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ABSTRACT 

This work t r e a t s  countable complete theor ies  having a f i n i t e  
-1 

number of countable models and s a t i s f y i n g  r e s t r i c t i o n s  on complexity 

of formulae. Most of t h e  emphasis i s  on theories  w i t h  more than one 

countable model, but  some r e l a t e d  r e s u l t s  on t h e  nature of complete 

theor ies  which admit elimination o f  quan t i f i e r s  and have one binary 

re l a t ion  s-1 a re  given. I t  i s  shawn t h a t  there  cannot be two 

incomparable deFinable equivalence re l a t ions  i f  such a theory has 

i n f i n i t e  models and one 1-type. Tournaments whose theor ies  admit 

elimination of quan t i f i e r s  a r e  'considered, and it i s  shown t h a t  there  

is one f i n i t e  example and there  a r e  two countable examples where the  , 

s e t  of successors of a member a re  l inea r ly  ordered. It  i s  shown t h a t  

there  a r e  only four countable undirected graphs which omit the  complete 

graph on three  ve r t i ces  and whose theor ies  admit elimination of 

quan t i f i e r s .  P 

I t  i s  shown t h a t  i f  a countable complete theory has three  count- 

able  models and admits elimination of quan t i f i e r s  i n  a language with 

one binary r e l a t i o n  and constant symbols then the  theory i s  "essent ial ly"  

the Ehrenfeucht example- < Q , < , n > 
nEw ' 

Some conjectures regarding t h e  complexity of theor igs  sa t i s fy ing  

. r e s t r i c t i o n s  on language and number of countable models a re  formulated 

and discussed. A theory- T is  constructed which has nine countable 
0 

models and a nonprincipal 1-type containing i n f i n i t e l y  many 2-types. 

A theory T is  constructed which has four countable models and an 
1 

inessen t i a l  extension T having i n f i n i t e l y  many countable models. 
2 1 - 
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This work i s  concerned w i t h  those countable complete theor ies  
- 

which have a f i n i t e  number of countable models. An elegant  character-  

i z a t i o n  of those theor ies  which have one countable model i s b t h e  

theorem of Engeler [3] ,  Ry11-Nardzewski 191 and Svenonius [ll] : 

a theory i ~ ,  o -categorical  j u s t  i n  case f o r  each n there  a re  
0 

a f i n i t e  number of n2types, The work of Vaught [12, p. 3201 shows t h a t  

no countab3e complete theory -have exact ly  two comt&e models. 

Work of Baldwin and Lachlan [ 2 ]  and Lachlan [61 shows t h a t  a count* e *> 
complet'e theory with a f i n i t e  number of countable models bu t  more than 
n 

e 

annot be superstable.  In  a l e t t e r  t o  Professor Lachlan, Shelah 

f 
u n j e c t u r e d  t h a t  no such theory could be s t ab le .  To our knowledge the  

conjecture remains open. Further progress on the  general problem 

> appears t o  be very d i f f i c u l t .  We s h a l l  r e s t r i c t  ourselves t o  theor ies  

which a r e  simple i n  complexity of language. The main emphasis w i l l  be 

on theor ies  with more than one countable model, but  we a l so  present  

some r e s u l t s  which are  s t r i c t l y  concerned with o -categorical  theories.  
0 

We s h a l l  f i r s t  give a b r i e f  account of the  h i s to ry  of theor ies  with 

more than one model. 

For fourteen years  the  only widely known examples of theor ies  

with a f i n i t e  number of countable models but  more than one were those 

due t o  Ehrenfeucht [12, •˜6 1 .  The archetype of the  example i s  

where t h e  r a t i o n a l  

numbers under the  usual order ,  and the  D a re  d i s j o i n t  dense subsets  
m 

of Q 6 o s e  union is  Q . The theory of  t h i s  s t r u c t u r e  w i l l  have 

( ~ ~ 1 )  + 3 countable m d e l s ,  In  a l i k e  manner ce r t a in  o the r  countable 



li 
r -- \- 

order types can be dis t inguished by constants i n  a model of dense - 

l i n e a r  order t o  give a s t r u c t u r e  whose theory w i l l  have f i n i t e l y  many 
- L 

countable mode 1s. 

Certain tkchniques can then be applied t o  known examples t o  

y ie ld  o thers .  For example the  constants i n  Ehrenfeucht's example may 

rn 
'be replaced by unary predica tes  which determine i n i t i a l  segments of 

the order.  A t  the  expense of eljmination of q u a n t i f i e r s  an example 

with a f i n i t e  language can be given [12, $61. For t h i s  example one 

takes an equivalence r e l a t i o n  E which is  a congruence r e l a t i o n  wit 

respect  t o  a binary r e l a t i o n  R . The  equivalence c la s ses  under E 

.are densely ordered by R , and f o r  each n the re  is exact ly  one 

c la s s  with (n+l) members. , For n< m the  equivalence c l a s s  with 

(n+l )  -members .precedes t h a t  with (m+l) i n  t h e  ordering induced by 

R . Another way of forming a new theory i s  t o  construct  a d i s j o i n t  

union. Given two theor ies  uo ' u1 
which have n , m 

models, respect ively we can form t h e d i s j o i n t  union W having nem 

countable models i n  the following manner. Let P , Pl . be new .unary 
0 

predicate  symbols and c a new constant symbol. We may ass* t h a t  

Uo and U1 have no nonlogical symbols in common. Then the language 

of W is the u n i o n o f  t h e  languages of U and U with 
0 1 

{p0 , P1 , c}. The nonlogical axioms of W a re  the following: 

2) RV . . v -t A P . v  f o r  R an (n+l)-ary 
0' n l j  . j% 

predica te  symbol of U , i = 0 , l  
i 



\ 
\ 

A - -- -- - - 

'-. 
- pp - - - - 

3)  - 1 ~ .  v - i f ~ ~ , . . . ~ v  = c f o r  f an (n+l)-ary 
1 j n 

func t ion  symbol of  Ui and j 5 n\.;i = 0,.1 C 

4)  The r e l a t i v i z a t i o n  

axiom o f  U f o r  
, i 

6 

t o  P of each nonlogical  - 
i 

h 
With "l inking" of t he  .copi,es i n  t h e  d i s j o i n t  union some f u r t h e r  con t ro l  

on t h e  number of countable models may be exer ted .  A l i n k  between an 

m- type p and an n- type q is an (m+n) - t ype  r such t h a t  r > p 

and for every formula cp 

Linking then r e f e r s  t@ t h e  addi t ion  of s u i t a b l e  l i n k s .  , Yet another 
4 

way t o  proceed is  t o  form t h e  product  Uo'ul of two t h e o r i e s  Up ,U1 - 

\ 

which have a f i n i t e  number of  countable yode ls ,  say m,n respec t ive ly .  

E s s e n t i a l l y  i ts  models are obtained from'pode'ls M,N of U and U 
P 0 1 

respec t ive ly  by rep lac ing  each member of M by a copy of  =N . 
Formally we assume t h a t  UO,U1 have no nonlogica l  symbols i n  common. 

A new con'stant c , two unary pred ica t e s  P P and two unary func- o f -  1 s 

I 

t i o n  symbols p ,p a r e  added. The nonlogical  &ions of U *U a r e :  
0 1 0 1 

1) The r e l a t i v i z a t i o n  t o  P of t h e  nonlogical  
i 

ax iomsof  U f o r  i = 0 , 1  
i 

- 
z ,> , 

2 )  Axioms assur ing  t h a t  ob t s ide  P ' t h e  nonlogical  
i 

OQ u, 

symbols of  U have t r i v i a l  i n t e r p r e t a t i o n .  =-< 
. . i 

a )  R v O , .  .: ,V -+ A P .u f o r  R an n-ary r e l a t i o n  
ri - ~j 

j5n 

symbol of Ui and i = 0 , l -  



b)  V 7 P.v  -t f v  f o r  f an 
j m  1-.j n 

- - -  - 

O t * - - t V  = 

(n+l)-ary function symbol of 
Ui , &d .i = 0 , l '  

4 )  pO,pl a re  coordingte project ions onto paJ" , , 

/ 

a )  Vv ( P v  V P v  v v  = c + p v  = c ) -  f o r  i = 0 , 1  
0 0 0  1 0  0 i 0 

b )  Pv ( V  z c A Y A d~ v + . P . P . v  ) f o r  i = 0,1 
0 0 0 0 --I 0 1 1 0  

C 

- 

.q A 2, 

C )  , V V  VV ( P  v A P v + 3 ! v  (p V - =  v A p f 2  = v l ) ' .  

4 0 1 0 0  1 x* 2 0 2  0 

It  i s  not .di8,ficult t o  see t h a t  U *U w i l l  have men- countable 
0 1 6 5 .  

models; and i f  m>l o r  n>l , U 7-U w i J 1  have i n f i n i t e l y  many non- 
0 1 R 

B 
Y 

p r inc ipa l  k-types f o r  some k . "AS f a r  a s  w e  know no p o r e  sophis t i -  
** +d , B ,  . 

cated techniques than those discussed,above have been mentioned i n  the  
! 

l i t e r a t u r e .  
F 

The r e s t r i c t e d  nature of the Ehrenfeucht examples and o thers  

c lose ly  r e l a t e d  t o  them led  t o  the  fo l lowingconjec tures .  e 

( C l ) :  If p is  a nonprincipal 1-type i n  a complete theory w i t h '  

a f i n i t e  number of countable models, and M t h e  countable sa tura ted  

model then the r e l a t i o n  o n  p * ( ~ )  : "a  i s  prime over b" is  a t o t a l  

p a r t i a l  order. 

( C 2 ) :  Let T be a countable complete theory with a f i n i t e  

number of countable models and l e t  p be a nonprincipal 1-type i n  T . 
Let M be the  countable sa tura ted  model of T and p(M) the s e t  of 

individuals  of M which r e a l i z e  p . Then there  is a definable  l i n e a r  

brder  on an i n f i n i t e  subset  of p(M) . The subset  need not be 



( ~ 3 ) :  A nonprincipal 1-type i n  a countable complete 'thegry with 
' 

- - - -- - - - --- 

" .  

a f i n i t e  number o i  countable models can contain a t  most a f i n i t e  number - - 

T is a complete theory with a f i n i t e  number of count- 

dble models then every i n e s s e n t i a l  extension of T has a f i n i t e  

number of countable models. 

I 

(C5)  : Every model of a complete. recursive- theory with a t  most 

four countable models is t o t a l l y  recursive.  
0 

1 

( C l )  , ( C 2 ) ,  (C3) arose when we were f i r s t  attempting t o  character-L 

i z e  theor ies  with three  countable models i n  1974. A s  f a r  as we know 
.- 

A+ 3 ,  

(C2)  remains open t o  t h i s  day. The conjecture i s  given some sfip+rt 
a 

by Lemma-2.1 Chapter 2 where it i s  shown t h a t  a nonprincipal 1-type i n  - 
# 
L 

- & 
c- 

a complete theory with th ree  countable models contains a 2-type q 

I 

- 
such t h a t  i f  ( a r b )  r e a l i z e s  q i n  a model then b is prime over a 

0 '  

while a is not prime over b , (For prec ise  d e f i n i t i o n s  r e f e r  t b  

> 
Chapter 1). C 3  would c o n f i m  C2 f o r  theor ies  w i t h  th ree  countable 

models by an appl icat ion of Ramsey's theorem. C4-derives from work 
. 

-1 

by Benda [ I ] ,  and C 5  is  due t o  M. Morley (unpublished). The conjecture i 

. C 1  never seemed very p laus ib le  b u t  does focus a t t e n t i o n  on an i n t e r e s t -  

ing c l a s s  of theories .  

The s t a t e  of knowledge described above was d r a s t i c a l l y  changed Z ti * %P 

when we learned by l e t t e r  of the  example bf  Pere ty ia tk in  18. $51. 

He introduced a dense binary t r ee .  With thanks t o  A.H. Lachlan we 

reproduce the  following m d e l  of t h e  theory i n  quest ion,  

M = < M , A > where A is a meet operation on M . < Q , < > is  

f i e  r a t i o n a l  numbers under the usual order. 



For f ,g E M l e t  a be the  l a r g e s t  

t o  the  domains of  f  and of q and 

r a t i o n a l  such t h a t  a belongs 

, ,  
& f i n e  f A g = f f (B:B r a) . 

* 
I t  is  then no t  d i f f i c u l t  t o  show t h a t  t h e  c l a s s  of f i n i t e  subs t ruc tu re s  

o f  M is j u s t  the c l a s s  of f i n i t e  b inary  t r e e s .  Also by a back and 

forth"argument one can show t h a t  any isomorphism o f  two f i n i t e  sub- 

s t r u c t u r e s  of M can be extended t o  an automorphism of  M . Using 

the  techniques of  Chapter 3 w e  then know t h a t  t h e  theory of M , 

Th(M), admits e l imina t ion  of q u a n t i f i e r s  and a l s o  t h a t  any countable 

binary t r e e  can b e  embedded i n  M . These f a c t s  ensure t h a t  %(MI 

2s equiva len t  t o  t h e  theory T of $ 2  of  [8]. I f  a  b inary  t r e e  which 
0 

<W 
i s  + sub t r ee  of t h e  complete binary t r e e  2 "and which has  only one 

i n f i n i t e  branch i s  d i s t i ngu i shed  i n  M by cons tan ts  t he  theory of  t h e  

s t r u c t u r e  w i l l  have t h r e e  countable models. Since t h e r e  is  a 
9 

r ecu r s ive ly  enumerable tree with  one i n f i n i t e  branch and t h a t  branch 
# 

i s  nonrecursive P e r e t y i a t k i n  w a s  ab l e  t o  give  a counterexample t o  C5, 

That C5 could no t  be s t rengthened by rep lac ing  fou r  by s i x  w a s  known 

because of an example of L a e l a n  (unpublished) where the  order type 

o* + a was dis t inguished  by cons t an t s  i n  a model of dense l i n e a r  

o rde r .  



P e r e t y i a t k i n ' s  example a l s o  shows t h a t  C 1  i s  f a l s e .  A s  non- 

p r i n c i p a l  l - type  we take the  type of an upper bound f o r  t h e  members 

of  t h e  i n f i n i t e  branch. For t h e  2-type q we take  t h e  2-type i n  p 

which con ta ins  (vo A v # v )  A (v A v # vl) i . e .  t he  2-type of 
1 0  0 1 

two incomparable elements r e a l i z i n g  p . Those theor ie s  f o r  which 

C 1  i s  true w i l l  be  considered i n  Chapter 6. 

A comparison of  Ehrenfeucht 's  example with t h a t  of Pe re ty ia tk in  

r a i s e s  t h e  ques t ion  of  whether t h e  presence of  a function symbol i n  

the  l a t t e r  is  r e a l l y  e s s e n t i a l .  We may formulate t h e  ques t ion  

p r e c i s e l y  as follows. C a l l  the  language of a theory ( o r  s t r u c t u r e )  

s m a l l  i f  t h e  language conta ins  a f i n i t e  number of nonlogical  symbols 

o t h e r  t h a n  unary p red ica te  symbols o r  cons tant  symbols and the  theory 

(of the  s t r u c t u r e )  admits e l iminat ion  of  q u a n t i f i e r s .  The quest ion 

can then be phrased: 

Q1: Let  T be a countable complete theory i n  a small  

language which has no n-ary function symbols f o r  n > 0. 

Does T s a t i s f y  C 1  through C4? 

A second ques t ion  which n a t u r a l l y  a r i s e s  is: 

Q2: Which of C2 through C3 hold f o r  t h e o r i e s  with 

smal l  languages? 

I n  Chapter 2 we give  a p a r t i a l a n s w e r t o  Q1.  There we def ine  

p r e c i s e l y  what we mean when we say t h a t  a s t r u c t u r e  is l i k e  the  

Ehrenfeucht example. Roughly it means t h a t  the  model can be viewed 

as  the  union of a f i n i t e  number of "dense orders"  and an 

w - ca tegor ica l  s e t .  Each "order" i s  a c t u a l l y  t h e  induced r e l a t i o n  
0 

with r e s p e c t  t o  a de f inab le  equivalence r e l a t i o n  and it densely 



o r d e r s  t h e  equivalence c l a s s e s .  In  each "order: *ere a r e  infiaaae1.y 
- -- - -- -- - - 

many p r i n c i p a l  1-types which a r e  " a l r n ~ s t " ~ a r r a n g e d  i n  an  W-sequence, 

W e  con jec ture  t h a t :  

C 6 :  Any complete theory wi th  exac t ly  -three countable models i n  

a small language without  funct ion symbols o t h e r  than cons tan ts  i s  l i k e  

t h e  Ehrenfeucht example. . 

I n  Chapter 2 i t  is  shown t h a t  any complete theory which has only 

cons tan t  symbols, which admits e l imina t ion  of q u a n t i f i e r s  and which 

has exac t ly  three countable models is  l i k e  t h e  Ehrenfeucht example. 

The examples o f  Ehrenfeucht and Pe re ty i a tk in  show t h a t  it i s  

f r u i t f u l  t o  examine w - ca t ego r i ca l  t h e o r i e s  i n  smal l  language i n  o rder  
0 - 

t o  b u i l d  examples of t h e o r i e s  w i &  o t h e r  f i n i t e  .numbers of  countable 
,- 

models, Of p a r t i c u l a r  i n t e r e s t  are those  having one b inary  r e l a t i o n  

symbol, I n  Chapter 3 ,  methods o f  Jonsson [5] and Morley and Vaught [ 7 ]  

a r e  redeveloped f o r  t h e  purpose of  cons t ruc t ing  and cha rac t e r i z ing  

examples of  t heo r i e s  wi th  smal l  languages. Given a c l a s s  T. of 

f i n i t e  s t r u c t u r e s  f o r  a f i n i t e  language such that Z- has t h e  

amalgamation proper ty  and has a prime s t r u c t u r e ,  a denumerable 
. * 

Z-homogeneous Z-universal s t r u c t u r e  M i s  cons t ruc ted  such t h a t  

each f i n i t e  subse t  of ' M 'is contained i n  a member of  Z . When C 

con ta ins  a r b i t r a r i l y  l a r g e  f i n i t e  s t r u c t u r e s  - M is countable and 

when Z is  closed under subs t ruc tu re  and t h e r e  qre uniform bounds on 
. i' 

generated subs t ruc tu re s ,  Th (M) admits e l imina t ion  o f  q u a n t i f i e r s .  

This  r e s u l t  is  given a p a r t i a l  converse. L e t  M be a countable 

s t r u c t u r e  i n  a f i n i t e  language such t h a t  th-eory of  M admits 



.* 

elimination of quan t i f i e r s  axd every f i n i t e  subse t&-Ep  is ccmtainedd)- 

i n  a f i n i t e  substructure.  Let Z be the class of  finite subs t ruc tures  

of M . Then Z has the  amalgamation property and M~ is the  

denumerable Z-homogeneous Z-universal s t ruc tu re .  

Using t h e  r e s u l t s  of chapter  3 we turn  our a t t e n t i o n  t o  those 

countable complete theor ie s  which admit elimination of quan t i f i e r s  and 

have one binary r e l a t i o n  symbol. There are,two approaches which may 
.. 

be used t o  c l a s s i f y  *is c l a s s  of  theor ies .  From the  work of Chapter 3 

we see t h a t  each such theory is determined by the  c l a s s  of f i n i t e  

graphs which can be embedded i n  its countable model. A na tu ra l  question 

i s  thep: 

Q3: Is the re  a proper subclass  of the  c l a s s  s f  f i n i t e  graphs 

which serves t o  determine every countable graph whose 

theory admits el iminat ion of quan t i f i e r s?  

Another approach uses the  notion of neighbourhood. L e t  H = (F,G) be 

such t h a t  F -and G a r e  f i n i t e  c lasses  of f i n i t e  graphs. Then N (H)  

. i s  t h e  s e t  of  isomorphism &es of  those countable graphs whose theor ies  

admits elimination of q u a n t i f i e r s ,  i n  which each graph i n  F can be 

embedded, and i n  which no graph i n  G can be embedded, N(H) is a 
--J P t> ' 

- neiqMourhood of K j u s t  i n  case t h e  isomorphism type of K is  i n  , 

N ( H ) .  The examples of Pere ty ia tk in  [8, $41 show t h a t  not  a l l  graphs 
= 2 ' = =  =.z, 

have even a countabJe neighbourhood and a l s o  show t h a t  t h e  first - - 
3 

00 -f approach i s  l i t t l e  he lp  i n  c l a s s i f i c a t i o n .  H e  bu i lds  2 graphs 

whose theor ies  admit elimination of quan t i f i e r s  a s  follows, For each 

subset A of w he shows t h a t  the  c l a s s  C ( A )  of f i n i t e  graphs i n  



d 

which the undirected 

ha; the amalgamatian 

is a graph G(A) whose theory admits e l imina t ion  o f  q u a n t i f i e r s  and 

such t h a t  Z ( A )  i s  the  c l a s s  oE f i n i t e  graphs which can be embedded 

r 
i n  G ( A ) .  Thus t h e r e  a r e  many neighbourhoods which conta in  uncount- 

ably many members. Several  n a t u r a l  quest ions  a red  immediate. 

Q4:  ' Are t h e r e  countably i n f i n i t e  neighbourhoods? Are t h e r e  
I 

' f i n i t e  neighbourhoods? Are t h e r e  n o n t r i v i a l  empty 

neighbourhoods? 

Q 5 :  Does every neighbourhood have a f i n i t e  subneighbourhood? 

An examination o f  t h e  examples of Pe re ty i a tk in  r evea l s  t h a t  a l l  poss i -  

b l e  2-types occur. Let  8 be t h e  graph with one element a and 

re la4 ion  { ( a , a )  ). Let  -t be t h e  graph with universe  {a ,b )  and 

r e l a t i o n  { ( a , b )  }. Let  0 b e  t h e  graph with  universe  ( a ,b )  and 

empty r e l a t i o n  and l e t  - be t h e  graph with  universe  ' {a ,b}  and 

r e l a t i o n  { (a ,b )  , (b ra )  ). We conjec ture  

a r e  countable. 

In Chapter 4 we give examples which show t h a t  the answers t o  -Q4 a r e  

"yes" and t o  Q5 "no". Also we provide some arguments which lend 

support  $0 C7. I n  t h i s  chapter  t h r e e  b a s i c  s i t u a t i o n s  are considered,  

and t h e  t h e o r i e s  a r e  assumed t o  have only one 1-type, and h&ed it 

i s  assumed t h a t  t h e i r  models a r e  i r re f lex ive- .  I n ' t h e  second s e c t i o n  

we show t h a t  such a theory cannot have t w o  incomparable de f inab le  

equivalence r e l a t i o n s  if it has an i n f i n i t e  model. T h i s  provides  us 



with a n o n t r i v i a l  empty neighbourhood. I n  t h e  t h i r d  s e c t i o n  we g i v e  

p a r t i a l  r e s u l t s  f o r  those t h e o r i e s  whose models a r e  tournaments, i . e .  

which omit 0 ,  c-0 , and 0 0 . It i s  shown t h a t  t h e r e  i s  only one 

f i n i t e  tournament whose theory admits e l iminat ion  of q u a n t i f i e r s ,  and 

t h a t  the re  a r e  only two such countable tournaments which have t h e  

property t h a t  t h e  successors of an element a r e  l i n e a r l y  ordered by 

the  r e l a t i o n .  There i s  a l s o  t h e  countable tournament homogeneous and 

universal  f o r  the  c l a s s  of f i n i t e  tournaments. We do not  know what 

o ther  examples e x i s t .  In  t h e  four th  sec t ion  we t u r n  t o  undirected 

graphs whose theor ie s  admit e l iminat ion  of  q u a n t i f i e r s .  Work of  

A. Gardiner 141 nea t ly  c l a s s i f i e s  t h e  f i n i t e  examples. We show t h a t  

fo r  each n t h e  c l a s s  Z of f i n i t e  undirected graphs which omit t h e  
n 

complete graph with n+2 v e r t i c e s  K 
n+2 ' has t h e  amalgamation proper ty  

and thus  obta in  i n f i n i t e l y  many countable graphs. The conjec ture  t h a t  

H , i s  countable i s  supported by t h e  main r e s u l t  of this 

sect ion  where it is shown t h a t  the re  a r e  only four  countable graphs 

which omit t h e  t r i a n g l e  and whose theor ie s  admit e l iminat ion  o f  

q u a n t i f i e r s  - i .e.  H (4 .  {D,+ ,K~})  has four members. 

I n  Chapter 5 we use t h e  r e s u l t s  of  Chapter 3 t o  f u r n i s h  a counter- 

example t o  C2. The example is r e l a t e d  t o  t h a t  of Pe re ty ia tk in .  We 

produce a dense t r e e  with i n f i n i t e  branching - t h e  sub t rees  above a 

node being indexed by the  r a t i o n a l s .  Using t h i s  a complete theory To 
with nine countable models i s  produced. The nonlogical  symbols of T 

0 

a r e  two binary function symbols, a unary p red ica te  symbol, a binary 

Predicate symbol and countable many constant  symbols. T admits 
0 



- - --- 

e l imina t ion  of q u a n t i f i e r s  and has a  onp principal 
'2 

- 

c'ontains i n f i n i t e l y  many, 2-types. 'However we conjec ture  : 

1- type, wh'ich 

( C 2 ' )  : N o  nonpr inc ipa l  1-type i n  a theory wi th  t h r e e  countable 

models can contain  i n f i n i t e l y  many 2-types. 

Another way t o  focus t h e  a t t a c k  on t h e o r i e s  wi th  a f i n i t e  number 

of  countable models i s  t o  consider  t he  impl ica t ions  of  C 1  and C4, In  
% 

Chapter 6 w e  i n v e s t i g a t e  t hese  conjec tures  a t  g r e a t e r  depth, I t  is 

shown t h a t  i f  every complete i n e s s e n t i a l  extension o f  a theory has a 

f i n i t e  number o f  countable models then the  theory has a un ive r sa l  

model which is  prime over a f i n i t e  s e t ,  thus  improving a r e s u l t  of 

Benda [l: Thm 2 1 .  I n  t h e  second s e c t i o n  we consider  a complete theory 
8 

T with  a nonprincipal  1-type p wi th  t h e  proper ty  t h a t  i n  t h e  

countable s a t u r a t e d  model M t h e  r e l a t i o n  "a  is prime over  b" 

i s  a l i n e a r  o rder  of p(M). W e  show t h a t  i n  f a c t  it is  a dense order  

def ined by a formu1a;thus echoing t h e  r e s u l t  of Chapter 2. F ina l ly  

t h e  r e s u l t s  of Chapter 3 a r e  appl ied  t o  produce a complete theory T 
1 

- with a binary r e l a t i o n  symbol, a 3-ary func t ion  symbol a n d b i n f i n i t e l y  

many unary p red ica t e  symbols. T admits e l imina t ion  of  q u a n t i f i e r s  
1 

and has *four countable models, I n  t h e  s a t u r a t e d  model of T t h e  
1 

r e l a t i o n  "a is prime over b" is a l i n e a r  o rde r  of t h e  set of ' 

elements r e a l i z i n g  each nonprincipal  1-type. T has  a complete 
I 1 

i n e s s e n t i a l  extension wi th  i n f i n i t e l y  many countable models. An 

i nke re s t i ng  unresolved ques t ion  is  whether an example l i k e  T can 
1 

be  found with  t h r e e  countable models. 



. . 
a 

Chapter 1 

Notation and ~ r e l i m i n a r i e s '  

n  t h i s  chapter  we s e t  down the  b a s i c  no ta t ion .  d e f i n i t i o n s  and 

r e s u l t s  which w e  s h a l l  employ throughout. Generally we 

important  r e spec t s  our  no ta t ion  w i l l  d i f f e r  from h i s .  

Let L be a  f i r s t  o rder  language. We use upper case  La t in  l e t t e r s  
7 

t o  denote s t r u c t u r e s  f o r  L . I f  M i s  a  s t r u c t u r e  f o r  L i t s  under- 

l y ing  s e t  w i l l  b e  denoted I M /  . i f  confusion is  poss ib l e  and otherwise 

- 
more simply by M . W e  s h a l l  w r i t e  a d M  f o r  a F ( ~ 1  and a d M  f o r  

- - 
aF 1 ~ 1 ~  when a i s  an n-tuple of  elements of M . L ( A )  w i l l  denote 

t he  language L augmented by c o n s t a n t  symbols f o r  names of  elements 

o f  A . I n  general  we s h a l l  abuse the nota t ion  by using an element a s  

i t s  own name. I f  u  - is a  symbol o f  L and M is a  s t r u c t u r e  f o r  L 

then 
%I 

is the  i n t e r p r e t a t i o n  o f  u  - i n  M . For ease  i n  reading we 

s h a l l  a l s o  w r i t e  u(M) - o r  simply - u when it is  c l e a r  from context  

t h a t  u  is meant. I f  ACM ( M I A )  i s  t h e  expansion of M t o  t he  . 
-M 

a 

theory wi th  names f o r  i nd iv idua l s  a C A  wi th  a = a  . ( M , a )  is 
. M 

We assume a f ixed  l i s t  of va r i ab l e s  {v n  - n & )  . We s h a l l  l e t  

x,xn ,y ,y  , z ,  zn prange among v a r i a b l e s  and cons tan ts  of t h e  language. 
n  

a d 

For a formula q , and a  sequence x  = cxo , .  . . .x > w e  w r i t e  . n-1 
a 

cp (x) f o r  t h e  f o r n u l a .  ip [xo I . .  . , X  1 . I t  is  assumed . - 

- V ~ r * - * r V  
n- 1 

n- 1 

t h a t  no c l a sh  o f  q u a n t i f i e r s  r e s u l t s ,  and un less  t h e  contex t  impl ies  

IS 

otherwise t h a t  t h e  f r e e  va r i ab l e s  o f  ~ ( x )  occur among x  0  ,..., x n-1 



A &---- A L 2 n d  
~f x , y ,  a r e  two f i n i t e  sequences then  q ( x , y )  is  cp (x y )  where 

n L --- 

i s  t h e  o p e r a t i o n  o f  conca tena t ion  of  f i n i t e  sequences.  W F w r i t e  

- 
x f o r  cx> . lh(G)  is  the l e n g t h  of x ' .  

I f  L is  a f i r s t  o r d e r  language and new t h e n  L is  t h e  
n 

s e t  o f  formulae whose f r e e  v a r i a b l e s  occur  among 
v ~ r . g . f v  n-1 * 

b 

L i s  t h u s  t h e  set  of  s e n t e n c e s  f o r  Z . L (A) i s  ( L ( A ) )  . 
0 n n 

We s h a l l  use  lower c a s e  Greek l e t t e r s  X I  @, $J, 0,  t o  range  

1 
among formulae and 0 ,  p, 5 among mappings.   or a formula @, @ 

denotes  1 and deno tes  @ . 
A 

L e t  T be  a complete theory  w i t h  language L ahd l e t  x be a 
I 

sequence o f  n new c o n s t a n t  symbols. A s e t  r o f  formulae i n  L 
. , n 

-. 
i s  a n  n-type i n  T j u s t  i n  c a s e  ~ [ r ]  = T u {cp(x) : qCr) i s  a 

c o n s i s t e n t  ex tens ion  o f ,  T . r is  a complete n-type j u s t  i n  case  
i_ 

T[T] is complete. We r e s e r v e  t h e  l e t t e r  p t o  denote  a complete 

, 1-type i n  T . Upper case  Greek A ,  T, @ w i l l  n o r p a l l y  denote  complete 
4 

n-types. Unless o the rwise  s p e c i f i e d  n-type w i l l  mean complete n-type. 

If M is a s t r u c t u r e  f o r  L and q€L(M) t h e n  M I= cp means " 

that .* i s  v a l i d  i n  M . I f  r c L then  M I= l? means M I= cp 
7 - I 

f o r  a l l  cpCT . M T has  the u s u a l  meaning. I f  a i s  an  n- tuple  

i n  M then  tp(a)  = { c p C ~ ~  : M q ( a ) }  , tp(a is a n  n-type i n  T ~ ( M ) .  
, - - - P ,  - 1 7 -  

t p ( a , b )  = t p ( a  b ) .  W e  s a y  t h a t  a r e a l i z e s  q i f  q c t p ( a )  . 

I ( T , K )  i s  t h e  c a r d i n a l i t y  of  t h e  se t  of  isomorphism types  o f  

- ,  .. -::. . * '  models o f  T o f  p o w e r  K . I f  S is a s e t ,  I S [  deno tes  i ts 

c a r d i n a l i t y .  Countable means i n f i n i t e  and coun tab le .  



T '  is an inessential extension of  the  complete theory T i f  

T' i s  complete and an extension of T i n  a language which d i f f e r s  

from L by f i n i t e l y  many constant symbols. 

Let . T be a  complete theory. We s h a l l  say t h a t  an (m+n) - 
type A is  principal - over an m-type A j u s t  i n  case A c A and 

-L - 

- 
there  i s  some 9 E A such t h a t  whenever M T € M and d 

, 
\ - n 
r e a l i z e s  A we have f o r  each X E fl , M ( 8  + X )  (d <v ,... 

m 

In t h i s  case 9 is s a i d  t o  generate , A over A . I f  M T 

- - - - 
. a  , E M then g. is prime over a*  j u s t  i n  case t p ( a , b )  is 

- 
pr inc ipa l  over t p ( a )  . 

*r ' $, 
7 ,  

If m,n<w a re  given l e t  the '  t ransposi t ion operator  T be 
m,n 

defined f o r  each 8 by 
P 

where 8' i s  a va r i an t  of 9 chosen so t h a t  no v  f o r  i < m+n . 
i 

occurs bound i n  9' . We extend T t o  (m+n)-types i n  the  
m,n 

obvious way. Note t h a t  i f  a is an n-tuple and is  an m-tuple 

- - - - 
then t p  (b ,a)  = T ( t p ( a , b )  P .  

m, n 

We s h a l l  make frequent use of the  following well-known r e s u l t .  

Lemma 1.1 Let M be a  model of the  complete theory T and 

- n -  - - 
l e t  a ,  6 ,  c E .M be such t h a t  b  c is prime over a  and a  is .> z- 

- . s* - - I I  - - 
prime pver b  . Then b c is prime over b . 

- n - n -  
generate t h e  type of a  b c  over t@(a)  and l e t  @ generate 



Then 

- I 1  - 
w i l l  generate t h e  type of b c over t p ( g )  . 

I f  ?? i s  a 2-type, p ,q 1-types with p C r and q C Tlt1  ( r 
1 

then r is sa id  t o  be i n  pxq . 
A formula $ with one f r e e  var iable  v is  s a i d  t o  be, 

0 

8 -categorical -just i n  ease kr each there a r e  a f i n i t e  number 
0 

of m-types r which- contain 1C, (v .  ) fo r  i < m . 
1 

A graph is a s t r u c t u r e  f o r  the  language with one binary r e l a t i o n  , 

symbol R . I f  G is a graph I G I  is  the vertek- set of G and 

members a r e  ca l led  v e r t i c e s  while R i s  the edge set  and members a r e  
G 

t 

cal led  edges. 



Chapter 2 

Ehrenfeucht-l ike t h e o r i e s  * - I 
cs - - L  . 

1. ~ h f h i t i o n s  
-4- 

In t h i s  chapter  we give some r e s u l t s  which i n d i c a t e  a d i s t i n c t i o n  
I 

L 

between two types  of t h e o r i e s  i n  a small language - those  with only  

e 

r e l a t i o n  symbols and cons tan t  symbols and those  which al low funct ion 

symbols. These di f fekences  a r e  r e l a t e d  t o  conjec tures  C1,  C 2 ,  &d C3, 
/ 

The main theorem uses severe  r e s t p i c t i o n s  on t h e  rider o f  c o u n i m e  - -  

models and t h e  language. Before in t roducing these  however we s h a l l  

p r e s e n t  some more gene ra l  r e s u l t s ,  and t h e  notion of being " l i k e "  

an Ehrenfeucht s t r u c t u r e .  

Vaught's argument of 112; p.3201 t h a t  no countable complete theory 

has  exac t ly  two isomorphism types  o f  countable models may b e  - modified 

using h i s  Theorem 3.5 [12; p. 3111 on t h e  ex i s t ence  o f  prime models t o  

give  t h e  following observat ign,  

I f  I ( T , w )  = 3 then  T has countablemodels  M M andM 
0' 1' 

C 

where M i s  prime, - 
M1 

is  s a t u r a t e d ,  and f o r  each nonprincipal  
0 - 

n-type A t h e r e  i s  a sequence a € M such t h a t  tp(a = A and 

- 
M is  prime over a. The modif icat ion is  t o  no te  t h a t  T and 'any 

complete i n e s s e n t i a l  extension of T have prime and s a t u r a t e d  count- 

a b l e  models. Thus given a nonprincipal  n-type A t h e r e  i s  a couqt- 

a b l e  model N of  T and 1; C N such t h a t  N id  prime over and 

b r e a l i z e s  A . B u t  then N cannot be  s a tu ra tgd  and i% cannot be 

prime. Thus i f  M is a prime m d e l  of  T , M1* is a countable 
0 

s a t u r a t e d  model of T and M i s  the t h i r d  countable model of T 

M must be  isomorphic t o  N . We c a l l  M the middle mode l  of T . 



h o t h e r  r e s u l t  W c X  WE aiscovered in7Ependently by - ~ e n d a  [m 
, - 

and t he  author- is :  '- 

Lemma 2.1  Let U be a countable complete theory with 

I ( U , w )  = 3. Then i f  A i s  any nonprinkipal  m.-type t h e r e  i s  a 2m-type 

while T ) is no t .  
m t m  - 

Proof. Let M be  prime over a r e a l i z i n g  A . There a r e  

i n f i n i t e l y  many m-gypes s ince  A i s  nonprincipal  and hence i n f i n i t e l y  

- - 
many m-types over a , i . e .  i n  Th ( M , a ) .  Thus t h e r e  is  a 2n-type 

- 1  

' 2 A which is n o t  p r i n c i p a l  oker A . ~ h b o s e  a r e a l i z i n g  il 
~ -, n - 

and such t h a t ,  a b r e a l i z e s  r 1  and M is  prime over 

- I  fl g - n - I  

a . Consider t h e  type I- = t p ( a  a ) .  r , is  p r i n c i p a l  over A 

- 
s ince  ' M is prime over a b u t  7 (r)  cannot be  p r i n c i p a l  over A m,m - 3 

f o r  otherwise I" would be p r i n c i p a l  over A by Lemma 1.1 . This 

1 
e s t a b l i s h e s  t h e  lemma. 2 %&$ ep @ 

=3 

L e t  T be  a countable complete theory which has  a b inary  r e l a t i o n  
* = 

% 

symbol R . For cp C L d e f i n e  
1 

i 

lcpq = ((Rxy A Ry XI d ( 7 Rxy A 1 Ryx)) A cp(x) A cp(y) . 

We say t h a t  property E holds of  cp i f  the following seveS  

i condi t ions  a r e  s a t i s f i e d :  - 

i. e .  l9 is  an equivalence r e l a t i o n  on cp . 
(ii) kT A lqyyl A ~ x y  A 1 ~ y x  + RX y A l ~ y  x 

1 1 1  1 1  
pi - 

i. e .  X~ is a congruence r e l a t i o n  wi th  r e s p e c t  t o  Rv ir A 1 Rv v 
0 1 1 0  



(Rzy A 7 Ryz)) where z is a new v a r i a b l e  

* - 
i .e.  (R; v A 1 Rv v ) is dense on rp/xip . 

0 1  1 0  

va r i ab l e .  

i .e .  Rv v A 1 Rv v 
0 1 1 0  

and : 

32 ( c p  f z )  A (ftxz h 7 Rzx) ) where z i s  a new 

32 (cp(z) /\ (Rzx A 7 Rxz) ) where z i s  a new 

0 
i s  "without endpoints" on cp/kip . 

(v i i - )  Either f o r  each p r i n c i p a l  1-type p conta in ing  cp t h e r e  

a r e  a t  most f i n i t e l y  many .l-types q conta in ing  cp such 
$ 

t h a t  t he re  is  a 2-ty& A i n  pxq containing % 

((Rv V A T R v  v ) V X'Py v ) 
1 0  0 1 0 1  

o r  f o r  each princ. ipql  1-type p t h e r e  

a r e  a t  most f i n i t e l y  many 1-types q conta  ng cp such 
1 

t h a t  t h e r e  is a 2-type A i n  pxq conta in ing  

1 4  

Roughly speaking proper ty  E holds of i f  i n  each model N 

of T t h e  s t r u c t u r e  obta ined by r e s t r i c t i o n  t o  cp resembles t he  

Ehrenfeucht example: R is a dense order ing  o f  equivalence c l a s s e s ,  
N 

and p r i n c i p a l  tvpes  are almost arransed i n  a seauence. 



~~~~~ - - - -  

A model M of t h e  complete theory T whose language incluges  
t 

J' 

t h e  b inary  r e l a t i o n  symbol R is s a i d  t o  be E - l i k e  i f  t he re  a r e  a 

f i n i t e  number o f  formulae q0; .  . . .$I t L such tha t :  
n 1 

(i) proper ty  E holds  o f  q f o r  i 5 n 
i 

I n  t h i s  case w e  a l s o  say t h a t  T i s  E- l ike .  - 

2 .  The Theorem 

For t h e  remainder of t h i s  chapter  we assume t h h t  T is  a complete 

theory i n  t h e  lahguage with  one b inary  r e l a t i o n  symbol R and constant  

symbols {a  : i C } . We a l s o  assume t h a t  T admits e l imina t ion  
i 

* 
of q u a n t i f i e r s  And t h a t  it has t h r e e  countable models. 

Our main r e s u l t  is the  following: 

Theorem 2 . 1  There i s  nCw and t h e r e  a r e  formulae C P O t - .  . 
Ll 

such t h a t  1 V cp i s  w - ca t ego r i ca l  and f o r  each i5n proper ty  E 
i 0 

iTn 
holds of . q  . . . i 

The proof of t h i s  theorem r e s t s  on t h e  following two lemmas whose 

proofs  a r e  defe r red  t o  $ 3  and $ 4 .  

Lemma 2.2 Let  ' E L be  contained i n  a nonprdncipal l - type p . 
1 

Then the re  i s  a formula qCp such that kT cp -+ Q' land proper ty  E 

holds of 3 . 

Lemma 2.3  There are only f i n i t e l y  many nonprincipal  l - types  i n  T . 
-2. 

The following i s  immediate: 



Lemma 2.4'1'1f i s  an n- tuple  i n  a model N of  T then 

t p ( b )  is  t h e  unique n-type A such t h a t  7- . (A) 2 t p ( b . 1  , 
n - j , ~  I Y 

v = v  ~ A i f f b  = b  
i j - i j w i v j  F A i f ;  N ~ b . b :  1 3  f o r  

Proof of t h e  theorem from the  lemmas, By Lemma 2.4 and 

Ryll-Nandzewski's theorem t h e r e  must be  a nonprincipal  1-type i n  T . 
< 

\ 
By Lemma 2.3 t he re  a r e  f i n i t e l y  many nonprincipal  1-types,  say 

Pit= -Pn . Choose 'i such t h a t  . p .  i s  t h e  only nonprincipal  
1 

1-type t h a t  contains  $: f o r  i 5 n . By Lemma' 2:. 2 we may choose - 
such t h a t  and E holds  of f o r  

'i / 
\ 

i 5 n . There can be  no nonprincipal  1-type which con ta ins  1 V cpi . 
iTn 

From Lemma 2 .4  it is easy t o  s e e  t h a t  7 . V  qi i s  w -ca tegor ica l .  
151 0 

This completes the  proof.  

3. Proof of ~gmma 2.2 

Recal l  t h a t  we must show t h a t  i f  T s a t i s f i e s  t h e  condi t ions  o f  

I 

t h i s  chapte r ,  p i s  a nonpr inc ipa l  1-type o'f T and @ E p then 

t h e r e  is a formula € p such t h a t  
t T  

cp -t cp ' , and cp has proper ty  E .  

Let p be a nonpr inc ipa l  1-type o f  T . L e t  M be  t h e  middle 

model of T . 
Consider now those  2-types A i n  pxp which contain  v 0 # Vl - 

By Lemma 2.4 we see  t h a t  each such A i s  s p e c i f i e d  by the p a i r  - .  

2 i 
(i,j) C i0.1)  such t h a t  (Rvovl) b ( R v v  )j C A .  By Lemma2.1 

1 0  

t h e r e  i s  some type I' i n  pxp which is p r i n c i p a l  over p while 

T ( r )  is  not.. Let  8 generate  r with r e s p e c t  t o  p . By e l imi-  
1,1 

'% nat ion  of q u a n t i f i e r s  without l o s s  of  g e n e r a l i t y  we may take  8 t o  be  

(Po A q  ( v )  A , R v v  A l R v v  A v  # Y  wherecp € p .  
0 1 0 1 1 0  0 1 0 



Note t h a t  8 cannot be  symmetric i n  v  , v  s i n c e  7 (r)  is  no t  
0 1  * 1, 1 L 

I 

p r i n c i a p l  over p  . 
C l a i m .  T ( r )  is t h e  on15 2-type i n  pxp which is  nonprincipal  

1,1 
. 

over p  . 
* 

For proof by cqn t r ad i c t i on  assume t h a t  A is a  2-type i n  pxp 

which is nonprincipal  over p and d i f f e r e n t  from T (r)  . Let a be 
I r l  

- - - - 

a  member of the  middle model M which r e a l i z e s  p  and over  which M 

is prime. Let M be prime over (c ,d )  r e a l j z i n g  Q . Now ( a r c )  

and . (a ,d )  r e a l i z e  types  p r i n c i p a l  over p  and from Lemma 1.1 n e i t h e r  

( c , a )  nor (d ,a )  r e a l i z e s  a  type p r i n c i p a l  over p  . Therefore 

r = t p ( ( a , c ) )  = t p ( ( a , d ) )  by Lemma 2.4 . The type A of ( a , c ,d )  ' 
4 

i s  p r i n c i p a l  over p  and T ( A )  is p r i n c i p a l  over A . Since d  
5 !. 1 ,2  * 

r e a l i z e s  p  t h e r e  is  a p a i r  ( e ,  f )  CM such t h a t  (d , e  , f )  r e a l i z e s  A . t 

We s h a l l  show t h a t  ( a r e , • ’ )  a l s o  r e a l i z e s  A . Now ( e ,  f) r e a l i z e s  . 

A and as before  by Lemmas 1.1 and 2 . 4  = t p ( a , e )  = t p ( a , f )  -since 

M is  prime over a  b u t  n o t  over e  o r  f  . For M prime over e  

o r  f  would imply by Lemma 1.1 t h a t  M was prime over  d  , a contra- 

d i c t i o n .  B u t t h e n  by Lemma 2.4 t h e  type of ( a , e , f )  is  A . By 

homogeneity of prime models ( s ee  Vaught [12, p.3101) t h e r e  i s  an 

automorphism of M +R3iEg- a  and tak ing  ( c ,d )  onto  ( e , f )  . . 

Thus M is  a l s o  prime over . ( e , f )  . But ( d , e , f )  r e a l i z e s  a type 

p r i n c i p a l  over p  . Hence by Lemma 1.1 M i s  prime over d  whence 

(d , a )  r e a l i z e s  a  type p r i n c i p a l  over p  , a cont rad ic t ion .  This 

v e r i f i e s  t h e  claim. 



From t h e  d e f i n i t i o n  of TI r # (n. Thus from t h e  claim we 
1 I 1  I 

may choose cp C p  such t h a t  f o r  i , j < 2 C 
ei ther t T 7 3 v  3v (q A q (v l )  A (Rv v  ) i  A ( R v v  1' A v  # vl)  

0 1. 0  1 1 0  0 

and 

the re  i s  a unique 2-type A i n  pxp containing . 
i, j 

i 
1' = q  h cp(vl) h (Rvovl)  A ( R v  v ) j  A v  # v  

i , j  1 0  o 1 

1" genera tes  A , over p r  o r  T (k(P , )  
~ I J  i , l  /' 1,1 111 

generates  7 ( A  over p  . 
1,l i , j  

We c a l l  t h i s  the  basic res tr ic t ion on cp , and assume t h a t  q  s a t i s f i e s  
Y 

t h e  b a s i c  r e s t r i c t i o n  i n  t h e  remainder of t h i s  s e c t i o n .  

We may a l s o  suppose wi thout  l o s s  t h a t  

vv0(q + Rv v  ) V 'dv ( c p  + l R v  v . 
0 0 0 0 0 

For i f  $ t p and IT Ji +- q  and q  s a t i s f i e s  t h e  b a s i c  r e s t r i c t i o n  ' 

then $ does a s  wel l ,  - 

The proof i s  now reduced t o  a  number of claims which permit  one 

t o  choose a  formula cp C p such t h a t  tT cp -+ c p '  and 9 i s  E-like. 

Claim 2.1 Given a formula q p  the re  i s  a formula $ i n  p  

such t h a t  i f  q* is any formula i n  p implying cp A $ then q* 

s a t i s f i e s  E (i) . 

Let Ji be t h e  formula 

We s h a l l  show f i r s t  t h a t  Q € p  . Let M be prime over a  r e a l i z i n g  

p  and l e t  b , c  be elements such t h a t  

M 1 1'ab A 1% . 



From the  d e f i n i t i o n  of A' e i t h e r  hcp o r  hcp belongs t o  the  
0 I-0 1 I I  

type r e a l i z e d  by ( a , b ) .  Suppose t h a t  M b 1' ( a r b )  without l o s s  
0 ,o  f 

of g e n e r a l i t t .  There i s  a unique 2-type A 
1 

i n  pxp containing 
O I O  

1' f rom~emrna2 .4 .  s ince  1' v V )  =A' ( V , V ) ? ,  - - 
0 I0 0 ,o  1 "  0  0 ,o  0  1 *o,o 

T - ( A  1 whence A is  generated over p by A' 
1,l 0,O 0 10 0 ,o  . Thus" 

(b , a )  r e a l i z e s  A and M i s  prime over- b  by Lemma 1.1. 
0,o V 

Simi la r ly ,  M i s  prime over  c . I t  follows t h a t  t h e  types  r e a l i z e d  

by ( a , c )  and ( c , a )  a r e  both i n  pxp and p r i n c i p a l  over p  . 

Neither of these  types  can contain  1' whence M 1 hcp(a Ic )  as  
o r 1  

required.  

I f  q* is any formula 'in p  implying q A j, it is c l e a r  t h a t  

1, 
'P* P * x y  A X yz - P*XZ 

s ince  by inspect ion x('*v v i s  equiva len t  t o  q* h cp*(v ) X'V v  . 
0 1 1 0 1 

'Thus any cp* i n  p  which impl ies  cp A $ w i l l .  s e rve  t o  s a t i s f y  E ( i )  . 
Thus claim 2.L i s  v e r i f i e d .  

Let ex be t h e  formula X A X(v ) A Rv v A 1 Rv v 
1 0 1 1 0  

where X has a t  most v  occurr ing f r e e .  
0  Q 

C l a i m  2.2 Let E p . There i s  a formula j, E p such t h a t  

any * C p which impl ies  j, w i l l  s a t i s f y  E ( i i )  . 

Let $ - b e  t h e  formula 

We aregu t h a t  $ p . Let a , b , c , d  be elements of  M such t h a t  M 

is prime over a , a r e a l i z e s  p  and M ~ ' a b  A eq (a , c )  A h'cd . 
~t is  easy t o  s ee  t h a t  b , c  and d r e a l i z e  p and t h a t  ( a ,  c )  

r e a l i z e s  r because o f  t h e  b a s i c  r e s t r i c t i o n  on . Also i f  



(b ,d)  does n o t  r e a l i z e  r then  M is prime over d and thus  a l s o  

over c  con t r ad i c t i ng  t h e  f a c t  t h a t  ( a r c ) -  r e a l i z e s  r . Arguing 

a s  f o r  C l a i m  2.1 we see  t h a t  any cp* i n  p which impl ies  $ w i l l  

s a t i s f y  E ( i i )  .\ 
Claim 2.3 Let q € p s a t i s f y  E ( i i ) .  Then t h e r e  i s  $ € p such 

1 

t h a t  i f  cp* C p and q* + rp A $ then q* sat i i f ies  E ( i i i )  . 
t 

Let I) b e  t h e  formula 

We show t h a t  @ C p . I f  M i s  prime over a  r e a l i z i n g  p  and 

b I c  a r e  such t h a t  M k @'(arb) A 8"b.c) , then b I c  r e a l i z e  p  

from t h e  b a s i c  r e s t r i c t i o n  on rp . The type o f  ( a r c )  i s  determined 

2  
by t h e  unique p a i r  i I j  € 0 , 1 such t h a t  M )icp . ( a , c )  . If 

i I I 

(if j )  is (0,O) ' o r  (1,l) then M k h'ac which g ives  M b eQ(c ,b)  

s i n c e  q s a t i s f i e s  E ( i i )  . This con t r ad i c t s  M erp(b,c)  . I f  

(if j )  is  ( 1 , O ) .  then ( c , a )  r e a l i z e s  J? , which means t h a t  ( a , c )  , 

r e a l i z e s  T ( r )  con t r ad i c t i ng  t h e  f a c t  t h a t  M is  prime over a . 
1, 1 

Arguing a s  f o r  C l a i m  2 .1  any q* i n  p which impl ies  cp A $ w i l l  
+I 

serve  t o '  s a t i s f y  E ( i i i )  . 
C l a i m  2.4 Let , p  be  the  only nonprincipal  1-type which contains  

q . Then i f  ip* € p and 1, rp* -+ q we have t h a t  rp* s q t i s f i e s  E(v i i ) .  

Let  < p be such t h a t  p is  t h e  unique honprincipal  1-type 

conta in ing  cp . Let q be  a p r i n c i p a l  1-type which contains  q  . 



Notice that 

{q '  : there  e x i s t 3  A i n  q' x, q such t h a t  X"V v  V B? C8) 
0 1 

is  f i n i t e .  Otherwise, by the  compactness theorem the re  e x i s t s  non- 

p r inc ipa l  q '  and A i n  q '  x q such t h a t  A% v v 0' F A  . Since p 
0 1 

i s  the only nonprincipal 1-type containing q , we have q '  = p . But 

(h'v v v 0') f A , A 3 p and T ( A )  3 q imply t h a t  q  = p by the  
0 1 111 

bas ic  r e s t r i c t i o n  on ip . Thus q is n6nprincipal,  a  contradict ion.  

This shows t h a t  ip s a t i s f i e s  E ( v i i )  , and  t h e  claim follows eas i ly .  

C l a i m  2.5 I f , q  s a t i s f i e s  i ,  i i and p is  the 

unique nonprincipal 1-type containing ip then the re  is a  formula X 
1 

i n  p  such t h a t  1, X + ip and X s a t i s f i e s  E( iv )  . . 
? 

Let $ be 

We have $ p s ince  ip s a t i s f i e &  E ( i i i )  and 0' generates r over 

p. For i f  M i s  prime over a rea l i z ing  p there  a re  then b , c  

such t h a t  M 0'(a,b) A eq(b ,c )  . By E ( i i i )  M @'(arc) whence 

0 3 ( 0  v  ) A 0 v v ) belongs t o  I' . By choice of  q~ , ip 
2 0  2 2 1 

is  w -categorical .  Let p  , . . . ,p  enumerate those 1-types containing 
0 0 m 

ip A 7 $ . We claim t h a t  the re  i s  a f i n i t e  list of 1-types qOt-  - tqn 

extending pol..  . ,p such t h a t  f o r  each i C n q C qi and 
m \ 

(*)Vq(q a  1-type A 3A(Aa 2-type A 3 q A T ( A )  2 q .  A ( ~ ' v ~ v ~  ve') 
1,l 1 

( * )  says t h a t  q 0  . . , i s  closed under "predecessors" with 

respect  t o  (0' v 1'). m e  l ist  <q : i 5 nz e x i s t s  s ince  Q already 
i 

s a t i s f i e s  E ( i ) ,  E ( i i ) ,  E ( i i i )  and E ( v i i )  : one need only extend the  l i s t  

P o ~ - f P m  by adding those q f o r  which 



(3. 5 m) 36(A i n  q x pi and l Y v  v v eW C A I  . 
1 0 1 

~ e t  X = df ip A A 1 X . Now X s a t i s f i e s  E ( i )  , E ( i i )  . E ( i i i )  'and 
A 

i 
i5n 

and ( v i i )  . Also s i n c e  the  l i s t  q o , - ~ q n  extends P o t = - . t P m  we have 

From ( * )  we can deduce 

Thus X s a t i s f i e s  E ( i v )  . 
C l a i m  2 .6  I f  C p and p is t h e  unique nonprincipal  1-type 

i 

containing-  ip then 0 ( c p  -+ 8 ) and cp s a t i s f i e s  E (v)  . For 

l e t  M be prime over a r e a l i z i n g  p and l e t  b C M be  such t h a t  
\ 

M cp (b )  . If b r e a l i z e s  a nonprincipal  1-type then t h a t  type 

i s  p and s ince  0' generates  I? over p 

Otherwise b r e a l i z e s  a p r i n c i p a l  type and 

r e s t r i c t i s n  on ip . M k .  0' ( b r a )  Thus 'P 
J 

Now we s h a l l  apply C l a i m s  2.1, 2.2,  2 . 3  

aga in  because of  the  b a s i c  

s a t i s f i e s  E (v )  . 
. Choose (p0 C p such 

t h a t  ip s a t i s f i e s  t h e  b a s i c  r e s t r i c t i o n ,  
'T '0 -+ q I ,  p is  t h e  unique 

nonprincipal  1-type containing (Po and i f  q* C p and tT ip* + 'Po 

then Q* s a t i s f i e s  E ( i )  , E (ii) and E (iii) . By C l a i m  2 .5  w e  may assume 

'Po 
t h a t  Q s a t i s f i e s  E ( i v ) .  Now l e t  cp be 3x7 ( 9  (v l , vo ) ) .  Clear ly  

0 1 

q~ E p . Also q s a t i s f i e s  E ( i )  , E ( i i )  and E ( i i i )  and by ' Claim 2 .4  
7 

E ( v i i )  and by C l a i m  2.6 E(v) : cp s a t i s f i e s  E ( iv )  and E ( v i )  because 
." 

'0 
s a t i s f i e s  E ( i v )  . 

Thus q has proper ty  E and t h e  l e m m a  i s  proved. 



4. Proof of Lem 2.3 

Under t he  condi t ions  of  t he  theorem we p r m  that there are only 

f i n i t e l y  many nonprf n c i p a l  1-types . 
* 

Assume t h e r e  a r e  i n f i n i t e l y  many. Then t h e r e  i s  a formula q 

which i s  contained i n  i n f i n i t e l y  many nonprincipal  1-types and is  

"minimal" among such formulae: i , e .  f o r  no formula i s  it the  case  

t h a t  cp A $J and cp A 7 + a r e  each contained i n  i n f i n i t e l y  many non- 

Wo 
p r i n c i p a l  1-types. Otherwise t h e r e  would be 2 1-types and thus  2 

0 
A* 

countable models. [12, $5,11 

I t  is  easy t o  s ee  t h a t  t h e r e  are exac t ly  w nonprincipal  1-types 
0 

p' containing q such t h a t  f o r  some p '  i s  t h e  unique nonprincipal  

1-type containing $J . Such 1-types we c a l l  isolated nonprincipal - 

1-types. Let <pi : i F- w> be an enumeration without  r e p e t i t i o n  of 

a l l  i s o l a t e d  nonprincipal  1-types containing q and l e t  q i  be chosen 

d t h a t  pi i s  the '  unique nonprincipal  type conta in ing  
I 

'Pi . 

Then t h e  sequence <cpi : i F w> s a t i s f i e s  f o r  each i, j < w 

(i) tTQiicp 
(ii) 

'i 
belongs t o  exac t ly  one nonprincipal  1-type namely 

Pi 

and 

( i v )  i f  belongs t o  an i s o l a t e d  nonprincipal  1-type q 

*&.re is i C w with cp F q . 
i 



By t h e  compactness theorem t h e r e  i s  some nonprincipd.  1-type 

p  > f q ]  U { l q i  : i f a] . B y  t h e b h o i c e  of q and a p  : i f o> i 

t he re  is  only one such p  . 
* 

I 

By kmma 2 .1  l e t  r be a  2-type i n  pixpi which is  p r i n c i p a l  
i 

over b u t  such t h a t  T ( I? .  ) is not p r i n c i p a l  over and l e t  
1,l 1 

r be a  type i n  pxp with  t h e  same property.  Let  M be  prime over 

c  r e a l i z i n g  p f o r  each i f o and a l s o  prime over  c  r e a l i z i n g  p . '  
i i 

I 

L e t  c l  , i f o , a n d  c be  elements o f  M such t h a t  (c: ,cl 1 

r e a l i z e  r and ( c , c l )  
i 

obtained by showing t h a t  

From Lemma 2 .4  t h e r e  can 

We claim t h a t  t h e r e  

1 1 .  

r e a l i z e s  . The con t r ad i c t i on  w i l l  be 

t h e r e  a r e  f i v e  d i s t i n c t  2-types i n  p  x p  . 
0 

be  a t  most four. 

i s  a  s t r i c t l y  increas ing  sequence of p o s i t i v e  

i n t ege r s  <i : j f o> and t h e r e  a r e  p a i r s  <k k  > , t k  2 > and 
j 0' 1 0 '  1 

<mo t ml> i n  {0,1) such t h a t  f o r  each j € o . 

To f i n d  <k k > and a  subsequence i t  : j 6 which s a t i s f i e s  (i) 
0' 1 j 

we need only observe t h a t  some one o f  t he  four  poss ib l e  p a i r s ,  say 

(k  ,k ) must be such t h a t  f o r  i n f i n i t e l y  many i E o 
0 1 

kl 
(RvOvl) A (Rv v ) tp (co ,c i )  . 

1 0  

By th inn ing  ti' : j f u> twice we can f i n d  < i  : j < o> , 
j j 

< k  k > and <m ,m > such t h a t  ( i) ,  (ii) and (iii) a r e  a l l  s a t i s f i e d .  
0'  1 0 1 



From Lemma 1.1 t p  ( c 0 , c i )  is p r i n c i p a l  over  Po and 

. I  t - 
T ( t p ( c o ,  ci)  ) is p r i n c i p a l  over  . Also t p  (co,ci)  is p r i n c i p a l  
1,1 

o v e r  Po and ( t p ( c o I c i )  ) i s  n o t  p r i n c i p a l  over  
'i 

; whi le  
1,l  

1 

t p  (co 'ci) i s  n o t  p r i n c i p a l  over  
P O  and 1,l ( t p ( c ; , c i ) )  i s  

p r i n c i p a l  over  Thus t h e  p a i r s  <k k  > , <QOf  el> and c m  ,m > 
0 '  1 0 1 

a r e .  d i s t i n c t  by Lemma 2.4 , By t h e  compactness theorem t h e r e  a r e  

d i s t i n c t  2- types  Ao,  "I, A 2  i n  p 0 x p  such t h a t  

mo ( R v v )  A ( R v v )  
ml 

0 1 1 0  
€ A 2  . 

Notice  t h a t  none o f  A o l  "I A2 i s  p r i n c i p a l  over  Po . Suppose, f o r  ' 

example, t h a t  " 0 

is genera ted  by 8 over  Po . By Lemma 2.4 and 

e l i m i n a t i o n  of q u a n t i f i e r s  we may t a k e  8 t o  b e  

ko kl ( R v v )  A ( R v v )  A $ ( v l )  where $ F p .  Every 
0  1 1 0  

1 

formula i n  p  is con ta ined  i n  a l l  b u t  f i n i t e l y  many o f  t h e  types  p  
i 

Thus t h e r e  is  some j C w such t h a t  M $(c . But t h e n  (co,ci ) 
i 

- j j 

r e a l i z e s  A. , an i m p o s s i b i l i t y .  Thus w e  have t h r e e  2-types i n  p o x p  

none of  which is p r i n c i p a l  o v e r  Po . A t  t h e  same t i m e  t h e r e  a r e  a t  

l e a s t  two 2-types i n  p o x p ,  namely those  r e a l i z e d  by (cO.c)  and 

, c which a r e  p r i n c i p a l  o v e r  Po . This  is t h e  d e s i r e d  con t rad ic -  

t i o n .  

Thus t h e r e  a r e  on ly  a f i n i t e  number of n o n p r i n c i p a l  1- types i n  T .  



5. summary 

O u r  ana lys i s  shows t h a t  under considerable  r e s t r i c t i o n s  I(T,w) = 3 
n 

implies t h a t  any model of T i s  l i k e  t h e  Ehrenfeucht example. Benda 

has pointed ou t  t h a t  we may no t  have used t h e  f u l l  f o rce  of  the assump- 

t i o n  I ( t , w )  = 3 s i n c e  we only use t h e  ex i s t ence  of  t h e  middle model 

M. This remark suggests  t h e  following quest ion.  

Q 6 :  I f  a  countable complete theory has  a middle model, does 

it have t h r e e  codtable models? 

An ana lys i s  o f  t he .p rdo f s  of Lemmas 2.2 and 2 ;  3 shows t h a t  T 

s a t i s f i e s  ( C l )  , (C2) and (C3) of t he  introductiofi .  



Chapter, 3 

In  t h i s  chapte r  we redevzlop methods of  ~ o k s o n  [ 5 ]  and Morley 

and Vaught [ 7 ]  f o r  t h e  purpose o f  cons t ruc t ing  and cha rac t e r i z ing  
Y 

t heo r i e s  i n  a small language. 

The most important  concept involved is t h a t  o f  a c l a s s  o f  s t r u c -  

t u r e s  having t h e  amalgamation roper ty .  L& 2 be  a c l a s s  o f  s t r u c -  9 
- 

t u r e s  f o r  a language L , We say t h a t  C has  t h e  amalgamation 
U 

property (AP) ~ r o v i d e d  that whenever G ,  Ho, H ~ :  eo ,  e l  a r e  such t h a t  

- G ,  H  H C Z ,  eo : G -t H and e : G -+ H  a r e  embeddings then 
0' 1 0 1 1 

t h e r e  i s  H  C C and t h e r e  a r e  embeddings . f o , f l  where 
4 

- 
f o  : H  + H , f  : H  + H  and f g o e o - f l o e l .  

0 1  1 

For t h e  remainder of  t h i s  chapter  l e t  L be  a f i xed  f i n i t e  

language. The reader  should bear  i n  mind %at L may conta in  c t i o n  

I symbols. 

Let  C be a c l a s s  of  f i n i t e  s t ruc t ,mes  f o r  L and l e t  M be  a 

denumerable s t ruc . ture  f o r  L . 
M is s a i d  t o  be  1-universal provided t h a t  every s t r u c t u r e  i n  C 

can be embedded i n  M . 
'.+ --w, 4- 

, & 
M i s  s a i d  t o  b e  1-homogeneous provided t h a t  whenever G , H  a r e  

subs t ruc tu re s  of M which a r e  isomorphic t o  members o f  C and when 
4 

f : G -+ H  is an isomorphism then the re  i s  an automorphism g o f  M 

which extends f (i. e .  f c g)  . 
M is s a i d  t o  b e  Z-generic provided t h a t  M i s  Z-homogeneous, 

2-universal  and every f i n i t e  subse t  of M is contained i n  a sub- 

s t r u c t u r e  of M isomorphic t o  a member o f '  'Z - 



* 
a - -- 

+ The following l e m m a  provides  a, convenient test t o  determine 
t - 

whether a model M i s  C - h o m o ~ o u s .  , 

Lemma 3.1 Assume t h a t  2 i s  closed under isomorphism and t h a t  

every f i n i t e  subse t  o f  M i s  contained i n  a subs t ruc tu re  of M 

belonging t o  C . Then M i s  C-homogeneous j u s t  i n  case  whenever 

H , K  ,H a r e  subs t ruc tu re s  of  M belonging t o  C , Ho c H and 
0 0 

g : H -+ K is an isomorphism t h e r e  i s  a subs t ruc tu re  K of M 
0 0 

A A 

with K c K an& an isomorphism g : H -+ K such t h a t  g C g . 
0 

Proof. Necessity is t r i v i a l .  The proof of su f f i c i ency  uses a form 
- z- ql. 

of  back and f o r t h  argument. Let  H , K  be  subs t ruc tu re s  of M and 
0 0 

l e t  g : H ' K  be  an isomorphism. Let  {ak : k c w} enumerate 
0 0 0 

We extend go t o  an automorphism a s  follows.  Construct  by recurs ion  

sequences <H : n E o> , <K : n f w> and <g : n E w> where 
n~ n n 

H , K  a r e  subs t ruc tu re s  of M , and 
'n 

: H -+ K is an isomorp&sm 
n n n n 

f o r  n f @  , such t h a t  M = U H = U K '  and f o r  n E o 
n n 

f n f o  n Co 

>r H C H  
n n+ l  n gn 9n+l For n even w e  d may choose K C K  

n+l  
and 

I 

k minimal such t h a t  a f H and 
k n 

Hn+l f C and H C M .  Then w e  
n+ l  

s o  t h a t  
'n+1 

: H -t K i s  an 
n+ l  n + l  

chqose k minimal such t h a t  a j? 
k 

choose H 3 H U {ak} such t h a t  
.n+l  n 

may take  Kn+,- 2 K' and gncl 
n ' 'n 

isomorphism. For n odd w e  may 

K Kn+l 3~ U{ake} w i t h  
n n 

K f C and K 
n+l 

c M . W e  may now apply t h e  condi t ion  t o  
n+l 

Kn 1 Hn jKn+1 t o  ob ta in  
m 

and gn Hn+l 
and 

'n+l 

I In t h e  next* lemma w e  provide a s u f f i c i e n t  condi t ion f o r  the 

exis tence  of  a C-generic s t r u c t u r e .  



- 

Lemma 3.2 L e t  Z be c l o s e d  unaer isomorphism and assume - t h a t  C 

has AP an3 t h a t  t h e r e  i s  a s t r u c t u r e  S i n  C which can be embedded 

i n  every  member of C .  Then t h e r e  is a C-generic s t r u c t u r e  M . 

Proof. If t h e r e  i s  a bound on t h e  c a r d i n a l i t y  of  members o f  C l e t  

M be a member of  C of l a r g e s t  c a r d i n a l i t y .  Without l o s s  o f  

'1 g e n e r a l i t y  we may t a k e  S C M . L e t  G C C . There i s  no l o s s  i n  

assuming t h a t  S c G and G n M = S . Since  2 has  A P  t h e r e  is N 

i n  2 and t h e r e  a r e  embeddings 
0 

: M + N  and f : G - t N .  But 
1 

then f i s  t h e  i d e n t i t y  and f i s  an embedding o f  G i n  M . 
0 1 

Thus M i s  C-universal .  Now assume t h a t  H , K  a r e  substr .uctures of 

M which belong t o  Z ~ n d  l e t  f : H -+ K b e  an isomorphism. I f  

H = M we a r e  done. For  an  a p p l i c a t i o n  o f  A P  c o n s i d e r  the i d e n t i t y  

mapping : H -+ M and f : H -+ M . There a r e  t h e r e f o r e  

N E Z ,  
g1 

: M - t N ,  
g2 

: M -+ N such t h a t  
g1 1 ~ 2  

are embeddings and 

g1 e I = g2 O f . But then  
H g1,g2 a r e  isomorphisms and t h e r e  is no 

l o s s  of g e n e r a l i t y  i n  assuming 
g1 

is t h e  i d e n t i t y  mapping on M . 
4 

The r e q u i r e d  automrphisrn  of M is  then  9-l . n i u s  M is  C-generic.  
2 

I f  t h e r e  i s  no bound on the c a r d i n a l i t y  o f  members o f  C we 

2roceed a s  fo l lows.  The c o l l e c t i o n  o f  isomorphism types  of s t r u c t u r e s  

i n  5 i s  coun tab le  s o  w e  may choose a sequence <S , n € w> of 
n 

m k b e r s  of Z such t h a t  S = S and i f  G E 2 then  G S S f o r  
0 n 

some . Now cons t , ruc t  an i n c r e a s i n g  sequence t M  : n E w> of 
n 

r?.&ers o f .  1 such that f o r  a l l  n M E C , M c M and a l s o  
n n n + l  



(i) Mo = S 
0 

(ii) 'dnvHklk\Jf3m3g(H c M & f : H + S is an embedding 
n k 

3 g : S + M is an embedding such t h a t  f o r  a l l  
k m 

* 

h C H  h = g o f  ( h ) ) .  

A t  s t age  m + l  choose nTm,, H c M ,k and an embedding f : H -+ S n k 

such t h a t  t he re  i s  no embedding g : Sk + M making g 0 f = i . m H 

Fur ther ,  make these  choices so  a s  t o  minimize n+k . By an app l i ca t ion  

of  AP we may choose 
Mm+l 

such that M c M and t h e r e  is an 
m m+l 

embedding g : Sk -+ M making g 0 f = 1 . 
m+l H 

To see  t h a t  t he  sequence {M : n C w) s a t i s f i e s  (ii) assume t h a t  
n 

n+k is  minimal such t h a t  t h e r e  are H c M and f : H -+ S with  no n k 

embedding g : 
Sk 

-t M w i t h  g 0 i = 1 for  any m . There a r e  a 
m H 

f i n i t e  number, say 2 ,  of  p a i r s  ( H I  , f '  ) where H I  c M and n'  

f 1  : H I  + S  i s  an embedding and n'+kt 5 n+k . Thus we may choose 
k' 

m(_n such t h a t  f o r  each such ( H I  , • ’ I )  wi th  n '+k l  < n+k t h e r e  is  an 

&" embedding g t  : S -+ M with g '  0 f 1  = 1 . The cons t ruc t ion  ensures  
k' m H 

t h a t  t he re  must be an embedding g : S -+ M making g o  f = lH , 
k m+R 

a con t rad ic t ion .  

Let  M = U M . Since S may be embedded i n  each member of C 
I 

n 
new 

0 

(ii) ensures  t h a t  M is 2-universal ,  It  is  easy t o  s e e  from (ii) and 

Lema 3.1 t h a t  M is &homogeneous. 

Thus M i s  2-generic and countable and the  lemma is proved. 

A back and f o r t h  argument which c lo se ly  resembles the proof of 

Lemma 3.1 provides us with a uniqueness r e s u l t  f o r  2-generic s t r u c t u r e s .  



Lemma 3.3 Any two ~ - ~ e n e r i c  s t r u c t u r e s  a r e  isomorphic.  

Proof.  L e t  M , N  be two C-generic s t r u c t u r e s .  I t  s u f f i c e s  t o  show 

i s  a n  isomorphism t h e n  t h e r e  is an embedding . g : H -+ N such t h a t  

g r Ho = f . But t h e r e  is an embedding h of H i n t o  N . Also 

K and t h e  image o f  H under  h a r e  isomorphic by h 0 f - I  . 
0 0 

Since  N i s  2-homogeneous t h e r e  is  an  automorphism k' o f  N which 

-1 -1 extends  h 0 f . W e  may t a k e  g = (k)  0 h . 

The n e x t  l e  a e s t a b l i s h e s  t h a t  c o n s t r u c t i o n  o f  a c l a s s  o f  s t r u c -  3 
tures 2 s a t i s f y i n g  the c o n d i t i o n s  o f  Lemma 3.2 and a c o n d i t i o n  on 

s u b s t r u c t u r e s  i s  a way o f  w - c a t e g o r i c a l  t h e o r i e s .  
0 

3 Lemma 3.4 I f  M i s  Z-generic and i f  t h e r e  i s  a f u n c t i o n  

f : w -+ w ,such t h a t '  whenever A i s  a s u b s e t  of a s t r u c t u r e  i n  C 

t h e r e  is a member o f  2 c o n t a i n i n g  A whose c a r d i n a l i t y  i s  at.most 

f ( I A  1 ) t h e n  Th (M)  is w - c a t e g o r i c a l .  Moreover i f  C is  c losed  
0 

under s u b s t r u c t u r e  t h e n  Th (MI admits e l i m i n a t i o n  of  c p a n t i f i e r s .  

Proof .  L e t  M b e  2-gener ic  and l e t  f : w -t w b e  such that .  whenever 
* 1 

A c  H C Z 3~ C A c K  and I K I  5 f ( l ~ l ) .  I f  M i s  f i n i t e  t h e r e  

is  no th ing  t o  p~ Otherwise by Lemma 3.3 it s u f f i c e s  t o  show t h a t  
$ 

any coun tab le  model o f  Th(M) is C-generic. S ince  L is f i n i t e  t h e  

isomorphism type  o f  any member o f  C can be d e s c r i b e d  by a formula 

and t h u s  every model o f  Th(M) i s  Z-universal .  W e  c l a im t h a t  any 

f i n i t e  s u b s e t  o f  a model of Th(M) i s  conta ined i n  a s u b s t r u c t u r e  which 

belongs t o  Z . L e t  n b e  f ixed .  There a r e  a f i n i t e  number of 



isomorphism types of s t ruc tu res  which belong t o  Z and have cardinal-  

i t y  a t  most f ( n )  . For each : a sequence of n d i s t i n s t  elements 

from a s t ruc tu re  H i n  C there  is a formula cp C Ln which f ixes  

A 

the  isomorphism type of H over a ; t h a t  i s  we have K Q k  q ( G )  . 
\ -L 

*ere 'K is  an L-structure and b C K i f f  there  is  an embedding of 
9 - 

H i n t o  K which takes a onto b . I t  is easy t o  see t h a t  a f i n i t e  

dis junct ion of such formulas i s  va l id  i n  M and the claim follows. 

From Lemma 3.1 any countable model of Th(M) i s  a l s o  C-homogeneous. 

The extension property i n  t h e  c r i t e r i o n  of Lemma 3.1 f o r  each H K ,H 
0' 0 

and 0 can be encoded i n  a formula which is va l id  i n  M . 
Thus Th(M) is o -categorical .  

C 
0 

Now i f  Z is  closed under substructure we may employ the following 

well-known proposi t ion which we do not  prove, t o  see t h a t  Th (M)  admits 

e l iminat ion of quan t i f i e r s .  

Proposit ion 3.1 Let T be a countable complete theory. Then T 

admits elimination of quan t i f i e r s  j u s t  i n  case f o r  each denumerable 

- a 4 
model N of T and f o r  each p a i r  of sequences a , b  of the  same 

li 
length,  n s  say,  such t h a t  f o r  each open formula Q C L 

n 

there  denumerable elementary extension 

-5. J 

of N with an automorphism carrying a t o  b . 
When C is  closed under substructure Z-homogeneity ensures t h a t  

the conditions of Proposit ion 3.1 a re  f u l f i l l e d  and therefore  T ~ ( M )  

-- admits elimination of quan t i f i e r s ,  

This completes t h e  proof of Lemma 3.4 . 



The fo l lowing s imple  example shows t h a t  t h e  uniform bound on the  

c a r d i n a l i t y  o f  t h e  s m a l l e s t  member of C c o n t a i n i n g  a  s u b s e t  A i s  

r e a l l y  needed i n  Lemma 3 . 4  . 
Example 3 . 1  L e t  L b e  t h e  'Language wi th  one unary func t ion  

symbol P and l e t  C be t h e  c l a s s  o f  s t r u c t u r e s  f o r  L isomorphic 

t o  one o f  t n , P  > f o r  n> l  where n = (m : m=n) and P  (m)  = m-1  
n  n 

i f  DO and P ( 0 )  = 0 . The C-generic model is  then  to,Pw> = 
n 

The fo l lowing lemma p r o v i d e s  a p a r t i a l  converse  t o  Lemma 3.4 and 

s t r e n g t h e n s  t h e  connect ion  between classes o f - s t r u c t u r e s  wi th  AP and 

t h e o r i e s  which admit e l i m i n a t i o n  o f  q u a n t i f i e r s .  
\ 

Lemma 3.5 L e t  M be a  denumerable s t r u c t u r e  such t h a t  Th (M) 

admits  e l i m i n a t i o n  o f  q u a n t i f i e r s ,  and such t h a t  eve ry  f i n i t e  s u b s e t  

, 
of M i s  conta ined i n  a f i n i t e  s u b s t r u c t u r e  o f  M . Let  C be t h e  

c l a s s  o f  f i n i t e  s t r u c t u r e s  which can  be  embedded i n  M . Then C 

h a s  t h e  amalgamation p r o p e r t y ,  and M i s  2-generic .  

Proof.  Le t  A ,  B B E C a n d l e t  f : A - t B  b e  embeddings 
0 '  I , i i 

f o r  i = 0 , l  . There is no l o s s  of" .genera l i ty  i n  assuming t h a t  

A, Bo' B1 a r e  s u b s t r u c t u r e s  o f  M and t h a t  f is t h e  i n c l u s i o n  o f  
I 0 

A i n  B 
0  

S ince  A and B  are f i n i t e  and L i s  f i n i t e  t h e r e  are 
1 

open formulas which f i x  t h e i r  isomorphism types  a s  s u b s t r u c t u r e s  of M .  ' 

But A, f (A) s a t i s f y  the same open formula and s o  
1 •’1 

is i n  f a c t  

e lementary  s i n c e  Th (M) admits e l i m i n a t i o n  of  q u a n t i f i e r s  . But t h e n  

-1 
f can b e  extended t o  an  isomorphismeof B and an e x t e n s i o n  B' o f  
1 1 1 



A . Now (B U B ' ) generates a member  of  C .   his argument a l s o  
0 1 

shdws t h a t  M s a t i s f i e s  t h e  condtions of Lemma 3.1 and i s  
4 

C-homogeneous, Therefore .Z has  AP and M i s  C-generic. 



Chapter. 4 

Quan t i f i e r  e l iminable  graphs 

1. Examples 

In t h i s  chapter  we apply the  r e s u l t s  of Chapter 3 t o  graphs whose 

theo r i e s  admit e l imina t ion  of q u a n t i f i e r .  Theories a r e  assumed t o  be 

complete t h e o r i e s  wi th  one b inary  r e l a t i o n  symbol R , and t o  admit 

e l imina t ion  of q u a n t i f i e r s .  We a l s o  s t i p u l a t e  t h a t  each model be  

i r r e f l e x i v e ,  i .e .  model vv 1 Rv v . This ensures t h a t  t h e r e  i s  
0 0 0 

only 1-type. 

In  t h i s  s e c t i o n  w e  s h a l l  p r e sen t  s e v e r a l  simple examples and some 

b a s i c  d e f i n i t i o n s .  

W e  f i r s t  in t roduce  abbrev ia t ions  f o r  some b a s i c  formulas. These 

abbrevia t ions  a r e  I ,  r ,  A O ,  A l ,  A2 ' U def ined as follows: 

A xy = df (Rxy A Ryx) V x = y 
0 

A xy = df (1 Rxy A 1 Ryx) V x = y 
1 

Several  well-known. examples a r e  t h e  following : 

DO - The theory o f -  < Q , o  the  r a t i o n a l s  under t h e  usual  

ordering.  

n 
Ek - The theory of an equivalence r e l a t i o n  wi th  n equivalence 

c l a s s e s  o f  power k , where' 1 5  n , k 5  

GA - The Z ( A )  gene r i c  s t r u c t u r e  f o r  t h e  c l a s s  Z ( A )  of 

f i n i t e  graphs i n  which the  (n+3) cyc le  cannot be  

embedded f o r  n € A c w . 



- -- 
- * 

DOn - The theory of t he  d i r e c t  produet of a &el of DO 
& 

a n d ' t h e  complete graph on n  po in t s  where . 

Given T we may form i t s  d u a l  '? from t h e  denumerable model 

2. - 
G o f :  T . " G is  t h e  graph with universe  G and r e l a t i o n  

- 
R- = (GxG)\ (RG U ( ( 9 . 9 )  : g f G ) )  . T is the  theory of G . 

G 

Clear ly  ? a l s d  admits e l imina t ion  of q u a n t i f i e r s .  DO is  s e l f  dua l ,  

while t he  duals  of t h e  o the r  t h e o r i e s  a r e  not  included i n  t he  l ist .  

The following propos i t ion  gives  a  way of  cons t ruc t ing  new 

- 
examples from known ones. 

Proposi t ion 4 . 1  Let i , j , k  be 0 ,1 ,2  i n  some o r d e r  and l e t  

To 'T1 b e  such t h a t  (AivOvl V A . v  v and (\vovl) 
To 1 0  1 T1 

Let A,B be  denumerable models o f  T ,T respec t ive ly .  Define t h e  
0 1 

s t r u c t u r e  C by ~ c I  = I A ~ x ~ B (  and R C = { ( ( a  , b )  (a l ,b l ) )  : 
0 o f  

1 0 1 
';h (ao = a A (b , b  ) F RB) V ( ( ao , a l )  6 RA)]  . Define e s t r u c t u r e  D 

((a ,a ) C R~ A bo = bl)) , ]  . Then Th(C) and Th(D)  admit 
0 1 

e l imina t ion  of quant i f ie r s . .  

Proof: We p re sen t  t h e  proof t h a t  Th(C) admits e l imina t ion  of  quant i -  
1 

f i e r s .  The proof f o r  D is s imi l a r .  The main idea  is  t h a t  from C 

w e  can r e t r i e v e  A and B i n  o rde r  t o  cons t ruc t  enough automorphisms 

i n  t h e  Wreath product  of t h e  automorphism groups. I t  s u f f i c e s  t o  show 

A a 
t h a t  i f  c , d  a r e  two sequences of  n-elements of  C such t h a t  



and c 1 r cRcm * r dedm 
i 

;i_ f o r  R , m c  n and p<2  then the re  i s  an automorphism h of C 

A 

which c a r r i e s  c onto d . T h e  conditions ensure t h a t  the re  a r e  d i s -  

t i n c t  a o ' - ' - - p a  C A ' and d i s t i n c t  a '  I #.a ' C A  s u c h t h a t  
R- 1 R - 1  

r 
{m : a 5s the f i r s t  coordinate of c = Irn : a i s  the f i r s t  

P m P' 
A 21 

coordinate of  d ] f o r  p<R . and a r e a l i z e s  the  same type as  a m 

i n  T . We may choose an automorphism f *of A which c a r r i e s  
0 

3 -5 1 

a onto a . Let p<R and consider now I = {m : a is  the  f i r s t  
P P 

coordinate of  . Let I = {mo,...rm } and consider the  
P r- 1 

J -L 

r- tuples  b and 2' f rom B with b the second coordinate of 
s 

2 1 

a 
m and b the second coordinate of d . Then 2' and ,  r e a l i z e  

i s  m 
S S II 

t he  same type i n  T and there  i s  an automorphism 
'a 

of B whit< 
1 

n 
2 2 1  A- 

sends b onto b . For a j? {ao,. . . , a  ] l e t  o be the  i d e n t i t y  R- 1 a 

on B . Consider now the automorphism h of C defined by 

2 . ,  2 

which c a r r i e s  c onto d . 
Note t h a t  i n  the construction above { ( c f d )  : C 1 Akcd) is an 

equivalence r e l a t i o n  on C . 



2 .  Def inable  equivalence  r e l a t i o n s  

s 

I n  t h i s  s e c t i o n  we examine t h e  s t r u c t u r e  o f  t h e  l a t t i c e  o f  de f in -  

t, a b l e  equivalence  r l a t i o n s  o f  a  model o f  a  f i x e d  theory  T . The main F 
'i 

r e s u l t  i s  t h e  fo l lowing:  

Theorem 4 . 1  I f  T has  an i n f i n i t e  model t h e n  no model h a s  two 

incomparable d e f i n a b l e  equ iva lence  r e l a t i g n s .  

The main theorem w i l l  fo l low e a s i l y  from t h e  lemmas o f  t h i s  s e c t i o n .  A 

Fix  a  theory  T , which has  an  i n f i n i t e  model. Note first t h a t  

i f  A i S  a  formula i n  L which d e f i n e s  an equ iva lence  r e l a t i o n  i n  
2 2 

T then  A is e q u i v a l e n t  t o  a d i s j u n c t i o n  o f  some o f  A v v  A v  v  
0 0 1 ' 1 0 1 '  

A v v  and I v  v  . 
2 0 1 0 1 

# 

The fo l lowing lemma d e a l s  w i t h  t h e  most d i f f i c u l t  k a s e  i n  t h e  

proof o f  Theorem 4.1  . 

,Lemma 4.1 Assume ' t h a t  T t A.v v  A A.v v  -+ A v v for 
1 0 1  1 1 2  i 0 2  

i = 0 , l  . Then e i t h e r  A v  v  o r  A v  v  i s  e q u i v a l e n t  t o  v  = v 
0  0  1 1 0 1  0 1 

Proof.  Le t  A b T and l e t  A AOab A a  # b . Note t h a t  

A 1 VvO (A1 b v A v # b - t  (Ta v v r v  a ) )  . 0 0  0 0 

C l a i m .  A 3v0 ( A l  b vo A Fa v  ) 
0 

Otherwise w e  have  



By I we s e e  t h a t  A 1 Aocd . Otherwise ( c , d )  r e a l i z e s  t h e  same 
- 

type  a s  ( a , b )  y i e l d i n g  A /= r a c  , c o n t r a d i c t i o n .  Also  it  is  t r i v i a l  
. , 

t h a t  A 1 A cd A c # d  s i n c e  A v  v  ( A )  i s  an equ iva lence  r e l a t i o n .  
V 1 1. 0  1- 

, ~ h u s  A ( r c d  V Tdc) . Suppose A r cd  , then  ( c , d )  and ( c , a )  

r e a l i z e  t h e  same and we have e  F A wi th  A A c e  A A de . 
1 0 

I t  i s  easy  t o  s e e  t e  i s  none o f  a , b , c , d  . Since  A v  v (A) i s  
1 0 1  

an equivalence  r e l a t i o n  and I ho lds  A Tea . Comparing t h e  t r i p l e s  

(a ,b, 'c)  and ( e , d , a )  we s e e  t h a t  A Tae s i n c e  I must hold  w i t h  

e , d  f o r  a , b  r e s p e c t i v e l y .  This  c o n t r a d i c t i o n  l e a v e s  on ly  t h e  

p o s s i b i l i t y  t h a t  A b Tdc . Now ( c , a )  and ( d , c )  r e a l i z e  t h e  same 
u 

type  whence t h e r e  e x i s t s  f  such t h a t  A ( A  f d  A b  fc)  . Comparing 
1 0  

t h e  t r b h s  - ( a , b , c )  and ( c , f , a )  we g e t  A Tac , a c o n t r a d i c t i o n .  - 
, . 

This e s t a b l i s h e s  

C l e a r l y  $he 

of % and dl 

Thus 

t h e  c la im.  

above argument can b e  modif ied by exchanging t h e  r o l e s  

to  e s t a b l i s h  t h a t  

a r e  both  theorems o f  T . 
Fix  a , b , c  F A such t h a t  A A ab A Albc A r a c  f o r  t h e  

0  

remainder of  t h e  proof .  By ( 2 )  and e l i m i n a t i o n  o f  q u a n t i f i e r s  ' t he re  

e x i s t s  d such t h a t  A Alad A b  dc  . Note t h a t  s i n c e  A v  v  (A) 
0s' 0 0 1  

1- 

and A v  v  ( A )  a r e  bo th  equ iva lence  r e l a t i o n s  
1 0 1  



Now it w i l l  b e  e s t ab l i shed  t h a t  

We r equ i r e  the  following lemma which w i l l  be proved l a t e r .  

Lemma 4.2 Suppose t h a t  t he  hypothesis  o f  Lemma 4.1 holds and 

t h a t  t h e  conclusion f a i l s ,  then f o r  each n* 

If (4) f a i l s ,  then 4 2 

But t he re  i s  a 

t o  e x p l o i t  the  

unique d  such t h a t  A b d ad A A cd . The idea  i s  
1 0 

ex is tence  of  t h i s  unique p o i n t  and t h e  condi t ion (5)  . 
t o  def ine  a p a r t i t i o n  of {e : A A b e )  wi th  parameters a ,b  

1 

which is independent of  a  i n  t h e  sense  t h a t  i f  A /= A a ' a  and a '  
1 

is s u b s t i t u t e d  f o r  a  t h e  same p a r t i t i o n  w i l l  r e s u l t .  The ex is tence  

of many po in t s  i n  t h e  A v  v (A) equivalence c l a s s  of  b  w i l l  then 
1 0 1  

fu rn i sh  a cont rad ic t ion .  Let  q(z$ be 

From Lemma 4.2 

gene ra l i t y  S '  = 

otherwise we may 

e  # b A Aleb) . 

S = {e : A A be} -is i n f i n i t e  and without l o s s  of 
1 * 

{e : A cp (e) ) i s  a l s o  i n f i n i t e .  This i s  because 

apply a  s i m i l a r  argument t o  {e : A 7 q ( e )  A 

This corresponds t o  rep lac ing  I% vl by Tv b i n  
1 

t h e  d e f i n i t i o n  of q(z) . 



Let e b e  such t h a t  A cple ) and I e t  
0 0 f~ be such €liaf 

Then s ince  (5)  holds. 

Let cp' r e s u l t  from cp by replaci~ng a by f o  . Then 
i 

But T admits elimination of quan t i f i e r s  and' there  i s  an open formula 

9 with parameters b , fo  such t h a t  

Hence e i t h e r  

This is because there  i s  a member of S'  o the r  than e , and  there  
0 

. 
i s  an element o the r  than b which s a t i s f i e s  Alb v A 1 cp(vo) . 

0 

Clearly the re  a r e  
e11e2 

i n  S '  such t h a t  f o r  the corresponding 

f x P e i t h ; r  (6)  holds when the  subscr ip t  0 is  replaced by e i t h e r  
.. 1 2  

1 ,or 2 ,  o r  ( 7 )  holds whichever of 1 and 2 replaces 0. In  the  f i r s t  

case A /= I?fle2 flffll '  and i n  the  second A b '  l?elf2 A re2fl . 
Thus (4)  holds i n  e i t h e r  case. 

This argument does not  use t h e  f u l l  s t rength  of Lemma 4.2. One 

'4 
needs only t h a t  t ,  P 4 v  ( A  v v A 3- v ( A  v v ) . The argument used 

1 0 0 1  1 1 0 1  

fo r  (4)  when applied t o  ? gives 

From (4 )  and (8) however we e a s i l y  derive a contradict ion f o r  we must 

have t 

This cont radic ts  uniqueness i n  ( 3 ) ,  and completes the proof of Lemma 4.1.  



We now t u r n  t o  t h e  proof of Lema 4.2 . 
@ 

A s s u m e  the  hypothesis  of Lemma 4.1 holds and t h a t  t h e  <onclusion 

f a i l s .  Let A T and l e t  a C A . I t  w i l l  s u f f i c e  t o  show that 

so = {a '  : A 1 AOaa1 ) is i n f i n i t e ,  f o r  t he  same argument appl ied  

t o  5 shows that = {b : A 1 -Al&) i s  a l s o  i n f i n i t e .  Assume 

f o r  con t r ad i c t i on  t h a t  A is f i n i t e  and l e t  A = {a = ao,al, ..., a,} 
1 . One may now e s t a b l i s h  a s  follows t h a t  S i s  i n f i n i t e .  It 

1 

i s  easy t o  s ee  t h a t  a t  l e a s t  one o f  {c  : A Tac) and {c  : A Tca) 
* 

must be i n f i n i t e .  Assume t h a t  {c  : A Tac) i s  i n f i n i t e ,  t h e  

argument given below can e a s i l y  be  adapted f o r  t he  o t h e r  eyen tua l i t y .  
&# 

I n  t h e  proof of Lemma 4.1 we showed t h a t  (1) holds ,  i. e.  

Because of  e l imina t ion  o f  g u a n t i f i e r s  t h i s  ensures t h a t  f o r  each c 
.' 

with A Tac t h e r e  is j 5 n  such t h a t  A A a .  c . But by the  
1 3  

pigeon-hole-principle t h e r e  i s  some j 5 m  wi th  A A a c f o r  
1 j 

i n f i n i t e l y  many c . But then S is i n f i n i t e  s i n c e  a and a 
1 o j 
\ 

r e a l i z e  t h e  same 1-type i n  T . 
Consider now t h e  equivalence r e l a t i o n  (3 def ined on 

Sl by the  

formula BV v 
0 1 

A a v  A A a v  A V v ( A a v  : :  ( R v v  - R v v )  A ( R v v  * R v v ) )  . 
1 0 . 1  1 2 0  2 0 2 1 2  2 0 2 1 

Given j 3 d c a n  de f ine ' an  equivalence r e l a t i o n  0 on S where 
j 1 

two elements of  S a r e  equiva len t  i f f  they r e a l i z e  t h e  same 1-type 
1 

over a . O i s  then t h e  i n t e r s e c t i o n  of ' t h e  0 . 
j j 



i s  one equivalence class. Since T admits e l imina t ion  o"•’ q u a n t i f i e r s  

the c l a s s e s  a r e  e i t h e r  {a} and s1\ {a)  or a l l  s i ng l e tons  {e)  

e C S 
1 ' 

The l a t t e r  i s  impossible because it would make 0 t h e  

i d e n t i t y  on B y e t  from t h e  form of @ t he  number of c l a s s e s  i n  t h e  

m 
p a r t i t i o n  i s  5 2 +1  . 

Consider t h e  equivalence r e l a t i o n  A def ined on S by Av v : 
0 0 1 

L a v  A O a v  AYv ( A a v  : :  ( R v v  + - + R v v )  A ( R v v  t - + R v v ) )  
0 0 0 1 2 1  2 0 2 1 2  2 0 2 1 

Again {a} i s  an equivalence c l a s s  under A .  Also t h e  equivalence 

c l a s s e s  are e i t h e r  {a) and { a l , . , a  or { a o } , . , { a  } . The 
m 

l a t t e r  can only occur i f  m+l 5 2'+1 = 3 . Thus e i t h e r  

A a v  A O a v  + ( h v  V a = v )  
0 0 1 1  0 1 0 

or  O a v  A A a v  + ( ~ v v  V a = v )  
0 0 1 1  1 0  0 

i s  va l id  i n  A , or m = 2 and without l o s s  o f  g e n e r a l i t y  

The f i r s t  two cases  occur only  when t h e  A equivalence c l a s s e s  are 

{a) and {a l l .  .. 
am' 

and are i r p o s s i b l e  from (1) and (2)  which were 

e s t a b l i s h e d  i n  the  proof of Lemma 4.1 . The t h i r d  case  i s  a l s o  

in-possible because a would be def inab le  from a . This completes 
1 

Thus we see that i f  T has an%-inite m o d e l  then A v v and 
0 0 1  

: ir v carhot  both be n o n t r i v i a l  equivalence r e l a t i o n s .  In  t h e  next  
I' -1 3 1 

lerni? w e  show t h a t  n e i t h e r  bo th  of 5 v v and A2vOvl nor both of  
0 0 1  

11v2v1 and d 2 v 0 v 1 can be n o n t r i v i a l  equivalence r e l a t i o n s .  



Lemma 4 . 3  kt i f 10.1) . Lf Q V V  and L u u  b ~ ~ ~ i n e  
i 0 1  2 0 1 

equivalence r e l a t i o n s  i n  T and kT 3v 3v ( v  # v A A v v ) 
0 1 0  1 i O 1  

A v v is equiva len t  t o  v ' = v 
2 0 1  - 0 1 

Proof. Assume f o r  con t r ad i c t i on  t h a t  T 1 3v 3v ( v  # v A A v  v ) .  
0 1 0  1 2 0 1  

Let A T and l e t  a , b , c  be  d i s t i n c t  such t h a t  

Then A dl iac follows from the  hypothesis  o f  t h e  l G a .  Without. - 
a 

l o s s  of  gene ra l i t y  suppose t h a t  A 1 &c . There e x i s t s  c '  such t h a t  

A k r c ' b  . From we hypothesis  A Alacg . Since , (a ,c )  and ( a r c v  ) 

r e a l i z e  t h e  same type and A 3v0 ( rc1v0  A Aia vo) t h e r e  e x i s t s  b '  

such t h a t  A f cb '  A A.abt)  . Then we have A A2bb' and 
1 

A k A .  ab A A .  ab '  A b # b '  . cont rad ic t ion .  This proves Lemma 4.3 . 
1 1 

From Lemmas 4.1 and 4 .3  no two of A v v A v v  and A v v  
0 0 1 '  1 0 1  2 0 1 

can be n o n t r i v i a l  equivalence r e l a t i o n s  i n  T . We use t h i s  observat ion 

t o  e s t a b l i s h  t h e  theorem, t h a t  i s  t o  show that t h e  de f inab le  equivalence 

r e l a t i o n s  of T form a chain. For t h i s  it s u f f i c e s  t o  show t h a t  t h e  

following two s ta tements  a r e  t r u e :  

( I )  Let  i l k  be  0.1,2 i n  some o rde r  a n d ' t h a t  

(AivOvl V A v v ) and ( A  v v 1 def ine  equivalence 
j" 

j O l  k 0 1  

i r e l a t i o n s  i n  T . Then one o f  t hese  formulas is 

equiva len t  t o  v = v 
0 1 '  

i l k  be  0.1.2 i n  some o rde r  and t h a t  

not  

3v03vl(vo # v A A v v ) f o r  % = 0,1,2. Then 
1 2 0 1  

both of  (Aivavl V A v v 1' and ( A  j ~ O ~ l  j o l  " !kVov1) 
P 

can def ine  an equivalence r e l a t i o n  i n  T . 



To see  I l e t  A k T and a_&, r: be d i s t i n c t  sllch that 
4 

A /= $ab and A 1 A.ac V A.ac then e i t h e r  A \bc or  
1 I 

A 1 ( A .  V A.)bc a contradict ion.  
1 I 

For I1 l e t  a , b , c  be d i s t i n c t  members of A k T such. t h a t  

A ' F  A.ac A d k a b .  Then A (A.bc V A.bc) and A k iA.bc v ekbc) 
1 1 3 3 

contradiction. 
e 

But t h i s  e s t ab l i shes  Theorem 4.1 . Lemmas 4.1 and 4.2 give 

i n t e r e s t i n g  examples of n o n t r i v i a l  empty neighbourhoods, namely 

~ ( t E ~ t ~ ~ r ~ ~ 1  t t@ , D I D '  i , k  , - D. k}) where i r k  a re  
i , j  ] t i  I ,  . 

d i s t i n c t  i n  . f 0 , 1 , 2 )  and f o r  g,m d i s t i n c t  members of {0,1,2)  

D is  the  s t r u c t u r e  with universe {a,b,c)  which models 
R ,  m 

ARab A ARbc A A gc , and where E i s  the s t r u c t u r e  w i t h  universe 
m i 

{a,b} which models A.ab . 
1 *. 

3. Tournaments 

In t h i s  sec t ion  we tu rn  our a t t en t ion  t o  those T f o r  which 

V V ~ V V ~ ( A ~ V ~ V ~ )  is a theorem. A model of T with tQo o r  more members 

--1 

is a tournament. In  the f i r s t  p a r t  of t h i s  sec t ion  we character ize 

those T which have a f i n i t e  model. In  so  doing we present  a lemma 

which w i l l  be useful  i n  Section 5 where we make a beginning on t h e  

problem of character izing a l l  d i rec ted  graphs without loops whose 

theor ies  admit elimination of quan t i f i e r s .  

Lemma 4.4 Let 0 € Ln+l generate an (n+l)- type i n  T -such 
Lmm 

l=- t h a t  T t 0 - + v  # v  f o r  1 5 i S n .  L e t  G T and l e t  a be 
0 i 

an n-tuple From G f o r  which G 3v €I (v ,t) . Let H be the  
0 0 

substructure of G determined by 9 (vo,$ ( G )  . Then Th (H) a l s o  \ 



admits e l imina t ion  of q u X ~ t T f Z e ~ s .  

Proof. I t  s u f f i c e s  t6 show t h a t  i f  H and H a r e  f i n i t e  
0  1 

subs t ruc tu re s  o f  H and i f  f : H 
H1 

is an isomorphism then * 

t he re  i s  an automorphism of  H wh extends f . But Cmlsider t he  

subs t ruc tures  o f  G determined by H U Rng Z? and H U RnQ 
-. 0 1 

d 

2 

and t h e  extension of  f  which leaves  a f ixed .  This  is  an i so-  

morphism of two f i n i t e  subs t ruc tu re s  of G and can thus  b e  extended 

-2. 
t o  an automorphism of G . This automorphism f i x e s  a and t h e r e f o r e  

the r e s t r i c t i o n  of it t o  H i s  an automorphism of H which extends 
a 

f  . This complet s t h e  proof.  
J 

For t h e  remainder of t h i s  s e c t i o n  we assume t h a t  
1 

T A2vOv1 A 3 v 3 v  (V f v )  . Let  A b T and a , a  ,a  be t h r e e  
0 1 0  1 1 0 1 2  

members of A . We say t h a t  ,a ) i s  a 3-cycle i n  A j u s t  
t a o r a 1  2  

i n  case  A 1 Ra a  A Ra a A Ra a . We say t h a t  
0  1 1 2  2 0  

a  transitive triple j u s t  i n  case  ,a ; a } YvOVv1Vv2 " 
A r { a o  1 2  

(Rv v A Rv v  + Rv v ) . The s ta tement  "A i s  a 3-cycle" has t h e  , 

0 1 1 2  0 2 
4 

obvious meaning. 

We may now s t a t e  t h e  f i r s t  of  t h e  two major r e s u l t s  of t h i s  s ec t ion .  

Theorem 4.2 I f  T has  a f i n i t e  model then the  only  p o s s i b i l i t y  

f o r  T i s  the  theory o f  a 3-cycle. 

Proof. Let  G 1 T m d  l e b  a C G . By Lemma 4.4 we s e e  t h a t  

0 = (b : G b R ab) and I = {b : G R b a )  determine subs t ruc tu re s  
a  a  

of G which e i t h e r  have one member o r  a r e  f i n i t e  tournaments whose 

t h e o r i e s  admit e l imina t ion  o f  q u a n t i f i e r s .  Since t h e  c a r d i n a l i t i e s  



of 0 and I a r e  independent  o f  t h e  
a a 

I 

cho ice  of  a and s i n c e  

> .  Z 1 0  1 = Z 1 w e  s e e  t h a t  /oa1 = 
a C G  

a 
aCG 

I . But t h e n  I G (  = 2m+l 
I - 

o f  a f i n i t e  tournament whose where m = 1 o r  m is  t h e  c a r d i n a l i t y  

theory  admits e l i m i n a t i o n  of  q u a n t i f i e r s . '  But t h e n  t h e  c a r d i n a l i t y  

k 
of G must be (2  -1) f o r  some k12 , and f o r  a l l  k' where 

k '  
25k1fk t h e r e  must be  a tournament of power ( 2  -1) whose theory  

admits  e l i m i n a t i o n  o f  q u a n t i f i e r s .  I t  w i l l  t h u s  s u f f i c e  t o  show t h a t  

t h e r e  is no such tournament of power seven,  

For c o n t r a d i c t i o n  assume t h a t  G is a tournament of power seven 

whose t h e o y  admits e l i m i n a t i o n  of q u a n t i f i e r s .  Let t h e  un ive r se  of 

a }  and I = {a4,a5  G b e  { a  : i c 7 }  where 0 = {al ,a2,  
i a a ,a 1 . 

0 0 
By t h e  above t h e r e  i s  no l o s s  i n  assuming t h a t  G Rala2 A R a  a A 

2 3 

Ra a and t h a t  G . b  Ra4a5 A Ra a A Ra a . Now t h e r e  i s  no l o s s  
3 1 5 6 6 4 

o f  g e n e r a l i t y  i n  assuming t h a t  G Rala4 A Ra a s i n c e  by i n s p e c t i o n  
1 5  

t h e r e  must b e  two e lements  i n  I 0 . Then G R a  a , Now 
a 

L 0 
a 
1 6 1 

cons ide r  t h e  edge (ao,al) . To each j with  2 5 j C 6  we may a s s o c i a t e  

a n  o rde red  p a i r  
'j 

= (k,R) from ( 0 , l )  determined by 

Then t h e s e  p a i r s  are ( 0 ,  , 0 , 1 ,  , 1 ,  , i n  

o r d e r ,  Now it is  obvious t h a t  any automorphism of  G which f ixes 

(ao ,a l )  must a l s o  f i x  a a and a - s i n c e  they  are determined 
2 '  3 6 

f 

by t h e  p a i r s  
P2' P3 

and p6 r e s p e c t i v e l y .  Also t h e r e  must b e  an 

autom.orphism which f i x e s  ( a  ,a ) and c a r r i e s  a t o  a Th i s  
'y ~ , 0 . 1  4 5 

must in te rchange  them s i n c e  it f i x e s  ao, a l ,  a2, a 3  and a 
6 



This completes the  proof of  heo or em 4.2.  We a re  g ra te fu l  t o  

A.H. Lachlan f o r  helping us simplify the  above proof.  

I t  is  na tura l  t o  ask what examples e x i s t  which have i n f i n i t e  

models. There a re ,  of  course, DO and the model generic  f o r  the 

c l a s s  of a l l  f i n i t e  tournaments. There is a l s o  another countable 

model i n  which the  successors of a point  a re  l i n e a r l y  ordered by R . 
The countable model C may be described i n  the  following way. F i r s t  

choose a countable dense subset  I c I  of the  u n i t  c i r c l e  i n  the plane 

with the  property t h a t  i f  a C / c I then the opposite end of the  

diameter through a does not  belong t o  I C I . Now l e t  - 
R = C (a,B) C CxC : signed angle subtended by the  a r c  @a l i e s  i n  ' 

C 

( 0 , ~ )  1 ,  t h a t  i s  f3 l i e s  on the semicircle  clockwise from a and 
.r 

i s  not  a i t s e l f .  Let C = < IC  I , R  > . We claim t h a t  Th (C)  admits 
C 

elimination of q u a n t i f i e r s  and t h a t  the  s e t  of successors of a point  

i s  l i n e a r l y  ordered by 
RC . - 

The second p a r t  of the claim is  .easy t o  see f o r  i f  (a,B1) , 

,'--. /-' 

magnitude 0.f Bia and Bja . TO see t h a t  Th(C) admits elimination of 
1 

quan t i f i e r s  we s h a l l  apply t h e  r e s u l t s  of Chapter 3. By Lemma 3.4 it 

s u f f i c e s  t o  show t h a t  C is  C- homogeneous where 2 is  the  c l a s s  of 

f i n i t e  s t ruc tu res  which can be embedded i n  C . By Lemma 3.1 t o  

e s t a b l i s h  t h i s  it is  s u f f i c i e n t  t o  show t h a t  i f  

- - 
a = < a o r - - - f a  

> and f3 = <f30,...,pn-1> a r e  two sequences from C 
n- 1 

such t h a t  the mapping g taking a t o  Bi f o r  i<n  is an 
i 



isomorphism, and i f  a C C then there i s  0 C.C such t h a t  the  exten- 
L p p  

- n 
sion t o  a <a> of g which takes a t o  is  an isomorphism. 

Jig 
I f  n = 0 o r  a C {ao,.  . . ,a t h i s  is  t r i v i a l .  ' Otherwise the  

n-1 

atomic formulae s a t i s f i e d  by <a ,a> permit one t o  t r a n s l a t e  the  
i 

problem i n t o  a question about an in tersec t ion  of open i n t e r v a l s  i n  

the r a t i o n a l s ,  when it can be seen t o  be the case t h a t  6 must e x i s t  

as  above. 

I t  turns, out t h a t  the r a t i o n a l s  and C a r e  the only two i n f i n i t e  

models i n  which the  successors of a member are  l i n e a r l y  ordered. 

Theorem 4 . 3  I f  T s a t i s f i e s  the following three  conditions then 
w 

C is a model of T . 
(i) T has an i n f i n i t e  model. 

(ii) There is a three  cycle i n  T . , 
(iii) The successors of a po in t  are l i n e a r l y  ordered. 

Proof. Let G ' be countable and l e t  G T . We s h a l l  show t h a t  

G S C . F i r s t  however we e s t a b l i s h  the following two claims. .? 

Claim 1. f i e  predecessors of a poin t  a re  l inea r ly  ordered, t h a t  is 

For a contradict ion assume t h a t  

Now since T admits elimination of quan t i f i e r s  there  is  c € G such 

t h a t  G Rac A RcbO . I t  is easy t o  see t h a t  c i s  d i s t i n c t  from 

b ,b  s ince G Rac . Consider a f b o r  1 2 
{b2,c} . Since G 1 RbZc 

"would mean t h a t  the, th ree  cycle (a ,c ,b  ) was i n  the s e t  of successors 
0 ,  



of  b  we must have t h a t  G ,k RcbZ . Also,  s i n c e  G Rb c would - 
2 f-- 

mean t h a t  t h e  t h r e e  c y c l e  { b 2 , a , c )  l ies i n  t h e  o u t s e t  of  
bl 

w e  
S 8 

have G Rcbl . But t h e n  b  b  b  . l i e  i n  t h e  o u t s e t  o f  c  , 0 '  1' 2  

c o n t r a d i c t i o n .  

Claim-2. L e t  a E G and l e t  B = {b : G ~ab) and l e t  0  

B = {b : G ~ b a )  . Then cB i r R ~  
r B .  2 DO f o r  i = 0'1 . 

1 1 

This  c l a im i s  an  easy  consequence o f  e l i m i n a t i o n  o f  q u a n t i f i e r s .  

To g i v e  t h e  i d e a  we show t h a t  B is i n f i n i t e  f o r  i = 0 , l  . C l e a r l y  i 
I 

one o f  B ' Bl 
is  i n f i n i t e ,  and each i s  l i n e a r l y  o r d e r e d  by R . 

0  G 

Suppose B i s  i n f i n i t e .  Then t h e r e  a r e  b  b  b such t h a t  
v 0  0' 1' 2 

G A R a b .  A Rb b  A Rblb2 A !?bob2 . Now a r b g  r e a l i z e  t h e  same 
1 

i<  3 
0  1 

1-type and it e a s i l y  fo l lows  t h a t  R i s  a  dense o r d e r  on B and 
t 

G 0 .  

B and they  a r e  i n f i n i t e .  
1 

I t  is  c l e a r  t h a t  G i s  t h e  g e n e r i c  s t r u c t u r e  f o r  t h e  c l a s s  o f  
v * 

f i n i t e  s t r u c t u r e s  which can b e  embedded i n  G . By Lemma 3.3 t o  show 

G G C it w i l l  s u f f i c e  t o  show t h a t  i f  H i s  a f i n i t e -  s t r u c t u r e  then  

H can be  embedded i n  G jus t  i n  c a s e  it can b e  embedded i n  C. 

We $how the, cond i t ion  h o l d s  by i n d u c t i o n  on t h e  c a r d i n a l i t y  n  of H . 
When n53 t h e  c o n d i t i o n  h o l d s  t r i v i a l l y .  L e t  H be  g iven  and assume 

t h a t  whenever I H I 5 4 and whenever I Ho I c I H I t h e n  Ho can b e  . 

embedded i n  G j u s t  i n  case  it can b e  embedded i n  C . 
C a s e  1. H i s  a .  l i n e a r  o r d e r .  S ince  B 

B1 
a r e  i n f i n i t e  this 

0 / 

case  i s  t r i v i a l .  



Case 2. Otherwise t h e r e  i s  a  3-cycle {h .hl ,h2]  i n  H , where 
0 

H I' hOhl A T h h  A r hZhO . We s h a l l  assume t h a t  H c G and* show 
1 2  

t h a t  H can b e  embedded i n  C . The o t h e r  i m p l i c a t i o n  is  proved 

s i m i l a r l y .  There i s  no l o s s  o f  g e n e r a l i t y  i n  assuming t h a t  

h  C H\{ho.hl Ih2} and H 1 (fib * r h h  1.  L e t  Ho b e  t h e  sub- 
0 1 

s t r u c t u r e  determined by H \ {h} and l e t  H be  t h a t  determined by 
d .  

1 

H \ {h2 1 .  By t h e  i n d u c t i o n  hypo thes i s  H and H can b e  embedded 
0  1 * 

i n  C . Since C is g e n e r i c  f o r  t h e  c l a s s  of s t r u c t u r e s  which can 

be embedded i n  it we may assume t h e  embeddings a g r e e  on H n Hl . 
0 

L e t  these '  ernbeddings b e  e and e r e s p e c t i v e l y .  Now 
0 1 

c (reO ( h )  eO (hO) t-t I'e ( h )  eo (hl)  . Thus eo fh) # el (h2)  . But 
0  

a l s o  it e n t a i l s  t h a t  G 1 n h 2  i f f  C 1 r e o  ( h ) e l ( h 2 )  . But then  

e U e l  i s  an embedding o f  H i n t o  C . 
0 . 

This  e s t a b l i s h e s  Theorem 4.3. An open q u e s t i o n  ( Q 7 )  i s  j u s t  what 

o t h e r  coun tab le  tournaments have t h e o r i e s  which admit  e l i m i n a t i o n  of 

q u a n t i f i e r s .  

4. Undirected graphs  

I n  t h i s  s e c t i o n  w e  t u r n  t o  ano the r  case  i n  which combina to r i a l  

arguments-have c h a r a c t e r i z e d  t h o s e  f i n i t e  s t r u c t u r e s  whose t h e o r i e s  

- admit e l i m i n a t i o n  o f  q u a n t i f i e r s  - symmetric ' i r r e f l e x i v e  graphs.  . I n  

t h i s  s e c t i o n  w e  assume t h a t  t h e  fo l lowing  formula is a theorem o f  t h e  

theory  T 

r 

Vv Vv (Rv v t-t Rv v  ) . 
0 1 0 1  - 1 0  



The models of such theor ies  &re  j u s t  undirected graphs .  

A. Gardiner [4;  Th. 7 ,  Th. 121 proved the  following: 

Theorem 4.4 Let G /= T and assume t h a t  G i s  f i n i t e .  Then e i t h e r  ' 

G or  G i s  isomorphic t o  

n 
(i) 5 - a model of 

, (ii) P , the pentagon 

or (iii) 

Here the  pentagon P 

andwi th  R = { i f  : i 
P 

.- 

one of the  following: & 

E" f o r  sofie n,  k<w , 
k 

is the  s t ruc tu re  with universe { i : i  < 5 )  

(i = 0 A j' = 4 ) )  ; and 
L(K31 3 

) i s  the l i n e  graph on K = K  : 
313 3 

the ve r t i ces  of 
L(K3, 3 

) a r e  t h e  unordered p a i r s  ( a r b )  such t h a t  
l 

a  R~ and the  edges of L ( R ~ , ~ )  a r e  the p a i r s  ( e l f )  such 
3 f 3  , 

t h a t  e fl f  # + . L ( K ~ ~ ~  is e a s i l y  seen t6  be isomorphic t o  the 

product of two copies of the complete graph on three' ve r t i ces .  Note 

t h a t  P and L ( K  1 are  Both self-dual .  
3,3 

Following Gardiner we c a l l  a graph G ultraIiomogeneous j u s t  i n  

case it i s  C-homogeneous where Z is the  c l a s s  of f i n i t e  s t ruc tu res  

which may be embedded i n  G . 
In the  remainder of t h i s  sec t ion  we assume t h a t  T has an 

4- 

i n f i n i t e  model. An i n t e r e s t i n g  family  of^ ultrahomogeneous graphs is 

provided by t h e  methods of Chapter 3.  Let K be the  complete graph 
n 

with n ve r t i ces .  For 2 3 1  l e t  Z be the  c l a s s  of undirected 
n 

graphs which omit K . Then 2- has' a r b i t r a r i l y  l a rge  members, 
n n 

- 
f o r  example K f o r  mew . W e  may see t h a t  Z has the amalgamation 

I 
m n 

property a s  follows. 



I f  G, H H h C  and I H 0 I  n ] ~ ~ [  = I G /  t h e n l e t  H b e t h e  
0 '  1 n 

s t r u c t u r e  wi th  I H  I = I Ho / U lH l  1 and RH = R [I RH . Then H h C  I 

H 
1 

n 
0 

t r i v i a l l y .  Now . l e t  G b e  a C  - g e n e r i c  s t r u c t u r e  by Lemma 3.2 . 
n n 

G i s  ultrahomogeneous. 
n 

The main r e s u l t  o f  t h i s  s e c t i o n  i s  t h e  fo l lowing  theorem which 

l ends  some f u r t h e r  s u p p o r t  t o  C 7  . 
Theorem 4.5 There a r e  on ly  f o u r  countable  ultrahomogeneous 

u n d i r e c t e d  graphs which omit  t h e  t r i a n g l e ,  K 
3 -  

The proof of  t h e  

theorem i s  broken down i n t o  a sequence of  lemmas. For  t h e  remainder 

o f  t h i s  s e c t i o n  graph w i l l  mean u n d i r e c t e d  graph. Also f i x  G a 

countable  ultrahomogeneous graph which omits  K . L e t  C be t h e  
3 

c l a s s  of f i n i t e  graphs  which can b e  embedded i n  G . L e t  S b e  t h e  
f l  

2 

where Is21 = {ao,al ,a2} and R = { ( a  , a )  : 
2 i j  

t 
' i # j  A i - j  = 01 . Let  M* b e  t h e  graph I , i . e .  

Let  < be a model o f  E~ 
k 

t h a t  is  an  equ iva lence  r e l a t i o n  , w r  with  a ., 

c l a s s e s  each c o n t a i n i n g  k members. R e c a l l  t h e  a b b r e v i a t i o n s  g iven 

Lemma 4.5 If M* j? Z o r  S ,i? Z then  G is  isomorphic t o  one 
2 

the fol lowing:  

- 
(iii) K~ 

W 



and t h e  equivalence c la s ses  have t h e  same. ca rd ina l i ty .  Since K3 j! Z 

* there  a re  a t  most two c lasses  f o r  i f  g1rg2rg3 a l l  belong t o  d i f f e r e n t  

2 
Thus G i s  isomorphic t o  K~ o r  K . 

1 0 

I f  S2 j? G then A v v ( G I  i s  an equivalence r e l a t i o n  a l l  of 
0 0 1  

whose equivalence. c l a s s  have t h e  same card ina l i ty .  The f a c t  t h a t  

K p Z ensures t h a t  each c la s s  contains a t  most two elements. Thus 
3 

G i s  e i t h e r  i s o m r p h i c  t o  K: o r  KO , and t h e  proof of Lemma 4.5 i s  
2 

completed. 

For the remainder of t h i s  sec t ion  we assume t h a t  M* and S 
2 

belong t o  C From Lemma 3.5- 2 has the  amalgamation property and 

we r e l y  very heavily on t h i s  f a c t  below. We s h a l l  'show t h a t  Z = 
'v C3 ' 

whence G w i l l  be isomorphic t o  G . To e s t a b l i s h  t h a t  2 = Z some 
3 i 3 

de f in i t ions  a r e  required.  
f i 2 -  

For -2 def ine the n-star S = <{ai : ~ n }  . R > where 
n n 

1 
Let I = K , i .  I = and l e t  M = K 

1 
1 2 

i , e .  M = 

Let { H ~  ; a C A} be a nonempty family of graphs where 

H = < I H~ 1 , Ra> . Define the dis joint  union <H,E> = U { H ~  : a C A) a 

as follows: 

and = , : a =  B A (h,g)  C R 1 , a 
4 



I f  K i s  a cardinal  and H i s  a graph ( K - H I  is  the disiolnt, u-n 

of K copies of H . There is  no l o s s  i n  assuming t h a t  is 

commutative and associa t ive .  I f  H and J a re  graphs then (0-H) kl J 

is j u s t  J . Note t h a t  M* G I M .' 
We s h a l l  complete the proof of Theorem 4.5 by proving the  following 

four lemmas: 

L e v a  4.6 For a l l  n ( n - I )  S C .Z 
2 

Lemma 4.7 (nmS2)  C Z f o r  a l l  n2l  

Lemma 4.8 ( n o s  ) C C f o r  a l l  n>1. ar~d &2 
m 

Lemma 4.9 T, = T,  
3 

Of course the theorem i s  immediate from Lemma 4.9 f o r  which the  other  

lemmas a r e  a necessary preliminary. 

Proof of Lemma 4.6 We prove by induction t h a t  ( n m I )  W S2 C C and 

n + l m 1  M C C . With n=O t h i s  is  simply t h a t  S and M* 
6 7  2 

belong t o  C . The induction s t  lb p follows from Proposit ions 1, 2, and 

3 below. 

Proposition 1. If ( n * I )  U S C Z then + l m  S 6 C o r  
2 2 

d 

( n * I )  LJ S C C . 
3 

b Z Proof. For an ap 5 ica t ion  of  AP we may,assume t h a t  ( n m I )  U S2 
. . %  

z B  where 1 ~ ~ 1  = N U { v l r a 2 }  and R(Bo)  = {(airs ) : i f j  & i m j = O }  o j 

Let A be the substructure of B generated by N U {al,a2} . Let b 
0 

be new a n d d e f i n e  B such t h a t  1 ~ ~ 1  = N U  (al,a2,b}, a n d B  (n+3) -1 .  
1 1 - -  

Now A,  Bo C '  2' . Also B1 E Z s ince  from Ramsey's theorem w e  e a s i l y  

get  t h a t  w *  I can be embedded i n  G . 



61. 

f 
- - -  -- 

~TI-ms, l e t  C 6 5: ancl let  f : E + C and f i I5 +€-IS 
0 0 1 1 

embeddings such t h a t  f o  r A = f l  r A . Then fo  (ao) # f b) s i n c e  
1 %  

.a ) h R ( B d )  while (b ra l )  f R(B1) . The d i s junc t ion  depends on (ao 1 

The reader  may f i n d  t h e  proofs  less d i f f i c u l t  t o  fol low from i ' % 

cons idera t ion  o f  the' f i g u r e s  which we s h a l l  p resen t .  The following 
'4 

Proposit ion 

( ( n + l ) * I )  kJ S F 
2 

Proof. The 

Figure 2 .  

2. ~f ( n e l )  U . S  h C  and n +  M C Z  then . 
3 

f i g u r e  f o r  t h i s  p ropos i t ion  is  f i g u r e  2. 



an crppllc&~on of AP we mcry'choose B " .- - (n.1) 8 s  
0 3 

where 

r a  , % I ,  I u I I  r L, -, I .  - - - . .  - J and 1,'~ = O j  
IBO I 1a~'dlt?28d32 K'B 0 t'ai'aj - e 

* e, 

Let A = N U {a2,a3} and let b be new and let B S ((n+l)*I) U M. 
1 

- " 

Now let C F Z andvlet-f : B O . + C  and fl : B + C  be I 
0 1 

embeddings such that fo, r A = fl r A . Then a fl (b) # fo (ao) since 

f R a  1 w h i l ~  (h,&.J f a L R !  ;1 {$+#. 5 ( -  j 
0 ' 3 ' 1 1 0 -1 

because of a . There is no loss of generality in assuming that 
2 

are now two cases: 

and Case 2. (al,b) C R(C),  . 
In Case 1 consider N U {ao,al,a3,b} . This subgraph is isomorphic 

to ((n+l)*I) w S2 . 
--. 

In Case 2 &s*der N U {b,a ,a ,a } which is isomorphic to 
1 2  3 

Proposition 3. If ( (n+l) -1) W S2 C Z then 

Proof. For this proposition consider figures 

((n+2)-I) M E Z . 
3 and 4, 



For a f i r s t  app l i ca t ion  of AP l e t  B " ( ( n + l )  -I) kJ S where 
0 -  2 

/ B ~ )  = N U { b r a  ,a  , a  } and R(BO)  = { ( a  ) : i # j  and i * j  =< 01 . 
0 1 2  i j 

Cg€ 2 and 
0 

: B + C and 
0 f l  

: B -+ C be embeddings such t h a t  
1 

fo  r A = f l  r A . Then f (a ) # f ( c )  and without  l o s s  o f 'genera l i ty  
0 0 1 

f o f  fl 
a r e  inc lus ions .  Since K P Z w e  have (aoIc) f R(C)  . 

3 

But then  t h e  substq-ucture co. determined by N U {a2,ao,al,c) 

belongs t o  T, . 'For a second app l i ca t ion  o f  AP l e t  B < N U (a2 ,al,c} . 
Let d be a new ind iv idua l  and l e t  C " ( ( n + l )  -1) U S2 b e  sudh that 

1 - 

D F Z and g ': C -+ D and g : C -t D be-&beddings  w i t h  
0 0 1 1 

go r B = g1 r B . Now gO(ao) # gl(d) s i n c e  (aofa2) C R(C ) '  while 
0 

Since Kj f 2, (ao ,d) f R (Dl . Now t h e  subs t ruc tu re  determined by 

N U  ~ c , d , a o , a ~ i s o m o r p h i c  t o  ( (n+2) *I) M . 
 his compietes t h e  proof o f  &emma 4.6. 

W e  now t u r n  t o  t h e  proof of  Lemma 4.7: If ( n o I )  S2 f Z f o r  - 

a l l  n then f o r  a l l  n 3  (n*S2) € Z . 



Proof. We prove by induct ion on 1 that ( ( I  ( n * ~  F Z 

'for a l l  m , W i t h  n = l  this is s imp ly the  conclusion of Lerinna 4.6. 

The induct ion s t e p  involves  t h r e e  app l i ca t ions  o f  AP and is g r e a t l y  

simplifieSf by cons idera t ion  of f i gu re s  5 ,  6 ,  and 7. 

Figure  7. 



In t he  f i r s t  two amalgamations a ' l abe l  is a t tached  t o  an o u t e r  ver tex  

of S2 and with  t h i s  a 3-s ta r  is crea ted .  Then t h e  3-s ta r  is used t o  

c r ea t e  two 2-s tars .  . For t h e  reader  who can follow t h e  diagrams t h i s  
\ 

I 

should s u f f i c e .  However t o  avoid any poss ib l e  obscu r i t y  l e t  m2l 

be f ixed  and f i x  K 2 ( ( m . 1 )  ( ( n - l ) * S 2 ) )  . 

Claim. K kJ (2.1) IJ s3 C . 
Fix  new e n t i t i e s  a a a b b and b. For an app l i ca t ion  of AP 

0 '  1 2 '  0 '  1' 

l e t  be  determined by . . and 

R ( B  ) = R ( K )  U { ( a i , a  ) : i # j  and i - j  = 0 )  and l e t  o j 

A = K U {alIa21bo,bl} . 3 ?! ( ( (m+2)*1)  ( n o s 2 ) )  and s o  belongs 
0 

t o  C . Let  B1 be such t h a t  1 ~ ~ 1  = I A ~  U {b} and 

L e t ,  C F C and l e t  e  : B + C and e : B1 -+ C be  embeddings 
0 0 1 

a 
with e A = e r A . Now eo (ao )  # e l ( b )  s i n c e  (aoIa l )  c R(BO)  

0 1 

while ( b I a l )  P R(B1) . Thus without  l o s s  e , e  a r e  inc lus ions .  
0 1 

( a o I b )  f R ( C )  s i n c e  K3 f Z . 
For another  a p p l i c a t i o n  o f  AP l e t  Co be the subgraph determined 

by K U {a0.1alIa2rbOIblIb} . Let B = K U {a 0 ,a 1 'bib 0 '  b 1 } . 
Let a be new and l e t  

3 
be  such t h a t  16~1 = B U {a  } and 3 

Now l e t  D C Z and l e t  f o  : CO -+ D and f l  : C1 -+ D be 

embeddings wi th  f 0 r B  = f l  B . By inspec t ion  f o ( a 2 )  # f l ( a 3 )  

and without l o s s  a r e ; i nc lus ions .  ,a ) j! R ( D )  s i n c e  f o ' f l  (a3 2 

K3 j? C . But then t h e  subgraph determined by K U  {ao 'a ,a  ,a ,b , b  1 

is ' i somrph ic  t o  K kJ ( 2 . 1 )  ld S 3  F K , e s t a b l i s h i n g  t h e  claim. 



With another appl ica t ion  of AP 

Let Dg be t h e  subgraph determined 
\ 

the  above. L e t  e be new and l e t  

Let F f Z and l e t  

I 
C E - a  b E  

1 I 

go, y1 t o  be inclusions.  

we may see  t h a t  K k! (2 's C 2 . 
a2 

D be determined by 
4 

1 B 

E = D  n o , .  Then D , D  € Z .  
0 0 1 

F and g : Dl -+ F be ernbeddings 
1 

The substructure of F determined by 

K u b o , a l r a 2  , e ,b  o ,b 1 } i s  isomorphic t o  - ( m e I )  - !(_n+l)*S2) . This 

completes the proof of Lemma 4.7. 

Now we turn  t o  the  proof of Lemma 4.8, t h a t  ( n o s  ) f C f o r  
m 

-1. and m22 . 

Proof. The proof of t h i s  l e b  is very similar t o  the  f i r s k  p a r t  

4 

of the  proof of Lemma 4.7. Using the amalgamation property we t ag  one 

of the outer  ve r t i ces  of an m - s t a r  and then by another amalgamation 

produce an' (m+l)-star. This is shown i n  f igures  8 and 9. 

Figure 8. 



Formally w e  prove by induc t ion  on nP2 that f o r  a l l  nll ( n o s  ) C Z . m 
- - ppp-p- pp -- - - --- - - - - - 

with XI&? t h i s  is j u s t  t h e  conclusion o f  Lemma 4.7. Assume t h a t  

(kmS ) € C f o r  a l l  kL1 . Now w e  prove by induc t ion  on n2O t h a t  
m 

f o r  a l l  k21 ((kmS ) M d Z . Assume t h a t  ( ( k m S  ) (noSm+l)) m m 
I 

C C f o r  ' a l l  1 . Let K N ( (keS ) (n*Sm+l)), and l e t  m 

aor  be d i s t i n c t  new ind iv idua ls .  Define B ( K  S ) by m 0 m 
9 I B , ~  = I K I  u {ai : E m }  and R(BO) = R(K) U { ( a  .a ) : i f j  and i D j  = 0 )  

i j 

Let A = K U { ~ ~ ,  ..., a } . 9 b be new and d e f i n e  
m B1 by 

By AP l e t  C € C and le t  f o  : B + C  and fl : B + C  be 
4 0 0 0 1 0 

embeddings f o r  which f o  1 A = f l  1 A . Then f (a ) # f (b)  since.  
0 0 

a ) F R(BO) whi le  (b,al) f R(B1) l Thus we m Y  assume that 
( a o r  1 t 

-- panother ,of 

let am+l be  new and l e t  C be  such t h a t  lCll  = B U {a,+,} and 
1 



andC--into D p  
Let D C C and l e t  gO,gl be e B b e a f i g s  of Tip 

1 

respec t ive ly  such t h a t  Now 

a r e  i nc lus ions .  Now 

isomorphic  t o  (koS ) (,(n+l) *Sm+l) . m 
\. 

This complete proof o f  Lemma 4.8. \ 

We now tu rn  t o  t h e  proof of Lemma 6- 4 9 :,/that i s  C = C 3 .  

/ 

Proof. I t  is c l e a r  t h a t  Z c Z 3  . W e  prove by induct ion on t h e  

lexicographic  order  on p a i r s  (11Bl1 I R ( B )  I ) t h a t  i f  B E. .Z then 
3 

Thus l e t  and ass- t h a t  i f  B d Z 3  an8  B has fewer 

v e r t i c e s  than H o r  i f  IlBll = l l ~ l l  b u t  B has 'fewer edges than H 

then B E 2 .  We now-nsider t h r e e  cases.  s 
Case 1. There a r e  elements h h h F H such t h a t  (ho.hl)! 

P 0' 1' 2 

(ho fh2 )  C R ( H )  and such t h a t  t h e  mapping f : W\{h1}) -+ Wqh2})  
- 

which has f (h2) = hl.',and f (h )  = h f o r  h - C  ~ \ { h ~ . h ~ }  is  no t  an 

. ?  

isomorphisp. . ,' 

i. 
- 

By t h e  induct ion hypothesis  ~ \ { h  ) and ~ \ { h ~ ]  C C  and we may 
1 

choose K C 2 and embeddings 
0 

: ( ~ \ { h ~ } )  -+ K and f l  : ( ~ \ { h ~ } )  + K  

such t h a t  f o  and f l  agree  on ~ \ { h ~ . h ~ } .  Then fob2) # f l  (hl) 

s i n c e  t h e  mapping' f is n o t  an isomorphism, Thus t h e r e  is no l o s s  i n  

t ak ing  fo , f l  t o  be inc lus ions .  We have (hl,h2) f R ( K )  s i n c e  

K f Z .  B u t t h e n  H c K c G  and H C Z .  
J 

3 



Case 2. ' There a r e  h ,h .h F H such €hat  7 x 0 r ~ ? f  fib .TiiTPC 
- 

0 1 2  

R ( H )  and such t h a t  t h e  mapping f  : H\{hl} -+ ~ \ { h  } def ined i n  Case 1 
2 

i s  an isomorphism bu t  such t h a t  I ~ ( v \ { h ~ } )  I + 2 c I R ( H )  I 
Then l e t  k be new -and l e t  K be  t he  graph f o r  which 

i 2 

Now K2 C Z, and by t h e  induct ion hypothesis  K C Z s i n c e  
3 - - 2 

Let K be t h e  graph such t h a t  / K ~  1 = ( ~ \ { h ~ } )  u k and 
1 /- 

RW1) = R ( ~ \ { h ~ l )  . 1 I7 K2 = ( ~ \ { h ~ . h ~ l )  U {k}. . 
By t h e  amalgamation a n d l e t  f l  : K1 -+ K 

f 2  : K -+ K be  embeddings such t h a t  f l  r (Kl  fl K2) = f 2  r (K1 I7 K2)  . 
2 

Then f l (h l )  # f  (h ) s i n c e  (h ,k )  )? R(K1) whiIe (h2,k)  F 
2 2 1 .  

w 
R ( K 2 )  . Thus without loss f  , f  . a r e  inclusions. ~ o t e  t h a t  

1 2  

(hl Ih2)  f R ( K )  . But then H c K and ' so  H C Z . 
Case 3, Otherwise f o r  a l l  h h h € Z i f  ( ho rh2 )  . (horhl) ( R(H) o r  1' 2 

then (h,hl)  F R(H)  i f f  ( h I h 2 )  C R(H) f o r  a l l  h C H s i n c e  Case 1 

f a k l s ;  and indeed i f  (h rh l )  C R ( H )  then h = h s i n c e  Case 2 f a i l s .  
0 

L h e n  it i s  easy t o  s ee  t h a t  t h e r e  a r e  mrn such t h a t  H i s  

isomorphic t o  a subgraph o f  n*S . and  scr H C 2 . 
m 

This completes the proof o f  Lemma 4.9 and hence t h e  proof of  

Theorem 4.5. 

We conjecture  

( C 8 )  For each n t h e r e  a r e  a f i n i t e  number of  countable undirected 

graphs whose t h e o r i e s  admit e l imina t ion  of q u a n t i f i e r s  and which o m i t  



The ex tens ion  o f  t h e  techniques  employed i n  t h i s  paper  is n o t  obvious 

even f o r  t h e  ca se  n=4 . 

5. F i n i t e  ultrahomogeneous graphs 

In  t h i s  s e c t i o n  we examine b r i e f l y  t h e  problem of  desc r ib ing  a l l  

f i n i t e  graphs which model 1 Rv v and whose t h e o r i e s  admit e l imina-  
0 0 

t i o n  of q u a n t i f i e r s .  This  p r o j e c t  is f a r  from complete,  b u t  cont inues  

f r n m  +he r.rr\vlr A F  r'nL--.r-- A * ---2 L- ----.. ,..- . .VLd .  IIIbVLGIII Y . L .  aliu ~ t :  w v ~ k  ui Zdr(ii11er i 4 j .  I n  t n i s  

s e c t i o n  G is  assumed t o  be  a f i n i t e  ultrahomogeneous graph which 

models (7 Rv v ) .  
0 0 

Lemma 4.4 ho lds  o u t  t h e  hope o f  o b t a i n i n g  some i n d u c t i v e  

c h a r a c t e r i z a t i o n  o f  such G : . If a C G then  each o f  t h e  sub- 

s t r u c t u r e s  determined by {b : G \ I'ba), {b : G k r a b )  , 

{b : G Aoab A a*) and {b : G \ Alab A a+) is a graph whose 

theory  admits e l i m i n a t i o n  o f  q u a n t i f i e r s .  

- 
If G AovOvl o r i f  G A v v  then G is K o r  K f o r  

1 0 1  n n 

some n . If G A v v t hen  G i s  K o r  a 3-cycle.  The work o f  
2 0 1  1 

Gardiner d e s c r i b e s  t hose  G i n  which 
( Aovovl 

I n  t h i s  s e c t i o n  w e  g i v e  some r e s u l t s  on t hose  

(AlvOvl V A v v ) . For t h e  remainder o f  t h i s  
2 0 1 

G AlvOvl V A2vOv1 . 

v A v v ) i s  v a l i d .  
1 0 1  

G which model 

s e c t i o n  assume t h a t  

Say t h a t  G is  connected j u s t  i n  case  t h e r e  a r e  no non-empty 

G G C G with  GO f l  G = Q , G U G1 = G and ( R  ~ G ~ ) U ( R ~ ~ G ~ )  = R G .  
0' 1 1 0 G 

Component has  t h e  u sua l  meaning. 



- - - 

The f i r s t  easy observat ion is the  following: 
- - - - - - - - --- -- - - - -- 

Lemma 4.10. If G i s  n o t  connected then G i s  isomorphic t o  

- 
K f o r  some n o r  G i s  a d i s j o i n t  u d o n  o f  3-cycles. 
n 

4 
t 

Proof. Since G is f i n i t e -  t h e  equivalence r e l a t i o n  " a l i e s  i n  

t he  same component a s  b " is a def inab le  equivalence r e l a t i o n .  From 

p , \ t h i s  it follows that any automorphism of  G must permute i ts components. 
- -- - - - - - - - -- " 

The subgraph determined by a component C i s  then i tself  ultrahomo- 

geneous s i n c e  the  r e s t r i c t i o n  t o  C o f  t h e  abpropr ia te  automorphism 

of G w i l l  f u rn i sh  an automorphism of C extending an isomorphism of  

subgraphs of C . 
I f  a ,b  l i e  i n  d i f f e r e n t  components of  G then G Blab . 

~ e n k e  each component models A v v by e l imina t ion  o f  q u a n t i f i e r s .  
2 0 1  

Therefore each component is e i t h e r  a 3-cycle o r  each component is  a 

I n  t he  seque l  w e  asgume - * t h a t  G is connected. Then we conjecture  

(C9)  G has a Hamiltonian c i r c u i t .  
4 

This i s  supported by 
'Y 

Lemma 4.11 G has  a spanning c i r c u i t ,  t h a t  is t h e r e  is  some sequence 

< a  : n l m >  such q a t  G .  = ( a  : d m )  , a. '= a and f o r  a l l  r x m  
n n 

- 

Proof. If I G ~  = 1 there i s  nothing t o  . 
G ~ v ~ ~ ~ ~ ( ~ v ~ v ~ )  . Now s i n c e  G is f i n i t e  

def ined on G by " the re  i s  a sequence <a : 
n 

a = b and DO and G I= Ra a f o r  a l l  
m n n + l  

- 

prove. Thus assume 

t h e  r e l a t i o n  Sab , 

n% such t h a t  a 
0 

that 

n<m " , is def inable .  



- - -- 

Note t h a t  S is t r a n s i t i v e .  Since Th(G) admits e l imina t ion  of  
-- - - -- - -  - - - - -  ---- 

q u a n t i f i e r s  1 {b : Sab ho lds} /  is independent of t h e  choice o f  a . 
Fix  a C G and le t  a be such t h a t  G Ra a . Since Sa a holds 

0 0 0 

we have (b  : Sab ho lds )  c (b : Sa b ho lds )  whence e q u a l i t y  follows. 
0 

Clear ly  Saa holds ,  i . e .  S is  r e f l ex ive .  I f  Sab holds ,  then 

- Sba holds  s ince  Saa holds  and {c : Sac ho lds ]  = ( c  : Sbc holds} . 

G Rab then a , b  a r e  i n  t h e  same equivaience c l a s s  under S . 
Since G i s  connected any a;b f G a r e  S-equivalent.  The des i r ed  

conclusion now fol lows e a s i l y .  



Chapter 5 

I n  t h i s  chapte r  we cons t ruc t  an example of a  complete theory T 
0  

i n  a  smal l  language which has a nonprincipal  1-type . p  containing 

i n f i n i t e l y  many 2-types q and such t h a t  T has a f i n i t e  number 
0  

of  isomorphism types  of countable models. The i d e a  i& t o  gene ra l i ze  

- - -  - - - - - - - - - - -  

t h e  cons t ruc t ion  used by Pe re ty i a tk in  [8 ] .  We produce a dense t r e e  

wi th  i n f i n i t e  branching and indexing of  sub t r ee s  above a node by the  
b 

r a t i o n a l s .  

Let L be  t h e  language with  one unary func t ion  symbol U , a 
- 

binary  p red ica t e  syqbol < ,  a  b ina ry  funct ion symbol A , a  b inary  

funct ion symbol I and a  cons tan t  symbol c  . 

L e t  T be t h e  theory wi th  language L and nonlogical  axioms: 

-Group 1. <u, A r U> i s  a t r e e ,  otherwise A is t r i v i a l .  

Thus l e t t i n g  xcty IDf Ux A Uy / Ix;f~~ = x) A x#y t h e  axioms a r e  

V A V  = V A V  
0  1 1 o f  1 2  0  1 

( v o A v )  A v  = v A ( v  Av2) ,  v O A v  = V  

O F  
o f  

Group 2. <T ~ \ ( d } ,  < > is a l i n e a r  o rde r ,  o therwise  < is 

t r i v i a l : .  



. 
- - - - --- - - - -- 

Group 3 .  f indexes t h e  sub t rees  above a node by p o i n t s  of t h e  
D 

- -  - -  - 

l i n e a r  o rder :  

Lemma 5.1 Z has t he  amalgamation property.  

9 
8 

P 

proof. I t  w i l l  s u f f i c e  t o  show t h a t  i f  A,B B € Z , and A c B 
0' 1 - 0 ' 

a f o r  i = 0 , l  . L e t  A , B  B be as above. We prove by induct ion that 
0'  1 

the opera t ions  of B B may be extended t o  I B ~  1 U IB1 I = I C  I t o  
0' 1 

construGt t he  requi red  C . 
L e t  U = UB U UB and l e t  c = c 

C 0 1 C B .  
0 

I t  i s  n o t  d i f f i c u l t  t o  extend cB U cB t o  a l ine+ar  o r d e r  < on 
0 1 C 

b 

I c ~  \ ( U C  U {cA})  . F i r s t  de f ine  by c a d i f f  t h e r e  is a 

sequence <z  : iTn> where n>O and c = z d = z and f o r  a l l  
i 0' n 

i<n (Z 
i ' z ~ + ~ )  6 ( c B  U cB ) . An induct ion on t h e  minimun length  o f  

0 1 

t h e s e q u e n c e  < z , >  shows t h a t i f  c a d  and c ,d  € B  then 
1 -- - i -- - 

(c ,d )  F <  . Indeed c = z  and d = z  
B, - - 0 - - n44 - - - - 

a r e  bo th  i n  B 
1 b 4/' 

I f  z f Bi w e  are done f o r  
n , z  € <B . Otherwise z  F B \ A 

('0 n 
i n 1-i 

whence both - z and z € B assuming nL1 . Now 
n-1 n+ l  1- i 

z < z so t h e  sequence t z  : iSn+l> can be  shortened.  
n-1 B n + l  i - 

1-i 



- -  - I - I 

Thus i n  each case. t h e  s h d r t e s t  sequence h a s L  length 2 i f  c .  d 5 Bi . 
Y 

That a can be extended t o  a l i n e a r  o rder  is  c l e a r .  
-i 

We now show by induct ion on I U I that t h e r e  e x i s t  func t ions  
C < + 

"Cf I C  
on I c ~  extending A r e spec t ive ly  f o r  i = .0 ,1  

B IB 
i i , - 

' such that < Ic I ,  u C, c ~ ,  AC, IC, C> is a model of T . Let  A , I i .  
i ,  

denote A , I re spec t ive ly .  Let  a be t h e  p a r t i a l  o rder  
B; B: i 

corresponding t o  A .  a s  i n  t h e  d e f i n i t i o n  i n  Group 1. 
1 

There a r e  now two cases .  

Case 1. 3i < 2 3x C B , \ A  Vz € B . ( T x  a z )  i 
I. 1 i 

Choose such an i and x . By t h e  induc t ion  hypothesis  t h e r e  

a r e  extensioqs  A I of  A , A B { X  and I I ,  (B.\ {x}) 
1-i i 1 1-i 1 1 

t o  C \{x} such t h a t  t h e  r e s u l t i n g  s t r u c t u r e  is  a model of T.. 

Now l e t  x be t h e  maximum of {3 : y ai x} and f o r  z F C def ine  
0 

- 
* 

and I ( x , z )  = c 
A 

Case 2.  For every 'x C B t h e r e  i s  a E A such t h a t  
i 

Choose i from 0 , l  and x ( B .\A such t h a t  
1 

VyVz(x a .  y + y  E A .A .  x a .  y A y a 
1 

z + z  E A )  
1 1- i 

L e t  A~ = {a : x a a) . 
i 



A s  f n  Case 1 Ie t  A '  , It e x t e n d  

1 -  1 B x r e s p e c t i v e l y  
1 

a  model of T . 

f i  , . . and 
1-i 1 1 

t o  c\{x] such t h a t  one o b t a i n s  

Extend A '  t o  C by l e t t i n g  x be t h e  least element  o f  A 
0 

which i s  g r e a t e r  t h a n  x and f o r  a l l  z C C 

x A '  e otherwise 
l o  

Le t  

- -  

\ A  otherwise  

I t  i s  an  easy  c a l c u l a t i o k  t o  check t h a t  C is a  model .of T . This  

completes t h e  proof  of Lemma 5.1. 
.-. 

Z c l e a r l y  has  a member which can be  embedded i n  each o t h e r  m e m b e r  

- a  s t r u c t u r e  w i t h  one e lement  which is  a  model of T . Also Z h a s  

a r b i t r a r i l y  l a r g e  f i n i t e  members a n d  i s  c l o s e d  under s u b s t r u c t u r e .  

F i n a l l y  it i s  easy  t o  s e e  t h a t  t h e r e  i s  a  bounding f u n c t i o n  f o r  t h e  
41 

4 

c a r d i n a l i t y  of genera ted  s u b s t r u c t u r e s  and so w e  may apply  Lemmas 3 . 2  
I 

and 3.4. L e t  M be a  Z-generic  s t r u c t u r e .  Then Th(M) admits e l iminar  
r 

/* . - -- t i o n  of q u a n t i f i e r s .  

Let c :n& and d :nCo b e  new c o n s t a n t  symbols and let L be 
A n  0 

4 

t h e  language L 3 { c  :nC1') !J {d : n t )  . L e t  Mo be an expansion of 
n n  

3 t o  Lie  language L t o  model: 
0 



? U  cm A c  # c fo r  a l l  m , c < c f o r  mcn , 
m m n 

U d  f o r  a l l  m , dm A d = d f o r  m<n , 
m n m 

and I ( d  ,dm+l) = c f o r  a l l  m . m 0 

Let T = Th(MO). We s h a l l  show t h a t  T has 9 countable models and 
0 0  - 

t h a t  there  is  a  nonprincipal 1-type-which contains i n f i n i t e l y  many 

2- types. 

F i r s t  note t h a t  T admits elimination of q u a n t i f i e r s  s ince  Th(M) 
0 

does. 

The 9 models a r e  charac ter ized ,by  the  upper bounds f o r  {c :new} 
n 

and {d : n h )  . L e t  the  models H,K agree on the following four  
n 

i n f i n i t a r y  sentences : 

The f i r s t  two sentences a s s e r t  that c  1, d m  1 respect ively have 
1 1 

upper bounds, the t h i r d  and four th  sentences t h a t  {ci}, id. ) 
1 

respect ively have l e a s t  upper bounds. When these l e a s t  upper bounds 

exist we s h a l l  denote them by sup{c: ), sup(d. ) respectively.  
f 1 

We s h a l l  show t h a t  H % K . . 
Write 7 U (A)  for (7 U vo) (A)  . 



- - -  A- 

We may app ly  t h e  @ urnent f o r  t h e  Ehrenfeucht  s t r u c t u r e s  d i s c u s s e d  i n  9 
112, $61 t o  o b t a i n  an isomorphism 

where [SIA denotes  t h e  s u b s t r u c t u r e  o f  A genera ted  by S . , 
We now app ly  a back and f o r t h  argument on u~ and U t o  ex tend  a 

K 

t o  a n  isomorphism o f  H and K . I 

Let  {e :xu]  enumerate u~ and l e t  if :n<o) enumerate 
n n U~ - 

We c o n s t r u c t  enumerat ions {h :new} of u~ and {k :nco) o f  
n n 

such t h a t  for each n t h e r e  is  an isomorphism 

'n 
: [ 7 U ( H )  U {h .  : i < n ) l H  -+ [ 7 u (K) U { k i : i a ) l K  

1 

and such t h a t  t h e  fo l lowing  c o n d i t i o n s  a r e  s a t i s f i e d  f o r  a l l .  n 

(i) pn extends  0 

(ii) pn ( h . )  = k  f o r  i < n  
1 i 

(iii) ho = ( s u ~ { d ~ } ) ~  and kg = ( ~ u p { d ~ ) ) ~  if t h e s e  e x i s t  

( i v )  h is an upperbound o f  {d .  } i n  H i f f  k is  an 
n 1 n 

upper bound of d .  i n  K 
1 

There is no d i f f i c u l t y  i n  choosing ho and kg t o  b e  s u p i d .  ) i n  
1 

H , K  r e s p e c t i v e l y  when t h e s e  e x i s t  s i n c e  f o r  any upper bound h of 

i d . )  i n  H and any upper bound k o f  { d . )  i n  K 
1 1 

H I ( d  , h )  = co and K /= I ( d  ,k) = co 
m m 

fo r  a l l  m . 
Thus w e  may assume t h a t  {h : n < ~ )  and {k :XN] have been chosen 

n n 

t o  s a t i s f y  t h e  c o n d i t i o n s  and N>O i f  sup f d .  e x i s t s .  We p r e s e n t  
1 

E?te argument f o r  even N , with N odd w e  extend t h e  range o f  
?N 

i n  

0 

a symmetric way. 



Let n be minimal s u c  t h a t  e j? {h : n c ~ ) ~  and se t  hN = e , 4 n n 

Let  H '  = H r L and K '  = K) L . There a r e  now two cases :  

C a s e  1. H b d a hN f o  
m 

Let  A be t h e  f i n i t e  s u b s t r u c t u r e  o f  H '  g e n e r a t e d  by (h :n<N+l} . 
n 

Le t  a be  t h e  &%St o f  the upper bounds of  { d .  } which belongs  t o  A . 
1 

I f  a C [{h : n < ~ ] ]  then  l e t  B be  the s u b s t r u c t u r e  o f  H '  genera ted '  
h H 

\ 

by {h :ncN) B, (A fl 7 U ( H i )  . Now oN r B is  an embedding and K' 
n 

i s  X-universal and C-homogeneous. Thus pN r B can b e  extended t o  a n  

ernbedding o f  A i n  K '  . L e t  k be  t h e  image o f  
\ N hN 

i n  t h i s  

\ 

embeddiTng . This  de termines  pN+l . W& do n o t  v e r i f y  a l l . . t h e  d e t a i l s  

that %+I i s  an  L -isomorphism l ju t  check t h e  r e l e v a n t  c l a u s e  t o  
O 

s e e  t h a t  o '' 
N+1 

r e s p e c t s  I ., If k € pNcl h . . h  } U ~ U  
'\ N 

and k a kN then  e i t h e r  k a pi (a l  i n  which c a s e  

IK(k ,kN)  = IK (k,  pn (a)  ) , o r  p (a) a k i n  which c a s e  t h e  e x t e n s i o n  of 
N - 

PN r B t o  A ensures  t h a t  p is an isomorphism. N+1 . 

Now suppose t h a t  a P [ { h n : n c ~ ) I H  . Then {diIH h a s  no l e a s t  

upper bound, b u t  t h e r e  a r e  upper  bounds, I f  t h e r e  a r e  no upper bounds 

f o r  {diIH which belong t o  [{hn:n<N)] t h e n  we may choose f o r  
H kN 

any upper bound of {diIK . Otherwise l e t  b b e  t h e  minimum o f  t h o s e  
/ 

upper bdunds f o r  {diIH which belong to  [{h :n<N)lH . Choose an 
n 

upper bound k for {diIK such t h a t  k a p ( b ) .  Let j F l U ( H )  b e  such 
N ,-f 

tha t  j = I ( k , s p i ( b ) )  . The i d e a  f r o m h e r e  is  t o  s e g t h a t w e  can 
K 

use k i n  t h e  way we'used p N ( a )  i n  t h e  f i r s t  p a r t  of  t h i s  case .  

Ne c o n s t r u c t  a member o f  C i n  o r d e r  t o  use  t h e  2-gener ic  n a t u r e  

of ti' ' t o  f i n d  a s u i t a b l e  preiniage , f o r  k , t h e  analogue o f  a 
.: 4. 

Y 

i n  the first p a r t .  
cr \ 



L e t  S b e  t h e  s u b s t r u c t u r e  o f  H' genera ted  by (h : i 5 ~ )  U {j) 
i 

whose un ive r se  i s  1st U { h )  and which s a t i s f i e s  in a d d i t i o n  t o  the 

c o n d i t i o n  t h a t  C I S  I = S t h e  c o n d i t i o n s  

(ii) x A  h = h = h A C x  
C 

f o r  x  F S s a t i s f y i n g  a g  x  o r  
S 

i f  x = h  

Then C F Z and s i n c e  H' i s  Z-generic  t h e r e  i s  no l o s s  o f  g e n e r a l  t y  ji 
i n  assuming t h a t  h  C H . 

Now observe  t h a t  the s u b s t r u c t u r e  o f  B' - = 

f i h  : i c ~ )  U {h)  U (1 u ( C )  ) I H ,  
i 

and t h e  s u b s t r u c t u r e  o f  K '  

[{ki : i+$)  U i k )  !J ( o ( 1  u(C-) ) I K ,  a r e  isomorphic by t h e  unique 

mapping G compatible  w i t h  
0 P~ 

which t a k e s  h  t o  k  . Using t h e  

gener icness  of K '  w e  can f i n d  
kN 

s o  t h a t  0 ex tends  to an , 
0 

isomorphism : [ { h . : i < ~ + l ]  U {h)  ( 1 U ( C ) ) I H ,  + 
1 1 

[(k. : i < ~ + l )  iil {k} Li g(l U ( C ) ) )  
K ' where 0 ( h  ) = kN . 

1 
% 

1 N 
T 

Since  k  cr kN 
k* 

is an upper bound o f  {diIK and f o r  PNcl 

w e  can t a k e  a r e s t r i c t i o n  o f  t h e  unique common ex tens ion  o f  U . - - a n d  
I 

I 

?N 
. I t  is  easy  t o  s e e  t h a t  

%+l 
is an  L -isomorphism. This  

0 

completes t h e  f i r s t  case .  



Case 2. Otherwise, i . e .  3 m  [(dm), G! hN] . 

s t ruc tu re  o f  H '  generated by {h :i(N+l} U {d ) : i<m+l} . Let B i i H 

be t h e  subs t ruc ture  of A generated by {hi:i<~}U{d ) :i<m+l}U 7 U ( A )  . * 

i H .  

By hypothesis .pN r B is an L-isomorphism from B 3 t o  t h e  substructure 

of K' generated by {k : i < ~ }  U {d ) : i tm+l} U a ( l  U ( A )  ) . Since 
i i K 

and an L-embedding, 

t h a t  o (h ) = k 
1 N N 

' common extension of 

may f ind  
k~ 

a s u i t a b l e  &&be i n  K f o r  
hN 

5 of A i n  K '  which extends r B  s u c h .  
1 N 

A s  i n  t h e  f i r s t  case we l e t  ,aN+l be the  unique 

m d  o Again it i s  easy t o  see  t h a t  
N .  1 ' P ~ +  1 

Thus H 2 K a s  was t o  be proved. 

We have shown t h a t  the  isomorphism type of a countable model of , T  
0 

i s  determined by the  t r u t h  values.of  four  i n f i n i t a r y  sentences. 'These 

sentences a r e  not ' t jnde~endent because exis tence of a l e a s t  upper bound 
\ 

\ 

implies existence of an upper bound. The reader w i l l  e a s i l y  see that 

8 -  

there  a r e  i n  f a c t  9 d i f f e r e n t  p o s s i b i l i t i e s  f o r  the  quadruple of t ru th -  
/ 

5 
values. From t h i s  it is  easy t o  see tha t \  T has 9 countable models. 

0 

L e t  p be the type determined by {UX A d a x : i<o} . p is  
i 

B 

nonprincipal. Also there  a r e  o 2-types q i n  pxp . There a re  

a t  n o s t  s ince  I (Tg,w) < w and {q : n to )  where 41 is the 
n 

2-type i n  pxp determined by (x a y A I (x,y)  = c ) is  a family of 
n 

d i s t i n c t  2-types i n  pxp . 
We summarize these r e s u l t s  i n  the  following theorem. . 



Theorem 5 . 1  There e x i s t s  a  complete theory  w i t h  a  s m a l l  language 

which h a s  9 coun tab le  models and a  n o n p r i n c i p a l  1- type which c o n t a i n s  

i n f i n i t e l y  many 2-types. 

2 

I n  the n e x t  c h a p t e r  we s h a l l  s e e  how to  c o n s t r u c t  a complete 

theory  T w i t h  a s m a l l  language w i t h  countably  many unary p r e d i c a t e  

symbols such t h a t  T h a s  4 coun tab le  models and a  n o n p r i n c i p a l  1- type 

c o n t a i n i n g  i n f i n i t e l y  many  2-types. The fo l lowing  is  open. 

Q9: I f  T h a s  f i n i t e l y  many n o n l o g i c a l  symbols 'except  

f o r  c o n s t a n t  symbols, i f  T admits  e l i m i n a t i o n  o f  

q u a n t i f i e r s  and I (T,w) < 9 can T h a p  a  non- 

p r i n c i p a l  1- type c o n t a i n i n g  i n f i n i t e l y  many 2-types? 

Another quespion is  the fo l lowing:  

Q I O :  If I ( T , u )  = 3 and T has  a  s m a l l  language can T 

have a n o n p r i n c i p a l  1-type c o n t a i n i n g  i n f i n i t e l y  

I 

many 2-types? 



Chapter  6 

C 1 ,  C4 and the Theory T 
1 

1. C 1  a n d C 4  

I n  t h i s  c h a p t e r  we s h a l l  c o n s i d e r  f u r t h e r  complete t h e o r i e s  w i t h  

a  s m a l l  language which have a  f i n i t e  number of  coun tab le  moaels.  I n  , 

t h i s  s e c t i o n  w e  d e s c r i b e  some p r o p e r t i e s  of t h e o r i e s  which s a t i s f y  

Q; 

C l  o r  C4, In  t h e  n e x t ' s a c t i o n  w e  s h a l l . c o n s t r u c t  the theory  T 
1 *  

which s a t i s f i e s  C 1  b u t  f o r  which. C4 T a i l s .  

I n  t h i s  s e c t i o n  we a s s b e  t h a t  'T is  a  complete theory  wi th  a  + 
courttable? language and t h a t  T . h a s  a  f i n i t e  number o f  countabl$ 

models and more than one. L e t  M be a coun tab le  s a t u r a t e d  model o f  
i 

T , and l e t  p be a n o n p r i n c i p a l  1- type o f .  T . 
t e ' 

I n  t h e  next  lemma w e  e x p l o r e  t h e  consequence o f  assuming t h a t  T 

s a t i s f y  a  s t r e n g t h e n i n g  o f  C1 .  
- 

- -- , 

Lemma 6 . 1  Assume t h a t  t h e  r e l a t i o n  R on p(M) = { a  C M : a  

r e a l i z e s  p )  ' d e f i n e d  by 
: 

c a& - iqEf b  is prime over  a 
1 

G i n e a r  aide,. m e n .  T satisfies th8 follow in^ conditions : 
(i) t h e r e  a r e  a f i n i t e  number of  2-types i n  p  

1 

(ii) R is  d e f i n a b l e  ( i n  t h e  sense  t h a t  t h e r e  is a formula' 
0 

whose r e s t r i c t i o n  to  p d e f i n e s  R) 

(iii) -A is  a  dense o r d e r .  



Proof,  Let  ( 9  : K M ~ )  be a fami ly  of formulas i n  C 4  . suck 
n  2 

t h a t  i f  , a r b  r e a l i z e  p  i n  M pnd aRb then f o r  some ,n 8 n  

is- cont rad ic tory .  

To s e e  (i) cassume f o r  con t r ad i c t i on  t h a t  t h e r e  a r e  i n f i n i t e l y  

many 2-types i n  p  . Then ct = w . But then by t h e  dompactness 
19 

theorem t h e r e  i s  a 2-type q i n  pxp containing 

f :  B u t  then i f  a l , b '  r e a l i z e  q i n  M we have n e i t h e r  a ' R b  nor 

'> - 
:. b'R a '  a cont rad ic t ion .  Thus (i) holds. 

We now e a s i l y  o b t a i n  (ii) from ( i ) ,  f o r  W o  and V 8 w i l l  
n 

def ing  R on p  (MI . 
$ 

Since p  is monprincipaT it is c l  t h a t  p ( ~ )  i s  i n , • ’ i n i t e  and 

t h a t  R is without endpoints .  Now l e t  n<a and observe that f o r  b  
1 ,- 

r e a l i z i n g  p  i n  M ( ~ C M  : M /= 0 ( a r b )  & a  r e a l i z e s 2 1  must be 
n  Y 

i n f i n i t e  s i n c e  R is l i n e a r .  
For the type qn 

generated by 8 over * 
n  

p i s  no t  p r i n c i p a l  i n  i t s  second coordinate ,  i . e .  T (q  i s  no t  
1,l n  

p r i n c i p a l  over p . But now i f  
a l t a 2  

,b r e a l i z e  i n  M pnd 

we must have t h a t  a R a  holds  d r  a  R a  holds.  Thus 
1 2  2 1 

- 
2v ( , (v v 1 A J 6 (V , V  ) )  b e l ~ n g s  t o  q . Since t h i s  is t r u e  

2 -k 0' 2 k<u k 2 1  n k c u .  

for each n<a it e a s i l y  follows t h a t  R i s  dense'on p(M) . This 

completes the  proof of t h e  lemma. 

I n  the  next 1-a we p re sen t  a s t rengtheninq  of  a  r e s u l t  of Benda 
- - 

[1, Thm. 2 1 .  He showed t h a t  i f  every i n e s s e n t i a l  extengion of T has  



a f i n i t e  number of countable models then T has a universal model 
* - 

r which i s  not saturated. 

Lemma 6.2 I f  every inessential  extension of T has a f i n i t e  

number of countable models then T has a universal model prime over 

a f i n i t e  s e t .  

Proof. Recall f i r s t  tha t  i f  a theory has a f i n i t e  number of 

countable models then the theory has a powerful n-type for some n . 
An n-type is  powerful just i n  case every model of the theory realizing 

the type realizes every m-type i n  the theory [l, p. 1111 .  

Assume that  every inessential  extension of T has a f i n i t e  

number of countable models. Let {a : new} be an' enumeration of M . 
n 

- 
Let a be the n-tuple {a : j  . Now Th (M ) has a f i n i t e  

n j an 

number of countable models. Let be a powerful k -type i n  
n n 

- - 
Th(Mlan) and l e t  b realize n in  (M,an) . Let Z be the 

n n n 

(n+k )-type of . a  - " . Note tha t  Z i s  a powerful k -type i n  T . 
n n n 0 0 

, W e  sha l l  show that the model N prime over b i  realizing % is  

universal. 

We choose by recursion sequences {a' : nFo} and {b' : new} 
n n 

- I  

i n  N such that  a '  ' realizes Z Owhere a is the sequence 
n n n n 

{ a i  : j c n )  . Then M i s  isomorphic to an elementary substructure 
j 

of N so tha t  N is universal. -C 

Assume t ha t -  a '  wl  and 6' have been chosen for r x n  such t ha t  
m 

- i  7 - *  - 1 

a b realizes Z for m n  , and n>O . Now N n  i s  a 
m m m 

- 
mode.1 of ~h (M ' an- 1 

and gA - realizes ll , a powerful type 
n-1 

- 
i n  Th(M,an-l ) . B u t  t h e n  it i s  eas; to  see tha t  we may choose 

* - 



a '  and 
n -3 

such that realize 

b - - I of  <a > 6 i n  Th(M,an l )  must be  r e a l i z e d  i n  ( N , a n  . 
n n - - 

This completes t h e  proof o f  Lemma 6.2 .  

2 .  The Theory T 
1 

In t h i s  s e c t i o n  we cons t ruc t  a theory T which has  4 countable 
1 

- .  

models b u t  which has  an i n e s s e n t i a l  extension T having i n f i n i t e l y  
2 

many counta@le models. T i s  i n  a small  'language with  countably 
1 

many unary p red ica t e  symbols. T s a t i s f i e s  C 1 ,  indeed it has  a 
1 

nonprincipal  1-type p on which t h e  r e l a t i o n  "a i s  prime over  b" 

is l i n e a r ,  

The cons t ruc t ion  of T uses t he  t o o l s  of  Chapter 3 and resembles 
1 

the  development i n  Chapter 5. F i r s t  an w - ca t ego r i ca l  theory is  
0 

constructed,  t h e  models o f  which a r e  l i n e a r  o rde r s  wi th  two s o r t s  of  

elements : " ra t iona l s " ,  and " i r r a t i o n a l s "  indexed by inc reas ing  t r i p l e s  

of r a t i o n a l s .  This theory i s  obtained by amalgamation techniques. 

Consider t h e  language L with nonlogical  symbols: a unary pred i -  

c a t e  symbol U, a binary r e l a t i o n  symbol <, a 3-ary funct ion symbol I ,  

and a cons tan t  symbol c . Let T be the  theory wi th  language L and 

the  following axioms. 

i 
~ = o u p  1. < i s  a l i n e a h .  r d e r  with l e a s t  elements - c : P- 

(x<y A y<z .+* x<z) , 1 x<x ,. 

(x ty  v x==y v y t x )  , c5x . 
Group 2. I is  a mapping from inc reas ing  t r i p l e s  o f  U t o  

7 U \ (c) ' and i s  otherwise  t r i v i a l :  



I v v v  # c t ; f  v < v  A v < v  A U v  A U v  AUv 
0 1 2  0 1 1 2  0 1 2 ' 

I v v  v  5 v , l U ( I v  v  v ) . 
0 1 2  0  0 1 2  

Group 3. D i s t inc t  increasing t u p l e s  of U index d is t . inc t  
/ 

i r r a t i o n a l s :  

Let Z be the  c l a s s  of f i n i t e  models of T . 
Lemma 6 . 3  Z has t h e  amalgamation property. 

Proof. To see t h i s  it s u f f i c e s  t o  consider A A A C Z .with 
0' 1' 2 

A C A  
0 

A c A  and ! A o /  = IAII n J A ~ ~  . ,There is no l o s s i j f  1 '  0 2 . * 

genera l i ty  i n  assuming t h a t  U U UA U {cA} contains no t r i p l e  and 
A1 2 0 v 

- f o r  i = 0,1,2 . 
V 

i- 7 

First let < ' - be? an extension of  < U < 
A A 

t o  a l inear,  order 
1 2 

of I A ~  / 'U IA2 I . In the proof of Lemma 5.1 we have lready seen how a 
t o  amalgamate two l i n e a r  orders.  

- Now define A a s  follows: 
3 

1 = b l  u b2 1 U I c  1 U 1 (u,v,w) :u,v,w C U  A and 
A. * 3 

C = c  
A 

3  
A t  

0  i - I t ,  
IA 

(u ,v ,w)  i f  U,VIW C UA and u <  v ,  v #  w 
3  -3 

8 

otherwise , 



lexicographic order  induced by < ' . 

( 1 ~ ~ 1  U 1 ~ ~ 1 )  and < i s  a l i n e a r  order  which extends c ' t o  I 1 . A 
3 

Then c l e a r l y  A c A , A c A and A E Z . 
1 3 2 3 3 

This completes t h e  proof t h a t  Z .  has AP and Lemma 6.3 i s  es tab l i shed .  

Clearly the re  i s  a one element s t r u c t u r e  i n  Z which can be 

embedded i n  every s t r u c t u r e  i n  Z , Z has  a r b i t r a r i l y  l a rge  f i n i t e  

members, and Z is  closed under subs t ructure .  Also the re  is  a 

bounding function f o r  t h e  c a r d i n a l i t y  of generated subs t ruc tu re  s o  we 

may apply Lemmas 3.2 and 3.4. 

Let M be a countable Z-generic s t r u c t u r e .  Th(M) admits elimina- 

t i o n  of q u a n t i f i e r s .  I t  i s  easy t o  see  t h a t  < / M I ,  <M' is  a dense 

order  with f i r s t  element i n  which UM and ( / M I  \UM) a r e  dense sub- 

se t - .  ~ l s c  M b 1 ..-- -+ 3 ~ ~ 3 ~ ~ 3 ~ ~  (IV -- -- 
""0 

1 ~ 2 ~ 3  = v O j .  

NOW l e t  L b e  t h e  f i r s t  order  language obtained from L by 
1 

adding countably many unary p red ica te  symbols {ui:i<w) . Let M 

be expanded t o  a s t r u c t u r e  M f o r  L t o  model f o r  each i<o : 
1 1 

U. v A v < v  + U  v 
1 0  0 1 i 1 '  

ui+l vo -+ U v i 0 '  

U .  v -+ 3v ( V  <V A Uivl) , 
1 0  1 1 0  

7 u .  v - + 3 v  ( V < V  A 7 U v )  , 
1 0  1 0 1  i 1 

7 U . c  , 
1 

and 3v (-1 Ui+l V A U V 1 . 
0 0 i 0 



That i s  we expand M by d i s t ingu i sh ing  an increas ing sequence of 

i r r a t i o n a l  cu t s  i n  < . 
M 

Now l e t  T = Th (MI)  . We s h a l l  show t h a t  T has four countable 
1 1 

models. Consider the  following four  condit ions on a model A of T : 

Condition 11. There i s  a t UA such t h a t  a C n U i ( A )  
i < w  

and f o r  a l l  l x a  b j! n Ui (A)  . 
i <(A 

Condition 111. There i s  a C A \ U A  such t h a t  a C n u i ( A )  
i<o  

and f o r  a l l  k a  b j! n Ui ( A )  . 
i t w  

Condition IV. None of Conditions I ,  11, 111, t h a t  i s  f o r  a l l  

a C A the re  is b C A such t h a t  a C n Ui(A) + ( k a  A b C n ui(A) ). 
i<o  i<w 

If Condition I1 o r I I l h o l d s  we say a is  sup{ui} . It is  c l e a r  

t h a t  the  condit ions a r e  exhaust ive and mutually exclus ive .  We s h a l l  

show t h a t  i f  A and B a r e  two countable models of TI which s a t i s f y  
* 

t he  same condit ion then A E B . To do t h i s  we f i r s t  r equ i re  some f u r t h e r  

p roper t i e s  of  M 
1 '  

For jco l e t  L ( j )  be L U {ui : i < j ]  and l e t  Z ( j )  be t h e  

c l a s s  of f i n i t e  s t r u c t u r e s  f o r  L ( j )  which a r e  expansions of  members 

of Z which model f o r  each i < j  : 

when 



We then have C ( 0 )  = Z and M r L(0) = M and t h e  following lemma. 
1 

Lemma 6 . 4 -  M f L ( j )  i s  .Z( j ) -gener ic  f o r  each j<w.  
1 

Proof. The proof i s  by induct ion on j . With j = O  t h i s  is 

I" <a* * 
j u s t  t he  choice o f  M . &Assume t h a t  Ml r L( j )  is  X ( j )  -homogeneous 

9. 

- 2  

and C( j ) -un ive r sa l .  W e  s h a l l  l e t  a  symbol r e f e r  t o  t h e  i n t e r p r e t a t i o n  

i n  M unless  otherwise  s p e c i f i e d .  
1 

We f i r s t  show t h a t  M r L( j + l )  is Z ( j+l)  -homogeneous. Assume 
1 

t h a t  H,K a r e  f i n i t e  subs t ruc tu re s  of  M r L( j+U and t h a t  0 i s  an 
1 

isomorphism of H on to  K . In  order  t o  s ee  t h a t  w e  may extend 0 . 

t o  an automorphism of  M1 r L ( j + l )  by a  back and f o r t h  argument it 

w i l l  s u f f i c e  t o  see  t h a t  i f  H i s  a f i n i t e  s u b s t r u c t u r e  of  
0  

M1 1 L ( j + l )  wi th  H c H then o may be extended t o  H 
0 0 

The i d e a  is  t o  reduce t h e  problem t o  Z ( j )  -9enericness by 

in t roduc ing  "brackets" f o r  U . Given a s t r u c t u r e  N E C ( j + l )  
j 

def ine  the canonical extension N '  E Z ( j )  of N as follows.  
P 

Let EN, r be new ind iv idua l s  A d  $& N '  s a t i s f y  
N 

2 )  < N ~  is  a l i n e a r  o rde r  of I N '  I such t h a t  LN c r and 
N 

3) D = C(u,v,w) : a t  l e a s t  one of u,v,w is 2 o r  r and 
N N 

U,V,W E U 
N ' and N '  ( u v  A XW) 1 , 



4 )  cNt I\ D is  the lexicographic order induced by 

< N '  r UN' 1 

5) N '  1 c<d A d<b for d C D and b F I N '  I \ ( D  U {cN}) , 
1 

6) N '  7 U . d  
1 

€ D and i < j  , 
t 

and 7) N 1 I uvw = (u,v,w) for  (u ,v ,w)  D . 

We say tha t  R r bracket ( U . )  . 
N' N 3 N 

We first show that  we may take the canonical extension of K t o  

be a substructure of M r L( j) w i t h  gK j? U j  and r € U . We 
1 K j 

f i r s t  choose f i r s t  approximations R r , that  is we choose % C U e  0' 0 '0 

such that  

(a )  Lo C U for i < j  
i 

(b) " o u j  

and (c)  k j? U j  + k <  - for k € K ; and choose r C U such 0 . 0 

that  

(a )  ro C U for i 5 j  
i . 

- 4 d  (b) k 5 ~  + r  < k  . fo r  k € X ,  
- 4  j o 

fl 

\ 1 + 
Let K be the substructure of M r L( j) generated by 

1 

I K I  U {"Sf rO} . We may assume tha t  k K , r K a  are new. We now construct 
J 

2 1 2 
a common extension K of K and K' such that  K E C ( j )  . /' 
Let K~ sa t i s fy  clauses l ) ,  3 ) ,  4 ) ,  5), 6) an& 7 )  of the definition 

1 2 
of canonical extension w i t h  K i n  place of N, K in  p3ace of N '  , 

P, for E N ,  and r for r 
2 

0 N i  
and l e t  K sa t i s fy  

0 

2 ' )  C 2  is a l inear  order of I K ~ I  such tha t  $ i s  the 0 
K 

immediate successor of 
&K 

and r is  the immediate predecessor of r . 
0 K 



2 
K c M1 1 L ( j )  . But then K '  c M 1  r L ( j )  and s i n c e  Lo f U 

j 

QK ,k? U j  and s ince  r F U w e  have r C U . o j K j 

The nex t  s t e p  i s  to  in t roduce  bracke ts  f o r  Ho . I t  i s  c l e a r  t h a t  

H' can b e  taken t o  be  a subs t ruc tu re  of  M r L( j )  and . t h a t  t h e  sub- 
0 

s t r u c t u r e  of H '  generated by I H I  U {R , r  } is isomorphic t o  H '  
0 H* H, 

1 u U 
and s o  we may i d e n t i f y  it and H '  . Now 0 may be immediately 

extended t o  an isomorphism 0 of  H '  and K '  wi th  0 ( R  ) = R 
1 1 Ho K 

and G1 (rH = r . But then  s i n c e  M r L (  j )  is 1 ( j )  -gener ic  we 
0 

K 1 
I 

must have t h a t  0 can be extended t o  an isomorphism 
1 of H '  0 

and a subs t ruc tu re  of M L( j).. Let KO be e subs t ruc tu re  of 
1 

b e  t h e  r e s t r i c t i o n  o f  0 t o  I H ~  I . Then p is  an isomorphism of 
2 

H and K s i n c e  R and r b racke t  U , f o r  o o K K j 

h p  ( u . )  -+ h < R H  + a p ( h )  < t K - c p ( h )  j? ( U )  . 
I Ho o j K~ 

k 

This completes t h e  proof t h a t  M L 1 )  is  C ( j + l )  -un iversa l -  
1 

Next we show that M r L( j + l )  is Z ( j + l )  -homogeneous. Let  
1 
I 

H C Z ( j + l )  . Consider H . Without l o s s  pf g e n e r a l i t y  w e  may assume 
* 

t h a t  R H , r H  C M and L C f l  U .  \ U  and r C U . Now the  sub- 
1 H 1 j H 

i<  j _ j 

s t r u c t u r e  of  H '  generated by {gH,rH) 

M r L( j )  and s o  by t h e  Z ( j )  -genericness 
1 

assume t h a t  H '  c$$ r L ( j ) .  But then it 

i s  a subs t ruc tu re  of  

of  M r L ( j )  wemay-  
1 

is  easy t o  s e e  t h a t  



H c 

and 

3 . * 
3 

M~ p ~ ( j + l )  s i n c e  (h  p U.(H) - + h  c ) and ( ~ C U . ( H )  + r H c  h ) .  
3 H 3 

This completes t h e  proof t h a t  Ml F L ( j + l )  is T. ( j + l )  -gener ic  

t h e  lemma follows. 
-3 

With lemma 6.4 w e  can prove t h e  following theorem. 

Theorem 6 .1  T has fou r  countable 
1 

Proof. Assume t h a t  A and B a r e  

which s a t i s f y  the same one of Conditions 

prove t h a t  A and B are isomorphic by 

models. 

two countable models of T 
1 

I, I I o r  1 W e  s h a l l  

a back and f o r t h  argument. 

Let {e  : nfw) and { f  : nCo) be  enumerations o f  u~ and U 
n n B 

respec t ive ly .  We c o n s t r u c t  enumerations {a : nhw} .and 
n 

(b : nCo} of u~ and UB such t h a t  f o r  each n : 
n 

1) i f  A s a t i s f i e s  Condition I1 then a = sup {ui} i n  A 
0 

2 )  i f  A s a t i s f i e s  Condition I11 then I ( a  a a ) i s  
0'  1' 2 

sup {u .}  i n  A and I ( b  b b )  is sup {u.} i n  B . 
1 0' 1' 2 1 

3) There is an isomorphism 
'n 

of [{a i j<n}lA and 
j -. 

[{b : j<n}lB which sends a t o  b f o r  j<n . 
j j j 

Here [SIN is  t h e  subs t ruc tu re  of N generated by S . When S is  

f i n i t e  and N TI then  [SIN is f i n i t e  a lso .  I t  is easy t o  s a t i s f y  

1). Also 2)  is s t ra igh t forward  f o r  i f  ao,al, a2  C A and 

b b b C B are such t h a t  
0'  1' 2 

A 1 a <a A a <a A U .  Ia a a f o r  i<o  
0 1 1 2  1, 0 1 2  

and B bo<bl A b <b A U .  Iboblb2 f o r  i<w 
1 2  1 

, a  )]  and [{b b b }] q t e  isomorphic s i n c e  t h e r e  then [{a0,al A 0 ' 1 ' 2  B 



--- - - - - - -- 

, 
a r e  no o t h e r  i nc reas ing  t u p l e s  i n  U . W e  may assume n 3 0  in case 

- 

Condition I1 holds  and n > 2  i n  case  condi t ion  I11 holds. 

We p r e s e n t  only  t h e  argument f o r  even n . When n i s  odd w e  

extend {b : i t n }  symmetrically. 
i 

Let m be minimal such that em j! { a  : i n }  . Let  a = e . i n m 

Let A = [{ai : icn}] , B = b : i n  and A n A n B n+l  i 9. 
= [{a : i<n+ l ) J  

o r  {a  € A : a C n U .  ( A ) }  i s e m p t y .  
n + l  1 i<o 

In this case  l e t  j>O be s u f f i c i e n t l y  l a r g e  that f o r  a € A n+P 

i f  a C U  (A)  then a €  n U . ( A ) .  Now B f L ( j )  i s Z ( j ) - g e n e r i c  
j-1 , 1 i €a 

from Lemma 6.4 and A and B are isomorphic under 'n 
. Also 

n n 

A r L ( j )  € C ( j )  . Thus t h e r e i s a n e x t e n s i o n  5 of  
n+ l  'n 

which 

embeds A r ~ ( j )  i n  B r L ( j )  . Let  b = p ( a n ) .  T h e n i t i s n o t  
n+ l  n 

d i f f i c u l t  t o  s ee  t h a t  w e  may take  
'n+l 

= a to  obta in  an L -isomorphism 
1 

of  A 
n+ l  

' and [{bi : i<n+l}l . The only d e t a i l  t o  check i s  t h a t  
B 

a € u k ( A )  ++ ~ , + ~ ( a )  E Uk(B)  , f o r  a E A and Ej . 
n+l  

If k?j  and a € Uk (An+1) then a n U .  ( A )  and so  
1 

i<w 
D < pn(a ) - ~ , + ~ ( a )  s o  'n+l (a) E fl U .  (B) . Otherwise a f U .  (A) f o r  

1 1 
i<w 

some i < j  and t h e  r e s u l t  follows. 4 

C a s e  2. Otherwise, t h a t  is t h e r e  is a C A n+ l  
wi th  a € fl U .  (A) 

1 
i t w  

and f o r  a l l  a '  € A w i t h  a '  E n U . ( A )  %a' . 
n 1 

In  t h i s  case  A and B must s a t i s f y  Condition IV. Before applying 

t h e  techniques o f  Case 1 we must f i r s t  e s t a b l i s h  an upper bound i n  B 



t o  play the r8le of pn f a' ) , suited t o  the in t rodxt ion  of a preimage 

t o  play the r61.e of a '  . 
Let b" F -.fl U .  (B)  be such tha t  b" € U ( B )  and b" < b for 

1 i<o 

each b E n U . ( B  ) . Since B r L ( 1 )  is  C(1)-generic we may choose 
1 n 

i<o 

b1 C u ( B )  such that  

1) b" 5 b' 

3) B i. 7 u 0 ( I ( u v w ) j  whenever u,v,w F I B  I U {b ' )  and 
n 

a t  l eas t  one i s  b'  

4 )  B C '  I (uvw).  < b when b € B \ {cB} , u,v,w F I B  I U {b' } n n 

and a t  l eas t  one of u,v,w is b '  

5) the ordering on { ~ ( u , v , w )  : -u,v,w € U ( B  U {b'},  n 

one of u,v,w i s  b1 , and B ucv A VCW) is  the 

lexicographic order. 

We leave the expl ic i t  application of the techniques of the proof of 

Lemma 6.4 t o  the reader. 

Now choose j>O such tha t  for a l l  a € A 
n+l  

i f  a C U  (A) 
j-1 

then a €  n u . ( A ) .  
1 

i t o  

From Lemma 6.4 A L ( j )  i s  Z ( j  )-generic. Thes w e  can choose 

a '  € . U ( A )  such #at  

2 )  i f  a € A and a C U then a ' < a  
n + l  j-1 

3) A 1 Uo(I(u,v,w) ) whenever a t  l eas t  one of u,v,w is a '  
" .  

and u,v,w € / A  I U {a1}  
n + l  



when a t  l e a s t  

one of u,v,w i s  a '  and u.v,w C IA,+,I U {a '}  

the ordering on ( ~ ( u , v , w )  : one of u,v,w is a '  , 
4 

u,v,w E u ( A ~ + ~ )  U { a ' }  , and A x v  h v e }  is the  

lexicographic order .  

/ Now I I A  1 U ta ' l l  n A 
1 L ( j )  and [ IBnI U {b'}lB L ( j )  a re  

isomorphic by the extension of 
'n 

which takes a '  t o  b '  . 
Since B is .Z ( j )  -generic t h i s  may be extended t o  an embedding p 

of  [ / A ~ + ~ /  U {a'}] p L ( j )  i n t o  B r L ( j )  . L e t  b = p(an)  and 
A n - 

l e t  p - 
n+l  - An+l 

. The choice of a '  , b'  and p is  s u f f i c i e n t  

t o  show t h a t  
'n+l 

is  an isomorphism by the  argum6nt from case 1 . 
Thus A Z B , and T 

1 

T i s  e a s i l y  seen t o  have 
1 

the  theorem is complete. 

Let p be the  1-type 

has a t  most 4 countable models. Since 

a t  l e a s t  4 countable models the  proof of 

I 
of a member of I? U , i . e .  t h e  1-type gen- 

i 
i to  

' e ra ted  by {uivO A Uv - i c w J .  Then there  a re  only a f i n i t e  number of 
0 - W 

2-types i n  pxp - each p r i n c i p a l  over a t  l e a s t  one coordinate: t h e  

q2 
3 {v < v ) . In one may show t h a t  i f  A is the  countable 

1 0 

sa tu ra ted  model of T' then given a,b i n  A a is  prime over b 
1 

o r  b is prime over a . One need only modify t h e  f i r s t  s teps  i n  

t h e  proof of t h e  theorem t o  cons t ruc t  the des i red  automorphism of .a$ 

There a re ,  however, i n f i n i t e l y  many 3-types i n  p . For each 

j > 0 there  i s  the  3-type r i n  p '&ch t h a t  
j 

r 3 { v < v  A v < v  A u ( I v  v v )  A l ~ . ( I v v  v I } .  
j o .1 1 2  j-1 0 1 2  J 0 1 2  



r j  ' rk i f  j f k . There are a l s e  t h e  3-types r and r 
0 W 

i n  p where U 

T has an i n e s s e n t i a l  extension T which has i n f i n i t e l y  many 
1 2 - 

countable models. L e t  c ,c be  new cons tan t  symbols and let T -- -- 

4 0 1 2 

be a completion of T U ( U . C  : j<o} U {c  < c } . The& a r e  now 
7 0 0 1 

i n f i n i t e l y  many models s a t i s f y i n g  Condition 11. For each j<w t h e r e  

is  a model M wi th  an element a =  sup{^. } such t h a t  . ( a ,  ( c  1 , (c ) 1 
j 1 o M i 1 M, 

J J 

r e a l i z e s  r . Thus the M a r e  d i s t i n c t  countable models o f  T 
j j 2 * 

 h he cons t ruc t ion  of T uses  an i n f i n i t e  number of unary predi-  
1 

c a t e  symbols. We have no t  succeeded i n  f i nd ing  a c o n s t r u c t i o n ' t h a t  

g ives  an eikample i n  a small language t h a t  is f i n i t e  except  f o r  

the  following ques t ions  : 

Q 1 1 :  I f  T has a f i n i t e  number of countable  models and i f  

T is  i n  a s m a l l  language whicQ has  only  a f i n i t e  number 
5 

of symbols o t h e r  than cons tan t  symbols, does every 
0 

i n e s s e n t i a l  extension o f  T have a f i n i t e  number o f  

countable models? , and 

Q12: I f  T has  t h r e e  countable models does every i n e s s e n t i a l  

extension of T have a f i n i t e  number of countable models? 



- 

Conclusion 

I t  i s  t o  be hoped t h a t  t h e  techniques employed i n  t h i s  work can 

be used t o  develop more examples of  theor ies  with a : f in i t e  number of 

countable m d e l s .  The reader w i l l  have noticed t h a t  a l l  of the  examples 

considered have an underlying dense, a l b e i t  p a r t i a l ,  order  and thus 

s a t i s f y  C 2 .  Some fu r the r  examples which c a s t  l i g h t  on t h i s  conjecture 

would be welcome. 

The proper t ies  of theor ies  with a small language a r e  of indepen- 

dent i n t e r e s t  a s  sham by Q l l  and C6 .  The c l a s s  of  such theor ies  with 

function symbols appears t o  be much r i che r  than t h e  c l a s s  of  theor ies  

i n  a small language which do no t  have function symbols. 

However, the  r e s u l t s  of Chapter 4 ind ica te  t h a t  considerable 

' ~ 1  

complexity i s  poss ib le  even f o r  thase  theor ies  with one binary r e l a t i o n  

symbol. The problem of c l a s s i fy ing  a l l  f i n i t e  ultrahomogeneous graphs 

i s  an i l l u s t r a t i o n .  
C' 

F ina l ly  it appears t h a t  theor ie s  with three- countable models may 

have very spec ia l  p roper t i e s  s ince  they have middle models. A separate  

inves t iga t ion  of such theor ies  would be worthwhile. An open question 

is whether the  exis tence of  a middle model is  equivalent  t o  the  property 

of having three  countable models. 
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