c t i o n  l i n e s  a l l  t h e  " h o r i z o n t a l  p r o j e c t i o n s  of t h e  mole- 
i 

c u l e s  on  t h e : r o t a t e d  cross must be a l i g n e d  - p a r a l l e l  to / 

either the  p o l a r i z e r  or t h e  a n a l y z e r .  J o i n i n g  t h e s e  mole- r 
I 

.b c u l a r  p r o  j b c t i o n s  w i t h  a c o n t i n u d u s  ' l i n e  would p r o d u d  a 

\ 
s p i r a l  p a t t e r n  i n  t h e  h o r i z o n t a l  p l a n e  (,gee F i g .  IV.lb). ' 

PC ' 
The &ion o f  ;he s p i r a l '  c a n  be shown t o  be 



I- - 
- 

/ 
a f 

where Qo is t h e  ang le  between t h e  ana lyze r  and t h e  arms of 'tne 
9 

- - .- --- - - - --r 

c r o s s  i n  which t h e  molecules  are p a r a l l e l  t o  t h e  ana lyze r .  In 

p a r t i c u l a = ,  when 0 ,  = 4 5 O ,  t h e  e q u a t i o n ' f o r .  t h e  d i r e c t i o n  of t h e  
= ,  

p r o j e c t i o n s  of  t h e  molecules '  i n  jibe horizontal '  p l ane  becomes 
* 

----A 

an equa t ion  of exceeding s i m p l i c i t y  and beauty.  The appear- 
/"r 

ance in.  n a t u r e  o f  a s p i r a l  de sc r ibed -by  t h e  base of n a t u r a l  
J 

logar i thms  r a i s e d  t o  a power i n  r a d i a n  measure was a major - 

3 m o t i v a t i o n 4 f o r  t h e  ca - lcu la t ions  c a r r i e d  ou t .  
1 

To a p p r e c i a t e  a second s i t c a t i o n  o n e ' h u s t  go back t o  
C 

18 31 when. Ai ry  (Ai'3-1) publ i shed  some o b s e r v a t i o n s  on t h e  

o p t i c s  of q u a r t z  crystals and t h e  mathematics to.  exp la  n t . '  

them. One of the more i n t e r e s t i n g  o b s e r v a t i o n s  was k 

invo lv ing  two q u a r t z  c r y s t a l s  of o p p o s i t e  

cut perpendicu la r  t o  t h e i r  o p t i c  a x i s ,  placed on t o p  of 

each o t h e r ,  and observed between c rossed  p o l a r i z e r s  w i th  
/. 

d i v e r g e n t  l i g h t .    he p a t t e r n  he observed c o n s i s t s  of a 
c4 

r o t a t e d  c r o s s  'with c o n t i n u a l l y  s p i r a l l i n g  arms kh ich  b e a r s  

a stong resemblance t o  t h e  o p t i c a l  p a t t e r n  af t h e  l i q u i d  ' 

A- 
c r y s t a l  d r o p l e t s .  

- - -  

' Since  n e m a t i c ~  'do n o t  show optical a c t i v i t y  t h i s  r a i s e d  
-- - 

the p o s s i b i l i t y  t h a t  t h e  handedness might arise from t h e  

p h y s i c a l  r o t a t i o n  s f  t h e  molecules.  One could  have t h e  
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molecu les  f i r s t  r o t a t i n g  i n  one  d i r e c t i o n  and t h e n  symne t r i -  
% - - 

tally i n  t h e  o p p o s i t e  d i r e c t i o n  t o  produce  the two types of , 
h _ - 

hand.edksses t o  comple te  t h e  analogj ,  with t h e  q u a r t z  experi-  
2 

ment. Such a c o n f i g u r a t i b n  d o e s  produce a rotBeed optical 

cross. However, t h e  s a m e . c r o s s  c a n  be o b t a i n e d  by r o t a t i n g  

in one  d i r e c t i o n  on ly .  The p o s i t i o n  of th& cross i s  t h ~ s  
- - -- 

some weighted average of t h e  d i r e c t i o n s  of the m o l e c u l e s .  

Again one  f i n d s  t h a t  t h e  rotated c r o s s  is. a s s o c i a t e d  w i t h  a 

t w i s t e d  c o n f i g u r a i i o n  of t h e  molecul&. The reason for 

producing  t h i s  t w i s t  w i l l  be -demons t ra ted  i n  the a n a l y s i s  cf 
& * 

t h e  energy performed in t h e -  -next  c h a p t e r .  

*' 

6 . ' 
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111.1 &RGY AND T O R Q ~  EQUATIONS ' 

~r&k (Fr-58) has shown that the continuous diseortions 

.that can be produced in a liquid crystal. are of three distinct 

types. There is a'splay-like distortion if there is a diyer- 
- - -- - - - - 

h 

gence in the- director, n. A twist-like distortion occurs if 
@ 

- 
' i - 3  

there i s - a  component.of the curling pattern of the molecules . 

g a l l e l  to the director. A bend-like distortion is present -- 

if there is a component of the curling pattern perpendicular 
I 

to the director. '~hese three distortions are shown in 

Fig. 111.1 in a cylindrically symmetric medium, A general 

distortion can contain components of each type in various i , A 

amounts.  r rank has'derived an express$on for the energy 
-- 

ed with 'these distortions. '~or a nematic the bulk 

energy density c k  be written as the sum of three terms, one 



- Figure 111.1 

-Splay, bend, and mostly twist in a cylindrically symmetric 
medium. 

- + * - t 
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' 4- i n d i c a t e  t h a t  t h e y  are c y l i n d r i c a l l y  symmetric - t h e  d i rector  
b 

e f i n e d  u s i n g  ~ o l a r  c o o r d i n a t e s .  The c o o r d i n a t e  system ' 
1 

4 

of two subsys tems,  o n e - l o c a t e d  a t  t h e  a x i s  o f  sym- 

metry o f  t h e  d a o p l e t  and t h e  o t h e r  a t  t h e  p o s i t i o n  of t h e  

d 
d i r e c t o r .  ~ h e ) a n ~ l e .  0 is  t h e  a n g l e  between t h e  d i r e c t o r  

. and t h e  symmetry axis, krh i l e  @ is t h e  a n g l e  t h a t  t h e  pro-ject- 

i o n s  of t h e  h o l q 6 u l e s  i n  a p l a n e  p e r p e n d i c u l a r  t o  yle a x i s  

of symmetry make w i t h  the r a d i a l  d i r e c t i o n .  The c e n t e r  of 
% 

t h e  molecule  i s  a t  a distant& 6 from &he a x i s  o f  symmetry 

and a h e i g h t  z above t h  = 0 plane .  This c o o r d i n a t e  

sys tem i s  shown i n  F i g . I I I . 2  and i n  i t  t h e  director can  b e '  
(D 

Because of t h e  r o t a t i o n a l  symmetry, the a n g l e s  5 and 9 
\ *  

a r e  independen t  o f  t h e  a z i m u t h a l  p o s i t i o n  about '  t h e .  a x i s  of 

symmetry, i . e . ,  t h e y  are ihdependen t  of t h e  a n g l e  9. 
\ 

The t o t a l  volume energy  c a n  b e  o b t a i n e d  from E q s .  111.1 

and 111.2  by i n t e g r a t i n g  th roughou t  t h e  r e g i o n  .o f  i n t e r e s t .  

where po is the largest r a d i a l  d i s t a n *  o f  i n t e e r e s t  w h i l e  
1 

. . 



Figure 111.2 

The coordinate system showing the polar angles 6 and 4 
and the u n i t  vectors 6, @,.and 2 at the point ( p , z ) .  
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.ZLS a n 3 U S  ( p )  are the z-coordinate; of the lower and upper 
- - - - - - - - -- - - - 

surfaces. of the region of interest, respectively. ~ o t  h .,;?? 
2 I .  

possibly a: function of the radial distance. *  he factor o L  i 
) 2n results from the integration in dQ having been carr~ed out 

becauge of the symmetry present. 

,In App. I the appropriate manipulations have been per- 

(IIf.4a) 
where . - 

1 
L 

f =  - sin28 [S cos2$ + T  cos28 sin2@ + B sin28 sin2p]. 
P 

+ ' p  ep2 [S C O S ~ ~  cos2@ + T $in2+ + B sin26 cos2@1 

+ p sin28 Q [S sin2$ + T cos20 cos2@ + B sin28 cos2c1 
P 

' 

2 + p 6, [S sin20 + B cos28] 
L 

+. p sin20 0 Z 2  [T sin20 + B cos28] 

+ 2 sin6 cos8 8 IS, cos2@ + T sin2+] 
D a ! 

+ 2 sin28, sin@ cos$ + [- S + T  cos28 + B sin23} - .  
P .- --7< 

- 2 sin20 cos$'dZ 3 

/ + 2- sin36 cos8. sin$ 4, [B-TI- 
- . ,  

- + 2 p sin0 cose sin4 cos+ 8 O p  [ T - S ]  
P 

is + 2 p- sin8 cos8 cos$ 8*- 0 . [B-S] 
I-\, P 

+ 2 p  sin2@ .sin$ 0, 
+P  

- - --- 

t 

c - 2 p sin2$ sin$ 8 p 4 z T  -- - 

+ 2 p sin36cos0 .cos+ O p  O Z  (3-TI 
I 

> + P sin28 A X  H~ ( 1 1 1 . 4 h j  

.- where the subscripts are partial derivatives and 
I 



where ' h X  i s  the a n i s o t r o p y  i n  t h e  magnetic s u s c e p t i b i l i t y  

' 

where x and x1 are t h e  magnetic  s u s c e p t i b i l i t i e s  p a r a l l e l  and 
. - 

dl 

perpendicu la r  t o  t h e  d i r e c t o r ,  r e s p e c t i v e l y ,  whi le  H i s  t h e  3 

- 

magnetic Eie ld .  

The minimizat ion o f  t h e  t o t a f  'energy of a d r o p l e t  i s  a@ - 
* -  * \ 

complicated problem and w i l l  be d i scus sed  i n  i t s  e n t i r e t y  i n k  
/-3 

App. 11. For t h e  p r e s e n t  t i m e  it is  d e s i r a b  e td s i m p l i f y  J 
e 

the problem by r e p l a c i n g  t h e  f u l l  d r o p l e t  bb a geometry which 

a p p r o x ~ & t e s  t h e  c e n t r a l  r eg ion  o f  t h e  d r o p l e t .  The approxi-  
A 1 

mation used i s  a c y l i n d e r  w i t h  h e i g h t  2, equa l  t o  t h e  t h i ck -  

- n e s s  o f  t h e  d r o p l e t  and where the r a d i u s  o0 is t h e ' r e g i o n  of 

the d r o p l e t  i n  which t h e  s u r f a c e s  can s t i l l  be- thought  of as  

being p a r a l l e l  t o  t h e  suppor t ing  s u b s t r a t e .  I t  w i l l  be shown 

t h a t  t h i s  approximation c o n t a i n s  the main r eg ion  of i n t e r e s t  

and can prodyce m o s t  o f  the f e a t u r e s  observed experimGntqi1y. 
' 

Thi s  i s  j u s t i f i e d  from t h e  exper imenta l  obser&t ion  t h a t  

p i e c e s  of  d i r t  o r  i r r e g u l a r i t i e s  nea r  the o u t e r  r eg ions  of 

the d r ~ p - h a v e  l i t t l e - e f f e c t  on the c e n t r a l  reg ion .  
4 J 7.- 

The boundary c o n d i t i q n s  must a l s o  be considered. Dubois- 
-- 

V i o l e t t e  (Du-69) discusses i n  some d e t a i l  t h e  t y p e s  of terms 
" 7 .  

I 
thpt apmar a t  t h e  i n t e r f a c e  of a  n e m t i c  w i th  a n  i s o t r o p i c  

I " /  fmedium. ' She comes t o  t h e  conclus ion that the m o s t  im&xtant i v 7  tern i s  t h a t  which has been observed and c o m n t e d  on by  many , 



o t h e r s  

a cone of  easy pinning as  descr ibed  i n  Ch. I. To r e p e a t  
%' 

t h i s  means t h a t  the molecules l i k e  t o  make a c e r t a i n  w e l l -  
% 

de f i i edTng1 ;  w i t h  t h e  normal to  t h e  i n t e r f a c e .  ., I n  terms of 

the s i m p l i f h d  problem t o  be solv d &cause t h e  t o p  and bottom i 
s u r f a c e s  a r e  a t  z = 0 and -& z = Zo,  independent of  r a d i u s ,  t h e  

- 4 

cone of ea pinning means t h a t  t h e  polar a n g l e  0 i s  deTe=- P - 
mined a t  the t o p $ a n d  boftom s u r f a c e s  whi le  ). t h e  ang le  4 is  f r e e  

I 
t o  be  determined by o t h e r  c o n s i d e r a t i o n s  such as t h e  m i n i m i -  

.'!zation of  t h e  energy.  For a real drop where the t o p  and bottom 

- s u r f a c e s  are n o t  p a r a l l e l  t o  t h e  s u b s t r a t e  t h i s  c o n s t a i n t  = 

becomes a more.complicated func t ion  involv ing  t h e  ang le  $ and 

the shape ,of the s u r f a c e  as w e l l  a s  t h e  a n g l e  8 ,  This  w i l l  
'0 , 

be-,discussed more f u l l y  i n  App,' 11. 

A t  t h e  o u t e r  s u r f a c e ,  t h e  assumption i s 'made  t h a t  there 
1 

,) , is no p i n n i n g  o i  any +d i n  t h i s  case both  t h e  

angles B 'and Q are f r e e  t o  b e  determined By t h e  minimizat ion 
b 

of t h e  bulk energy.  I n  r a l i t y ,  t h e  a n g l e s t 8 '  and 4 a t  po R w i l l  be determined i n  pa by t h e  buter &ions  of  t h e  d rop  
'I - and e v e n t u a l l y  by the o u t e r  s u r f a c e s  o f  t h e  drop. .The 

* 

assumption o f  no pinning w i l l  tutn o u t  t o  g i v e  a good appro- 
Y 

- - - 

ximation to t h e  t r u e  s o l u t i o n .  
-- - 

The problem to' be so lved  involves  minimizing the- free . 
- 

energy a s  g iven by Eq. 1 1 1 . 4  subject to t h e  boundary c o n d i t i o n s  

of hard  pinning o f  t h e  a n g l e  at the top and bottom s u r f a c e s .  f' * 



r - ppppp -- 

'h - 
a I 

To minimize the energy a variational calculation must* 
m s 

be performed on Eq. 111.4 with both the angles. 6 and $ to 5 

be v&ried independentiy. Formally one proceeds b - equating the 
I .  Y . , 0 

: variation of the energy'to zero. From Eq. IIIi4a one has 

f- in the bulk one obtains two. independent differential equations . 
Because 60 is arbitrary one has 



4 

- - - 

- 

- " 
-A - 

w ',, 

? 
L 

1 

, T h i s , i s  r e f e r r e d  t o  as the 6-equation i n  thegbulk, S i m i l a r l y  
'k , . i 

s i n c e  6$  i s  a r b i t r a r y  i n  t h e  bulk one f i n d s  

rBr 3 

af a, a i  a a f  +, 
P- - - -  

a +  ap Rip- E 275 
' y111.9) \ 

~ h l %  i s  referred t o  as t h e  &equation i n  the bulk .  

These a r e  t h e  well-known Euler-Lagrange equa t i&  t h a t  - 

appear d e n e v e r  a minimizat ion of  energy -is be ing  a t tempted.  e- 

% 
-- 

rPL- 

In a d d i t i o n  one also o b t a i n s  some boundary equa t ions .  Since  
& 

neither ang le  a nor $ are determined. a p r i o r i  a t  p=O or a t  p=c0 

7 and i n  Q are indepen e n t ,  two and s i n c e  t h e .  v a r i a t i o  
i 

equa t ions  are produced;  
B 

a f  . - = o  
and ae - 

P f o r  a l l  .z 

P On t& t o p  and bottom 

a t  p = O  and p=po 

R t 

s u r f a c e s ,  the assumption of hard J 

pinn ing  has been made) thus 6 e n 0 .  However, t h e  az imuthal  ang le  

$.is f r e e  And t h u s  one g e t s  
k * 

1 ( 

- -  
r ;ip- 0 

f i r  a l l  p a t  z-0 and z-z,. E I I .  11) 
-- 

L 

- 7- 

T h i s  is t h &  system of equa t ions  t h a t  must be s a t i s f i e d  =to 
.h 

p r 4 u c e  an extremum, hope fu l ly  a minimumand even a a b s o l u t e  - - 
minimum, i n  the  energy., 

4 
\ 



The manipulations are performed in A p p .  I. The results 

of the calculation produces the following set of equations. 

The 6-equation is 

sine cos8 [S cos2@ +- T (cos20 - sin2e) sin2$ + 2 B sin20 sin2$] o =  ;r 
2 + sin8 cose cos2$ 8 [S-B] 

P 

+ 2 sin$ cos@ 8 @ [S cos28 - T +  B sin28] 
P P 

+ sine cos8 8 [B-S] 
z 

+ sin8 cose @ [2 T sin28 + B ( C O S ~ ~  - sin28)] 
z 

I + -sin28 sin@ @ 1- S t T (2 - 4 cos28) + B (3 cos28 - sin2@)] 
P Z 

+ sin8 cos0 sin$ cos@ @ [S-TI 
P P 

1 + - sine cos8 cos@ 0 [S-B] 
P Z 

+ sine cosR sin$ e m P  [B-S] z 

+ 2 sine cos8 cos@ 8 [S-B] 
P 

+ [cos28 - sin28] cos4 8 8 [S-B] 
P z 

- sine cost1 sin$ 8 @z [S-B] P 
+ sin28 cos@ @ mZ [ -  S + 2 T (sin28 - cos28) + B (3 cos26 - sin2?)] 

P 
+ sin28 sin@ @ [T-S] 

PZ 
+ sin8 cos9 A X  H" 



The $-equation is 

3 - - - - - - - - 

0 = -2 sin9. cosQ I- S + T cos28 + B  sin'^^ 
P 

- cot6 O Z  Q [ 4  T s i n Z $  + 2 B (cos28 - sin28)] 
Z i - %* [~'sin~8 + . I 3  cos26] 

C 

1 
% -F - cot6 sin+ cos$ 8 [ S  + T(3 sin28 - cos26) - 4 B s i n 2 8  J 

9 P / 

1 + - sin+ 8;  [sin2@ - 3 cos281 IB-TI 
P 

+ cote sin+ cosQ ej ,  •’?-TI 
0 

+ cot0 s in$  9 O z  { -  S + 2T - B] I 

P 

+ s i n $  9 IT-S] % 

PZ 

+ s i n e  cos0 sin$ 3 $, [B-TI 
9 

x 
c [ 3  cos26 '- sinz3] cos$ { e z  4 + 8 9,l [T-BI 

P P 

+ 2 s i n e  cos6 ~ 0 . ~ 9  Q [ F B I  
, P Z  

1 + - sine cose cosQ @ 2  IT-B1. 
S 

O =  p e p  IS c0s.~0 oos2q + T sinz!$ + B sin26 cos2$] J--3 B 

-- 

-F s i n 8  dose JS cos2$ + T sin2@1 
i 

- 
- - 

+ p s in0  cos0 s i n $  cost$ Bp fT  - 51 



+ p s i n 3 0  cos0 cos$ +, [B -'TI. 
-& 6 

% ( 1 1 1 . 1 5 )  -- 
A t  p=O E ~ .  111.14 i m p l i e s  t h a t  I - 

Z 

cos8  s i n e  = 0 (111. i6) 

' . 

which means t h a t  6 =O G r  0=90•‹. It is  e a s y  t o  show*that  
\ 

5=90Q c o r r e s p o n d s  t o  an  i n f i n i t e  energy and t h e r e f o r e  must 

- be neglected. Thus one finds 
9 B 

' 5 
(111.17) . e  = 0 a t  p = 0 for a l l  z .  

Eq. 111.15 is i d e n t i c a l l y  s a t i s f i e d  a t  p = 0 w i t h  8 = 0 . 
The r e q u i r e m e n t  t h a t ' 9  = q u a i s  z e r o  for a l l  -= a t  o= 0 

while a i s  non-zero t o r  a l l  p at z = 0 and z = Z0 leads t o  

a c b n t r a d i c t i o n  a t  t h e  p i n t s  p =  0, z = 0 and p =  0, z  Zo. 

To remose this s i n g u l a r i t y  -, one must r e l a x  t h e ~ u r f a c e  p i n n i n g  . 

and/or  drstbrt t h e  surface. T h i s  pr6blem w i l l  be d i s c u s s e d  
% 

i n  App.,II.' For now it is  sufficient t o  s a y  t h a t  t h e  e x t e n t '  

of t h e B d i s t o r t i o n  r e g i o n  w i l l  be a f e w  m o l e c u l a r , l e n g t h s  r 
5 



Along t h e  t o p  and bottom s u r f a c e s  ,. t h e  hard  p inn ing  has  

determined t h e  va lue  of 8 t o  be bsed. Thus 

b 

a t z = Z ,  0 = BUS 

and f o r  a l l  ? .  (1.11.18) 

0 =G,, a t z = O  

c 
- 

I n  a d d i t i o n  t h e  a n g l e  4 must s a t i s f y  t h e  d i f f e r e n t i a l  equa t ion  
J 

1 $% 
0 = $= IT s i n 2 @  + B cos28]  +- -1SinB cos0 s i n +  [B-TI P 

valid a t  z = 0 and z = Zo f o r  a l l  p. 1 

The prpblern demands t h e  s o l u t i o n  of t h e  pa i r  of coupled 

non- l inear  second order p a r t i a l  d i f f e r e n t i a l a  e q u a t i b n s ,  

Eqs, 111.12 and 111.13 everywhere i n  t h e  bulk  s u b j e c t  t o  

D E q .  111. a t  p = 0 and t h e  pair of coupled non- l inear  f i r s t  . 
4 

order M r t i a l  differential equa t ions ,  E q s ,  111.14 and 111.15 , < 
gt G = P, , a s  w e l l  a s  t h e  hard pinning equa t ions ,  Eq.  111.18 

and the non- l inear  first - 
' E q .  111.19 along the top 

i s  sat isf ied i d e n t i c a l l y  

L 
o r d e r  , p a r t i a l  d i f  f i e r e n t i a l  equa t ion ,  

t 

and b o t t o m  s u r f a c e s .  S inee  Eq .  111.15' 

at p = 0, t h e r e  appears t o  be  no 



boundary e q u a t i o n  - f r o m  which @ a long  t h e  a x i s  o f  symmetry 
-- 

- - - - - - - - - -- - 

c a n  Se de te rmined .  This i s ' r e c t i f i e d  by r e q u i r i n g  t h a t  5 

b e  a n a l y t i c  a t  P = 0 ;  

2%m s o l u t i o n s  to  t h e  @-equa t ion ,  ~ q . .  111.13,  are imme- 
J 

d i a t e l y  obv ious .  These are where $J is i d e n t i c a l l y  equal t o  
A 

0 or-\~hese s a f i s f y  t h e  bu lk  e q u a t i o n s  a s  w e l l  

a s  t h e  s u r f a c e  e q u a t i h s ,  Eqs. 111.15 and 111.19. If one 
1 

P -- 

w e r e  t o  .assume a  c o n s t a n t ,  it would f o l l o w  t h a t  

o n l y  O = 0 or Q = n works .  It is n o t  o b v i o u s  however, 
* 

whether  t h e r e  are e g v f l i b r i u m  s o l u t i o n s  i n  which $ i s  not 

c o n s t a n t .  . It w i l l  be thdwn t h a t  f o r  & t a i n , r e l a t i v e  v a l u e s  
, '  

o f  t h e  e l a s t i c  c o n s t a n t s ,  s t a b l e  non-zero s o l u t i o n s  f o r  Z a r e ' .  

also p o s s i b l e .  By  examining Eqs. 111.13, 111.15, and- 111.19,  

it is e a s i l y  shown t h a t  i f  a. s t a b l e  non-zero s o l u t i o n  f o r  c 

is found,  t h e n  r e p l a c i n g  a l l  $'as 6 y  -3 also produces  a s t a b l e  

s o l u t i o n  with t h e  same set o f  0 v a l u e s . a n d  t h e  same energy.  

Thus  t h e  number o f  d i f f e r e n t  e q u i l i b r i u m  s o l u t i o n s  will always 

be even. There  w i l l  a lways  be e q u i l i b r i u m  s o l u t i o n s  with \ 

$ = O  and @ = n and f o r  a  certain r a n g e  of  t h e  e las t ic  c o n s t a n t s  " 
r 

t h e r e  might  be a d d i t i o n a l  s t a b l e  p a i r s  t h a t  a r e  symmetr ical  

a b o u t  Q = 0 .  



' ,35 - 

f 

111.2 ONE CONSTAXT APPROXIMATION 
\ 

Before attempting to solve the whole probl&m as encom- 

passed by the rather complicated system of equations given 

in the previous section, a simplification called the one 
* 

constant approximation will be briefly discussed. This 
1 - -- 

approximation, sometimes called the isotropic case, consists 
'I 

of assuming that the tnree elastic constants S ,  T, Hnd B are 

equal, This produces a great deal of simplification and - - 

corresponds to isotrppic.exchange in magnetism. Now Eq- III.4b 
ci 

for the en&rgy of the system cimnlif' 

Is there any configuration of the molecules that might - 

reduce the energy? Most of the terms cost energy since they 
\ 

are squares. For th2 time beZng the Bssumption wiil be made 

that I$ is a constant or only slowly var;ing. This leaves two 

terms that are linear. Of these the term 2 sin0 cosf3 0 will 
D 

- - 

always be positive since 8 will be shown to be a monotonically - - 

t - 
non-decreasing function of radius. The interesting term is - 1 

- 2 sin28 cos4 B, &is will increase the energy if 'cos4 
d 

OZ 
is negative but will decrease it if this product is positive. 



T h i s  p rocedure  r e p r e s e n t s  a t e c h n i q u e  for rrbducing t h e  si,l&/ 
' . 

e n e r g y .  I t  i s  mozt easily under s tood  w i t h  the h e l p  of 

F i g ,  111.3. F i g .  I f I . 3 a  shows a t o p  v iew of a s i t u a t i o n  ir, 
I 

w h i c h  t h e  p r o j e c t i o n s  of t h e  molecu les  i n  the h o r i z o n t a l  ? l a n e  
/ 

are  d e p i c t e d  a s  b e i n g  i n  a radial d i r e c t i o n .   his corif igura '  . . 

t i o n  h a s  a divergence and  t h u s  a s p l a y  e n e r g y  associated with: 

it. One c a n  l o o k  upon t h i s ' a s  a p o s i t i v e  soukce  d e n s i t y  i n  

a n y  given' r e g i o n  i f  o n e  a s s i g n s  a p h y s i c a l  n e a n i n g  t o  t h  
A .  b * 

c h o i c e  of d i r e c t i o n  o f  n ,  The  number o f  a r r o w s  

o f  a s e c t o r  w i t h  s i d e s  a l o n g  t h e  r a d i a l  d i r e c t i o n s  i s  5reac 

t h a n  the' number p o i n t i n g  i n ,  because  o f  t h e  

a t  the g r e a t e r  r a d i u s .  F i g s .  I I I . 3 b  and  1 1 1 . 3 ~  show t w o ' s l Z e  

v iews  r e p r e s e n t i n g  what  t h e  m o l e c u l e s  c a n  d o  i n  the  z-dlrectlon. 

, b 
ln&ig.  I I I . 3 b  the v a l u e  o f  d i s  i n c r e a s i n g  a s  one moves in 

4 
t h e  d i r e c t i o n  of i n c r e a s i n g  2 w h i l e  t h e  a n g l e  ; is  c o n s t a n t  

a t  180•‹, The c o n f i g u r a t i o n  of t h e  moLecules shows a  d i v e r -  

gence p a t t e r n  which aqain c o r r e s p o n d s  t o  a  p o s i t i v e .  s o u r c e  

d e n s i t y  inasmuch a s  t h e r e  is a n e t  outward d i r e c t e d n e s s  

across p l a n e s  of c o n s t a n t  z . , . T h i s  s o u r c e  a d d s  t o  t h a t  due t o  

t h e  s p l a y  component f r o m  t h e  ho r , i zon ta l  p l a n e  and t h e  e n e r g y  

- -- is increased. In  F i g .  I11 -3  c t h e  s i t u a t i o n  is r e v e r s e & ,  t h e  

angle 6 .still increases as o n e  mqves to  l a r g e r  z - v a l u e s  bu t  
\ 

now the  a n g l e  $ is 0 . I n  t h i s  c o n f i g u r a t i o n  o n e  sees t h a t  . 

the apparent s o u r c e  of the s p l a y  is n e g a t i v e  i n  t h a t  t h e r e  





is a n e t  inward d i r e c t e d n e s s  across p l q n e s  o f  c o n s t a n t  z .  I n  

t h i s  caae t h e  d i v e r g e n c e s  t e n d  t o  c a n c e l  and t h e . e n e r  
.* 

reduced.  The a x i s  o f  symmetry break& t h e  symmetry be  
- 

- e 
two c o n f i g u r a t i o n s ,  one i n c r e a s e  t h e  ene rgy  w h i l e  t h e  o ther  

d e c r e a s e s  it. 

I n  t h e  one  c o n s t a n t  approx imat ion  t h e  9-equation in the - 

b u l k ,  Eq. 111.12, r e d u c e s  t o  

while t h e  $-equat ion ,  Eq .  111.13, becomes L 

1 
+ - O p  + O Z Z  - - 

?PP P 
-- 2 c o t e  ( F  

h (111.22)  ' 
The s o l u f i o n s  o f  t h e s e  e q u a t i o n s  must be o b t a i n e d  by COT- 

/ 

p u t e r .  The o n l y  further s i m p l i f i c a t i o n  r e s u l t s  i n  E q .  1 1 1 . 2 1  

when 8 is shal l .  Then one has 

1 1 0 + - 8  + @  = e ( F + @ p  2 
P P  P P 

+ 0,' + A X H * J .  
=i= 

.t- S 
(111.23) 

1 
I f  t h e  d e r i v a t i v e s  of Q c a n  be n e g l e c t e d  compared to  7- this 

$ .  

e q u a t i o n  becomes uncoupled and t h e  s o l u t i o n  c a n  be  p u t  i n  - --- 

t h e  form 

L1 (A)  s i n h ( h 2  + l y  l i2  z )  

+ L2 (A)  c o s h  (/A2 + H' z )  



a , .  
9 

where J, is a B e s s e l  f u n c t i o n  of o rde r  one and t h e  i n t e g r a t i o n  
I 

A 

is c a r r i e d  o u t  ove r  t h e  c o n s t a n t  of i n t e g r a t i o n  

L (A)  and L ( A )  so t h a t  t h e  boundary c o n d i t i o n s  1. 2 

This ,  i n  i t s e l f ,  becomes a d i f f i c u l t  job. Even 

A t o  determine 

are s a t i s f i e d .  

w i t h  t h i s  

Jb .' 
form of  s o l u t i o n  f o r  smal l  d3, t h e  $-equation,  Eq, 111.22, has  

no obvious s o l u t i o n s  o t h e r  than  the. t r i v i a l  ones  previ&sly 
- -- , 

mentioned, namely $ Z 0 o r  everywhere. The s o l u t i o n  f o r  t h e  one 

c o n s t a n t  approximation $611 be desc r ibed  i n  d e t a i l  la ter  a s  

a  s p e c i a l  case of t h e  g e n e r a l  s o l u t i o n  where t h e  e l a s t i c  con- 

s t a n t s  cdn have d i f  i e r e n t  r e l a t i v e  va lues .  

111.3 THREE CONSTANT CASE 

Exper imenta l ly  it has  been determined t h a t  t h e  t h r e e  

e l a s t i c  c o n s t a n t s  S, T i  and "B a r e  n o t  n e c e s s a r i ~ y  equal .  For 

nemat ics  l i q u i d s  on which t h e  c o n s t a n t s  have been measured 

s e p a r a t e l y ,  i t . a p p e a r s  t h a t  g e n e r a l l y  t h e  bend e l a s t i c  con- 

s t a n t i s  l a r g e r  than  t h e  s p l a y  c o n s t a n t ,  w h i l e . t h e  t w i s  4 
c o n s t a n t  is t h e  smallest. Thus every  term i n  Eqs. 1 1 1 . 4 ,  

111.12, and 111-13 i s  important .  Obviously, ong would n o t  

expect t o  be  a b l e  t o  f i n d  any a n a l y t i c  s o l u t i o n s  to the' bulk 
\ 

equa t ions .  
-- 

Par t i cu l a r :  a t t e n t i o n  w i l l  now be pa id  to  t h e  energy 

equa t ion  t o  see i f  one can  gGess t h e  n a t u r e  of  p o s s i b l e  so lu-  - 
t i o n s .  F i r s t  of a l l  tbe c a s e  f o r  l a r g e  p w i l l  be cons idered .  



. B 

b 
* 

- 4 3  - 
- 

* 

One can write - - - _- 

- p ( z )  a ( z )  + 

a 

O(p;z) = e o ( z )  + - 
P'  

+ - 0 .  

P 

I (II1.25a) 

and 
3 

J 

c i z )  
O ( p . 2 )  = + p d t z )  

+pl + - 0 :  

- --- - - 
(III.25b) 

where 9,(z)  and %(z) :1re the va lues  of  6 and 0 f o r  i n f i n i , t e  
'B 

p and where the parameters a ,  b, c ,  d ,  e t c . ,  are f u n c t i o  g of 
? 

z  but a r e  independent a•’ p ,  D i f f e r e n t i a t i n g  E q s .  111.25 w i t h  

respect to p produces the  fi=rst and. second d e r i v a t i v e s  of 2 

and Q which a r e  then put i n t  energy expresgion,  E q .  II1.4b. 
4 

?' Keeping only  the highest i n  p i n  the energy r e s u l t s  

i n  t h e  express ion 

c'i 

. - [S  s i n 2 8 p  B cos26,1 

2 + s i n  e, o,, [T s in20 ,  4 +. B ' C O S ~ ~ ~ I  

+ s i n 2 $  A X  H~ 
u 

0 

D .. a 

s i n e  C O S ~ ,  0 
0 

[S - ' B 1  a  ' 
0 2  

+ 6 az [ S  s in20,  + B c 0 s ~ 9 ~ 1 ,  
02 .'F& 

+ [ s ineo  coseo a Qo, ' + s i n 2 r o  aOZ cZ1 

x [T sin28, + B .cosz sol 

+ sin3e, cosao oOz [T - B] a 
- sin2 B0 do, S , 

+ s i n 3 0 0  cosOo sinOo $,, [B -. TI ' 

+ s ineo  cos8, a A X  A' 
J - 

(III.26) 
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T h e  h i g h e s t  order . t e r m . i s  independent  of t h e  angle  O,.. 

The energy cou ld  be reduced i f  BoZf @oz and go could  a l l  
I 9 ' L 5 .  

be reduced t o  zero: how0ver. t h e  boundary c o n d i t i o n s  r e q u i r i n g  

fixed v a l u e s  of 0 on-the  top a s d  bottom s u r f a c e s  ~ i l l ' ~ e n e r a l 1 ~  
I - 

n Q t  a l l o w  0, a n e g o ,  t o  be z e r o b & & v e r ,  s i n c e  $ is uhl 
' I  ' 

, .  

determined one can minimi=e t h e  energy by making QOz equa l  

L .  t m z e r o  for very large P -  -c 

The second highest o r d e r  term i n  t h e  energy t h e n . r e d u c e s  

a r e d u c t i o n  i n  the  sp lay  energy as d i s c u s s e d  i n  t h e  p r ev ious  
- 

section. Thus a t  large p, 'the molecu les  should be.clee -- - 

to radial.  Forlarge p the  0-equation in the bulk, Eq. g11.~2, -- 

keep ing  o n l y  the h i g h e s t  ' o r d e r  terms, becomes 



d r o p l e t  f a r  from t h e  a x i s  of symmetry. 
e- 

The 4-equation i n  the bulk, E q .  I I I , .13 ,  i s  s a t  s f i e d  4 

T h i s  equa t ion  i s  u s e f u l  f o r  d i s c r i b i m j  the behaviok of t h e  

9 

, i d e n t i c a ~ l ~ .  , It produces t h e  equa t ion  
il 

< ,  i 

which is c o n s i s t e n t  w i t h  Q,, = 0 f o r  a l l  2. 

., ~ h u s  on energy c o n s i d e r a t i o n s  one e a t s  t o  ~ i n d  that 
- .  

k 
f o r  l a r g e  p the molecules  have a 8-dependence desc r ibed  by - 

4 " 9 
i Eq. 111. ZB, and a v a l u e  of. @ around 0 o r  1800 depending on  

whether  BZ i s  a. p o s i t i v e  o r  nega t ive  number. 

' A t  the o t h e r  extreme,  f o r  small p,"the s i t u a t i o n  is 
- 

much less c l e a r .  T h c b e h a v i o r  ~f a few terns f r o m  the energy 
2 t 

m 
a 

express ion;  Eq.  111.4, w i l l  be.examined. The q u e s t i o n  t o  be A 

- .,- +- 

\ 
. posed is what v a l u e  -of @ would t h e  eiergy p r e f e r  i f  t w e r e  . 

/p~.-' 
a c o n s t a n t  or o n l y  s lowly varying.  The terms t o  be consdldered. 

are t h o s e  which are thought  t o  be t h e  most impor tan t  and - 
which land themselves to a n a l y s i s  wi thout  t oo  much d i f f i c u l t y .  

*I* 

- The o b j e c t  i s ' t o  indicate  a p o s s i b l e  s o l u t i o n ,  t h e  e x a c t  
- 

n a t u r e  of which w i l l  be determined later.  The terms a r e  i n  % 
& - - 

the i n t eq rand  of Eq. 111.4. The- a n a l y s i s  w i l l  first be done _ - --*- 

# 
for large 8 (--9Q0). The f i r s t  term is a 

3 *  



The v a l u e  of Q which lowers t h e  ene rgy  depends  on .which  of . 

t h e  e last ic  c o n s t a n t s  S or B f s s m a l l e r .  If S < B, C should 
- 

be O o r  180- w h i l e  i f  S > B, $I shou ld  be 90" o r  27U0. 
1 

The second term for 6 'aLi 90•‹ becomes 
4 

d 2 

2 [T s i n 2 @  + 3 c50sZ+] 
' . 

% (111.31) 

which prefers Q = 90" or  270' if T < B and 0 or 180•‹  if 
w 

T > B* 
t 

The t h i r d  and f i f t h  t e rms  are n e g l i g i b l e  s i n c e  it w a s  

assumed t h a + t h e  d e i i v a t i v e s  of $ are  small.- The f o u r t h  
, . 

t e rm has no O p r e f e r e n c e .  + 

The s i x t h  term for 0 = 90•‹ Oan i shes  but f o r  0 s l i g h t l y  -. 
less t h a n  90 becomes 4 

# 

2 case o [ S  c o s 2 +  + T s i n 2 $ ]  
P 

(111.32) 

. which, s i n c e  0 will be shown t o  be p o s i t i v e ,  prefers 0 = 0 
P 

- 

or l M O  for T > S and Q = 90' or 27Q6 for T < i. 
, \  

- -+  
The seventh-  term w i l l  be neglected. The e i g h t h  term 



depends  on  t h e  v a l u e  of g Z  b e f b r e  t h e  p r e f e r r e d  a n g l e  : can 

be de te rmined .  I f  8 is p o s i t i v e ,  (p shou ld  be '  0 w h i l e  i f  
\ z s 

C 

@ z  i s  n e g a t i v e ,  @ shou ld  be 180•‹. 
i 

The remain ing  terms are more compl ica ted ,  i n v o l v i n g  t h e  

p r o d u c t s o f  too many f u n c t i o n s  t o  be ana lyzed  i n , s u c h  a c r u d e  

f a s h i o n .  1 ,  

\ - - - I-- 

What has been found f o r  iarge 6 (-90") is t h a t .  if t h e  

i t w i s t  e l a s t i c  c o n s t a n t  i s  s m a l l e r  t h a n  t h e  splay And bend'- 
b 

c o n s t a n t s ,  t h e  second and s i x t h  terms of  t h e  ene rgy  p r e f e r  
* .  
Ld 

F~ 4 to be 90•‹ or 210•‹& i f  T i s  thyn  5 a n d  B e + 
C 

shou ld  be O or 180•‹. The preEerence  of  t h e  f i r s t  term 
\ 

depends  on t h 6  r e l a t i v e  s i z e u o f  S and B w h i l e  t h e  s e v e n t h  
L 

t e rm wankg @ t o  be 0 or 180' depending o n  the  s i g n  o f  .Bz. . 

Because.  o f  t h e  c o n t r a d i c t o r y  d&$s of t h e  t e r m s  examined 
Y 

na  g e n e r a l  c o n c l u s i o n  can be  reached as  t o  a r e f e r r e d  va P 
f o r  +. 

I 
+ , Y *  

e r g y  e q u a t i o n  a t  s m a l l  c f o r d s m a l l  5 
3 . . . \ 

w i l l  now be'examined'. From Eq.  III.4b wh- d is s m a l l  t h e  
t .  / 

f i r s t ,  second,  and  s i x t h  terns can be combined t o  g i v e  jL 
f - 4 

1 - ( 0  + 8 ) *  [S c o s 2 0  + F s i n 2 $ ] .  . - P 0 

These r e f e r  4 = 90•‹ or  270•‹ i f  T S and 2 = 0 

or 180' i f  T 

's 0 

'. 
I 

d 

/ 



The t h i r d ,  f i f t h ,  and s e v e n t h  t e r m s  a r e  assumed t o  be 

s m a l l  s i n c e  t h e y  c o n t a i n  d e r i v a t i v e s  of  @ w h i l e  t h e  e i g h t h  

t e r m  h a s  t o  w a i t  u n t i l  B Z  is  de te rmined  b e f o r e  a  v a l u e  of 

c a n  be p i c k e d .  Again t h e  res t  o f  t h e  t e r m s  a r e  t o o  compli-  

c a t e d  t o  b e  a n a l y z e d  i n  t h i s  f a s h i o n .  However, i f  8 ,  when 

s m a l l ,  s t i l l  h a s  some of t h e  Bessel f u n c t i o n  c h a r a c t e r  found 

i n  t h e  one  c o n s t a n t  approx imat ion  f o r  s m a l l  p one  c a n  w r i t e  

(111.35) 

I n  t h i s  c a s e ,  t h e  t e r m s  i n  E q .  1 1 1 . 3 4  a r e  o f  o r d e r  p w h i l e  

t h e  l a s t  seven  t e r m s  i n  E q .  111.4 a r e  of  o r d e r  p 2  o r  s m a l l e r  

and t h u s  c a n  be  n e g l e c t e d .  T h i s  argument  would a l s o  a p p l y  t o  

t h e  t h i r d ,  f i f t h ,  and s e v e n t h  t e r m s  which were n e g l e c t e d  prc-  

v i o u s l y  on  t h e  assumpt ion  t h a t  4 was o n l y  s l o w l y  v a r y i n g .  

From t h i s  r a t h e r  simple-minded a n a l y s i s  one  c a n  s e e  t h e  

p o s s i b i l i t y  of  a n  i n t e r e s t i n g  s i t u a t i o n  a r i s i n g  i f  t h e  t w i s t  

e l a s t i c  c o n s t a n t  i s  less t h a n  t h e  s p l a y  and bend c o n s t a n t s  

s i n c e  t h e n  t h e r e  i s  r e a s o n  t o  s u s p e c t  t h e  p r e f e r e n c e  f o r  

hav ing  @ = 90•‹ o r  270" f o r  s m a l l  p w h i l e  f o r  l a r g e  p it 

was shown t h a t  (I shou ld  b e  0  o r  180•‹  depending on t h e  way 

i n  which 0 v a r i e s  w i t h  z .  T h i s  c o n f i g u r a t i o n  would b e  one  

i n  which t h e  p r o j e c t i o n s  o f  t h e  m o l e c u l e s  i n  t h e  h o r i z o n t a l  

p l a n e  r o t a t e s  from b e i n g  c i r c u m f e r e n t i a l  f o r  s m a l l  r a d i i  t o  

b e i n g  r a d i a l  f o r  l a r g e  r a d i i .  



A n a l y s i s  of t h i s  f a s h i o n  on the - 8- and +bulk  e q u a k n s  

f o r  small p are ~ n i n s t r u c t i v e  and w i l l  n o t  be a t t e m p t e d  h e r e .  
0' 

The h a n d l i n g  of t h e  equation%by computer w i l l  be des- 

c r i b e d  i n  App.  111. The r e s u l t s  of t h e  c a l c u l a t i o n s  wlll , 

e-" 

be presented and d i s c u s s e d  i n  Ch. IV. 
I 

C -- - -  - 
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CHAPTER I V  
. \ 

t 
L .  1 

v CHOICE OF PARAMETERS 
f 

The f i r s t  se t  o f  c a l c u l a t i o n s  w e r e  c a r r i e d  o u t  us ing  

a p p r o p r i a t e  pa ramete r s  f o r  MBBA. The v a l u e s  of  S, T,  and 

3 s h o w  l a r g e  u n c e r t a i n t i e s o b e c a u s e  o f  t h e  e x t r a p o l a t i o n  
- A- -PA 

p rocedures  r e q u i r e d  t~ o b t a i n  t,hem and because  o f  v a r i a t i o n s  

t i n  t he  p u r i t y  of t he  m a t e r i a l  used .  The e l a s t i c  con- 
. , 

show s t r o n g  dependences on. t empe ra tu r e ,  
1 

The computa t ions  t o  be p re sen t ed  i n  Ch. IV.2 w e r e  done 
6 

us ing  H a l l e r ' s  (Ha-72a) measurements s i n c e  h i s  v a l u e s  a r e  

t y p i c a l  and he measured a l l  t h r e e  elast ic  c o n s t a n t s .  H e  ha s  

found t h a t '  S/B = .8 and T/B = . 5  a t  &room tempera tu re .  I n  

Ch. IV.3 t h e  e f f e c t  of d i f f e r e n t  r e l a t i v e  v a l u e s  of  t h e  elas- 

t i c  c o n s t a n t s  w i l l  be  d i s c u s s e d .  

$3 
The h a r d p i n n i n g a n g l e  of MBBA molecules  a t  a n  a i r  i n t e r -  

a i r .  . 
f a c e  has  been measilred by P r o s t  (Pr-71) who found OSuR = 12O 

by f i t t i n g  t h e  d a t a  found from b i r e f r i n g e n c e  measurements ,-  . 
a i r  

and by Bouchiat  (Bo-71) who observed €ISUR = lo0-20•‹ depend- 

i n g  on the t empera tu re .  H i s  measurements w e r e  made by d e t e r - '  

mining t h e  amount o f  l i g h t  r e f l e c t e d  from the l i q u i d  c r y s t a l -  
- - 

a i r  i n t e r f a c e .  For t h e  purposes  of t h i s  c a l c u J a t i o n  <he 
-d 

value of  15' was assumed t o  be the hard  p inn ing  a n g l e  a t  I 



. 
moleca fe  has t h e  p o l a r i z a b l e  CH '= FJ EmndLToCatedp- 

4 
i a t  t h e  c e n t e r  qf t h e  m o l e c u l e .  Because w a t e r  i s  a h i g h l y  -- 

b 

p o l a r i z a b l e  medium t h e  MBBA shou ld  l i k e  to  g e t  its dlpole 

as close t o  t h e  w a t e r  a s  posslble which s u g g e s t s  t h a t  t h e  I 
molecuIes  wou>d l i k e  to  l i e  p a r a l l e l  t o  a" w a t e r  s u b s t r a t e ,  - 

% 1 
water 
%UR s h o u l d  be  g o 0 .   his c o n d i t i o n  i k  conf i rmed 

by comparison of  t h e  obse rved  o p t i c a l  f r i n g e  p a t t e r n s  w i t h  

t h e  computer c a l c u l a t i o n s  p a r t i c u l a r l y ' i n  magnet ic  f i e l d s .  
I \  

4 
IV.2 RESULTS FOR SIB = .8 AND T/B = .5 

H a l l e r ' s  (Ha-72a) v a l u e s  f o r  t h e  e las t i c  c o n s t a n t s  a t  
a 

room temp,erature w e r e  used  t o  c a l c u l a t e  t h e  e q u i l i b r i u m  con- 
B 

f i g u r a t i o n s  of t h e  m o l e c u l e s  in t h e  c y l i n d r i c a l l y  symmetric 

r e g i o n  d e s c r i b e d  i n  Ch. 111. The h e i g h t  o f  ' t h e  c y l i n d e r ,  

Z , w a s  taken t o  be  1 9  u n i t s ,  w h i l e  three vaiues for' t h e  
0 

r a d i u s  p6 w e r e  used:  40, 80, and 160 u n i t s .  A s  w i l l  be 

shown i n  App.  111, t h e  i m p o r t a n t  parameter  is  t h e  a s p e c t  
8 

ra t io ,  po/Zo, r a t h e r  t h a n  t h e  a b s o l u t e  s i z e  s i n c e  s o l u t i o n s  

o f  d i f f e r e n t  s i z e d  c y l i n d e r s  w i t h  t h e  s a m e  a s p e c t  r a t io  

s c a l e  l i n e a r l y .  The r e a s o n  f o r  u s i n g  t h e  c y l i n d e r s  w i t h  

d i f f e r e n t  a s p e c t  r a t i o s  is t o  f i n d  a s o l u t i o n  i n  which t h e  

c e n t r a l  r e g i o n  o f ,  the d r o p l e t ,  t h e  r e g i o n  of t h e  r o t a t e d .  - -- 

i 
cross, is independen t  of t h e  r a d i u s  o f  t h e  c y l i n d e r .  It 

is found t h a t  f o r  po equal 80 and 160 u n i t s  t h e  c o n f i g u r a -  

t i o n s  for r a d i i  less t h a n  4 0  u n i t s  a g r e e  w i t h i n  1% w h i l e  
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for  p e q u a l  4 0  u n i t s  t h e  agreement  f o r  r a d i i  less t h a n  20 

P 
0 

pp- - - -  

u n i t s  is a few p e r c e n t .  . 1 . / 

With BLS = 15O and 0 = 90•‹ ,  c o r r e s p o n d i n g  to  hav ing  . us 
t h e  a i r  a t  t h e  lower s u r f a c e  and t h e  w a t e r  a t  the upper  s u r -  

face of t h e  l i q u i d  c r y s t a l  d r o p l e t ,  a s  i n  F i g .  I I . l a ,  t h e  

two t w i s t e d  s o l u t i o n s  and t h a t  normal s o l u t i o n  w i t h  4 = 0 

ere . w e r e  found t o  he close i n  e n e r g y  w h i l e  &he norma% 
i 

s o l u t i o n  w i t h S 4 = n  everywhere w a s  found to  be much h i g h e r  i n  

e n e r g y  ( a  f a c t o r  o f  2 f o r  po = 8 0  u n i t s )  and t o  be a n  un- 

s t a b l e  e q u i l i b r i u m .  The r e a s o n  t h e  $ = O.normal c o n f i g u r a t i o n  . 

i s  l o w e r  i n  ene rgy  than t h e  Q = n c o n f i g u r a t i o n  is because  ., 
w i t h  BLS = 1 5 O  and 6US = 90• ‹  f o r  a l l  b u t  small r a d i i  6 is  

z 

a p o s i t i v e  number. A f t e r  E q .  111.27 it w a s  shown t h a t  for 

l a r g e  r a d i i  t h e  ene rgy  would be reduced i f  t h e  q u a n t i t y  

cos@ 0 i s  p o s i t i v e ,  With a p o s i t i v e  8 t h i s  requires t h a t  
z z 

t h e  a n g l e  @ be z e r o .  I f  t h e  w a t e r  and a i r  s u r f a c e s  w e r e  

i n t e r c h a n g e d ,  a s  i n  F i g ,  I I . l b ,  t h e  (I = n s o l u t i o n  would 

have been lower i n  ene rgy  t h a n  t h e  @ = 0 one  and t h e  t w i s t e d  - 

s o l u t i o n s  would have t h e i r  a z i m u t h a l  a n g l e s  augmented.by r .  

The f o l l o w i n g  d i sc -usq ion  w i l l  a p p l y  t o  t h e  geometry o f  
3 

F i g ,  f f . l a  and t h e r e f o r e  t h e  h i g h  ene rgy  @ = n s o l u t i o n  

w i l l  generally be i gnored .  The normal c o n f i g ~ r a t i ~ n  wil$ p p p p  

refer to t h e  $ = 43 s o l u t i o n .  - - 

? 

* 44 
E 
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The-computer o u t p u t s  f o r  po = 80 u n i t s  are c o n t a i n e d  - 
\- ' 

i n  App. I V .  I n  Fig. I V . l  a r e  shown s o m e  r e p r e s e n t a t i v e  

slices of  the. stable t w i s t e d  ;onf i g u r a t i o n  ( q  # 0) . 
Fig.  IV .2  s h o w s  some r e p r e s e n t a t i v e  s l i c e s  o f  t h e  normal - 
or u n t w i s t e d  e q u i l i b r i u m  c o n f i g u r a t i o n  ( $  is z e r o  - 

- -- -- 
L 

everywhere) .  F ig .  I V . l  r e a l l y  r e p r e s e n t s  two s o l u t i o n s  r' 
because 'as  e x p l a i n e d  i n  Ch. I11 r e p l a c i n g  Q by -$ a l s o  - 
produces  a stable c o n 5 i g u r a t i o n -  The m o l e c u l e s  i n  t h e  

a 
v i e w  a b o u t  the axis o f  symmetry t h a t  are w i t h i n  7 "  of t h e  

cross of  t h e  c r o s s e d  p o l a r i z e r s  are i n d i c a t e d  k i t h  c r o s s e s .  

One c a n  see a b rush  p a t t e r n  Lery c l o s e  to  t h a t  observed 

i n  t h e  d r o p l e t s  between c r o s s e d  p o l a r i z e r s ,  . 

The 0 s o l u t i o n s  i n  t h e  v a r i o u s  c o n f i g u r a t i o n s  d i f f e r  

by o n l y  a  few p e r c e n t ,  t h e  l a r g e s t  d i s c r e p a n c y  b e i n g  f o r  

s m a l l  r a d i i .  d monoton~ica l ly  i n c r e a s e s  from t h e  b o t t o n  

to t h e  tbp s u r f a c e s  o v e r  the whole d r o p  e x c e p t  f o r  r a d i i  

less t h a n  s i x  u n i t s  where 3 d e c r e a s e s  from b o t h  s u r f a c e s  

towards  t h e  i n t e r i o r .  Along t h e  a x i s  o f , symmet ry  t h e  

average v a l u e  of .> for t h e  t w i s t e d  c o n f i g u r a t i o n  i s  abou t  

1.7 w h i l e  a t  t h e  o u t e r  t h e  80 u n i t  c y l i n d e r  3 
---- 

has d e c r e a s e d  LO . 0 6  ra T h i s  h a s  t h e  f e a t u r e s  

p r e d i c t e d  i n  Ch.  111 for t h e  case w d n  T  is less  t h a n  

S and B: for small r a d i i  4 is of  t h e  o r d e r  of 90" w h i l e  

f o r  l a r g e r  r a d i i  3 approaches  ze ro .  The ene rgy  of 



Figure IV-la - - 

Top view of  a layer 2 u n i t s  from the  water surface  of a 
19 unit thick MBBA drople t  for the  tw i s t ed  configuration 
with  S/B = .8 and T/B = .5 f r o m  p = 0 to P= 112 u n i t s .  
The in ser t ed  crosses ind icate .  thbse  molecules whose pro- 
j e c t i o n s  i n  a plane p e r p e n d i c u l a r ~ t o  the axis  of symmetry 
lie with in  7* of either the polarizer of the analyzer axis. 

r, 
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, . ~ i & r e  IV. 2a 

Top view of a layer 2 units from the  water surface of a 
19 unit thick MB3A droplet for the  normal configuration 
with S/B = . 8  and T/B = . 5  from P = 0 to P = 28 units. 
The i n k t e d  crosses indicate those  molecules whose pro- 
jections in a p l b e  perpendicular to the symmetry a x i s  
lie within 7*  of e i t h e r  the polarize'r or the analyzer axis. 





. 
8 

- 

- - 

ller t h a n  t h e  ehergy - 

of the normal  c o n f i g u r a t i o n .  

The ener'gy d i • ’ f  r e n c e s  between t h e  t w i s t e d  and t h e  normal 9,. - .  

c ~ n f i g u s a t i o n s . a s  a po foJr a 1 9  u n i t  h i g h  c y l i n d e r  

i n  u n i t s  nB x t h e  

i 

= 3.1 f o t  QW= 80 
0 - 

T h i s  i s  changind approx imate ly  e b r i e n t i a l l y  so t h a t  for 
r-- -L 

a n  i n f i n i t e  d r o p  AE would be a b o u t  4 .2 .  -1f the u n i t  o f  

l e n g t h  is  mic rons  ahd if B = .a dynes ,  t h e  e n e r g y  d i f f e r g n c e '  
8.I 

for  an i n f i n i t %  drop would be l o n 9  erg's. The q u e s t i o n  of  
7 

whether  the normal c o n f i g u r a t i o n  is t r u l y  s t a b l e . h a s  n b t  - 

been answered. -However, c o n s i d e r i n g  the s m a l l  d i f f e r e n c e  

i n  energy and t h e  obse rved  e x i s t e n c e  of ' t h e  normal c o n f i - '  

g u r a t i o n ,  t h i s  s t a t e  must be a t  l e a s t  a m e t a s t a b l e  s o l u t i o n .  
t 

Examinat ion of t h e  computer o u t p u t s  i n  A p p .  IV -shows 

that 6 i n c r e a s e s  a s  t h e  r a d i u s  i n c r e a s e s '  u n t i l  one  gets 
b 

w i t h i n  30 4r 4 0  units of G~ where 0 peaks and t h e n  starts-, 

to~.sfowl-y decrease.'% This decrease is a n  a r t i f a c t  &used 

by t h e  application of  t h e  8-boundary c o n d i t i o n .  I n  a n -  
?? 

i n f i n i t e  c y l i n d e r  8 shou ld  i n c r e a s e  And l e v e l  off a t  

the values of  0 p r e d i c t e d  by t h e  s o l u t i o n  of  



- - - - - - - - - - -- -- - 
- 

t h e  one-dimensional  e q u a t i o  Eq. 111.28. These  va4ues  .have 
\ 2 ? 

been c a l c u l a t e d  and  a g r e e  w i t h i n  1% w i t h  the v a l u e s  of 

0 . a t  P = 4 0  o b t a i n e d  i q  t h e  s o l u t i o n  w i t h  po = 80. T h i s  
I 
I 

- is f u r t h e r  e v i d e n c e  t h a t  Po = 89- is e q u i v a l e n t  t o  a n  i n -  

f i n i t e  d r o p  a t  leas t  as f a r , a s  t h e  c e n t r a l  r e g i o n  of t h e  
C 

d opl .e t  i s  concerned.  
f =i C 

,- 
A - --A - A 

E q i n a t i o n  of t h e  computer o u t p u t s  for  Po = 80 u n i t s ,  
L 

b 
'Tables 3 and 4 i n  hpp. I V ~ S ~ O W S  t h a t  t h e  t w i s t e d  s o l u t i o n  

I 

saves energy  • ’ o r  s m a l l  ? everywhere e x c e p t  a l o n g  t h e  tbp 
I 

g u r f a c e  where e is l a r g e .  T h i s  can  b e  e x p l a i n e d  by l o o k i n g  
. 3 - 

7 t  t h e , e n e r g y  e x p r e s s i o n s  p r e s e n t e d  i n  Ch. 111. O f  t h e  
I 

aerms c o n s i d e r e d ,  o n l y  t h o s e  i n  Eq. I I I . 3 0 a  and 111'133 
1 

i p d i c a t e  a h i g h e r  r?nergy when $ is 9Q0 f o r  t h e  r e l a t i y e  
I - 
I . , v a l u e s  o f  t h e  e las t ic  c o n s t a n t s  used. Eq .  111.33 i s  always 

unhappy a b o u t  hav ing  $ = 900: However, s i n c e  f o r  s m a l l  
I - 

r q d i i  B Z  changes  s i g n  •’;om t h e  bottom t o  the t o p  s u r f a c e e .  

t h i s  t e r m  p r e f e r s  t o  have $ - 180•‹  n e a r  t h e  b o t t o m  s u r f  a c e  . 
4 

and ;--0 n e a r  t h e  t o p  s u r f a c e .  I f  changes  i n  rr w i t h  
7 

h e i g h t  w e r e  too e x p e n s i v e  s o m e  i n t e r m e d i a t e  values o f  ; . 
4 might  be p r e f e r r e d .  Eq. I I I . 3 0 a  shows a cross-oqer p o i n t ,  

P 

which f a v o r s  ' - 5- 9b0 i f  6 is small enough as i n d i c a t e d  i n  
- - -  - 

$ 

kq. I'II. 34. The v a l u e  of % a t  which Eq. I I I .3Oa.  starts to 
-- 

\ favor t h e  ' t w i s t e d  c o n f i g u r a t i o n  can  be f o h d  by e q u a t i n q  
40 - 4 " 

i t s  v a l u e  f o r  Q = 0 and fo r -  $ = 90•‹  
-L i 

=a 



T h i s  g i v e s  

2 s = T c o s  9 + B s i n 2 9  

which r e d u c e s  t o  

2 (S-T) s i n  8 = -- 
(B-T) 

(IV. 2 a )  

( I V .  2b) 

which f o r  t h e  e l a s t i c  c o n s t a n t s  used  g i v e s  a  c r i t i c a l  a n g l e  

of  50' f o r  0 .  Examinat ion o f  t h e  computer  o u t p u t s  v e r i f y  

t h a t  n e a r  t h e  a x i s  o f  symmetry f o r  0 less t h a n  a b o u t  50' 

t h e  energy  d e n s i t y  of  t h e  t w i s t e d  c o n f i g u r a t i o n  i s  less 

t h a n  t h e  normal  one  w h i l e  f o r  8 l a r g e r  t h a n  a b o u t  50' it i s  

l a r g e r .  The r e a s o n  t h a t  4 s t a y s  around 90' would seem t o  b e  

because  f o r  most  of  t h e  d r o p l e t  a t  s m a l l  r a d i i ,  0 i s  less 

t h a n  SO0, which f a v o r s  @ - 90 O ,  and chang ing  @ w i t h  z c o s t s  

t o o  much e n e r g y .  T h i s  c a n  be  s e e n  by examining t h o s e  t e r m s  

i n  t h e  e n e r g y  e q u a t i o n , E q .  I I I . 4 b r w h i c h  c o n t a i n  @ Z .  The 

f i f t h  t e r m c o n t a i n s  @: and i s  a lways  p o s i t i v e .  The n i n t h  

t e r m  c o u l d  s a v e  energy  w i t h  a  n e g a t i v e  m Z  b u t  it c o n t a i n s  

case which i s  s m a l l  f o r  8 around 90•‹ and s o  t h e  s a v i n g  i s  

s m a l l .  The same a p p l i e s  t o  t h e  f o u r t e e n t h  t e r m  w h i l e  t h e  

t h i r t e e n t h  t e r m  c o s t s  ene rgy  f o r  a  n e g a t i v e  O Z .  The r e s u l t  

o f  t h i s  i s  t h a t  @ s h o u l d  show l i t t l e  v a r i a t i o n  w i t h  z ,  

a  f a c t  t h a t  i s  v e r i f i e d  by t h e  computer o u t p u t s .  



. . 2 
The importance of t h e  s p l a y  c a n c e l l a t 3 o n  is s e e n  & o s t  - -  - 

1 - 
normal c o n f i g u r a t i o n  compared to the 4 = O . c o n f i g u r a t i o d  i n  t h e  I 

.+ 

geometry of F i g .  11. l a  for  0 =8D. The s a v i n g  i n  eneaqy c a n  be . \ 

0 C 
seeh a l s o  by comparing t h e  drops with c y l i n d r i c a l  s&try to  

e q u a l  areas of  the outer r e g i o n s  o f  an  i n f i n i t e l y  large drop. 
\ .  

For a  4 9  u n i t  h i g h  ~ylinder the a v e r a g e  e n e r g i e s  per  u n i t  area 

% units of :B/unit of l e n g t h  as  a f u n c t i o n  of t h e  -radius of- 
\ 

A 

the c y l i n d e r  are: ' 
YI 

* .  9  area = . 0 6 3  for po = 40 - 

\ (IV. 3 )  

7 t 

T h i s  s a v i n g  is l a r g ?  compared t o  t h e  a a i t i b n a l  s a v i n g  4 
\ . 

a r i s i n g  from t h e  handedness  of- t h e  s o l u t i o n s  (A~/area --.0005 
r 

i n  the same u n i t s  f o r  o, = 80) .  h hat ' t h e r e  i s  a rnininurn 
\ .  

A \ at p / Z  - 4  can be s e e n  as  a direct  r e s u l t  of t h e  splay 
z.1 

0 0 
\ 

c a n c e l l a t i o n .  49 - 

The s p l a y  e n e r g y  is  d e r i v e d  i n  App. I a is g i v e n  by 9 Eq.$A I. 3 .  Neglec.kig t h e  r a d i a l  derivatives, t h e  s p l a y  energy isc 
b 

-- 

cos 3 2 
2 s i n  9 -- - 6  . U 

P 
8% 

. i 

- 

ex+ (IV-4) 3 

T h i s  can  be made zero by r e q u i r i n g  



Away from t h e  c e n t e r  of t h e  d r o p  e c h a n g e s  a @ p r o x i m a t e l k  

u n i f o r m l y  from 0 a t  t h e  lower s u r f a c e  t o  BUS 
L S  

surf ace. 0 i s , then  a p p r o x i m a t e d  by' 
2 

t h e  upper: 

* C 

Y' comes '-..07 f o r  t h e  v a l u e s  u s e d p i n  t h e s e  c a l c u l a -  \ 

t i o n s .  A s  c o p  c a n n o t  exceed  u n i t y  t h e  r a d i u s  beyond wh;ck 

s p l a y  c a n c e l l a t i o n  c a n  no l o n g e r  be f u l l y  e f f e c t i v e  i s  

11 a b o u t  1 5  u n i t s .  .Examina t ion  of @he e n e r g y  d e n s i t i e s  i n  / 
B 

t h e  computer  o u t p u t s  show t h b t  f o r  r a d i i  a round  15-20 u n i t s ;  
1 r' 

the  e n e r g y  d e n s i t y  dces g o  th&ugh a minimum.  his s u g g e s t s  
A ., 

that  i n  a l a r g e  medium it m i g h t  be p / s i b l e  t o . r e d u c e  t h e  

9, t o t a l  e n e r g y  by p r o d u c i n g  many s m a l l  r e g i o n s  i n  which  t t e r q  

is c y l i n d r i c q l  .symmetry.   or MBBA between a i r  and w a t e r  
- > 

the c e n t e r s  o k h F s e  r e g i o n s  v o u l d  be separated by d i s t a z c e s  

of t h e . o r d e r  o f  8 Z 0  Thus a sample  w i t h  r e g u l a r  a r r a y  o f  ? 
d i s c l i n a t i o n s  m i g h t  have a lower e n e r g y .  o n e  w i t h  t r a n s -  

' lational i n v a r i a n c e .  These r e g i o n s  would be +1 p o i n t  dis- 
P 

c l i n a t i o n s .  They must  be accompanied by t h e  a p p r o p r i a t e  - 7 -- 

number o f  -1 point d i s c l i n a t i o n s .  The c a l c u l a t i o n  g i v e n  
& \ 

h e r e  is p r o b a b l y  an e x c e l l e  t g u i d e  f o ~  e s t i m a t i n g  t h e  energy 

of t h e  +1 p o i n t - g g s c l i n a t  ' on  i n  a n  a r r a y ,  b u t  f o r  t h e  accom- - 2 
pany ing  -1 i n t  d i c l i n a t i o n  the p r e s e n t  c a l c u l a t i o n  is 

1 



2- 
y -  - 6 4 -  - 

o n l y  roughly  applicable-inasmuch a s  t h e  latter l a c k  cy- 
* A --- - 

l i n d r i c a l  symmetry .- d -  
/ 

- It i s ' w e l l  known t h a t  l i q u i d  c r y s t a l  samples u s u a l l y  

c o n t a i n  many d i s c l i n a t i o n s .  These a r e '  u s u a l l y  blamed on 
'B 

imp d' ri t ies and imper fec t ions ,  b u t  maybe d i s c l i n a t i o n s  : 

are a n . i n t r i n s i c  p r o p e r t y  of t h e  l i q u i d  c r y s t a l '  i t s e l f  
a 

when $bjected to  c o n f l i c t i n g  boundary c o n d i t i o n s . .  - a - u - -  

- -FA--- 

IV\ EFFECTS OF DIFFERENT ELASTIC CONSTANTS 

Using Haller ' s (Ha-72a) va lues  f o r  t h e  e las t ic  c o n s t a n t s  

- of .  MBBA, t h e  v a r i a t i o n a l  c a l c u l a t i o n  performed i n  Ch.111 has  

p red i c t ed  t h e  e x i  stenc:e o f  the' t h r e e  e q u i l i b r i u m  conf i gu ra -  

t i o n s  of almost  equa l  energy d i scus sed  i h  t h e  p rev iqys  sec- 
* 

t i o n .  The e f f e c t  on t h e s e  c o n f i g u r a t i o n s  o f  vary ing  t h e  e las t ic  

p n g t a n t s  w i l l  now be d i scus sed .  
1 

The ? important  c r i t e r i o n  for g e t t i n g  t h e  t w i s t e d  conf igu-  
A 0 

r a t i o n  i s  be l i&ed  t o  be t h e  f a c t  t h a t  t h e  w t w i s t  e last ic  

c o n s t a n t  i s  sma l l e r  t h a n  t h e  s p l a y  elastic cons t an t .  Th i s  

i s  shown by f i x s t  u s iqg  t h e  one c o n s t a n t  approximation,  

d i scussed  i n  Ch. III;~, i n  which a l l  t h e  e las t i c  con&nts 
, . 

a r e  p u t  equal .  I n  t h i s  case, t h e  o n l y  s t a b l e  c o n f i g u r a t i o n  
\ 

is  t h e  normal one. Then d i f f e i e n t  sets of v a l u e s  f o r  
: -- 

S / B  and T/B were assumed, a s  i n d i c a t e d  i n  Fig .  I V .  3 .  Those 
- - 

d i c h  have a steble twi s t ed  c o n f i g u r a t i o n  a r e  i n d i c a t e d  by 

c r o s s e s  wh i l e  ci-es show t h o s e  i n  which on ly  t h e  normal 

c o n f i g u r a t i o n  is stable.' These r e s u l t s  prove t h a t  t h e  





* 

t w i s t e d  c o n f i g u r a t i o n  i s . s t a b l e  on ly  when t h e  t w i s t  e l a s t i c  

c o n s t a n t  is less than  the, s p l a y  elast ic  c o n s t a n t .  The caly-- 
- pLp-pLp----- - . 

. l a t i o n s  i n d i c a t e  t h a t  t h e  t r a n s i t i o n  is l i k e l y  second o r d e r .  

The t w i s t - l i k e  c o n f i g u r a t i o n s  f o r  S/B = 1 and T/B = .S, .7, 

- 8 ,  and . 9 ,  are.shown i n  Figs .  I V . 4 ,  The v a r i a t i o n  of $ . a t  

- - * p = 4 u n i t s  goes as (T - . 93S;13 f o r  t h e s e  f o u r  con f igu ra t ions .  
I I 

z 
A s  the. l i q u i d  c r y s t a l  becomes less  pure ,  i t s  t r a n s i t i o n  

temperature  t o  the i s o t r o p i c  state dec reases .  H a l l e r  lHa-12a)_Lp- 

has  - own e x p e r i r n h t a l l y  , t K a t  as t h e  

. c 
roaches  t h e  t r a n s i t i o n  temperature ,  

, M u n i  Therefore  d i f f e 6 n c e s  i n  
I 

e x p l a i n  t h e  f a c t  t h a t  n o t  a l l  tw i s t ed  c o n f i g u r a t i o n s  observed + 
-.-. i n  t h e  microscope d i s p l a y  t h e  same amount of r o t a t i o ' n  of  t h e  
', 

c e n t r a l  c r o s s .  Th i s  i s  f u r t h e r  confirmed by t h e  obse rva t ion  
- 

t h a t  as time goes on, and t h e  d r o p l e t s  presumably become less - - 
2 pure,. t h e  tw i s t ed  c r o s s e s  become less r o t a t e d .  A f t e r  a long 

', 
f - 

time on a w a t e r  s u b s g r a t e , - t h e  c r o s s e s  become a lmost  s t r a i g h t .  

Th,f d rops  a l s i  show less o p t i c a l  r e t a r d a t i o n  which is another  
\t- & 

i n d i c a t i o n  t h a t  t h e  impur i t ae s  a r e  suppress ing  t h e  nematic 

o rde r ing .  

4 EFFECTS OF A MAGNETIC FIELD %i 

A magnetic f i e l d  a p p l i e d - a l o n g  t h e  a x i s  of symmetry of  
- 

the d r o p l e t s  g e n e r a l l y  does  n o t  d i s t o r t  t h e  symmetry. ~ ~ c a u s e  

t h e  molecules  show a p r e f e r e n c e  to a l i g n  w i t h  t h e  magnetic 

f i e l d  ( a n i s o t r o p i c  diamagnetism) t h e  equ i l i b r ium c o n f i g u r a t i o n  /- 
should  vary  wi th  t h e - s d r e n g t h  d -he a p p l i e d  f i e l d .  T h i s  

effect i s  most e a s i l y  seen  by t h e  change of t h e  f r i n g e  p a t t e r n  

i 



T o p  v iew of a layer 2 u n i t s  f r o m  the water s u r f a c e  of a 1 9  
u n i t  thick H3BA droplet for t h e  t w i s t e d  configuration with 

T/B = - 5 ,  -7, -8, and . 9  from 2 = 0 to r = 2 9  
/' 

i n s e r t e d  c r o s s e s  i n d i c a t d t h o s e  molecules whosc 
plane p e r p e n d i c u l a r  t o  the symmetry 
the polarizer of t h e  a n a l y z e r  axis. 



I 

a s  d e s c r i b e d  i n  C W I .  
- -  A - - -  -- --- - 

Haller (Ha-72a) h a s  measu t h e  d i a m a g n e t i c  a n i s o t r o p y  

f o r  MBBA a t  r- t e m p e r a t u r e  o b t a i n i n g  t h e  v a l u e  Ax/B = .0015 

$h-2kG-2. A s  t r o d u c e s  a u n i t  of l e n g t h  o n e  must now 
9 

assume a  d e f  i z e  f o r  t h e  d r o p l e t s .  Thus each  u n i t  

o f  l e n g t h  p r e v i o u s l y  mention d  now becomes a micron.  -? L 

With t h e  magnet ic  f i e l d  a p p l i e d  p a r a l l e i  t o  t h e  a x i s  of  
- 

symmetry' o f  t h e  1 9  micron h i g h  c y l i n d e r  t h e  equ i l ib r iu l f i  con- 
a 

f i g u r a t i o n s  for H < 3 kG are e a s i l y  o b t a i n e d  from t h e  H = O 
4 

L, 
' k .  . 

so l -u t ions .  There  is  a  g e n e r a l  d e c r e a s e  i n  t h e  4' v a l u e s  and 

i n  t h e  t w i s t e d  s o l u t i c n  t h e r e  is a n  i n c r e a s e  i n  t h e  Q v a l u e s .  

The d e c r e a s e  i n  8 i s  caused  by t h e  d e s i r e  of t h e  m o l e c u l e s  

to  become more p a r a l l e l  to t h e  magnet ic  f i e l d  b e c a d o f  t h e  
, 

a n i s o t r o p i c  diamagnetism. The i n c r e a s e .  i n  $ is bxought a b o u t  

because  t h e '  l a r g e  9 r e g i o n ,  which i s  unhappy w i t h  Q " g o 0 ,  a 

t h a s  become smaller. 
* 

When t h e  magnet ic  f i e l d  is increased_%above 3 kG , the 

n a t u r e  of  t h e  t w i s t e d  s o l u t i o n s  .change. T h i s  is a r e s u l t  o f  

- t h e  f a c t  t h a t  f o r  l a r g e  r a d i i  8 i s  no l o n g e r  a monoton ica l ly  
i' 

i n c r e a s i n g  f u n c t i o n  from t h e  b o t t o m  to  the  top s u r f a c e s .  

For  H = 10  kG one f i n d s  a s o l u t i o n  t h a t  is almost s table  

i n  which t h e  v a l u e s  og 6 far from t h e  s u r f a c e s  are  close t o  

z e r o  w h i l e  t h e  Q v a l u e s  are somewhat l a r g e r  t h a n  i n  t h e ' z e r o  

f i e l d  case, L e t t i c g  t h e  computer r u n  l o n g e r  produces a second 
-A 

s o l u t i o n  t h a t  is c o n s i d e r a b l y  d i f f e r e n t .  The most r a d i c a l  
/ * 

-change' i s  t h a t  a t  l a r g e  radi i  n e a r  the bottom surface o f  t h e  

- - 



d r o p  O hag-f'otated from b e i n g  close to  0 t o  b e i n g  c l o s e  . 
- 

ta 180a. In  e f f e c t  t h e  magnetic f i e l d  h a s  d--i;vid& the--&OF- 

let i n t o  t w o  a l m o s t  independen t  r e g i o n s .  I n  t h e  t o p  p a r t  

o f  t h e  d r o p l e t  t h e  8 v a l u e s  d e c r e a s e  from t h e  t o p  s u r f a c e  and 

Q v a r i e s  from b e i n g  of t h e  order of  90" f o r  s m a l l  r a d i i  t o  

a b o u t  0 f o r  l a r g e r  r a d i i .  I n  t h e  bottom r e g i o n  d d e c r e a s e s  

from t h e  bottom s u r f a c e  and Q v a r i e s  from b e i n g  o f  t h e  o r d e r  
- 

o f  90•‹ f o r  s m a l l  r a d i i  to 180•‹ f o r  l a r g e r  r a d i i .  The two 

r e g i o n s  are jo ined  by a narrow l a y e r  i n  which f o r  l a r g e  i 

r a d i i  4 changes  v e r y  r a p i d l y  fr.om around 18OQ t o  around 0 -. 
w i t h  8 v e r y  c l o s e  t o  z e r o .  The f a c t  t h a t  t h e  l a r g e  changes 

i n  Q o c c u r  a t  s m a l l  v a l u e s  'of 8 rleans t h a t  n o t  much m e r g y  

is involved i n  t h e  t r a n s i t i o n  r e g i o n  desp i te  t h e  l a r g e  3 . z 

The r e a s o n  f o r  t h e  changeover  is  once a g a i n  t o  save s p l a y  
0 .  

energy .  I t  was.shown a f t e r  Eq.  111.27 t h a t  f o r  l a r g e  r a d i i  - 

the a n g l e  $ was p i c k e d  so a s  t o  e n s u r e  t h a t  t h e  q u a n t i t y  

cos@ e z  w a s  p o s i t i v e .  With a n  a p p l i e d  magne t i c  f i e l d ,  n e a r  
-7 

t h e  bot tom s u r f a c e  E Z  h a s  become n e g a t i v e  which i m p l i e s  t h a t  

0 s h o u l d  be 180" w h i l e  i n  t h d p p e r  r e g i o n  of t h e  d r o p l e t  - 

9 is s t i l l  . p d s i t i v e  which wants  Q to be 0 . The two z 

r e g i o n s  must be connected  by a r e g i o n  i n  which O changes 

r a p i d l y  which is most economica l ly  done when e i s  s m a l l ,    he -- 

! 

d r i v i n g  f o r c e  f o r  t h e  9 = 180•‹ c o n f i g u r a t i o n  o v e r  t h e  : = b -- 

c o n f i g u r a t i o n  a l o n g  t h e  bot tom s u r f a c e  i s  v e r y  s m a l l ,  i n  

f a c t  the computer c a l c u l a t i o n  s u g g e s t s  t h a t  t h e  s o l u t i o n s  



a r e  p robab ly  s e p a r a t e d  by a v e r y  s m a l l  ene rgy  b a r r i e r .  Thus 
- - -p---LL ------ -- -- 

t h e  e a s i e s t  way f o r  t h e -  180•‹ con•’ i g u r a t i o n  t o  d e v e l o p ,  from , 

t h e  0 c o n f i g u r a t i a n  may b e - t h r o u g h  t h ?  n u c l e a t i o n  o f  s m a l l  

r e g i o n s .  The b u b b l e s  t h a t  are sometimes formed might  be I 

r e g i o n s  o f  t h e .  18 O 0  * c o n f i g u r a t i o n  i n  t h e  0 c o n f i g u r a t i o n .  
? 

What one  o b s e r v e s  may be  t$ domain w a l l s  s e p a r a t i n g  t h e s e  . 

two r e g i o n s .  I f  t h e  magne t i c  f i e l d  w e r e  l e f t  on long  enouqh 

t h e  b u b b l e s  shou ld  merge t o  t h e  un i fo rm 180•‹ 
Y - 

r&gian, The%& w a s  a n  i n d i c a t i o n  o f  t h i s  happening  i n  t h e  - i , 
- 

d r o p l e t s  obse rved ,  b u t  u n f o r t u n a t e l y  t h i s  ~ o u l d  n o t  be  

fo l lowed  to  i ts c o n c l u s i o n  because  of  t h e  magnet o v e r h e a t i n g  

i n  s p i t e  of  t h e  w a t e r  c o o l i n g .  When he m a g n e t i c  f i e l d  i s  

. t reduced ,  t h e  @ = 1800 ' s o l u t i o n  become u n s t a b l e  and t h e  

bhbb les  s h r i n k  producing  t h e  low f i e l d  4 =- 0 ~ o n f i ~ u r a t i ~ b .  

The c h a r a c t e r i s t i c  t i m e  f o r  t h e  growth or s h r i n k i n g  of t h e s e  

r e g i o n s  i s  of t h e  o r d e r  of  m i n u t e s  which is  a n  i n d i c a t i o n ,  
$ 

? 

, of how s m a l l  t h e  d i f f e r e n c e  i n  ene rgy  i s  between t h e s e  

two s o l u t i o n s .  

The l a r g e  r a d i u s  one-dimensional  e q u a t i o n  d e r i v e d  i n  

C h .  111, E q .  111 .28 ,  can, be s a l v e d  i n  r e g i o n s  i n  which + . 

is n o t  chang ing  and p r e d i c t s  t h e  v a l u e s  of  0 ( z )  a s  a f u n c t i o n  

of magne t i c  f i e l d ,  These valuks a g r e e  w i t h i n  -1% w i t h  t h o s e -  - 

o b t a i n e d  f o r  l a r g e  r a d i i  for t h e  f u l l  two-dimensional cal- - 

c u l a t i o n s  f o r  t h e  s o l u t i o n s  when p = 160 mic rons  and p 0 .  
0 

T h i s  s i inp l i f  ied c a l c u l a t i o n  w i l l  be used  In Ch.V i n  d e t e r - ,  - 

mining t h e  dependence of t h e  f r i n g e  p a t t e r n  on t h e  magnet ic  

f i e l d .  



CHAPTFR V 

V.l I N T R O D U C T I O N  TO THE OPTICS CALCULATION 

I n  Ch. I V  t h e  molecu la r  c o n f i g u r a t i o n s  o b t a i n e d  by 

minimizing t h e  energy  o f  a  c y l i n d r i c a l l y  symmetric r e g i o n  

of a  nemat ic  l i q u i d  c r y s t a l  w e r e  p r e s e n t e d  i n  F i g s .  I V . 1  

and IV.2. Also  i n d i c a t e d  i n  t h e s e  f i g u r e s  by t h e  i n s e r t e d  

c r o s s e s  a r e  t h o s e  m o l e c u l e s  which l i e  w i t h i n  a  s m a l l  a n g l e  

( ~ 7 ~ )  o f  t h e  p o l a r i z e r  o r  t h e  a n a l y z e r  a x i s .  I f  t h i s  one 

l a y e r  was r e p r e s e n t a t i v e  of  t h e  whole sample ,  t h e  l i g h t  

p a s s i n g  th rough  t h e  r e g i o n  of t h e  " c r o s s e d "  m o l e c u l e s  would 

be  e i t h e r  p u r e  e- o r  p u r e  o - r a y s  and t h e r e f o r e  t h e  p o l a r i z a -  

t i o n  would n o t  change and t h e  l i g h t  would be  absorbed  by t h e  

a n a l y z e r  a s  e x p l a i n e d  i n  Ch. 11. These p a t t e r n s  have a  

c l o s e  resemblance  t o  t h o s e  obse rved  i n  MBBA d r o p l e t s .  S i n c e  

@ i s  v i r t u a l l y  independen t  o f  z, t h i s  c r o s s - s e c t i o n  i s  r e p r e -  

s e n t a t i v e  o f  t h e  whole sample. I t  i s  m a i n l y  t h e  o p t i c a l  

t h i c k n e s s  which i s  a f f e c t e d  by t h e  z-dependence o f  0 .  The 

n a t u r e  of t h e  f r i n g e  p a t t e r n  would depend on t h e  t h i c k n e s s  

of  t h e  d r o p l e t ,  t h e  wavelength  of  t h e  i n c i d e n t  l i g h t ,  and 

t h e  b i r e f r i n g e n c e  of t h e  l i g h t  produced by t h e  m a t e r i a l  com- 

pos ing  t h e  d r o p l e t .  The n a t u r e  o f  t h e  b r u s h  p a t t e r n ,  however, 

i s  a p p r o x i m a t e l y  independen t  of  t h e s e  e f f e c t s ,  b u t  n o t  com- 

p l e t e l y .  

T o  f i n d  t h e  e x a c t  o p t i c a l  p a t t e r n  t h a t  would be produced 

by t h e s e  m o l e c u l a r  c o n f i g u r a t i o n s  r e q u i r e s  t h e  s o l u t i o n  of 



Maxwell's equation% in a medium with a continually varying 
e 

& - -- - - - - -- - - - -- 
. optic axis, Chou (Ch-72) has presented the solution of Maxwell's 

equations in a recJion with translational invariance in the 

horizontal plane and where 'the molecules were constrained to 
h 

'lie in the horizontal plane. His calculation will be expandkd 

to allow the molecules complete freedom in their orientafions. , . - ,' 
' r .. 

It would be desirable to relax the constraint of translatio-nal . @.-.,. 
- .  

--% - -  - - - 

p- . 
invariance in the plane perpendicul$r to the light path since ' . . t . , -  

t 

chis is not satisfied in the droplet geometry. This would 
3 

make Maxwell's equations very tedious and time consuming to 

solye, if ' not impossible with present computers. The assumption 

to be made is that the drops have local translational invariance. .; 4. 
. - 

For large radii, where the rate of change of the molecular 
\ 

configuration with distance is small, the geometry is close to 
9 B 

bpng locally translationally invariant, but near the axis of 
" , . 

I $ynunetry this approximation is less accurate. Maxwell's equat- 

ions will be applied to the molecular configurations of Ch. IV 

with full: knowledge that the optical pdtterns<pred"ited for small 
, . 

'radii will not be quite right. 

The presence of the the cyiin- 

drically symmetric in which - 

the light - 
- --- - 

8 .  .' 
propagates as an e-ray.  h his' is- assuming that the azimiathai- 

-- - - 

angle is constant with height. If it is , then this 



argument can  be app l i ed  t o  each layer. ) S i n c e  t h e  if fect - . 

2. 
of t h e  medium on t h e  e- and &-rays ere d i f f e r e n t ,  &iepw&ld 

expect  t o  observe  .two-fold s w e t r y  i n  the o p t i c a l  p a t t e r n  

of a l i q u i d  c r y s t a l  d r o p l e t  between c ros sed  p o l a r i z e r s .  \ 

The main f e a t u r e  t h a t  is  neg lec ted  i n  t h e  a s s ~ d t i o n  
' 

b 

% 
of l o c a l  t r a n s l a t i o n a l  i nva r i ance  is t h e  displacement  of  

1 
t h e  e- and o-rays  r e l a t i v e  t o  one ano ther .  The amount of + 

t h i s  displacement  is p r o p o r t i o n a l  to  t h e  t h i c k n e s s  o-f t-he - 

sample; For a t y p i c a l  MBBA d r o p l e t ,  20 microns t h i c k ,  t h e  
. . 

s h i f t  of  t h e  e - ray  w i t h  r e s p e c t  t o  t h e  o-ray can be a f e w  

microns. Th i s  w i l l  have r e l a t i v e l y  l i t t l e  e f f e c t  on t h e  

d p t i c a l  p a t t e r n  a t  l a r g e  r a d i i .  However, f o r  sma l l e r  r a d i i ,  . r 

-9 
- > + a 

a 2 or 3 c ron  s h i f  c a n  completelyl d i s t o r t  t h e  image. 
. 4  U 

b 

The d i s t o r t i o n  should be l a r g e r  f o r  l a r g e  drops  s i n c e  they  

and t h e  r e l a t i v e  d i sp lacements  should t h e r e f o r e  - 

be g r e a t e r .  The h p t i c a i  p a t t e r n s  t h a t  m e  would q p e c t  if 

t h e  approximation of l o c a l  t r a n s l a t i o n a l  i n v a r i a n c e  w e r e -  4 

c o r r e c t  w i u  be presen ted  i n  t h e  f o u r t h  s e c t i o n  of 

t ter a f t e r  t h e  qolu i o n  of  Maxwell's equa t ions  has  
/ 

B 3 

cussed.  T ese w i l l  show twg-fold symmetry-at  a l l . r ~ d i i .  
I 



where c and * are  t h e  d i e l e c t r i c  c ~ r ~ s t a n t s  for t h e  o r d i n a r y  
11 < ' 3 3  

and e x t r a o r d i n a r y  waves r e s p e c t i v e l y .  The d i e l e c t r i c  t e n s o r  

i n  a  c o o r d i n a t e  sys tem i n  which t h e  o p t i c  a x i s  makes a n  

a n g l e  0  w i t h  r e s p e c t  t o  t h e  z - a x i s  and @ w i t h  r e s p e c t  t o  t h e  

x - a x i s ,  c a n  b e  o b t a i n e d  by a p p l y i n g  t h e  w e l l  known t e n s o r  

o p e r a t i o n  

where i s  t h e  r o t a t i o n  m a t r i x  from t h e  f i x e d  c o o r d i n a t e  sys tem 
t) 

t o  t h e  c o o r d i n a t e  sys tem a t t a c h e d  t o  t h e  l o c a l  d i r e c t o r .  A c a n  

b e  o b t a i n e d  by a p p l y i n g  two c o n s e c u t i v e  r o t a t i o n s ,  f i r s t  a b o u t  

t h e  z - a x i s  by t h e  a n g l e  @ ,  and t h e n  a b o u t  t h e  y - a x i s  t h r o u g h  

t h e  a n g l e  - 0 .  A f t e r  combining t h e  two r o t a t i o n s  one  has  

Performing t h e  o p e r a t i o n  i n d i c a t e d  by E q .  V.2 one f i n d s  t h a t  

t h e  d i e l e c t r i c  t e n s o r  c a n  b e  w r i t t e n  a s  



w h e r e  a is c a l l e d  t h e  b i r e f r i n g e n c e  r a t i o  an6 c,, i s  t h e  z?2? 

d i e l e c t r i c  c o n s t a n t .  These q u a n t i t i e s  a r e  de f ined  f r o m  

and 

(V. 5)  

Maxwell's equa t ions  i n  a sou rce - f r ee  non-magnetic region 

a r e  

(V. 6a) 

(V. 6s) 

(V. 6 c )  

(V. 6d) 

where $ i s  t h e  magnetic i nduc t ion ,  6 i s  t h e  e l e c t r i c  d i s -  
-f 

placement , ,  and E i s  t h e  e l e c t r i c  f i e l d .  To o b t a i n  a  more 

u s e f u l  form f o r  t h e  purpose a t  hand t h e  c u r l  i s  app l i ed  t o  

bo th  s i d e s  of Eq.  V.6d producing 



-+ -+ 
where b o t h  H ai l j  3 li;ve ~ C C L  assume2 t o  be harmonic f l ~ n c t i n n ~  

o f  t i m e  w i t h  a n g u l a r  f r equency  wand u s e  h a s  been made of 

Eq. V.6c and o f  t h e  t e n s o r  r e l a t i o n s h i p  between t h e  e l e c t r i c  

d i s p l a c e m e n t  and e l e c t r i c  f i e l d  

The c u r l  c u r l  term i n  Eq. V.7 c o n t a i n s  d e r i v a t i v e s o f  t h e  

e lec t r ic  f i e l d  w i t h  r e s p e c t  t o  a l l  t h r e e  c o o r d i n a t e s .  I t  i s  

a t  t h i s  p o i n t  t h a t  t h e  assumpt ion  c f  l o c a l  t r a n s l a t i o n a l  

i n v a r i a n c e  i s  made: a l l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  x and y 

a r e  se t  e q u a l  t o  z e r o .  Eq. V.7 t h e n  r e d u c e s  t o  t h e  t h r e e  

e q u a t i o n s  

Eq. V.9c c a n  be  s o l v e d  f o r  E and t h i s  c a n  be used  t o  e l i m i -  
Z 

n a t e  E from Eqs. V.9a and V.9b. 
Z 

I n  a d d i t i o n  t o  t h e  volume e q u a t i o n s  one  must  c o n s i d e r  

what happens a t  t h e  b o u n d a r i e s .  From t h e  c o n t i n u i t y  of  t h e  

t a n g e n t i a l  components of t h e  magne t i c  i n d u c t i o n  and Eq. V . 6 d  
-+ 

one has t h a t  t h e  t a n g e n t i a l  component of  t h e  c u r l  o f  E must be 



- 7 7  - 
c o n t i n u o u s .  With t r a n s l a t i o n a l  i n v a r i a n c e  i n  t h e  x-y plane 

t h i s  becomes 

a t ,  d B r  - = -  + -  a -2 a z a z i n  x-y p l a n e  

where t ,  i, and r r e f e r  t o  t h e  t r a n s m i t t e d ,  i n c i d e n t ,  and 

r e f l e c t e d  l i g h t  r e s p e c t i v e l y .  " I n  t h e  x-y p l a n e n  means t h a t  

o n l y  t h e  x  and y  components of t h e  v e c t o r  r e l a t i o n  a r e  to 

be c o n s i d e r e d .  A t  t h e  bot tom i n t e r f a c e  ( z  = 0) t h e  i n c i -  

d e n t  and r e f l e c t e d  l i g h t  (which p r o p a g a t e  p a r a l l e l  t o  the 

a x i s  of  symmetry) a r e  i n  a n  i s o t r o p i c  medium, w i t h  index 

of  r e f r a c t i o n  n  and t h u s  t h e  e l e c t r i c  f i e l d s  can  be 
e x t '  

w r i t t e n  a s  

and 

-+ + 
E i ( z )  = E .  exp  

1 [-i":extzl 
+ + iwn 
E r i z l  = l7 r cextz]  

Combining t h e s e  w i t h  Eq. V.10 g i v e s  

+ 
3Et(z+0 ) -+ 

- - El (z-+o-)  - E .  ( z - 4 - )  i n  x-y p l a n e  
a z c 1 I 

(V. 1 2 )  

+ 
where 0- and 0 mean j u s t  below and j u s t  above t h e  bottom 

s u r f a c e ,  r e s p e c t i v e l y .  

I n  a d d i t i o n  t h e  t a n g e n t i a l  components of  t h e  e l e c t r i c  

f i e l d s  a r e  c o n t i n w u s ,  i . e .  

-+ + -+ 
E (z+0 ) = E~ (z-+O-) + B (PO-) i n  x-y p l a n e  . 
t r 

( V .  1 3 )  



t h e  bot tom s u r f a c e  

+ + 
+ - -f + aEt(z+O ) 

2Ei(z+O ) = Et(z+O ) - +- - lwn a z i n  x-y plane. ex t 

A t  t h e  t o p  s u r f a c e ,  t h e  c o n t i n u i t y  of t h e  t a n g e n t i a l  

components o f  t h e  e l e c t r i c  f i e l d  and t h e  magne t i c  i n d u c t i o n  

g i v e  

+ -f i- 
Et  (z+L-) = El (z+L ) I ( V .  l 5 a )  

i n  x-y p l a n e  
and 

-f -f + 
aEt  (2-L-) aE1 (z-*L ) 

- - -  

where El i s  t h e  e l e c t r i c  f i e l d  o f  t h e  l i g h t  i n  t h e  i s o t r o p i c  

medium t h a t  h a s  been t r a n s m i t t e d  by t h e  sample of  t h i c k n e s s  

+ 
L and where L- and L mean j u s t  below and j u s t  above t h e  t o p  

s u r f a c e .  Combining Eqs. V.15a and V.15b and u s i n g  a  harmonic 

s p a c i a l  v a r i a t i o n  f o r  t h e  t r a n s m i t t e d  f i e l d  a s  i n  Eq. V . l l  

g i v e s  

.+ - C ast ( z - ~ - )  E,(z+L ) = - -- - i n  x-y p l a n e  
i o n  3 z  

e x t  (V .  1 6 )  

f o r  t h e  boundary cond i . t ion  a t  t h e  t o p  s u r f a c e .  

The s o l u t i o n  o f  t h e s e  e q u a t i o n s  on t h e  computer  w i l l  be  d i s -  

c u s s e d  i n  App. V .  



' J .  3 APPLTCAr,"IS;; T=G GXSFS 

I n  p r a c t i c e  s i l l c e  t h e  d r o p s  have  c y l i n d r i c a l  symmetry 

i f  one  can  s o l v e  f o r  t h e  behav io r  of  l i g h t  r a y s  p o l a r i z e d  i n  

two d i f f e r e n t  d i r e c t i o n s  a t  a  p a r t i c u l a r  r a d i u s ,  t h e n  by t h e  

p r o p e r  l i n e a r  combina t ion  of t h e  two r a y s ,  t h e  e f f e c t  o f  t h e  

medium on l i g h t  a t  any  a z i m u t h a l  p o s i t i o n  a t  t h a t  r a d i u s  c a n  

be  de te rmined  d i r e c t l y .  Maxwel l ' s  e q u a t i o n s  w e r e  t h e r e f o r e  

s o l v e d  a t  each  r a d i u s  f o r  l i g h t  t h a t  was p o l a r i z e d  p a r a l l e l  

t o  t h e  x - a x i s  and t h e n  f o r  l i g h t  p o l a r i z e d  p a r a l l e l  t o  t h e  

y - a x i s .  When t h e p -  a n d @ a x e s  c o i n c i d e  w i t h  t h e  x- and y-axes 

r e s p e c t i v e l y  t h e  r e s u l t  of t h e  c a l c i l l a t i o n s  c a n  be  f o r m a l l y  

w r i t t e n  a s  

( V . 1 7 )  

where I N  and OUT r e f e r  t o  t h e  e lec t r ic  f i e l d s  t h a t  a r e  i n c i -  

d e n t  t o  t h e  medium and t h a t  l e a v e  the  medium r e s p e c t i v e l y ,  

w h i l e  i s  t h e  t r a n s m i s s i o n  m a t r i x  t h a t  r e p r e s e n t s  t h e  e f f e c t  

of  t h e  medium on t h e  l i g h t .  When t h e  o-@ a x e s  a r e  r o t a t e d  

by a n  a n g l e  Q w i t h  r e s p e c t  t o  t h e  x-y sys tem one  h a s  

(V.  l 8 a )  





t h r o u g h  th% crossed p o l a r i z e r s  a n d  t h e  d r o p  f o r  a l l  a z l m u t n a l  * 

. 

a n g l e s  a t  t h i s  r a d i u s  c a n  be f o u n d  by a p p l i c a t i o n  o f  E q . V .  21, , 
L 

T h i s - w a s  c a r r i e d  o u t  i n  t h e  c o m p u t e r  c a l c u l a t i o n  OPT5 con-  

t a i n e d  i n  A p p i V ,  - 
- i 

V I  4 THE BRUSH PATTEW~S 

The r e s u l t s  o f  t h e  o p t i c s  c a l c u l a t i o n  o n  the moiecu ;a r  
- L L - L -  . - -- - 

p a t t e r n  or t h e  t w i s t &  - o n f i g u r a t i o n  p r e s e n t e d  i n  F i g .  I V . 1  1 

. b e t w e e n  c r o s s e d  p o l a r i - z e r s  is shown i n  F i g .  V.1. In this, 
a+ 

pattern t'he effect of the f r i n g e s  hc i s  Seen s u p p r e s s e d  by -- - - 

* 
making t ; l e  b i r e f r  i n y e n c e ,  An, s m a l l e r .  T h l s  e f f e c t  c o u l d  also 

- b e  a c h i e v e d  by u s i n g  l o n g e r  wave.len&hs or t h i n n e r  sanplss. 

c. 

The main  f e a t u r e s  bf t h e  b r u s h  p a t t e r n  a r e  u n a f f e c t e d  by t h e s e  

c h a n g e s  which  w e r e  d o n e  t o  a v o i d  d i s t o r t i o n s  of t h e  e s t l x f  r o n  
. 

J 4 

cross t h a t  t h e  s r e s e n c e  o f  f r i n g e s  c a n  c a u s e .  T h e s e  d i s t o r -  
- - - - 

a s  c a n  Be s e e n  i n  F i g s .  1.1 a n d  1 1 . 3 .  
4 f .  

The  o p t i c a l  p a t t e r n  i s  c f i a r a c t e r l z e d  by hav ing  t h e  brush-  

i n  t h e  o u t e r  r e g i o n s  r o u g h l y  p a r a l l e l  t o  t h e  c ross  OF the 
- ~ 

p o l a r i z e r s  as  d e s c r i b e d  i n  C h .  11. Towards  t h e  cezter of .  s;m- 
Y 

m e t r y  t h e  b r u s h e s  rotate  p r o d u c i n g  w h a t  l o o k s  l i k e  a r o t a t e d  

, -& cross.- However,  t.he arms n e v e r  g e t  s t r a i g h t ,  t h e y  e o n t i z u e  

. - 
to s l o w l y  s p i r a l  a l l  t h e  way i n t o  t h e  c e n t e r .  - T n e  t a n g e n t  tq 

. 
I 

- - --- -- --- -L - =---- -- ---- 
* 

- 
, t h e  b r u s h e s  n e a r  t h e  c e n t e r  o f  symmetry i s  a t  a p p r o x i m a t e l k -  

-- - L -- - - -- - - - _ -- - . 
4 5 • ‹ .  This is  t h e  p a r t  of t h e  p a t t e r n  t n a t  p r o d u c e s  the 

r o t a t e d  4 S 0  cross. 



The extinction cross predicted by the solution of Maxwel18.s 
equations for the twisted configuration of anLMBBA droplqt with 
S/B  = . 8  and T/B = . 5  between crossed polarizers. The fringe 
pattern has &en suppressed. The sriading indica$&s where the 
transmission coefficient is less than 3 % .  . 



t h e  f i r s t  s e c t i o n  of t h i s  c h a p t e r .  However, t h e  d e v i a t i o n s  

- f rom f o u r - f o l d  symmetry,  e + p e c i a l l y  f o r  larger r a d i i ,  are 
Z 

v e r y  small. T h i s  i s  a r e s u l t  of $ b e i n q  a p p r o x i m a t e l y  
*' 

', i n d e p e n d e n t  of z. The l i g h t  i n c i d e n t  68 t h e  d r o p i e t  Tro- 
/' \\ 
\ d u c h  t h e  e- a n d  o - r a y s  which are p o i a r i z d l  p a r a l l e l  and 

i 
h 

, ~ p e n C t k t t h z - t o  L h e  p r i r ~ c i p d l  p m n n e ~ i r e S p e c t i v e l y . .  It -. - .  
, . 

yere compleke ly  i n d e p e n d e n t  of z t h e  p r i n c i p a l  p l a n e  woulit . . 

a l s o  be i n d e p e n d e n t  o f  z .  I n  t h i s  c a s e  s i n c e  t h e r e  i s  20 
- 

* 

--[ 
mix ing  between t h e  t w o  d i f f e r e n t  p o l a r i z a t i o n s  t h e  a m p l i t u d e s  

Y 
o f  t h e  e- and  o L r a y s  rema=; c o n s t a n t  as t h e y  p r o p a g a t e  thro+>?. 

\ 
? t h e  d r o p l e t .  I f  i n  E q .  V.21b t h e  a n g l e  : now refers t o  t h e  

a n g l e  be tween  t h e  x-axis a n d  t h e  p r i n c i p a l  p l a n e  ( 2  i s  r.9~ 

e q u a l  t o  t h e  o l d  v a l u e  of @ + ? I  t h e n  t h e  of f - d i a g o n a l  elenents u4 - 
- .  

- - 

of t h e  t r a n s m i s s i o n  m a t r i x  f are z e r o .  I n  t h i s  case t h e  
4, 

a m p l i t d d e  o f  t h e  l i g h t  t h r o u g h  t h e  a n a l y z e r  i s  g i v e n  by 

F x ~ ~ ~  = s i n 5  cosC ( T ( 1 1 )  - T(22 . )  1.. (V. 2 2 )  

/ 
The i n t e n s i t y  o f  t h e  t r a n s m i t t e d  l i g h t ,  e q u a l  t o  t h e  p r o d u c t  

Of  ex^^^ and  i ts  complex c a n j u g a t e ,  produces f o u r - f o l d % s l ~ -  . , 
4 

m e t r y  i n  t h e  o p t i c a l  p a t t e r n .  
a . - -  - -  - -- -f 

As e x p l a i n e d  i n  t h e  i n t r o d u c t i o n  t o  t h i s  c h a p t e r ,  the 
- - * - - - -  --- - - --- -- 

computer  c a l c u l a t i o n  s h o u l d  be  m o d i f i e d  t o  a l l o w  f o r  t h e  

, diff e r k n c e s  i n  d i s p l a c e m e n t  betw;en t h e  'e- and o-rays 

kb w h i c h  become most i m p o r t a n t  when t h e  approxima n o f  l o c a l  



- - - - -  - - ---A- -PA-- ------A- - - -- - - -  - --- -AL--- -- 

t r ans la . t , i ona l  i n v a r i a n c e  is  s t r o n g l y  v i o l a t e d .  ' . T h i s  
. -  . a  

r e l a t i v e  displqc.ement is  r e s p o n s i b l e  f o r  t h e  l a c k  of 
d - - b 

e r f e c t  agreement  of t h e  observed d r o p l e t s  w i t h  t h e  1.2 computer < *  c a l c u l a t i o n s ,  e s p e c i a l l y  . - f o r  small r a d i i .  Though . 
t h e .  c o n c e p t  oi r e f r a c t i o n  of  t h e  r a y s  is q u a l i t a t i v e l y  - 

, *  f 

unders tood ,  an  a t t e m p t  to o b t a i n  q u a n t i t a t i v e  a n s w e r s , i n .  
< 

+-----a-cl 1 ~-iEa44+113"symw t r iC - + e + k m 4 + + m p a a ~ b e b s q w a  

t i o n s  would r e q u i r e  v a s t  a m o u n t s , o f ~ c o m p u t e r  s p a c e  and t i m e  

and h 2 s - n o t  beer, a ~ t e m p t e d .  
- --- - - 

. . 

The d i s t o r t i o n  of t h e  b r u s h  p a t t e r n  when i t  e n c o u n t e f s  
* -> 

a f r i & e  is i n  agre'ement w i t h  t h e  c a l c u l a t i q n s  t h a t  have been 
z f  . - 

performed.  The e x a c t  s t r u c t u r e  o f - a  b r u s h  p a t t e r n  can v a r y  
8 

frorn.drop t o  drop .  S i n c e  smaller d r o p s  have f e w e r  f r i n g e s  . , . I 

-+ 
and less d i s t o r t i d n  duk t o  t h e  r e l a t i v e  d i s p l a c k m e n t  .of t h e  - - - - -  

o- and e- ray  images t h e y  g e n e r a l l y  p r e s e n t  n i c e r  look ing ,  
* &  

. crosses t h a n  do ' t h e  l a k g e r  d r o p s  as c n be seefi i n  F ig .  11.1 B -  
AS t h e  r a t s  of T I S  approaehes  u n i t y  t h e  t w i s t e d  c o n f i g u  

?, . * . . .  = D 
* 
;- . r a t i o n  becomes less r o t a t e d  a s  shown' in  Fig. IV.4.  he p a t t e r n  

L I 

,of t h e  i n s e r t e d  c r o s s e s  i n  t h e s e  f i g u r e s  s u g g e s t  t h a t  a s  T/S 
/ I ' 

approaches  u n i t y  t h e  e x t i n c t i o n  brush& shou ld  approach more 

c l o s e l y  to  t ha t a fkhe - -nom&-conf igmW . - 
0 

.. T h i s  i s  v e r ~ f  i e d  

by the  o p t i c s  c-alculat i o n .  - - - - - - - - - - - - -- . . I 



The o p t i r s  c a l c u ! a t i o n  p r e d i c t s  t h a t  t h e  t w i s t e d  c e n t r a l  

c r o s s  shou ld  become more r o t a t e d  and l a r g e r  i n  e x t e n t  a s  t h e  

magnet ic  f i e l d  i s  i n c r e a s e d .  T h i s  i s  due  t o  t h e  i n c r e a s e  i n  

t h e  @ - v a l u e s ,  w i t h  magne t i c  f i e l d  a s  mentioned i n  Ch. I V .  

T h i s  e f f e c t  i s  o b s e r v e d ,  however, q u a n t i t a t i v e  compar isons  

a r e  d i f f i c u l t  t o  make because  t h e  changes  i n  t h e  magne t i c  

f i e l d  a l s o  c a u s e  l a r g e  changes  i n  t h e  f r i n g e  p a t t e r n  which 

a f f e c t s  t h e  way i n  which t h e  b r u s h  p a t t e r n s  a r e  d i s t o r t e d .  

The r e s p o n s e  o f  t h e  f r i n g e  p a t t e r n  t o  t h e  magne t i c  f i e l d  

w i l l  be d i s c u s s e d  a f t e r  some s i m p l i f i c a t i o n s  i n  t h e  o p t i c s  

e q u a t i o n s ,  a p p l i c a b l e  f o r  l a r g e  r a d i i ,  a r e  made. 

V . 5  O P T I C S  FOR INDEPENDENT O F  Z 

A s i m p l i f i c a t i o n  of t h e  equations of  Ch. V . 2  can  be 

made i f  t h e  a z i m u t h a l  a n $ l e  @ i s  independen t  o f  z .  One 

can  a lways  make @ = 0 i n  t h i s  c a s e  by performing a  

r o t a t i o n  by @ a b o u t  t h e  z - a x i s .  T h i s  s i m p l i f i c a t i o n  i s  

u s e f u l  because  f o r  r a d i a l  d i s t a n c e s  g r e a t e r  t h a n  a b o u t  t h e  

t h i c k n e s s  of  t h e  d r o p  t h e  z-dependence o f  @ i s  s m a l l .  

When @ = 0 ,  t h e  d i e l e c t r i c  t e n s o r ,  Eq. V . 4 ,  becomes 



and E q s .  V.9 become 

0 = E (31)E  + E (33)EZ 
X 

( V .  24c) 

Eqs. V.24a and V . 2 4 ~  d e s c r i b e  t h e  p r o p a g a t i o n  o f  t h e  e- ray  

w h i l e  E q .  V.24b d e s c r i b e s  t h e  p r o p a g a t i o n  o f  t h e  o - ray .  

S u b s t i t u t i n g  t h e  d i e l e c t r i c  t e n s o r  m a t r i x  e l e m e n t s  from 

Eq.  V.23 i n t o  Eqs. V.24 g i v e s  

and 

( V .  25a)  

The s o l u t i o n s  o f  t h e s e  e q u a t i o n s  a r e  t h e  harmonic func-  

t i o n s  

iwnz Ex = E e+- 
XO C ( V .  2 6 3 )  

and 

iwn, z 
E = E  e t  

Y Y o  c (V.  26b) 

where E and E a r e  t h e  a m p l i t u d e s  of  t h e  e l e c t r i c  f i e l d s  
xo YO 



and e x t r a o r d i n a r y  waves,  r e s p e c t i v e l y , a n d  a r e  d e f i n e d  a s  

and 

where 

i s  t h e  maximum i n d e x  

( V .  27a) 

( V .  27b) 
n z /  e 

( V .  2  7c) 

o f  r e f r a c t i o n  p o s s i b l e  f o r  t h e  e - ray .  I n  

d o i n g  t h e  i n t e g r a t i o n  i t  was assumed t h a t  t h e  s p a t i a l  v a r i a -  

t i o n s  i n  0 a r e  s m a l l  compared t o  t h e  wave leng th  o f  l i g h t .  

Eqs. V.26 and V.27 c a n  b e  a p p l i e d  p o i n t  by p o i n t  t h r o u g h  

t h e  m a t e r i a l  and t h e  c o n t r i b u t i o n  t o  t h e  p h a s e  d i f f e r e n c e  between 

t h e  e- and o - r a y s  c a n  be  c a l c u l a t e d .  When t h e  phase  d i f f e r e n c e  

i s  a m u l t i p l e  of  2~ a n  e x t i n c t i o n  f r i n g e  o f  f r e q u e n c y  w / 2 7  

o r  vacuum wavelength  A w i l l  o c c u r .  
v  



/ C is+ r a k i u s  c o r r e s p o n d s '  ta' 
I 

the l a rge  p J i m i t ;  Further o u t ,  bec use; the s u r f  aces are 

more sloped ?ke ;e~ul ld  60 long& aSsu 6 tae O B s  .at t h e  
- -- 

-- --  - - 
* L -  - v- 

' 1 

ku;faces are t h e  hardo pinning a n g l e s  one would a l so  need t o  
\ 

consider t h e '  s l o p e s  of the surfaces t h e  a z i m u t h a l  a n g l e s e  
i 

as shown i n  App. 11. I n  a d d i t i o n ,  0 'would once a g a i n  become 
j .  k - * 

a f u n c t i o n  of r a d i u s  because of t h e  change i n  t h i c k n e s s  a n d  
. +  

of t h e  8-equation, E q .  111.23,. 
- - - -  - - .- -- - - -. -- - * -  

would 
-4. 

The exper imen t s  w e r e  performed by. s e l e c t i n g  t h e  des iyed - 
P 

wave leng th  with theAmonochromator  a n d s t h e n  v a r y i n g  the.mag-* 

- netic f i e ld  directed along t h e  droplet's axcis o f  symmetry 
I 

until t h e  d e s i r e d  e x t i n c t i o n  f r i n g e  c o i n c i d e d  w i t h  a c r ~ s s h a i r  
Za 

3 in . ' t he  e y e p i e c e .  . .  The u n c e r t a i n t y  i n  thg p o s i t i o n i n g  of t h e  
' 

' _ . b 

f r i n g e s  w a s - e s t i m a t e d  t o  be about  +20% of a f r i n g e .  
- - -- - - -- - - - -- - - - - 

The data w i l l  be p r e s e n t e d  a f t e t h e p m e t h o d  o f  a n a l y s i s  * 

- .  

- i--- 7' 

1s t X ~ ~ c u i s s ~ ~ ~ ~ ~ ~ ~ r ~ a 1  d e p e n d e n c e  @ and $ are  'assumed . . 

to be small  which i s  a good assumpt ion  f o r  d j s t a n c e s  away, , 
- >  , . 

from t h e  axis of s*etry e q u a l  t o  the t h i c k n e s s  o f  the d r . ~ .  

- 
, -b 

I 





i n  F i g .  V . 2  it t h e  v a r i a t i o n  of t h e  b i r e f r i n g e n c e  w i t h  wave- 

l e n g t h  i s  assumed t o  b e  

From E q .  V.32, t h e  l i n e  g i v e n  by t h e  l o c u s  of  t h e s e  p o i n t s  

shou ld  be  e q u a l  t o  F (H)An(6000) .  The b e s t  f i t  t o  t h e  d a t a  

i s  shown by t h e  s o l i d  c u r v e  which a g r e e s  w e l l  w i t h  most of 

t h e  p o i n t s .  The l a r g e s t  d i s c r e p a n c y  i s  a t  h i g h  magne t i c  

f i e l d s  where t h e  p o s i t i o n s  of  t h e  f r i n g e s  w e r e  most  d i f f i c u l t  

t o  d e t e r m i n e  because  of t h e i r  w i d t h .  The f i t  was done by 

v a r y i n g  t h e  p a r a m e t e r s  A ~ , S / B ,  Ax/B ,  t h e  h a r d  p i n n i n g  a n g l e s  

LS 
and B U S ,  and t h e  t h i c k n e s s  o f  t h e  d r o p ,  Z o .  I n  o r d e r  

t o  g e t  agreement  w i t h  t h e  d a t a  f o r  r e a s o n a b l e  v a l u e s  of  A n ( 6 0 0 0 )  

Ous must be  around 90' .  S i n c e  Eq .  V.30 i n d i c a t e s  t h a t  t h e  

phase  d i f f e r e n c e  i s  p r o p o r t i o n a l  t o  s i n 2 @  , most  o f  t h e  o p t i c a l  

e f f e c t  comes from n e a r  t h e  upper  i n t e r f a c e  where 8  i s  l a r g e .  

The phase  d i f f e r e n c e  i s  t h e r e f o r e  i n s e n s i t i v e  t o  t h e  p i n n i n g  

a n g l e  8  (-15') a t  t h e  a i r  i n t e r f a c e .  Computer c a l c u l a t i o n s  
LS 

i n d i c a t e  t h a t  t h e  shape  o f  t h e  c u r v e  is a p p r o x i m a t e l y  indepen- 

d e n t  o f  S/B and aX/B and t h a t  f o r  magne t i c  f i e l d s  l a r g e r  t h a n  

2  k~ t h e  t h i c k n e s s  of t h e  d r o p  p l a y s  no r o l e .  These c a n  be 

unders tood  by examining Eq .  V.29 when t h e r e  i s  a  magne t i c  

f i e l d  s u f f i c i e n t l y  s t r o n g  (-2 kG) t o  e n s u r e  t h a t  8 d e c r e a s e s  





f r o m  both surfares,  r e a c h i n g  a mi~nimum value Fi . at which mln 

point 8 = 0 .  This allows the evaluation of K and Eq. V.29 
z 

becomes 

A ~ H *  (sin'o-sin26 ) 
0 2 ,  min 

Making a change in variable in E q .  V.32 from z to 6 and using 

E q .  V . 3 4  gives 

( S  sin28+Bcos28)' sin2@ - 
(sin28-sin28 min )Si 

3 
( S  sin26+~cos28) sin23 

(sin2@-sin28 min 1 %  

For large magnetic fields emin is of the order of zero and 

the integrals become independent of the magnetic field. There- 

fore the phase difference should vary inversely with the 

magnetic field which j.s shown as the dotted line in Fig. V.2 

normalized to 5 kG. This 1/H region is good for magnetic 

fields larger than about 2 kG for the particular drop studied. 

From E q .  V.3 one finds that the ratio of the phase differ- 

ences at two magnetic fields that are sufficiently large 

should be inversely proportional to the ratio of the magnetic 

fields, independent of An, S, B, emin, eLS,  or BUS. There- 

fore AP at 10 kG should be half of AP at 5 with no 



, &  . - 

ab le  w t c r s  - The expcrim 

- 4 3  which is c o n s i d e r a b l y  l o w e r .  T h i s  d i f f e r e n c e . c a n  r e s u l t  . . I 

from an  error of 10 

f of t h e  f r i n g e  which 

. \ 

p e r c e n t  i n  the  measurement o f  t h e  c e n t e r  

is e a s y  t o  make when t h e  f r i n g e  o c c u p i e s  

most  of the drop as is t h e  Case f i r  t h e  l S t . o r d e r  f r i n g e .  . - 
J 

E v a l u a t i o n  o f  t h e  i n t e a r a l s  of  Eq, ' w * I 

- ' w i t n i g .  V i 2  
& 

I rnlcron 

I 
kG which agrees with the r a t i o  of the v a l u e s  Halle~ (Ha-72b) h a s  

I 
7 

. -found f o r  An \and ~ x / B  a t  room . - -  t empera tu re . ,  (s/B w a s  '\taken to  be .8 1 . 
I 

% 
m e n  t h e  qagnetfc f i e l d  is  s m a l l ,  0 i n c r e a s e s  diniformly 

. .. 
f rom t h e  bottom t o  t h 2  top s u r f a c e s ,  Eq. V.32 c a n  

B - .  

. used to e s t i a a t e  t h e  L h i c k n e s L  t h e  drop, ZQ ,, - 't 
*Y . \ 

t h i s  d r o p  w a s  found t o  be 28. microns .  * \ 
'B: 

The i n t e r p r e t a t i o n  o f  t h e  f r i n g e  p a t t e r n  of t h i s  
- - 9 -  --  

a l l o w s  one t o  e x p e r l m e n t a l l y  measure t h e  

b i r e f r i n g e n c e  of MBi3A as  w e l l  as t h e  ha rd  pinning 

a w a t e r  i n t e r f a c e -  N e i t h e r  of t h e k e  measurements 

previously r e p o r t e d  i n  the l i t e r a t u r e .  
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CHAPTER VI . r .  ir \ ,  , 
t 

DISCUSS ION ?;\ 

- 

nematic l i q u i d  c r y s t a l  droplets, and to-compare 

o p t i c a l  p a t t e r n s  r e s u l t i n g  

ypes which have been cal le  

a r e  roughly pa ra  
0 

z e r  for- l a r g e  ra 

remain unro ta t ed  

pattern *is appr  

\ 
t h e y  are rotated betwren t h e  p a l a r i z e r s .  

The energ 

. the Frank (Fr-5 

--- 

- - 

in App. 11. Because t he  surface are m u c q l a r g e r  than  t h  

volume energiesq (except posgibly singula;ities) t h e  

- 94 - 



- - - - - - - - - - - - -- - - - - - - - --- -- - - 

problem can  be broken up i n  
w0 qarts : t h e  s u r f a c e  e n e r g i e s  

. . 
determine the. shape of the d r o p l e t  independent  of &e volume * .  .. O 

effects; then t h e  vol- c o n f i g u r a t i o n  is d e t s h i n e d  subject t o  

Th i s  r e s u l t s .  i n  .a lens-shaped - d r o p l e t  wi th  \ 

; .  

of s y n n n e t w e r e ,  the a x i s  o l s d t r y  . 

c u t s  t h e  s u r f a c e s  the v o l w e  energy  bexmmes large. b his can 
I a 

t 

produce. s u r f a c e  d i s t o r t i o n s  and/or. t h e  mol-ular a l ignment  a t  
-. -- 

the s u r f a c e ,  t h e  hard-pinning ang le s ,  call b e e e l a x e d .  I n  App: -11 
m 

t h e  d i s t o r t i o n s  are shown t o  be  of  si'ze based 

- - - - - - 

< 
T .relati*-~treng€~s , . of t h e  s u r f  aceL - 

cons tan ts ,  This r. of zagn i tude  
i '  

in A*. V I  u s i n g  -th$ r e s u l t s  of the f u l l  c a l c u l a t i o n .  The smal.1 -, 
/I \! 

their n e g l e c t  when c o p s i i e r i n L ;  
J 

t h e  molecular  t h e  scale of  microns and l a r g e r .  
I 

- - - --- e energy produces = - p a i r o f  second .- A -  

, 
order non- l inear  coupl& p r t i a l  d i f f e t e n t i a l  equa t ions  i n  c y l i n -  

drical coo rd ina t e s  to b e  satisfied a t  every  p o i n t  i n  t h e  h r o p l a t  

as w e l l  a s  f o h r  f i rs t  o r d e r  coupled partia,i d i f i e r e n t i a l  equat-  

i o n r  t o  be s a t i s f i e d  at t h e  a p g r o p r i a t e  s u r f a c e s  o f  ' t h e  d r o p l e t .  . 

4ecause of-  the complexi ty  of these equa t ions  the o n l y  method of 

s o l u t i o n  is by computer w h i c h . r e q u i r e s  an appropriate g r i d  system 

- - -  -- t o  - - - - be - - - - - e s t a b l i s h e d .  - - - - - - -  his - - - is - - d i f f i c u l t  - - for a l e n s - s h a k e  ' d r o p l e t  
+ 

-- - - - 
because - - -- - t h e  - - - - sur f , aces  - are n o t  rectangula! and t&efo;e do n o t  

1 P .  
f i t  t h e  r e c t a n g u l a r  set of . g r id  points that one o b t a i n s  f r o m  a 

c y l i n d r i c a l .  c o o r d i n a t e  system w i t h  cylindrical symmetry ( t h e  P-z 

\ p l a n e ) .  0)le could  set the problem up uoing;a parabolic c o o r d i n a t e  
k 



- . sygt~iiCt6 iiiSTCh- --t3e =ape of --tEe-diopre t % T i f E c T 5 u i A € K t h e - ~ ~  1 1- 

e 

'i-ch more &kffkmlt. Thus, t o r q u e a n I e n e r g y e q a a  t , 
'r 

even .though t h e  s o l u t i o n ~ t o  the f u l l  d r o p l e t  d o e s n ' t  p r e s e n t  
t 

any cqnceptua l  d i f f i c u 1 t i . e ~  it r e m a i n s - t o  be  done because of - .  
" i , 5 

these &mputat i o n a l  +pxobl~ms. 
. /. \ , -  * , L S  

1 )  A t  t h i s  p o i n t  t h e  outer r eg ions  o f  t h e  d r q l e ' t s  are forgot- 
Y 

C ten and a t t en tTon  is focused on t h e  c e n t r a l  r eg ion  w h i c h  has . 
0 - .  

b&- a d y l i n d e r '  w i th  f l a t  s u r f a c e s .  This  has  t h e  'advantage 

t h a t  it can be f i t  &rfectly t o  a r e c t a n g u l a r  g r id .  Th i s  G p r o x -  . 

\ 
) .  

- in the p-z plane appear 9 surround b e  p o i n t  s iCguLar i ty  a t  

- c the. water s u r f a c e  r a d i a l l y .  Such a c o n f i g u r a t i o n  c a n m i - n e d  ' 
I 

- ** -' L -_ - - - - - * 

from Fig. IV. 2b by ref getting e&ch molecule about  ,an axis ,  paral- 
. i I 

d i r t  o r  i r r e g u l a = i t i e s .  i n  t h e  o u t e r  r e g i o n s  'of t h e  d r o p l e t ,  o r  

-4 
the size of  t h e  droplets &o n o t  s e q  t o l a f f e c t  the  'caral 

JPc _ con•’ i g u r a t f  osr" W t h e o r e t i c a l l y  - o r  e e r i m e n t a l l y  -. . , 

The equa t ions  are theri so lved  us&$ a r e l a x a t i d n ,  t e chn ique .  
+-A i \ 

Depending o n  t h e  e l a p i c  c o n s t a n t s  gn p a t t i c u l a r  t h e  r a t i o  o f  

-- 
-1el tb the sym&try axis. Away frk  the  a=? s u r f  ace t h e s e  s o i u t -  

I 

- - - 
L *  . t 

-wQ - tge t w i s t  e las t ic  cons tan t*  t o  the s p l a y  
. - \  

P / 
ions ,= themat ica l ly  can be approximated by t w o  s o l u t i o n s  o f  the 

I 'L 

- --- - . - - - - - L - - - - - - _ - - . 

c o n s t a n t  S l  e i t h e r  
/- 

-* 

one constant equa t ion ,  Eq, 111.21 with $ c o n s t a n t  and no magnekic 
\ .  

-- 
\ 

4 -Cr \ 

_ 
%/> 7, , k .  - 

P 

2 or 4 e q u i l i b r i u m  s o l u t i o n s  a r e  found. ~ J L  T/LS-,I t w o  s o l u t i m s  . 7 . . 
are -found. I n  &ne t h e  molecule's t h e  i n  p z p lane  appear  t o  

f o l o w  hyperbolae  about ;he & i n t  s ingu lb r i t&  at t h e  w a t e n r -  -' 3: 
/' 

face as shown i n  F ~ C J .  IV.2b wh i l e  in t h e  o t h e r  case t h e  molecules 



-. 
I 

d 

/- 

2 a * 
7 - 
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L ,  field. ~ h & e  sol are 
. i ' . 

P W I  1 1 ,  1 .  

1 
t an0  = +- n-zo Z 

the z-coordinate  of s u r f a c e .  TQe + 

t h e  r a d i a l  c a s e  whi le  t h e  - 4 o l u t i o n  corresponds  

t o  the hyperbol ic  conf igurat iond.  Whi le 'bo th  s o l u t i o n s  have- . . 

[ececognized ' by o t h e r s  (Klernan (K1-72) , .*eyer- (He-72) ) it hhs ' ' 

7 ' no t  been - r ecog i i zed  t h a k  t h e  energy o f T h e  t w o  is  . . *  

f a c t  Meyer ( ~ e - 7 2 )  shows 'the mo+lecu a r  conf igura t ib i l  i n  a drop; 
t- 

-- 
--- ' iet to ,. = be t h e  one t h a t  - i s  - - r a d i a l  - - - - - - - i n  - - - t h e p - z  - - - - - - plane  whqreas - .  

preskn t  c a l c u l a t i o n s  show t h a t  it i s  the  s o l u t i o n , w h ~ c h  is 
,- 

' @rboli,c i n  t h e  2-d  p l a n e  tha t  i s  s i G n i f i c a n t l y  - lower i n  ener- 

4y ( - a f a o t o r  of 2 ) .   his f acto; o f  9 is d e r i v e d  e x p l i c i t l q  i n  
I .  

~ p p ;  VI. Thi s  great r educ t ion  i n a n e r q y  is due t p  f h e  process  - 
?'f s p l a y  c a n c e l l a t i o n  i n  which c o n t r i b u t i o n  tO t h e  s p l a y  

- - - - * .- - - -- -- -- L- - - - -  - 

(a divergence)  which appears  i n  - t h e  p-z p l a n e , c a n  be c a n c e l l e d  
b 

t o  a l a r g e  e x t e n t  by a s p l a y  which appears  . in  thq p-4 p l a n e .  \ 
b -. 

T h i s  c a n c e l l a t i o n  cam take  p l a c e  on ly  i f  the mofecules  are '1 

&' 

hyperboiic about t h e  s i n g u l a f i t y  i n  the p-z plane.  This e n s u t e s  . . , 
* 4 

* - 
B tHa t  the p r o j e c t i o n s  of 'the molecules , i n  the p-O p lane  m e  " 

5- 
-7 

C 

r d d i a l  and is called t h e  normal conf iguza t ion .  The necessary  

r a d i a l  c o n f i g u l a t i o n  i n  t h e  p-@ *plane  i s  in -agreement  wcth t h e  
- - - - - - - .-- + --, -- -- ---- ,. 

o b s e r v a t i o n s  presented '  i n  Ch. 11 and 'with the con'clusions of -Y" 
Meyer (Me-32). n(i -Le Roy (Le-72) who s t u d i e d  .. . d r o p l e t s  under 

- - . ', 

similar conditions,&' - - .  
a- 

+. 4 

When T/S<l,  whiche is. c a l l e d  weak twist, there are t w o  

a d d i t i o n a l  s o l u t i o n s  of equal energy> possible i n  which for small 
x 



- - - -  - ---- %-- - 

1 & .  
P e .  

, radi i  t@e projections.of t h e  ~ ~ h 2 p a - e ~  i n   the,^-9 plane rotate 3- 
r ' s - -  I -5 

+ 

t - 
- away from t h e  r a d i a l  conf ig t l ra t ion  i n  ei ther t h e  c lock-  OK 

J 

l9 i 
ounterclock-wise & r e c t i o ~ s  p roducLq  t r i g h t -  a n d '  left-handed "i 

' Conf igura t ions  , r e s p e c t i v e l  . The energy ,&he t w o  tw i s t ed  -, I - *  

I .  e. 
s o l u t i o n s  is o n l y  s l i g h t l y  e s s  than  t h e  normal c o n f i g u r a t i o n  

v =l 

6 

. wi th  t h e  r e s u l t  t h a t  alf three are_ seen exper imenta l ly .  
A 

t=-t4 disc  
b r 

( 
. inl+his- 0X.P-d l a y  1 - 

i a t i o n  and weak twist should  have been a n t i c i p a t e d .  The reas&* 
C 

- a, 
they&ined unknown w a s  of * t h e  mathematics 

- - - - - - - - - - - , - -- 

.a forced people to make I n  t h e  
\ - - 

t 
f - 

. one cons a n t  approximation t h e  tw i s t ed  conf i "gra t ions  da no t  

occur  excep t  f o r  l a r g e  mag c f i e l d .   noth her usual -approxima- 
f 

. 
1 t i o n  is to  assume t r a n 4 l a t  1 inva r i ance  i n  t h e  z-direction ' 

and to f i x  t h e  azimuthal a n g l e  Q (Saupe.  (Sa-73) ) . Knder t h e s e  ' 
-._ 

C 
* -.. - \- a - - -- - - - - - --- - 

- - c a d i t i o n s  s p l a y  c a n c e J l a t i o n  canno t  occur.  Thus neither s?lXy - 1 i , --- . ,4 

c a n c e l l a t i o n  nor  the tw i s t ed  c o n f i b r a t i o n s ' w e r e  recoverab le  

from these less g e n e r a l i z e d  t r ea tmen t s  of the problem: 

To o b t a i n  t h e  o p t i c a l  p a t t e r n s  corresponding t o  t h e  cal- . 
l--- . 

c u l a t e d  c o n f i g u r a t i o n s  r e q u i r e s  the ,solut ion of  Maxwell's e w t = _  - i -. . -. 
* i o n s  for t h e  propagat ion of l i g h t  i n  a b i r e f r i n g e n t  medium 

i 

i n  which the o p t i c  axis has  n o n - ~ e r o  s# t ia l  d e i v a t i v e s .  However, 
I + r 

# 
- 

-system-& -eqeat*ons -th&-areprobw=ed-aretuumg&icateri 
- - : 4  - 

- - even-fbspx&scnt * y  cotnpu-rs. Thc present cal- 
k 

Pi 

madecwith the assumption of'local t r9sJat ioqal  invariance:This 

and is s u s c e p t i b l e  to computer a n a l y s i s .  The optical p a t t e r n s  
p\ 



- -- -. - - 9 9 - _  
-. 

ed d L e m  close agr eement w i t h  t ose observed k 
< , .  

F& * 
exper imenta l l=-cons i s t ing  . .of e x t i n c t i o n  cross rougly  , 

P % --_ - .- :*, * 4 

"5 parallel to  t h e  c ros sed  polar-r -- and a n a l y z e r , .  r o t a t e d  folggmal l  - . . II - -  c - t i. 

r a d i i  f o r  t h e  twisted c o n f i g u r a t i o n s ,  and---ntric -co lored  . 
t - .. -- - 

' f r i n g e s .  <, ? .  , -C 
1 

B 'Y-, 
e$ Q ' .rl' '- \-..- The t r a n s m i t t e d  l i g h t  is g e n e r a l l y  e l l i p t i c ~ l l y  p b l a r i z e d  , y- 

* %+ 

b u t  when the l.ig%t &merges wi th  the. long a x i s  o f p t h e  e l l i p s e  
- - - 

' pa&llel+o . t h e  i n i t i a l  p o l a r i z a t i o n  'it a l s o  r e s u l t s  t h a t  t h e  
. . 
l. 

1. 

l- \ ' 9 
- 

el l ipse - - -- - is - - very narZ-pw&haJt . is, the transmi?-fed- ligh-t- a_t the_~-,  - . * 

e x t i n c t i o n  cross is  ' l i n e a r l y  polai.ised - andHthe abso rp t ion  by the '  
. . . . - - - .  

d & l y z e r  is h igh ly  e f f e c t i v e .  >n a d d i t i o n  t h e  c d n d i t i o n s  f o r  -- 

the e x t i n c t i o n  cross are independent  of. wavelength f% d r o p l e t s  
4 .  1 - 

wi th  th i cknesses  large compared t o  the wzveWngth. Thus t h e  

e x t i n c t i o n  crosses are black.  hif fringe p a t t e r n ,  on t h e  other 
- --- -- L- - - - - - - - - - - 

- -  T\ 
hand is very sensitive to  t h e  wavelength o f  t h e  l i g h t .  

B"P- '\ 
I n  a d d i t i o n  t o  t r a n s l a t i o n a l  i n v a r i a  ce it  ig. assumed t&t" 1 . 

- S e. l i g h t  is  p a l a l l e l  t o  the axis of syxnm try and pe rpend icy la r  * -1. 

t o  the \k. t w o  su r  T; r e l a x  any of , t h e s e  abswnptions gokould 
\ 

make t h e  o p t i c a l  chlculati- demanding Fhan t h e  ., . 
8 

program shown i n  App.  V. Yet none of these ~ a s ~ p t j o n s  is r e a l l y  - .  
&+- I 

true and it is d(ff i c u l t  t o  j u d m . 0 ~  important ' t h e s e  e f f e c t s  - -  - 
m 

- - 
-- - - - - - - -- - - - 

I---,_ are t h e o r e t i c a l l y .  ~ x & r i m d n t a l l ~  one can vary t h e  Pdegree of 
1. 

- - -1%- - - _ -- A 
converge'n'cre.~ d ivergence  of t h e  l i g h t  a 

1 C 

6 of t h e  cross is n o d e & @  .exc&t i n  t 

' t h e  focus ing  c o n d i t i o n s  to p r  

t gent .  
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* 2 - - 
- - - - - - - -- -- -- - - * - -- - - - -----A - 

: The appearance of the cen t r a l .  does depend upon the 
\ ,. + . 

. -  . 
f>cusidg o f  the obje.ctive7 ieis. 1n t h i c k e r - d r o p s  t h i s  is much 
/ ,- 
,ds- --  
mor&ceable. th'e c&trkl c r o s s  is. d i s t p r t k d  s u b s t a n t i a l l y  

SF; 

9 ru 
, from t h e  almost four-fold  s-etry p e d i c t e d  by t h e  t r a n s l a t i a n -  . 

= 
P 

- a l l y  i n v a r i a n t  c a l & l a t i o n .  The e-rays undergo c o n s i d e r a b l e  ' 

4 
B r e f r a c t i o n  o n  p a s s i n g  -- th roug  the drops.  T h i s  can 'be seen  by fom, - , . 

-a 

- using-on l i t t l e  budbles whidecan be  p rodwed  on- , t h e  s u r f  ace. . , 
\ 

I.. 

---WhQn viewed through t h e  d r o p l e p  the  images '  are d i s p l a c e d  
. \  

a .  

r a d x a l l y  r m  d e w u p o n  whether they  a r e  vieweh w i t h  the-  e-rays 
, 

- - -- 

---I 
- -  - -  - - - - - - - - 

----=-L 
- - - -L- 

ar the o-rays. Thus while o n m b ~ e r v e s  pa t ' t e rns  close t o  those- 

P 
\ . - 

-. 
c a l c u l a t e d ,  t h e r e  a r e  d e t a i l s  for which ih& p r e s e n t  c a l c u i a t l o n  

d 

are n o t  ailequate. 

The molecular  c o n f i g u r a t i o n  f a g iven .d rop le t ' - can  be 3 .  .I, 
----..-- - -.- _ . . 
-='L 

changed i n  response  t o  t h r e e - s t i m u l i  :magnetic f i e l d ,  t empera ture ,  ' . -- - % - 
\ - 

- The-m6lecules. b e i n g - d i a n i a g n e t i ~ ; ~  1 :-- - ; 
--. _ C 

alignjng p a r a l l e l  t o  a inagnetic field. 
- -- - i j  

\ 

---4c 

The.magnet,ic f i e l d  can  be a p p l i e d  easia eltf ierp&rPendicular o r  - -- _ 

c paral le l  to the axis of symmetry. A p p l y i n g - i t  pe-41-hular t o  ---- -' 

. 6  
-+i2 " 

* i  
t h e  symmetry axis destroys the c y l i n d r i c a l  symmetry and caw- - 

3 i 

a molecular patqern with a d i s c l i n a t i o n  line as shown by C e  Roy 

'( te-72) . Applyin@ . the . magnetic  f i e ld  p a r a l l e l  t o  the  ' symmetry \ r 

- - C 

1 Q 
-\ 

A -F c a n ~ ~ i l ~ - - - ~ ~  by a i w L a - - t e r n - -  v 
t o  the energy proport io# to the square of t h e y i e l  

I 
I 

field is increased the e x t i n c t i o n  c i - i s  only s l i g  
1 I ---.. - 

{there is a small enhancexent in the amount of t h e  c e n t r a l  r o t a -  
I - L. - 

. 

I 
- 

w 

I d 
I 

* I rl i 
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tion for the twisted solutions), but the fringe pattern under- 

goes large changes, because the optical retardation of the drop- 

let is becoming smaller as the molecules align with their optic 

axis parallel to the applied field and the transmitted light. 

There is good quantitative agreement between the predicted and 

observed optical patterns in the presence of a magnetic field. 

When the magnetic field is increased above a threshold 

field, about 3 kG for MBBA between air and water, the molecules 

near the air interface find themselves incorrectly aligned to 

benefit from splay cancellation and they rotate by n . This 
occurs when the magnetic field is sufficiently strong that the 

polar angles of the molecules far from the surfaces are close 

to zero resulting in a decoupling between the region of the 

droplet near the air surface and the region near the water sur- 

face. The computer calculations indicate that there is possibly 

a small energy barrier that must be overcome in order for this 

transition to take place. Experimentally one sometimes observes 

bubbles forming when t large enough magnetic field is applied. 

These bubbles could be regions of the nucleation of the rotated 

configuration in the unrotated bulk. These bubbles grow as the 

field is maintained or increased and eventually disappear after 

the magnetic field is removed. This transition will have to be 

studied i'n more detail, both theoretically and experimentally, 

to learn more about how the nucleation is accomplished. 

In the twisted configurations the equilibrium position of 

the molecules and the resulting rotated cross depends on the 



, r a t i o   of t h e  mist and s p l a y  e las t ic  c o n s t a n t s .  A s  T /S-approaches  
- - F - - - -- - -- - -- - - - - -- 

u n i t y  (fir T/%1) t h e  amount o f  r o t a t i o n  d e c r e a s e s  u n t i l  rq 
, . - v a l u e  of t h e  o r d e r  o f  .93 the-wisted c o n f i g u r a t i o n  goes  bver  t o  - 

t h e  normal co f i g u r a t i o n  ( a p p a r e n t l y  c o n t i n u o u s l y ) .  The ra t io  4 
c o n s t a n t s  c a n  be changed by v a r y i n g  t h e  tempera- 

\ 

turf? o r  ~s p u r i t y  of t h e  material.  H a l l e r  (Ha-72a) h a s  shown 

- L t h a t  the ratio of T/S a p p r o a c h e s  - m i t y  as the temperature -A- - -- 

approaches  t h e  t r a n s i t i o n  w i t h  most o f  t h e  change t a k i n g  p l a c e  
I 

close t o  t h e  c l e a r i n g  p o i n t .  The deppndence o f  t h e  r a t a e d  

cross on t e m p e r a t u r e  h a s  n o t  been s t u d i e d  q u a n t i t a t i v e l y  for B B A  
1. 

- o n  w a t e r  inasmuch a s ' t h e  change i n  t empera tue  changes  t h e  amount 
f . L 

+ 
o i  w a t e r  absorbed  w i t h  a r e s u l t a n t  change i n  t h e  p u r i t y  and i n  

t h e  elastic c o n s t a n t s  of t h e  m a t e r i a l .  The t e m p e r a t u r e  dependence 
6 

of t h e  r o t a t e d  c r o s s  o f  MeA d r o p l e t s  i n &  on a substrace. 

treat@ to e n s u r e  t h e  homeotropic  a l ignment  of t h e  molecules  has \ 
been e x m n e d . .  The cross a p p e a r s  t o  be  r o u g h l y  independen t  o f  

L ,J 
t e m p e r a t u r e  u n t i l  just below t h e '  c l e a r i n ?  p o i m h e r .  i t  s t r a i  - 

B e n s  o u t ,  i n  agreement  ~ i t h ~ ~ r e d i c t i o n . ~ h e s e  measuremezts gill 
'I 

have tb k done mote c a r e f u l l y  t o  f i n d  t h e  e x a c t  f u n c t i o n a l  
4 

dependence. 
t 

- C 
The dependence of $he r o t a t e d '  c r o s s  on t h e  p u r i t y  can be 

determined b; deliberately 'doping the MBBA w i t h  dater. T h i s  - --- 

# 

- r-ins be attewpted. 
B 

I t  would be i n t e r e s t i n g  t o  c o n s i d e r 1  t h e  case where t h e  

bend -(and - t w i s t )  elastic c o n s t 2 n t s  vary s t r o n g l y  w i t h  t e m p e r a t u r e ,  
.+ 

becoming much lprger #an t h e  s p l a y ' c o n s t a n t  n e a r  a t r a n s i t i o r .  -,, 



temperature  la-3) ) . '1n this limit the- molecules should 
2- - - - - - - - - --- -- - 

thEre are no bend-like distortions: . 

by Eq. VI.l, the configuration 

in the P-z plane is completely splay-like 

and thus & energy is independent of the bend elastic constant. 
f 

~ o w e v i r ,  the- solution which is hyperbolic. in. the 0 - z  plane 
i 

contains bath splay and bend. When the elastic constants are 
-- - - - - - -- 

I 

equal the hyperbolic solution is lower in energy than the radial 

one because of splay cancellation (see App. VI), but when the 
1 

behd elastic constact becomes large this is no longer true and 

on; should have a transition betwdthese as the temperature is 
' 

lowered. The ratio 

tdce place has not 
t 

been performed gor 

of B to S required to make the transtion - 
yet been calculated nor has antexperiment 

4 P \ 

comparison. I - 
* 



CONCLUSIONS 
2 

The o r i e n t a t i o n  o f  t h e  molecuLes i n  t h e  c e n t r a l  recjion 
i 

of a n e m a t i c - l i q u i d  c r y s t a l  d r o p l e t  w i t h  c y l i n d r i c a l  sp-metr;. 

'i 

h a s  been d i s c o v e r e d .  p e  w minimiza t ion  o f  t h e  %n$rgy s L i j e c t  ~ 

to t h e  c o n d i t i o n  'of hard,  pinning of  t h e  molecu les  i n  a n  e a s y  

cone a t  t h e  s u r f a c e s  predicts the e x i s t e n c e  of a t  least 0r.e 
- L L L -  

I 

s t a b l e  e q u i l i b r i *  t h e  normal c o n f i g u r a t i o h .  Ir 

a d d i t i o n ,  when t h e  e l a s t i c  c o n s t a n t  i s  

s p l a y  e l a s t i c  c o n s t a n t  two o t h e r  s t a b l e  

a re  found wh,ich a r e  mirror images of 
. f 

been g a l l e d - t h e .  l e f t -  and r ight -handed c o n f i g u r a t i o n s  and. 4 
a r e  of s l i g h t l y  lowere  (-10-' ,ergs f o r  MBBA a t  rocm 

t e m p e r a t u r e )  t h a n  normal c o n f i g u r a t i o n .  

The o p t i c a l  p a t t e r n s  t h a t  r e s u l t  ;jropac> tinq 

p a r a l l e l  t o  t h e  symmetry a x i s  i n  t h e s e  d i f f e r e n t  a r r a n q e n e n t s  

has been de te rmined  t h r o u g h  t h e  s o l u t i o n  by computer *of 
k 

M a x w e l x s  e q u a t i o n s .  The f e a t u r e s  of t h e  p r e d i c t e d  2 a t r e r r . s  
\ 

i 

between c r o s s e d  p o l a r i z e r s  a r e  i n  c l o s e  agreement  w i t h  thasc , 

observed, e x p l a i n i n g  t h e  c o e x i s t e n c e  o f  d r o p l e t s  w i t h  s t  a i g h t -  

th rough  crosses and w i t h  t h e  c e n t r a l  c r o s s e s  t h a t  are r o t a  
P Q 

in either d i r e c t i o n .  The observed v a r i a t i o n  i n - t h e  angle of - 

rotatibn of t h e  central  crosses has been shown t o  be c o n s i s -  - 

t e n t  w i t h  d i f f e r i n g  r e l a t i v e  v a l u e s  o f  t h e - e l a s t i c  c o n s t a n t s .  

' T h i s  can_ y i s e  from v a r i a t i o n s  i n  t h e  p u r i t y  o f  t h e  l i q u i d  - 
-\ ;' L 

' c r y s t a l l i n e  m a t e r i a l  f r o m  one  d r o p  t o  a n o t h e r  and w i t h  time. 



+ - 7 

An e x p l a n a t i o n  for t h e  fo rmat ion  o f  "bubb lesn  i n  s o m e  

of the l a r g e  d r o p s  when a magne t i c  f i e l d  i s ' a p p l i e d  h a s  been L 
s g g g e s t e d  i n  t e r m s  of t h e  n u c l e a t i o n  o f  regions i n  which t h e  -. 

0 

a z i n u t h a l a n g l e s  of t h e  m o l e c u l e s  have changed by 180  to 

r educe  t h e  s p l a y  energy: 
P 

Quantitative agreement h a s - b e e n  found between t h e  changes, - 

i n  t h e  m o l e c u l a r , c o n f i g u r a t i o n  and the o p t i c a l  
I 

i n  r e s p o n s e  t o  a  v a r i a b l e  magnet ic  f i e l d .  T h i s  compa 
i 

a l l o w s  
- - 

? n v o  measure t h e  d i s p e r s i o n  i n  t h e  b i r e f r i n g e n c e  o f  Xi3 

. and the a n g l e  of  pinning a t  t h e  wa te r  i n t e r f a c e .  

F i n a l l y ,  a p o s s i b l e  e x p l a n a t i o n  of  the e x i s t e n c e  of 

l a r g e  numbers of d i s c l i n a t i o n s  i n  nemat ic  f i l m s  a s  a means , 

\ 7 of r e d u c i n g  ' t h e  energy,  i n  particular the s p l a y  e n e r g y  ,' 

has '  been postulat:ed.  a * 

C 

&' 

* 

> -7 
e 

- 

f 
\ 

* 



ENERGY AND TORQUE EQUATIONS 

T h e  d i r e c t o r  as defined by Eq. 111.2 is 
b 

f i  

I & =  sin 8 cos p f  c S C ~  8 ~ t n  p / .. 

(AI. 1) + c o s  8 3 . - .  

The bend and t w i s t  e n e r g i e s  i n v o l v e  t h e  quantity 
A - 

u 
v x n  - f,9^ S 

- 2 .* - 
?3 

5 g nr 3 
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. 
d -- 

- - - - - - -- - -- 

t - 
The twist energy depends on the of V X ~  . 

parallel to the director which after multiplica 

tiqn and collecting terms becomes 
I 

A -  n'- (ox;) = - sc'no@ + SLM p 6!? -4 
1 .  - *p ~ O I @  cost9 sin jp 

- - - - - - - 

+sL 8 C O S e  c o s y  $Pf (AI. 5\ 

7 A 

I c The bend energy depends on the component of . ' V X I \  

perpendicular to thk director which .after doing the multi- 

The energy density is the sum of the squares of these 

quantities weighted with the appropriate elastic constants: 

In addition the term - 



+ # - -  - -- - - - - - 

is added to take account of t h e  presence of a magnetic f i e l d .  

Af te r  c o l l e c t i n g  and rearranging t h e  t e h s  ' t h e  energy 



- 

i 

1 
\ 
!. , . 

\ - 

- - 

- 149 - - - J7 -- - - - - --- 
, , 

To find the e n e r  
\ 

inimum r e q u i r e s  t h e  a p p l i c a t i o n  \ 

. of the Euler-Lagrang i o n s  der ived  i n  E q s .  111.8-111.11 
Z 

t o  t h e  energy e 

( A 1  .9)q 

-The energy c o n s i s t s - o f  the t w o  Andependent 
I 

variables @ and is ob ta ined  by applying -- -'-Lp 

t h e  func t ion  
5 

, T =  (AI  . l o )  
to  the i n t eg rand  of  E q .  AI .9 -whi le  -equa t ion  

- ( A I . 1 1 )  
c--- 

' to the i n t q r a n d  .' T h i s  w i l l  be carried o u t  term hy t e d  .. 
t o  t h e  i n t eg rand  o f  E q .  AI .9  where F is de f ined  by E q .  AI. 8.  

Applying t h e  o p e r a t o r  

a= T + P  (AI.12) 

. i . to t h e  f i r s t  term produces 

'I C M ~ ~ + T C , ~ ~ ~ S C , ~ ' ~ ,  
& ,  -,+ 

+ B rc A% ssc ;\LpJ 
. a ++ S' k3CJ ,: oS 8 S( A f~-d 

+ z  rp[$ s(iao 3~ jv coxp? M-s+rco+ + a d e l ]  





Applying Q to the •’if th tern' gives ' u 

\ 'I . 

I 

y& B car @ p $ h t i 2 s  f B cos'e. 

iy rti3e c o ~  B jp h "" I - 

?I. + q r m & r r p s r ~ e  p, r s c i z e + ~  cos2@? 

1 - 
= dsk rm e r o ~  0 f i a l z r  -d nh's f i d r o s x s - ~ ( i ' d ]  -- + - -  - - -- - - - - - - 

core 3 pa r~srrt~'a- 
- -- 

r t i . ' ~  fir LT n n 2 ~  + B C C ~ @ J  
/ 

'A 

(k.17) . 
\ ' \ 

w 

.- - 
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-4 

Applying Q to the thirgeenth term produces 
f 4. 

4 

t 
'I, 

. 
B ' 

1 a 9 3 
L - - - 

w 



Y 5 -  -. '% 
\ 

k I 

'%? 

P - 1 
I - 4 .  

& - 

t - 116 - \ r- Applying Q to  the. f i f t e e n t h  t T" .gives 

4 
m 

2 m L s ~ ~ B  C O S B  + X H  ( ~ 1 i 2 7 )  
. ,  

, P , \ 
 he variations of @ and a r e  independen t .  C o l l e c t i n g  . 

t h e  t&s i n  d @ , d i v i d i n g  by and s e t t i n g  t h e  sum equal t o  P C 
P 

.zero. produces the @-equation, Eq. 111.12. S i m i l a r l y ,  - -  

- 1 
C c o l i e c t i h g  -the terms i n  d~), d i v i d i n g  by yst --@an& s e t t i n g  - -L 

r' 

. t h e  sum equal to  z e r o  g i v e s  t h e  - e q u a t i o n , . E q .  111.13. 
I 

b To produce t h e  boundary c o n d i t i o n s  a l ~ n g  t h e  top and 
i 

P 
6 , bottom ~ u r f a c g s  r e q u i r e s  the a p p l i c a t i o n  of t h e  o p e r a t b r k  

f-. r . '  

- (AI.28) 

to t h e  i n t e g r a n d  of t h e  The v a r i a t i o n s  i n  and P 
, 

a r e  independent  ( f o r  a s u r f a c e )  'and t h u s  Eq. A I .  28 - 

( A I .  29) 

w h i l e  t h e  f? -boundary M i o n  after d i v i d i n g  by S(k% is Y 
% 

C 'L 

B tAI. 3 0 )  
I 

To produce t h e  boundary c o n d i t i o n s  a l o n g - t h e  i n n e r  
i 

surface a t  = O  and t h e  P o u t e r  surfac 9 ( v e r t i c a l  s u r f a c e  o f  1 



* 
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i 

t h e  c y l i n d e r )  requires $he a p p l i c a t i o n  of  t h e  operator,; - 
a b 

R ;  6 8 ~ 3 ~  + ~ p + ~  (AI. 3 1 )  

to the i n t & r a n d  of t h e  energy.  The v a r i a t i o n s  i n  e and P .  
are i ndependen t  and so two e q u a t i o n s  are produced,. The 

-boundary e q u a t i o n  ' o n  t h e  i n n e r  and ' o u t e r  s u r f a c e s  is  ' 

- - -- 
0 = ,y By r~ rbs% cosy + ~ ~ s r k ) V t ~ p k %  coCosr  

' t s ( A @  CQS 8 [ S  C ~ S ~ ~ + T T < A ' $ ~  
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TRE Ftfl;s- DROPLET 

f 
*en d i s c u s s i n g  t h e  d r o p l e t  i n  111 t h e  i s sumpt ion  

'was made t h a t  t h e  c e n t r a l  s e c t i o n  o f  t h e  d r o p l e t  c o u l d  be  

r e p l a c e d  by a c y l i n d e r .  This approx imat ion  over looked  many 

4 * 
o f  t h e  more complex f e a t u r e s  t h a t  o c c u r  i n  d r o p l e t s .  

The main t o p o l o g i c a l  f e a t u r e  brushe*d a s i d e  is  t h e  p r e s e n c e  
-*. - 

- - - -- 
. *I 

of  p o i n t  d i s c l i n a t i o n s  o r  s u r f a c e  d i s t o r t i o n -  c a l l ~ d ~ & : -  

n i p p l e s ,  which ocdur  where  the a x i s  of symmetry c u t s  t h e  . . 
\ .  

s u r f a c e s .  The  r e a s o n  f o r , h a v i n g  such  f e a t u r e s  i s  t o  avoid 
I 

t h e  c o n t r a d i c t o r y  r e q u i r e m e n t  of having  f?=5SUR a t  t h e  . 

s u r f a c e  f o r  a l l  r a d i i  w h i l e  a l s o  having  e=G on t h e  a x i s  o f  
d 

symmetry f o r  a l l  z .  Within  t h e  c o n f i n e s  o f  t h e  continuum 

t h e o r y  used h e r e  one c a n  avoid- t h i s  dilemma by a l l o w i n g  t h e  . 
surface to d i s t o r t  by  t a k i n g  i n t o  a c c o u n t  t h e  f i n i t e  v a l u e  

of t h e  surface t e n s i o n  o r  by r e l a x i n g  t h e  h a r d  p i n n i n g  

c o n d i t i o n  th rough  a f lni te  c o e f f i c l z t  o f  p i n n i n g ,  o r  t o  

. d o  borh. Beyond t h i s  one  can  a p p e a l  t o  b e h a v i o r  o n  a  , 
t 

m o l e c u l a r  l e v e l  t o  t r ea t  t h e  d i f f i c u l t y .  
'k 

O n  a s u r f a c e  p a r a l l e l \ t o  t h e  p-@ p l a n s ,  t h e  h a r d  p j n n i n g  

c o n d i t i o n  is 

- 
9(ZstfR) = 9 

S U R  (AII. 1 L  1 - - 

. vhere ZSUR r e f e r s  to the 2-cvord ina t  t h e  s u r f a c e .  - 

When t h e  s u r f a c e  is i n c l i n e d  

1 + 



toKthe h o r i z o n t a l  p l a n e ,  Eq. A I I .  1 is  i n c o r r e c t  s i n c e  t h e  -cone  

of e a s y  p inn ing  i s  no l o n g e r  p a r a l l e l  to t h e  a x i s  of symmetry. 

The hard  p i n n i n g  c o n a t i o n  t h e n  becomes 
- - - - - - - -- 

2 2 
(fi 1 ,  = c o s  6 

SUR 
(AII.3) 

where - 
, . 

2 = -8  s i n * ~  + 2 cos* ( A I I . 4 )  - 

i s  t h e  p e r p e n d i c u l a r  t o  t h e  s u r f a c e .  The q u a d r a t i c  dependence 
1 

1% due t o  t h e  i n d i s t i n g u i s h a b i l i t y  of fi and -3. . 

From. Eqs. A I I .  3 ,  A I I .  4 ,  and t h e  d e f  i n i t &  of t h e  d u e &  

t o r ,  Eq .  111.2,  one  has 
2 2 

0 =(cosO cosO - s i n ?  cqsQ s i n + )  - cos 6 
SUR 

( A I I .  Sa) 

- - ~ ( 9 f @ f ~ ; 5 S U R )  ( A I L ,  5b) 

a s  t h e  r e l a t i o n s h i p  between t h e  v a r i o u s  a n g l e s  required t o  

s a t i s f y  . t h e  c o n d i t i o n  of hard p inn ing .  

The energy d e n s i t y  invo lved  in t h e  d e v i a t i o n s  from hard  
c 

p i n n i n g  can  be * i t t e n  a s  
-- 

2 
h = K q  (AII. 6) . 

where K is t h e  p i n n i n g  elastic cons tgr i t .  The q u a d r a t i c  depen- 
- - - - - - - - 

4 

zero when the s u r f a c e  i s  flat (qi.0) and e=QSUR, 0 ,  or * / 2  
- 

s i n c e  t h e s e  are a l l  p o s s i b l e  equilibrium configurations. 

t h e  e q u i l i b r i u m  c o n f i g u r a t i o n .  

The s i z e  of t h e  r e g i o n  i n  which t h e s e  d i s t o r t i o n s  



\ 

a r e  i m p o r t a n t  c a n  be e s t i m a t e d  by comparing t h e  r e l a t i v e  

s t r e n g t h s  o f  t h e  appropriate p h y s i c a l  c o n s t a n t s .  For example. &a 

t h e  c h a r a c t e r i s t i c  l e n g t h  of t h e  s u r f a c e  d i s t o r t i o n s  shou ld  
2 

be of t h e  o r d e r  of B/0 where B is t h e  bend elastic h n s t a n t .  

4 t y p i c a l l y  d y n e s t w h i l e  i i  is t h e  i n t e r f a c i a l  s u r f a c e  t e n s i o n ,  ' 

t y p i c a l l y  1 0  dynes/cm, T h i s  gives a c h a r a c t e r i s t i c  f a l l - u f  - 

l e n g t h  o f  10 i. ~ i m i l a r l ;  t h e  c h a r a c t e r i s t i c  l e n g t h  f o r  t h e  

. r e l a x a t i o n  from hard p i n n i n g  should  be B/K which a g a i n  is of 

where p is  t h e . r a d i u s  of t h e  d r o p ,  
0 z u ~  ( p J  is t h e  z - c o o r d i n a t e  

of t h e  u-pper s u r f a c e ,  F i s  t h e ' e n e r g y  density as  d e f i n e d  i n .  
\ 



3 
Eq. AI.8, a is t h e  i n t e r f a c i a l  s u r f a c e  t e n s i o n  between 

i j  
- medium i and m e d i u m  j. and t h e  o t h e r  q u a n t i t i e s  are a s  I 

prev ious ly  def  in&: The s u b s c r i p t  LS r e f e r s  t o  t h e  same 
h . . 

q u a n t i t i e s .  on t h e  l o w e r  s u r f a c e .  

' The f o u r  terms i n  Eq. AII.7 r e f e r  t o  t h e  energ&socia- 

ted with the volume. . t h e  top  and bottom b u r f a e e s  oi-the-&ropZ-el=--- 

t h e  i n t e r f a c e  o u t s i d e  t h e  d r o p l e t ,  and t h e   ela ax at ion 
' $ 

9 

i n  t h e  p inning,  r e s p e c t i v e l y .  

I n  a d d i t i o n  t h e r e  i s  one c o n s t r a  t h a t  t h e  

volume of t h e  d r o p l e t  

2.~99 9. 
4 3  y . . v =  z(=o JL*, 

(AII .8)  
Y 

is a fixed q u a n t i t y .  The r a d i u s  of  t h e  d r o p l e t .  p,. must be 
& 

' 

solved as p a r t  of  t h e  v a r i a t i o n a l  problem t h a t  minimizes t h e  

energy.  The q u a n t i t y  upon which t h e  v a r i a t i o n  is performed is 

(AII. 9) 

where ;. i s  a Lagrange undetermined m u l t i p l i e r .  The whole 

procedure can be formal ly  c a r r i e d  o u t  b u t  is t o o  complicated 
Ji 

t o  be u s e f u l .  The volume equa t ions  t h a t  would be produced are . 
.---- - -- t h e  s a m e  a s  Eqs. 111.12 and 111.13. The f o u r  s u r f a c e  e q u a t i o n s  b ' 

of App. f g e t  combined i n t o  one larger equa t ion  related by 
I--% 4 

t h e  a n g l e  o f  i n c l i n a t i o n  JI and t h e  r e l a t i o n  between t h e  

v a r i a t i o n s  i n  % and on t h e  s u r f a c e  which can be found from 

Eq. AII.5. I n  a d d i t i o n ,  t h e  shape qnd p o s i t i o n  of t h e  s u r f a c e  
1 
J 
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* I  
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/ .  
becomes p a r t  of t h e  problem to be s o l v e d  which r e q u i r e s  t h e  -i 

f * 
u s e  of. ? c o n t i n u a l l y  v a r i a b l e  g r i d - -  system. Such p~&~lems have 

\ t 
never  been s u c c e s s f u l l y  s o l v e d .  The best t h a t  c a n  bg done  is  

to guess an answer and t h e n  to t r y  to  d e t e r m i n e  how t o  c o r r e c t  t h e  

guess. T h i s  technique h a s  been d i s c u s s e d  by ~ a r a ' b e d i a n  JGa-64 )  
d - - 

who tried t o  a p p l y .  i t  w i t h  o n l y  l i m i t e d  s u c c e s s .  . 

I n  view of t h e  s m a l l  s i z e  of 'the expec ted  s u r f a c e  

d i s t o r t i o n s  one c a n  c o n s i d e r  t h e  d r o p l e t  be a l e n s  whdse 

shape i s  de te rmined  by minimizing the s u  energy n e g l e c t i n g  

t h e  volume e f f e c t s .  T h i s  p rocedure  h a s  been d i s c u s s e d  f u l l y  

by P r i n c e n  (Pr -69) .  The lens w i l l  have s m a l l  d i s t o r t i o n s  a t  



Because of t h e  c y l i n d r i c a l  symmetry observed i n  t h e  
v 

nematic l i q u i d  crystal. dkop le t s ,  the problem of t h e  . o r i g n t a t i o n  - 1 
k 

of t h e  molecules has<been reduced from a th ree -d imens iona l . t o@ 
e-= 

. i a  two-dimens&;onahr+qerqise.  he c a l c u l a t i o n  w i l l .  be performed 
-.?: 

I .  

in the  r e c t a n g u l a r  r eg ion  bounded by t h e  h o r i z o n t a l  l i n e s  

z=0 and z=Z, and t h e  v e r t i c a l  l i n e s  p=O and Q = P ~ .  
. - 

The problem w i l l  b% sd lved  by s imple  r e l a x a t i o n  techniques ,  
I 

t h a t  is,  a  t r i a l  s o l u t i o n  w i i l  be guessed and t h e  computer- 
0 '/ 

w i l l  keep' c o r r e c t i n g  the i n t e rmed ia t e  answers u n t i l  it h a s  . 

' r e a c h e d  a s t a b l e  s o l u t i o n  s a t i s f y i n g  all. t h e  n-essary equa t ions .  

Rather  than  t r y i n g  t o  s o l v e  a l l  t h e  equa t ions  a p p l i c a b l e  
. .. 

a t  a p o i n t  s imul taneously  it was found advan tageous ' t o  d e f i n e  

a p a r t i c u l a r  equa t ion  as be ing  the"B-qua t ion  *hich wo I d  
% - 7 

g e n e r a t e  a va lue  df 8 o r  t h e  a-equ-which would pro 
'C --. 

\ 
,, 

a va lue  of  $ a t  t h e  p o i n t  o f  i n t e r e s t .  

A f u r t h e r  s i m p l i f i c a t i o n  w a s  made by break ing  each equat-  
- 

i o n  i n t o  two pa t t s .  The i t e r a t i v e  part c o n t a d -  two terms t h a t  

1 w i l l  g e n e r a t e  t h e  new va lue  f o r  t h e  v a r i a b l e  being used. I n  
I 4 

t h e  bu lk  equa t ions  t h i s  term would consist af th$two second - -- 

2 
0 d e r i v a t i v e s ,  - and .?& of t h e  v a r i a b l e  b e i n g  i by - -  - t 3~ 

\ t h a t  e q u a t i o n , e i t h e r  { J  o r ' 0 .  A l l  other terms g e t  



k 

in what is called the source term. The 

culated using the b l d  values for the variables at the point. C 

\ The surface eertns get handled in the same fashion except * - 

. that now the iterative term picks out one first derivative 

' and all other terms become source terms evaluated using the 

old values of the variables at the point. This process will 
- - 

be made more explicit as each term is -handled .' . 

The handling .of the derivatives will be discussed first. 

The derivatives are detemined'using a central-difference 

, scheme obtainable from a Taylor series expansion about the 
4 

point of interest. For example, to obtain the first and 

second derivatives of '. in the iadial direction one can write 
for the point at larger radius 4 

9 + f (441' @j&&l 
(AIII. la) >, 

while for the point at smaller radius one has 

3 , - 
Subtracting these two equations produces . . 

A 

@&lf @19'"9,31-e~9-4aL - 

- ? b y )  
-4 

- 

(AIII. 2) 
, 

. . 
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With t h e  above d e f i n i t i o n s  ehe bulk equa t ions  can  now 

be handled. 
L 

The Eq. 111.12, can be w r i t t e n  a s ,  

- \. - 
5TSR ( ~ j e l ~ l ~ ~ , ~ a , a i / ~ ~ ~ , ' ~ ~ ~  * 

- 

I s-a A 1 1 7  

h 
where K ( e , @ )  and L ( 0 , b ;  a r e  t h e  c o e f f i c i e n t s  of 8 and 

P i ,  

O Z Z  
r e s p e c t i v e l y ,  w k l e  TSR,  t h e  soubade tern\, c o n t a i n s  a l l  

t h e  remaining terms of t h e  equat ion . Using t h e  expansions 

de r ived  f o r  8 and @ one can now w r i t e  
PP Z Z  - 

(1 

1 

T 

= TSR . - .f + 

9, 

(AIII.8) *- ., 
._ 

T h i s  equa t ion  can  be so lved  f o r  6 ( p , z )  , t h e  new new 

v a l u e  of  0 a t  t h e  p o i n t  ( 0 ,  z ) ,  i n  terms of t h e  v a l u e s  of 8 

a t  the nearest  neighbour p o i n t s  and t h e  o l d  v a l u e s  of 5 and -. 
1 

4 at {p ,  zl which get used in K, L, and TSR. Rearranging the &---- 



/' 

% Z +  
respectively, while PSR contains aS-+M remaining terns --7 

i-t - PB 
* 3f the equa t i on .  - 

- t 
SL t- 

These a i g d 2 i t ~ s  get applig&d at all g r i d  points in the 
.- u. 
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interior of the region of interest. 

L - % 

The b&ndary terms w i l l  now be considered. The first 

thing one finds is that somg of the derivatives the . 

since it is not possible to defipe 

far them. Fox example, aloncg theccmte~~ , 

the expafkion of 0 Cp, z) would require a value - 
-3 

for 9(0 -Ap,z )  and 8 1 p  +Ap ,z )  as in Eq. AIII.2. However, * 

0 G 

R (po+Ap,  z) does nof exist since go is the largest radius 
u 

under consideration. One must therefore make a special case . , 

here, defining the backward-difference as ' .l 
4+ < t 

% 

( j - -  e t f . , $ )~8f9 . -u l31  q f k  
AP 

with an analogous expression for 4 ( P ~ , Z ) .  
P 

Along the top an* bottom surfaces similar problems 
%-> w .  

1 
-L ' 

G- arise with the 2-derivatives. Therefore along the bottom 8 
b 

psurface one uses a foryard-difference for O t : *  
@ 



- \ . 
is r e q u i r e d .  

k 
\ Analogous e x p r e s s i o n s  e x i s t  f o r  the derivatives of  0 

=. ~ i t h  r e s p e c t . t o  z a l o n g  t h e  t o p  and bottom s u r  9 aces. 
. r- 

The boundary e k a t i b n s  w e r e  d e r i v e d  i n  App. I and 
i / 

discksed i n  Ch. 111. I? the  s i t u a t i o n  o f ' i n t e r e s t ,  the  a n g l e  
- 

6 i s  assumed t o  be p inned a t  some well-known v a l u e s  a l o n g  
4 I 

t h e  t o p  and bottom surfaces. The e q u a t i o n  from which 6 w i l l  
a 

- be determine s Eq. 111.19 wkich - - .  c a n  be w r i t t e n  as 

f ts, pl pt (p &*;) = PsRB(P, 9 9, a: 
- ,  i 

L d 
( A I I I .  1 3 )  

where P (8 , r ) )  i s  t h e  c o e f f i c i e n t  o f  O Z  and PSRB is t h e  s o u r c e  

%em c o n t a i n i n g  all. t h e  rem termg o f  t h e  e q u a t i o n .  Again 
3 3 & i 

t h e  t e c h n i q u e  is t o  u s e  the va3ae"for Q i n  PSRB and 

t h e n  c a l c u l a t e  a new v a l u e  for Q on the s u r f a c e .  Along t h e .  

54 bottom surface, u s i n g  Eq .  A T f I . l 2 a ,  o n e  h a s  

. 
. P 

I (AI I I .14)  

T h e r e f o r e  one finds f o r  t h e  n e w  v a l u e  of $ +long t h e  bottom 
P 

surface t h e  expression 

~ n q v ( p / ~ I z ~ ( ~ , ~ ~ ) - ~ ~ ~ *  
- -- -- - - - 

- *  

Similarly along t h e  t o p  surface one  finds 



(AIII. 1Sb) '  

1 - 1  T h i s  f e c h n i q u e  c a n  be a p p l i e d  t o  a l l  p o i n t s  a l o n g  t h e  

t o p  and  bo t tom s u r f a c e s  e x c e p t  t b e  f o u r  c o r n e r  p o i n t s  (0;,0), 
- .  

are requ%ed t o  evaluate ~ S R B .  These  d e r i v a t i v e s  c a n n o t  b e .  

o b t a i r i e d ' u i t h  a c e n t r a l - d i f  f e ~ n c e  a p p r o x i m a t i o n  a t  t h e  end  

p o i n t s .  ~ h o u ~ h  o n e  c o u l d  usqe a forward-  or  b a c k w a r d - d i f f e r e n c e  

t o  defipe them, i t  w a s  d e c i d e d  t o  'treat t h e m  d i f ' f e r e n t l y . '  
e p 

They wjLll be d i s c u s s e d  l a t e r .  

The o u t e r  s u r f a c e  i s  hand led  i n  much t h e  same f a s h i a n .  
1 

k . I  

From Eq. '  I= 1 4  o n e  c a n  write 

% (AIII. 16) 

where  QI&,$) ' is ' t he  c o e f f  i c l e n t  o f  P and TSRQ c o n t a i n s  
P 

a l l  t h e  r e m a i n i n g  t e r m s  o f  t h e  e q u a t i o n .  Us ing  "he backward- 



: 1 3 1  - 

* L - --A-p -p-pp 

where R ( B , + ) '  >s t he  c o e f f i c i e n t  o f  @ w h i l e  PSRO c n t a i n s  a l l  
P 

t h e  remaining  t e r m s  of t h e  e q u a t i o n .  
P - -  

a 

Again one  c a n n o t  d e t e r m i n e  4 a t  t h e  p o i n t s  (p, , O )  and 
4 

(p  . Z  1 s i n c e  PSRO requires t h e  d e r i v a t i v e s  e Z _  and 0, . 
0 0 d 

which c a n n o t  b e  de termined -4i t h  a c e n t r a l - d i f  f  e r e n c e  formula - 
on the boundary. They w i l l  be t r e a t e d  after t h e  a x i s  o f  sym-. 

- 

met ry  ,has  been d i s c u s s e d .  . 
.c 

As shown by Eq. 111.16 a l o n g  t h e . a x i s  of symmetry 8 
4 

must  be zero .  Eq. I I I . f 5  w a s  s a t i s f i e d  i d e n t i c a l l y  a t  P=O. 

.Thus  t h e r e  is no boundary c o n d i t i o n  t h a t  h a s  t o  be s a t i s f i e d  

by $ a long  t h e  a x i s  o f  symmetry. ~ h e ' f a c t  t h a t  @ must be 

'an a n a l y t i c  f u n c t i o n  w a s  made u s e  of to  perform t h e .  i t e r a t i o n .  
9 

T h i s  w a s  done by ma&ng a Tay lo r  expans ion  a b o u t  a p o i n t  2Ap 
B 

I- 

t away from t h e  o r i g i n ,  One can show t h a t  - 
~ ~ ~ a ) = 3 ( ~ ~ ~ ~ - p ~ ~ d p , ) ) ) ~ ~ ( ~ 0 z k ) .  * 

T h i s  process  is v a l i d  f o r  a l l  p o i n t s  on t h e  a x i s  of  s+&ry 
J 

i w I G d i n g  t h e  points (0.0) and  ( O , Z O ) .  . . 

, The v a l u e s  for $t a t  theeSwo p o i n t s  (po,O) and (po.Zo) 

on t h e  o u a i d e  s u r f a c e  which could n o t  be p r e v i o u s l s  de termined 
- 

c a n  be found i n  a s i m i l a r  f a s h i o n ,  One can  show t h a t  

and s i m i l a r l y  



. T h e r e f o r e  e v e r y  p o i n t  i n  t h e  sys tem is e i t h e  d  i n e d  

o u t r i g h t  ( 9  values a t  t h e  t o p  and bottom s u r f a c e s ) ,  or else 

ha's a n  e q u a t i o n  from which it  can  be de te rmined  i h  t h e  i - 

scheme. - 

~ h e  o n l y  c o m p t a t i o n a l  problem remaining  is  t h e  s i z e  of  . 
t h e  g r i d  t o  be used .  One wan t s  to keep t h e  number o.f g r i d  , 

5 

p o i n t s  as mall a s  pos i ib le  because  of  $&e8;im& r e q u i r e d  
/ 

by t h e  computer-  On t h e  o t h e r  'hand, t o  e n s u r e  bccuracy  and 
P 

s t a b i l i t y  o n e  r e q u i r e s  a h i g h  d e n s i t y  of p o i n t s .  I n  p a r t i c u l a r  

one needs  aa, h i g h  d e r i s i t ~  of p o i n t s  nea r  t h e  a x i s  of symmetry7 
B 

close t o  t h e  s u r f a c e s  s i n c e  i n  t h e s e  r e g i o n s  ? i s  changing 

v e r y  r a p i d l y .  One ' a l s o  wants  a h i g h  d e n s i t y  o f  p o i n t s  n e a r  
- 

t h e  s u r f a c e s  s o  t h a t  t h e  e f f e c t s  of  t h e  s u r f a c e  e q u a t i o n s  d o n ' t  

. p r o p a g a t e  too d e e p l y  i n t o  t h e  bulk, 

A l l  t h e s e  r e q u i r e m e n t s  c a n  b e  m e t  'by having  a v g r i a b l e  
6 

g r i d  w i t h  a  h i g h  d e n s i t y  o f  p o i n t s  n e a r  t h e  s u r f a c e s  and a 
F 

\ 

lower d e n s i t y  a s  one  p roceeds  i n t o  t h e  i n t e r i o r  of t h e  r e g i o n .  - 

A t y p i c a l  g r i d  system used is i n u c a t e d  i n  Apw- I V f o r  a 0 

m I 
I 

r e c t a n g l e '  19.  u n i t s  h i g h  and .80  u n i t s  i n  radius. T h i s  system 
-- 

contains 30 g h d  p o i n t s  i n  the z - d i r e c t i o n  and 39 g r i d  p o i n t s  
4- 4 

i n  t h e  p - d i r e c t i c n .  - 
d 

- I n  any i t e . : a t i v e  +ass first  8 and t h e n  + is c a l c u l a t e d  ' 



t h rbugh  t h e  h e i g h t  of t h e  r e c t a n g l e  and t h e n  g o i n g  o n  t o  t h e  ' 

n e x t  r a d i u s .  Then the boundary cond i t ions -  are a p p l i e d .  For  a 

grid s i z e  o f  30x34 p o i n t s  e a c h  pass took  a b u t  2 secopds.  
. . 

S t a r t i n g  from ,a r e a s o n a b l e  g u e s s  it would t a k e  a b o u t  1500 
'r 

p a s s e s  o r  60 m i n u t e s  of computer t i m e  for t h e  s o l u t i o n  t o  
- - - - - - - 

- I , become s t a b l e .  F o r  t h e  e q u i l i b r i u m  s o l u t i o n s  i n  w f l ~ c h  Q is 

z e r b  eiwrywbere,  p a r t  of  the progrdm c o u l d  be bypassed  and 

the c h v e r g e n c e  c o u l d  be '  r eached  i n  iess t h a n  10  minu tes  . 
.of famputer t ime.  . 

After s t a b i l i t y  had been reached ,  &$ energy  d e n s i t y  

g i v e n  by Eq. AI. 8 was c a l c u i a t e d ,  m u l ~ i p l 4 d  by t h e  a p p r o p r i a t e  

v o l u m e  e lements  and  s m e d .  

b The c a l c u l a t i o n s  are performed i n  t h e  computer -program 
I i 

B3C5 shown a t  t h e  and  of t h i s  appendix.  \ 
! 
\ 

There  a r e  t w o  f . x t h e r  p o i n t s  t h a t  d e s e r v e  mention.  The 
0 9 

f i r s t  was  h i n t e d  a t  when t h e  r e c t a n g u l a r  r e g i o n  :was s a i d  td 
\ 

be 19 u n i t s - h i g h  and 80 u n i t s  i n  r a d i u s .   h he r e a s o n  for t h i s  

i s  t h a t  t h e  s o l u t i o n  o b t a i n e d  is t h e  s o l u t i o n  f o r  a l l  

c y l i n d e r s  w i t h  this p a r t i c u l a r  a s p e c t  ratio.  N o  a b s o l u t e  l e n g t h  

c - 
e n t e r e d  t h e  pfoblem and so the s o l u t i o n s  of d i f f e r e n t  s i z e d  

- -- 

r e c t a n g l e s  with the same a s p e c t  r a t i o  w i l l  scale l i n e a r l y  - 

- 

w i t h  t h e  a b s o l u t e  s i z e  p icked.  I n  p r a c t i o e a n  a b s o l u t e  s i z e  

.is p2cked o n l y  once one  d e c i d e s  to d o  t h e  o p t i c s  o f  t h e  re- 

 sultan^ c o n f i g u r a t i o n .  



% 
. 

r 

- 134 - 

P - - 
' . - -- A- - - - - - - - 

The second  ' f e a t u r e  is t h a t  t h e  e q u i l i b r i u m  c o n f i g u r a -  

t i o n s  depend o n  t h e  r e l a t i v e  v a l u e s  of t h e  e las t i c  c o n s t a n t s  

r a t h e r  t h a n  t h e i r  a b s o l u t e  magn i tudes .  A l l  t h e  t o r q u e  

e q u a t i o n s  w e r e  d i v i d e d  by t h e  bend e l a s t i c  c o n s t a n t  and t h u s  

the c o n f i g u r a t i o n s  a r e  f b n c t i o n s  of S / B  and T/B (and L I /B . 

i i f  a m a g n e t i c  field i s  p r e s e n t ) , .  The t o t a l  e n e r g y  of -- 

t h e s e  c o n f i g u r a t i o n s  scale l i n e a r l y  w i t h  t h e  magn i tude  of 

1 
t h e  bend e las t ic  c o n s t a n t .  

The computer  program i n  which t h e s e  s t e p s  are pe r fo rmed ,  

B3C5, f o l l o w s .  
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APPENDIX IV 

SOME COMPUTER OUTPUTS - 
'. 8 

r b  ter  o u t p u t  of t h e  e q u i l i b r i  
i .E I - 

c y l i n d % r  19 u n i t s  high and 80 u n i t s  i n  r a d i u s  f o r  t h e  twis ted .  I 

\ t 

b J 
c o n f i g u r a t i o n  is s h o w h ~ i n  Table  1. I n  t h e  t o p  t w o  l i ~ e s  -- of 

-.- 
' t* 

- --- --- 
-- t h i s  t a b l e  t h e  39 radial v a l u e s  used a r e  i n d i c a t e d ,  from 0 ' -- - 

4 
f 

t o  80 u n i t s .  The nex t  two l i n e s  of  numbers, NDR = -1; O ,  o r  1, 

i n d i c a t e  t h a t  t h e  grid s p b c i n g ' t o  t h e  r i g h t  of t h e  g r i d  p o i n t  s 

0 
is 2 '+4 1 t i m e s  t h e  spac ing  t o  t h e  l e f t .  The 30 vd lues  o f  z used 

+ 

are shown nex t  fol lowed by the numbers NDZ = -1, 0 ,  o r  1 whichc 

i n d i c a t e  t h a t  the grid spac ing  above t h e  p o i n t  of i n t e r6sd i  

is 2 NDZ times the g r i d  spac ing  below. 
f 

I n  t he  matrix o u t p u t ,  t h e  z-values a r e  i n d i c a t e d  
/ 

& 
v e r t i c a l l y  mile t h e  radial  v a l u e s  a r e  shown h o r i z o n ~ a l l y .  

t - -3 
A t  the i n t e r s e c t i o n  of l i n e s  o f  c a n s t a n t  z and c o n s t a n t  3 

L? a r e  t w o  numbers, .the upper one is t h e  e q u i l i b r i u m  va lue  for1  \ 
t3 .while t he t lower  &e i s  t h e  -equ i l ib r ium =7 v a l u e  f o r  : i n  

I 

radian meaFure. + and Q a r e  shown-for  a l l  v a l u e s . o f  z 

&d b u t  only  fo r  every  second va lue-  of t h e  r a d i u s  used. Tab le -  b 

2 sh6& the -&pilibrim s o l u t i o n  for t h e  n o v a 1  ' con f igu ra t ion  

in which @ is zero.evezywhere, 

Tables 3 and 4 show the energy f o r  the t w i s t e d  and 
S 5 

normal c o n f i g u r a t i o n s ,  r e s p e ~ t i v e l y . ~ A t  the i n t e r s e c t i o n  of - "-, 
l i n e s  of constant z and constant p is the energy d e n s i t y  a t  , 

. A 



&A011 10  BE USEO APE 
TABLE' I 

0.0 0.25 0.50 0.75 1.00 1.25 1.53 2.00 2.W 3rOO 4.00 5.00 6.00 1-00 8.00 10.04 12-00 14.0016.0020.00 
24.00 28.00 32.00 40.00 48.00 56.00 64.00 68.00 72-00 74.00 76.00 77.00 76-00 78-50 79.00 79.25 79.50 79.75 80.00 

O O 0 O C 1 0 0 1 0 0 0 0 1 0 0 0 1 0  
0 0 1 0 0 3 - 1 0 - 1 0 - 1 0 - 1 0 - 1 0 0 0  

2 VACWS 70 I€ USEO A R E  
0.0 0.25 0.90 0.75 1.00 1.50 2.GO 2.50 3.00 4.00 5.00 6.00 7.00 8.00 9.00 

10.00 11.09 12.00 13.110 14.00 15.00 16.00 I b S S O  17.00 17.90 18.00 IO.25 11.50 14-75 19.00 
0 3 0 1 ~ c ~ ~ ~ 1 r 0 0 0 ~ 0  

O J U O  J - l C 3 r - l O O C  



TABLE I1 
R A D I I  10 B f  US60 4Df 

o n o 2 9  0.w 0.7) 1.00 1.25 1.50 2.00 2.50 3-06 4.00 5.00 6-00 7.OC L O G  10.00 11.00 14.00 16.00 20.00 
26:d.b 2b:00 ) ~ . o o  49.03 68.00 56.00 66-00 68.00 72.00 76.bC 1b.00 17.00 78.00 71.90 79.06 79.25 79.50 79.75 80.00 

0 0 0 0 3 1 0 0 1 0 0 u 0 1 O ~ o l o  
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h A r l l  ,Trl flF (.SF0 A R F  
TABLE V 

0.0 .1.75 0.57 0.75 1 - 2 0  1 .25  1.5C I .0C 2.50 3 - 0 0  4.00 5 - 0 0  6 - 0 0  7 - 0 3  8.00 10.30 1 2 - 5 3  1 4 - 3 3  16.90 2 J . 0 0  
74.00 7R.O 1 37.03 -0.00 48.90 56.00 64.55 68.05 72.00 7 4 - 0 0  7 6 - 0 0  77.00 78.00 78.50 79.00 79.25 79.50 79.75 80 .33  

~ 1 1 0 C 0 1 c 0 1 J 0 0 1 I 0 3 3 1 5  
1 1  1 0  0 5 - 1  1 - 1  J - I  3 - 1  J - 1  3 1 1 7  

I b A l l l F 5  T C  HF L c F 0  b P E  
u.0 n.75 C.5C 0.75 I.CO 1 .50  2.CO 2.?0 3.06 4.30 5.JO 6.00 7 - 0 3  6 - 1 3  9.00 

I n . 0 1  ! ! * 1 ?  ! ? . . , C  !?.Go ! L . 3 ?  !5.il0 !6.Ci? !h -50  1 1 - 0 5  17.50 IRICO 1 8 - 7 5  I R - 5 3  18.75 19.33 
r ~ 1 0 1 0 0 0 1 5 5 0 3 3 0  

0 1 I 0 0  0 - 1  0 3 - 1  C 5  J 

0 81.5) 1 -09  1 - 5 0  7.!0 4.CC 6.OC O.OC 12.33 16.53 24.05 32.03 48.03 64 .01  72.30 76 . J0  73.J0 19.3,? 75.5C 8 - - : 3  
19.11 I n  

1.'71 1.511 1.571 1.571 1. ,71 1.511 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 
2.7CM 1.774 1.q7R 1.435 1.334 1.238 1.136 1 . M '  0.930 5.776 J.581 0.436 J.236 J.106 0.057 0.035 0.325 3 .023  0 .317  5.014 

IL.150 
1.0 l . r l 7  1.757 1 .745  1.410 1.441 1.455 1.455 1.462 i .403  1.463 1.463 1 .463  1.463 1.463 1.461 1.458 1.455 1.451 1.445 

7.7118 1.774 1.T7A 1.435 1.334 1.138 1.136 1.C4' C.900 C.776 1.581 5.436 0.236 5.106 5.057 0.035 J .525  u.,325 C.317 J .31*  
II.5CC 

n.C r .hRs  I.CO) 1.143 1.256 1.315 1.340 1 .349  1.355 1.356 1.357 1.357 1.356 1.356 1.356 1.353 1 .348  1.343 1 .333  1.322 
7-<19tl 1.771 1.581 1.472 l . 3 f 3  1.241 1.141 l .C?2 0.931 0.777 9.5RI 3.436 3.236 0.106 0.057 0.035 5.525 5.023 < ' - ? I 7  u.3!4 

IR.751! 
L C  1.50.1 J.R5I 0.963 I .117 1.194 1 .233  1.242 1.253 1.252 1.253 1.253 1 . 2 5 3  1.252 1.252 1.248 1.240 1 .229  1 . 2 2 0  1.254 
1 - 9 1 4  I.Hu7 1.675 1.515 1.387 1 . 7 t 2  L.I5C 1.C57 C.934 0.778 3.582 0.436 3.236 J .105 0.056 UaU35 J . J 2 5  0 .019  j .017  ' - 3 1 4  

1R.CCC 
1 .  tl.3FC ,J.t57 0.R16 O.SP7 1.1145 1.124 1 .140  1.153 1.153 1.154 1.154 1.153 1.153 1.152 1. 14P 1.137 1.124 1 .112  1 .3W 
1.5311 I . R l h  l . n 7 6  1.564 1.415 1.287 1.161 I.CC5 0.907 1.753 3.532 0.436 0.235 0.155 0.05b 0.335 3.524 J .319 C.317 3-01'. 

11.500 
7.C r .746  ,'.4r7 0.594 C.760 0.878 0.933 3.953 3.966 5.9tY 0.47J 0.970 3.975 5.975 0.968 0.902 3.949 1.533 2 .919  3 . 9 C ~  
I-PSI4 1.RI I 1.717 1.677 I .47t  1.724 1.Le6 L C 8 1  0.915 3.784 3.583 3.43C 3.235 J.104 9.055 3.034 1.924 1.319 1 .116  L.314 

l l . r l r  
I C.1 71 J . 3 7 )  5.44J C.597 O. l l J  C.769 J .791 0.805 5 . 8 i 9  3.813 0.310 0.810 3 .811  0.808 0.801 J. 787 3.773 0.756 6.738 
1.d71 1.705 1.137 l .hL2 I . ! i l  1.761 1.211 l.CSE 0.924 2.789 0.585 0 .$3 t  3.234 J.104 0.055 3.C33 J .023  3.318 . .316 5 .213  

I t .  500 
~1.c <1.711 11.337 0.467 J .573  0.631 3.654 0.668 3.672 1 .674  0.674 3 .673  J .673 0.671 0 . t 6 4  9. tC4 1.633 C.621 J-bC'7 
1.194 1.711 1.775 1.677 1.552 1.397 1.734 1.114 0.937 0.793 3.586 0.431 3.233 J .103 0.054 0.033 0.323 O . J l 8  z .316 2.314 

IA.lCr 
0 . 1  r . r q 3  2.179 0.755 0.367 9.467 0.516 3.538 0.553 0.557 0.558 0.558 3.558 5.559 0.556 3.549 5.535 0.523 0.511 5 .499  
1.714 I .7hl  I.7IA 1.6d0 1.570 1.415 1.15? 1.127 0.939 C.797 3.587 0.436 0.233 3.102 0.053 0.032 0.222 J .>18  3.016 J .014 

15.1 , . n  

J.C C.TS4 i .136  0.153 0.725 3.30J J . 3 4 5  0.264 0.377 0.360 1.382 0 .382  0.381 3.381 5.379 0.373 3.362 0.352 0.345 0.339 
1.17" I . 7 l h  1.695 1.663 1.575 1.441 1.279 l .14P 0.S51 0 . 8 ~ 4  9.599 3.437 5.233 3.102 0 . J53  0.032 3.322 0.518 3 .016  J . u I 5  

16.1 , :P  
r.C C.C 43 I.Ch5 0.C95 3.14' 5 .195 0.250 5.245 0.256 0.259 11.269 0 .26C U.260 0.259 0.258 0.252 0.244 0.239 0.234 3.L3O 
l . h l +  I . h h #  I .h5C I.Ll1 1.566 1.448 1.754 1 . 1 t 3  C.960 2-91 1 2.592 C.438 5.233 3.102 0.053 0.032 3.122 J . J 1 9  0.017 2.30 

I 1 . ( I  G 

t.0 l;.C,1 81.C4l 0.06C O.C'47 J.128 0 .153  '1.165 0.174 0.176 0.177 0..177 3.176 9.176 0.174 0.170 0.165 0.161 C.158 0.156 
l . h ? 7  l . h74  1.612 1.594 1.54' 1.4h' 1.301 L ! 7 ?  0.969 3.817 3.597 3 .442  0.235 3.103 0.053 6.032 3.d23 3.?23 C.019 C.016 

t ? . r ; :n  
i1.c ~ . i l  I d.C)6 0.038 O.CbC 0.J84 0 .1J2  3.111 0.118 J.123 0.123 0.120 7.119 0.118 0.117 0.114 0.110 O.lC8 C.136 r .105  
I.5H7 1.591 1.577 1.558 1 - 5 1 )  1.437 1.304 1.182 0.581 C.828 3.607 0.450 9.240 0.136 0.056 0.334 0.J26 0.322 5 .321  2.021 

I I  r r r  
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- ,  

and e > 

s, 
* .  

whi le  a t  the t o p  surface, f r o m  Eq, V.16 one has  
- I 

---- - 

\ 

+ 'I-------- 
i 

(AV. 6 1 
' .  ~ $ 1  - EN a 

C ) =  0 .  7 

iw n (AV. 7 )  
Y e x t  

. - 1 .  
b 

' There are 2  (N-1) bulk equa t ions  (Eq. A+. 2 and AV. 3 )  
. 

L 

plus t w o  e q u a t i o n s  at both-the t o p  and bottom s u r f a c e s  which 
- - - - - - - - - - - -- ---- 

makes a t o t a l  of 2(N+1) equat ions  i n  the 2(N+1) unknowns.. .This 
I J 

system of  e q u a t i o n s  can be so lved  by t h e  method 06 guass ian  
- - - - - -  - - 

e l i m i n a t i o n  t o  determine t h e  na tu re  of t h e . l i g h t . t h a t  has  been 
. 

t r ansmi t t ed  rough t h e  a n i s o t r o p i c  l i q u i d ' c r y s t a 4 l i n e  medium. 
w 

Only Ex E ~ + ~ ,  t h e  electric f k d  ampli tudes  ,a t  t h e  
.Y 

upper s u r f a c e ,  absoXutely. s i n c e  t h e  i n t e r i o r  

iralues are  his avoids  t h e  n e c e s s i t y  

of having to store -a iarge array of in t enned ia tq  numbers; ~ . i 

The computer program OPT5 which s o l v e s  the equat ions  
1 

fol lows.  -* 

t' 

. 

I . . 
6 3 ~ 
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APPENDIX <VI a 5 
- 

- 
- - -  A - 

- 
-- SIMPLIFIED CALCULATION QF S O ~ -  DROPLET~EI$IES 

% \ : + .  $. -- 

.Using the one constant. approximation, Eq. .III .'21, the a 

" - 
 approximate^ nature oi the minimum energy configuration of the 

liquid c'rystal droplet can- be. obtained. This will- again point 

out - the  important feature of splay  cancellation.^ . Q - .  - 

s ingular i ty  atg=O, and the air surface moved to plus'infinity, . . -  
- . / \  a .  
---- . - * .  

r,el,krne~surrace!=lDe-negiecr-~r;neCoorULIldr I .  s 

. system of Fig. IV.qb has been sh'ifted and invekted for the - 

convenience. of the foilowing mathematics. 1 

W i t h f = ~  and H=O, Eq:XII.21.&comes - 
+ Lgc3 wqd c.sFa/'p'---------- 

2Q!rL 3 (AVI .1) 
_ --w- 

- 
A -- - " . ' 

t - - - - . - - -p -- -- _  - -  --L p I L , . ~ ~ ~ ~  

8. 
_II;'h h; anlo 2 its solutions - '  - 

I a, 
t p n -  8- = q/$-. - - -  - - - - -  - - LAVI,2) - 

Eq. AVI. 2 has the correct. boufidary condition since a t  z=0, 0 =K - I ' 
f S 

i n  agreement with the hard pinning condiFion at the water surface. 

The + solutionaorrespo5ntZs to a iadial configuration of the 
- - - 

- 
- nplecules i n  they-z  'plane about the point s ingular i ty  whiie - . 

\ 
the - .  sign Corresponds to a rbalic contiguratlon OX the . - - 

-maQxcwles (as in ' ~ i m )  . - , 
-. 

The er&gy/mlume .in the one constant . . approximation with 

- 
* 

s i n  f and H zero can be obtained from Eq. III.20, 
\ 

-'I54 - 
*. 

L . . - 
1 - 



'P / 

0 

4 ' 3 
r 6 .. 

\ d 
- - -- - - -- 

- 
A 155: _-L -- - - -  - - -  

e 

Z &= s & L e [ f  3 COS-p A e&')~ 9 - P- y ' I  -., +v+ 8% + l r l i B  C D S ~  69 & y-- - : -  VI.3) 

which using Eq. AVI. 2 gives . 

- 4 -  . F& = - yx 
5 ft&* . .(AVI. 4 )  

for the radial 8onfiguAtion andr 
-& 

f :  
4 + . - g F,. 

- L 

% a @2.+j 1 ' ( ~ ~ 1 . 5 )  

for the hyperbolic configuration. 8 ' 

- - - -- - --- - 

. . Performine th$ z-integration from z=0 to 'z=--gives 
27TS g,$yJ :, 

(AVI.6) a 

as the knergy/area for the radial configuration and \ "- 
* 

&(Q) EE ,<' 
- - 

1 ( A V I ~ )  

- as the energyjarea for the hyperbox-ic conf 4g~ration.- T+us--- a - 4  

/' 

E~@/2-,aj+e 2 u 
* 

- ( h . 8 ) -  .O 
- * B  

the radial conkiguration has twice the energy density of thv  
-hyperbolic configuration.  his is a result of 'the splay cancell- 

f 
A 

ation which takes @ace in the hyperbolic con&u+r t i o n  but 
. e - + ,- 

" r .-- ; not in the radial configuration. - 

..-. x , I 

The total energy &mu& the singularity to a radius R is *' . 
- - -- - -- - -- - - -PA- LA --- 

z m m  for the &dial configuration and ITm fof  the hyperbolio , -- 
- - - - --p---L - -- - - --- -- 

configuration. The radial conkigurartion is twice as'expensive 

as the hyperbolic configuration. 
- -  

In the real droplet the molecular cdnfigurations about the 

'l sks 

- << 

& L* 

-7 
=- 

. - - - J .. .i 



i m a t e l y  correct as loqg as t h e  air s u r f a c e  d o e S n 8 t  have much 

i n f l u e n c e ,  -This ,  is s a t i s f i e d  f d r  small enough r a d i i  (less t h a n  

a b o u t  3 micron)  where the  p o l a r  a n g l e  @ v e r y  s m a l l  a- 
9 J . way f r o m  the &urfaces# Eq, AVI. 7 t h e n  t h e  ene rgy / .  + 

P I 

~ ariia s h o u l d  v& inverse l ;  w i t h  t h e  r a d i u s  which is v e r i f i e d .  
7 

A- b$ she computer  calculation shown n Table  IV. I n s t e a &  of a f 
- 

F 

c o n s t a n t  of p r o p o r t i o n a l i t y  o f ~ h  d e r i v e d  i n  Eq. AV1.7 one 
fe 

I b-' 

f i n d s  2 . 5 s  from t h e  computer c a l c u l a t i o n .  A smaller v a l u e  i s  n o t  

b unreasonab le  s i n c e  t h e  f i n i t e  droblet o c c u p i e s  l e s s ' v o l u m e  t h a  Y 
, t h e  s e m i - i n f i n i t e  medium f o r  which Eq .  AVI,7 w a s  d e r i v e d .  1 

A s  e x p l a i n e d  i n  Ch. I11 and App. I1 where t h e r e  are 
k 
L s i n g u l a r i t i e s  i n  t h e  vo1ui-e ene rgy  t h e  - s u r f a c e  c a n  d i s t o r t  

rP 

a a n d l o r  t h e r e - c a n  be a r e b x a . t i o n  i n  t h e  h a r d , p i n n i n g  a n g l e ,  I f  
* 

t h e  s u r f a c e  d i s t o r t s  it will fontt a d e p r e s s i o n ,  o r  a n t i - n i p p l e ,  

s i n c e  t h i s  allows a decrease i n  t . e  d l a r  a n g l e , a t  t h e  s u r f a c e  
6. 

- ,  
w i t h  a r e s u l t a n t  r e d u c t i o h i n  t h e  vol& energy.. An e l e v a t i o n  or L 

* 
n i p p l e  would &crease t h e  polar angle  as can be s e e n  f r o m  F i g .  

> 
i 

IV.2b. whlch would worsen the volume s i n g u l a r i t y .  

The r e d u c t i o n  of the energy /a rea  ( t h e  ' i n t W r q l p  of t h e  volume . 

energy d e n s i t y  f r o m  t h e  a i r  t o  t h e  water s u r f a c e )  is p r o p o r t i o n a l  

f - - r-- - - 

to 7 e d e c r e a s e u r n  the polar a n g l e  a t  the w a t e r  s u r f a c e .  T h i s  w a s  
4 

- -- 

velrifi chang ing-  the p i n n i n g  a n g l e  a t  t h e  water s u r f a c e ,  

/ f i n d i n  t h e  new e q u l l i b e i u m  s o l u t i o n ,  and c a l c u l a t i n g  the en-gy. 

3 Prcm t h e  =amputer c a l c u l a t i o n s  t h e  ene rgy /a rea  a t  t h e  r a d i u s  

for &mall r a d i i  c a n  be w r i t t e n  as - 
\ + ' 1  



* *  - 

/ ,- ( 
- 157 - 

9 

- 9 fl - - 

q,~z5(2*5-24*u~ - - 

S - ----(XVI-9) . - / 

where A @ !  is the  amount of the decrease of the polar angle 
6 - 

I 

--' at the upper surface from r / ~ .  
I When the surface is distorted the surfhe area and there- - 
fore t h e  surface energy irEFckes quadratically w i t h i  the slope 

of the surface for small distortibns. For hard pinning the-. 
+ - - - - - - - - - 

slope of t h e  surface'is equal t o  the decrease of the-polar 

angle at the surface. Thus the t o t a l  energy/area with distorted 
a 

surface is t + - L- 

P 3 =  
. \ ( A V ~ ~ O )  

g' 
4 

where 6 i s  the interfacial surface ~ t e n s l o n .  This is minimized if 
8 - ZJ d @ r s r - -  

af (AVI. 11) 

cadius of 1 micron the amount of the distortion is 2x10 - 4  

radians whicZis suf f iti+ntly small to be neglected. 
9 \ u 

The hard pinning energy increases quadratically w i t h  the 
1 .  A 

change of 'the pinning angle from its equilibrium value. Assuming . . 
* d no surface distortions the change in the pinn ng angle is equal -- 

to the change in t h e  polar angle a t  the surface. Thus the total - 



552,: , 

T1- 4, . . ,/ - 158 - -. 
4 

4 eyJ: PS \ 
-1 - - 

- A 5 P - &- - *#I 
i 

13+- 
* - With s + ~ o - ~  dynes. K -10 d y n e s / q  (if it were any smaller the 

P 
optical data in Ch. V could not have been theoretically it), --+\ 

t 7. nd a t  a radius of 1 micron, the amount of distortioh is 2x10-~ 
27. 

radians w h i .  agai-Qs sufficiently small to be neglected. 

. . 
4, 

- This justifies the-flat cylinder-model used -in ~ h - .  111 
% 

A -- 
v - which neglected the vofmne singularities occuring at tho 

. , axis of symmetry which would be relieved in a.real material 

-, by surface distortion's or relaxing wf the hard pinning. 
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