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I n t r o d u c t i o n  

-- I n  a- c a r c i n o g e n i c  exper iment :  t h e  c a n c e r - i n d u c i n g  

' p r o p e r t i e s  o f  a  s u b s t a n c e  ( f o r  example a new food  a d d i t i v e )  
/ 

have t o  be  e v a l u a t e d .  T h i s  s u b s t a n c e  i s  i n j e c t e d  i n t o  m i c e  

i n  d i f f e r e n t  d o s e s .  The t i m e s  o f  appea rance  o f  a  t umor ,  a re  
# 

r e c o r d e d .  Some 

c a n c e r  r e s e a r c h  

seems t o  depend 

mice migh t  

a  new d r u g  

on several 

d i e  b e f o r e  d e v e l o p i n g  c a n c e r .  I n  
. * 

i s  found ,  b u t  i t s  e f f e c t i v . e n e s s  
0 S 

c o v a r i a t e s :  f o r  example t h e  a g e  o f  

t h e  p a t i e n t ,  its sex, i ts  blood c o u n t  a t  t h e  b e g i n n i n g  o f  t h e  

e x p e r i m e n t ,  e tc . . .  Then a n  exper iment  i s  d e s i g n e d  ahd t h e  
e 

3 
t i m e s  o f  d e a t h , f o f  e&arnp3e,are r e c o r d e d .  Some p a t i e n t s  migh t  

L 

d e c i d e  t o  l e a v e  t h e  expe r imen t  b e f o r e  t h e  end.  Some 
- , 

d i e  o f  c a u s e s  o t h e r  t h a n  c a n c e r . ' -  These two- examples 

c e n s o r e d  s u r v i v a l  da ta :  - some s u b j e c t s  are  withdrawn 

might' 

a r e  

from 

t h e  exper iment ,  f o r  c a u s e s  o t h e r  t h a n - t h o s e  o'f i n t e r e s t .  , * 
- ,  

A use fuL  t o o l  t o  a n a l y s e  s u r v i v a l  d a t a  i s  $he 
\ 

. . hazard  r a t e .  1 t . g i v e s  t h e  " i n t e n s i t y  o f  r i s k "  o f  f a i l u r e  

a t  any . t i m e  t ,  g i v e n  t h a t  t h e  i n d i v i d u a l  h a s  . n o t  f a i l e d  p r i o r  
> 

t o  t .  More f o r m a l l y  t h e  haza rd  r a t e  a t  - t i m e  t among s u b j e c t s  
- 0  

wi* c o v a r i a t e  Z i s  d e f i n e d  a s :  

where !f i s  t h e  t i m e  o f  f a i l u r e  o f  t h e  s u b j e c t  ( t i m e  a t  which '  yz 

t 

t h p  mouse d e v e l o p s  a  tumor ,  time a t  which t h e  i n d i v i d u a l  d * 9 ,  
'+ 

i 

Z i n  o u r  e a m p l e s  would b e ' t h e  d o s e  of  s u b s t a n c e ,  t h e  age  o f  
a 

t he  p a t i e n t ,  e tc  ... A model commonly a c c e p t e d  i s  t h e  



2 

proportional hazard rate model in wh'ich the hazard rate 
A .  

can be facbored into one term depending on t and one 

term depending on the covariate. 

Cox (1972) assumes a partly parametrized 
4 

proportional hazdrd rate model according to : 

:$ 

where. h~k) is an unspecified function of t and where - .  yz , ' 
h(p,z) is usually e . However in carcinogenic experiments, 

\ 

where ~ n l y  small aoses are considered, h(?,~) is commonly d 

polynomial in the dose Z. Then Cox introduces the partial 
* -d - 

\ 

likelihood function. At a time t, t%e risk set R(t) at 

that time is the set of all subjects still in the experiment. 

Let us consider a failure time ti. Given the fact that one 
e 

subject '•’&led at that time and given R(ti) , the cdnd'itional 

probability that subject j failed is htr.zj \  
I 1 

L 
e R(W 

Simply multiplying these terms gives Cox's partialcllkeli- 

hood., This function is not really a likelihood function 
W - - 

since the factor related to the intervals between two - 
t e- 

'failure times is ignored. Nor is it a conditionaly 
A- - 

.marginal likelihood except in special cases. 
a 

Therefore the classical results on 
r 

of maximum likehihood estimates cannot be 

gave a rather informal justification of the consistency and 

asymptptic normality. Since then no fully satisfying -4 
*--f 

- 2 





order-  d e r i v a t i v e s .  

Then an extens ion of o m e n t s  t o  t h e  case  

where- t h e  covariiates- a r e  give  ^cons tan ts  i s  considered.  - 

\ 
" 



. . 

~ i t e r a t u r e  survey-.on hazard  r a t e  models,  w i t h  c o v a r i a t e s  

4  he a n a l y s i s  o f  t i m e  t o  o c c u r r e n c e  o r  " f a i l u r e  
p* 

. d a t a w  is o f  c o n s i d e r a b l e  i n t e r n s t  f o r  medica l  expe r imen t s .  

The growing impor tance  of  medica l  r e s e a r c h  h a s  t r i g g e r e d  

* numerous p a p e r s  o n ' s p e c i a l d z e d  methods t o  a n a l y z e  t h i s  
P - 

kind  of  d a t a .  -  he' klaskical  not'ion o f  haza rd  f u n c t i o n  i s  , 
'I 

a t o o l  commonly used.  The h a z a r d ' f u n c t i o n  A 3 ' g ives  

t h e  " r i s k "  o f  f a i l u r e  a t  any t i m e  o f  a s u b j e c t  hav ing  

c a v a r i a t e s  2, g i v e n  that the s u b j e c t  ' h a s  n o t  f a i l e d  p r i o r  

t o  t. I n  h i s  p i o n e e r i n g  paper  i n  1'972, Cox assumed (&-be 

do i n  t h e  f o l l o w i n g  c h a p t e r s )  t h a t  t h e  hazard  f u n c t i o n  cou ld  

be  f a c t o r i z e d  i n  one t e r m  depending on t and one t e r m  

depending on Z and a  parameter (3  accord ing  t o :  

+ 
More p r e c i s e l y ,  Cox s p e c i f i e d  A(?,>\ z &/as do t h e  m a j o r i t y  

~6 
*- #-- - 

o f  p a p e r s .  Another f r u i t f u l  p a r t i a l l y  p a r a m e t r i c  model w a s  
\ 

i n t r o d u c e d  by P r e n t i c e  and K a l b f l e i s c h  (19119): 

The c o v a r i a t e s  t h e n  a c t  m u l t i p l i c a t i v e l y  on t h e  t i m e  o f  

f a i l u r e  i t s e l f .  A p r o s p e c t i v e  t y p e  o f  sampling is  u s u a l l y  

s p e c i f i e d  o r i g i n  o f  t i m e  measurement and ,fol lowed forward 

t o  obse rve  t h e i r  r e s p e c t i v e  t i m e s  o f  f a i l u r e .  K a l b f l e i s c h  

k n d  P r e n t i c e  (1979) i n v e s t i g a t e d  t h e  case o f  r e t r o s p e c t i v e  
/' 

s t u d i e s  i n  which s u b j e c t s  are s e l e c t e d  on t h e  b a s i s  o f  



their time of •’*lure after-which one "looks back" to 

ascertain the corresponding covariates values or covariates - 

I) Analysis of the models: 

There are several approaches to the analysis of the 

above models. The most natural one is to parametrize them 
C .  

completely, by using for example a two-parameter Weibull 

;egression model for Mdel (1) with 

Other parametric special cases of (2) include the log-normal, 

the log-logistic and the generalized gamma regression 

models (e.g. Farewell and Prentice 1977). Then stqndard 
. *  

7 

methods such as maximum likelihood can be used, 

The othkr approach to deal with model (1) is the 

technique considered in the following chapters: 'Cox's 

partial likelihood method. 

If) Cox's partial likelihood technique: 

Cox's technique is a partia?lqarametrization of 

model (1) where h,(t\ is allowed to be arbitrary. The main 

interest is in the regression parameters: . for example we 

want to know if the substance studied induces tumors. Cox's 
d 

likelihood function is then introduced andsthe vector of 

estimates of the regressim paramters is the maximum of this- 

likelihood function. Cox (1972) gave a rather informal 

justification to this likelihood function. In 1975 he 

considered it in more detail under the term partial likelihood. 

Kalbfleisch and Prentice (1973) showed that in the absence 



of  censo r ing ,  Cox 's  l i k e l i h o o d  i s  p r e c i s e l y  t h e  l i k e l i h o o d  

based on t h e  marginal  d i s t r i b u t i o n  of  t h e  r a n k s  of t h e  h 

f a i l u r e  t i m e s .  A group i n v a r i a n c e  argument showed t h e  rank  

v e c t o r  t o  be " p a r t i a l l y "  s u f f i c i e n t ,  i n  t h e  s e n s e  of  Barnard 

(1963) ,  f o r  P i n  t h e  "absence of  knowledge" of  . T h e i r  

group i n v a r i a n c ~  argument b reaks  down w i t h  censored  d a t a .  

I n  t h i s  c a s e  t h e p  showed on ly  t h a t  it i s  t h e  l i k e l i h o o d  
/'- 

# 

/ &respondin& t o  t h e  marg ina l  p r o b a b i l i t y  of t h e  set  of 
1 

rank  v e c t o r s  c o n s i s t e n t  w i t h  t h e  observed 

d a t a .  There a r e  'no c l a s s i c a l  r e s u l t s  on t h i s  " l i k e l i h o o d " .  

NO t i e d  f a i l u r e  t i m e s  a r e  assumed i n  t h e  above models. Unfort-  

u n a t e l y  t h e  d a t a 2 w i l l  o f t e n  be recorded w i t h  t i e s .  I•’ t h e  

number of  t i e s  i s  s m a l l ,  an  ad hoc m o d i f i c a t i o n  of t h e  above 

procbdures  i s  s a t i s f a c t o r y  (Cox 1 9 7 2 < ,  ~ a l b f  l e i s c h  and P r e n t i c e  

1 9 7 9 ) .  Otherwise it i s  p r e f e r a b l e  t o  use  a  d i s c r e t e  f a i l u r e  

t i m e  model. X a l b f l e i s c h  and P r e n t i c e  (1973) showed t h a t  

grouping t h e  cont inuous  model (1) g i v e s  a  d i s c r e t e  model w i t h  

'si5ip3er a r o p e r i t e s .  Cox (1 9 7 2 )  a in t roduced  a  g e n e r a l i z e d  

p a r t i a l  l i k e l i h o o d  function._,  
- I d  

a )  , J I I )  Asymptotics:  

Two main p a p e r s ,  s t i l l  unpubl ished,  d e a l  w i th  

c o n s i s t e n c y  and asympto t ic  no rma l i ty  of t h e  e s t i m a t o r  

ob ta ined  by us ing  Cox's  t echn ique .  These a r e  T s i a t i s ' s  (1978) 

and ~ i u - ~ k o w l e ~ ' s  ( t o  appea r )  b u t  n e i q e r  ., of them can  be 

cons ide red  a s  f u l l y  s a t i s f a c t o r k  Liu and Crowley cons ide r  

a  d i s c r e t e  approach t o  t h e  problem: t h e i r  c o v a r i a t e s  t a k e  

v a l u e s  i n  a  f i n i t e  s e t  of p o s s i b l e  va lues .  



Their  argument i s  c o n d i t i o n a l  on t h e  observed va lues  

of t h e  c o v a r i a t e s .  This  i s  an i n t e r e s t i n g  s t e p  towards 

proving cons i s tency  and asymptot ic  normal i ty  when t h e  

c o v a r i a t e s  a r e  no t  assumed to be drawn from a  popula t ion  L s  

- 
bu t  a r e  g iven cons t an t s .  The main drawback i s  t h a t  they  

cons ider  a  f i n i t e  se t  of p o s s i b l e  va lues  and t h e i r  a r p e n t  
i 

d' fL---.. seems t o  be d ? , f f i c u l t  t o  extend t o  an i n f i n i t e  se t  of 
/ 

p o s s i b l e  va lues .  T s i a t i s  . % cons ide r s  a s  w e  do a  continuoTrs 

approach. H e  assumes t h a i  t h e  rea l -va lued c o v a r i a t e s  a r e  

bounded 'and t h a t  t h e  experiment i s  stopped a t  a  p respec i f  i e d  
a 

_ri 1 
t i m e .  W e  remcwe b o t h  t h e s e  assumptiobs and cons ider  

4 

i 
vector-valued c o v a r i a t e s .  lo 

Cox's technique  i s  a s y m p t ~ t i c a l ~ y  f u l l y  e f f i c i e n t  

on ly  i n  s p e c i a l  c i rcumstances.  However, t h e  amount of 

informat ion  l o s t  i n  any spec i f  ir d a t a ,  wi th  t h e  1, func t ion  

r e s Y t r i c t e d ,  i s  u s u a l l y  smal l .  Many have t r i e d , t o  g ive  some 

more formal b a s i s  t o  t h a t  argument. Ka lb f l e i s ch  ( 1 9 7 4 )  

assumes t h a t  t h e r e  i s  no censor ing ,  t h a t  t h e  c o v a r i a t e  
,,' 

vec to r  has  dimension 1 and does no t  depend on t i m e .  H e  
B 

7' 
t hen  shows tha t : t he  Cox l i k e l i h o o d  e s t ima to r  has  f u l l  

/ 
e f f i c i e n c y  w i t h  r e s p e c t  t o  t h e  M.L.E. r e l a t i v e  t o  any 

paraRletric m ~ e i  i n  (I)'& the form A,\t\ = 'A &.it\ w i t ,  

q(\) known and s c a l e  parameter t o  be es t imated  i f  

t h e  t r u e  va lue  i s  equal  t o  0. H e  then  d e r i v e s  t h e  approxi-  B 
, mate express ion  T\- ( volt(*)) f o r  t h e  asymptot ic  

r e l a t i v e  e f f i c i ency -  v a l i d  near  $ = O .  The dependance of 



efficiency on the regression parameter is a situation 

unfamiliar to ordinary linear regression. In an important 

paper, Efron (1977) attacks the problem,from an interesting 
- 

C3 
viewpoint. Taking the covariate and censoring 

& times to be fixed, he derives expres ions for the finite 3 
* *p , -. 

- .. 
sample information matric.es and gives conditions for Cox's ,'-" 

v' 

method to be asymptotically fully efficient. In his para- 
* 

metr izat ion he introduces a notional "average hazard if all 

items are on test". In his formulation, the underlying 

hazard function may depend on the regression coefficients 

as well as the nuisance parameters. He then discusses the 

relative efficiency in the two-sample problem and gives 

some simulation results in this case. . 

This thesis provides a rigorous foundation 

for some of the efficiency calculations. 

An attractive feature of inference based on 

Cox's likelihood is the robustness implied by the 

arbitrariness in the A, function. Steve Samuels,in a 

1977 unpublished doctoral dissertation at the %Jniversity 
\ 

of' washingtoen has examined the robustness of f more 
formally. 

IV) Other parametrizations of the hazard 

In the pr&eding sections we factorized the 

hazard rate X(k.7) according to h(t,Z\=\\~\~(p,z) . The 

most common parametrization for is the exponential 



model. Feigl and Zelen (1965) treated th-; case X,(k\=X 
/- 

constant, and p;oposed several forms for h, notably the 
\ 

exponential model and h(p2\= I + VZ \ In carcinogenic 
4 8  

testing, scientists are interested in the relationshi5 \ 

between the dose of a potential cancer inducing Substance 
n 

injected into an'animal and the time at 'which that animal 
f '5 

develops cancer. In this fikld, many workers stipulate the 

3 Weibull form d(k,)=&(k-Wy-' in which w is usually 

taken as known and hence without loss of generality taken 

to be 0. \'a ~'rtley and Sielken (1977) introduced a poly- 

PI.>O and some standardization rules. The model form of 

the dose dependent has been of particular concern, 

as the interest is usually in small dqses (see Mantel and Bryan 

(1961) s) and it is in. this-d;+e + range -that1monit6ring data is 

difficult, particularly if the spontaneous rate is zego. The 

multiphase models of Armitqge and ~ o l l  (1961) and Armitage 

(1974) specify j?(pl\ as a polynomial of the dose level 
3 

Z of the form h(r,z\; c sz & \ (\+$z\ in which 

all Xs are strictly positive. Peto (1974) adopts a more 
9 S 

general model of the form h(pz)= 5 dsx- I d,>O 
s=o 

In this thesis Cox's technique is studied with 

more general parametrization of h such as those mentioned 

here . 
(P 

Hartley and Sielken (1975b) dropped 

form and stipulated only that ( is a 

the polynomial 

smooth positive 



. 
convex function (unpublished paper). As in this case 

&(I) is parametrized, their technique is a partly 

parametric one similar to Cox's. 

V) Survivor function estimation: I ,  

Surprisingly little attention has been given 
- 

to the estimation of the survival function and its standard 

error. The.underlying survivor function 
C h(p41 

can be written ( ~,k'\ where 

At any specified B a n~n-parametric maximum likelihood 

estimation can be carried sut (Kalbfleisch and Prentice 

1973) to give an estimator of ~,(k\  . Breslow and Crowley 

(1974) consideria continuous case, where there are no ties 

among,observations. Using likelihood arguments, they 

introduce an-empirical integrated hazard function according 

They then establish that if the true value of P is 0 - -. 
the random function J )  A converges to a 

mean zero Gaussian process, ~ , ( k \  being the true 

integrated hazard function. ~siatis has 'extended that 
\\ 

result to l O ( t , t )  where is Cox's partial likelihood 

estimate again under rather severe restrictions such as 
L 

bounded covariates. 

We have not studied the problem of extending 

this result to the more general setting of this thesis. 
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chapter $ : Model, Assumptions, Notation 
. 

In this chapter we shall give a pr%cise mathema- ' 

tical formulationpf the model and introduce the notation 

? P 

and assumptions needeq later on. In the examples given in 
< 

P 
the introduction, data were the covariates 

\ 
for each subject, the time at which each subject left the 

experiment, the reason why it left and the size of thq 
i 

population. Let us introduce 'the following notation: 

- let Zi be the vector,of observed covariates 
for subject i. 

- let Yi be the time of disappearance of subject 
i from the experiment. 

- we define an indicator variable 6; to 
R 

f 

indicate for which reason the subject i 

left the experiment according to & =  0 

if subject i was censored, & =  2 otherwise. 

- let N beathe size of the population at 

the start of the experiment. 

- let pe be the true value of the regression' 
parameter. 

Distribution of the random variables: 

Let us assume that for each subject i we habe 
h 

two underlying random variables: Ti, the true underlying * 

survival' time, and Si time of censor2ng. The observed 

variable Yi is just the minimum of Ti ?A nd Si. T and S will 



be assumed indsPen&nt g iven  t h e  v e c t o r  of c o v a r i a t e  2 .  

T h i s  i s  noWt a mi ld  assumption.  - For example, i n  a  medical  

exper iment ,  a  person cu red  (ve ry  l a t e  t i m e  of  d e a t h )  may 

l e a v e  t h e  experiment  e a r l y .  I t  seems ve ry  hard  t o  remove 

t h i s  assumption a s  a  c e n s o r i n g  dependent on t h e  t i m e  of  

d e a t h  cou ld  g r o s s l y  mi s l ead  t h e  s t a t i s t i c i a n  by concea l ing  

211 t h e  i n fo rma t ion  r e l a t i v e  t o  some v a l u e s  o f  t h e  c o v a r i a t e s .  

I '  r 

To s o l v e  o u r  problem, w e  s h a l l  t a k e  a  con t inuous  
C" 

approach.  The c o v a r i a t e  v e c t o r s  w i l l  be assumed t o  be o f  . 
-----' 

dimension p  and t o  be@rawn from a  con t inuous  p o p u l a t i o n .  a 

It i s  ou r  c o n v i c t i o n  t h a t  t h e  method w e  u s e  i n  t h e  fo l lowing  

c h a p t e r  can  be extended t o  t h e  c a s e  where  t h e  c o v a r i a t e s  

a r e  g iven  c o n s t a n t s  drawn from an  i n f i n i t e  p o p u l a t i o n  ' 

of p o s s i b l e  v a l u e s .  

L e t  u s  i n t r o d u c e  t h e  n o t a t i o n :  G(k\Z)= ~p Iz] 
~ ( ' 1 ~ )  i s  an unknown f u n c t i o n  of  t .  S does  n o t  necessa ; i ly  

- have a  c o n d i t i o n a l  hazard  f a n c t i o n .  W e  have t h e  freedom 
V 

- - t o " a l l o w  c e n s o r i n g  i n  groups , ,  even t o  assume t h a t ,  a t  a  

c e r t a i n  t i m e  T f ,  everyone s t i l l  i n  t h e  experiment  i s  

censored .  Foy t e c h n i c a l  r e a s o n s ,  w e  s h a l l  assume t h a t  

t h e r e  i s  o n l y  a  f i n i t e  number o f  mass-points  i n  t h e  d e n s i t y  

o f  S g iven  2. 

The model f o r  t h e  hazard  r a t e :  

. ssume t h a t  t h e  random v a r i a b l e  T h a s  3 

>(k,rg . s h a l l  assume a  ' 

+ 8 
commonly accep ted  form of  t h e  hazard  r a t e  h(k.,z)z ho(k\ ~('f,:) 

P- 



/ 

wfere ( )  depends only on t and is otherwise unspecified, 

h(pz) depends on a parameter and the covariate P 
ii 

< - 
' -- -.-L - - _  -- - - #  

vector -2. p is the parameter of interest and has dimension - 
\ 

. p.j This model is-called the proportional hazard rqte 

the ratio of the hazard rates of two subjects - 

depends on the covariates and not on time. L 

Cox (1972) we shall use a partial parametrization of h(t,~) .- - 
A,(\) is assumed unknown and without any constraint. 

On the other hand h (  assumed to'be a known function % 

T' L ; * '  of and' 2. Usually h ( , Z) is assuhed to be Q . - P 6 

In the following we shall assume only that h(p ,.-'Z) is 

such that h(p , Z), 
b w 

are 
\ 

monotone functions~of fqr each~ and each 1. This assumption 
f?! - a 

is satisfied for all the parametrizations mentioned in L? 

.. 0 p i  
Q-J 

the literature survey. 

Assumptions on the mofients of h( p , Z) : 
d 

* '$, 

Tsiatis (1978) assumed that the covariates are 

bound&. .Instead we shall make pssumptions only on the 
.d > 

moments of 
, 

1 

11 0 2 I I  \ 
exists for r= -3, - 2 ,  -l,l, 2,3 

and for every . In what fol1ows"there is actually some ' k ' - 
' freedom of choice in which moments of h are assumed to 

exist. For instance we could assume E[ h(Bl*rI < 
b 

for each a n  -@6+5 . (See page 38.) P 
exist for - 



Seems - d , i f f i c u l t  t o  - e l i m i n a t e  t h e  assumpt ions  abou t  i n v e r s e  = r 

B P - ,  G *, - \ 4 

4 - 
- 

- moments o f  h. --.-- * 

~ v i o u s l y  i n  the exponen t i a l  c a s e  it i s  s u f f i c i e n t  

t h a t  E p z \  e x i s t s  f o r -  eve ry  . 
A 

P - -- 
- - < 

C l a s s i c a l  r e s u l t s :  

L e t  ?P,(t) be t h e  d e n s i t y  .of T g iven  Z .  We know 

t h a t :  

b 

--. li 

- S%raightfor.ward computa t ions  y i e l d  t h a t :  U I 

The c b n d i t i o n a l  p r o b a b i l i t y  of  s u r v i v i n g  u n t i l  
. * 

wi thou t  > being' - censo red  g iven  t h a t  Z=az i s :  --, 
C - 

C 

'i 
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* , o 1 7  
1 

a The l o g  o f  Cox ' s  p a r t i a l  l i k e l i h o o d  is: 
e3 - 

'a 

, Q ~ ( $ $ @ ~  and l o g  LC have t h e  sam%'shape-. s t u d y i n g  t h e ' .  , 

s 

% 

"1 9 B 

maxima o f  '.'@N(p\ i s  e q u i v a l e n t  t o  s t u d y i n g  t h e  maxima 
? 

o f  log' Le .  From now o n  w e  wil+,"study 4 (P) i n s t e a d  of 
U 

Q i '  
I 

." 
'\ \ @s(P)is a  sum of  d e p e r i w  --. &indo*, v a r i a b l e s .  

* 

L e t  ' f N  ( t )  > = J -  Ll(yj3t) h(p,zi) 
N j = t  

BY t h e  
6 

s t r o n g  l a w  o f  l d r g e  numbers, f o r  f i x e d  t ,  f , ( t )  converges  
'1\ 

t o  - f  ( t ) =  ~p+,2) ?(~&t) l -  . Q W e .  w i l l  p rove  t h a t  
8 .  i '. ' P 

w e  can  r e p l a , ~ e ~ f N  -:. ( ~ i )  by ' f  ( T i )  i n  $I(?) . @,,(P) 
i,s t h e n  a s& 0% J L i . i i: d  random &r. iables .  W e  thdri s h a l l  

(. . 
b 

a p p l y  t h e  s t r o n g  l a w  0.f l a r g e  liumbeis tq' prove  t h a t  QN( ) 
a- 

e - 
., +- 

k g n  Q(?) a 

8.. ~5 c> 

c m v e r g e s  po in t -wi se  t o  a ,  =dun 
< 

w 

---% 

= We, s h a l l  t h e n  s t u d y  &he f u n c t i o n  @(p) . W e  
- . . '  

s h a l l  p rove  r e s u l t s :  
, - 

ar 

p, i s  aneextkemum of '  ( )  - 

2) @(p) is concave on a small 
Q. 4 

neighbourhood o f  t h e  t r u e  v a l u e  b- - 
The - e x p o n e n t i a l  c a s e  and t h e  g e n e r a l  case w i l l  

m .  * 
t h e n  be d i s t i n  ished. 7 



s In the exponential case, we shall prove * 

is concave on the whole domain of p Then @N(p\ .has 
P )r 
only one local miximum p, . 1n.a neighbourhood v of 

the true value , ( and ( )  are two continuous * 

* 
concave functions. We shall prove (lemma 7) this implies -3 9 

that the location of the maximum of in V converges 
1% 

a 

to the lqcation o)f the maximum of 9 ,that is P -  
4 has bnly d ne lbcal maximum. This implies the 

. 
I In-the general,Fase, we will have to reduce - - 

e 

our study to the .neighbourhozd V of . As we don't 
iX r 

.know anythiAg about -the shape of 4 in V we shall - - ,laz 

need ,to piove the uniform convergence of . ,to ($ 
in V. We will then prove that ,has a ldcal maximtun 

I 

in-V.and that this local maximum converges to ,-, .. P To' & 
> 

\ 
.m 

prove ;W uniform convergence, we shall prove that the -< 

'sequence is equicontinuous. In order to do sb, we shall 
L 

have to .assume that the censoring t4mef S ,  for an individual 
/ 

d - , 
+2 

is bounded by a pjespecif ied time Tf . This assumption 
2 

d 

is peeded more for mathematical rea-s6ns than real statistical 
<>.- 

11 -. m%= 

one,s. Anyway it is a mild one-, since most survival 

- 
e studies are ended aftey some prespecified time Tf. 



A )  Lemmas: 
5 

The f o u r  f o l l o w i n g  l e m m a s  a r e  ma in ly  compu ta t ions  

n e e d e & l a t e r  on .  F i r s t  l e t  u s  i n t r o d u c e  t h e  f o l l o w i n g  n o t a -  
%&?- 

t i o n s :  L e t  k ( z ' , t )  be a f u n c t i o n  of z  and t :  
P, 

EZ , t (k (2, t )  ) means e x p e c t a t i o n  o f  k  ( 2 ,  t )  where t h e  

. - stmmatj%n is' done o v e r  z and t . 
Et (k  ( k  ,-t)y m e a n s  c o n d i t i o n a l  e x p e c t a t i o n  o f  k  ( z  , t )  g i v e n  z . 

The p r o o f s  o f '  t h e s e  lemmas are g i v e n  i n  t h e  appendix-. _- 

Lemma 2 :  



~ - a  5: ~ e t  fa,\ a sequence of  r e a l  numbers converging 

t o  0, l e t  h(p,z) be a  known f u n c t i o n  of  p and z .  
r i 2 ,  

4 

Then 

t 

converg-es t o  0 i n  p r o b a b i l i t y ,  
for B fixed= 

Proof :  F i r s t  l e t  u s  g i v e  some d e f i n i t i o n s .  L e t  D be t h e  

space of  f u n c t i o n s  on LO, + 00 ( t h a t  a r e  r i g h t  con t inuous  

and have l e f t - h a n d  l i m i t s .  L e t  u s  d e f i n e  t h e  Skorokhod 

topology on D .  L e t  3) be t h e  r - f i e l d  g e n e r a t e d  by t h e  

open sets o f  D.  L e t  x and y be 2 f u n c t i o n s  of  D. W e  want 

t o  d e f i n e  a d i s t a n c e  d ( x , y ) .  The i d e a  i s  t h a t  w e  cannot  

measure t i m e  w i th  p e r f e c t  accuracy  anymore t h a n  w e  can . a. 
--, 

p o s i t i o n .  -, 

D e f i n i t i o n :  ~ e t  h d e n o t e  t h e  c l a s s  of  strictly i n c r e a s i n g ,  

con t inuous  mappings of  LO, + &( o n t o  i t s e l f .  ~f  h E h 

t h e n  h(o\=o and A(+@) = +a . Then se t  d (x, y )  =In( E 
€ 6 5  

where 
~ ~ ~ \ " t \ - t l  6 e 

7 sup\+]- t y W \  <E 

L e t  u s  c o n s i d d  t h e  random p r o c e s s  Z n ( t )  = 

[ q- J~~ i +- - E L \ ~  Q h ( ii 
d 

The random p r o c i s s  Zn i s  an a p p l i c a t i o n  from (n, 'B, P) 

where fi i s  t h e  sample space ,  t o  D .  Then f o r  w belonging  

t o f i t  &(a) i s  a n  element o f  D .  The random p r o c e s s  

Zn induces  a  p r o b a b i l i t y  measure on @.q@ ) accord ing  

where A i s  a  



a
,
.
 

C
 

+' 



Let us give first some further results and 
:t 

definitions: 

- let us define the supremum norm 
according to, for w belonging to D: 

- Result: (Billingsley) convergence to 

a continuous limit (such as Z (w) ) 

in ,c is equivalent to convergence 

in the Skorokhod metric. Therefore, 

if AE is the subset of D such that 

Similarly 

The sequence of real numbers 

converges.to 0. We then have proved 

the result: 

converges to 0 in probability. 



9 
& 

Lemma 6: Let us consider the i.+d randcm variables 

4 $og h( p ,zj . We have : tax rl, Y l ~ o g ~ ( r 1 2 j \ \  converges 
,Y3- V? 

* .  

almost surely to 0 when N --+,+@ with p large. Later on 
% 

we shall need to know "how fast" the maximum over the 

whole population of / log h (P . ZA ) I goes to +a . This 

lemma gives US .an upper bound. 

Proof : 

Note: Borel-Cantelli lemma: given events An; n=1,2, ..., 
"if PAn<d then P(An i.0): 0 (to be read "An's occur 

I 

infinitely 'of ten") . 
I 

First by using the Borel-Cantelli lemma we shall prove 

that for any 

the ~ t h  subject. We shall then prove it yields that 

Let US introduce the fallowing notatibn: x j= llog h ( p t  z j )/ 
and f in=  t 'b-rX\ Let An be the event Xn >E 

j=\,N y ,y34 '~  

Let us prove 2 PAn (a 
r KT 

 he Tc~itcke-ff inequality y i e l d s  P[Y>~] 6 ELY I 
\ rk 

1 
L 

Then ~[$$,~>g 4 (provided E ( x ~ )  exists. 
E" -y,%-? 

Then 



To have convergence  o f  f PAn it i s  s u f f i c i e n t  t h a t  

, f o r  ex'ample K = 3 4 ,  where b i s  
5 

a n  a r b i t r a r y  s m a l l  number. A s  I 

\ \ , L ~ ~  hir.-.)\ a h(p\+ &,=, ' 

t h e  e x i s t e n c e  o f  EL\ b7(p~~\ ' * '~  x , i s  i m p l l e d  by 

b 
t h e  e x i s t e n c e  of  E[~(~,ZY'I 
T h e r e f o r e  t h e r e  i s  convergence  s f  & PAn. (Recall  o u r  

7 

assumpt ion  i n  c h a p t e r  1 ) The B o r e l - C a n t e l l i  l e m m a  

i m p l i e s  t h e n  t h a t  

I 

L e t  u s  p rove  by c o n t r a d i c t i o n  t h i s  i m p l i e s :  

L e t  u s  assume t h e r e  e x i s t s  a sequence  {'~i 1 s u c h  

t h a t  Mn; > E  
$3 - '/P 

Cons ide r  f i r s t  n,, E \hl such  t h a t  

n i s  n o t  t h e  f i r s t  n  such  t h a t  Mn 

it i s  a  c o n t r a d i c t i o n .  Then 
L - L  

L -L. 
AS r\%,\< E (33%)) it i m p l i e s  { xi\ .  

L - L  ~:i,- . q,) 
a r e  such  t h a t  xi  $ f K)3 ' 



v3 - YP 
But NN1 >•’ [%I\ 

r .  

implies there is nlL, such that 
.r 

L - L  
' 1 X l t , ) W ,  . 

And so on... 

We can build in this way a sequence such that 

This yields a contradiction with the earlier result: 

P[ X-?- n ~ ~ - Y ~  )E i.cJ.0 
'\ 

Then 

Since was arbitrarily chosen this gives: 



Lemma 7 : 

R.T. Rockafellar ( 1 9 7 0 )  proved that if the 'continuous 
1 

functions Fn are convex on an open set Sf if they-converge 

pointwise to a function F on a subset D dense in S, then 

the functions Fn converge uniformly to F on any compact 

- set included in S. 

As this result is not widely known,-we have 
>- 

included in the appendix a proof of the following simpler 
. 

* -  

result: if the continuous functions Fn are convex on an 

open set -S, if they converge pointwise to a function F 
/=- 

on Sf then the locationlo•’ the maximum of Fn converges 

to the locatioaof the maximum of F. 



c 

Let us first consider the 5irst term 
- 

--, , 

' The terns 6; L Q + ~ ~ Z L )  * are i.i.d raridorn variables. 
t 

Therefore we can apply the strong law of large numbers 

converges to 

which has been cbmputed in lemma 1. 
I ' 

Now let, usiconsider 

That term is a sum of dependant random variables, we want 

tb replace if by a sum of i.i.d random variables. More 

- L 2 \ (Y~>w ' )  h(plz;~ precisely, let fh(w\ - j=, 

and let \(4= E[)+) \ (pwq 1 

" 
- Let us prove that 4, converges point.-wise to d, . 

A 
(i.e. o ( ~ -  d u  converges to 0 point.wise as function 

of p ) The proof of this convergence is*an essential 

part of this chapter on Consistency. This proof follows. 

Then we can apply the strong Jaw of large numbers to 

d, to that d,, converges point-wise to E L ~ L O ~ \ ( T U  
which has< been computed in Lemma 3. 



I 

A 
Proof of the convergence of d, - to 4, 

:Remember that we useda the notation f (t\ = ~ \ \ [ y ) , t \  h(pz)] 
,' . - P 4  

As we'allowed mass-points in the density of the censoring 
, 

/ 

tibe, fjt) is only assumed td be left-continuous. But we 
1 - shhll assume there is, only a finite number of discontinuiti8s: 
\ % 

a&er a certain time ~ d t )  is continuous. Let us give 

'an%'example -4 oT the funct&n ' •’4 t) . Consiher a edical 
'p 

experiment, where sex and age are amqpg the covariates. 
L 

specified time T, all the women, for= example, - 

are witherawn from the experiment, at TB all the men a 

over 40 yeears are withdrawn. In this example f (t) i~ould - 
5 

--+ S have the' graph (Gl) : 

A 
In order-to prove the convergence of 4, to d, , we shall 

have to consider different cases depending on the shape 
,x 

Case A &  There is a time "f such that 

The experiment is stopped at a certain 

specified time Tf. We shall have to 
r 

consider two different subcasest 



4 
Subcase  A l :  f ( t )  i s  , con t inuous  a t  Tf which 

t \ % 
y i e l d s  f ( T f )  = 0 

Subcase  A 2  : f  (t) i s  n o t -  c o n t i n u o u s  a t  ~f  ,f [&)x \ 

Tf w e  s t o p  t h e  experiment: s u b j e c t  n o t  withdrawn 

c e n s o r e d .  T h i s  Subcase  A 2  of f ly  case s t u d i e d  - 

T s i a t i s  (1978) .  I t  i s  t h e  most commonly encoun te red  

s i t u a t i o n .  

i s  i n  t h i s  case t h a t  t h e  p roof  o f  t h e  convergence  o f  

oc, t o  d, is t h e  m o s t  d i f f i c u l t .  'To p r o v e  t h e  c o n s i s t e n c y  

i n  t h i s  c a s e  i s  i n t e r e s t i n g  f i r s t  f o r  t h e o r e t i c a l  r e a s o n s .  

I f  w e  s t q p  a n  expe r imen t  a t  T f ,  w e  o b t a i n  by Cox ' s  techni .que 

A 
a n  estimate p, . But'we d i d n ' t  c o n s i d e r  what i s  happening 

h* 
a f t e r  T f .  The t h e o r e t i c a l  e s t i m a t e  y N  o b t a i n e d  by 



observing the experiment tilit 4, is the estimate usiw 
- 

dl1 the ikformation us&fdl for coxis technique. It GIul,d . 
- 

A *  1, 

be quite worrisome if was not consiU$tent. Furthermorm P i  I 

LIJ f 

if the asymptote proximations are to be applied in . % '- 
\ 

9 - 
situations where the experirn&nt ends with the death or , 

\ - F . Y 
- ,. 
\' 

'failure of virtually all the subjects, then we will fi& , 'I c 

\ i 

L 
C 

@ .  have confidence in the approximations unless we cbn. L \ 

" I; 
2- 

establish consistency in this case B. 
C ,  



B 31 
I - 

A t h e r e  isp a t i m e  Tf such  t h a t  ( ~ t  >fr\ f ( t \ = ~ ~  

I ,  
4 < .  

L 

9 
d' 

A Subcase A 1  : f (Tf )  = 0 

L e t .  u s  prove t h a t  t h i s  s u b c a s e ' p l  can b& t r e a t e d  m a .  
I 

J C 
. '4 

_ . .  
c a s e  B by changing t h e  ' t i m e  a d s .  ~ d r  example l e t  u s  hapge . 

C 
i S  \ 

. t  i n  k' accord ing  t o  tl= - -  
'\ 

, ', t h e  range  of  \ 
P 3 - t  =q~ 

P 

t' i s  then  p,+a(. 
'. ' 

The o r d e r  of  tim-of d e a t h  i s  unchanged. As Cox's  ' 

9 l i k e l i h o b d  u s e s  o n l y  t h e  order of t i m e  o f  d e a t h ,  Cox's 
% \  

i 

' ?likelihood i s  unchanged. 
8 ,  + 9 

6 

L e t  us  prove t h a t  t h e  s t r u c t u r e  of  t h e  model i s  n o t  
--- i 

I) 

changed: w e  s t i l l  h a v e  a p r o p o r t i o n a l  hazard r a t e  model. - - 
\ ,- 

L e t  u s  compute t h e  hazard r a t e  >*(k',ZY of -'the 
I 

L 

. s u b j e c t  w i t h  c o v a r i a t e  z a t  t i m e  kt' .-, 
m 

R e m e q e r  t h e - d e n s i t y  of  t g iven  z is :  rp  

P ' 0  
\I 

t h i s  q i v e s  Akc .L ht' 



We still have a proportional hazard rate model with the . 

same parametrization h. 

R (x) means a function of x of smally order than x. 

as f (t) is a .decreasing 

- - 
We know thgt ' 

function of-t, and T' $Ti 
3 

f N(~il Lo$- 
A - , 'N '%)- f + (.fN(Ti\ itTL\) 

But lemmat5 +qd the Sko okhod construction yields that - 
* .' f b 

C 

converges to 0 albost surely. 

-4 k\ f (x) b 

fw@-'+ [ti\ 

f ( \ \ -  Therefore 

Therefore 
'-9 

d 
€ 

A 
ves the convergence in probability of d to 

, .. 4 qu 

I 

f (x) 

k 

f [T\ \ 



Case B I. 

Remember 
p~ i=\ 

The d L f f i c  t y  h e r e  comes •’?om t h e  f a c t  t h a t .  when TL -3 + 00, 

~ ( T ~ ) - o  , ogf h\-, - oo 

! f i  
To overcome t h a t  d i f f i c u l t y f  we%are going t o  d i v i d e  d, and 

- 
h fi  6 

4, i n  two terms: c(,,z&+~, , 4+%,+b,b 
I 

w i t h  

Ic = Li J ; b=ii 
n .=, N L=\ 

W e  a r e  go ing  t o  c Lo o s e  t h e  sequence Ck-\ go ing  f a s t  enough 
P I  

t o  '/+ s o  t h a t  b, - Akh b, co&rges> t o  0 ,  and slow enough 
c 

s b  t h a t  0, converges  t o  9, . I n  t h i s  cas B f  t h e  theorem 
P L 

w i l l  be proved in -  3  steps. + 

- -- 
<- 

7 'i 
h 

- -. 
0 

S t e p  1: b,-*O f o r  a  s u i t a b l e  sequence 

A 
S t e p  3 :  p o i n t  w i s e  i n  p f o r  t h e  

P 
4. 

sequence ith) (step 1) 

- A  
W e  have t o  p o i n t  o u t  t h a t  t h e  c o n w g k n c e  pf Q,to a, i s  - 

z. 

q u i t e  s t r a i g h t f o r w a r d  when k* is fixed:-rt &s n o t h i n g  

else t h a n  t h e  c a s e  A 2 .  

S t e p  1: L e t  T set  of t i m e s  of d e a t b g  
9a - 

r - - a? 

such t h a t  = \ . L e t  ' u s  assume f  h s t  t h a t  k, (Supx 
L 

Then t h e r e  a r e  such t h a t  Th> tn . . 



We are going to find a lower-bound and a h  

upper-bound for BM(TK) - 

Let ~(r,) be the number of individuals in the experimknt 

such that yj>% . Obviously $ n[TiK) < m(im) 

Then q A \  .=&) < +NkJ 
j=\,N Min NP,I.J 

N which gives fN[&\$ b = \ l N  
1 1\1 

We have found a common lower-bound. Now let us find a 

common upper-bound. .. 

Let E given. There exists a- compact . VplE depending on 
I 

as E \ ~ C ~ J ) ]  exists. 

,We can prove that the ,2nd term is bounded by E as: 

. 
Now 

2 L 

From the bounds of f, , we shall deduce 



bounds on t 

Remember w e  want t o  prove t h a t  b,[t,)- o 

f o r  a  sequence Ith) . I t  i s  s u f f i c i e n t  t o  choose 

I n  t h e  remainder of the4theorem it w i l l  be shown w e  need 

t o  choose t h e  sequence itn\ such t h a t  $;; C \ k n \ - - ~ + w  

L e t  us  choose such t h a t  $;; +[th)=Loyn . This  i s  

poss ib l e  a s  t h e r e  i s  a  f i n i t e  number of d i s c o n t i n u i t i e s  

and w e  a r e  i n  t h e  c a s e  \ vk l  f(t),~ 
Loq n 

Jr\ 
W e  need two more s t e p s  t o  prove t h a t  g,(k,\ converges 

t o  0 almost s u r e l y .  

Q.S.  
s t e p  l ( a ) :  Lacy <(tn\ --,o i n  p r o b a b i l i t y  

w- 
Step  1 (.b) : r \ ' (~ j  - -7 0 

V L.\ 

Step  f f a )  : 

L e t  fi\kh\ be t h e  number of i n d i v i d u a l s  such 

t h a t  y>t ,  . 



v\k I When N goes t o  + 9 , r converges t o  @(Y) b\l 
N 

B U ~  E ( \  ( y3  tr\ = E L ~ ( ~ , ~ Y ' % ~ Z ) " '  r ( ~ 3  t , ) ~  
Remember ~ G l d e r ' s  i n e q u a l i t y :  g\x$ < E \ x \  

\ \ where -+  - = \  
.r 5 

Then we o b t a i n  

L e t  u s  apply  aga in  Ho lde r ' s  i n e q u a l i t y :  t r  S / 4  , 

Then : '1 5 

Therefore :  

w e  have: 113 (Los n\ 
+/3 

Therefore  l o g  n EP (y? \$-) 
---LA 

converges t o  0. 

~ d a  5 y i e l d s  t h a t  

Therefore  w e  proved s t e p  ( l a )  : 
0 i n  p r o b a b i l i t y  

h +j 



1 

The assumptions we made on the moments of h( ,z 0 
are only a compromise 

between the assumptions needed in this step l(a) and 

those needed in lemma (6) where 

converge. By using different values of r and s in 

Holder's -inequalities, we could obtain different necessary 

values of the order of moments assumed converging. It 

must be pointed out that in the exponential case', this 

problem is of no importance as all moments exist if we 

simply assume E[Q'"] for all ? 
step 1 (b) : We want to prove that 

But a 

Moreover from lemma 6: 

Then step 1 (b) is proved. Step 1 (a) and 1 (b) yield that: 



f o r  t n  f i x e d .  But ~ [ 6 L o ~ ~ [ k \ ) -  e x i s t s .  Then when 

R e m e m b e r  

T h e r e f o r e  

I r (7 st*\ 

W e  know t h a t :  
fN(~if-f(ti\\(+s(tN-f(~\ - - 

.I (-L\ f (T;\ . - 

R ( x )  means a  f u n c t i o n  of  x of  s m ' a l l e r  o r d e r  t h a n  x.. 

t h e r e f  o r e  

I - .jm 
But - - -  

f k )  loqa 
t h e n  

But l e m m a  5 y i e l d s :  sup P,& \ f M  (t\-fb\\ ,->o i n  
t 

probability provided  tha t  Q,-+o . L e t  E he f i x e d .  

Then : 



I\ 
Then \CI,,-Q,I<PE rc 4 

Ir 
W e  have proved s t e p  3: a, converges  t o  a, . T h e r e f o r e ,  

A 
s t e p s  1 , 2 , 3 ,  imply t h a t   converges t o  4, i n  c a s e  B. 

W e  t h e n  have proved:  
rJ 

d 

R(~ \=  -L N L=\ +i( ,zi\ - 1 2 6; i f ;~(yj >T"I '(pzi)] I 9 a is\ \ 

w i t h  
W 

0 

I n  t h e  n e x t  two pa rag raphs  w e  s h a l l  s t u d y  t h e  f u n c t i o n  

. A s  w e  d o n ' t  know t h e  shape of  h (  , Z ) ,  w e  w i l l  P 
o n l y  be  a b l e  t o  p rove  some r e s u l t s  i n  t h e  neighbourhood 

Of P 
(i) p i s  an  extremum of 4(!\ , and 

(ii) b y  i s  concave i n  a peighbourhood 

Of Yo 



C Bo i s  an extremum of 
\ 

we s h a l l  prove (16) = O  
. 

to 
L e t  p; t h e  i t h  c o o r d i n a t e .  of  p . L e t  u s  prove [$);;" 

k-&q= 8-b 

Remember: , d e n s i t y  of  t g iven  z i s :  

- d e n s i t y  o f  z is ~ b - )  
B i s  a  doub le  i n t e g r a l  i n  t and z .  ,By u s i n g  

F u b i n i ' s  theorem, w e  can  e x p r e s s  it a s :  

The t e r m  i n s i d e  t h e  b r a c k e t s  i s  noth ing  e lse  t h a n  f  ( t ) .  
t= +4 .. 

t '  

Then - 

Remember.we proved i n  lemma 1 t h a t :  



in t and z: 
zr +oP 

But the term inside brackets is . Thus 

A = B and so 

As yet we do not know if it is a maximum or minimum nor 

do we know if it is the only extremum of b(v) . 



D Concavity of 4 )  in a neighbourhood v ( ~ , \  of PI . 
1 

We assumed that a'$' was continuous. Therefore to prove 
3 pi I .  

A t h e r e  is a n6ighbourhood v(P.\ of p. , on which 

$(p\ is concave, it is sufficient to prove that (3) 
1 

is a positive definite matrix at P=pe  . 8 1 

Let us consider 2 3  

Let 

x9 - 
bpi',' 

We shall prove 

two steps. In 
1 

is a positive definite matrix in 

the first step we shall prove QiN=bLk 

?n the second. step we shall prove pi& 
positive definite matrix under a mild assumption on the , 

-3 

set of z's. ' 

First step: QiR=LK 

We shall use arguments similar to C. Ci, is a double 

integral in t and z that can be expressed as: 



Remember t h a t  

B T h e r e f o r e  

By i n v e r t i n g  t h e  o r d e r  o f  t h e  i n t e g r a l s  Aik can  b e  t r a n s -  

- formed i n t o  C ik .  

Aik = Cik 

Second s t e p :  (Dik) - (Bik)  i s  a d e f i n i t e  p o s i t i v e  m a t r i x .  

By s i m i l a r  argumengs , as  b e f o r e ,  w e  can  e x p r e s s  B-D a s :  

L e t  u s  c a l l  M ( t )  t h e  t e r m  i n  l a r g e  b r a c k e t s .  I n  t h e  

appendix  A5 it w i l l  be  shown t h a t  M ( t )  c a n  b e  e x p r e s s e d  

a s  a d o u b l e  i n t e g r a l :  



I) 

There fo re  

p-p . k,\k\At 

- obviously. B-D i s  posidSve. 

- l e t  u s  prove B-D i s  d e f i n i t e : r  
r 

L e t  X be a _  v e c t o r .  

T h i s  i m p 1  ies '\ 

em 

6 

I f  t h e r e  was such  a n  X, it would mean w e  d i d n " t  need 
- 

s o  many dimensions  f o r  t h e  Garameter g 
I 

P" (vz) 0 For example , i f  f i , z ) = - e  J means 
' \ 

? 
~ Z ) F Z , X ~  2 0 , i . e .  t h e  2 's  a r e  i n  a hy K a l  * 

> 

LIZ 

I 



A covariate can e expressed as a lineqr combination / 
of the others. Then we have no reason to consider this 

covariate; we don't heeef-as many dimensions for the 
i 
u ,  * r 

parameter P . We shall asswe there F0 such X- 
Then B-D is positive definite. Therefore - I. 

9 

Hence there is a com$act neighbourhood V( < p\ o f p  

which q P  i~ strictly concave. 

$2 
We are now consid'ering the special case , e . . 

J' 

This case is the most used model, the one used,by Cox 
a <  

>~ x 

in his original paper. Let us ,, prove that in this dase, 
4 

\ 

is concave everywhere.. For obvious reasbns 

( \  has the same condaGity as the following &unction i 

. i 

V 

4' * 

I P 

P 

i 

Let 
5.e 



Let Ti -be a time of death. Given the:risk set Ri, the 
% 

i - 
conditional probability that subject k died is @''.* 

. We c-an define the conditional 

Similarly 
P *  

Therefore 
- 

is the variance-covariance matrix of z given Ri. 

But 

Let us prove that under a hild assumption - 3 b: 

definite. Let ,us consider: 

'consider \d a vector 



It means all the z belonging to Rk are in a hyperplane. 

definite unless 

can happen only 

4 
is a sum of matrices Mk, - is 

each of +these Mk is not definite. That 

if all the z's at t=O are in a hxperplane. 
* 

As we are looking for the asymptotic properites of qN , 
provided that -the domain of definition of z is not a 

hyperplane (as in the discussion on the concavity of 4 , 
I 

2 

it would mean that X t has too many dimensions) for a 
sample size large enough, the-matrix N, (Mk at t=O) is, 

2-= 

P 

definite. +%w 

*, 

Therefore - - is p o s i t i v ~ n i t e .  

.- 

This proves that: -- 

bW is s~ 
A ; Then 4, has only one maximum . As we can't- infer 

b Y PN 
anything about fhe shdpe of $,, in the general case, it 

r ' 
- 

might be interesting to study some other particular models. 
9 

For example, for a particular model, if @,, has only one 
-- 

local maximum and if%'@,, is coneave in the neighbourhood 
B 

of the true value, the proof of the consistency is 
-\ / e 

similar to the Goof of the consistency in the exponen- 

tial case. 
4 

Let us go back to this exponential case: we 



have proved that ( P  ) is concave on a compact neighbourhood 

V of' its maximum P (indeedr in this case 4 is convex on 
1 1 , that { @,,,(p)\ is a sequence of functions 

converging point-wise in probability to @ ( 1 and concave . 

on V. 
P 

To apply Lemma 7 we need to know @,,,(pm\-7 $(pw) 

for all P in some countable dense set and.,,for all w 
'\ '.. 

except for a set N C n with %IN]= 0 . The point is 

that Nmust not dependon . P 
We now argue that in probability 

b 
by contradiction. , .,+ If P. does not converge to Yo in ,. -. 
probability, there is a subsequefice n' such that 

for some fixed E, 6 > 0  .: 
Since $u[p\&, +($\ in probability for each , 

. B 
it is possible to choose a subsequence n" of n' &hat 

for all v with rational coordinates 

(the set of such is a countable dense set) and for all P 
w except for a set NCA2. , independent of P , with 

Pr (N)=O. For thi.s sub-subsequence Rockafellar's theorem 

proves that .%* --+ 9 uniformly on compacts. Hence 

which contradicts the selection of n" as _a subsequence of n'. 

Therefore : 
I 

A 

P is consistent in probability. 



F General Case: 

As we can prove very little about the shape of & f B \  
the general case, we shall use another tack. W shall .1 i 
grove that the sequence [ ) \  is equicontinuous 
in a neighbourhood of . This will yield the uniform p. 
convergence of$,,to ($ . That will give us an "idea" 

about the shape df bM when N gets large. For reasons 

mathematical more than statistical, we shall assume that 

the time of censoring is bounded by a certain finite 
. 

time Tf. This assumption is mild since most survival 

studies are ended' after some prespecified time. We shall 

assume moreover that that time Tf is such that P[Y&]>o . 

F1 Equicontinuity of on ,a neighbourhood 

V ( p, ) of the true value $,, . 
\ I 

We will need the following classical result: 
P 

Theorem: If E is a compact metric space and fn and equi- 

continuous sequence of real valued functions of E converging 

pointwise for x € E  in a countable dense subset of E to a 
- - 

continuous function f then fn- f uniformly on E. We claim 
\ 

is an equicontinuous sequence on a 

compact neighbourhood bf o . P 



L 
Let k and T b e  i n  a neighbourhood o f  . 

C a 
P *  l a y i n g  between 

cJ \ v, and p, . To. p rove  t h e  equicontinuity o f  { +"\ 
it i s  s u f f i c i e n t  t o  p r o v e  i s  bounded i n  V( \ a )  

L e t  u s  p rove  . t h a t  

enough t o  : a 

F i r s t  c o n s i d e r  t h e  2nd t e r m  B = 

W e  p r o v e  B i s  bounded i n  2 s t e p s :  

enough i n  a c e r t a i n  v_(- 1 a 



I 
"2nd s t e p :  d 1 5 1  

bounded f  r N l a r g e  enough 

i n  a c e r t a i n  V( p ) . 
&\ 

F i r s t  s t e p :  W e  s h a l l  assume i s  i n  hypercube H o f  . P 
c e n t e r  g? such  t h a t  . W e  s h a l l  

u s e  t h e  hypotheses  w e  made on l h  - : \h i s a m o n o t o n e  

>vu =F 
f u n c t i o n  of  f o r  any 1 . ( p l t h  c o o r d i n a t e  o f  P ' -  

The parameter  p h a s  p  d imens ions .  

a ( p i z j )  i s  a  f u n c t i o n  of  
%pi 

be  f i x e d .  

maximum i n  

one of the- 

t h a t  ' ti:? 

W e  t h e n  have a monotone f u n c t i o n  of  A . I t s , ,  

i s  e i t h e r  a t  $ - €  I o r a t  

T h e r e f o r e  

vertices : 

c o r r e s p o n d i n g  t o  t h e  

. . 
t h e  maxidurn of  Ah i n  H i s  on 

5 P0+6i-~ I \. being a v e c t o r  such  
A1 

n J  - , - 
There  are  1' d i f f e r e n t  v e c t o r s  Lc , 
f v e r t i c e s  o f  t h e  hyGercube-. L e t  

A, be  t h a t  set of v e c t o r s  At . 
Then obv ious ly :  



Then 

Then 
e 

Therefore: \ ! 

w 

For each 5, , p,+ r is a fixed V ~ C ~ O ~ ~ S O  we can apply 
rv N 

---- 
*- 

the Strong Law of Large Numbers. Thereforeathere exists 

Nr such that: 

But there exi'sks only a finite number of Nr, then by ' 

taking b4 ) N Q ~ N ~  , we have: 
t- 

We' assumed that E [ r'.(rJz]l] exists for all 
bP P o  

We therefore have paoved that for ~ ' ) f l s x N ,  rand for 
t a in the hypercube H 

1' 



. 2nd step: 
\ 

. is bounded. 

Let 

rJ 
Let us prove that for N large enough - ~ ( ~ i > % ' ) ~ ( ~ , z j \  

js\ 
, 

, '  

has a lower bound. Let us consider a compact K, such that 

We could now apply the Strong Law of Large ~iirnbers, but 

would be close to 

for N depending on rj . 
\ 

We have to overcdme this difficulty: 

@  hen there is N( v, ) depending on $. such that: 





Therefore: B is bounded for a neighbourhood \ of pa . 
di 

Now let us consider the term A = 

As before 

We have assumed too that h(p ,z) is monotone in for 

z fixed, for,any 1. 

Therefore 

There exists Nk,,rl such that for ( ski, it,\ 



1 ja: cr..b,.ijl/ Then 6 
, . 

exjsts. 

Therefore, as there is a finite number of ( 

is bounded. it yields that I 
Therefore: 

(A)  lI 

enough to . P 
-% 

is bounded 

Let us-recall what we proved in the general case: 

6 ,  
h, 

close 

- , , ,  ( p ) converges point-wise in probability 

to a given function $ ( P'. 
- The sequence {Q ( B )\ is equicontinuous 

on a compact neighbourhood K1 of the t&e 

value 
Po - 

- P is a maximum of @ ( P ' *  

- ( p ) is concave on a compact K2. 

Let K be the intersection of IS1 and K2. An argument similar 

to the one used on page 49 (but using equicontinuity in 

place of Rockafellarls theorem) proves that $I,, has a lodal 

maximum on K which converges to the true value in probability. 



5 

57 
', 

We theref ore kave proved : ' 
'k- 

d 
.Ly J 

JT 
The Maximum Partial Likelihood equation has a root that is 

consistent in.probability. 

In the case of several roots, 

some results of the classical 

partial likelihood technique. 

further work might ext&d , * '  

M.L.E. theory to the Cox 
P 

For example, we could 

examine the change in the sign of from positive 
a T  

to negatlve and searching the intervals in which these 

changes occur, to locate, evaluate and compare the maxima. 

V,D.  Barnett (1966) discusses a systematic method of doing 

this, using the "Method of false positions". Another 

method (Le Cam) could be to find a consistent estimator 

A 

BU preferably easy ta compute, then find either a nearby 
.local maximum of Cox's likelihood or to do a one-step 

fi  
Newton Raphson from 

V u  
towards the maximum partial likeli- 

i F 
hood estimate.  ohf further study might show that as in 

d j L  the case of the qimum likelihood estimate, this new 

, $ estimator,. s asymptotically minimum variance unbiased 
B 

( i .e .  fully efficient) when has one dimension. P 



Chapter  3 :  Asymptotic ~ o r m a l i t y  
\ \ 

% b  

L e t  p be t h e  v e c t o r  o f  parameters  of  y teres t  and P.,the 
9 9 

true*) v a l u e  oh•’ %s parameter  : Cox ' s l i k e l i h o o d  i s  pro=* 

-/ B b 
A 

L e t  py be a  pon s t e n t  rook of  t h e  p a r t i a l  l i k e l i h o o d  
4 

iI' 

e q u a t i o n .  I n  t h i s  c h a p t e r  w e  s h a l l a s s u m e  t h a t  t h e r e  
= ,  

e x i s t s  $f such t h d t  t h e  t i m e s  o f  c e n s o r i n g  a r e  bounded 

t i m e  T f ,  t h a t  / :and 

t h a t  - a r e  monotone f u n c t i o n s  
I 

r.  * T h i s  l a s t  assumption 

i s  v e r i f i e d  f o r  t h e h p o n e n t i a l  model and more g e n e r a l l y  

f o r  any f & c t i o n  h  such  t h a t  h ( p  . z ) =  g (  f z )  where g ( x )  
1 AY 

' i s  a  *unct ion such  t h a t  g  ( x )  , g' ( x )  , g  (x) a r e  monotone. 

-, a s s u m p t i p .  
\ * 

W e  * s h a l l  'prove t h a t  t h e  random v e c t o r  

KC;;(Q.- a.1 i s  asymptotic all^ d i s t r i b u t e d  a s  a  

m n f t i v a r f a t e  normal randam v a r d e  yrith mean z e r o  and 

I var i ance -covar i ance  m a t r i x  V. An - - approach q u i t e  s i m i l a r  

t o  t h e  one used i n  c l a s s i c a l  M,L.E. t h e o r y  w i l l  be used.  
0 

i 

Taylor  ' s expans ion  givers  u s  : ,4 



\ * 1 9  
' .\ ?Rj# I' 

\ f ; 
A s  i n  the%€, I , , ' ~ .  t h e o r y ,  w e  s h a l l  p r o v e p  a  f i r s t  4tep i 

J 
\ '  < 

5 % 
i s  

C 

' ry 
a I: @. 

' a  m u l t i v a r i a t e  normal Q 

V 
i 

' I 
0 

L 

n 

h a s  t h e  sane  l i m i t i  ' s t e p ;  w e  s h a l l  prove t h a t  
* I 

% 
t 

rY P 

and ' t h a t  term converges  t o  a f i n i t e  . 
0 

l i m i t :  ~ ; ; f o r t u n a t * e l ~  t h e s d t e r m s  are!  n o t  ave rages  of  d 

I. 

i , i . d  random v a r i a b l e s .  \ 
\ P I 

4 

1 

, 
* i - 

J- 0 

\ ( 
7: 

A ~ i r s t  S tep :  i s  a s y i n p t o t i c a l l y  . 
p \ 

h 
N t i  

d i s t r i b u t e d  as a m u l t i v a r i a t e  normal-randam v a r i a b l e :  
I 

* 5 

' V  v+. 

L e t  u s  i n t r o d u c e  some n o t a t i o n .  : ( f o l P o w i n g 2 s i a t & ) .  ' .a 

.& 4 * I 

I 
?here  ! f~  I's t h e  t ine  o f  d i sappea rance  of  s u b j e c t  having 

Q 



Q(t)  i s  t h e   probability of s u r v i v i n g , u n t i l  t 1 m e . t  w i t h o u t  

be ing  censored and ; ?ventua l ly  dy ing  b e f o r e  being censored  so 
& 

a(O) ( 1. I n  t h e  c h a p t e r ,  on c o n s i s t e n c y ,  it w a s  proved t h a t  

. ~ h e r e f v r e ,  Cn can bi w r i t t e n  a s  : 
4 

I < a# 
L 

L e t  us f i r s t  consider7: 

\ 
f u n c t i o n  of a s igned  f i n i t e  measure. 

7 



2 

Then Cn can be expressed  a s :  

-\. 
The t e r m  i s  s imi la rh  > f . 7  

F. 

' TQ ;rF] 
-+-- 

t o  an  express ion  of t h e  form ab-;. a , b  a r e  two 

t h e o r e t i c a l  f u n c t i o n s  and 2 ,% the emp i r i c a l  correspond-  

ing f u n c t i o n s .  A c l a s s i c a l  approach i S  t o  w r i t e  

A/' ab-ab = a  (b-$) + b(a -6 )  + ($-a) (b-?I) . I n  ou r  c a s e  (a-2) 

A I 
(b-b) w i l l  be a  q u a n t i t y  of  o r d e r  - , t h e r e f o r e  

G - - 

" n e g l i g i b l e  ", and t h e  te rms  a -  , (b-hb) w i l l  be asymp- 
* 

t o t i c a l l y  normal v a r i a b l e s .  More fo rmal ly  it w i l l  be 
8- 

shown i n  the  appendix t h a t  Crr can  be expressed  as: 

Cn = Cln + C 2 n  + C3n + C4n + C5n + C6n + Rln + R2n + R3n 
d 

+R4n where 

P 



; c5, =p(fz-cz~ A Q  
Lo € 

R,, =. 

, k 
We shall prove that Cn is asynptotically distributed 

as a multivariate normal random variable in two steps: 

4 First step: Dn= Ch+..,.. . .. +C6n is asymptotically 

distributed as a multivariate normal random 

variable with covariance matrix 4. and mean 0. 
2nd step: Rln,R2nfR3nfR4n gotto 8. in probability. 

First step: Let us consider the sum, S of the random 

terms in Dn. 



Rewrit ing t h i s  w e  have: 

 heref fore S i s  a sum of independant,  i d e n t i c a l l y  d i - s t r i bu t ed  
* 

random v e c t o r s .  
t 
\ 

Then S i s  asympto t ica l ly  d i s t r i b u t e d  a s  a M.V.N ( O , 4  ) 
I 

2nd s t e p :  Rln, R2nInR3n, R4n, go t o  0 i n  p robab i l i t y :  

I n  t h e  fol lowing w e  s h a l l  cons ider  only  t h e  k th  coord ina te  

of Rin, ( k  = 1, . . . p  ) .  

1) Let us  cons ider  R2n: 

A 
When N goes t o  a +oa , ( T f )  converges t o  E ( T f )  . We assumed 

t h a t  E ( ~ f  ) > O  - Let! E, be given such t h a t  o < E , < E ~ ~ )  



Since for any t such that t < Tf we have 

Lemma. 5 proved that 

# Sup h 'I4 ( tNj - ~(k))  
t s 

go to 0 in probability. 

Therefore 
r( 

R2n goes to 0 in probability 
5 .., 

2) A simiIar arg-nt i shows that R4n gees 
i 

z 

in probability. 

3) Consider Rln = - A ( $ - Q \  
1 

- b t - q  L 
La---- - 

AS in lemma 5 ,  let Zn (t) = \ - (  and let Z-(t) 

be the Gaussian process limit of Zn (t) . 
Theref ore 



1 .  

L 
S i n c e  w e  have proved t h e  weak convergence of  

Z n ( t )  t o  Z ( t )  f o r  f i x e d ,  it i s  p o s s i b l e  (Skorokhod (1956) ) P 
t o  c o n s t r u c t  p r o c e s s e s  Xn ( t , ~  Po ) and X ( t ,  u ,p, ) ,  

p o s s i b l y  on a new p r o b a b i l i t y  space ,  such t h a t  t h e  f i n i t e '  
9. 

dimens iona l  d i s t r i b u t i o n s  of  X n ( t , u  ) and Z n ( t , w  , p ) ,  
o f  z ( t , t u ,  p and X ( t , c u ,  $ '  a r e  t h e  same, - s u c h  t h a t  

X n ( t , w ,  P ) and X (t , r, ) beldng t o  3 f o r  e v e r y  w i n  a 

subspace A,( -). depending on P s u c h  t h a t  P[&* [p))= 1 
and such t h a t  X n ( t , w ,  ) converges  t o  X ( t , o  Po f p ) f o r  - 
e v e r y  w i n  fi.( p. 1. 

P 
L e t  



o 66 

Zn (t,w) converges almost surely to Z (t,w) with 

the S orakhod topology in D, (after the Skorokhod construction). - k  
Billingsley (1968) shows that the convergence to a continuous 

limit, as Z(t) is, in the Skorokhod topology is equivalent 

to uniform convergence. Therefore if e, (zn,z)= S u  '.(~n,z), 
t P  

e, (Zn,Z) converges to 0. As before there exists N, such 

that, for any N > N, , h\ 2 dTF\- €1 

First term: 

Therefore 1 A \ converges to 0 

By the same arguments as before: 



probability. 

But as before 

Therefore B converges to 0 in probab lity. Z 

jd( i i -s\  

Third term: C = / -$ A($-Q\ 

< 

9 
Consider a subset flo of. the underlying probability space 

C0;lFl 
Lemma 5 yields that f,(t, 2 \ converges to 0 in 

sue@ that: 

Pi' for w E 4, , 2 is uniformly continuous 

in CO,T•’) 

(depending on ~ L I )  of [O , ~ • ’ 1  into 

K 0 interdls 1, =] \,; tK such that 

- I 

KO is fixed given E . 

Then : 



But w e  have t h e  i n e q u a l i t i e s :  

and 

c s  25- 
Y+I 

The f i r s t  t e r m  can  be r e w r i t t e n  a s :  

2 
- T h e r e f o r e  t h e  f i r s t  t e r m  i s  bounded by 

Hence \C ( i s  bounded by;  



A 
Lemma 5 implies that f,(Q,Q ) converges to 0 when N 

goes to +OO . As E was arbitrary, this implies C 

converges to 0 in probability. Therefore: 

Rln soes to 0 in ~robabilitv 

4) R3n goes to 0 in probability by'the same 7 

arguments as be•’ ore. 

We therefore have proved that: 

Cn = is asymptotically distributed 

as a multivariate normal-random variable. 

d 

L 0 n p lies between r, and p . We shall prove 
that M converges to a finite limit in two steps: 

h 

First step: No=-- I %k, converges in 
2pe 
to a finite limit M,. 

Second step: 
e3 

The sequence {-i y ! \  
- - 

w 

- is equicontinuous in a neighbourhood 

It. will therefore imply that fl converges to a, . 



First Step: convergence of 

Me is equal to: 

I 

An application of strong law of large numbers gives that 

the first term converges almost surely to 

Now let us consider the second term.. 

\We claim that 

converges to : 

probability. 

Let us introduce some'further notation: 
/ 



Therefore  U 

L e t  u s  f i r s t  $rove t h e  

4' 
W e  have E ,  k\ - 

Ut\ . 

A s  w e  have seen i n  

fo l lowing lemma: 

R 

converges i n  p r o b a b i l i t y  

t h e  preced.ing pages,  f o r  n l a r g e  
\ 

. There fo re  

Lemma 5 y i e l d s  t h a t  ' & J # ~ ( & S ~ ( ~ \ \  
t > 

and 



- 
converges i n  probabil i t l f  t o  0. 

- 

Therefore a converges in .  probabil  

W e  have then .- _ 

v\ 

The s t r o y a  law of l a rge  numbers y i e l d s  t h a t  (.. 5;) 
L =\ 

converges klmost sure ly  t o  E ( $ )  . 
4 

@ Another appl ica t ion  of t he  strong law of l a rge  numbers 

gives  us t h a t  A converges t o  M,,. 

7 

A \ Now l e t  us consider Q= - t 6; 

Therefore 

By arguments s imi la r  t o  those of the  preceding paragkaph, 
- J .  r $ 

\ 



V 

%A 

i t  can be proved t h a t  50 
1 k L  

- 

, 
f l  7 -  

C 

l i m i t .   heref fore 8 and 0 have t h e  same l i m i t .  The s t r o n g  

k 
r 

U 

0 and -!-t& 
Y ;=\ b 

B 

l a w  of l a r g e  numbers yislaifs f h a t  B converges almost  sureay 
I - b 

Theref o r e  ity 

J - 
converges t o  a f i n i t e  

\i B 

-. 

A 

to,: 
-% 

J 

( T  E, [-d 
4 

2 ( ~  C [ ~ L \  
I 

b'4L 
2nd s t e p :  {-: T\ a r e  equicont inuous func t ions  

' 

of r i n  a ne ighburhood  . I n  o rder  t o  demonstrate  
n' f a  

t h i s  w e  prove t h a t  - 
3 

F k i  i s  bounded i n  a neighbourhood 
br 

"".Bp u- # 

9 



I n  t h e  chaptier on' cons  e prove t h e r e  was a neigh- 
-. 

bourhood of  $ in whit 
l a r g e  enough, .J 

-L Up,zi) 
* h 'Se 

w a s  bounded, f o r r  each r i s k  se t  R i  by a c o n s t a n t  m. 

A I n  t h i s  c h a p t e r  on Asympt i c  Normali ty,  we assumed 

t h a t  
, ' -  

Y 

were monotone func t ions  i n  f o r  z f i x e d  f o r  a n y  1. k 
W e  t h e r e f o r e  can prove by a2guments s imi lar  t o  t h o s e  

w e  used t o  p tove  t h a t  { $,$J\ w a s  a n  equ icon t inuous  

sequence f o r  n l a r g e  e ough, t h a t  

a r e  

bounded . in  a neighbourhood of  P a .  T h i s  t h e n  i m p l i e s  t h a t  
\ v4* - - 

i s  bounded i n  a neighboyrhood of  O . 
- -- - \ 

L 



Therefore theesequence {-i '$\ is an eguicontinuous 

sequence. 

This proves \ 34 that the matrix M 4-- - converges to: 

C Covariance s-tructure: 

is the 

variance-covariance matrix 4. of the random vector x 
t . 

where : 



Therefore 

Provided that M is regular, the variance-covariance 

matrix v of G ( $ ~ ~ ~ ~ ) ~  is &hen: 

'lo 

In the exponential case where z has only one dimension, 

In this case ( p h - e o )  converges in distribution 

to a normal random variable with mean 0 and variance 



equa l  to r( ~ A Q \ + Y ~ ~ \ R L ~  T' 
- estimated t h a t  

consis t 'ent  

va r i ance  i s  a v a i l a b l e ,  t h e  c o n s t r u c t i o n  

of confidence i n t e r v a l s  i s  s t r a i g h t f o r w a r d .  Unfor tunate ly  

i n  our  multiparameter genera l  ca se  some f u r t h e r  work i s  

to f i n d  a  c o n s i s t e n t  e s t ima to r  of 4 . 



Chapter 4: 'Extension and Problems: 

In the first part of the chapter, we shall 

outline the proof of the asymptotic normality when the 

covariatps are g2ven constants. In the second part a 

problem encountered during the simulation studies will 

be discussed. 
5 

t , l  

. . Part A: Consistency of Cox's estimate when 

the covariates are given constants. 

In this case our arguments will be$conditional on the 

covariates. zl, 22, . . . zn are giyden constants. Let us 

introduce the notation Ei(f(t,z)) = E(f(t ,z)\zi). For 

reasons of simplicity, we shall only consider the exponen- 

tial case. Hence the Cox likelihood can be writt,en: 

Recall Kolmogorov's proposition: if the r.v.'s Xn are 

independant, then 

entails 1 
N 

almost surely to 

fn (T) converges 

where the index j means expectation conditional on zj. 



By a method s i m i l a r  t o  t h e  one used i n  chap te r  2 ,  we 

hope t o  prove t h a t  we can r e p l a c e  f n ( T i )  by ? n ( ~ i j  i n  

$ ( p ) under some assumptions. More p r e c i s e l y  i f  

* 
@N ( ) - $ ( ) converges a .  s .  t o  0. The 

u \  ! 
h 

random v a r i a b l e s  Xi- - - y i=\  2 E j p ( Y ) r ~ P 3  a r e  

independent bu t  depend on n. - Hopefully - i f :  

N 

@,J - & ( (B ) w i l l  converge a .  s.  t o  0.. The no ta t i on  

used i's t h e  same a s  i n  t h e  preceding chap te r s .  Therefore 
J 

' . 
b N  ) - w i l l  converge a . s .  t o  0. P v h) 

A )  The t r u e  va lue  (3, i s  a maximum of h ( p  ) : 
1 . # \ 

i 
This  paragL./aph i s  an  a c t u a l  proof o = 0 

L <; 
2 

i s  of dimension 1. This  proof can e a s i l y  be xhen_p - -  2 - - -  - -- - - - - -  - - -- 

extended t o  t-he c a s e  where P) i s  a vec to r .  \ 



For reasons similar to the ones in chapter 2: 

Hence : 

/ 

Theref ore Pi$\- = 0. The true value is a local 

. - 

maximum of (&, . 
B) Concavity of Cox's likelihood: 

The same arguments as when the covariates are i.i.d 

&es that: 

= 2 6; (Variance-Covariance miitrig of z given Ri) 
C I  

L= \ 

Theref ore is concave everywhere 



C) Consistency of.Coxls estimates 

fw 

Our lemma 8 does not apply here as the function 

depends Nevertheless not too hard modify 
I '  

this lemma to prove that point wise convergence of 
ry 

( - ) to 0 implies uniform convergence on compacts 
n) ru 

for $n, Qq concave. If is asymptotically strictly 
h 

concave it will be possible to prove that 7, converges 
to the true value p, in probability. 

Part B: Infinite C o x  estimate sf F' 
In this short .chapter we would like to emphasize the 

dependance of the efficiency of the estimate on the variance 

of the covari$kes. A problem 
s 

in our simulation studies >as 
/ 

infinite, especially when the 

z was large. 

For simplicity let 

we encountered frequently 

that the estimate was 

variance of the covariate 

us consider the exponential 

case without censoring and the parameter having dimension 1. 

Let Z (i) be the covariate o he ith dying subject. 
> 

The Cox likelihood is built up by multiplying terms of 

The derivative[& the log of this term' is : ' 



Therefore if we have the ordering 

Cox's likelihood is monotone and the estimate is infinite. 

The greater the difference between Zi = Z (k) and Z j = Z (1) , is, 

the most probable it is that k < 1. Therefore if the 
a 

variance of z is smal& the probability of the troublesome 

ordering happening is low, but if the variance is large 

this probability becomes close to 1, (at least for p $ "  ) *  

Our simulation studies confirmed this heuristic argument. 

This gives an interesting insight on-the result of Kalbfleisch 

(1974) mentioned on page 8. He shows that an approximate 

expression of the efficiency of the estimate is 46 
valid near! = 0. The efficiency 

depends on Var (2) . ,' 



APPENDIX 

A 1: Proof o f  lemma 1 

and p[k 6 s\tjkl : ~ ( k \ i \  . 
Hence 

A 2 :  Proof o f  l e m &  2 

meanwhile 

t and s are  independant g iven z. Therefore: 

Hence : \ 

3 

A 3 :  Proof o f  lemma 3 

meanwhile € 5  . Hence: 



Hence : 

A 5: Proof of 

We have 



Mi\ 
. 

can be written. as ~ , \ t \ =  ~,( t \  + ~ l \ h \  "where 
0 

can -be written as: - 



3 

"27- 8 6: Proof of 

- F 

where 

&"' 
Consider 

I t  t h a t :  

The rand& v e c t o r s  (U<,U,;) arePiidependanf a n d  

% E[U~]ZO . I t  c a n  b e  proved that 



l e t  T~=\(~~G~~$Q 

I t 

t -  
Reca l l  Holder ' s i n e q u a l i t y  :E\Y~\ 4 f \x\ ( \Yr where 

, . ~ e t  7, - - EV!\ and C, 2 ~\h[~,Xs\ , then  bu t  

Now 

'13 q 3  b 

P\ P l  m- being a  s u i t a b l e  c o n s t a n t  



2. Y3 113 6 ~3 !\ PZ m being a s q i t a b l e  
- - - - - 

cons tan t  \ , 

+uJ= Er(hIk+, -  EL^( p,XQ (h~p~"''~, - Wp3r$) 

", 

Hence f o r  a s u i t a b l e  cons tan t  C4 

A 7:  Proof of lemma 7: 1 

1 ." ?$ 

F i r s t  s tep :  f o r  N l a r g e  emugh 
1 .  

+ Q(p\ 1 -- 

- have a  common lower-bound on a hypercube 

included i n  t h e  compact K. 

L e t  us consider  a hypercube C included i n  K :  
.) 

where f i s  t h e  k t h  coordinate  of 
.- 

r, .- Define t h e  h u l l  
- - 

0 
L e t  Se be t h e  set of extreme po in t s  of . Se has 1 

/ 
elements. L e t  € be f ixed .  For e a c h ~ p o e n t  x i  belonging 



h a s  a  lower-bound m independant  of x i .  
'& 

Now l e t  u s  c o n s i d e r  y  C ( x i ,  x j )  y h e r e  x i  and, x j  a r e  
I 

t w d  extreme p o i n t s .  L e t  A be t h e  set of  a l l  such p o i n t s  

y. $,,,(x) i s  concave on t h e  l i n e  ( x i ,  x j  ) . There fo re  

'. conside; x EZ , i s  on l i n e  j o i n i n g  yk,  p o i n t  o f  A ,  

t o  y l ,  a n o t h e r  p o i n t  of A - .  , & is eoncave on t h e  l i n e  
41 

For e a c k . p o i n t  x of , h ( ~ )  & vv . 
Now c o n s i d e r  XE C P x  i s  on l i n e  j o i n i n g  Z ;  E Z t o  

&€z . t h e n  by t h e  r e a s o n s  a s  b e f o r e ,  i 

I 

k ( x \  i s  lower-bounded by m f o r  N)UO 
A 

A s  $N i s  concave- on C ,  h a s  one loca* maximum on C: 1,. 

A 
(maybe on t h e  f r o n t i e r ) ,  We s h a l l  prove X, converges  

A fi  

to , . Then f o r  N l a r g e  enough, & i s  i n s i d e  C ,  XU 

i s  n o t  on t h e  f r o n t i e r  . I t  yi 'e lds  t h a t  2, i s  t h e  l o c a l  
* 

maximum of  4, n o t  o n l y  on C bh; on K .  he s h a l l  t h e n  a 
haye proved t h a t  \ h a s  a maximum i n s i d e  K and t h a t  C 

h 

2nd s t e p :  1, converges  t o  p, : 
1 

LJ 
L e t  u s  prove it by c o n t r a d i c t i o n :  l e t  us'assume t h a t  

A 
X, does  n o t  converge t o  . Po - 

L e t  E be - f i x e d .  
I 



d -b. . 5  ( ! , \ .a.l-re~=~ % , $ S t  - 
9 '  

C is; a cofipact'. Then t h e  sequence {$-I\ h a s  a n  accumula- 
\ 

. t i o n p o i n t  ;In t h e  compapt,C. L e t  u s  d e f i p e  a subsequence 

. '- AS converges  t o  q l v \  
a n  q $1 yonverges  ; t o  "$(vo\ , w e  have 

3 

and 'ih- -Ar EH+Q-Ah\yo Then ' 

. W e  can  choose  d2 such  t h a t  
= ,  

fiC c ' ,  a s  v<l) \\$d-p\\= . L e t  U,€f+ such t h a t  

I 

t h e n  ->+-.'oo 
3 

t h e n  from t h e  co i loav i ty  'of  &,, : - 



Then 

But r,.->+a : w e  t h e n  have a c o n t r a d i c t i o n  

bounded by m Then: 

4, converges  t o  

AB Decomposition o f  Cn (page 6 2 )  

have : 

Hence : 



Now : 

Moreover I 

and 

It therefore implies,: 

# 
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