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CHAPTER 1 

AN INTRODUCTION TO SOME 

CURRENT RESULTS ON HAMILTONIAN GRAPHS 

Sect ion  1.1 ~ n t r o d u c t i o n  
t* 

S tud ies  on t h e  e x i s t e n c e  and p r o p e r t i e s  of  pa ths  and cyc les  on a  

s p e c i f i e d  number of v e r t i c e s  i n  a*graph have been of  cons iderable  

i n t e r e s t  t o  both puge and app l i ed  mathematicians a s  w e l l  a s  r e sea rchers  

i n  o t h e r  d i s c i p l i n e s .  Important p r a c t i c a l  a p p l i c a t i o n s  of such s t u d i e s  

can be found i n  f i e l d s  r e l a t e d  t o  opera t ions  resea rch ,  e l e c t r i c a l  

engineer ing ,  computer algori thm a n a l y s i s  a s  we l l  a s  many o t h e r  a r e a s  of 

s c i e n t i f i c  research .  This  t h e s i s  p r imar i ly  concerns i t s e l f  with t h e  

study of graphs which ,have a  pa th  connecting any two d i s t i n c t  v e r t i c e s  

5 

such t h a t  a l l  o t h e r  v e r t i c e s  i n  t h e  graph a r e  contained i n  t h e  pa th .  * 
Sect ion  1.2 Recent r e s u l t s  on hamiltonian graphs 

The d e f i n i t i o n  of a  graph and a l l  t h e  no ta t ions  employed p r imar i ly  

fol lows t h a t  of . Bondy and Murty r51. A graph G= (V (G)  ,E (GI  ) a s  

def ined i n  [53 i s  assumed t o  be loop less  and without  mul t ip le  edges. 

Otherwise it i s  c a l l e d  a pseudograph. 

Def in i t ion  1 .2 .1  Let G = ( V ( G ) , E ( G ) )  be a graph. I f  a  cycle  C i n  
\ 



G s a t i s f i e s  I v ( c ) /  = .~v(G) /  , t h e n , i t  is s a i d  t o  be a  hamiltonian 

cyc le .  A graph i s  s a i d  t o  b e a  hamil tonian graph i f  it has a 

hamil tonian cyc le .  

Def in i t ion  1.2.2 A graph G= ( V ( G )  , E  ( G )  ) i s  s a i d  t o  be a  hamiltonian- 

connected graph i f  f o r  every p a i r  of d i s t i n c t  v e r t i c e s  u,veV(G), 

t h e r e  e x i s t s  a  hamil tonian u,v-path i n  G .  

Since t h e  four-color  theorem has recen t ly  been proven with t h e  

a i d  of a  computer, t h e  o l d e s t  and t h e  most famous unsolved problem <n 

t h e  theory o f q q r a p h s  i s  undoubte&ly t h a t  of cons t ruc t ing  an  e leqan t  and 
* 

p r a c t i c a l  c h a r a c t e r i z a t i o n  of hamil tonian graphs. Indeed, thesez$wo 
-7% ", 

problems a r e  n o t  e n t i r e l y  unre la ted .  It i s  known t h a t  [46] every 

,hamil tonian plane map i s  4-co.lorable. The problem of rscogniz ing  a  

graph t o  be hamil tonian is no to r ious ly  d i f f i c u l t .  In  f a c t  Karp, --, 
- 

# 

Lawler, and Tarjan [32]-proved t h a t  it i s  an NP-complete problem. 

Combined wi th  a  theorem of S . A .  Cook L161, t h e  ex i s t ence  of a  good. 

c h a r a c t e r i z a t i o n  of nonhamiltonian graph seems un l ike ly .  Consequently, 

major e f f o r t s  have been devoted t o  cons t ruc t ing  c e r t a i n  v a r i e t i e s  of 

s u f f i c i e n t  cond i t ions  f o r  d i f f e r e n t  c l a s s e s  of graphs and a  few 

necessary condi t ions  - for  a  graph t o  be hamiltonian. 

There a r e  two main o b j e c t i v e s  i n  t h i s  t h e s i s .  The f i r s t  o b j e c t i v e  

i s  t o  provide a  thorough up t o  d a t e  survey on t h e  ex i s t ence  and t h e  

p r o p e r t i e s  of a  s p e c i a l  c l a s s  of hamiltonian graphs c a l l e d  hamiltonian- 

connected graphs;  i n  p a r t i c u l a r ,  t h e  panconnected graphs and PLD- 

maximal graphs. Chapter 2 of t h i s  t h e s i s  i s  concerned d i r e c t l y  wi th  

t h e  necessary and s u f f i c i e n t  cond i t ions  f o r  a  graph t o  be hamiltonian- 



connected and g e n e r a l i z a t i o n s  of  sLuch condi t ions  t o  
g 

n-hamiltonian-connected. I n  Chapter 4 ,  t h e  concept 

3 
3 

graphs which a r e  

of  hamiltonian- 
" 

connectedness w i l l  be genera l ized  to '  consider  even a smal le r  c l a s s  of 

hamiltonian-connected graphs c a l l e d  panconnected graphs and PLD- 

maximal graphs. - A graph G= ( V ( G )  , E  ( G )  ) is  s a i d  t o  be panconnected i f  

f o r  each p a i r  of d i s t i n c t  v e r t i c e s  u , v t V ( G )  and f o r  each 1 s a t i s f y i n g  

dG(u,v)<&V4~)I  -1, where d (u,v) denotes t h e  d i s t ance  between u and v ,  
G 

t h e r e  e x i s t s  a uv-path of  l e n g t h 1  . Clear ly ,  each PLD-maximal gragh is 

a panconnected graph. 

The second o b j e c t i v e  i s  t o  provide a 
% 

t h e  hamiltonian-connectedness of  a Cayley 

This  i s  given i n  Chapter 3.  

complete c h a r a c t e r i z a t i o n  of 

graph on an a b e l i a n  group. 

F i n a l l y  t h e  p resen t  chapter  i s  intended t o  provide a b r i e f  survey 
- 

on t h e  re levan t  genera l  necessary and s u f f i c i e n t  cond i t ions  f o r  a 

graph t o  be h m i l t o d a n .  Since it i s  no t  'the o b j e c t i v e  of t h i s  t h e s i s  

t o  pursue t h e  d e t a i l s  of  such cond i t ions ,  t h e  proof of t h e  theorems 

presented  i n  t h i s  chap te r  w i l l  n o t  be provided. Ins tead ,  numerous examples 

w i l l  be presented  t o  i l l u m i n a t e  , the s t r e n g t h  and t h e  sharpness of these  

\ 

theorems. The followin$ ca tegor ies  of s u f f i c i e n t  condi t ions  f o r  a graph 

b 
t o  be hamil tonian w i l l  be  d iscussed:  degree cond i t ions ,  edge cond i t ions ,  

t h e  condi t ion  of being t h e  power of a graph and condit ions.  which involve 

some topo log ica l  parameters l i k e  connectedness and independence number. 

We now begin with a few simple bu t  important necessary condi t ions  

f o r  a graph t o  be  hamil tonian.  
-- 



Theorem 1 .3 [5] Let* G = ( V ( G )  ,E(G))  be  a hamil tonian graph. Let  

,S be any non-empty proper  subse t  of t h e  v e r t e x  s e t  V ( G )  ? a n d  l e t  

c,(G-s) be t h e  number of components of t h e  subgraph {V ( G )  -S >. Then 

A s  a conseq$ence of  t h i s  theorem we have - 
n .  

, - 
- 

Corol lary  1.2.4 Every hamil tonian graph i s  necessaril 'y 2;connected. 

~ e c e s s a r y  cond i t ions  a r e  very u s e f u l  f o r  i d e n t i f y i n g  

nonhamil tonian,graphs.  For example, t h e  graph i n  Figure 1.1 is  non- 
- 

hamiltonian s i n c e  t h e  removal of  ' t he  v e r t i c e s  l a b e l l e d  u  
1'u2'u3 

r e s u l t s  

in a disconnected graph wi th  4  components."However, t h e  converse of 
1 

Theorem 1.2 :3 i s  f a l s e  a s  i l l u s t r a t e d  by t h e  graphs i n  ~ i g u r e  1 .2  and 

-.r 

Figure 1 .3 .  I n  f a c t  t h e  graph i n  F iga re  1 . 3  is  the smallest graph which 

\ 

f i g u r e  1.1 

9 

f i g u r e  1 . 2  f i u u r e  1 .3  



7 - - - 

Corol lary  1.2.4 is a l s o  false a s  the complete b i p a r t i t e  qraph 

K ' , where m<n, s e r v e s  a s  a counterexample. 
m,n 

Chvatal  1143 in t roduced t h e  d e f i n i t i o n  of a graph t o  be 
- - 

1-tough i f  -c (G-s)< l S I  is  s a t i s f i e d  f o r  every nonempty subse t  S 

i n  V ( G ) .  I t  fol lows from Theorem 1.2 .3  t h a t  every hamil tonian 

graph i s  n e c e s s a r i l y  1-tough. Chvatal  

i d e a  by de f in ing  t h e  toughness t (GI  of 
t 

t ( ~ ) = m i n { ~ ( ; - ~ )  IS i s  a c u t  s e t  i n  G . 1 
set i n  G i f  c fG-S)Y. I n t u i t i v e z y  , t h e  

has  f u r t h e r  extended t h i s  

a graph G by 

A s e se t  s of  V ( G )  Is a c u t  

toughness t iG)  of a graph 

is  t h e  measure of t h e  a b i l i t y  of a graph t o  hold  toge the r  when 

subse t s  of v e r t i c e s  i n  V ( B )  a r e  removed. G being 1-tough, 

impl ies  t h a t  t ( G I  2 1 .  A lower bound and an upper bound f o r  t h e  

toughness of  a graph may be  e s t a b l i s h e d  from t h e  connec t iv i ty  k and 

independence number of a graph G .  

Theorem 1.2.5 C141 Let  G be a graph,not  isomorphic t o  a connected 

graph wi th  connec t iv i ty  IC and independence number . Then, B 
~ ' t  (GI+ 

T -  - 2 
The lower bound of  Theorem 1.2.5 follows d i r e c t l y  from t h e  f a c t  

t h a t  f o r  any c u t  s e t  S i n  G; Isl?k and c(G-S)(p. The upper bound i s  

obvious. - Note t h a t  A i s  e x a c t l y  t h e  bound f o r  t h e  complete b i p a r t i t e  
B 

graph K . The concept of  toughness provides a necessary condi t ion  
mtn 

f o r  a graph t o  be r-hamiltonian. 

Def in i t ion  1.2.6 1361 A graph G i s  r-hamiltonian i f  t h e  removal 

of any k v e r t i c e s  f ~ o m  G ,  O5kSr r e s u l t s  i n  a hamil tonian graph. 
iC 

Note t h a t  9 r -hami lyn ian  graph i s  (r+2) -connected. 



John Molluzzo €367 proved the following necessary condition. 

Theorem 1.2.7 1363 If G is n-hamiltonian, the t (G)? l+n. - 
B 

He also proposed the following conjectures, 

Conjecture 1.2.8 1361 If t(G)>2, then G is hamiltonian-connected. 

Conjecture 1.2.9 [361 If t(G)>2+r, - then 6 is r-hamiltonian. 
a 

The next well-known and useful necessary condi,tion to be discussed 

is the equation of Grinberg. 
- 

Theorem 1.2.10 C41 Let G be a planar graph with a hamiltonian 

'E' cycle C. Then (i-2) ( + ' - + ' I )  = O r  where and Oi are the i 
i= 1 i i 

numbers of faces of degree i contained in Int C and Ext.C, 

respectively. 

With the aid of Theorem 1.2.10, one can easily show that the graphs 

in Figure 1.4 and Figure 1.5 are nonha~iltonian. 

Grinsberg's graph 

figure 1.4 figure 1.5 4 

The gr+ph in Figure 1.4 is the Grinberg graph. Each number in - 

a region of the graph represents the degree of the region (that is, the 
. . 



number of  edges  which c o n s t i t u t e s  t h e  r e g i o n s ) .  To show t h a t  it  

is  nonhamil tonian w e  assume t h e  c o n t r a r y .  Then t h e  f a c t  t h a t  

t h e  Grinberg graph  has  f a c e s  o f  degrees  5 ,  8 and 9 ,  t h e  Grinberg 

equa t ion  y s e l d s .  3 ($I ' -+") +,(+I -+"I +7 (+' -+"I =0 which ' i m p l i e s  t h a t  
5 5 8 8 9 

7 (44-0;) =0 (mod 3) . T h i s ,  however, i s  imposs ib le  s i n c e  t h e  va lue  

of  t h e  le f t -handed  s i d e  of  t h e  l a s t  equa t ion  i s  -7 o r  7 depending 

on whether t h e  f a c e  of  degree  9 i s  i n  Ext C o r  I n t  C.  

A s i m i l a r  argument shows t h a t  t h e  graph i n  F i g u r e  1 .2  i s  

nonhamiltonian.  Assume t h e  c o n t r a r y .  I f  a hami l ton ian  c y c l e  C can 

be found, t h e n  t h e  r e s u l t i n g  G r i n b e r g ' s  equa t ion  i s  2 (+ ' -+" )=0 .  
4 4 

Th i s ,  however, is  imposs ib le  s i n c e  t h e r e  a r e  #a; odd number of  

r eg ions  o f  degree  4 i n  t h e  graph.  = 

r 
The equa t ion  o f  Gr inberg  w i l l  be  employed a g a i n  i n  Chapter  4 

7 
Q4-' 

of t h i s  t h e s i s  t o  h e l p  c o n s t r u c t  an  impor tan t  se t  of  counterexamples - 

t o  a w e l l  known c o n j e c t u r e  by R.J.Faudree and R.H. Sche lp  

concerning graphs  L23,24]. (See Theorem 4 .4 .8 ) .  

There i s  a wellGknown s u f f i c i e n t  c o n d i t i o n  C15J f o r  a graph 

t o  be  hami l ton ian  which i s  expressed  i n  terms o f  t h e  t o p o l o g i c a l  

parameters  connectedness  K and independence number p .  

Theorem 1 .2 .11  [15] L e t  G= (V (G,) ,E (G) ) be  a k-connected graph wi th  

independence number . If  K ?!; ' then 6 is hami l ton ian .  

I\ 

Two more s u f f i c i e n t . c o n d i t i o n s  f o r  a graph t o  be hami l ton ian  
- ,  

ex,pressed . i n  terms of can@tedness and l o c a l l y  connectedness  can be  found 
*IA- 1 m .. - 



t h e  development o f  s u f f i c i e n t  c o n d i t i o n s  f o r  a  -graph t o  b e  hami l ton ian  

e x p r e s d d  - i n  t e r m s  of  t h e  deg rees  of  t h g  v e r t i c e s ,  
i + 

~ h r o n o l o ~ f c a l l ~ ,  D i r ac  [ l f ]  , Ore 1391 , ' Posa [41], Bondy [ 6  3 and - 

Chvata l  C131 have de te rmined  such cond3t ions ,  w i t h  each s u c c e s s i v e  r e s u l t  

s t r e n g t h e n i n g  t h o s e  p receed ing  it. L e t  G=V(G),E(G)) be  a  graph on n  

v e r t i c e s ,  wi thout  l o s s  of g e n e r a l i t y  we assume t h a t  t h e  s e t  o f  v e r t i c e s  

V (GI =(v 
1'. - . ,v ) s a t i s f i e s  t h e  degree  sequence d  Ld < . .l d , where d  

n  1- 2-. n  i 

is  t h e  degree  o f  v i n  G . 
i 

Suppose t h a t  n= I V  ( G ) I  L 3. Then Theorems 1.2.12 through Theorems 

1.2.16 ho ld .  

Theorem1.2.12 ( D i r a c t 1 7 1 )  I f  ~ ( ~ ) = ~ i n { d . [ l l k ~ n ) > n ,  t h e n G i  
1 - - 

2 "s 
hami l ton ian .  

Theorem 1.2.13 (Ore 4391) Suppose t h a t  f o r  each  pair of  

nonadjacent  . v e r t i c e s  u,vCV(G) . deg(u )+deg(v )  2 n .  Then G i s  

hami l ton ian .  

Theorem 1.2.14 "(Posa C411) Suppose t h a t  f o r  each k ,  ljk:;, - 

9 ' k  
2  

. Then, G i s  hami l ton ian .  

Theorem 1.2.15 ( ~ o n d y  161) Suppose t h a t  f o r  e a c h _ j , k  s a t i s f y i n g  

dkS k and d  . 5  j ( j #k )  i m p l i e s  t h a t  d  .+d Ln. Then, G- i s  hami l ton ian .  
I 3 k 

Theorem 1.2.16 (Chvata l  1133) Suppose t h a t  f o r  each  k ,  

d,(_k<n, dn k? n-k. Then G i s  hami l ton ian .  - 
2 

A sequence o f  nonnegat ive i n t e g e r s  d  cd 5 .  . .< d i s  s a i d  t o  be  
2 n  

g r a p h i c  i f ' i t  i s  t h e  deg ree  sequence o f  a  graph on n  ve r t i ce s ' .  L e t  

S:d 5 d  . . . l d  and S '  :d;<d;s. . . z d i  be two g r a p h i c  sequences  such t h a t  
' 

1 2  n 



f o r  each i ,  l ' i ' n ,  d . ? d l .  
1 i 

The sequence S '  i s  s a i d  t o  be degree-major ized by t h e  sequence S.  

I n  p a r t i c u l a r ,  every  g r a p h i c  sequence d < . . . i d  which f a i l s  t o  s a t i s f y  
1' n 

Theorem 1.2.16 i s  deg ree  major ized  by. t h e  degree  sequence 5 :  dlS ... 5dn,  
H 

H 'Y 

where d =k f o r  each i ,  l $ i S k ,  d.=n-k-1,  f o r  each i, k+lSiSn-k,  and 
i 

N 
1 

rc, 

d.=n-1 f o r  n -k+l ' i ln .  S is p r e c i s e l y  t h e  degree  sequence o f  t h e  graph 
1 CV 

N - 
+ (K U K  

'k k n-2k 
) i n  F i g u r e  1 .9a .  The graph o f  F igu re  1 .9a  i s  n o t  hami l ton ian  

because of Th.eorem 1 .2 .3 .  

f i g u r e  1 .9a  f i g u r e  1 . 9 ~  

I t  i s  i n  t h i s  s e n s e  t h a t  C h v a t a l ' s  theorem (1.2.161 i s  sha rp .  Note 

t h a t  t h e  lower bound i n  D i r a c ' s  theorem (1.2.12) cannot  b e  f u r t h e r  

reduced a s  t h e  examples i n  F i g u r e  1.10 i l l u s t r a t e .  

f i g u r e  1.10a ' figure 1.10b 



By Theorem 1 .2 .3 ,  it i s  c l e a r  t h a t  t h e  graphs  i n  F igu re  1 .9  and 1.10 a r e  

nonhamil tonian.  

C l e a r l y ,  i f  a  g r a p h i c  sequence S which s a t i s f i e s  t h e  hypo thes i s  o f  

any one of Theorem 1.2.12 t o  Theorem 1.2.16,  s o  does any g r a p h i c  sequence 

which ma jo r i ze s  S .  Although i n  t h e  s e n s e  d i s c u s s e d  above t h a t  C h v a t a l ' s  

c o n d i t i o n  (Theorem 1 .2 .16)  i s  t h e  s t r o n g e s t  p o s s i b l e ,  it has  been - 

g e n e r a l i z e d  by Las Vergnas c337 and by Chvata l  and Bondy 173 a s  

fo l lows .  

Theorem 1.2.17 Le t  G= ( V ( G )  , E  ( G )  ) be  a  graph on nZ-3 v e r t i c e s  w i th  

degree  sequence d < ... &d . ,Let V(G)=(V I ' s -  . , V n  ) Suppose t h a t  
1 -  q 

35% 
d , +%?n. Then G i s  hami l ton ian .  

3 

Using C h v a t a l ' s  c o n d i t i o n ,  one can e a s i ' l y  deduce a  

s u f f i c i e n t  c o n d i t i o n  f o r  a  graph to  be  hami l ton ian  expressed  i n  - 1 

. - 
t e rms  o f  t h e  n m b e r  of  edges .  

Theorem 1.2:18 1 5 3 .  L e t  G = ( V ( G )  ,E(G)) '  b e  a  graph on n= I v ( G ) I x ~  
n-1 

v e r t i c e s  and I E  (GI/ ,>( ] 1 Then, G i s  hami l ton ian .  ~ u r t h + n o r e ,  
\. 2 / 

n-1 
&he on ly  nonhamil tonian graph w i t h  n  v e r t i c e s  and( \+l edges , 

i s  p q c i s e l y  K + (E u K ) , and a d d i t i o n a l l y ,  f o r  n=5 , K  3 (FUK ) a s  
1 1 n-1 2 2 1 .  

d 

shown i n  F igu re  1 .9b and 1 . 9 ~  r e s p e c t i v e l y .  

Bondy C5J defkned t h e  c o l s u r e  C l ( G )  of  a  graph G t o  b e  t h e  qraph 

o b t a i n e d  from G by r e c u r s i v e l y  j o i n i n g  p a i r s  of  nonadjacent  v e r t i c e s  

w i t h  degree  sum a t  l e a s t  Jv(G)[  . I t  is e a s i l y  shown t h a t  t h e  

c o n s t r u c t i o n  o f  C l . ( G )  depends on ly  on G and n o t  on t h e  o r d e r  i n  which 

t h e  new edges are added t o  c o n s t i t u t e  C l ( G ) .  The fo l lowing  c l o s u r e  



theorem i s  e a s i l y  v e r i f i e d .  

Theorem 1.2.19 G i s  hamil tonian i f  and only  i f  C l ( G )  

hamil tonian.  

An immediate c o r o l l a r y  i s  a s  fol lows.  

Corol lary  1.2.20 Let-G be graph on n13 v e r t i c e s .  I f  C ~ ( G ) = K  , n 

then G is. hamil tonian.  

Corol lary  1.2.20 can be a  r e s u l t  employed t o  deduce Chva ta l ' s  

condi t ion  i n  Theorem 1.2.16. 

The s u f f i c i e n t  cond i t ions  of Dirac ,  Ore and Posa (Theorem 1.2.12 

through Theorem 1 .2 .14 , respec t ive ly )  have been genera l ized  t o  

r-hamiltonian graphs [ a l l .  Theorem 1.2 .21  below i s  t h e  g e n e r a l i z a t i o n  

of D i r a c ' s  condi t ion  i n  Theorem 1.2.12. 

Theorem 1.2 .21  €111 Let G be a  graph on n  3  v e r t i c e s  and l e t  

OLn5r-3. I f  every v e r t e x  of G has -degree a t  l e a s t  - n+r  , then, 

G i s  r-hamiltonian. J 

The-genera l i za t ions  o f  Theorem 1.2.15 and Theorem 1.2.16 a r e  a s  . - 
'presented i n  Theorem 1.2.22 and Theorem 1.2 .23 , respect ive ly , in  t h c  . -  

fol lowing.  
, 

.. 
A' - 

Theorem. 1 - 2 - 2 2  El13 Let  G be  a  graph ori n?3 v e r t i c e s  and l e t  

Oirsn-3. I f  f o r  eveky p a i r  of nonadjacent- v e r t i c e s  u  and v ' o f  

G ,  deg (u) +deg f v ) l n + r ,  then  G i s  r-hamiltonian. 
G G '  

* 

 heo or em 1.2.23 Cllf  Let  G be a  graph on n13 v e r t i c e s ,  and l e f  - .  

OSrIn-3. I f  s. 

. . 

(1) f o r  each j ,  r+l:j<n+r-1 , t h e  number of v e r t i c e s  of 
r. 2 

degree no t  exceeding j i s  l e s s  than j-r 

and (2)  t h e  number of v e r t i c e s  of degree n o t  exceeding n+r-1 



does n o t  exceed n-r-1,  t h e n  G i s  r -hami l ton ian .  
2  

The bounds i n  Theorems 1 .2 .21 ,  1 .2 .22 and 1 .2 .23  a r e  indeed  t h e  

b e s t  p o s s i b l e  a s  we w i l l  now show. Denote by K O  t h e  complete 
ml t m 2  1m3 

t r i p a r t i t e  graph d e f i n e d  by having  i t s  set o f  v e r t i c e s  V ( K  1, 

p a r t i t i o n e d  i n t o  t h r e e  non-empty independent s u b s e t s  V V , V  where 
1' 2  3  

Iv(vi)l =mi l i=1 ,2 ,3 ,  and u,v€V(K ) a r e  a d j a c e n t  i f  and on ly  i f  
m1 r m 2  'In3 

For  each p a i r  o f  nonadjacent  v e r t i c e s  u ,v  i n  K 
r , r , r + l  

d e g ( u ) + d e g ( v ) l n + r - 1  and eve ry  v e r t e x  has  degree  a t  l e a s t  n+r-1.  

& 2 
But K i s  n o t  r -hami l ton ian  s i n c e  t h e  removal o f  a p a r t i t i o n  o f  

r , r , r+l  - 

s i z e  r l eaves  a  b i p a r t i t e  graph isomorphic t o  K b~h ich  i s  non- 
r , r + l  

, hami l ton ian .  Theorems 1 .2 .21  and 1.2.22 a r e  i n  t h i s '  s e n s e  sharp .  

For  r -0 ,  Theorem 1.2.21,  1 .2 .22 and 1.2 .25 a r e  reduced t o  

Theorems 1.2 .12,  1 .2 .13  and 1.2 .14 r e s p e c t i v e l y .  I n  p a r t i c u l a r ,  Theorem 

1 .2 .23  i s  reduced t o  t h e  c o n d i t i  o f  Posa.  To show t h a t  P o s a ' s  

theorema is  sha rp ,  we c o n s i d e r  d e  graph G , i somorphic  t o  K + ( K M  
1 k n-k-1 

) f o r  

l l k<n-1 .  G i s  nonhamil tonian s i n c e  it h a s  a c u t  v e r t e x  and it has  
2  

$ 1  

e x a c t l y  k  v e r t i c e s  o f  degree  k .  

Supp,ose now t h a t  n i s  odd and k=n-1. A graph G = ( V ( G )  , E ( G )  1 i s  - 
I -. 2 

d e f i n e d  on 2k+l  v e r t i c e s  a s  fo l lows .  Le t  v(G)=(v 
lf.-. . v r l l .  

E(G)={z-.x.1lii5k$jS2k+l). G i s  nonhamil tonian and it has  e x a c t l y  n + l  
1 3  - 

'2 
v e r t i c e s  o f  degree  n-1'. - 

2 
It  remains t o  c o n s i d e r  t h e  c a s e  r b O .  The g raph  K c l e a r l y  

r , r , r+1 .  
I vP* 1 ' 

s a t i s f i e s  Condi t ion  (1) i n  Theorem 1.2.23 and it i s  h o t  r -hami l ton ian .  

I f  t o  t h e  a  new edge is  added t o  V where J V  )= r+2 .  
r , r , r + 2 '  3  ' 3 

The r e s u l t i n g  graph  s a t i s f i e s  Condi t ion ( 2 )  o f  Theorem 1.2.23 and Condi t ion  
F' 

r - 
II _- 



(1) excep t  f o r  t h e  v a l u e  j=n+r-2 and G - 
2 

The neces sa ry  c o n d i t i o n  i n  Theorem 

i s  n o t  r - h a m i l t e i a n .  
, 

1.2 .18  h a s  a l s o  been g e n e r a l i z e d  

i n  E l 1 1  as fo l lows .  

Theorem 1.2.24 [ l l j  L e t  G= (V ( G I  ,E  ( G )  ) be a  graph on n>,3 v e r t i c e s .  

I f  IE (G)I > n-1 + r + l ,  t h e n  G i s  r -hami l ton ian .  
2 )  

We now have s e v e r a l  neces sa ry  and s u f f i c i e n t  c o n d i t i o n s  f o r  a  

* graph t o  be  r -hami l ton ian .  ;Despite t h e  appa ren t  d i W f f i c u l t y  i n  g i v i n g  a  -- " 
. . 

p r a c t i c a l  c h a r a c t e r i z a t i o n  f o r : a  qraph t o  be r -hami l ton ian ,  f o r  some 

l a r g e  va lues  of  r ,  however, t h e r e  a r e  c o n d i t i o n s  which a r e  bo th  necessary  

. and s u f f i c i e n t .  C l e a r l y ,  f o r  G on n?3 v e r t i c e s ,  G is  (n-3) - 
ii 
? 

hami l ton ian  i f  and only-  i f  it isf con-iplete, and a graph G on n r 4  v e r t i c e s  
*- 

i s  (n-4)-hamil tonian i f  and o n l y  i f  G i s  a  complete graph from which a 

c o l l e c t i o n  of  mutual ly  nonadjacent  edges has  been removed. One can 

4 ' 

h observe  t h a t  f o r  1123, t h e r e  i s  e x a c t l y  one (n-3) -hami l ton ian  graph up,. 

- 
t o  isomorphism. For  1-124, t h e r e  a r e  e x a c t l y  1- nonisomorphic (n-4) - 

hami l ton ian  graph on n  v e r t i c e s .  

It has  been shown p r e v i o u s l y  t h a t  t h e  lower bound on & ( G I  i n ,  

D i r a c ' s  theorem  h he or em 1 .2 .12)cannot  be f u r t h e r  reduced. Thus, i f  

we wish t o  g e n e r a l i z e  such a  c o n d i t i o n ,  a d d i t i o n a l  c o n s t r a i n t s  must 

b e  imposed. Perhaps t h e  f i r s t  c o n d i t i o n  which m a y  come t o  anyone ' s  

mind would b e  t h a t  o f  2-connectedness s i n c e  every  hami l ton ian  graph i s  
- -- 

n e c e s s a r i l y  2-connected, Nash-Williams C481 has  indeed e s t a b l i s h e d  t h e  

fo l lowing  b a s i c  Lemma. 

Lemma 1..2 :25  [48] L e t  G be a  2-connectgd 

E(G))n+2, and l e t  C be a  l o n g e s t  c y c l e  i n  -- 
3 

graph on n. v e r t i c e s  w i t h  

G.  Then, V ( G ) - V ( C )  i s  an 

independent  s e t  i n  G .  



The sharpness of  Lemma 1.2.25 i s  demonstrated by t h e  graph i n  

A s  a  consequence of  Lemma 1.2.25, we have, 

Theorem 1.2.26 [a91 I f  G i s  2-connected graph on n  v e r t i c e s ,  with 

B ( G ) > ~  and &G)>  -_ 1 (n+2) , then G is hamiltonian. . 

3 
With t h e  he lp  o# t h e  Hopping, Lemma C523 , Woodall 

/ 
e s t a b l i s h e d  a theorem oi t h e  ldwer bound of 8(G)  a s  fol lows.  

I 

Theorem 1.2 -57  [521 I f  G i s  a  2-connected graph on n  v e r t i c e s ,  

with & ~ ) ? l ( n + 2 )  and IN (s)()  - 1 (n+ JSI -1) f o r  a l l  SCV ( G )  , then G 

3 - -  3 
i s  hamil tonian.  

~ e g u l a r  graphs possess a d d i t i o n a l  s t r u c t u r e  t h a t  g ives  them 

i n t e r e s t i n g  and o f t e n  s t r o n g e r  p r o p e r t i e s .  A s  we shall-3%. i n  t h e  

F 

fol lowing t h a t  t h e  lower bound of s (G)  i n  D i r a c ' s  c6ndi t ion  can be 

f u r t h e r  reduced f o r  r e g u l a r  graphs. 
.\ 

Nash-Williams has shown t h e  following. 

Theorem 1.2.28 L507 Every k-regular  graph on 2k+l v e r t i c e s  is 

hamil tonian.  This  b o d  Was f u r t h e r  reduced by Erdos and Hobbs 

[20,21] by imposing 2-connected a s  an a d d i t i o n a l  c o n s t r a i n t .  

Theorem 1.2.29 L 2 2 1  For k14, every 2-connected k-regular  graph on 

2k+4 v e r t i c e s  i s  hamil tonian.  



Theorem 1.2.30 [211 Le t  G be a  2-connected, k- regular  graph on 

i f  n  i s  even. 
n -ve r t i ces ,  where k2'r(n-cfi) and C= 

if is odd. 

Then G i g  hamiltonian.. 

Bollobas and Hobbs. C41 obta ined t h e  fol lowing 

s t ronger  r e s u l t .  

Theorem 1.2 .31  Every 2-connected, k- regular  graph on a t  most 
/ 

9k v e r t i c e s  i s  hamil tonian.  
[a1 
F i n a l l y ,  a  much s t r o n g e r  r e s u l t  on . 

" graph i s  - t h a t  of  t h e  g e n e r a l i z a t i o n  of Theorem 1.2 .31  by B i l l  ~ a c k s o n  r30l 

i n  t h e  following. 
.% 

Theorem 1,.2.32 C301 Every 2-connected, k- regular  graph on a t  most 
. . 

$ - 
3k v e r t i c e s  i s  hamil tonian.  

s 

Furthermore, Theorem 1.2.32 i s  s h s r p  s i n c e  t h e  Petersen  graph i s  

a nonhamiltonian,2-connected,3-regular graph on 10 v e r t i c e s .  For 
b 
a 

k24, t h e r e  e x i s t s  nonhamiltonian, 2-connected, k- regular  graphs on 

3k+4 v e r t i c e s  f o r  even k ,  and on 3k+5 v e r t i c e s  f o r  a l l  k ,  r e spec t ive ly ,  

< 

as  i l l u s t r a t e d  i n  C19,28] . 
Def in i t ion  1.2.33 Let 

Lh 
m ' l ,  l e t  t h e  rn -power 

G = ( V ( G )  , E ( G )  ). be a graph. For each i n t e g e r  

of G , G ~ = ( v ( G ~ )  , E ( G ~ ) ) ,  be t h e  graph wi th  

m m \ 
v(Gm)=v(G) and f o r  each x,yeV(G ) , xyfE(G ) i f  and only i f  

th 
Being t h e  m -power of a  graph, mz2, i s  a s t r o n g  cond i t ion  f o r  a  

graph t o  be  hamil'tonian. I n  a  paper  by J.J. Karaganis C311, it has been 

3 
shown by inhuct ion  on t h e  number of v e r t i c e s  t h a t  G is  always 

hamiltonian-connected f o r  any"connected graph G.'  



- - 
-- - - r )  

- 

Y .  Alavi  and E. Williamson C31 have genera l ized  t h i s  r e s u l t  t o  e e f f e c t  

3 f 
t h a t  G , G a connected graph, i s  i n  f a c t  panconnected a s  w i l l  be shown 

i n  Chapter 4 of t h i s  t h e s i s .  Following a r e  two w e l l  known r e s u l t s  of 

Herbert F le i schner .  

Theorem 1.2.34 ~ 2 6 1  The s q u a r e  G~ of every 2-corke,cted graph G 

i s  hamil tonian.  

The square G& of a connected b r i d g e l e s s  

DT- graph G ( t h a t  i s ,  every edge of  G i s  i n c i d e n t  t o  a v e r t e x  of 

degree 2)  i s  hamiltonian-connected. 
/ 

Furthermore, 'R .  J. Faudree schelp  c23] have genera l ized  

both Theorems 1.2.34 and 1 .2 .3  5 by showing t h a t  t h e  square of  

bridgeles-s  connected DT-graphs and 2-connected graphs a r e ,  i n  f a c t ,  
I 1 - 

panconnected. These r e s u l t s  undoubtedly might l ead  one t o  specu la te  

whether o r  n o t  t h e r e  e x i s t s  a good c h a r a c t e r i z a t i o n  of  graphs with 
I 

hamilt~n_~i%n squares.  P .  ~ n d e r g r o u h d  (461, h o & v e ~ ,  hasfshown t h a t  such -. 
, . ' \ r  

,a  c h a r a c t e r i z a t i o n  i s  extremely un l ike ly  by cons t ruc t ing  t h e  -fol lowi~ng , 
example. Given a graph G wi th  t h e  s e t  of v e r t i c e s  v (G) =ful , .  ,. ;un), a 

6- 

new graph H i s  defined wi th  t h e  v e r t e x  s e t  v ( H )  ={ul ,v  l f ~  l f , . .  -, wn,vn,wn) 

. . 
and two v e r t i c e s  u .u  i n  H a r e  ad jacep t  i f  and only i f  u . u  a r e  

1 j 1 j 

adjacent '  i n  G .  F o r  each i ,  v i s  adjagent  t o  both  d and w . I t  can 
I 

i , i i 

be e a s i l y  v e r i f i e d  t h a t  G is  harniltonian i f  and only i f  H2. i s  hamiltonian. 

This  impl ies  t h a t  t h e  pkoblem of r e c o g n k i n g  graph with a hamil tonian 

square is NP-complete and t h e  hope f o r  a good c h a r a c t e r i z a t i o n  of  such . , 
graphs i s  f u r t h e r  diminished. 

& 

Due t o  t h e  v a s t  amount of research  t ak ing  p lace  on t h e  hamil tonian 

p r o p e r t i e s  of graphs,  many important t o p i c s  have been omit ted i n  t h i s  



chaptgr. Among these  a r e  t he  decomposition of graphs i n t o  hamiltonian 

cycles ,  hypohamiltonian graphs, hamiltonian l i n e  graphs, hamiltonian 

d i rec ted  graphs { ~ i t h  t he  exception of Cayley color  digraphs) ,  t h e  

existence of paths o r  cycles i n  graphs random graphs and m-partite 

graphs f o r  m22. 

For c l a s s i f i c a t i o n s  of the  notat ions employed i n  t h i s  t h e s i s ,  the  

reader i s  re fe r red  t o  the  Appendix. 



/" 
ON HAMILTONIAN-CONNECTED GRAPHS 

Sect ion  2 .1  Degree and Edge Conditions 

s f a r  a s  r e s u l t s  on necessary and s u f f i c i e n t  cond i t ions  f o r  a 
-v! 

be hamiltonian-connected, i t  is  perhaps mostApp4-opriate t o  

begin with t h e  c l a s s i c  work of  Oystein Ore on edge and degree condi t ions  

f 401. I t  , i s  c l e a r  that a complete grapk; K = ( V ( K  ), E(K ) ) on n 2 2 
n n n 

v e r t i c e s  has E ( K  1 = n (n-1) I n l *  
edges and i s  always hamiltonian-connected. 

2 
One n a t u r a l - q u e s t i o n  one would l i k e  t o  a s k ' i s  a s  follows:- "What i s  t h e  

s m a l l e s t  b (n)  such t h a t  given -any graph G= (V(G)  ,E ( G )  ) on n v e r t i c e s  
- 

G is n e c e s s a r i l y  hamiltonian-connected i f  E ( G )  1 b ( n )  i s  s a t i s f i e d ? "  

For smal l  va lues  of n ,  i n  p a r t i c u l a r ,  >n=1,2,3,4, it is c l e a r  t h a t  G on 
B .. 

n v e r t i c e s  i s  hamiltonian-connected i f  and only i f  it is isomorphic t o  
i 'C 

t h e  complete graph K . F Q ~  n=5, the graph obta ined by t h e  d e l e t i o n  of - 
n ,  -. 7 

a s i n g l e  edge from K is  hamiltonian-connected. The d e l e t i o n  of 2 non- 
5 

ad jacen t  edges (two edges a r e  nonadjacent i f  and only i f  they  do n o t  
, 

share  a common ver tex)  from K r e s u l t s  i n  a graph which tis a g a i h  
3 b 5 

hamiltonian-'connected. However, t h e  d e l e t i o n  of  two ad jacen t  edges 

r e s u l t s  i n  a-graph on 5 v e r t i c e s  which is  n o t  hamiltonian-connected 

s i n c e  t h e r e  e x i s t s  no hamil tonian p a t h  connecting the two v e r t i c e s  I 

ad jacen t  t o  the v e r t e x  of degree 2. Thus, we  can conclude- t h a t :  



A sha rp  lower bound on b ( n )  can e a s i l y  be obta ined by g e n e r a l i z i n g  t h e  

above observat ion .  L e t  G = ( V ( G ) ,  E ( G ) )  be a graph on n 1 4  v e r t i c e s  wi th  

a v e r t e x  v €  V ( G )  ) s a t i s f y i n g  deg b ) =2. Then, t h e r e  e x i s t s  no hamilton- 
G 

i a n  p a t h  connect ing t h e  two v e r t i c e s  ad jacen t  t o v .  Therefore ,  i f  

n-3 edges i n c i d e n t  wi th  a s i n g l e  v e r t e x  x i n  a complete graph K on n L 4  
n 

v e r t i c e s  a r e  removed, then  t h e  r e s u l t i n g  graph is n o t  hamiltonian- 

connected. 

* -This impl ies  t h a t  f o r  n 2 4 , 
- b f n )  2 4nfn-1)- (17-3) + 1= $(n-l)(n-2)+3. 

The fol lowing theorem which is p a r a l l e l  t o  Theorem 1,2.13, which can be  , 

found i n  many s t andard  t e x t  books on Graph Theory ( S e e  Behzadand 

Chartrand f 8 3  1, al lows an upper bound f o r  b (n) & t o  b e  determined. 

Theorem 2 ; 1.lC81 Let G= (V( G )  ,E (GI  be a graph on n v e r t i c e s .  

Suppose t h a t  f o r  each p a i r  of nonadjacent v e r t i c e s  f u,v) , 

deg (u)+deg ( v ) ?  n + l  i s  s a t i s f i e d .  Then, G i s  hamiltonian-connected. 
G G 

Theorem 2.1.1 is  sharp  i n  t h e  sense t h a t  t h e  lower bound n + l  of t h e  

i n e q u a l i t y  cannot be  replaced by n a s  i n d i c a t e d  by t h e  example mentioned 

i n  the previous  paragraph. Namely, f o r  each p a i r  of nonadjacent 

v e r t i c e s  1 x,w) s a t i s f i e s  deg (x) + deg (w) =2+ (n-2) =n, and t h e  r e s u l t i n g  
G G 

graph is  n o t  hamiltonian-connected a s  we observed e a r l i e r .  Note t h a t  

t h e  r e s u l t i n g  graph is s t i l l  hamil tonian according t o  Theorem 1.2.13. 

Theorem 2.1.2 below fol lows r e a d i l y  from Theorem 2.1.1. 

Theorem 2.1.2 For n 2 4, b (n)=4 (n-1) (n-2) +3. 

Proof:  From t h e  previous d i scuss ion ,  what remains t o  be  shown i s  

t h a t  any graph G=(V(G) , E ( G ) )  on n 3 4 vert ices- .which is  no t  
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isomorphic to K and with I E  (GI! 2 4 (n-1) (n-2) + 3  is necessarily a 
n 

hamiltonian-connected graph.. Let G be a graph on n vertices. Let 

x , y f  V(G) be an arbitrary pair of nonadjacent vertices in G and let 

Gn-2 
be the induced subgraph (V(G)-{x,y)> on n-2 vertices. Clearly, 

By -Theorem 2.1.1, G is hamiltonian-connected and the theorem 

follows. m 

Following Theorem 2.1.2, one might naturally be prompted to 

investigate which graphs G on n -2 4 vertices satisfying I E (G) 1 =% (n-1) 

(n-4)+2 remain hamiltonian-connected. It will be shown that all such 

graphs with only a few exceptions are still hamiltonian-connected as . 

0 0 0 
Theorem 2.1.3 below indicates. Let G -(v(G~)), E(G6)) be a graph on 6 

6- 
0 0 

vertices defined as follows:- v ( G ~ ) = ~ u ~ , u ~ , u ~ , v ~ , v ~ , v ~ )  , E(G6)={ui u 1 
j 

0 
lli<ji3)~ v.u.li, j=1,2,3). The graph G6 is shown in Figure 2.L. Given 

1 1  

figure 2.1 

any ui,u Ev(%), i j, it is easy to show that there exists no 
3 



Theorem 2.1.3 [403 Let G ( V ( G )  , E(G)  ) be a graph on n$4 v e r t i c e s  - 
with deg(v) 2 3 %oc each v€V(G) . I f  I E  (G)  I.= (n-1) (n-2) +2, then G -  i s  - 

d ,  
hamiltonian-connected except  when it is isomorphic t o  G 

0 
6'  

Proof:  Let G be  a graph s a t i s f y i n g  t h e  hypotheses of t h e  theorem 

and l e t  x,yeV(G) be a p a i r  of  nonadjacent v e r t i c e s .  A s  i n  Theorem 

2.1.2, l e t  G = W ( G )  - tx ,y)> . I t  is then c l e a r  t h a t  degG(x) +degG(yl 
n-2 

= ( E ( G ) J  - I E ( G  ) I ,n  which s t i l l  allows Theorem 1.2.13 t o  guarantee 
n-2 

G t o  be a hamil tonian graph. 

By Theorem 2.1.1, G can f a i l  t o  be a hamiltonian-connected graph 

I 

only i n  t h e  case t h a t  t h e r e  e x i s t s  a p a i r  of nonadjacent v e r t i c e s  

x,y€V(G) such t h a t  deg (x)+deg (y)=n.  This ,  however, impl ies  t h a t  
G G 

I E  (Gnd2 ) I = /E (G)  1 - (deg (x )  +deg (y))= (n-1) (n-2) +2-n= (n-2) (11-31 . I t  
2 2 

fol lows t h a t  t h e  subgraph G i s  isomorphic t o - t h e  complete graph 
n-2 

on n-2 v e r t i c e s .  Hence, G i n  t h i s  case  c o n s i s t s  of a complete 

subgraph G on n-2 v e r t i c e s . w i t h  t h e  p o p e r t y  t h a t  n edges from 
n-2 

two v e r t i c e s  x,y n o t  i n  V ( G  ) a r e  i n c i d e n t .  When e i t h e r  of x o r  
n-2 

y has degree l e s s  than  o r  equal  t o  2 ,  t h e  graph G is c l e a r l y  not  

hamiltonian-connected a s  ind ica ted  i n  a previous d iscuss ion .  I t  

0 
remains t o  show t h a t ,  wi th  t h e  s i n g l e  exception of G t h e  case 

6 ' 
with  31degG(x)Sn-3 and 3rdeg (y)6n-3 always r e s u l t s  i n  a 

b 

hamiltonian-connected graph. This  implies  t h a t  n=deg (x) +deg (y) 2 
G G 

6. S ince  a t o t a l  o f  n edges a r e  i n c i d e n t  wi th  n-2 v e r t i c e s  i n  G 
n-2 

and x , y ,  t h e r e  a r e  a t  l e a s t  two v e r t i c e s  w w EV(G, which a r e  
1' 2 - 

ad jacen t  t o  both  x and y .  



figure 2.2 

We proceed to construct a hamiltonian path between any two 

0 
vertices in G if G is not isomorphic to G 

6 
There are three 

cases to be.considered. 

'case 1 A hamiltonian x,y-path P ( x , y ) :  

Let Q(wlIw2) be a hamiltonian w 
1 lW2 -path in G A hamiltonian 

n-2. 

x,y-path can be P (x,y) : xwlQ(wl ,w2)w2y. 

Case 2 A hamiltonian x,u-path (or x,y-path) P(x,u) (or p(y,u) 

for any u€V(G 1 :  
n-2 

Without loss of generality, W #u Ls assumed. Let w.cV(G 1 
1 1 n-2 

such that w #u and W~YCE(G). Let Q(wi,u) be a hamiltonian path in i' 

the induced subgraph <v(G) - Ex,y,w 3 ) .  Then, a hamiltonian 
1 

x,u-path can be consturcted by the concatenation 

P(x,u) :xwlywiQ(w ,u). 
i 

P (u ,u)  is constructed similarly. 

Case 3 Given any u,v€V(G 1, a hamiltonian u,v-path in G is con- 
n-2 

structed as-follows provided that n>6. 

Case 3.1 We first assume that ju,v)rr{N(x) N( ~ ~ = P .  Under this 

assumption, a hamiltonian u,v-path can readily be constructed by 

the concatanation. 



where ~ . c ~ ( ~ ) - ~ x , y , w ~ , w ~ ~ a n d  yw.€E(G) and Q ( w  ,v) is a hamiltonian 
I J j 

w ,v- pa^ in the induced subgraph <~(~)-(x,y,w~,w~~>. We next 
. j 

assume that {u,v)n(~ (x)u N (y))f$. without loss of generality, u=w; 

and wi#wl for some w . c N ( X )  . If there exists a vertex w . € V ( G  ) 
I. 3 n-2 

h 

different from u,v and w one can form a hamiltonian u,v-path 
1' 

with the concatenation 

where Q ( w  ,v)  is a hamiltonian w ,v-path in the induced subgraph 
j j 

It remains to consider the case where all the edges from 

y are incident with the vertices w ,u and v, hence, deg(y)=3. Due 
1 

to the symmetry of x and y, a hamiltonian u,v-path can also be 

similarly constructed in G if x does not satisfy these conditions. 

Finally, we are left with the exceptional case where n=6 and 

deg (x) =deg (y) =3 and N (x) =N ( y) . This describes precisely the 
G G 

0 
graph isomorphic to G wnich has been shown previously to be not 

6 

hamiltonian-connected. This completes the proof of the 'theorem. 

For a graph G on n vertices, it is now known that b (n)=+ (n-1) (11-21 

+3 is the least number of edges sufficient to guarantee that G is 

hamiltonian-connected. It is therefore most natural for one to determine 

the least number of edges e(n) a hamiltonian-connected graph necessarily 

has (that is, e(n) is the greatest integer such that for any graph 

G= ( V  (GI ,E  (GI on n vertices, 1 E (G) 1 4 e (n) implies that G is not 

hamiltonian-connected). 

Theorem 2.1.4 [ J . W .  Moon,373 The minimum number of edges e(n) 

a hamiltonian-connected graph on nk4 vertices can have is 

I 



Proof: Let G=(V(G) , E ( G ) )  be a graph on n verGices, having less 

than t% (3n+l)J edges. Then, there exists a vertex of degree at 

most 2. Therefore, G is not hamiltonian-connected. To complete 

the proof, it remains to construct a hamiltonian-connected graph 

on n14 vertices with exactly [4(3n+l)I edges. We first consider 

the case where n is odd. Let n=2m+l for m22. Let F denote the 
n .  

graph containing two disjoint paths of length m P :p1p2..-pm, and m 

Q:S,S,-.-% together with the edges p.q , i=l, ..., m. An additional 
1 i 

vertex x is adjacent the vertices p , q l , p m , ~ .   he graph F is . 
n 

shown in Figure b .  3. It can be easily verified that F is 
i n 
' 4  

hamiltonian-connected. 

figure 2.3 figure 2.4 

It remains to consider even values of n. If n=q, the only graph 

=6 edges is the complete graph K If n=2m+2, mL2, 
4 ' 

let F differ from F in that p and q are not adjacent to 
n n-1 m m 

x but to an additional vertex y, where x and y are ad-jacent (see 

Figure 2.4). It can be easily verified that F in this case is 
n 

L 

also hamiltonian-connected and this completes the proof. m 

A sufficient condition for a graph to be hamiltonian-connected 
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which i s  p a r a l l e l  t o  Theorem 1.2.15 has been e s t a b l i s h e d  by D.R. Lick 

C34j a s  fol lows.  

Theorem 2.1.5[341 Let G = ( V ( G )  , E ( G ) )  be  a  graph on n  v e r t i c e s  with 
A 

degree sequence d  I d  < . .$d . Suppose t h a t  f o r  each kfg,  d < k t  1 
1 2 - '  n  k- 

and d  it+ 1 imply t h a t  d  +d > n +  1. Then, G i s  hamiltonian-connected. 
1 k I- 

Proof:  Let  x,ycV(G) b e  any two d i s t i n c t  v e r t i c e s .  A new graph H 

i s  formed from G by in t roducing an a d d i t i o n a l  v e r t e x  z and two new 

edges zx,  z y .  Since t h e  degree sequence of  (G s a t i s f i e s  t h e  

hypotheses of t h e  theorem, t h e  degree sequence o f )  H c l e a r l y  

s a t i s f i e s  t h e  hypothes is  of  Theorem 1.2.15. Hence, t h e r e  e x i s t s  a 

hamil tonian cyc le  C i n  H conta in ing t h e  edges xz,zy.  The-segment 

of C obtained by t h e  d e l e t i o n  of t h e  edges xz,zy from C r e s u l t s  i n  

a  hamil tonian x,y-path i n  G. This  shows t h a t  G is hamiltonian-connected. 

Sect ion  2  Topological Conditions 

Chvatal  and ~ r d o s  t153have e s t a b l i s h e d  a  s u f f i c i e n t  condi t ion  f o r  

hamiltonian-connectedness p a r a l l e l  t o  Theorem 1.2 .11  a s  fol lows.  

Theorem 2.2.1 [15] Let  G be a  K-connected graph wi th  independence 

number p .  l f & - l ? f j I  then G i s  hamiltonian-connected. The bound 

f o r  t h i s  theorem i s  sharp .  

Proof:  , Suppose t o  t h e  con t ra ry  t h a t  t h e r e  e x i s t s  a  graph 

G = ( V ( G )  , ~ ( G ) ) w h i c h  s a t i s f i e s  t h e  hypothes is  of t h e  theorem and is 

no t  hamiltonian-connected. 
. . 

Then t h e r e  e x i s t  v e r t i c e s  ( G )  where W ~ V ( P )  f o r  a  

longes t  u,v-path P i n  G.  S ince  G i s  &-connected, t h e r e  a r e  K pa ths  

s t a r t i n g  from w and terminat ing  i n  P which a r e  pa i rwise  vertex-  

d i s j o i n t .  a p a r t  from t h e  v e r t e x  w and sha re  with P t h e i r  



terminal  ve r t i ce s  p  ,p  , . . .p (see theorem 1,181. Without l o s s  of 
1 2  )c 

genera l i ty ,  we may assume t h a t  w .  #v f o r  i<K.  Denote the  successor 
1 

d i n  the  d i r ec t ion  from u  t o  v) of each p .  ( i C K )  by u . Since G has 
1 i 

no kindependent v e r t i c e s ,  there  i s  an edge wu o r  u . u  . 
i 1 j  

In both cases,  a  path connecting u t o  v  longer t h a t  P can be 

constructed which contradic ts  th.e choice of P .  This completes the  

proof. The complete b i p a r t i t e  graph 
%,K 

shows t h a t  t he  bound 

f o r  p is  indeed sharp. I 

I t  is  in t e r e s t i ng  t o  observe how the  re la t ionsh ip  between JC and 

governs the  existence of a  hamiltonian path o r  cycle as  Theorems 

1 . 2 . 1 1 ,  2 . 2 . 1  and 2.2.2 below show. 

Theorem 2 . 2 . 2  t153 Let G be a  &-connected graph with independence 

numberp. I f  K+lLP, then G is  t raceable  ( t h a t  i s ,  t he re  e x i s t s  a  

hamiltonian path i n  G ) .  The bound fo r  ,8 i n  t h i s  case is  sharp. 

Proof: Let G be a  K-connected graph which s a t i s f i e s  K i F l k B .  A new 

P 
graph H i s  formed from G by introducing a  new ver tex x and joining 

t o  it a l l  v e r t i c e s  of G .  Then, the  graph H c l e a r l y  s a t i s f i e s  t he  

hypothesis of Theorem 1.2.11 with k+l i n  place of )C. Therefore, 

there  e x i s t s  a  hamiltonian cycle i n  H .  This implies t h a t  G i s  

traceable. The complete b i p a r t i t e  graph 
5 + 2 A  

shows t h a t  t he  
. . 

bound fo r  is  sharp. 

In what follows, it w i l l  be shown how loca l ly  m-connectedness 

contr ibutes  t o  a  s u f f i c i e n t  condition fo r  a  graph t o  be hamiltonian- 

connected. 

Definit ion 2.2.3 For m L 1 ,  a  graph G= (V ( G I  , E  ( G )  ) is  sa id  t o  be 
b u 

loca l ly  m-connected i f  t he  induced subgraph (N (u)) is m-connected 
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for each ufV(G). 

There are various articles on the hamiltonian properties of 

graphs which concern connectedness and local connectedness. 

Theorem 2.2.4 C123 If G is a connected, locally connected' 

(locally 1-connected) graph with maximum degree A(GI54, then G is 
I 

either a hamiltonian graph or isomorphic to the tripartite graph 

K lFl,3. 

Theorem 2.2.5 [38] If G is a connected, locally-connected graph 

on at least 3 vertices which contains no induced subgraph 

isomorphic to the bipartite graph Kllj, 'then G is hamiltonian. 

G. Chartrand, R . J .  Gould and A.D. Polimeni C91 have established a 
1 

sufficient condition for a graph to be hamiltonian-connected by employ- 

ing hypotheses similar to that of Theorem 2.2.5. A preliminary lemma 

is required to establish this sufficient condition. 

Lemma 2.2.6 [ g ]  If G is a connected, locally m-connected graph, 

mL1, then G is (m+l)-connected. 

Proof: We proceed by induction on m. Suppose that there exists 

a graph G which is both connected and locally connected and is not . 

2-connected. Then, there exists a cut vertex uEV(G) such that 

<v(G)-{u)> is disconnected. Let C1,C2, ... Ct, t22, be the 
components of <v(G)-(u)>. Since for each i, l'ilt, V(C.hN(u)#), 

1 

< N ( u ) >  is necessarily disconnected which contradicts the 

hypothesis on G. Hence, G is 2-connected. 

We next assume that for some kL3, it has been established for 

each L satisfying IIJLC,k, that every graph which is connected and 

locally f-connected is necessarily (&+l)-connected. Let G be a graph 

onnected and locally (k+l) -connected. 

! which is f 
I 



For any vertex v€V(G) , <v(G) -1v3)is clearly connected and 

locally k-connected. Since v has been arbitrarily chosen, <v(G)-IV)) 
* 

is by the induction hypothesis, k+l-connected and the result 

follows . I 

We are now in the position to investighte the sufficient condition 

mentioned above. 

Theorem 2.2.7 [ 9 1  Let G be a connected, locally 3-connected 

graph which confains no induced subgraph isomorphic to the 

bipartite graph K Then, G is hamiltonian-connected. 
1,3' 

Proof: Suppose to the contrary that there exists a graph 

G= (V(G) , E  (GI ) which satisfies the hypotheses of the theorem and is 

not hamiltonian-connected. By Lemma 2.2.6, G is 4-connected. .This 

implies that G is l-connected for 15g54. Let_ u,sV(G) be such 

that no hamiltonian u,v-path exists. Since G is 2-connected, there 

exists two internally disjoint u,v-paths in G (see Theorem 3.2,[5]) . 
. - 

This implies the existence of a u,v-path of length at least 2 in G. 

Let P:u=u u .;u =v, mk2, be a u,v-path of maximum length in G. 
0 I' m 

Since G is a connected graph, there is a vertex xC(V(G) -V(P)) which 

is adjacent to some vertex u on P, Oli<m. One can in fact assume 
i 

without loss of generality that O<i<m; for otherwise, if each vertex 

y€V(G)-V(P) is adjacent to only the terminal vertices u =u and 
0 

u =v on .P , then < V  (G) - {u ,v) > is a disconnected graph and this 
II1 

would contradict the asslmption that G is 3-connected. Since G 

is locally 3-connected, the in raph <N (u. )> contains an 
1 

XtUi+ I. -path Q which contains n or v as internal vertices. 

Furthemore, the path Q either does not contain the vertex u or 
i- 1 



it conta- ins  an  k , u  subpath  o f  Q n o t  c o n t a i n i n g  u. 
i-1 ,i+1' BY 

symmetry, t h e r e  i s  no l o s s  i n  g e n e r a l i t y  t o  assume t h a t  Q does  n o t  

a a 

c o n t a i n .  t h e  v e r t e x  u  
i- 1' C l e a r l y ,  x can be a d j a c e n t  t o  n e i t h e r  

u  no r  u  f o r  o t h e r w i s e ,  a  u,v-path of  l e n g t h  m+l can b e  
i-1 i+ 1'' 

c o n s t r u c t e d  i n  G which c o n t r a d i c t s  t h e  cho ice  of P .  S i n c e  t h e  

induced subgraph(@, u u  , u  )) cannot  b e  isomorphic  t o  t h e  b i p a r -  i-1' i i + l  

t i t e  graph K u u  G E ( G )  . I n  a d d i t i o n ,  i f  v ( P ) ~ v ( Q ) = { u  5, 
l r 3 ,  i-1 if1 i + l  

t h e n  a u,v-path o f  l e n g t h  g r e a t e r  t h a n  m can be  c o n s t r u c t e d  i n  G. 

0 

Hence, v (P)II v ( Q )  # {ui+ l\ i s  assumed. 

A v e r t e x  wb(V(P)nV(Q)) - { u ~ + ~ ]  i s  s a i d  t o  be a  s i n g u l a r  v e r t e x  

i f  no v e r t e x  i n  N(w)nV(P) i s  a d j a c e n t  t o  u  . Since  v ( Q ) ~ N ( u ~ )  , 
i 

f o r  any s i n g u l a r  v e r t e x  w a n d  i t s  neighbouring v e r t i c e s  w 1,W2-0n P, 

(w1'w3n v ( Q ) = ~ .  Also ,  w l w 2 t k ( ~ )  s i n c e  u  , w,w ,w cannot  b e  i s o -  
i 1 2  

marphic t o  K . I t  remains t o  c o n s i d e r  t h e  fo l lowing , two  c a s e s .  
, 113 

Case 1 Each v e r t e x  i n  (V(p)flV(Q) 1- lu  3 is  a  s i n g u l a r  v e r t e x .  
i + l  

I n  such a  c a s e ,  f o r  each W € ( ~ ( P ) ~ V ( Q ) ) - { U  jand t h e  two 
i +  

ne ighbour ing  v e r t i c e s  w 
l f W 2  

of w on P .  w w € E (  G )  i s  s a t i s f i e d .  We 
1 2  

proceed t o  c o n s t r u c t  a  u,v-path o f  l e n g t h  g r e a t e r  t h a n  m acco rd ing ly .  

S t a r t i n g  w i t h  t h e  i n i t i a l  v e r t e x  u ,  t r a v e r s e  t h e  p a t h  P where f o r  

Th i s  p roces s  

the v e r t e x  x 

U 
i + l  ' 

Then, 

i s  cont inued  u n t i l  u  i s  reached.  From u  proceed to  
i i 

a long  t h e  edge u .  x  'and t h e n  subsequent ly  a long  t h e  p a t h  Q t . 
1 

from u  proceed a long  P and f o r  each u  V(P)nV(Q), 
i + l ,  k 

X>i+2,  and bypass  t h e  ven tex  % us ing  t h e  edge u  
k-1 Uk+l  

u n t i l  v i s  

reached .  The r e s u l t i n g  u,v-path c o n t a i n s  a l l  v e r t i c e s  u  ,-SiSn, 
i 

and t h e  v e r t e x  x .  Th i s  c o n t r a d i c t s  t h e  cho ice  of P. 



Case 2 (V(P)nV(Q) ) - { u ~ + ~ )  conta ins  nonsingular  v e r t i c e s .  
I 

Let  uk be t h e  f i r s t  nonsingular  ve r t ex  incountered i f  Q is 

t r a v e r s e d  i n  t h e  d i r e c t i o n  from x t o  u 
i+ 1 - E i t h e r  u u.EE(G) 

k-1 1 

o r  u u.EE(G) must be s a t i s f i e d .  Without l o s s  of g e n e r a l i t y ,  
k + l  1 

u u.EE ( G I  i s  assumed. The pa th  P can now be replaced by a 
k-1 1 

d i f f e r e n t  u,v-path P* of l eng th  m a s  fol lows.  

I f  k < i ,  then s e t  

I f  k > i ,  then s e t  

, 
@- 

. I n , e i t h e r  case  cons ider  t h e  x , u  subpath Q* of t h e  pa th  Q. By  
k  

t h e  choice of u (V  (P*)  nV (Q*) 1 -{v does n o t  con ta in  nonsingular  k" 

v e r t i c e s .  A cons t ruc t ion  s i m i l a r  $0 t h a t  i n  Case 1 allows a 
3 -. < ii 

u,v-path of length  g r e a t e r  than  m t o  be produced. This  con t rad ic t -  

ion  completes t h e  proof of t h e  theorem. = 
A t  t h i s  point, :  it i s  important  t o  observe t h a t  t h e r e  a r e  graphs 

which sa t i s fy ,&he hypotheses of Theorem 2.2.5 and a r e  no t  hamiltonian- 

connected. ~ $ r % x a m ~ l ~ ,  f o r  each 1123, t h e  graphs K +(K " K2)  s a t i s f y  2 n-2 -3.3 
these  proper<ies.  

However, it s t i l l  i s  unknown whether or n o t  Theorem 2.2.7 i s  

t h e  b e s t  p o s s i b l e  i n  t h e  sense  t h a t  it. might be p o s s i b l e  t o  r ep lace  

t h e  condi t ion  " l o c a l l y  3-connected" by " l o c a l l y  2-connected-" 

We next  i n v e s t i g a t e  a necessary condi t ion  f o r  a ,g raph  t o  be 

hamiltonian-connected expressed i n  terms of toughness t 3 6 ] .  A s  
1 

ind ica ted  i n  Chapter 1, every harniltonian graph i s  1-tough. I t  is 

n a t u r a l  t o  at tempt t o  determine a s i m i l a r  condi t ion  f o r  hamiltonian- 



3 1 
connected graphs. 

1361 I f  G i s  a hamiltonian-conneeked graph, then 

of G s a t i s f i e s  t ( G ) > l .  This i s  b e s t  p o s s i b l e  i n  t h e  " 

sense  t h a t  t h e r e  e x i s t s  a  sequence of.hamiltonian-connected 

A 

graphs E G  with  t h e  proper ty  t h a t  l i m  t (G,)=l .  
n  n = l  n+m 

Proofo Let G be  a  hamiltonian-connected graph. Hence, G i s  

hamil tonian and t(G)=min >_ 1, where t h e  minimum i s  taken 
S C (  V(G)-S ) 

over t h e  c u t  s e t s  of G. To show t h a t  t ( G ) # l ,  suppose t h e  cont rary  

and l e t  ScV(G) be a  c u t  s e t  wi th  I s ( = c ( < v ( G ) - ~ > ) = k > l .  Let  S= 

< x ~ ~ x ~ ~ . .  . , \I and l e t  C 1'. C 2'" !C be t h e  k components of 
k 

<v(G)-s).  Suppose t h a t  P is a hamil tonian x 
l r X k  

-path I n  G. 

Without t h e  l o s s  of  g e n e r a l i t y ,  l e t  t h e  l a b e l l i n g  of t h e  v e r t i c e s  

i n  S be s o  arranged t h a t  x ,x ,x  3 t . - . ~ X k  a r e  p r e c i s e l y  i n  t h a t  

o rde r  a s  t h e  hamil tonian x x -path P is t r aversed .  For i f j ,  t h e r e  
1' k 

e x i s t s  no edge between C and C . Hence, f o r  each i, l< i<k-1 ,  every 
i , j 

v e r t e x  between x and x on P belongs t o  a  s i n g l e  component d 
i i + l  k 

l i l l k .  This impl ies  t h a t  P can conta in  vey t i ces  of a t  most k-1 
4 
.. . 

of t h e  components C l t C 2 ,  ..., C k  This  c o n t r a d i c t s  t h e  choice of P 

and t h i s  completes t h e  f i r s t ' p a r t  of t h e  p r o o f . ,  

To show t h a t  t h i s  r e s u l t  i s  b e s t  p o s s i b l e ,  f o r  each nL3 l e t  

be  t h e  graph on 2n+l  v e r t i c e s  a s  def ined by J.W. Moon i n  
n 

Theorem 2 . 1 . 4  (See Figure 2.3 and 2 . 5 ) .  

n - 
n 

J 
It can be e a s i l y  shown t h a t  t ( G  )=n+l  .and t h i s  completes 

J 

t h e  proof.  I 



C- f i g u r e  2.5 

Note t h a t  t h e  converse of Theorem 2.2.8 is f a l s e  a s  the .  fol lowing 

e x w p l e  shows. For each 1123, l e t  H be t h e  graph obta ined from G 
n n 

def ined above by removing t h e  v e r t i c e s  u,v.  Then f o r  each 1-123, H i s  
n 

not  hhmiltonian-connected and t ( H  ) = n + l  . 
-T 

The combination of  Theorems 1.2.5,  2.2.1 and 2 . 2 . 8  indeed have 

shed some l i g h t  on t h e  r e l a t i o n s h i p  between t h e  connec t iv i ty  and t h e  

hamiltonian-connectedness of a graph. 

Let G be a graph wi th  connect ing K, independence number and * .  
toughness t ( G )  . There a r e  t h r e e  p o s s i b i l i t i e s  f o r  t h e  graph G :  

3 .  k < t ( G ) < l  , . 

P -  
'One can a t  l e g s t  conclude t h e  following. 

By Theorem 2.2 .8 ,  G i s  n o t  hamiltonian-connected i f  3 .  i s  s a t i s f i e d  

and by Theorem 2 .2 .1 ,  G i s  a hamil tmian-connected graph ifl. is 
? 

* * s a t i s f i e d .  



Section 3 r-hamiltonian-connected graphs 

A natural extension of fheconcept of a hamiltonian-connected 

graph is that of an r-hamiltonian-connected graph, rbO. 

Definition 2.3.1 is said to be r-hamiltonian- 

connected if for each SSV(G), with  IS^ lr, th4 induced subgraph 

<v(G)-S) is hamiltonian-connected, It is clear that the 

0-kamiltonian-connected graphs are simply the hamiltonian- 

connected graphs. 

An immediate observation is that for any graph G= (V (G) , E (G) ) with 

a cut set of 2 vertices ju,v) in V(G), there can be no hamiltonian' 

u,v-path in G. This implies that a hamiltonian-connected graph is 

at least 3-connected. This for each r?O, an r-hamiltonian-connected 

graph on nZ4 vertices is necessarily (r+3)-connected. If &is the 

connectivity of G, then the minimum degree S(e) of G satisfies 

8(G)1k&+3.J It follows that the minimum number of edges that G 

It is interesting to observe that many of the degree and edge 

sufficiency conditions for a graph to be hamiltonian-connected can 
* 

be generalized in a similar manner with amazingly minor modifica- 

-tions to cover r-hamiltonian graphs as D. R. ,Lick [ 35 1 has shown. 

A theorem.on degree sufficiency conditions for a graph'to be 
&- 
L 

3 r-hamiltonian ~onnected parallel to Theorems 2.1.1 and 1.2.13 is 

,\' as follows. 9) - 
Theorem 2.3.1 C351 Let G=(V(G) ,E (GI be a graph on n24 v e h e s  

such that for every nonadjacent pair of vertices u and v in V ( G )  , 
h 

deq (u)+degG(v)?n+r+l, with OIrIn-4. Then, G is r-hamiltonian- 
G 



connected. 

P r o ~ f :  The case where r = O  i s - s i m p l y  Theorem 2.1.1. 

I t  remains t o  i n v e s t i g a t e  t h e  cases  where ldr fn-4 .  Let  

{v . u ]cv(G)  be an a r b i t r a r y  s e t  of  k v e r t i c e s  i n  G I  O lk l r .  
k 

Define G*=<v(G) -{vl,. . . ,v$> and f o r  each v e r t e x  u CV(G*) . denote 

t h e  degree of U i n  G and G* by deg (u) and deg ( u ) ,  r e s p e c t i v e l y ,  
G G* 

Let  u , v b e  a p a i r  of nonadjacent v e r t i c e s  i n  G*. C l e a r l y ,  

uv @G) . By t h e  hypothesis  of t h e  thearem, deg (u) +degG (v )?n+r+ l .  
. G 

Therefore,  degG, (u)+degG* (v)? n+r+l-2k= (n-k) + (r-k)  +1 

Hence, by Theorem 2 . 1 . 1 ,  G* i s  hamiltonian-connected and t h i s  
.. * 

sh&s t h a t  G i s  r-hamiltonian-connected . I 
, T  ff " The shafpness of t h e  bound i n  Theorem 2 . 3 . 1 i . s  given by t h e  , 

la_ +> 

fol lowing example Let K be t h e  complete t r i p a r t i t e  graph on 3n 
3 ,3 ,3  - 

v e r t i c e s ,  n22. Let V(K ) =V u V u V be t h e  jBartf t i o n s  of K , 3 ,3 ,3  1 2 3 3,3.3' 

(That i s ,  X ~ V  and yf V imply t h a t  X ~ E E  ( K  
a i j 

) i f  and only i f  i f j )  . 
Q ?13,3  

Note t h a t  f o r  each p a i r  of .  v e r t i c e s  U , V C V ( K  ) , deg ( u )  +deg (v )  =4n= 
3 ,3 ,3  

3n+n. It i s  c l e a r  t h a t  K i s  n o t  n-hamiltonian-cynnected s i n c e  f o r  
3 ,3 ,3  .--/I 

each i=1,2,3,<V(K 1-v .>is  e a s i l y  shown not  t o  be  hamiltonian- 
3 ,3 ,3  1 

connected. 
. . 

A moment of  r e f l e c t i o n  al lows Theorem 1.2.14 t o  be r e l a t e d  i n  t h e  

fol lowing manner. 

Theorem 1.2.14a Let  G= ( v ( G )  ,E ( G ) )  be a graph on n23 v e r t i c e s  such 
48 

t h a t  f o r  each j ,  i s j j n ,  t h e  number of v e r t i c e s  with degree not  - 
2 t> 

exceeeding j i s  l e s s  than o r  equal  t o  j-2, t h a t  i s ,  



({vev(G) 1 deg(vj< j.1 J j-1. T h e n ,  G i s  hamil tonian.  

A s u f f i c i e n t  cond i t ion  f o r  a  graph t o  b e  hamiltonian-connected 

very much i n  t h e  f l a v o r  of Theorem 1.2.14a i s  now discussed.  

Lemma 2.3.2 135) Let  G= ( V ( G )  , E ( G )  ) be a  graph on nL4 v e r t i c e s  such 

t h a t  f o r  each j ,  2sj51-1, - I{v~~(G)IdegCv)2j}~~j-2. Then, G i s  
2 

harniltonian-connected. 

Proofr Let G be a graph t h a t  s a t i s f i e s  the*hypotheses of- t h e  - 
theorem. Note t h a t  G i s  hamil tonian s i n c e  i t  a l s o  s a t i s f i e s  t h e  

hypotheses of  Theorem 1.2.14. a. Let u, VEV(G)  be any two d i s t i n c t  

v e r t i c e s  i n  G .  W e  proceed t o  cons t ruc t  a  hamil tonian n,v-path. 

There a r e  two cases  t o  be  considered.  

Case 1 UVEE ( G I ,  - 
Let R be t h e  maximum value of t h e  lengths  of pa ths  i n  G which 

conta ins  t h e  edge uv. Let  P:u u  . . u  be a  pa th  of length  A 
1 2' a+l 

conta in ing t h e  edge uv, where u .=u and U ~ + ~ = V  wi th  lSjd&, such- t h a t  
7 

t h e  sum of t h e  degrees of  t h e  i n i t i a l  v e r t e x  u  and t h e  te rminal  
1 

v e r t e x  u  is  maximum. Let  s = ( u . € v ( P ) ~  u  u  ~ E ( G ) ] .  Since no  a+l 1 1 i+l 

p a t h  i n  G c o n t a i n i n g  t h e  edge uv can have length  g r e a t e r t h a n  A?, 

N ( U ~ ) S V ( P ) .  Also, f o r  each u.cS,  p*:u u  
1 i i-1 " . u1Ui+1.ui+2 ."l+l 

i s  a  p a t h  of length  k which conta ins  t h e  edge uv whenever i f j .  

By t h e  choice of P, it i s  c l e a r  t h a t  f o r  each i f j  and u.ES, 
1 

degG (ui) 5deg ( u  . Thus, t h e r e  a r e  a t  l e a s t r  (deg (u  ) -1) v e r t i c e s  G 4 G 1 

i n  S wi th  degrees n o t  exceeding deg (u  1 .  By t h e  hypotheses of t h e  
G 1 - 

theorem, deg ( u  ))n 
G 1 -  

2  ' 
A s i m i l a r  argument shows t h a t  deg (u  

G e+i1>;. O 

Therefore,  deg (u  ) + ( ~ ~ + ~ ) > n  and th i s  impl ies  t h a t  IN(u 
G 1 e+l)"slt21 



36 

i n  which case  t h e r e  e x i s t s  a t  l e a s t  one v e r t e x  U . € N ( U  w i t h  
1 1+ 1 

i j j .  Hence, C : U ~ U ~ _ ~ ,  . . . u  u 1 i + l u i + 2  ' " 'u~+lUi i s  a cycle  of length  

R+1. 

The 

t h e  

proof-of  Case 1 is  cdmplete i f  n= +l. I t  remains t o  cons ider  

case  where L+l<n .  Le t  t h e  v e r t i c e s  of t h e  cyc le  C be r e l a b e l l e d  

as C:v v 
1 2'.-vRVa+ltzl* 

Since G i s  a hamiltonian graph, t h e r e  i s  

a ve r t ex  w V ( G )  ad jacen t  t o  some v e r t e x  v G V ( C )  . Then, it is  
h 

c l e a r  t h a t  a t  l e a s t  one of t h e  fol lowing two pa ths  P 
1 f P 2  

P :wv v v v 
1 h h + l .  a'vkvl?,+l 1 2. '  'Vh-l 

P :Wvhvh-l...v V 
2  1 *+lV ve-l. ' 'v h+ 1 

is  a p a t h  of length  2+1 which conta ins  t h e  edge uv . This  contras- 

d i c t s  t h e  choice of P .  

Case 2 UV$E ( G I  . 
Define a  new graph ~ h ~ + u v ( t h a t  i s ,  V(G)=V(Gf) and E ( G * )  = 

E (G)u{uv)) . Clear ly ,  G* s a t i s f i e s  t h e  hypothesis  of t h e  theorem 

and t h e  argument i n  Case 1 a s s e r t s  t h a t  t h e  edge uv i n  G* i s  

contained i n  a  hamil tonian cycle .  ,Hence, t h e r e  e x i s t s  a  

hamil tonian ufv-path i n  G and t h i s  completes t h e  proof .  

I t  i s  worthwhile t o  mention t h a t  a graph i s  s a i d  t o  be edge- 

hamil tonian i f  every edge of t h e  graph is  contained i n  a  hamil tonian 

cycle .  Thus, a  graph which s a t i s f i e s  t h e  hypotheses of Lemma 2.3.2 

is  n e c e s s a r i l y  edge-hamiltonian. 
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Lemma 2.3.2 above i s  needed t o  prove the  fol lowing r e s u l t  f o r  

, I  

r-hamiltonian connected graphs. 

TheoBem 2.3.3 C341 Let  G = ( V ( G ) , E ( G ) )  be a  graph on nL4 v e r t i c e s  

such t h a t  f o r  each j ,  r+2Sj6n+r - ', ftv6V(G)Ideg(v)ljJllj-2-r. 
2 

Then, G i s  r-hamiltonian-connected. 

Proof:  Let G @e a graph which s a t i s f i e s  t h e  hypotheses of t h e  

theorem. Lemma 2.3.2 y i e l d s  t h e  des i red  r e s u l t  f o r  t h e  case 

where PO. I t  remains t o  i n v e s t i g a t e  t h e  case where 11rSn-4. 

Let  OikSr and l e t  s={vl,. . . C V ( G )  be a  s e t  of k a r b i t r a r y  rVJ 
v e r t i c e s  i n  G.  'consider  t h e  induced subgraph G*=<v(G)- on 

n*=n-k v e r t i c e s .  To v e r i f y  t h a t  G* i s  a hamiltonian-connected 

graph, l e t  j  be such t h a t  2sj<n* -- and m= I{v€v(G*) (degG, ( ~ I S  j) I . 
C) 

2+kS j+kzn*+k=n+k - < - '  n+Y I f  j+kc2+r, then {VGV (G*A degG, ( v ) ~  ~)s{v€v (G)I 
2 2 - 2  

deg ( v ) ~  j+k]~(v€v ( G )  I degG (v)  ~ r + 2  ). By t h e  hypotheses of t h e  
G 

theorem, I{VEV(G) ( degG (v)  1r+2}1 C ( r+2)  - ( r+2)  = O .  This  impl ies  t h a t  

PO. Otherwise, f o r  2+r,(j+k<n+r mcj+k-r-15 j -1. Hence, G* i s  - 
2 

hamiltonian-connected. It  fol lows t h a t  G i s  r-hamiltonian- 

connected. 



The bounds i n  both  Lemma 2.3.2 and Theorem 2.3.3 a r e  sharp  a s  

Figure 2.7 shows. The graph which demonstrates t h e  sharpness o f  the  

bound i n  Lemma 2.3.2 is schemat ica l ly  i l l u s t r a t e d  i n  Figure 2 . 1 .  
< 

For each n>7,  de f ine  a graph Gn on n v e r t i c e s  a s  fo l lows.  Let 

' P be a pa th  on r v e r t i c e s ,  where r= n -1, and K be  a complete graph on 
r s 

- r 

[TI 
s v e r t i c e s  with s= n+3 . Let  V(P ) = f u l , .  . . , U  1 and V ( K  )={vl, . ,vS) I 

2 
r S 

r e s p e c t i v e l y .  The graph G is c o n s t i t u t e d  accordingly by d e f i n i n g  
n 

V ( G  )=V(P ) U V ( K  ) and E(G )=E(P )uE(K )u(u v u v }u{u,v 1 2 ~ j 5 i 5 r )  if 
n r - s n r . s  1 1' r , r + l  1 j 

n is  odd. I f  n i s  even, then t h e  edge u v i n  t h e  previous  set i s  
* r r-1 

replaced by u v . I t  can be e a s i l y  shown t h a t  f o r  each j , 21j In ,  t h e  
r r+2 - 

2 
number of v e r t i c e s  of degree n o t  exceeding j i n  G i s  exac t ly  j-1. 

n 

However, G, i s  no t  hamiltonian-connected s i n c e  deg (u  )=2  even though 
Gn 1 

it is a hamil tonian graph. ,This  v e r i f i e s  the  sharpness of t h e  bound i n  

Lemma 2 .3 .2 .  

I n  o r d e r  t o  c o n s t r u c t  a graph which demonstrates t h e  sharpness of 

Theorem 2.3.3,  a pre l iminary  lemma i s  requi red .  We f i r s t  review t h e  c= 

d e f i n i t i o n  of t h e  jo in  G +G of two .graphs G1 and G a s  def ined i n  
1 2  2 

[ 8 ,  471 . 
Def in i t ion  2.3.4 Let  G1=(V(G ),.E(G ) )  and G = ( V ( G  ),E(G ) )  be two graphs. 

1 1 2 2 2 

The - jo in  G +G = ( V ( G  +G ) ,E(G +G ) )  is  def ined t o  be  t h e  graph where 
1 2  1 2  1 2  

E ( G  +G ) = E ( G ~ ) u  E ( G ~ ) u ~  xyi x€V(G1) and y ~ ~ ( ~ 2 ) )  , 
1 2  

I n  p a r t i c u l a r ,  i f  qne of t h e  graphs G and G 2 ,  i s  isomorphic t o  
1 

K then Gl+G2 i s  denoted by G +v. 
1' 1 

Lemma 2.3.5 I f  G i s  an (r-1)-hamiltonian-connected graph,  then 

G+v is  r-hamiltonian-connected . 



Proof:  Let  G be an (r-1) -hamiltonian-connected graph on n  v e r t i c e s  

and s=(xl, . , x  ) be an a r b i t r a r y  subse t  of r-1 v e r t i c e s  i n  G .  
r-1 

Clea r ly ,  G '  =<v(G)  -s) i s  hamiltonian-connected and G '  i s  

isomorphic t o  G"=<v(G+v) - {v,xl,. . . , q-l > Hence, G" i s  hamiltonian- 

Connected. Le t  y  1,y2,y3 be any t h r e e  v e r t i c e s  i n  G" and 

P:y =v v  ..v =y be a  hamil tonian y  ,y -path i n  G", where y  =v 
1 1 2 '  n-r+l  3  1 3 .  2 k '  

Then, Q:y =v v  
1 1 2. .Vk-lWk+lVk+2 ' .  .Un-r+l=Y3 

i s  a  hamil tonian 

, y  -path,  i n  G "'=<v (G+v) -{Y2 I x1,x2,. . . x 
Y1 3 

> This impl ies  t h a t  
r-1 

t h a t  t h e  graph G+v i s  r-hamiltonian-connected. a 
Note t h a t  f o r  any hamil tonian graph G and an a d d i t i o n a l  v e r t e x  v ,  

@ 
t h e  jo in  G+v conta ins  a  spanning subgraph isomorphic t o  t h e  wheel 

graph on I v ( G + t ~ ~ h e r t i c e s .  Hence, G+v i s  PLD-maximal. I n  p a r t i c u l a r ,  

it i s  hamiltonian-connected. ' 

We a r e  now i n  a  p o s i t i o n  t o  c o n s t r u c t  t h e  fol lowing example t o  

demonstrate t h e  sharpness of  t h e  bound i n  the  i n e q u a l i t y  of Theorem 

Le t  G n  ( see  Figure 2.7) '  be t h e  g r a p h  defined i n  t h e  example 

preceding.  

D e f i n i t i o n  2.3.4. For a  f ixed  i n t e g e r  r, l e t  { x l , . . . , x  ) be r 
r 

a d d i t i o n a l  v e r t i c e s .  By lemma 2.3.5 and t h e  preceding d iscuss ion  

it is  c l e a r t h a t  t h e  g raphG=(  ... ( ( ( G + x ) + x 2 ) + x 3 ) +  ...+ x )+x, 
n  1 r-1 

is  (r-1)-hamiltonian-connected. However, G i s  no t  r-hamiltonian- 

connected s i n c e  it has a  v e r t e x  of  degree r+2. Also, it can be  

e a s i l y  shown t h a t  f o r  each j ,  r+21j<n+rI  t h e r e  a r e  exac t ly  j -r-1 . -- 
L 

v e r t i c e s  of degree n o t  exceeding j .  This example conso l ida tes  

t h e  sharpness of  Theorem 2.3.3. 



The sufficiency conditions for a graph to r-hamiltonian- 

connected expressed in terms of- the number ' of edges in the graph 

is the next most natural generalization df   he or em 2 -1.2: 

We first characterize the (n-4)-hamiltonian-connected graphs 

on nL4 vertices. 

Theorem 2.3.6 [ 35 ]  ~et-G be a gr'aph on n>,4 vertices. Then G is 
1 7 -  

(n-4)-hamiltonian-connected <if and only if G is +somorphic to the , 

graph K . 
n 

Prpof: Let G be a graph on n24'vertices. If G=K , then the 
n 

removal of k vertices from G, OSk5n-4, results in a graph 

isomorphic to the complete g 3ph on n-k vertic& K Hence, n- k, 

G is (n-4)-hamiltonian-connected. Conversely, suppose that G is 

not complete. There exists a vertex v€V(G) such thaJ degG(v)ln-2. 
r 

The removal of n-4 vertices adjacent to v results fn a graph G I  

with deg (v)52. Hence, G '  is not hamiltonian-connected and G is 
G 

9 

not (n-4) -hamiltonian-connected . w 
The generalization of Theorem 2.1.2 can now be established. 

Theorem 2.3.7 1351 Let G= (V (G)',E (G) ) be a graph on n? 4 vertices 

such that J E ( G ) ~ ?  (n-1) (n-2) +3+r, for OSrSn-4. Then G is r- 
2 

hamiltonian-connected. - a=.. v, 

Proof: For r=O, Theorem 2.1.2 gives the desired result. If r-n-4, - 
then (E  (GI I = (n-1) (n-2) +3+ (n-4) =n (n-1) , in which case G is isomorphic 

to K which is consistent with ~ h k r e m  2 d.6. It remains to consider 
n 

the case O<r<n-4. Let OSkJr and let s={v1,v2,. ..,,vk) be an 

arbitrary set of vertices in G. Let G*=<v(G)-S) on n*=n-k 

vertices. Since at most k(k-l)+k(n-k) edges have been removed from 
2 



G to form G* . IE (G*)I 1 (n-k-1) (n-k-2) + (r-k) +3> (n*-1) (n*-2) +3. - 
Hence G* satisfies the hypotheses of Theorem 2.1.2 and is, 

therefore, hamiltonian-connected. It now follows that G is 

r-hamiltonian-connected. a 
Indeed, the bound in Theorem 2.3.7 is sharp as the graph in the 

following example shows. For eaqh n25 and OSrSn-4, a graph G on n 

vertices and (n-1) (n-2)+r+2 edges is constituted by a complete g;aph 
2 

Kn--l and an additional vertex,~ adjacent to (r+2) vertices {v1,v2,..., -. 

V r+ 2 )SV(Kn-l . It is then clear that G has (n-1) (n-2)+r+2 edges and 
2 

the graph G'=(v(G) -{vlr.. . ,V~-~,V~)> i" 
has n-r?4 vertices including t h c  

vertex v of degree 2 in GI. Hence, G '  is not hamiltonian-connected. 

As Theorem 2.3.6 suggests, for sufficiently large 'values of r, 

graphs which are r-hamiltonian-connected can be characterised without , 

a great deal of difficulty. So it is perhaps most, appropriate to 

close this chapter by presenting a characterization of graphs on nL5 

*vertices which are (n-5)-hamiltonian-connected. 
aa-. 

Theorem 2.3.8 (351 Let G= (V (GI ,E (G) ) be a graph on 1125 vertices 

Then, G is (n-5)-hamiltonian-connected if and only if G is a 

complete graph from which a set of mutually nonadjacent edges has 

been deleted. , , 

Proof: Let G be a complete graph on n15 vertices with two adjacent 

edges xu, yu removed. Then, deg (u)<n-3=(n-5)+2. Hence, the 
G 

removal of n-5 vertices adjacent to u in G results in a graph G' 

such that deg (~112. Therefore G' connot be hamiltonian-connected 
G'  

and it follows that G is not (n-5)-hamiltonian-connected. 

Conversely, if G i-s a complete graph from which a set of 



42 

mutually nonadjacent edges has been removed, then ~(GI', n-2. In 

particular, for each pair of nonadjacent vertices u,v~v(G), deg(u) 

If 

+deg(v)L(n-2)&-2)=n+(n-5)+1. By Theorem 2.3.1, G is (11-51- 

hami ltonian-connect ed and the theorem now follows. 

It is now clear that for each 1114, there is uniquely one (n-4) - 

hamiltonian-connected graph up to isomorphism; and for each n?5,'there 

are precisely I+ n non-isomorphic (n-5)-hamiltonian-connected graphs Id 
up to isomorphism. 



CHAPTER 3 

ON THE HAMILTONIAN-CONNECTEDNESS OF  

CAYLEY GRAPHS OF A FINITE ABELIAN GROUP 

The study of t h e  hamil tonian p r o p e r t i e s  of Cayley graphs i s  

important ;  e s p e c i a l l y  because a Cayley graph i s  a v e r t e x - t r a n s i t i v e  

graph. L. Lovasz i n  1968 conjec tured  t h a t  every connected vertex-  

t r a n s i t i v e  graph con ta ins  a hamiltonian pa th .  This  con jec tu re  has been 

v e r i f i e d  f o r  v e r t e x - t r a n s i t i v e  graphs on a prime number of v e r t i c e s  by 

J .  Turner.  The v a l i d i t y  of t h i s  conjec ture  i n  genera l ,  however, 

remains f a r  from being s e t t l e d .  ~ u r t h e r m o r e ,  it has been conjec tured  

t h a t  every connected Cayley graph i s  hamil tonian.  I t  is  hoped t h a t  t h e  
-a 

s t u d i e s  of t h e  hamil tonian p r o p e r t i e s  of Cayley graph w i l l  provide 

some h e l p f u l  i n s i g h t  i n t o  cons t ruc t ing  a t  l e a s t  c e r t a i n  p a r t i a l  

s o l u t i o n s  t o  t h e  conjec ture  of  L. Lovasz and r e l a t e d  problems. I n  

t h i s  chap te r ,  a c h a r a k t e r i z a t i o n  of t h e  hamiltonian-connectedness of 

a connected Cayley graph of an a b e l i a n  group w i l l  be  presented  based on 
I 

t h e  work of C.C.  Chen and N.F. Quimpo [ 4 2 2 .  

Sec t ion  3 .1  Cayley graphs 

Def in i t ion  3.1.1. Let  U be a group wi th  t h e  i d e n t i t y  element e .  

A s u b s e t  Se,U i s  s a i d  t o  be a symbol f o r  U i f  t h e  fol lowing two 



condi t ions  a r e  s a t i s f i e d :  

(1) e $ s -  

2 
(2 )  For each s E U s a t i s f y i n g  s f e ,  s E S impl ies  s - l ~  S. 

Let. S-l={s-ll s E S ). I t  is  c l e a r  t h a t  t h e  s u b s e t  c o n s i s t i n g  of 

-1 
t h e  s e t  of  a l l  f i n i t e  products  of elements i n  SUS , denoted b y <  S? ,  

i s  a subgroup i n  U .  

Def in i t ion  3.1.2 Le t  S be  a symbol f o r  a group U. S is s a i d  t o  

genera te  U i s  and only i f  U=<S>. 

Def in i t ion  3.1.3 Let  S be a s.ymbo1 f o r  a group U .  An element s E  S 

is s a i d  t o  b e  redundant i f  and only i f  (s-{s))=<s>. S is c a l l e d  a 

minimal symbol i f  it con ta ins  no redundant element.  

Based on t h e  con3cepts in t roduced i n  t h e  l a s t  few d e f i n i t i o n s ,  t h e  

d e f i n i t i o n  of  a Cayley graph of a group can now be given. 
, 

Def in i t ion  3.1.4 Le t  U be a group and S S U  be a symbol f o r  U .  A 
1 

Cayley grab of  U w i t h  r e s p e c t  t o  S f  denoted by c ( S , U ) ,  i s  t h e  
\ 

undirected graph whose v e r t i c e s  a r e  the  elements of U and whose 

- edge-set i s  descr ibed below. Without ambiguity,  one can w r i t e  
e 

* 
5. - - V(C(S,U))=U. Any two d i s t i n c t  v e r t i c e s  X , ~ € V ( C ( S , U ) )  a r e  joined 
2 ,.-* 

7 -1 -1 
by an edge i f  and only i f  s E  S and e i t h e r  s=x y o r  s=y x 

( t h a t  is, 

A l l  t h e  Cayley graphs s t u d i e d  i n  t h i s  chap te r  a r e  assumed t o  be 

' f in i t e .  I n  p a r t i c u l a r ,  a n  a b e l i a n  group w i l l  be denoted by A. I t  i s  
\ 

i n s t r u c t i v e  t o  cons ider  an example of a Cayley graph of  an a b e l i a n  

group. 

Example 3.1.5 Consider t h e  abe l i an  and a 



f i g u r e  3 .1  
2 ,  

Note t h a t  t h e  Cayley graph C ( S , A )  i n  t h i s  above example i s  

connected and A=(s). In  genera l ,  i t  i s  c l e a r  t h a t  f o r  any group 0 and 

a symbol SSU, t h e  assoc ia ted  Cayley graph C(S,U) is  connected i f  and 

only i f  u=(s). 

Def in i t ion  3.1.5 (Bondy and Murty [ 5 ] 

Let  G = (V ,E ) and G2= ( V 2 ,  E~ 1 be two graphs. T h e  graph GlxG2 
1 1 1  x\ 

1 c o r h s t s  of t h e  v e r t e x  s e t  V(GlxG2)=V xV such t h a t  f o r  a l l  
\ 1 2  
L. 

x ) i s  ad jacen t  t o  (y1,y2) i f  and ( x ~ , x ~ ) ~ ,  ( Y ~ , Y ~ ) ~  V(G1xG2) , (xl" 2 

only i f  x  =y and x y fE  
1 1  2 2  2 Or Y 1  2  1 2 1' 

=y and x x fE 

' F o r  any i n t e g e r s  n 2 l  and mL2, l e t  L be a  pa th  on n v e r t i c e s  and 
n 

C be a  cycle  on m v e r t i c e s ,  r e s p e c t i v e l y .  The Cayley graph a s  shown 
m 

i n  Figure  3 .1  con ta ins  a  spanning subgraph isomorphic t o  C xL .' This 
3 4 



i s  sugges t ive  o f  t h e  p o s s i b i l i t y  t h a t  a  s i m i l a r  spanning subgraph H 

isomorphic t o  C xL , - s a t i s f y i n g  nL1 and m22, i s  i n  genera l  contained 
m n  

C 

i n  a ,connected Cayley graph of an a b e l i a n  group of o r d e r  m n .  I n  
d\ s .  

genegal,  t h i s  is  due t p  t h b ~ a c t  t h a t  a  f i n i t e  abe l i an  group A has a  
+ 

decomposition A=Z x...xZ f o r  some c o l l e c t i o n  of p  i t i v e  i n t e g e r s  . 
h m 1  

m 
n a 

{ m  l , . . . , m  f s a t i s f y i n g  [A)=m . . m  . I t  w i l l  be shown i n  t h e  next  
n  1 ' n 

s 'ection t h a t  t h e  hamiltonian-connectedness of a  connected cayley  

graph of  an a b e l i a n  group i s  due t o  t h e  ex i s t ence  of  appropr ia te  
4 

harhiltonian pa ths  i n  such spanning subgraphs. I t  i s  c l e a r  t h a t  

L XI, i s  a  spanning subgraph of C xL and C xL is a  spanning subgraph 
m n + m n  m n  

of  CAxC,. We now proceed t o  s tudy t h e  hamil tonian p r o p e r t i e s  of  

L m a n ,  C m a n  and CnxCm an,d t h e i r  a p p l i c a t i o n s  t o  t h e  c h a r a c t e r i z a t i o n  
il 

of t h e  hamiltonian-connectedness of  a  Cayley graph of  an a b e l i a n  group 

of d r d e r  m n .  
I 

Sect ion  3 .2  Some hamil tonian p r o p e r t i e s  of  L  xL C xL and C xC . m n '  m n  m n  

Without l o s s  of g e n e r a l i t y  t h e  v e r t i c e s  o f  e i t h e r  L o r  C can be  
n  n  

! .  

convenient ly l a b e l l e d  by  ( 0~1 ,  ..., 11-11, f o r  some n  s a t i s f y i n g  nL1. 

Let G= ( V ( G )  , E  ( G )  1 be a  graph. isomorphic t o  L xL o r  C xL o r  C xC , 
m n  m n  m n  

f o r  some p o s i t i v e  i n t e g e r s  n  and m. 

For t h e  a n a l y s i s  i n  t h e  remainder of t h i s  chap te r ,  it w i l l  be 

assumed t h a t  t h e  v e r t i c e s  of G w i l l  be p a r t i t i o n e d  i n t o  two s e t s  by 

the fol lowing co lo r ing  scheme. A v e r t e x  ( i , j ) € V ( G )  i s  colored  b lack  
- - - 

i f  and only i f  i + j  is even. Otherwise, it is  colored  whi te .  An edge 

1 

which jo ins  two black  v e r t i c e s  w i l l  b e  c a l l e d  a b lack  edge and an 

edge wliich jo ins  two whi te  v e r t i c e s  - w i l l  be c a l l e d  a white  edge. An 



edge which is i n c i d e n t  

with a white  v e r t e x  on 

with a  b lack  v e r t e x  on one end and i s  i n c i d e n t  

t h e  o t h e r  end is convenient ly c a l l e d  a  grey 

edge. For each i and j  s a t i s f y i n g  OSiim-1 and 0s j ~ n - 1 ,  t h e  v e r t i c e s  

0 )  , i - 1  , ( 0,j) and (m-1,  j )  a r e  c a l l e d  s i d e  v e r t i c e s .  I n  

p a r t i c u l a r ,  t h e  four  v e r t i c e s  (0,O) , ( m - 1 , O )  , (m-1 ,  n-1) and ( 0  ,n-1) a r e  

c a l l e d  corner  v e r t i c e s .  The remaining v e r t i c e s  i n  V ( G )  a r e  c a l l e d  
l. , 

i n t e r i o r  v e r t i c e s .  

Lemma 3.2.1 Let  G = ( V ( G ) , E ( G ) )  be isomorphic t o  L xLn such t h a t  
m 

mn is  an even i n t e g e r  and m,n22. I f  x i s  a corner  v e r t e x  i n  

V ( G ) ,  then f o r  any v e r t e x  y i n  V ( G )  colored d i f f e r e n t l y  from u ,  
Z 

t h e r e  e x i s t s  a  hamll tonian x,y-path i n  G. - 
Proof:  From t h e  symmetry of  t h e  problem, t h e r e  i s  no l o s s  o f  

g e n e r a l i t y  i n  assuming x is  t h e  black v e r t e x  (0,O) and m i s  an 

even i n t e g e r .  Let  m=2k such t h a t  k l l .  We proceed by induct ion  

on n and k .  We f i r s t  cons ider  t k e .- case where k = l  and induc t  on 

n .  Le t  n=2. Then, y can e i t h e r  be  ( 0 , l )  o r  ( 1 , O ) .  The hamilton- 
, @ '  

i a n  p a t h s  (0,O) ( 1 , O )  (1,l) ( 0 , l )  and (0,:) ( 0 , l )  (1,l) ( 1 , O )  

w i l l  s u f f i c e ,  r e s p e c t i v e l y .  Suppose t h a t  t h e  lemma has  been 

proven f o r  k=l '  and f o r  each i n t e g e r  n = ~ ,  .L-1. . . ,l, f o r  some Lr  2. 

. Consider t h e  graph G=L xL such t h a t  n=k+l. I f  y= ( 1 , O )  , then t h e  
2 n 

path (0,O) ( 0 , l )  , . . (0,n-1) (1,n-1) (1,n-2) . . . ( 1 , O )  i s  a hamiltonian 

x,y-path i n  G.  L e t  y .he a whi te  v e r t e x  such t h a t  yf ( 1 , O )  . I n  

t h i s  case  y cap e i t h e r  be i n  t h e  form ( O , j ) ,  f o r  some j s a t i s f y -  

ing 22 j<n-1 o r  - (l,j) , f o r  l<,j<,n-1. W e  p a r t i t i o n  V(G) a s  fol lows.  

~ ~ = { ( i , r ) l  i = O  o r  1 and OSr<j 1 and 

H =V(G) -HI 
2  



I f  y = ( l ,  j)  , then by t h e  induct ion  hypothes is ,  t h e r e  e x i s t s  a 

hamil tonian (0,O) , ( 0 ,  j-1) -path P i n  < H > and t h e r e  e x i s t s  a 
1 1 

i n  G can now be cons t ruc ted  by concatenat ing P and P using t h e  
1 2 

edge (0 ,  j-1) (0, j) . I f  y= (0 ,  j  ) , then by t h e  induct ion  hypothes is ,  
> 

t h e r e  e x i s t s  a hamil tonian (0,O) , ( l , j - 1 ) - p a t h  P i  i n  < H  >and  a 
-1 - 

hamil tonian ( 1, j ) , ( 0 ,  P) -path P i  i n  < H > . S i m i l a r l y  . t h e  
2 

concatenat ion of  t h e  pa ths  P '  and P '  using t h e  edge (1,j-1) (1 , j )  
1 2 

c e t i t u t e s  a hamil tonian x,y-path i n  G .  This  e s t a b l i s h e s  t h e  

v a l i d i t y  of t h e  lemma f o r  a l l  n22 and f o r  k = l  ( t h a t  i s ,  - 2 ) .  

Suppose t h a t  t h e  lemma has now been e s t a b l i s h e d  f o r  each 1-122 and f o r  

each k=l ,fL-1, . . . 1 ,' f o r  some 9 2 1. Let  k = i t l  and cons ider  t h e  graphs 

r, G=L xL f o r  some a r b i t r a r y  n s a t i s f y i n g  1112. We p a r t i t i o n  t h e  
\ 2k n ' 

. \  
s e t  V ( G )  a s  fol lows : 

H ~ = { ( s  , j )  1 OlsSm-3, 05j'n-l), and 

H =V (G)  -H (See Figure 3.2) 
4 3 ' 

Let  y=(a ,b )  be any white  v e r t e x  i n  H . Observe t h a t  (m-2,O) i s  a 
4 

black  v e r t e x  i n  H and (m-3,O) i s  a whi te  v e r t e x  i n  H By t h e  
4 3 ' 

induct ion  hypothes is ,  t h e r e  e x i s t s  a hamil tonian (0,0),(m-3,O)- -- 
path  P i n  < H~ > and a hamil toni& (m-3,O) ( a , b )  -path P i n  < H >. The 

3 4 4 

concatenat ion of  P and P us ing  t h e  edge (m-3,O) (m- 2,O) c o n s t i t u t e s  
3 4 

a hamil tonian x,y-path i n  G.  Suppose t h a t  y is any whi te  v e r t e x  

i n  H such t h a t  yf (m-3,O) . By t h e  induct ion  hypothesis ,  t h e r e  
3 

e x i s t s  a hamil tonian x,y-path P' i n  < H  >. Notice t h a t  t h e  3 3 



v e r t e x  (m-3,O) is  a  white  corner  ver tex  o f  degree 2  i n  

< H 3 h  The edge (m-3,O) (m-3,l) i s  n e c e s s a r i l y  on t h e  p a t h  P '  
3  ' 

By t h e  induct ion  hypothes is ,  t h e r e  e x i s t s  a  hamil tonian 

(m-2 , O )  , (m-2,l) -path P i  i n  < H 4 > .  The hamil tonian x,y-path P ' i n  
3  

(H > can now be  extended t o  become a  hamil tonian x,y-path i n  G 
3 

by rep lac ing  t h e  edge (m-3,O) (m-3,l) on t h e  pa th  P  ' by t h e  pa th  
3  

(m-3,O) (m-2/01 P '  2  1 - 3 1  . F i n a l l y ,  l e t  y=(m-3,O) . By 
4  

t h e  induct ion  hypothes is ,  t h e r e  e x i s t s  a  hamil tonian x,y-path 

P" i n  < H  >. I f  t h e  edge (m-3,0)(m-3,l) is  on t h e  p a t h  PI' then P" 
3  3  3  ' 3 

can be extended t o  become a  hamiltonian x,y-path i n  G i n  a  manner 

s i m i l a r  t o  t h e  l a s t  cons t ruc t ion .  Suppose t h a t  t h e  edge 

(m-3,O) (m-3,l) is not  on t h e  p a t h  P" Then, it i s  c l e a r  t h a t  
3  ' 

1-123. Since t h e  ve r t ex  (m-3,n-1) i s  a  corner  v e r t e x  i n  H 
3' 

c l e a r  t h a t  t h e  edge (m-3,n-1) (m-3,n-2) must be on t h e  p a t h  

By t h e  induct ion  hypothes is ,  t h e r e  e x i s t s  a  hamiltonian 

(m-2,n-l),(m-2,n-2)-path P" i n  < H  >. Then, t h e  hamil tonian 
4 4 

x,y-path P" i n  (H > can be  extended t o  become a  hamil tonian x,y- 
3  3  

pa th  i n  G by rep lac ing  t h e  edge (m-3,n-1) (rn-3 ,n-2) on P" 
3 

by t h e  pa th  (m-3,n-1) (m-2,n-1) P" (m-2 ,n-2) (m-3,n-2) . 
4 

This completes t h e  proof of  t h e  lemma. 



B f i g u r e  3.2 

Lemma 3 .2 .2  Le t  G=L XI, such t h a t  both m and n a r e  p o s i t i v e  odd 
m n 

i n t e g e r s  g r e a t e r  than o r  equal  t o  3 .  Then t h e r e  e x i s t s  a 

hamil tonian p a t h  connecting any black corner  v e r t e x  and a 

d i s t i n c t  b lack  v e r t e x  i n  G. 
0' 

Proof:  From t h e  symmetry of t h e  problem,, t h e r e  i s  no l o s s  of 



5 1  

- 
g e n e r a l i t y  i n  assuming t h a t  t h e  co rne r  v e r t e x  x= (0,O) . L e t  

I 

y = ( a , b )  be  any o t h e r  b l ack  v e r t e x  i n  G ,  I f  a21, t h e n  we 

p a r t i t i o n  t h e  v e r t e x  s e t  o f  G a s  fo l lows .  Le t  H ~ = { ( o , ~ )  105 j in -1 )  

I and H =V(G)  -H S i n c e  I H 2  I is  even, by Lemma 3.2.1  t h e r e  e x i s t s  
2  1' , , 

\ 

a  hami l ton ian  ( 1 , n - l ) , ( a , b ) - p a t h  P i n  < H 2 > .  L e t  
2  

P : O O  0  , 1 . . 0 1 . It is  c l e a r  t h a t  t h e  conca tena t ion  o f  

. P and P2 u s i n g  t h e  edge (0,n-1) ( 1 , n - l j  c o n s t i t u t e s  a  hami l ton ian  
1 

x,y-path i n  G .  Suppose t h a t  a=O. Then, w e  p a r t i t i o n  V ( G )  a s  

fo l lows .  L e t  H = { ( i , 0 )  1 ~ ' i ' - m - l )  and H4=V(G)-H3.  
3 

A s  b e f o r e ,  by Lemma 3.2.1,  t h e r e  e x i s t s  a hami l ton ian  

( m - 1 , l )  , ( a , b )  -path P  in'<^ >. Le t  P (0,O) ( 1 , O )  . . . ( r n - 1 , O )  b e  a  
4 4  3:  

hami l ton ian  p a t h  i n  < H ~ L  I t  is  c l e a r  t h a t  conca tena t ing  P and 3  

P u s ing  t h e  edge ( m - 1 , O )  ( m - 1 , l )  r e s u l t s  i n  a  hami l ton ian  x,y-path 
4  

i n  G.  This  completes  t h e  proof  of  t h e  l e m m a .  
b 

4 

L e t  m and n  b e  p o s i t i v e  i n t e g e r s  s a t i s f y i n g  m,n?2. A ve ry  

u s e f u l ~ d o n s t r u c t i o n  o f  a h a m i l t o n i a n p a t h  between any two s i d e  v e r t i c e s  

i n  a  graph i s  isomorphic  t o  L xL i s  s m a r i s e d  i n  the fo l lowing  
m n 

c o r o l l a r y .  

C o r o l l a r y  3 .2 .3  L e t  m and n  be  two p o s i t i v e  i n t e g e r s  g r e a t e r  

t han  o r  e q u a l  t o  2  such t h a t  mn is an even i n t e g e r .  Then t h e r e  

e x i s t s  a  hami l ton ian  p a t h  connec t ing  any two a d j a c e n t  s i d e  
B 

v e r t i c e s  i n  a  graph G=LmxL 
n. 

P roo f :  Without loss o f  g e n e r a l i t y ,  we assume t h a t  m is an even 

i n t e g e r .  L e t  x ,y€V(G) .be  two a r b i t r a r y  a d j a c e n t  s i d e  v e r t i c e s .  

I f  either x  o r  y is a  c o r n e r  v e r t e x  i n  G ,  t h e n  by Lemma 3 .2 .1  t h e r e  

e x i s t s  a  hami l ton ian  x,y-path i n  G. Hence, it i s  assumed f o r  t h e  



remainder o f  t h e  proof  t h a t  n e i t h e r  x n o r  y i s  a  c o r n e r  v e r t e x .  

Suppose t h a t  n  i s  a l s o  an  even i n t e g e r .  By t h e  symmetry of  t h e  

problem, i t+suf f ices  t o  c o n s i d e r  t h e  c a s e  where x=( i ,O)  and 

y = ( i + l , O ) ,  fo'r some i s a t i s f y i n g  lzicm-3. We p a r t i t i o n  the '  se t  ' 

V(G)  a s  fo l lows .  L e t  H 1 = { ( r , s )  I ~ ? r l i , ~ l s ~ n - 1 )  andH2=V(G) -H 
1 

Then, by Lemma 3 .2 .1  t h e r e .  e x i s t s  a  hami l ton ian  (i ,0)  , (i, 1) -path 

Pl i n  ( H ~ )  and a  hami l ton ian  ( i + l , l )  , ( i+ l ,O)  -path P i n  <H >. A 
2  2 

hami l ton ian  x,y-path i n  G can b e  c o n s t r u c t e d  by c o n c a t e n a t i n g  P  
1 

and P us ing  t h e  edge (i , 1) ( i + l  , 1) . Suppose t h a t  a is  an  odd 
2  

i n t e g e r  and -let x= ( i , O )  and y=( i+ l ,O)  , f o r  some i s a t i s f y i n g  

1si lm-3.  W e  p a r t i t i o n  V ( G )  a s  above. I f  bo th  1 ~ ~ 1  and [ H ~ J  a r e  

even,  then  t h e  c o n s t r u c t i o n  used i n  t h e  l a s t  argument w i l l  

p rov ide  a  hami l ton ian  x,y-path i n  G .  

. -. 

If bo th  ( H  I and (H.J a r e  odd, t h e n  by Lemma 3.2.2 t h e r e  
1 

exists a  hami l ton ian  (i  ,0 )  , ( i , n -1 )  -path P i  i n  <H > and a  
1 

hami l ton ian  (i+i ,o.) , (i+l ,n-1) -path P  ' i n  < H ~ >  . The conca tena t ion  
2  

o f  p i  and P '  u s ing  t h e  edge , n -  + l , n -  p rov ides  a  hami l ton ian  
2  

x ,y-path i n  G.  By t h e  symqetry o f  t h e  problem, t h e  on ly  ca se  

which s t i l l  i s  r e q u i r e d ,  t o  b e  examined i s  when x=(O, j )  and 

?e 
y= ( 0 , j + l )  , for--some j  s a t i s f y i n g  15 j 511-3, assuming t h a t  n  i s  an  

odd i n t e g e r .  L e t  V ( G )  b e  p a r t i t i o n e d  a s  fo l lows .  

L e t  H = ( ( r , s ) ~ 0 5 r 5 m - l , s S j ~  and H = V ( G ) - H  . S i n c e  m i s  an  even 
3  4 3  

i n t e g e r ,  an  argument s i m i l a r  t o  t h e  f i r s t  c o n s t r u c t i o n  employed 

i n  t h e  proof  of  t h i s  c o r o l l a r y  w i l l  p rov ide  a  hami l ton ian  

x,y-path i n  G. 

W e  now apply  Lemma 3.2.1 ,  Lemma 3.2.2 and C o r o l l a r y  3 . 2 . 3  t o  
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produce more g e n e r a l i z e d  hami l ton ian  p r o p e r t i e s  i n  L  xL and C xL . m n  m n  

The t echn ique  o f  ex t end ing  a  p a t h  used a t  . the  end o f  t h e  proof  of 

Lemma 3 . 2 . 1 w i l l  b e  u s e f u l  i n  many c o n s t r u c t i o n s  i n  t h e  remainder  of , 

*- .. 
t h i s  c h a p t e r .  I t  can be  summarized i n  t h e  fo l lowing  d e f i n i t i o n .  

D e f i n i t i o n  3 .2  - 4  L e t  G= (V (GI , E  ( G I  1 be a ,  graph and H and H b e  
. 1 2 

nonempty d i s j o i n t  s u b s e t s  of V ( G ) .  Suppose f h a t  t h e r e  e x i s t  f o u r  

d i s t i n c t  v e r t i c e s  x,y€H and u,v€HZ such t h a t  t h e r e  e x i s t s  a  
1 

hami l ton ian  x,y-path P1 i n  <H > and a  hami l ton ian  u,v-path P2 i n  
1 

( H ~ > .  Furthermore,  suppose t h e r e  i s  an edge u ' v '  on t h e  p a t h  P  
-- 1 

such t h a t - u u l , w ' f E ( G ) .  Then, a  hami l ton ian  x,y-path i n  

u H  ) can b e  c o n s t r u c t e d  by r e p l a c i n g  t h e  edge u ' v '  o n  P  by t h e  
(H1 2 1 

p a t h  u'uP v v ' .  Such an  ex t ens ion  scheme i s  c a l l e d  a  
2 

Not ice  t h a t  a  C ~ ~ , P ~ > e x t e n s i o n  h a s  a  d i f f e r e n t  meaning from a  

Lemma 3.2.5 L e t  m and n  b e  two p o s i t i v e  i n t e g e r s  g r e a t e r  

t h a n  o r  equa l  t o  4 such t h a t  the product  rnn i s  even. Le t  

G=L xL . Then t h e r e  e x i s t s  a  hami l ton ian  p a t h  connec t ing  any two 
m n  - ,. 

v e r t i c e s  i n  G which a r e  c o l o r e d  d i f f e r e n t l y .  

. Proof :  L e t  G b e  a graph which s a t i s f i e s  t h e  hypotheses  o f  t h e  

lemma and m b e  an even i n t e g e r .  By t h e  symmetry o f  t h e  problem, 

it s u f f i c e s  t o  c o n s i d e r  two v e r t i c e s  x = ( i , j )  and y = ( h , k )  which 

a r e  co lo red  b l a c k  and w h i t e ,  r e s p e c t i v e l y ,  such t h a t  j l k .  

Furthermore,  i f  e i t h e r  x  o r  y  i s  a c o r n e r  v e r t e x ,  t h e n  by 

Lemma 3.2.1 ,  fhere e x i s t s  a hami l ton ian  x,y-path  in:^. Hence, 

we assume t h a t  n e i t h e r  x  nor  y is a  c o r n e r  v e r t e x  and cons ide r  



the fo l lowing  c a s e s .  . / 
Case 1 j  < k .  Suppose t h a t  j  > 0  and k < n- . W e  p a r t i t i o n  V ( G )  a s  > 

1 
fo l lows .  L e t  H = {(r ,s)(  O l r s m - 1  and and H =v(G)  -H1. s i n c e  

2  
% 

m is  even,  it i s  c l e a r  t h a t  e i t h e ~  ( 0 , j )  o r  (m-1,j) i s  a  wh i t e  

v e r t e x .  I f  ( 0 , j )  i s  t h e  wh i t e  v e r t e x ,  t h e n  ( ~ , j + l )  i s  a b l a c k  

v e r t e x .  By Lemma 3.2.1 ,  t h e r e  e x i s t s  a  hami l ton ian  ( i , j ) , ( b , j ) -  

The conca tena t ion  of  t h e  p a t h s  P and P u s i n g  t h e  edge ( 0 , j )  
1 2  

( O , j + l )  w i l l  r e s u l t  i n  a  hami l ton ian  x,y-path i n  G .  An argument 

s i m i l a r  t o  t h i s  las t  c o n s t r u c t i o n  w i l l  p r o v i d e  a  hami l ton ian  * 
x,y'-path i n  G i f  ( m - 1 , j )  i n s t e a d  o f  ( 0 , j )  i s  t h e  wh i t e  v e r t e x .  

For t h e  remainder of  Case 1, it w i l l  be  assumed t h a t  e i t h e r  

k=n-1 o r  j=O. We f i r s t  i n v e s t i g a t e  t h o s e  s i t u a t i o n s  where 

k=n'-1. I f  k > j + l ,  t h e n  l e t  H-{(r,s) l 0 2 r 5 m - 1  and s5n-3)  and T 

H2=V(G)-H1.  An argument s i m i l a r  t o  t h e  l a s t  c o n s t r u c t i o n  above 
.* 
, 

w i l l  p rov ide  a  hami l ton ian  x,y-path i n  G .  I f  k=j+l=n-1 and n  

i s  an even , i n t e g e r ,  t h e n  it s u f f i c e s  t o  c o n s i d e r  on ly  t h e  c a s e  

where iSh .  We i n t r o d u c e  t h e  fo l lowing  p a r t i t i o n i n g  on V(G). Le t  

~ ~ { ( r l , s ) l  r l i  and s l j ) ,  H ={(r,s)l r 2 i  and s c j )  and 
2 

H 3 = v ( G ) - ( H  uH ) .  I t  i s  c l e a r  t h a t  IH 1 , J H ~ (  and JH ( a r e  
1 2  1 3 

even i n t e g e r s .  By Lemma 3.2.1 ,  t h e r e  e x i s t s  a  hami l ton ian  

x,y-path P i n  < H ~ > .  For  some i n t e g e r  l!. s a t i s f y i n g  iSJlrn-2, 
1 

Coro l l a ry  3 .2 .3 ,  t h e r e  e x i s t s  a  hami l ton ian  (1, j -1) (..t+l, j-1) -pa th  

P i n  (H?). A C P  P ? - e x t e n s i o n  w i l l  c o n s t i t u t e  a  hami l ton ian  
2 1' 2  

x,y-path P i n  < H ~ u H ~ )  I f  H ~ = P ,  m e n  P i  i s  a hami l ton ian  
1 



* 

x,y-path in G. Otherwise, there exis n edge of the form 

tilt) (i,t+l) on the path P' for some t satisfying O5tSn-2. By 
1' 

Corollary 3.2.3, there exists a hamiltonian (i-l,t),(i-l,t+l)-path 

P in <H~>. A hamiltonian x,y-path can now be constructed by 
3 

[P',P 3-extension. We next suppose that k=j+l=n-1 and n is an 
1 3  i 

odd integer. If ich, then the set V ( G )  is partitioned as 

H =v(G)-(H u H  ) .  Notice that I H  I . (H21 and I H  I are all even 3 1 2  1 3 

integers. For some 2 such thatR<i, let (R,j) be a white 

vertex in H, . By Lemma 3.2.1, there exists a .hamiltonian 

(i, j )  , (A, j) -path P1 in <El1). Since (1, j-1) and (i +%h are black 
white vertices in H respectively, by Lemma 3.2.1. thkre exists 

2 

a hamiltonian ( a ,  j-1) , (i,O) -path P in < H2>. Since (i+1,0) is 
2 

a black vertex in H by Lemma 3.2.1, there exists a hamiltonian 
3, 

(i+l,O), (h,k)-path P3 in <H3>. It is clear that the concatenation 

of the paths P P and 3P using the edges (2, j ) (A, j -1) and 
1' 2 3 

# 

(i,O) (i+1,0) constitutes a hamiltonian x,y-path in G. We now 

consider the case where i?h and we use the same partition on . 

V(G) as in this last construction. Note that x,yCH1 under such' an 
I 

assumption. By Lemma 3.2.1, there exists a hamiltonian x,y-path 

P' in <H ) . Let A be an integer such that lei and (a, j) (ltl. j is 
1 1 

an edge on the path PI Since I H ~ J  is an even integer. by 1- 

Corollary 3 .-2.3, there exists a 'hamiltonian (1, j -1) , (l+l, j -1) -path 

P i  in (H >. Let P" be a hamiltonian x,y-path in < 
2 1 

constructed by [P 

edge of the form (i,t) (i,t+l) on the path P" for some t 
1 .  



s a t i s f y i n g  O5tLn-2. By Coro l l a ry  3.2.3,  t h e r e  e x i s t s  a  ' .  

hami l ton ian  (i+l,t) , (i+l, t + l )  -path P i  i n  < H  3 .  A hami l ton ian ,  
3  

x ,y-pa th  can b e  c o n s t r u c t e d  byr[P;,P;]-extension. 

W e  nex t  i n v e s t i g a t e  t h e  s i t u a t i o n s  where j=O. Under t h i s  

assumption,  i is  n e c e s s a r i l y  even. I f  k > j + l ,  t h e n  l e t  

H ={(r,s)l 0 l r 5 m - 2 , s ~ l )  and H 
2 
=V ( G )  -H1. I t  i s  c l e a r  t h a t  t h e  

1 

v e r t i c e s  (0 , l )CH and (0,2)6H a r e  co lo red  wh i t e  and b l a c k ,  
1 2  

r e s p e c t i v e l y .  By Lemma 3.2.1 ,  t h e r e  e x i s t s  a  hami l ton ian  

( i , O ) ,  ( 0 , l ) - p a t h  P  i n  < H  > and a  hami l ton ian  ( 0 , 2 ) ,  i h ,k ) -pa th  
1 1 

P i n  ( H ~ > .  A hami l ton ian  x ,y-pa th  can be  c o n s t r u c t e d  by 
2  

aonca tena t ing  P  and P  us ing  t h e  edge ( 0 , l )  (0 ,2 )  . For ' the 
1 2  , 

remainder of t h e  i n v e s t i g a t i o n  of  c a s e  1, we assume t h a t  y = ( h , l ) .  

I f  i = O ,  t h e n  Lemma 3.2.1  gua ran tees  t h e  ex is tenc ,e  of  a  hami l ton ian  

x,y-path i n  G .  Hence, i12  i s  assumed. Suppose t h a t  iSh .  ~ e t  

H ={(r ,s)(  r'i and 05sin-1)  and H = V ( G ) - H  By Lemma 3 .2 .1 , -  
1 2  1 ' 

t h e r e  e x i s t s  a  hami l ton ian  x,y-path P i  i n  <HI> .  ~ e t  t b e  an 

i n t e g e r  s a t i s f y i n g  Oct'n-1 such t h a t  t h e  edge (i, t) (i ,t+l) is  on 

t h e  p a t h  P i .  By C o r o l l a r y  3 .2 .3 ,  t h e r e  e x i s t s  a  hami l ton ian  

(i-1 , t) , (i-1 , t + l )  -path P  ' i n  < H I ) .  A hami l ton ian  x,y-path can b e  
2  

c o n s t r u c t e d  by [ P ' , P ' ] - e x t e n s i o n .  I f  n  i s  an  odd i n t e g e r ,  
1 2  

t h e n  t h e  a d d i t i o n a l  c a s e  where i > h  must be  cons ide red .  W e  

p a r t i t i o n  V ( G )  i n t o  t h e  fo l lowing  t h r e e  s u b s e t s .  Le t  

H - r , s  r and s 6 1 ) ,  H r ,  r and s ~ l )  and i- 2 

H 3 = V ( G ) -  (H uH ) . Since  t h e  v e r t i c e s  (i,l) and (i-1,l) a r e  
1 2  - 

c o l o r e d  wh i t e  and b l a c k ,  r e s p e c t i v e l y ,  by Lemma 3.2.1,  t h e r e  e x i s t 9  

a  hami l ton ian  ( i , O ) , ( i , l )  -path  P  i n  (H ) a d  a hami l ton ian  1 1 



x,y-path i n < H u H  ) .  Since  I H  1 i s  an even i n t e g e r ,  by 
1 2  3  

C o r o l l a r y  3 .2 .3 ,  t h e r e  e x i s t s  a  hami l ton ian  ( i - 1 , 2 ) ,  ( i , 2 ) - p a t h  

- P  i n  ( H ~ ) .  A hami l ton ian  x,y-path can  now b e  c o n s t r u c t e d  by 
3 

1,2,PJ-extension.  Th i s  completes  t h e  c o n s t r u c t i o n s  f o r  Case 1. - L P ~  

Case 2  j=k and i c h .  Suppose t h a t  i i s  an even i n t e g e r  and jfn-1. 

W e  p a r t i t i o n  v ( G )  i n  t h e  fo l lowing  Tanner. L e t  H ~ =  {(r ,s) I r l i 

and s ~ j ) ,  H =((r ,s) l  O S r i m - 1  and s < j )  and H = v ( G ) - ( H U H  ) .  ~ o t i c e  
3  1 2  2 

t h a t ( H $  ,1H2I and I H  I a r e  a l l  even i n t e g e r s .  By Lemma 3.2.1 .  
3 

t h e r e  e x i s t s  a  hami l ton ian  x,y-path P i n  {HI).  L e t  t b e  an 
1 

i n t e g e r  s a t i s f y i n g  i't'n-2 such t h a t  t h e  edge ( i , t )  ( i , t + l )  is an 

edge on t h e  p a t h  P I f  I H  / f O ,  t hen  by Coro l l a ry  3 .2 .3  t h e r e  
1 3 

e x i s t s  a  hami l ton ian  (i-1, t)  , (i-1, t+l) -path P i n  < H ~ >  . Le t  
3  

P 
1 , 3  

be  t h e  hami l ton ian  x,y-path i n  < H  u H  ) c o n s t r u c t e d  by 1 3  

[P P ] -extension.  If I H ~ ~ # O .  t hen  l e t  q be  an i n t e g e r  s a t i s f y i n g  
1' 3  

CoroZlary 3.2.3,  t h e r e  e x i s t s  a  hami l ton ian  (q,  j-1) , (q+l , , j -1)  -path 

P2 i n  < H  >.  A hami l ton ian  x,y-path can now b e  c o n s t r u c t e d  by 
, . 2 

P  1-kxtension.  Suppose t h a t  i i s  an  even i n t e g e r  and j=n-1. 
[P1.,.31 3  

Th i s  imp l i e s  t h a t  n  i s  n e c e s s a r i l y  an odd i n t e g e r  and we 

c o n s i d e r  t h e  fo l lowing  p a r t i t i o n i n g  on V ( G ) .  Le t  

H = { ( ; , s ) [  r ? i  and 0 i s ~ n - 1 )  and H =V(G) -H By Lemma 3.2..1, 
1 2  1 ' 

t heye  ' e x i s t s  a hami l ton ian  x ,y-pa th  P i n  < H  >. S i m i l a r l y ,  i f  1 1 

IH21#O', t h e r e  e x i s t s a n  i n t e g e r  t '  s a t i s f y i n g  OSt ' ln-2 such t h a t  

t h e  edge ( i1t ' )( i , t1+l)  is on t h e  p a t h  PI. By c o r o l l a r y  3.2.3,  

there e x i s t s  a hami l ton ian  (i-1, t '  ) , (i-1, t '+l) -pa th  P i n  < H 2 > .  2  



A hamiltonian x,y-path in G can be constructed by [P P-1 - 
a 1' 2 

extension. For the remaining constructions in Case 2, we assume 

that i is an odd integer and the set V(G) is partitioned as 

follows. Let H ={(r,s) lr~i and 0cs'n-1) and H =V(G)-H It is 
1 2 1 ' 

clear that the vertices (i,O)€H1 and (i+l,O)€ H are colored white 
2 

and black, respectively. By Lemma 3.2.1, there exists a 

hamiltonian (i, j) , (i ,O )  -path P in <H > and a hamiltonian 
1 1 

(i+l,O) , (h,k) -path P in < H ~ > .  The concatenation of PI and P2 using 2 
v 

the edge (i,O)(i+l,O) results in a hamiltonian x,y-path in G. 

This completes the constructions required for Case 2. 

Case 3 j=k and i>h. From the symmetry of the problem this case 

is required to be considered only if n is an odd integer. 

Furthermore, it suffices to assume that j=ks +l. Suppose that [;I 
i is an even integer. We consider the following partitioning on - 

v(G). Let H ={(r.s)lr?i and s~j), ~~={(r,s)lr(i and s~j) and 
1 

H =V(G)-(H~UH~). Observe that (m-1,j)CH and (Ofk)€H2 are colored 
3 1 

white and black, respectively. By Lemma 3.2.1, there exists a 

hamiltonian (i,j), (m-1,j)-path P in <H > and a hamiltonian 
1 1 

(0, j ) , (h,k) -path P in <H > . Since ( H ( is an even integer, 
2 2 3 

Lemma 3.2.1 also guarantees the existence of a hamiltonian 

(m-1, j+l) (0, j+l) -path P in <H3) The concatenation of P P and 
3 1, 2 

P using the edges (m-l,j) fm-l,j+l) and fO,j) (O,j+l) results in a 
3 

hamiltonian x,y-path in G. 

Finally, we assume that i is an odd integer and consider the 

following partition on V ( G )  . Let H ~ =  {(r,s)( rli and s$ j 1 ,  
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H ~ =  {(r,s)( r!i and sr j ] and H =V(G)  -(H uH 1.. This partitioning 
3 1 2  

yields that (H I . I H ~ I  and I H ~  are even integers. By Lemma 3.2.1 
1 

there exists a hamiltonian x,y-path P in <HI>. Suppose that 
1 

IH3] #O .- There exists an integer q' satisfying 05u15 j-1 such that 

the edge i q  q + l  is on-the path P1. By Corollary 3.2.3, 

there exists a harniltonian (i+l,ql) , (i+lIql+l) -~ath P in <H ). 
3 ,  3 

Let P be the hamiltonian x,y-path obtained by [P  P ]-extension. 
1,3 1' 3 

Since j=k< n +1, there exists an integer p satisfying j+lLp<n-1 
- [TJ 

such that the edge (i+l,p) (i+l,p+l) is on the path P 
1,3' BY 

Corollary 3.2.3, there exists a hamiltonian (i ,p) , (i ,p+l) -path 
.. 

P in <H2>. A hamiltonian x,y-path can now be obtained by 
2 

P ]-extension.. 1f IH31=0, then x= (a-1, j) and there 
CP1,3p 2 

exists an integer 2 satisfying 05l!m-2 such that the edge 

(A, j ) (&+l, j ) is on the path P By Corollary 3.2.3, there - 1 ' 

< H ~ > .  A hamiltonian x.y-pat.h in G can now be obtained 

by [pl,P1]-extension. This completes the proof of the 
2 ? 

lemma. W 

It is important to realize that the lower bounds on. 
e: 

m and n in Lemma 3.2.5 are sharp. 

Lemma 3.2.6 Let m and n be two odd positive integers 
T 

greater than or equal to 3. Let G = L  xL . Then there rn n 

exists a hamiltonian path connecting any two b l - k  

vertices in G, 

Proof: Let G be a graph which satisfies the 

hypotheses of the lemma. Consider two arbitrary 



distinct black vertices x=Ci,jl and y=Ch,kl in G. From 

the sy-mmetry of the problem, there-is no loss of 

generality in assuming that 

thlfee cases to be considered. 

Case 1 i is an odd integer 

ilh and jlk, There are 

and i c h .  Consider the 

. following partitioning on V (G) . Let Hl= {(r, s) / r i it 

OlsSn-1) and H =V(G)-HI. It is clear that the vertices 
2 

( i . 0 ) ~ ~ ~  and (i+l,O)cH are colored white and black. 
2 

respectively.. Observe that IH I is an even integer and 
1 

( H ~ I  is an odd integer. By Lemma 3.2.1, there exists 

a hamiltonian (i, j) , (i.0)-path P in <HI>. By Lemma 
1 

3.2.2, there exists a ham-iltonian (i+l,O),(h,k)-path 

in <Hg>. The concatenGtion of the-paths P1 and P = 
2 

using the edge 0 + O  results in a hamiltonian 

Case 2 i is an odd integer and i=h. Under the 

assumptions of the case, j<k must be satisfied. 

Let H1=((r,sjlO~r~m-l and ssj 1 and H =V(G)-H 
2 1' 

It is 

clear that the ve'rtices ( 0, j)< H1 and -~#fj+l) are 

colored white and black, respectively. Furthermore, 

I H ~ (  a n d l ~  I are even and odd integers,respectively. 
2 

By Lemma 3:2.1, there exists a hamiltonian 

- 0 
(i, j ) , ( 0, j) -path Pi in < H  > : i By Lemma 3.2.2, there 

1 
% -* 

exists a harniltonian (0, j-1) , (h,k) -path P i  in <HZ). A 
* 

hamiltonian x,y-path in G can be constructed by 

concatenating PI and PI using the edge ( 0 , j )  ( 0, ]+I). 
1 2 



- 

Case 3 i is an even integer. If either x or y is 

a corner vertex, then Lemma 3.2.3 can be applied 

directly to construct a hamiltonian x,y-path in G. 

For the remainder of the proof, it will be assumed 

that neither x nor y is a corner vertex. We first 

.assume that ifm-1 and consider the following partit- 

ioning on 'V ( G )  . Let H = {(r,s) 1 rti and sbj ), 
1 .  

H2 
={(r,s)lr?i and scj} an3 H =V(G)-(H u H 2 )   hen, 

3 1 

lHll is an odd integer while both IH a n d l ~  1 are even 
2 1 3 

integers. By Lemma 3.2.2, there exists a hamiltonain 

x,y-path P'; in <HI> . Suppose that lH21 #o. Let 1 be 

an integer satisfying is such that the &dge 
+ 

(.&,j) (l+l,j) is on the path P" By Corollary 3.2.3, 
1 -  

there exists a hamiltonian (R,j-11, (-e+l, j-1) -path 

P: in <HZ>. Let P" be the hamiltonian x,y-path 
1,2 

obtained by [P;,P"]-extension. . Suppose that P ~ # O .  2 

It is clear that there exists an integer.t satisfying 

OStin-1 such that t e edge (i, t) (i, t+l) is on the 
$ 

path P" By Corollary 3.2.3, there exists a 
1,2' 

hamiltonian (i-1, t),(i-1, t+l) -path PI! in < H ~ > .  3 

hamiltonian x,y-path in G can now be obtained 

[ p i Z  ,Ptl]-ext-ension. The cases where either / H ~ = o  or 
3 

/' 
JHJ=o can be treated similarly. It remains to 

\ 
consider the case where i=m-1. This, however, 

implies that h=m-1 and j<k. By the symmetfy of the 

problem, this is equivalent to constructing a 



hamiltonian (0, j 1 , (0, kl -path in G which has already 
w 

been accounted for in the last construction., 

This completes the proof of the lemma. I 

It will be shown in the.following how Lemmas 3.2.1 

through 3.2.6 can be used to establish the hamiltonian- 

connectedness of a graph isomorphic to C xL , for any 
m n 

integer n22 and any odd integer m13. 

Lemma 3.2.7 Let G be a graph isomorphic to C xL for 
m n 

t 

any integer n12 and any odd integer m>3. Then G is 

hamiltonian-connected. 

Proof: Let G be a graph which satisfies the hypothesis 

of the lemma. Let x=(i,j) be a black vertex in G and 

II 

y=(h,k) be any vertex in G distinct from x. From 

the symmetry of the problem, it is clear that there is 

no loss of generality in assuming that ~ S i s i ,  iSh and 

jSk. In order to apply Lemmas 3.2.5 a.nd 3.2.6, we 

first invg-stigate the hamiltonian-connectedness of 

G where the lower bounds a 2 4  and m15 are satisfied. 
*- 

The remaixing cases will be examined separately after 
I 

the following four cases have been considered. 

Case 1 n is an odd integer and h'l. If y is a black 

vefte'lx, then by Lemma 3.2.6 there exists a hamiltonian 

x,y-path'in G. Hence, y is assumed to be a white 

vertex in G for the remaining constructions. Consider 

the following partition on V(G). Let 



H l = ( r , s ) 0 r l  and 0lsln-1)and H =V(G)-HI. The 
2 

vertices (1,O) and(2,O) are of colors white and black, 

respectively. By Lemma 3.2.1 there exists a 

hamiltonian (if j) , (1.0) -path Pl in <HI), and a 

hamiltonian (2,0),(h.k)-path P in (HE). The concat- 
2 

.enation of P and P using the edge (1,O) (2,O) results 
1 2 

'. 
in a hamiltonian x,y-path in G. 

Case 2 n is an odd integer and h5l. For the reason 

mentioned in Case 1, it suffices to assume that y is a 

white vertex. Ifex=(l,j), for some j satisfying , 

1 - 2  then we partition, V(G) as follows. Let 

H ={(r,s)l OSrSl, 
1 .  

j5s~n-l), H2 = {(r,s) ( 2SrSm-1, ois~n-1) 

and H =v(G) - ( H ~ U  H2) . Observe that I H I is an odd 3 2 

integer while both I H  I and IH 1 are even integers. By 
1 3 

Lemma 3.2.1, there exists a hamiltonian x,y-path P 
1 

in < H  > .  By Lemma 3.2.6, there exists a hamiltonian 
1 

(2,n-l) , (m-1,n-1) -path P in <H > . S5nce y= (1,k) ; for 
2 2 

some k satisfying j+lSk<n-1, it is clear that the edge 

(0,n-1) (1,n-1) is on P 1' Furthermore, (0,n-1) is 

adjacent to (m-1,n-1) and (1,n-1) is adjacent to 

2 - 1 .  Let P 
1,2 

be the hamiltonian x,y-path in 

<H u H2) which is obtained by [P ,P ] -extension. It is 
1 1 2  

/ 
clear that the edge ( 0 1 1 ,  j 1 is on the -P portion 

1 

of the path P 
L 2 * ,  

By Lemma 3.2.1, there exists a 

hamiltonian ( 0, j -1) , (1, j-1) -path P in < H 3 )  Then, a 
3 

hamiltonian x,y-path in G can be obtained by 



,P ]-extension. We next assume th,at x is of the 
CP,,2 3 

form (0, j) for some j satisfying O~j5n-1. As long as 

j<k, the last construction can still be used to 

provide a hamiltonian x,y-path in G. If j=k, then 

consider the following partition on V(G). Let 

and H3=V (GI- (H1u H2) . It is clear that ( H  I is an odd 
2 

integer and (H I and 1H 1 are even integers. Suppose 1 3 

that jsn-1. By Lemma 3.2.1, there exists a hamiltonian 

x,y-path P' in <H ) and by Lemma 3.2.6, there exists a 
1 1 

hamiltonian (2,n-l) , (m-1.n-l) -path Pi in <HZ>. Since 

the edge (0.n-1) (1,n-1) is on the path Pi, a hamiltonian 

x,y-path P' in < H u H > can be obtained by [P;,P;] - 
1,2 1 2  

extension. Let A be an integer satisfying 2,~lSm-1 

such that the edge (1, j (l+l, j ) is on the path P' 
1,2' 

Suppose that (~~('0. By Corollary 3.2.3, there exists 

a hamiltonian (L,j-l), (k+l,j-1) -path Pi in < H3>. A 

hamiltonian x,y-path in G can be obtained by 

,PI)-extension. The cases where j=n-1 or j=O can 
Cpi,2 3 

be treated similarly. - 
Case 3 n is even integer and h>l. If y is a white 

vertex, then Lemma 3.2.5 guarantees the existence of 

a hamiltonian x,y-path in G. Hence we.assume that y 

is black. Clearly, ( 0,n-1)  =nd - 1  - 1  are white 

vertices in G and consider the following partition on 

V (GI . Let H = ((r, s) 105 rll, 0 5s ln-1 ) and H =V (G) -H 
1 2 1' 



BY Lemma 3.2.1, there exists a hamiltonian (i,j), 
5 

( 0,n-1) -path p in < H  > and a hamiltonian 1 1 

(m-1,n-l),(h.k)-path P in < H 2 X  The concatenation 
2 < 

of P1 and P using the edge ( 0,n-1) (m-1,n-1) results 
2 

in a hamiltonian x,y-path in G. 

Case 4 n is an even integer and hll. As in case 3, 

it suffices to assume that y is a white vercex. ' 

Suppose that y#(l,n-l). Then, k5n-2 and we partition 

V ( G )  as follows. Let HI= ((r .s) 1 Olrlm-1, 0 sssn-2 and 

' H2=V ( G )  -H1. By Lemma 3.2.6, there exists a hamiltonian 

x,y-path P in <HI>. Let be an integer satisfying, 
1 

0'L~m-2 such that (1,n-2) (l+l,n-2) is an edge on the 

path PI. Let P2 be the hamiltonian ,(&,n-1) (l+l,n-1)- 
J 

path in <Hz> defined by C&Jn-l) (2-1,n-1). .. (o,n-1) 
(m-1, n-1) (m-2, n-1) . . . u+l,  n-1) . A hamiltonian x, y-path 

1 .  

in G can be obtained by [P1,P ]-extension. It remains 
2 

to assume that y=(l,n-1). If x=(O,n-2). then by 

Lemma 3.2.6 there exists a hamiltonian 
\ 

( 0,n-21, (2.n-2)-path P' in <H1>. It is clear that the 
1 

path P :  2 3 - 1 . .  m - l n -  ( O n -  1 ; - 1  is a 2 

hamiltonian (2 ,n-1) , (1 ,n-1) -path in < H . A hamiltonian 2 

x,y-path in G can be constr~cted by concatenating P t  
I 

1 

then by Lemma 3.2.6 there exists a hamiltonian (it]), 

( 0.11-2) -path P; in < H~L Furthermore, 



hamiltonian ( 0.n-1) , (1 ,n-1) -path in <H2>. The 

concatenation of PI' and P" using the edge (0,n-2 
1 2 

(0,n-1) will result in a hamiltonian x,y-path in G. 

For the remainder of the proof, we assume that 

either nS3 or m=3. 

We first consider the situation where m=3 and n 

is an integer greater than or equal to 2 and examine 

the following two cases. 

Case 1 n is an odd integer and m=3. It is clear that 

it suffices to consider only the case where y is a , 

white vertex. Suppose the x=(O,j) for some j 

k 
satisf.ying 05jSn-1. If j=n-1, then we let 

~ = ( r  0 r  l ~ s ~ n - 1 )  and H 
1 2 

= V  (GI -H1 . By Lemma 

3.2.1. there exists a hamiltonian x,y-path P in (H1),. 
1 

- -  Let P, be an integer satisfying OIJl5l such that the 

edge , 1) 1 ,  is on the path P . l o  
Let P 2 be a 

* 

hamiltonian (P,o) , ( P + l ,  0) -path in <HZ> which contains 

the edge (0,0)(0,2). A hamiltonian x,y-path in G can 

be obtained by [P1,P ]-extension. If - 1  then the 
2 

following partition on V ( G )  applies. Let 

H1 
={(r,s) (O~rS2,l~sCn-l] ,H = {(r,s) I O d r ~ 2 ,  s=n-1) and 

2 ,  

=V ( G )  - (H1u HZ) . I y 1 , - 1 )  , then ycHl and by 
I # 

there exists a harniltonian x,y-path P' 1 
i- 

in {HI). ~ ' e t  t be an integer satisfying OSt'l such 



that the edge (t,n-2) (t+l,n-2) is on the path Pi. 

There exists a hamiltonian (t,n-l),(t+l,n-1)-path P i  

in <H > which contains the edge 0 , - 1  2 - 1  . Let 
2 

PI .be the hamiltonian x,y-path in < H  u H  > obtained by 
1,2 1 2  

[piIp1]-extension. Observe that 1H31 is even. If 
2 

IH31>O, then P' 
1,2 

can be extended in a similar way to 

a hamiltonian x,y-path in G by applying Corollary 

3.2.3 on <H3>. .Otherwise, G=<H v H  > and PI 
1 2  

itself 
1,2 

is a hamiltonian path in G. Suppose that y=(l,n-1). 
f- 
L 

Since (2,n-2) -is a white vertex in H by Lemma 3.2.1, 
1' 

there exists a hamiltonian ( 0, j) (2.. n-2) -path P'; in 

< H ~ > .  Let P" (2 ,n-1) (0.11-1) (1,n-1) be the hamiltonian E 

2' 

(2,n-l), (1,n-1)-path in < H  > .  Let P" be the hamiltonian 
2 

x,y-path in CHluH > obtained by concatenating PI1 and PZ . 
2 1 

using the edge (2,n-2) (2,n-1) . If IH31 =Or then P" is 

a hamiltonian x,y-path in G. Otherwise, P" can be 

-_, extended to a hamiltonian x,y-path in G by applying 
'--\ 

~ o r h a r ~  3.2.3 on <H > in a way similar to the last 3 

construction. Finally, we assume that x=(l,j) for 

some j satisfying 11jSn-2, and we partition V(G) in the 

following manner. Let H = {(r,s) 1 O S ~ C - 2 ,  osss j 1, 
1 

~~=<(r,s)10 r = +'T l ~ s ~ n - 2  f and H =((r,s) tOsri2,s=n-1). 
3 

\ 

If y€H1, then y=(\2,j). By Lemma 3.2.1, there exists a 
'1 

/ ' 
/ 1 

\ 

'\ 
', 



hamiltonian x, y-path P in <H 3 ) .  without loss of generality, P 
1 1 1 

can be cho& in such a way that the edge ( 0 ,  j ) (1, j) 

is on the path P If I H I >0, then by applying corollary 3.2.3 
1 " 2 

there exists a hamiltonian (0, j+l) , (1, j+l) -path P2 in < H2 ). Let 
P be the hamiltonian x,y-path in G obtained by 
112 

[Pl,P2]-extension. In a similar manner P can be 
1,2 

extended to a hamiltonian x,y-path in G. If y€HZ, 

then by Lemma 3.2.1, there exists a hamiltonian 

(2, j+l), (h,k)-path Pi in<H >and a hamiltonian 
2 

(1, j ) , (2, j ) -path P ' in<H1 >. Let P ' be a hamiltonian 1 

x,y-path inCHluHZ' obtained by concatenating P' and 1 

extended to a hamiltonian x,y-path in G. If,.g€H3, 

then by Lemma 3.2.1, there exists a hamiltonian . -  

(11j),(2,'n-2)-pathP" ~ ~ ( H U H  >. Let 
1,2 1 2  

~;:(2,n-1) (0,n-1) (1,n-2). Then the concatenation - ,  of 

P" and P" using the edge (2 ,n-2) (2 ,n-1) results in a 
3 

a 

hamiltonian x,y-path in G. 
? 

Case 2 n is an even integer and m==?. We first assume 

that y is a white vertex and x is a black vertex of the 

form (0, j) for some j satisfying OSjIn-2. We partition 
4 





then yCH and let P'= Cl,n-1) C0,n-1) (2,n-1). By Lemma ' 
2 2 

3.2.6, there exists a hamiltonian (i,j),(2,n-2)-path 

P' in <H > .  The concatenation of P '  and Pi using the 
2 1 1 I. 

fl 

edge (2,n-2)(2,n-1) is a hamiltonian x,y-path in G. 

We proceed to complete the proof of the lemma by 

consideripg the case where n=2 or and m is an odd \ 
> - 

1, integer greater than or equal to 5. S u p p o q t h a t  

n=2 and x=(O,O). If y is a white vertex in G ,  then by 

Lemma 3.,2.1, x is connected to y by a hamiltonian 

path. If y is a black vertex, then partition,V(G) into 

two subsets H ={(0,0),(0,1)) and H =V(G)-H 
1 1' Since 

. !  -J 
(m-1.1) is a white vertex in' H2 , By Lemma 3.2.1. there 

exists a hamiltonian (m-1.1) , (h.k) -path P2 in <HZ >. A . 

hamiltonian x,y-path can be constructed from the 

concatenation of the path P with the path 
2 

p ( 0 )  ( 1 )  ( - 1 1  If x= (l,l), then consider the 

partition on V(G) as follows. Let H = ((r,s)l O f r i 1 , O ~ s ~  1) 
1 

and H2=V (G) -H 
1' By Lemma 3.2.1, there exists' a 

1 

hamiltonian (l.l).(O,l)-path Pi in < H ~ >  and a hamiltonian 

(m-l,l)(h.k)-path P;  in<^^>. The concatenation of 

P' and P' results in a hamiltonian x,y-path in G. 
1 2 

Finally, we assume that n=3. Lemma 3.2.6 accounts for 

the case when both x and y are black vertices and it 
&.=' 

remains to assume that y is a white vertex. By the 

symmetry of G I  it suffices to assume that x=(O,O) or 

(0,2). Suppose that x=(O,O). If y=(h,k) such that 



- - 2 

hll, t'hen we partiti65 VCG) into two subsets 

= {(r, S) I r=0 , 0 5 ~ 5 2  ) and H =V (GI -H1. Since. 1 H I is 
s 2 2 

even and (m-l,2) is a biack vertex, there exists 'a 
- 

, I *= 

hamiltonian (m-l,,2), ( h  .k)-path P2 in < H2). A 
*= 

hamiltonian ~ ; ~ - ~ a t h  can be constructed by concatenating 

then we partition V(G) into the two subsets 

H { r ,  s r - 1  , 05s 51 ) and H2=V ( G )  -H From the . 1' 

construction used in the case where n = 2 ,  it is clear 

r )  

that (H > is hamiltonian-connecte-d. Pi be a hamiltonian 
1 %  

(0,-0) . (0,l) -path in < H ~ >  . There exists an integer t 

satisfying O5tlm-1 such that (t,l) (t+l,l) is an edge 

on the path. P' 1' Let 

hamiltonian (tr2).(t+l,2)-path in < H Z >  A hamiltonian 

x,y-path can be obtained from [P~,P']-extension. 
2 

Suppase that x=(l,l). We conside? the same partition 
* @ 

f 

on V(G) as in the last argument. If y€Hl, 'then 

construct a hamiltonian x.y-path in < H  > and extend it 
1 

to a hamiltonian x,y-path in G as in the last 

cons.truction. If y=(1.2). then le't Pi be a hamiltonian' 

(1.1) , (0.1) -path in < H  ). Let 
,1 

P"= (0,2) (m-1,2) (m-2,.2). . . (1,2) and the concatenation 
2 

of P" and P" constitutes a hamiltonian x,y-path in 
1 2 -- 

G. If y=(h,2) for some h13, then V(G) is partitioned 



into H -{(r, s )  1 0;rLrn-1, 15s 52 ) and H =V (G) -H1 Since i 2 . 

(H > is hamiltonian-connectea, a hamiltonian x,y-path 
1 /' 

in <H1bis obtained which can be extended to become a 

hamiltGnian x,y-path in G as in a previous argument. 

This completes the proof of the lemma. 

Lemma 3.2.8 Let n and m be two integers greater 

e3 than or equal to 2 and G be a graph isomorphic to L xL . 
m n 

If G contains a white edge, then there exists a 

hamiltonian (0,O) , (m-1,n-1) -path ifi G .  

" Proof: Let x= (0,O) and y =  (m-1,n-1). If both m and n 

a characterization of the hamiltonian-connectedness of a 

graph isomorphic to C xC for some integers nL2 and mL3, two 
m n 

useful comments are in order. It is important to observe 

that if n=2 or 3.and m is an even positive integer, then - - - 
? 

the aqraph CmxL is not hamiltonian-connected. However, 
n 

are odd integers, then by Lemma 3.2.6, there exists a 

hamiltonian x,ydpath in G. If one of the integers 

m and n is even while the other one is odd, then y is 

a white vertex and by Lemma 3.2.1 there exists a 

hamilt~nian x,y-path in G. If both m and n are even 

integers, then a straight forward double induction o 

,' 
r 

m %and n in a manner similar to the proof,in Lemma13.2.1 

will establish the existence of a hamiltonian x,y-path 
-. --. 

in G. This completes the proof of the lemma. 

B-efore we apply the results obtained so far to establish 

any two vertices in the graph which are colored differently 



by a, hamiltonian path. 
*. -'L , 

The second comment concerns with sfmpli?ying of notations. 

Let G=(V(G).E(G)) be a graph and Hi and H be disjoint 
2 

I 
subsets of V ( G )  such that for some x,ydHl and u,-v<H there 

2' 

exists a hamiltonian x,y-path P '  in 4H > and a hamiltonian 
1 1 

u,v-path P  in'<^ > .  We shall simply say that Pl is 
2 2 

extended a hamiltonian path in < H u H2 > by 
1 

to denote a [P ,p2]-extension, without specifying 
1 

explicitly the forms of the vertic,es u,v and the vertices 

ur.v'tV(P1) such that UU'.VV*CE(G). . ,< 

Theorem 3 . 2 . 9  Let n and m be positive integers 

greater than or equal to 2.  let'^ be a graph 
\ 

isomorphic to C xC . Then G is hamiltonian-connected 
m n 

f if and only if G contains a white-edge and a black edge. 

Proof: Let G=Cm+Cn for some positive integers m and n 

greater than or equal to 2. Suppose that one of the 

integers n or m is odd. without loss of generality, 

let m be an odd integer. Then, G contains a spanning 

subgraph isomorphic to C xL which satisfies the 
m n 

hypotheses of Lemma 3 . 2 . 7 .  This implies that G is 

hamiltonian-connected. Furthermore, G contains at 

e 

least one black edge and one white edge. Hence, for g$ 

the remainder of the proof, both m and n are assumed *, 

I - d! 
to be even integers greater than or equal to 4. 

We first establishwe necessity and assume that 

4 x-? 

G is hamiltonian-connecte Observe that V(G) is an 



even integer greater than or equal to%6. Let u and v 

be two arbitrary white vertices and F be a hamfltonian 

u,v-path in G ,  It is clear that the number of black 

vertices and the number of white vertices on P are 

equal. Let u' and v' be two vertices on P such,that 

the edges uu' and vv' are on the path P. Then the 

number of black v flices on the u1,v'-path P', obtained 

from P by removing the initial and terminal vertices 

u and v, exceed the number of white vertices on P' by 

2. It is clear that there exists at leastone black 

edge on P'. If u and v were chosen to be black vertices, 

then a similar argument will show that there exists at 

least one white edge on P'. This established the 

necessity of the theorem. 

It remains to establish the sufficiency of the 

theorem. Let x=(i,j) and y=(h,k) be two artitrary ver- 

tices in G. If x and y are of different colors, then 

by Lemma 3.2.5 and the comment preceeding the theorem, 

there exists a hamiltonian x,y-path in G. It remains 

to assume that both x and y are of the same color. 

Due to the symmetry of the problem, it suffices to 

assume that both x and y are colored black and x=(O,j) 

for some j€{0,2,...,n-2). Let y=(h,k) be an arbitrary 

black vertex in G distinct from x. We proceed by 

induction on Ij-kf to construct a hamiltonian x,y-path 



, 
in the underlying spanning subgraph of G which is 

isomorphic to C xL . We first consider the case where 
m n 

Ij-kl=O. Under this assumption, j=k and hE{2,4, ..., rn-2). 

We partition V(G) into four subsets as follows (see 

Figure 3.3) . Let 

figure 3.3 

By the hypotheses of t h e p t S h e ~ r r e n t l k e r e  exist h m  -ta 

i 

vertices w and- w in V ( G )  such that wlw2€E (G) . There 
2 

are feur cases %o consider. 

Case 1 w w fH for each i=1,2,3,4. Suppose w w < H  
1 2 i' 1 2 2' 



- 
- BY Lemma 3.2.8, there exists a hamiltonian 

(O.j),(h-1,n-1)-path PI in <H1>. By L2mma 3.2.1, 

there exists a hamiltonian -(h,n-l),(h,k)-path P in < H ~ > .  
2 

* 

Let P be the hamiltonian x,y-path in <H uH > constructed 
1 2  

from concatenating P1 and P using the edge 2 

" ( 1  , - 1  ( h  - 1 )  . The path P can be extended to a 
r 

'hamiltonian path in G by including H $fc If wlrw2EH2 

then by Lemma 3.2.8 there exists a hamiltonian 
3 

(m-1,n-1) , (h,k) -path .P' in < H  > Let P' be a hamiltonian 
2 2 1 

(0, j) , (0,n-1) -path in <H1>. The concatenation of P '  
2 

1 

p and P' using the edge (0,n-1) (m-1,n-1) constitute@ a . 
2 

L '. 
hamiltonian x,y-path P' in < H  U H  . P' can now be 

1 2r 

extended to a hamiltonian x,y-path G by including 

H3U H 
4 '  

If w1,w2EH3, then by Lbmma 3.2.8, there exists 

ah-amiltonian (h-1.k-l),(O.O)-path PI1 in <H3>. By 
3 

Lemma 3.2.1, there exists a hamiltonian (O,j),(h-1,k)- 

path P; in <HI> , a hamiltonian (m-1,O) (m-1, k-1) -path 
e 

P in < H  > ,and a hamiltonjan ' (m-1 ,'k) , (h, k) -path P" 
4 4 2 

in <H >. The concatenatior)*of ' the paths PI' 
2 

P" using the edges h - k  h - 1  , (0,O) 
4 

- .  ' I  

m - , k , m - 1  constitutes a hamiltonian x.y-ppth in 
9 f 

f 
G. If wlfw2EH then there exists a hamiltonian r 

.- 4' 

(h,O), (m-1,k-1) -path -P"' in (H4>. By Lemma 3.2.1, 
4 

there exists a harniltonian (0, j) , (h-1, k) -path Pi'' 
, . 

in < H > ,  a harniltonian (h-1,k-1) , (h-l,~) -path PI" 
1 3 

in < H  > and a hamiltonian (m-1,k) , ih,k)-path P"' in 
3 2 



H . The concatenation of P "' , P;" , P;" and P "' using the edges 
2 1 4 

\ 
- 1  - 1  1 , (h-1,O) (h.0) and (m-1.k-1) (m-1,k) results in a J 

% 
hamiltonian x,y-path in G. 

Case 2 (wl C H and w E H 1 or (w e H and w2 E H  ) 'or 1 2 3 1 2  4 \ 

\ 

s UP? (w1€H3 and w € H  1 .  se that wl E H and w E H By Lemma 2 3' < 2 4 1 

3.2.1, there exists a hamiltonian x,wl-path P in < H ~ > ,  a 
1 .  

hamiltonian w (h-1,k-1)-path P in <H >, a hamiltonian 
2 ' 3 3 

(h, k-1) , (m-1 ,k-1) -path P4 in <H > and a hamiltonian (m-1, k) ,.(h. k) 
4 

-path P in ( H > . . The concatenation of P P P and P using 
2 2 1' 2' 3 4  

the edges w w (h-1,k-1) (h-1,k) and (m-1,k-1) (m-1,k) results. in 
,1 2' 

a hamiltonian x,y-path in G. The other two cases where w E H  1 2  

a&$w2 6 H4 or w € H  and w € H can be treated similarly. 
1 3  2 4  

Case 3 (wlEH andw € H I  or (w E H  andw E H ) .  
1 2 4 1 2  2 3 

Suppose that w f H  and w2EH4. By Lemma 3.2.1, there exists a 
1 1  

hamiltonian x,w -path P in <HI> , a hamiltonian w (m-1,k-1)- 
1 1 2 ' 

path P4 in < H > and a hamiltonian (m-1, k) , (h,k) -path P in <H >. 
4  2 2 

By concatenating P P and P using the ed es w w and 
1' 2 4  7 l 2  

\ 

(m-1, k-1) (m-1,k') , we obtain a hamiltonian x, y-path P in 

< H uH UH > . The path P can now be exten&;" to a hamiltonian 
1 2 4  

x,y-path in G by including H Using a similar argument, a 
3 ' 

hamiltonian x,y-path in G can be constructed if w € H 
1 2  

and w €H 
2 3 -  

Case 4 wlf H1 and w E H  * .  We first suppose that either 
2 2 



m16 or the white edge w w is not 'in the foxm 
1.2 

h - k  - 1 , k  By Lemma 3.2.1 there exists a 

hamiltonian x,w -path P in < H  >.and a hamiltonian 
1 1 1 

w ,y-path P in <HZ>. Let P be the hamiltonian x,y-path 
2 2 

in < H  U H  > produced by concatenating P1 and P using the 
1 2  2 

white edge w w 1 2' If I H ~ u H  ( > O r  then P can be excended 
4 

to a hamiltonian x,y-path in G by including H U H 4 .  If 
3 

I H ~ I = I H ~ I  =0, then P itself is a hamiltonian x,y-path 

in G. It remains to consider the case where ms4 and 

the white vertices w and w are in the forms (1,j) 1 2 

~oroll'ary 3.2.3, there exists a hamiltonian 
', > 

(0, j-.l) ,l, j-1) -path P~J-- in CH~LJH~). Let P*' be the, 

x,y-path in<H3u H j u V  (PI) > constructed by [PI rP34 1- 
. 
+ extension. It is clear that there exists a hamiltonian 

1 - 
(2, j+l) , (3, j+l) -path P 

112 
in <(H1uH2)-V(Pt)>. P* can 

now be extended to a hamiltonian x,y-path in G by 

This establishes the hamiltonian-connectedness of --% 
-_. 

G when j=k. Suppose that for some nonnegative integer 

~ * ~ 0 ,  the theorem has been esatblished-for each value 
, 7=f -5 

of I j-kl satisfying 051 j-kJ~i*. Let x= (0, j) and 

y=(h,k) such that j-k =%*+1. The case where k>j will 

't 
be considered separately from the case where kGj. We 

first investigate the former case. 



/ 
Case a k=j+ (Q*+l) >j. 

We first assume that j L 2 and k ,' n-2 and wartition 

V ( G )  into* two subsets 

H r s  O r - ,  Olslj ) and H 2 =V (G)-H 1' Suppose 

2 
that the white edge w w is in <Hy>. By the induction 1 2  1 - 

hypothesis, there exists a hamiltonian (0;j). (m--5.j)- 

path P1  in<^^>. Since (m-2.j) is a black vertex in 

H1, 
(m-2, j+l) is a white vertex in H 2' 

By a comment 

preceeding Theorem 3.2.9 or by Lemma 3.2.5, there 

exists a hamiltonian (m-2, j+l) , (h, k) -path P2 in < HZ). 

The concatenation of P1 and P using the edge 2 Ii 

(m-2j)(m-2j+l) provides a 'hamiltonian xIyPpath in G. 

Suppose that the white edge w w is in < H  >. Let q 
i L. 1 2  2 

be a integer satisfying l(,q<,m-1 such that (q,j+l) is a 

black vertex distinct.from y. By the induction 

hypothesis, there exists a hamiltonian (o,j+l),(h,k)- 

path Pi in <Hz>. By Lemma 3.2.1, there exists a 

amiltonian (0, j) , (q., j) -path Pi in <H . A hamiltonian 
1 

x,y-path in G can be constructed from the concatenation 
J- 

of P and P 1  using the edge (q, j) ( q ,  j+l) . Next, we 
1 2 

assume that w € H  and w €H 
1 1  2 2' 

By Theorem 3.2.5 or by 

the comment preceeding ~hedrem 3.2.9, there exists a 

hamiltonian (O,j),wl-path P'; in <H > and a hamiltonian 1 

w (h,k)-path P,! in CH2>. A hamiltonian x.y-path can 
2' 

be constructed by concatenating P" and P" using the 1 2 

white edge w w 1 2 -  
It remains to assume that either j=O 



% 

or k=n-1. If G contains C xL as a spanning subgraph, 
m 2 

then it can be easily shown that G is hamiltonian- 

connected. Hence, we let nZ4 and consider the case 

where x=(O, j) and y=(&,n-11, fo,r some odd integer a 

satisfying 1IgLm-1. If jIn-4, then a construction 

similar to the previous argument will account for the 

+ 
existence of a hamiltonian x,y-path in G. If x=(O,n-2) 

then y=(h,n-1) and we let V(G) be partitioned into two 

subsets H3= {(r,s) 1 OlrSm-1, n-2ls'n-1 ) and H =V (G)-H 4 3' 

If the white edge w w is in < H  > , then it is clear that 
6 1 2  3 

there exists a hamiltonian x,y-path, in < H  > which can 
3 

be extended to a hamiltoniqn x,y-path in d by inc'luding 

H4 
. if the white edge w w is in <H4>, then by the 

1 2  

induction hypothesis there exists a hamiltonian path 

P4 connecting any two black vertices in H of the 
4 

form (p,n-3) and (q,n-3), respectively. In particular, 
+ 

we choose p=l and q to be the greatest odd integer such 

that qlh and let partitioned two subsets 

H =((r,s)l 05r<q,n-2ls~n-1) and H eH -H = {(v, S) 1 
31 % 3 2 3 31 

q5r:rn-lIn-2Ss~n-l]. It is clear that x 6 1 - 1 ~ ~  and y€Hj2 . 
', 

~t is clear that there exisks a hamiltonian (0,n-2), 

-tl ,n-2) -path P31 in < H > and a hamiltonian 3 1- 

(q,n-2) , (h,n-1) -path P in < H . A hamiltonian x,y-path can be 
3 2 32 

constructed by concatenating P 4' P31 and P using edges (1.n-1) 
32 

. % 

(1,n-2) and (q,n-1) (1,n-2). The construction is valid as long as 
* 

y 1 n -  . If Y= (1,n-1) , then by the induction hypothesis, there 



e x i s t s  a  hami l ton ian  (0,n-2) , (2 ,n-2) -path P  ' i n  
i 
?> 

< H 4 u  {(r, s) I 0lr5m-1, s=n-2) ). ' L e t  

P" : (1,n-1) (0,n-1) (m-1,n-1) (m-2 ,n-1) . . . (2 ,n-2) be a hami l ton ian  

(1,n-1) , (2,n-2) -path i n  < H  - vr,s)  05rSm-l,s=n-2)). The 
3  

conca tena t ion  o f  P' and P" u s i n g  t h e  edge (2,n-2) (2,n-1) - 
c o n s t i t u t e s  a hami l ton ian  x,y-path i n  G. I t  remains t o  conside? 

1 I 

t h e  Ease where w E H  and w €H 
1 3  2 4 '  

I n  p a r t i c u l a r , ,  l e t  w1= (q,&) . W e  

f i r s t  assume t h a t  y f (1 ,n-1)  and use  t h e  same p a r t i t i o n  on H as 3  

t h e  above. I f  q t h ,  then  t h e r e  e x i s t s  a  hami l ton ian  y  , w -path P  ' 1 3 2  

~ N < H ~ ~ >  and a  hami l ton ian  ( 0 , n - 2 ) , ( l , n - 2 ) - p a t h  PI i n < H  > .  
2 3 1 

Y 
31 

Furthermore,  e i t h e g  by Lemma 3.2.5 or  by t h e  comment p receed ing  
-- - 

Theorem 3.2.9 ,  t h e r i e x i s t s  a  hami l ton ian  (1 ,n -2 ) ,W-pa th  P i n  
2  4  

<H4>. The conca tena t ion  of t h e  p a t h s  P '  P' and P '  u s i n g  t h e  
. . 31 4 3 2 

edges  (1,n-2) (1,n-3) and w w c o n s t i t u t e s  a  hami l ton ian  x,y-path i n  
1 2  

G. I f  q<h ,  t h e n  W C H  a n d b y  Lemma 3.2.1 ,  t h e r e  e x i s t s  a  
1 31 

C 

-7 
hami l ton ian  x ,  w -path P" i n  < H31> . 

1 3 1  
Observe t h a t  (m-1,  n-31 i s  a  

b l a c k  v e r t e x  i n  H . By Lemma 3.2.1 ,  t h e r e  e x i s t s  a  hami l ton ian  
4-  

, w (m-1 ,n-3) -pa th  P i  i n  ( H  > and a hami l ton ian  . 
2 ' 4 

(m-1,n-2) , (h,n-1) -pa th  P" i n  < H ? A hami l ton ian  x,y-path can 
32 32 

be c o n s t r u c t e d  by c o n c a t e n a t i n g  P" P" and P" u s i n g  t h e  edges 31' 32 4 

w w -  and (m-1,n-3) (m-1,n-2) : Now, suppose t h a t  y= (1 ,n-1) .  I f  
1 2  

q # ( O , n - 1 ) .  t h e n  w e  l e t  H b e  p a r t i t i o n e d  i n t o  two s u b s e t s  
3  

- * 

Hj3= ((0,n-2) , ( 0 , n - l j  , (m-1.n-1) (m-1.n-2) ) and 

a n d  H - {(r,s) I lSrSrn-2 , n - 2  s ~ n - 1 ) .  It is c l e a r  t h a t  y ,  w FH and 
3 4- 1 34- 

by t h e  comment p receed ing  Theorem 3.2.9, t h e r e  e x i s t s  a 

hami l ton ian  w ,y-path Pl;g i n  < H > Le t  
1 33 



"' : (0 ,n-2) (0 ,n-1) (m-1,n-1) (m-1,n-2) be the hamiltonian path in 
?34 - 
< H > . Since (m-1 ,n-2) is a black vertex, by Lema 3.2.1 there exists 

34 

a hamiltonian (m-1 ,n-3) ,w -path P "' in < H >. The concatenation "of P"' 
2 4 .  4 33' 

p 1 ' 1  

34 
and P"' usifig the edges w w a and (m-1,n-3) (m-1,n-2) constitutes a 

4 1.2 

hamiltonian x,y-path in G. However, if w -(O,n-l), then we partition 
1- 

Lemna 3.2.1, there exists a hamiltonian x,w -path P in < H 5 h  Consider 
2 5 

the hamiltonian.path in<H > defined as P (0,n-l)(m-1,n-1) (m-2,n-11.. 
6 6 :  

.(l,n-1). A hamiltonian x,y-path can now be constructed by concatenat- 

ing the paths P and P using the edge w w This completes the 
5 6 1 2' 

constructions of all the hamiltonian x,y-paths for, the case where . 

x= (0,n-1) and y= (h,n-1). It remains to assume that x=(O,O) and y=(h,k) 

, . 
with 1114. Let the end vertices of the white edge belin the form 

wl= (al,bl) and w = (a b ) . Suppose that 0 5 bl 5 1 and 0 5 b 5 1. Let 
2 2 I 2  2 

V(G) be partitioned into two subsets H ={(r,s) 1 0ir'm-1, OSSS~] and 
1 

H2=V(G)-H1. It is clear in this case that the white edge w w is in 
I 1 2  

<HI>. If y=(h,k) E H then by Lemma 3.2.1 there exists a hamiltonian 
2 ' 

onian (0~0) , (m-1,l)-path P in <HI>. The concatenation of P and P 
1 1 2 

I 

using the edge (m-1,l) (m-1,2)constitutes a hamiltonian x,y-path in G. 

* 
e 

Supposethat y(H1 Since < H  > contains C xt as a spanning subgraph, 
1 m - 2  

ed. Then, there exists a hamiltonian x,y-path in < H  > which can be - 
f r 

extended to become a hamiltonian x,y-path in G by including H We now 
> 

2 ' 



consider  t h e  s i t u a t i o n  when H1 and W t H  ( t h a t  i s ,  O l b ' l  an, 
2 2 1- 

b22.2) . I f  p H 2  , then  by Lemma 3.2 .5  o r  by. t h e  comment preceeding 

t 
Theorem 3.2.9, t h e r e  e x i s t s  a hamil tonian x , w  -path P '  i n  < H  > 

1 1 1 

and a hamil tonian w ,y-path P '  i n  < H >.  A hamil tonian x,y-path i n  
2 2 2 

G can b e  groduced by concatenat ing  P '  and P '  us ing  t h e  whi te  edge 
1 2 

W w I f  yfH1, then  we. f u r t h e r  p a r t i t i o n  H i n t o  two s u b s e t s  
1 2' 1 

~ ~ ~ = { ( 0 , 0 )  , (0.1)] ~ l d  HIZ=H1-Hll= { ( r , ~ )  )l~r ' . rn- l ,0ls51).  Suppose 
5 .  

t h a t  w = ( 0 , l )  . It i s  c l e a r  t h e r e  e x i s t s  a barniltonian 1 

w2, (m-2,2) -path P" i n  < H > and a hamiltonian (m-2,l) ,y-path P" i n  
2 2 12 

(Al2). Let P" - (0 ,0 )  ( 0 , 1 )  which i s  a hamil tonain pa th  of length  1 
11-. 

i n  Hll . A hamil tonian x,y-path i n  G can be cons t ruc ted  by 

concatenat ing  t h e  p a t h s  PY1, PY2 and P" us ing  t h e  edges w w and 
2 1 2  

(m-2,2)(m-2,l) .  Suppose that w t H  
1 1 12' 

By Lemma 3.2.1, t h e r e  

e x i s t s  a h a m i l t o n i w  (0.2) , w2-path P;If i n  < H > and by t h e  comment 
2 

preceeding Theorem 3.2,9, t h e r e  e x i s t s  a hamil tonian wl ,y-path 

1 

ii i n  < H . Let P" be t h e  same pa th  of l eng th  1 a s  t h e  above. 
12 11 

We c o n s t r u c t  a hamil tonian x,y-path i n  G by concatenat ing  Pi1, 

PI,' 
12 

and P"' us ing  t h e  edges ( 0 , l )  (0.2) and wlw; I t  remains t o  
2 

assume t h a t  w ,w CH ( t h a t  i s ,  b1?2 and b2?2) . Let q be  an even 
I 1 2 2  

44, 
i n t e g e r  such t h a t  OSqSm-2 and such t h e  v e r t e x  (q ,2)  is colored  

b lack  and i s  d i s t i n c t  from y = ( h , k ) .  By t h e  induc t ion  hypothes is ,  

t h e r e  e x i s t s  a hamil tonian (h.k) , (q,2)  -path P2 i n  < H >. By Lemma 
2 

3.2.1, t h e r e  e x i s t s  a hamil tonian (0,O) , ( q , l )  -path P in<H > . The 
1 1 

concatenat ion of  t h e  p a t h s  P and P using t h e  edge (q ,2)  ( q , l )  
1 2 

c o n s t f t u t e s  a hamil tonian x,y-path i n  G .  

This  completes t h e  cons t ruc t ions  of a l l  t h e  hamil tonian 



84 . 
x*,y-paths i n  G i n  case  1 .a .  I t  remains t o  i n v e s t i g a t e  t h e  case  

where j ~ k .  

Case b: j=k+ (2*+1) ?K. Jet V ( G )  be p a r t i t i o n e d  i n t o  'two s u b s e t s  

c l e a r  t h a t  2SjLn-2 ,xCH and yEHZ. Suppose . t h a t  w w E H  and l e t  , 
1 1, 2 1 

q'be an even i n t e g e r  such t h a t  q>O and ( q , j )  i s  a black v e r t e x  i n  

, H By t h e  induct ion  hypothes is ,  t h e r e  e x i s t s  a h e l t o n i a n  

( O , j ) , ( q , j ) - p a t h  P1 i n <  H >. It is c l e a r  t h a t  (q , j -1 )  is a white  
1 

"ver tex  i n  H and by e i t h e r  t h e  comment preceeding heorem 3.2.9 
2 

> m 7 
o r  by Lemma 3 . 2 . 5 ,  t h e r e  exists a h a m i l t o n i q  f q , j - 1 )  ,(h,k)-path 

P i n  <dl>. The concatenat ion  of t h e  p a t h s  P and P using t h e  
1 1 2 

edge (q ,  j-1) ( q ,  j )  r e s u l t s  i n  a hamil tonian x,y-path i n  G .  A 

s i m i l a r  cons t ruc t ion  w i l l  account f o r  t h e  ex i s t ence  of  a 

hamil tonian x,y-path i n  G i n  t h e  case  where w1,w2GH2. I t  remains 

t o  assume t h a t  w CH and w €H By Lemma 3.2-5  o r  by t h e  comment 
1 1  2 2 -  

preceeding Theorem 3.2.9, t h e r e  e x i s t s  a hamil tonian 

x,wl-path P '  i n  < H > and a hamil tonian w ,y-path P i  i n  < H  >. The 
1 1 2 2 

91. concatenat ion of  P '  and P '  us ing  t h e  white  edge w w cons - t i tu tes  
1 2 1 2  

a hamil tonian x,y-path i n  G.  

This  completes t h e  proof of t h e  theorem. 

I n  t h e  fol lowing s e c t i o n ,  t h e  r e s u l t s  obta ined s o  f a r  on t h e  

hamil tonian p r o p e r t i e s  o f ' g r a p h s  isomorphic t o  L :xL , C xL o r  C xC 
m n  m n  m n 

w i l l  be app l i ed  t o  g i v e  a c h a r a c t e r i z a t i o n  of t h e  hamil tonian-  

0 
connectedness of a Cayley graph o f  an a b e l i a n  group. For cons is tency 

f 
of n o t a t i o n s ,  a graph isomorphic t o  C xL w i l l  be w r i t t e n  a s  C xC 

m 2 m 2 

without  l o s s  of g e n e r a l i t y .  



Sect ion  3 . 3  The hamiltonian-connected of a  Cayley graph of an abe l i an  

group. 
0 

C 

Theorem 3.3.1 L e t  A be an abe l i an  group o f  o r d e r  I A 1 2 3 and S 

be a  symbol f o r  A such t h a t  < s > = A .  Then t h e  Cayley graph 

C(S,A) conta ins  an underlying spanning subgraph i ~ o m o ~ r p h i c  t o  

e i t h e r  C o r  CmxC f o r  some i n t e g e r s  n and m s a t i s f y i n g  
I AI n .  

!A/ =nm,n?2 and m ? 2 .  Furthermore, C (S,A) i s  hamil tonian.  

Proof: Let  A be  an  a b e l i a n  group and S be a  genera t ing  s e t  f o r  A 

which s a t i s f i e s  t h e  hypothesis  of t h e  theorem. Wit.hout l o s s  of 

g e n e r a l i t y ,  t h e r e  e x i s t s  a  minimal genera t ing  s e t  S* f o r  A such 

t h a t  S*cS. We proceed by induct ion  on ( s*\  . 

I f  I s*I =l, then C ( S *  ,A)  is an underlying subgraph o'f C (S  ,A) 
' I  

isomorphic t o  C 1~ I 
. C l e a r l y ,  C (S,A). i s  hamil tonian.  Suppose 

t h a t  f o r  some p o s i t i v e  i n t e g e r  kL1, t h e  theorem has been proven 

f o r  each value f o r   IS*^ s a t i s f y i n g  I ~ I S * ~  f k .  We now consider  t h e  

case  where i ~ * I = k + l .  Le t  h be an a r b i t r a r y  genera tor  i n  S* of 

o r d e r  O(h) .  I t  is c l e a r  t h a t  t h e  subgroup F ($*-{hi) i s  a proper  

subgroup i n  A .  Furthermore, t h e  Cayley graph c (s*- {hi ,A)  c o n s i s t s  

of 0 (h) many d i s j o i n t  copjes  of connected subgraphs { B ~  , B ~ ,  . . . B - 
.--1 

f ~ ( h )  -1 

j  such t h a t  f o r  each j({0,1,.. .,O(h)-11, t h e  c o s e t  h F uniquely 

represen t s  t h e  s e t  of a l l  v e r t i c e s  of t h e  copy B . I t  is  c l e a r  . 
j 

/--=-, j 
t h a t  f o r  each j ~ i 0 , l  ,.. . , 0 ( h ) - 1 ) ,  t h e  mapping f :h  F + h  j+lF 

def ined  by f  ( v ) = h v i s  a graph isomorphism from B t o  B where j + l  
j -j+lr 

//? is  obtained by add-on module 0 (h)  . ~et&=[ F I and m=O (h)  . By 
I 

t h e  induc t ion  hypo thes i s ,  t h e r e  e x i s t s  a  hamil tonian c y c l e  of 

l eng th  n i n  B. Without l o s s  of g e n e r a l i t y ;  l e t  t h e  v e r t i c e s  of . 
1 * 

I 



' t h i s  hamil tonian cyc le  be  l a b e l l e d  (V V . . V . Then f o r  
0' 1" n-1 

each j ~ b ,  1,. . . ,m-11 , a corresponding hamil tonian c y c l e  i n  B w i l l  
j 

j j j ) such t h a t  f j  iv .  1 and be i n  t h e  form f (Vo) , f  (VL) I . . f (Vn-l 
1 

j 
(vi+l ) a r e  ad jacen t  on t h e  cycle  f o r  each i s a t i s f y i n g  O S i 5  n-1. 

1 

Since A i s  an a b e l i a n  group, 

j+.l j j 
f j + l  (vi) =h V .  = (h V .  ) h= (f (vi)) h.  This  impl ies  t h a t  t h e  v e r t e x  

1 1 

f J  (V . )  on t h e  hamil tonian c y c l e  i n  B 2s ad jacen t  t o  t h e  v e r t e x  
1 j 

Z 

fJ+'  (v .  ) bn t h e  hamiltonian c y c l e  i n  B This  c o n s t i t u t e s  an 
1 j+l '  

underlying subgraph G i n  C(S*,A) isomorphic t o  C xC such t h a t  nL2 
m n ? 

and m ? 2  ( see  Figure  3 .4 ) .  I f  e i t h e r  of  n o r  m i s  an odd i n t e g e r ,  

then by Lemma 3.2.7, G* i s  harniltonian-connected which impli.ed G 

is hamil tonian.  I f  both n and m a r e  even i n t e g e r s ,  then  G 

con ta ins  a hamil tonian cyc le  i n  t h e  form 

( See Figure  3.5 ) .  This completes t h e  proof of t h e  theorem. 

f i g u r e  3.4 



f-igure 3.5 

Theorem 3 - 3 . 2  Let A be an abelian group of order I A ~  2 3  and S be 

a'symbol for  A. Suppose t h a t  <S+A and t h a t  there ex i s t s  a 

generator h€S such t h a t < { h ] >  i s  a proper subgroup i n  A.  Then 

a 
C ( S , A )  is hamiltonian-connected i f  and only i f  C ( S , A )  i s  not 

b ipa r t i t e , ,  

Proof: I f  C (S ,A)  i s  b i p a r t i t e ,  then it i s  c lear  t h a t  C (S , A )  i s  

not  h'amiltonian-connected. To es tabl i sh  the converse, we assume ' 

t h a t  C (S ,A)  Is not b i p a r t i t e .  Let m be the eider of the subgroup 

< {h) > . Since < Ch) > is  a ,proper subgroup i n  A ,  mc ! A \ .  Let n be 

the integer  which s a t i s f i e s  /A[ =mn 24. I t  i s  c lea r  t h a t  c (S ,A)  

contains an underlying spanning, subgraph G isomoxphic t o  C xC . I f  
m n 

e i the r  of m..or n i~ an odd in teger ,  then. t ~ ( = m n l G  and G contains a 

spanning subgraph which, by fle,ma 3.2.7,  i s  hamiItonian-connected. 

I t  r a i n s  t o  assume t h a t  both m and n are  even integers f o r . t h e  

remainder of the  proof. , 

- Let the ver t ices  of G=C xC be colored i n  the same way as  i n  
m n 



* 
1 

t h e  previous sec t ions .  Let B and N represent  t he  s e t  of a l l  Ijlack 

v e r t i c e s  and the  s e t  of  a l l  white v e r t i c e s  i n  G,;respectively. . I t  " 
a 

is c l e a r  t h a t  ( B I  =I W I  . Since C (S ,A) i s  not  b i p a r t i t e ,  there  

e x i s t s  e i t h e r  a black edge o r  a white edge i n  C(S,A). Suppose 

' * 
t h a t  C(S,A) contains a black edge b l b 2  &et  k€S such t h a t  b k=b ' - 

1 2  
P 7 

and def ine  a b i j e c t i o n  f : A + A  by f (xJ-=xk f o r  each x i n  A. Since 
is 

f (Ql) =b2, f (B)$w and t h i s  ( B ) ~ w .  This implies t h a t  

there  e x i s t  two white t h a t  f( w = w  k=w . 
1 1  2 * 

P 
Hence, 

wl w2 i s  a white edge i n  C ( S , A )  . Therefore, C (S ,A)'  

contains a t  l e a s t  one black edge and one white edge. By 

Theorem 3.2.9, C ( S , A >  i s  hamiltonian-connected. a 
Theorem 3.3.3 Let A be an-abe l ian  group and S be s symbol f o r  

4J 

A such t h a t  fo r  each h ~ s , < C h ) > = ~  and t h a t  t he re  e x i s t  two d i s t i n c t  

generators r and s i n  $ such t h a t  

hamiltonian-connected I f  Bnd only 

Proof: Let A be an abel ian 

-1 
rfs . Then C(S,A) is  

i f  I A l i s  odd. 

and S be a symbol f o r  A which 

s a t i s f i e s  t he  hypbkheses of the theorem. Since A is cyc l i c ,  t he re  
I *  

i s  no lo s s  of general i& i n  assuming,that A=Z , where n = I ~ l ,  and 
4. n 

-5' 
Z i s  t h e  addi t ion c y c l i c  Group whose elements a r e  members of t he  n . , 

i 

s e t  { 0,1, .  . . .n-I)., Furthermore, we can assume t h a t  1ES and each 

.= 

generator i n  S is an odd in t ege r  i n  Z . I f  n i s  even, then it is n 

c l e a r  t h a t  by color ing each ver tex x of C(S,A) black o r  white . 
- - - -- . - - 

depending on whether x is even o r  odd, respect ively ,  no two ve r t i ce s  

of t he  s k  color  *re adjacent .  Namely, C(S,A) is b i f i a r t i t e  and by 
-- -- - 

#. 

Theorem 3 . 3 . 2  C (S ,A) i s  not hamiltonian-~onnected: 
J7 

To es t ab l i sh  t he  converse, w e  assume t h a t  n i s  an odd in teger .  

1 



This figure assumes k and 1 t o  be odd as a n  example. 

figure 3 . 6  
1 



, Since  I S I  > 1, t h e r e  e x i s t s  an i n t e g e r  kf {o, 1, . . . , 
n 

k f l  and g c d ( k , n ) = l .  Let  Q and r be t h e  unique i n t e g e r s  such t h a t  
i 

n=lk+r wi th  O<r*k. I t  i s - c l e a r  t h a t  C(S,A) con ta ins  a  spanning 

subgraph i n  t h e  form a s  i l l u s t r a t e d  i n  Figure  3.6. S ince  C(S,A) 

is v e r t e x - t r a n s i t i v e ,  i n  o r d e r  t o  show t h a t  C(S,A) i s  hamiltonian- 

connected it s u f f i c e s  t o  c o n s t r u c t  a  hamil tonian (n-1,x)-path i n  

C(S,A) f o r  each x€(O, l , .  . . ,n-2). Let v(C(S,A))  be  l a b e l l e d  by t h e  
-,. . 

fol lowing subse t s  ' (see f i g u r e  3.6) : 

~ = { i k + j I i = ~ , l ,  ..., Q , j = o , l I  ..., r-21, and 

Since  H is isomorphic t o  L xL l e t  t h e  v e r t i c e s  be colored  
R k' 

- the usual  way by c o l o r s  b lack  and white  such t h a t  t h e  v e r t e x  0 

i s  always colored  b lack .  For each v e r t e x  i n  Q ,  l k + j  is  colored  b lack  

/ 
i f  and only i f  (1 -1) k+ j is  colored  whi te ,  f o r  each j f {o, 1,. . . ,r-1) , 

and vice-versa ,  ( s e e  Figure  3.6) . 

-. There a r e  t h r e e  cases  t o  be considered.  

Case 1 k i s  even. S ince  k  i s  even, t h e  v e r t i c e s  (R-l)k and 

Qk-1 a r e  colored  d i f f e r e n t l y .  Let  x be an a r b i t r a r y  v e r t e x  i n  H 

and y be e i t h e r  ( Q - l ) k  o r  l k - 1  such t h a t  y  i s  colored  d i f f e r e n t l y  

$ from x. By Lema 3.2.1,  t h e r e  e x z s t s  a  hamil tonian x,y-path P i n  

< H >. Let P '= (n-1) (n-2) . . . (!lk+l) (Rk) , which 'is a  hamil tonian 

rr-1,Ik-path i n  < Q). Since k  i s  ad jacen t  t o  both  (R-l)k and 
:* 

Qk-1, kk is  ad jacen t  t o  y. The concatenat ion of P and P' using 

t h e  edge (A k) y i s  a  hamil tonian n-l,@path i n  c (s ,A)  . , Observe 



t h a t  t h i s  cons t ruc t ion  accounts fok each hamil tonian (n - l ,x ) -pa th ,  

f o r  each xc {0 ,1,. . . , 1 .  Let  x be an a r b i t r a r y  i n t e g e r  i n  t h e  

n +1, n + 2 , .  . . ,n-2 1. Consider t h e  graph automorphism 
[F] [TI 

f:A-+A def ined by f ( z ) = ( n - 2 ) - z .  I t  i s  c l e a r  t h a t  f (n - l )=n-1 .  For 

each x€{0,1,. . . , [;] l e t  t h e  v e r t i c e s  of a  hamil tonian n-1,x-path 
$f- 

i n  C (S  , A )  be l a b e l l e d  a s  P* :V V . . .V such t h a t  V =n-1 and 
n-1 n-2 0 n- 1 

V =x. I t  i s  c l e a r  t h a t  f  (V )=n-1 'and f  ( v ~ )  E { 1,. . . , n-2 1. Then 
0 n- 1 

t h e  hamil tonian p a t h  f (P*) : f ( v n  - l )  f (Vn - 2) . . . f (V ) -  i s  n e c e s s a r i l y  
0 

a pa th  which has n-1 a s  t h e  i n i t i a l  ve r t ex  and a t e rmina l  v e r t e x  
7 

i n  t h e  s e t  { E]il,. . . , n-2 ). Mapping each of  t h e  (n-1.x) -paths 

obta ined i n  t h e  previous  cons t ruc t ion  with f  w i l l  account f o r  a l l  

t h e  hamiltonian (n-1,x) -path i n  C (S , A )  , f o r  each 

c a s e  2 Both k and A a r e  odd i n t e g e r s .  Under t h i s  assumption, t h e  

v e r t i c e s  0,k-l,(Q-l)k,Qk-1 and n-1 a r e  a l l  of  c o l o r  b lack  and t h e  

v e r t e x  Qk i s  colored  whi te .  Let x be an a r b i t r a r y  b lack  ve r t ex  i n  

H.  Let  y be e i t h e r  (Q- l )k  o r l k - 1  such t h a t  yfx. By Lemma 3.2.2, 

t h e r e  e x i s t s  a  hamil tonian y,x-path P i n  CH >. Let  

PI= (n-1) (11-21 . . . (kk+l)  (gk) . A hamiltorxian (n-1 ,x)  -path can be  

cons t ruc ted  by concatenat ing  P and P ' using t h e  edge (lk) y. 

Suppose t h a t  x i s  a black v e r t e x  i n  Q.  s i n c e  Qk i s  a white  

v e r t e x ,  by Lemma 3.2.1,  t h e r e  e x i s t s  a  hamil tonian 2 k  , ~ - p a t h  -P" 
L.9 

i n  J > and a hamil tonian ($! k-1) , (n-1-k) -path Pi'-' i n  < H-Jz:;".~he 
6 .. 3 - -  2. 

concatenat ion of  P" ,P"' and t h e  edge ( n _ l )  (n-l'k) us ing  theL.edge 
A 

+ r.- +* =. - 
(Ak-1) (Qk) cons t i tu tes ' '  a  hamil tonian fi-1,x-path i n  c (S , A )  . This 

accounts f o r  a l l  the hamil tonian n-1,x-paths f o r  a l l  b lack  



t e rmina l  v e r t i c e s  x i n  C(S,A). Let f  be t h e  same graph automorphism 

def ined i n  case  1. Since n is  an odd i n t e g e r ,  f o r  each x which 

i s  colored  b lack  i n  c (S , A )  , f  (x)  is a white  v e r t e x  i n  C (S ,A)  . For 

each hamil tonian n - l ; ~ - ~ a t h  P* i n  C(S,A), f ( P * )  d i f i n e d  i n  a  manner 

a s  i l l u s t r a t e d  i n  case  1 is  a hamil tonian n-1, f  (x)  -path i n  C (S ,A)  . 
This accounts f o r  a l l  t h e  hamil tonian pa ths  which have n-1 a s  t h e  

i n i t i a l  v e r t e x  and a white  v e r t e x  a s  a  t e rmina l  ve r t ex .  

Case 3 k is  odd and & is  even. Under t h i s  assumption, t h e  v e r t i c e s  

0,k-1, l k  and n-1 a r e  a l l  co lored  black while  ( 1 - l ) k  and gk-1 a r e  

colored  white .  L e t  x be an a r b i t r a r y  black v e r t e x  i n  H .  Then, by ' 

Lemma 3.2.1 t h e r e  e x i s t s  a  hamil tonian (2 -1) k , x-path P ' i n  < H ). 

Let P ' =  (n-1) (n-2) . . . (Qk+l)  (Qk) . The concatenat ion of  P and P '  

us ing  t h e  edge ( ( Q-1) k)+@ k)  c o n s t i t u t e s  a hamil tonian n- 1, x-path 

i n  C(S,A). I f  x  i s  a black v e r t e x  i n  Q then by Lemma 3.2.2 t h e r e  

e x i s t s  a  hamil tonian n-1,x-path P" i n  C I U J ) .  S ince I A - ( I U J  1 I 

i s  even, P" can be e e g n d e d  t o  a  hamil tonian n-1,x-path i n  c ( s , A )  

by inc lud ing  < A - ( I U J ) ) .  This  accounts f o r  a l l  t h e  hamil tonian 

n-1,x-path where x i s  a b lack  v e r t e x  i n  C(S,A) d i s t i n c t  from n-1. 

For any white  v e r t e x  x i n  C(S,A), a  hamiltonian n-1,x-path can be 

obta ined by us ing  t h e  graph automorphism f  i n  t h e  manner 

d i s c r i b e d  i n  Case 2. 

This  completes t h e  proof of t h e  theorem. I 

Using a l l  t h e  r e s u l t s  obta ined so f a r ,  a  c h a r a c t e r i z a t i o n  on 

t h e  hamiltonian-connected of  a  cayley graph of an abe l i an  group can 

now be given. 



Theorem 3 .3 .4  L e t  A be  an a b e l i a n  group and S b e  a  symbol f o r  A 

such t h a t  s>=A.  Then t h e  Cayley graph C(S,A) i s  hami l ton ian-  - 

connected i f  and on ly  i f  C (S ,A)  i s  n e i t h e r  a  c y c l e  o f  l e n g t h  I A l 

nor  b i p a r t i t e .  
, r % ,  

2-t- - S Proof: .  The n e c e s s i t y  o f  t h e  theorem i s  obvious.  To e s t a b l i s h  t h e  
> 

s u f f i c i e n c y ,  we assume t h a t  C(S,A) i s  n e i t h e r  isomorphic  t o  C 
1 A l  

t 
n o r  i s  b i p a r t i t e .  I t  i s . c l e a r  t h a t  t h e r e  e x i s t  a t  l e a s t  two 

-1 
d i s t i n c t  g e n e r a t o r s .  h  h  € S  such t h a t  h  #h - . Suppose t h a t  f o r  

l t  2 1 2 

a l l  hCS, < ( h ) > = ~ .  Then i t  i s  c l e a r  t h a t  ( A )  i s  odd and by 

Theorem 3.3.3,  t h e  Cayley graph C(S,A) i s  hamil tonian-connected.  

Otherwise,  i f  t h e r e  e x i s t s  h  ' 6 s  such t h a t  t h e  ( {h 'f > i s  a  p r o p e r  

subgraph  i n  A ,  t hen  by Theorem 3.3.2 ,  C(S,A) i s  hami l ton ian-  

connected.  Th i s  completes t h e  proof  o f  t h e  theorem. m 
7 Since  a  graph is  b i p a r t i t e  i f  and only i f  a l l  i t s  c y c l e s  a r e  even,  

Theorem 3,3.4 can be  r eph rased  as fo l lows .  

Theorem 3.3.4a L e t  A b e  an a b e l i a n  group and S b e  a  symbol f o r  A 

s u c h  t h a t  <S>=A. Then t h e  Cayley graph C(S,A) i s  hamil tonian-  

connected i f  and on ly  i f  C (S,A) i s  n o t  isomorphic  t o  C .and 
I A  I 

c o n t a i n s  an odd c y c l e .  

Theorem 3.3.4b ~ e t -  A be  an  a b e l i a n  group and S b e  .a symbol f o r  A 

, 
such that<S)=A. Then, t h e  Gayley graph C (S  ,A)  i s  hami l ton ian-  

connected i f  and on ly  i f  C ' i s  n o t  isomorphic  t o  C and t h e r e  
{ A /  

e x i s t s  a  sequence of  i n t e g e x  { P1,P2,. . . ,P and a  sequence o f  
n  
P P P g e n e r a t o r s  { h l t h 2 , .  . . ,hn} i n  S such t h a t  h  l h  2 . .  .h "=e and t h e  sum 
1 2  m 

P1+P2+. . .+pm i s  odd. 



CHAPTER 4 

ON SOME SPECIAL CLASSES OF HAMILTONIAN-CONNECTED GRAPHS 

I n  Chapter 2 ,  s e v e r a l  necessary and s u f f i c i e n t  condi t ions  f o r  a  

graph t o  be hamiltonian-connected have been examined. In  t h i s  chap te r ,  

it w i l l  be shown t h a t  t h e  impl ica t ions  of some of t h o s e  condi t ions  go 

beyond t h a t  of a s s u r i n g  a graph t o  be hamiltonian-connected. Sometimes 

wi th  a d d i t i o n a l  c o n s t r a i n t s ,  some of those  s u f f i c i e n t  cond i t ions  f o r  
I 
i 

a graph t o  be hamiltonian-connected a l s o  guarantee a  graph t o  be 

PLD-maximal, among o t h e r  i n t e r e s t i n g  p r o p e r t i e s .  The i n t e n t i o n  of t h e  
.".. 

chapter  is  ko s tudy t h e s e  extended impl ica t ions .  

Sec t ion  4 . 1  A g e n e r a l i z a t i o n  of a  r e s u l t  of Oystein Ore 

I n  t h e  beginning of chap te r  2 ,  a  condi t ion  r e l a t e d  t o  t h e  sums of  

t h e  degrees of p a i r s  of  nonadjacent v e r t i c e s  has been shown t o  be  

s u f f i c i e n t  f o r  a  graph t o  be hamiltonian-connected. This  s u f f i c i e n t  

condi t ion  has been shown by Faudree and ~ c h e l p  1221 t o  be much s t r o n g e r  

a s  Theorem 4.1.6 below i n d i c a t e s .  

Before p r e s e n t i n g  Theorem.4.1.6, s e v e r a l  pre l iminary  d e f i n i t i o n s  

a r e  needed. A l l  graphs considered i n  t h i s  chapter ,  a r e  undi rec ted  and - 

1 - 
w. have no mul t ip le  edges o r  loops. 



D e f i n i t i o n  4 . 1 . 1  Le t  G = ( V ( G )  ,E (G) )  b e  a  graph.  Suppose t h a t  t h e  

number of  v e r t i c e s  and  t h e  number of edges o f  G are r e s p e c t i v e l y  * 

n= I v ( G ) ~  and m= I E  (G)I . Then, G i s  c a l l e d  an (.n , m )  -graph. . I n  

.i - 
p a r t i c u l a r ,  n  i s  c a l l e d  t h e  o r d e r  of  G and m i s  c a l l e d  t h e  s i z e  

* 

D e f i n i t i o n  4.1 .2  L e t  G = ( V ( G )  ,E(G))  b e  an  (n,m) graph.  Le t  U ( G ) =  - 

min(deg ( u )  +deg ( v )  ( For each  u ,vGV (GI  such t h a t  u#v), and 
G G 

2 ( G )  =min{deg (u) +deg (v ) \  For  each u,v€V(G) such t h a t  uv@ ( G ) \  . 
G G 

D e f i n i t i o n  4.1 .3  L e t  G = ( v ( G )  :E(G)) b e  an (n,m) -graph. Le t  i b e  

a p o s i t i v e  i n t e g e r  which s a t i s f i e s  l S i l n - 1 .  P .  is  s a i d  to  ho ld  i n  
1 

a 

-2 
G i f  and only i f  f o r  any a r b i t r a r y  p a i r  o f ' d i s t i n c t  v e r t i c e s  

I' 
/ 

U , V E V ( G )  , P .  (u ,v)  h o l d s  i n  G -  
1 

I n  l i g h t  of  D e f i n i t i o n s  4 .1 .2  through 4.1 .4 ,  Theorem 2 .1 .1  can 

b e  r e s t a t e d  a s  fo l lows  i n  Theorem 2  . l . l a .  

- 
If d ( G ) > n + l ,  t h e n  Pn - h o l d s  i n  G .  

D e f i n i t i o n  4  - 1 . 5  L e t  G b e  an (n,m) -graph. G is s a i d  t o  s a t i s f y  

O r e ' s  c o n d i t i o n  (OC) i f  and on ly  i f  Z (G)?n+ l .  R. J .  Faudree and 

S . H .  Sche lp  i n  C221 have shown, as i n  Theorem 4.1.6 ,  t h a t  t h e  

i m p l i c a t i o n  o f  a  graph s a t i s f y i n g  OC is  much s t r o n g e r  t han  

Theorem 2 . 1 . l a .  
- .  

Theorem 4.1.6 C221 L e t  G={v(G) ' ,E(G)  ) b e  an (n,m) -graph such t h a t  

n>4.  I f  G s a t i s f i e s  OC,  t h e n  P h o l d s  i n  G f o r  each i s a t i s f y i n g  
i 

Due t o  t h e  complexity of t h e  proof  of  Theorem 4.1.6 ,  t h e  proof  w i l l  

be  postponed u n t i l  a f t e r  s e v e r a l  impor t an t  lemmas have been in t roduced .  



Lemma 4.1.7 Let  G= ( V ( G )  , E  ( G I  ) be an (n,m) -graph which s a t i s f i e s  

OC. Then f o r  each p a i r  of nonadjacent veq t i ces  u,v€V(G), t h e r e  

e x i s t  v v € V ( G )  such t h a t  f o r  each i ,  l S i S 3 ,  uv , vv.€E(G) .  
l r V 2 '  3 i 1 

Proof: Let  x,yfV(G) b e  a p a i r  of nonadjacent v e r t i c e s  i n  G .  

- 
Since d ( ~ ) ? n + l ,  1-125. Let  N(u)={xcv(G)] X U € E ( G ) )  and N(v) b e ,  

r e s p e c t i v e l y ,  t h e  neighbourhoods of  u and v. I t  is  c l e a r  t h a t ,  

N ( U ) ~ N ( V ) S V ( G )  -(u,v) and I ~ ( u ) l t ! ~ ( v ) l  = z . ( ~ ) ? n + l .  By t h e  
t 

prin3ciple of inc lus ion-exclus ion ,  J N  ( u ) n N  (v)l =I N (u)  I + J N  (v)l - 

j N ( u ) u ~ ( v ) 1 1 3  and t h e  r e s u l t  fo l lows.  

For t h e  remainder of t h e  chap te r ,  N (u)  w i l l  always be  used t o  

denote t h e  neighbourhood of a v e r t e x  u € V ( G )  a s  de f ined  i n  Lemma, 4.1.7.  

Lema 4 .1 .8  Let G= ( V ( G )  ,E(G)) b e  an (n,m) -graph which s a t i s f i e s  

OC and l e t  u,v€V(G) be two a r b i t r a r y  v e r t i c e s  i n  G .  I f  U V ~ E ( G )  o r  

deg (u)+deg (v)?n+2, then  P2 (u ,v )  and P (u ,v)  hold i n  G .  
G G 3 

Proof: Let  G= ( V ( G )  ,E (GI b e  an (n,m) -graph which s a t i s f i e s  OC and 

t h e  hypotheses of t h e  lemma. I t  is  c l e a r  t h a t  e i t h e r  G=K o r  
4 , 

1-155. I f  G=K then t h e  r e s u l t  fol lows t r i v i a l l y .  I t  remains t o  
4 '  

consider  t h e  case  where n15. 

Letgu,v€V(G) be  two a r b i t r a r y  v e r t i c e s  i n  G .  By Lemma 

4.1.10, UV+E(G) impl ies  t h a t  l N ( u ) n ~ ( v ) l >  3 .  I f  uvfE(G), then 

deg (u)  +deg ( v )  ?n+2 which impl ies  t h a t  I N  ( u ) n ~ ( v ) l  2 2 .  Hence, 
G G 

P (u,v)  holds i n  G .  I n  o rde r  t o  show t h a t  P (u ,v )  holds i n  G ,  
2 3 

t h e r e  a r e  two cases  t o  be  considered.  

According t o  t h e  hypotheses of t h e  lemma, i t  i s  c l e a r  t h a t  

I N ( u )  -jv)l= J N ( v )  -{u)( ln  >2 .  I n  such a case ,  l e t  N = N ( U )  -<v)=N(v) -(u). 
2 ~ 



I f  t h e r e  e x i s t s  a  p a i r  of v e r t i c e s  x,ytN such t h a t  xytE(G),  then 

obviously P (u,v)  holds i n  G .  Suppose t h a t  no ad jacen t  p a i r  of 
3 

v e r t i c e s  e x i s t s  i n  N .  Then, f o r  each x€N, degG(x)Sn-1-( (NI- l )<n.  -- 
I 3 . 

Since I N  > 2 ,  t h e r e  e x i s t  ,y Q N  such t h a t  deg (y  )+deg (y )Ln. 
Y1 2 G 1 G 2  

This  c o n t r a d i c t s  t h e  f a c t  t h a t  G s a t i s f i e s  OC. 
, 

Case 2  N(u)-{v)#N(v)-{u).  

Without l o s s  of g e n e r a l i t y ,  l e t  x t ~ ( u )  -(v) such t h a t  x@(v) -{u). 
3 

By Lemma 4.1.7, t h e r e  e x i s t s  wfu and w€N(x)nN(v).  I t  fol lows 

t h a t  uxwv i s  a  u,v-path of length  3.  In  both  cases  P (u ,v )  holds 
3 

and t h i s  completes t h e  p roof .  I 

The fol lowing theorem br ings  us one s t e p  c l o s e r  t o  completing t h e  

proof of Theorem 4.1.6 which is  our major r e s u l t  i n  t h i s  s e c t i o n .  

Theorem 4.1.9 C221 Let G = ( V ( G ) , E ( G ) )  be an (n,m)-graph which 

s a t i 3 f i e s  OC. Then, f o r  each i s a t i s f y i n g  ncisn-1,  P. holds i n  G .  - 
2 

1 

Proof 4 Let  G b e  an (n ,m) -graph which s a t i s f i e s  t h e  hypotheses of  - - 
t h e  theorem. For each 1154, d ( G ) l n + l  impl ies  t h a t  G=K and . the  

n .  

r e s u l t  fol lows t r i v i a l l y .  I t  remains t o  cons ider  t h e  cases  where 

) I  Suppos? t h e  con t ra ry  and assume t h a t  t h e r e  e x i s t s  u,v€V(G) and 
J 

b 
an i n t e g e r  i s a t i s f y i n g  n(i<n-1 such t h a t  P .  (u ,v)  f a i l s  t o  hold.  - - 

2 
1 

Since G s a t i s f i e s  OC, by Theorem 2.1.1, P (u ,v)  holds .  Let  t h e  
n-1 

v e r t i c e s  of G be  l a b e l l e d  i n  such a  way t h a t  

p:u=x X X . . X  1 2 3 -  
... x ... x x  =v i s  a  hamil tonian u,v-path i n  G.  

n - i + l  i n-1 n  

Let  x=x and y=x . I f  uxfE(G1, then ux x ... x = V ~ S  a  
n - i + l  i n - i + l  n-i+2 n  

u,v-path of l eng th  i which i s  impossible.  S i m i l a r l y ,  i f  y ~ + ~ ( ~ ) ,  
, 

then  u=x x  x  . x . v  i s  a  u,v-path of length  i which i s  impossible.  
1 2  3" 1 



Hence, U X ~ E ( G )  and U V ~ E ( G )  . Since  G s a t , i s f i e s  OC, 

deg (u)+deg  ( x ) ? z ( ~ ) ~ n + l  and deg (y )+deg  ( v ) ? Z ( ~ ) ? n + l  G G G G 

Le t  j be  an i n t e g e r  which s a t i s f i e s  n- i - l<j5n-1.  ~f U X . E E ( G )  and . 
3 

xx € E ( G )  , t h e n  u x . x  . . .x xj+lXj+2 . . . x =v is a u  ,v -path of  ', 
j + l  I 1-1 n 

l e n g t h  i which i s  imposs ib l e ,  This  imp l i e s  t h a t  t h e  p a i r s  of 

v e r t i c e s  { x , x ~ + ~ )  and { u , x . )  cannot  b e  s imu l t aneous ly  a d j a c e n t  i n  
1 

G .  I n  a  s i m i l a r  f a s h i o n ,  suppose t h a t  k i s  a p o s i t i v e  i n t e g e r  

which s a t i s f i e s  2 S k 5 .  If vx €E (GI and yx € E ( G )  , t h e n  
k k- 1 

u=x1x2.. .\ yx x . . . x  v = ~  i s  a  u , v  -path of l e n g t h  i which 
-1 i-l i -2  k n  

a g a i n  is a c o n t r a d i c t i o n .  Hence, t h e  p a i r  o f  v e r t i c e s  {v ,x  ) and 
k 

{ Y , X ~ - ~ }  cannot  b e  si ,multaneously a d j a c e n t .  
0 

L e t  r and s b e  t h e  numbers o f  v e r t i c e s  i n  { X ~ , X ~ , . . . , X  
@ n - i + l  > 

t o  which h and x a r e  r e s p e c t i v e l y  nonadjacent .  S i m i l a r l y ,  l e t  

r '  and s '  b e  t h e  number o f  v e r t i c e s  i n  ~ x i , x i + l , x i + 2 , . . . , ~ n )  

t o  which v and y a r e  r e s p e c t i v e l y  nonadjacent .  According t o  t h e  

d i s c u s s i o n  i n  t h e  p rev ious  paragraph ,  it fo l lows  t h a t  f o r  each 

v e r t e x  i n  {x 
n - i + l ' x n - i ~ 2 r  . . . x ) t o  which u is a d j a c e n t ,  t h e r e  

n-1 

exists a  v e r t e x  i n ( x  " x . . . , x  ) t o  which x i s  n o t  
n-i+2, n-i+3 ' n 

a d j a c e n t .  Suppose t h a t  t h e r e  e x i s t  1 v e r t i c e s  i n  

t o  which u i s  a d j a c e n t ,  it i s  c l e a r  t h a t  ~xn-i+l 'xn-i+2" . 'Xn-lI , 

deg ( u ) ~  r+Q+l and deg ( X I S  s+ ((i-1) - A ) .  Hence, n + l l  d ( ~ ) ( d e g  (u) + 
G G G 

degG (v)S r+s+L. S i m i l a r l y ,  n - i+ l  r l + s  ' . 

S i n c e  ip, i l n - i + l .  Suppose t h a t  t h e r e  e x i s t s  j s a t i s f y i n g  - 
2 

25  j c n - i + l  such t h a t  ux .EE(G) and yx EE(G).  Then 
3 n+2- j  

ux .x x ... v i s  au ,v-pa th  o f  l e n g t h  i which is  
j  +I j+2. .  ~ ' ~ n + 2 - j  n+3-j 

imposs ib l e .  Hence, f o r  each j , 2s j Sn-i+l, ux .CE ( G I  i m p l i e s  t h a t  
3 



YXn+2- j # E ( G )  . S i m i l a r l y ,  i f  t h e r e  e x i s t s  k s a t i s f y i n g  iSk5n-1 

such t h a t  ux E V ( G I  and xx 6 E (GI  , then ux x . . x xx 
k 2 3-  

... X v 
n-k n-k n-i+2 k 

i s  a u,v-path o f  l eng th  i. It follows t h a t  f o r  each k s a t i s f y i n g  

idkln-1, u\€E(G) impl ies  t h a t  xx ~ E ( G )  . Hence, it i s  c l e a r  t h a t  
n-k - 

r t 5  ((Q-i+l) -1) -s t  s ' 5 ( (n - i+ l )  -1) -r and 

* d 

r '+s '1 2 ( n - i + l )  -2- ( r + s ) S  2 (n - i+ l )  -2- ( n - i + l - 1  . This  c o n t r a d i c t s  
-? 2 

t h e  i n e q u a l i t y  r 1 + s ' 2 n - i + l  introduced i n  t h e  previous  paragraph. 

This  impl ies  t h a t  t h e  assumption t h a t  t h e r e  e x i s t s  an  i s a t i s f y i n g  

ncizn-1 f o r  which P .  (u ,v )  f a i l s  f o r  some u,vtV(G) i s  a f a l s e  - 
2 1 

assumption. This  completes t h e  proof.  

In  o r d e r  t o  prove Theorem 4.1.9,  one more Lemma i s  requi red .  

Lemma 4.1.10 Let  G= ( V ( G )  ,E(G) ) be an (n,m) -g,raph which s a t i s f i e s  

OC. I f  t h e r e  e x i s t s  a  pa th  P:u=x x x . . ~ ~ h ~ + ~ = v ,  then a t  l e a s t  
1 2.3 '  

one of t h e  fol lowing four  cond i t ions  holds .  

(i) 
' i+l  (u ,v)  holds i n  G ,  

(ii) - t h e  subgraph G'=<v(G)- satisfies OC, where . , 

(iii) t h e r e  e x i s t  w w CV(G) d i s t i n ' c t  from u,v such t h a t  t h e  
l t  2 + 

2 
subgraph G"=<v ( G ~ ! { W ~ W ~  1 > f i e s  OC, o r  

I ' 

- ( i v )  i=2 and P (u;v) holds i n  G .  
4  

I 

Proof: A s  i n  t h e  p r w f  of Theorem 4.1.12, t h e  cases  where n14 w i l l  

r e s u l t  i n  G=K and t h e  theorem follows t r i v i a l l y .  Hence, we 
n 

cons ider  only t h e  cases  where 1115. 

I f  i j n ,  - then  P (u ,v)  holds according t o  Theorem 4.1.12. 
3 i+ 1 

We assume t h a t  i < n .  I f  t h e r e  e x i s t s  yeV(G)-V(P) such t h a t  f o r  some - - 
2 b 



j s a t i s f y i n g  U j S i ,  yx.CE(G) and Y X ~ + ~ C E ( G )  , then u=x x  . . x  Yx 
1 1 2 '  j j + l  

x . . . x  =v i s  a  u,v-path of length  i+l. So P ' (u ,v)  holds and 
j+2 i+l - i +  1 

condi t ion  (i) is s a t i s f i e d .  We assume t h a t  no such a  v e r t e x  y 

e x i s t s  i n  G f o r  t h e  remainder of  t h e  proof.. I 

I f  t h e  subgraph G ' = < v ( G ) - v ( P ) > = K '  then  it isJ c l e a r  
n- ( i + l )  :. 

that Pi+l(u,v) holds  s i n c e  i < n  and G is'2-connected. L F  -- 
2 

w w f V ( G t )  be nonadjacent v e r t i c e s .  Since G s a t i s f i e s  .OC, 
1' 2  

deg (w )+deg (w )Ln+l: Let  degGl (w. ) denote t h e  degrees of  w i n  
G 1 G 2  1 i 

G ' ,  f o r  i=1 ,2 .  Hence, degGl  (wl1+deg (w ) ,n+l-i-1 = I v ( G . ' ) [  +1, 
G '  2 

un less  it is  t h e  c a s e  t h a t  i i s  even and w x ,w x.fE(G) , for each 
1 j  2 1  

I f  t h i s  l a t t e r  case  i s  not  encountered, then S(G')? I v ( G ' ) I  +1. 

This  impl ies  t h a t  G '  s a t i s f i e s  OC and condi t ion  (ii) o f  t h i s  lemma 

is s a t i s f i e d .  Therefore l  it rema& t o  i n v e s t i g a t e  t h e  case  t h a t  

i is  even and f o r  each j = l , 3 , 5 ,  ..., i + l , w  x  ,w x . € E ( G )  d i s t i n c t  
J 

1 1  2 1  

from u  and v  such t h a t  zw ,zw2€E ( G )  . I n  such a  case ,  uw zw v i s  a  1 1 2  1 

u,v-path of , l e n g t h  4 and P  (u ,v)  holds i n  G .  This  impl ies  t h a t  
4  

condi t ion  ( i v )  of t h e  lemma is s a t i s f i e d .  Thus, we assume t h a t  

iL4. Since degG (wl) +aeg ( w 2 )  ?n+l- ( i+2)  =n- ( i + l )  = J v ( G V I  , t h e r e  
G '  

e x i s t s  w t V ( G 1 )  -fwl,w$ such t h a t  ww 1 ,ww'*CE i G )  . Let 

G"=<v(G) -{w,w1)). I f  w and w a r e  adjacent  t o  no common v e r t e x  i n  
1 

G ,  then  f o r  each p a i r  of nonadjacent v e r t i c e s  y , zW(G") ,  

I t  remains t o  cons ider  t h e  case  where t h e r e  e x i s t s  x€V(G) such t h a t  

4 

' l eng th  i+l. This means (i) is  s a t i s f i e d .  I f  X E V ( P )  , then x=x f o r  
- ,  j 



some oddjvalue, of j s i n c e  no two adjacent  p a i r  

s h u l t a n e o u s l y  ad jaceg t  t o  w. Without l o s s  of  
cl 

I 101 

of v e r t i c e s  can b e  

g e n e r a l i t y ,  j 23 can 

b e ' a s s ~ e d .  I n  such a case ,  ux . . .x w ww -x x . . . x  i's a 
2 j-2 J 2 j j + l  i 

u,v-path of l eng th  i+l. This  again  means P . ( u , v )  holds  G 'and 
1 ' 

t h i s  completes t h e  proof of  t h e  lemma. 
' 

, 
Equipped with t h e  information introduced i n  t h l s  chap te r  s o  f a r ,  

D 

one can now proceed t o  c o n s t r u c t  t h e  proof of t h e  main theorem of 
* 

t h i s  s e c t i o n .  

Proof of Theorem 4.1.6 By Theorem 4.1.9, t h e  r k s u l t  holds  f o r  
v La 

a l l  1127. I t  remains only t o  cons ider  t h e  cases  where 1128. . 
r 

Suppose t h e  con t ra ry  and l e t  G= ( V  (G) ,E  ( G )  ) be an ( n  ,m) -graph 

where n i s  t h e  l e a s t  number of  v e r t i c e s  on which a graph G f a i l s  

t o  s a t i s f y  t h e  theorem. There e x i s t  u,vtV(G) and an i n t e g e r -  j 

which s a t i s f i e s  45j)n-1 such t h a t  P .  (u ,v )  f a i l s  t o  hold  i n  G. By 
3 

Lemma 4.1.8, e i t h e r  P ( u , v )  o r  P (u ,v)  holds i n  G .  I f  P4(u.v)  1 . . 2 
4 

holds i n  G ,  then l e t  i b e  t h e  g r e a t e s t  i n t e g e r ,  such t h a t  f o r  each 
7 

k s a t i s f y i n g  4SkIi ,  P ( 6 , ~ )  holds  i n  G and P ( u , v )  f a i l s  t o  hold 
k k+ 1 

i n  G. Otherwise, l e t  i be t h e  g r e a t e s t  i n t e g e r  s a t i s f y i n g  i < 4  1 

such t h a t  p .  (u;vl holds  i n  G .  I t  i s  c l e a r  t h a t  i c  
I 

Choose a u,v-path of l eng th  i P:u=x x 
1 2.-X 

x : .  =v and apply 
i-1 1 l+l 

Lemma 4 .1 .1  accordingly .  I t  i s  c l e a r  by t h e  choice of i t h a t #  
3 %- 

condi t ions  fi) and ( iv )  cannot hold  i n  G. Suppose t h a t  coridition 
. - 

(iii) of ,Lemma 4.1.10 holds  i n  G and l e t  w ,w CV(G) be d i s t i n c t  
1 2  

from IJ and v.  By t h e  choice of  G ,  i n  t h e  subg;aph G"=(V(GJ- 

{w1,w2}), P ~ ( u , v )  i s  s a t i s f i e d  f o r  each k s a t i s f y i n g  4Sk5n-3. Note 

t h a t  n28 and - ncn-3 a s  y 4 e s u l t .  Th i s ,  however, impl ies  t h a t  
? i 



t h e  choice of 

102 
i n  G ,  f o r  each k s a t i s f y i n g  4'kIn-1, which c o n t r a d i c t s  

We may assume t h a t  only  condi t ion  (ii) of Lemma 4.1.10 

holds i n  G f o r  t h e  remainder of  t h e  proof .  
< - 

Let  G ' = < v ( G )  -v(P)> .  emma ma 4.1.10, G '  s a t i s f i e s  OC. Define 

There a r e  t h r e e  cases  t o  be  examined. 

Case 1 There e x i s t s  xcN' ( u )  and yeN ' (v )  such t h a t  #y . Note t h a t  

I V ( G ' ) ]  = n - ( i + l ) ? 4 .  If ~ v ( G ' ) I = ~ ,  then G '  s a t i s f y i n g  OC impl ies  

t h a t  G 8 = K 4 .  Hence, I v ( G ' ) /  25 is  assumed f o r  t h e  remainder of t h e  
C 

proof .  By t h e  choice of G ,  I v ( G ' ) \  < I v ( G ) I  and t h i s  impl ies  t h a t  f o r  

each k s a t i s f y i n g  ~ s ~ J . I v ( G ' ) )  -1, P (x,y)  holds i n  G I .  Together with 
k .  

t h e  edges ux,vy i n  G ,  P (u ,v)  holds i n  G f o r  each Q s a t i s f y i n g  L 

6 G 1 .  Since  I v ( G ' ) I  + l p ,  P (u ,v)  holds i n  G f o r  each - Q 
2 '-3 

s a t i s f y i n g  651511.-1. Suppose t h a t  e i t h e r  xy+E(G) o r  one of  

degGl (x)  = (n-1) - (i+l) and deg (y)  = (n-1) - ( i + l )  holds .  S ince  G '  

degGl ( x ) 1 3  and deg (y )13 ,  by Theorem 4.1.8, P (x ,y )  and P3(x,y)  
G '  2 

hold  i n  G I .  This  impl ies  t h a t  P (u ,v )  and P (u ,v )  hold  
4 5 

i n  G and t h i s  impl ies  t h a t  P holds  i n  G f o r  each A s a t i s f y i n g  R 
4Si5n-1 and which c o n t r a d i c t s  t h e  choice of G. Hence, it remains 

t o  assume that no v e r t e x  i n  N ' (u)uN1(v)  has degree 

(n-1) - ( i + l )  =n-i-2 and each v e r t e x  i n  N ' (u)  is ad jacen t  t o  every 

v e r t e x  i n  N ' (v)  . - 
Let w€V ( G '  ) such t h a t  WX#E ( G  'I-? By Lemma 4.1.7, t h e r e  

e x i s t s  w r C V ( G ' )  such t h a t  x w ' € E ( G S )  and w w ' E E ( G ' 1 .  S ince  

w € N t  (v)  , again  by L e m  4.1.7,  t h e r e  e x i s t s  a  v e r t e x  ylEV(G) 

such t h a t  vy1CE(G)., wyS€E(G) and y+{u,x,w'). Then, uxw'wy'v i s  a . 
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u,v-path of length  5 and t h i s  impl ies  P (u,v) holds  i n  G .  
5 

I f  the?e e x i s t s  a v e r t e x  w t ~ ( G )  such t h a t  u w € ~ ( G )  and VWCE ( G I  , 
\ 

then by Lemma 4.1.10, t h e r e  e x i s t  two d i s t i n c t  v e r t i c e s  a , b € v ( ~ )  

such t h a t  ua,wa,vb ,wbEE ( G )  . Then, uawbv c o n s t i t u t e s  a  u,v-path of 

length  4 i n  G which is  impossible.  This  impl ies  t h a t  

' Nf(u)uN ' (v )=V(G ' ) .  S ince  none of x  and y ' h a s  degree ( n - 1 ) - ( i + l ) ,  

n e i t h e r  N ' (u)SN1(v)  n o t  N1(v)SN'(u)  holds.  Henc 

r, Y ~ N '  (u)  . ' I f  t h e r e  e x i s t s  a- v e r t e x  z€N1 (u) such t h a t  zxrE ( G " )  , then 

uxzyv is  a  u,v-path of length  4 and P (u ,v)  holds i n  G which is 
4  

impossible.  This impl ies  t h a t  no t w o  v e r t i c e s  i n  N ' (u)  a r e  

ad jacen t .  S i m i l a r l y ,  no two v e r t i c e s  i n  N1(v)  a r e  a d j a c e n t .  

Hence, N '  (u)nN' ( v ) = + .  It  fol lows t h a t  deg (u)=IN' (v ) l  and 
G '  

degG, (v )=IN1(u) l  . Without l o s s  of g e n e r a l i t y ,  we assume t h a t  

N u  5 N v  1 . If I N '  ( ~ 1 1 1 2 ,  then  f o r  each p a i r  of d i s t i n c t  

con t rad ic t ion .  If N '  ( v ) = ( ~ ) ,  then deg (y)=n-i-2 which aga in  is  a  
G '  

c o n t r a d i c t i o n .  

What has  been proven s o  f a r  i s  t h a t  i f  t h e r e  e x i s t  d i s t i n c t  

v e r t i c e s  x€N' (u) and YEN' (v )  , then  P (u ,v)  holds i n  G f o r  each Q 
Q 

s a t i s f y i n g  4Sxbn-1. This  c o n t r a d i c t s  t h e  choice  of G .  -Hence, 

I) 

Case 1 cannot occur i n  G. 1 

Case 2 N 1  (u)  = N t  (v) ={x)or N '  (u )  # $ and ~ ( v )  =+. . 

Let x€N ' (u )  such t h a t  x  is a d j a c e n t  t o  every o t h e r  v e r t e x  i n  
* 

V ( G f )  , i n  which case  deg (x) = (n-1) - ( i+ l )=n- i -2 .  Let  yfV(G') be  
G '  

an a r b i t r a r y  v e r t e x  i n  G '  d i s t i h c t  from x. Since G '  s a t i s f i e s  



I f  deg  (x fcn - i -2 ,  t h e n  t h e r e  e x i s t s  a  v e r t e x  yEV(G1) 
G ' 

d i s t i n c t  from x  such t h a t  & E ( G ' )  . Lemma 4.1.8  a g a i n  i m p l i e s  

t h a t  P2 (x ,y )  and P  (x ,y )  ho ld  i n  G '  . S i n c e  I V ( G ' ) [  < I v ( G ) I  . 
3 

P k ( x , y )  h o l d s  i n  G '  f o r  each k  s a t i s f y i n g  2 5 k i l ~ ( G ' ) I - l .  S ince  

~ ' ( v ) = + ~ r  N ' ( v ) = N ' ( u ) = + ,  V Y + E ( G ) .  By Lemma 4.1.7 ,  t h e r e  e x i s t s  a  

v e r t e x  w € V ( G )  - ( V ( G '  u (u))such t h a t  wEE(G) and ywEE ( G I  . It 

fo l lows  t h a t  f o r  each  k  s a t i s f y i n g  ~ s ~ s ~ v ( G ' )  1 +2 ,  P ( u , v )  h o l d s  
k  

i n  G .  Note t h a t  I V ( G  ' ) I +2>n. By choosing y such t h a t  xyEE ( G  ' , - 
2 

uxywv is  a  u,v-path o f  l e n g t h  4 .  Hence, P (u ,v )  h o l d s  i n  G .  
4  

I f  G s a t i s f i e s  t h e  h y p o t h e s i s  o f  t h i s  second c a s e ,  t h e n  P (u ,v )  
k  

c 

h o l d s  f o r  each k s a t i s f y i n g  4Skbn-1. . T h i s  c o n t r a d i c t s  t h e  

h y p o t h e s i s  t h a t  P  (u ,v )  f a i l s  t o  ho ld .  Hence, Case 2  cannot  
i+l 

occur  i n  G .  

Case 3 N (u)  =Nq (v)  34. 

L e t  x ,ytV(G1) . I f  X ~ + E ( G ) ,  t h e n  by Lemma 4.1.8 ,  P ( x , y )  and 
2  

P (x ,y )  ho ld  i n  G ' .  S i n c e  I Y ( G ' ) I < I & ~ . ,  Pk (u ,v )  h o l d s  i n  G f o r  
3 

each k  s a t i s f y i n g  45kin-1. S i n c e  UX$E ( G I  and vy& ( G )  , by 

Lemma 4 .1 .7 ,  t h e r e  e x i s t  two d i s t i n c t  vertices a ,b<v(G) - (V(G ' ) -  

{u,v))  such t h a t  ua ,xa ,vb ,yb€E(G) .  I t  is  c l e a r  t h a t  P  (u ,v )  h o l d s  k 

i n  G f o r  each k  s a t i s f y i n g  6Sk5 I v ( G ' ) I  + 3 .  Note t h a t  n< ] v ( G ' ) I  +3 
2 

I•’ x,y are chosen i n  such a  way t h a t  xy€E (GI  , t h e n  uaxybv is  ' 
- ' Y  

a  u,v-path o f  l e n g t h  5. Choosing x=y a ~ ) o w s  P (u ,v)  t o  h o l d  i n  G. - 4 
a& ,P % 

Ohce agaii l  Pk (u ,v )  hofas i n  G %r each k  s a t i s # f y i n g  41kSn-1. I n  

v. each  of  t h e  thr& c a s e s  above, w e  have shown t h a t  G'=(V(G)-V(P))  

s a t i s f i e s  OC and P  (u ,v )  ho lds  ' i n  G f o r  Pach a s a t i s f y i n g ,  4igin-1.  R 9 
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*--- *- 

i+l 

r 
Therefore,  t h e  ~ r i g i n a ~ ~ ~ ~ a s s u m p t i o n  of P (u ,  v)  h i v i n g  f a i l e d  t o  

hold i n  G must be i n v a l i d  and t h i s  completes t h e  proof .  II 

Sect ion  4.2 Path l e n g t h  d i s t r i b u t i o n  (PLD) and PLD-maximal graphs 

I n  Sect ion  4. l,, we have examined how OC goes much beyond being a 

s u f f i c i e n t  condi t ion  f o r  a  graph t o  be hamiltonian-connected. I n  t h i s  
C - 

second s e c t i o n ,  t h e  concept of  p a t h  length  d i s t r i b u t i o n  (PLD) of  an 

(n,m)-graph w i l l  be in t roduced.  Severa l  necessary and s u f f i c i e n t  

condi t ions  f o r  an (n,m)-graph t o  be PLD-maximal w i l l  be examined. 

of a l l  two-element subse t s  of V ( G )  . For each k s a t i s f y i n g  lSk5n-1, 

de f ine  

2 
sk=({u,v) f [v (G) ]  I P ~ ( u , v )  holds i n  G )  

2 n-1 
and so=Cv (GI] - y Sk. 

k = l  

Def in i t ion  4 .2 .1  Let  G= ( V ( G )  , E ( G )  be an (n,m) -graph. The pa th  

,/ l eng th  d i s t r i b u t 2 o n  (PLD) ;of G i s  t h e  sequence of non-negative 

I t  i s  c l e a r  t h a t  1.5 1=0 i f  and only ' i f  G i s  connected; 
0 

~=IP(G)I = I  sl] s o  t h a t  1 s 1 =n(n-1) i f  and only i f  G=K . Also. f o r  a l l  
1 n 9 

- k ,  )skl:n(n-l) . 
2 

For t h e  sake of completeness,  t h e  d e f i n i t i o n  o f  a  PLD-meximal 

, graph w i l l  be in t roduced again i n  l i g h t  of Def in i t ion  4.2.1. 

D e f i n i t i o n  4.2.2 Let  G = ( v ~ G ) , E ( G ) )  be an (n.m)-graph. 

Then, G is  s a i d  t o  be PLD-maximal i f  and only i f  t h e  elements - 

i n  t h e  PLD of  G s a t i s f y  I SO I=0 a n d l ~ ~ l  =n (n-1) f o r  each 1 ,  
2 



The f i r s t  
, 

r e l a t e d  t o  the  

s u f f i c i e n t  condi t ion  f o r  a graph t o  be PLD-maximal i s  

t o p o l o g i c a l  parameter ' c o n n e c t i v i t y ' .  

Theorem 4.2.3 I: 2 2  J Let  G= (V  ( G )  ,E ( G )  ) be an (n  ,m)  -graph which 

n +1 -connected. Then, G i s  PLD-maximal. Furthermore, t h e  
is [T  I 
connec t iv i ty  cond i t ion  i n  t h i s  theorem connot be reduced. 

Proof: Since G i s  -connected, $(GI>, . Therefore ,  - 
;(G)?d(G) 2 2 n + l  2 n + l  which impl ies  t h a t  G s a t i s f i e s  OC. By 

[T 1 
theorem 4.1.6, PA holds i n  G f o r  each 1 s a t i s f y i n g  4S1Sn-1. For 

any two a r b i t r a r y  d i s t i n c t  v e r t i c e s  U , V € V ( G )  , deg (u)+degG(v) L 
G 

Q(G)?n+l. Hence, t h e r e  e x i s t s  xEV(G) such t h a t  xuEE(G) and 

xvcE(G) which impl ies  t h a t  P2holds i n  G .  I t  remains t o  show t h a t  

P holds i n  G .  
3 

Suppose t h e  cont rary  and l e t  u,vW(G) such t h a t  P (u ,v )  f a i l s  
3 

A={XCV(G)I  XUCE.(G) and XVCE (G) f . 
B= {XCV ( G ) I  xu€E (GI  and XV(E ( G )  } . 

D={X€V(G)I xu(E(G) and XV+E(G) ) .  

I n  o rde r  f o r  P (u ,v )  not  t o  hold  i n  G ,  t h e  fol lowing two condi t ions  
3 

must hold .  

(1) For any a a € A ,  ala2fE(G) 
1' 2 

(2)  For each a e A  and xCBuC, a x i ~  ( G )  . 
I f  A=+, then t h e  subgraphs < v ( G I  - (B U{V) > and 

< v ( G )  - ( C ~ f u )  > mst be disconnected.  S ince  G i s  [;+I] ;connected, 



and Icl+lt  . Hence, I B I L  [;] and ICI?[II].' This 

impl ies  t h a t  2 which i s  impossible.  Therefore,  . 
l A I L 1 .  Since Condit ions (1) and (2)  above hold ,  it follows, t h a t  

t h e  sub graph<^(^) - (D~{u,v))  > i s  disconnected .  This  impl ies  t h a t  

I D ] ,  " -1 and n,(Al + I D !  +2? I~I+( [3 ] -1 )+2 .  Hence [ ~ I ] ? I A ~  . S i m i l a r l y ,  

121 
t h e  subgraphs < v ( G )  - ( A U B U  {v))  > and < v ( G )  - ( A U C V { U ~ )  > a r e  discon- 

nected and it fol lows t h a t  J B  I > -[$A\ n and Ick[?]-bI. 

Combining t h e  i n e q u a l i t i e s  developed s o  f a r  y i e l d s  
'y 

n = l v ( ~ ) I  = I A I + I B I + I C I + I D  1+2?1~(+2  

Hence, 

t h a t  I B I = I  c I =  0 and it 

121 
which c o n t r a d i c t s  t h e  hypotheses on G .  Therefore ,  t h e  o r i g i n a l  

assumption t h a t  P f a i l s  i s  f a l s e  and t h i s  completes t h e  proof .  . 
3 
a 

The sharpness of t h e  theorem w i l l  be d iscussed fol lowing 

Corol lary  4.2.9. 
- 

I n  ~heo;em 4.2.4 and Theorem 4.2.5 beloQ, two s u f f i c i e n t  condit'ions 

" .for a- graph t o  be  PLD-maximal w i l l  be introduced.  These two theorems 

a r e  i n  s i m i l a r  s p i r i t  t o  Theorem 2 . 1 . 1 .  , 

Theorem 4.2.4 [22] Let  G be an (n ,m)  -graph with n12 and .  

d ( G )  > 3n-1 . Then, G i s  PLD-maximal. Furthermore, t h e  degree 

[i. 1 
condi t ion  i n  t h i s  theorem cannot be reduced. 

Proof:  For 1-114, G s a t i s f y i n g  t h e  condi t ion  of  t h e  theorem impl ies  - 
t h a t  G=K and t h e  r e s u l t  fol lows t r i v i a l l y .  I t  remains t o  

cons ider  t h e  cases  where 1-115. 

For 1125, G s a t i s f i e s  OC and by Theorem 4.1.6 a g a i n ,  P .  holds / 1 



i n  G f o r  e a c h ' i . s a t i s f y i n g  4liSn-1.  -Fu r the rmore ,  by Lemma 4.1.8 ,  

f o r  any p a i r  o f  nonadjacent  v e r t i c e s  u,vtV(G) , P2 (u.v) and P ( u , v )  3  

h o l d s  i n  G .  To complete  t h e  proof  of t h e  theorem, it s u f f i c e s  t o  

show t h a t  f o r  any p a i r  of  a d j a c e n t  v e r t i c e s  u , v € ~ ( G ) ,  P ( u , v )  and 
2  

P (u ,v)  ho ld  i n  G .  
3, 

Suppose t h e  c o n t r a r y  and l e t  U , V ~ V ( G )  b e  two v e r t i c e s  such 

t h a t  uv€E(G) and P2 ( u , v )  f a i l s  i n  G .  Define 

A = { X € V ( G ) I X U C E ( G )  and xfv).  

S i n c e  P ( u , v )  f a i l s  t o  ho ld  i n  G I  t h e  s e t s  A,B  and C a r e  mutua l ly  
2  

.- 
d i s j o i n t .  S ince  G s a t i s f i e s  OC, B(G) 2 3 .  Hence, ( ~ 1 2 1  and ' 

IB l r l .  L e t  a€A and bcB. C l e a r l y ,  

deg (a) +degG(v)  5 (11-21 + I B ~  +1+ (n-1) + I B ~  and 
G 

S i n c e  a v + ~  ( G )  and b u e ~  (GI  

,- 

[ $ n - l F q G ) ~ d e ~  ( a )+d& ( v l r  ( n - l ) + l ~ l  and - ! G  - G -  

Combining t h e s e  l a s t  two i n e q u a l i t i e s ,  Ge o b t a i n  3n-322 3n- 62n-2+ 
[2 I- 

~ e n c e ,  ndl+lAl+ 2+1AI+ 1st 5 I v ( G ) I  =n whiCh i s  a  c o n t r a d i c t i o n .  

The re fo re ,  t h e  assumption t h a t  P  (u ,v )  f a i l s  i n  G i s  f a l s e  and 
2 

t h i s  i m p l i e s  t h a t  P h o l d s  i n  G .  
2  

W e  now suppose t h a t  P  f a i l s  i n  G -and l e t  u,v€V(G) b e  two 
3  

v e r t i c e s  such  t h a t  uvCE(G) and P ( u , v )  f a i l s  i n  G .  L e t  

i""-. 



A = { X C V ( G ) I  XU€E ( G )  and X V # E ( G )  and x#v). 

B = { X C V ( G ) I  xufE(G) and xvCE(G) and x#u). 

C= {X€V(G) I  xu€E ( G )  and XUEE ( G ) )  . 
D= { X C V ( G ) ~  xufE(G) and . X V ~ E ( G ) } .  

, 

I t  is  c l e a r  t h a t  t h e  s e t s  A , B , C  and D ' a r e  mutua l ly  d i s j o i n t  

which i m p l i e s  t h a t  ~ = I v ( G ) I  = IAI+IB)  + ~ c I + ~ D I + ~ .  

I n  o r d e r  t h a t  P ( u , v )  f a i l s  t o  ho ld  i n  G ,  t h e  fo l lowing  t h r e e  
3  

c o n d i t i o n s  must ho ld .  

(1) For  each  aEA and f o r  each X ~ B U C , '  ax@?G) . 
# 

(2)    or each  bCB and f o r  each y t ~ v c ,  by@ ( G )  . 

( 3 )  For each  c  c E C ,  c c + E ( G )  . 
1' 2 1 2  

C l e a r l y ,  deg ( u )  < 1 C )  + I A I  + 1  and 
G 

For  any aCA and bEB deg ( a )  5 I A ~  + ID1 and 
G 

Note t h a t  a v f ~  ( G I  and b u f ~  ( G )  . I f  e i t h e r  A# +# o r  B#+, t hen  * 

n+1' ~ ( G z '  I A ~  + I B ~  + I c I  +{Dl +1=n-1 which is  a c o n t r a d i c t i o n .  Hence, 

A=B=$ and it f o l l o w s  - that .&= I c ] + I D /  + 2 .  The re fo re ,  2n-2 IC1=2 I D (  +4. 
a 

S i n c e  deg (u )?  3 arid dexg ( v ) $ 3 ,  1 ~ 1 2 2 .  L e t  cl,c2CC. I t  i s  c l e a r  
G G 

S 2 ( ~ ) $ d e g  ( c  )+deg  ( c  )$2  I D  1+4=2n-2 1 ~ ) .  For  any X E D ,  
G 1 G 2  

d e g G ( x ) l  n-3 and XV#E(G)  . Thi s  i m p l i e s  c h a t  
P 

S n - l ' ? ( ~ ) l d e ~  (v )+degG(x)S  I ~ l + l + ( n ~ 3 ) = n + l ~ I - 2 .  'Combining t h e  : IT I .  G 
. l a s t  two i n e q u a l i t i e s  i n  t h e . a p p r o p r i a t e  manner, w e  have 

9 n - 9 ~ 6 [ ~  -11 d 4(n+ ~ c I  -2)+2 (2n-2 ) C  1 )=8n-8, which i m p l i e s  t h a t  nS1 

. J 



o r i g i n a l  assumption of P  (u ,v )  having f a i l e d  t o  hold i n  G i s  
3 

f a l s e  and it follows t h a t  P h o l d s . i n  G .  Hence, G is PLD-maximal. 
3 

The example which shows t h a t  t h e  condi t ions  i n  t h i s  theorem 

a r e  sharp  w i l l  be i l l u s t r a t e d  fol lowing Corol lary  4.2.9. 

Theorem 4.2.5 C253 Let G= (V ( G I  , E ( G )  be an (n,m) -graph such t h a t  

(1) d ( G ) ? n + l  and when n  is odd, i n  add i t ion  t o  (1) 
> 

( 2 )  $ ( G ) z n + 2  i s  s a t i s f i e d .  Then, G i; ~ ~ ~ - m a x i l i ( B l .  

Furthermore, condi t ions  (1) and (2)  a r e  sharp .  Three pre l iminary  

lermnas'are requi red  be fo re  t h e  proof of Theorem 4.2.5 i s  t o  be . 
presented .  

Lemma 4.2.6 Let G = ( V ( G )  , E ( G )  be an -(n,m) -graph wi th  1-125- 
\ 
\ 

L e t  v  v  t V ( G )  be two nonadjacent v e r t i c e s ' i n  G such t h a t  f o r  a j y  
1' 2  

is  hamil tonian.  I - - 
, 

Proof;  I t  is  c l e a r  f o r  each p a i r  of v e r t i c e s  x,yfV(GY such t h a t -  

' ~ ( E ( G ' ) ,  degG, (x )+degGl  ( Y ) ? n + 2 - 4 = I ~ ( ~ ' ) I  . Hence, ? ( G ' ) >  I V ( G ' ) ]  
* 

which impl ies  t h a t  G' i s  hamil tonian.  

Lemma 4.2.7 Let G = ' ( v ( G )  , E ( G ) )  be  an (n,m) -graph wi th  a  cyc le  

C:X x  x  , . . x  x  o f  length  s f  3SsS'n-2. Let  v  v  6 ~ 1 ~ ) - V ( C )  and 
0 1 2  s-1 0  1' 2  

l e t  deg ( v  ) = l { x € ~ ( C ) l x v . € ~ ( G ) ) I  f o r  i=l and 2 .  If 
C i 1 

degc (vl) +deg ( v  )<s+l ,  then f o r  each P s a t i s f y i n g  2 S l < s + l ,  
C 2 

v ) holds  i n  G -  
P~ %' 2 

Proof:  I t  is  s u f f i c i e n t  t o  show t h a t  f o r  each J! s a t i s f y i n g  25AIs+l, 
i 

f h e r e  e x i s t s  x  x . C V ( C )  with  i-j=&-2(mod s) such t h a t  
i' J 

v  x ,v  x .  c E  ( G )  . Suppose t h e  con t ra ry .  For each i( {0, 1,. . . ,s-1) 
l i  2 3  



such t h a t  x.CC and x . v  € E ( G ) ,  t h e r e  e x i s t s  a  unique j € { o f 1  , . . . ,s-1) 
1 1 1  

s a t i s f y i n g  i-j=Q-2 (mod s ) and v  x .$E(G) . .  Th i s  imp l i e s  t h a t  
2 3 

deg ( v  ) I s -deg  ( v  which i s  a  c o n t r a d i c t i o n .  Hence, t h e r e  e x i s t  
C 1 C 2  

x  , x .  €v(c)  such- t h a t  i - j = l - 2  (mod s)  an'd v x  v  x .  EE ( G )  . Without 
i 3 1 i f  2 J. 

l o s s  o f  g e n e r a l i t y ,  l e t  i < j  i n  which c a s e  v  x  x  . x  v  is 
1 i 1 j 2  

a  v  v  -pa th  of l e n g t h  .k and t h i s  completes t h e  p roo f .  
1, 2  

B 

Lemma 4.2.8 L e t  G = ( V ( G )  ,E(G) ) b e  a  (2k,m)-graph w i t h  k12 such 

t h a t  t h e r e  e x i s t s  a  v e r t e x  ufV(G) wi th  deg (x)Lk f o r  a l l  
G 

x€V(G) - ( u ) .  Then, e i t h e r  G i s  hami l ton ian  o r  ( v ( G )  - {u) > i s  

hami l ton ian .  

P roo f :  Le t  G=.(V(G) ,E(G) ) b e  a  (2k,m) -graph w i t h  k t 2  which s a t i s f i e s  

t h e  c o n d i t i o n s  of  t h e  theorem. I f  G i s  hamil toniar i ,  t h e n  t h e  

proof  i s  complete .  Thus we assume t h a t  G i s  n o t  hami l ton ian  and 

e s t a b l i s h  t h a t  G ' = < v ( G ) - ( u ) >  i sPhami l ton ian .  Le t  A . x  x  
1' 1 2."X2kX1 

be  a  c y c l i c  arrangement o f  t h e  v e r t i c e s  i n  G such t h a t  t h e  number 

of  p a i r s  o f  v e r t i c e s  of t h e ' f o r m  X ~ , X ~ + ~  , w i t h  l S i 5  2k-1, which 
II - 

s a t i s f y  x  x  E E ( G )  i s  maximum. wer n e x t  e s t a b l i s h  t h a t  f o r  any i, 
i i+l 

lSi52k-1,  x  x  $ E ( G )  i m p l i e s  t h a t  e i t h e r  x .=u  o r  x ~ + ~ = u .  Suppose 
i i + l  1 

t h e  c o n t r a r y  and l e t  x . x  $ E ( G )  f o r  some i ,  lSiS2k-1,  such t h a t  
1 i + l  

n e i t h e r  x . = u  n o r  x - Without l o s s  of  g e n e r a l i t y ,  i=l i s  
1 i + ~ = ~ '  

assumed. Then, f o r  each j s a t i s f y i n g  35j52k-1, i f  x  X . E E ( G ) ,  t hen  
1 1  

x  x  + E ( G ) ;  f o r  o t h e r w i s e ,  A - x  x  x 
2 j + l  2 .  1 j j - lX j -2  

. . . X 2 X j + l X j c 2 . .  . x  
2 k - l X 1  

i s  a  c y c l i c  arrangement of t h e  v e r t i c e s  of  G f o r  which t h e  number 

of  p a i r s  o f  cont iguous  p a i r s  o f  v e r t i c e s  which a r e  a d j a c e n t  is 
., 

g r e a t e r  t h a n p t h a t  o f  t h e  o r i g i n a l  arrangement A T h i s ,  however 
1 ' 



imp l i e s  t h a t  deg ( x  )I2k-1-deg ( x  ) , which c o n t r a d i c t s  t h e  
G 1 G 2 

assumption t h a t  n e i t h e r  x =u n o r  x =u. Hence, t h e r e  a r e  a t  most 
1 2 

two p a i r s  of cont igueous  v e r t i c e s  of t h e  formkx irxi+l f which a r e  

nonad jacen t ,  w i t h  each nonadjacency i n v o l v i n g  t h e  v e r t e x  u. With- 

o u t  l o s s  of  g e n e r a l i t y ,  it can now be  assumed t h a t  

A - x x x x  
1' 1 2 3 4...X2k-1X1 

is a c y c l i c  arrangement o f  t h e  v e r t i c e s  o f  

G w i t h  a t  most {x  , u )  and {u,x ) be ing  t h e  nonadjacent  p a i r s ,  
1 2 

where x =u. I f  x x CE(G) ! t hen  x x x 
2 1 3  1 3 4 * X2k-2x2k- lxl 

is  a 

hami l ton ian  c y c l e  i n  G ' = < v ( G )  -{u)) and t h e  p roo f  i s  complete.  

Thus, x x (E ( G )  i s  assumed. Note t h a t  A '  :x1x3x4 .-. . x ~ ~ - ~ x ~  
1 3  is' a l s o  

an a r r anuemen to f  v e r t i c e s  i n  G '  which h a s  t h e  maximum number of  

a d j a c e n t  cont igueous  p a i r s .  Without l o s s  o f -  g e n e r a l i t y ,  l e t  

U X ~ $ E  ( G )  . S i m i l a r l y  f o r  each  j s a t i s f y i n g  4SjS2k-1, x n x  h~ ( G )  
1 j 

, imp l i e s  t h a t  x3x j+ l$~ ( G )  . Then, e i t h e r  deg ( x  ) C-2k-1-deg ( x  o r  G 1 G 3 

deg - ( x  )52k-2-deg ( x  ) dependin+ on whether ux CE (GI  o r  U X ~ ( E ( G )  
G 1 G 3 3 

r e S p e c t i v e l y .  I n  e i t h e r  c a s e ,  one o f  x 
l r x 3  

has  degree  s t r i c t l y  

less than  k .  Th i s  c o h t r ~ d i c t s  t h e  cho ice  o f  u#x, and u#x 
3 ' 

Thus, 

x x EE(G) and C : x  x x 
1 3  1- 3 4s. .X2k-1X1 

i s  a hami l ton ian  c y c l e  i n  

G'=<v(G)-{u)) which completes  t h e  p roo f .  I 

We a r e  now ready  t o  prove  Theoremz4.2.5. 

Proof o f  Theorem 4.2.5 L e t  G= ( V ( G )  ,,E(G) ) b e  an (n,m) -graph which, 

s a t i s f i e s  the hypotheses  o f  Theorem 4.2.5. The r e s u l t  is obvious - 

f o r  t h e  ca se  where 1114. We assume t h a t  nL5. 

, 
Suppose t h a t  bo th  c o n d i t i o n s  (1) and ( 2 )  a r e  s a t i s f i e d .  L e t  

P v E V ( G )  b e -  two a r b i t r a r y  v e r t i c e s  i n  G .  Then, f o r  any p a i r  o f  
1' 2 



nonadjacent  v e r t i c e s  x ,yEV ( G )  - {vl ,v2) , deg (x)  +deg (y)L ; (G)  ?n+2. 
G G 

By Lermna 4.2.6, G ' = < V ( G ) - { V ~ , V ~ } ) ~ S  hami l ton ian .  L e t  

C:xlx 2 . . . ~  x b e  a hami l ton ian  c y c l e  i n  G ' .  C l e a r l y ,  
n-2 1 

deg ( v  ) +degc (v2)?d(G)  -2kn+l-2= (n-2) +1=I v(c)I + l .  By Lemma 4.2.7 .  
C 1 

f o r  each  1 s a t i s f y i ~ g  2Sl<,n-1,  P ( v  , v  ) h o l d s  i n  G. Hence, G i s  
R l 2  

PLD-maximal. 

I t  remains t o  show t h a t  f o r  t h e  ca se  where n=2k, k23, c o n d i t i o n  

(1) a lone  is  s u f f i c i e n t  t o  ensu re  t h a t  G i s  PLD-maximal. Note t h a t  
1 

i f  f o r  each u€V{G) , degG(u)  h k + l ,  t h e n  ;(GI ?d(G),n+2. The 

argument i n  t h e  f i r s t  p a r t  o f  t h e  proof  t h e n  shows t h a t  G is 

PLD-maximal. Thus, it remains t o  c o n s i d e r .  t h e  case where> t h e r e  

e x i s t s  a v e r t e x  uCV(G) such  t h a t  deg ( u ) < k .  There a r e  two subcases  
G 

t o  b e  examiined. 

Case 1 Suppose t h e r e  e x i s t s  a v e r t e x  uCV(G) such t h a t  deg ( u ) = k .  
b, G 

L Note t h a t  -?(GI L d ( ~ ) 2  n+ l .  By Theorem 2. i. 1, P - h o l d s  i n  G. L e t  ' 
n-1 - - .. 

vCV (GI  -{u) b e  a v e r t e x  such t h a t  deg (v) +deg (u )?  d ( G j  2 n+l=2k+l .  
G G 

Hence, 'degG(v) ? k + l .  The re fo re ,  f o r  any x,yEV(G) - (u ,v)  and f o r  

any f i x e d  vEV(G) - f u ) ,  deg  (x2+deg (y)?2k+2=n+2. By Lemma 4.2.6 ,  . *  
G G * 

t h e  induced subgraph G '=(v (G)  - {u ,v ) )  c o n t a i n s  a hami l ton ian  c y c l e  - 
c :x  X 

1 2'- .X2k-2X1. c l e a r l y ,  degC (u)  +degc (v )Ld  (GI -2?n+L-2= I V  ( c ) I  +I . .  

I t  fo l lows  from Lemma 4.2.7 t h a t  f o r  a l l  k s a t i s f y i n g  2 Sk<n-1, + 
P (u ,v )  h o l d s  i n  G.  a 

C 

Now c o n s i d e r  an a r b i t r a r y  p a i r  o f  d i s t i n c t  v e r t i c e s  x , ~ c v - ( u }  

a, 
, 

and l e t  G"=(v(G)  -(x, y) ) .  Note t h a t  f o r  any v e r t e x  z W(G") -{u ), 

deg (2)  +degG(u)LU(G)?2k+l.  Hence, degG(zJ l k + l  and t h i s  i m p l i e s  
G 

t h a t  d e g G ( z ) 2 k - l = I ~ ( G t t ) I  . By Lemma 4 .2 .8 ,  e i t h e r  t h e  subgraph G" 
6 

2 



G" has a  harniltonian cyc le  o r  G" has a  cycle  o f  l eng th  I v ( G " )  I -1 

pass ing  through every v e r t e x  i n  V(G") except t h e  v e r t e x  u. I f  
I L 

V(G") has a  hamil tonian cyc le  C '  : ~ y ~ . . . y ~ - ~ u ,  then 

degC, (x)+degC, (y)? b ( G )  -2?2k+l-2= I V ( C 1 ) I  +1. By Lemma 4.2.8, 

P (x ,y )  hold f o f  each s a t i s f y i n g  2Sk52k-1. Next we cons ider  I 
t h e  case  where t h e r e  e x i s t s  a  cycle  Cf1:y1y2.. . ~ ~ ~ - ~ y ~  i n  

V ( G r )  - (u). Since deg (x)+deg (u)L d ( ~ ) 2  2k+l,  it fol lows t h a t  
G G , 

deg (x)Lk+l .  S i m i l a r l y ,  degG(y)? .k+l .  Therefore, .  
G 

deg (x)+deg (y)22k+2 and it fol lows t h a t  
G G 

degclI (x) +degCll (y )?  2k+2-4= (2k-3) +1= Iv(G")I + l .  By Lemma 4.2.7, f o r  

- each 2 s a t i s f y i n g  2 1Qi2k-2, P (x ,y)  holds i n  G. 1n e i t h e r  of t h e  A ' f 

c%es abbve, it has been proGen t h a t '  Pk (x,Y) holds f o r  each 1 . 
2SQ52k-2. - Together with t h e  f a c t  t h a t  P holds i n  6, it 

n- 1 
d 

folJows t h a t  G i s  PLD-maximal. 
$ 

Case 2 S>uppose t h e r e  e x i s t s  ueV(G) such t h a t  deg ( u ) l  k-1. 
f G 

Again, ;(GI? d ( ~ ) ?  n t 2  Ghich implies  ' t h a t  P hold i n  G. Let 
I n-1 

~ ' = ( t r ( G ) - { u ) ) .  For any two v e r t i c e s  x , y € V ( G r ) ,  

deg (x)+degG(u)L@(G)? 2k+l.  Hence, degG(x) ?k+2. S i m i l a r l y ,  G 
- t  . 

degG (y )?  k+2. Therefore ,  , 

degG (x )  +degG, (y) d e g  (x)  +degG (y )  -2 ?2k+2= (2k-1) +3= I V  (G,' )I  +3 
6 

This ' implies  t h a t  ? ( G ' ) L ~ ( G ' ?  t ~ v ( G ' ) )  +3>Iv(G1)1 +2. Hence, f o r  

each II s a t i s f y i n g  23fi2k-2, PL(x ,y )  holds i n  G. NOW cons ider  any 
b 

v e r t e x  z CV(G1)  . Since deg (2) +deg ( u ) l  d ( G ) ~ n + l ,  t h e r e  e x i s t s  
G GI  

'4 

. w ~ v * ( G ' )  s zwu is a z,u-path of  length  2 t h e r e  e x i s t s  a  

z .w-path 3 : z .  . .w of l eng th  i n  G ' . A z ,u-path i n  G of length  
' 

t9 
j+l can t+n be  obta ined by concatenat ing t h e  p a t h  Q wi th  t h e  

1 1 



edge uw. Thus f o r  each 9. s a t i s f y i n g  21Q52k-2, P  ( z , u )  holds  i n  G. A 

Together with t h e  f-act t h a t  P holds i n  G,  it fol lows t h a t  G i s  
-1 & 

PLD-naximal and t h i s  completes t h e  proof.  rn 

The example t h a t  shows t h e  sharpness of t h e  cond i t ions  i n  

Theorem 4.2;5 w i l l  be  given a f t e r r t h e  fol lowing obvious c o r o l l a r y  t o  

Theorem 4-2.5. 

S(G)>n+2'. . Then, G i s  PLD-maximal . Moreover, t h e  cond i t ion  of  -- 
ry i s  sha rp .  

t h i s  

proof:  C lea r ly ,  f o r  any xIyCV(G) , deg (x)  +deg (x)  +degG(y) l  2%(G)rn+2. - G G 

Hence, ?(G)> Cf(G)'?n+2. By Theorem 4.2.5, G is PLD-maximal. The 

fol lowing examples w i l l  show t h a t  t h e  cond i t ion  given i n  t h i s  

c o r o l l a r y  is sharp .  

Examples t o  show t h e  sharpness of t h e  cohd i t ions  i n  Theorems 4.2.3 
+ 

and 4.2.5 and Corol lary  4.2.9, r e s p e c t i v q l y ,  a r e  a s  fo l lows.  

two (n  
1 ' ml 

)-graph and (,n m ) -graphs, respect ivQ$.  Ngw GluG2 i s  
2' 2  

t h e  (n1+n2, m c m  ]-graph wi th  t h e  s e t  of v e r t i c e s  v ( G  U G  = 
1 2  1 2  

V ( G 1 ) ~ V ( G 2 )  and t h e  s e t  of edges E ( G  V G  ) = E ( G  ) v E ( G  ) and G +G i s  
1 2  i 2.  1 2  

t h e  (n  +n ,q)-graph w i t h  s e t  of  v e r t i c e s  V ( G  +G ) = v ( G  ) U V ( G  ) and 
1 2  1 2  1 2 

t h e  s e t  of edges E ( G  +G )=E(G )uE(G )u.{xyl fok  all x€V(G ) and f o r  
1 2  1 2  I L 

a l l  ytV(G2? . C l e a r l y , q = m  +m +n n  
1 2  1 2 '  

Def in i t ion  4.2.11 Let  m,n,k be any t h r e e  p o s i t i v e  i n t e g e r s .  

An fm,n ,k)  -graph G is  def ined by G - u K  )+Kn. 
mIn,k m,n;k-('n k  



Then', , t - 
deg ( x )  =m+n-1 f o r  each x € V  (K ) , 

m 

-4 deg(x)=m+k f o r  each X C V ( ~  1 ,  n 

and deg(x)  =k+n-1 f o r  each x € v ( K  ) . 
k 

f i g u r e  4 . 1  

It i s  c l e a r  t h a t  G s a t i s f i e s  OC a s  long a s  m+kLn+l and 1-123. 
m,n,k 

I n  p a r t i c u l a r ,  w e  cons ide r  t h e  graphs G and G shown i n  
m,n,l  m,n,2 

~ i g k e  4.2 'below. 

For any VCV(: ) and uPK of G 
1 

it is c l e a r  t h a t  P (u ,v)  f a i l s  t o  
n  m,n,2' 2 

hold. Let x,y€V(K2) of  G I t  is  c l e a r  t h a t  P3(x,y)  f a i l s  t o  hold 
m,n,2' 



i n  G . Thus, f o r  any m,n L 1 ,  n e i t h e r  G nor G i s  
m,n,2 m,n, l  mtn12 

A 

PLD-maximal. However, i f  we choose m and n such t h a t  mZn L 3 and 

m+l > n > 3 f o r  G and G r e s p e c t i v e l y d  then both  of them 
m,,n, 1 m,n,2' 

s a t i s f y  OC and a r e  n o t  PLD-maximal. This  shows t h a t  t h e  lower 

bound i n  Theorem 4.1.6 cannot be f u r t h e r  reduced. 

To show t h a t  t h e  condi t ion  i n  theorem 4.2.3 is  sharp ,  simply 
h, 

consider  G f o r  any n 2 4  and it can be  e a s i l y  shown "+[?I, [%I I 2 

t h a t  t h e  graph IS " [F] -Connected while  P f a i l s  t o  hold .  
3 

< 
Next, l e t  G , f o r  each N L 3,  

G =G , f o r  each N h 3, 
2 N - 1 , N , 2  

and G =G , f o r  each N '-6, r e s p e c t i v e l y .  
3  N + l , N - 1 , l  

G has  n=2N v e r t i c e s  wi th  d ( G  )=n=2N and is no t  PLD-maximal. 
1 1 

This  e s t a b l i s h e s  t h e  sharpness of t h e  condi t ion  i n  Theorem 4.2.5 f o r  

t h e  case  where t h e  number of v e r t i c e s  n i s  even, For t h e  case  where n 

i s  odd, we examine G and G i n  a  s i m i l a r  manner. I t  is c l e a r  t h a t  
2 3  

( v ( G ~ ) I  =2N+1 and 2 ( ~ ~ )  = & ( G ~ ) = I V ( G ~ ) ~  +l. Thus G s a t i s f i e s  cond i t ion  (1) 
2 

and f a i l s  t o  s a t i s f y  Condition (2)  of Theorem 4.2.5 and P ' f a i l s  t o  
3 

hold i n  G We next  observe t h a t  I v ( G  ) I = 2 ~ + 1  wi th  &(G ) =I V (G I and 
2 ' 3 3 3 

\ 

B(G ) =  I v ( G ~ ) ~  +3. Hence, G s a t i s f i e s  Condition (2 )  and f a i l s  t o  s a t i s f y  
3 3 

Condition (1) i n  Theorem 4.2.5 while  P f a i l s  i n  G The sharpness of 
2 3 ' 

t h e  cond i t ions  i n  Theorem 4.2.5 i s  now e s t a b l i s h e d  both f o r  t h e  cases  

when t h e  s i z e  of  t h e  set of v e r t i c e s  i s  odd o r  even. 
? 

Moreover, observe t h a t  $ ( ~ ~ ) = ' r l  v ( G ~ )  1 and ( ~ ~ ) = f  ( I v ( G ~ ) I  +1) . This 

e s t a b l i s h e s  t h e  sharpness of t h e  condi t ion  i n  Corol lary  4.2.9. 

F i n a l l y ,  t o  e s t a b l i s h  t h e  sharpness of  t h e  condi t ions  i n  



Theorem 4 .2 .4 ,  we consider the graph G= U f v )  + K - - 4~) f p;2]  n - r ;2J  -2 

* for  each 1154. 

u  
figure 4.3 

It can eas i ly  be shown t h a t  S(G)= 

i n  G. Hence, the condition i n  Theorem 4 .2 .4  

and P (u,v) f a i l s  t o  hold 
2 

is bes t  possible. 

With the examples i l l u s t r a t e d  thus f a r  i n  t h i s  sect ion,  it i s  

c lear  t h a t  i n  addition t o  having a  graph G s a t i s f y  OC, additional 
- 

1 

Constraints must be imposed before the graph G can become PLD-maximal. 

This is en t i r e ly  consistent with the r e su l t s  in  Theorems 4.2.3 and 

A s  another corollary t o  Theorem 4.2.5, we es tabl i sh  a  su f f i c i en t  

condition fo r  a  graph t o  be PLD-maxihl t h a t  is re la ted  t o  the number 

of edges i n  a  graph. 

Corollary 4 .2 .12  Let G be an (n,m)-graph such tha t  

m L +(n) (n-1) - (n-4) , then G i s  PLD-maximal . Furthermore, th  

conditio* i n  the theorem is sharp. 

Proof: Let G be an (n,m)-graph constructed by removing a t  most q - 
edges from the  complete graph on n ver t ices  K , q ~ p - 4 .  Let 

n  
4 

' U , ~ V  f V ( G )  be a rb i t ra ry  ver t ices  in G. Then, it i s  c lear  tha t  
1 



deg (u) +deg (v) 1: (n-1) + (n-1) - ( (11-41 +I) =n+l.  A s  a matter  of f a c t ,  
G G 

deg (u) +8eg (v) =n+l only i f  uv E E ( G )  and a l l  t h e  edges removed a r e  
G - G 

incident  with e i t h e r  u o r  v o r  uv i t s e l f - i s  removed. Otherwise, 

deg (u)+deg (v)  2 n+2. Therfore, &(G) 2 n+l .  A s imi l a r  argument 
G G 

c l e a r l y  shows t h a t  f o r  any nonadjacent ve r t i ce s  u , v € v ( G ) ,  

deg (u)  +degG (v)  2 n+2. Hence, b ( G )  2 n+ l .  and ?(GI ? n+2. By Theorem ' 

G - 

To show t h a t  the  condition of the  theorem i s  b e s t  poss ib le ,  

consider the  graph G cons i s t ing  of the  s e t  of v e r t i c e s  

V ( G ) = { U , V ~ , V ~ ,  . . . ,v  ) and the  s e t  of edges 
n-1 

E ( G )  ={uvl ,uv )u(vivj I l S i <  j  ~n-1).  Since deg (u)  = 2 ,  G defined i n  
n-1 G u 

* '  . 
such a manner i s  not  hamiltonian-connected a n d l ~  ( G ) I  =%n (n-1) - (11-31 

+ 

Hence, G is not  PLD-maximal and t h i s  completes t he  proof.  I 

A counting argument analogous t o  t he  proof of Theorem 4.2.5 w i l l  

produce the  following necessary condit ions f o r  a graph t o  be 

I f  both P and P 
2 

hold i n  G ,  then m L 2 (n-1) . Furthermore, 
n-1 

m=2(n-1) if and only i f  G i s  isomorphic t o  t he  wheel graph W on 
n 

n ve r t i ce s .  

Proof: The d e t a i l s  of t h i s  proof can be found i n  C251 

f igure  4.4 

2 



-2 

A s  a c o r o l l a r y  t o  Theorem 4.2.13, we have e s t a b l i s h e d  a necessary 
4 

condi t ion  f o r  an (n,m)-graph t o  be PLD-maximal i n  terms of a 

lower bobhd f o r  m .  

Corol lary  4.1314 [251 Let  

PLD-maximal, then  m= I E  ( ~ ) ( ? 2  (n-1) and m=2 (n-1) i f  and only i f  G=W . 
n 

More on p a t h  l eng th  d i s t r i b u t i o n  w i l l  be d iscussed i n  Sect ion  4.4. 

Sect ion  4.3 Panconnected graphs 

The o b j e c t i v e  of t h i s  s e c t i o n  i s  t o  p r e s e n t  a survey of r e s u l t s  

t h a t  r e l a t e  t h e  powers of a connected graph, P a t h  Length D i s t r i b u t i o n  

(PLD) of a graph and panconnectedness. I n  t h e  a t tempt  t o  make t h i s  

s e c t i o n  se l f -con ta ined ,  t h e  concept of panconnectedness w i l l  be 

introduced again .  Some of t h e  r e s u l t s  r e l a t e d  t o  t h e  power of a graph 

b r i e f l y  mentioned i n  Theorems 1.2.34 and 1.2.35 w i l l  be introduced once 

more i n  a l o g i c a l  o r d e r  i n  t h i s  s e c t i o n  with r e s p e c t  t o  t h e  concept of 

t h e  Path Length D i s t r i b u t i o n  (PLD) of a graph. Proofs  which a r e  

r e p r e s e n t a t i v e  of t h e  types  of arguments used i n  analys ing  t h e s e  types 

of problems w i l l  be presented  i n  d e t a i l  f o r  two theorems by Y .  Alavi 

and J . E .  Williamson. 

t h  
Recal l  t h a t  i n  D e f i n i t i o n  1.2.33, t h e  m power of a graph 

G ~ = ( v ( G ~ )  , E ( G ~ )  1 has been formally defined.  A s  mentioned i n  thd  

d i scuss ion  of Theorem 1.2.34, Herbert  F le i schner  [ 26  ] e a r l i e r  i n  1971 

produced a s i g n i f i c a n t  r e s u l t  r e l a t i n g  t h e  power of a graph t o  i t s  

h a i l t o n i a n i c i t y .  He proved t h a t  t h e  square  of a 2-connected graph i s  

always hamil tonian.  



D e f i n i t i o n  4 .3 .1  L e t  G = ( V ( G )  ,E(G))  be  an (n,m)-graph- If f o r  

each  v e r t e x  v € V ( G )  (edge eEE(G) ) ,  t h e r e  e x i s t s  a c y c l e  C of 2 
l e n g t h  1, f o r  each  s a t i s f y i n g  3112n, such  t h a t  V C V ( C ~ )  

t h e n  t h e  graph G i s  s a i d  t o  b e  ve r t ex -pancyc l i c  
e 

(edge-pancycl ic)  . 
L 

I n  1971, J . A .  Bondy asked  i f  t h e  square  G o f  a graph G be ing  

hami l ton ian  i m p l i e s  t h a t  v e r t e x  pancyc l i c .  

Ar thur  M.  Hobbs C291 gave an a f f i r m a t i v e  answer t o  Bondy's 

ques t ibn  f o r  t h e  c l a s s e s  of 2-connected graphs  and connected b r i d g e l e s s  

DT-graph i f  and on ly  i f f  each  edge )is i n c i d e n t  t o  a v e r t e x  o f  degree  2 ) .  

Bondy a l s o  in t roduced  t h e  concept  o f  e d g ~ - p a n c y c l i c i t y  a s  d e f i n e d  i n  

\ 4 
D e f i n i t i o n  4.3 .1 .  The concept  o f  edge-pancyc l ic ty  i s  c l o s e l y  r e l a t e d  

t o  t h e  concept  of  panconnectedness  as we now i n d i c a t e .  A s  i n  d e f i n i t i o n  

1.+2.33, f o r  any (n,m) -graph G= ( V  (G)  , E  (G)  ) and f o r  any x ,y f  V ( G )  , 

d (x ,y )  denotes  t h e  d i s t a n c e  between t h e  v e r t i c e s  x and y i n  G .  
G 

D e f i n i t i o n  4.3.2 L e t  G = ( v ( G )  , E  (GI  1 be  an (n,m) -graph. SuWose 
,. . 

t h a t  f o r  each x ,y€V(G) ,  P .  ( x , y )  ho lds  i n  G f o r  a l l  i s a t i s f y i n g  
1 . . 

d ( x i - 1  Then G i s  s a i d  t o  be  a panconnected graph.  
G 

I t  is  c l e a r  t h a t  i f  a graph i s  panconnected,  t hen  it is  n e c e s s a r i l y  

edge p a n c y c l i c .  These two concep t s ,  however, a r e  n o t  e q u i v a l e n t  a s  

t h e  graph i n  F igu re  4.5 i n d i c a t e s .  By i n s p e c t i o n ,  it can be  e a s i l y  

shown t h a t  t h e  graph i s  edge-pancycl ic .  However, t h e r e  e x i s t  no 

x,y-paths  i n  o f  l e n g t h  5,6, o r  ~ = I v ( G ) ]  -1, when dG(x ,y )=2 .  Hence. G 

i s  n o t  panconnected.  



f i g u r e  4.5 

L a t e r  i n  1971, G. Cha r t r and ,  A. H%bbs, H .  Jung,  S .  Kapour and 

Nash-Williams gave t h e  fo l lowing  g e n e r a l i z a t i o n  o f  t h e  r e s u l t  of 

F l e i s c h n e r  [26] as s t a t e d  i n  Theorem 1.2.34.  - \ 
~ h e o r h  4.3.3 [ lo ]  L e t  G= (V ( G )  , E ( G )  ) be  a  2-connected ( n  ,m ) -graph. 

2 2 
Then, P h o l d s  i n  G , t h a t  i s ,  G i s  hamil tonian-connected.  

n-1 

E a r l i e r  i n  t h e  same y e a r .  F l e i s c h n e r  1271  e s t a b l i s h e d  a n o t h e r  

r e s u l t  r e l a t i n g  t h e  power o f  a  graph t o  a  hami l ton ian  p r o p e r t y .  

Theorem 4.3.4 [27 1 L e t  G be  a  connected b r i d g e l e s s  DT-graph. ', 

2 
Then, G i s  hamil tonian-connected.  . 
Furthermore,  Karaganis  [30] and Sekania  [41] e a r l i e r  had 

e s t a b l i s h e d  t h e  fo l lowing  r e s u l t .  

Theorem 4.3:5 [ 31,431  I f  G = ( V ( G )  , E  ( G )  ) is  a  connected (n,m) - 
3 

graph ,  t h e n  G i s  hamil tonian-connected.  

Being t h e  power of  a  g raph ,  however, i s  much s t r o n g e r  a  c o n d i t i o n  

than  merely be ing  s u f f i c i e n t  t o  ensu re  t h a t  a  graph i s h a m i l t o n i a n -  

connected.  I n  a  pape r  by Y .  Alav i  and J . E .  Williamson C31, t h e  follow- 

)'% 
i n g  two r e s u l t s  have been e s t a b l i s h e d .  

3  
Theorem 4.3.6 I f  G i s  a  connected graph,  t hen  G i s  panconnected.  

Theorem 4.3.7 I f  G is hami l ton ian  graph,  t h e n  G~ i s  panconnected.  



C l e a r l y ,  t h e  r e s u l t  o f  Karaganis  [ 3 l l a n d  Sekan ina [43J1  i n  

Theorem 4.3.5 is merely a  c o r o l l a r y  t o  Theorem 4.3 .6 .  

I n  1973, R .  J .  Faudree and R.H.. Schelp  C 231 e s t a b l i s h e d  t h e  

fo l l owing  much s t r o n g e r  r e s u l t  t o  which Theorems 4 .3 .3 ,  4 .3 .4  and 

4.3 .7  a r e  a l l  c o r o l l a r i e s .  

Theorem 4 .3 .8  C231 I f  G is e i t h e r  a  b r i d g e l e s s  DT-graph o r  a  

2 
2-connected g raph ,  t h e n  G i s  a panconnected graph.  

L a t e r  i n  1975, F l e i s c h n e r  t 2 8 1  e s t a b l i s h e d  t h e  f a c t  t h a t  i n  t h e  

squa re  o f  a  connected graph  G ,  panconnectedness  and hami l ton ian-  

f 

connec tedness  a r e  g q u i v a l e n t  concepts  a s  s t a t e d  fo rma l ly  i n  t h e  

fo l l owing  theorem. 
< 

2 
Theorem 4.3.9 [28]  L e t  G be  a  connected graph .  Then, G i s  

2  hamil tonian-connected i f  and on ly  i f  G i s  panconnected.  

To complete t h e  s e c t i o n ,  t h e  p r o o f s  o f  Theorems 4.3 .6  and 4.3.7 

w i l l  b e  g iven  t o  i l l u s t r a t e  t h e  t y p e s  o f  arguments used i n  deve lop ing  

r e s u l t s  o f  a s i m i l a r  n a t u r e .  The proof  o f  Theorem 4.3 .7  g iven  a t  t h e  

end o f  t h i s  s e c t i o n  w i l l  n o t  employ d i r e c t l y  t h e  f a c t  t h a t  Theorem 4.,3.7 

is a  c o r o l l a r y  t o  Theorem 4 ,3 .8 .  I t  is  an  independent  p r o o f .  

Proof  o f  Theorem 4.3.6 Le t  G = ( V ( G )  ,E(G)) b e  a  connected (n,m) - 
I 

3 
graph .  We proceed  by i n d u c t i o n  on n .  Note ' t h a t  f o r  1154, G = K  

n  

and t h e  r e s u l t  f o l l ows  immediately.  Now, suppose t h a t  t h e  

# 

theorem has  been e s t a b l i s h e d  f o r  each v a l u e  n-1,n-2, ..., 4 , 3 , 2 , 1 ,  

f o r  some 

L e t  T=(V( 

. - 
dT(u ,v )  . 
t h a t  dG3 ( 

nL5. L e t  u,v€V(G) be  any two d i s t i n c t  v e r t i c e s  i n  G .  

T) ,E (T) ) b e  a spanning  t r e e  i n  G such t h a t  d  ( u  , v )  = 
G 

The c h o i c e  of  s u c h & a  tree i s  always p o s s i b l e .  Note 

u 1 v ) = d T 3 ( u , v ) .  Hence, it i s  s u f f i c i e n t  t o  j u s t i f y  that  



i 

f o r  each  1 s a t i s f y i n g  d 3  ( u , v )  =d (u ,v )  SASn-1, t h e r e  e x i s t s  a 
G T 

3 
u,v-path of l e n g t h  1 i n  T  . 

There a r e  two c a s e s  t o  be  examined acco rd ing  t o  whether  

Case 1 Suppose t h a t  uvCE(T). L e t  T  = ( V ( T  ) ,E(T1)) and 
1 1 

T = ( V ( T  ) ,E(T ) )  b e  t h e  two components of  t h e  subgraph 
2  2 2  

l e t  I V ( T ~ ) ~  =nl and I v ( T ~ )  I =n2.  F i r s t  suppose t h a t  e i t h e r  n  =1 o r  
1 

n  =1. Without l o s s  of  g e n e r a l i t y ,  l e t  n  =1 and n  =n-1. 
2  1 2  

L e t  vlEV(T ) be such t h a t  w l € E ( T  1 .  By t h e  i n d u c t i o n  
2  2 

3  
h y p o t h e s i s ,  t h e r e  e x i s t s  i n  T2 a  v , v  ' -path Q of  l e n g t h  1 , f o r  . 

R 
3 

each  s a t i s f y i n g  l 5 t  <n  -1=n-2. S ince  uv'EE ( T  ) , f o r  each  A , 
2  

conca tena t e  t h e  u ~ , v l - p a t h  Q w i th  t h e  edge u v '  t o  o b t a i n  a  u ,v-pa th  
.Q 

3 
- -  of  l e n g t h  1 '=1+1  i n  T w i t h  2iA' ln-1.  C l e a r l y ,  t h e  edge uv i s  

t h e  u,v-path o f  l e n g t h  l = d  ( u , v )  and t h i s  accounts  f o r  t h e  
~3  

c a s e  where n  =1 and n  =n-1. 
1 2 

Next,, suppose t h a t  n  >1 and n b l .  Le t  uqEV(T ) and 
1 2  1 

vlEV(T ) be  such t h a t  uu '€E(T  ) and w 1 € E ( T 2 )  , r e s p e c t i v e l y .  
2  1 

3  
S i n c e  d  ( u 1 , v ' ) = 3 .  u q v ' f E ( T  ) .  By t h e  i n d u c t i o n  h y p o t h e s i s ,  

T  
3 3 

T1, T2 a r e  panconnected.  I t  fo l lows  t h a t  f o r  each 9 
1 ' 2  , 

s a t i s f y i n g  1'11 c n  -1 and 1st 6 n  -1; t h e r e  e x i s t s  a  
1- 1 2 2  U r U ' - p a t h  "" Q ~ 7  

i n  T" of  l e n g t h  kl and a  v ,v ' -pa th  0 of  l e n g t h  1 . For each 
1 -2 - 2 

p a i r  o f  such i n t e g e r s  l1,t2 , conca tena te  t h e  edge u ' v '  and t h e  

p a t h s  Q and Q t o  o b t a i n  a  u,v-path i n  T~ of l e n g t h  a= l l+$+ l .  5 % 4 



3 
33I'n-1. S ince  uv '  € E (T ) , u v l v  i s  a u ,v-path of l e n g t h  \ . Clear ly ,  

The edge uv is  a u ,v-path o f  l e n g t h  2 and t h e  r e s u l t  f o l l o w s .  

Case 2 Now suppose t h a t  uvE E(T) . L e t  U be t h e  unique u,v-path 

i n  T and l e t  w f V ( U )  b e  such t h a t  uwE E (TI . S i m i l a r  t o  Case 1, l e t  

T =(V(T ) , E ( T  ) )  and T =(V(T ) ,E(T 1 )  b e  t h e  two components o f  t h e  1 1 1 2 2 2 -  
- 

subgraph T-UW=<E (TI - {uw) >, such  t h a t  u E V (T ) and w C V (T ) . Again, 
1 2 

l e t  n = I v ( T ~ ) I  and n = I V ( T  ) I .  suppose t h a t  e i t h e r  n =1 o r  n =1. 
1 2 2 1 2 ' 

Without l o s s  o f  g e n e r a l i t y ,  n =1 and n =n-1 is assumed. By t h e  
1 2 

3 
i n a u c t i o n  h y p o t h e s i s ,  T i s  panconnected.  Thus f o r  each  1 s a t i s f -  

2 2 

y i n g  dT3 (w ,v)  =d 3 (w , v )  5 f2  5 n2-l=n-2, t h e r e  e x i s t s  a w ,  v-path Q 
T2 12  - 

i n  T3 o f  l e n g t h  For each  P conca tena t e  t h e  edge uw t o  t h e  
2 2 ' 2 ' 

w,v-path Q t o  o b t a i n  a u ,v-path o f  l e n g t h  1 w i t h  l = d  (w ,v)',Rl 
I 2  T 

n-1. Le t  1 U ( w , v )  1 deno te  t h e  l e n g t h  o f  t h e  subpath  of. t h e  u,v-path 

U connec t ing  t h e  v e r t i c e s  w and v.  I f  I U  (w,v)l z 0 (mod 3) , t h e n  

dT 
3 ( u  ,v)  =l+dT3 (w,  v)  . I t  fo l lows  i n  t h i s  c a s e  t h a t  eve ry  -u ,v-patli 

3 
i n  T of  l e n g t h  1 f o r  each 1 s a t i s f y i n g  d ( u , v ) S , Q f  n-1 has  been 

T~ 
.% 7%'- 1 - -%? 

accounted f o r .  I f  l ~ ( w , v ) l 3  O(mod 31, t h e n  d 3 ( u r v ) = d  3 ( w , v ) .  
T T 

However, by t h e  d e f i n i t i o n  o f  d ( u , v ) ,  t h e r e  e x i s t s  a u ,v-path i n  
T~ 

3 3 
T of  l e n g t h  d ~ ( u , v ) .  Every u,v-path i n  T of  t h e  ' r equi red  l e n g t h  

T 

has  now been accounted f o r .  

Assume t h a t  n, > 1 and n, > 1. Le t  u '  E V (T, ) such t h a t  uu l  € 
I 

E(Tl ) .  By t h e  i n d u c t i o n  

ed .  I t  fo l lows  t h a t  f o r  

3 3 
h y p o t h e s i s ,  bo th  T and T a r e  panconnect- 

1 2 

each  1 s a t i s f y i n g  1 (- ]L 5 n - 1 , t h e r e  e x i s t s  
1 . I  1 

l e n g t h  kl. S i m i l a r l y ,  f o r  each  k 
2 



s a t i s f y i n g  d  3  (w,v)=d 3(wIv)5$ < n  -1, t h e r e  e x i s t s  a  w,v-path Q 
T, T  2- 2  

* 
of length  l2 i n  T 

5 

2 ' Since  d  T ( u f , w ) = 2 ,  wufGE(T 1 .  For e a c h 1  1 and 

% I  
a  u,v-path of  length  R =  1 + j  + 1  can be  obta ined by concatenat ing  

1 2  

t h e  wi th  t h e  edge wu' . This accounts  f o r  every 

u,v-path of l eng th  1 such t h a t  2+d 3  ( w , v ) ~ ~ ~ n - 1 .  Again, i f  
T 

I ~ ( w , v ) ( r 0  (mod 3) , then d  3  (u ,v )  =l+dT3 (w,v) . This i n e q u a l i t y  al lows 
T 

a l l  u,v-paths i n  T' o f  length  A f o r  every I( s a t i s f y i n g  

l + d  3(uIv)S&4n-1 t o  be accounted f o r .  Since t h e r e  always e x i s t s  
T 

a  u,v-path i n  T~ of  length  d (u ,v )  , every u,v-path of  d e s i r e d  
T~ 

l eng th  has now been accounted f o r .  Next, assume t h a t  

I ~ ( w , v ) l f  0 (mod 3 )  which impl ies  t h a t  dT3(u,v)=d 3  ( w , v )  . Under 
T 

this cond i t ion ,  a  u,v-path of length  l+d (u ,v )  can be obta ined by 
T~ 

concatenat ing a  w,v-path of length  d 3  (w,v) i n  T3 wi th  t h e  edge 
T 2 

uw. A l l  t h e  u,v-paths of d e s i r e d  length  have now been accounted 

f o r  and t h i s  completes t h e  proof of t h e  theorem. I 

I n  chapter  1, an example cons t ruc ted  by P. Underground E461 

c l e a r l y  suggests  t h a t  t h e r e  e x i s t  i n f i n i t e l y  many graphs.whose 

square i s  no t  hamil tonian.  This is  c o n s i s t e n t  with t h e  f a c t  t h a t  

2 
only when a d d i t i o n a l  c o n s t r a i n t s  & r e  imposed on a  graph G can G have 

p r o p e r t i e s  l i k e  hamiltonian-connectedness o r  panconnectedness a s  

demonstrated by many of t h e  'theorems s t a t e d  e a r l i e r  i n  t h i s  s e c t i o n .  

I n  what fo l lows,  a  proof of Theorem 4.3.7 w i l l  be given i n  ' d e t a i l  t o  

i l l u s t r a t e  a  c o n s t r u c t i v e  argument used t o  show t h a t  t h e  square of a  

hamil tonian graph i s  panconnected. 



Proof of  Theorem 4 .3 .7  Let G= (V  ( G I  ,E (G) ) b e  a hamil tonian (n , m )  - 

graph and l e t  u,vEV(G) b e  two a r b i t r a r y  v e r t i c e s  i n  V ( G )  . s i n c e  

G i s  hamil tonian,  t h e r e  e x i s t s  a  hamil tonian cycle  

C:x x .x  x Without l o s s  of g e n e r a l i t y ,  l e t  x  =u and 
1 2 "  n  1' 1 

5 - v  f o r  some k s a t i s f y i n g  26kln. Choose a  s h o r t e s t  u,v-path Q i n  

G. By d e f i n i t i o n ,  t h e  length  of t h e  pa th  Q i s  d ( u , v ) .  Observe 
G 

2 
t h a t  i n  t h e  graph G , t h e  subgraph < V(Q) > induced by t h e  v e r t i c e s  / 
of Q conta ins  a  &,v-path Q '  which has  p edges i n  which p i s  t h e  

l e a s t  p o s i t i v e  i n t e g e r  s a t i s f y i n g  2pLd (u ,v)  and with a t  most one 
G 

except ion ,  a l l  t h e  e d t e s  which c o n s t i t u t e  t h e  pa th  Q '  a r e  i n  

2 
E ( G  ) - E ( G ) .  1n f a c t  no edge i n  Q '  i s  an edge i n  G i f  and only i f  

d  (u,v)zO (mod 2) . A pa th  Q '  chosen i n  such a manner i s  n e c e s s a r i l y  
G 

2 a s h o r t e s t  u  , ~ - ~ ; t h  i n  G . It, fol lows t h a t  p=dG2 ( u ,  v) . 
-+~ 

TO complete t h e  proof  the theorem, we proceed t o  cons t ruc t  
t 
&w 2 

a  u,v-path Q of l eng th  1 i n  G f o r  each jl. s a t i s f y i n g  d 2(ur2)59_5n-1. 
1 G 

There a r e  t h r e e  cases  t o  be examined i n  t h e  fol lowing.  

Case 1 Construct ion of Q f o r  each J. s a t i s f y i n g  d 2 (u ,v )S l (d  (u ,v )  . 
R G G 

Let  B = ( v ( B )  , E ( B )  ) b e  t h e  s w $ b h  i n  G2 def ined by V ( B ) = V ( Q )  
'b 

and E ( B ) = E ( Q ) u E ( Q ' )  . Since  6 0 t h  Q , Q '  a r e  subgraphs of B ,  it is  

c l e a r  t h a t  t h e r e  e x i s t s  a  u,v-path of  l eng th  d 2 ( u , v )  and a 
G 

u,v-path of length  d (u ,v )  i n  B .  Next, cons ider  any u,v-path Q 
G a 

of l eng th  II i n  B such t h a t  d G 2  ( u  ,v) lk<dG (u, v) . By t h e  choice of 

Q , t h e r e  e x i s t s  an edge xy€E(Q ) such t h a t  sycE(Q ' ) -E (Q)  . Then, A 

t h e r e  e x i s t s  w c V f B )  such t h a t  XW~W~EECQ) and w$(u,v). Then, a  

u,v-path Q of length  A + 1  i n  B can be obta ined by simply rep lac ing  
l + l  

the  edge xy i n  Q by t h e  x,y-path xwy. $he process can be 
L 



repeated  u n t i l  a u,v-path of l eng th  & has been obta ined f o r  each 

s a t i s f y i n g  dG2 ( u ~ ~ ~ ~ ~ ~ ( u , v )  . This accounts  f o r  a l l  t h e  

u,v-paths of  l eng ths  r e q ~ i r e ' d  f o r  case  1. 

Recal l  t h a t  u=x and v=x We proceed t o  t h e  second case .  
1 2 ' 

Case 2 Construct ion of Q f o r  each A s a t i s f y i n g  d (u ,v )  SA5k-1. 
1 G 

Note t h a t .  t h e  p o r t i o n  C ' :u=x x x 
1 2 3*. .Xk 

=v of  t h e  c y c l e  C is a 

u,v-path of l eng th  k-1. I f  d (u,v)=k-1,  then  t h i s  second case  
G 

i s  complete. Hence, we assume t h a t  d (u,v)<k-1.  
G 

A s  t h e  u,v-path Q i s  t r a v e r s e d  from u=x t o  v=xk, l e t  x .  be  
1 1 

t h e  f i r s t  v e r t e x  encountered on Q such t h a t  x i s  t h e  next  
. j 

v e r t e x  on Q and x .#x  Note t h a t  lli$ k.  Let m be  t h e  f e a s t  
J i+l' 

~ o s i t i v e  i n t e g e r  such t h a t  x E V ( Q )  and mr i+ l .  S ince  v=x is  t h e  
m k 

t e rmina l  v e r t e x  of 9 ,  mlk, by t h e  choice  of Q being a s h o r t e s t  

u,v-path i n  G ,  it is  c l e a r  t h a t  mZi+2. Now, observe t h a t  

x .  x . €  E ( G I  and x x E E ( G )  . I t  fol lows t h a t  x x CE ( G ~ )  . 
1 3  i i + l  j i+l 

Therefore,  a ~ , v - ~ a t h  Q of length  L=l+d (u ,v )  can be obta ined by 
L G . 

r e p l a c i n g  t h e  edge k. x i n  E (Q)  by t h e  x , x  . -path x x 
. X I  i i + l x j  

of- 
i 7  

l eng th  2. 

Observe t h a t  f o r  each index t s a t i  i+lStim-2, 

2 
x x € E ( G )  a n d x x  E E ( G 1 .  Therefore,  x x € E ( G ) .  
t-1 t t t + l  t-1 t+l 

A u,v-path Q of length  L+1=2+d (u,v)  can now be  obta ined by 
L+1 G 

r e p l a c i n g  t h e  edge ~ ~ x ~ + ~  by t h e  x .  ,x -path x . x  
1 i-tl 1 i + 2 x i + l '  

I n  a s i m i l a r  manner, a u,v-path Q of l eng th  L+2=3+d (u ,v )  
L+2 G 

i s  obta ined by r e p l a c i n g  t h e  edge x 
i+ lXi+2  

i n  Q by t h e  
L+ 1 

, 

X 
i+2 x i + l  

-path x x x This  prodess can be repeated 
i+2  i + 3  i + l '  
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r e c u r s i v e l y  t o  c o n s t r u c t  a sequence of u,v-paths such t h a t  each 

member of the sequence i s  of length  one g r e a t e r  than t h e  preceeding 

d 
member u n t i l  a l l  t h e  v e r t i c e s  on C between x and x have -been 

i m 

used. The l a s t  member of t h i s  sequence of. p t h s ,  
QL+ ( m - i - 1 )  ' mus't ' 

be of t h e  form Q ~ + ~ ~  : P i r ~ i + 2 ~ i + 4 . .  . X  x x i+2s  i + 2 s + l  i+2s-1 

m- i x ... x ,P when m - i - 1  i s  odd and s=- -1, and Q 
i+2s-3 . i + l  j '  L, C" 

2 L+ ( m - i - 1 )  * 

m - i - 1  even and s=- 
2 

. where P and P a r e  x ,x  -subpaths of Q and 
i j 1 i 

x ,xk-subpaths of Q ,  r e s p e c t i v e l y .  
3 

Mow, f o r  each success ive  v e r t e x  x of Q such t h a t  lSq lk ,  and 
q 

t t h e  next  v e r t e x  encountered on Q is n o t  x t h e  same process  
q + l  ' 

' 
discussed SQ f a r  i n  t h i s  c,ase can b e  repeated t o  o b t a i n  a 

' 
sequence of u,v-paths of  consecut ive  l eng ths ,  u n t i l  every v e r t e x  

between xi and xk on C has been exhausted. This  accounts  f o r  a l l  

. L h e  u,v-paths of  t h e  requi red  l eng ths  f o r  Case 2. 

Case 3 Construct ion of Q f o r  each 1 s a t i s f y i n g  k5ASn-1 . 
1 

Note t h a t  D : x x x 
k-1 1 2  3.. 'Xk-1xk' 

t h e  p o r t i o n  of C between usx 
1 

and v=x i s  a u,v-path of  l eng th  k-1. S ince  
kt- 

x E E ( G )  and 
i - 1  k 

EE (GI  , it fol lows t h a t  2 
Xkxk+l 5 - l X k + l  

E E ( G  ) .  A u , ~ - ~ a t h  D of 
k 

l eng th  k can now b~ obta ined by rep lac ing  t h e  edge x k-l\ by the 

x k - l l ~ k - p a t h  X , - ~ X ~ + ~ X ~ .  S i m i l a r l y ,  a ~ . v - ~ a t h  D 
k+ 1 

of length  

d 
_.E k + l  can be  obta ined from L by,simply rep lac ing  t h e  edge 

k )ScXk+1 
i n  

D by t h e  
k \+l '%-path X k+lxk+2xk 

This process  i s  repeated  

r e c d i v e l y  u n t i l  a sequence of u,v-paths Dk , Dk+2, .  . .Dn-l, 

i s  obta ined by~f rxhaus t ing  a l l  t h e  v e r t i c e s  i n  C between x and x . 
k n 



- 
The accounts  f o r  a l l  t h e  u,v-paths of t h e  d e s i r e d  length  and thrs 
completes t h e  proof of  t h e  theorem. rn 

Sect,ion 4.4 Some u s e f u l  examples on pa th  l eng th  d i s t r i b u t i o n s  

& 

I n  Sect ion  4.2, s e v e r a l  s u f f i c i e n t  condi t ions  f o r  a  graph t o  be 

PLD-maxinal have been examined i n  d e t a i l .  However, many ques t ions  

concerning the p a t h  l eng th  d i s t r i b u t i o n  of a  graph and PLD-maximal 

graphs remained unexplored. I n  l i g h t  of  Theorems 4.2.12 and 4.2.13, a  

ques t ion  o*e would n a t u r a l l y  a s k  would be  t h e  fol lowing.  

Question 4.4.1 Does t h e  p a t h  length  d i s t r i b u t i o n  of a  g r a p h '  
-* 

determine t h e  graph up t o  isomorphism? 

The answer t o  t h i s  ques t ion  is ' n o ' ,  a s  t h e  fol lowing 

two theorems i n  C251 i n d i c a t e .  

Theorem 4.4.2 C251 For each p a i r  of p o s i t i v e  i n t e g e r s  fn,m)such 
.- 

t h a t  2n-lSm'%n(n-1)-2, t h e r e  e x i s t s  a t  least two non-isomorphic 

Theorem 4.4.2 impl ies  t h a t  f o r  t h e  same r e s t r i c t i o n  on a  p a i r  of 
/- 

i n t e g e r s  {n,m), t h e r e  e x i s t s  a t  l e a s t  two non-isomorphic (n ,m) -graph 

9 with  t h e  same p a t h  l eng th  d i s t r i b u t i o n .  

Theorem 4.4.2 C251 For a l l  nZ9, t h e r e  e x i s t  non-isomorphic trees 

with  t h e  same PLD. Moreover, f o r  each QU, t h e r e  e x i s t  N 

'4 
mutually non-~somorphic t r e e s  w i t h  t h e  same PLD. 

-1- ' 

Since  every pa th  i n  a  t r e e 7 i s  unique, if ( x 0 , x l ~ . - . , x  i s  a n-1 

sequence of p o s i t i v e  i n t e g e r s  which r e p r e s e n t s  t h e  pa th  length  

d i s t r i b u t i o n  of  a t r e e  on n  v e r t i c e s ,  then x  =0, x  =n-1 and 0  2 



n 
x i = h ( n - 1 )  . I t  is  easy t o  show by d i r e c t  c a l c u l a t i o n s  t h a t  t h e r e  

i= 2 

e x i s t  no non-isomorphic t r e e s  on n58 v e r t i c e s  wl th  t h e  same p a t h  

l eng th  d i s t r i b u t i o n .  ' -- 
w 

1 

C l e a r l y ,  some graphs a r e  determined uniquely by t h e i r  PLD. For 

example, t h e  complete graph K on n  v e r t i c e s .  The complete graph 
n  

K -e wi th  an edge d e l e t e d  and t h e  wheel gr~aph W a r e  t h e  only graphs on 
n .  n  

n  v e r t i c e s  which have t h e i r  second terms x i n  t h e i r  corresponding PLD 
1 

equal t o  3n (n-1) , %n (n-1) +l and 2 (n-1) , r e s p e c t i v e l y .  Furthermore, a  
is 

p a t h  Q on n  v e r t i c e s  i s  t h e  only t r e e  which has diameter  n-1 and 
n  

s a t i s f i e s  x 00 ,  x =&l and x  >O i n  i t s  PLD. T r i v i a l l y ,  one can 
0 1 ,  n-1 

C# 

v e r i f y  t h a t  f o r  n55& a  graph on n  v e r t i c e s  i s  determined uniquely up 
+ 

t o  isomorphism by its PLD. The d i scuss ions  up t o  t h i s  p o i n t  i n e v i t a b l y  

leave th; fol lowing d i f f i c u l t  ques t ion  ope*. 

Question 4.4.4 Charac ter ize  t h e  c l a s s  o f  a l l  connected graphs 

which a r e  determined unique&y up t o  isomorphism by t h e i r  PLD's. 

"-0 

For a  f u l l  a n s w q  t o  be given t o  t h i s  ques t ion ,  g r e a t  i n s i g h t  i n t o  

- t h e  problem would be  requi red .  A more s p e c i f i c  ques t ion  which is 

equal ly  fundamental i s  t h e  fol lowing.  7 
P 

\ 
-& 

Question*4.4:5 Give a  c h a r a c t e r i z a t i o n  of t h e  c l a s s  of a l l  

/ 
1 

PLD-maximal graphs and panconnected graphs. 

An even more b a s i c  ques t ion  i s  t h e  following. 

Question 4.4.6 Which sequences of nonnegative i n t e g e r s  

(0,x ,x , . . . ,x  1 r e p r e s e n t  t h e  p a t h  l eng th  d i s t r i b u t i o n  of a 
1 2  n-1 

connected graph on n  v e r t i c e s ?  . . 

I n  l i g h t  of Theorems 4.1.6,4.3.3, 4.3.4 and e s p e c i a l l y  Theorems 



4.3.8 and 4.3.9, R . J .  Faudree and, R.H. Schelp were l e a d  t o  popose - ' the  

fol lowing con j sc tu re .  

Conjecture 4.4.7 C231 Let  G be a hamiltonian-connected (n,m) -graph. 

Then f o r  each i s a t i s f y i n g  ncicn-1, P .  holds  i n  G .  -- - 
2 

1 

A counter-example t o  t h i s  conjec ture  was found i n  a  paper  publ ished 

i n  1978 by ~ars tenThomassen  1431 i n  which he has e s t a b l i s h e d  t h a t  

t h e r e  e x i s t  i n f i n i t e l y  many exceptions t o  this con jec tu re .  T h e . d e t a i l s  

of t h e  cons t ruc t ion  of t h e s e  s o p h i s t i c a t e d  counter-examples w i l l  be 

presented  i n  t h e  remaining p a r t  of t h i s  s e c t i o n .  

Counterexamples t p  Conjecture 4.4,7 A s e r i e s  of r e l e v a n t  

t o  t h e  constr;ction of t h e s e  counter-examples a r e  r equ i red  due 

t o  t h e  complexity of t h e  cons t ruc t ion .  We begin  wi th  a c a r e f u l  

i n v e s t i g a t i o n  of t h e  dodecahedron graph. 

Dodecahedron Graph For t h e  remainder of t h i s  s e c t i o n ,  D w i l l  denote 

t h e  dodecahedron graph. A s  shown i n  Figure 4.6,  D i s  hamil tonian.  

I t  is a l s o  w e l l  known t h a t  D i s  edge- t rans i t ive  and d i s t a n c e  

t r a n s i t i v e  ( t h a t  i s ,  f o r  any p a i r s  {x,y),{xl , y ' )  of v e r t i c e s  i n  

. % 
V ( D), t h e r e  e x i s t s  an  automorphism T € A ; ~  (D) such t h a t  %(XI =XI and 

A hamil tonian cyc le  i n  D 

f i g u r e  4.6 



f i s u r e  4 .7  

f i g u r e  4 .8  

7C(y)=yt i f  and on ly  i f  d ( x , y ) = d D ( x l  , y t )  . Moreover, D i s  a union 
D 

o f  i t s  hami l ton ian  c y c l e s .  D ,  however, h a s  no cycle of %ength 
b 



1 V (D) I -1=19 and D i s  no t  hamiltonian-coqnected.,  This  l a t t e r  
w 

f a c t  i s  a consequence of t h e  fol lowing theorem. , I 

Theorem 4 . 4 . 8  C 44 1 Le: G= ( V ( G )  ,E  (G)  ) be a 2-connected p l a n a r  

( n  ,m) -graph such t h a t  each c y c l e  which cons t i tu tes .  the-  boundary of 

a region has a  nupber of edges congruen t - to  2 modulo 3 .  Then, t h e  

fol lowing condi t ions  a r e , s a t i s f i e d .  

(1) G has no cyc le  of l eng th  n-1. 

(2)  I f  uvw i s  a u,w-path of  l eng th  2 t h a t  i s  on t h e  boundary 

of a  r eg ion ,  then  P (u,w) f a i l s  t o  hold i n  G. ,. 
n-1 

Proof Let  G = ( V ( G )  , E ( G )  ) be a 2-connected p l a n a r  (n ,m)  -graph 

which s a t i s f i e s  t h e  boundary length  cond i t ion  of t h e  theorem and 

l e t  vEV(G) be an a r b i t r a r y  v e r t e x  i n  G .  Then, t h e  subgraph 

G'=<v(G)-{V)> con ta ins  e x a c t l y  one region R which has a number 

of  edges on t h e  boundary of R congruent t o  0 modulo 3.  Using 

Grinberg ' s  equation. ( s e e  Theorem 1.2.101, it i s  c l e a r  t h a t  

( - 2 )  ( ) O  Hence, G '  i s  n o t  hamil tonian.  S ince  v i s  an 
1 1  

irl 
a r b i t r a r y  v e r t e x  i n  G ,  it fol lows t h a t  t h e r e  e x i s t s  no cycle  of 

l eng th  n-1 i n  G .  

Le t  uvw b e  a  u,w-path of  l eng th  2 t h a t  is on t h e  boundary 

of a ' r e g i o n .  Then, t h e  graph G"=GU{U w), def ined  by V ( G t l ) = V ( G )  

and E(G")=E(G)u{u w ) ,  has exac t ly  one region R bounded ,by a 
0 

number of edges congruent t o  0 modulo 3 and one reg& R bounded 
1 

by a number- of  edge congruent t o  1 modulo 3 . 

By Grinberg 's  equat ion ,  2 ( i -2)  ($! -9:') =0 can be s a t i s f i e d  
1 1  

i=l 
only i f  both  regions  R and R l i e  on t h e  same s i d e  of  every 

0 1 

hamil tonian cyc le  C i n  G".  This  impl ies  t h a t  t h e r e  e x i s t s  no 



hami l ton ian  c y c l e  i n  G" which c o n t a i n s  t h e  edge uw. The re fo re ,  

'n-1 
(u,w) f a i l s  t o  h o l d  i n  G and t h i s  completes  t h e  p r o o f .  1 

Other  r e l e v a n t  p r o p e r t i e s  concern ing  t h e  graph D are r e f l e c t e d  i n  

F i g u r e s  4 .7  and 4.8. We f i r s t  g i v e  t h e  fo l lowing  theorem. 

Theorem 4.4.9 1441  L e t  j x , y )  be  two a r b i t r a r y  v e r t i c e s  i n  D.  

Then, t h e r e  e x i s t s  a hami l ton ian  x ,yzpa th  i n  D i f  and on ly  i f  

d D ( x , y ) # 2 .  I f  d ( x = l  t h e n  t h e r e  i s  a  hami l ton ian  X,Y-pa th .  
D .  

.Proof  Shown i n  F i g u r e  4 .7  a r e  t h r e e  hami l ton ian  x ,y -pa ths  

f o r  some v e r t i c e s  x,yeV(D) w i t h  d  (x,y )=3 ,4  and 5 ,  r e s p e c t i v e l y .  D 

Since  D i s  d i s t a n c e  t r a n s i t i v e ,  it fo l lows  t h a t  f o r  any two 

v e r t i c e s  x '  ,ylCV(D) such t h a t  31d ( x '  ,y ' ) 55,  
D 

t h e r e  e x i s t s  a 

hami l ton ian  x ' , y f -pa th  i n  D.  Also,  t h e r e  i s  a  hami l ton ian  

6 D 
\ 

x,y-pa th  i f  d  ( x , y ) = l .  Conversely,  i f  xIytV(D) a n d  d D ( x r y ) = 2 ,  t h e n  

by Theorem 4.4.8 ,  t h e r e  e x i s t s  no hami l ton ian  x,y-path i n  
, 

- D and t h e  r e s u l t  fo l lows .  II 

+---- 
i 

Theorem 4*4.10 C441 
L e t  x  t V ( D )  be  an a r b i t r a r y  v e r t e x  i n  D. 

0  

For  any vertex.ytV(13) such t h a t  2Sd ( x  ,y)I.-4, D'=<v(D)-{y) > 
D 0 

h a s  a  hami l ton ian  p a t h  connec t ing  two neighbours  x  l r x 2  
o f  x 

0  

. such tha f  n e i t h e r  x  no r  x  i s  a neighbour o f  y .  
1 2 

Proof Shown i n  F igu re  4.8 are t h r e e  hami l ton ian  x x  -pa ths  i n  1' 2 

D'=(V (D) -Cy)),  where d  ( x  , y )  =2,3 and 4 ,  r e s p e c t i v e l y .  Now 
D 0 

' V  
X1rX2 

a r e  two neighbours of x such t h a t  n e i t h e r  x  n o r l x  i s  a  
0  1 2 

neighbour  o f  y  i n  D. S i n c e  D i s  d i s t a n c e  t r a n s i t i v e ,  t h e  r e s u l t  

f o l l p s  immediately.  

Using theorems 4.4.9 and 4.4.10, t h e  fo l lowing  u s e f u l  r e s u l t  



can now be e s t a b l i s h e d .  

I - Thhrern 4.4.11 Let  x € V ( D )  be any ve r t ex  i n  D and l e t  
0 1 

0 
x ) b e  t h e  s e t  of neighbours of x i n  D. Let N(x )={xlfx2, 0 

u,v€V(D) be any two v e r t i c e s  i n  D such t h a t  a t  l e a s t  one of u ,v  

does n o t  belong t o  N(x ) . - Then, by adding a t  most one edge 
0 

between two v e r t i c e s  i n  N(x ) ,  a hamil tonian u,v-path can be  * 
0 

obta ined.  

Proof:  Let u,vCV(D) be two v e r t i c e s  i n  V(D) which s a t i s f y  t h e  

hypotheses of t h e  theorem. I f  d  ( u , v ) > 2 ,  then by Theorem 4.4.9, 
G 

- t h e r e  e x i s t s  a  hamiltonian- u,v-path i n  D and t h e  r e s u l t  fol lows 

immediately. Thus, we assume t h a t  d ( u , v ) = 2 .  Without l o s s  of 

g e n e r a l i t y ,  25d ( u , x  ) I$ is  assumed. By Theorem 4.4.10, a  cyc le  
' 

D 0 

C which conta ins  a l l  v e r t i c e s  i n  D except u can be obta ined by 

adding a t  most one edge x x between two v e r t i c e s  i n  N(x 1 .  
1 2  0 

Let  w be a  common neighbour of  u and v. S ince  each v e r t e x  i n  

D has degree 3, t h e  edge wv i s  n e c e s s a r i l y  on C . ,  A harniltonian 

u,v-path which con ta ins  t h e  edge x x can be  obta ined by rep lac ing  
1 2  

t h e  edge wv by t h e  edge wu. ~ The theorem now fol lows.  4 

Next, we proceed t o  d e f i n e  a  c l a s s  of graphs c a l l e d  genera l ized  

dodecahedron graphs which w i l l  be used t o  cons t ruc t  our counter -  

examples t o  Conjecture 4.4.7. 

GENERAL1 ZED DODECAHEDRON GRAPHS 

For each p o s i t i v e  i n t e g e r  k > 3  c o n s t r u c t  two concen t r i c  cyc les  of 

l eng th  3k: 



C ; x  y z x  y z ... x y z x and C . u  v w u  v  w . . u  v w u  
1 1 1 1 2 2 2  k k k l  2 ' 1 1 1 2 2 2 '  k k k l '  

For 

each i ,  l 2 i S k ,  t h e  edges y u  and z .w a r e  t hen  connected between 
i i 1 i 

C and C *O new v e r t i c e s  x 1 ., 2 ' 0' vo a r e  i n t roduced  such  t h a t  f o r  each  i , '  

l ' i l k ,  x  i s  jo ined  t o  x  and v i s  jo ined  t o  v  . The r d s u l t i n g  graph 
0 i 0 i 

i s  t h e  g e n e r a l i z e d  dodecahedron graph D I t  i s  c l e a f  t h a t  P i s  
k '  3 

isomorphic t o  t h e  dodechedron graph D i t s e l f .  Shown i n  F i g u r e  4.9 i s  

= .- 
t h e  g e n e r a l i z e d  dodechahedron graph D 

4 

Furthermore,  t h e  graph D as shown i n  F igu re  4 . 9  c o n t a i n s  an 
4 

x x -path Q which c o n t a i n s  a l l  v e r t i c e s  of  D excep t  x  and x By 
1' 4 4 1 2 ' 

adding  t h e  edge x x  t o  t h e  p a t h  Q,  a  hami l ton ian  x 
2 4 l,x2-path i s  

P 
ob ta ined .  S i m i l a r l y ,  adding  t h e  edge x x t o  t h e  p a t h  Q 

1 2  

w i l l  r e s u l t  i n  a  hami l ton ian  



x2,x4-path.  B y  t h e  symmetry o f  D4,  f o r  any two ne ighbours  x , y  of  

X. a  hami l ton ian  x,y-path can  b e  ob ta ined  by j o i n i n g  t w o  neighbours  
0' 

, d 

, of  xO,xi,x such t h a t  a t  l e a s t  one o f  x and x i s  n o t  i n  { x , y j .  These 
j - .  

b9 i j 

f a c t s  can n6w be  used t o  produce t h e  fo l lowing  more g e n e r a l  r e s u l t .  

Theorem 4.4.12 C441' Le t  k?4.. I f  x and y a r e  any two v e r t i c e s  of 

Dk,  t h e n  by adding  a t  most one edge j o i n i n g  two ne ighbours  of  

x , a hami l ton ian  x,y-path i n  D is ob ta ined .  
0 k 

P r o o f :  Suppose t h e  c o n t r a r y  and l e t  k,kL4, b e  t h e  s m a l l e s t ,  

p o s i t i v e  i n t e g e r  such  t h a t  Dk c o n t a i n s  two neighbours  < x , y ]  of  

X which f a i l  t o  s a t i s f y  t h e  conc lus ion  of  t h e  theorem. Clear ly ,  0 

t h e r e  e x i s t s  i, w i t h  15 i5k ,  such t h a t  n e i t h e r  x nor  y i s  i n  t h e  

Th i s  l a t t e r  c a s e ,  however, h a s  p r e v i o u s l y  been accounted f o r  i n  

a d i s c u s s i o n  a s s o c i a t e d  w i t h  F igu re  4.9. Without l o s s  of  

g e n e r a l i t y ,  it i s  assumed for$e remainder of  t h e  proof  t h a t  

f o r  k>4 ,  n e i t h e r  x no r  y i s  i n  t h e  s e t  {%,y . z  x )and 
k k f U k t V k f W k f  1 

and f o r  k=4, a t  l e a s t  one of  x and y i s  n o t  i n  {x ,x , x  , x  3. 
1 2 3 4  

Form a new graph by d e l e t i n g  from D t h e  v e r t i c e s  ~ , y k . ~ k I " ~ 7 ~ k , ~ k  
k 

and adding t h e  edges z 
k-lXq 

and w 
k- lU1 

The r e s u l t i n g  graph is  

n e c e s s a r i l y  isomprphic  t o  t h e  graph  D and w i l l  Ije r e f e r r e d  t o  
k-1 

a s  such. By t h e  cho ice  o f  k o r - b y  Theorem 4 .4 .11  i f  k=4, a 

hami l ton ian  x,y-path P can b e  ob ta ined  i n  D by adding  an edge 
k-1 

- 

x.x (i4-j) between two ne ighbours  x and x of  x W e  now proceed  
1 j i j 0' 

t o  t r ans fo rm t h e  p a t h  P i n t o  a 
a 

an edge b e t w ~  two neighbours  

hami l ton ian  x,y-path i n  D by adding  
k 

of  x and the reby  o b t a i n i n g  t h e  
0 , 



d e s i r e d  c o n t r a d i c t i o n .  There a r e  s e v e r a l  c a s e s  t o  b e  cons idered .  

Case 1 Suppose t h a t  t h e  p a t h  P c o n t a i n s  t h e  edges z  k- lX1 
and 

.Wk.-lU1 ' A hami l ton ian  x,y-path i n  D can  b e  ob ta ined  s imply by 
k  

a 

r e p l a c i n g  t h e  edges z  k - lX1  and w k- lU1 by t h e  p a t h s  

z  x  y z x and w u  v  w u  r e s p e c t i v e l y .  
k-1 k  k  k  1 k-1 k  k  k  1, 

Case 2 Suppose t h a t  t h e  p a t h  P  c o n t a i n s  t h e  edge z  k - l ~ l  b ~ t  n o t  

t h e  edge w 
k-lU1. 

A hami l ton ian  x,y-path i n  D i n  t h &  c a s e  can 
k  

b e  ob ta ined  by r e p l a c i n g  t h e  edge z  
k - lX1  

by t h e  p a t h  

Case 3 Suppose t h a t  t q e  p a t h  P  c o n t a i n s  t h e  edge x  x  b u t  n o t  
0 1 

t h e  edge z  
k- lX1.  

I f  t h e  edge w 
k- lU1 

i s  con ta ined  i n  P I  t h e n  

r e p l a c e  t h e  edges x  x  and w . 0 1  k- lU1 
by t h e  p a t h s  xOxkykzkxl and 

v  w u  r e s p e c t i v e l y ,  and o b t a i n  an x,y-path i n  D1; acco rd ing ly .  
Wk-luk k  k 1, 

Otherwise,  i f  t h e  edge w 
k- lU1 

is n o t  i n  P ,  t h e n  r e p l a c e  t h e  edge 

x  x  by t h e  p a t h  x y u  v  w z  x  t o  o b t a i n  a h a k l t o n i a n  
0  1 o X k k k k k k l  

x ,y-pa th  i n  D 
< 

k '  
# , 

Case -4 F i n a l l y ,  suppose t h a t  n e i t h e r  z  
k - lX1  

n o r  x  x  i s  i n  P.  
0 1 P 

S i n c e  x  cannot  b e  an end v e r t e x  of  t h e  x,y-path P i n  D 
1 

i=l. 
k-1' 

The edges x  , x  and w 
k- lU1 

can now be  r ep l aced  by t h e  p a t h s  
1 j 

x  z y x  x  and w u  v  w u  r e s p e c t i v e l y ,  i f  w 
k - lU1 

i s  i n  P I  t o  
l k k k j  k-1 k  k  k  1' 

i 
o b t a i n  a  hami l ton ian  x,y-path i n  t h e  graph D v ( x  x  ) .  I f  t h e  

k k j  

edge w 
k- lU1 

is  n o t  i n  P I  t h e n  r e p l a c e  t h e  edge x x by t h e  p a t h  
I j  

x z w v  
1 k k  k%yk%xj 

t o  o b t a i n  a  hami l ton ian  x,y-path i n  D u{x x  1 .  k k j  

The r e s u l t  now fo l lows  from t h i s  c o n t r a d i c t i o n .  II 

W e  a r e  now equipped t o  c o n s t r u c t  a c l a s s  of  coun te r  examples t o  



conjecture 4.4.7 as indicated in Theorem 4.4.13 below. 
w 

For each k14, let D * denote the graph obtained from D by 
k k 

introducing one new vertex x * such that xo* is adjacent to every 
0 

neighbour of x and to x itself. Figure 4.10 illustrates the graph D *.  
0 0 4 

Theorem 4.4.13 C441 For each k14, Dk* is a hamiltonian-connected 

graph which has no x x *-path of length I V  ( D ~ * )  1 -2. 
0' 0 

Proof: The fact th,at Dk* is hamiltonian-connected is an immediate 

consequence of Theorem 4.4.12. Observe that for each x OI~O*-path 

of length fl22 in Dk*, a cycle of length Q in Dk can be obtained 

-1= ( V  (ok*)l -2 and the 

I 

by contracting the edge x x *. However, by Theorem 4.4.8, 
0 0 , 

there exists no cycxe of length. [v(D~) 1 

The graph D4* 

figure 4.10 



Theorem 4.4.13 has demonstrated that there exists an infinite 

number of hamiltonian-connected (n,m)-graphs each of which contains an 

edge that is not contained in any cycle of length n-1. This constitutes 

an infinite set of counter-examples to Conjecture 4.4.7. We conclude 

this section by mentioning a few open questions concerning the path 

B 
length distribution of a graph. 

Question 4.4.14 Does there exist a hamiltonian-connected 

(n,m)-graph which fails to satisfy P for each 9 satisfying k 
3Cj5,n-2? 

Question 4.4.15 To be more general, one can ask for which 

integers 1 ,  31k<n-2, there exist a hamiLtonian connected graph G 

on n vertices such that P fails to hold in G? 
I 

Question 4.4.16 - Does there exist a hamiltonian-connected (n,m)- 

. graph G such that no cycle of length n-1 is in G? 



APPENDIX 

NOTATION 

The Cayley Graph of  a group U 
wi th  r e s p e c t  t o  symbol S. 

The o r d e r  of a group, graph o r  s e t .  

I f  S i s  a subse t  of  a group, then  t h i s  
n o t a t i o n  denotes t h e  subgroup generated 
by S.  I f  S i s  a subse t  of  t h e  v e r t e x  
set of a graph, then  t h i s  n o t a t i o n  
r e p r e s e n t s - t h e  subgraph induced by S. 

The a d d i t i o n  c y c l i c  group modulo n. 

connec t iv i ty .  

Independence Number, 

Minimum degree 

The toughness of a graph G.  
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