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a 

ABSTRACT 

t o  the  wave equation with 
' . *  

form fo r  t he  lowest order 

The two-time metha3 is applied 

small nonlinearity t o  obtain the  general 

approximateon t o  t h e  solution. - T h i s  i s  then specialized t o  the case 

where the nonlinearity i s  of_% d e ~  Pol type and the  in t eg ro=-  -- - --- - - - - - - - 

d i f f e r e n t i a l  equation governing the  lowest order approximation i s  

exp l i c i t l y  derived. viewed a s  an ordinary d i f f e r e n t i a l  equation, it 

-- 
- - 

-- - - -- 

L ms o u t x f + f z E g s t o  a  c l a s s  of equations which ordinar i ly  

cannot be exp l i c i t l y  solved. The s ta t ionary solut ions  a r e  found 

and a  s t a b i l i t y  analysis  provides a  complete c l a s s i f i ca t ion  of the  ' 

possible asymptotic solutions t h a t  can be generated. These solutions - 
represent waves having sawtooth p ro f i l e s ,  one wave moving i n ' e c h  

direction.  An appl%cati& t o  a  model 'for wind-indured.ospillations 
-- - - - - 

of overhead power l i n e s  is given. 

T w  non-stationary solutions for  t he  infegro-different ia l  
* .  

equations a r e  a l s o  given and i n  each case the- asymptotic solut ions  . 
5 

at ta ined a r e  consisgent with those found from the  s tab i l iky  &~al~s.is..  

i 
- 

- .  
several  theorems on general time dependent h h a v i o w  of the solution 

- 

reduce the problem of predict ing which asymptotic -solution w i l l  be- 
- 

generated from given' i n i t i a l  values. ~umer i ca l  solutions of the  

- --- 

. .emation f o r  a  var ie ty  of ini - t ia l  values show asymptbtic solut ions  of 
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CHAPTER 1 

, Mukh r e c e n t  r e s e a r c h  has  n e c e s s i t a t e d  f i n d i n g  t h e  s o l u t i o n s  b 

0 

o f  c e r t a i n  non l inea r  d i f f e r e n t i a l  equa t ions  and whi le  s z n e r a l  s o l u t i o n s  - 
2 - - a- a - &-"-- I --- - - - -  I - f  - I --- -- 

- a r e  normally n o t  a v a i l a b l e ,  a cons iderable '  amount of  succes s  has  been 

a c ~ e v e d ,  p a r t i c u l a r l y  i n  problems r e l a t e d  t o  non l inea r  v i b r a t i o n s ,  by 

us ing  certain-- . . 
-- - - -- -- -- - _nr **3&*m*iTaC . 

t h e  KBM method [IS, 121, t h e  method of averaging [2] -and t h e  tm-time 

[3]  o r  m u l t i p l e  s c a l e  143 methods. They were pioneered f o r  use i n  

o r d i n a r y  d i f f e r e n t i a l  equa t ions  b u t  more r e c e n t l y  t h e y  have been i. 

f l l cces s fu l ly  applied4to c e r t a i n  p a r t i a l  d i f f e r e n t i a l  equat ions .  I n  

this rega rd  w e  can mention the work o f  Bojadziev and Lardner IS], , 
[,~J- - --- 

t and Myerscough L81 us ing  t h e  KBM method and t h e  c l o s e l y  

r e l a t e d  work o f  a v y  and A m e s  E 91 , K e l l e r  and ~ o ~ e & a n  1101 and 
n .  

Lardner I l l ]  u s~ ing  t h e  method o f  averaging.  Two-time expansions 

have been used by Chikwendu and Kevorkian I121, Nayfeh 1133 and , 

i 

~ a r d n e r  El41 and more r e c e n t l y  M r d n e r  1151 has  vsed a t h r e e t i m e  

expansion t o  o b t a i n  t h e  lowe9t o r d e r  approximation v a l i d  f o r  t ime 

2 
t = o ( l / t  ) f o r  @-ie equat ion  u - u = C (2uxum - 2hut) . * 

tt xx 

-- I n  thls thesis w e  shall be cons ide r ing  t h e  a p p l i c a t i o n  of  

ro m e  weakly nonI inear  wave equat ion.  For 

c e r t a i n  c l a s s e s  of o r d d a r y  d i f f e r e n t i a l  

shown by m r r i s o n  [I61 that the t w o - t h e  

equa t ions  it has  been 

method and t h e  method of 



- averaqinq y ie ld  i d e n t i c a l  W- Lo a theorem of 

- / EWoliubOv 121 j u s t i f y i n g  t h e  method of averaging, we  have i n d i r e c t  - 
j u s t i f i c a t i o n  f o r  t h e  t r a - t i m e  method f o r  these  equations. mr 

c e r t a i n  c l a s s e s  of p a r t i a l  d i f f e r e n t i a l  equations, it has  been 

shop by Lardner I141 t h a t  t h e  method of averaging and t h e  t m - t h e  
L 

method lead t o  t h e  same lowest order  approximation. A j u s t i f i c a t i o n  
- - 

- 

o f .  t h e  two-time method f o r  a c e r t a i n  c l a s s  of nonlinear uavk equations-- -- - 
- - - _---u _- _ --44 --- -a 

# 

/ * 
. I n  t h e n e x t  chapter  we apply t h e  two-time method t o  ob ta in  

an i n t e g r o d i f f e r e n t i a l  equation which governs t h e  lowest order  * 

apprbximation t o  t h e  so lu t ion  of  t h e  weakly nonlinear wave equation 

* 
u - u = f E ( x , ~ , u , u  , U  c) . 
tt xx x tf  

function of its arguments. The so lu t ion  is obtained i n  t h e  form of a 

uniform expansion 

w h e r e  T = F t  . f  This  so lu t ion  remains v a l i d  f o r  t imes t = 0(1/C). 

In 82.2 we show e x p l i c i t l y  that when E = -2ut - Fu ( t h e  d i f fe rence  

-----tkcexact so lu t ion  and t h e  approxii6ate "Solution given by t h e  

mr f ixed end condi t ions  u ( 0 , t )  = u ( 4 ,  t) = 0, 

t 2 0 and i n i t i a l  condi t ions  of t h e  type u (x, 0) = x (x) and 



*st (x, 0) = $(x) , it i s  shown t h a t  t h e  lowest order so lu t ion ,  becomes 

where a = t + x , B = t - x .  The in tegro-d i f fe ren t i a l  equation 

and i n i t i a l  vaLuesL f o r - t h e f u n c t i o n -  g (8,r)  = G~ (8, r) (8 represent ing - -  
I 

a o r  6 '  a s  required) a r e  then obtained. These a r e  then appl ied  t o  

"the case  when t h e  non l inea r i ty  is of van d e r  Pol type (i.e., 
-- - - - -- -- 

-- - - -- 
1 -  ------ = =:-=-=--==---- T-ry---=Tz rx:-Y-Y --=- -:---r=- 

=-u - - U ) . We ob ta in  t h e  equation t 3 t  

where 

- 
n 

- 
g (r) " - 1 - 

g ( 8 r ~ ) d e  with g  = g : 0 . r n  2C -8 8 

  his equation, which w i l l  be t h e  primary top ic  of considera t ion i n  

t h i s  m r k ,  ras derived i n  this form by Lardner 1141. A spec ia l  case  

which t u r n s  ou t  t o  be v a l i d  only i n  t h e  case  of impulsive i n i t i a l  

condi t ions  lu  (x, 0) = 0) was obtained by Myerscough [I7 J . 
chikwendu and Kevorkian 1121 have inves t igated  an app l i ca t ion  t o  



I f  w e  view eqn. (1.1) a s  an  ordinary  d i f f e r e n t i a l  equation 

(0 appearing only parametr ica l ly) .  then we see  t h a t  it belongs t o  a 

c l a s s  of equations which cannot, i n  general.  be e x p l i c i t l y  solved. 
- 

.P 
It i s  p s s i b l e  however t o  ob ta in  i ts  s t a t i o n a r y  s o l u t i o n s  and t h i s  

w do i n  Chapter 3. (Much of  t h e  mater ia l  i n  t h i s  chapter  has 

r e c e n t l y  appeared i n  t h e  - l i t e r a t u r e  1181 ) . Due t o  t h e  cubic nature  . - "  - - -- - - - - -  - - 

of t h e  equation obtained by s e t t i n g . g  = 0 , t h e r e  a r e  t h r e e  'r 

s ta t ionary  values gl, g2. g3 . each of which represen t s  a poss ib le  

-4 5 8 5 C . The length  of each of these  i n t e r v a l s  i s  28hp 

(p  = 1.2.3) where h + h2 + A = 1 . A s t a b i l i t y  a n a l y s i s  (only 
1 3 

these  so lu t ions  which a r e  s t a b l e  a r e  obta inable  a s  poss ib le  asym&otic 

so lu t ions  from time dependent behaviour) shows t h a t  i n  no case  i s  one 

of these  three r o o t  cases  s t ab le .  The only poss ib le  s t a b l e  
- 

- - -  
- - --- - - - - - -  -- -- -- 

conf igura t ions  arise when one of t h e  i n t e r v a l s  has l eng th  zero. 

That is, one A = 0 and t h 6  corresponding r o o t  
P g~ 

does not  appear 

i n  t h e  s t a t ionary  solut ion.  For example, i f  we  take  without l o s s  of 

genera l i ty  X = 0 . then t h e  s t a t i o n a r y  so lu t ion  i s  given by 
3 

and Moreover, we must 

1 2 
have - < X1 < - f o r  s t a b i l i t y .  A maximum asymptotic displacement. 3 3 

of 2/3A1 (1-hl) 8 i s  obtained.   his value i s  maximum when - 
i \ (=A2)  = 7 and corresponds t o  t h e  specia l  case given by ~ y e r s c o u g h  [81. 

He considered the  equation 



a s  a  model 'for Q?d induced o s c i l l a t i o n s  of overhead transmission 

l i n e s .  I n  53.4 i /e r e l a t e  our  r e s u l t s  t o  h i s  f o r  va r ious  va lues  of 
f 

t h e  parameters  c  2 a and 6 . Fina l ly ,  i n  53.5 w e  show t h a t  / 
eqn. (1.1) can be transformed i n t o  a  coupled, i n f i n i t e - s y s t e m  of 

d i f f e r e n t i a l  equations.  A form f o r  t h e  s t a t i o n a r y  solu t ioni i  of  these 
- - 

i s  der ived,  bu t  due t o  the-complexity of  t h e  system no s t a b i l i t y  

a n a l y s i s  i s -  attempted. 

and genera l  theorems concerning t h e  time dependent behaviour of t h e  - 

so lu t ion  of eqn. (1.1). For odd i n i t i a l  condi t ions  

- i 
g  (T) f 0 . qThen eqn. (1.1) can be solved [143. ~ s y m p t o t i c a l l y ,  it 

i s  shown t h a t  g  + d 3 / 2  , t h e  s ign  depending on whether t h e  i n i t i a l  
- --- - - - - 

- 

value  was p o s i t i v e  o r  negative.  ~ h l s  is cons i s t en t  with t h e  type of 
4 

behaviour found by xyerscough 1173. I f  t h e  i n i t i a l  cond i t ions  a r e  piece-  

wise cons tant  ( e s s e n t i a l l y  independent of 0 )  sub jec t  t o  the  c o n s t r a i n t  
-- 

t h a t  ĝ  5 0 , a  so lu t ion  t o  t h e  f u l l  equation (1.1) can be -found. I t  

is shown t h a t  t h e  s o l u t i o n  r e t a i n s  the same d i s t r i b u t i o n  of p o s i t i v e  

and negat ive  va lues  a s  it o r i g i n a l l y  had and a t t a i n s  an asymptotic 
3 

so lu t ion  of  a type  similar t o  those  found i n  chapter  3 .  A - t h i r d  

non- sta t ionar  y- s d u t i o ~ u g h L u s i - a - p e ~ t i + r - & m  U L L  tlre --- - - -- - m a  

so lu t ion .  observing t h a t  equation (1.1) can 1-K. .sdxed i n  m s c  - 

of cdd i n i t i a l  condi t ions ,  t h e  ques t ion  a r i s e s  a s  t o  t h e  f e a s i b i l i t y  

of obta in ing a so lu t ion  when t h e  i n i t i a l  condi t ions  are  s l i g h t l y  

d i f f e r e n t  from those  i n  the  odd case.  Unfortunately, it t u r n s  ou t  \ 



@ - -  - -  -- - -  
- - 

&F % - - 

t h a t  t h e  pe r tu rba t ion  g rowsexp-nen t sg l  y  i n  t h e  neigkbourhoods of 
- - - 

- - 
- - - - 

- - 

t h e  zeroes o f  t h e  odd funct ion  and hence t h e  attempted pe r tu rba t ion  

so lu t ion  i s  non-uniform. 

+ ,  ~ l t h o u g h  it does n o t  seem p o s s i b l e  t o  so lve  t h e  genera$ - 
3 

p r o b ~ & n ,  (g  (r) # 0) , it m u l d  be d e s i r a b l e  t o  be a b l e  t o  p ick  which 
1 - _i 

of t h e  asymptotic so lu t ions  a  given S e t  of i n i t i a l  va lues  w d d  - L L  - 

produce.   his would involve determining t h e  value  X = X (hence 
2 

1 

h2 = 1 - X  = 1 - A )  and t h e  loca t ion  of t h e  i n t e r v a l s  1 I and . It 

-- -- - ------ -- +L -- - - -- - -- --- -- 

u t  t h a t  t % i s  pro3Iem can be reduced t o  Sinply f ind ing  t h e  

value of h . I n  54.4 we show t h a t  i f  g ( 8  ,o) > g ( 0  ,0) f o r  
1 2 

X , t h i s  r e s u l t  a l lows u s  t o  p r e d i c k t h e  loca t ion  of  t h e  i n t e r v a l s  

f r w  t h e  i n i t i a l  values.  Furthermore, we show t h a t  i f  tm sets of 

i n i t i a l  va lues  a r e  r e l a t e d  by g, (8.0) /g, (8.0) = constant ,  then t h e  

s a m e  asymptotic so lu t ion  i s  a t t a ined .  From t h i s  it i s  speculated t h a t  

h may be found i n  terms of c e r t a i n  s c a l e  i n v a r i a n t  r a t i o s .  L a s t l y  

we prove t h a t  t h e  migrat ion of t h e  zeroes  of t h e  so lu t ion  func t ion  
- 

3 is  d i r e c t l y  r e l a t e d  t o  t h e  presence of  t h e  g  term. 

I n  t h e  l a s t  chapter  va r ious  numerical s o l u t i o n s  f o r  eqn. (1.1) 

a r e  presented. I n  each case  t h e  form of t h e  asymptotic s o l u t i o n  

a t t a i n e d  i s  found t o  be c o n s i s t e n t  with the  predic ted  s t a b l e  asymptotic 



In  t h i s  chapter we consider the  equation 

where C i s - a  small parameter and E a general, sui tably  d i f f e r en t i ab l e  

i 
function of i t s  arguments. The two time method 1 3 1  i s  employed t o  
L - - -- - - - -  - --- - - - - -- - - - -- - - -- - - - - - - - - - - -- - - - 

Q obtain  the  general in tegro-d i f fe ren t ia l  equation which gov rns  the  lowest - 

order solution of eqn. (2 .1) ,  Two time expansions have been used 

previously by Chikwendu and Revorkian [12] and Lardner 1141 t o  

invest igate  wave equations with s m a l l  nonl inear i t ies .  

For t he  case  when E i s  of Van der  Pol type, t h a t  is 

f -- - -- - - - - - 

E = u - - u the  integro-different ia l  equation describing the  
t 3 t  

lowest order approximation is  e x p l i c i t l y  derived. This has been given 

previously by Lardner I 41, An a l t e rna t ive  derivation of t h i s  equation b. 
using the  method of averaging [ 2 1 i s  given. Myerscough 1 1 , E 173 

has a l so  investigated this e q p t i o n  but it turns  ou t  t h a t  h i s  con- 

c lusions  a r e  va l id  only f o r  t he  case of impulsive i n i t i a l  conditions 
- - 

?- - 
(i.e.,  u(x,O) = 0). Keller and Kogelman [I01 have applied the  method 

of averaging t o  the  Klein-Gordon equation with s m a l l  nonl inear i ty  and 
- - - - --- - - - -- - - - 1 

have discussed in d e t a i l  the  case where the  nonlinear term i s  of 

Van der  Pol type. The wave equation presents  

problem than the  Klein-Gordon equation because 

- 
a 

a more d i f f i c u l t  

i n f i n i t e l y  many 



nonlinear ity; 
- 

2.1 The Two Time Method. 
- *? . 

According t o  t h e  two t i m e  method we seek a so lu t ion  t o  

eqn. (2.1) _in t h e  form, 

term and t h a t  t h e  expansion i s  uniform in-  t h e  sense t h a t  t h e  r a t i o  - 
CU1/uO i s  o(1) f o r  a l l  t i n  t h e  i n t e r v a l  of i n t e r e s t .  s i n c e  t h e  

solution,eqn. (2.2), is  t o  be v a l i d  f o r  times a s  l a r g e  a s  0(1/C), t h i s  

condit ion requ i res  t h a t  we  cannot al low terms ln n which grow 
1 * \ 

l i n e a r l y  w i t h  respec t  t o  t . That is ,  w e  must have 

S u b s t i t u t i n g  eqn. (2.2) i n t o  eqn. (2.1) and comparing terms 

of o rders  E 0  and , we obta in  



for tw 

A - - -  
- - - 

The s o l u t i o n  of eqn. (2.4) i s  simply g iven  by 

s u i t a b l y  d i f f e r e n t i a b l e  func t ions  G and H . To t h i s  o r d e r  

o f  approximation r appears  on ly  pa rame t r i ca l ly .  S e t t i n g  a = t+x  

and B = t -x  it fo l lows  t h a t  eqn. (2,5) can be w r i t t e n  as 
- - LL - -a- - 

- 

I n t e g r a t i o n  of eqn. (2.7) g i v e s  

where the l a s t  two terms r e p r e s e n t  t h e  complementary func t ion .  To 

e l inr ina te  any s e c u l a r  terms w e  impose cond i t i on  (2.3) which i n  

t h i s  c a s e  t a k e s  t h e  form 

1 
l i m  - u  = O  , 1 

l i m  - u  = o .  
n - t m  " l ~ + m  ' 

Hence we obta in '  t h e  fo l lowing  inteqro-differentUeqUatiansfo-  
-- -- - - 

determina t ion  o f  G and H 



2.2 A Simple Example. 

-- -- A 

In  th i su  sect ion we shall m p a r e  a known exact so lu t ion  t o  a 

wave equation with s m a l l  

I t  is straightforward t o  

equation i s  

nonl inear i ty  t o  i k s  approximation solut ion 

show t h a t  t he  ge ie ra l  solutiofi of t h i s  
-. 7 

5 

i 

where f and g a r e  su i tab ly  d i f fe ren t iab le  functions of t h e i r  

arguments. 

To apply the results ,from the  previous section,  we 

consider the  equation 

- .  .* 

&er where w e  not-t ~1 1 s  now a f m ~ .  of C . W,e lowester - -- 

I 

solution i s  given by eqn. (2.6) 



- -  --- - - -1-x - - -.- 
- 

- 
- - - - --- - 

where a = t+x and 8 = t-x. The 7-dependence of G and H is to 
- 

- 

be determined from eqns. (2.9). It then follows that 

- 

Similarly H (B 
- T 

- - 
- 

-- - - 
- - 

= - H 6 ,  7 These pquations have solutions - - 

where f< and gl are arbitrary differentiable functions of their 

arguments. Thus the lowgst order solution becomes 



- - - - - - - - -- - 

. the  solution,  we sha l l  f ind  t h a t  f  = f, and g = gl . Clearly 

i n  which t h g r a p p r o x h t e  solution i s  val id ,  ---- then fo r  the time in te rva l  

. we would 
-- 

have 

2.3 ~ ~ ~ ~ i c a f i o n  f o  Pixed End Condf t ions.  
% 

To the oqder 05 approximation being sought 

wehavefromeqn.  (2.6) t h a t  . 

" 
and 

3 .  

, - These conditions a r e  s a t i s f i e d  i f  w e  take 

A 



for all 8 .  . Hence in this 
- - - - - 

axe equal and 24-periodic in 

approximation, the functions and 

their fir st arguments. 

Since the functions G and H are to be equal, it follows 

to a single equation. If we extend the * that m s .  (2.9) should reduce 
- 

- - - -  - 

definition of the function E 

,then eqn. (2.9) can be replaced by the s&le equation 

- -- - -- - -  - - - - 

-- - 

~ifferentiating with respect to a ' and ietting- g = G 
CI 

we obtain the 

usual •’om for this equation - -' 

f e ,  
C 

The lowest order solution (2.6) becomes 
s7 



* 1 

From the initial conditions we have . 
-a - - -- A 

- - -- - -. - 

- 
2 

1 

These can be inverted to give 
- 

-4 5 8-5  8 and so by periodicity can be extenaed to all values of 8 , 
,, 

- - 

The problem of the first approximation for fixed end- conditi~ns , 

consists of-solving the integro-differential equation (2.12) subject 
d 



*Two Time Method f o r  Wave Equation with Van de r  Pol Type 

Nonlinearity. 

Here we special ize  the r e s u l t s  of the  preceding sect ions  

t o  m e  case where 

- - A --- --- - - - -  - -  - A  

  he lowest order solution f o t  f i x e s  end conditions is given by (2.13) 
< 

while from (2.14) it i s  ,c lear  t h a t  eq~: (2.12) &comes . 

fl 

Performing the  integrat ions ,  t h i s  can he written a s  
- 

s ince  g(a.r) is 24-periodic in a . it follows t h a t  the  long time 

F averages can be replaced by the average over onegeriod.  s e t t i n g  
ar 

- 
n 

g (TI = l i m  
B - t m  

"C 



we obtain -- 

Since G is a 28-periodic function in  i t s  f i r s t  &rgument, the f i r s t  

moment of i ts  derivative g , 

- -  - 
. . 
--*pPz=i) E q r r r ~ )  -rs3z- 

.- -- 

F e ~ o r T t o g e t h e r  with tke 

i n i t i d  conditions (2.15) t o  obtain the lowest order solution f o r  the 

case of the Van der Pol nonlinearity. 
d 

2.5 f i e  Method of Averaging for  tAe Wave Equation w i t h  

Van der Pol Type Ncmtinearity. -, 

In  the previous section we derived the integro-differential 1 - -  
- -- - - - - - - - -- -- - - 

equation which governs the lowest approximation t o  the problem 

Lhe method of averaging t o  give /-\ 



demonstrate e x p l i c i t l y  

To apply t h e  

f o r  t h e  case  f = 0 . 

where An = nr/8 and 

that  t h i s  is t h e  case f o r  t h e  above 

method of averaging we  f i r s t  ob ta in  

This i s  given by 

m 
i A , t  - - i X n t  + z e, n I s i n  hnx n=l 

problem. 

t h e  so lu t ion  

, < 
.- - 

z z are constants  determined from t h e  i n i t i a l  
n' n - s 

m 

u ( x I t )  = 4 1 + b n ~ T ~ e  + Z(T) e 
n n s i n  A x (2.17) 

n=l n 

- 
where z and z are now considered t o  be funct ions  of t h e  slow 

n n 

time -r = C t  . Also, we take  - 
- - - - - -- - - - 

m 

ut (x , t>  = 8 1 i ; k n ( T ) e  iAnt - g(T) n e - i X n t  1 s i n  hnx (2.18) 
n=l 

which requ i res  t h a t  

-- 

forGZErTTTTSiist i tut ing (2.17) and (2.18) i n t o  the d i f f e r e n t i a l  
-- 

-on,-= ob?a+n- -- 
- 

- 



i X , t  - Te-ihnt 
where p n = z e  2 

n 
. ~ u l t i p l y i n g  by - s i n  &x and 

n C 
- -- 

- - -  uL -- - - integrating-over f 07 41 g i v e s  

where 
4 

3 

9 - 

- - ~ a k i n g  use of eqn . (2.13) ,- w e  obtain_the exact_system -of equations - - 

43 

22' = P e 
m m - ' h t + L  3 1 p p p  n p q  e -i%-:-- mPq - 

n*p,q=l 

  his system i s  nowrepzaced by the  following averagea-system 
- 



inte&al 0 5 .r 5 L , where L' i s  any constant, then the  difference . 
. -  

between the solut ions  z,(T) of the or ig ina l  &st& and the  averaged - 
'F 

1) a s  C + 0 . The i n i t i a l  values z,(O) f o r  each - 
t o  be the same. 

- Performing the integrat ions  and taking the  limits, we 
L- -* - - -, - - - 

- -- .obtain  the auto6omous system 

where 

-. 2 

00 

1 2 z 1 = z  +*- a d -  3 - i - -InppJ__W - 

=n,p,q=l 

- - 
z z z  i f  m = n-p-q 
n P  q 



J - - s i n  A i s i n  A X  s i n  I x s i n  i  x dx 

- 4  
m n B q 

Noting t h a t  a ~ c o n t r i b u t i o n  t o  t h i s  i n t e g r a l  is obtained only  when one 

of t h e  arguments is  equal t o  zero, w e  obta in  t h a t  

where 

sum of 

- 
6 (if j) is $he Kronecker d e l t a ,    his s d t i o ? r  c o n s i s t s  of ' t he  

- -- 
- 

e i g h t  d i s t i n c t  d e l t a  terms, I n  summing, t h e  + - s ign i s  chosen 

when t h e  number of in te rna lminus  s i g n s  i s -odd  and t h e  - s ign  i s  

chosen when+the number o f  in te rna lminus  s igns  i s  even. - - - 
- 

- - 

Introducing these  expressions f o r  I 
- 

and J i n t o  t h e  
- - n w  mnw 

sum i n  e p ,  (2,20),  ob ta in  t h a t  



Performing t h e  m u T t i p l i c a t b n s ,  d is regarding terms which g ive  no 

con t r ibu t ion  and making use  of  t h e  symmetry i n  n ,p  and q l eads  t o  

' O D -  - - - - z  -- 

- - - - - -- - - - -- 

05 
- 

TT 
C I J  - --- 1 z z z  G(m,n+p+q) - -  

n p q  n , ~ , q = l  nm mnW 2~~ . n , p r q = l  - - 

_ _-- , - 

---- -- - 

- 
- 

-- - -- - - -- 

using t h e  above r e s u l t s ,  eqn. (2.20) becomes 

~ a k i n g  t h e  complex conjugate g i v e s  the- c&responding conjugate equation 
- 



In  each case the  index m and the  summation indices  a r e  aSsumed 

w s i t i v e .  The above eqns-. can -be simplified by the  following technique. - - -  - -  

- 
Define z  = z  and z  = 0 and consider t he  sum 

m 0 - 
-- -- - - 

- 

" z z z  
P %  m+p+q -- 

- 
- - __ -- -- -- -- 

- 

Here we again assume t h a t  m 2 1 , but t ha t  a r e  
- - - - -- 

-- - - - -- 
-- - -- 

-- aklowed t o  take on both pos i t ive  and negative values. W 
-- --- 

e- - 
- 

-- - - 

consi_derati~~--s6ows that we can write 
- - - 

- - - - - - - 
z z z  = z e z - + - 3 - - - - t -  z z z  + 3  1 z z z  . 

-- -- - - _nr=n+p+q- ' --n,p,q>~ n,p,q>O n P 9  n ,P , q>0 n p q  
-- - - 
- - 

- p==+P+q m=n+p-q - m=n-p-q 
- 

- i 
- - 

- 

- - - 
- - 

using t h i s  resuli.8 it' follows t h a t  eqn. (2.21) can be writ ten a s  
- - - - 

-- 
,- 

- - - 

- 
- - - 

03 
- * 

2 Z ' L  z  - - 
m m z z z  + 3 z m  

n P q  n=- (D iz-d (2.23) 

---- --- _-- 
- 

- 
- -- - - 

- -- - - 

I 

* 
- - - -  -- Taking the  comp-1ex con jugate' of t h i s m t i o n .  &+ah 



- J 

~ e t t i n g  z  = 2 and k' = -k for k = m,n,p,q gives 
k -k 

Here m' 5 -1. 

F'rcia (2.24) we also h a v e  that 
.i 

" I" 00 i(X +A ) O d e  
z ( 0 , ~ ) d e  = - 1 z - z e  n p  

28 -8 n,p=-a n p  



. and 

- 

/- 

/ .  
_- - - 

/- 
a - - - 

- !---- ~ i n a i l y ,  "hen use i s  made of (2.24); eqn.- (2.25) can be expressed a s  

we f i n a l l y  obtain 

of averaging the integro-different ia l  q u a t i o n  which governs the 



/ - 

We can now show t h a t  the functions g -definedd by eqns. - 

(2.27) a r e  the  same t o  t h i s  order of approximation. 
- 

From eqn. (2.14) we have t h a t  

(2.16) and 

given by eqn. (2.18). This can be rewrit ten a s  

Henee we have ident ica l  expressions f o r  the 'derivative 



, 
~ h f ~ a ~ f a s h k m  ii CCUI be&or~n-mar€he derivative u is obtainable . 

X 

/- , - 
/- 

- 

ux(x,t) = g(t+x,T) + g(t-x,~) 
a 

- 

using either method. Thus to the order of approximation being 

Y!xact agreement between- - sought here, u(x,t)--= u Cx,t,-r) + 0LC) 
0 

the two methods. 



Here w e  i n v e s t i g a t e  t h e  s t a t i o n a r y  so lu t ions  of t h e  equation 

and determine which of  these  stf l t ionary so lu t ions  a r e  s t ab le .  For 
h 

- 

only t h e  Stab1 e Z o f U x = i ~ s ~ e a ~ ~ ~ t O € i C ~ 1 1 ~  atz iriiief r r c = i y - -  - 

dependent behaviour. 

3.1 The S ta t ionary  Solut ions.  

S e t t i n g  g = 0 i n  eqn. (3.11, we ob ta in  
'I 

- 
n 

where g are now a l l  cons tants .  

Denoting t h e  t h r e e  poss ib le  r o o t s  

the t h r e e  condi t ions  

This  equation is cubic  i n  g . 
by gl, g2 and g3 , we can replace  , 



t h a t  g (e )  - - g~ 
f o r  3 f rac t ion  h of the  i n t e rva l  -4 

P 
* 

(p = l ,2 ,3 ) .  Then 

condit ions t o  be s a t i s f i e d  by {h ,g  } - P P 

The second of these  conditions comes from the f a c t  t h a t  w e  require  

0 . The l a s t  of these equations (3.7) can in f a c t  be derived from 
'r ___ - 

- - 
- - 

f i r s t  four and hence is redundant. t h e  

TO obtain  the  solut ions  t o  t h i s  s e t  of equations, we • ’ i f s t  

assume t h a t  a t  l e a s t  two of the  X are unequal. Without any l o s s  of 
P 

-- 

general i ty  we ~=assume t h a t  X # X 
1 2 I f  w e  now set g3 = (hl-XZ)A 

axFs t iEs t i t u t e  i n t o  (3,4) and (3.5) , we obtain t h a t  g = ( A  -A ) A  1 2 3 

and g2 = ( A  -A ) A  To obtain  t h e  expression f o r  A , subs t i t u t e  3 1 

these forms f o r  the g i n t o  eqn. (3.6). A f t e r  some m a ~ p u l a t i o n  
P 



we f i n d  t h a t  th i s s  equation reduces tol 
? 

- 
when use i s  made of eqn. ( 3 . 3 ) .  Hence t h e  general  s o l u t i o n  f o r  t h e  

.rL 

case  when a t x l e a s t  two of t h e  A are d i f f e r e n t  is obtainbd a s  
4' (r 

- -  - - -  - uL - - - - - ---- A -- --- -- 
A - 

where 

For the case  when - A  - 1 1 - 3 2 = 1 3 - -  - this -2olut ion becontes 3 
t - / 

p k - -  kndeterminat e ; T O  oEilZaTfi t h e s t a t i i e y  s o l u t i o n  in this c a s e ,  we 
1 - 1 G 

set A~ - 7 (p =, 1,2,3) i n  equations (3 .4 ) -"(3 .7 ) .  W e  e a s i l y  f i n d  

t h a t  they reduce t o  

A g a i n  t h e  l a s t  of these equations i s  redundant, and t h e  so lu t ion  of. 
d . --a --- -. .- 

* 
the o t h e r  two can be wr i t t en  i n  the' form 



L Here we require that g -= 4/3 . Hence for each p we have that 
1 - 

2 
gp C 4/3 . Also, from eqn. (3.10) , when g. 2 1/6 we have either 

2 or g 3  = - 2/A . ~ h u s  we must also have g E 1/3 . 
P 

3.2 s tab i l i ty  Analysis - General Case. 

Having obtained convenient expressions for the stationary 
--- - -- -- 

solutions, we must now investigate their  s tabil i ty.  Only those which 

- 
are stable are obtainable a s  asymptotic solutions of a general time 

dependent solution g (8,~) of eqn. (3.1) . 
Let g0(8) be a stationary solution of the type discussed r 

--& 

in the previous section, 

where I UI UI = I-C , E l  
3. 2 3 

We suppose that  

.for 

for 

for 

and the length of the se t  I 
P is 2CkP 

- 
To investigate the s tabi l i ty  of th i s  proposed solution, we 

+ 

consider a perturbed solution 



substituting this into eqn. (3.11, using the fact that g ( 8 )  is a 
0 

solution of this equation, and retaining only linear terms in v . we * .  
, r obtain the following first-order perturbation equation 

- - 
2 2 -  2 '  2 v  = v-g v-g v-2g v g  +g v  

T 0  0 0 0 0  

- 

L A  
- L L u L  -- - - -  - - A " - -  - 

whereiLonce again. the bar denotes an average over 8 . 
- - 

We can observe that since g = go = 0 it must follow that 
1 

- 
which is consistent with the condition v = 0 . 

Suppose that 

-L9;- *- 

v ~ ( ~ I T )  for 8 C I~ 

and 

It then follows that we can write 



Choosing 9 t o  be respectively i n  11, I2 and I3 , we see t h a t  
&. 

equation (3.12) i s  equivalent t o  *the following system of equations 

f o r  v v2 and v 
3 

We can obtain d i f f e r e n t i a l  equations f o r  the  averages kp(r) by 

integrat ing these equations respectively over t h e  s e t s  11, I2 and 

I3 . We obtain 

  his system of equations with constant coef f ic ien ts  can read i ly  

be solved f o r  k 1l k2 and k3 and t h e  solut ions  subst i tu ted i n to  

we note t h a t  we obtain  



C - 
This is consis tent  with t he  requiremgnt t h a t  v = k +k +k = 0 . )  

1 2 3  - 

I t  tu rns  out;  however, t h a t  we can eliminate most of t he  

" - -  . - -  - - 

general cases by simply considering eqns. (3.14). It is evident 

from the  form of these  eqns. t h a t  i f  the  coef f ic ien t  of v i s  
P 

exponentially growing terms and w i l l  therefore be unstable. That 
-- 

2 2 7 7 

is,  we have i n s t a b i l i t y  i f  (1-g -g ) > 0 for  any p . 
0 P 

Subst i tu t ing from eqns. (3.8) and (3.9) we obtain fo r  t he  f i r s t  

of these coef f ic ien ts  

with s imilar  expressions f o r  the  other  two coeff ic ients .  NOW, the 

* three quan t i t i e s  1 3  , 1 - 3  and (1-3h3) sum UP t o  zero. 

Hence, provided t h a t  none of them is equal t o  zero, two df them must 

be of t he  same sign, and the  product of these two must be posi t ive .  
- -- pp - - - -- - - - -- -- - 

2 2 The cor~e~sponding coef f ic ien t  (1-g -g ) is then a l s o  posi t ive .  
- A 

Consequently, when each Ap # f *I the  s ta t ionary s t a t e  g (0 )  i s  
0 

alwdys unstable. 



Thus, h ~ w ~ h h g  fnr " f i w t z t i o f f a r p .  o w n s ,  weenee 

immediately r e s t r i c t ed  t o  considering cer ta in  special  cases. These . 

a r e  : 

1 1 1 (a) one X = - t for  example - 
P 3 X3 - J. ' + A 2  f T ; 

1 (b) Xl = h = h3 = -  
2 3 ;  

A 

- " "- A L - L - -  - - -  - -  a - - - - - - 

(c) One h = 0 , f o r  example 
P h3 

= O , h + X  = l .  
1 2  

7 
- - - - - - - - - - - 

The *-on ~hy*eTast-ca~%~ mSttZG ?Tons iderea sepSG te l  i s  t h a t  I 
3 

is empty, and so the  th i rd  of eqns. (3.14) and (3.15) rmst be dropped. 

1 

It turns  out t h a t  case (c) i s  the only one which i s  capable of 

producing stab1 solutions. 

3.3 S t a b i l i t y  Analysis - Special  Cases. 

We have seen i n  t he  previous section t h a t  the  search f o r  

s t ab l e  s ta t ionary solutions has been narrowed down t o  several  special  

cases. We consider the s t a b i l i t y  analysis  f o r  case (c) f i r s t  since it 

is the  only one which produces s t ab l e  so1utio.n~. 

-(a) The special  case X = 0 , 
3 

Here we invest igate  the  s t a b i l i t y  of the s ta t ionary 

- - - so lo t iuns l3 .8 )  when one of the  's i s  -1 t o  zero. without any 
. P 

-. , ~ ~ 1 1 ~ ~  -e - - 0 . Then the s e t  I3 is empty 
3 

and there  i s  no function v3(8,r) in eqn. (3.13) t o  consider. The 



When, = 0 , it follows from eqns. (3.8) and (3.9) t h a t  
a - a - -  

where X1+X2 = 1 . S u b s t i t u t i n g  these values  i n  eqns. (3.16). we f i n d  

t h a t  t h e s e  equations reduce t o  

~ u r t h e r m o r e ,  the f i r s t  tk of  eqns. (3.15) take t h e  form 

- 
-- Bearinq in m i n d  - k +L - 

1. 0 ,  (3.1- 
reduce to  



solut ion i s  of the  form whose 

A ~ 

w e  obtain 
. -LL -.-. *L~-L.--."uL.-..---. 

2 

where A is a constant. Subst i tu t ing these i n t o  eqna. (3.17) 
A A L -  

These equations w i l l  have solut ions  which tend exponentially t o  zero 

a s  T -t m provided t h a t  (1-3X1) and (1-3A2) a r e  both negative. - 
- - 

That is,  provided t h a t  1 /3  < 2/3 . I n  these cases therefore,  
- - - 

- 
- r -  

- - - - - - - - - - -  
- 

-- 

the  corresponding s ta t ionary solut ion i s  s table .  

We conclude t h a t  the  s ta t ionary solution of eqn. (3.1) 

given by 

1 - A  f o r  

r / T A ~  f o r  

1/3 < A1 < 2/3 . There a r e  no other  s tab le  s ta t ionary solutions.  



I t h e  s t a b l e  s o l u t i o n  is  approached. The s o l u t i o n  of thes; equations = 

-/ 

I . is given by'--- - 

- 3  . 3 -r 
+ Y A e  

whex e f l  and f2 a r e  any t w o  funct ions  which s a t i s f y  

- 
The slowest of  t h e  t h r e e  exponent ia l  terns i n  t h e  above equations 

- 
- 

determines t h e  r a t e  a t  which v and v .decay t o  zero. I t  i s  
1 2 

and so t h e  decay time w i l l  be q-l . 
I n  t h e  next  chapter  w e  develop an e x p l i c i t  so lu t ion  f o r  

eqn. (3.1) f o r  the case  of odd i n i t f a l  condit ions.  That is 

g(-e. 0) = -g (8.0) . It t u r n s  o u t  t h a t  asymptotical ly,  t h e  s o l u t i o n  

tends  to  one of t h e  va lues  2 =/2 . t h e  s ign  depending on whether t h e  

i n i t i a l  va lue  i s  p o s i t i v e  o r  negative. I t  can-also be e a s i l y  shown that 
t 

t h e  r a t e ,  of approach t o  these  asymptotic so Iu t ions  is e -T'4 .  his 
- 



case corresponds t o  taking 1 - A = - 
1-2 ; in  t h e  rhve  &alysis.  ; 

' 
- - - - -- 

Then the  s ta t ionary solution given by eqn. (3.20) becomes ' 
% t 

I C Z / ~  f o r  0 P. rl 

-. A - - -  - A & -  u p  

- -1 
-- A - A- -- -- - 

and eqn. (3.21) becomes simply q = - 
4 -  Thus we have consistency 

between the  r e s u l t s  from the  s t a b i l i t y  analysks and the  ana ly t ic  . 

-- * 

a - /-- __ -- 
A typ ica l  solut ion of the  type (3.20) i s  s b w n  i n  i 

~ i g u r e  1 . The upper g(f3 ,T) and the  lower shows 

G ( @ , T )  ( r e c a l l  t h a t  have i l l u s t r a t e d  a case where 5 

X1 = 0.4 and I1 and I2 -each cons i s t  of two d i s j o i n t  in tervals .  

The solution u(x , t )  i n  lowest order cons i s t s  of t he  dif ference 
- - - % - - - - - - - - - - - - - - - - - - - - - -- > - - -  

between two  such sawtooth waves, one moving i n  each direct ion.  

The dif ference between the  maximum and minimurn values of G 

is grea tes t ,  f o r  given value Xi , when the wave has a simple 

t r iangular  prof i le .  That is, the  s e t s  I1 and I2 cons i s t  of s ingle  

in te rva l s  (see ~ i g .  2 ) .    his difference is then equal t o  
* 

2flX1(1-X1)C . F r w  eqn. (2.13), the  maximum value of u(x.t)  is  

equal t o  t he  maximum value of G minus i ts  minimum value. Hence f o r  

given X1 , the-~imumpossible amplIt-f: u ( x , t )  ,' i s  - 

i s  then h a 1  t o  r 3 8 / 2  . 



Fig.  I 



Length of 

* 

I1 = 2CA1 Length of 



(b)  he-spe-cia1 case h = X2 = X 3  = VL z 

I n  t h i s  case, g2 and g a r e  given i n  terms of g1 by 
> 

3 

eqns- (3.10). It follows t h a t  

Here we- cn proceed as- in t he -  -generalu case. I f  we-examine the  ~ ~ ' e a d i i ~ ~ ~ ~  
" 

coef f ic ien ts  i n  equations (3.14), we f ind  t h a t  

The f i r s t  of these i s  negative provided g > l/n o r  gl < - l/e . 
1 

I f  gl > 1/n it i s  not d i f f i c u l t  t o  see t h a t  the  second coef f ic ien t  

2 2 i s  pos i t ive  except when g = 4/3 (Recall t h a t  we must have 4-3g1 f 0 ) .  
1 

2 I f  gl <-I/- the  t h i rd  coef f ic ien t  is A s i t i v e  provided g # 4/3.. 
1 

Thus among t h i s  c l a s s  of s ta t ionary solut ions ,  one of t he  

th ree  coef f ic ien ts  i s  always p s i t i v e ,  and hence we' have i n s t a b i l i t y ,  

a r e  zero;   his leads  us then t o  the  f i n a l  specia l  case t o  be 

considered. 



- - - - - - - --- -- - 

= 2/3 , i k  i s  read i ly  seen from eqns. 

(3.8) and (3.9) t h a t  the  s ta t ionary  sokution reduces t o  

(The r&aining solut ion from subsection (b) belongs t o  this class.)  

A - . ~ - - 2- ~--" . > - ~  . . A - L  ~ . -  ~ . .  . A ~ - . -" - - . ~ . .  - ~ 

Then eqns . ( 3.14 ) become 

Bearing in mind the condition k +k +k = 0 , we can e a s i l y  
- -- 

1 2 3  

solve equation's (3.24). The solut ions  can be wri t ten in t h e  form 



.,. 
where A and C are a r b i t r a r y  constants. solv?ng- equations (3 .23)  

therefore,  we obtain  

the conditions . 

From tbis solut ion it appears t h a t  t h e  quan t i t i e s  v ( 8 , ~ )  p - 

approach the do not grow exponentially with time, but  as T + a they 

~ h u s  we appear t o  have a form of neu t ra l  s t a b i l i t y .  
- 

However, this outcome is so le ly  a r e s u l t  of---having considered - 



f o r  8 € 

b 
and t h i s  solut ion would be a  s t ab l e  s ta t ionary  solut ion of eqn. (3.1), 

- However such solut ions  a r e  not among the  possible s ta t ionary  
a a - a - u L -  - -- - -  - - - .  - 

solutions.  

It i s  clear therefore  that a  solution of t h e  type (3.25) 

cannot be a - s t a t i o n a r y  solut ion of the  f u l l  nqnlinear equation (3.1). 

Its apparent s t a b i l i t y  disappears i n  a higher order analysis.  I n  * 
subs t i tu t ing  eqn. (3.11) i n t o  eqn. (3.1) l e t  us r e t a i n  terms which 

- - 

-- 

- =+=-Of se~ond~orde r - in  v . Then the  perturbation equation (3.12) 

Introducing v ( 0 , ~ )  as  before v i a  eqn. (3.13) and 
P 

we  see that this qgat+on is equivalent t o  the  system of equations 



1 .  -1w*-case--h - - 
3 3 

, the stationaryTolution is given by eqn. -(3.22) 

and these second ord& perturbation equations take the form 

--- --p-pp- -- -- 
p- - - - - - - - - - - - -p - - -- 

where g g = ?l/Jj a Since k +k +k = 0 , these can be simplified 1 1 2  3 

since we simply 

find a perturbation 

wish to demonstrate instability we need only 

v which grows with time. Therefore, for : 
P 

simplicity let us suppose that each v is independent of @ . Then 
P - 

2 k = X v and h = X v . The condition k +k +k = 0 then 
P P P  P P P .  1 2 3  

and the third of equations 13.26) can 

these equations become 



Introducing r = u -u and ' s  = X u +X 
1 2  2 ~ 2  " these  are-transformed t o  

Let us  suppose without l o s s  of general i ty  t h a t  
Xl > 

and l e t  

Fig. 3 



This set of po in t s  in the  rs-plane is i l l u s t r a t e d  i n  Figure 3. Then 
-p - -- - -- 

we can show t h a t  any t r a j ec to ry  of eqns. (3.27) which starts i n  D 

moves away from the  or igin .  And furthermore such a t q i j ec to ry  

remains in D and therefore  continbes t o  move away from the  or igin .  
'& 

This w i l l  e s t ab l i sh  the  required i n s t a b i l i t y  of the  po in t  r = s = 0 

(or u = U  = O ) .  
1 2 

FirSt of a l l ,  it is eas i l y  seen from eqns. i3.27) t h a t  i f  
- -  - - - A LA 

uL - -  - - 

( r , ~ )  Lies i n  D , then r > 0 and s < 0 . Thus t h e  t r a j ec to ry  
'r 'I 

moves fur ther  away-from (0,O) and i n  pa r t i cu l a r  does not move ou t  of 

2 
Se t t ing  W ( r )  = 31 A r + 27s2 + s it follows from ems .  

1 2 .  

(3.27) t h a t  

- ---- - - 

Therefore, thepfunction W-CT] eT i s  ari increasing function of 'r . 
Since it i s  pos i t i ve  i n  D , it remains pos i t ive ,  and so a t r a j ec to ry  

in D cannot move ou t  of D across t he  e l l i p t i c a l  boundary on which 

W = 0 .   his completes t he  proof of i n s t a b i l i t y .  

3-4 ~ p p l i c a t i o n  to the  Powerline Model. 

'1n his invest igat ion of overhead transmission l i n e s ,  



For typical  values (see Table 1) of a,B and -8 a s  given by him, we' 
- - - -- - 

can es t imate ' the  value of the  maximum amplitude C C / 2  which was 
- - 

1 

obtained from the ana lys i s  of case  (a) of the  preceding section. 

Table 1 

Typical values for  a and . 

I f  we s e t  t '  = c t  and y = 1 J u  u , we s h a l l  transform 
c 38 

the  above equation i n t o  

U t't' 
- u 

XX 

where € = cr/c . Also, f o r  a stretched cable, we can r e l a t e  the  

wave speed c t o  t he  dis tance between the  pylons C according t o  the  

approximate r e l a t i on  

where d is  the  ac tua l  length of t h e  cable between the  pylons. b or\ 
- - - tp jxa-esc  =.?33rafse~~and 8 = 4 00m given by Myerscough, 

and use the  quant i ty  d-C a s  a small parameter, we obtain  t h e  

following values f o r  the maximum amplitude. 



Typ ica l  v a l u e s  fo r  t he  maximum ampl i tude  EL . 
-1 a - S e c  

2 . B - m /sec 
decay 

4 .  t i m e  = - - sec a 



-- ---- - - -- -- 

For t he  case of overhead transmission l i n e s  which a re  

separated by a v e r t i c a l  d is tance of about 10 metres, no displacement . 

grea te r  than 4.5 m. is allowable. (It i s  undesirable t o  have the  

conductors c loser  than 1 m. apart.) To the  extent  which t h i s  model 

i s  applicable t o  the  ac tua l  s i tua t ion ,  

values of d-4 considered, acceptable 

pararireters a' 'and- B1 . -- 
1 

we have, f o r  t he  range of 

displacement values 60r the  

- -  - - - - - - - -  

3.5 s ta t ionary  values f o r  the  Moments. 
C 

- -  - -- - - - - - --- -- - -- - - - - - --- - 
- - - 

- --- - - - - 
- ---- 

Thus fa r  our discussion has been concerned with finding the  

s ta t ionary  solut ions  of  eqn. (3.1) and determining which of them a r e  

s table .  There is however, another formulation of the  problem which is  

avai lable  t o  us. I f  we multiply eqn. (3.1) by 1/24 gn-'(0,~) and ,' 

in tegrate  with respect  t o  8 over [-4,C], w e  obtain  

P" ,where we have now s e t  (T) E 1 . Set t ing  ,I (T) Z 1, we can 0 

then define t h i s  syst,em fox values of n such t h a t  n 1 1 . (Note ' 

1 
t h a t  I ( T I  G 0 then impl-ies t h a t  . - = 

d-r 
0.) This is an i n f i n i t e  

system of coupled, f i r s t  order eqeations. I t  c l ea r ly  ind ica tes  the  
* 

dependence of the  moments I2 and I '  which occur i n  eqn. (3.1) on 
- -- - - - - - - - - - 3 

each of the  higher moments, From e m s ,  (3.28) one can gain a ce r t a in  
-- - - - -  -- 

appreciation of t he  complexities involved i n  t rying t o  solve eqn. 

3 . 1 .  Attempted numerical in tegrat ion of these. equations has m e t ,  

thus f a r ,  with l i t t l e  success. 



+ - 51.  
- - - 2' 

n I f  we set - = 0 in-  eqn. (3.28) , we obtain  the  following 
d~ - 

mn-linear recurrence re la t ion  

0 n Se t t ing  In = p we obtain t h e  cha rac t e r i s t i c  equation 

considered f o r  the  statio;ary solut ions  f o r  g . I f  we denote the  

th ree  roo ts  of the  cha rac t e r i s t i c  equation by p P2 and P3 r 

we obtain  

We have 

derivell 

previously seen (53.1) t h a t  t h i s  i s  precisely  the  form 

f o r  t he  1''s using an e s sen t i a l l y  d i f f e r en t  approach. 
n 

Moreover, we  have a l s o  seen that the above def in i t ion  can be 

extended t o  I0 120 and 1 a s  w e l l .  
1 , 

of these  s ta t ionary  solutions.  However, due to  t he  complexity of 

t h e  i n f i n i t e  system given by eqn. (3.281, this approach seems to be 

a t  l e a s t  considerably more d i f f i c u l t  than the  approach adopted 

e a r l i e r  i n  t h i s  chapter, 



If  A > 1 / f i ~  .577 o r  A < 1 -"l/fi% ,423 ( r eca l l  L < ~ < $ ,  2 
3 

- 0 then we have t h a t  I + w-  a s  n -+-03 . This of course means t h a t  
n 

-- - - - - - - - - - - - - - - - - - -- - - - -- 
- -- - - - -- - - - - -- -- - -- - 

-- - - --- 

we a r e  _not able  t o  approximate eqns . (3.28) by a suitably7&ncated I 

t 

system, but t h a t  we-must keep t h e  e n t i r e  system. I - - 

I f  we  were able  t o  determine any one of ' s  i n  terms . 
/-- In  - 

of the  i n i t i a l  values {I (0) 1 ,  then we could obtain-the approbriate 
/ 

J 

value for  from eqn. H.30) .  I n  the  next chapter we show that .  
=" $ - - t h i s  value of A i s  a l l  we r e a l l y  need t o  c~nstmctLtheasympXotic~~ -++ - - - 

1 

t 
so lut ion q(0,m) . i 



NON-STATIONARY SOLUTIONS AND GENERAL THEOREMS 

f. 
I n  t h i s  chap te r  we i n v e s t i g a t e  various non-stat ionary 

s o l u t i o n s  of  eqn. (3.1) along with severa l  r e s u l t s  regarding general  
A 

- -- - . - A - - - - -  - - -  
Q - 

h h a v i o u r  of i t s  so lu t ion .  The i n t e g r a b i l i t y  of eqn. (3 .1) ,  considered 

a s  a d i f f e r e n t i a l  equation, i s  seen t o  be d i z e c t l y  r e l a t e d  t o  t h e  
- 

3 
- presencs+ th -  q - - rr t h i s  5-- is tlier q n T  -C3.l)--= 

belongs t o  a c l a s s  of d i f f e r e n t i a l  equations which can be in teg ra ted  

i n  a s t ra ight forward  manner. 
- 

4.1 Impulsive I n i t i a l  condit ions.  

I f  t h e  i n i t i a l  condi t ions  f o r  t h e  problem defined by eqn. 
- -- 

- - ---- - - - - - - - - -- 

(2.10) a r e  of impulsive type ( i - e . ,  u(x ,  0) = 0) then it fol lows 

from eqn. (2.15 that t h e  i n i t i a l  va lues  to be s a t i s f i e d  by t h e  L 
so lu t ion  of  eqn. (3.1) a r e  odd. That is g(B, 0) = -g (-8,O) . ~t can 

then be shown a s  fol lows t h a t  i f  eqn. (3.1) i s  assumed t o  have a 

unique solu t ion ,  this so lu t ion  remains an odd funct ion  o f  8 f o r  

a l l  time. 



a .  

Hence g and h s a t i s f x  t he  same equation and have the  same i n i t i a l  

values. Assuming a unique solution ex i s t s ,  ' we have g ( 8 , ~ )  = h ( 8 , ~ )  = < * 

-g ( - 8 , ~ ) '  f o r  a l l  T . 
A s  a consequence, fo r  the  case of o d d - i n i t i a l  conditions,' 

eqn. (3.1) reduces t o  

ty@e equation which can be d i r e c t l y  integrated i n  terms of the  , * 
- 

2 unknown function .g . rntroducing an integrat ing fac tor ,  we can- , 

rewri te  eqn. (4.1) a s  

1 d T j  and Set t ing 

obtain 

This may 'be integrated d i r e c t l y  and, t he  solut ion writ ten i n  the form 



. . 

where . - 

W e  have t h u s  obtained a formal s o l u t i o n  t o  eqn. (4.1) i n  terms of t h e  

- 

unkno'm funct ion  +(rj . , I f  we - s u b s t i t ~ € e t h i s  sollutioX beck i n t o  

eqn. (4.2) we ob ta in  an equation f o r  C#I (r)  which t akes  t h e  form 

i s  then found from eqn. (4.3) .  I t  i s  immediately evident  from t h e  

, form (4l.3) of  t h e  so lu t ion  that t h e  s ign  of g(0 . r )  i s  t h e  same a s  

t h e  s ign  of g (9,O) . In p a r t i c u l a r ,  t h e  ze ros  o f  t h e  s o l u t i o n  

funct ion  a r e  simply t h e  zeroes  of the i n i t i a l  va lue  function.  



- - - - - -- -- - - 
It is .of i n t e r e s t  t o  examine t he  form of t h e  solut ion f o r  . 

>- 

l a rge  times and t o  compare t h i s  solut ion with t he  previously 

det-ined statio-y solutions.  I n  order f o r  oqn. (4.4) t o  be . 

sa t i s f i ed  a s  T + a  I it follows t h a t  @ ( T )  and @ '  (T). + ~0 as well. 
/- 

' ~ h e n  we can repl&e eqn. (4.4) by t h e  approximate equation 

Hence we f i nd  t h a t  

Thus g f e r ~ )  . tends asymptotiCally t o  one o r  the  o ther  of t h e  tw - 

6 constants 2 . T f i s  result can be seen a s  foliaws t o  be i n  

I * 
complete agreement with t he  previously obtained forms for  t he  

- s ta t ionary solutions.  



- -- meriviny i h e  soliition (4.3) w e  have seen t h a t  if t he  

i n i t i a l  value i s  an cdd funcsion of 0 , then t h e  solut ion function 

remains odd f o r  a l l  time. Since the  solutiqn always r e t a i n s  the  

same s ign a s  it h a d ' o r i g i n a l l y , - i t  follows that t he  asymptotic 

d i s t r i bu t ion  of pos i t i ve  and nega t ive ,va lue~  m u s t  be exact ly  the  

same as the  i n i t i a l  d i s t r ibu t ion .  mt fo r  ah d d  function t h i s  I=  

.m_eanst&t one half - t he - in t e rxa l  -€-G,L] i s  comprisd-of-wi-tive-- - -- - - -- 

values for  g (8,O) ( a ~ s ~ l i n g  g ( O r  0) # 0) and the  other  half 

1 negative.   hat is, a~ympto t ica l ly ,  
1 = % = -  2 -  For these  

~ * - L p -  
-~ - - -  ~ - - - - - -~ 

values, we obtain  from q n ~  (3,.2015 t h a t  g tends asymptotically 

6 t o  f - , as e j tp l ic i t ly  derived. 
2 

1t is of i n t e r e s t  t o  note t h a t  t he  so lu t ion  given by 

.eqn. (4.3) can be e x t e d e d  t o  include any i n i t i a l  values  g (0,O) 
Z 

which have a point  of antisymmetry. 1f - t h i s  is the  case,  then a 

k i t a b l e  coordinate  translatiah will- transow-+@,Q) - i&e aa-odd - -- -- - 

, 
function with respecf t o  the  new coordinate system. For example, 

g(0,O) = cos n$/C is such a function. 

t h i s  i n i t i a l  value i s  given i n  the  'next 

A .numerical sblut ion fo r  . 
C 

chapter and t h i s  type of . 

fi and g 4 2  - is  c l e a r l y  
2 

1 asymptohic behaviour with A = A2 = - 
I - 1 2 

indicated. 

4.2 piecewise Constant solution.  

general, it turns  ou t  tha t  there  is one.simple case  when an ,exact 

I 

solut ion can be obtained. This occurs when g i s  taken t o  have a 

piecewise cons&t p ro f i l e .  



SuPPse that g has the  form 

for 

for 

Here we assume that 
g+ 

is p o s i t i v e  and g negative. Let the - 
- - - A - - - -- - - - - - -a A A >- - - - --- ---- - -- - 

interval I have length tl-A) ( 2 8 ) .  W e  must set g = ah and + 
- 

g- = -a (1-A) in order to have g = 0 . We then find 

Prom eqn. (3.1) we obtain the following pair of Muations 

!L . Substitution of the a'ssumed forms for g : ' and g 
T - 

* 

along with eqns. (4.5) inti  these  equations then g i v e s  a system of 

equations for a. and A 



After some a lgebsaic  manipulations, these  reduce simply t o  

_ _ - - -  - -  
- -  - ~ 

~ - - -  ~~ 
-- - - -  -~ . ~ ~ ~ 

-- -~ ~-~ 

-L The so lu t ions  of t h e s e  equations a r e  given by 
1 

a ( ~ )  = a (0) 6 A (T) = constant  = X (0) . 
2 

L 2 ( ~ )  + ~ 3 - a  (0)1 e -TI' 

We may e a s i l y  extract-the a_qmatot ic  bekaakaaviovr _from _these solut ians ,  _ - - -  

A s  r -+ we see t h a t  a -t fi and A r d n s  constant  f o r  a l l  time. 

These results are c o n s i s t e n t  with t h e  asymptotic so lu t ions  obtained 

i n  t h e  last  chapter  naqely g+ - &A , g - - ( 1 -  , except  here 

we  note t h a t  t h e r e  is no r e ~ t r ~ c t i o n  placed upon A . I t  may have 

any value  between zero  ard one. ( ~ f  X < - 2 
o r  X > -  t h e  

3 3 
1. 

asymptotic so lu t ion  is  unstable  under c e r t a i n  non-constant s 

per turbat ions .  ) 

I n  Section - - ~ -  4.1, we  inves t igated  t h e  case where t h e  initial  
_ - - - -  

cond i t ions  s a t i s f y  g t o , @  = -g (-0,O) f o r  a l l  8 . Since this implies 



~ 

t h a t  t h e  so lu t ion  always remains odd, we  were a b l e  t o  develop an 

e x p l i c i t  so lu t ion,  The quest ion then a r i s e s  as t o  what.happens when 

d i f f e r  s l i g h t l y  from those  i n  t h e  odd case. 

TO i n v e s t i g a t e  t h i s  s i t u a t i o n  set 

funct ion g and ri is a small parameter. S u b s t i t u t i n g  t h i s  form 
- --p-p-p-p---- 

~ ~ - -  ~ - -  - -- - -- --- ~ ~ ------ 
-- 

- - - - - - - - - - - - - - - - - - - - - - - - - 

f o r  g i n t o  the f u l l  equation (3 .1 )  and comparing powers of r\ 

w& obta in  

- - 
1 2 2 n- . - zg--- -g;)-q - 2 

e~ O O e  Fg~gi--i 

H e r e  we have made use  of  t h e  even and odd p r o p e r t i e s  of g and go 
e - 

7 

respec t ive ly  t o  set g g - 3 ' 
O e - g O = O *  

The f i r s t  equation of the system (4.7) is the same as 

eqn. (4.1) and hence its so lu t ion  i s  given by eqn. (4.3) . The second 

equation can, i n  p r i n c i p l e ,  be solved and i n  t h e  following we b r i e f l y  



~ a k i n g  use of eqn. (4 .3 ) ,  it follows t h a t  t h e  i n t e g r a t i n g  f a c t o r  f o r  

t h e  above equation can be expressed as 

- - -  - -  - -- -- - 

- 
Then t h e  s o l u t i o n  i n  terms of  t h e  unknown funct ion  2 

'age is 

L 
F i n a l l y ,  an expression f o r  g g (r) can.be  obtained f r w  t h i s  equation.  

O e  

- 1  2 
Mult iplying by - g 6 . )  and i n t e g r a t i n g  over [ - t . 8 3 ,  we o k a i n  2.8 0 

2 t h e  fol lowing l i n e a r  volterra i n t e g r a l  equation f o r  f(~) = gOge(T) 

H e r e  w e  have set 
-- 



and 

These a r e  known funct ions  i n  terms of g  ( 8 , ~ ) .  Then solving eqn. 0 

(4.9) f o r  f and s u b s t i t u t i n g  i n  eqn. (4.8) , w e  ob ta in  t h e  complete 

so lu t ion  t o  t h e  second equation of (4.7) . However, while t h i s  
- -  - - - - -  - - -- -- - A - LA- 

-- -- -- 

procedure is always poss ib le ,  it i s  r a t h e r  more i n s t r u c t i v e  t o  cpnsider 

t h e  asymptotic forms of  eqns. (4.7) . 

5 s  a solut ion,  then t o  be c o n s i s t e n t  with = ' 0  'we must have 

- 
'e 

Z 0 Using these  values  i n  t h e  equation f o r  t h e  w e n  
I 

per turbat ion,  w e  ob ta in  

asymptotical ly.    his r e s u l t  seems t o  i n d i c a t e  t h a t  t h e  pe r tu rba t ion  

u l t ima te ly  d i e s  out .  I t  i s  based on t h e  asslzmption t h a t  t h e  

p e ~ t u r b a t i o n  remains uniform f o r  all 8 . unfor tunate ly ,  f o r  t h i s  
' - f approach t h i s  is nat  t h e  case.  

-*j 

We can see d i r e c t l y  as fol lows from eqn. (4.8) t h a t  t h e  

- - - 

so lu t ion  
'e 

must grow exponent ia l ly  i n  t h e  neighbourhood of a  zero 



- 
near gi . Since $(T) -., ce 2 *. and gOge + 0 a s  T -+ a , the  

in tegra l  i s  convergent and hence 

To see how t h i s  r 'elates t o  the system (4.7) l e t  US .I 

g0(OI0) < 0 fo r  8 < 0 and g0(9,0) > 0 for  9 > 0 where 

8 E I-8.81 .   hen the asymptotic solution f o r  t h i s  function w i l l  

J3 simply be ? ?- I t he  sign a t  each 8 depending on whether the  

i n i t i a l  value there  was pos i t ive  or  negative. NOW l e t  us  conscder 

- - 

an asymptotic solution - (Fig - .-4a) whichdif  farsslightlqrfromthis-odd --- - - 
- - - -  - - 

asymptotic solution and decompose it (Fig. 46) i n t o  its *wen and odd , 

parts. It i s  c l ea r  from t h i s  simple consideration t h a t  i n  some 

neighbourhwd of the  zero of t he  odd function a t  9 = 0 , the  odd 

solution i t s e l f  must d i e  ou t  and the asymptotic solut ion i n  t h a t  region 

is t o t a l l y  dominated by the even solution.   his i s  apparently what 

happens in the case of the even perturbation.  

If v2 denote by A the  in te rva l  over which g t e n d s  t o  zeroI 
0 

r2iiM the  long t imebehav iou r  of ge is more appropriately described by 

uns (frm (40-m) : go 2 T , go = o in A , 5 '5 outside A )  
2 7 I-. 

2 



Fig. 4(b) 



and 

f o r  8 ,f? A . 

T ~ U S ,  f o r  s u f f i c i e n t l y  l a r g e  times, t h e  even pe r tu rba t ion  must grow 

- e_xx_n_e_ntially for_-those va lues  05 - 8 E A and t h e  r e s u l t i n g  expansion- -- 

(4.6) is no longer uniformly v a l i d .  

1t i s  p o s s i b l e  t o  c a r r y  o u t  an asymptotic a n a l y s i s  of  eqn. 
_ - - - - ---- --- --  - -- - - -- - - -- 

(4.9) . ~ h e  procedure i s  long and somewhat involved, and u l t i m a t e l y  

l e a d s  t o  conclusions which a r e  c o n s i s t e n t  with those reached above. 

That is, t h e  even pe r tu rba t ion  grows exponent ia l ly  i n  t h e  ne ighberhoads  

of t h e  zeroes  of the odd funct ion .  

Although it has  no t  y e t  been poss ib le  t o  ddvelop a complete 

s o l u t i o n  t o  eqn. (3.1) , t h e  t a s k  of. determining t h e  appropr ia te-  

asymptotic s o l u t i o n  of t h e  type  found i n  chapter  3 may be f u r t h e r  

reduced by applying t h e  r e s u l t s  of severa l  genera l  theorems. 1t. is 
< 

shown i n  t h e  following t h a t  t h e  problem i s  r e a l l y  t h a t  o f  f ind ing  t h e  

value  of  X and from tha t  cons t ruc t ing  t h e  asymptotic s o l u t i o n  i n  terms 

of t h e  i n i t i a l  va lues .  

Theorem 1. 

--- 

Let  el and e2 be tw va lues  o f  8 such t h a t  g(8 ,0)  > g (02, 0) . 
1 



Proof. - 

subtracting the tw resu l t ing  

,'- 

equations, we obtain 

- .  
where we have set hg(-r) = g (Bl,r) - g(e21T) and A ( T )  = $1-9 1 2  ) 

-1. 2 
, 

2 - A 
-L - -fg-(6;;~) + g(@;;~)?j(e~;T)~ + g (B2,r)l . s ince  A ( T }  2s a 6 

\ 
bounded function of T , it follows t h a t  

. . 
cannot be zero f o r  any f i n i t e  T . Hence A ~ ( T )  ?, 0 a and the  r e s u l t  

follows. 

  his r e s u l t  allows us  t o  calculate  t he  f i n a l  form of the  

-- --- - - - ---* -- 

asymptotic~soIution i f  the  value of A i s  known. suppose X is  

known1 then fo r  6  E I1 , g(8& + - h(1-A) as ,  T + and fo r  

. The- lengths of the  i n t e rya l s  

and I~ respectively a r e  2EX 
% s4 

and 28 (1-1). Then i n  order t o  

determine the  locat ion b f  these - 
value go such t h a t  the length 

in t e rva l s  we simply must f ind  a 

of the  s e t  { 6  1 g(0.0) < go} is 
e 

equal t o  28X .   his set i s  then  I and its complement with respect  
1 

t o  I-8,Gl i s  I~ . 
0 

-- - -- --- - 

- - 
Thus the  problem is  reduced t o  determiningth- vallle of A 

f y  g(8,0) .  we n e x t  sbjv t h a t  the  value of 1 . does not depend' on 
\ 

the  scale of t he  i n i t i a f  data. 
- 



c o r r e s p ~ m j l n g  so lu t ions  gl (6, T)  , a*. g2 ( 8 ,  r)  tend t o  t h e  same 

asymptotic so lu t ion  as T -+ m . 
3 .  

suppose, g  ( B I T )  i s  a so lu t ion  of eqn. (3.1) . Then, introducing 

a  time d e p 4 e n t  s c a l e  s = s&) and new t i m e  o = ~ ( r )  . we can 

- - - - 
- - - -- - - - - --- - - -  

e a i i r ~ ~ ~ w @ a F 9 ~ & ~ ~  =~(!F)CJ(B,U) is a l s o  a  of ewe - 1 

(3.1) p r o v i d v  t h a t  

I 

and 

I 

where A i s  an q r b i t r a r y  .constant. Subs t i tu t ing  f o r  g  (0  ,u) = 
I 

2 2 - d-r 2 ' ' 1 3  1 3  2 - rs g - sstg1! = ( s  -g1bg1 - y g l  +pl ., du fT 
/1 

rhis eqyation can be cast i n .  t h e  form of eqn. (3.1) i f  w ~ _ r e q u i r e + h a t  
--- 

d-r - 1 
9 

F 

- - -  2 d s k  2 
and -- d . 0  2 S* d~ + . S  = 1 .  

S 



These equations can be solved i n  a 'stkaightfor&d manner and the 
. - 

solutions a r e  rgiven by eqns. (4.10). + We can now use these resu l tk  a 

t o  esizablish the  *orem. 

For T = 0 we have s = ( l+A)  and a = ,O ', so t h a t  - e 

,- ~ 1 . ~ 0 ,  a s  T jm , o ( ~ ) * - r  and s(r)  - 1  so g1(8,r) - g t O , ' ~ )  . * 

I 

s ince  the  value of A i s  a rb i t r a ry ,  it fbiiows t h a t  i f  g (8 '0) and 
- - - -- 

- 7 

-- - - - - -- - -- -- 
- - - -- - - -- 

A -  - 2 - L  -ppp----p: -- -pp-p- -- - - +-- 

- g2 (0 ,  a); a r e  re la ted  by g (8,O) /g (8,O) = k = constant,  then the  . 2  1 
d 

corresponding solut idns  g (0  , 1 ,  and g2 18 ,r) approach the  same 
. - 

asymptotic soluiion.  hat. is, the  value of k is not  dkpendent on 
-3 . 

the sca le  of t he  i n i t i a l  data.  

In  view of this re&<, it c& be 'specylated t h a t  a'. - 
. .. 

% .  

1 .  

- convenient expression & - - A  >+nay %•’oWr in  t&ms-oes~cale- i ;nvar ian~ - - - 

a o )  

r a t i o s  of the  type 

2 
I5 . 

I 
- , .. . e tc .  

~0rj"eaer no such ye t  been f&d. a expression has 

. . 
d e V & ~ p - ~ ~ + & ~ o ~ ~ . @ - . ~ ~ ~ & h e - i  f ican t ,; t of - -  

- e * 
t he  i n i t i a l  value and solut ion functions i s  t h a t  the p o s i t i 4 ~  of. the  - .  

-5 

.- zeroes of these functions r -mains  fixed. But f o r  a rb i t r a r ?  i n i t i a l  



- - 
- - - - -- - - - - - A -  - -- 

69. 

. I  

- -- - -- -- -- - - -- L-- 

conditions t h i s  is not generally the  case, and it may be shown t h a t  

the  l oca l  migration of the  zeroes is d i r ec t ly  relaked t o  the  presence 
- 
'3  i / _-- - of the g (T) term. __- . 

1- . /'/ 
suppose t h a t  8,=- Bi i s  the  location of a simple zero of 

, 

the  i n i t i a l  value function g ( B I  0) . ( i .e . ,  g (Bi t  0) = 0) .. Then f o r  
. . 

fix,ed 8 near .8 ; it foIlows t h a t m  "e can write 
. i  - - .  

-- -- * - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
- - .- - - -- - 

- -- 
- - -- - - - - - - 

8. 
- where 8 . (r) ' represen<? t h e  nqri lobation of the  zero, which was 

1 ,  . - Q - 
1 . *  

or'iginally a t  Bi' . I n  a neighhourhood o f  8 .  (T) , we then have 
,1 

7 .  from 'Gqn. (3.1) t h a t  
- _  

< .  



rntegratiub of the second of 'these .leads to  
" , -- _ -,- 

- 1  2 .  

lil tr) i s  ultimately determinable from an ,inf i%te spsken' of'. , I  

q .  n ,  . "+erential eq,uations>for the coefficients" k n ( r )  . of [€I -.Bi(r) ] . 4 , .  

, . . I 

'. 
\ of the-zeroes of the. sqlution is &en to d dwecGy 

. - - .  - -_- _-- 1211-+ --- - -- . I- - " - - -  -- A - - - A - - 
3 

F -- 
of the g terni.' ~ o r  the q d  solution-this 

P 
I .  



CHAPTER 5 , 
4 

1 v 

. 
Y . . 

~ e r  we present *various numerical solutions of 

I ' eqn. (3.1) . por kTBtrary i n i t i a l  canditions, ,it was found thqt the -. 
, 9 

a 

the type of solution fouhd i r \  chapter 3. However, the question of 

how this  asymptotic solution relates ' t o  the given i n i t i a l  values 

' 5.1 The Numerical ~ e t h d ,  t 

. lZ  . b , I  b >  

- .  , , For the -ses of nwnezical integration eqn. (3.1) was 

I 

+-eat& as  a system of ordinary differential  equations. The value 
--- --- - - - -- 

t = I- was chosenpand €= FesidtZig 6 interval - 1 1  &;-then 
- 

T \ .  - 
uniformly p a r t i t i b n ~ .  The averages g land g3 yedre&ced by 

r .  

ei ther  trapezoidal or Simpsbnas rule type approxht ions  and the 
. .  * - 

resulting system 9f equafions for the m e s h  values, 
. 

* 
< " .  

\ 
7 

! 
\ 

I , g, (*I' = 7 (ep,r, p lr...rN 
r, a \ \ 

I 

. * 

- -  t 
d 

.' . 

4 s  &en T using a m e - K u t t a  method, , 

- - - -- -- a 

, Ehny different runs using d variety of i n i t i a l  valfies w e  W e  
I 

&re' t h e  trapezoidal and- Simpson * s appro&ations. 0h comparing 

.. the f inal  asymptotic solution obtained f r & b  each approximation -for a 



certain problems arose in  the course of obtaining these 

pumerial results*. ~ a r t i & l a r l y  for the case of odd i n i t i a l  
% 

conditions, it was found that convergence to the f inal  solution was 

- - _. - __ - greatly- a s ~ i s ~ ~ c h o o ~  pa r t i t i on  for- which--none OE the-msk- - - --- --- -- 
i t >  

1 po~ts-coincided w i t h  t h ~  location of a zero of the i n i t i a l  value 
' * 

function. ( m r  example, for an odd function of 8 , the point 0 = 0 

should be excluded as a mesh point.) This i s  becauc the zeroes of the 

odd solution rehain fixed for a l l  time. 

A second, =re significant problem arose due to  the 

requirenent that = 0 for a l l  time. I n  earlier runs, when this 

restriction was not applied, it ras found t h a t  the f i r s t  ~poment was 
- - 

?r 
I n  order to  counteract this growth, the calculated value of g was 

pericdfcally subtracted from the coordinate values.   his ens&& 
1 

tha t  renained identically zero. f 

To t e s t  the possibility that the final skution misht  be 

e - directiy related t o  the psitiorzing of the zeros of the in i t ia l  value* . 

Z 
. function-, a large nudxm oE runs was made using a t r i a l  Eunction of - 

; , the •’om 



This function- has the following t w  properties: 

(a) for  any value of B > 1 
- ! I  

and (b) it: is possible by appropriately choosing B to  place a 

zero of the function anywfiere in the interval f-1,0), 
C 

After mrking w i t h  th i s  and other t r i a l  functions, it could be - 
3 concluded that  for the general case (g # 0 ) ,  there is no apparent 

simple relationship between the locption of the zeros and the 

directly related to .the moments gn (cf. eqn. (3.28) ) of the i n i t i a l  

value function. 
/ 

5 .2  Examples of mmericdt soluti  i . 
In this section we present sev a1 examples of numetical i 

solutions for eqn. (3.1) obtained by the ethod of the previous section. 4 
- \  

clearly shaw the ~ v n l u t h n  af +he aqapto t lc  , , solution. 7-me& 

r 

previou~ly, the f inal  solutions are of the same type as those 



(a) Figs. (5) and (6) show the evolution o f  the f ina l  

solution f m  add i n i t i a l  conditions, 

(b) ~ i i g .  (7) for  the i n i t i a l  value g(0,O) = cos ne 

shows that the solution to eqn. (3.1) given by the eqn. (4.3) can be 

extended to certain n o n e  functions, 

- L A u A - 
- - 7 ~ 2  -us; -(IT; ~ g ~ - - & i a  .-(lo) a=e e%Zi@Ti5s or-ae-eiai-------- - 

function given by eqn. (5.1) , 

and fdl Figs. (9) and (10) also damnstrate the scaling 

invariance rewt proved i n  chapter 4. I n t h i s ' c a s e - w e  have 

The values of XI and k2 shown w i t h  these solutions were 
. - .. 

obtained by estimating gL ~ e r i c a l l y  and equating 



g( 0 9) =e 

Asymptotic Solution : 

A =0.50 X =0.50 
1 2 

- Fig, -5 







Asymptotic Solution: 



Asymptotic Solution: 



Fig. 10 
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