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A br ie f  h i s tory  of Ramsey's Theorem and'related problems i s  

B 
given, A Ramsey Theorem is proved t o  the  e f f e c t  t h a t  any r-colouring 

of t he  t-spaces of any su f f i c i en t ly  large vectok space must r e s u l t  i n  

some k-space with a l l  of i ts  t-spaces coloured the same. Spaces can 

be a f f ine  o r  vector subspaces of a vector space. The theorem i s  a l so  

shown t o  be t rue  where vector space i s  replaced Gith project ive space. 

The proof uses the Hales-~ewett  Theorem'which i s  proved f o r  the  cas? 
/' 

t = 3 ; the proof of the general case follows the same l ines .  Final ly ,  

parameter systems a re  defined and the above Ramsey Theorem is  proved 
, 
t o  be t rue where parameter system replaces vector space. >. 
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LIST OF F I G U R E S  



INTRODUCTION - 

The purpose,of t h i s  t hes i s  i s  t o  give a c l ea r  de ta i led  

proof of Ramsey's Theorem f o r  spaces. Our main source i s  J. Spencer's . 
-5.. 

"Ramsey's Theorem f o r  Spaces" [7 ] .  I 

We begin with a h i s tory  of the  problem. This is7 followed 
-- 

i n  Chapter 2 by a proof of the  Hales-Jewett Theorem f o r  the case 

r = 3 , Chapters 3 and 4 cons is t  of def in i t ions ,  lemmas and 

coro l la r ies  which a r e  used i n  the main praaf, I n  the fi&chz@e-%---- - 

- 

Chapter 6,  we define parameter systems-and modj .fy the proof qiven 

i n  Chapter 5 t o  show t h a t  parameter sys? 



. e  HISTORY OF THE PROBLEM 

I n  1927, B.L. van der  Waerden proved t h e  following theorem 

. . 
f o r  ari thmetic progressioqs. 

Theorem 1.1. Giyen integers  t and r , there  e x i s t s  an- 

in teger  N ( t , r )  such'th'at i f  n 2 N ( t , r )  and the non-negative in tegers  

< n, i .e .  0 1 , 2 , .  - 1  a re  a r b i t r a r i l y  r-coloured, then there  must 

- -- - 

e x i s t  a monochromatic ,ari thmetic progression of length t . (By the  . 
leng* of an ar i thmet ic  progression i s  meant simply t he  number of 

. - 
t e h s  i n  the  progression.) ? 

- 
I n  i ts  essence, van der  Waerden's theorem turns  ou t  t o  be a 

spec ia l  case of a r e s u l t  dealing not with inte-rs but  r a the r  with 

f i n i t e  sequences formed from a . f i n i t e  s e t .  This was f i r s t  discovered -A 

- 
by Hales and Jewett. Before s t a t i ngc fhe i r  bas ic  r e s u l t ,  we w i l l  define 

, c 

t he  conceptyof a (combinatorial) l ine .  A f u l l e r  de f in i t i on  w i l l  be: 

found a t  the  beginning of Chapter 2 (page 8)'. 

L e t  A = {a a a . A l i e  i n  cons i s t s  of t n-tuples, 
l f  2, t 



where each'column : . 1 5 i 5 n is  a cons tant  o r  i s  . 
a ,  

X a ti t 

x - 

Hales and J e w e t t ' s  b a s i c  r e s u l t  which was proved i n  1963 now . 

fol lows [A]. - # 

Theorem 1 . 2  ( H a l e s  and Jewett)  . For a l l  f i n i t e  

p o s i t i v e  i n t e g e r s  r ,  t h e r e  e x i s t s  N ( A , r )  such Phat f o r  
~ t 

any r-colouring of  t h e r e  i s  a monochromatic l i n e .  

s e t s  A and 

Theorem 1.2 i s  a s p e c i a l  case of k e y ' s  Theorem f o r  vector  

proved by F.R. Ramsey i n  1930. I n  t h e  ea r ly  19601s,  Rota conjectured" 

t h a t  Ramsey's Theorem would s t i l l  hold  i f  s e t  was replaced with vector  

b 
space. This  i s  Theorem 1.4 (below) . . " ' t 

Theorem 1.3. Let t, k ,  r be pss ik ive  i n t e g e r s .  Then t h e r e  

i s ,  a number N = N (t k ,, r) depending only t r  k and r wi th  t h e  
< & -  

19 . . 
following property:  I f  S is  a set wih a t  l e a s t  N elements and i f  

t h e  t element subse t s  of  S a r e  divided i n t o  r c l a s s e s  i n  any 

way, then t h e r e  :is some subse t  of  S cons i s t ing  of k e l e m e n t s  with a l l  

of ,its t element s,ubsets belonging to a s i n g l e  c l a s s .  
a 

@ ' * -  
Theorem 1.4 (Ramsey's Theorem f o r  vec to r  subspaces.) Let  

& - . r 

k,  t ,  r b e  non-negative i n t e g e r s  and' 'F a f i e l d  of q elements. 

and t- w i t h  t h e  fol lowing property:  I f  V i s  q v e d t o r  space over F 

of dmension a t  l e a s t  N . and i f  a l l  t h e  t-dimensional vec to r  sub- 

spaces of V a r e  divided i n t o  f c l a s s e s  i n  .any k a y  . thw t h e r e  i s  



some kkdimensional vector suljspace with a l l  of i ts  t-dimensional! 

vector subspaces i n  a sZngle c lass ,  

+ I f  we replace the notion of vector subspace with t h a t  of 
9 

af f ine  subspace we obtain Ramsey's Theorem f o r  a f f ine  subspaoes which 
Pi 

we w i l l  c a l l  Theorem 1.4 (a) . By an, af f ine '  subspace, we mean a trans- 

l a t e  of a vector subspace: A m o r e  formal def in i t ion  of an a f f ine  sub- 

space w i l I  be given a t  the  beginning of &apter 3. Theorem 1.4(a) , 

w i l l  be provdd i n  d e t a i l  i n  t h i s  paper and Theorem 1.4 i s  an immediate 

corollary of Theorem 1 .4(a) .  I t  i s  a l so  possible t o  replace "vector" by 

"projective" i n  Theorem 1.4 giving Rarnsey's Theoren f o r  project ive spaces 

which we w i l l  c a l l  Theorem 1.4(h) w i l l  a e f e r  t o  Theorems 1 . 4 ,  1.4(a) 

and 1 . 4 ( b ) .  i 

Now we are  going t o  desqribe the histoxy of progress on Theorem 
4 

* .  
1.4. In, 1967, B.  Rothschild showed the equivalence between the a f f ine  and 

6 

projective versions of Ramsey's Theorem and used t h i s  equivalence t o  prove 

the case fo r  t = 1, and for 'q ' '  2, 3 and 4 [21 .  Before t h i s ,  Kleitman 
i 

prov&d the special  case of Theorem 1.4 ( a )  fo r  -t = 1 and q = 2 [ 6 ] .  
". % " 

In  1968, ,R. Graham used the Hales- Jewett Theorem" (Theorem 

1.2) t o  prove Ramsey's Theorem f o r  spaces for  the case k = 1 and 
+ . . 

.d - 
fo r  a l l  q i61. Again, i q  1971, R. Graham and B. Rothschild used 

n-parameters s e t s  t o  prove the case, t = 2' a p a l T  ; q [ 31 . A 

year l a t e r ,  i n  1972, Graham, Leeb and Rothschild used category theory 
\ 

t o  prove the theorem for  a l l  t [? I  . I n  1979, J. Spencer published 
T I  

an out l ine  of a more stream-lined proof of Ramsey's Theorem fo r  
. i 

9 



% 

spaced 171. I n  Chapters 4 and 5 we w i l l  g ive  t h i s  proof i n  d e t a j l .  
i 

- Simultaneously, w i t h  Spencer's proof B.. Voig' published a n o t h e r ' s h o r t  

d 
j 

\ 
i 

proof of t h e  theorem 161 . 

Conjecture on poss ib le  del is i ty vers ions  of  Rota ' s  conjecture.  

We r e t u r n  t o  van de r  Waerden's Theorem. A simple i n f i n i t e  version 

of van der  Waerden's Theorem s t a t e s  t h a t  i f  w = A U B where w = {0,1, .  ..) 

then e i t h e r  A o r  B conta ins  an i n f i n i t e  a r i t h m e t i c  progression.  Szemered i  

proved a dens i ty  version of  t h e  above theorems(Theorem 1.5 be10w)~which 

can be used t o  determine whether the  a r i thmet ic  progress ion l / e s  i n  A o r  B. 

Theorem 1.5. Given k and E > 0 ,, t h e r e  e x i s t s  n such 

t h a t  if B c {1,2 , .  . . , n )  with ( B  I > En , then  B conta ins  an 

' - a r i thmet ic  progressio$ of length  k . 
~h ' i s  was proved f o r  k = 3 by Roth i n  1950 [ l l  and f o r  

k = 4 by Szernrneredi i n  1972 111. F i n a l l y ,  it was proved f o r  a l l  $ 
\ 

by Szemmeredi i n  1975 [ I ] .  

Since t h e  Hales-Jewett Theorem impl ies  van de r  Waerden's 

Theorem, it is  na tu ra l  t o  ask i f  t h e  dens i ty  form of the  Hales-Jewitt  

Theorem holds. The dens i ty  vers ion  o f .  the  Hales-Jewitt  Theorem i s  

-ab 
t he  fol lowing conjecture:- 

Given E > 0 and t, the re  e x i s t s  n such t h a t  i f  B C An - 

' (where / A  1 = t) and / B I > E / A n  / then B conta ins  a combinatorial  

l i n e .  

1 



This has  been observed t o  be  t r u e  f o r  t = 2 b u t  is  s t i l l  

unknown f o i  va lues  of  t > 2 . I l l .  We w i l l  s t a t e  an e a s i e r  r e s u l t  

f o r  t = 3 b u t  f i r s t  we w i l l  de f ine  the concept of an a f f i n e  l i n e .  

Let F be a f i n i t e  f i e l d  and I F ]  = q : Let V be  a 

- - 
vec to r  space over F and l e t  x = (x1,x2,. . . , x n ) ,  y = . . I Y  ) V. n 

Then. L = y + {ax: cc C F} i s  an a f f i*e  l i n e .  We observe t h a t  

c o 6 i n a t o r i a l  l i n e s  a r e  a f f i n e  l i n e s  b u t  t h a t  no t  a l l  a f f i n e  l i n e s  a r e  

combinatorial  l i n e s .  We now o f f e r  the  following theorem f o r  vec to r  spaces, 

This has j u s t  been proved by T.C. Brown and J .P.  Buhler [ I ] .  

Theorem 1.6. ~ e t  F = (0,1,2} , i .e .  F i s  the 3 element 
< 

f i e l d .  Then given E > 0 ,  t h e r e  e x i s t s  n such t h a t  i f  B - c F ~ ,  

I B I > E 3n then B conta ins  a 5  af  f i n e  l i n e .  

This i s  a s p e c i a l  cpse of  a general  dens i ty  vers ion  conjecture 

which n a t u r a l l y  a r i s e s  from Ramsey I s  Theorem f o r  spaces. F i r s t ,  

we w i l l  r e s t a t e  Ramsey's Theorem f o r  vec to r  subspaces. 

For k 2 0,  we de f ine  

s' 

= (K c V : d i m ( K )  = k )  ) ' where -d im i s  the  dimension. 

Using t h i s  d e f i n i t i o n ,  Ramsey's Theorem f o r  vec to r  subspaces is: - 

' Let k, t, r be  non-negative in tege r s  and F t h e  f i e l d  
<- 

of q elements. Then t h e r e  i s  a number N'= N(q, r ,  k ,  t) depending 

only on q, r ,  k and t wi th  t h e  following property:  I f  V is  

a vec to r  space over F of d i m e n s i ~ n  a t  l e a s t  N and i s  divided 
L ~--l 

i n t o  r c l a s s e s  i n  any way, then t h e r e  i s  a vec to r  subspace W C such 
. . 

lb 

t h a t  1: 1 is contained i n  a s i n g l e  c l a s s .  



The dens i ty  version of Ramsey's Theorem f o r  vector  subspaces 

would be : - 
Let k and t be non-negative i n t e g e r s  and F t h e  f i e l d  

of q elements. Let  E > 0 be given and l e t  B be  a c o l l e c t i o n  of 

t vec to r  subspaces of  V such ,at B > E . Then t h e  union 

of  t h e  elements of B , denoted U B  , i s  such t h a t  U B fl 



THE HALES-JEWETT WOREM 

The Hales-Jewett Theorem f o r  any number of colours  r 

was s t a t e d  i n  Chapter 1 (Theorem 1.2, p. 3 ) .  m o  c o r o l l a r i e s  of 

t h i s  Theorem ( C o r o l l a r i e s  3.1 and 3.2) a r e  used i n  the  proof of 

Ramsey ' s Theorem f o r  spaces. Before we prove the  theorem, we 

w i l l  d i scuss  th-e concept of a combinatorial  l i n e .  

For a f ixed  f i n i t e  s e t ,  A = {al,  a?, . . . , a  , we would l i k e  
t 

t o  form some kind of a s t r u c t u r e  from t h e  n-tuples analogous 

t o  n-dimensional vec to r  spaces over a f i n i t e  f i e l d .  Of course,  A 

i s  n o t  assumed t o  be endowed with any s p e c i a l  a lgebra ic  g t r u c t u r e  so  

t h a t  the  l i n e a r  equat ions  i n  t h e  coordinates we can w r i t e  f o r  de ter -  

mining analogs of vec to r  subspaces a r e  very l imi ted .  I n  f a c t  they 

a r e  jus t : -  

and 

(2)  xi = cons tan t  . 
n 

We use these  equat ions  t o  de f ine  a combinatorial l i n e  i n  A . In 

f u t u r e  , we s h a l i  use the  term " l ine"  f o r  combinatorial  l i n e .  [n$~?1,2 , .  . . ,n} 



&nd I c [n] is a n o n - e q t y  s e t  of coordinates .  Let  L = { ( x  x .,. , x  1 ;  - 1 2 n 

x = x  f o r a l l i , i l  C I  and x = b .  ( A  f o r  j +I). Then L 
i i ' j 3 

d i s t i n c t  hgtuples  and these  w i l l  be of the  form: 

(Note t h a t  i f  '' A does happen t o  be a f i n i t e  f i e l d ,  then what 

has j u s t  been def ined i s  an ordinary  a f f i n e  l i n e .  However, an a f f i n e  
9h 

l i n e  need not  be  a combinatorial  l i n e . )  

We w i l l  now i l l u s t r a t e  t h i s  ' concept with a simple'"examp1.e. 

Let A = {1,2,3,4,53 = 151 and n = 2 . We a r e  going t o  descr ibe  

2 
" l i n e s "  i n  A . I t  can e a s i l y  b e  seen t h a t  a  l i n e  i n  . w i l l  c o n s i s t  

9 

conveniently a s  21a where a i s  any f ixed  value between 1 and 5. 



Thus, the  f i v e  d i f f e r e n t  values f o r  a  c r e a t e  f i v e  l i n e s .  We can 
rC- 

7 a , l  

a ,2  
c r e a t e  another f i v e  l i n e s  o f  t h e  form , where a again t akes  on 

.. 
-i 

W y  f ixed  value between 1 and 5. -. 
1,1 

If I I I = 2, we have t h e  s i n g l e  l i n e  2,2 
- 3,3 

These 11 l i n e s  a r e  i l l u s t r a t e d  i n  Figure 2.1. 

f 

1 2 3 -  4 5 

Figure 2.1 

Now suppose A = {1,2,3)  and n i s  7. Then abbrevia t ing  the l i n e  

1 2  1 3 1 1 1  i n  by 1 2 *  3 * * 1, i t i s c l e a r t h a t t h e  

1 2 2 3 2 2 1  

1 2 3 3 3 3 1  

l i n e s  i n  A' correspond t o  7- tuples  on the  symbols ( 1 ,  2 ,  3 ,  * 1 i n  



7 widc; a t  l e a s t  ope * appears,  s o  t h e . t o t a 1  number of l i n e s  i s  47 - 3 . 
P 

~ h u s ,  i n  general  i f  . / A ]  = k , the re  

Using t h i s  terminology, we 

7 

n 
a r e  exact ly  (k+l) n-kn l i n e s  i n  8 . 
s t a t e  t h e  Hales-Jewett Theorem. 

Theorem 2.1 (Hales-Jewett).  For a l l  f i n i t e  sets A and 

p o s i t i v e  i n t e g e r s  r , the re  e x i s t s  N ( A , r )  such-that  f o r  n l N ( A , ~ )  , 

i n  any r-colouring of A ~ ,  t h e r e  i s  a monochromatic l i n e .  

The n o t a t i o n a l  d i f f i c u f t i e s  i n  the proof of .the Hales-Jewett 

Theorem a r e  more d i f f i c u l t  than the  proof i t s e l f .  Therefore i n  the in- 

duction s t e p  of the  proof of t h i s  theorem, .we w i l l  use r = 3 r a t h e r  t h a m  

t h e  general  case. 

The Hales-Jewktt number, H J ( t I r )  I i s  the  l e a s t  p o s i t i v e  

n 
i n t e g e r ,  N such t h a t  i f  n 2 N and the  s e t  An = {alI  a2 ,  . . . , a  t 1 i s  

n 
r coloured then A conta ins  a monochromatic l i n e .  For example, l e t  

1 then HJ(2,3) i s  t h e  l e a s t  p o s i t i v e  i n t e g e r  such t h a t  i f  

n 
n 2 HJ(2.3) and An is  coloured wi th  3 colours,  then A contains a 

monochromatic l i n e .  The Hales- Jewett  heo or em s t a t e s  t h a t  such numbers 

e x i s t .  

Proof of the  Hales-Jewett Theorem . Let 

, , . . . , a then I A / = t . We prove t h e  Theorem by induction ~ = { a  a 

on I A ~ .  
For t = 1, the  r e s u l t  i s  immediate s ince  An then c o n s i s t s  

of simply 1 po in t  and t h i s  po in t  i s  a l i n e  i n  (from t h e  d e f i n i t i o n  

of combinatorial l i n e ) .  Then it follows t h a t  any r-colouring of An 

gives a monochromatic l i n e .  



We ass- t h a t  t h e  theorem holds f o r  a l l  va lues  of ( A 1  < t 

where t L 2. This m a n s  t h a t  f o r  k < t and f o r  a l l .  values of  r , 
-" 

we a r e  assuming the  ex i s t ence  of HJ(k , r )  . W e  now prove f o r  t h i s  t 

and a l l  r b u t  only i l l u s t r a t e  it with r = 3 . 

Let N = H J ( t - 1 ,  3) 
3 

and = N3. + N2 + *1 

P P 

Let x : An -+ [ 3 ]  be a colouring of wi th  3 colours.  We 

f N3+N2 
can th ink of An a s  A x A  and a E A n  as  ( x x y )  where 

IY3 ILY2 I L N 1 - - -  
N 

colouring x of An t o  induc; a colouring x (1) of A 1 by 

- 
X = ( X ~ , X ~ , . . . ~ ~  1 and y Y ( y l , y  2 , . . .  ,y  1 . W e ' c a n u s e t h e  

3+N2 *l - - -  

N 
colouring x of An t o  induc; a colouring x (1) of A 1 by 

i f f  

 his def ines  the  colouring i m p l i c i t l y  by def in ing the  p a r t i t i o n - t h e  

colouring induces. 



We can' th ink  of each 5 as t h e  " t a i l "  of an n-tuple . 
- 

Attached t o  t h i s  "tail" a r e  many d i f f e r e n t  "heads", x . (See diagram, 

Figure 2.2) . 

Fggure 2.2 

- Sa 
N3+N2 

Each "head" i s  a N +N - tuple  i n  A 
3 2 

where t h e  underlying s e t  A 

N +N % - 
has  o rder  t . Then t h e r e  a r e  t d i f f e r e n t  "heads" , x i n  

A 
N3+N2 . x is a colouring which uses th ree  colours and the number 

of d i f f e r e n t  ways of colouring t h e  t 
N3*N2 "heads" with t h r e e  colours 

N3+N2 N 
i s  3t . Thus, x i s  a colouring of A which requ i res  

3*2 
3t colours.  Each of t h e  colours used i n  x (1) can be viewed 

a s  a function f :  A 
N3+N2 

+ [31. 

~ e t  B = ( a  l ,a2,  . . . , a  1 . 
t- 1 



N 
, h e n  x i s  a l s o  a co lou r ing  of  B . From the  i n d u c t i o n  

(1) hypothes is  and t h e  d e f i n i t i o n  of N1 , t h e r e  i s  a  x monochromatic ' 

N 
B 

l i n e  I , ~  i n  B . We w i l l  c a l l  t h i s  l i n e  X (i 1 , 1 5 i 5 t-1 . 
1 . 1  1 

Figure  2.3 shows t h i s  l i n e  i n  d iagramat ic  form. 

Figure  2 . 3  

' 0 . . 

If t o  each of these (t-1) N - t u p l e s  we 
1 

head x , then  t h e  r e s u l t i n g  (t-1) N - tup le s  have 
1 

i 

Next we focus on t h e  "heads", a C A 
N3+N2 

N3+N2 N 3  2 3+N2 
A a s  A x A  and a A  as, (x x y )  

a t t a c h  the s k e  

t h e  same X-colour.  

. We can th ink  of 

where 

- - 
X = (X l I . . . , ~  and y = ( y  l I . . . ,y  1. Again us ing  t h e  co lour ing  x 

N3 N2 

(2)  
N 

of A" we can induce a co lou r ing  x of A by d e f i n i n g  



i f f  
8 

N 

N2 
3 

X ( 2 )  i s  a colouring of A which uses 3t colours; <each colour 

N3 
corresponds t o  a function f : A + [31. Note t h a t  since 

L1( ( i l l  , 1 5 i < t-1) is monochrornat.&, we could have used X (i ) 
1 - 1 1  

( 2 )  
f o r  any i 6 [ t -11  i n  place of X (1) i n  the  def in i t ion  of x . 

1- 1 
% 

We can r e s t r i c t  x ( 2 )  t o  B 
2 

and f ind a ( 2 )  monochromatic l i n e  

N2 
1 

L i n  B . We c a l l  t h i s  l i n e  X 2 ( i 2 )  1 5 i 5 -1 .  ~ i g u r e  2.4 2 

i l l u s t r a t e s  L2 . 

I$ t o  each of t he  (t-1) N2+N1-tuples X2 (i2) X x l ( i l ) ,  
N 

1 5 i i 5 - 1  we.attach the  same "head" ; d A , then the  
1, 2 



r e s u l t i n g  (t-1) n-tuples have the  same colour.  Note t h a t  by 

P 
2 

ons t ruc t ion  t h e  X-colour of any o f  t h e  I t -1)  p o i n t s  

Ixl ,... '3 ) X X 2 ( i 2 1  X X (i 1, 1 i ,  i 5 1 depends only on t h e  
3 

1 1  
5 

choice of (xl, ..., x and no t  on t h e  p a r t i c u l a r  va lues  o f  i and 
N3 1 

i 
2 -  

Furthermore, suppose X i 1 = . . . c.. . a , . . . ) where c i s  , 
2 2 i 

2 

a constant  and consider  X 2 ( t l  = ( . . . c . . . a t . . . l .  X (t) has t h e  same 
2 

"constant  components" c a s  X (i ) , 1 5 i2 5 t-1 , b u t  has a f o r  
2 2 t 

-1 
i t s  "va r i ab le  components". The coldur  assighed t o  , 

\ 
C 

(xl,  1 X ) X2 (t) X Xl ( i l l  by x does not  depend on t h e ,  choice 
N3 

of i c [ t - 1 1 .  This  fol lows from t h e  f a c t  t h a t  t h e  X (i 1 ,  1 5  il 5 t-1, 
1 ----.\ 1 1  '. 

form a ' x monochromatic l i n e  i n  B and f r o  the- d e f i n i t i o n  of "' -a 
X (1) . I f  two N1-tuples say  X l ( j )  ,md Xl(k) < i n  / A N1 have been 

1- k 

(1 1 assigned t h e  same colour by x , then i f  x E A 
N3+N2 , 2 X X l ( j l  and 

x x Xl(k) must have been assigned the  same colour by x . - 
N 

F i n a l l y ,  we use x t o  induce a x (3)  colouring o f  A 3 

can f i n d  a monochromatic x (3)  l i n e  L3 i n  B * 3 which we c a l l  

W e  now examine t h e  s e t  o f  n-tuples defined by 

X 3 ( i  X X 2 ( i 2 )  x X (i ) ,  1 5  il, i2, i3 5 t-1 . 
.-1 1 1  - 



(1 From the. d e f i n i t i o n s  of x , x 
E 

s i .  
L1 I L2 and L  we have:- 

3 

. I  
1 

C 

P 

(2)' 
X (3) and t$e l i n e s ,  

* %  

f o r  1 I i i i I t-1. The f i r s t  e q u a l i t y  i s  from t h e  d e f i n i t i o n  
1' 2' 3 

and t h e  f a c t  t h a t  Ll i s  a monochromakc? l i n e  w i t h  r e spec t  of X a 

Y 

t o  x ( l i  . The second and t h i r d  e d u a l i t i e s  follow from the d e f i n i t i o n s  
I 

and L~~ x (3). ' and L3 respect i&ly:  This g:&$ us (t-1) 
3  

of X 

, t h e  same colour by x . Fur ther  s i n c e  L1 i s  a  x (l) &nochromatic 

(1) ,, (2)  Again. t h i s  fol lows fromG the d e f i n i t i o n  of x , Ll , ,  K . a n d  L2 . I 

* ? '  ' n 
We now consider  t h e  fol lowing 6 l i n e s  Li 

, l 5 i S 6 ,  i n A .  
I 

t 



6 * 
,For each ti , 1 5  i 5 6 ,  the  previous d iscuss ion e s t a b l i s h e d  

t h a t  i ts  f i r s t  (t-1) n-tuples a r e  X-monochromatic. A l l  w e  must now 

* 
show i s  t h a t  f o r  a t  l e a s t  one ti , the  l a s t  n-tuple i s  t h e  same 

colour a s  the  previous' (t-1) n-tuples. To e s t a b l i s h  t h i s ,  we now 

consider  the  fol lowing four  n- taples :  

5 

Since t h e  g ~ c o l o u r i n g  uses only t h r e e  colours ,  a t  l e a s t < t w o  of the  

a b ~ v e  n-tuples have t h e  same colour ;  whichever two they a m ,  t hey ,  

a r e  exac t ly  t h e  f i r s t  and l a s t  n-tuples i n  one of  the  s i x  l i n e s ,  
i 



* " * 
say. the  l i n e  Lk . Then \ is  a X-monochromatic l i n e  a s  des i red  

and this e s t a b l i s h e s  t h a t  HJ( t ,3 )  5 N ~ ~ N ~ + N ~  . 
From the  proof we' can der ive  t h a t  HJ(2,3) 5 3 ( s ince  H J ( 1 , r )  = 1 

--. 
f o r  a l l  values of  r). On t h e  o t h e r  Kand i f  A = ( 0 , l j  then 

,. 
' 2 

A = {00,01,16,11) and t h e  3-colouring given by 00 -+ 1, 11--+ 2, 01  -+ 3 ,  

10 -+ 3 does n o t  g i v e  a monochromatic l i n e .  (This  is  i l l u s t r a t e d  i n  
* 

Figure 2.5) .  Then H ~ ( 2 , 3 )  > 2 g iv ing HJ(2,3) = 3 . 

1 * 2 
A coloured with 3 colours.  + . 

0 C '  Note t h a t  {013,101 is not  a 

0 _ +  1 combinatarial  l i n e .  

Figure 2 .5  

.= 

3 3 3 + 3  
The upper bound f o r  HJ(3,3) is  3 + 33 + 3 which i s  

1 -  I 

considerably l a r g e r  than HJ(2,3)!  This bound i s  obta ined i n  the  

fol lowing way. We use t h e  f a c t  t h a t  H J ( 1 . r )  = 1 f o r  a l l  values of r . 
Then HJ( 3.3) 5 N3+N2+N1 

%2 

where ' N 3  = HJ(2,3) = 3 

NOW f o r  a l l  r , HJ(2.r) 5 Nr+Nr-l+. . .+N1 



where Nr = HJ(1,r) = 1 
, * 

Hence HJ(2,r) 5 r which gives the following values for 

I 

33 + 3 33 
and N 

3 
N3'N2 

N3 = 3, N = 3 and N1 = 3 
1 '  2 



CHAPTER 3 

SOME COROLLARIES OF THE HALES-JEWETT THEOREM 

The f i r s t  co ro l l a ry  is  a s p e c i a l  case  of  Ramsey's Theorem f o r  

a f f i n e  subspaces (Theorem 1.4(a) ,p.3) .  F i r s t ,  we w i l l  g ive  some d e f i n i t i o n s  

and then s t a t e  Ramsey's Theorem f o r  a f f i n e  subspaces. 

F is an a r b i t r a r y ,  b u t  f ixed  f i n i t e  f i e l d .  Functions 

defined i n  t h i s  s e c t i o n  a r e  dependent on F i n  add i t ion  t o  the  m i t t e n  

va r i ab les .  Next w e  de f ine  an a f f i n e  subspace. I f  V i s  a vector  space, 

; t V and W i s  a vector  subspace of V then the  s e t  W + ; i s  an 

' a f f ine  subspace of V whose dimension is  the dimension of  W . For 

example, l e t  F be  a f i n i t e  f i e l d ,  I F /  = q and V an n-dimensionaz 

?2 vector  space over F . I f  A2 i s  any 2-dimensional a f f i n e  subspace 
1 - 

of V then A2 = W + ; where W is  a 2-dimensional vec to r  subspace 

- i@ - - 
of  V and v t V . We can w r i t e  W = {a? + 6 ; ;  a, B E F, y ,  z C V, 

- - ; and z a r e  l i n e a r l y  independent) .  Then = {ay + 8; + ;; a ,  B c F]. 
-- 

Addition and s c a l a r  m u l t i p l i c a t i o n  a r e  defined a s  usual .  We note t h a t  

an a f f i n e  subspace is not  c losed under add i t ion  and s c a l a r  mul t ip l i ca t ion .  

Throughout t h i s  chapter  and following chapters ,  an a f f i n e  subspace w i l l  

f requent ly  be r e f e r r e d  t o  simply a s  a  subspace o r  space. 

Dim(T) i s  the  dimension of a  space T . I f  T = W + where 

W i s  a vec to r  subspace, then dim(T) i s  defined t o  be d i m ( W ) ,  T i s  

c a l l e d  a t-space i f  dirn(T) = t. 



Let V be an n-space; V may be a vector subspace o r  an 
- - 

aff ine subspace. We define for  t 2 0 

i * e -  L 1 i s  a l l  the t-spaces i n  V . 

The points of V are  i t s  0-spaces. 

We now s t a t e  Ramsey's kheorem for  affine-subspaces which was 

referred to  i n  Chapter 1 as  Theorem 1 .4 (a ) .  

Theorem 1 . 4 ( a ) .  (Ramsey's Theorem fo r  aff ine subspaces). Let 

k ,  t ,  r be non-negative integers and F a f i e l d  of q elements. Then 

there i s  a number N = N(q, r, k, t) depending only on q,  r ,  k and t 

with the following property: I f  V i s  a vector space over F of 

dimension a t  l eas t  N and i f  a l l  the t-dimensional aff ine subspaces 

of V are divided in to  r classes,  then there i s  some k-dimensional 

aff ine subspace with a l l  of i t s  t-dimensional a f f ine  subspaces i n  a 

single class.  

,Dividing the t-spaces of V in to  r classes i s  equivalent t o  

colouring them using r colours. We res ta te  Theorem 1 .4(a)  i n  these 

terms. 

1 Theorem 1.4(a) . Let k, t ,  r be non-negative integers 

and F a f i e l d  of q elements. Then there i s  a number 

N = N(q, r ,  k, t) depending only on q,  r ,  k and t with the following 

property: I f  V i s  a vector space over F of dimension a t  l eas t  N 



2 3 

and x i s  an r-colouring of the  t-dimensional a f f i n e  subspaces 05 V , 

then  t h e r e  e x i s t s  a k-dimensional a f f i n e  subspace W C V such t h a t  

a l l  t h e  t-dimensional a f f i n e  subspaces T C W a r e  t h e  same colour.  

Corol lary  3.1 is  t h e  case t = 0 and we s h a l l  use t h e  Hales- 

Jewett  Theorem $0 prove Corol lary  3.1. F i r s t ,  we s h a l l  r epea t  t h e  

d e f i n i t i o n  of  t h e  Hales-Jewett number and r e s t a t e  <he H a l e s - J e w ~ t t  

Theorem i n  terms of t h e  Hales-Jewett number. 

The Hales-Jewktt number, n = HJ(k, r) i s  t h e  l e a s t  number, n 

such t h a t  i f  A i s  a set, [ A ]  = k and x i s  any r-colouring o f  An 

then An conta ins  a monochromatic l i n e .  

Hales-Jewett Theorem. For a l l  p o s i t i v e  i n t e g e r s ,  k ,  r , 

t he re  e x i s t s  n = H J ( ~ ,  r) with the  fol lowing property.  Let  [ A  1 = k 

and x be an r-colouring of . Then t h e r e  e x i s t s  a monochromatic 
'i 

l i n e  L c . 
\ 

Corol lary  3 .l. For p o s i t i v e  i n t e g e r s ,  r ,  k ,  and F a 

f i e l d  of  q elements t h e r e  e x i s t s  a number n = N(q, r,  kl wi th  the  

following property.  Let V be an n-dimensional vec to r  space over F 

and l e t  x be an r-colouring of t h d p o i n t s  of  V .' Then the re  e x i s t s  

a k-dimensional a f f ine , subspace ,  W such t h a t  a l l  t h e  p o i n t s  of W 

a r e  t h e  same colour.  

k 
Proof. Let  n = km where m = H J ( ] F /  , r ) .  

We i d e n t i f y  V wi th  Fn . 
k m 

~ e t  : F~ -+ ( F  denote the  n a t u r a l  b i j e c t i o n  given by 

grbuping t h e  coordinates  of x € F~ i n t o  d i s j o i n t  s e t s  of k coordinates 
4 

each. 



- n - 
Then, f o r  x C F , x = (xl,x2,. . . ,x ) 

n 

Let  x : F~ -+ l r l  t2 any r-colouring of F~ . Then x 
k m induces the  r-colouring Xt- l  : (F  ) -+ [rl . t 

By the  d e f i n i t i o n  of  m, ( i . e . ,  t h e  Hales-Jewett Theorem), the re ,  

is  a X$'l monochromatic l i n e  L c ($)m. Then the  s e t  ('(L) c F~ i s  

n 
a x monochromatic s e t  i n  F . We claim t h a t  $'l(L) i s  an a f f i n e  

k-space i n  V . The proof i s  conceptionally easy b u t  no ta t iona l ly  

d i f f i c u l t  s o  w e  i l l u s t r a t e  by an example. 

Let k = 2 and m = 3 . 
2 3 

I n  (F ) , t h e  s e t  

i s  a combinatorial l i n e  which corresponds t o  t h e  a f f i n e  p lane  

-1 6 
$ (L) = {(x ,y ,  2,5, x , y ) ;  x,y C F)  c F . 

u+l Corollary 3.2. Let  m = HJ( I F /  ,r) and l e t  x be an 

- m r-colourlng of the ordered (u+l)  - tup les  (Go , .  . . , x ) , Gi C F . Then 
u 

m t h e r e  e x i s t  p a r a l l e l  combinatorial , l i n e s  LO, ..., L C F s o  t h a t  
u 

Proof. Consider the  n a t u r a l  b i j e c t i o n  - 

m u+ l  + : ( F )  -+ (p+lm 1 



- - - - - - u+l  - 
t h a t  sends (xOI  ... I x  1 ,  x  F~~ i n t o  (y1tW~-. ,Y,) I Yj F 

u i 

- - 
where x  = (xil, ..., x 1, 0 5 i i u and y , - - x ~ , . . .  I 1 ,  

i i m  u j 

i n  f a c t  regroups and reorders  a  (u+l)-m-tuple i n  t h e  

m u+l 
following way. Let x C (F 1 I then 

- 
X = ( x ~ ~ ~ X ~ ~ ~ .  . . ,xom), (xl lI . .  . , x  1 I . .  . I ( X u l , .  . . , X  l m  

L 
urn 

v 

(u+l)  -m-tuple 

- 
W e  cam w r i t e  x  a s  follows :- 



- 
We have a c t u a l l y  w r i t t e n  x a s  a (u+l)  x m matrix and 

- $(x) i s  t h e  t ranspose  of x formed by interchanging the  rows and 

- 
columns of x . 

Let be an r-colouring of  

- 1 (Fu+l m 
Then x induces an r-colouring X$ of 1 .  

From t h e  d e f i n i t i o n  of  m,  (i.e., t h e  Hales-Jewett Theorem), 

u+l m 
t h e r e  i s  a corrtbipatorial l i n e  L c (F ) which is  mnochromatic. 

Then $-l(L) i s  a l s o  monochromatic. 

Now we must show t h a t  

- 1 
(L) = Lo X.... X L u 

where the  L C Fm a r e  p a r a l l e l  combinatorial l i n e s .  
i 

Once again,  a s  i n  Corol lary  3.1, because of d i f f i c u l t  

no ta t ion  we i l l u s t r a t e  with an example. 

p a r a l l e l  t o  L1 . 
- 1 . (L) = L x L~ wl-iere t h e  Li a r e  p a r a l l e  1 combinatorial  l i n e s .  0 



Corollary 3.3. (Gal la i ' s  Theorem), Let k and r be 

2 pos i t ive  integers  and l e t  x be any r-colouring of [U] . Then 

[ w 1 2  contains a monochro&tic a f f ine  copy of [kr2,  t h a t  is a 

monochromatic s e t  {a [k 1 + b 1 . 
proof. Let A = {00,01 ,... ,0k-1,10,11,~...,1k-1,..,k-1 k-1) = 

2 
[kl . 

L e t  + : [w12  - + A  U A2 U 43 U A4 U :.. U An U ... be 

defined as follows : - 
n 

- 2 
f o r  x C [w] , x = (ala2 ... an. blb2 ... bn) where alaZ ... a and 

n 

.blb2 . . . b are  base k representations possibly n 

with a = 0, e tc .  ) 
1 

2 
Then any r-colouring, x of [Wl induces an r-colouring, 

2 xm-l of A u A u ... u ... . 

For 

2 
NOW l e t  m = HJ(k , r) , then from tk ~a le s -3ewe t t  Theorem, 

Am contains a X)-l monochromatic l i ne ,  L ; 'L- 



.L 

-1 2 
and @ (L)  is a x monochromatic set  i n  [u] . 

S e t t i n g  = ( a  1 2  B O...ylOI a2B20 ... y20) and a = 001...01 i n  base k 

-1 
representa t ion then (L) = {a [k] + is  a mono&hromatic set of 

t h e  required form. 

~ o r & i t ~ ,  we i l l u s t r a t e  t h i s  cqncept with an example. 

Let k = 3, A = { 0 0 1 0 1 , 0 2 , 1 0 1 1 1 1 1 2 1 2 ~ ~ 2 2 )  and f o r  n = 13, consider 

the  l i n e  L given a s  fol lows:  



= { (312,12,12,01,xy,xy,02,01,xy,00, 22@1,xy) : 0 5 x,y 5 2 ) .  

1f L i s  "X@-l monochromatic, then the  s e t ,  S = ~(1110xx00x022x, 

2221yy21y021y) ; 0 5 x,y 5 2 )  - i s  x monochromatic. I 

7 4 
Let  b = (1~10000000220, 2221002100210) , a = ( 3 8  + 3  + 3 + 1) 

and f o r  n = 13,  a = 0000110010001 i n  base 3 . Then a ( l , l )  = 

(0000110010001,0000110010001) and S = (a  [21 + 6 )  . 

This c o r o l l a r y  genera l i zes  $0: d 

Let k , r  and m be p o s i t i v e  i n t e g e r s  and l e t  x be any 

r-colouring o f  [!I m. Then [olm conta ins  a monochromatic s e t ,  

Corol lary  3 . 4 .  Let  S be a f i n i t e  commutative semigroup 

and def ine  



n 

Then the re  e x i s t s  a p o s i t i v e  in teger ,  n and x € s such t h a t  nS + x 
(7 

is  a s ingle ton.  

Proof. Let S = ( s  - -  ,s3,. . . , sr) , then I s I  = r and let 

@ 

Let x : s m +  S be defined by ~ ( x  l,..., x = x + x + ... + x 
m 1 2 m' 
.. 

Then s ince  1 S 1 = r , X is  - an r-colouring of  sm 

and s o  from t h e  d e f i n i t i o n  of m , t h e r e  e x i s t s  a  x monochromatic 

l i n e ,  L C srn . L c o n s i s t s  o f '  , r  m-tuples, t h e  columns of which are 

e i t h e r  constant  o r  of &e form . . For example, . .. 

9 

s s s s s s is  a l i n e  i n  sm . I f  L has n 
1 1  1 r 1 ." 3 .  

-t* 

"moving columns" and m-n "constant' columns" and has .do lckr  s S , 
. i 

let :" .x be the  sum of t h e  m-n constants  appearing i n  the  c o n s t a n t ;  

columns. Then nS + x = { s ] .  



CHAPTER 4 . . 

4 

DEFINITIONS AND "LEMMAS REQUIRED I N  THE PROOF $ &  

OF RAMSEY'S THEOREM FOR AFFINE SUBSPACES7 

In Chapter 5, we sha l l  prove Ramsey's Theorem f6r  aff ine 

Subspaces (Theorem 1 .4(a) I .  Ramsey's Thebrem f o r  vector subspaces 

'b 
(Theorem 1.4) and Ramsey's Theorem fo r  projective spaces (Theorem 

1.4(b)) w i l l  be immediate coro l la r ies  of Ramsey's Theorem f o r  aff ine 

subspaces. In t h i s  chapt,er, we w i l l  give some defini t ions and 

explanations of notation used as well a s  some lemmas which are  necbssary 

t o  the proof of ~ h e o r e d  3.4Ja) . 
A t  thev.beginning bf Chapter 3, we gave the defini t ion of an 

af f ine  subspace and noted tha t  an af f ine  subspace is  not closed under 

addition and sca lar  multiplicatioh. We emphasize t h i s  point. ,To 

the reader, the lemmas i n  this chapter may appear t o  be B a s i , ~  f ac t s  

of l inear  algebra but  they are ,basic  fac ts  for  vector subspaces not 
> 

af f ine subspaces. 
I " 

Also a t  the beginning of Chapter 3, we gave defini t ions 

of dim(T) and . We a re  now going t o  define a projection. 

i i 

I n  order t o  do . th is ,  we w i l l  f i r s t  define a d i r ec t  sum. I f  U and V 
1 

' 

are vector spaces (over the same,field,  F ) ,  t h e i r  d i r ec t  sum i s  the 
* C 

& t o r  space, W (qendted by U 0 V) whose elements a re  a l l  the 



- i - - 
ordered p a i r s  (x ,y)  with x i n  U and y i n  V wi th  l j n e a r  

opera t ions  defined by : - 

- - 
a1ra2 F I  x l f x 2  C U and .y2[C V . 

Let V be  a d i r e c t  sum of M 

i d e n t i f y  M 63 CEI C V wi th  M and (01 

- 
z i n  V may be  w r i t t e n  uniquely i n  the  

M and y i n  N . The p r o j e c t i o n  on M 

- - - - - 
E defined by Ez = x where z = x + y ,  

and N , . V =  

@ N, C V wi th  

form z =  $ +  

along N i s  

G E M ,  y E N .  

N . Then every 

- ? with  x i n  

t h e  transformation,  

We i l l u s t r a t e  

with an example. Let  V be  a (u+l)-dimensional vec to r  space and l e t  

- - 
x C V, X =  (xl ,..., x 1,  then ( x  u+l  l'. . = (xl, .  . . ,x  '0)  + u 

subspace of V and ( O , . . . , O , X ~ + ~ )  C N ,  a 1-dimensional 

space of V . Let p be t h e  p ro jec t ion  on M along N 

p(xl ,  a.. I X  = (xl ' .  . . 'X 0 ) .  u + l  > u f  

The next  concept i s  important i n  understanding 

of Ramsey's Theorem f o r  a f f i n e  subspaces. Let V be  an 

vec to r  sub- 

, then 

the  proof 

n"dimensiona1 

vec to r  space and 

vec to r s  i n  V w i  

- U 
{yiI0 be a set of (u+ l )  l i n e a r l y  independent A 

t h  (u+ l )  < n . Let  X be t h e  smal l e s t  a f f i n e  / 

subspace containing (5 lU 
i 0 '  

Then we say  t h a t  {iil: genera te  X . 
Lemma 4.1 shows t h a t   dim(^) = u and t h a t  X = W + 5 where W i s  t h e  

0 

vector  subspace generated by n Corollary 4.X(b), we prove 



-r 

t h a t  X a l s o  c o n s i s t s  of  a l l  l i n e a r  combinations of t h e  s e t  {y lU 
i 0 

where the  sum of t h e  c o e f f i c i e n t s  i s  1 . 
Next we prove th ree  very u s e f u l  lemmas. 

Lema 4.1. Let V be a%n-dimensional vec to r  space and 
a 

l e t  { I  be a s e t  of  (u+ l )  l i n e a r l y  independent vec to r s  i h  V ' 

w i t h  (u+l)  < n . Then t h e  smal l e s t  a f f i n e  subspace. X , containing 

{cil: has dimension u . We say t h a t  {Yi}; genera te  X . * 

-m 
proof. Le t  Y be any a f f i n e  subspace which conta ins  

- { y  lU , say  Y = w + c 
i 0 

of V . Let  X be the  

X = W + y where W 
0 0 0 

and thus  t h a t  dim(X) = 

S e t  X' = ( W  + 

V which conta ins  5 and 
B 

where w a i s  a u-dimensional vec to r  subspace 
t 

i n t e r s e c t i o n  of a l l  such Y . We show t h a t  

i s  t h e  vec to r  subspace generated by { 3  - y lU i 0 1 

- - 
C) - yo . Then X' i s  an a f f i n e  subspace of 

i s  t h e r e f o r e  a vec to r  subspace. Fur ther  X,' 

Let W be t h e  vec to r  subspace generated by 
0 

Then Wo c X'  . and W + y 
0 0 

C X '  + Go = Y . Then Wo + 
- 
yo i s  i n  every 

U a f f i n e  subspace, Y which conta ins  {GijO . ~ h u s  W + y c X ,  t h e  
0 0 

- 
i n t e r s e c t i o n  of a l l  such Y . Since I C Wo + yo . then '' 

7' 

X C W  + y  a n d t h u s  X = W  + y  / 
0 0 0 0 -  \\ I 

Corol lary  4 . l ( a ) .  Le t  V be an n-dimensional vec to r  space 

u 
and . - a s e t  of ( u + l )  l i n e a r l y  independent vec to r s  i n  V (with 

1 0  



(u+l)  < n) . I f  X i s  t h e  a f f i n e  subspace 

X = W + c where W i s  a vector  subspace 

Proof, Suppose t h a t  X = W + ~z 

- - 
generated by {y lU and 

i 0 

then W i s ' u n i q u e .  

- 
'and ' X = U + b., where W a 

and u are  vector  subspaces i n  V . We show t h a t  W = U .' ut 
- - - 

; ~ ~ , t h e n w + c ~ ~ = ~ + E ,  thus  ; + c = ; + 6  f o r s o m e  U F U .  
a 

i - - - -  
Then, we have w = u + b - c . 
Since W i s  a vec to r  subspace. 5 C W and 6 + z .6  W + c = 

- - - - - 
' U +  . Therefore, c C U + s o  c = u* + b  f o r  some u* C U .  

- - - 
~t follows t h a t  w = u + G - (u* + b) t 

Therefore, w c u . 
Simi la r ly ,  we can show t h a t  U C W and thus W = U . 

Corollary 4.1 (b)  . ~ e t  V be an n-dimensional vec to r  space 

and X a u-dimensional a f f i n e  subspack i n  V . Let {Yi}: be a s e t  

of (u+l)  l i n e a r l y  independent vec to r s  i n  X .   hen {Gi}; generate X 

- - u - 
and a vec to r  v i s  i n  X i f  and only i f  v = C c . y  where c C F 

0 
1 i 

) 

i 

U 

( t h e  underlying f i e l d ) ,  0 5 i 5 u and C c = 1 . - 
0 

i 

- 
Proof. S e t  W = X - yo . Then W i s  an a f f i n e  subspace of 

V which contains and i s  the re fo re  a vector  subspace. Since 

- 
dim(X) = u . dim(W) = u and i t  fol lows t h a t  {yi - Go>: generate W . 

Thus X i s  generated by {;i~: . 



- - -  
Let G € x , then v = w + y where w C W and s i n c e  0 

- u Gi - yo)1 form a b a s i s  f o r  W , we can wr i t e  

- - 
Therefore v = C c .  y . .  where c = di, 1 5 i 5 u and 

0 
1 1  i 

c = (1 - E di) then I ci = L di + (1 - C di) = 1 . 
0 

1 0 1 1 

- 
L e t  ' C  c . y  and C c = 1 .  Thenwe c a n w r i t e  

1 i i 
0 0 

u 
g 

4 

Since C c = 1 , 
0 

i 

Lemma 4.2. Let  V be an (u+m) -dimensional vec to r  space over. 

a f i n i t e  f i e l d  F. L e t  LO, ..., L be p a r a l l e l  l i n e s  i n  V ,  with L c A ,  where 
u i 1 

- m - - - 
Ai = e F 0 5 i 3 u,  e = 0 ,  and e = (0, .  . . ,1, .. . ,0 )  where the '1' i s  i n  

> 
i 0 i 

U 
t h e ,  i t h  pos i t ion .  Then {L.  ) generate a (u+l)  - a f f i n e  subspace, B,  i n  V . 

1 0  

Proof. W e  i d e n t i f y  V with Fu+m 

m - 
Consider Lo I Lo C A. = 00...0 x F . So i f  Lo = a + L* 

v 0 

rn 
where L* i s  a l i n e  through the o r i g i n ,  then L* c ,00.. Y .0, x F 

u 



- 
and a 

0 
C A. . Also,  s i n c e  {Li): a r e  p a r a l l e l  l i n e s  we have 

- 

- - 
~ ~ = a  + I ,* ,  O Z i I u ,  L * c A O  a n d a  ( A i I  O 5 i 5 u .  

i i 

- 
set L: = L~ - a 

0 '  
O l i T u , .  

- - 
Since  a 

0 
f AoI  it fo l lows  t h a t  - a C Ai , 0 5 i 5 u . 

i 0 

- 1  - - 
Writ ing  a = ai - a. , we have 

i 

- ' /  - 
where a' € Ai , 0 5 i 5 u and a. = 0 . 

i 0 

Le t  B b e  t h e  a f  f i n e  subspace genera ted  by {Li 1: i. e. ,  

B i s  t h e  s r k l l e s t  subspace con ta in ing  t h e  {L~I :  and l e t  V b e  t h e  

v e c t o r  subspace genera ted  by { L ~ I :  . Then B = V + a 
0 -  

Now 

1 - - 
Lo = a + L* and a" 0 0 = 0 , t hus  L: = L* . a l i n e  through t h e  o r i g i n  

- - - 
and L* c A o  . Le t  Z f 5, 1 C L*, 8 = 00...0 f where f C F~ and - 
- 
f # ?I . Then V i s  spanned by 2 + 2' 

0 ,  

- 1  u {z + ail0 i s  a l i n e a r l y  independent  s e t .  

t hen  looking a t  t h e  f i r s t  u c o o r d i n a t e s  

and t h i s  &mplPes t h a t  c = 0 . 
0 

I - .  -.I 1 + 51,...,8 + a and 
u 

w e g e t  c = c  = 
1 2 " * = C  = O  U 

Thus dim(V) = u+l  

and dim(B) = dim(V) u+l .  



Lemma 4.3. Let V be an n-dimensional vector space, 

' L  a combinatorial l i n e  i n  V and x a vector not i n  L . Let X 

be the  a f f ine  subspace generated by L and . Then dim(X) = 2. 

Also, suppose t h a t  the  f i r s t  u coordinatks of x and each vector 

i n  L ' are the same, say (xl,.  . . ,x then the  f i r s t  u coordinates, 
U 

of each vector i n  x are  (X l I . . . I ~  ) .  
U 

Proof. Let X = W + , W a vector subspace. 

Then W contains a t r a n s l a t e  of L , i .e . ,  a l i ne  through the  or ig in  

and a t r ans l a t e  of x which is  not on the  t rans2ate  of L . &us W 

contains two l i nea r ly  independent vectors. and has dimension . 2  . 

- 
Let L = L* + v where L* c W and i s  a l i n e  through the  or igin .  Then 

- - 
0 C L* and v L. Since each vector i n  L begins with (xl, ..., x 1, u 

- 
the  f i r s t  u coordinates of v a re  (xl, . . . ,x  ) . Then the '  f i r s t  

u 

u coordinates of each vector i n  L* a r e  (0 ,0 , , . . ,0) .  Further since 
V 

- 
x has (xl,x2, ..., x ) f o r  i t s  f i r s t  u coordinates, the t r ans l a t e  

u 

- 
of x i n  W must have ( O , O , . . , O )  f o r  i t s - f i r s t  u coordinates. 

V 

U 

Thus every vector i n  W has ( 0 .  0 fo r  i t s  f i r s t  u coordinates. 
V 
U 

I t  then follows t h a t  every vector i n  X has (xl,x2, ..., x ) f o r  i t s  u 

f i r s t  u coordinates. 



CHAPTER 5 

RAMSEY ' S THEOREM FOR SPACES 

I n  t h i s  Chapter, w e  a r e  going t o  prove Ramsey's Theorem f o r  

a f f i n e  subspacesi (Theorem 1 . 4 ( a ) ) .  Ramsey's Theorem f o r  vec to r  sub- 

spaces and Ramsey's Theorem f o r  p r o j e c t i v e  spaces a r e  immediate 

c o r o l l a r i e s  of Theorem l . 4 ( a ) .  W e  again s t a t e  Ramsey's Theorem f o r  ' a 

1 
a f f i n e  subspaces i n  t h e  form which we c a l l e d  Theorem 1.4(a)  . We w i l l  

now c a l l  i t  Theorem 5-1. 

Theorem 5.1. (Ramsey' orem f o r  &f ine  subspaces) .  Let 
/' 

k ,  r ,  t be non-negative i n t e g e r s  and F a f i e l d  of q elements. Then - 
t h e r e  is  a number N = N(q, r ,  k ,  $1 depending only on q ,  r, k and 

t wi th  the  fol lowing property:  fi. V7 i s  a k e c t o r  space over  F df 

dimension a t  l e a s t  N and x is  an r-colouring of the  t-dimensional Q 

P 
a f f i n e  subspaces of V , then t h e r e  e x i s t s  a k-dimensional a f f i n e  

subspace W c V such t h a t  a l l  t h e  t-dimensional a f f i n e  subspaces 

T C W a r e  t h e  same colour. 

We r e  s t a t e  Theorem 5 .1  i n  formal terms, Let  d i m  (V) = n and 3 : 

Then t h e r e  e x i s t s  W C such t h a t  i s  constant  on 
. * 

The proof of Theorem 5.1 uses the  Hales-Jewett Theorem.which 

was proved f o r  t h e  s p e c i a l  case  of r = 3 i n  Chapter 2. A s  was 

s t a t e d  a t  the  end of Chapter 2 ,  t h e  proof f o r  the  genera l  case follows 

t h e  same l i n e s  a s  t h e  case r = 3 .  The d e f i n i t i o n s  and lemmas of 



Chapter 4 a r e  a l so  necessary t o  the proof, Before proving Theorem 5.1 

we give some fu r the r  def in i t ions  and prove a v i t a l  lemma. 

L e t  x be a colouring of ; x i s  thus a colourings of 

the t dimensional a f f i ne  subspaces of V . Let B c [G~]. Let 

U u 
p : B + F be a su r j ec t i ve  projection.  I f  T i [:] then : T f F 

i s  e i t he r  b i j ec t i ve  a: it i s  not. I n  the former case , p(T) i [TI and 
L --I 

T is  cal led t ransversal .  I n  the  l a t t e r  case, (T)  i Fu] 
t-1 ' 

- 1 
T = p (p(T) ) and T is  ca l led  

v e r t i c a l  d i r ec t i on ) .  

We now define the  term 

e s sen t i a l  t o  the  e n t i r e  proof. 

-- 

ver t ica l .  ( In tu i t i ve ly  I p defines a 

- a  

"special" .  This def in i t ion  is  

spice  i [u:l] is special  (with respect  t o  a colouring, 
-2 ,I 

x and a project ion,  p) i f  whenever T1r T2 I a re  t ransversals  and 

P ( T  1 = p(T2) then x(T1) = x(T2) . That is , B i s  spec ia l  i f  the  

colour of a t ransversal  t-space i n  B i s  determined by i t s  projection. 

We now prove the  following l e m a  which is cen t r a l  t o  the  

proof of Theorem 5.1. 

Lemma 5.1. Let t ,  u,  r be non-negative in tegers  and F 

a f i e l d  of q elements. Then there  e x i s t s  a number m = M ( q l  t, u, r) 

such t h a t  f o r  any r-colouring of the t-spaces of F ~ + ~  there  e x i s t s  
- -- 

a special  (u+l)  -space, B . 
u+m Let p : F + F~ be the  natural  project ion given 

by taking the f i r s t  u coordinates, *en there  e x i s t s  B 

which i s  spec ia l  with respect  t o  p ( technical ly  : . 



v u+l 
a u-space and c = r . Let m = H J (  IF] ,c)  ; then m i s  such -that  . . - 

b .  

- 

- B 

i f  S i s  a s e t  of cardinal  / and srn is  colqur@ with . c -  - ' " . > 1 ,  

cdlours then srn contains a monochromatic l ine .  s 

Let x be an r-colouring of Pi, 

u+m F~+m 
Let p : F + FU be t he  na tura l  projection of onto 

u 
F. given by taking the  f i r s t  u coordinates. 

- - - - 
Define e o , e l ,  ..., e u h~~ by e 0 = 5  and 

- 
e = (0 , .  . . , 1,. . . ,0) where the  '1' i s  i n  the ith posi t ion,  i 

1 5 i 5 u . Then the e , 1 5 i 5 u , a re  the  bas i s  vectors of F~ 
i 

- -1 - u+m 
and e i s  the zero vector. Set  Ai = p (ei) C F 0 5 i 5 u I n  

0 

m 
order t o  see more c lear ly  what Ai looks li-ke, consider m h F then 

- 
eim 6 A Thus Ai i's j u s t  a copy of Fm and cons i s t s  of a l l  vectors 

i *  

- P 
"s ta r t ing"  with e 

i *  

- - - - 
Set  y = e x C Ai l  0 5 i 5 u , ( i .e . .  w e  place e t o  the  l e f t  of 

i i i % i 

- - 
x forming a u+m-tuple vi which i s  i n  A .  . Technically, 'i is 
i 1 

- - - - defined by yi C Ai and pl(yi) = x i ' 0 5 i C u , where p 1  is the 

m 
na tura l  projection of F ~ + ~  onto F given by taking the  l a s t  m coordinates. 



S- 

o 
,e 0 -I - 
- The fGi}: are a set  03 (;+I) l i n e a f l f  indkpendent  v e c t o r g  

0 e. 

6~ a .  SeE of u ~ i n e e r l y  :hdependent  veStorsS andm tlie - eero.  vector. To - 
a - 7 - 

> ~ 

- 0 -  - - 
-- a u - - - * *4CU~ 

- 
see  t h i s ,  i e t  E c.?; = 4 ; +then  (cl. x )  = O .  Thus c = O f  

- " 0' L 3 -  * . -  < i 
P I?m 

- - 
1 5 i 5 u4 which impl ies  t h a t  c = Q o r  - y = 0 . 

-0 0 
h i - the  la t ter  case, 

n 
- 

1 3 
. - 

, . 
the  iy .  jU' genera te  a Vebtor subsgace, a X C'F"+' . *  

1 0  
, of dimension u , 

" = A -  ".* 
We note  t h a t  a vec to r  subspace i s  simply an a f f i n e  space which conta ins  - * 
the- zero  vectbr .  I n  t h e  former- case ,  from jxnma 4.1, the ii; lU generate i 0 

a unique u-space x c F ~ + ~  Let X = W + y where W is a u - 
0 p - 

dimensional vec to r  subspace generated by - I . Then , 1 

- - - - 
P ( X )  = P ( W )  + p(yO) = p(W). Since p(yi  - yo) = e i ,  1 5 i 5 u , then 

p ( W 0  conta ins  a b a s i s  f o r  F~ and it follows t h a t  p / i s  onto. 
X 

u Since 1x1 = /FUI ,  pIX is one t o p n e .  Thus : X + F  is b i j e c t i v e  

Let Tl, . . . ,T denote t h e  t-spaces of FU i n  some pre- 
v 

assigned order .  Let  S be  t h e  -unique t-space i n  X such t h a t  
i 

p(Si) = T 1 5 i 5 v . We w i l l  use t h e  expression X i s  generated 
i ' 

where 

- - - - 
I n  f a c t ,  X i s  generated by (eOxor . .  . ,e x ) where 

u U 

- - - - - 
eiXi = 'i 

C Ai C , eo = 8 and e , 1 5 i 5 u , a r e  t h e  b a s i s  
i 

vec to r s  f o r  FU . We a r e  going t o  use t h e  r-colouring x of , t h e  

t-spaces of F ~ + ~  t o  induce a c-colouring x of the (u+ l ) - tup les  

C 



?. - - - m u+l - - - . Let x, x' € (F ) , x = (xo ,..., x ) and 
u - 

- - - 
c - -  7 X' = - - tx;I.....x') u and l e t  X and X' be the  unique u-spaces 

- - v 

generated by x and x '  r e ~ p e c t i v e l y .  Thus X i s  generated by 

, \ 

the  t-spaces of X and X '  respe . For each i, 1 5  i 5 v , 

we have p(Si) = Ti .= p(S1).  We define the  c-colouring x as 

follows: 

i f  and only i f ,  

That is ,  'two (u+l)  - tuples i n  ( F ~ )  UC1 a re  coloured the  same 

- 
by X ( l )  i f  and only i f  the  u-spaces generatedby them are  coloured 

iden t i ca l l y  by x ( iden t i fy ing  under the  projection,  p ) .  

- 
We are  now going t o  apply Corollary 3 . 2  of the  Hales-Jewett - 

u+l 
Theorem [p. 2 4 1  t o  F ~ .  Since ~ = H J ( I F I  ,c) and X ") is a 

- - - In 
c-colouring of the  ordered (u+l)-tuples ( ) t~ , . .  . .xu) , xi I 0 5 i 5 u, 

m 
then there e x i s t  p a r a l l e l  combinatorial l i ne s  LA, ..., L' c F such t h a t  

u 

- - - 
(xo,.. . , X  ) ; x C L:') is X(l'monochromatic. A f u l l  description of 

u i 



- . *  . 
t hese  l i n e s  is  given i n  Appendix A a t  t h e  end of Chapter 6. Since 

I F /  = q . then each l i n e  L j  , 0 C i 5 u c o n s i s t s  of q m-tuples 
' P 

and i s  of the  form: 
s 

where a ,bi a r e  f ixed  elements i n  .F and x 1 5 j 5 q , runs 
i j ' 

9 through a l l  the elements of  F . 
I i' 

To each m-tuple i n  L j ,  0 5 i 5 u , we a r e  going t o  a t t a c h  

, - 
a "head", e E -  F~ , 0 5 i I u forming p a r a l l e l  combinatorial  l i n e s ,  

i 

Li, 0 5 i 5 u i n  F ~ + ~  . 

m u-tuple m-tuple C F 

From Lemma 4.2, t h e  {L~I :  generate a (u+l) -space.- B which 

we w i l l  now show is s p e c i a l  with r e spec t  t o  t h e  r-colouring, x and the  

p ro jec t ion  p lg  which we s h a l l  denote by p . 



(* 

- 1  9 < 

4 4 
- 
- - d 

.+ 

I n  Appendix B , we i l l u s t r a t e  the preceding 

discussion w i t h  a simple example. 

L t  T i [f] be a transverse space. Then •’br some j , 

1 5  j 5 v , p(T) = T where T i s  a t-space i n  FU . We extend T 
j j 

/ 

t o  a transverse u-space, X C B i n  t he  following way. Choose 

- - 
x C ;'- T; (= p (T) ) and x i s  l i nea r ly  independent from Ti  . Choose 

C p-l (x) and add t o  T forming 

space. Continue i n  this way u n t i l  
a 

We now want t o  show t h a t  

. , J 

T* = (T+:)', , a transverse ( t + l )  -aff ine  

we have a t r a n s v e ~ s e  u-space X . 

X i s  generated by where 

- - 
e x F Li ; 0 9 i C u . To accomplish t h i s  it su f f i ce s  t o  show t h a t  f o r  
i i 

each i , 0 5 i 5 u , X fI L .  = e x . For then X is a u-space containing 
1 i i 

the s e t  of (u+l)  l i nea r ly  independent' vectors,  and from Corollary 4 . l (b )  

X i s  generated by { . Since X i s  9 transve;se space , 

P I  x : X -t FU is b i j ec t i ve ,  thus f o r  each i , 0 5 i 5 u , X wntaink 

- -  - 
one and only one element of the  • ’om e x x f Fm . Now p : B + FU i i' i 

. . A' 

i s  sur jec t ive  and since dim(B) = u+l,  the  dimension of the n u l l  space 

oC p = 1 . It follows then t h a t  f o r  a t-space T C B,  p ( ~ )  i s  e i t h e r  . . 

a t-space i n  F~ o r  a (t-1)-spac;'in FU . Now each L i 0 5 i C u i s  

- 
a 1-space i n  B and p (Li) = ei , a 0-space i n  F~ . Suppose f o r  some 

i, 0 5 i 5 u , t h a t  there  i s  another element i n  X and therefore  i n  B 

- -  - 
of the  form e . z ,  z C FU , which does not belong t o  

Li . Then from 
1 

- - 
Lemma 4.3 LL. + i s  a 2-space and a l l  the  vectors i n  [L + e .  zl 

1 i 1 



- - - - 
begin w i t h  e . Thus p [L. + e .  z. 1 = e .  a 0-space i n  FU but we 

i 1 1 1  i? 
4Y 

have already shown t h a t  i f  dim(T) = 2 ,  then dim(p(T) = 2 o r  1 . 
Therefope, it follows t h a t  any element i n  X of the  form e . z. . a l s o  

I 1 1  

belongs t o  Li , 0 5 i 5 u and (X Li) = ;.x . Then X i s  
1 i 

I - -  u 
generated e x  . It follows t h a t  T i s  contained i h  the u-space 

- - - 
X generated by iyi 1; (where yi = e .  x , 0 5 i 5 u) . ., Hence x (T) i s ,  1 i 

- 
these (GO.. . . , x 1 , x (TI does depend only 

U 

i s  spec ia l  w i t h  respect  t o  the  r-colouring 

Before proceeding with t he  proof 

the following shor t  lemma which i s  used i n  

Since x i s  constant on 

on j a s  required and thus B 

x and the  project ion,  p . 

of the  main theorem, we prove 

the proof. 
"% 

Lama 5.2.  L e t  V be an n-dimensional vector space (n =-u+m) , $ +  

u 
and p : V -+ F be the  na tura l  project ion given by taking the  f i r s t  % 

u coordinates. Let B be a (u+l)  a f f i ne  subspace of V such t h a t  kb 

u 
P l B  : B -+ F a sur jec t ive  projection.  Then f o r  each (t-1) -space, 

- 1 
T c F ~ ,  p (TI is .a t-space and hence i s  the unique v e r t i c a l  t-space "I + 

I B 
i n  B which pro jec t s  onto T . 

2 

Pzoof. Let N be the  nu l l  space of p . Set N = U fl B. 
I - B 

U N cons i s t s  of a l l  vectors  x E B w i t h  p (x)  = (9, ..., 01 E F . B A- * 
n 

S ince  p : + F~ i s  onto, it follows t h a t  N # 4 . Let 
B 

I - - - * 
c E N t h e n  c = ((3,. . , O r  c 1 . Since B i s  a (u+l)  a f f i n e  space, B '  C--G--J+J 

C F ~  €F=' 



- 
we can  w r i t e  B = W + c where W i s  a (u+ l )  v e c t o r  q b s p a c e .  

F 
? t l  - 

We now show t h a t  dim(N = 1 . $ e  i s  a (u+m) v e c t o r  w i th  
B i 

I 1  
'1' i n  t h e  ith p o s i t i o n  and 0 ' s  everywhere e l s e .  Then 

a r e  t h e  b a s i s  v e c t o r s  f o r '  V . Since  p p r o j e c t s  W o n t o  FU. , t h e r e  

- 
is a b a s i s  of  W of t h e  form { I  and f = (9, .  . . , 0 ,  y ) } .  Then 

l--L.-' 

u EFT 

N W = FF , a subspace o f  dimension 1 . Then N = (N n W) + c 
B I 

- - - 
and t h u s   dim(^ ) = 1 . We can  w r i t e  

B 
NB = {x; x = (0,O.. . . . Orxi) ,  - 

,u 

- 
x C IF, 1 5 i 5 q} . (We no te  t h a t  {Xi}: i s  a l -d imens iona l  i 

a f f i n e  space i n  Fm. 1 
i 

h - 
Le t  T C FU and dim(T) = t-1. Let  (B1, ..., Bu)  = B C TI 

*. 

- 
t hen  (Bl,...,BUrxi E B , 1 5 i 5 q . Thus each p i n t  i n  T i s  

-1 a 1-space i n  B . It fo l lows  t h a t  d im(p  (T) ) = k . I B 

- 1 
Hence, p (T) i s  t h e  unique v e r t i c a l  t -space i n  B 

+ 

which p r o j e c t s  o n t e  T . 



We a r e  now ready t o  prove Ramsey's Theorem f o r  a f f i n e  sub- 

spaces,  Theorem 5.1. I n  o rder  t o  do so,  we f i r s t  r e s t a t e  it i n  an 

equivalent  form more sui table '  f o r  an induct ive  proof.  

I 
Theorem 5.1 . Let t, r,  kl, ..., kr be non-negative 

L 
i n t e g e r s  and F a f i e l d  of q elements. Then t h e r e  i s  a number 

N = N(q, r, t, kits ..., kr) depending only on q ,  r ,  t ,  kd, . . . , k r 
with the  following property:  I f  V is  a vector  space over F of 

dimension a t  l e a s t  N and x : [ -+ [ r l ,  then f o r  some i , 1 5  i 5 r,  

t h e ~ e  e x i s t s  W C [;I such t h a t  f o r  a" T c [:I I T = i . 
(That is ,  the re  is  a ki-space with a l l  of i t s  t-spaces coloured i ) .  

I 
Before'proving Theorem 5.1  ,. w e  e s t a b l i s h  t h e  equivalence 

. .  1 
between Theorems 5 .1  and 5 .1  . 

1 
F i r s t  we assume t h a t  Theorem 5.1 is  t r u e  and set 

- kl = k2 - 
1 . , . = k 2 k then Theorem 5.1 s t a t e s :  - 

r '  > 

Let t, r ,  k be non-negative i n t e g e r s  and F a f i e l d  of q " i 
elements. Then the re  i s  a number N = N(q, r ,  t, k) depending only 

on q, r, t and k with t h e  following property: I f  V i s  a vector  

space over F of dimension a t  l e a s t  N and x : [:I + [ r ~  , then 

t h e r e  exists a k-space W c V such t h a t  a l l  the t-spaces T . o f  W 
5 

a r e  t h e  same colour. 

1 
Thus Theorem 5.1 implies Theorem 5.1, 

Now we assume t h a t  Theorem 5 .1  is  t rue .  Let t, r, k ..., k 1 r 

be given and s e t  k = rnaxIk.1. Then from-Theorem 5.1, t h e r e  i s  a 
. 1  



k-space W such t h a t  a l l  t h e  t-spaces T c W a r e  t h e  same colour,  say 

colour i where 1 5 i 5 r . Then we can w r i t e  t h a t  f o r  a l l  T € 

x(T) = i . Since k = max(k.3 w e  can choose any k.-space Wi 
1 

i n s i d e  W and u s t  s t i l l  have t h a t  f o r  a l l  T f P [d - , i . 
Thus Theorem 5.1 implies Theorem 5. l1 and we have es tab l i shed  t h e  

equivalence between Theorem 5.1 and 5.11 . We now proceed with t h e  

1 F b 

proof of  Theorem 5.1 , 

I Proof of Theorem 5.1  . The proof i s  by double induction - f i r s t  

on t I ( f o r  a l l  k . . . ,k ) and then on (kl ,  - . . ,k ) . For a l l  t and k = t ,  this .  
1 ' r .  r i 

is t r i v i a l l y  t r u e .  

For t = 0 ,  Theorem 5.11 is  simply Corollary 3.1 of t h e  ~ a l e k -  
s 

Jewett  Theorem and was proved i n  Chapter 3 .  We now s t a t e  it i n  t h e  --_ 

5 1 
same form a s  Theorem 5.1 : 

* 

L e t  r k . k , be  p o s i t i v e  i n t e g e r s  and F a f i e l d  r a 

2- 

of q elements. Then t h e r e  i s  a number N = N(q, r ,  kl, ..., kr) 

-- 
depending only on q ,  r, kl,  .,,., kr wi th  the  following property:  \ 

- .  
If V i s  a vector  space over F of dimension a t  l e a s t  N 

and x : [l] f 111 then f o r  some i ,  1 5 i 5 r t h e r e  e x i s t s  ' 

W C [<I such t h a t  f o r  a l l  T € k] , XITI = i . 
( W e  note t h a t  i n  t h i s  case of t h e  theorem k and r a r e  

p o s i t i v e  i n t e g e r s  whereas i n  the  general  case t ,  k and r were 

non-negative in tegers .  This a r i s e s  from t h e  f a c t  t h a t  r = 0 o r  

k = 0 give r i s e  t o  t r i v i a l  s i t u a t i o n s . )  



We now assume t h e  exis tence  of  N f o r  t '  < t ( a l l  3 - J 

t t 
klI  k2 ,  -.., kr) and f o r  t apd a l l  (kl , ..., kr ) < (kl,  ...,& k ) . r 

t 
For (kl , ..., krt) t o  be less than (kl , . . . , kr) . a t  l e a s t  one 

t 
ki 

is  less than t h e  corresponding ki, 1 5  i 5 r , and f o r  j # i , 

L e t  s = rnaa{~ (q. r. t, kl, . . . , - 1  , . . . , kr) ; 1 5 i 5 r j  

and u = N (q ,  r,  t-1, 3) . u i s  such t h a t  i f  V i s  a u-dimensional 

vec to r  s p a c ~  over F (with I F  I = q) and x an r-colouring o f  the  

( t-1)-spaces of  V , then t h e r e  e x i s t s  an s-space W such t h a t  a l l  

t h e  ( t-1)-spaces T c W a r e  t h e  same colour. Let m = M ( q ,  t ,  u, r) 

-. 

and l e t  n = u+m. We s h a l l  now show t h a t  n has  the  des i red  property.  

u+m We i d e n t i f y  t h e  n-dimensional vec to r  space V with F . ~ e t  

u+m 
X :  rim] -+ [rl be a r b i t r a r y  and l e t  p : F- -+ rU be thf n a t u r a l  

p ro jec t ion  given by t ak ing  t h e  f i r s t  u coordinates.  By t h e  d e f i n i t i o n  

of m , t he re  e x i s t s  a (u+l)-space B which i s  s p e c i a l  with r e spec t  t o  

t h e  colouring x and the  p r o j e c t i o n  I B  . Henceforth, p r e f e r s  t o  

t h e  p ro jec t ion  with domain B . 

We use x t o  induce an r-colouring x of t h e  ( t-1)-spaces 

o f  F~ . - 1 Let T C 1'" 1 , then from Lemma 5.2. p IT) C B i s  t h e  unique 
t- 1 

L -r 

v e r t i c a l  t-space which p r o j e c t s  onto  T . Then w e  can de f ine  x ''I a s  

fol lows :- 



(That is a (t-1) -space, T c F~ i s  coloured by the colour of the 

-1 v e r t i c a l  t-space, p (T) C B which pro jec t s  onto it. 
** - 2 

By the def in i t ion  of u ( i . e , ,  induction on t ) ,  there  e x i s t s  ,- 1 

X 1.. 1 which is monochromatic under x , t h a t  is  a l l  the  (t-1)- 

spaces of the  s-space X a re  of the'same colour. We w i l l  c a l l  t h i s  - 
-1 colour 1. Then from Lemma 5.2, p ( X )  i s  an (s+l)-space i n  B . 

Since B i s  spec ia l  and p - l ( ~ )  c , B  , then p-l(X) i s  a l so  

specia l .  Further, since a l l  t he  (t-1)-spaces of X a r e  coloured 1 by 

X .then.from the def in i t ion  of x (1) , a l l  t h e  vertical- t-spaces of 

- 1 
p ( X I  a re  coloured 1 by x . 

We now use the r-colouring x t o  induce an r-colouring 

. ' 
X ( 2 )  of the t-spaces of X . x (') is  defined a s  follows: 

- 1 
A s  already.shown, p ( X I  is  an (s+l)-space while X is  an s-space 

- 1 
SO t h a t  p / -1 : p ( X )  -+ X i s  not a one t o  one projection.  So 

P ( X I  

there  a re  many T1 w i t h  p (T1) = T ; however, a l l  such TI have the  

-1 
produced by project ing the colour of the  transverse t-spaces T1 C P (X) 

down onto the  t-spaces of X . )  

Now s was chosen such t h a t  s 2 N(q, r,  t ,  kl ,  . . . , kr) and 

from the  induction hypothesis on (kl , . . . , kr) , there  e x i s t s  W1 C X 
3 

so t h a t  e i t h e r  
r T 

(i) dim(W ) = k -1 and / 3 i s  coloured 1 under (2)  
1 1 



-- 

(ii) 2 5 j 5 r , dirn(W = k and [:] i s  coloured under x ( 2 )  
1 j 

k 
In  case (ii) suppose tha t  Wl is  generated by {;i~Oj where 

- - 
wi = (wil, ..., w 1, 0 5  i C k . Set w? = (wil, ..., w 0 ) .  i u j 1 i u  ' 

k - 1 0 5 i 5 k . Then {;;lo' generate a transverse k .-space , W c p (x) 
j 3 

so tha t  p(W) = W 
1 

(That i s  we can l i f t  W - t o  W .f Then 
1 [ :I is 

coloured j under x . (This comes automatically from the defini t ion 

Case (i) i s  the most important case since it; i s  the moment of 

-1 - 1 
induction. We s e t  W = p (W1). From Lemma 5.2, p (W ): i s  a 

1 

(k -1) + 1 = k -space i n  B . Let T be a t-spac.e of W . Then T 
1 1 

i s  e i ther  a transverse space or  a ver t ica l  space. I f  T is  a transverse - - 
(-2 

space, x (T )  = x (P(T)  1 = 1 as p ( ~ )  € 13 . , 1f T is  a ver t ica l  

- 1 
space, it i s  a. ver t ica l  t-space of p ( X I  and a l l  the ver t ica l  t-spizes 

- 1 of p ( X I  are  coloured 1 . (This comes from the defini t ion of x (1) 

and the induction on t .) Hence x ( T )  = 1 . 

  his completes the proof of Theorem 5.1. To review:. inside 

an arbi t rary n-dimensional vector space, we f ind a special (u+l)-space, 

-1 
B . Inside B , we find a (s+l)-space p (X) which is special and 

\ - 1 such tha t  a l l  of i ts  ver t ica l  t-spaces are  coloured 1 . Inside p ( x ) ,  

we find ( in  case (i) a ( Ik - 1) + 1) = k -space, W a l l  of whose 
1 I - 7  

transverse t-spaces are  coloured 1 . Then ( : I i s  coloured 1 . We 

w i l l  now outline the preceding proof i n  diagramatic form. In each 



diagram, r = 3 ,  ( i . e , ,  we use these colours) and represent transverse 

spaces by horizontal  l i n e s  and v e r t i c a l  spaces by v e r t i c a l  l i ne s .  With - \ 

each diagram, we give a br i e f  wri t ten description.  

Figure 5.1 

In Figure 5.1, x i s  a 3-colouring of t h e  t-spaces of 
F~~~ 

and B i s  spec ia l  with respect  t o  x and the naFural project ion 

u+m 
p : F -+ F~ . This means, f o r  example, t h a t  p(T ) = p(T4) = P ( T ~ )  = T. 

4 1 

Note t h a t  although the  t-spaces of FU are  coloured i n  Figure 1 , they 

are  not actual ly  coloured by .X . We have coloured them i n  order t o  

i l l u s t r a t e  the  concept "special".  

Figure 5 .2  



5 3 

Figure 5 . 2  i l l u s t r a t e s  how t h e  3-colouring x (1) 
i s  formed 

from x . x ass igns  t o  each (t-1)-space. T c F~ . t h e  X-colour 
? 

of t h e  v e r t i c a l  t -space,  T which p r o j e c t s  onto  It. 
1 

Figure 5.3 

Figure 5.3 shows t h e  monochromatic s-space X c FU . From t h e  

d e f i n i t i o n  of u , F~ conta ins  a s-space X which has a l l  of  i t s  

(t-1) -spaces coloured the  same colour (i .e.. orange) by ~ ( l )  . Froma 
-4 

t he  d e f i n i t i o n  of X( l ) I  it fo l lo& t h a t  p - l ( ~ )  is  (s+l)-spacep i n  B 

which has  a l l  of i t s  v e r t i c a l  t-spaces coloured orange by x . 

Figure 5.4 



-1 
Figure 5-4 i l l u s t r a t e s  the 3-colouring x ( 2 )  . since p (x) c B 

- 1 
and B i s  special with respect t o  x and p,  then p ( X )  is also 

special. This means tha t  the X-colour of transverse t-spaces 

TI,-T2 C X i s  the same i f  p (TI) = p(T2) . We can then use x t o  define 

the 3-colouring x ( 2 )  of the t-spaces of X ,. For example, 

p(T1) = p(T3) = T C X is coloured green and p(T2) = p(T4) = T' is 

coloured blue by x ( 2 )  

Figure 5.5 (i) 

Figure 5 -5  (i) i l l u s t r a t e s  case (i) . W i s  a (kl - 1) -space i n  X 
1 

and a l l  the t-spaces of W1 ' a r e  coloured orange by X ( 2 )  W e  now 

-1 
consider p (W = W which i s  a ver t ica l  k -space i n  B . From 

1 1 

the definition of x ( 2 )  , a l l  the transverse't-spaces of W are  coloured 

orange. I f  T i s  any ver t ica l  ?spaces i n  W1 then T i s  also a vert ical  

- 1 
'!=-space i n  p-l(X) and a l l  the ver t ica l  t-spaces i n  p (X) are  coloured 

1 

orange. 



- - . . Figure 5 . 5 ( i i )  

- 
Figure 5 . 5 ( i i )  i l l u s t r a t e s  case (ii) . W1 i s  a k2-space i n  X 

with a l l  of i t s  t-spaces coloured -green (colour 2) . Then a s  already 

- 1 
explained we can f ind  a transverse k2-space , W i n  p ( X )  and thus 

i n  B such t h a t  p(W) = W1 . Then i f  . T  i s  a t-space i n  W , 

p ( ~ )  C Kl and p(T) i s  coloured green by x ( 2 )  . From the def in i t ion  

of X ( 2 )  , T must a l so  be coloured green. Thus W i s  a k -spa& i n  B 2 

such that [:I is monochromatic. 

/ 

Corollary 5.1. (Ramsey's Theorem f o r  project ive  spaces) .  

Theorem 5.1 holds where "space" r e f e r s  t o  p ro jec t ive  space. 

Corollary 5.2. (Ramsey's Theorem f o r  vector subspaces). 

Theorem 5.1 holds where "space" r e f e r s  t o  vector subspace. 

F i r s t ,  we explain the canonical association between vector 

( t+l)-space and project ive  t-spaces. Because of this canonical 

association,  the  above co ro l l a r i e s  are  equivalent. Then we w i l l  prove 

Corollary 5.2. The proof i s  very short .  



Let  V b e  an (n+l)-dimensional vec to r  space over a f i e l d  F 

of q elements. W e  w i l l  denote t h e  p o i n t s  (vectors)  of  V by t h e  

(n+l) -tuples  (xl ,x2 , .. . ,X ) , X .  C F, i 5 i 5 n+l. For a p o i n t  of t h e  
_ n+l 1 

p r o j e c t i v e  space,  P , w e  t a k e  t h e  s e t  cons i s t ing  of a non-zero p o i n t  

- - 
v i n  V and a l l  nonzero s c a l a r  mul t ip les  of v . This  cons t ruct ion  

g ives  

n+l .q, = qn+qn-l+ ...+q+ 1 p o i n t s  . 
q-1 

- 
L, i n  P l e t  v = (xl,x2 ,... , x  and 

1 n+l 

- - 
, where vl, v2 a r e  l i n e a r l y  independent non-zero 

- 
p o i n t s  i n  V . Then L = ( av  1 + b; 2 = (ax 1 + by1, ax2 + by2, . . . , 
ax ) ; a ,  b C F, a and b a r e  not  both  equal  t o  zero. ) n+l  

There a r e  q2-1 poss ib le  choices f o r  the  p a r t  ( a ,  b)  ; b u t  

on a l i n e  and hence by t h e  p r i n c i p l e  of d u a l i t y  f o r  p r o j e c t i v e  spaces,  

each p o i n t  has q+l  l i n e s  i n t e r s e c t i n g  a t  it. B r i e f l y ,  a p o i n t  i n  P 

i s  a l i n e  i n ,  V and a l i n e  i n  P i s  a plane i n  

dimensional subspaces a u-space i n  P i s  a 

n-dimensional p r o j e c t i v e  space P is  equivalent  t o  an (n+l)-dimensional 

vec to r  space V , and hence Coro l l a r i e s  5.1 and 5.2 a r e  equivalent .  

Proof of  Corollary 5.2. Let x b e  a r-colouring of t h e  
r - 

t-dimensional vector  subspaces of  V , x : 1 [ 'I-+ [ r l .  W e  induce 



an r-colouring x of the a f f ine  t-spaces of V a s  follows. ~ e t  A 

be an a f f ine  t-space i n  V ' ,  then '  f o r  some unique vector t-space 

- - 
T and vector c i n  V , A = T + c . Then colour A with the 

1 ,  

same colour as x colours T . 

From Theorem 5.1, there  ex i s t s  an a f f ine  k-space B such 

(1) t h a t  a l l  of the a f f ine  t-spaces i n  B a r e  coloured red by x . 
Mow B = X + 5 where X i s  vector k-space i n  V and d a vector 

i n  V . I f  T i s  any vector t-space i n  x , then T + d i s  an a f f ine  

t-space i n  B and is  coloured red by X ( l )  . Then from the def ip i t ion  

0 

of X , T is  coloured red by x . Thus a l l  the vector t-spaces i n  

X a re  coloured red by x and Corollary 5 .2  i s  proved. 



CHAPTER 6 
-7 ,  

PARAMETER SYSTEMS AND THE RAMSEY THEOREMS 

Since Ramsey ' s Theorem (Theorem 1.31 appeared, there has been 

interest in finding generalizations,~applications and analogues. It is 

this interest which motivated the work of this chapter. In Chapter 5, 

we proved ~amsey's Theorem for spaces using the Hales-Jewett Theorem. 

We can yse the ideas in this proof to prove another analogue, ~amsey's . 

Theorem for parameter systems. Before we define parameter systems, we 

will give an informal description of the n-parameter sets of Graham- 

Rothschild [ 3  I. These n-parameter sets are generalized by parameter 

systems. In [ 3  I ,  R.L. Graham and B.L, Rothschild proved Ramsey's 

Theorem for n-parameter sets. Among the immediate corollaries of this 

theorem are Ramsey's Theorem for spaces for the special cases t = 0 

and 1 and Ramsey's Theorem itself. Other corollaries are listed in 

It will be seen that in general the affine subspaces of a 

vector space do not correspond to parameter subsets whereas affine 

subspaces are an example of a parameter system. The advantage, then, 

of parameter systems is that they include both n-par$eter sets and the 

affine spaces of a vector space.. 

n-parameter sets. Basically, just as an n-dimensional vector space, V 

n 
as a set consists of all q n-tuples of elements from a field F where 

t 

n I F /  = q, so an n-parameter set essentially consists of all t n-tuples 



', of elements of a s e t  A with  t-elements, A = tal l . .  . ,at}. Any a f f i n e  
. * 

l i n e ,  L (i.e., a 1-dimensional ad f ine  spacey of V i s  a set of  the 

- - 
form, L = y + If;, f € F) where x,y € V and x # 0 . L c o n s i s t s  

of q n-tuples which can b e ' w r i t t e n  i n  a column a s  

where f o r  each i , 1 5 i 5 n, ePther  x = x = 
li 2 i . qi7 1 o r  .e lse  

... = X 

x i . . . x  i s  a permutation of  t h e  elements fl. ..., f c o n s t i t u t i n g  
9i 9 

* 
'\,3 F . The permutations obtainabse i n  t h i s  way c o n s t i t u t e  a subse t  K of r 

a l l  t h e  q! p o s s i b l e  permutations of f l ,  ..., f . K w i l l  c o n s i s t  of  
9 

t h e  q-1 permutat ions of  t h e  form (crfi; a f F) f o r  each non-zero 

f i  i n >  F . For example, i f  ( F I  = 5 then K = ~(0 .1 .2 .3 .4 ) .  

I n  a s i m i l a r  way, then,  w e  de f ine  a 1-parameter subse t  of  .. 
( t h e  n-tuples of A )  a s  any set of  t n-tuples which can be  l i s t e d  



such t h a t  f o r  each i , 1 5 i 5 n , e i t h e r  a = a = 
li 2 i 

... = a E B C A, 
ti - 

o r e l s e  ali,...,a i s o n e o f a c e r t a i n s e t  K o f p e r m u t a t i o n s  of 
ti H 

al, . .  . , a  t 
( t h e  set of permutations considered is  defined by a 

permutation group H a c t i n g  on A .) 

The genera l  i d e a ' f o r  k-parameter subse t s  can be i l l u s t r a t e d  

by considering t h e  case  k = , 2  . For k 2 2 , only c e r t a i n  s p e c i a l  

k-dimensional a f  f i n e  subspaces correspond t o  k-parameter subsets .  1 f  ', 

B2 i s  any 2-dimensional a f f i n e  subspace of  V then 

- - - 
and z = (zlr . . . ,z  a r e  i n  V and y ,  z a r e  l i n e a r l y  independent. 

n 

Addition and s c a l a r  m u l t i p l i c a t i o n  a$e defined as usual .  We w i l l  

now examine a s p e c i f i c  example. This  w i l l  enable us t o  des r i b e  t h e  r s p e c i a l  a f f i n e  subspaces i n  which w e  a r e  i n t e r e s t e d .  Let  F = {0,1,21 

and n = 4 . Consider t h e  fol lowing 2-dimensional a f f i n e  subspaces 

-' i n  t h e  4-dimensional vec to r  space V . 

2 

We observe t h a t  i n  k 2 ( l )  , = (1,0,0,0)  , = (0.1.0.0) 

f o r  whereas i n  , we have 
i 

-f2)  - (2)  
Y = (01011,1) I 2 = (1,2,2,0)  and y 

3 (2)  z 3 (2)  + o . ~ u r t h e r ,  



and , w e  always. f i n d  , ' although we have s e v e r a l  choices f o r  y 

t h a t  f o r  a l l  choices t h e r e  is  a va lue  of i , 1 5 i 4 f a r  which 

Y: ( 2; # 0 . W e  a r e  i n t e r e s t e d  i n  af  f i n e  subspaces which have t h e  

proper ty  exh ib i t ed  by ~ ~ ( 1 )  ; i .e., af f i n e  subspaces - 

B 2  = {x + + 62 ; a.6 C F} and yizi = 0. 1 5 i 5 n .' I n  , subh cases ,  . .  
w e  can p a r t i t i o n ,  t h e  n coordinates  i n t o , t h r e e  d i s j o i n t  s e t s :  t h e  

coordinates i where z = 0 b u t  yi # 0 . those  where z f 0  but^ i i 

Y i 
= 0 and those  where Zi = yi = 0 . We w i l l  c a l l  t hese  sets, 

S1. S2 
and So respec t ive ly  and l e t  s1 = { i  l....,i n 1 , 

1 

then t h e r e  a r e  only q p o s s i b i l i t i e s  f o r  v , ) I q 
1 

i 
n 

' 1 

p o s s i b i l i t i e s  f o r  (v . . . Y ) and one p o s s i b i l i t y  f o r  (vk , . . . ,v  
j 1 n 1 

k 
n 

2 0 ,  

Hence B can be  formed p r e c i s e l y e b y  l i s t i n g  the  q values ' for  each of 2 

S1 and S2  and the  one value from SO q times and then s e l e c t i n g  one 

value from each of fhe  l i s t s  irr a l l  iq2 poss ib le  ways: 
8 



The p o s s i b l e  columns (yli , ..., y 1 ,  1 5 C 5 r i l  and ( z  I . . . , z  1 ,  
c q i 4  ?u l jm  sjm 

- r 

1 5  m 5 n 4 a r e  j u s t  the  same a s  t h e  se t  K o f  permutations i n  t h e  2 

1-dimensfonal case which was discussed previously.  

9 
Returning t o  our  example, 

B2 
= l I l I 1 l 1  + a ( l , o , o I O )  

+ B ( o , ~ , o , o z ;  a,B F F), we have So = {3.4ff S1 = { l }  and S = 12). 
2 

@r t h r e e  lists a re :  - a 

From this w e  can f i n d  t h e  32 elements of  B which a r e  
2 .' 

2-parameter s e t s  a r e  described i n  a i m i l a r  way. For a s e t  A 

-k 

and a subset  
.6 

KH 
of t h e  p e q t a t i o n s  of  .A , we form a 2-parameter 

subse t  A" a s  fol lows : F i r s t  p a r t i t i o n  t h e  set 1 . . . n i n t o  

*ree d i s j o i n t  subse t s  S ,S ,S wi th  S and S2 non-empty. Then 
0 1 2  1 

w r i t e  t h r e e  l i s ts  

(a,. . . ,b )  ( Y ~ - - . ~ Y ~ )  (w, . .  . I W ~ )  



a 

such t h a t  t h e  columns under 2 
S1 and S2 a r e  i n  . A l l  t elements 

of  the  2-parameter subse t  a r e  obtained by taking one row from each list.  

To ob ta in  k-parameter subse t s ,  we do the  same t h i n g L w i t h  

p a r t i t i o n s  i n t o  k + l  subsets  So,. , . , Sk . For k 2 2, w e  have seen ' that  

these  correspond t o  s p e c i a l  a f f i n e  subspaces of an n-dimensional vector  

space over a f i e l d  F . 
Now we a r e  going t o  def ine  parameter  systems. These 

genera l ize  t h e  k-parameter sets o f  Graham-Rothschild which have just 

been described. A l l  t he  a f f i n e  subspaces of a vec to r  space a l s o  form 

a parameter system whereas only  c e r t a i n  s p e c i a l  a f f i n e  subspaces 

correspbnd t o  k-parameter s e t s .  

Let  A be a f i n i t e  s e t  and f = U f i ,  where f i s  a 
i 

i=l 
i 

family of funct ions  f ': A + A . I f  A i s  a f i n i t e  f i e l d ,  then  f: 

i s  t h e  family of  a f f i n e  l i n e a r  funct ions  f such t h a t  

i 
f (x l , . . . , x . )  = c + C a . x  where c ,  a € A,  1 5 j 5 i . We f i x  

1 
j =1 I j j 

A and f throughout. A subse t  S C i s  c a l l e d  a t -space i f  t h e r e  

e x i s t s  J = jl, . . . , jt} c [nl and f o r  i 1 J , func t ions  f i  C c  f t  

s o  t h a t  

To see  c l e a r l y  what S looks l i k e  w e  w i l l  examine t h e  two 

2-dimensional a•’ f i n e  subspaces B2 and B2 ( 2 )  a l ready described.  



and F = {0,1,2).  

2 2 
For B2(l??J = {1,2], f = 1 + 1 Oxj, f 4  = 1 + Ox and 

' J 
3 

j=1 j =l j 

'a 

For B2 (2)  , J = {3,4), f  (X , X  ) = 1 + Z X  + xqI  f2(x3,x4)  
1 3 4  3 

W e  c a l l  J a b a s i s  f o r  S . J i s  no t  unique with r e s p e c t  

t o  S . I n  t h e  above example, J = {2,3) i s  a l s o  a b a s i s  f o r  B2 
(2) 

w i t h  x = f  ( X  X )  = 2 + 2 x  and x = f  ( x , x )  = 1 + 2 x 2 + k 3 .  
1 1 2' 3 2 4 4 2 3  

However, i f  J and J2 a r e  both bases f o r  S then I J~ 1 = 1 ~ ~ 1  = t 
1 

' a n d  w e  c a l l  t the  dimension of S and w r i t e  dim(S) = t . The s ing le ton  

subse t s  o f -  a r e  c a l l e d  0-spaces. 



+ C In] ,  we def ine  For any d i s t i n c t  j l , e .o  '7 
t 

A s  o rde r  w i l l  be unimportant, w e  w r i t e  P~ f o r '  p 
j l j 2 . - - j  t ' 

n 
J = ( j . , j  . We c a l l  p  : A + A~ a p ro jec t ion  i f  p  =%PJ f o r  

some J . If S C A ~ ,  we wr i t e  
PJ 

: S + A  I J I  f o r  the  r e s t r i c t i o n  

We say t h a t  (A,F) i s  Ramsey i f  f o r  a l l  t 2 - 0 ,  r ,  k  the re  

e x i s t s  n  = n ( t , r , k )  wi th  t h e  following property.  I f  V i s  an &space 

and t h e  t-spaces of V a r e  r-coloured the re  e x i s t s  a  k-space W a l l  , 

of  whose t-spaces a r e  t h e  same colour. 

'we c a l l  ( ~ , f )  a  parameter system i f  it s a t i s f i e s  4 . t h e  

following s i x  axioms. - 

(A;) Constants: For a l l  * a  C A and f o r  a l l  m . t h e  constant  

I 
funct ion f  (xl, . .  . ,x  ) = a  i s  i n  F . (A  genera l i za t ion  (A1) is m m 

given a t  the  end of t h e  chapter.) 

(AZ) I d e n t i t y :  F1 conta ins  the  i d e n t i t y  funct ion f ( x )  = x . 
(Ag) Extension: I f  f C F u  and p  : An + AU i s  a  p ro jec t ion  then 

. 

k 
f  = f p C  F n .  (E.g., I f  f E FZ then f ' C  F3 where f 4 ( x , y , z )  = 

f ( x , z )  . I  



C 

(A*) composition: I f  f . . . , f C FU , f C F then f ' C Fu wheqe 
S S 

( A )  Bgsis: I f  S C A ~ ,  dim(S1 = t ,  J c  In] and PJ S + A  I J I  is 
' 5 -  . > 

bi jec t ive  th& J i s  a basis  for S . 
(A ) Projection: I f  S C A" i s  a subspace and J C [nl then pJ(S) 

6 

I J I  i s  a subspace of A .  . 

Theorem 6.1. Parameter systems are Ramsey. 

Of course axioms (A1) - ( A  ) have been chosen so tha t  
6 

Theorem 6.1 w i l l  hold. Before proving Theorem 6.1, we w i l l  derive . 
\ '  

some elementary, corol lar ies  of ( A ~ )  - ( A ~ )  . Let S be a t-space 

in  and I c 11-11. We say tha t  ,I is  a spanning s e t  for  S i f  1 

the 'projection pI : - S -+ A l l  is inject ive and tha t  I is  independent 

( fo r  S) i f  the projection p : S + AI1 I is s&jective. From (A5) , 
I 

I is a basis  i f f  it i s  independent and a spanning se t .  

(A7) I f  1 i s  a spanning s e t  for  S there ex i s t s  a basis  J c I . 
'7 

Proof. By (A6) , pI (s)  is. a subspace of AI1 I .  Since I i s  a 

spanning se t ,  then p : s -+ i s  ,.injective projection and pI (s) I 

t 
must be a t-space. Then there i s  a bi ject ive projection p : pI (S )  + A . 

a/- 

From this it foklows tha t  pp : S + A i s  b i jec t ive  and - 
PPI - P j  1 .  

for some J C I . By ( A 5 ) ,  J i s  a basis  for  S . 
(A8) I f  I i s  independent for  S , there ex i s t s  a basis  J - 2 I . 

r 



Proof. Let J be a maximal independent s e t ,  J - 3 I . By t h i s  we 

man tha t  cJ : S + AI J I  i s  surject ive whereas fo r  any u , u # J and 

: S + A  IJ"' i s  not surjective..If pJ 

i s  not b i jec t ive  then it i s  not i n j e c w  and we can f ind x, y F S 
', 

with p . (x )  = p. (y)  for j C J but p u b )  # P,(Y) for  sohe u 1 J 
J 7 

I I elements. 

be a l l  of A 

then p J , :  S + A  I J I has an image with more than 

From (A ) ,  the image p ( S ) ,  i s  a space, thus it 
6 J * 

I J I + ~ ,  contradicting the maximality of J . Thus 

b i jec t ive  and J i s  a basis f o r  S . 
a- 

a basis  for  S , the map pI i s  a bijection such 

tha t  it and i t s  inverse preserve subspaces and t h e i r  dimensions. 

Proof. 
pI 

i s  b i jec t ive  by defini t ion and sends spaces in to  spaces 

by ( A ~ )  . ~f u , i s  a subspace of A 'I' w e  may by ( A ~ ) ,  express 

-1 

3 

(u) as a subspace of S . In  both cases dimension i s  preserved 

as  cardinality is.  -- 
a 

(Ag)  says, essent ial ly ,  t ha t  a l l  n-spaces (A,  F )  fixed are isomorphic. 

We have established tha t  n-parameter systems have properties 

which para l le l  those of the aff ine subspaces of a vector space. 

To prove Theorem 6.1, we follow tha t  same l ines as tha t  of 

Theorem 5.1. Suppose d i m ( B )  = u+l and p ; B + i s  a surject ive 



U 
projection.  Let T C B,  dim(TI = t. Then p : T +- A is  e i t h e r  

b i j e c t i v e  o r  it is  not. I f  it is ,  w e  c a l l  T transverse ( r e l a t i ve  

t o  p) and T has a bas i s  I C -  [ul. I f  it i s  not. we c a l l  T 

v e r t i c a l  ( r e l a t i v e  t o  p ) .  I n  the  l a t t e r  case, a s  p ( ~ )  i s  a space and 

-1' 
the inverse image of x C under P I  ( i . e . ,  p ( x ) )  has a t  most I A (  

points  (since p-'(x) C B and d i m ( B )  = u+l) then p ( ~ )  must be 

(t-1) -space I P /  i s  an ( A I  -to-1 function and T = p ( T .  NOW 

l e t  x be a colouring of t he  t-spaces of B . W e  c a l l  B spec ia l  - 

( r e l a t i v e  t o  x I  p) i f  wherever T1 ' T2 C B , both transverse t-spaces 

with p(T1) = p(T2) then x(T1) = X ( T 2 ) .  

Lemma 6.1. L e t  t , u , r  be non-negative in tegers  and (A. F) 

a parameter system. Then there  e x i s t s  a number m = ~ ( t , u . r )  (dependent 

on (A.  F) of course) such t h a t  f o r  any r-colouring X of the t-spaces of 

there  e x i s t s  a (u+l)  -space B spec ia l  r e l a t i ve  t o  X and the 

u+m 
project ion p : A + onto the  first u coordinates. 

Proof. Let v be t he  number of t-spaces i n  a u-space. We pgove 

u u+m 
f l ,  ... C F . We define ( ~ , f ~ ,  ..., f . m ) c A by 

m 

Let J be a bas i s  f o r  T . then T = ~ i x l 1 . . . ~ x  u 1; 

= 6(x ,... .X ) .  k 1 J} where f k- f Ft . I t  follows fro? ( A ~ )  
j  j m 



t h a t  there  are  functions f . C Ft such t h a t  (T, f l. . , fm) = 
1 

I (xl,.. . ,xurxu+ll. . .  I X  1; x. = f i (x  x .  1 ,  i C J and thus J u+m 1 . j 1 Jt 

is  a l so  a ba s i s  f o r  (T,f l,..., mr 
so  it is a transverse t-space i n  

Au+m . Conversely, l e t  T be a transverse t-space i n  . From 
u - 

the  de f in i t i on  of a transverse t-space, the  project ion p : T + 

is b i j ec t i ve  and thus it follows from the def in i t ion  of a spanning s e t  

t h a t  [u] i s  a spanning s e t  f o r  T ' . Then by ( A ~ )  , T ' has a bas i s  

- - 
J c [u] . Let x € T ' , x = (xl,. . . ,xU,ylr.. . ,y 1 . Since T ' has a m 

bas i s  J c [u] , a l l  y may be en a s  functions fi of the  bas i s  
i 

variables ,  i .e . ,  yi = f i ( x .  ,x 1.  BY (A3) I we can extend f i  

I j t  

general ,  T" w i l l  not have a unique expression i n  t h i s  form. 1 
, . 

Now, the c r i t i c a l  s t ep ,  w e  induce a colouring 

s e t t i n g  x* ( f l ,  ..., f ) = x*Cf;, . . . f ) i f f  f o r  a l l  T t AU , . m m 

1 ' 

 dim(^) = t, X (  ( T r f l  , -. . ,f,) = ( T f  . . . f m . To s e e  c lear ly  

what i s  happening i n  t h i s  induced colouring we w i l l  consider the  

following simple case. Let u = 3 ,  m = 2 ,  t = 0, I A ~  = 2 ,  r = 2. Then 



v , the  number of 

points  df and 

3 
Fgr a l l .  x F A , 

poin ts  i n  A' i s  8 , x is a 2-colouring of the  

2 
w e  use it t o  -colouring, X* of (F3) . 
x = (x  x x )  and f C F3, f ( x )  F A .  L e t  

1' 2 I  3 

3+2 
(xl , x2 , x3 , f 2  (x) , f 3  (x) ) C A . "en X* colours (f f 1 the same 

1' 2 

2 as  ( g3 I f 4 )  i n  (F3) i f f  x(xl x2 t X3 t f l  (x) r f 2 ( X I  ) = 

f (x) , f 4  (x) ) f o r  a l l  x i n  A3 . Since there  a r e  8 x(x1fx2fx3f 3 

3 
points i n  A and.  x is  a 2-colouring of A5 , then X* requires  

8 
a t  the  mst 2 colours. ( I n  general, we may consider ( f  . f a s  1' m 

u+m 
representing a l i f t i n g  from AU t o  A , inverse t o  the  projection p . 
Two l i f t i n g s  a r e  coloured the  same i f f  the  images of a r e  coloured 

iden t ica l ly  - ident i fying the  images under p .I  

From the  de f in i t i on  of m ( i .e . ,  the  Hales-Jewett Theorem) 

m 
there  is  a monochromatic "l ine" i n  (FU) . This l i n e  i s  of the  form:- 

6" 

where each column fli , i = I-, m i s  a constant o r  is  f l  f s = IFuI 
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where I FU I = I A  / 1 1 For convenience, we w i l l  renumber so t h a t  this 

monochromatic " l ine"  i n  (FUIm var ies  i n  the  f i r s t  r ( > O )  coordinates 

with constants f , r < i 5 m . That i s ,  f o r  a l l  T C A~ , dim(T) = 
i t b  

\ 

is  independent of f f F . Now s e t  
U 

a 

B i s  the desired space. Its bas i s  i s  the f i r s t  u+l coordinates. 

C 1 
Let T be a transverse t-space of B , with p(T ) = T .. Then we 

i J P 
mY express T = (T,g l,...,g ) f o r  some m g i 

€ F . Since T c B , 
U 

4 
I 

we can also express T.' = (~,g, , . ,g , f r+l , . . . , fm) SO x (T  depends 
- 

- 

only on T . 
From t h i s  point  on the proof of Theorem 6.1 follows 

p rac t i ca l ly  word f o r  word (changing F t o  A) t h a t  of Theorem 5.1. . 

n (We note t h a t  i n  Corollary 3.1 the s e t  I/J-~(I,) is  a k-space i n  A . 

- - - Zn- case (ii ) , the l i f t i n g  of W t o  W is accomplished by se t t i ng  1 

W = ( W  ,f) f o r  a rb i t r a ry  f.) We omit the de t a i l s .  1 

The following r e s u l t  given i n  [ 3  I ,  somewhat strengthens 

Theorem 6.1. t $I # c c A and replace (A$ by 



i 
( A ~ )  Constants: The constant function f (xl,. . . ,x ) = c is i n  

m 

We ca l l  -. (A,  f ,c )  satisfying (A; ,A2-AS) a parameter 
1 

n 
system with restr icted coefficients. The 0-spaces of A are the 

a 
n -  

Theorem cn 6.2.. Parameter systems with restr icted coefficients 

- 
* are Ramsey. 

" - 
Outline of Proof. Let an element 0 C C be specified. In An , We 

4 = 

* \  
\ 

ca l l  spaces in  ( A ,  f) "spaces" and spaces i n  (A,F,c)  "restricted 

spaces. I f  S ' i s  a t-gpace we define Rest(S) , the res%riction of S -- 
t 

v .  
,t& be that restr icted t-space given by changing a l l  coordinates which 

are equal to  a 1 C to the.  constant 0 . Now we assume that  t 2 0, 
fi 

r, k ,  n sa t is fy  the RamSey property for  (A,  F) and consider. an 

r-colouring of the restr icted t-spaces of An . "We induce a colourinb 

of ill t-spaces, giving S the colour of ' Rest(S) : By Theorem 6.1, 

there exists  a k-space W a l l  of whose t-spaces have the same induced 

' colour. w1 = Rest(W) i s  a restr icted ,k-space a l l  of whose restricted 

t-spacgs have the same colour, 

4% s .  
.When A is  a f i n i t e  f ie ld ,  F the 'set of a l l  l inear functions 

(without constant tern) and c =  heorem o or em 6.2 gives Ramsey's  heo or em' 

for  vector spaces. 9- 
9 

Theorem 6 . 3 .  n-parameter se ts  are Ramsey. 

Proof. This follows automatically from Theorem 6.2 since an n-paiameter 
a3 

* # 

se t  i s  parameter system, (A) F) where F = U Fi where F is. a - 
.q i 

i =l 
i f-1; of constant fhctionsLT : A + A , i .e. ,  f ' C  Fit f b l , = - . , x . )  - . ' 

1 '- 
" .' 

= e~ A. Appendix C lists several corollaries of Theorem 6.3. 
I * 

s 3 
j 

B 
7 .  



~ a v i n g  produced two examples of param-r systems, it is 
'-7 

natura l  t o  wonde? i f  there  are  any more., T h i s  may pzove a f r u i t f u l  

area of research f o r  fu r the r  analogues of Ramsey's Theorem although 

it should be noted t h a t  aqioms (A -A 1 require  {A, F) t o  have qu i t e  1 6  

a l o t  of s t ruc ture .  



Appendix A 

I n  W i s  appendix, we take  a c lose r  look a t  t h e  p a r a l l e l  

I? 
combinatorial l i n e s  LO1,L1 ,... ,L i n '  F~ ~ e t  I F /  = q , t h e  a 

u 

cornbinatorial l i n e ,  i n  F~ c o n s i s t s  of q m-hples and w i l l  be of t h e  

where ai,bi . . . ' a r e  f ixed  elements i n  F and x j = 1, q runs 
j 

through the  elements of F . 
L ~ '  

has n (1 5 n 5 m) "moving" columns 

and (m-n) "constant" columns, A s  shown above, t h e  "moving" columns a l l  . 

move i n  unison. through the  elements of F . 
I f  i s  p a r a l l e l '  t o  

Li 
' , +en has t h e  same n 

"moving" columns a s  
Li 

and has ( m n )  "constant" ~ o l u m n s ,  a t  

l e a s t  one of which w i l l  d i f f e r  from t h e  corresponding "constant" column 

. of L ~ I  . For example, suppose 
Li 

i s  given a s  above, then:- 
- 



Suppose f u r t h e r  t h a t  t h e  "a" and "b" columns a r e  tl+e only constant  

columns i n  $' and L ' , then e i t h e r  ai # ak o r  bk f bi (or b o t h ) .  i 
%, 



- - Appendix B ' 

? 

Let  F = z = {0,1,2}, u = 1, m = 2. -t L ~ '  = {(x .  
3 

and L1 = ( ( y  , 2) ; y C F) . Figure B. 1 i l l u s t r a t e s  these.  l i n e s .  

r: 

Figure  B . 1  

9 s - . ' 
1 - - 

F~ = F = {0,1,2) and so  e 0 = (0) and el = (1). Then we * 

LOt  and L ~ '  a r e  l i n e s  i n  2-dimensional space whereas Lo and L1 a r e  

l i n e s  i n  3-dimensional space. Figure B.2 shows,the l i n e s  L and L i n  
0 1 

3 -. 
F3 . It  can be  seen t h a t  L and L1 a r e  v e r t i c a l  l i n e s  i n  F . 

0 

Figure B.2 



TO ob ta in  B,  the  2-space generated by 
Lo and L1 We 

f i n d  L, . t h e  l i n e  through the o r i g i n  o f  &ich LO and ,L1 a r e  

t r a n s l a t e s .  and 

Next we choose any two vectors  

say  ( 0 , 0 , 1 )  and (1,0,2)  and use them t o  generate t h e  1-space 
3 

B = V + ( O . O , l )  where V2 = {(0.0,0) .  (0.1,0),  (0.2,O). /1.0,1) .  2 

(1,1,1), (1 ,2 ,1 ) ,  ( 2 , 0 , 2 ) ,  ( 2 , 1 , 2 ) ,  (2,2,21),  a 2-dimensional vector  

space. Figure B.3  i l l u s t r a t e s  B. We observe t h a t  i n  the  Figurer  B 

appears t o  be 3-dimensional; however by d e f i n i t i o n  dim(B) = dim(V ) = 2, 
. . 2 

0 I 2 

Figure B .3  



B consists of tEe l h e s  Lo' La and 2 -  
We observe tha t  

L ~ ,  i = 0.2 are ve r t i ca l  spaces of B and tha t  any transverse 1-space 

T i n  B wouTd contain a vector from ,each Li , i = 0,2, Since T i s  

a 1-space, i .e. ,  a 1-dimensional aff ine space it  i s  generated by two 

vectors. I n  fac t ,  T can be generated by any two of 'the t h r q  vectors 

1 
of T ; Thus, i t  follows tha t  T i s  generated by {Fi}O, , Fi € Li . 



Appendix c 

Coro l l a r i e s  of Theorem 6.3. 
% 

Coro'llary 6.1. Given i n t e g e r s  8 and r , t h e r e  e x i s t s  an 

i n t e g e r  N(8,r) such t h a t  i f  A i s  a f i n i t e  set wi th  I A I  2 N(8,r) and 

the  subse t s  of A a r e  r-coloured, then t h e r e  e x i s t  8 d i s j o i n t  non- 

r 
empty subsets  A1t - I  At of A such t h a t  a l l  2 4 -1 unions 

U A,,  4 # J C C1,2, . . . ,C)  have one colour . - 
j CJ J 

e x i s t s  an 

i n t e g e r s  

such t h a t  

Corollary 6.2. Given p o s i t i v e  i n t e g e r s  8 and r , t he re  

in tege r  ~ ( 8 , r )  such t h a t  i f  n 2 ~ ( 8 , r )  and the  p o s i t i v e  

5 n a r e  r-ooloured then the re  e x i s t  8 i n t e g e r s  al  , .. . ,a8 
e 

a l l  t he  sums {Z & . a  - E .= 0 o r  1, n o t  a l l  E = 01 have 
1 

1 i' i i 

one colour.  

Corollary 6 . 3 .  Given i n t e g e r s  8 , r ,  t h e r e  e x i s t s  an i n t e g e r  

~ ( 8 , r )  such t h a t  i f  G i s  any group with / G I  1 N(8,r)  and i f  t h e  

elements of G a r e  r-coloured, then the re  e x i s t  8 elements 

al,...,a8 i n  G such t h a t  a l l  t h e  products  a i . a  have one i 
j 

colour  f o r  a l l  j 2 1 and a l l  choices of d i s t i n c t  il,...,i i n  
j 

Corol lary  6.4. Let  1 = L.(xl ,  ...,x ) , 1 5 i 5 h , be a system 
1 m 

o f  homogeneous l i n e a r  equat ions  with r e a l  c o e f f i c i e n t s  with t h e  proper ty  / 

t h a t  f o r  each j , 1 5 j 5 m t h e r e  e x i s t s  a s o l u t i o n  ,.. . ,E 1 t{ m 
/ 

t h e  system with E = 0 o r  1 and & = 1. Then given an int#ger 
i j 



r t h e r e  e x i s t s  an i n t e g e r  ~ C r l  such t h a t  i f  n 2 N ( r )  and t h e  

p o s i t i v e  i n t e g e r s  < n a r e  r-coloured, then L -can b e  sa lved  with 

i n t e g e r s  having one colour  , 

~ e t  Cn = {(x .X l ;  x = 0 o r  11 be the s e t o f  2" 
n i 

v e r t i c e s  of a u n i t  n-cube i n  R~ . Let us  c a l l  a subse t  Q C C a k - n 

k 
k-subspace o f  Cn i f  lQkl = 2 and Q is contained i n  some 

k-dimensional eucl idean subspace of  R~ . 
Coro l l a ry  6.5. Given i n t e g e r s  k , 8 , r ,  t h e r e  e x i s t s  an 

i n t e g e r  N(k,d,r)  such t h a t  i f  n l N (k,$,r) and t h e  k-subspaces r 

of Cn a re  r-coloured,  then t h e r e  e x i s t s  an 8-subspace of 'n a l l  

of whose k-subspaces have one colour.  

van d e r  Waerden's Theorem (Theorem 1,1), and ~ a m s e y ' s  

Theorem (Theorem 1.3) can a l s o  be  proved a s  c o r o l l a r i e s  of Theorem 6.3. 
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