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- 7 ABSTRACT A

L _,‘

Mlnlmum energy solutlons Have been found for the
fconflguratlons of the molecules 1n lens- shaped nematlc
llqu16 crystal droplets. These solutlons account ror

most of the phenomenaaobserved 1n these droplets on llculd'

substrates when v1ewed between crossed polarlzers. Sucn.afsfeé.ﬁ~~

vdroplets are-shown to havevcyllndrlcal symmetry and to
7produce three d1st1nct patt$rns wh?ch are called the nornal
rlght handed and~left-handed conﬁlguratlons.ﬂ The opt cal
patteﬁﬁs‘have:clrcular frlngesrcrOSSed‘by extinction brushes}‘
In’the nOrmal.case these'Prushes form a-cross Wthh lles‘k
'parallel to ‘the cross. of the crossed polarlzers _In the other
cases these brushes are 51m11ar at large radll,\Sit«near the-
xrcenter of the drops they form a orossdrotated hlth respect
kto the cross or'tne crossed polarq%ers.‘- ;

Thé problem is one of the elast1C1ty theory‘of-the
fnematlc llqu1d cxystal w1th partlcular boundary condltlons.

e
The’ calculusrof varlatlons is used to derlve the torque_

equatlons, the solutlons of whlch are’ found by relaxatlon

L < . ~
- méthods on a~d191tal computer. These solutlons are used .
. ; - . e N h .

to draw pictures~of7the molecularuarrangements and wlth
the-aidrof Maxwell's eduationsrto predict'thelobserved
optical.patterns) including the case ofﬂmagnetic flelds'~b
' applied»abéngfthegsymmetry aris. -

o | - iii - 7
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s emapTER T oo

1.1 INTRODUCTION -

A nematlc llelU“CrVStal is a flu1d composed of elongated &

molecules whlch *ena to be parallel to one another 'rThis'

IS

tendency 1is su1r1C1ontly strong to produce con51derable long

range orlentatlonal order but is" not strong enough to over=
, N

. ~come’ the effects of local rézrlentatlon prodaced by an inter-,

e _.facecv The molecuwar conrlguratlon ?;the rrurduls'oetermined.

from a competltlon oetween the volu ~ and sUrfaceéenergies.“

The calculatlon to be dlscussed urose from the guestlon,*
i_ . .}' ;. of the orlentatlon of the molecules in a free drop of a
- nematlc llquld crystal One qulckly reaches the conclu51on
i Wli:‘ h that the molecules in a. spherlcal droplet should not allgn-
‘ ; A /o

DR in a spherlcally'svmmetrlc fashlon.‘ Optlmlstlcally one mlght
-expect the molecules to dlsplay cyllndrlcal symmetry, he_'

”p, axis of whlch would be 1nr1n1tely degenerate Th;s-degeneracy

g - »3»15 #emoved 1f the drops are placed at the 1nterfa%i;between”_f

S __.two medla (for example, air’ and water). hlS results 1n a

w,

Y

lens shaped droplet w1th a unlque axis oF symmetry.A A typlcal

preparatlon of droplets of Methoxybenzylldene Butylanlllned i

N (MBBA) on a water suostrate 1n air. 15 shown 1r Flg. I.l‘as '

1t appears 1n agprox1mately parallel whlte llght between

e.:
crossed polarlzersle Attentlon 15 drawn to: the dark brushes

~—

s
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Figure I.1

MBBA droplets on a water substrate observed between crossed
polarizers with white light.
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= rather than the frlnge pattern._ Three d1f

ftlons are observed on the same preparatlon

. - . L.
» M 7 P LT
- i ‘ - —— e — -

rent configura--

R

These are referred

i:to as the left- and rlght handed and the*normal COnfigurations;

'hIn the normal conflguratlon the dark brushes ore orlented as

a cross 001nc1d1ng w1th the cross of the croséod polarlzerf

danalyzer-palr =Th15 type of«optrcal pattern is, what one‘ﬂ

_would expect from a conflguratlon 1n’wh1ch the pro;ectlons; .

-'of the molecules perpendlcular to the dlrectlon of the llght

- plex pattern,of molecular orlentatlon whlch minimizes, the

L at each po;nt in space 1S*descrrbed byvtwo polar anglesA'ﬁ o

,(splay, tw1st, and'bend); It w1ll be shown that wHen the

u -

L

'are strlctly radlal or str1 tly c1rcumferent1al about the -

‘rotates towards the normal cross as one proceeds outwards. o

kThese‘have surely been observed,byqothers,sbut_haverrecelved

’ ,.,f

'optlcal cross can- oe accounted for 1n terms of a rather com- -

lax1s of symmetr// The left— nd rlght handed spe01es show '

ba rotated cross 1n the ‘center of the droplet Wthh slowly

N

scant attentlon .

The calculatlops to be descrlbed show that the rotated |

)

energy of the system. In thlS pattern the mean orlentatlon"

and ¢. The‘energy‘is‘expressed in}terms of theSeuangles1

thelr Spatlal derlvatrves,,and three 'elastic conStants,h;tglrrr;:~l

3

twist elastic constanthis less than the splay elastic consf;

tant the left-‘and right?handed species are stable and B

-



equal in energy while the normal configuration is apparently
metastable and only slightly higher in energy (~10"° ergs).
An attempt will be made to keep the mathematics in the
main body of the text to a minimum. Thus most manipulations
will be relegated to the appendices as will the discﬁssion of
the computer calculations used to treat the problem.
The introduction will conclude with a brief description
of nematic liquid crystals. This will be followed in Ch. II
by a description of the simple experiments performed and the
conclusions one can reach from the observed optical patterné.
The energetics of distortions in nematics as derived
by Frank (Fr-58) will be presented in Ch. III. Then the
technique of deriving the energy and torque equations in a
geometry slightly simpler than the actual drop will be pre-
sented. This will include a discussion,of which terms in
the energy most influence the configuration, the role of
the relative values of the elastic constants, and the effects
of the magnetic field term in the energy. The manipulations
will appear in App. I. The calculation required for the fﬁli
droplet will be indicatea in App. II along with details of
the justification for the approximations made in the simpli-
fied calculation.
The presentatioh and discussion of the results of this
calculation will take place in Ch. IV. 1In Ch. V the method

of handling the propagation of light through the liquid



s . : . . o
crystal medlum w111 bw\dlscussed This involves‘

'tlon of Maxwell s equatlons ln a: bIrtfrIngcnt*medinm”*nuwhrchr

;the.optlc axls has non—zero spatlal derlvatlves. Ch V

¥ ybconcludes with a comparison of theory’and ekperiment‘in-‘.

whlch the optlcal patterns observed thelr relatlon to the' -

.i{~ o molecular orlentatﬁon. and the effe;;;/pf a magnetlc LlEld

Wlll he dlscussed In Ch-VI the problem and solutlons are re-

Vlewed,-comparlsons are made w1th other authors,-and some-?”'ﬁ

@

. lnterestlng’extenslonS'of the 1deas dlscoveredfare'indicated.

13’ wmﬂc LIQUID CRYSTALS L A -

: (ﬁ The - llquld crystalllne phase 1s 1ntermed1ate 1n order@
between the crystalllne SOlld apd the 1sotrop1c llqulc and -
is. separated from these phases by f1rst order tran51tlons

‘as demonstrated by such experlments as heat capac1t) : _; ¢' ';ﬁt
measurements (Jo 69) and volume expan51on (Pr 73)
\ . -
The 51mples§ type of l;quld crystal orderlng ;s the nema—

: t1c phase, thewgggh feature of whlch is the Fresence of long
range orlentatlonal order of the deécules. The molecules

tend to bd pirallel to . a common’ ai}s, called the dlrectof \ -~
: R oo
_S; Ibout which there appears to be. rotatlonal symmetrv. ThlS v

prOperty 1s demonstrated in all macroscoplc tensor propert1es.»7

The nematlc phase behaves llke a unlaxlal medlum w1th the
t S
pr1nc1pal ax1s<along therdlrector.‘glt shows apParge blre—v" -

fringence'effect,,the difference>between’the_indices,of

o : ) : _ . . Lo
refraction is typically 0.2 . compared with 0-q1 “for quarta}“
o . . ) . . d s . . : . ) )
The magnetic and electric susceptibilities as well as the

o

i . P

s

P
-
r



-6 -
thermal conductivity and viscosity tensors also show large
anisotropies.

The lack of Bragg peaks in the X-ray diffraction patterns
indicates that there is no long range order to the spacing
of the centers of gravity of the molecules.

In an infinite medium there is no preferred direction
for the director. 1In a finite sample the molecules close
to an interface generally have certain preferred oriéntations.
For example, on a crystalline substrate the crystal axes may
be preferred. At an isotropic interface, the preferred
orientation is degenerate, that is, the molecules like to
make an angle 6 with respect to the normal to the surface
but the azimuthal angle is undetermined. This produces an
"easy cone" of surface pinning. Experimentally all values
for the angle 6 have been found, from 6 = 0 , the homeotropic
configuration, to 8 = 90°, where the molecules lie in the
surface. The exact angle depends on the nature of the
liquid crystal material and the substrate. It can also be

somewhat temperature dependent.

Principal among several effects contributing to
the molecular interaction in nematics are attractive van
der Waals interactions and repulsive hard core interactions.
The latter are principally quadrupolar in symmetry, even
though the ends of the molecules are not completely iden-
tical. The van der Waals interaction is anisotropic

because the electric susceptibility is highly
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o N |
is, the re%ersal of a- group of molecules w1ll not change,_“

'.propertles of such materlals. :

A

'anlsotroplc. A dlpolar fluctuatlon in one molecule 1nduc@s

N ®

a dlpole moment in a nelghbourlng molecule, w1th the resultlng N

7

flnteractlon posse351ng quadrupolar symmetry% Wlth quaarupolar

s
symmetry the dlrector n 1s 1ndlst1ngulshable from -A. _mhat

. . - "
1ts energy w1th respect to a nelghbourlng group.' Thls ig

in . contrast to ferromagnetlsm where the reversal of reglons

of magnetlzatlon 1s energetlcally unfavorable. However 1f .

.one’ only compares cases where the dlrector or the magnetlza—"

,tlon dlrectlon varies slowlyrw1th»respect'tO'molecular 1s~

tances, ‘the" mathematlcal formulatlons of the two problems

':have consxderable 51m11ar1ty._ -5 ' um",- ,;-;"' R D)

The nematlc phase can occur only in materlals whlch can-

not dlStlthlSh rlght from,left thus- the molecules must be

,1dentlcal to thelr mlrror 1mages. Molecules w1ti handedness
N _

,tend to form cholesterlc llquld crystals.p It would be -

an exten51on of the present work to 1nclude the elastlc

Y
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« .

II.1 OBSERVATIONAL TECHNIQUES -
-Léns—shapéd»droﬁlets’wetédetaihed;by’$§rayihqfaJsmall'}’
quantity of the‘desired nemaﬁic iiquid_crysta}_bnto:a suitéble c

’.,sdbstrate.“.The'mategial mOst‘freqU?ntly_workgd»wi;hiwésf“. T

Methoxybenzylidene-Butylaniline (MBBA) which is nematic in
tﬁe. ﬁeﬁpéfathe ra5§gof“lo°C;;39C; Tﬁé MBBA_waéiébtained 
,‘fromkVafiliéht §ﬁé'waSiﬁsed‘*f%_‘ t Pﬁfifiéafi§n5 tIt§ ‘_f> ,* o
'.éiastié and thicél3é;nsﬁan£sfﬁave_beén méaéﬁréd\by;ée§e£a1>
 :workers,Vmaking ittposéible:tbhcbﬁparé~some of £heipfédictéd.
:results éuahti;atively with éxpetiﬁént,ﬁl’ N | o
:_ThelSubstfate;that-§;59‘f ﬁQSt ¢onveﬁiént:to'US§’§i£hitﬁe :g“
MBBA'dfépléts is~ﬁ3ﬁe£}"fhe édvéntagé ‘6f waterfié £ha# it ;:_«: C
 _is\ﬁbt téo‘highly sol@ble in MBBRA %ndAevén thoééhkiﬁadéés ‘_b
éausé hydroly#is;_theréacfion réte i§:éﬁfficieh£iy $iow;és'“
igo'aliow-a ééhbléj#o bé obsérvéd;fbr-sevéféi,gours; ;péi.i_

'iSQtrbpic éqrfa¢e pré§ented by)£He'wéte: to MBﬁA proﬁed'far,~
Supériorlto'ahy éoiiq‘subsﬁraﬁé becausevthé iécal_i?feguiééf;f
fitieéqof the:SOIid  ﬁsdally‘destfoyedithg aéSired cYLinf f
e I o o -
Two techniques of preparing MBBA droplets for observa- C
‘l tion'vere emplbyéd,' The;first*cdnéist??iﬁ‘plécing'a166311  o
R : o N
drop of water (~1/2 cﬁ'vdiameter)an the‘dadéréideofva‘éovér‘,'

-
L d

o R



- 9"3)'.- : ? ',_i:}('.
| | . N v '- N 3 N -
glass and then Spraylng the Water*drop uSIng'an atomtzer*¥

: bottle contalnlrgffhe MBBA . Th1s produced ‘a group of smarlef

nematlcvdroplets Jhlth gather about the bottom of the water

dropvas(ShOWn'in‘Frg;'II*la. In the second technlque the,
. - _g Coe
water drop was contalned in a caolllary about 3 qg 'in dia-

' meter and the MBBA was sorayed on the top. surface as shown - e

$ R
_ 'Ln F1g;~II.1b Studles were also made of Llcrysial Nematlc _
. I : e L : s

Phase 4-from 5. Mercxjto;_wh;ch 1sanemat1c,between“16 C.ang
. 76°C-'3The Licrytal doesnft interact as strongly with the -
" glass as‘the VBBA‘&OQS and-thus'sampleS’showing-cylindrical

;symmetry courdgse obtalned by spraylng dlrectry on glass

&

wq@ldes., The samples were v1ewed optlcallv u51ng a‘hf
Relchert metallurglcal mlcroscope,.shown 1n Flg II 2 ,Theﬂ-

droplets could be v1eweo in llght of any polarlzatlon w1th

Y

the 1nsert10n or thL approprlate llnear polarlzers and ouartz
.wedges. »The llgb~ used was prov1ded by a quartz lamo whlch
h’could be v1ewed dlrectly er after ha'lng passed through a |
monochromator when the dependence of the lmage on.wavelengthL‘
:was of ;nterest.v To produce a‘clearer‘image'of the fringe

- pattern a sodium,lamp;couldrbe'used in'place of.the'quartz BN

“lamp. Also shown in Fig. 11.2 'is a small water -cooled magn%t
: o : : {

-

’ Athat COuld provide:upmtéflorkc along the dlrectlon of the \
light'and thevaxisbof’symmetry of the droplets. ‘To 1mprove}»
the Optics,the light was conductedbfromvthe monochromator B
to the hollow pole tjp‘ of the magnet with a light tube.
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Figure II.2

Experimental apparatus showing the: (a) Reichert microscope,
(b) quartz lamps, (c) Jarrell Ash monochromator, (d) optical
light pipe, (e) water-cooled magnet, (f) temperature-controlled

sample-holder, and (g) Leica 35 mm. camera.



Pictures were taken using a Leica 35 mm camera»and either
Kodak Tri-X black and white film or Kodak High Speed Ekta-
chrome EH-135 colsar film. For the color pictures between
crossed polarizers it was sometimes found useful to use a
Xenon flashgun to avoid excessive exposure times.

The sample holder consisted of a copper block inside
which the sample was placed. The temperature could be con-
trolled by passing water through channels milled in the
copper block. The whole assembly could be inserted into a
slot in the magnet placing the sample between the pole‘tips

in the path of the light.

I1.2 OBSERVATIONS

The droplets were observed with approximately parallel
light propagating along their axes of symmetry. The light
is usually linearly polarized in the NS direction with respect.

to the microscope before encountering the droplets (See Fig.I.l),

After emerging from the droplets the light encounters an
analyzer whose polarization axis is rotated 90° from the pola-
rizer, i.e., along the EW direction of the microscope. The

most common objective employed has a magnification of six-

teen while the eyepieces have a magnification of eight or

twelve. The droplets vary between 30 and 1000 microns in

diameter. 1In Figs. I.l1 and II.3 are some examples of MBBA

droplets on water. The patterns have a strong resemblance

+




B i

Figure II.3

MBBA droplets on a water substrate observed between crossed
polarizers with white light. 1In (b) the droplets have been
rotated by about 45° from their position in (a).
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to conosc0p1c 1mages of a. un1ax1al crystal cut perpenalcular

DVARS

The pattern 1s characterlzed by\iark brushes that lle

"»to the optlc axis.

o v - o
;roughly parallel To tne \S and EW dlr tlons, that.;s,;"

'parallel to the cross of the crossed p larlzers.r'In‘some‘-~

‘drops the brushes are purelylradlal in character, thlS is
called the_normal_conflguratlon. In~most of:theedrops;‘
F:however,‘the brushes"have~soﬁe curvaturevto then. Some of“'
“the drops show tnelr brushes rotatlnq clockw1se as .iésvi r"‘“h*ff%

Qipproaches the center of- the drop whlle in others tjz brushesf
'rotate~counter;clockwlse., These are called the rlght- and |
left handed con 1quratlons respectlvely.e At ‘the center of
hthe droplets there appears to be a cross rotated about 43

to. the polarlzer axis: whlch occuples afreglon of about lOu

in radlus; All three types can be present in a 51ngle pre-l
.paration as<shown in Flg. 1{1, In addltlon to the brushes |
there are concentrlc c1rcular frlnges.' , |

The droplets are cyllndrlcally sfhmetrlc as shown -

by the 1nvar1ance of the ootlcal patterns 1n Flgs.‘II.Bafand_
IT. 3b as the draple s are rotated.: mhese patterns have a |
strong resemblance to the Alry (Ai- 31) splralsgproduced by
'two pleces of quartz of opp051te handedness placed on top

of each otheJ and observed between}crossed polarlzers'ln

divergent light.




’ ’th;nner.e ThlS shoms;that tne effect of tHe rotated brusnes

_‘tc'be ekplainec A n&% petullar to MBBA e r’;jlf

The L1crystal droplets on glass, shown 1n Flg.‘II 4“

: produce patterns very 51mrbar to the ones . shown.\a Flg.'I}l._

Agaln one has the ex1stencewo£~t_e rotated cross and the

~ - “‘&.

: outer brushes; The frlnge patterns are’@eﬂerally more }.;-rh

L ) W .
™~

-~

v -

dlffuse than those in MBBA due to- the Llcrystal belng op‘ically;u

TN

”“.7_ When a magnetrc rleld 1s applled perpendlcular to the
substrate there is a change in the frlnge patterns 'Thls,;x
15 the result of the molecules belng anlsotroplcally

dlamagnetlc Thelr long axes allqn w1th the magnetlc flle

Allgnlng the molecules paraller/to the llght dlrectlon re-

"duces the amount of blrefrlngence present whlch reduces

the optlcal retardatlon of the droplets “This causes a

' reductlon 1n the number of frlnges w1th a resultant 1ncrxase

in the wldth of tne remalnlng frlnges.. The nature of the
rotated cross doei nct appear to be a‘fected by tne presence:

.Of the fleld . - _ '1~2 .k

The magnetlc fleld applied paralIel to'the'aXis of‘"
symmetry of the drops usually malntalns ‘the symmetry as
demonstrated by:the rnvarlancqlof the optlcalgpatternras“

‘the sample is rotated betweenvthe'polari;ers. ‘However for

" some larger.droplets (radii'in excess of 100um) and magne- -

tic fields of 6-10 kG, the symmétry»sometimes gets

. Broken. This is demonstrated by the SIOWAnucleation‘of_

tiny'bubbles in' the droplets. As:timeAgoes on the bubbles’ e
. [/ S N . .



Figure II.4

Licrystal Nematic Phase 4 droplet on a glass slide observed
between crossed polarizers with white light.
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become more numerous, grow biggér, and start'to merge. Thév
;Qﬁrdcess'is reversibie as demonstrated by their slow dis-
tgﬁéearance when the magnetic field is decreased. The droplet
:symmetry is then reﬁtored. The presence of the bubbles does
not seem to greatly affect the brush pattern or the pattern
of the fringes. The droplets can be recycled in such a
fashion many times. Such "decorative" effects weré first
seen.by Rault (Ra-71) who obtained them by placing a film

of MBBA on ethylene glycol. There are two possible explana-
tions. The bubbles could be regions of impurities that are
expelled by the magnetic field. The second possibility is
that the molecules are reorienting themselves discontinously
to minimize the energy.

An observed pattern can be changed by inserting a quartz
wedge or a quarter wave plate. When a quartz wedge is inserted
between the droplets and the analyzer with its fast axis in
the NE-SW direction the outer fringes in the NE and SW
quadrants move inwards while those in the NW and SE gquadrants
move outwards. When the wedge is withdrawn the movement of
the fringe pattern reverses.

When the droplets are observed with only the polarizer
or the analyzer most of the birefringence effects disappear.
What does remain is a flickering pattern in the two quadrants

parallel to the direction of the polarization of the light.



II 3 QUALITATIVE INTERPRETATIONS OF THE OUTER BRUSH PATTERN

When v1ew1ng the droplets w1th l;ght propagatlng paral‘el fh¥/;
to the1r symmetry axes: the effect o% the optlcal anlsotropy | -’
of the molecules can be qualltatlvely determlned by examlnlng

s \

ithe effect on: the llght of the\prOJectlons of the molecules "c@h'

in a plane perpendlcular to the dlrectlon of the llght pro-‘.
pagatlon.v In the two 51mpleft conffguratlons p0551ble lor“\r
rlarge rad11 the pro;ectlons of the.molecules in the horlzon-' .i o
dtal plane can be rad{al or c1rcumferent1al ’ When llght that
VlS llnearly polarlzed in the NS di ectlon encounters thes ,J'
adﬁ;l confignratlon, at the POff’i close to {he NS axis of k« ’,l
rithe drop the electri ».fleld is v1brat1ng parallel to the;ds'u_f diﬁ-
7d1rectlon_g} the molecules and hence the llght polarlzatlon‘ B E
.hlles in the local pr1n01pal planea' The pr1nc1pal plane 1s
at deflned as that plane whlch contalns the dlrectlon of pro-:
’pagatlon‘#pd the ODth axls.i nght whose polarlzatlon 1s 1n-h .

the pr1nc1pal plane\fehaves~as anvextraordlnary wave, that~}n,

is, 1ts 1ndex of refgactlon depends on the angle between

the dlrectlon of propagatlon and the OPth?aX1S.' Slnce the“ SN

'assumptlon is that all the prlnc1pal planes along the NS &
) ﬂ} L

axis gfe fﬁdlal the llght4gﬁgpag@tfﬂ§ here is completely SR -

e-ray and thus 1ts dlrectlon of gblarlzatlon is unchanged

as it propagates~through the dpoplet. When it emerges, 1ts"

arlzatlon is perpendlcular to the polarlzatlon axis of

{



the analyzer and so it gets absorbed producing a dark region.
This effect produces a dark brush in the NS direction. Light
entering the droplet along the EW axis is polarized perpen-
dicular to the principal plane and thus becomes the ordinary
or o-ray. When it emerges its polarization is still perpen-
dicular to the analyzer direction and it gets absorbed pro-
ducing the dark brush in the EW direction. Light entering
the droplet along the NE-SW and NW-SE axes gets broken into
two components, travelling parallel and perpendicular to the
principal plane, producing the e- and o-rays respectively.
These travel at different velocities and then recombine
after leaving the droplet. However, their phases can be
different and thus they can produce any degree of elliptical
polarization. Since the light is no longer polarized per-
pendicular to the analyser a bright region can occur along
the NE-SW and NW-SE axes. The same argument can be applied
to the circumferential configuration, only now along the NS
axis the light propagates as an o-ray while along the EW
axis it propagates as an e-ray. Thus both the radial and
circumferential configuration droplets can explain the outer
brush pattern observed.

Differentiating the two configurations is possible
by analyzing the movement of the fringe‘pattern when a

quartz wedge is inserted. It is necessary to recall that



.nematlcs show p051t1ve blrefrlngence, whlch means the o- ray

. 20. -

»

‘propagates more qulckly than the e ray

7

The objects that are belng looked at are droplets dhat
3

‘ have zero thlckness and thus zero optlcal retardatlon at the :

outer edge and whléh become thlcker as one moves towards the

s

~

':'center. Thus as the quartz wedge 1s 1nse ted 1f the frlnges"

-at so\e p01nt move towards the, outer edge, the optlcal retarda-

'tlon of the system at that polnt is 1ncre351ng, i, e., the

=7

effect of e quartz wedge 1s addlnq to that due to the droplet.

If at some p01nt the frlnges move away from the outer edge, the
-5 E
optlcal retardatlon of)the system at that p01nt is decrea51ng, 3

‘.1‘e., the effect of the quartz wedge 1s subtractlng from that.

axis ofvthe'quartz wedge.i Slnceffor a nematlcrllquldfcrystal

‘_of the moleCules perpendlcular to the symmetry axls must be

'the slow ax1s corresponds to the e-ray and thus to the dlrectlon_d

axis: along the NE~ SW dlrectlon lndlcates that the pro;ectlons o

observed~when only a polarizer is used. The s ckling results L el

. r - y’§ .
due-tOfthe droplet Addltlon occurs‘vln those reglons 1n whlch -

the fast axes. of the droplet are allgned parallel to the fast
{

A
B )

fof the pr1n01pal plane, the observed subtractlon in yhe NE and

SW quadrants when the quartz wedge is 1nserted w1th its fast N

radlal. ,
\\

Thié'CORfiQuratidn is confirmed"by the £ 'cklingmpatternfﬂf;;e;;re

: »

from the vibrations of[the'molecules'abOutitheir‘eguilibrium.

positions. The ordinary index of refraction.is'independent'of"

the orlentatlon of the molecules, but the extraordlnary 1ndex ‘of

refraction depends on the dlrectlon of propagatlon of the llght

=




S

with resafcthto the 6p£ic axisi*nThus.és tﬁé-molgéuleshfiﬁgi

'“tﬁa£é5 €he local index of refraction for the'ehggys.varies 

and'they @re-refracted«whereKSxthe'o—fays afe uhaffeC£ed§ n

ﬂThe'Speck;ingﬁpatterns are‘obsefvédypo be parallel to'the‘
polériZe: axis; which-agaipqindiéatéS'that;the prdjeétioﬁs 

.of ‘the molecules in a plane pefpendiéular'tolthe_aXisrqf'
: ' - R Loy . R ' E - : ,ﬂ‘,.,,,;f,,, B

N sﬁmﬁétry-at’largeiradii~aré radial: ',1 S L

PR

. 11.4 ¢0NJE¢TURES ‘ON j"I"vHE CENTRAL Ck‘osé'
h “Thé.centfai.rotégéd éréss:qan'habégéoﬁe.siﬁp;e‘egpiana%

,tiohé:elaied ﬁb’the‘cbnfiguratioﬁ.df'thé'molequles,lzoﬁe'

: Can;viéﬁgiize ;hé.siméie;¢a5e_ﬁheréfall}théihd:izohtéi_bro;
;jéctipﬁé.bf t{é,mblé¢ules infé veftica1;co1umn throuéh»the""
’,drépiet-lie aléﬁg“the same‘di;e¢tioﬁf-‘Sih§e the CrdSSé$ éférxf

"extinction'lines_allfthe‘horiZOntal_prbjéCEions‘ofkthé'mole;
“éules on thé;ro;atedbcrOSS must,bé.aiignedﬂpafallel to 7
‘either;the‘pOIArizer or the analyzer. JQiﬁing.thésé‘hdléf R

ol ’ .

t ‘cular projections with a continuous 'line would produaé a

4

spiral pattérn'inﬂthe hotizontal plane'(%eelFig..Iv;lb);
‘The;ggggpgon'of the spiral .can be shown to be: -

o . ~{cot# )8
r=r_ e o
. . )) O N

,J'



..'a'n equ'ation of exceeding "sim'plic-ity‘and beauty. Thé’*a~p§éa?;ff’

OpthS of quartz crystals and the mathematlcsv to-explafn-

‘them One of the more 1nterest1ng observatlons was t

'~_each other, andAobserved between crossed'pOlarizers‘with

E crystal droplets.

physical rotatlon of the molecules. One could have the

— <
SN B ) o
- : » ‘,// ‘ o ,
,where 6 . is the angle between the analyzer and the arms_of tne
'fcross in whlch the molecules are paralle} to- the analyzer._'In
Apartlcular, when 6 = 45° the equatlon for the dlrectlon of the

progectlons of the molecules 1n ;he horlzontal plane becomes

ance 1n nature of a splral descr1bed~by the base of natural

J

logarlthms ralsed to a power 1n radlan measure was a major

,motlvatlon for the calculatlons carrled out.

+

To apprec1ate a second 51tuat10n one\must go back to

’1831 when Alry (Al 31) publlshed some observatlons on the B

e

1nvolv1ng two quartz crystals of opp031te optlcal actrvrty, .

e ut perpendlcular to thelr optlc axrs,nplaced ‘on top.ol_

fdivergent light.,5The'pattern'he observed con51sts of a.

=

rotated cross. w1th contlnually sp;ralllng arms whlch bears'A

a stong resemblance to the optlcal pattern of the lquld
W s : L .

Slnce nematlcs do not show optlcal act1v1ty thlS ralsed

the poss1b111ty that the handedness mlght arlse from the '

o



molecoles flrst rotatrng 1h one dlrectlon and then symmetrl-
2 cally in the opp051te derCthn to produce the two types ore%l
u‘handeddESSes to complete the analogy w1th the quartz experle'
'hment; Such a conflguratlon does produce a rotated optlcal
cross.‘ HOWever, the same cross can be obtalned by rotatlngl‘s“t

ln one dlrectlon only. The p051t10n of the cross 1s thLS o

,some welghted average of the dlrectlons of the molecules
'Agaln one flnds'that the rotated.CrQSS‘ls-assoc1eted;w;th'a

- twisted conflguraﬁion of the molecules. ‘The reason for

e

L'produc1ng thlS tw1st w1ll be demonstrated 1n the ana1351s Gf

-~

:the energy performed,ln the next chapter.

'-L

¢
N
T



‘CHAPTER IIT

(

‘ 111 1 ENERGY AND TORQUE EQUATIONS

- Frank (Fr-58) has shown that the contlnuous dlstortlons‘
»that can be produced 1n a 11qu1d crystal are of three dlstlnct

» types.. There is: a Splay-llke dlstortlon if there is a dlver-'

’gence'ln the dlrector,'n. A tw1st llke dlstortlon occurs 1f
'Q . . - : \,s -
there is’ a component of the curllng pattern of the molecules

garallel to the dlrector. A bend llke dlstortion 1s presentbr..r réé

1 1f there 1s a component of the curllng pattern perpendlcular

o to the dlrector. -These three dlstortlons are shown in

“_Flg. ITI.1 in a cyllndrlcally symmetrlc medlum " a generalv
;dlstortlon canfcontaln components of each type 1n varlous
lamounts.t Frank has derlved an expre551on for the energy 3
assocrgfed w1th these d1stort10ns.‘ For»a‘nenatlc the huik“
venerg;ﬁdenslty canrbe:wrltten;asfthe—snﬁnoftthree'terms, one
,associatedpﬁith each“type'of prinarf-distortion.h The expres-

sion he derived for the energy density is

F=)% 5|02 + ‘f_'liﬁ-(.vxﬁ),l" + % BIAX(UxA) |2

S : S (III.1)
~ where 5, T, and B are the elastic constants'aSSociaEéd with =
splay, twist, and- bend respectlvely. Experlmentally the

elastlc constants have values og the order of 10'5 dynes.

Because,the experimental observatlons on the\droplets

;2‘4-
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Splay, bend, and mostly twlst in a cyllndrlcally symmetrlc
medlum _ v :
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1nd1cate that they are cyllndrlcally symmetrlc the dlrector
Xgeflned u31ng polar coordlnates.
co:

The coordlnate systemd
sists of two subsystems, one located at the ax1s of - sym-
metry of the droplet and the other at the p031t10n of the _ :f -
dlrector. Thgjangle 6 1s the angle between the d1rector " el
tand the symmetry ax1s,‘whlle ¢ 1s the angle that the prOject—* R
ions of the moleéules 1n a plane perpendlcular to tpe axis
of symmetry make' w1th the radlal dlrectlon.

the molecule is at a distanée p from the axls of symmetry

The center of
and a helght z above thé\:g O plane._H Thls , Coordlnate
system is - shown 1n Flg III.2 and in it the dlrector can be
wrlttengas.,* o o
.7 Alp,2) = s5ind(p,2z) cosé(p,z)p
+

sln6(p,z)”sln¢(p z)é'
cosh (p,z)ﬁ “

e _('11‘1_:'2)5'
Because of the rotational symmetryy the anglesmé and T o
are 1ndependent of the'a21muthal p051t10n about the axls of
_.symmetry,_l;e., they are 1ndependent of the angle $. : .
~ ‘The total volume energy can be obtalned from Eqs. III 1
and III 2 by 1ntegrat1ng throughout the reglon ‘of 1nterest.
Thus one has. =~ | , ”'f”f%f;f:
‘ L R o z—gzs (p) - . - . ".‘,,7,“,,_,,,7;
E= 2w[ [ dp dz pF (II1.3) |
FJemo fi'zzs‘pi'. | o o
where p, is theilargest_radialdlstancg of

1nté§est~while

N



Flgure III 2

The coordinate system show1ng the polar angles ¢ and ¢
and the unlt vectors f, ¢, and 2 at the point (o z).
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~(b) an (p) are the z—coordlnates of the lower and upper j-

surfaces of the(feglon of 1nterest, respectlvely.' Both dpﬁ'- -

tp0551b1y a functlon of the rad1al dlstance. The factor 01

~ 2m results from the 1ntegratlon 1n d¢ hav1ng been carrled out
:”because of the symmetry present. | ‘

1; In App. I the approprlate manlpulatlons have-been pet—‘.

‘formed and ‘the expres51on one flnds for the Helmholtz free

i_energy 1s_” . . : S .
fdodzf(o z, 6(0 z) cb(o z),e (o z) 6 (o z),¢ (C 7-),»' (L,z) H)

(III 4a)
. - ‘ ‘ . . s B . o N . -: ] ) o ‘ ‘.L , ‘.
£ = %~sin28 [S-c052¢ +.T'cosze sinz¢*tﬁB sin’6. 51n241ef

4;0 652 [S cos 2p cos 26 + T sin 2p + B. 51n 6 cos ¢]

+ p.sin?e ¢p2 (s 51n 24 + T cos’ 6 cos?¢ + B s1n cos c]

'+Ap“ 2'[S:V751n 6 L F B cos_e]‘j‘“‘
+p sln 29~ ¢ [T sin?8 + B'coszel‘
o+ 2 sin6 cosé - 6 {S c0s ¢ +'T sin ¢] . '\;'

”+‘2tsin?8_vsino cos¢_¢ [- S+ T cos 29 E B sin*® 3]
-'2tsin?e éoS¢‘az s . | "

>>+;i/sin38,cos8;sin$'6 [B T]

S+ 2 b sine:cose sinojcos¢ 6 . [T S]
,+ 2 s1n6 c058 cos¢ 65~6 [B-S] |
+'é\b sin?6 sin¢ 6 ¢, S o ) - -'j :Vf,,':‘. ?'77;¥;¥;;;;

 - 2 o sin 8 sing 6 ¢z T | - | L
+ 2p 51n13cosB “cos¢'¢p ¢; ;B;T]

+ p-sin’®6 Ax H? - o . (1l1.4ny

where the subscripts are partial deriVatiVes>and




'bfmagnetlc fleld

R o (

o

,;\

Qhereihx'is the‘anisotropy;inlthe magnetic susCeptibility‘b

',lx =‘~, x,,-x,_ o e f ' o ,'(111.,5’)'

where X, and x“.are the magnetlc susceptlbllltles parallel and

:perpendlcular to the dlrector, respectlvely, whlle H 1s the b

4

3

The mlnlmlzatlon of the total energy of a droplet 1s a

compllcated problem and w1ll be dlscussed 1n its entlrety 1n\\

-v~App- II. For the present tlme 1t is de51rab e td 51mp11fy
v"the problem by replac1ng the full droplet by'a geometry whlch;:'
,approx1mates the central reglon of the droplet The approxl-
matlon used is a cyllnder wlth heaght Zq4 equal to the tthK-'
hr'ness of the droplet and: where the radlus po 1s ‘the” reglon of:
‘.the droplet in whlch the surfaces can Stlll be. thought of as
belng parallel to the supportlng substrate It will be shown
that thls approx1matlon contalns the main reglon of 1nterest
"and can produce most of the features observed experlmenta%ly.
:Thls is ]ustlfled from the experlmental observatlon that .
lpleces of dirt orylrregularltles near the outer reglons of

the drop have llttle(effect on the central reglon.,b o

" The boundary condltlons must also be con51dered Dubois-l

'V1olette (Du-69) dlscusses in some detail. the types of terms
that app.ar at the znterface of a nematlc with an 1sotrop1c
rmedlum.; She comes to(the conclu51on that the most 1mportant

N

term is that which has been observed and commented}onpbypmanyLl;

-



’ others 1n a much 51mpler fash1on, thiS'lS the~pfesenee~eé?

.1s no p@nnlng of any klnd present. In thls case both the

3 ‘
50 - .
& .
z i%m“ :
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S ‘

. &)
3T
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Tateq.
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:'a cone of easy plnnlng as descrlbed in Ch I To repea%!.

’ thls means that the molecules llke to make a certaln well-."

I

’ deflned angle w1th the normal to the 1nterface.- In terms of

kthe 51mpllfked problem to be solv d because the top and bottom

’

' surfaces are at z = O-and z-étzo; 1ndependent of radlus, the

_ cone of eaty_plnnlng means that the polar angle 6 is deter-" o

’ 1m1ned at the top and bottom surfaces whlle the angle ¢ is free

to- be determlned by other con51derat10ns such as the mlnlmr-

1ﬁtat10n of the energy. For a real drop where the top and bottom
surfaces are not parallel to the substrate thlS const\alnt

tbecomes a more" compllcated functlon 1nvolv1ng the angle ¢ and

the shape of the surface as well as the angle 9 This" w111

be,dlscussed more fully in App. Alats“.

: At the outer surface, the assumptlon is’ made that there:

’ angles 8 ‘and ¢ .are. free to be determlned by - the mlnlmlzatlon"

'of the bulk energy.' In zzallty, the angles ¢ and ¢ at po

will"be determined ‘in pa by the outer reglons of the drop .

and eventually by the outer surfaces of the drop *The:;

assumption of no pinning W1ll\tufn out_to give a good appro- -.Q_

ximation to the true solution:

The problem to be solved 1nvolves m1n1m121ng the-free

energy as_glven by Eq. III 4 subject to the boundary condltxons

/

'atrthe top and bottom surfaces.,wl.

-

of hard pinning of the angle

)

N P
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To mlnlmlze the energy a var1at10na1 calculatlon must' R

-be performed on Eq III 4 w1th both the angles 6 and ¢ '£o7 s-"

“be varled‘lndependently. Formally one proceeds oy equatlng the

¥ .varlatlon of the energy to zero._ From Eq III. 4a one has . o
. i ff dpdz af(p 2,6,6, e ¢J SgeH) D
' | o 111s88) '_'
'\<wh1ch upon appllcatlon of thc chaln rule becomeS‘f"
S - »‘p Z_. - _— P e s o
S °r° -.g_f_se+“gg éep+ %’fg N
0 =7 . dpdz| R

| of o L
i_+5—¢- ¢+ 8¢ é¢ ¢ _(-III.QB.)

G)

+r

'Performing an integration byfparts'produces

- - " 7~ . » ) . C . z . A ] - | » |
.v,. é - ;b\@‘ ,‘~O “:? ) ; éﬁ(_ré_ ~f _”3-'3f7'7 ! .N
0 :-“f’ f Apdz|\38 ~ 3p 36 3z 35, ) °°)

| 0 e
0 0. ~f3f .93 - 3f. 3 f
. +f o - — ——— - i — (S¢
ZO ;:‘ (8¢ :;ap‘3¢be A a@z N
+ dz 7%54,68 +%£+o6€] P =P
o =P P Al =0
. . § LA 8
p e 2 = 2
sof ° ap| 2 s 4 25 5 e (I111.7)
36, a¢z o
L =0

Slnce the varlatlons of[e and ¢ are 1ndependent and arbltrary

'=ln the bulk one obtalns two- 1ndependent dlfferentlal equatlons

Because ae is arbltrary one has

= - = - 3_ A =0. - oqrrr.ey



- Vappear,uHenever a mlnlmlzatlon of energy 1s belng attempted

R o . . SR
"Thls 1s referred to as the\e—equatlon in the bulk Similarly =~
| . » REAEA
’._51nce 89 1s arbltrary ‘in the bulk one’ flnds L
‘3_'f...'-a_af B3 gt N ety -~
R AR A FK‘* oY arn ~
.,Thls 1s referred to: as the ¢-equatlon 1n the bulk. S
These are the well known Euler-Lagrange equatlaﬁs that -

'\In addltlon one also obtalns some boundary equatlons. Slnce

-

r;nelther angle 6 nor ¢ are determlned aprlorl at p= 0 or at p p

A and Sane the varlatlo’

and 1n ¢ arelndepen?ent two

equatlonS'are produced;

(D
(2]
1.

| 3f o ) | : N
SR 6. 7 _ . o ‘ (I11.10a) ’ : L
a?d : ;‘_p ' for all z-at p=0 and p=p6--; : " o g :
- r\f ] - ) ) ’ ) S .
. or _ | . o ;. S 3
36" 0 , S _ : h (III,IQb)_

" P R SRR o
/ " r." o . . ) . .
On the top and bottom surfaces,_the assumptlon of hard R

plnnlng has been made\ thus Ge 0. However, the’ a21mutha1 angle

¢.1s freeﬂand_thusxone gets
) S "'i

z =0 ' for all p at z=0'and z=zo,: d;I;Il)'-_ - ;"lr‘i

This is the system of equations that must be satisfied ‘to

a»
a1}

Q|

produce an extremum,~hopefully a minimum,and even a absolute
o . , T ,

minimum, in the energy.. : 4 o '\.



The manipulations are performed in App. I. The results
of the calculation produces the following set of equations.

The €-equation is

0 = %7 sinb cos® [S cos?¢ + T (cos?8 - sin?6) sin?¢ + 2 B sin?06 sin2¢]
+ sin® cosH cos?¢ 602 [S-B]
+ 2 sin¢ cos¢ ep ¢p[S cos?8 - T + B sin?9]
- (% ep + epp) [S cos?8 cos?¢d + T sin’d + B sin?9 cos?¢]
+ sinf cos8 ¢pz [S cos?¢ + T (sin?¢ - 2 sin?6 cos?¢)
+ 2 B sin%6 cos?¢]
+ sinb cos® 622 [B-S]
-0 I8 sin?6 + B cos?9]
+ sinf cos® ¢22 [2 T sin?6 + B(cos?6 - sin?0)]
+ % sin® cos® sin¢d coso ¢p [S + T (4 cos?8 - 5) + 4 B sin?8]
+ % sin?0 sin¢ ¢, [- 5+ T (2 -4 césze) + B (3 cos’6 - sin’?6)]
+ sinb cosf sin¢g coso ¢pp [S-T]
+ % sinfd cosf cos¢ ez [S-B]
+ sinb cosf sing¢ ez ¢p [B-S]
+ 2 sinb cos6 cos¢ epz [S-B]
+ [cos?6 - sin®6] cos¢ 6,6, [5-B]
- sinf cosf sin¢ ep ¢, [S-B]
+ sin’6 cosé 0, ¢, [-s+ 27T (sin?6 - cos?6) + B (3 cos’6 - sin?%) ]

.2 . _
+ sin“fH sin¢ ¢pz [T-5]

+ sin® cos9 Ay H? .

(IT1.12)




L "N

: 7} s;n¢ cos¢‘¢»

.0

'.'-‘ 34 " 

-’The .¢*eqUati°n is

iz 51n¢ cos¢ [- S + T cosze o+ B 51n BT B

’k+ s1n¢ cos¢ 8 21— S + 2T - B] f.v o o ',".Y,gvlﬁ
["S + T cos?6 + B s]_n 9]

*-'2i¢¢t6:é  ¢p (& 31n ¢ - T (51n 8 - cos 6)

_-_:(%'¢5 + ¢ ) [S sin ¢ + T cos 28 cos ¢ + B 51n 28 cos? ¢]‘ja

- ¢ote'e  ¢ [4 T 51n26 + 2B (cos?6 - sin 9)1

e

[T sin 8 + B cos 81
zZ )

-+.% cote 51n¢ cos¢ 6' (s + T(3 sin®g - cos 6) - 4 B sin®8]

+ % 51n¢‘6 [31n28 -3 cos 61 [B-T]

o+ cote 51n¢ cos¢ 6 {S-Tl :
~+ coté 51n¢ 9 ,Gz (- S + 2T - B]V ‘f,f

LT—SI‘, S S JREEERT

+ - 5
sing 8,

+ sinf cose’sin¢'¢

~ + [3 cos’6 - sin®8] cosé [9 z. b_* ebh¢é] (T-B]
+ 2 51n8 cose cos@ ¢ [TfB] e
+1 Slne-ggse_cgs¢ ¢z [T-B].
e R (III.13)
o G ' . e . - - o J>>'
The‘surface.eqﬁatibnsrto bé_satisf;ed at p="0 and p= bg -
are B | : | |
= p ﬁp [s cos 2g cos ¢ + T Sln ¢ + B 51n 6 cos ¢]
+ 31n6 cosf [S cos é + T sin ¢} | :

+7 p sing cos® sine coss - 6 [T - sTj‘p".

+ 0,51n6 cosH 62.[3 - 8]

= p sin?%p sin¢.¢z,T ~

(II1.14)
K.y )

S SRR
cos? + 2 B sin’8 cos’¢]

'4\5 i - ‘;.




© =35 -
‘and

0 = pvsin28'¢0'[s sin ¢ +T cos?6 cos ¢

"7;’}  tl\,f jill,.: _:i; '+ B sin?8 cos ¢] | _
| + 51n 8 51n¢ cos¢ [ S + T cos 8 + B sin 8]' 7.vf ;‘t:‘_\\:,-“
fﬁo srne cose sing¢ cos¢ 6, [ - S] o .
¥ 3 srn,e 51n¢ 8. s fﬁ, , o R

+p srn.Q:cosB cos¢,¢i.fB»-;T].

S arnasy -
. At p=0 Eq. III.14 implies that | - ' -
" cosg sing =0 . - - . (III.i6)

. whlch means that6 =0 cr‘6;96°" it ie'eesfttbﬁshow’thet»<
v8‘90° corresponds-to an 1nf1n1te energy and therefore must
be,negLected- Thus one- flnds : | ) |

, fé:;;O“*etip =0 for ari_i,l-“ o B (I11.17)
A o S : . ~ o
E‘q:.A III’r 15 J.s ‘iaentieeliyA rsa'tis‘fied.at' p =0 iwi{th 6 =‘O..--“.>:

| The requlrement that e equals zero for all z at o=_0'
¢§hile va 1s-non—zero for all o at z =*0 and z = 20 leade to
a contradrctlon at the p01nts p==0 Lz .= 0 and p==0 z = Z

To remoge this 51ngular1ty one must relax thetsurface plnnlng‘_L;i
and/or dlstort the surface. Thls problem w1ll be dlscussed »* :
'ln App.iI . Fer‘now’lt‘ls sufflcrent to say that the‘exte;t7

of the‘distortion regjon will be a few molecular,lengthsv |-

S
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~ which is ﬁugh“Smallernthan_theVreQidn to which attention is
being fofused. S
Along the top and bottom surfaces, the hard plnnlng nasb'

h'determlned the value of 8 to be used. Thus

. | E ) . ) . ‘ A - }
Sena [ forall p. - o (rIr.1s)

IS

b= ratz*ap.
. . - ‘ " ‘ - . ‘ ‘ i <. ! 7-7 ‘ » g -‘ " . ," ) ‘.‘ - B
In addition the angle ¢ must satisfy the differential equation

o _ '}" - o = om *"f, L o
-0 =.¢2 {T sin?@ + B cos?9] +5%¢§1n9 cosQ 51n¢-[B-T]

- Sin¢vepdTi+.sin6vcbse‘c0s¢'¢piﬁB4T] o

N I
,.‘Valld atz}_— Oandz:—fzo for‘al‘l 0. . e

The problem demands the solutlon of the . palr of coupled'_
tnonfllnear second>order'part1al dlfferentlal equatlbns,
Egs. III. 12 and III 13 everywhere in the bulk subject to

Bq -III 17 at o 0 and the palr of coupled non—llnear flrst.

- order partlal dlfferentlal equatlons, Eqs: I1II.14 and III 15 '@j_<‘
Qt_a = pof'as well as the hard plnnlng equatlons,rEq. III. 18

and the non- llnear first order partlal dlfferentlal equatlon,'h
'Eq..III.IQ along the top and bottom.surfaces.' Since Eq III,lS“

is-Satisfied identically at p = 0, there appears to be’ no
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vboundary equatlon rfrom whlch ¢ along the axis of symmetry

? [ U

-~

: can be determlned ThlS ‘is. rectlfled by reqnirlng thativ,
be analytlc at o'%foi 1\' o f"“ . ~ |
f Two solutlons to the ¢ equatlon, Bq III 13 are imme4"

s

diately»obVIOus. These are where ¢ . 1s 1dent1cally equal to

| These satlsfy the bulk equatlons as well -

 as the~surface'equat10_s, Eqs.'III.IS and III l9. If one

. v < . S A o A. ) - o ' b
~were to assume that ¢ lsra.constant, it would follow that

only ¢"= 0 or ¢ = ﬂIwbrks;; It is not obv1ous however,r

By

whether there are equlllbrlum solutlons in whlch 4 is not’.

,constant, It w1ll be sh0wn that for certaln relatlve values

N

‘of theﬁelastlc constants, stable non zero solutlons for u~are
also p0531b1e.r By ekamlnlng Eqs. III. 13,.III lS, and, III.19,

it 1s ea51ly shown that 1f a, stable non-zero solutlon for <

is found, then replac1ng all ¢es by - also produces a stable

solutlon thh the same set of 6 values and the same energy

"~ Thus. the number of dlfferent equlllbrlum solutlons w1ll alwa}s

.be even. There w1ll always berequlllbrlum solutlons w1th

¢=O'and-¢ = m and for a certaln range of the elastlc constants,»'*
-’ _

-'there mlght be addltlonal stable palrs that are symmetrltal

A

'aMNtoisd,A‘_ 'j -



T38 7

¥ .

III.2 ONE CONSTANT APPROXIMATION

Y

. Before.attemptlng to solve the whole problem as encom—
A-passed by the rather compllcated system of equatlons glven
1n ‘the prev1ous sectlon, a Smellflcatlon called the one
_fconstanthapprox1matlon w1ll be brlefly dlscussed | Thls':
'approxlmatlon, sometlmes called\the 1sotrop1c case; con51sts
» of assumlng that the tnree elastlc constants S, T, and B are
equal. ThlS produces\a great deal of 51mp11f1catlon and : ;_ '7‘f{}ﬁ
; c?rrespondS-to 1sotrop1c1exchange 1n magnetlsm, Now Eq IiI‘Ab o
forhthe enérgy*of thefsystem simplifieshto | o

f'=vsin2-8:l +p 8.2 +p ¢ 2 - 2 cos¢ e,
1P i 2 : A
+

W0}

2.0 siné (8 ¢ -8 ) + p 4 HY|
2 p sing (85, ép e ¢y p. SY R

+:"e.i‘4' g 2 ¥“"sine‘cose¢8 R _
TR S, TRy , /;\ R P IR R
' T S0 o(I1r.2o0)
Is there any configuration of'the molecules that might-"?
redﬁce the.energy9 Most of the terms cost energy 51nce they
Tare'squares; For the tlme being the assumptlon w1ll be made

that $ 1s a- constant or only slowly varylng. Thls 1eaves twok

terms that-are llnear. Of these the term 2 51ne cos® - 8~swill

always be p051t1ve 51nce 8 w111 be shown to be a monotonlcally h fi;
non-decreasing function of ‘radius. The 1nterest;ng “term is .‘“77.- ¥

- 2 sin?p cos¢ ezfaw/¥his will_increase the energy if;¢°5¢
ez’is:negative but will decrease it if this product is positive,




e e

‘Thls procedure represents a technlque for.r(duc1ng the syla/
‘.energy It is mo,t ea31ly understood w1th the help of
.JFlg.‘III 3 ’Flg. III 3a shows a top v1ew of a.51tuatlon in;
| whlch the pro;ectlons of the molecules ‘in the horlzontal plane
V»are deplcted as belng in'a raduﬂ.dlrectlon- Thls conllgura-.
“tlon has a dlvergence and thus a splay energy‘assoclated wltnllrllt;
iitf. One can look upon th1s ‘as a pOSltlve sod&ce den51ty 1in

.

any glven reglon if one a551gns ‘a phy51ca1 neanlng to th
j % a =
ch01ce of direction of n. The number of arrows 001nt1ng o\t

yof a sector w1th‘51des along the raalal dlrectlon b*sv reat
1y'than the number p01nt1ng 1n because of the greater arc»len th
at the-greater radlus., Flgs.,III‘3b»and,III;3c show two side :
‘v1ews representlng what the molecules can do in tne 2= dlrectlon.,}~
Inf?lg III 3b the value of ¢ is- 1ncrea51ng as one moves in
the.directlon of lncreaslng z whlle thejangle'; 1siconstantd;
J:at'180°. ’fhe confiéuration ofithedmoleculestshows.a diver;i_
:gence pattern whlch aaaln corresponds to a p031t1ve source,
B den51ty 1nasmuch as therevls a net outward dlrectedness
across~planes of constantvz Thls source adds to that due to'l
’_the splay component from the horlzontal plane and the energ}
is 1ncreased, Ian;g III 3¢ the. 51tuat10n 1s reversed the:’ -
_ angleré.stillrincreases as one moves to larger z—values but
now the angle ¢\is-0 .' In thlS conflguratlon one sees that

the apparent source of the splay is negatlve 1n that there -



‘ Flgure III. 3

N P

-(a) Shows the top view of & reglon in whlch there is a.
"positive splay density in the horizontal plane. In the’
vertical plane of this region there can be a positive source
density (b) or a negative source density (c). 00 is- the.
axis of symmetry. : ~ -



‘1thls caae the dlvergences tend to cancek and the ener'

/reduced.. The axis of symmetry breaks the symmetry be
ddtwo conflguratlons, one 1ncrease the energy whlle the otner
"decreases 1t._" _ dbd ;' h.‘ e tfde "»_’b' ;dﬁx A'}; e
In the one constant approx1mat10n the 9 equetlon 1n the ,;ee

»bulk,_Eq. III. 12 ’reduces to

T RIS (I PRSI SN
6 + -8 +8 = 81inB .cosb (=, + &+ 3 “+ £,H
f0- 0 P zZ B -,(02 b vgﬁ ! S

o

~while the‘o-equation;quQ 111113, becomes'

: fbpp, +%¢p + ¢Zz: -2 ~¢o'ti6 (fp';)p;_*_, ’:‘z ¢ 2‘)‘,__ -- o .
| - N L (111.22) ¢
Theﬁsolntionsdof’these eqnations must be,obtarnedhby Cbﬁ;‘A
;.P“tef° The'OHIY.fﬁrtherSimélifiéationtresnits ingsq,.IiI.zi -
Whén 9‘i5£smallrv Then-onefhes ) | o
b ]

1, R A SN S PN
MRS 85z + 0T et xS R :
o N & 5 5 5 & O

"rIf the derlvatlves of % can be neglected compared tOvrj%y thlS
'equatlon becomes uncoupled and the. solutlon can be put in R ,;;7;;

the form | S o ,~;" S S

e'=./.d JliAo)’ Li(A)rsinh(/32»+ Ax H® z)°
A -} B +‘L2(A) cosh (YAZ + Ay H? z)

(111.24)
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"’where J, is-a Bessel functlon of order one and the 1ntegrat10n~5'

-1

T

”;lS carrled Out over the constant of 1ntegratlon A to determlne

Ll(Af-and»LZ(A)'so that the»boundary condlt;onS*are satlsfled,
This, in itself, becomes a difficult job. Even with this

| A R o o T o
form of solution for smallwe"the ¢-equation, Eq. III 22, has“

no obv1ous solutlons other than the tr1v1al ones prev1ously

',"mentloned namely $‘ O or m everywhere.‘ ‘The solutlon for.thetpne

bconstant approx1matlon W1ll be. descrlbed in detall later as

a spe01alkcase of.the‘general solutlon where the elastlc‘con—‘],

stants can have different relatiyecvalues._

III.3 THREE- CONSTANT CASE

| Experlmentally 1t has been determlned that the three "

'elastlc constants S, T, and B are not necessarlly equal.'_ForT

- nematlcs llqulds on whlch the constants have been measured

[

‘separately, it appears that generally the bend elastlc con-f

.stantls larger than the splay constant, whlle the tw1§§

constant 1s the smallest. Thus every term in Eqs. III. 4
III-12 and III 13 is lmportant. »Obv1ously, one would not
expect to be able +o f1nd any. analytlc solutlons to the bulk

equatlons.,

Partlcular attentlon w111 now be pald to the energy

:equatlon to see if one can guess the nature of p0551b1e solu-

i ——r

tions. First of all the case for large-p will be con51dered.



One can write . -~ . e e e e e

wo

ol ey ey L e
S(oiz) = o (a) ¢ HEL 4 BEL 4
o uitasa)

?(Q,z):= ?9‘2)'+: 9~,3.+ 22 ;,+:"5' S
' o | (111.25b)

wheredeé(z) and ¢D(z) are the values of 8 and ® for 1nf;n1te.f
p. and where the parameters a, b;‘c, a, etc., are functlo Qf‘
z butkare’independent of-o, ,Differentiating Eqs. III;ZS With

respect to p produces the flrSt and second derlvatlves of af

__and ¢ whlch are then put int the energy expre551on,,Eq III 4b.

"AKeeplng only the}ughesttWO/drders in p- in the energy resultstfVV

_1n the expre581on

f = p Béz?i [S‘51n egy? B~ cos 8 ]
i+ .. sin ',60 ¢0_Z [T sln »8.0 + B ?os ‘OO]

L+ sin’QO>Ax’ﬂ?'

| + 2 F.‘siné 'cese’ -é I£~{S F"Bf“a-
o oz T . .
. - NI_BOZ a, {S sin 80>+ _B'COS'SOI‘ S ffsmi.
limza R I
+ [51nﬁ cosB a ¢ f sin”8 ¢02 cz]a, R
;[T'sin 8, + B cos®8,l L L

- in3g. o 2 L S o o .
+ e;n 8, cosfg ¢oz [T B] a S TR

T e |
sin 60,\°°S¢o 60218

o . 3 ) P ) . -
+,51n,60 _c_oseo sln¢o ?oz [B -.T]

-d

,.L},sineb cos8, a Ay H?

(II1.26)



The hlghest order term is 1ndependent of the angle @

The energy could be reduced 1f &r ¢oé' and 60 could all

~

- be reduced to zero, however, the boundary CODdlthDS requlrlng
flxed values of 6 on the top'and bottom surfaoes w1ll generally

:nOt allow eokandbe to be zero}\\ggwever, 31nce Qd is un-i

';determlned one can mlnlmlze the energy by maklng de equal
' o - - Y ot - o * - 7»;{?”':77 e

'Mtoqzero for very large o

- The second hlghest order term in the energykthen_reducest
~to H:j v | L S
, 2.[3in6 cos8 8 % a [S =B} . o ’T)(“
SR © ~"To-oz . T TN L ~
; _ C eim2a +. B 7-.2'(*.‘
‘ +_eoz azlisisln 6 B cos* o];
-~ sin?s_ “cos¢_ 6 s e
o o . 0. 0z “ N
.- - |+ sin% cos% a Ax H? - . } .. »
S : o o N x

S

EEA R (111 27)
In thlS expre551on the angle ¢ occurs only once, in the

'second to last term ' ¢ w1ll be p1cked SO as to mlnlmlze the‘f

va p051t1ve quantLty._

 energy whlch 1s done by makrng cos¢ bf

If'éoz~ls p051t1ve, the energy requlres that ¢ shouldd§ o,
u

, - - Ly .
whlle if 6 oz 1is negat1ve,,¢6 should be. 180°' ThlS pr ces .

a reductlon 1n the splay energy as dlscussed in the prevxous

section. Thus at large g, the molecules should*be:closef;fif%m*ff—*
to radial. Forlarge o the e-equatlon in the ‘bulk, Eq ITI. 12,_;~=e}
keeping only the hlghest order terms,becomes - '

;08 sin? 80 + B cos, o) S ) e

= e ' 6 6 2 -
. sin ,cosb_ {eoz [B S}-+ Ax H?].

- ™~ III. 28)
< < : ) o




‘, droplet far from the axls of symmetry

,jThls equatlon 1s useful for descrlblng the behav1or of the»
' The ¢-equatlon 1n the bulk Eq‘ III;l3;visrsat;sfied_

;‘ldentlcally.\ It produces the equatlonl
H{,;¢ . =‘0'3", S ',';"Ar'»»[ll* 7‘ - (III.29)-.

whlch ls conslstent wlth ¢ ;;’O for all z - f "g~9]', l;f_o“
Thus on energy con51deratlons one e{IEEts to . Llud that

v‘for large p the molecules have a G-dependence descrlbedxfy

Eq. III 28, and a value of ¢ around 0 or l80° dependlng on

vlmhether 6 is a posxtlve or negatlve number.» ‘

At the other extreme, for small p,’the 51tuatlon ls_h_

much less clear., The,behav1or of a few terms from the energy

T : ,
‘expresslon, $q.,III .4, w1ll be,examlned The questlon to be x"~rgt
,posed'is uhat yalue of ¢ would the energy prefer if ¢ were{.N | |
a constant or only slowly varylng The terms to be considered~
‘eare those whlch are thought to be the most 1mportant and |
whlch lend themselves to analy51s w1thout too much dlfflculty
The object is to 1nd1cate a p0351ble solutlon, the exact

i'nature of whlch w1ll be determlned later. The terms are 1n EE

the 1ntegrand of Eq. III. 4, The analy51s w111 flrst be,done ‘Qlif

for large 8 (~90°). "The flrst term is ’,.-f L ,.i;'wv‘z
1L e - . o . |

5 sin®8[S cos®¢ + T cos ecsln $ + B sin 8 S1n ¢] o e
R 2 y . T -~ » B . = .

3 (III 30a) S

-—



’r;.46,-
_ | Yy
When 8 ~90° this bécomes’,c’fv/v'ffra:.wj;j!f*,rewmf"g.;ig‘
%’[S;cosz¢ + B sin?¢].
= (111,305)
”The‘Value-of‘¢jWhich,lowers,the energy depends on whlch of
-the'elastic‘constantsrs'or B is smaller.t If S < B, ¢ should

be‘O ~or 180° whlle 1f‘s > B, ¢ should be 90° or 270°”m

The second term for 6 N190° becomesr;_f
Ip‘9p2 [f'sinEQ + B ébs2¢1

L

(I11.31)

':vwthh prefers ¢ = 90°h6r 2795fif;T< B and 0 ‘cr'180°-if _gb;
,"T > B.. | | ‘ o | o o
The thlrd and flfth terms are.negllglble 31nce 1t was-
assumed thagithe derlvatlves of $ - arersmall.: The.foqrthth
21Term has no ¢ preference n - o _‘
v The 51xth term for 9 ";90° vanlshes but for 6 sllghtly «:'l
'less than 90°- becomes ;tb ' - j : Ali " : ta S |
, o | , :
2 cost 8 IS gosf¢;+awisinf¢1‘", | |
I - S o RN (I11.32).

_ Which, since © ' will be shcwn,to be pcsitive,-prefers4¢ = 0

e} .
or 180° for T > § and ¢ = 90° or 270° for T < 5. o
' TN _ BTN

The seventh'term will. be neglected The elghth term

- 2 sin?® cos¢ 8,8 - . ,
a s (ITI.33)



.'ldebends onrthe_ValueAOf 9 before the preferred angle a‘can o
ef'be.determlned;ttIfAézfisfp051t1ve, ¢ should be’ 0 hwh;le,lfvl
’é;'isinéga£ive; g should be 1ao° R i B

| The remalnlng terms are more compllcated 1nvolv1ng the

products~of too many functlons to be analyzed in such a cruce

fashlon. . B | - . . ; - - - ‘i:_rr.

What has been found for large 6 (~90 ) is that 1f the
| twist elastlc constant is smaller than the splay dnd- bend <

constants,vthe_secondrand 51xth terms of the energyaprefer

Qge‘¢fto,be 905_or3270°,- 1f T 1s greater than S and B. ¢ l\-;}

bshould'be 0 or lBOf; The preference of the first term
o depends on the relative 31ze of S~and B whlle'the seventh"'
term wants ¢ to be 0 or 180° dependlng ‘on the*slgn of

. Because of the contradlctory demands of the terms examlned
'no general conclus1on cin ‘be reached as tO a ?referred vaLg\:
for @ .jk' | 'v~ ,b> '_:.>;i> . - » B

. The natur;&of the energy'eqnation~at'smalllwbforasmall-@v

'w111 now be- examlned ‘From Eq. III 4b when 9 is small’ thef'

' flrst, second, and 51xth terms can be comblned to glve(k\J-\

t\’

% (8 + p BO)Z'IS cosz¢ﬂ+’Tisin2¢};"'

B ¢ - . (III-B;I)-A

refer ¢ = 90° or 270° if T < S and ¢ = 0




The third, fifth, and seventh terms are assumed to be
small since they contain derivatives of ¢ while the eighth
term has to wait until 62 is determined before a value of ¢
can be picked. Again the rest of the terms are too compli-
cated to be analyzed in this fashion. However, if 6, when
small, still has some of the Bessel function character found

in the one constant approximation for small p one can write

6 = Ap.
(III.35)

In this case, the terms in Eq. III.34 are of order p while
the last seven terms in Eq. III.4 are of order p? or smaller
and thus can be neglected. This argument would also apply to
the third, fifth, and seventh terms which were neglected pre-
viously on the assumption that ¢ was only slowly varying.

From this rather simple-minded analysis one can see the
possibility of an interesting situation arising if the twist
elastic constant is less than the splay and bend constants
since then there is re¢ason to suspect the preference for
having ¢ = 90° or 270° for small p while for large p it
was shown that ¢ should be 0 or 180° depending on the way
in which 6 varies with z. This configuration would be one
in which the projections of the molecules in the horizontal
plane rotates from being circumferential for small radii to

being radial for large radii.
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~Analysis of this faShidn on the ~9%7and;¢fbulkrequa6@g§s
“for small p. are uninstfuctiVe and’wili:not be attémptedlhere;5
The handllng of the equatlonquy computer w1ll be des-»’

crlbed in App III ~The' results of the. calculatlons w1ll ﬂ

,be‘pgesented_and discussed in Ch. IV.



v, f’”CHoICE OF PARAMBTERS

CHAPTER'IV\
= =2

.

: The flrst set of calculatlons were carrled out u51ng

'approprlate parameters for MBBA.‘ The values of S T, and

lB; show large uncerta1nt1es because-of the extrapolatlon

procedures requ1red to obtaln them and because of varlatlons
1n the purlty of the materlal used The elastlc con-
stants’ also show strong dependences on temperature.

The‘computatlons,to‘be presented’ln Ch. IV.2 were_done

. ' . ‘ . ) . . g . \‘ ..‘ . L . ‘
.-using.Haller's (Ha-72a) measurements since his values are

'found'that'S/B = .8 and T/B‘ .5 at room temperature. In

Ch Iv. 3 the effect of dlfferent relatlve values of - the elas-"f

C tic constants wlll be dlscussed

The‘hapiplnnlmgangle of'MBBA:moleCulesvat~an'air inter-:

face has been measured by Prost (Pr-71) who foundtesUR-=A12’

"by-fitting'thexdata’foundtfrom birefringenCe measurements,‘

e

V\mlnlng the amount of llqht reflected from the lquld crystal-r

and by Bouchlat (Bo-?l) who observed OSUR

— 10° 20° depend-:v

“typical and he measured all three elastic~constants; He has

ing on the temperature.' Hls measurements were made by deter—z

air 1nterface, For the purposes of thlS calculatlon the

value,of‘15° was assumed to be the hard plnnlng~angle at
o T o L T
the air interface.. ' o o

- 50 -




The MBBA molecule has the polarlzable CH = N“boﬁd“located -

S at the center- Qf the molecule.' Because water 1s a hlghly

'epolarlzable medlum the ‘MBBA should 11ke to get its dlpole
_ as close to the water as p0551b1e whlch suggests that thev»
’molecules wou}d llke to 11e parallel to a; water substrate;
':ife.' 'eggger should be 90°. Thls condltlon 1s.conf1rmed

kby comparlson of the observed optltal frlnge patterns w1th

'~the computer calculatlons partlcularly 1n magnetlc flelds. o

IV. 2 RESULTS FOR S/B 8 AND T/B = .5

Haller s (Ha 72a) values for the elastlc constants gt

'room temperature were used to calculate the equlllbrlum con-

-flguratlons of the molecules in the cyllndrlcally symmetrlc.j'

reglon descrlbed in Ch flIIt' The helght of the cyllnder,
.'%o; was taken to be 19 unlts,‘whlle three values “for® the
radius pd yere-used-'4d;180;‘and 160.un1ts -As\w1ll be
shovn in Appr 111, the 1mportant parameter is the aspect

"ratio, s /Z K rather ‘than the absolute size since solutlons

of dlfferent 51zed cyllnders w1th the _same aspect ratlo

. scale llnearly The reason for u51ng the cyllnders wlth

'dlfferent aspect ratlos 1s to flnd a solutlon 1n which the-‘
central reglon of the droplet, the reglon of . the rotated

. Cross, is 1ndependent of the radlus of the cyllnder. :It
is'.found that»for‘qo}equal 80 and 160 units the conflgura—

tions for radii less than 40 unlts agree within l%_whlle




=52 -

. for p' equal 40 unlts the agreement for radll less than 20

Y
-

unlts 1s a few percent

Wlth O s 5f15°‘and»9‘s 90° correspondlng to hav1ng
_the air at the lower surface.and the- water at the upper sur-
l:face of‘the llquld crystal droplet, as in- Flg. II la, the'_"
-two tw1sted solutlons and that normal solutlon w1th ¢ =
*leverywhere were found to be close in energy whrle the—normal‘—w%;f¥
' solutlon with’ '—7'everywhere was found to be much hlgher 1n
energy (a factor of 2 for p 80 un1ts) and to be an un—t"
“stable equlllbrlumf. The reason the ¢ i 0 normal conflguratlon"y
’is‘lower in'energy than the'ob= " conflguratlon is’ because
_wifh'a Ls = 156vana‘eﬁsf=_90° for all but small rad11 8"ise
a p051t1ve number "A‘ter'Eq TII. 27 1t was shown that for
large rad11 the energy would be reduced if the quantlty
: cos¢ 6 is p051t1ve; Wlth a p051t1ve 6 thls requlres that
the angle ¢ be zero. If the water and alr surfaces were
1nterchangeo,kas in Flg ‘II lb the ¢ = T solutxon would
‘have heenllower in energy~than the ¢ = 0 One and the tw1sted:f
solutlons woulo have the1r a21muthal angles augmented by . |
__The follow1ng dlSCUSSlOn w111 apply to the geometry of
Fig. II.1a and therefore the hlgh energY ¢ = T solutlon |

'w1ll generally be 1gnored . The normal conflguratlon w111

refer_to the ¢‘?”0,Solutlon;



The computer outputs for po ’80-units arehcontainedf.
‘ ' N o
in App. IV.- In Flg IV 1 are shown some representatlve

L4

'sllces of the stable tw15ted c0nflgurat10n s # o). ;15

:FIg- IV.2 showstsome representatlve sllces of-the_norma1_~f

or untwisted eq'u'j.lihri'urn:'cohfigv‘ura'tloh (¢ is zero -
-everywhere)b Flg IV 1 really represents two SOlUthﬂSL.r
becauseas explalned 1n Ch III replac1ng o by —o also
iProduces a stable conflguratlon. ’The>molecules in'thei
nv1ew about ihe arls of symmetry that are w1th1n 7°'of thev
’ ;cross of the crossed polarlzers are 1nd1cated w1th crosses.
I'One can see a brush pattern\bery close to that observed

ln the droplets between crossed polarlzers‘ -

The 6 solutlons in the varlous_conflguratiohs'differ"

by only a few percent, “the largest.discrepahcy'heing'for;
k:small radll..é monoton&cally 1ncreases from the bottom“
to.the top«surfaces over the‘whole drop-except.for rad11
less than six units where  § decreases from both surfaces’
towards the.lnterlor. Along the ax1s of symmetry the
_average valde‘of » for the tw15ted conflguratlon is about

1.7 whlle at the outer edg _of the_80,un1t:cy11nder ?

has decreased to .06 ra ans; TThis has‘the featUres
Arpredicted in Ch. III for the case whén T is less than

S and B: for small radii- ¢ is of the order of 90° whlle -

- for larger radii ¢ approaches zero. The energy of
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. Figure IV.la

Top view of a layer 2 units from the water surface of a
19 unit thick MBBA droplet for the twisted configuration -

‘with S/B = .8 and T/B = .5 from p = 0 to p= 112 units.

The 1nserted crosses indicate those molecules whose pro-
jections in a plane perpendicular to the axis of symmetry
lie within 7° of either ‘the polarlzer of the. analyzer axis.
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Magnlflcatlon of the central reglon of (a) from p

to p = 28 units.
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Figure IV.lc

'MBBA drop1ét 

.Side‘yiéwfof the
with S/B =

“twisted solution of a 19 unit thick

.5 from p= 0 to p= 80 units. The water

—

' surface is at the top and the air surface is a

.8 and.T/B =

t the hottom.
ST

t

00 is ‘the axis of symmetry. . = .

. .

|
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Top view of a layer 2 unlts from the water surface of a

with S/B = .8 and T/B =

19 unit thick MBBA droplet for the normal conflguratlon
.5 from o

-ma—
-

0 to © 28 units.

The 1nserted crosses indicate those molecules whose pro-
jections in a plane perpendicular to the symmetry axis

lie wlthln 7° of elther the polarlzet or the analyzer axis.
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W \ﬁ;h\*¢ﬁhe*tw;sted conflcuratlon is slléhtly smaller than the energyr
o of the ‘normal éonflguration.:? ’> i ' R ‘
The energy dlfferences between the tw1sted and the normal';
lconflguratlonsas a funetlon of p for a 19 un1t hlgh cyllnder -
.'*1n unlts nB_xgthe unit) of length are- N o ”

- p———— . L R . . - L ) o - R e e

T AE = 1.8 .  .for p_= 40 - e
T - =31 t’"_.;.for"é§f—'i;§0" .
: '\: | \ o =38 f.oi% =_160_”\_ .
- E This-is'changin}’aporoximately Ekponentlally so that for
‘_‘,‘ an 1nf1n1te drop AE wouldmbe about 4 2.’ If the unlt of
o - rlength~1s microns and if B % 8 dynes, the energy dlfferencek
::11 o for an 1nf1n1€% drop would be 10 ? ergs The.questlon‘or
,?:1'; }vwhether the normal conflguratlon is truly stable‘has nbt
;;.' fd been answered; \However, conslderlng the small dlfference
"'\» ivln energy and the observed ex1stence of the normal confl-—“

Vguratlon, thlS state must be at least a metastable solutlon.
Examlnatlon ofﬁthe computer outputs in App shows
_that 6 1ncreasesnas the radlus 1ncreases untll one gets
Wlthln 30 or 40 unlts of P where ) peaks and ‘then starts,
!“=l; | | to slowly decrease.x Thls decrease 15'an artlfact caused
. by the appllcation of the B-boundary condxtlon | In'an; 'J R
. N AU

1nf1n1te cylxnder X should 1ncrease and-level off at

‘the values of 6 prediCted by the solution of



the one-dimensional equatio?;.Eq;hIIiﬁZB;ilThese values have '
: beenfcalculated‘and'agree_within'l% with,the;values of

9 “at p'= 40 obtained in the solution with'p‘- = 80. Thls |
LR o S o v
"ls'furtherfevidence'that‘b 8Q is. equlvalent to an in--

f1n1te drop at least as far as the central reglon of the .
s : R

'drgplet is concerned el T ‘sa? B ',Av "r :_ o :ﬂﬂ’é;n

jy Exanlnatlon of the computer outputs for o 80 units,

o N v _

‘Tables 3 anag- 4 in App.‘Iv,shows that ‘the tw1sted solUtion"
\ ) R
Saves energy for small o everywhere except along thertop.‘

surface where e is lazge.: ThlS can be. explalned by looking
.at the: energy expre351ons presented 1n Ch I.‘.Ofvthe A[
ﬁerms con51dered only those in Eq.‘III 30a and II1@33~

l
mdlcate a hlgher >nergy when ¢ is 90° for the relatlve

\ .\ .
: values of the elastlc constants used Eq III 33 is always

:unhappy about hav1ng ¢ ='90°" However, since-for small
radll 6 changes 51gn from the bottom to the top surfaces,
- thlS term prefers to have 2 180° near the bottom surface
‘and ¢ﬂ~0 near the top surface.- If'changes-ln’o wlth _
'_helght were too expen51ve some 1ntermed1ate values of‘

might be preferred.: Eq III 30a shows a cross-ovér p01nt

Which ﬁavors ;,# 90° 1f 6 1s small enough as 1nd1cated in y'~f

Eq. IlI 34. The value of e at. whlch Eqg. III 30a starts to:"
"\ favor the tw1sted conflguratlon can be fo d by_equatlng:gl7‘,
‘.1ts value for ¢ = 0 and for. ¢ = 909.

- <

. N R . - & .
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This gives

S =T cosze + B sinze (IV.2a)
which reduces to
.2, _ (S-T)
sin 6 = TB=T) (IV.2b)

which for the elastic constants used gives a critical angle
of 50° for 6. Examination of the computer outputs verify
that near the axis of symmetry for 6 less than about 50°
the energy density of the twisted configuration is less
than the normal one while for 6 larger than about 50° it is
larger. The reason that ¢ stays around 90° would seem to be
because for most of the droplet at small radii, 6 is less
than 50°, which favors ¢ ~ 90°, and changing ¢ with z costs
too much energy. This can be seen by examining those terms
in the energy equation, Eq. III.4b,which contain ¢ - The
fifth termcontains¢§ and is always positive. The ninth
term could save energy with a negative ¢z but it contains
cos® which is small for 6 around 90° and so the saving is
small. The same applies to the fourteenth term while the
thirteenth term costs energy for a negative ¢z. The result
of this is that ¢-should show 1little variation with z,

a fact that is verified by the computer outputs.



i - o ' ‘ l;/ : o
The 1mportance of the splay cancellation 1s seen flost e

',’clearly frem'the dembl.\t\E of therenergy of tbe ¢ =7

‘ normal conflguratlon compared to the ¢ = 0 conflguratlon in thevil;lf
X'geometry of Flg II la for o —80 The saV1ng in enexgy can be »-g
: vseeh also by comparlng the drops w1th cyllndrlcal symﬁgtry torf*
~equal areas of the outer reglons of an 1nf1n1tely larqe drop
ﬁ\?pr a X9 unit hlgh qyllnder the average energles per unlt area . {JJf

f% unlts of "B/unzt ot length as a functlon of the radlus ofl_ﬁ

\ . . . . a

,the cyllnder are:v “
VVXE/area = .063 - ~ for by =40 B

eli062 80

= .068 T = 160 .

N . v N : N - ‘ . >. PR ‘ i ) » . R - ' . » N .. | b-‘ A . . - ._ -‘ ,

. (1Ll
o This saving is. large compared to the aaﬁltlbnal sav1ng R .'47
r arlslng from the handedness of the solutlons (AE/area ~. 0005 C
1n the same unlts for Do = 80) That there is a %1n1num ‘A’efi
| at‘%:/zo ~'4 can be seen as a dlrect result og the splay |
’cancellatlon.l““\ R -
mhe splay energy 1s derlved in App I ﬁa 1S glven by
Eq %7AI 3._ Veglectlng the radlal derlvatlves, the splay energ» 1§
: o - o _ ; o o B N .
\ : _ - L L S ' o a-——~ - —r;'ﬂw—~fs—v—
A~ A sin®e (=T e - N
N o o =00 T P R
| LT & 41
This’ean'be made zero by requiring A o :;l
‘ vbak » . . . ,‘ . ° "" ‘
. cos¢ _ 4
T —— } p z . R . i
\ | N ¢ 328




'hAway from the center of the drop 8, changesvapproximatelyu_

Bunlformly from BLS\at the lower surface to 8 uS. at»the uppern :

surfaceg gez'ls then approx1mated by

oz 'ZO—“-\’Q- C e (_ SRR
. . . B ', - '7 . . N 7 . (‘I‘V “6*)'*"*~f—f 7g77#7‘_g

b

whlch bfcomes " 0/ for the values used in’ these calcula-'

'tlons._ As cosy cannot exceed un11y the radlus beyond whlch

e;splay cancellatlon can no- longer be fully effectlve 1s : o
habout 15 unlts. Examlnatlon of ehe energv‘den51t1es ln‘ .f"f’*
the computer outputs show th%t fot radll aroundbls 30 unlts,l

the energy den51ty does go tﬁtough a mlnlmum . ThlS suggests

that in a large medlum 1t mlght be posglble to reduce the

-total energy by produc1ng many small reglons 1n whlch trerg

uls,cyllndrlc l-symmetry. For MBBA between air and water

Abthe centersl o these reglons would ‘be separated by dlstal
iof‘the'order.of 82 1“ Thus a sample w1th ! regular array or'k
.~dlsc11natlons mlght have a lower energy fhan one wlth trans:
'latlonal 1nvar1ance,- These regions would be +1 p01nt dls-‘)/—t,du'
clinatlons. They must be accompanled by the approprlateﬁw
nu;berrof. d-l p01nt dlscllnatlons. The calculatlon glven

- A ;
here is. probably an. excelle t gulde for estlmatlng the energy

of the +1 p01nt~disc11nat'on in an array, but for the accom—_

panylng -l,i?lnt dlcllnatlon the present_calculatlon 1s

~

) ce
ot
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only roughly appllcable lnasmuch as the latter lack cy- - '
, B SR R — —
llndrlcal symmetry '_ AT ,';' - SR Loy
_ o : v o) .
l“ It lS well known that llquld crystal samples usually f ._.“;“

'Acontaln many dlscllnatlons.' These are’ usually blamed on

rlmpuéltles and 1mperfectlons, but maybe dlscllnatlons l

'+ oare an 1ntr1n51c property of the liquld crystal 1tself

when sﬂbjected to confllctlng boundary condltlons. = e
e g

"_IQ\Q, EFFECTS OF DIFFERENT ELASTIC CONSTANTS

‘ Usang Haller' s (Ha 72a) values for the elastlc oonstants'
bof MBBA, the varlatlonal calculatlon performed in Ch. III has
'predlcted the exlstence of the three equlllbrlum conflgura—
tlons of almost equal energy dlscussed in the prev1ous sec-
tion. The effect on these conflguratlons of varylng the elastlc
9onstants Wlll now be dlscussed. -

The 1mportant crlterlon for gettlng the twlsted conflqu-
. ration is bellgced\to be the fact_that the tw;st elastlc_'
“conStant'is.smaller than'the splay'elastiCVConstant.‘;Thisﬂi
is shown by flrs usxng the one constant approxlmatlon,
dlscussed in Ch. III 2, in whlch all the elastlc conﬁfantsf-
are putgequal.;.In thls\case, the_only stablefconflguratlon.

; , . Ty : : : :

is the normal oné;' Thenbdifferent sets'of‘yalues for |
N S/Bfand T/B were assumed, as 1nd1cated in Fig. 1V"3;f.fhosé'["
;whlch have a stable tw1sted conflguratlon are 1nd1cated by
’crosses whlle circles show those in whlch only the normal

conflguratron is stable. These results prove that the
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15

"N.)-b

T
I
B

~ Figqure IV.3

Phase diagraﬁ for the twisted COhfiguratibn. A stable

twisted phase (x) occurs for T/S < 1. For T/S > 1 only

the normal phase (o) 1s stable. R C. .
J) .

+

—



\gbln the mlcroscope dlsplay the same amount of rotatlon of thev

7-66

' tw1sted conflguratlon is. stable only when the thSt elastlc ;W¥WL¥;

'constant is less thaﬂ the splay elastlc constant ' The calgu—f?¥,

P

'Alatlons 1nd1cate that the transltlon is. llkely second order.
“pThe tw1st-11ke conflguratlons for S/B =1 and T/B ;5[ .7; 3
8 and-,g, arewshown in Flgs.-IV,Q. The varlatlon:of.@~at
;'4'uhits’goes as‘ITI- 933) 'for’thesesfour configurations; |
7 As the.llquld crystal becomes less pure,;lts tran51t10n B
temperature to the 1sotrop1c state decreases.” Haller iﬂazlzaLllm;l

-‘hasjapown experlm tally, that as the te perature of the sample,v

-a roacnes the tran51tlon temperatule, t e ratloiT/Srapproaches

v'uni, Q:~Therefore dlf‘eﬁences 1n purlty etween droplets*might..

explaln the fact that not all tw1sted conflguratlons observed

‘ central cross. ThlS is further confirmed by the observatlon

vthat asbtime goeS'on, ‘and the droplets presumably become less
"qugt the twisted'crosses becomeoless rotated, After a long .'f%/{

time on a water substrate/-the crosses become'almost stralght.s

' Thg drops also show less optlcal retardatlon whlch 1s another :

I
,1nd1catlon ‘that the. 1mpur1t;es are suppresslng the nematlc

&torderlng. lj" ',fi o _? o

IV.4 EFFECTS OF A MAGNETIC FIELD = . o N ,_‘54_ )
A magnetlc fleld applled along the axis of symmetry of
the droplets generally does not dlstort the symmetry : Becausehfm

_the molecules ShOW’a preference to allgn w1th the magnetlc

fleld (anlSOtIOplC dlamagnetlsm),the equlllbrlum conflguratlon
should vary with the stirength é/fhe applled fleld Thls

-effect is most ea51ly seen by the change of ~the frlnge pattern ;f'
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Top viéw‘of a layer 2 units from thé,water-surfaceiof a;lg,
‘"unit thick MBBA droplet for the twisted configuration ‘with
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lane perpendicular to the symmetr
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.8, and .9 from

T/B = .5, .7,
inserted crosses indicat
ns in a p

=1 a
T
. lie withg

units.
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A Teg -
~as described in CRAAI.
”;Hallerﬁ(ﬁa-72a):has measurég the dlamagnetlc anlsotropy

for MBBA”at re

‘temperature obtalnlng the value Ax/B = 0015

gh‘zkc‘z As’ thls~”ntroduces a unit. of 1ength one~must now

-assume a deflarte‘51ze for the droplets.’ Thus each unlt
. of length prev1ously mentlogsg\now becomes a. mlcron.' SR

Wlth the magnetlc fleld applled parallel to the ax1s of’b:
symmetry of the 19 mlcron hlgh cyllnder the equlllbrlum ‘con- :,

_'flguratlons for H < 3 kG are ea511y obtalned from the H =;O

e, .

N
.so}utlons.i There 1s a general decrease 1n the 8- yalues and |
in the t&isted solutien there'ls an 1ncrease in the,o valuestf
lThe decrease in & is caused by the de51re of the molecules

to become more parallel to the magnetlc fleld becauee’of the
fanlsotroplc dlamagnetlsm. " The 1ncrease in Qh is brought abouti
1because the large 8 reglon, Wthh 1s unhappy w1th o~ 90° -%l'
has- become smaller.‘ o A -

When the magnetlc fleld is 1ncreased abover3 kG .\the

- nature of the tw1sted solutlonS-change. Thls is a result of
',the fact that for large radii. 6. is no longer a monotonlcally
vlncrea51ng functlon from the bottom to the top surfaces.' |
For H' = 10. kG .one flnds a ‘solution that is almost stable

in which the Yalues of © far from the surfaces are”closerto L
zero whlle the_AQ values areISOmewhatdlarger’than7ih.the12ero
field case. Lettlng the computerlruh‘longer*produces a second

: _ , = : : . .
solution that is considerably different.  The most radical

change is that at large radii near the bottom surface: of the
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S"drop ¢ hagfrotated from belng close to - 0 to be1ng close |
‘:t0'180°. In effect the‘magnetlc f1eld has dIVIdEd‘the"drOp e

, let 1ntobtwo almost 1ndependent reglons. In the top part o

"?of the droplet the 6 values decrease from the top surface and

i¢ varles from belng of the order of 90° for small rad11 to_

about O for larger radll.. In the bottom reglon 3 decreases

,from the bottom surface and ¢ varles from belng of the order.

of 90°‘for small rad11 to 180° for larger radll.F The twori
;Mreglons are JOlneo by a narrow la)er in whlch for large fpf‘“-ﬁ
radii ¢ changes very rapldly from around 180° to arouna O o~ o
w1th 9 very close to zero. The fact that the large changes;

1n ¢ occur at small values of 9 neans that not much enerqy.’"

',15 1nvolved in the tran51tlon reglon desolte the large 2,

, The reason for the changeover 1s‘once‘aga1n to;saue splay;p:‘“
energy.r It was shown after Eq. III 27 that forplarge‘radii: vvt \_f
r'the angle P was plcked so ‘as to ensure that the Quantitpv | |
.cos¢.82‘was,p051t1ve.‘ Wlth an.- applled magnetlchfield,:near"'_f h'%
the'bottomlsurface 6. has become-negatlve whlch implies that
Q. should be 180° whlle in the*ﬁpper reglon of the droplet
"62 is Stlll p051t1ve whlch,wantsvo to be O“.: The two
‘ reglons must be connected by a’ reglon in whlch: changes
rapldly whlch 1s most economlcally done when E'ls small.,_fhef»wm; ;
dr1v1ng force for the ¢ = 180° conflouratlon1overdthe,f‘=¥0f' 'qlt?

conflguratlon along'the&bottOm Surface,isvvery.small, in

fact the computer“caloulation‘suggests that the solutions
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jaié probably separated by a.very small energy barrler.d Thus5
the ea31est way for the 180° conflguratlon to develop from |
Vithe 0 conflguratlon may be through the nucleatlon of small
reglons. The bubbles that are sometlmes formed mlght be RN
’:reglons of the 180°»conflguratlon in the 0 conflguratlon 2

7‘What one observes may be tﬂe domaln walls separatlng these d“'

_;‘two'reglons.,ilf the<magnet1c fleld were. left on,long-enouqh
;the bubbles should merges to produte the unlfogm 180°‘~». |
regioh. Theﬂe was -an 1nd1cat10n of thlS happenlng in the fd

Vdroplets Observed but unfortunately thlS oould not be'

_ followed to 1ts conclu51on because of the magnet OVerheatlng

. in sp1te of the water_cool;ng.* When 'he.magnetlc,fleld is

'~reduced1"the'¢'=.180°‘solution'become‘funstable and’ the

“’ﬂebubbles-shrink'producihg‘the 1oﬁ7f;é1aué #r0:o0hflguratioh.ffu‘

The characteristic.timeﬁforithe growthvor shrlhking‘of thesef'v
.reqiohs%is‘ofdthe'orderiofrminutes.whioh;is anfiudioatioh‘f_ o ff
”of}how'small_the:differenoelih energjfis:betweeh'these | : N
"two‘solutlonsl- B “ | B

The large:radius one-dimenSional eduatiohvdeeredhinj

Ch. III, Eq' III“28’ can be solved in reglons in Wthh ¢:;3t

VlS not changlng ‘and predlcts the values of e(z) as a funotloh

of magnetlc‘fleld-,-These values agree w1th1nrgl%xw1thrthosewuééffg
obtained fordlarge radii for thelfullhtwo?dimenSioual:Cal-‘}:T. ﬁg;;
‘culations for the*sOlutions when Py = l60 hioronseahd ¢~Ol'

ThlS s1mp11f1ed calculatlon w1ll be used‘in Ch. V‘in'deter?

mining the dependence of the frlnge pattern on the magnet1Cr

. field.



CHAPTER V

V.1l INTRODUCTION TO THE OPTICS CALCULATION

In Ch. IV the molecular configurations obtained by
minimizing the energy of a c¢ylindrically symmetric region
of a nematic liquid crystal were presented in Figs. 1IV.1
and IV.2. Also indicated in these figures by the insefted
crosses are those molecules which lie within a small angle
{(~7°) of the polarizer or the analyzer axis. If this one
layer was representative of the whole sample, the light
passing through the region of the "crossed" molecules would
be either pure e- or pure o-rays and therefore the polariza-
tion would not change and the light would be absorbed by the
analyzer as explained in Ch. II. These patterns have a
close resemblance to those observed in MBBA droplets. Since
¢ 1s virtually independent of z, this cross-section is repre-
sentative of the whole sample. Tt is mainly the optical
thickness which is affected by the z-dependence of 6. The
nature of the fringe pattern would depend on the thickness
of the droplet, the wavelength of the incident 1light, and
the birefringence of the light produced by the material com-
posing the droplet. The nature of the brush pattern, however,
is approximately independent of these effects, but not com-
pletely.

To find the exact optical pattern that would be produced
by these molecular configurations requires the solution of

_71 —
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VMaxwell s, equatlons in a medlum w1th a contlnually varylng

‘i:optlc ax1s, Chou (Ch 72) has presented the solutlon of Maxwell 'S

equatlons 1n a red&on with translatlonal rnvarlance in the f
hhorlzontal plane and where the molecules were constralned to
~’lle in the horlzontal plane. HlS calculatlon w111 be: expandéd

’dto allow the molecules complete ﬁreedom 1n thelr orlentatlons.

2.

A -

c It would be de51rable to relax the constralnt of translatlonal

S

1nvar1ance in the plane. perpendlcular to ‘the llght path 31nce

-

thls 1s not satlsfled 1n the droplet geometry ThlS would

make Maxwell s equatlons very tedlous and time consumlng to'

: vsolve, 1f not 1mp0551ble w1th present computers. The assumptlon

’ to be made is that the drops have lOCdl translatlonal 1nvar1ance.
For large rad11, where the rate of change of the molecular |
‘;conflguratlon w1th dlstance is. small the geometry 1sAclose to
.,,b&;ng locally trapslatlonally-1nvar1ant but near'the §&1s of
symmetry thls approxxmatlon 1s less accurate. Maxwell s equat-r”
ions w1ll be applled to the molecular conflguratlons of Ch IV.‘

w1th full knowledge that the optlcal patterns pred1cted for small .

rad11 w1ll not be qu1te rlght._

The presence of the polar'zer in front of the cylln-:
drically symmetrlc@droplet resu ts 1n two reglons 1n whlch .“
- the llght propagates as an o-ragy and two reglons where it

r propagates as an e- ray (Thls 1s assumlng that the a21muthal« -

then thrs}’

angle is constant‘w1th-he1ght;-1f it is nog,
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.argument can be applled to each layer ) Slnce the,effect
. of the medlum on the e— and o rays are dlfferent one’ wdbld

~pexpect to observe two-fold symmetry in the opt1ca1 patter1

N

of a 11qu1d crystal droplet between crossed polarlzers. ,

- The maln feature that 1s neglected 1n the assumgklon |

';of local translatlonal 1nvar1ance is the dlsplacement of

:'the e- and o-rays relatlve to one another. -The amount of~¥

:’”thls dlsplacement 1srproportlona1 to the thlcknessﬂof thek ffmﬁ—efe
sample._ For a typ1ca1 MBBA droplet, 20 mlcrons tthK, the |

,shlft of the e—ray with respect ‘to the o-ray can be a few
h‘:mlcrons;j Thls w111 have relatlvely 11ttle effect on the_

» ;Foptlcal pattern at. large rad11. However, for smaller radll,h

.a 2. or 3 wdcron Shlf can completelﬂ dlstort the 1mage "é;h

_ e'The dlstortlon should be larger for large drops 51nce thev E
l[:afgfzh:Ager and the relatlve dlsplacements should therefore»f'
bengreater. The optlcal patterns that one would expect if

" the approxlﬁatlon of local translatlonal 1nvar1ance were - L

’correct wﬁl; be presented 1n the fourth sectlon of this

ter after the solu ion of Maxwell s equatlons has been dis

cus-s.ed. _' }bese w1ll show two-fold symmetry at all. radll

V 2 MAXHELL S EQUATIONS IN A TRANSLATIONALLY INVARIANT QEDIL*

_ The dlelectrlc tensor of a unlaxlal crx?tal in a- coor-

dlnate system w1th the z-axis parallel to - the optlc-axxs~1s
/L*  fe. 0 o0 DR

C G ._' .VL

(V.1)



where Cll and 633 are the dielectric constants for the ordinary
and extraordinary waves respectively. The dielectric tensor
in a coordinate system in which the optic axis makes an

angle 6 with respect to the z-axis and ¢ with respect to the

x-axis, can be obtained by applying the well known tensor

operation

(Vv.2)

where A is the rotation matrix from the fixed coordinate system
to the coordinate system attached to the local director. A can
be obtained by applying two consecutive rotations, first about

the z-axis by the angle ¢, and then about the y-axis through

the angle -6. After combining the two rotations one has

A = cosb cosd cosf sing -sind
- sing¢ cos¢ 0
sinf cosd sin® sin¢ cosf

(v.3)

Performing the operation indicated by Eq. V.2 one finds that

the dielectric tensor can be written as

1 -l - 2 sin?6 cos?¢) asin?6sin?¢ asin2Gcosd
g==€o asin?0sin?¢ l-a(1-2sin?6sin?¢) asin26sino
asin26cos¢ asin26sing 1 + acos26

(v.4)
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where o is called the birefringence ratio and 7. is the mean

dielectric constant. These quantities are defined from

®33 (1 +OL)Eo
and
€11 ~ (1 —a)eo
(V.5)
Maxwell's equations in a source-free non-magnetic region
are

VeH=0 (V.6a)
VD=0 (V. 6b)
>
v x 3 =2123D (V.6c)
c ot
VX+=_£§§ (V.6d)
c ot

where H is the magnetic induction, D is the electric dis-
placement, and E is the electric field. To obtain a more
useful form for the purpose at hand the curl is applied to

both sides of Eq. V.6d producing

-
_ > 1 3H
0=V x (VxE +35 VX=%
=V x (V x E) + i% V x H
2
=V><(V><E)——‘£7§E

(V.7)
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Ty

where both H and have been assumed to be harmonic functions
of time with angular frequency wand use has been made of
Eg. V.6c and of the tensor relationship between the electric

displacement and electric field

D=¢E

(v.8)

The curl curl term in Ig. V.7 contains derivatives of the
electric field with respect to all three coordinates. It 1s
at this point that the assumption cf local translational
invariance is made: all derivatives with respect to x and y

are set equal to zero. Eg. V.7 then reduces to the three

equations

BZEX w2

0 = - + -c-:—z— [E(ll)EX + E(IZ)EY + 5(13)Ez] (V.9a)
32E 02

0 = zy + — [e(21)E  + €(22)E + e(23)E_1 (V.9%Db)
0z c? X Yy Z

0 = ¢(3L)E_ + €(32)E_ + €(33)E . (V.9c)

X Y A

Eg. V.9c can be solved for Ez and this can be used to elimi-
nate Ez from Egs. V.9a and V.9b.

In addition to the volume equations one must consider
what happens at the boundaries. From the continuity of the
tangential components of the magnetic induction and Eq. V.6d

N
one has that the tangential component of the curl of E must be



continuous. With translational invariance in the x-y plane

this becomes

L > L
JE oE. B
—5 = L+ L in x- 1
0z dz 0z X~y plane
(Vv.10)
where t, i, and r refer to the transmitted, incident, and

reflected light respectively. "In the x-y plane"

means that

only the x and y components of the vector relation are to

be considered. At the bottom interface (z = 0) the inci-

dent and reflected light (which propagate parallel to the

axis of symmetry) are in an isotropic medium, with index

of refraction n and thus the electric fields can be

ext’

written as

iwn
E.(z) = E exp[— ext ] (V.1la)
and 1 c
N iwnextz ~
E_(z) = Er exp S (V.11b)

Combining these

aEt<z+o+)

with Eg. V.10 gives

9z

C

_  iWnext [Er(z+o°) - Ei(z+o—{]in x-y plane

(v.12)

- + . .
where 0 and 0 mean just below and Jjust above the bottom
surface, respectively.
In addition the tangential components of the electric

fields are continwus, i.e.

> + > - > - .
Et(zwo ) = Ei(z+0 )-+Er(z+0 ) in x-y plane

(V.13)
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Addlng this and Eqg. V.12 gives as the bC‘dudaLy CoOnGition atT

the bottom surface

> - > + R
2Ei(z+0 ) = Et(z+0 y - —= in x-y plane.

(v.14)

At the top surface, the continuity of the tangential

components of the electric field and the magnetic induction

give

> - > -

Et(z+L ) = El(Z*L ) (V.1l5a)
and in x-y plane

8—» - a—) +

> hld
Et(z L) _ El(z L)
3z oz (V.15Db)

where El is the electric field of the light in the isotropic

medium that has been transmitted by the sample of thickness
- + . :
I, and where L and L mean just below and just above the top
surface. Combining Egs. V.15a and V.1l5b and using a harmonic
spacial variation for the transmitted field as in Eq. V.11
gives
> -
N _ c aEt(z+L )
Et(z*L ) = - in x-y plane

iwn ¢ 0z
eX (v.16)

for the boundary condition at the top surface.
The solution of these equations on the computer will be dis-

cussed in App. V.
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In practice siince the drops have cylindrical symmetry
if one can solve for the behavior of light rays polarized in
two different directions at a particular radius, then by the
proper linear combination of the two rays, the effect of the
medium on light at any azimuthal position at that radius can
be determined directly. Maxwell's equations were therefore
solved at each radius for light that was polarized parallel
to the x-axis and then for light polarized parallel to the
y-axis. When the p- and & axes coincide with the x»- and y-axes
respectively the result of the calculations can be formally

written as

Exour Eoour of PIN xIN

EouT Esour / "$IN yIN
(v.17)
where IN and OUT refer to the electric fields that are inci-
dent to the medium and that leave the medium respectively,
while T is the transmission matrix that represents the effect
of the medium on the light. When the 0-¢ axes are rotated

by an angle ¢ with respect to the x-y system one has

(v.1l8a)



‘cos? .sin9, .

VM- sin¢ cos®

' (v.18b)

vw1th a 31m11ar expre5510n for the outg01ng waves.."Therefore

,"\ o

Q.F:g V ]7 hprnmpq

If the y—ax1s is . garallel to the polarlzer ax1s and the

1nc1dent llght has unlt amplltude then

oLy e

-_If the analyzer is.: parallel to the X-axis then the only com-

_ponént of the eleetrlc,fleld of 1nterest 1s -

o fo\ .
A = Y R-*F Bl o
Exour ° .(1'0{‘3_- L -‘R(l), B

-

- =% (cos %, -=sing) T {0 )}
. . " \cos¢/ .

@ |

Thus once the. matrix® T is known for any two polarlzatlonsv

. -
at a- glven radlus, the amplltude of the llght transmltted



"thrbuéh tﬁé»croSSedipolarizers and:thefdrop*for,all azimuthal,f

';Jangles at thls radlus can. be found by appllcatlon of Eq V 21.

Lo

"Thls was carrled out 1n the computer calculatlon OPTS con—'

'fta;ned 1n1ApprV,

SO o R Coe [

V.4 THE BRUSH PATTFR,‘

The results of the optlcs calculatlon on the morecurar

' pattern oT the thsted con‘lguratlon presented 1n Flg ”V.l

jbetween crossed polarlzers 1s shown 1n Flg .1, In cnls _

[ pattcrn the effcct,of the anges has been suppressed by e—¥;<f—

'maklng tae olrefrlngence,rin,;smaller.i'Thls ef ect could 3 SO

The maln features of the brdsh pattern are-un rfected by these"

Abe achleved by u51ng longcr wavelenfths or_tqlnner samp es{

?.changeS-whlch Were done-to_avo1d'aistortlons of the ex nctiOn

E

e . S o .
‘ Cross-that the presence»of.frlnges can cause. r“hese dlstor-

grons can be seen in Flgs. I;l and II.3;

‘ The optlcal pattern 1s characterlzed by nav1ng the brusneg

in the outer regrons roughly parallel to the cross. orlthec f-

o

polarlzers asrdescrlbed in Ch.II. Towards the cent er o ‘sym;

: ':metry the brushes rotate produc1ng what looks llxe a rotateu

: cross.-'~ However,:the'arms-never get stralght,-they continue -

 to slowlyvspiral all'the way~into ‘the center{fTThertanqenthto,f

%

lthe brushes near: the center of symmetrv 1s at~approxlmater)

-

45°. Thls 1s the part of the pattern tnat produces tne-

rotated 45° cross. oL st o

-

-’”,



. ‘Figure Vil -

The extinction cross predicted by the solution of Maxwell:s
equations for the twisted configuration of an-MBBA drople@ with
s/B = .8 anésg/s = .5 between crossed polarizers. The fringe °

pattern has en suppressed. The shading 1nd1ca;es where the
»transnxssxon coeffxcxent is - less than 3\



.-the flrst sectlon of thlS chapter. HoweVer,pthe dev1atlons .
| ffrom four—fold symmetry, eﬁpec1ally for larger radll, are - ..

“fvery small ThlS is a result of ¢ belnq approx1matelw

..‘

‘»a‘lndependent of z. - The llght 1nc1dent Gh- the droplet pro—'

duces the e- and o- rays whlch are pOlarlzed parallel and

jequal to - the old value of ¢+o) then the off dlagonal elements'

‘ computer calculatlon snould be. modlfleo to allow for . the

: perpeﬁdicular tOfthegprintipalnplanei respectlvely ~If‘*

5 . - .
. .

:_were completgly 1ndependent of - z the pr1nc1pal plane woula

rm1x1ng between the two dlfferent polarlzatlons the ampfltuoes

l

”‘of the e-- and o—rays remaln constant as they propagate tnrOa,.;

l the droplet. If in Eq V Zlb the angle i now }efers to the

angle between the x-axxs and the pr1nc1pal plane (v 1s'nowf'

e

e

of the E{ansm1531on matrlx ? are zero In thlS case the

amplltude of»the‘l;ght throUgh,the-analyZer-is giVenfby

F_ = sint cosé (T(1l) - T(22)). (V.22

~XOUT |

",;The 1nten51ty of the transmltted llght, equal tohthe‘produCt;r

sof E - 'and 1ts complex conjugate, produces four fold svn—

xOouT .
-ﬁetry inxthe optlcalrpattern.,‘ o ’ '

-

i “'

: As explalned in the 1ntroductlon to thls chapter,_the"

pdlfferenves 1n dlsplacement between the e-rand o= rays~

which become' most 1mportant when the approx1nae§bn of " local

,,also be'lndependent or,z. In thls case since there 15 10\\N'

A



~transiat10nal inVariancefis strongly Violated.\\This

;_prelatlve dlsplacement 1s responslble for the lack of

-« 4 e

erfect agreement of the observed droplets w1th the

fcomputef<calculatlons, espec1ally for small»rad11»~ Though

athe concept of refractlon of the, rays 1s qualltatlvely S
,understood an attempt to obtaln quantltatlve answers 1n B ’

:_aeeyiiadreeal%y—symmetr%eureg%enetoeeempareAWitheebservaneee—eseeuw

';tlons would regulre vast amounts or_computer space and tlme

) - R®

: and has not been attempted

_ The dlstortlon of the brush pattern when 1t encounters

>

a frlnge 1s in- agreement w1th the calculatlons that have been
,'performed.v The exact structure of a brush pattern can vary

ifrom(drop to.drop Slnce smaller drops have fewer frlnges

:and less*dlstortldn due to the relatlve dISplacement of the_“fj*%j*r*

fo— and e~ ray 1mages tney generally present nlcer looklng

‘ .

Vcrosses than do the larger drops as cqn be seen 1n Flg II 1

As the ratlo of T/S approaches unlty the twlsted conflgu—

‘B’

;.ratlon becomes 1ess rotated as shown in F1g IV 4 The oatternl

N 45“‘ [

jof the 1nserted crosses in these flgures sugﬁest that as T/S -

' approaches unlty the extlnctlon brushes should approach more

v/)g\flosely to that oﬁrthemnormal,conflguratlonrrrmhlselseverlfledereerrr

o by the optlcs calculatlon.

.




The optics calculation predicts that the twisted central
cross should become more rotated and larger in extent as the
magnetic field is increased. This is due to the increase in
the ¢-values, with magnetic field as mentioned in Ch. 1V.
This effect is observed, however, quantitative comparisons
are difficult to make because the changes in the magnetic
field also‘cause large changes in the fringe pattern which
affects the way in which the brush patterns are distorted.
The response of the fringe pattern to the magnetic field
will be discussed after some simplifications in the optics

equations, applicable for large radii, are made.

V.5 OPTICS FOR ¢ INDEPENDENT OF Z

A simplification of the equations of Ch. V.2 can be

made if the azimuthal angle ¢ is independent of z. One
can always make ¢ = 0 in this case by performing a
rotation by ¢ about the z-axis. This simplification is

useful because for radial distances greater than about the

thickness of the drop the z-dependence of ¢ is small.

When ¢ = 0, the dielectric tensor, Eg. V.4, becomes
1l - acos29 0 asin28
£ = €,
0 1 -« 0
asin26 0 1 +'acos26

(V.23)
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and Egs. V.9 become

32E wz

0 = 2X + = [e(ILE_ + e(13)E,] (V.242)
9z
32E C2

0 = 5—;1 + gu € (22)E (V.24D)
Z

0 = e(31)E_ + e(33)E, . (V.24c)

Egs. V.24a and V.Z24c describe the propagation of the e-ray
while Eqg. V.24b describes the propagation of the o-ray.
Substituting the dielectric tensor matrix elements from

Eg. V.23 into Egs. V.24 gives

82E 2 2
X = - g__ EO .__l.__g_ E (V.25d)
0z2 c? l+acos26 X
and
32E
w? (1 E 2
3z2 — T &7 fo o) y. (V.25b)
The solutions of these equations are the harmonic func-
tions
_ {iwnz
Ex Exo e (V.26a)
and
iwnoz
= +
By 7 Eyo ©*7C (V.26b)

where Exo and Eyo are the amplitudes of the electric fields
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and extraordinary waves, respectively, and are defined as

ng = V(1 - a)so = Ell (V.27a)

and \
(1-a2)eq

n= 1+acos2b

-5 .
2 c 2 2
5
Cos’® 4 = (V.27b)

o ng

where
n_ = /‘s—o(—ﬂ‘&)‘ = fs‘; (V.27c)
is the maximum index of refraction possible for the e-ray. 1In
doing the integration it was assumed that the spatial varia-
tions in 9 are small compared to the wavelength of light.

Egs. V.26 and V.27 can be applied point by point through
the material and the contribution to the phase difference between

the e- and o-rays can be calculated. When the phase difference

L
w
AP = 5] dz |n(8) - ng] (V.28a)
0
2T L
=1, dz|n(8) - ng| (V.28b)

0

is a multiple of 27 an extinction fringe of frequency w/27

or vacuum wavelength A will occur.
_ v
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V.6 COMPARISON OF FRINGE PATTERN-WITH OBSERVATION =~ 6 1}

o~

ftheory wlll be made for an MBBA droplet about 250 m1crons in

'{dlameter. The comparlson w1ll be made by observ1ng the var1a-‘»

: 1

'atlon of the optlcal path length Wlth magnetlc fleld at a’

”radlus of about 25»m1crons. The reacon for us1ng thls

-,more sloped ohe could ‘o longer assu@e that l’"

'-‘con51der the slopes of the surfaces and the a21muthal angles

h'ther ore the large e llmlt of the 6 equatlon, Eq III 28,;_

ﬁiwould noz}be appllcable.‘

\isurfaces are’ the hard plnnlng angles

| as shown in App. II._ “In addltlon,le would once agaln become"

wavelength w1th the monochromator and then varylng the ma}-'

N

£

;radlus 1s that the surfaces of the drog;et are Stlll almost L

»eaewee**horrzontal*“yet”the benav1or aj thls radfhs corresponds to

f'.the large p llmlt. Further-out, because the surfaces arev~“

One would also need to

.\. i

‘a

a functlon of radlus because of the change 1n thlckness and ,_'f

The experlments were performed by selectlng the de51red

o netlc fleld dlrected along the droplet s axls of symmetry

untll the de51red extlnctlon frlnge c01nc1ded w1th a crosshalr B

e in the'eyeplece-~ The uncertalnty 1n the p051t10n1ng of the

‘_a:

A

frlnges ‘was- estlmated to be about +20% of a frlnge.v

The data Wlll be presented after the method of analy515

e

‘is discussed., The radlal dependence of e and ¢ are- assumed

to‘be small Whlch is a good assumptlon for dlstances away

from the axls of symmetry equal to the thlckness of the drop
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'This aliowe’oné to make*uee of Eq III 28 bu evaluate the5i
) U Y R §

,te*varlatlon'of & witn vertlcal p051tibn 1n the droBlet A‘n

-

-2y
Xk

>st integratlon of E ,,114.18 can.be»performed to glve”
. - ) : - : v _,(l L V ‘ _‘ ) »- » . . . .

f‘aigin?ézf§-Sinié + B*épézgl % 'sin’ } Ax H2 inf.,“‘ (V 29) éa

a constant of 1ntegrat1 n plcked to satlﬁiy the

o bBNedary ,ond1tions.» R hiv'__‘ub'j-"' . _T]‘» "[f,ﬁ

Eqs. v. 29 or III 28 can be solved for 6 and then Eq v.28

R can be used to evaluate the optlcal phaseedlfference Wb

'h.,;a;jégr the erpleﬂ,as a- funéilon of wavelength and the magnetlc e T
L field. - o o o

' tl-";'r q V 28b can be expanded for ln/n <<1 to glve

Iy , U

.h‘AP,=h%1>An](‘:dz sinze*tﬁ,iﬂ\\ L
R : o oo R . -~
, | e B T (v.30) -
'»_lwhere_:f. |

| A.n. =n_-n

: : : eﬁ,,-,WQ;,le,e"dj;,ﬁ;;ﬂ;””;;ge,,:ﬂ;ﬁ,;;, ,”,7( '3l)h'?*; el
’and where us ’ ' : T
: e has been ‘Made of Eq V. 27 Upon rewrltlng
- thlS becgmes : : T
. g : ’ {.’. . - :‘V {» -
2——— 8 = F H L T
- dé ‘'sin ( ). o v.32)
N SR . S
» he-fuantit' LV for all wavelengths should fall on the -
‘The q Y 2w An . T SAP . o
711ne glven by the functlon F(H). Todfacilitate the analySis
&+ 7 -

’ for dlfferent wavelengths both 31des of Eq. V 32 are multl*A;

:plled by un(6000), the blrefrlngence at GOOOA The,@vnct;on
,APA'an(BOOO) R ‘

" can ‘be made 1ndependent:of wavelength'as shown
ZﬂAn()) o X , o Botel . S




in Fig. V.2 1f the variation of the birefringence with wave-

length 1s assumed to be

An(X) -1 4 .B(A(A) - 6000 ) ( )
V.33

An(6000) 6000

From Egq. V.32, the line given by the locus of these points
should be equal to F(H)An(6000). The best fit to the data

is shown by the solid curve which agrees well with most of

the points. The largest discrepancy is at high magnetic

fields where the positions of the fringes were most difficult
to determine because of their width. The fit was done by
varying the parameters An,S/B, Ax/B, the hard pinning angles
eLS and eUS' and the thickness of the drop, Zo‘ In order

to get agreement with the data for reasonable values of An(6000)
6yg Must be around 90°. Since Eq. V.30 indicates that the
phase difference is proportional to sin?6 , most of the optical
effect comes from near the upper interface where 6 is large.
The phase difference is therefore insensitive to the pinning
angle 6L8(~15°) at the air interface. Computer calculations
indicate that the shape of the curve is approximately indepen-
dent of S/B and Ayx/B and that for magnetic fields larger than
2 kG the thickness of the drop plays no role. These can be

understood by examining Eq. V.29 when there is a magnetic

field sufficiently strong (~2 KG) to ensure that 6 decreases
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from both surfaces, reaching a minimum value emi at which
- n

point GZ = 0. This allows the evaluation of K and Eg. V.29
becomes

172 (e 20 _ain?
AxH® (sin“6-sin emin)

6 2% =
(S sin?6+ B cos?8) . (V.34)

Making a change in variable in Eg. V.32 from z to 6 and using

Eg. V.34 gives - B
emin 1
AP)V An (6000) An(6000)~/~ a6 (S sin?6+Bcos?6) * sin?®
- 1. 20 a2
2mAn () (Ay) 2 H %s (sin“0-sin eminﬁ
6
;,
+./'dUeS(S sin?6+Bcos?6) ? sin’0
(sin26-sin?f . )%
5 min
min
L
(V.35)

For large magnetic fields emin is of the order of zero and
the integrals become independent of the magnetic field. There-
fore the phase difference should vary inversely with the
magnetic field which is shown as the dotted line in Fig. V.2
normalized to 5 kG. This 1/H region is good for magnetic
fields larger than about 2 kG for the particular drop studied.
From Eg. V.3 one finds that the ratio of the phase differ-
ences at two magnetic fields that are sufficiently large
should be inversely proportional to the ratio of the magnetic
fields, indépendent of An, S, B, 6 . , 6_ _, or eU There-

_ min LS S*
fore AP at 10 kG should be half of AP at 5 kg with no



.43 ﬁhiCh"isfconsiderabiy'lower.';Thisfdifferencejean“result'F'g,j*%
*~fr¢m-aa erroriof‘IO'perCent in,theimeaSUrementlof”the'center_‘

»of the frlnge whlch 1s easy to make when the frlnge OCCuplesat.>‘

N,

‘*,most of the drop as 1s the case fOr the 1 order frlngef,

i

Evaluatlon of the 1ntegrals of Eq; V 35 and c?mparlson |

"\33

W ‘a:r! ;’;:
4

.~_w1th Fig. V 2 proauces a vaIue for L

'ka whlch agrees w1th the ratlo of the values Haller [Ha 72b) hasv

 this drOp was’ round to be 28. mlcrons.. ~'

"allows one to experlmentally measure the dlsper51on 1n %he'

l~b1refr1ngence of MBRA as well as the

- mlCI_'OD

"{found for An‘and ax/B at room temperature (S/B was. taken to be }8){”

When the magnetlc fleld 1s small, 8 1ncreases dnlformly I

fjfrom the bottom to th;,tOp surfaces._ Eq. . 32° can henAbe

.'used to estlmate the thlckness//? the drop,:Zo,zwhlch“for__‘Eg_1 {‘>

\
R

; ‘ ~ ’
- The 1nterpretatlon of the frlnge pattern of thls d¥epiet
= - TR T A : : \ *”

°

‘a water 1nterface._ Nelther of these measurements have be .

'Aprev1ously‘reported!;n thezllterature._“ . ;:" S x “;t,ﬁ’;;;
.. . " : ’.‘v .“ 'A \,
L \ o d -
o i
- )
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The purpose of thls the51s 15 to obtaf/-'

‘the mlnlmum energy *onflguratlons of the mo'f
: ﬁnematlc llquld crystal droplets, and to compare t e pr 1cted

'h'optlcal patterns resultlng from these conflguratlo.s w1th those |

~f’one observes experlmentally 'I‘he,P stem used for éo\parlson\w653.

@

L N )
’ 'the room. temperature nematlc Jiqui crystal Methoxygenzylldene-f

1_;Bdtyalan111ne at the,lnterface» etween alr and watef\ The optl-

:\ t s

7'al patterns observed between c ossed polarlzers were f tnree

pes whlch have been called t.e left handed ~rlght handeo,‘ indl

“normal conflguratlons whlc

~ i

the extlnctlon cross, who e arms
SN BRI
xes of the polarlzer and ‘the . analy-

'y

[ounterclockw1se;’clockW1se,7

‘are roughly parallel to the(

g

zer for~largerrad11, solral
: | .
. I
rremaln unrotated respectivei

:they are rotated between the polarlzers

e

The energy of a droplet depends upon the surface ten51o -
the angle the molecular allgnment makes w1th the surfaces, an

.the Frank (Fr-58) élastlc energy 1n the volume %hlch 1s compos d

*of three,types;of dlstortlonsT—called splayr twrst,fa.d bend;
The expresslon_forltheltotalsfreesenergysofsthls/system—lssshow

1n~App;~. Because the surface energ'es are mucwxlarger than th

-

volume energles (except p0351b1y at a few 51ngular1tles) the"f,;

- 94 -
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Vﬁproblem can be brdken up 1n§é§two gerts- the surface energles =f¥,r

’,idetermlne the shape of the droplet 1ndependent of Ehe volume e

[N

";effects- then the volume conflguratlon is deteﬂhlned subject to

fr’the drop et surche. ThlS results 1n a lens-shaped droplet w1th
o i / o .
_ja well deflned axis of symmetry-Where the axis of\symmetry

'dcuts the surfaces the volqme energy becomes large._Thls can:

8

fproduce surface dlstortlons and/or the molecular allgnment at ‘
ety ~ [

N

ethe surface, the hard-plnnlng angles, ‘can be<relaxed In App.;

_&~‘"the dlstortlons are shown to be of molecular size based n- the } N

‘f%ﬂfff'frelatlvﬁﬁstrengths of the surface t

o oy _
}constants.vThls orgbr of magnltude ar ument 1s made ‘more - fully

2

- Vo
“1n Apb VI u51ng thé results of the full calculatlon. The small,",

5 . J*-

'451ze of these dlstoﬂtlons Justify thelr neglect when con51der1nu '

; 4

‘\the scale of mlcrons and larger.
.}V

' |
e energy produces a pa1r of second

: the molecular allgnment/“

Mlnllelng the v”-,,

: order non- llnear coupléd partlal dlfferentlal equatlons 1n c;lln-

drrcal coordlnates to ‘be satlsfled at every p01nt in the drOplet

- .-

as well as four flrst order coupled partlal dlfferentlal equat~ -

~1lon§'to be satlsfled at the approprlate surfaces of the droplet..i

faaecause of the complex1ty of these equatlons the only method of
solutlon is by'computer whlch requlres an - approprlate grld system

mto be establlshed Thls is dlfflcult for a lens—shapéﬂ droplet

ihsronsrand*thesvolumerelasth:%—%%

because the surfaces are not rectangular and therefore do not

T T : ~

£it the rectangular set of grld p01nts that one obtalns from a

cyllndrlcal coordlnate system WIth cyllndrlcal symmetry (the D-

'plane) dbe coul\\set the problem up u31ng a parabollc coordlnate_’




. ~ .‘~ AN . . . N L. . . .
e =96 | |

: system to match the“hape of the droplet surfaces but then the

~
even though the solutlon\to the full droplet doesn t present

'any conceptual dlfflcultles 1t remalns to be done because of
& . : ) )
these COmputatlonal~pxohlems

T

S L .
'(,' "t S -.' e

"oﬁs‘become*much‘morerdifficult“Thus*‘“r““r'r

'*1‘.'-Avf At thls p01nt the outer reglons of the droplets are forgot—_f‘

ten and attentlon is focused on the(central reglon Wthh has

‘l’-

become a cylxnder w1th flat surfaces. Thrs has the advantage’

- ) a2

that 1t can be le pé&fectly to a’ rectangular grld Thls approx—

1mat10n appears to be Justlfled on the qrounds that pleces of

T

alrt or 1rregular1tres 1n the outer reglons of the droplet, or-

the 81ze of the droplets do not seem to affect the ceatral;;'
c0nf1gurat10n‘elther theoretlcally or e erlmentally;,* v
' The equatlons are then solved u51ng a. relaxatlon technlque.f

: - LN {\ v
Depend1ng on the ela§ﬁlc constants (1n partlcular the ratlo ol

e — ""'”'t T T e e s e =

tﬁe tw1st elastlc constantJT to the splay constant S) elther f'

2 or - 4 equlllbrlum solutlons are found. v en»T/S l two solutlons

are found In Qne the molecules the in’ p’z plane appear to

E foBlow hyperbolae about the p01nt 51ngular1ty at the watefh\ur— .,NQ

face as shown in: Flg.'IV 2b. whlle 1n the other case the molecules:
A B 3} »

in the p-z plane appear tp surround the p01nt 51ngular1ty at

e the water surface radlally. Such a’ conflguratlon can*bé'abtalned

T ey

from Plg. IV 2b by reflectlng each molecule about an axls paral—"

o -lel to the symmetry axls. Away from the alf surface these solut-

1ons mathematlcally can be approxlmated by two solutlons of the

AL

one, constant equatlon, Eq. III. 21 wlth ¢ constant and no magnetlc'fi

N

N

. ; . . - .

i
pdd



i fleld These sol 1ons are -, . 3'1‘. ug'd“g : fe-s*Vf,'lefo

| . ' o ‘ X v» n A“. . . | . o . “. ._ (VI 1) "r/‘;
’ : tanB = o S . :

"Whére’zbfi the z-coordlnate of gEN)watel surface. The * ,,.l'

' 'ifysolutionfj_ the radlal case. whlle the»— solutlon corresponds‘iv;jl“'

to the- hyperbollc conflguratlon Whlle both solutlons have\beeh:

*g%ecognlzed by others (Kleman (Kl 72), Meyer (Me—72)) it haS"‘
[ -

-ﬂf:f,s not been recognlzed that the energy of - the two 1s dlffe{ent In -
: fact Meyer (Me-72) shows the moleiglar conflguratlon in a. drop— f

let to be the one that 1s rad1a1 1n thé'o -z plane whereas the/

presént calculatlons.show that 1t 1s Lhe solutlon wh1ch lS

L~

”1',ﬂyperbollc .1n the p z plane that 1s 51gn1f1cantly IOWer in ener—f
"frgy ( ~a facter of 2) Thls factor of f lS derlved expllc1tLy 1n (
‘ App. VI. ThlS great reductlon 1n"energy lS due to the process”;::_f

S

»'7jtof splay cancellatlon in Wthh a contrlbutlon to the splay

- T R [,

ST — .

v‘(a dlvergence) whlch appears 1n the p -z plane can be cancelled

to a large extent by a splay whlch appears ‘in the f -¢ plane._\3'

r\o

- ThlS cancellatlon can take place only 1f the molecules are-
hyperbollc about the 51ngular1ty 1n the p—'- plane. Ihls ensurese;,
that the progectlons of the molecules in the p Q plane‘are 2

'Vradlal and is called the normal Eanlguratlon; The necessary

‘radlal conf:guratlon 1n the p @ plane 1s in- agreement w1th the

¢

’observatlons presented in Ch- II and w1th the conclu51ons of j{’

7ii"Meyer (Me-72) and Le Roy (Le-72) who studled droplets under

¥ , l‘ B o - . ~

'51mllar condltlonsxé frf{g’j S i: a_ o g ',', o

When T/S<l whlch lS called weak twlst there are two ‘

L addltlonal solutlons of equal energy p0351ble 1n whlch for small




L _ Sl el 98 a

';_.ff).radll the pro;ectlons of the molecdles 1n the ’—9 plane rotate A
"‘r'-""»‘“ .
L away from the rad1a1 conflgﬁratlon 1n elther the clock— or

. A N . ? : » -
ounterclock—w1se é#rectlons pr0duc1ngt‘§ rlght- an&‘left handed
f

'ghe two tw1sted

Y

AN v ~.

conflguratlons',respectlvelzq The energy

ess than the normal conflguratlon o
o | S— -
WIth the IQSU1t that all three arge ‘seen experlmentally L

so6lutions is only sllghtly

- aneptsrdlscoyeredrlnrthlsMthes4s+rspla§#cancelrMMWthm

latlon and weak tw1st should have been ant1c1pated The reas/h,

N

~

thegigeﬁalned unknown was that the complexlty of the mathema ics

foroed people to make many si: pllfylng approi}matlons \In the v t :““
one conskant approxlmatlon the tw1sted conflguratlons do not 8 )f§

‘i;’ occur except for»large'magn '1c fleld Another usual approx1ma-

o tlon 1s to assume tran%fatl al 1nvar1ance 1n the z- dlrectlon . ;<;
7 nd to f1x the a21muthal angle % (Saupe (Sa-73)) Under these'
' *;%? \cohdltlons splayﬁsancellatlon cannot occur. ThuS'neither»solayfﬂvf

cancellatlon nor the tw1sted conflguratlons were recoverable T
) from these less generallzed treatments of the problem."

T To obtaln the opt1ca1 patterns correspondlng to the calf‘

\,\

.culated conflguratlons requlres the solutlon of Maxwell 'S, éQuat\.;fi“

“ions for the propagatlon of - llght in a blrefrlngent medlum B
7 .1n whlch the Opth axis has non—zero sgatlal derlvatlves. However,;’
_';"aygfsystemofaequatiomsthat are—produced—are*tOOrcompiIcated————rrrrr
"eyA Aeven—ior—preseat—day—eempﬁtefst—¥he—Pfeseﬂtreaieﬂiatieﬂs‘afe‘* - ‘

made/wlth the assumptlon of local translatlonal 1nvar1ance. Thls

approxzmatlon works well ex pt very near the' ;cyllnaer axls

= . Q
;/, .. and is susceptlble to computer analy81s. The opt1ca1 patterns

. ¥



—t t,rraL dre pruuucea are ln c.Lose agreement Wltn tnose Observed

=l _ L ;y -
.experlmentally\\con51st1ng of an extlnctlon cross rougly V.ngV
| — - e ﬁ Q 79”.

éylflf*parallel to the crossed poldrrz\r and analyzer,,rotated fongsmall

S \ IR )
"jrad11 for the tw1sted conflguratlons, and~eon\entr1c colored o

. -frlnges._. 7 . E R N o s v g G "u. \k{ -

" ) ‘ .-‘ o J L . . S ‘. 3 i CL .: \V,;\,\
The transmltted llght is generally elllptlcally polarlzed,

~ "‘>.

Tl e

;r :o but when the llght emerges w1th the long ax1§ ofethe elllpse

paraIlel\to the 1n1t1al polarlzatlon 1t also results that the i

\,\
—

'elllpse is very narrow that is, the transmftted llght”at therr;ﬁr;r;;;

ﬂextlnctlon cross 1s llnearly;polarized and’the absorptlon by the

'eVﬁﬂalyzer is hlghly effectlve ‘In addltlon the condltlons for_’ﬂ
the extlnctlon cross are 1ndependent of wavelength f‘i droplets
~w1th.thlcknesses'largencompared:to'the waveléngth' Thusuthe

extlnctlon Crosses are black The frlnge pattern,FOn the other

. ,7;, - - —

'hand 1s very sen51t1ve to the wavelength of the 11ght.,g;\\

In addltlon to translatlonal 1nvar1a ce 1t 1s assumed that

,tge llght is parallel to the axls of symm try and perpendlcular

to the two surh

N

To relax any of these assumptrons ﬁould
_make the optlcal calculatlon m c

"re demandlng than the

PR —

program shown 1n Apr V; Yet none of theseras\ﬁmptlons 1s really

true and it is dlfflcult to judgxihow 1mportant these effects fgéaf

\\*\\are theoretlcally. Experlmentally one can vary’thefdegree of B

‘. gent.
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The appearance of the central ’%653 does depend upon'the”lfru’

~‘7.V \ X —
focu51ng of the objectlve lens. In thlcker drops thlS is much _'%

) ,ﬁ _
mérehﬁéflceable, the central cross ls dlstorted substantlally

“f*,~from the almost four-fold symmetry predlcted by the translatlon?

ally 1nvar1ant calCulatlon.,The e-rays undergo con51derable E

f'refractlon on- pass1ng throug the drops.(Thls can be seen by foc:\

u51ng*on 11tt1e bubbles whlch-can be produced on the surface

.

T ,

' _«f*\Wheh v1ewed through the - dropletg the 1mages are dlsplaced -

——.

_ radlally dépéndingxupon whether they are v1ewed w1th the e-ravs

e . 5 ¢ -
-, : e y - . - T { - D §

B N ,‘ \
D’ vl:, or the o—rays. Thus whlle one\ebserves patterns close to those
d% calculated there are. detalls for whlch ahe present calculatlon L

. .

are not adequate."~‘”
1;: . a ,‘ The molecular conflguratlondgf a glven droplet "can be o

/\‘ . . ‘,vn
echanged in response to threexstlmull magnetlc fleld temperature,L-;;

The magneblc fleld can - be'applled eaSL&y elther perpendlcular orir

p ~

parallel to the axls of symmetry. Applylng 1t pé\pendlcular t0”‘ Vpl

D

the symmetry axlsfdestroys the cyllndrlcal symmetry and causes vlrf;j

a molecular patgern w1th a dlsclinatron llne as shown by Le Roy

(Le—72) Applylnq the magnetlc fleld parallel to the\eymmetry

;lglwmemaxls,usually,malntalnS—theecylandrlcal symmetfy—and—thereﬁeree—f——ﬂr——
ff\\<<\ ,
S Jpcan_beleaSAly,handled;mathematlcallylbyetheeaddltlonbofcaetermeeeeeeee

> e?
to the energy proportlopal to the square of the flel,. As§ he \\

- . o ' R <
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tion for the twisted solutions), but the fringe pattern under-
goes large changes, because the optical retardation of the drop-
let is becoming smaller as the molecules align with their optic
axis parallel to the applied field and the transmitted light.
There is good quantitative agreement between the predicted and
Observed optical patterns in the presence of a magnetic field.

When the magnetic field is increased above a threshold
field, about 3 kG for MBBA between air and water, the molecules
near the air interface find themselves incorrectly aligned to
benefit from splay cancellation and they rotate by 7 . This
occurs when the magnetic field is sufficiently strong that the
polar angles of the molecules far from the surfaces are close
to zero resulting in a decoupling between the region of the
droplet near the air surface and the region near the water sur-
face. The computer calculations indicate that there is possibly
a small energy barrier that must be overcome in order for this
transition to take place. Experimentally one sometimes observes
bubbles forming when & large enough magnetic field is applied.
These bubbles could be regions of the nucleation of the rotated
configuration in the unrotated bulk. These bubbles grow as the
field is maintained or increased and eventually disappear after
the magnetic field is removed. This transition will have to be
studied in more detail, both theoretically and experimentally,
to learn more about how the nucleation is accomplished.

In the twisted configurations the equilibrium position of

the molecules and the resulting rotated cross depends on the



Vvalue of the order of 93 thé‘tw1sted conflguratlon goes

R o /‘ e _-5, T 5 B
- 'i:' S 102 ';- o ,,W'pj,-:,ww e
ratlo of the tw1st and splay elastlc constants. As T/S approacnes
A Se

unlty (for T/S<l) the amount . of rotation decreases untll Zt somef’h

ver tO

. the normal cgérlguratlon (apparently contlnuously) The ratlo '

of the'elast constants can be changed by varylng the tempera—h

ture or the purlty of the materlal Haller (Ha 72a) has shown

that the ratlo of T/S approaches urlty ‘as the temperature btlwge;;;;

»approaches the tran31tlon w1th most of the change taklng place

close to the clearlng p01nt The dependence of the rotated

Agross on- temperature has not been studled quantltatlvely -or WBBA

—_—
=

“on water 1nasmuch as’ the change in- temperatue changes the amount

4

of water absorbed w1th a resultant change in the purlty and in .

'the elastlc constants of the materlal The temperature depende

-been exaﬁlned The_pross appears to be roughly 1ndependent of

temperature untll just below the clearlno p01nt5&hen 1t'stra1

jhave tb be done mofe carefully to flnd tqe exact functlonal

of the rotated cross of MBBA droplets 1n"§\r on a glass suostratel

treated to ensure the homeotroplc allgnment of the molecules has:

ens out, in agreement w1th predlctlon These measurements klll ©

.dependence.-

The dependence of. éhe rotated cross on the purlty can DL
determlned by dellberatelytdoplng the MBBA with water. This- "j;fijQ

'

remains to—be—attempted o f* G L ,uj'ﬂbz' -
It would be interesting.to COnsider/the case5wherehthe ‘1’

‘bend cand‘twlst) elastlc constants vary strongly wlth temperature,

becomlng much larger than the splay constant near a tran51tlor T

R , K\h | . S o
- D _ R o - 5
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cI= 3)) In thls 11m1t the molecules should

- temperature (Cla is

so th t thgre are ‘no bend-llke dlstortlons.'f“

"arrange themselve
f.In the conflgur tlons descrlbed by Eq.,VI l the cOnflguratlon

that 1§'purel radlal 1n the p=z plane lS completely splay-llke_'
Aand‘thus‘i energy 1s 1ndependent of the bend elastlc constant.»l
, ‘ SR -

- Howevér,\thefsolutlon whlch is hyperbollc 1n the p z plane

_‘contalns both splay and bend. When the elast1c constants are

' ‘

"‘equal the hyperbollclsolutlon is lower 1n energy than the radlal
‘one’ because of splay cancellatlon (see App.»VI), but when he
1fb§hd elastlc constant becomes large’thls is no longer true and

one should have a. tran81tlon betweé/‘these as the temperature is

i

-.lowered The ratlo of B to S requlred to make the transtlon

T e

take place has not yet been calculated nor h%s an, experlment
- NN O ) { ‘\ :

" been performedgﬁor comparrsonn,' . S . .




CHAPTER VII

P . . - - - e - el e

CONCLUSIONS

The orlentatlon of the molecnles 1n4the central f891©n1_fi'

‘of a'nematlcfllquldrcrystal droplet~w1th'CVl1ndr1cal svmﬁetrf""
has been dlscovered lspe mlnlmlzatlon of the energy~sab5ect§

‘to the condltlon of,hard p1nn1ng of the molecules in an'easy.]

fstable equlllbrlﬁm 5 qtlon, the normal conflgura 1on.'.In

.St' elast1C- cons.tant is less t- n

L
been palled -the. left— and rlght handed conflguratlons ana- wg

are of sllghtly lowere{énergy (~ 10 -9 ergs.forrMBBA @t roem =

'temperature) “than. éhe normal conflguratlon.-
. . ‘ \o .
The optlcal patterns that result Srom llght dropaqatin

[¥e)

5\>f - parallel to the symmetry axls ‘in these dlf erent arranqeuents
has been determlned through the solutlon by computer of
Haxwell s'equatlons.' The features of the predlcted oatter

\
‘between crossed polarlzers are in close agreenent wlth thOSL

Observed‘ explalnlng the coex1stence of droplets w1th st algnt—'

c_through‘crosses and,w1th the S@ntral crosses that are:rota
in‘either‘direction;'}The-observeobvariatiOn'inttheranele of B
rotatrgﬁ of the central crosses has been shown to be con51s;

. £

| ' tent with dlfferlng relatlve values of the elastlc constants.

‘This canQarlse from varlatlons in the,purlty'of‘the liguid
SN oS ) S : S
‘crystalline material from one drop to another and with time.

- 104 -

- cone. at ‘the surfaces predlcts the ex1stence of at least one .
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; An explanatlon for the formatron of "bubbles in some"
fof the lane drops when a magnetlc fleld 1s applled has. Leen‘
.bvsuggested in terms of the nucleatlon of reglons in thch the
-a21muthalangles of the molecules have changed bv 180 Fto‘ |
-tsreduce the. splay energy.e“}~l ~,f»d | |
Quantltatlve,agreement hasrbeen Lound betweeh the~ehanﬁes

in the molecular conflguratlon and the optlcal frlng V,attern -

'1n response toba varlable magnetlc fleld Thls compa_
o‘ o. measure the dlspers10n in the blrefrlngence o 'MB
and the angle.of_plnnlng:at the.water rnterface."
Finally} a}possrble explahation of the existehce-of o
‘largevhumbers ofdisclinationsviﬁ nematio-films asbalﬁeans
jéﬁ\:og'reddoihg'thereﬁergy;“in.partieular>theosplaywehergyj‘.'

L 4

_ has'been pQStulat%d.

alloQS»sf‘




| ggPENDIx 1
© ENERGY AND TORQUE EQUATION§

- o The d1rector as deflned by Eq III 2 is o
,:7{ ’Zln 63 (¢>5’¢9'j? ' Jf(rl€9 5744 f7_j§ I.‘;;;//‘;a ) ;7
s cayG g ';. (AT 1) '

J%e energyxdens}ty as deflned by Eq III 1 contalns -

ra

'the three terms

»VIS/Vn/" # zT/‘h ?Vxh)/

‘»""3 /nx(Vxh)/z ‘ ' (AI 2)

wh1ch are the spla§ tw1st, and bend energles respectIveI« '
The splay energy 1nvolves __‘ ‘ 71& e
A-’ —v»%.

a_% f.s‘cne cos 5p)+§"(cos¢9)
y .S'(n O cosp + <05‘9c05;9 <9f
| ,-_fc,‘aj(,\gﬁ; S(n@ ¢93. . (AI.3)
The bend and tw1st energles 1nvolve the quantlty :

EAY

&
“‘"‘5"\ )

- N o
' o _.':—‘f ((05 95‘(1199 G} f-)‘CnG (OS?%) *

1-? a5 O cos p 6 -5<n95<n¢¢3) f-.-".
R A

+z (;;.n«& Su»\ p YFcos® 5(7)8 0) - )
 +5(A® cosp ¢’ o A
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- In addltlon the term,

- 107 -

The tW1St enerqy depends on the component of VX’I R

e parallel to the dlrector whlch after do g. the multlpllcaj\, o

’thp and collectlng terms,becomes

(Vxn) "—Scn o 99} * .f'(n ¢ G_f "‘\
: f .s'zne cos@singp o .
+.S'cn e cos @ COS? 7; B (AI 5)§

.:The bend energy depends on the compOnent of <7X'1

‘ perpendlcular to the d1rector Wthh after d01ng the multl—‘, o

pllcatlon and collectlng terms becomes ,71> f,* ""efin h
n’x(v;(n) 3 f _f S'(n 19 .S'(n ? J‘(na cos & c‘oyf 5_;: .
 [esintesing cosp & - cos ‘e CO-"PGJ,'
lescne cos<9 scn ?ﬂ}

“-é? .S’g\ 49 s'cn;v cospf-cas &.S'(n?’&}
+ﬂ7r¢9 cos @ cosp%”‘m 9 Cosp
[#sen «9co.rc9.rm79 cos @ Sf

+z [Scn 6 60590}1—50& Gco.r;ody] (AI 6)

The energy den51ty is the sum of the squares of these

quantltles welghted with the approprlate elastlc constants.,;;ﬂ

SsCAt@ ax Ht L o
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’ exs added to take account of the presence of a magnetxc fleld

After collectxng and rearranglng the teTms the energy

E den51tg for ‘a. nematlc llqu1d crystal can be wrltten as :gez” -

| F j‘ .S'(n "® [5 cos Pf-Tcos 6 Sc/\ ;0

: o > - - SRR o

|  #8 st sMgo]
+6’y [SCOS 9cosp +T.Scn;P
- . +8 s5n'O cos ?]
5019%, [S:cr\puchos@cmf‘? |
+5‘S‘u\0605‘¢]

| + 03, [S 5‘0\ 9 +B cos o]
L+ Sints WJ— [TSU\ e +8 60510 7

-.+3" S'(r\ o cose 03 [S coyly {-TJ‘U\ ?]
-r?’ SCAQS(A¢COSP¢_, .S'+TCO.5‘9}.""‘
R o 'fé?J]yx &

,- .S'Cr\ 25 cas¢ 9 5 T '
'1-?' Sc/\j@ COS@ AP ;27; [49 7']

+2 ScnB cosB .SLA?COSPO}%[T-.S]
- +2 J'an CO{ﬁ cosp Op 6 [& S]
’,‘+ 2 J’cn ‘s Scan @ 0} ?fS'

-2 Scn ‘e J'ln? 03?}7-
42 5(/\]8 cosacad‘f ?_’f?@ f& TJ |
+.s'u\ Y- ax // E @
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To flna the energgfmknlmum requ1res the appllcatlon

.

of the Euler—Lagrange:re?Ptlons derlved in Eqs. III 8 III ll R

’_‘ to the energyg 7’%’. ' - A

The energy expre_51on con51sts 01 the two gndependent

- varlables G and ? The B—equatlons is obtalned by applyrng

_the functlon ‘,.
S T= JG (aa ‘. ay(aoy) a}(ao}))
to the 1ntegrand of Eq AI 9 whlleUthe ?-equatlon

I; - comes’ from applylng the operator (, ) e
G BG GE) e

" to the 1ntegrand ThlS will be carried out term oy tenﬁc

>

'to the 1ntegrand of Eq "AT.9 where F is deflned by EC’ AI 8

' Applylng the operator

Q T +P

to the flrst\term produces
2 Je 'f\sms cos &[5 cos’ pn’cos OscA'P |
L ,+9:cnescn¢].ﬂ !

(a1.12)

+f S’ 0(0S¢95(n?[b"‘7']

+2 J?[} SCA O J(ILP co.r;v [~J"f7'co: 0+5’:<n 6’]]

'/-23)‘('\ OJ'(A W -

= 255[37 .5'()16 COI6[5 COJ‘P #T([os Q-I(4 0)5,..?‘-

¢2J¢[L SM. 6:<n99 cofp[5‘+ r(‘oS‘ © *3’0\'“‘9] -

(AI.13).

C(ar.10)



-   . _+2<¥ Al f"f ScnP chF [-5 cbs"0 ¢T-5 ﬂ'\l@J]

L ? S  } T 110 S ‘

1 Applylng o} to the second term glves L vl‘vf j e w\ i -

2 JG _ fGS’ scn e ca_se Cos ¢[5’ S]f »'
S ’éj’[f‘9y[5 cas'ecosp + T s, ’
kb +3.S'U\GCISP]]

, 'Ff’éf ScA® cos& cor[f[”S 3] | ",": .‘
#Zfayg’fcn?(off cos®-T
. l-R 5'(11"5] ‘

"(}S?'fj75yv?)[if fOU'<9 CGU'FD f7rJYl\

- $8 Scat@ ¢ ?JJ{
| +z;¢[mww o b cor m_‘if ]

(AL 14) |

, o Applylng Q to the third term glves HN : -
: "-ZJG ;575'¢'\5 COJ'Q% [5 f(n pff}ay&coyp
S —I-BJ‘(,\ © cos’ /@J 1 B |

+. Scrws (os pr (‘os ?[5’ T] .
’f.f(/\ GStApCoS Py *s- TCoJ'9 Erm 9] S
'2[575(4 9%9[55’(&f+T(DS‘9C05‘¢ -
o f&.r(,;’-b Cos’ 50]]

=246 57 5(4 ® Cas& 99! [szn ¢+29.rm © Cosp ]
L - - f-T((o,{"G J‘cn"a)co.r;ﬂ]

. :



o +2 J? ff 5cnlE s Sch ;P cos F’?’ l°5 +7'<or 4 +§-" cn 9]

/ .f’ ;‘v o
P _f.. v

..fo[n.iﬁ COJ'@ $YPJ’ S'J'(rl ? 1-28.7(,\ 6(‘05? o
‘ L ‘T(Slné’cos a)co:;v].*"
l "15'1r\ ?@7! +f?’})[5 .S‘cn pf-T(os 8':05‘ P |
Sy LS
\ﬂ o ;»_-\M_f-&S'(rt&CoS ]
A Applylng Q to the fourth term produces . N ,
ZJG[f <9; san s 9[S~B.7 . ] B
ff&;[Si’(AG{-R(oI$]] o

‘—2&9[5: ScA & cos® 91[5-5] ] SRR
o “flS‘ l-S' 5(}\"8\»'-8 coy‘s] ‘

o (ar.16).

: Applylng o to the £ifth. “term gj_‘ves e SR l -
o ZJ'S f"(n.& CaYG%, [chnefﬁcas 6]] o
o +f 5‘(/\349 cos & 77 T-B] L

'+2 J?[ a;[fj‘zn [ ?; T.S‘(nz@‘fb’ co.s‘l0]]]

E '-259[52 5(A5 cgs&f}"[zrfm © l-b’(ros‘e‘ﬂ'\ ‘9)]]

) +2.J'¢ y.rcnﬁ ('059 9‘; P} 47-5"" & R
» +20(Co.s"‘5 sen 0)]

- g sea 6%; L'r J‘(n 19+9 (é.r"cS’]
| | (A\t 17)
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: "a . f . ) ,"
| gEs s

;o j k‘ 112 -,

: x - R 7Applylng q to the 51xth tg¢? Fgl\'res “ ‘
4 JG (cof O-Sca 6)”&‘? s cos prrnn ,7
- -” N af[rcne}ossfs Cos. ;vrTS('L p]
'~ﬁ?? 4“2(;991?2.57I\¢9 C{?Jfé?.fCrtjp C]DSZ?? Gﬁ?ITT' S

B -'-ZJQ[Z ScAGCoSQI(AWCOIP ?f[S‘TJ]

| +zd’;p[z 5en© Cose’ anff’(?},@@f” SH S

= R R | (AI 18) | ‘f};

Applylng Q'to the eeventh eerm prodeces .

2 JG 2 S(rLS cos& S(A?COSP%v[SfTC'“Of o -

| ] R » o -ft?.Y(rL é;] S

RS +?5‘(n. &casaffn;pcofp Pj [e-1] -} -
+2JP-5‘(,\’“L9((05P J‘crL ﬁ)@p[ff-rfos‘@ 1

o - FBscn §J |

a_?[.?(n Qj‘c/l}p coj‘P[*J'-f-Tcor 91’3.5‘(,\’191]}

- 2 JG ZJ‘tr\(9(05‘695'(/1?C03'P¢f[f#26>ftn o z]
R 3 o +7‘[(ao'z$~.rmo)
+ 2<d1F71}l.§(f\ C? CcDS'G?.S()1’D CCDS)Z>CapZif 12&?;?(,1 o

. - ». +T(J"(n O- (o;@)]

‘_7:(AI 19)
- . Applying Q to the eighth term glves}a ee': : ‘_(ei , =
L ’I.J&[ZS‘(n.Scos*& Coygp&';_ ] S o

| +§2} [5(4&6(‘05295] o T
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+2,/Q[5LA95(AP9357

_ Z JG [— 5cn e Sc»\;p %,.S‘] R
i + ZJ'?[-S(/L"Q S'(A P 3_ ] "»:'; :(AI‘.V:’ZO)““

o Applylng 0 to the nlﬁﬁh term produces

- .-]2 {9[(35(,,_9C05 19 Stn. 3)‘5cn¢ J[B T]]
.+za7> ym39 coss cosp @ [&-T] .
o ag, [5(496058 IcnpD?‘T]

5" B =2 6'9[5(416' (3 Cos @ 5(;1. &) Stn ¢ ?i fﬁ’~TJ]
,,,+‘9.J'50[—$(xn 6’[? rosp S[& 6)5(4? 3[9‘7{7]
: o : - ~ (AI. 21) '
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o Applylng 0 to the. tenth term produdes o

2 aﬂ? 57((‘05‘15 Scn 6)r(4¢ coyp 0}: @[T-S]
o L-%p [Ja J'('LB cos® Stnp CDs‘p 73’ 5]]
+2 JP[y scnecos @ (cos'p-sca ¢)t9y%[7‘-5]
%ffS(AOCo.f&J(r\y CoS‘P @f L-T‘-Y

'ZJG[ f(n@:oS&[T-J'J)’(npcoy *j’ P.? )]
L S f-f[ror;vfmp

B

v
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+ZJ§P[y J‘(a,G cos &S(np &y&}fs {]]
o = ZJ@FER-S‘];.

o "_— 114 -

+7.Jgp[ r;,lgvcos?vfr-s] smocosa (@f :—y&yy))] K
" l-j’(t‘o)' 6 J’(n.."&)oi? |

!

5 ' o , (AI 22)

" ‘APP1Y1ng 0 to the eleventh term. gAlves SR R

2 J 5 ' f ((as 19-*5(;{ 19) casy S &3 [3-5] |

] [fftn ®cos®@ Cosp &z e-s]] | o
- "‘[ S¢A® Co5 O cosp 6}[3-5]] |

-5‘(4 8(056(05;0 (G; FZ_?@J)
f-f S(n&(oﬁe.f(a? 5’3
N hf/(zr’-a-s&g &) cos |

. zJ‘SD[f;(n. S cox@ 5¢: 0; 6'3, [ A
g : | SRR e~m1,2*3) "'/ o
o Applyihé Q' to'the twelfth };errfi gives . - oo
_ZJO[ 5‘(4,/6 ca.f& S(Ap &J,%,g] ;""Zf’ ‘

*ZJP f ScA GCDSP 0} ¢f ]
*;?[f SLA,'Q 5(4?6}

‘ = Z\JG [~ scn’ 5((05‘;0 ?f% +SEn p%g}f]
f2¢f¢[ [J'(A 9(&} +fqp1)+2fcosssy6))$<ne$m¢ ]

,\ - ‘ ) 1 (AI. 24)
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) o | ‘a%f; .S'(A‘(S (05'(9 Cofp% [F‘T

| ..',z JG[me 9(3 cos'e - SLAQC“P?J’%[R ﬂ]
| c2dp[ SR psiao s Osiap gy iy

. : . e . e R S
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o Applylng Q to the thlrteenth tem produces

259[2 5(,«(9(05(95”\? T]

9f[57 5(,\ 95(4?57} A S s
) rZJ? ¢ S('\ @ (‘osp G??J ] oy
', | A‘ *9% [57 52(’1 o S'(np @y ,] " "_ . 3

‘ﬁzw—,fd'ﬁ 1—5(4 G();(n_ ¢(¢}+fpy&)ff(05f%¢})7-]

R A

+2J?[57 S(r\@.ﬁ'(n? 2 (‘056’(979} 4—5‘(,1&0?3, ]

- w SR e T T 25) -

' Applylng Q té the fourteenth term produces o

25(9[59(3 J‘(n, S cos c9 S(n &) cm*y’%;b [B T]%
5'(11&9<'05‘95‘(4P¢f99; [B-Tl

- -f(]('o.fle Stn e)to.??(@&@l-oyﬁ

I N SRy S Ocaﬂscm'? ["'J’Vfi "?J)
/' S x [B‘T '

“"/ (A1.26)
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- the ‘sum equal to zero glves the ? —equatlon, q III 13.,_'

Ry 2 o
‘ _ A , = 116—7 R
Applylng Q- to the flfteenth tTn glves e ks w '
\‘The varlatlons of 6 and ? are 1ndependent Collectlng
the terms in J-Q leldJ.ng by f and settlng the sum ecual to ‘ <

zero produces the G-—equatlon,b Eg. III. 12 Smllarly, B

'collectlhg “the- terms in d'¢ d1v1d1ng by ?S(n 9anr} settlng e

=

To produce the boundary condltlons along‘the top and
botto%n surfaces requlres the appllcatlon of the operator\

U J@a% s J¢a¢} (1. 28)

to the .1ntegrand of the energ . The varJ.atlons in G and. ?

' are 1ndependent (for a hor zontal surface) and thus Eq. AI 28

produces two separate equatlons ‘ The . 9-—boundary equatlon )

on the top and bottom surfaces after d1v1d1ng by ? ,is

- O* 49} [s 5‘:;\‘(9 £ 5(‘05‘ e] f Scale cospS

#5(A® cos 058 co cos@ S5 ER-S] +5AO ym;o%_f

. ,~w ii~ar_-hi“ (AI.29)

-whil‘e the ? 4bo'undary eﬁqua&ﬁon after d1v1d1ng byf}'('l 9 is’

or 7 [Trm G+ &cos'e] +-—3‘m ¢9ras—<95m§’ e:r]
' -'5'['\ OyT-{-J’(n@COSQCOS??ffﬁr |

% f‘] e D (AI 30)

e

To produce the boundary condltlons ‘along- the inner

surface‘ at f=0 and the outer surfac& (vertical 'surface ,of‘ )_.' .



| the cyllnder) requ1res ﬁhe appllcatlon of the operator | S

R+ ge asy g J‘P 55'0;  ; - m w

- to bthe mtegrand of the energy The Varlatlbns in 9 and ?
7;:” are 1ndependent and so. two equatlons are produced The_’j~
6; -boundary equatlon on the inner and outer surfaces 1s {
0 fﬁy L-.S' cos'© COS? f-TJ‘cA ?fﬁ' Sca 8(05‘?
"_ ~ S(AO Co:&[SCos¢+7'5<n ?] |
tPSAO CosOSAP (0597 & [ T-S]
S ry )‘(46’ Cos® CaS¢ 0} ‘57 P
; ) S -f f[n. e S(n¢ ?} | _-.. | | (AI‘_“-:32‘) |

whlle the ?-boundary equatlon 1s

* O fftm@?;[Sr(n;z?f-T('os‘&Cos’q?
o - FEB A €9|:Cff FD']

+S(n <9 5c,\¢ coS50[~5 +Tcps 9&5‘5(4 &]
+f SCAB Cos BSCAP COT P [1‘57
| 4—)7)'(,“95(,15083 R o :
*j? ft)LgG Cos & coJ‘¢ ¢3 [3‘77  (AI1.33)
| S
oy
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,‘thehcontradlctory requlrement of'haVInq =6SUR at the

LIRS

"THE FULﬁ DROPLET

é\when dlscu551ng the droplet 1n§§ﬁf III:the;assumptionsf

‘was.made_that ‘the central.sectlon of the droplet,could be‘

'rreplacedrby a’cylinder.l This approx1matlon overlooked many-

@ﬁ

‘ of the more complex features that occur - 1n @éal droylets.‘d

rThe maln topologlcal feature brushed a31de . as the,oresence

_of p01nt dlscllnatlons or surface dlstortlonag calyed«@

’nlpples, whlch occur where the axis of symmetry cuts the

surfaces. The reason for hav1ng such features is to avoid

‘,

'flsurface for all rad11 whlle also hav1ng g= 0 ‘on the axis of

=.J

i@~symmetry for all Z. Wlthln the conflnes of the contlnuum

' theory used here one can av01d th1s dllemma by allow1ng the.

A

':,surface to dlstort by taklng 1nto account the f1n1te value

:of the surface ten51on or by relax1ng the hard plnnlng

_»condltlon through a. f‘nlte coeff1c1ent of plnnlng, or to |

L do both Beyond thlS one can appeal to behav1or on’ a v

molecular level to. treat~the dlfflculty. -

S

" On a surface paralle{‘to the p - plan *the_hard-plnningva‘

‘condltlon is’ L ,"_ R (1 :

lZoyg) = fsyr /ﬁ T

where ZSUR refers tO—the z-coordlnate £ the:surface."

When the surface is 1nc11ned by the anale

- 118 -
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-9 -

'3

Ll dZSUR T T arn.2).
¥ = tan \a -/ B ',h - SR :

} to” the horlzontal plane,»Eq AII 1 1s 1ncorrect since the cone’"

'n&ftof easy plnnlng is no longer parallel to the ax1s of symmetry‘

ﬂs'The hard plnnlng cond;tlon then becomes .

{n -_.L)‘_' = cos»e o _ ' - {(AII.3)
N A SUR e e

" where * o
r = -6 siny-~ + 'z cosw o S (AII 4)

‘llS the perpendlcular to the surface. The quadratlc dependence’

;1s due to the 1nd1st1ngu1shab111ty of i and -A. ,
From Eqs. AII 3, AII. 4 ~and the deflnltgén.of the dlred’

»th,MEq. III,Z, one has »
(cOsB<cos@.f sin& cqs¢ siny) - cos bgyp~ (AII.5a) -

EERAT E’smz) o . urse)

- as the relatlonshlp between the various angles requlred to

zsatlsfy the condltlon of hard plnnlng.,

The energy den31ty 1nvolved in the dev1at10ns from hard

-

plnnlng can be wrltten as

Ee mn=xrgq> d,f,rt"_;ﬂv (AII 6)
’where_K is the plnnlng elastlc constant The quadratlc depen- B
.Zero when the surface is flat (W#O) and 6= eSUR',o or ﬂ/2 '

since these are all pOSSlble equlllbrlum conflguratlons.

the equlllbrlum conflguratlon,

The size of the region in which these distortions



ot

- are 1mportant can be estlmated by comparlng the relatlve i ;f_“:r
strengths of the approprlate phy81cal constants;.For exaﬁple;'d o ]
'the characterlstlc length of the surface dlstortlons should
b_'be of the order of B/o where B 1s the bend elastlc nstant,il';
vtyplcally lO § dynes,whlleiulls the 1nterfac1a1 surface ten51on;
typlcally 10 dynes/cml Thlsﬂglves a characterlstlc falleoff :Aef;%~
;'length of 10 A Slmllarly the characterlstlc length for the B
=re1axatlon from hard plnnlng should be B/K Wthh agaln is of l» @%ﬂg
.t the order of 10 A‘for reasonable.values of‘K‘ ThusAthe.d1stor;ff |

_tlon reglon is. of molecular size in extent.-

-

The energy of the total system con51st1ng of a droplet,

medium l at the 1nterface between two 1sotroolc medla, Z,and”
. . R . v\\" .

a( f /} f F
Z'(_g(f/ D ' “ |

..a(f ¢ [ yec yu,(zu) +o’} ft‘( 9&“(21_,)]

3, can beﬂyrltten as

(AII.T) o

lwhere;; is the'radius of the drop, z (p) 1s the z-coordlnatey_‘

UsS
of the upper surface, F is the energy den51ty ‘as’ deflned 1n
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.

Eq; AI 8 oiﬁ»is-the interfacial]surfacertension betweenvt

Ugmedlum 1 and medlum J, andlthe otherfquantitieSrare asc'

‘prev1ously deflned The subscrlpt LS refers to the same
*:quantltles on the 1ower surface.j- 7
‘ The four terms 1n EqQ.. AII i refer to the energézassoc1a—.

e “fted.w1th the»volume, the top and. bottom surfaces of“thetdroplett"*

~‘the 1nterface out51de the drOplet, and the relaxatlon'
Vi

v : . ) . ' Y

*_1n the pinning, respectlvely.-

'-In’additlon there is one constrain ,~ namely that the
volume of the droplet

9o (o5

| (Aii'é)
‘is a flxed quantlty. The.radius*of'the'droplet.~6; must be
‘solved ‘as’ part of the varlatlonal problem that mlnlmlzes the
energy The quantlty upon whlch the varlatlon is performed 1s
£ =B+ AV o - a9y
where » 1is a.Lagrange undetermaned multlpller. The~whole.
: procedure can be formally carrled out but is too compllcated
- to be useful The volume eauatlons that would be. produced are
" the same as Eqs. III.12 and. III 13. The four surface equatlonswgi
of App. I get combined 1nto one larger equatlon related by
_the angle of 1ncllnat10n v and ‘the relatlon between the e

varlatlons in g and $ on the surface which can be'found from

Eg. AII.5. In addition, the,shape qnd position 6f}the'surface

1
P
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becomes part of the problem to be solved wh1ch requlres the-&

' ‘
use of a contlnually varlable grld system Such problems have_.

- distortlons~one can con31der the droplet,t

]

vnever been successfully solved The best that can bF done 1s f

‘to guess an answer and then to try to determlne bow to correct the

'guess.”Thls technlque' has been,dlscussed'by Garabedlan (Ga 64)

o

who trled to applj 1t w1th only llmlted success.f?

.In view of the small size of ‘the expected surface

SN

be a lens whose'

Shapefisidetermined by mlnlmlzlng the su face energy neglectlng
the volume effects; ThlS procedure has been dlscussed fully
,by Princen (Pr-69) . The lens w111 have small dlstortlons at

the»poles:and at the equator,whlch.are of molecular size in

-



: APPENDIX' 111

lCOMPUTER CALCULATION FOR THE TORQUE EQUATIONS
Because of the cyllndrlcal symmetry observed in- the
nematlc llquld crystal droplets, the problem of the orlentatlon :
rlof the molecules has~ been reduced from a three-dlmen51onal to'v,
‘a two—dlmensmonalwexerqlse. The(calculatlon wlll be performed ;y;y;%y
' 1n the rectangular reglon bounded by the horlzontal llnes h
’z-O and z-ZO.and the vertlcal llnes p 0 and Q %5 |
.- The problem will ﬁ% solved by 51mple relaxatlon technlques,_u”kw
'that 1s,~a tr1al solutlon w1ll ‘be: guessed and the computer
l-,w1ll keep correctlng the 1ntermed1ate answers untll it. has.s~
‘reached a stable solutlon satlsfylng all the necessary equatlons..‘
Rather than try1ng to solve a]l the equatlons appllcable -

-at a pornt 51multaneously 1t was found advantageous to deflne

a partlcular equatlon as belng the*ﬁ-equatlon Whlch wo‘ld

Vgenerate a value of 8 or the - equab&on;yhlch would pro uce' ,ﬂ;/

A further 51mp11r1catlon was made by breaklng ‘each equat-"

~a value of ¢ ‘at the p01nt of 1nterest.

~ion 1nto two parts. The 1terat1ve part conta;d/ two terms that

_w1ll generate the new value for the varlable belng used. in ;f

‘

the bulk ‘equations thlS term would consrst,of the_two second ,eQﬁ;;;g

.2 ‘ _

derlvatlves, AN and_%iy‘ of the varlable belng, ated,by Ll

_ : op . - Pz L
\that eguatlon e1ther 0. or $.. All other terms get lumped together L

1 T~




"old values of the varlables at the pOLnt Thls process w1ll

C =124 =

- :,,;l, I

in what is - called the source term The source térm gkzk cal— E

t”culated uslng the bld values for the varlables at the p01nt.
The surface terms get handled in the same fashlon except»v-

-that now the 1terat1ve term plcks out one flrst derlvatlve .

and all other terms become source terms evaluated u51ng the

(be made more expllc1t as each term 15*handled*

The handllng of the derlvatlves w1ll be dlscussed flrst.'

' The derlvatlves are determlned u51ng a central dlfference ‘

scheme obtalnable from .a Taylor serles expan51on about the’

- point. of 1nterest For example, to obtaln the flrst and

second/derlvatlves of f 1n the rad1a1 dlrectlon one can wrlte

'for the p01nt at larger radlus g

O Grap) @éf ;) “og) 1 (24) +4 o) ﬁfm)»

(AIII la)

whlle for ‘the p01nt at: smaller- radlus one has_

ﬁff—dfgj ﬁl;ff })‘[Af)@f(fj}*z(df)(??f{ﬂ})

(AIII[lb)
Subtractlng these two equatlons produces
&5 (53] 9(9+45’,3v) o(s-493). |
Z(.df) |
(AIII.2) |




'_and

,Whlle addlng glves ' : ’ :
y‘?(f/}) &(?)“dfi) #&/f-df’ ) zy(fj)

(Ag?) R S o

(A11153)°"-@
. Iha 51m11ar fasnion one can show that R S
@;(f}) Q(f,}hag) 6’(&}‘43_2
(AIII 4)';, o

33%&)- ﬂ%ﬂﬂ*@@ -Ai)-w ;e,g
L (Ag) c
| QAIII'S) |
o ertlng the Taylor serles w1th both Ap and Az non-zero -
For the four. p01nts g_Ven by D+AD.'z+A% allow one to determlne_h

' the cross second derlzatlves aS»

@y} (y,;} \ (G’(ffdfjgfag)f&[fﬁdy,} 43))
. E RN ‘ cp;ﬁhﬂ;’jé‘t%l/"cy{!f ‘lftf‘“ﬂi
4 (4;)(4})

(AIII 6)

An analogous set of equatlons ex1sts for the varxous '”" f‘;"i%—f

derlvatlves of ¢.



-

Wlth the above deflnltlons the bulk equatlons can now

[N

be handled :
Th e_ 6 equa ; . III.lZ?:can‘be‘w;itteh.aé;'ﬁef L

" 'TS"’ (5’/‘9 f’ %,653, %z%f,?’f;)

S L : ”” (AIII 7y W__A

”Qherek( »9) and L(G é; are the eeeff1c1ents of Bpétandf;'

'*e;i respectlvely, whllv TSR, the so&hce term contalns alli'-A

°“the remalnLng terms of the equatlont 051ng the expan51ons

-derlved for 5/ bo and ﬂz; one can now wrlte

0(g+4£=g)+6’/?~df}) 25’@}_ VAK(G ?) _ f,“» f
| (ad ‘)2 ‘ S
f-' Gj[;uﬁ.q})-f 19/23 4}) 10@ L(& ?7)

we

. ('AI.iI.‘Fs). .
| This equati6n~ eah?be«solved‘for é;hi(p,i),‘the hew | ;
7-value of 8 at ‘the: p01nt (o, z) in terms of the values'of 8

‘at the nearest nelghbour p01nts and the old values of 5 f&hd

/

® at’ (o;z) whlch get used 1n K, L,, nd TSR Rearrang;ng thegﬁ\ L

S

‘,terms results in



Crenligl = L=

-;:‘).%; 

| ‘ : ‘ : . o o |
Slmllaﬂly from the ¢-eqUatlon _ Eq III.13, one can solve  w

(Atli;é) .

e

for a new value of ¢ Yat the p01nt (p,z) one finds

(¢/?,Ld})+?’(?1'dé_) A/[¢9 ;p]

1 - f’SR

(. L

e »‘f‘ff‘zﬂf

B

2 M(0, ¢7 B /v(a,w/] R
@ﬂ @z)
(AIII.IO)

where Mfsré) and N (8, ¢) arerthe coeff1c1ents o£)¢pp d‘"”

b, respectlvely; whllerPSR contains allﬂthe remalnxng'terms

zZZ

T oof the equatlon

These algorlthms get applxed at all grld poznts in the

¢

A SRR
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1nter10r of the reglon of 1nterest
NG - :
The boundary terms w111 ‘now be c0n51dered The flrst

| thlng one flnds 1s that some of the derlvatlves at the 5

- b?rndary mbﬁt be changed 'since it is not p0551ble to deflne
| c

- for B(b -Ap,z) and 9(p on,z) aS_ln Eq. AIII 2 However.;":”
CL s O ) o ) .

entral d)iference for them. For example,_along the;outerﬁt_;;tg;

surfao%, the expan51on of B(b z) would requlre a value hhv:»tf-

8(p0+Ap,z)~does not‘exjsttsince’b is the largest radlus

V4

'junder~consideration. One must therefoxe make a spec1al case

here, deflnlng the backward dlfference as_"‘ I ;

§lpgs ‘91'4) @3- dﬁ)_
L o £’j7

arrroan o

o )

v‘Wlth an analogous expre551on for ¢ (p z). 3'

<

[7surface one uses’ a forward dlfference for ¢

Along the top and bottom surfaces 51m11ar problems

arlse wlth the z- derlvatlves. Therefore along the bottom

7’3' (fxo) W(?»‘ﬁ“Q’/ZO) .
| K ZF 36% . o R T. :d‘ .'7>57;

R S b - (arir.r2a) -
top—surface—the backwards—dlfference : f'{ R

N R N ¢/y,2,} w/y,z,,ag) S
e - 4; DN

- (AIII+«l2Db)




e

fdiscussed 1n.Ch- III.VIn the 51tuat10n of 1nteres:, the angle

6 1s assumed to be plnned at some well known values along (

O -2 -

15 requlred o

Analogous expr6551ons ex1st for the derlvatlves of 6

A=w1th respect to z along the top and bottom s&w}aces. l'

The boundary equatlons were derlved 1n App. I and

e =

o J
7 =
the top and bottom.surfaces. The equatlon-from.whlch ¢;w111

2

be determlnedﬁhs Eq. III 19 wh;ch can -be wrltten as

el fr (5, Bu0) = £5%8%5, 5,05, ;z})

(AIII 13)

’where P(e d) is the coeff1c1ent of ¢ ,and PSRB is the source

/

d value for ¢ ;‘n,b PSRB a_nd R

the technlque,ls to‘usevtheq

.‘germ contalnlng all the rem:;;?gg terms of the equatlon. Aqaln, :-

then_calculatelarnew Value=for ¢ onuthe surface. Alonqnthe.»
bottom'surface, u51ng Eq AIII 12a, one has . =
.,c‘,,{g(,? 03) ;p(yo)) /’(9 501 f'rm? :
o 3' e S (A,I'I‘Il.lfl)l' o

Therefore-one flnds for the new value of ¢:along the'bottom

surface the express;on‘

in o} W(f,ag) fsm»

. ﬁf& ¢)

(AIII 153)

Similarly along . the top surface‘one,finas

-

: v | |

g
@



.. ,p,‘e,,(f, ) ¢(,, 2 4;)@-«; P

&7

Pfc9, ¢)

(AIII le)

Thls technlque can. be applled to all p01nts along the j

77t0p[and bottom surfaces_except-the four’corner,po1nts.(050), :

(Or”');'(p ,0), and'(ﬁ w2, )-beoause?theaval&es of7éjﬁand4$~rféaéf~

"are required to evaluate ESRB These derlvatlves cannot be.

obtalned wlth a. central dlfference approx1matlon at the end

p01nts. Though one could use a forward- or backward dlf‘erence

‘to defrne them, 1t was decided to treat them dlfferently.

}J

:They wxll be dlscussed later

The outer surface 1s handled in much"” the same fashlon

n

From:Eq. Irf“l4 one can- write -
& ‘@(o,p): rsko %0 5, 9” %W .
. o R R (AIII 16) -

where Q(& ) LsftheVCOefficient of &, and TSRQ contalns

'all the remalnlng terms of the equatlon. U51ng the backward—z

' dlfference defined by Eq. AIII. 11 one flnds

CP{29 ¢ﬂ

K _ R f (ALIT. 17‘)’. o

/1eur(3ar;?l'- C94{j%: ‘9;531 (' | 71“@13

-

Similarly from Eq. ‘IlI 15 one has S
yuv (0,3) < gvj ’ay,}) H z P)‘Ro
A’(GP) |
~ o | fQ (AIlIle)H
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.'where R(e ¢) is the coeff1c1ent of ¢ whlle PSRO cYntalns all
. the remalnlng terms of the equatlon.'“' ' '
Agaln one cannot determlne ¢ at the p01nts.( ,O)fand
(p ,Z ) 31nce PSRO requlres the d%rlvatlves 2] ?’ andié
lzwhlch cannot be determlned w1th a central dlfference formula
;.on the’boundary.;Theyfw1ll,beAtreated afterrthe ax1s.of;symf‘fa
metry has been dlscussed. fﬁr 4a.f¥~"b o ST
As shown by Eq; III 16 along the axls of symmetry )
must be zero. Eq III. lS was satlsfled 1dent1cally atﬁfror
:Thus there is ‘no boundary condltlon that has to be satlsfled
by ¢ along the axis of symmetry.“The fact that ¢ must be.
%nxanalytlc functlon was made use of to perform the 1teratlon; .
Thls was done b; mak\pg a Taylor expansxon about a p01nt 2Ao .f -'3
b.away from the orlgln. One can . show that f: |
y(a;) 3(99(41/;) 97(1453)%50(34;;3) |
| | N | | (AIII 19)
:1Thls process is valld for all p01nts on the axis of symmgtry.y :
: 1x;cIud1ng the p01nts (0 0) and (0 Z ) - o
| The values for ¢ at the’ two points (p ,0) and (po,z )
on the ouﬂslde surface whlch could not - be prev1ousl§,determ1ned
can be found in a sxmllar fashlon. One can show that S 7.',
?ffo o) = 3(9?(_%-0?,0) -z?[fo 24;,0))4-?{10,—349,0)
. ' (AIII 20a)

‘and.Similarly
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¢(f’ 2’1 3(¢/}’0"4} *") ?/fc’ldﬁ BJW?( fr?dj%?r}
' L RAEEURE L ) (AIII 20b)

Therefore every p01nt in the system 1s elthen\geéaned

voutrlght (9 values at the t0p and bottom surfaces), or else o
Ia;jt has ‘an equatlon from Wthh it can be determlned 1n the

'1terat10n scheme.' t'h's,» - ~" o

-The only computatlonal problem remalnlng 1s the size- of

'~ the grld to be used One wants to- keep ‘the number of gr1d

:polnts as small as p0551ble because of'{heéﬁlme requlred ,’ :lyg'f:r
‘by the computer..On the other hand to ensufe accuracy and; o
stablllty one- requ1res a hlgh densxty ofdp01nts. In partlcular
aone needs a, hlgh den51ty of p01nts near the axis of symmetry |
lclose‘to‘the'surfaces s;nce 1n~these,reglonsat ;Sychanglng_t
"very.rapidly onelalso Qants.a=high density}of points;near

_the surfaces so that- the effects of the surface equatlons don t
lgpropagate too deeply 1nto the bulk.‘_, | |

T AIl these requlrements can be met by hav1ng a varlable
vgrld w1th a hlgh den51ty of p01nts near the surfaces and abg».ffy.[k'
lower den51ty as onhe proceeds 1nto the 1nter10r of the reglon.‘t_di

A typical grld system used is 1nd¢cated in App.>IV for a
Vrectangle '19.units hlgh and’ 80 un1ts 1n rac;us. ThlS system :
contalns 30 grid 001nts 1n the z—dlrectlozﬁand 39 grld p01nts

A S .

in the p— dlrectlon. 1 o - i

“In any ite-ative pass first 8 and then ¢ is calculated

- ’ i )




at each p01nt startlhg at the smallest‘fadrus, sweeptng'**wrm';fri
:through the helght of the rectangle and then going on to the E |
‘_tnext radlus. Then the boundary condltlons are applled‘ For a
’grld 51ze of 30x39 p01nts each pass took about 2 secqnds;:
' Startlng from a reasonable guess 1t would take about 1500
.passes or 60 mlnutes of computer t1me for the solutlon to e
l.become’stable. For ‘the’ equll;brlum.solutlons rn'whlchb¢ is
7zer6f¢yé£§wﬁefe; partdof'the progran.could bedbypasseddand‘.

+

':the_c&@ﬁergence”could'be reached in less than lO'mlnuteS’l

"Vfomputer tlme.,

-
L

After stablllty had been reached cﬁe energy den51ty

=

~-glven by Eq AI 8 was calculated multlplled by the approprlate

%
T

volume elements and summed

. The calculatlons are performed 1n the computer program

‘B3C5 shown at the end of thlS appendlx.‘. ’:'\ﬂ

| There are'two further p01nt5»that-deServe mention. The -
‘flnstxwas hlnted at when | thefrectangular reglon?was said to
be. l9 units. hlgh»and 80 units in radlus. The-reaSon for th;s
'1s that the solutlon obtalnedrls the solutlon for all ,th

p cyllnders w1th this partlcular aspect ratlo. No absolute length

entered the p(oblem and so theqsolutlons of dlfferent 51zed -
rectangles with the same aspect ratlo w1ll scale llnearly -
._W1th the absolute slze plcked. _In practlcean_absolute751ze
is picked only once one decides to do theropticsdof the_re;:

sultant configuration.
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N

‘1

The second feature is that the equ111br1um conrlgura—'

‘if'a magnetio:fieia_is pfes¢h£1f
| these configurationsfsoalé
the 5end.e1asticroonstant;ﬂ

he computer pxogram,

'B3CS, follows.

) -

in which»these;steps

‘tlons depend on the relatrve values of the elastlc constants
:rather than thelr absolute magnltudes. All the torcue

iequatlons were dlvrded bj the bend elastlc constant ancé thus7
v-:theuoonfrgurat;ons are functlons of S/B_and T/B (anq ;3/35

- .Th'e t:_votalj energy of ‘L‘,,.,,;A,V,,r,a

'iineariy_withhthe hagnitude of

are performed,
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CC TC 1R3
€R? JA=+1
JP=)-2
f7=r78(4)
1R2 072=r72*C7
[27=2.%C7
CFAN=DN7R%[D27
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E iibi - APPENDIX 1V.
| ' SOME_COMPUTER oUTPUTS '_7 |
_,s.Ar’ RS 'Thedgghshter output of the equlllbrl"

4 B .
rrcyllndgr 19 Unlts hlgh and 80 ‘units in rad1us for the twlsted h L

r

/o : "conflguratlon is. shownzln Table l In the top two llnes of
?\w

L) e

,fthls table ‘the. 39 radial values used are lndlcated from [ ——

to 80" units. The next two llnes of numbers, NDR :d-lf 0, or l,.

1nd1cate that the grld spac1ng to the rlght of the grld p01nt“ T'F
B S

. _NDR Y ’
is 277 times the spac1ng to the left The 30 values of 2 used

'_are shown next followed by the numbers NDZ = -l, 0; or 1 whlch\'

1nd1cate that the grld spa01ng above the p01nt of 1nterest

is 2, NDZ tlmes the grld sPac1ng below.- o o '7"35_“.

kS

* In the matrix output, the z-values are 1nd1cated

-vertically'While*the radial values-are'shown-hOrizontally,n

;iAt the 1ntersectlon of llnes of constant 2 and constant. é':

’1are two numbers,_the upperlone is the equlllbrlum value for 1';:~y;\\
8 whlle the{lower ahe'ls the equlllbrlum value for ;,in: ”
radian measure.'éf _andvo}fare shown for all values of“zv
»\WZB but only for every second value of the radlus -used. Table a .‘;f
2 shows the equlllbrlum solution for;the_normalroonflgurat10n~ )
ln,uhlch ¢ is Zero. everywhere.\ _b‘ "' ﬂrl o ititk7 o

Tables 3 and 4 shou the energy for the tw1sted and :’b{ : R
’ q‘) R -

- "f

normal conflguratlons, respectlvely.jAt the 1ntersectlon of - ﬁ‘_v¥~j

lines of constant z and constant p is the energy density at ,

S o - : - 1l42 -~
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TABLE T
RADII TOD BE USED ARE —————
0.0 0.2%5 0.5 O0.7% 1.00 1.25 1.32 2.00 2.5 3,00 4,00 35.00
24,00 28.00 32.00 40.00 48.00 356,00 64.00 68.00 72.00 74.00 76.00 77.00 7
o o] 9 0 ¢ 1 0 0 1 0 Q

6,00 7.00 5.00 10.00 12.00 14.00 14.00
8.00 78.50 79.00 79.25 79.50 79.73 80.00
0 o 1 o 0 1

[ ] 1 0 ] J -1 0 -1 ] -1 [} -1 0 -1 0 0 o
7 VALUES TO B8E USED ARE
0.0 0.29 0.% 0.7% 1.00 1.5 2.40 2.%0 3.00 4.00 5,00 6.00 7.00 8.00 9.00
10,00 11,07 12.00 13.20 14,00 15,00 16,00 16.%50 17.00 17.%0 13,00 16,25 14.5%0 18.75 19.00

o J 0 1 3] < g 1 ¢ ] 0 0 ¢ 0
] o D] v 0 3 -1 c V] r -1 0 o [y

0.8  0.%0 1420 1.5% 2.%0 4.0u 6,33 8,00 12,9C 16,00 24,00 32,07 48,00 64.00 72.0° 76.00 78.00 79.0C¢ 79.50
19.000

Be571 1o571 1o971 145971 1571 1,571 1,571 i.%71 1.%71 1,571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571 1.571
2,067 1,651 1,207 1.094 C.978 0,885 (.809 7,753 C,667 C.997 C.482 C.387 U.262 0,140 C.099 0.080 J.771 C.066 0.064
18.75¢C

0.2 ev6l 12379 1,395 1.468 L.507 1,327 1,937 1,565 1.549 1,552 1.552 1.993 1.9%3 1.552 1.951 1.5%0 1.9%%50 1.549
2,067 1.451 1.277 1,396 L, 978 2,899 C.859 J. 793 0,667 7 .597 0,682 C.387 1.242 Culél D,099 0,082 0,371 0.066 0.0064
18.5%00

Ou) 04750 1,086 1.237 1.368 1,443 1.484 1,5C3 1.%2C 14527 14532 1.9%34 1.53% 1.%3¢ 1.533 1.531 1.%29 1.528 1.%28
1896 1,496 1,253 1.123 1997 ..89) (o811 o756 L.,068 0,598 D,482 C.387 ..242 Jo.l4t 0,299 0,080 7..71 0,066 0.064
18.250

0.0 "aB%68 N,01) 1.99€ 1,273 L.381 Loo47 1,469 1.495 1,505 1513 1,515 1,516 1,516 1.514 1.511 1.509 1.%07 1.506
3o734 1,510 1.298 14161 1011 7090) Co818 e?56 L.069 ..5928 (.482 (,387 0242 G.139 0.799 {.08C DouT) G.066 0.064
18,000 -

0.7 10859 U.777 34975 1,185 1.32° 1,398 1,639 1,069 1,483 1,696 1,657 1,698 1,497 1,494 1.491 1,488 1.486 1.485
14661 1,512 1.333 1,198 1,035 o912 ".82) "aT6. vebTu 599 (.082 (387 1,242 G,139 0.799 3.080 JI.371 1,066 C.064
17.50"

0.9 se321 J.889 L T87 1..29 14297 1e319 1369 1,419 1,667 1,453 1,460 l.4dc 1,461 1.4%0 1,651 1.646 1,463 1,642
L1551 1,406 1,749 10253 1.°35 0942 (.837 0,769 D.074 5.6C) (483 (387 .,262 Co139 D99 C 08 J..T1 o068 3,064
17.)0¢

0.9 10248 D.4T1 2,652 14901 14170 14236 16304 1,369 1.397 1,417 1,423 1,425 1.424 1.418 1,411 1,495 [.40]1 1.399
1.494 1,459 1,379 1,287 1,128 2.97% o857 uoT82 o687 bl 0,484 (.387 °,262 Cal39 L.i98 C.COC wodT) NaJ6G JeDbG
18.50°

0.2 a7 o396 40853 1,798 1,011 1a162 1,242 1,320 (.3%4 1,378 i,368¢ 1,389 1,207 40371 1,364 1.3%9 1.357
1,458 1.435 1.378 1.309 1,162 Loi”0 (ofT8 No706 J,087 2,608 0,486 (,38% 1,242 C,139 9,298 C.279 D.270 7,768 v.)63
16.00°

Jes Lo lTL D093 Loal8 778 929 1,792 141083 1.272 o311 14340 1,349 10353 1.350 1,342 1,332 1.323 1.318 1.315
1434 1,408 1,974 1,319 1,187 1,534 0,90 o812 N.699 0,613 0487 ' ,380 ",242 7,139 U.798 5. 79 1..70 L.163 J.16)
19.30°

0.2 el3 00235 Ce3TI o576 (o797 (0967 LoT72 1a180 14228 1.264 10275 1.23) 1,278 1.267 1,253 1,242 1,235 1.232
1392 14383 1.356 1310 14218 14079 (960 2,563 D.714 7,626 U491 (.39 ,,24]1 €138 D97 2,078 Va9 2,065 V0602
14,30

0.> el e 2,236 Vo33 Lo4T8 4087 4859 L 971 1..92 1,147 1.19. 10203 1.299 14275 14192 4.176 1.163 1.155% 1.15¢C
1636C 1.3%¢ 1.335 1307 10233 1aill 0975 o873 0,733 . .636 (696 (o392 C.c4l 14138 22797 D.u78 V.68 7,064 Coubl
13.50.

[ X% et 87 o172 Le254 (L4006 . ,392 0,767 881 1.0.9 1409 10116 1.137 1,038 14133 1.119 1.10C 1.0% 1l.LTo .07
10334 14330 1.3:0 14292 14237 14133 1o230a 7,900 2a793 £ o649 LoaBl) (o396 o241 Col3? 0,096 Ueu?? Jeu07 Z.063 Ladb0
1202

Ced o T4 D147 L.218 40331 .52) L .686 W80, Sa930 L.994 1.t e) 1at59 1.7 67 14102 1440 14026 L3l 1.u00 v.994
1312 14309 12299 1,280 14236 1,140 16)27 14924 o772 €002 (5.7 o395 (.247 (4,136 0,795 Vo786 J..66 4..62:0,.%9
1.7

0.3 Tetbe 10 )28 Cal9u "o30T Coebs CoBLT L T27 L.857 (L9210 L.OT2 (.908 ..997 (.99 G975 L.953 ..937 1,926 L.920

1.293 1,291 1,283 14272 14232 14183 1o 635 " .940 " 789 7,079 L0512 ¢o397 ..239 (135 0,293 1,076 0.265 “,.561 0.05%8
107 Y

0.3 "o 86 Telle s.107 L4272 seall L3856 V,601 L oT8S TL8%1 (92 (919 L .927 (.922 (.904 [.882 D.865 7.485%% U.849
La277 1275 1268 1,238 L4220 [e10) 1.706° 4906 o, e686 (o517 Co308 1,239 U133 0.l ®2 0..73 TLU066 34059 U087
9.)n

[ «087 34100 ValeV 1,243 L3808 (.50 8 000 JeT22 0T84 L8034 C,85u L858 0,853 (805 L,810 ,T796 .785 ..719
1a263 1,261 1.299 1.247 1o420 14063 La'T2 4987 1,871 10698 5,921 Cod0u o230 Col32 D009 (o272 7,763 A,.98 u.756
$.990

0.) sa 49 14791 uelBE L2294 306 Loe5T V.049 5,661 C.T19 CaT66 LoT82 o799 CaT85 0768 LoT4G I.T729 CLT19 V.13
1.29C Lo249 1,246 1,297 1,214 14165 1,781 o994 0,335 0o T8 (o829 M0l 70237 ColBi 2,000 Cov?l 2,062 9,057 G.05%
T30

0.7 Sen®2 L4083 Ual2Y L2071 0303 04417 L9000 La633 L.886 D T D (4T1e aT22 LaTLIT G TOL vebB)l J 804 1,056 D,.648
1241 14260 1,238 1.23Y 1,210 1,100 10290 1,096 D868 7,718 0,529 (.402 7,23¢ 2.13. 0.089 C.07C 0,261 C.097 v.0%4
[ YRl i

0.) Le )39 0,077 0,119 0186 N.281 (o381 1,456 1.567 2,995 (.639 (,.648 7,635 L,.65] 0,636 L.017 0.601 £,992 0.%86
14239 1,236 1,231 1,229 12298 14169 1,198 1,018 o800 o727 Co33% (o473 L0236 Go129 0,088 0,009 Covbu 4056 C.uB3
9.200

0.2 CeUBT 0074 Lellu 0176 04262 00351 0,415 0,495 1 .336 0571 (582 .588 £,585 (G.57) C.5%¢ 2.%41 (.%32 0.%27
16234 1,233 1.23C 14225 14210 1elTé 1aduT 14029 CoB7L Ca735 GoB536 (.4C3 U235 Lo128 0.N87 L.068 0,)%9 ¢.355 0,053
4,339 .

0a)  "e038 0,978 Uel(® UalT2 04249 Cod25 T.3T9 0,445 2.679 Ca8C? (o317 0522 0.519 Co508 0,494 0.482 0.474 G.469
1241 1,240 1,237 1.232 1,218 1,183 1.118 1.04C D.881 0,742 2,538 Co404 1,234 Lo127 0,786 0.C67 2,059 0.0% 0.092
3.202

(‘PR 0e041 G080 Doil® 0.179 0,261 L3I0 VIS 0397 0,423 0,445 €,453 0,497 Co456 0.445 (,434 0,424 0,418 0.414
16299 1,298 1.2%5% 1,250 1.233 1.186 113 1,052 uo89C 0,748 0,540 0.404 04233 €126 0.%85 U087 0,758 3.054 0.082
2.909

0 Coli4% 0,787 04123 Col80 04,247 04293 L0330 0.373 $a395 0,414 Cod2] 0,424 0,422 0,415 9,405 2,396 7,390 y.387
14275 1274 1,270 1,264 1265 1.23% 14137 1,098 0,005 0,751 C.5%4) 0,404 4,233 Co126 0.085 G066 0.u%8 0,093 0.051
2.000

0:0 04052 0,097 04134 0,188 0,240 U.283 0315 0.350 0.368 0.383 Ce389 0.39] C.39. 0,384 C.376 J.369 0.363 0.360
1296 1.294 1.290 1,202 1.260 1,206 Lo144 1,004 0,099 0,793 C,.5%42 0,404 0,232 G.12% 0.084 0.066 0,357 0,093 0.281
1.%500

0:0 0a0864 Collée 0,151 G199 0,243 U278 0,301 (.320 0.341 C,.393 G337 .399 G.3%8 0.353 0.347 0.342 C.337 0.334
1324 1322 12919 1,305 1,278 1.228 1.152 1,070 0.902 0,759 0.543 0.404 0.232 0,125 0.084 0.06% 0.057 0.0%3 2.09)
1.%00

Q.9 90087 04142 0,176 0,219 0,247 0,272 0,287 0.30& 0.31% 0.322 0,329 u.327 (.326 0.323 0,319 0.319 0.312 0.309
1963 1.360 1,350 1,334 1.299 1,241 1,161 1.076 0,906 0. 797 0.%543 C.404 0.232 0,124 0.G8Y 0,265 0,097 0.053 0.091
0.7%0

Q.0 0,107 0.162 0,192 0,229 0. 29%) 0.269 0.28) 0.295 C.3C1 0.307 0.3C9 0.310 0.31C 0.307 0.304 0.301 0.299 0.297
1209 1586 1.371 1.952 1,310 1,249 1.165 1.079 9,908 0,798 C.543 G.404 0,232 0.124 0.083 0.069% 0.U% 0.0%2 0.051
9.%00

0.9 04198 0,188 0,212 0,236 7,293 0,266 0,274 0.204 0.288 0,292 0,294 5.294 0,294 0,292 0.290 0.288 C.287 0.28%
1429 1,419 1,39 1.370 1.322 1.2%6 1.170 1.082 0.909 D.759 C.%543 0,404 9,23) 0.124 0.083 0.06% 0.9% 0.092 0.0%0
0.290

0.0 0,186 0,221 0.239 0,248 VU, 257 0.264 0,268 0,273 C.279 0,277 0.278 0.278 0,278 0.277 0.276 0.275 0.274 0.273
1817 1,067 1,423 1,390 1.334 1,263 1.174 1.085 3,911 0.76( 0.544 0.404 0.231 0,124 0.083 0,065 2.0% 0.u%2 0.050

00262 0,202 0.202 0,262 C.262 0.262 0,262 0,262 0.262 2.262 0.262 0,262 0.262 0.262 0.262 0.262 0.262 0.262 0.262
o787 1,931 1,497 1,411 1,346 1,270 1.179 1.088 0.912 0.760 0.544 0.404 0,231 0.124 0.083 0.06% 0.0% 0.0%52 0.0%0

20.00
(]

80.0C

1.571
Gaub2

1.549
J.062

l1.527
v.d62

1.5%05%
Jaubd

l.684
J.0062

1.6
vedbl

1.397
JoJ61

1.35
42261

1.311

Vedbl

1.227
C.0bC

l.145
~+039

l.utt
Jeude

‘.988
1.057

Le9le
JeG5¢e

1,842
Jel55

AK]
v+054

20708
J.U53

J.b4z
Jed82

r.581
3951

w521
J.051

Je4bse
J.05¢

0.406
0,049

J.382
0.049

0.35%¢
J.049

0.331
J.049

0.30¢
J.049

de.294
0.049

0.282
0.049

Je 271
0.049

0.262
0.049
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TABLE II
RAGIT 70 BE USED ARE M ———

[ 0,25 0,30 0.73 1,00 1.2% 1.50 2.00 2.3 D.00 4,00 5,00 6.00 7.0 8.00 10.00 12.00 14,00 16,00
26,00 28.00 32,00 40,00 48,00 56,00 64.00 68,00 72,00 74,0¢ 76.00 77,00 78.00 78.90 79.00 79,25 79.30 79.73% 80.00
0 0 0 [} 3 1 ¥] o i 0 o ¢ ¢ 1 0 V] ] 1
0 0 1 9 Q b} -l [+] -1 0 -} 0 -1 [} -1 0 0 o
T VALUBS TO BE USED ARE
Jeou Cel9 0,50 0.7% 1,00 1.50 2.00 2,90 3,00 4,00 %.00 6.00 7.00 8,00 9.00
19,70 11,00 12,00 13,00 14,00 19,00 16,30 16450 17,00 17.50 18,00 18.29 18,50 18.79 19.00
(4] 7] ] 1 n [} [ 1 S [} 0 ¢ “ o
2 0 [ 9 [} ¥ -1 ¢ O 4] -1 0 0 4

0.0 0,90 1400 180 2490 4,00 6,00 8,00 12.00 16400 24,00 3200 48.00 04.0L T72.00 76,00 78,00 79,00 79.%0

19,099
l:’?l 12971 12971 16971 1o571 1e371 1571 1a371 1970 1,971 1971 1,971 1o5T1 Lo87L 10971 1o3T71 14371 1,371 ).37)
0.0 a0 0,0 0.0 Ge3 2e0 Ced Jel 0e9 0.0 0.0 0.0 Ja0 0.0 0,0 0.0 Qe 0,0 0.0

18.7%)

0ed 12149 1926 10403 L4869 1505 1,529 1935 1.506 1,548 1551 1,992 14953 1,552 1,552 1.5%1 1.550 1,350 1.949
Ve %0 Q0.0 0.0 o Ds0 G 0«0 0,0 (] 0.0 Ca0 Ce0 0ot 0.0 0. Nad ve0 0.0
18,503

0.9 54827 1oll6 14249 14370 1.441 1,480 1,500 14518 14525 14932 10532 1.534 1o534 1.533 1.921 1.529 1,528 1.528
0. Call N9 0.0 Cav PRy Oev 2.0 009 Oev 0.0 Lol Gl Cel [ NY) 0.C 062 Oev 0.9

18.250 N
0.2 Qeh2 04931 lolle 10276 1,378 1,436 14464 1,491 1,503 1912 1919 10516 1a516 1513 1.511 1.%508 1.507 1.9006
0.3 PrY] D0 7670 Ce? YD Cov 2.0 00 0.C 0.0 Ce0 vel Cav 0.0 0.0 e Ce0 0.0

18,00
3 Ca519 0,821 V998 1.189 1,316 1.392 1.429 [.465 1.48C 1.492 1,490 14498 1,497 1,494 1,481 1,488 1.4806 1.485
0412 €.n Jeu 2D el se [V ] JeO 3.9 Deis Cel Cel NeC el Gef Cev 3.0 [ Qeu

17.5¢"

0.2 Te366 T.633 1.816 14036 1,202 1,307 16360 1,412 14435 124693 1,499 1,462 L.460 104560 1,451 1,446 1.44) 1,442
0.2 Ta Je® Jed ver Nedd el Je0 Qo0 R\ N0 Tel Lol Cov Dot Qo0 deC Ne0 Ged

17.0 .

Dot V280 N899 1,682 (9]0 10226 14294 1.361 14391 1.414 1,422 1.425 1,424 1,418 1611 1,499 1,401 1.399
Jo et [P Jed Cen A [ Cad .2 e Cel Col ) 2.¢ Qo2 Qeu 047 et Qa0

16.50"

Vel Ta22% U 22 9498, JuBI6 1,006 14157 16230 10310 1,347 14376 1.385 1,389 1,367 1.38C 1.371 l.364 1,399 1.397
P ted e You o . [ Lol 2.7 Ca e Cof el ot <39V N .9 0eC e

18,000
Ge i "o l88 2,338 4812 NeT19 4924 1e.T79 14168 10261 1.303 1,337 1,348 1.353 1,351 1.342 1,332 1.323 1,318 1,315
Qe “uid . Yo T e e G0 Do Gel 0.4 Cal " Cot Catl T v Del Cav 2.0
150
U co k@0 Ta271 3.9 Ca584 . T80 Le952 14055 14165 14218 14260 14274 1,281 1.278 1.267 14233 1.242 1,236 l.232
Qe ) T . Le) et . O GCou Lol Ceu ol (ot tel Ut Jet [} e ! set Q.0
1400
2. W17 L.216 Ua3la UeaB4 L6757 TaB44& 2,952 10075 14136 14189 1.201 1,209 10205 1192 Lol76 1.163 1,155 1.150
Ve ! . ie rel el sen oL {av Vel Ve De” (o0 Tot Lot veu el Jes ver 0.0
13.'0"

Dot ¢ 97 LuTT Ga200 14409 0585 .75 4861 0.991 1,796 lelll 14129 i.l38 14134 (.119 1.10C 0786 1.077 14071
[ . Ve o ' Le toe ZeN Ven Te Cols LAY e Lot e Cou (L] Ced 0o

12.00"

[ ] COTS e lA9 1,200 Ca3Bl L5012 (.669 TWTT9 2,912 04981 1,039 LeC57 L.067 1.062 1ol46 1.0U26 10210 1,000 0,995
Je? Tet “e Je ) Ten lew [T PR Vel Yo" Go?? (e Lel {of Cov Je s 3.7 ve? 0.0

1100
0e <04 Lo12% UelB9 Ladnk 1e451 (4599 N.T06 Je838 TaPE 0967 L9887 L9977 (4992 (975 0.954 ).937 L.926 V.92l
Qe e T Sl " o} [ S Ve vel ois Cot Cel do " ol Cet [ 298] Je Let 24
[ YR L .
el Ve 156 v edll Lal0d (4267 4399 (o538 Cabd? UeT09 ie838 Co898 (o917 o927 Cu92¢ Go975 0,883 0,866 C.85%5 C.840
Qs Je Yo N cen 1o (o) [, deus Yat (ol Vet {or (O Tle. Jed [\ ) Cov [+2A]
9.0
Je) T 49 Ga 98 D143 L0236 94350 Le485 (o581 D704 TaTTL VeB829 {849 _.858 (,853 .836 D814 2,796 . 786 (L,7AC
Yot e e Lo T el (V] 0.0 Vel Tev Ca0 Col Lol ot [P et Co: Ce0 Vel
[ P
0, e shh o 1BT o229 0201 L0320 00438 ULS28 D.644 0707 OaTO2Z ToTBL oTOC (LT85 CoT768 (o746 D.729 ©.T719 0.713
Je) Tel Jei De? e [ ot vl 040 0.0 0.0 Cell Mok Lef el 0.C Jed Jev Ved
1.0
Je « 39 N T8 L 1T et9U o289 398 0e480 J.587 00645 Co0696 (oT14 UoT22 CoTl8 GoTL Do68] D665 0,654 va649
0. “e Do vel Ce L Coev Ce0 Dot 0e0 0ol (ol Tel Car GCoeu Qe Qe Ced Qa0
6.0
(] sevdb 1772 CallT UelTh Ge260 11e362 04437 0.533 0.586 0,632 Co04T (o655 {651 2.636 C.617 0.602 0,992 0,587
T e fe el Jed ted Caeld 340 Qe Ja0 Gol Dov NeC Lei o Vel 9 Jeu Qo0
5.0
Ca? Le334 0,768 JalCLl o163 ). 2465 (2333 Ca398 0.482 04528 Co%68 (o582 UoB89 Co585 C.571 0.%% UoS4l C.532 G.B%27
Qe cau Je N e T . Ced 0Ue0 OeJ [ C.0 Col Gel (o Jef Jed Vel T Nel
4,001
Jed TeG34 D106 1,098 1,187 1,231 (o308 0,364 0,436 0,472 005086 CoB1T (4522 Ca5l9 LeB78 U494 0,482 C.474 0.469
Qe e ) 0.0 ved Ve Je 0 Ge0 J40 JeJ J.0 0.0 Lol (el Cel v el Ja0 Jed Teu 0.9
3.0
Qo.t Celud UelB9 (o225 (4288 04333 0,389 uebll 004066 0,052 J,457 C.45% U449 0,434 0,424 0,418 Coble
[V Celd T Je Ce 040 Ve d AP ) 0,0 Cob Cel Cof Jel [ Cel Gl C.0
2.50¢
Co o108 (4163 o225 Ue2B81 J0319 24366 0e391 04413 Lo420 (o424 Co422 0,414 0,403 0.396 2,390 $.387
Do veD L™ T Ged 040 Je) Oei Gel Do Jel Cet fal Jel LAY C.C 0.2
2.5
Jel Cafhd D.783 vallB CelT2 Toa227 Co274 04306 0,345 04365 04383 0,388 LI (2% 0,384 0,376 J.369 7,363 CadbU
[ Te) Cot Vaed Can Cen Cus Ye0 J.0 0.0 Q.C Dol Vel Cof [ Oeu Qeu Vel 09
1.500
Qe e U3 V6798 Ueld4 Ual84 0,231 (o268 0.294 U324 3,339 0,352 0357 Le3B9 (0358 (0393 0,347 2.341 7 .337 0.334
:.) Jev 06 v.0 Gal Y0 C.d Jen Je0 0.0 Dol (o0 Ge0 Cot 0oL Ce0 0.) Colr [P

« 00

JeN TevT3 00125 04164 Ca203 76238 (o265 70283 00303 06313 0,322 04329 3,326 (o326 0,323 C.318 C.315 #.311 U309
o.;’ Tev Jei ve0 Cad 0.0 Ge0 Jal 0.0 Cef 0.0 Ce0 0eC Cel PINS Cadd el L 3.0
V75"

0.0 Ced9l Dele6 UulT8 U218 00243 (o264 02277 04292 0300 04307 04309 3.31C CoIl. Ce3OT 0e304 7.301 ve299 Co297
Ge? Do u Qe Ged el f1e0 Oou L 2Y] Je2 20 0.0 0.0 [y Lot Lev Veu Jed Tel 0.0

3o Cel20 0el74 04201 (0229 0,249 Ge263 Co272 2,202 0,287 04282 o293 J.294 Uo294 0,292 C.29C 0.288 0,286 U,.285
0.2 Newu 0l D40 Q.0 Je0 0o Je0 G0 Je0 040 0.C Jet Col Co Ceu Yol Jel 0.0
0e29C

0. VelT2 04212 0e229 0,244 J029% 04262 0a267 00272 04275 0.277 04278 14278 Go278 o277 U276 Vo275 0,274 C273

g.) el G “e0 Ve Ue0 Ge0 Qo0 Je0 Qel Jel Golt Dot Col oo G0 0.3 ot Q)
)

00262 00262 04262 00202 Co262 04262 00202 00202 0e202 04262 0.202 Co262 2.262 (0.262 0.262 C.268 Ya262 L.262 0.262
0.2 [:2Y] d.0 00 Oel 0.0 0.2 0.0 3.0 el 00 Ce0 00 [Ny oG Ced Oed N0 Ce0

20.00
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TABLE V
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0.0 B.2% 0.8 0.75 1.00 .25 1.5C 2.0C 2.50 3.00 4.00 5.00 6.00 7.0) 8,00 10.00 12.00 14.0) 16.00 2v.00
24,00 2R,0) 32.09) «0.00 4R.70 56.00 64.00 68.00 72.00 74.00 76.00 77,00 78,00 78.50 79,00 79.2%5 79.50 79.75 80.00
9 ) Q C 0 1 C o] 1 J 0 0 pJ 1 o] 9 2 1 2
3 Al 1 s} 0 J -1 3 =1 D] -1 J -1 J -1 J J 8]

7 WALUFS TC RAF LSFD BRE

V.0 0,725 €.5C 0.75 1.C0 1.50 2.C€0 2.%0 3.00 4.00 5,00 6.00 7.00 8.)) 9.00
1.0 11_ 3y 12_030 13,90 14.00 15_00 16,00 14.%0 17.00 17.50 18.(0 18.25 1B.50 18.7% 19.90
¢ a 0 1 0 0 0 1 J Q 0 J J 0

o bl Al o Q Q -1 C 0 0 -1 o 9 J
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16000
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ToAls 1,660 1,654 1,671 1.566 1.44E 1.254 1.183 Ca960 Cu81) 24592 Ce438 24233 2.102 04053 0.032 J.322 J.J19 0,917 C.0lo
13,006

Ce 0 GoC21 D.C41 0.06C 0.C092 U.128 04153 D.165 0.174 0,176 04177 04177 2,176 0176 0.174 U.170 0.165 0.161 C.158 0.15¢
TLA2T 1,623 1,612 1.594 1,547 1.447 1,301 14272 0,969 2.817 J.597 J.442 02.235 J.103 0.053 (.032 2.U23 9.220 €.019 C.018
12.000

g. ¢ el 0.C26 0,038 0.C6C 0.U84 Je132 Jell]l 04118 Jel22 Val120 04120 2.119 U.118 0.117 0.114 0.110 9.1G8 C.136 L.105
1.5H3 1.581 1.972 1.558 1.517 1.432 1.304 1,182 0.681 C.828 J.607 0.450 2,240 0,136 0.956 Q.034 0.02¢6 0.022 0.221 J5.021
1r.o0c

0.3 0,009 0.C17 0025 €aC39 J.US6 24067 0.076 0.281 JeuB2 JC81 0.081 0.C79 3.079 0.078 0.075 0,273 0.u71 0.C70 02.070
1.967 1,565 1,539 14927 la454 1.423 1,210 1.16¢ 1.001 D.849 2,428 0.489 J.253 J.l14 0,062 0.040 J.031 3.028 ©.027 0.02¢
1y.00C

[APe C.0Ch D012 0.C17 Ca€27 04939 0.048 J.053 0.056 D055 04055 0,254 ).052 J.051 0.050 0.048 0.C46 U.045 (.045 0.045
1524 149522 12517 1.509 1.482 1.424 123727 14225 1.9242 C.896 0.676 0.514% 2.286 2,136 0.079 0.053 D.042 v.D239 v.038 2.038
G.0cc

Ve th C.CCe C.COR 0.012 C.020 0.028 3.0335% J.039 0.040 0.240 2,038 0.036 0.C32 0.031 0.030 0.C28 0.227 0.026 C.026 3.026
1.524 1,523 1,519 1,913 1,456 1.449 1,272 1.287 1.127 0.993 J.786 0.624 0.371 2.195 0.125 0.09) J.976 J2.071 C.I70 2.07.
R.CTC

[0 | C.0C4 0.0407 0.610 J.016 9.023 0.028 0.031 0.232 U.031 0.027 0,024 0.019 9.016 0.014 0,013 0.9212 9.012 0.211 J.9011
TSR 12659 14597 12553 1,560 1.517 1,481 1,40C 1.282 1.182 1.026 0.893 0.638 J.412 0.311 0.252 J.222 0.212 0.211 v.213
T.ud(

BFe C.CC3 JaCCT 0.010 VaCl6 322322 0.027 0.029 0.029 0.028 J.324 0.020 J.013 0.010 0.308 0.C08 J0.007 J.0C7? 0.007 0.007
12622 14622 1.622 12671 1,618 1,008 1.587 1.560 1.506 1.468 1.434 1.434 1,463 1.490 1.558 1.692 1.778 1.807 1.814 1.816
e 0ce

a.c C.0C4 2.C00R 3.012 0.C19 0.925 0.032 0.032 0.032 V.03] vl.027 0.024 0,019 0.016 0.015 0.C15 J.C15 0.C1l5 Q.01% 0.015
VobT9 1,679 1,681 1,687 1,49C 1.701 1.710 12715 1,726 1.749 1,838 1971 2.275 2.525 24643 2,721 2.760 2.775 2.779 2.78s
s.00C

[P 0.0k 1.C12 0.017 0.€26 0434 0.03S J.041 0.941 U.041 0.u38 0.036 3.033 0.031 0.031 U.€31 0.030 0.030 0.030 0.030
VoTub 1708 1712 1,718 1.734 1.762 1,795 1. €22 1.875 14932 2.073 2.236 2.536 2.734 2.816 2.868 2.896 2.908 2.912 2.915
4.0

0.0 €.C1y 0.C19 0.027 0.(C38 J.249 0,054 0.057 0.058 0.057 0.056 0.054 J).052 0.051 0.051 0,051 2.350 0.050 0.049 0,049
1,709 1712 1,719 1,779 1,754 1,765 1.842 1.887 1.654 2,025 24180 2.343 2.621 2.792 2.862 2.937 2.933 2.945 2.950 2.954
.ecr

c.c C.C17 3,032 0.C44 C.C6C 0.073 0.079 0.(82 0,383 0.083 2.082 0.081 D2.080 0.279 0.079 0.079 0.278 0.C77 0.C?77 G.076
Tohd9 1,703 1,714 1,729 1.7€¢4 1.812 1.86€ 1.512 1.993 2,069 24227 24387 2,653 2.813 2.878 2.921 2.947 2.960 2.965 2.910
2.5

0.¢ 0.023 0.C4? 0,057 Co(77 0.090 0.096 0,099 0.100 04120 0.100 0.099 2.098 0.398 0.097 0.C97 0.096 C.0J95 0.095 0.094
1,892 1693 1,712 1.730 1,.7¢6 [.821 1.877 1,922 2.004 2.C81 2.240 2.399 2.660 2.818 2.882 2.924 2.950 2.963 2.970 2.97%
2.000

r.o C.042 U.(%R 0.C76 C.CST 0.111 0.117 J.120 0.121
1.6R3 1,692 1.711 1.733 1.77¢ 1.876 1.884 1.<21 2.Cl12
1.5800

a.C 0.C47 CeCRI U102 0.124 0a137 0.143 J.145 04147 04147 2,147 Q.14 J.146 VUelé6 0,146 0,145 0.145 0.143 0.142 0.140
1.673 1,684 1,714 1.74) 1,785 1.83€ 1,892 1.938 2.019 2.C96 2.254 2.411 2.669 2.824 2.885 2.927 2.953 2.967 2.975 2.983
1.900

D0 0.C74 J.lle G.139 C.156 0.170 0.175 0.177 0.178 0,178 0,178 0.178 0.178 3177 0.177 0.177 J.177 0.175 0.174 0.172
V.h62 12693 1,727 1.756 1.799 1.848 1.900 1.545 2,024 2.10G1 2.258 2.415 2.671 2.825 2.886 2.928 2.953 2.968 2.977 2.985
C.i*¢

0.9 0.796 0.141 0.1¢2 C.181 C.19C Ca194 0.195 0.196 0.196 0.196 0.196 2.196 0,196 0.196 0.195 0.195 0.194 C.193 0.190
166G 1,792 1,739 1.767 1.808 1.854 1.904 1.548 2.027 2.193 2.260 2.416 2,672 2,825 2.886 2.928 2.953 2.968 2.977 2.986
C.®LC

0.0 0.129 2.172 0.19) (o20% 04211 04214 04215 04216 34216 04216 0,216 2.216 0.216 0.21¢ 0.216 04215 0.215 0.213 0.211
10666 1.722 1,757 1.742 1.818 1.861 1,909 1.552 2.029 2.105 2.26) 2,417 2,672 2,826 2.886 2.928 2.953 2.968 2.977 2.987
C.?75¢C

0.0 0,181 0,212 0.222 C.222 0.235 00237 0.237 0.238 04238 04238 0.238 0.238 0.238 0.238 0.238 0238 0.237 0.236 0.233
Vo726 1.760 1.7R2 1.800 1.829 1.868 1.914 1.5%% 2,032 2.106 2.262 2.418 2,673 2.826 2.886 2.927 2.953 2.968 2.977 2.988
c.0

N.262°C.2€2 0.267 0.762 0.262 J.7262 Co262 00262 0.262 0,262 04262 04262 04262 04262 04262 0,262 0,262 0.262 0,262 0.262
1.656 1.0824 1.814 1,821 1.842 1.87% 1.918 1.998 2.034 2.108 2.262 2,418 2.673 2.826 2.886 2.927 2.953 2.968 2.976 2.987

0.121 04120 J.120 00119 0.119 0.116 J2.118 0.117 0.116 0.115

0.121
2.C90 2,248 2.406 2.666 2.921 2.884 2.926 2.952 2.986 2.973 2.979
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TR APPENDIX v

/\ THE OPTICS COHPUTER CALCULATION S
';?f?“iil;;L: The system of GQuatlons glven by Eqs. V 9 V 14_ and'f"

e

"15'V 16 can’ be solved”by computer uslng a f1n1te central-d1ffer-f4'

\

,Sence expanslon ‘as was done ln solv1ng the bulk equatlons 1n

The crystal gets d1v1ded 1nto N {ﬁglons of equal thlck-:

”ness

| o . L N A , o B R
"417Th15 produces (N-l)'lnterlor p01nts, at each of whlch there

' 5are the unknowns EJ and E§ where ] reﬁers to the ] h grld p01nt.

' Eqs. V 9 can then be wrltten as’

B2 E] + B f-’L*jl.T.f;f*;_;*s_' -

Ei 5311;1) T E (13)e (31?\_
,8(33)'}-

ey = S B
I g E;( J(12) - & (13)s3(32)\
B S T 3 (33) ,_ R

B T I 3telf3 R
— - (£3) ‘;' '“.i\!~

=l sl “7 (23)e (32 T

.Cz + E;( (22) ; .

J

e -.1495; -:x




"3gh At the bottom surface. from Eqr V 14 one has fﬂtgeﬁivf{géf

P D Ol JE .. = f._.x‘:' =2 B e S
o o lﬁ*,uff;wEQQthr-fA*ﬂ ¢7f“ﬂt'¥;ﬁ*.'ﬁff‘~>f 'f"gév’4)l o .

f,ﬁhiieﬂat;the_tOP_surface, from Eq. V’IG one has |
T §N+la'va \-.gT” S t;j;”;;ﬂffcf,T

oo M Bee\ - A N (avee)
S y- ext ,V__; c :

There are Z(N—l) bulk equatlons (Eq AV 2 and AV 3)

plus two equatrons at both the top and bottom surfaces wh1ch

‘ \ oy e f
system of equatlons can be solved by the method of gua551an: _';f'\h

elrmlnatlon to determlne the nature of the lxght that has been ;;

transmltted t) rough the anlsotroplc llquld crystalllne medlum

Only E 1 hnvE§+1 the electrlc fleld amplltudes at the h:""”:

upper surface, ar§§:valuated absolutely 51nce the 1nterlor ')}ffi\;‘
1 SR

'A‘values are not re y of 1nterest. ThlS av01ds the neces51ty |

Y SR
/}'f f‘F'Of hav1ng to store a large array of 1ntermed1ate numbers.~ﬁ!‘~rcr"
- L . .

, A' The computer'program OPTS whlch Solves the equatlons
S : o S .
follows.

’;r'-'
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//an7frﬁ15*3nﬁ*ifiiiéit§iﬁ
lI'lORPARM FNRV S=6E19 :

e £C FORTECLE

R . ‘//anr SYSIN DD t"u;~‘- -
O iNPLlClT ccustextaiA-u) b
T CUMFRSAPN L6350 CR (3D, E(3.3).RS(180).RCt1qp).Ex(2) EY(Z).V&IlBOIo?»*
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CUNR=10. N .
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o asnntﬁ;a)aAn g e S
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“WRITF(6.S)PAL - N
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DO 400 N=x}.29 , Lo e R T R e L
XZ=2(N6VD=2(ND. EE T SR
P=7tl!Flll(XIt.OOllITHfoNI?QI:»; e SR N

.




. XT=T(Ne1)- T(k) o -

A2j54152 ?

XE2PANEYI-FIN)
 XP=FLNATIM)
IO 400 MPzleP -

E

' IF(N—?ﬁlllo.lll.ill :;;f'

111 lF(ﬂM-n-ll]30.130.110
V10 GG TOET0.82) «NXY - e
70 THsz(NtoFlan(HH—l)‘xTIXN'.

' l PH!:P(NJ#FIOITIKH-IIOXPIXM1~

_TREC =CCS(THE)
vrrﬂssonttl.-THECtsZ)
CEFIC=CAS(PHIY - - T .
PHI S=SORT (1. -PHIC®®2)
TOFETEECHR? =
TS2=THESH®D
’pr7z9utrtt7é-

_fC2 > .

L g T 2

Flla llSCPFIX(l.—v*(l.—?.‘TSZ*PSZDoO b)

a1, 7tacnplx¢-2.tv0152-§ulS-Pﬂlc.o.a~

L C(3.2103

- oca.sn-anv:wotecl 7;—5(1 3»*5(3.23/5(3.31)

FU3 1) ECONIGEELL 3D
CF(3.21=CONJGIEC243D)

Fe3.3)= cnplxtl.ov-(1c3-rszs.o.l .

HYE IS TP e ,'

rele. 5.‘1.“‘ P
CNXYZD if:bfg¢hL 
S0 TN 30

a152% aczjin.J;»

4 F(l.1ltfPPlll7.‘V‘TPES’TFEC‘PHIS.O.l
B 2 {2 l!!C(lJG‘EIl.ZDI S

Tfﬂzgucguu;p 1§ ).~ > S
“FiU2. 1azrrptx(—2.tv-1res¢1hegtpulc.o.; s ».,».'.5; -, e

ff??*f*i7tnfu»n. A

Ct?.?lsllTlﬂ'lEt7qli-E(Zo3l‘E(3 IIIE(3'3l) ST e
rl1.1l=RATlQ'IE(Zc?l E(? 3I‘E(3 ZiIE‘3'3)l 2.y;'-;r e e

Ct3.4)=0,

n(1.5i=l._‘v 5:<<5Q§>f;*£:f»+?-1

- NXYal
gy Tﬂ*BO

ito Dl TI=AL

c«a.;a:rrptxto..o ) R
n«%.al-crstx(l..o.l-nl o
n¢ 10"30‘ oL
£(3. sn=c13 71

'~;” AC DREIV=CMPUN(C..0e) | -
BRI DY TR VS I .(/ng'
TFC RS KA=1.S ‘

AnliixAantifxglte.
FREVJ=DRITISE
NC A6 KR22,3 N2

- ﬂ'r"p| Xé=- loo C. "D“Bo l' T

T "rf at K"loﬁ ) " :
el S "7“ﬂ‘x8.“."D“Eo“"a‘ﬂ‘l'

B Co nf,rﬁlxnittlllﬂl08‘0itll A
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Ct2.2)=N{3.3)
Fl?2.3)=0(3.4)
C(?2.4)=C{3,5)
ﬂ(7.5)=CNPiXEG.oO.3
CR{1)=CR(2)
NRE2Y=NR(3)
400 COCNTINUF
F=1./C(141)
DE1.1)=CMPI X{1.40.)
F{1.2)=N(1.7)%R
TR{1)=CR(1)%*P
R=NI12.1)1%CMPE X{~1e4C.)
FT(2.2)1=N(2,214C(1,2)%8B
NRE2)=NR{2)+0R(])*B
FYNUT=NDR (2)/D(2.+2)
EXPUT=DR{Y1 )~C{le?2)%EYDUT
CLT=CARS(EXOLT)*%2+CABSIEYOUT )*%x2
WRITF(641 IWALTFHEXOUY LEYOUT,.OUT
1 FCRMAT( /SX«'WALTH=' F12.6¢5Xe'EXQUT=%,2F12.8+5X¢'EYOUT=",2F12.8/
1EX'ALT INT=',F12.8)
FX(K)=FXCUT
FY(K)Y=FYCUT
500 CONT INUF
nec 660 J=1.180
BV=RSTJI*RC(I*UEY(2)-EX(1))~EX(2)*RS{JI*I2+EY(]1 }*RC{J)**2
£00 VAL )I=CAPSIRV)%*%*2
rc 675 4l=1.2
NN=(d1-1)%90
VMIN=VA{]1+4NN)
MTINAN=1+AN
NL =1+NN
NI=90 +NN
Cr 650 J=ANt. MU
JRFIVALJ)=VMIN) E6CEEL E5C
660 VMIN=VA(LJI
MINAN=
€50 CONTINUF
Ni =3 4NN
N:=G0¢NN
WRITF(é.2)(VALJ)ed=NL «ANUS3)
3 FCRMAT(10F10.6)
WRITF(E.4) VMIN,MINAN
4 FORMAT(10Xe*VMIN='F12.£L¢5Xe "MINAN=',16)
75 CCNTINUE
70C CONTINLF
STNP !
END
/7/G0.SYSIN DD *
0.00 Co?25 (€50 Ca7% 1.CC 1.50 2.CC 2.5C 3.00 4.00
5.0 6.00 7.00 8.00 9.00 10.00 11,00 12.00 13.00 14.00
15.00 16.0C 16.50 17.00 1750 18.00 18.25 18.50 18.75 19.00
/% :

HASP-TT JnNB STATISTICS -~ 173 CARDS READ -~ 0 LINES PRINTED -




APPENDIX VI

LA i“ ,.

f;out the lmportant feature of splay cancellatlon.w N

SIMPLIFIED CALCULATION OF. som: DROPLET%}&;IES g,

)

Usuxg the one constanb approxmatlon. Eq.-_ III 21 the BT

’__approxlmate nature of the mlnlmum energy conflguratlon of the

- 11qu1d crystal droplet can be obtalned Thls w111 agaln p01nt

DF

;l‘he calculatlon w111 be done about the po:Lnt SInguIarlty‘_‘ m

i g

_. ét the water surface, w1th the water surface at z-O, the p01nt S

’ SIngularlty at 3-0, and the alr surface moved to plus lnflnlty, |

o system of Flg. Iv'-{lv) has been shlfted and lnverted for the

convenlence of the follow1ng mathematlcs )

‘With f—o and H=0, Eq. III.21 becomes |

@ﬁeéw}ﬁ’&ﬁé—eef&/fl (AVI 1). | k

The + solutlorpsorrespoznds to a radIal conflguratlon of the -

| wh:.ch has amoD? 1ts solutIons o '." o .

-Eq. AVI 2 has the correct boundary condltlon srnce at z-O, 9 %r,- B

“in agreement w1th the hard p:uunng condlf.lon at the water surface. L

- u;glecules in. thef—z plane about the p01nt SIngularIty whlle . : I

%ﬁmﬁsﬂas 1n I“lg.r Iv. ZD}. I

sin- ¢ and H zero ‘can be obtalned from Eq,. III 20’ "} S -

S the ," R sxgn corresponds to a\‘hyperbollc conflguratlon of the

The energy/volume ln the one constant approxnnatzon wlth

-154 -




v

whlch us1ng Eq. AVI 2 glves '*,'rf7,/ . o ) _f-‘f* ;gfx

S -1s5- -

o[ » :
+Gy + 9"' 4-?5{;16 COS@ Gj’

i o R

(f‘

CP443*9 "fﬁ;“”[vi‘w"f,-,}f~-;-“”’” . avi.s)

for the hyperbollc conflguratlon.:'

Performlng the z—1ntegrat10n from z-O to zr'abglves

S | L e
'ER(Y) 5’ | (avI.6)

‘as the energy/area for the radlal contlguratlon and _ K\? —

£ulg)e 7

. T PR ;'“Eff"»' f’
| SR N\ )

SOmgz, T

“_> the radlal conflguratlon has tw1ce the energy den51ty of the

'h hyperbollc conflguratlon. Thls 1s a result of tgg splay cancell—‘

S ﬁi?:”i“ EB’?R; radlal conflguratlo*n and ﬂfs for the hyperbolle w

o

_atlon whxch takes place in the hyperbollt'conflguraﬁlon but :n

not in the rad1a1 conflquratlon..ﬁ’,,h'f_ “{‘i;_ V_if,g#jff:;'(

e

The total energy about the 51ngu1ar1ty to 2 radlus R 1s S

=4

. as- the energj/area for tbe hyperboilc conflguratlon.~£huskﬁiA_f-[

conflguratlon; The rad1a1 conflguratzon 1s tW1ce as expen51ve o

. as the hyperbollc conflguratlon.,-

A In the real dropiet the molecular conflguratlons about the

\',




f_??‘{

»

fslngularrty at theAwater surface g;venrby Eq AAVlf2—are—approx‘:32———~

ﬁjarea should vary 1nverselj with the radlus whlch is verlfled

vbY'the'CompUter calculatlon ‘shown " able‘Iv Instead’of'am’*"7"

',1mately correct as long as . the air. surface doesn t have much

1nfluence. Thls 1s satlsfled for small enough rad11 (less than._

"about 3 mlcron) where the polar angle o become very small a=

73
o
way from thetéurfaces( Eq. AVI 7 then predlcts that the energy/
2

-

*constant of proportlonallty ofltsas derlved in Eq. AVI 7 one

b W

'7f1nds 2. SS from the. computer calculatlon. A smaller value is not

unreaSOnable 51nce the flnlte dro%let occuples less volume than\

Jthe sem1 1nf1n1te medlum for which Eq. AVI. 7 was derived.

As explalned in Ch. III and App. II where' there»are-'

N .

,151ngular1t1es 1n the \olume energy the surface can dlstort

. and/or there can be a relaxatlon in the hard plnnlng angle. If

the surface dlstorts it klll form a depre551on, or: ant1 nlpple, -

.'51nceéthls allows a decrease in the pdlar angle at the surface’

.w1th a resultant reductxon in the volume energy An elevatlon or SR

L.

'nlpple would v%crease the polar angle as can be seen from Flg.

L.

IV.2b, whlch would worsen the volume sxngularlty.b

- The reduction of the energy/area (the 1ntegral of the volume'

'energy densrty from the air to the water surface) is proportlonal

" to e decreasev{n the polar angle at the water surface. Thls was '

verlfied,‘ changlng the plnnlng angle at the water surface,f
. the new equlllbrlum solutlon, and calculatlng ‘the eng{gy.
Prom the computer calculatlons the energy/area at the radlus j?

for‘small radii can be‘wrltten as’

-
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2 25’-245:;5) S -
E .Y) 5 f "}"”'_ *""”""iﬁAVI 9)
where.dékszs the amount of the decrease of the polar angle ' R
¢ - '
‘at the upper surface from Eﬁzl -
"[ - When the surface is dlstorted the surface area and there-

»fore the surface energy 1nereases quadratlcally w1th~the slope .

- of the surface for small dlstortléns. For hard plnnlng the4

: slope of the surface is equal to the decrease of the polar_b’

angle at the surface~ Thus the total energy/area wlth dlstorted

N
N~

surface is 69 o »1 f;»s. o L
' 5(7. 5"7-4 “5 .‘(. -LO’— A&u: o R
o - N avrl10) ‘
where Gfis'the-interfacial surfaceftenSIOn.;This>1S‘min;mlzed if
oy (AVI 11)

With SmlO'—‘6 dynes,d?ﬂlﬂzdynes/cm (Kmetz (Km-72)), and at a-

Z¢ad1us ‘of 1 micron the amount of the dlstortlon 1s leO 4

radlans whlchkls suffiflently small to be neglected - _ “..;gf

: The hard plnnlng energy 1ncreases quadratlcally w1th the |
v | 3
change. of the plnnlng angle from its equlllbrlum value. Assumlng

-

'no surface dlstortlons the change in the plnnt/g angle is: equal {

to the change in the polar angle at the surface. Thus the total

"

energy/area 1s

- Ee ﬁ( B f'id&"’} Lk 46’«: e

{AVI. 12) .;;;gtt;i

-

. \:. . - )
ghere Kp is th?\strength of the plnnlng energy ThlS is mlnlmlzed

. A
- [

it~



rfnd at a radlus of 1 mlcron, the amount of dlstortlon 1s 2x10

'whlch neglected the volume 31ngular1t1es occurlng at’ the -
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leth SA&O -6 dYnes,"p~lO dynes/cm (1f 1t were any smaller the e,1':

' 3

;Ai_radlans whf’h agaln 1s sufflclently small to be neglected m‘ﬂ

\__a
Thls 3ust1f1es the\flat cyllnder model used 1n Ch III

B AR

axis of symmetry whlch would be relleved in a. real materlal

v'.by-surface drstortlons erelax;ng(of the.hard prnnlng,
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