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ABSTRACT 

ordered group &s a group (G,+)  w i t h  a l a t t i c e  

order 5 t h a t  ,is dompatible w i t h  the group operation.- In  Chapter 1 0 

t 

we develop the basic properties of l a t t i c e  ordered groups and include 

a discussion of $-subgroups (sybgrotips which are  a l so  sublatt ides) and / 
- U 

of ordered permutation- groups. 3 

* - .  d ~ - 
Th$- second chapter i s  devoted t o  l a t t i c e s  of subgroups of 

lattice- ohe~& gru-. I n  &&&ax weanswer ir queskion-posed -4q-= 2 a == = - 

Conrad, showing t h a t  the l a t t i c e  of 8-subgroups of a l a t t i c e  ' 

ordered g r o ~ p , ~  G , ̂ is d is t r ibut ive  i f  and only i f  G i s  isomorphic 

t o  a subgroup of the additive rationals.  

I 
I n  Chapter 3 we consider several examples of var ie t ies  

P J 

of l a t t i c e  urdered groups a n d  x r e ~  hm-*q-are r e l a t e d  i r t h e  - la t t ice  -- - 

3 

of var ie t ies  of l a t t i c e  ordered groups.' W e  a l so  d e s c r a e  a ' 

generalization of the wreath prbduct, the twisted wreath product, . . 

showing tha t  the twisted-wreath product of a l a t t i c e  ordered group 
+ 

by a to ta l ly .  ordered group may he l a t t i c e  ordered. We conclude by. 
.h 

looking a t  a spec i f ic  example of a twisted wreath product and see haw 
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, group9 were f i r s t  presented by Birkhoff 121. * He described many of the 

basic properties of the, eldments of . la t t ice  ordered groups, showing, - 
f 

f o r  exanple, t h a  any l a t t i c e  ordered group is a d is t r ibut ive  l a t t i c e .  t n  

In  Chapter 1 we begin by outlinigg the elementaly properties 
. 

9 

of la ' t t ice ordered &oups, many of which ar'e due t o  Birkho'iff. We 

- -- '-aha c ~ s i d ~ ~ ~ u h s o u p s , - - t h a t  is, t b s e  subgrows !$+-cb a r e  - 
- sub- - - - - - - - - - - - 

l a t t i c e s .  Finally ordered permutation groups are  described. An 

important example of a la t t i ce .  ordered penh ta t ion  group is  the '. 1 

group, A(X) , of ' a l l  order preserving permutations of a totally 
ordered s e t ,  X . The l a s t  r e su l t  of this chapter, Holland's 

representation theor* is  an k o r t a n t  tool i n  the study of l a t t i c e  
- - - - -  - - - -- 

- - - - - - - - -  --- 

ordered groups, and i s  an analogue of Cay ley ' s theorem i n  group theory. 
' '3 

Holland's representation iheorem establishes tha t  e v e e  l a t t i c e  
/ 

ordered group i s  isomorphic t o  an &-subgroup qf the'group of a l l  
I 

order preserving permutati s of a to ta l ly  ordered s e t ,  3 
, I 

q n  the second chapter we are  concerned with l a t t i c e s  of 

subgroups. It is the l a t t i c e  of convex 8-subgroyps 

of -a l a t t i c e  ordered group -i;5 3%gkribut&e m&ewe--eerrsi&rde-l*&e.---- - 

--groups,-* -- is  di&ribUt;L-w3 
. . 

+ 

t - The main resu l t  of this section aswers  a question posed by Conrad 143: 

- 

we showdthat HicF l a t t i c e  of $-subgroups o f  a latt ice-ordered group- G - -  - 

is  dis t r ibut ive i f  and only i f  G is  isomorphic t o  a subgroup of 
, 

I 



L. , 

t h e  additive rationals.  F i n a l l y  we the question G i t h  an 

- -- - - - - -- - - pi- - r - -- 
important generalizatio? of l a t t i c e  ordered groups, Riesy- groups. 

These are groups which, although not l a t t i c e  ordered, sat isfy-  an 

* interpolation property, and we show tha t  the 1 t t i c e  of convex 4 iy 

directed subgroups of a Riesz group i s  dis t r ibut ive.  

For type of abstract  algebra, a variety is an equationally 
" 

defined class  of such- algebras. The extensive work on var ie t ies  of 
- 

group&, much of which i s  described by H. ~eurd'hn 1141, prompted an 

in te res t .  i n  the study o f '  latti 'ce ordeyed group var ie t ies .  The early 
- - 

-L 
-- p- 

- 

works i n  this area &e mainly concerned with specif ic  l a t t i c e  ordered 

group variet ies .  For example, Weinberg I191 showed t h a t  the a b e ~ i a n  

variety,  A , is  the smallest proper v q i e t y  of l a t t i c e  ordered groups. 
e - 

Wolfenstein [20] showed t h a t  the normal valued l a t t i c e  ordered groups 

form a var iety,  k , which was l a t e r  found by Holland 1101 , t o  be the 
- - - - -  

la rges t  proper l a t t i c e  ordered group variety: ~ a r t i n e z  1131 undertook 

a m r e  comprehensive study of var ie t ies  of 1att"ice ordered groups, 

describing an multiplication of l a t t i c e  bfdered group 
n 

var ie t ies ,  andddetermined t h a t  the s e t ,  L , of a l l  l a t  
b '  

group var ie t ies  forms 3 l a t t i ce .  ordered sehigroup under 

multiplication, the p a r t i a l  order being s e t  incluqion. More recently, 
8.' 

Glass, Holland-and McCleary f71 have extended t h i s  work. One of . . 

t h e i r  main results. shows tha t  the powers of the abelian variety,  A' , 
- Cppp - I 

rat& the normal valued variety,  N . 

4 -  In Chapter 3 we-consider several  exainp'les of l a t t i c e  ordered 

group var ie t ies  and see how they are  placed i n  the l a t t i c e  of a l l  l a t t i c e  
4 

I 



ordered group variet ies .  A s  Ln group theory, wreath products provide 

a useful tool  i n  the study of var ie t ies  and these are described. 

However l a t t i c e  ordered group theory considers only wreath 
2 

of Ja t t i ce  ordered permutation groups. We also consider a 

of the wreath product, the twisted- wreath producf and show 

products 

generalization 

tha t  the 

twisted wreath product of a l a t t i c e  ordered group by a t o t a l l y  
--  

a t  our example ordered group may be l a t t i c e  ordered. Finally we loo& 

of a twisted wreath product which is isom&hic t o  G(m) an 8-subgroup 

of Z W r  Z f i r s t  described by Martinez [12], and l a t e r  by' ~ c r i  117 1 

number of covers of the abelian variety,  A . 
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d( CHAPTER 1 \ .  
c 

&groups , . . 
. , 

1 

I n  t h i s  chapter we introduce and ou t l ine  some of the  bas ic  
r 

proper t ies  of p a r t i a l l y  ordered groups, and *re pa r t i cu l a r ly ,  l a t t i c e  

ordered qroups. Many r e s u l t s  are quoted without proof. Along with a 

more de t a i l ed  discussion, these proofs may be found i n  Conrad [4], (I 

P 

Fuchs [5] and Bigard, K k i m e l  and Wolfenstein [ l l  . 
- - - - - - - - -  - - - - 

A - - - - 
- - -5- - - 

- - - 7-- 
- -- -- - - - - -- - -- - - - 

I n  group theory it is conventional t o  use mu1tip;licative 

I 
o r  the binary operation of non-cornmutative groups and 

addi t ive  notation f o r  comutat ive  groups. The development ,of 8-group * 

theory has tended t o  use addi t ive  notation more extensively,  hau$ver, 
', 

4 
*the close - - ties - - - t o  - group - t h e o r y  make the  u s e  o f m u l t i p l i c a t i v e  n o t a t i o n  - - - 

- 

- 
desireable i n  some s i tua t ions .  I n ' t h i s  t he s i s  both nota t ions  a r e  used 

fo r  $-groups and p i t  should be noted t h a t  addit ive notation doesmnot , . 

imply commutativity. 
i 

. , 
Some knowledge of group theory and l a t t i c e  theory is  assumed. 

Information on these topics  may be found inschenkman [I63 and 

Birkhoff [33 respectively . 
- - -  - - 

We %gin with the def in i t ion  of a p a r t i a l l y  o e e r e d g r o u p  
- 

- - i. -- - - - 

and i n  pa r t i cu l a r  a ~ a t t i c e  ordered group. From our de-finition we 



- -- - 

are then able  t o  deve-IopPsome of €fie 5 q s i c  propef€ies6fplatticeordered 
< 

L J  

-r-hkW11k i~ used in lztzcr-sections. 

, . 
A p a r t i a l l y  or&red qroup (po-group) is  a. group Ad,+-)  w i t h  - - 

I 

1 e 

a pak t i a l  order  5 t h a t  is  compatible with the group operation; L 

b a t  is ,  f o r  a l l  a,  b, x, y - €  G . * - .  . I f f- 
j , ' a 5 b  implies x + a + y k x + b k y .  > .  * 

- C 
#* 

= - - w r d e e + e u p  --tB-groupk -* - mti aF o i 3 e r  i s  apT6tzZ o r d e ~  
L .  

G is ca l l ed  a t o t a l l y  ordered group (0-group) . 
I 

I f  the pzdrtial order is a l a t t i c e  order,  then G is  ca l led  a l a t t i c e  
I *  .. 

- 

Eli- 7- 
- 

W e  s h a l l  denote the pos i t i ve  coneTof G by G' : 

Proposition 1.1.1. 1f 'G i s  a po-group, then d i s  a normal sub- Q 

semigroup tha t - con ta ins  0 b u t  no other  element and i t s  inverse. 
* .  

Conversely if P is such a subsemigroup and i f  w e  define a 5 , 

p r q i d e d  b - a € P , then 5 is. a p a r t i a l  order fo r  G and - P 

t . - 
L 

u -  A p-group G is  d i r e c t e d - i f ,  far al'l a, b f G there  . 

Proposition 1.1.2. 

x Z a  and x > b .  

* n 

'l For a po-group G , the following are equivalent: 



- - - - - 

(1) G i s  directed. 

(2) For each a C G*, G = {v-z It y l a and z P a). 
P + 

(3)  G generates G , 

(4) For eacfi g C G there i s  an upper bound f o r  g and 0 . 
r 

W e  naw establish some elementary properties of 8-groups. 
-8 

For a,b C 
< J an 8-group we denote by a V b (a A b) 

J .  
I I 

least' upper bound h e a t e s t  lower bi@d) of a and b . 
a 

the 

~ro~os i t iun '  1.1.3. For a, b, x, y € G , an 8-group 

Proof, - Since a V b' 2 a,b we have 
* .  



z ? w t a + y -  and z ~ x + b + ~ -  1 

hence 

8 

and so 

* 

whence 

f 

%us we have 

The dual  may be proved s imi lar ly .  

~ r o ~ o s i t i o n  1.1.4. I f  G i s  an $-group and a ,b E G , then 

Pmof. ,Since a V b 5 a,b, we have - ( a  V b) 5 -a,-b 

Thus - ( a  V b)  .5 -a A -b . 

Lf z 5  G a n 8  z 5 - A - b I  then -2--2-a,b. 

' Thus - z > a V b  



and 

I 
I 

Hence -(a V b) is the g r e a t e s t  lower bound of -a and -b . ~ h g  . 
dual r e s u l t  may be proved s imilar ly .  

Proposition 1.1.5. A po-group G i s  an 8-group i f  and only i f ,  f o r  

a l l  g 6 G ,  g v O  ex i s t s .  

~ r o o f .  I f  G i s  an 8-group, then it i s  c l ea r  t h a t  g V' 0 C G f o r  

a l l  g f G = 

e6nveaseFz i V B ~SRrists i n  G , - fo r  a l l  c.f E c ,  - - 
- - -  - -  

than f b r  a l l  a ,b E G , 
I' 

[(a-b) V 01 + b =.a V b '  

i 

h 

and - - - -  - - - -  - - - - - - - - -- - - - - -- -- 

I 

I 4 

> 
a A b = -(-a v -b) . 

* 
~ r o p o s i t i o n  1.1.6. Let  G be an 8-group. TQen, f o r  each pos i t ive  

in teger -  n , na 1 0 implies a 1 0 . 

Proof. We f i r s t  uee induction t o  show that f o r  each pos i t ive  

, - - - -  - - - - - -- - - - - -- -- -- - - - - - - - - - - --- 

in teger  n , -I 

* 

n ( a  A 0) = n a  A (n- l )a  A ... A a A 0 .  

The r e s u l t  holds f o r  n = 1 , Assume the r e s u l t  is  t rue  , for  n-1. Then 



r 

(by proposition 1.1.3) 

. , 1 
d 0 

-r - 4 

Now, if na > 0, then na A 0 = 0 and w e  have 

Thus a A 0 0. and he ce a l 0 . J 
Corollary 1.1.7. An 8-group i s  torsion free. 

Proof. Let cg C G  'and n C N .  If n g = O ,  then n g > O  

aiid so g 1-0 . H o w e m  W g > , then- g +-g >-g >-0- and by 

induction ng > 0 . Thus ng = 0 idpl ies  g = 0 . '3 



0 

. 10. 

r/ - - - 

- - 

Proposition 1,1,8, For an %-group G , and a, b, c € G i f  
p----L-ppppp-- -p-pppL--pp- 2- --A- 

/. 
a V c b V c and .a A c i= b A c , then a = b . Consequently G i s  

a' dis tr ibut ive 1atti.de . 

Proof. Since a V c F a - (a A C) + c ', we have 
A .  

$ 

? 
L 

% 

Thus' .G does not contain a sublat t ice .of the form 

. < 

> r 

For. elemend . la and b belonging to  an %-group G , i f  

a A b = 0 we say , a and b are d is jo in t  or orthogonal. W e  note 
- - -  - - - - 

that dis jo in t  e l e m i t s  commute, for  i f  a A b = '0 , we have 

-/r 



* + 
We define tifie posi t ive p a r t  of a, . a  , t o  be a V 0  , and 

L A  - 
the negative par t  of a ,  a , t o  be -a V 0 '. 

5 . .  . 
*Proposition -1.1.9. For an L-grotlp G a d  -8s elemkt a be longing  - -- - 

- + . -  
t o  G , a+ A a = 0  , a = a. - a and t h i s  the unique representation 

r 

of a as the difference of d i s jo in t  elements. ' 

a 

Proof. Far rln element a of an 8-group G we have 
1 

. * + - 
a + a  = a +  ( - a v o )  = O V a = a  71 " 

* + - 
and hence a = a  - a  . 



Proposition 1.1.10. An 8-group G is an 0-group i f  and only i f ,  

7- - 
a > 0 and b > 0 implies a A b > 0 . 4 . - 

1 
~ r o o f .  If G .  is  an  o-group, then a A b = min {arb)  > 0 , 

Conversely, suppose the condition holds-and consider g C G , g # 0 ., - a 

- - 

By Proposition 1.1.9, 

+ - - 
and hence e i the r  g = 0 o r  g = 0 . ~ h u s  e i the r  g = -g < 0 or 

a + 'B 
g = g > 0 . Therefore G i s  an o-group, ' 

is defined t o  be . a V .-a . 

Proposition 1.1.11. , ~ o r  G an 8-group and a,b 6 G , we have 



Proof, 

(1) la [  = a v-a,  and t h e  la1 ? a ,  - a .  

0 

hence by Proposition 1 .l. 6 1 a 1 3, 0 . 

Therefore; la+bl = (a+b) V -(a+b) C la1 + Ibl + l a ] .  

Section 2. Hommrphisms , Isomorphisms and subgroups. 

- - - 

Space does not allow the inclusion of a l l  proofs. Having 

described some of the basic concepts of 8-groups i n  d e t a i l ,  
* 

. now discuss, Githout proof, some &portant resul t s  from the next 

leTiel of developmnt of 'the theory. However the inclusion of proofs 

w i l l  resume when closer t o  the focus of the thesis .  Details of t h e .  
0 

' 
following resul t s ,  which are  concerned wibh homom2phism, 

A subgr&'s of an 8-grbup G is said t o # b e  an 4-subgroup 
C 

of G i f  S is a sublat t ice  of G . From P r o p s i t ' o n  1.1.5 it 

3 



f o U m  **t S is an 8-subgroup of G i f  and only i f ,  - s 7 0 f S - 

-%+a+ s f-f; - We note - the -  S -may--be= ~ - q m u p w k t t s x x s p e c t t t x ~ ~ - -  f 

the induced p a r t i h l  order, but not an, 4-subgroup of G , ' 

. Let T be an isomorphism from an &group . A i n t o  t 

T preserves A , o r  V , then AT i s  an.8-subgroup - 
o; B and both n and preserve 5 , A and .V . 

\ 

r 9 

Such a map i s  called an 8-isomorphism. 
- 

A homomorphism T of ah &-group A i n t o  an &group B is  

cal led Bn +!?-homomorphism i f  T preserves A and V . 
- 

Proposition 1.2.2.  or ,an isomrphisq T of an -!-group A in to  an 
f 

8-.group B , the following are  equivalent 
1 

( 2 )  x A y = 0 implies x'IT A p = 0 fo r  aI.1 x,y C A 

- - - - - 

(3 )  (a V 8 ) ~  = a r  V 0 ' f o r -a l l  a E B . 
I 

- 

We turn our at tent ion t o  subgroups. A subgroup S of a 
d * '  

po-group G is  s a i d t o b e  convexi f ,  f o r  a,b f S f  g C G a 5 g Z b  

implies g f S . 

Proppsition 1.2.3. For an 8-subgroup S of an 8-group G , the 
8 - 

f o l  awing are  equivalent. 1 
- 

convex 

--- 
C?l :--set o f  r ight '  c o s e t s o f 7  forms a d is t r ibut ive  l a t t i c e  under t 

the order given by: S + x 5 9 + y i f  t h e r e  
- 

t ha t  s +. x 5 'y and, for t h i s  order, (S+xl A 



A normal convex 4-subgroup i s  cal led an 4-ideal. 

I 

Corallary 1.2.4. I f  H is an 8-ideal of G , then the r igh t  cosets 

of H form ap 8-group. 

. Proposition 1.2.5. L e t  n be an 8-hommorph-ism from an ?-group G 

group H . Then ker r  is  an -!?-ideal of G and 'G/kerr 

is 8 r p h i c t o  Gn . 

i f  M is m a x i m a l  with respect to not containing some g C G and i n  

t h i s  case M i s  cal led a value of g . 
A convex 8-subgroup P of an 8-group G is cal led p r i m  i f ,  

for ,  A,B convex 8-subgroups of G , P 3 A n B implies e i the r  - P 3 A - - 
o r  P -3 B . The concept of a- p r i ~  subgroup is- important i n  tbe _various 

- - 
ways used t o  represent 81groups. 

Proposition 1.2.6. For a convex &sub(lroup M of an &-group G , hkg, 
' following aEe equivalent 

(1) M is regular. 

convex 8-subgr~upof GI . 

(3) M is  meet irreducible i n  the collection of convex.8-'subgroups of G. 
- - - - - - -  - 

p - - - - - - - - - - - -- - 

I f  M is  ndrinal,, each of the  above is  equivalent t o  
- - pp - -- - - - - - - - - --- - -- 

(4) G/-M is an 0-group with a convex t h a t  covers th 

iden t i ty  M i n  G/M . 
- 

b 7 

, Propositioh 1.2.7. For an 4-group G and a convex 4-subgroup P of - 
', 

G , the following are  equivalent 



(1) P is prime. 

( 2 )  I f  A, B are' convex 8-subgroups of G and P C A, P c B then 

'I 
I 

( 3 )  I f  a ,b € G\P then a A b * ~  G\P : 
3 * 

(4) The l a t t i c e  of r i g h t  cosets  of P is  t o t a l l y  ordered. - 
I f  P is normal each of the  above is equivalent t o  

(5) G/P is an o-group. 
9 

It follows from Proposition 1.2.6'and 1.2.7 t h a t  each regular  

q a o u p ~ i m e .  

* 
b 

, Section 3.  Ordered Permutation Groups. 

In t h i s  section we (introduce ordered permutation groups and 
- 

4 
- 

, w i l l  discuss Holland's Representation Theorem, pne of the fundainental 

t oo l s  used i n  examining 8-groups. The importance of ordered permutation 

groups w i l l  be seen again i n  Chapter 3, where we consider ordered wreath 

products of ordered permutation groups and t h e i r  ro le  i n  the study of 

v a r i e t i e s  of 8-groups. An extensive t k e a t m n t  of ordered permutation 

'-2 groups may be found i n  Glass [61 . 
i 

i 

A s  we a re  dealing with _permutation groups, we change, from 

I 

An ordered permutation group (G$) is a permutation group G 

ac t ing  on a t o t a l l y  ordered s e t  Q such t h a t  
-, 

(1) f o r  a l l  a,f3 C Q a < i f  and only if ag < Bg f o r  
> 

al l  g f ~ ,  



1 

and (2) {g € = a ,for  a l l  

i d e n t i t y  element OF 6 

3 

The group G is  a p+group, where the p a r t i a l  o rde r  5 on G is 

U, 

given by : 

f o r  g,h C G,  g 5 h i f  and only i f  a g  5 ah f o r  a l l  

P 

If t h i s  p a r t i a l  r d e r  on G is a l a t t i c e  order ,  (GIG)  is 

l a t t i c e  ordered permutatiop group (8-permutation group) . 
case ,  f o r  a l l  g ,h C G and a l l  a f R 

c a l l e d  a 

In .  this 

a ( g  v h) = ag v ah and dual ly.  

An example of an '8-permutation group is the group A(R) of  a l l  o r d ~  
I 

preserving permutations of a t o t a l l y  ordered set  . 
, 

The last  maif f  r e s u l t  of #is e h a p t s r ,  Hol%and's- - - * - - 

r e p r e s e n t a t i o n  theorem, is an analogue o f C a y l e y S s  theorem i n  group 

Holland 191 developed h i s  r e s u l t  b &ans of s e v e r a l  lemmas t 
d we w i l l  o u t l i n e  t h e  main ideas  used. 

For each 1 # g € G , t h e r e  e x i s t s  a r e g u l a r  (and the re fo re  

p r i m )  convex 8-sWgroup, P(g)  of G which is a value of  g . Then 

G/P (g) , the set of r i g h t  c o s e t s  of P ( g )  i n  G is  t o t a l l y  ordered 

. . 
in the partial a r e r  given-by: - - -- 

- - --- - - - - - - - - 

, P(g)x  5 P(g)y  i f  t h e r e  exists z C P(g)  such t h a t  w 5 y . 
- 

W e  denote the group of o r d e r  preserving automorphisms-*& 'G/P (g.1 by 



where B (X,P (g) f A (G/P (g) is given by 

I _ 
i s  an 8-hoxnornorphism of  G onto a t r ans i t i ve  8-subgroup B(g) of 

- Holland's main embedding theorem s t a t e s  t h a t  G is 
% 

Q 

-8-isomrphic t o  a subdirect  sum of the  +!!-groups {B (g) I g C GI . 
Further than t h i s ,  we may t o t a l l y  order the  s e t  U G / P  (g) , . We 

, . 

' XtY f U G/P(g) l e t  x < y i f  x,y € G/P(g )  - and x < y a s  elements 
g CG 



' 6 -  
preserving autonotphisms df a 8-subgroup of the 8-group of 

LU -  

, totally ordered set. 

l-' 



c e d a i n  Lat t ices  of Sub.tpmups. 

I n  t h i s  chapter we w i l l  be concerned with l a t t i c e s  of 
1 .  

v subgroups. We begin by considering the l a t t i c e  of convex 8-subgroups 
- - A , 

04 an 8-group and the la t t$ce  of 8-subgroups of an 8-grpup. Later; i n  , 
t 

* a  the second section, we w i l l  drop the requirenlent t h a t  our ,group is  
C 

-- - 
- - - la* ordereiLilIZd-~&i;fX4eok=a~ir~~ces a d e r  w&&=the- - - - -- - -=- 

L 
' . directed canvex subg;oups of a pa r t i a l ly  ordered group form 

dis kributive la t t ice ,  a .  
f- 

3 

I n  t h i s  section we s h d  show t h a t  the l a t t i c e  of convex 

8-subgroups of an 8-group i S  d is t r ibut ive  and s h a l l  determine those 

&-groups fo r  which the l a t t i c e  of a l l  8-subgroups is  dis t r ibut iveG 

The next r e s u l t ,  the Riesz decomposition property, i s  
- i 

important i n  the con$ideration of the l a t t i c e  of convex 8-subgroups 
, ' 

Proposition 2 11 .1. (Conrad [41) . Let G be an 8-group' and 

0 C a,% ..., b f G such tha t  a - bl + . . . + b . , th6n there e x i s t  n n 
:: 

_ -- 
c . . . , c f G such that% = c + . . . + %. _where_ 0 5 c C b. ' --= -- -- - - - 1-- * -  i 2 

for  i = 1, ..., n . 



proof. ye use induction on n . - - - - 

Then, 

and O 5 c  = - c  + a  
2 1 

5 b* . 
, 

Thus the  r e s u l t  is  t rue  when n  = 2 . Assume the  r e s u l t  holds 

f o r  a l l  pos i t ive  in teqers  l e s s  than n . % 

L e t  a, bl, ..., b 2 0 and a 5 bl + ... + b . * 
n n 

Then- 

and hence, by the  induction hypothe x i s  t 

a = d + c  

Agaih, by the induction hypothesis, 0 5 d 5 bl .+  . . . + b implies 
n-1 

that there  e x i s t '  
r * r t C  n-1 - 

€ G such t h a t  , 

"r 
- 

@'+ 



O 5 c  5 b i  f o r  i = l , . . . ,n-1 . 
i 

Thus we have 

W e  s h a l l  denote the col lect ion of a l l  convex 8-subgroups of 

I 

Proposition 2.1.2. (Conrad [ 4 1 ) .  Let G be an 8-group, then C ( G )  i s  

a  compIete d i s t r i b u t i ~ ~  sub1atTlce ofP€he l a t t i c e  o f  a l l  s u k ~ o u p s  o f 7  

G , and f o r  A, BX C C ( G ) ,  (1 C A ) ,  

Proof, we first- show t h a t  if { B , ~  I c A}  5 C ( G )  1 then 

[aA] € C ( G )  . By Proposition 1.2.3 it is s u f f i c i e n t  t o  show that fo r  

, (by Proposition 



such t h a t  

i = 1,. ..,2n-1 , and hence 
- I - 1 

- - - + - - - 

g [UB;~ . 
+ 

Similarly g- € [UB 1 and so  g = g 
?i - b 

b u s  we have t h a t  [ U B ~  1 F C (G) . --. 
Clearly n 5  F C(G) and therefore b ( ~ )  i s  a  cpmplete sublat t ice  of - 

the l a t t i c e  of a l l  subgroups of G . 

We must now show t h a t  P 

- - -  - - - -  

Clearly A A ( V  B-) 3 V ( A  A B;), . 
X - 

Then a = b  + .:..+ bn I. where b. C U B ~  for  i = 1,. . . ,n . 
1 



, . 
, ,fl AS above', . - 1 

a = c + ,.; + c 
1 ' 

where 0 4 cif UB A . 
, 2n-1 - . 

and since 0 5 c .  C a , and. A f C ( G ) ,  we have pi f A . 

Thus a f I U ( A ~  B ) I  = V ( A  A BA) and so A A ( V B )  c V ( A  A B  ) . 
A X - X 

U 

= .  

~ o n r a d  [4] has posed the  question: when is  the l a t t i c e  of , 

8-subgroups of an &group distributive? I n  answering' t h i s  question, - - 

4 0 r 
we w i l l  use the-.following r p u l t s  from group,theory. . /  

'-7 L 
We f i r s t  note tha t  a group is said t o  be locally. cyclic i f  

a each of i t s  f in i t e ly  generated subgroups is  cyclic. 

Proposition 2.1.3. ( H a l l  181 , Theorem ,l9.2.l)  = The l a t t i c e  of sub- 

groups of a group G is  d is t r ibut ive  i f  and only i f  G is  loca l ly  . 

cycl ic  . 
-5 

~ r o s o s i t i o n  2.1.4. (Schenkman [I61 , Theorem II.2.k). A group G i s  
L .  

local ly  cycl ic  i f  and only i f  it is  isomorphic t o  a subgroup of a 

hommrphid image of the qdditive rat ionals ,  (Q, +) . Moreover, i f  G 

is  torsion free,  then G is isonbrphic t o  a subgroup of the additive ' 

rat ionals ,  - - -- -- - 

I f  A and B are 8-qroups, then A + B w i l l  denote the - 

cardinal sum of A anq B .) t ha t  i s ,  the d i rec t  sum pf A 'and B with 

order given by 



Lemma 2.1 .5 .  The l a t t i c e  qf 8-&bgrougs of 

Proof. Consider the following subgfoups of - 

-- - 

Z +,  Z is  not  d i s t r ibu t ive .  

z2 
i s  an &subgroup of Z + Z s ince  

I. belongs t o  Z2 . 

~ i m i l a r l y  Z3 and Z5 ' a re  8-subgroups of Z + Z . I n  f a c t  these 
. - 

' subgroup 'are s o t a l l y  ordered. 

- 

and, [Z2 U Z31 = [Z3 U Z51 = [Z 5 U Z21 = Z +  Z . , f 

Thus we have the  following sub la t t i ce  of the  l a t t i c e  of a l l  8-subgroups 

' o f  z +  z :' z + z  ' $' 



and we see tha t  the l a t t i c e  of &subgroups of Z + Z is  not 3 
, - - -- - - -- - - -- 

distr ibut ive.  

, Proposition 2.1.6. The l a t t i c e  of 8-subgroups of an- -?-group, G, is  

\ distr ibut ive i f  and only i f  G is isomrphic t o  a subgroup of the 

C additive rationals.  

Proof. We consider two cases. 

( 2 )  G is  to ta l ly  Ardered. 

Then every subgroup of G i s  dn 8-subgroup, and thus the 

l a t t i c e  of 4ka.bgroaps of- G f s distrkbntive i f  and only i f  G is i 

- 
local ly  cyclic,  tha t  i s ,  i f  and only i f  G i s  isomorphic t o  a sub- 

group of the additive rat ionals  (by Propositions 2.1.3 'and 2.1.4) . 
(ii) G i s  not' totally.  ordered. 

- = 

( mere e x i s t  a,b C G+ with a- A b = 0 (by Propositional 1 .l. 10) 

. \  
the subgroup generated by the elements a and b , 

[a&] = [a1 + [b] s a + z . 

Further, [arb] i s  p - s u b g r o u p  of G . Thus the  l a t t i c e  of 

8-subgroups of G contains a subla t t ice  which i s  not dis t r ibut ive 



$3 

Section 2. Latt ices of Convex Directed Subgroups. 1 

I 
We now proceed i n  a different  direction by relaxing the * 

assumption tha t  our groups are  l a t t i c e  ordered. ' W e  s h a l l  consider 

the circumstances under which the directed convex subgroups of a 
- 

par t i a l ly  ordered group form a-Xstributive l a t t i c e .  

A par t i a l ly  ordered group ( G , I )  i s  a Riesz group i f ,  fo r  - 

any elements a ,  b, c , ' d  C G with ' a ,b  5 c,d , there ex i s t s  an 

element x € G' such t h a t  ' a , b  5 x ' 5  c,d . 
- - - 

Clearly 8-groups are  Riesz groups. 

Proposition 2.2 .l. (Birkhof f 121 ) . A par t ia l ly ,  ordered group is  a 

Gesz  group i f  and only kf it has the Riesz de'composition property. 
- \ 

P + 
Proof. Let G be a Riesz group and l e t  a ,  4, x € G such t h a t  

-0 I x I a+b . - - - - - -  - - 

Then 0,x-b 5 x,a and since G i s  a Riesz group, there ex i s t s  

s € G such that 0,x-b I s I x,a . -~ - 

L e t  t = -s+x . Then t 1 0 and s+Y= x 5 s+b whence 0 I t I b . . . 
+ 

l%us given a ,  b, x € G with 0 5 x 5 a+b there e x i s t  s and t 

i n  G s u c h t h a t  x = s + t  and O Z s I a ' ,  O Z ' t Z b .  

An easy induction argument then yields  the f u l l  f iesz decomposition 
- .  

C o n v e r s e l y l e t ' G b e a - g r o u p s  with the Riesz 

decomposition property and l e t  0,x 5 y,z . c) 



- 

% 

Then 0 5 x # (-x+;z) 5 y + (-x+z) d 

L 
and by the a e s z  decomposition property, there e x i s t  s and t i n  ' G  

such t h a p  5 s 5 y , 0 5 t 5 -x+z and z = s+t  . 
Then x 5 x+t 5 z = s+t and hence x I s , and also  s 5 z , 

Thus we have 0 , ~  .5 s 5 y , z and therefore G is a Riesz group: &+- 

Proposition 2.2.2. Let (G,T) be a kiesz group and C(G) be k 

the s e t  of a l l  convex directed subgroups of G . Then C ( G )  is a 

a d is t r ibut ive  subla t t ice  of t h e  l a t t i c e  of a l l  subgroups of G , , 

Proof. L e t  H and.? K € C ( G ) .  

Clearly H 0 K is  convex. . 3 

Let a ,b  € H n K . Since H and K are  directed, there e x i s t  

h 6 H , k C K such tha t  h ? ' a rb  , k 2 a,b . 
- - - - - -- - -- -- 

Now, G is a Riesz group and so there exists x f G such tha t  

However x H n K since both H 

d 
Therefore H fl K is  directed. - 

and K are  cbnvex. 

h = bl + ... + h where hi C H o r  h. C K +  for  i=l,..., n . 
n 1 



Now f o r  

and hi 

h. C H fl K , (i = 1 ,...=, n ) ,  l e t  
ki 

be an upper bound f o r  
1 

Then, k. '  2 hi;O fo r  i = l,.. . f n  
1 

k17+ ... + k 2 h J.. + h , 0 
7 n 

- kl + ... + kn C '[H U K1 is' an upper bound for  and 0 

= [H U K] is directed.  

N o w  l e t  g C G , h C [H U Kl such that 0 5 g 5 h . 

L e t  h = hl +%.  + hn for  some hi C H U K i = I,.. .,n . 

Again l e t  
i 

be an upper bound i n  H ,U K f o r  h.- and 0 . 
I 

Thus w e  have 

By the  Riesz decomposition property there e x i s t  c C 
i n  

such- t h a t  

i 

g =  c + ... + c 3  and 0 5  c 5 k  f o r  i 
1 n i -$ 

-- -- - - - - -- -- - - - - - - - 

and thus g , C  [H U K] , and [H U Kl is convex. 

\ 

Therefore [H U K] C C(G) . 
a 



B 
We now have that C (G) is a s&l.attice df the l a t t i c e  of a l l -  sub- 

I 
4 

A h  ( B V c f =  ( A h b )  V  ( A A C )  . t 

[ B U C ]  , a > O .  
n 

Q 
Then a = b + ... 1 + bn 

for  some b. < B C , i = l f . . . , n  . 
s. 1 

Now, l e t  i = 1, .. . ,n , l e t  " c  i E B . ,  U C  be an upper bound for  

Pi and 0 . - 
Thus a = b l +  ...+ b 5 c  + ...+ c . 

I 
n 1 n 

Then by *the Riesz decomposition property, 

where 0 5 d 5 c fo r  i = 1,. . . ,n , and by convexitfr d . 6 B U C . 
i i 1 

Also, we have 
1 

Hence d.  f (A 0 B) U (A n C) 
1 L 



I ,  

A A  ( B V C )  = ( A A B )  V ( A A C )  . 
, I  9 

e 

Fihally we consider compatible t igh t  Riesz groups. Such . - 

groups are  Riesz groups A d  thus the convex d i r i c t e d  subgroups w i l l  
# 

'-ever we a:e able tor&t&n a form a dis t r ibut ive l a t t i  

stronger resul t  linking t h i s  l a t t i c e  t o  a sublat t ice  of the l a t t i c e  
-4 

A pa r t i a l ly  o r d e ~ e d  group, (G,5) , is  a t i g h t  Riesz group 

i f  f o r  any elements a ,  b, c € G with a < c and b < c , there 

exists-  an element d € G such t h a t  * 

- 

~ a < - d < b  and a < d ( c ,  

I - 
d7 

The order, 5 , is  then cal led a t i g h t  ~ i e s z  order. / 

An element is sa id  be pseudopositive i f  but 

'. 
a > 0 implies a + g > 0 , 

An element g C ( G , O  is  sa id  t o  be pseudozero i f  both g and -g 

are  pseudopositive. - 

- - - - - -  - 
7 - - - - - - - - - -- - 

3 3 - 3 G . 5 )  has uu prttdezere*wewill writc g-5-88ke-- 

o r  g is pseudopositive. ( ~ 4 )  is  a pa r t i a l ly  ordered group and 

- - - we say 4 is tfie associated order. 1 
3' 



to be a compatible t i g h t  Riesz order 'for G ,  , a n  (G,5)  is 

called a coxrpatible t i q h t  Riesz group. . . 

Lemma 2.2.3. Let  (G;$ be an 8-group w i t h  dompatible t i g h t  Riesz 
c 

- order - 5  . Let H # (0) be a convex directed subgroup of ( G , 5 ) ,  

- t&-~ H i - .  

proof.  kt 4,s € H,  x € G w i t h  a $ x <  b . 
%, 

IT a # b , since (H,_C) is directed,  we may assum a < b . Yn- 
,, 

Since H P  is  convex with respect t o  5 , x C H and so H is conyex' 

with respect t o  



. 'merefore,  (El,<) is a convex &-subgroup of ,(G, ) . 
1 

.. 

W e  s h a i l  d e n k e  by w'? the  l a t t i c e  of convex C-sub- 
d 

p o u p s  of (G,$) , and by' C (G,4). the set of convex d i r ec t ed  
% 

subgroups of (G,5) . 
9 

PropositTon 2.2.4. C(G,T) i s  a spb la t t i ce  of C(G,@ and so is . 

dis t r ibu t ive .  % 

Proof. BY lemma 2.2.2, 
- - 

- - 

* -  - 
- 

- - 
- - - - - - - -. -- - - - -- - - - - 

Let H,K f C(G,Z) . 
It i s  c l e a r  that  H I7 K is  convex. 

. - 
L e t  a,b € H t7 K , then s ince H and K a re -d i r ec t ed ,  there  e x l s t  

I 

r C H , - s  f K such t h a t  

Now, a < x < r and (H,T) convex implies x f H . 
Similarly,  b ' <  x < s , and (K,3 convex implies x f K . 

W e  nmqt now show t h a t  the join ob H and K ,  i n  the l a t t i c e  

C ( G , ~  is equal t o '  the join of H and K i n  the l a t t i c e  C C G , ' ~ }  . 
- 

w 



H and , K , 

Let L2 the smallest convex 8-subgroup of (G,\<) containing 

B and K . % 
We wish to show L; = L2 . Clearly, I; 3 L2 . 

1 - 

- - - -  

W e  claim 5 fl T, # B . 
L e t  a f H ,  a # ' O .  I f Y a > O , t h e n  a € H n T , , I f  a < O ,  

is directed, there exists  b € H such that  b 2 a,O . Since 

'? $ 0 , b > 0 and thus b € H n T . In all 'cases H I7 T # $3 . . 

Now, L2 - 3 H and so L2 fl T # jil . 
ut t f L fl T and l e t  a,b. f L2 . men,, 

2 

that  i s  t + (a v b) > >b and thus L2 , i s  'directed with respect- 

/'-- 

f I 

ii L2 is convex with espect t d  4 , and since 4 is  a refinement 

of 5 , L, must%lso be 'convex w i t h  respect t o  5 . 
Thus L, f C(G,T)  and since L, 3 H,K , we must  have L 3 L . 

L 2 1 

%us L = L2 as required. 
1 



Varieties of kGroups and Wreath Products 
5 .  

8 
In t h i s  Chapter we present several examples of va r i e t i e s  of 

l a t t i c e  ordered groups and discuss where they are placed i n  the l a t t i c e  

... 
of 8-group variet ies ,  wreath products are  important i n  the study of 

t 

var ie t ies  of 8-groups and these are also described, together with a 

Section 1. Varieties of $-groups. 

6 

 variety of 8-groups o r  8-variety is  a c lass  of 8-groups I 

products. Equivdlently an 8-variety is the class  of a l l  8-groups for  

which a given s e t  -,infinite) of equations, which may involve 

l a t t i c e  perations , asre laws. "i both group and 

examples 'of well knqwn 8-group va r i e t i e s  a re  a s  a Some 

follows : 

w i t h  one element. The law defining this variety is: x = y . 
Clearly t h i s  variety contains one element, the t r i v i a l  8-group {l}. 

Example 3.1.2. A t  - the o t h e r  =enre. we have -- the - variety - - L con- - - -  

. s i s t i n g  of a l l  8-groups. This variety has as its defining law: x = x . 



Example 3. A. 3. The abelian variety A is the variety consisting 
FP 

of a l l  abelian 8-groups. The law defining th i s  var iety is: 

Example 3-1.4. An 8-group i s  sa id  t o  be representable i f  it is a 

subdirect product of t o t a l l y  ordered groups. The collection of a l l  

representable 8-groups is a var iety,  denoted by I? .with defining 

-1 -1 
law given by: (x A' (y x y)) v 1 = 1 '. 

2 ,  

This r e s u l t  may be found i n  Conrad 141, Theorem 1.8. We note t h a t  

appear i n  the ,defining law, ! 

Example 3.1.5. Let G be an 8-group. A convex 8-subgroup M of 

i s  called a 

containing 

value of g C G i f  M is maximal w i t h  respect t o  not 

g . Further, M i s  called a normal value i f  

- - - -  -- - -- - - - - - - - - - - - * 
Q M .  = n{c c c(G) I M c CI . 

# 

G i s  called a normal valued 8-group i f  each value M 

G is  a normal value, Wolfenstein [18] has shown tha t  the c l a s s  

of a l l -  normal valued 8-groupsx forxus a vakiety N which has a s  i t s  

Example 3.1.6. L e t  n be a posit ive integer, Then L (n) denotes .. - - - . -  - - - - - - - - -- - - - - - - - - - - - - - - -- - -- - 

n n the var iety fo r  which the defining law is: en = y r . 

W e  may then 
-- 

*order being 

We use L t o  denote the s e t  of a l l  8-group var ie t ies .  
/ 

inclusion, tha t  is  



U 5  V i f  andonly i f  U c  V .  - 

This p a r t i a l  order becomes a l a t t i c e  order i f  we define, 

and, 

+ 

t 

A v." = n v 
i C I  

1 
i f1 i 

, 
fo r  

v v = f i  {U € L  [ O - 2 %  for  a l l  i f I )  . 
i f1 

i 
i f 1  . 

'- 

These definit ions make L a complete l a t t i c e  since L contains both 

a la rges t  element ( L )  and a smallest element ( E )  . \ 
In  a s i i 9 a r  manner fo r  a collection of G~ 1.i f I we 

- -- - - - - -- - - - 9 -  
- - 

d e f i n e  the &-variety generated b y  { G ~  1 
Ir 

We may 

follows: for  U 

i € I)  = f lxU f L I G. € U fo r  a l l  i f I )  . 
1 

define a multiplication of -&group var ie t ies  as 

and V f L , an &-group G belongs to  ffv i f  and 

and t h a t  the multiplication i s  associative, Thus we have t h a t  L is 

azsemigraup. Further t h a m t k i s , - L  i s  a h t t i c e  o r d e r 4  semi-group 
! 

with an ident i ty ,  namely 
e?s 



' 1% is of i n t e r e s t  t o  see  where our examples o f  8-group 
- - - 

- -- -- - - 

v a r i e t i e s  a r e  placed 

, . *  

Proposition 3.1.7.' 

i n  the l a t t i c e  L . 
) . The normal> valued var ie ty ,  N , 

ti 
is idempotent. 'B 

I 

(Weinberg 1171). The abelian var ie ty ,  B A , is Proposition 3.1.8 . 
the smal les t  proper 

(Holland 191) . The normal valued va 7 i e t y ,  b4 , > -  Proposition 3.1.9. 

2s the  unique ldfges t proper 8-variety . 
The l a s t  two r e s u l t s  mark one of the di f ferences  between 

-% 

the  l a t t i c e  of v a r i e t i e s  of tTgroups and t h a t  of groups. A 9 

connection between t h e  small& profier &-variety, A , and the  l a r g e s t  

proper 8-variety, N , is given by the  following theorem. 

Proposition 3.1 :lo. (Glass, Holland and McCleary 161 ) . P 
- - - - 

- - - -- 

%is r e s u l t  has the  following two coro l la r ies .  

Corollary 3.1.11. I f  V is any proper 8-variety, then the powers 

of V generate N . e 

Corollary 3.1.12. The only idempotent 8-variet ies a re  E ., N and L . 

proper t ies  concerning the 8-var ie t ies  

n divides m . proposition 3.1.13: (i) L(n) cL(d i f  and only i f  



Scrimger a l s o  introduced a new c l a s s  of &var i e t i e s  

{S  (n) ,I n € N} such t h a t  for each n i N , S (n) C L (n) . These 

8-var ie t ies  w i l l  be discussed i n  a l a t e r  section.  

Section 2. Standard Wreath Product. 

I n  8-qroup theory, as i n  group theory, the  wreath product 

i s  of much use i n  the  study o f - v a r i e t i e s .  We w i l l  describe the 
3 %  

construction of the  s tandard wreath product of ordered permutation 

groups. For a mote general construction of wreath products of 

ordered permutadon groups see  Holland and McCleary 1101. 

- - - - - - - - - 

L e t  (G,r) and (H,A) be order preserving permutation 

groups. 

Let f2 = r x A ; then . f2 i s  t o t a l l y ,  ordered with respect  t o  t he  

order  given by, fo r  a l l  (a 6 ) , (i2 , 82\ C 
1' 1 

I 
(a, ,B, ) 2 (a,, B,) i f  and only i f  

? 
Then (w,!d) is 

W on Q being 

an order prgserving permutation group, the  a h i o n  of 

- > - - -  

given by, f o r  a l l  (a,B) C f 2  and a l l  (G.h) C W - 



, 
a 40. 

- 

e 
0 

A .  

and multiplication being given by, fo r  a l l  h , ( f  ,k) C W 
- 

f 

(W,n) i s  then an ordered permutation group with respect t o  tEe usual 

ordering of order preserving permutations. Further i f  ( G ,  r )  and 

(H,A)  are , l a t t i c e  ordered, then s o  is  (w,R) . 
t ( W , f l )  is cal led the standard wreath product of ( G , r )  and 

- - (H,A)= and is denotedmby ( G , r )  w ~ ( H , A )  ; the subgroup of ( W , Q )  con- 

& A is called the r e s t r i c t ed  wreath product of ( G , r )  and (H,M and 
B 

is  denoted by ( G , r )  w ~ ( H , A )  . 

We note t h a t  the wreath product ( G , ~ ) w ~ ( H , A )  i s  

independent- of the t o t a l l y  ordered s e t  r on which ' G acts.  

A s  previously mentioned the standard wreath product is  

important' i n  the study of 8-var$eties. In par t icular  w e  have the 
- - -- - -- - - - -- - - - - - -- - - 

following resu l t s ,  which have group theore t i c  analogues and which ' 
- -- - - - - 

may be found i n  Glass, Holland g ~ d  M c C l e ~ l d l .  



Lemma 3.2 .l . Let ( ~ , r )  and (H,& he 8-permutation *groups. Then 
t* 6' 

Lemma 3.2.2. L e t  ( ~ , r )  be an &-permutation group* i n  the -!?-variety - 
u and l e t  (HA b e  a t rans i t ive  8-permutation group i n  the &-variety 

V . Then (G,r , )  Wr(H,A)  belongs t o  the -8-variety UV . 
We may define w r n ( G )  inductively by 

3- Now l e t  (Z,Z) be the regular representation of the i n  gers -and 
3: 

(R, R) the regular representation o f  the reals.  An ea& induction 

argument yields 

and 

integers n . 
for  . a l l  posi t ive . w 

We say th& a colleetiion { (Gi,Qi)- I i C 11 of 

8-permutation groups mimics an 8-varkety V i f  the following twb 

conditibns are  sa t i s f ied :  

. (i) Gi C V - fo r  a l l  i C I ; 

(ii) for  any t rans i t ive  8-permutation group ( H , A )  w i t h  H C V , 

i5or any ' A C ,-A , any . f i n i t e  s e t  of woxds {wp (x) and any sub- 

s t i tu t ion  x -+ h ' i n  ( H , A ) ,  &re e x i s t  elements i C 1 , a € Qi 
4 

such -that Awp(hj < h q ( h )  if - and a subst i tut ion x + g i n  Gi -- 

With this defini t ion Glass ,' Holland and McCleary [61 proved 

the followfing resul t s  on product vSrieties.  



~ ~ " p o s i t i o &  3.2.5 ., 8-var(wrnz) = A" f o r  each p o s i t i v e  i n t e g e r  n . 
\ 

Sect ion  3 .  More & v a r i e t i e s .  

J. We w i l l  no% consider  a c l a s s  of 8-group v a r i e t i e s  generated 

by c e r t a i n  8-subgroups o f  Z Wr Z . 
For each p o s i t i v e  i n t e g e r  n , l e t  

T t 

G(n) = { ( ~ . , k )  I K f Z ,  F: Z -t 2, F ( i )  = ~ ( j )  if 

G(n) i s  an &subgroup of Z W r  Z . This may e a s i l y  b e  v e r i f i e d  if we 

note t h a t  t h e  b inary  opera t ion  i n  - Z W r  Z is given by, f o r  

where $ ( z )  = ~ ( k  + z)  f o r  a l l  c z . 
\ +. 

-k 
The inverse  of  (F,k) i s  (-F k and t h e  i d e n t i t y  

element o f  Z Wr Z i s  (0,0), where c ( z )  = 0 f o r  a l l  z 6 Z . 
\ 



Now suppose i Z ,  j (md n) , we have 

and hence G(n) is a subgroup o f .  Z W r  Z . 
To check Ghat G(n) is an of Z W r  Z , we observe that '  

' 4 

(F,k) V (0,0) = (H,h) ' where. 

.where K ( z )  = F(z) V 0 f o r  a l l  z € z ; 

and we see t h a t  (H,h) C G(n) . - c - ---- 

For each pos i t ive  in teger  n , we define the Scrimger var ie ty ,  

S (n) , to  be the  &-variety generated by G(n) , The' 8:varieties S (n) , 

--N , play an important r o l e  i n  the l a t t i c e  of v a r i e t i e s  of 8-groups. 

Proposition 3.3-1. For each pos i t ive  in teger  n ,  S (n) - C L (n) ' ,  and i f  

n is  not  prime the  containment is  proper. 
t 



~ r o p o s i  t ion 3.3.2. I f  - m and n are relat ively prime, then . - 

Proposition 3.3.3. 
$'.- 

For any prime p, S(p) covers A i n  the 
- .  

8-varht ies ;  t h a t  is, no 8-variety 1ie.s s t r i c t l y  between , l a t t i c e  of 

S(p) and 

Section 4, Twisted Wreath Products of Groups. 

twisted wreath product , In t h i s  section we w i l l  consider the 

, a subgroup S of The construction w i l l  use a group B 

B,  and transversal T of S i n  B , a second group A" and a 
B 

homomorphism cx of S in to  e group of automrphisms of A . 
-: ? 

=.. 

Given B,  S and T ag above, every b C B may be 
- - -  --- - - - - 

factorised i n  the form 

Denote by T the mapping of B onto T tha t  maps each 

element b' of B t o  i t s  coset representative t C T .' 
T!hus bT = t where t and b are  as i n  (1) . 

--- - 

Further, denote by 0 the mapping of B onto S t ha t  maps each 
- - - -- - - -  - - - - -pp pp - - -- 

b C B t o  its representative s C S . 
'Thus b 0 =  s where s and b a re  as i n  (1). 



Right mul t ip l icat ion by elements of B permutes the  r i g h t  

cosets  of S tgans i t ive ly ,  khus we can consider B ac t ing  a s  a  

t r ans i t i ve  permutation group on the  t ransversal  T by pu t t ing  f o r  

b € B , t t T  - - - - - -  - 

'&en f o r  a l l  b,b" f B ~ a n d  a l l  t € T ,  

and 

1 7 

t _= t w h e r e  1 i s  the  un i t  e l e m g t  of B . 
S 

~ i $ e n  a group A and a hoxnomrph~sm a : S + Aut A, by a 

we w i l l  man the image of a  € A under the automorphism a ( s ) ,  



We n w  proceed w i t h  the  construction of  the twisted 

wreath product. 

We form the car tesian power F = ; t h i s  consists of a l l  

functions f on ' T t o  A',"with componentwise multfplication. +us 
'ri 

flf2 = fg mans f l ( t l f 2 ( t )  = f 3 ( t )  f o r  a l l  t F T . 
G 

Those functions f* whose support, { t  F T I f * ( t )  # 11 . is f i n i t e ,  

form the d i rec t  poyer contained i n  F '. 
2 ,  

- - ? 
We wi31 ~exL-deSJ;ne -an ankih~xmm-isrn B of B into the -- *- - -- 

- 

of F . Again the notation w i l l  be simplified . 
d 

by denoting the image of f C F under the automrphism B (bl by P . 
3 - 

For a l l  f F F . a l l  b F B we definrr' fb * F by 
. 

\ .  PI 

3 

We must now verify t h a t  + .  

(1) the mapping f P is an automokphism of F and 

- 
(2) 6 is an antihomomorphism, 

tha t  is ,  f o t  a l l  b,bl $ B 

\ 

l e t  P = gb - 

then for  all t C % T  , 



b 
mus, since { t  I t € T] = T , we have f o r  a l l  t C T , 

- ./ 
f ( t )  = g ( t )  r. 

and so f = g and $(b) is 1 - 1 . 

- 
Given f € F , l e t  g f F be given by 

9 

1- 

-1 
-1. b  -1 

g ( t )  = f (tb 1 s ( b , t  1 f o r  a l l  t € T . 

- = f (t) ' for  a l l  t f T . 
*us $ = f *  and so the mapping B(b) 'is onto. . - ,-- 



. lhus @(b) is  an automorphism and (1) i s  ~r;md. 

(2) The map @ is a# antihomomrphism:' 

For a13 t 6 -T - w e  have ' 

b bb' ( ~ ( b ' r t  ) s ( b , t ) )  
= f ( t  1 

C 
However, fecal l ing identit ies  3.4.1, we have 

* 
and so 

This holds for each f 6 F and hence 



and we see that f3 is an antihomomorphism. 

In this way we have B = acting as a group of automorphisms 

of F i d  can now form b e  group P whose elements are pairs (f.,b) 

where f -E F and b C B . Multiplication in P isydefined by 

We must now verify that this gives rise to a group. 

- -  
- 

- - - - 

(i) It is clear that P is closed .under multiplication. 

(ii) Multiplication is associative : 



- 

- 
E element, (itl) - where -- - - - - 1 - - is the function 

defined by i(t& 1 f o r  a l l  t f T . Q 
: 
I 

L e t  ( f ,b )  f P , then 

( 1 )  ( f ,  = (iflJb) 

and s imi la r ly  

.l%e group P i s  ca l led  the  unres t r ic ted  twisted wreath 

product of A b y  B and w i l l  be denoted by IWr (A ,B ,S ,a) . Our - 
t-pp - - - - - -- 

cons t ruc t ion  depended upon the  choice of a t ransversal  T of S i n  

w 
B , b u t  this depen'dence i s  only apparent. 

IAe rest tr icteX twis tedwreath  product , f * ,is the subgroup - - ,- - 

of P consist ing of  those (f,b) such t h a t  f f F* and is denoted 



- - - -  

twr (A,B,s-,a) . We. can see t h a t  TWr (A,B,s ,a) and &x,B,s .~)  are  

the same i f  the index of S fn B is f i n i t e  o r  i f  A is the t r i v i a l  
i 

group 

The standard wreath product of A ' by B (unrestricted and 

restr i tked)  i s  obtained as a special  case of &e twisted wreath product 

Section 5. 

B when S i s  taken to  be the t r i v i a l  group. 

, - 
Ordering the Twisted Wreath Product. 

I n  this sect ion we return our at tent ion t o  the theory of 

&groups and show t h a t  the twisted -wreath product of an &-group by an 
' I  

0-group may be l a t t i c e  ordered. , 
\ 

Proposition 3.'5 .I. Let A be a l a t t i c e  ordered group, B a t o t a l l y  

S a subgroup of B and a a hommrphism from S 
- - -  - - - - - - -  - - -- - - 

i n t o  the grou d of 8-automorphisms of A . , 'IWr(A,B,S ,a) can be 

l a t t i c e  ordered. 

Proof. Let T be a transversal  of S i n  B . 
&finesan  ordering on IWr(A,B,S,a). by 

(F,k) L (GJ) - k > 8 o r  k = 8 and ~ ( t ]  Z ~ ( t )  f o r  a l l  t € T . 
It i s  c lear  t h a t  1 is a p a r t i a l  order. 

(F,k) , ( G , k )  f mr(A,B,S,a) w i t h  (F,k) L (G,C) . 



Now (F,k) ? (G,C)  implies e i the r  

- 

fii) k = 8 and F ( t )  3 G ( t  r for all t f F . 

IZ k > E , then B is t o t a l l y  ordered implies 

xky = x8y 

and. 

.A 

(since A is  an &-group and a 
-v 

i s  an 8-automorphism of A ) 
s (x, t) - - - - 



x x-!? 
-= X6 Y (t) . 

Thus i n  this  case we also have $ J 

as required. 

We have that (TWr(A,B,S,a),  1) i s  a po-group. Further 
- - 

- -- - - - - 

/ 

tha; th is  it is an 8-group for we can see that for a l l  

Section 6. An Example. 

We have seen i n  sections 2 and 3 that the standard wreath 

product has an important place i n  the study of -!?-group varieties. 

sections 4 and 5 by describing &&isted wreath product of zn 
1 8 %  

3 
- -- - z f L  

%y by , -6 w i l r  sKw that-our example i s  C-isomrphic to  a subgroup 
P i 

1 G(mn) of Z W r  Z which generates the Scrimger variety S(m) . 



Example 9.6.1. W e  w i l l  consider  ? w + ( z ~ , z , ~ z , ~ )  where 

a : mZ + A U ~ ( Z " )  is  def ined by: f o r  a l l  r t Z 
\ 

v n n 
where a F Aut ( Z  is  given by, f o r  all (al, .  . . , a  1 F Z r n 

- 
where. 1 -  Z i ( m d  n) 

- - - - 

- - 

€in5 -= - I I i - r 5 n .  
-- 

. Thus t h e  homwrphism a maps an element mr of  rnZ t o  an  

1 
automrphism o f  zn where ar r o t a t e s  t h e  coordinates  of elements 

of Zn r p o s i t i o n s  t o  the  r i g h t .  

W e  w i l l  t ake  0 ,  . . 1 to be the t r a n s v e r s a l ,  T , of - 
- -- - - - 

- - -  

I h e  elements of ? ~ r ( ~ ~ , z , m z , a ) .  are p a i r s  ( f ,b )  where 

n T f t ( Z )  , b E Z .  

.&ing a d d i t i v e  nota t ion ,  add i t ion  i n  T W ~ ( Z ~ , Z , ~ Z , C L )  is 
3 ! 

given by 

I 

h e 

s t {o,. . . ,m-11. then for a l l  t t 10,. . .,, 



We note that  

bl 62 also i f  b I ? b2 m d  mn then f = f - 

* 
I t  may be c1earer:to use an alternative representation for 

the elemehts of TWr (zn,z,mzIa) W e  cah write the elements i n  the 

following form 
- - - 

J 

where b € Z , and for i € {0,-.. ) , (aiIl,.,.*ra i ,n 1 c z n .  
.. 

With this notation addition i n  m(zn,z,mz,a) is given by 



where b = mr + s with s 0 , l  and the ari thmetic of the  

subscr ipts  is done modulo m fo r  the  f i r s t  subscr ipt  and modulo n 
!z 

f o r  the second. 4' 

With t h i s  notat ion the  ' twis t ing '  a f f e c t  of the  homomorphism CI i n  
-, 

mr(zn,?,mz,a) can Seadi ly  be seen. 

n Proposition 3.6.2. 
- - - 

' IWr(Z ,z,mZ,a) i s  8-is-rphJc t o  
- - - - - -  

Proof. Define a mapping 'y : G ( w )  + TWr (zn,z,m~,a) by, 

then F = 
Y -  

0 

fo r  a l l  



that y is a homomorphism. 
! 

(G,&) < G ( m )  * c Let (F,k), 

Then 

and 

Let - -  -% 

.. 
i 

Without loss of generality w e  may assume 1 5 k 5 mn . 
L e t  



-3 
where a r i t h m e t i c  on the s u b s c r i p t s  i s  done w d u l o  mn .. 

k '  q blow b = 
i brn+s+l , 

and hence i s  i n  the rth n-tuple  of (Gy) , Bust 

0 -1 
T [ ( r+k)  I this .is just  G [ (r+k) I 

Y 

We have 



k 
~ h u s  the rth - n-tuple - of (G ) i s  given by 

- I 

- - 
where 1 5 p+i 5 n and pti 5 p+i (mod n) . 

From this, and r e c a l l i n g  that 0  5 p 5  n- , 0 ~ 5  q 5  m-1 ,and 

0  I s 5 n-1, 'we can see that 

. < 



GO. 

as required. 
% 

W e  nuw have that y is an isomorphism,'it remains to show that Y is 

an 8-isomorphism. We must show that for a11 (F,k) , (G,8) € ~ ( m )  
\ 



- , -- 
* Now 

hence 



where ; for 0 5 i 5 m-1 
* andF I j 
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