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.:. ABSTRACT 

A group r of  homeomorphisms of  a  topo log ica l  space X i s  s a i d  

t o  a c t  d i scon t inuous ly  on X [or t o  be a discontinuous group of X) 
8 

i f  f o r  any two p o i n t s  x and y of X t h e r e  a r e  neighbourhoods Vx o f  x 

and V o f  y such t h a t  t h e r e  a r e  only f i n i t e l y  many elements Y of 
Y 

In Chapter 1 we d i scuss  discontinuous groups I- i n  genera l  
-Ta 

and l a t e r  r e s t r i c t  our  a t t e n t i o n  to--d$scontinuous groups a c t i n g  

on a s u r f a c e  S. The l o c a l  ac t ion of T' on S i s  c l o s e l y  r e l a t e d  t o  
-. 

P 

.?' 
groups o f  i somet r i es  of  t h e  u n i t  d i s c .  Among t h e  most important ,- 

o f  t h e  many examples of discontinuous groups are (a) f i n i t e  homeo- 

morphism groups ( b)  discontinuous groups of MBbius t ransformat  ions  

(c)  t r a n s l a t i o n s ,  r e f l e c t e d  t r a n s l a t i o n s ,  con t rac t ions  and r e f l e c t e d  

con t rac t ions  of t h e  euclidean plane.  

In Chapter 2 we show t h a t  f o r  any discontinuous group r of a  

s u r f a c e  S t h e r e  is a r - invar ian t  t r i a n g u l a t i o n  o f  S. For t h i s ' c o n -  

. s t r u c t i o n  knowledge of t h e  l o c a l  a c t i o n  of t h e  group is of b a s i c  

importance . 
In Chapter 3 we intI'oduce. 

isomorphism between polyhedra, 

of  cyc les  and 

a topo log ica l  

i n v e s t i g a t i n g  
\- 

path  o r  cyc le  

t h e  no t ions  of a b s t r a c t  po edron, =k 
boundaries,  one and two- ~ i d e d n e s s  

a s  a combinatorial  d e s c r i p t i o n  of  ! --,\ 7 
'-, ) 
'd 

polyhedron introduced i n  Chapter 1 and a s  a means of 
,- 

discontinuous.~groups.  ' I t  i s  shown t h a t  a two-sided 

pa<t it ions  a polyhedron i n t o  two p a r t s .  One-sidedness 

o f  pa ths  i n  p l a n a r  polyhedra can be  charac te r i zed  i n  terms o f  sepa- 



r a t i o n  by a cyc le .  Moreover, it is shown t h a t  isomorphisms p rese rve  

boundaries and t h e  s e p a r a t i o n  p r o p e r t i e s  of cycles  and, pa ths .  

In Chapter 4 t h e  concepts developed i n  Chapter 3 a r e  app l i ed  t o  

i n v e s t i g a t e  groups r o f  automorphisms of polyhedra. In  t h e  f i r s t  

s e c t i o n  we i n v e s t i g a t e  t h e  s e t  o f  f ixed  v e r t i c e s  and edges o f  I ? ,  

e s p e c i a l l y  if t h e  polyhedron i s  p lana r .  The second d e a l s  wi th  t h e  

twotypes of automorphismsof ' i n f i n i t e  order  of a  p lana r  ~ o l y h e d r o n ,  

ye t  t h e  methods used a l s o  apply t o  o r i e n t a t i o n  preserving automor- 

phisms o f  f i n i t e  o r d e r .  If a i s p f  type  1, then t h e r e  i s  an a - invar -  

i a n t ,  pa i rwise  d i s j o i n t  ~ o l l e c t i o n  { c .  I i E Z 1 of & - i n v a r i a n t  ( B = a  o r  
1 

2 =a ) 2 - i n f i n i t e  and 'two-sided pa ths  p a r t i t i o n i n g  ;he polyhedron. 

I f  a i s  of t y p e  2, then  t h e r e  i s  a d i s j o i n t  and % i n v a r i a n t  c o l l e c t i o n  

(c. I i E Z )  of  "concentr ic" cyc les  on which a a c t s  t r a n s i t i v e l y .  
1 . , 

Thus, i f  a i s  of  type  1, i t  can appropr ia t e ly  be  descr ibed as a 

t r a n s l a t i o n  o r  r e f l e c t e d  t r a n s l a t i o n  and i f  it i s  of  type  2, a s  a  
\ '  , 

con t rac t ion  o r  r e f l e c t e d  con t rac t ion .  The f i n i t e  &der o r i e n t a t i o n  . 
preserving automorphisms can be  a p p r o p r i a t e l y  Piamed r o t a t i o n s  (see  

f 

Theorems 4.1.14 and 4.2.20).  In  t h e  t h i r d  s e c t i o n  we s t a t e  some I 

known theorems about g r o u p s ' r  of automorphisms o f  s p e c i a l  p l a n a r  i n -  
. . 

f i n i t e  polyhedra f o r  which t h e r e  i s  a f i n i t e  s e t  of boundaries r e -  

present ing  each r - o r b i t .  

In Chapt.er 5 We-establish t h e  l i n k  between t h e  topo log ica l  - - $2 * 
and a l g e b r a i c  concepts  of  polyhedron and discontinuous groups and 

t h e  combinatorial  concept of polyhedron and automophism groups. 

There' i s  a 1-1 correspondence (up t o  topo log ica l  equivalence)-between 
B 

(iv) 



discontinuous homeomorphism groups a c t i n g  on s u r f a c e s  and groups of 
0 

automorphisms of  a b s t r a c t  polyhedra. This  al lows u s  t o  s tudy ( i n  Chap- 

t e r  4 )  a l g e b r a i c  'and o t h e r  p r o p e r t i e s  of d iscont inuous  groups.without 

r e f e r r i n g  t o  t h e  under ly ing topologica l  space.  In  f a c t ,  t h e s e  p r o p e r t i e s  

only depend on t h e  cornbinatorial p r o p e r t i e s  of- t h e  su r face .  We f i n a l l y  

t o p o l o g i c a l l y  - c h a r a c t e r i z e  ( t h a t  i s ,  g ive  a p i c t u r e  o f )  o r i e n t a t i o n  
i 

preserving elements o f  f i n i t e  o r d e r  and elements of i n f i n i t e  o r d e r  i n  

discontinuous homeornorphisn groups of p lana r  s u r f a c e s  by showing t h a t  

they a r e  t o p o l o g i c a l l y  equivalent  t o  c e r t a i n  types  of elementary map- 

pings of t h e  sphere o r  eucl idean plane.  We a l s o  c h a r a c t e r i z e  d iscon-  

t inuous homeomorphism groups I' of  t h e  euclihean p lane  with compact 

fundamental domain(that  is ;  f o r  which t h e r e  i s  a compact s e t  whose 

r- images, cover. t h e  p lane)  , by showing t h a t  they a r e  - t o p o l o g i c a l l y  

equivalent  t o  groups o f  i somet r i e s  of  t h e  euclidean o r  non-euclidean 

plane.  



' . 

To,my uncle Johann 
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CHAPTER 1 . DI SCONT>I@OUS HOMEOMORPHISM GROUPS 

i 

1 
A family (A. li E I) of subse t s  of. a  topological  space 

f i n i t e  if every point  of X has  a  neighbourhood which meets Ai f o r  only  

f i n i t e l y  many i e I .  Based on t h i s  concept it i s  n a t u r a l  t o  de f ine  

"discontinuity" of  t h e  a c t i o n  o f  a  group on t h e  space . - X. A group r 

a c t i n g  on X i s  s a i d  t o  a c t  d iscont inubusly  on X i f  any two p o i n t s  

x and y  of  X have neighbourhoods V and V such t h a t  y(Vx) and V a r e  
X. Y Y 

d i s j o i n t  except f o r  f i n i t e l y  many y E r. This concept of d i s c o n t i n u i t y  

general izes- . the concept of  f i n i t e  groups l? and t h e  concept of discon- 

t n u i t y  f o r  Moebius t ransformat ions  (see Sect ion 3, Example 1.3.4)  P, 
which has  been s tud ied  'extensive19 (see C111, C171, C241, e t c .  ) . 

Sect ion 1 of t h i s  chapter  con ta ins  an o v e r a l l  intro'duction t o  t h i s  
1 ' -  

t h e s i s  and i n  Section 2 wekg5ve some of t h e  b a s i c  d e f i n i t i o n s  used 

throughout Chapter 1 and 2. I n  S e c t i o n . 3  we g i v e  some examples of 
8 

discontinuous groups, mostly r e s t r i c t e d  t o  d iscont inuous  homeomorphism 

groups a c t i n g  on su r faces .  In Sect ion 4 we i n v e s t i g a t e  t h e  b a s i c  

p r o p e r t i e s  of l o c a l  f i n i t e n e s s  and of X-graphs f r e q u e n t l y  u s e v n  

l a t e r  s e c t i o n s .  

In Sect ion 5 we s tudy genera l  p r o p e r t i e s  of  d iscont inuous  groups 

on a r b i t r a r y  spaces. Any group I' a c t i n g  on t h e  topological  space X 

may b e  assigned a  topology express ing t h e  f a c t  t h a t  wi th  " l i t t l e  . r- 

modificat ion" of y E I' t h e  valuek of y w i l l  be d i sp laced  only  a " l i t t l e  

b i t " .  We show t h a t  wi th  t h e  topology u s u a l l y  considered any discon- 

t inuous homeomorphism group a c t i n g  on a  l o c a l l y  compact ~ a u s d o r f f  space 



has t h e  d i s c r e t e  topology [see meorem 1.5.1). This f a c t  i s  very 

usefu l  when working with groups which parameterized, f o r  example, 

groups' of ~ o e i i u s  transformations.  In Proposit ion 1.5.2 we show t h a t  

a 'd iscont inuous group I' of isometries of a metric space X i s  character-  

ized by t h e  proper ty  t h a t  f o r  any x E X t h e  family ({y(x)) 1 y E I') i s  
- 

l oca l l y  f i n i t e .  This shows t h a t  groups of i sometr ies  of the-- euclidean 

plane o r  non-euclidean plane which a r e  discontinuous i n  t h e  usual way 

a r e  discontinuous i n  t h e  sense defined by us.  Another observation 

about discontinuous groups i s  t h a t  the  s i z e  of a group depends on 

t h e  size of t h e  space, t h a t  i s ,  t h e  s i z e  of t h e  smal les t  cover by ' 

compact s e f s .  Thus i n  p a r t i c u l a r  every discontinuous group r of a 

compact space i s  f i n i t e  and i f  t h e  space has-a countable cover by 
\ 

\ 
bounded s e t s ,  r i s  countable. Another n ice  propSrXy of  d i  $ con t inu i t y  

i s  i t s  topological  invariance and t he  f a c t  t h a t  any r e s t r i c t i o n  of 

t h e  group t o  invar ian t  subspaces i s  again discontinuous.  Moreover, . 

subgroups of discontinuous groups a r e  discontinuous. 

In Section 6 we f i n a l l y  d i scuss  t h e  local  a c t i on  of discontinuous 

groups of surfaces .  Here t h e  most important observation is Theorem 

1.6 .3  which says t h a t  given any discontinuous homeomorphism group r 

ac t ing  on t h e  sur face  S and any X E S ,  x has a neighbourhood base con- 
\ 

2 
s i s t i n g  of d i s c s  (homeomdihic images of t h e  u n i t  d i s c  i n  R ) with t h e  

proper ty  t h a t  y(V) and V a r e  d i s j o i n t  f o r  a l l  y i n  I' which a r e  not 

i n  t h e  s t a b i l i z e r  of V. Thus t o  understand t h e  l oca l  ac t ion  we have t o  

consider f i n i t e  homeomorphism groups ac t ing  on d i s c s  and we know these  

groups very  well  (see Theorem 1.6 .4) .  

% 



51. INTRODUCTION 

# This t h e s i s  was motivated on t h e  one hand by t h e  problem (posed 
t 

t o  me by D r .  W. Imrich) o f  desc r ib ing  homeomorphism groups of i n f i n i t e  

order  o f  t h e  eucl idean p lane  E which induce automorphisms o f  i n f i n i t e  

order  on a p lane  graph whose ve r t ex - se t  and edge-set  a r e  l o c a l l y  

f i n i t e  i n  E .  On t h e  o t h e r  hand, it was motivated by a paper [3] of  

Babai, Imrich and ~ o v & z  on f i n i t e  homeomorphism groups of  t h e  2-sphere; 

i n  connection with some i n v e s t i g a t i o n s  o f  automorphisms of  a f i n i t e  

p lanar  graph. I t  i s  wel l  known t h a t  any f i n i t e  3-connected p lana r  

graph G c%,n b e  embedded i n t o  t h e  2-sphere S' i n  such a way t h a t  a l l  
, . 

autornorphikms of G a r e  induced by congruences of s2 (see  [3 ,  p. 62, 
P 

Corollary]) .  Thus t h e  f i n i t e  groups of  congruences. of  s2 (which ark  ~, , A .  

well  understood) a r e  used t o  f 'v isual ize"  t h e  a c t i o n  of automorphism 
t 

groups of  f i n i t e  planad,  3-connected graphs. Vice v e r s a ,  given any 
P i 

,l 

f i n i t e  homeomorphism group I" o f  s L ,  t h e r e  i s  a 3-connected f i n i t e  

2 
graph erndedded i n  S which is  i n v a r i a n t  under t h e  a c t i o n  of  I' ( see  C3, 

Corol lary ,  p. 671). This  f a c t  i s  used i n  C31 t o  prove t h a t  r i s  

2 
t opo log ica l ly  equivalent  t o  a group of  congruences of S . The 

cons t ruc t ion  of t h e  above mentioned graph C3, p .  671 i s  p o s s i b l e  

by t h e  fol lowing p roper ty  of r: For m y  two p o i n t s  x and y of S = S 
2 

t h e r e  a r e  "small" neighbourhoods V and V such t h a t  y(Vx) and V 
X Y Y 

meet f o r  only  f i n i t e l y  many y e r .  Let t h i s  proper ty  d e f i n e  t h e  

d i s c o n t i n u i t y  of  a group o f  b i j e c t i o n s  of  a topo log ica l  space.  

Discont inui ty  thus  seems t o  b e  an important not ion  f o r  t h e  fol lowing 



4. 

reasons.  F i r s t l y ,  it i s  o f  pure ly  topo log ica l  n a t u r e ;  secondly, it 

genera l i zes  t h e  we l l  known and thoroughly i n v e s t i g a t e d  no t ion  of 

d i s c o n t i n u i t y  (as  def ined by Ford E l l ] )  f o r  Moebius t ransformat ions ,  

as 'shown i n  Example 1.3.4; t h i r d l y ,  t h e r e  i s  t o p o l o g i c a l l y  no d i s t i n c -  

t i o n  between q e r t a i n  d iscont inuous  groups of  Moebius t ransformat ions  

and d iscont inubus  homeoniorphism groups o f  t h e  eucl idean p lane  (see 

Theorem 5.4.1) and t h e s e  groups t h e r e f o r e  a r e  isomorphic and can 

e x p l i c i t l y  b e  descr ibed i n  terms of genera to r s  and r e l a t i o n s  (see  

Theorem 4.3.5). 

We s h a l l  r e s t r i c t  our  a t t e n t i o n  almost exc lus ive ly  t o  discon- 

t inuous homeomorphism groups r of  p lana r  su r faces  S. V?e t r y  t o  

"visual ize"  t h e  a c t i o n  of 

( I )  elements of  I' of i n f i n i t e  o rde r  (see  Theorem 5.3.  I ) ,  

(2 )  o r i e n t a t i o n  preserving elements of I' of  f i n i t e  o r d e r  

(see  Theorem 5.3.1) and 

(3)  I', if a c t s  on t h e  euclidean p lane  E and has  compact 

fundamental domain, t h a t  is ,  t h e r e  i s . a  bounded s e t ,  a l l  

of  whose images cover E. (See Theorem 5.4.1) 

T h e h o s t  important s t e p  towards t h i s  goal i s  t h e  ~ r i a n g u l ~ t i " ~ . ~ ~  

Theorem: - If r i s  a d iscont inuous  homeomorphism group a c t i n g  on a . 

s u r f a c e  S then t h e r e  i s  a t r i a n g u l a t i o n  o f  S, c a l l e d  a 3-polyhedron, 

which i s  i n v a r i a n t  under r. 

This  makes it p o s s i b l e  t o  d i s c a r d  any topology from t h e  study 

of  d iscont inuous  groups and i n s t e a d  dea l  with automorphism groups 

of a b s t r a c t  polyhedra. 



\ .  
We s h a l l  use  h e r e  t h e  terminology of topology commonly used i n  any 

s tandard  t e x t ,  f o r  example, by Willard C271. However we s h a l l  g ive  a 

few def inTt ions  which w i l l  be  used f requen t ly  throughout and a r e  not  i n  

common usage. 

A topoZogicaZ space s h a l l  be denoted by (X,T), where X i s  t h e  

underlying s e t  and T i s  t h e  topology. The n o t a t i o n  f o r  a  metric space 

w i l l  be  (X,d), where .X i s  t h e  underlying s e t  and d  i s  t h e  me t r i c .  

When not  necessary  we s h a l l  no t  mention t h e  topology T ( r e s p e c t i v e l y ,  

me t r i c  d)  and simply r e f e r  t o  X a s  t h e  topo log ica l  space ( r e s p e c t i v e l y ,  

me t r i c  space) .  

\Ye s h a l l  w r i t e  f o r  t h e  closure of A ,  A' f o r  t h e  i n t e r ior  of A 

and f r  (A) f o r  t h e  frontier of A. The r-disc about x ,  d ( z , x ) < r ) ,  

s h a l l  be denoted by V . A subse t  A of  t h e  t o p o l o g i c a l  space X is 
x , r  . e 

bounded i f  is compact. ' X  i s  ZocaZly compact i f  every p o i n t  i n  X 

has a  neighbourhood b a s e  c o n s i s t i n g  of bounded (or compact) s e t s .  

A c o l l e c t i o n  { A ~ I  i c I }  o f  s u b s e t s  o f  X i s  ZocaZZy f i n i t e  i f  every  xeX 

has a  neighbourhood meeting on ly  f i n i t e l y  many A i 1 s .  A f ami ly  (Ail ieI)  
0 

o f  subsets  of X is  l o c a l l y  f i n i t e  i f  f o r  each XEX t h e r e  is  a  neighbour- 

hood U of  x  such t h a t  { ~ E I I A ~ ~ u  f $1 i s  f i n i t e .  A subse t  Z X i s  

l o c a l l y  f i n i t e  i f  { ( z } ~ z E z )  i s  l o c a l l y  f i k t e .  Two s u b s e t s  A and B of 

X a r e  compatibte i f  AnB i s  l o c a l l y  f i n i t e  and t h e  two f a m i l i e s  (Ail ieI)  

and (B . l j e J )  of s u b s e t s  o f  X a r e  compatible i f  Ai i s  compatible wi th  B 
J j 

f o r  any i r I  and any j r J .  (Ail  i e I )  i s  compatible if (Ail i ~ 1 )  is  com- 

p a t i b l e  wi th  (Ail i r  I ) .  



A subspace D of  X i s  ca l led  zg n-disc (an open n-disc) i n  X i f  it 

n 
i s  homeomorphic t o  t h e  &closed (open) u n i t  d i s c  i n  R . (By t h e  closed 

n n u n i t  d i s c  i n  R we mean {XER I 1x1 51) and by t h e  open u n i t  d i s c  i n  R~ we 

mean { x r ~ " !  lx l<l} . )  I t s  boundary is  denoted a s  aD. A simple c losed - 

c m v e  i n  X i s  a subspace homeomorphic t o  t h e  un i t  c i r c l e .  An arc i n  X 

'? i s  a subspace homeomorphic t o  t h e  closed u n i t  i n t e r v a l  C0, l l .  

S imi la r ly ,  we def ine  an open (half open) m c  i n  X t o  be a subspace - 

homeomorphic t o  (0 , l )  (COO, 1) ) .  Whenever it i s  des i r ab l e , t o  ind ica te  

t h e  end po in t s  of an a r c  we s h a l l  u se  t h e  no ta t ion  e f o r  an a r c  
7 C X , Y ]  

" 1 
. > 

with end po in t s  x and •‹y a 
2 ' y I X , Y )  

, respec t ive ly ,  e o r  e - ( ~ 9 ~ 1  CX,Y) 

f o r  e 
Cx,r3 

-Cx,yly r e s p e c ~ i v e l y ,  e C x , y l - { ~ }  o r  e -Cy). ' Sometimes 
[ ~ Y Y ]  

we s h a l l  denote t h e  s e t  of end po in t s  {x,y) of el by ae. 
XYYJ 

I f  e , ... . .. . se where n21, a r e  a r c s  i n  X then 
Cx,i,l fx.yn1' 

I l < i ~ n l  i s  ca l l ed  a(n) (n - ) s ta r  i n  X i f  e ne = $ ,  
U { e ~ x ,  y.  1 I 3 0 .  (r,yi3 (x ,y j l  , 

f o r  i +- j and l < i , j < n .  

An n-maxifold M i s  a conngcted Hausdorff space i n  which every point  
/ 
(-7 

has an'open neighbourhood which is  an open n-disc .  Every n-manifold i s  

l o c a l l y  compact and each of i t s  po in t s  has a neighbourhood base con- 

s i s t i n g  of n-discs .  I f  M i s  second countable then by Urysohn's 
? - 

metr izat ion theorem C27l M i s  metrizable.  A surface i s  a second i I, - D 
countable 2-manifold. The l e t t e r  S without subsc r ip t s  s h a l l  be used 

+ 

exclusively  t o  denote a surface .  We note  t h a t  each po in t  of a sur face  

S has a neighbourhood base cons i s t ing  of d i s c s .  A surface  i s  planar  

i f  it i s  hompmorphic t o  an open subset  of t h e  u n i t  sphere s*= 
F4- 

3 C X E R  1 1x1 = 11. We s h a l l  not  prove e i t h e r  of t h e  next two r e s u l t s  



about su r faces .  A,complete c l a s s i f i c a t i o n  o f  a l l  su r faces  has been 

given by I.  Richards C23 1. 

THEOREM 1.2 .1 .  m e w  surface S i s  homeomorphic t o  a surface 

formed from a sphere 0 by f i r s t  remouing a closed totaZZy disconnected 

se t  X from 0 , then removing t h e  in ter iors  o f  a f i n i t e  or i n f i n i t e  

sequence D 
1' D23 

... of nonoverlapping discs  i n  0-X, and f ina l l y  

suitably ident i fg ing  the boundaries o f  these discs  i n  pairs. I t  

may be necessary t o  i d e n t i f y  the bc,undamj of one d isc  with i t s e l f  

t o  produce an odd "mosscap". The sequence D l ,  D2, . . . %roaches X" 

i n  the sense t h a t ,  for any opez se t  U i n  0 containing X . a l l  but a e 

f i n i t e  number o f  t h e  R i r s  are contained i n  U .  

Another i n t e r e s t i n g  theorem C201 about surfaces  i s  qow s t a t ed .  

THEOREM 1.2.2.  Every noncompact s u r f a p  i s  homeomorphic 

3 t o  a subset of R . 

A graph G is  a t r i p l e  (V,E,i),  where V and E a r e  d i s j o i n t  s e t s  

2 
and i i s  a mapping from E i n t o  IV]', where [ V I  denotes t h e  s e t  of 

a l l  subse t s  of V with two elements. The s e t  V i s  ca l l ed  t h e  vertex- 

s e t  of G ,  a l s o  denoted by V(G) , and E is  t h e  edge-set of G ,  denoted by 
I 

E(G) .  The mapping i descr ibes  t he  incidence between v e r t i c e s  and 



and edges. We s h a l l  use  t h e  graph t h e o r e t i c a l  terminology of standard 

t e x t s  i n  graph theory,  such as ,  Bondy and Murty C 5  1, Behzad, Chartrand 

and ~ e s n i a k - ~ o s t e r  [: 4 1 or  Harary C131. However, we s h a l l  g ive  a  few . 

de f in i t i ons  which a r e  not  i n  common usage. 

Let X be a  ~ d s d o r f f  space and G = (V,E, i )  be a  graph. 

G i s  ca l led  an X -graph, i f  

(1) vex, 

(2) E i s  a  co l l ec t i on  of a r c s  i n  X ,  

(3) i ( e )  = ae  f o r  a l l  ~ E E ,  

(4) (e l - i (e l ) )n(e2- i (e2))  = @. if e l ,  e 2 5 E  and el f e2,  

(5) u (e - i  (e) 1 ec~)nV = @, and 

(6) V u E  i s  l o c a l l y  f i n i t e  i n  X.  

u ( e l e € ~ ) u V  i s  ca l l ed  t h e  po in t  s e t  of G and w i l l  be denoted ps(G). 
1, 

Note t h a t  every ob jec t  i n  VUE i s  closed i n  X ,  s ince  X is  a  Hausdorff 

space. We s h a l l  be concerned most of t h e  time with t h e  case  where 

X = S i s  a  surface .  Each component of S-ps(G) i s  ca l l ed  a  domain o r  

region of G ( i n  S) and i t s  c losure  i s  ca l l ed  a face of G .  Let F @,G) 

be t he  co l l ec t i on  of ad11 faces  of G .  The subgraph of G whose point  s e t  

is  t h e  ( topological )  boundary of t h e  region C i s  ca l l ed  t h e  boundary of 

t h e  face  c. A face  F of G i s  a  po lygon ' i f  F i s  a d i s c  and i t s  b'ound- 

a ry  i s  a cyc le  i n  G ;  i t s  edges and v e r t i c e s  a r e  t h e  edges and v e r t i c e s  

of t h e  polygon. An n-gon i s  a  polygon with n  edges. A 3-gon s h a l l  be 

ca l led  a  t r fkngle .  

An S-graph G i s  a  tr ianguZation of S if 

(1) every f ace  of G is a  t r i a n g l e  and 



(2) any two f ace s  have empty i n t e r s ec t i on  o r  exac t ly  one common 

ve r t ex  o r  one common edge. 

According t o  ~ a d 6  ~ 2 2 1  a  2-manifold can be  t r i angu l a t ed  i f  and only i f  

- it is  a  su r face .  

A ( topological )  polyhedron is a  p a i r  (S,G) cons i s t i ng  of a  su r face  
* 

S. and an S-graph G such t h a t  

(1) G is  connected and 

(2) every f ace  o f  G i s  a  pblygon. 

The v e r t i c e s ,  edges and faces  of  (S,G) a r e  t h e  v e r t i c e s ,  edges and faces  

of  G i n  S. I f  G t r i a n g u l a t e s  S, then (S,G) i s  a  ( topological )  3- 

hedron o r  t2..iangular polyhedron. We say (S,G) i s  o r i en t ab l e  if 

o r i en t ab l e  ( f o r  a  d e f i n i t i o n  of o r i e n t a b i l i t y  of a  su r face  s ee  C 111, 

and p lanar  i f  S i s  planar .  

Two f ami l i e s  (G. I i r I )  and (H. 1 ~ E J )  of X-graphs a r e  compatible i f  
1 7 

(ps (Gi) 1 i e I )  and (ps (H. 1 j s J )  a r e  compatible. (Gi 1 i r  I )  i s  compatible J' 
i f  (ps (G,)l i e I )  i s  compatible. Similarly, we def ine  compa t ib i l i t y  f o r  

I 

co l l e c t i ons  of X-graphs. We s h a l l  show i n  Propos 

any l o c a l l y  f i n i t e  and compatible co l l e c t i on  {G 
i 

i t i o n  1.4.10 t h a t  f o r  

1 i r 1 )  of X-graphs 

a  union v{G. 1 ~ E I )  can be  defined uniquely. 
1 

Let G = (V,E,i) be  an X-graph and U be  a  l o c a l l y  f i n i t e  s e t  i n  X.  

We s h a l l  c a l l  t h e  X-graph H = ( V t , E t , i t )  t h e  subdivis ion of G by U 

i f  V' = VuU, E t  i s  t h e  co l l e c t i on  of a r c s  e  i n  ps  (G) such t h a t  
C X , Y ]  

e - a e c  ?s(G)-Vt, a e  c V t  and i t ( e )  = ae f o r  a l l  e sE9 .  For f u r t h e r  

explanation s ee  Proposi t ion 1.4.9. 

If r i s  a  group of b i j e c t i ons  of a  s e t  X (where t h e  group oper- 

a t i o n  i s  composition o f  mappings), we say r a c t s  on X .  We s h a l l  denote 



t h e  i d e n t i t y  mapping on X by I . The p o i n t  XEX i s  a f k e d  p o i n t  o f  y ~ r  

i f  y(x) = x. We l e t  F denote t h e  set of  a l l  f ixed p o i n t s  o f  y,  Fr 
Y 

denote U{F ly~T-{i}},  and PK = {yeI ' ly (~)  = K} i s  c a l l e d  t h e  s t a b i Z i z e r  
Y 

of  K. Let AK = u { b  (K) I ~ E A }  , where A c  r , K c X .  If Y c X  and y(Y) = Y 

f o r  a l l  yrl" then r J y  = f y l y l y e ~ } .  

Let A = * { ~ ~ l i r I )  be a c o l l e c t i o n  of subse t s  of X and l e t  a c t  on X. 

Ne say t h a t  A i s  r - i n v a r i a n t  i f  f o r  each i e I  and y d  y(Ai)e A. 

We say A, B c x a r e  r -equ iva len t  o r  equ iva len t  moduZo r i f  y (A) = B 

f o r  some yer.  

Let G = (V,E,i) be  an X-graph and r be a group of homeomorphisms 

ac t ing  on X. s ay  G i s  r - i n v a r i a n t ,  i f  

(1) V i s  r - i n v a r i a n t  and 

(2) E i s  I '-invariant.  

I f  G = (V,E,i)  is  an X-graph and y:X+Y is a homeomorphism, then 

y(G) s h a l l  be  t h e  Y-graph with V(y(G)) =. y w ) ,  E(y(G)) = f y ( e )  l e d }  

and i (y(e))  = y ( i G ( e ) ) ,  f o r  eeE; s e e  
y (GI 

I t  fol lows t h a t  G i s  I'-invariant i f  and only if y ( ~ )  = G f o r  a l l  ycr .  

The c o l l e c t i o n  G =  lie^} of X-graphs i s  c a l l e d  I'-invariant i f  f o r  

every ycT and i e I ,  y(Gi)&. 

If  +:S1-%2 i s  a homeomorphism of t h e  su r faces  S and S then w e  1 2 ' 

s h a l l  c a l l  $I a homeomorphism o f  t h e  polyhedrons (S1,Gt) and (S G ) and 
2' 2 

w r i t e  ( S  ,G ) +.(S2,G2) i n  case  @(GI) = 
1 1  

GZ. If (S1, GI) = (S G ) = 
2' 2 

(S,G) then $I i s  c a l l e d  a homeomorphism of (S,G). If r i s  a group o f  

homeomorphisms of t h e  polyhedron (S,G) then we s h a l l  say t h a t  (S,G) 

i s  r - i n v a r i a n t .  



.-d 

Let Gi  be Xi-graphs, l < i s 2 ,  and l e t  y:X1+X2 be a homeomorphism 

such t h a t  y(G1) = G2. Then y induces an isomorphism y:G 1 2  +G given by 

y(x) = Y(x) f o r  a l l  xcV(Gl~uE(G1) and y i s  c a l l e d  t h e  induced i so-  

morphism. Note t h a t  i f  T i s  a group of homeomorphisms of t h e  topological  

space X leaving t h e  X-graph G i nva r i an t ,  then t h e  'homomorphism 
- N 

@ : T + A ~ ~  (G) ass igning t o  each yeT t h e  induced automorphisrn (7) ~ A u t  (G) 

i s  c a l l e d  t h e  canonical homomorphism from P i n t o  Aut (G).  We c a l l  @(T) 
t h e  induced group of automorphisms. 

Let Ti a c t  on t h e  topological  space X i ,  l < i < Z .  Then r l  and r2 

a r e  ca l l ed  topoZogicaZZy equivalent i f  t he r e  i s  a homeomorphism $:X1-+X2 

- 1 such t h a t  r2 = $r l$  = ~ $ ~ ~ - ~ l ~ e r ~ I .  

* 
Given a group r act ing on t h e  topological  space X ,  we say T' a c t s  

discontinuousZy on X i f  f o r  any x ,yeX t h e r e  a r e  neighbourhods U of x 

and V of y such t h a t  ( y e I ' l y ( ~ ) n ~  = 0) i s  f i n i t e .  We s h a l l  c a l l  r a 

discontinuous group on X.  We see  without d i f f i c u l t y  t ha t  subgroups of 

discontinuous groups a r e  discontinuous. 



553. SOME EXAMPLES OF DISCONTINUOUS GROUPS 

We r e c a l l  t h a t  by Proposi t ion  1.5.7 it s u f f i c e s  t o  s tudy d i s -  

continuous groups on one specimen of '  each c l a s s  of  homeomorphic spaces.  
Q 

We s h a l l  r e s t r i c t  oursehres e x c l u s i v e l y  t o  examples o f  d iscont inuous  

.groups a c t i n g  on s u r f a c e s .  

EXAMPLE 1.3.1.- E v e r y . f i n i t e  group a c t i n g  on a  topo log ica l  space 

is discont inuous ,  and converse ly ,  by Propos i t ion  1 .5 .3  any discon- 

t inuous  group a c t i n g  on a compact s p a c e ~ i s  f i n i t e .  Thus f o r  compact 

spaces t h e  d iscont iguous  groups a r e  e x a c t l y  t h e  f i n i t e  groups. 

The f i n i t e  groups of homeomorphisms of t h e  sphere  (and t h e r e f o r e  

a s  well  t h e  eucl idean p lane )  a r e  t o p o l o g i c a l l y  wel l  cha rac te r i zed  by 

t h e  fol lowing theorem [ 3 3 .  

THEOREM 1.3.2. Each f i n i t e  group o f  homeomorphisms o f  the sphere 

i s  topoZogicaZZy equivalent t o  a f in i te  group o f  congruences ( that  i s ,  

isometrics) of the sphere. That i s ,  to a subgroup-of the group of 

cong.mences o f  a regular pozyhedron or a regular prism. 

This  was found by ~ e r g k j g r t 6  C151 i n  1919. H e  i n  t u r n  pointed out  

t h a t  t h i s  a l s ~  fo l lows from a  r e s u l t  o f  Brower [ 6 ]  . 
We a r e  n o t  aware of what i s  known i f  anything about f i n i t e  homeo- 

morphism groups of  compact nonplanar s u r f a c e s ,  f o r  example, t h e  t o r u s  

o r  t h e  p r o j e c t i v e  p lane .  



EXAMPLE 1.3.3. For each r e a l  number 6 l e t  

2 
r o t a t i o n  of t d e  sphere S given by p6(x1,x2,x3) 

. 
y and y a r e  t h e  r e a l ,  r espec t ive ly  imaginary, 1 2 

P a  : s2 + s2@ be t h e  
, . 

= (y y y ) where 
1' 2' 3 

i 6 p a r t  of  (x + ix2) e8 
1 

2 
and x j  = y f o r  a l l  (xl ,x2,x3) E S . Moreover, l e t  a = (1,O) and 

3 
2 

s = 1 /2  and l e t  2 = (xl, -X ) f o r  every x = (x1 ,x2) E R . We def ine  
2 

- 
t h e  homeomorphism T ,; ,o,G of R~ by s e t t i n g  T (x) = x + a ,  T (x) = 2 + a ,  

- 
o(x) = SX and o(x) = s?. The mappings T,;,u and o a r e  ca l l ed  

translation,, g l e i t re f l ec t ion ,  contraction and re f lec ted  contraction, 
- - 

respec t ive ly .  Let M = (OYOYTYT} .  

We no te  t h a t  p6 has f i n i t e  order i f  and only  i f  6 i s  a r a t i ona l  

mul t ip le  o f  n . In f a c t ,  i f  p6 has i n f i n i t e  o rder ,  then A =<p  6 > 

doesn ' t  a c t  d iscont inuously  on any pg-invariant  subspace of S2 s ince  

2 
t h e  A-orbit of any point  x E s2 i s  dense on t h e  c i r c l e  of S containing 

it. , 

We s h a l l  now give four  simple but  important examples of discon- 

t inuous groups. I t  is easy t o  see  t h a t  the-groups <T> and <;> ac t  

- discontinuously on R~ whereas t h e  groups <o> and <& don1; s ince  t h e  

o r i g i n  i s  a f ixed point  f o r  o and o . Yet 0 1 > and <;I S> , where 
- - 

S = R~ - 3 (0, o)], a c t  d iscont inuously  on S. The mappings T ,  T, 0.0 

weren't chosen a s  random examples but  they t u r n  out t o  be t h e  only 

types of elements of i n f i n i t e  order i n  any discontinuous homeomorphism 

group of a p lanar  Surface S a s  w i l l  be shown i n  Theorem 5.3.1. 

Similar ly ,  p 6 i s  t he  only type  of orientateion preserving elements 

of f i n i t e  order  a s  i s  well known i f  S i s  t h e  sphere S' (see [.7 ] and 



EXAMPLE 1.3.4. Let u s  be  given a group r o f  hfobius t ransformat ions ,  

t h a t  is,  mappings Y :  z  + (az + b) / (cz  + d)  of t h e  extended complex plane  
- 
C = C u {=I. (See C 113, C 181 and C24 1.3 The group I' i s  c a l l e d  proper ly  

discontinuous by Ford Cl1,p. 351 i f  t h e r e  i s  a  po in t  i E and a 
/' 

0 

neighbourhood U f z  such t h a t  a l l  elements o f  r ,  except t h e  i d e n t i t y  
0 

o u t s i d e  U .  T p o i n t  z E i s  a  l i m i t  point  of I' 
\ 

i f  t h e r e  i$ x  E C such t h a t  every neighbourhood of  r meets ~ ( x )  f o r  

many Y E T .  A non- l imi t  point  i s  c a l l e d  an o rd ina ry  po in t .  

s a  well  known f a c t  t h a t  t h e  s e t  0 of ordinary  p o i n t s  of r 
- 

s e t  i n  C whose boundary c o n s i s t s  of t h e  s e t  L of 

l i m i t  p o i n t s  of  r . A fundamental region R of r i s  an open subset  of 0 

no two of  whose p o i n t s  a r e  r -equivalent  (or equ iva len t ly ,  y(R) n 6(R) = O 

i f  y $ 6 )  and s o  t h a t  any neighbourhood of any po in t  on t h e  boundary of R 

conta ins  p o i n t s  from o u t s i d e  R which a r e  I?-equivalent t o  p o i n t s  of R 

(see [11, p. 371). A d e s c r i p t i o n  of  a  fundamental r eg ion  R of  a  proper ly  

discontinuous group - r  i s  given i n  [ l l ,  p. 44 1. From t h e  d i s c u s s i o n  of 

t h e  boundary of R C11, p. 471, it fol lows t h a t  I? a c t s  d iscont inuously  

i n  0 i n  t h e  sense  def ined i n  t h i s  t h e s i s .  In o rder  t o  g e t  some f e e l i n g  

f o r  what 0 looks l i k e  we n o t e  t h a t  t h e  images o f -  t h e  region R under r 

form a s e t  of r eg ions  which extend i n t o  t h e  neighbourhood of  every po in t  

i n  (see C11, Theorem 6 ,  p. 443). More p r e c i s e l y ,  any compact set A 

not conta in ing l i m i t  p o i n t s  o f  t h e  group r is  llcoveredll by a  f i n i t e  

nuinber of t h e s e  reg ions  (images of R)  which f i t  toge the r  without  

lacunae ( E l l ,  Theorem 8, p .  461).  ?4oreover, wi th in  any neighbourhood 

of a  l i m i t  po in t  of t h e  group, t h e r e  a r e  an i n f i n i t e  number of images 



i 
/of R 11, Theorem 9, p. 461. I t  i s  noted here  t h a t  t h e  construct ion 

of R and t h e  proof o f  i t s  p rope r t i e s  cannot be accomplished with purely 

topological  means but uses a n a l y t i c a l  methods. 
a 

The complex ana ly t i c a l  theory of discontinuous groups of  obiu us 

transformations i s t o o  voluminous t o  be described here  i n  a  few words 

and we the r e fo re  r e f e r  t o  C111, C171 and C241for reference.  Moreover, 

it i s  beyond the  scope of our purely  topological  study. 

For reasons of Theorem 5-4.1 we s h a l l  now consider a  spec ia l  case  

of discontinuous groups of  Mobius t raasformat ions .  I t  i s  well known 

t h a t  t h e  most general conformal mappings of which f i x  t h e  open u n i t  

d i s c  D = { z  i C lz 1 < 1 )  can be written as z -t (az + z)/  (bz + a) and 
0 

z +- (a; + 6 ) /  (bz + a ) ,  where a; - b6 = 1. The f i r s t  i s  o r i en t a t i on  pre- 

serving,  t h e  second o r i e n t a t i o n  revers ing.  Moreover, (see C24, 

p. 16 ff:) D can be given a  met r ic  t h a t  induces a  geometry which i s  
0 

known a s  t he  ~ o i n c a r g  model of plane,non-euclidean geometry. hloreover, 

t he  s e t  of i sometr ies  with respec t  t o  t h i s  metr ic  t u rn s  out t o  be 

p rec i se ly  t h e  mappings mentioned above, r e s t r i c t e d  t o  Do.  

Let us denote D w i t H  t h i s  metr ic  as NE. In  [24, p. 301 a  group r 
0 

of i sometr ies  of NE i s  defined a s  ac t i ng  discont inuously  on NE if 

f o r  any x  E NE t h e  family (Y (x) 1. Y E r )  i s  ( i n  our terminology) l oca l l y  

f i n i t e  i n  NE. Thus by Proposi t ion 1.5.2 such groups ac t  discontinuously 

on NE i n  t h e  way we have defined.  

Similar ly ,  a  group r of i sometr ies  of t h e  euclidean plane E is  

usua l ly  s a i d  t o  ac t  d iscont inuously  on E [24] i f  (y (x) 1 y E T) i s  l oca l l y  

f i n i t e  i n  E f o r  a l l  X E E  and thus  by Proposi t ion 1 .5 .2  i s  discontinuous 

i n  our sense. 'I 



5 4. SOME PRELIMINARY OBSERVATIONS ABOUT X -GRAPHS ' 

The proofs of the Propositions 1.4.1 up to 1.4.4 are straightfor- 

ward and are therefore omitted. 

PROPOSITION 1.4.1. Let $:X+Y be a homeomorphism beimeen the 

topologicaZ spaces X and Y . The famiZy ( ~ ~ 1  irI) o f  subsets o f  X 

i s  ZocaLZy f i n i t e  i n  X . i f  and only i f  ($(A.) IieI) i s  ZocaZZy f in i te  i n  Y. 
1 

Proposition 1.4.1 gives the justification for the definition of 

y(G),  where G is an X-graph and y is a homeomorphism of X .  

PROPOSITION 1.4.2. Let X and Y be topological spaces and l e t  

f :X+Y be a mapping. Moreover, Let { A ~  l ie1) be a ZocaZZy f i n i t e  

coZZection o f  cZosed subsets o f  X so that U ~ A ~  l if11 = X. Then 

f i s  continuous if and only if f 1 i s  continuous for every i E I .  
Ai 

PROPOSITION 1.4.3. Let X be a topologicaZ space and Y be a 

subspace o f  X . 
(1) I f  the farniZy ( A .  ~ E I )  i s  ZocaZZy f i n i t e  i n  X , then 

1 

(AioYlieI) i s  locaZZy f in i t e  i n  Y . 
( 2 )  If Y i s  cZosed i n  x mzd (A. IieI) i s  ZocaZZy f ia i te ,  i n  Y , 

1 

then (A. 1 ieI) i s  locaZEy f i n i t e  i n  x . 
1 



PROPOSITION 1.4.4. Given a topological space X and a ZocaZly 

f i n i t e  fmmnily (Ail  i a I )  of closed subsets o f  X ,  then U { A ~  1 i e I 1  is closed. 

COROLLARY 1.4.5. Given an X-graph G = (V, E ,  i ) ,  then p s  (G) 

i s  closed i n  X. 

Proof. Now ps(G) = u{el e e ~ ) u V  and VUE i s  a l o c a l l y  f i n i t e  c o l l e c -  

t i o n  of c losed s u b s e t s  of X. T h i s  fo l lows because X i s  Hausdorff so  

t h a t  every compact subse t  i s  c losed  i n  X .  I n  p a r t i c u l a r ,  every edge 

of G i s  c losed i n  X.  Thus by Propos i t ion  1.4.4 ps(G) i s  c losed i n  X .  U 

PROPOSITION 1.4.6 .  Let X be a locaZly compact space. The 

f m i l y  (Ai 1 i c I )  of  slrbsets o f  x is LocaZly f i n i t e  if and only i f  

{ ~ ~ I I A ~ ~ B  + $1 i s  f i n i t e  for every bounded subset B o f  X . 

Proof. To prove n e c e s s i t y ,  assume ( A . l i ~ 1 )  i s  l o c a l l y  f i n i t e  
1 

i n  X and l e t  B b e  a bounded subse t  o f  X. Then C = cl  (B) i s  compact; 

t h u s  i t ' h a s  a covering by f i n i t e l y  many (open) s e t s  each of which meets 

A. f o r  on ly  f i n i t e l y  many i r I .  Thus lie11 B ~ A ~  ) $1 i s  f i n i t e .  
1 

To prove s u f f i c i e n c y  observe t h a t  a t  each p o i n t  o f  X t h e  bounded 

neighbourhoods form a neighbourhood base.  0 

The Propos i t ions  1.4.1, 1.4.3, 1.4.4 and 1.4.6 a l s o  hold f o r  

c o l l e c t i o n s  {A. 1 i e I )  . 
1 



18. 

COROLLARY 1.4.7. m e r y  S-graph is countable and each one of its 

vertices has f i n i t e  degree. 

Proof. Th i s  immediately fo l lows from Theorem 2 .1 .1  and Proposi t ion 

1.4.6. 0 

The next  proposi t ion  expresses  t h e  n a t u r a l  r e l a t i o n s h i p  between 

connectedness i n  X-graphs and arcwise  connectedness o f  t h e i r  point  s e t s .  

PROPOSITION 1.4.8. Let G be an X-graph. Then H is a component o f  

G if and only if ps(N) is an (arc)component o f  ps ( 6 ) .  

Proof. Every a r c  i n  ps(G) j o i n i n g  two v e r t i c e s  o f  G i s  t h e  point  

s e t  of  a pa th  i n  G jo in ing  t h e  same two v e r t i c e s .  Thus f o r  s , t eV(G)u  

E(G)  , s and t belgng t o  t h e  same component of G i f  and on ly  i f  t h e r e  

i s  a pa th  o r  c y c l e  conta in ing them, and t h e l a t t e r  is  t h e  c a s e  i f  and 

only i f  t h e r e  i s  an a r c  o r  s imple c losed curve i n  ps(G) which con ta ins  

them. Thus s and t belong t o  t h e  same component of  G i f  and only if 

they a r e  i n  t h e  same arccomponent of ps(G). Thus H i s  a component 

of G i f  and on ly  i f  ps(H) i s  an arccomponent o f  ps(G). O 

The fo l lowing p r o p o s i t i o n  g ives  a loca l ,  p i c t u r e  of  an S-graph. 

Henceforth, whenever we use  t h e  word d i s c  it s h a l l  r e f e r  t o  a 2-disc. 



PROPOSITION 1.4.9. Given an S-gr%h G and a point vcps(G), 

there i s  a disc D such that VED' d either Dnps(G) = {vl or Dnps(G) 

is an n-star Y = e  rv ,x l lU .  .. Ue Cv,x 1 with , . . . ,x& cfr (D) and 
n 

Y-{xp , xnlc in t  (D) . Thus a t  each vertex v the edges incident to  v f-=- 
are arranged i n  cycZicaZ order i n  exactly two opposite ways which we 

skZZ refer t o  as the rotations at  v induced by S. 

Proof. Each p o i n t  of S has a  d i s c  shaped neighbourhood and thus  we 

may r e f e r  t o  C21, p.169-1741. 

In  t h e  next p ropos i t ion  we s h a l l  explain t h e  no t ion  of a sub- 

d i v i s i o n  of an X-graph. Let G = (V,E,i) be an X-graph and U be  a  

l o c a l l y  f i n i t e  subset  of X .  Let V '  = VUU,  E '  = {eCx,yl c ~ s ( G )  le(X,ylnv' = 8 

and X , ~ E V ' )  and i t  (e) = ae f o r  eeE1. 

PROPOSITION 1.4.10. H = (V' , E '  , i ' ) i s  an X-grqh. - 
i 

Proof. C lea r ly  V' is l o c a l l y  f i n i t e .  We observe t h a t  if ecE1, then 

e c a ~ E .  For any acE, anV' i s  f i n i t e  by Proposi t ion  1.4.6. Thus t h e  

number of a r c s  of  E1 i n  a  i s  f i n i t e .  Hence E '  i s  l o c a l l y  f i n i t e  s i n c e  

E i s  l o c a l l y  f i n i t e .  A l l  o the r  condi t ions  which make ( V ' , E 1 , i q )  an 

X-graph a r e  e a s i l y  v e r i f i e d .  0 \ 
\ 

We ~$11 H t h e  subdivision of G by U. In  t h e  next  p r o p o s i t i o n  w e  

s h a l l  exp la in  t h e  no t ion  of union cf X-graphs. Let G = { G - I  ~ E J )  be  a 
J 



l o c a l l y  f i n i t e  and compatible c o l l e c t i o n  of X-graphs. Let W = . f 

U { ~ S ( G ~ ) / ~ E J } ,  Z = ~ { ~ s ( G ~ ) n p s ( G . ) I i , j ~ ~  J and i # j}, V = u { v ( G ~ ) \  ~ € J } U Z  

and E = ( e  [ u , v l l  e ~ u , v ~  ce€U I E ( G . ) I  ~ E J ) ,  e nV = @ and U,VEV).  
J (u,v) 

PROPOSITION 1.4.11. Let  I' be a group of  homeorn~~hi'sms acting 

discontinuousZy on X and l e t  G = {G = (V. ,E ,i .) 1 j EJ) be a 2ocaZZy 
I ~ J  

f i n i t e ,  compatibZe and r-invariant coZZection of X-graphs .   hen there 

is a r-invaria-it X-graph G with V(G) = V ,  E ( G )  = E ,  ps(G) = W a-id i G (e)= 

ae for ecE, where V ,E  and W are as defined above. 

Proof. I t  s u f f i c e s  t o  prove t h e  fol lowing f i v e  s ta tements .  

(1) V i s  l o c a l l y  f i h i t e  , 

(23 UCV .u E .  I j EJ} i s  l o c a l l y  f i n i t e  , 
J J  

(3)  E i s  l o c a l l y  f i n i t e  , 

(4) @el e%}uv = W , and 

( 5 )  For a l l  YET and eeE, y(e)EE and y(V) = V. 

Proof o f  (1). Let X E X  be given.  - Since {G.  1 j e ~ )  i s  l o c a l l y  f i n i t e ,  
J 

t h e r e  i s  a neighbourhood 0 .of x such t h a t  Jo = { j  r J  Ips (Gj)nO ! fl) i s  

f i n i t e .  Now d ~ .  I j e ~ , ) i s  l o c a l l y  f i n i t e  so  t h a t  t h e r e  i s  a neighbour- 
3 

hood QCO o f  x such t h a t  u{V. I jcJ}nQ = u{V. 1 jeJo)"Q i s  f i n i t e .  Thus, 
J J 

dv.1 jdl  i s  l o c a l l y  f i n i t e .  Now U { ~ S ( G ~ ) ~ ~ S ( G . ) I  i , j e  Jo and i C j) is  
J 3 

l o c a l l y  f i n i t e  and hence f o r  some neighbourhood Q ' c O  of  x, ZnQ'  = 

U ( P S ( G ~ P P S ( G ~ )  1 i , j E ~ O  and i + j ]nQt  i s  f i n i t e .  Hence Z is l o c a l l y  

f i n i t e  s o  t h a t  V is  l o c a l l y  f i n i t e .  



Proof o f  (2 ) .  Let x, 0, Jo be a s  i n  (1) .  For IcJ l e t  X I  = 

u { V . u E .  I jc1). Now X i s  l o c a l l y  f i n i t e  f o r  every j e J .  Thus X is  
J 3 {j 1 JO 

l o c a l l y  f i n i t e  and t h e r e  i s  a neighbourhood QcO of  x such t h a t  

{xexJlxnQ 9 fl} = {xeX l x n ~  $ fl} is f i n i t e .  Hence X i s  l o c a l l y  f i n i t e .  
J 0 J 

Proof of ( 3 ) .  We observe t h a t  if a ,  eeA = U {E. I j EJ] then  aecV and 
J 

em=V and a c e  i s  f i n i t e .  Let X E X .  We s h a l l  show t h a t  t h e r e  is a 

neighbourhood 0 of x such t h a t  C = { C E E ~ C ~ O  $ fl) i s  f i n i t e .  A i s  l o c a l l y  

f i n i t e  and t h u s  f o r  some neighbourhood 0 of x ,  e l ' . . .9e n 
a r e  a l l  t h e  

elements o f  A which meet 0.  Now V i s  l o c a l l y  f i n i t e  s o  t h a t  u{einvl l s i c d  

is f i n i t e .  Then C i s  a subcoI lec t ion  o f  t h e  c o l l e c t i o n  of  a r c s  i n t o  

which V p a r t i t i o n s  u{e.ll'i<n). Thus C i s  f i n i t e .  
1 

So f a r  we know t h a t  VUE i s  l o c a l l y  f i n i t e  and ( V , E , i )  i s  an S-graph. 

I t  i s  easy t o  s e e  t h a t  (4) i s  s a t i s f i e d .  

Proof of (5). F i r s t  l e t  us  show t h a t  y(V) = V f o r  yer .  ' Let VEV. 

f o r  i C j, t h e n  y(v)ey(ps(G.)nps(G.)),  = ps(y(Gi))nps(~(Gj))cV. 
1 I 

Thus y(V)cV f o r  a l l  y ~ r .  I t  fo l lows t h a t  y(V) = V f o r  a l l  yer .  

Let esE. Then f o r  some j U we have ecacE Thus y (e )cy(a )  eE(y(Gj)) , 
j ' 

ae lv  and (e-ae)nV = 8. Thus a ( y ( e ) ) W  and (y(e)-a(y(e)))nV = 0 .  

Hence y (e) EE. ' U 

We s h a l l  c a l l  t h e  graph G t h e  u&on of t h e  c o l l e c t i o n  G = {G. 1 j e ~ )  
J 

and denote it by d ~ .  Ij dl. O b v i o u ~ l y  t h i s  union o p e r a t i o n  i s  asso- 
J 

c i a t i v e  and commutative. 
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9 5 .  SOME GENERAL OBSERVATIONS ABOUT DISCONTINUOUS GROUPS 

Given a topological  space X and a group I' ac t ing  on  X it i s  posy 
, , 

s i b l e  t o  ass ign a topology t o  r which expresses t h e  f a c t  t h a t  wi th  

" l i t t l e  modifications" of y E I' t h e  t h e  values  of Y w i l l  be displaced 

B only "a l i t t l e  b i t1 ' .  One topology r which i s  f requent ly  cons'idered 

f o r  t h i s  purpose has as  a subbase t h e  c o l l e c t i o n  of s e t s  

S = {{y E I' I y(K) c U) I K is  compact and U i s  open i n  x ) .  I t  i s  

c l e a r  t h a t  with t h i s  topology T t h e  subgroups of  r have t h e  induced 
i 
1, 

o r  subspace topology. The reason f o r  t h i s  topology t o  be considered 

i s  t h a t  fo r  c e r t a i n  spaces r of Moebius t ransformat ions  (with 

topology T )  t h i s  topology is i d e n t i c a l  with t h e  na tu r a l  topology 

associa ted with t h e  parameters of I' [ZS, p.1421 .  

We s h a l l  now give a theorem descr ibing t h e  topology T a s  defined 

above f o r  discontinuous homeomorphism groups ac t i ng  on a l o c a l l y  

compact Hausdorff space. 

THEOREM 1.5.1. Let I' be a discontinuous homeomo@hism group 

acting on a ZocaZZy compact Hmsdorff space X. Then 

(1) for every y E r there i s  a f in i t e  se t  A E S ~ 6 t h  y E A and 
F 

121 if X - Fr + fl, then r i s  the discrete topology on I'. 

Proof of (1). Let y E I' and x E X and l e t  U be a bounded open 

s e t  w i t h y ( x )  E U.  Then y E A = C6 E r 1 6(x) E U) E S, andA is 

f i n i t e  by Proposit ion 1.5.4 which w i l l  be proved shor t ly .  



Proof of  (2).  Let x  E X - Fr; l e t  y  E I' and U be an open bounded 

s e t  conta in ing ~ ( x ) .  Then €6 E I' , I  6  (x) E U) i s  f i n i t e ,  and  s j n c e  

x  4 Fr and X is Hausdorff,  t h e r e  e x i s t s  a  bounded open s e t  V such 

t h a t  A = 16 E I' I &(x) E V) = {y). Thus {y) E S and t h e r e f o r e  

T 2 {fy)  I y E I'3 SO t h a t  T i s  t h e  d i s c r e t e  topology. 0 

Theorem 1.5 .1  t e l l s  us that we cannot l e a r n  much about d i scon t in -  

uous homeomorphism groups from t h e  topology T. Thus we s h a l l  fo rge t  

about T and develop o t h e r  methods t o  study t h e s e  groups. In  t h e  follow- 

ing we s h a l l  g ive  two more c h a r a c t e r i z a t i o n s  of discontinuous groups. 

PROPOSITION 1-5 .2 .  A group of 

acts discontinuousZy on X if and only 

( { ~ ( x ) )  I y  E r)  is ZocaZZy finite. 

isometries of a metric space X 

if for each x E X the family 

Proof. "To prove t h e  n e c e s s i t y  assume t h a t  I? a c t s  d iscont inuously  

on X. Let x,z E X .  Then t h e r e  e x i s t  d i s c s  V and V such t h a t  both 
x ,r z  9s 

A = {y E I' I Y O I ~ , ~ )  n V 00) and A' = I y  E I' I Y(X) E V a r e  
21s ,S - 

f i n i t e .  Since z was a r b i t r a r y ,  we have t h a t  {y(x)} 1 y E r) i s  

l o c a l l y  f i n i t e .  

For s u f f i c i e n c y ,  assume t h a t  f o r  each x E X t h e  family ({y (x))  I 
y E I' ) i s  l o c a l l y  f i n i t e .  Let x ,z  E X. There i s  a  d i s c  V such 

z ,* 
t h a t  A = {y E r I y(x) E V 1 i s  f i n i t e .  Now choose s wi th  0 < 2s < 

z ,r 
d ( z ( x )  - z )  where d(A,B) = i n f  fd (a ,b )  I a  E A, b E B). Then 

{Y E r I V n YQJx,s ) $I) = {y E I' I Y(X) = z) c A and hence i s  
z  3s 



f i n i t e .  (In t h e  l a s t  e q u a l i t y  we used t h e  f a c t  t h a t  r is  a group of 

i sometr ies) .  Thus r i s  discontinuous.  0 

PROPOSITION 1.5.3. Let I' be a group of biject ions acting on 

a topoZogica2 space X . Then : 

( I )  I f  r acts discontinuously, then for any tuo nonempty bounded 

se t s  J , K  c X the se t  A = {y E I? 1 K n y ( J )  + fl} i s  f in i te;  
Cu 

(21 If X i s  locally compact and fo r  any two nonempty bounded 

sets  J , K  c X the s e t  A = {y E I' 1 K n y ( J )  + f l )  i s  f in i t e ,  

then r acts  discontinuously. 

Proof of  (1).  Assume r a c t s  d iscont inuously .  Let J , K  b e  bounded, 

nonempty subse t s  of  X.  Without l o s s  of  g e n e r a l i t y  we may assume t h a t  

J and K a r e  compact. F ix  x E J.  Then f o r  a l l  z E K t h e r e  a r e  open 

neighbourhoods V Z  of x and U o f  z such t h a t  {y E r I y(Vz) n Uz  # fl 1 
Z 

i s  f i n i t e .  Now {U 1 z E K 1 is an open cover o f  K and because K i s  
Z 

compact t h e r e  a r e  zl,. .: , z  E K such t h a t  u{uZ I 1 2  i 5 n  1 2 K. n i 
- Also Wx = n { V  I 1 r i 5 n 1 i s  an open neighbourhood 'bf x and Ax - i 

{ y  E T  I y(WX) n K K  f l1c { y e  r.1 y(Wx) n u I U  I l l i < n }  $ 8 1  c 
i 

u { y r I '  I y(VZi) n U + f l ) .  Thus A x c i s  f i n i t e .  Hence f o r  each 
z i 

x J t h e r e  i s  an bpen neighbourhood Wx of  x such t h a t  Ax is f i n i t e .  

Since J is  compact, t h e r e  a r e  p o i n t s  xl,  ..., x E J such t h a t  
m 



Proof o f  ( 2 ) .  Since  X i s  l o c a l l y  compact, a t  each p o i n t  o f  X 

t h e  bounded neighbourhoods form a neighbourhood base.  Thus from t h e  

assumptions. i n  (2) it fol lows immediately t h a t  r i s  discont inuous .  O 

PROPOSITION 1.5.4. Let r be a group of  bijections acting discon- 

.tinuousZy on the topologicaZ space X and Zet K be bounded i n  X .  Then 

(1) A = { y E I? I there i s  an x E K with y(x)  = x ) i s  f in i te ,  

( 2 )  for every x E X the set  ( y E r I y(x) E K 1 .  i s  f in i t e ,  a72d 

( 3 )  c a r d ( I ' ( x ) )  r c a r d ( r )  I kb, f o r  aZZ x E X ,  where b i s  the 

cardinality o f  a cover of  X by bounded se ts  and k i s  some 

f in i t e  cardinal. 

Proof o f  (1) .  I f  y E I' , x E K and y(x)  = x, t h e n  K n y(K) 4 B. 

Thus A c { y E r I K n y(K) + $ 1  , and t h e  l a t t e r  s e t  i s  f i n i t e  by 

Proposi t ion  1.5.3. i 

Proof o f  (2 ) .  Let X E X  and A = C y  E I '  I y(x) E K ) .  For any 

1 6 E A we have A6- c { y E I' I K n y(K) + $ ) and t h u s  card(b6-I )  = 

card(A) i s  f i n i t e .  

Proof o f  (3) .  Now card  (I?(x)) I c a r d ( r )  a s  shown by t h e  mapping 

y -+ y (x) which is  from r onto  I'(x). Let { B ~  1 i E I)  be a cover  of X 

by bounded s e t s  wi th  card(1)  = b. Then card  ( r )  = card  ( { y E I? I 
y(x) 6x1)  = c a r d ( u {  { y E r I y(x) E B ~ }  I i E I}) i a b ,  i f  b z a ,  and 

5 kb, where a i s  t h e  smal l e s t  i n f i n i t e  c a r d i n a l  and k i s  some f i n i t e  

c a r d i n a l ,  i f  b < a  . O 



COROLLARY 1.5.5. If r i s  a group of bijections acting discon- 

tinuousZy on a swface  S ,  then r i s  f in i t e  if S i s  compact and 

countable if S i s  not compact. 

Proof. By Theorem 2.1.1 every noncompact su r face  has a  countable  

cover by bounded s e t s ,  and Propos i t ion  1.5.4 e s t a b l i s h e s  t h e  r e s u l t .  0 

\ COROLLARY 1.5.6. I f  I' i s  group of Bijections acting discon- 

tinuously on a ZocaZly compact space X then the f a m i l y  ( F 1 y E T ) 
/ 

L- -- 
Y 

-4 

i s  locally f in i te .  

Proof. This  fo l lows from Proposi t ion  1.5.4. 0 

The following t h r e e  p r o p o s i t i o n s  a r e  an immediate consequence 

o f  t h e  d e f i n i t i o n s .  

PROPOSITION 1.5.7. Let r . be groups 'acting on the topoZogicaZ 
1 

spaces X i ,  1 S i i 2 .  If rl and r2 are topologically equivalent, 

then rl i s  discontinuous i f  and only if r2 i s  discontinuous. 

PROPOSITION 1.5.8. If r acts  discontinuously on the topoZogicaZ 

space X ,  and Y c X i s  r-invariant, then rl acts discontinuousZy on 

the subspace Y o f  X. 



PROPOSITION 1.5.9. Every subgroup of a discontinuous group is 

discontinuous. 



8 6. THE LOCA!!!!TION OF D ISCONT~NUOUS HOMEOMORPHISM GROUPS 
9. 

The fol lowing lemma i s  a simple consequence of  ~ e r 6 k j a r t o " s  
- 

Theorem (see C21, p. 168, ). We d e r i v e  from it Lemma 1.6.2 which i s  

e s s e n t i a l  i n  t h e  proof of  t h e  next  theorem and of  Theorem 2.1.1. 

A Jordan domain is  an open, connected subset  of  t h e  sphere  s2 whose 

4 .  

f r o n t i e r  i s  a simple c losed curve.  Thus t h e  c losure  of a Jordan 

domain i s  a d i s c  znd i t s  f r o n t i e r  i s  t h e  f r o n t i e r  of t h e  d i s c .  

'LBW 1.6.1.  If on; two of n s 2 simple closed curves J1,. . . ,Jn 
b 

on0the sphere s2 have a t  l e a s t  two common p i n t s  then the components 
' 

2 d 

of S -*. ( Jl u . . . u J ) are Jordcm doniaiks. * 

L B I A  1.6.2.  ~ e t  S be g surface hnd xCc S and let I' be a f i n i t e  
0 

group of homeomorphisms of  S which f ixes  x .  I f  Y , V  c S  are discs  such \ 

I7 

that  x E v0 and I' (V).c U . the  component o f  u0 - I' (3V) which con- 
,) 

t a i v s  x i s  a r-inva&znt Jordan domain hau& a r-invariant frontier.  
0 

Proof. We n o t e ' t h a t  X E ~ ( V ) "  f o r  a l l  Y E T .  We claim t h a t  

Then y,(V) 43p) o r  v i c e  v e r s a .  Th i s  impl ies  t h a t  P i s  i n f i n i t e ,  

a con t rad ic t ion .  By Lemma 1.6.1 t h e  domain conta in ing.  x i s  a Jordan 
> 

domain, and it i s  r - i n v a r i a n t  for I' f i x e s  x. Moreover, i t s  f r o n t i e r  . 

i s  T-invariant  and contained i n  T ( 3 V ) .  O . " 

r$ 



THEOREM 1.6.3.  Let r be a discontinuous homeomorphism group 

acting on a surface S and Zet x E S .  Then x has a neighbourhood base 

consisting o f  d iscs  V with the property that y(V) n V  = 8 for Y c I' - rV. 

Proof. The po in t  x has  a  neighbourhood base  c o n s i s t i n g  o f  d i s c s  

a s  f i r s t  observed i n  5 1. Let U be  a  d i s c  with x E U O .  The- s e t  
f s 

A =(Y E I' 1 U n y (U) $ 0 1 i s  f i n i t e .  Using t h e  Hausdorff p r o p e r t y  

and t h e  c o n t i n u i t y  of  y, y E A  , we can f i n d  a  d i s c  neighbourhood W of  x 

such t h a t  y (W) nhl = f o r  y r l. - rx and y (W) C U '  f o r  y r rx. Since  

I' i s  f i n i t e ,  by Lemma 1 .6 .2  t h e r e  i s  a  I' - invar i an t  d i s c  neighbour- 
X X 

hood V of x. Moreover, V c W c I? and y = 0 f o r  y E I' - I" 0 v ' 

\, 

The fo l lowing theorem fo l lows  by a r e s u l t  of  ~ e r S k j a r t 6  [I61 

and Eilenberg 1: 7 1. For a  proof we r e f e r  t o  C 3 I. 

THEOREM 1.6.4.  Given a f i n i t e  homeomorphism group r acting on 

the disc Dl-then there i s  a homeomorphism p of  Dl onto the wit disc  
2 

D = {x r R~ I 1x1 51) such that  p2rpi1 i s  a group of congruences o f  D .  

n y o f  the boundary aD1 of Dl onto the boundary a D  

i s  a group of congruences of a D  , then p2 can 

Given a homeomorphis? 

be chosen so that  y 
2 



COROLLARY 1.6.5. Let  Fi be f in i te  homeomorphism groups acting 

on the discs Di , 1 r i 2 2. Suppose there i s  a homeomorphism 

pl : ao1 + a~ 2 so that  pl 1 aD1)v;l = iiZ 1 aD2, then there i s  a homeomor- 

phism pZ: + D 2  such that  

Proof. In view of Theorem 1.6.4 t h e r e  a r e  homeomorphisms 

ri: D i  D and Xi: 3D . * a D ,  l < i < 2  , such t h a t  t h e  fo l lowing con- 
1 

d i t i o n s  a r e  met: 

(4) K.I'.K~' = A .  a r e  groups of  congruences o f  D ,  l l i  1 2 .  
1 1  1 1 

By (3) it follows t h a t  A l l  aD = A z l  and thus  A1 = A2. 

- - -1 
we have and = p2r1p2 . 0 

COROLLARY 1.6.6. Let us b;e given b o  discs Dl and D2 and f i n i t e  

homeomorphism groups A1 and .A2 acting on 3D1 , respectively, aDi. 

I f  there i s  a h~meornorphism p a D < a D z  so that A = p l ~ l p i l ,  

then there are f in i te  homeomorphism groups r and r a c t i v  on D 
1 2 1 

res~ec t iveZy  , D 2  and a homeomorphism p 2: Dl-D2 such that  v 2 1  aDl  = p1 
s 

- 1 
pZT1pZ = TZ and ri 1 aDi= Ai  1 5 i 5 2. 



Proof. Each A i  can e a s i l y  be  extended t o  a homeomorphism group r 
i 

a c t i n g  on D The c o r o l l a r y  now fol lows from Coro l l a ry  1.6.5. 0 
i' 

COROLLARY 1 . 6 . 7 .  I f  I' i s  a f i n i t e  homeomorphism group a c t i ~ g  on 

the d isc  D then r e i ther  i s  a  cycZic group of  orientat ion preserving 
1 

hon!eomorphisms topoZogicaZZy equivalent t o  rotat ions o f D  or a dihedral 

group  with a cycZic subgroup I? of  orientat ion presewing elements o f  
0 

r and I r :I' I = 2, The orientation reversing elements of  r are topolo- 
0 

gicaZZy equivalent t o  re f lec t ions  o f  D .  

Proof. For a  proof o f  t h i s  c o r o l l a r y  we r e f e r  t o  C3 , p.641 . 0 

We s h a l l  c a l l  t he  o r i e n t a t i o n  p rese rv ing  elements of  I' rotations 

P and t h e  o r i e n t a t i o n  reve r s ing  ones re f lec t ions .  If r con ta ins  r o t a t i o n s  

then  l e t  R b e  t h e i r  common f ixed  p o i n t .  r 

COROLLARY 1.6.8. Let two d iscs  Dl, D and a homeomoqhism 2 

0: D D 2  be given. I f  y i s  a ro ta t ion  o f  D l  v i t h  f ixed point x, 

thgn OyO-l i s  a  ro ta t ion  of D with fixed point $ ( x ) .  I f  y i s  a  
2 

re f l ec t ion  of Dl iJith I as the axh of re f l ec t ion ,  then 4 ~ g - l  i s  a  

re f l ec t ion  of D2 wi th  as i s  0 ( 2 ) .  $ *+ 

Proof. Th i s  c o r o l l a r y  immediately fo l lows from Coro l l a ry  1.6.7. 0 



~. NOTE 1.6.9. We observe t h a t  i f r =  <y> i n  Coro l l a ry  1.6.7 c o n s i s t s  

only o f  o r i e n t a t i o n  preserving elements, then F i s  e i t h e r  empty r 
( i n  case  r = { 1 }) o r  a  s ing le ton .  If r i s  d ihedra l  and i s  generated 

by t h e  r o t a t i o n  p and t h e  r e f l e c t i o n  a ,, where p i s  of order  n  >' 1, then 

0 1 n- 1 r = <  P ,  P ,... 9 P , a , w  ,.-, pn"o > . Let 2 be t h e  a x i s  of  o ; then 

i i ' i 
p (2) i s  t h e  a x i s  f o r  p o, O S i S n - 1 .  I f  n .1 ,  then p ( l ) r ~ ~ j ( ~ )  =.{XI, 

f o r  i t j ,  O < i , j  < n - 1 ,  and x  i s  t h e  f ixed  po in t  o f  p. Thus Fr 

i n  t h i s  c a s e  i s  an n - s t a r ,  i f  n  i s  even and a  2n-s ta r  i f  n  i s  odd. 
b 

The l o c a l  a c t i o n  o f  a  discontinuous homeomorphism group nearby 

a  point  x o f  a  s u r f a c e  S i s  summarized i n  t h e  fol lowing c o r o l l a r y .  

COROLLARY 1.6.10. Let r be a d<scontinuous homeomo~hism 

group acting on a surface S and Zet X E S  and V be a d i sc  neighbourhood 
8 - 

such that y(V) = V for oZZ y E Tx. Then r 1 i s  topoZogicaZZy equiv- x v 
alent t o  a group a f  congruences o f  the uni t  d isc .  



33. 

3 
CHAPTER 2 . THE CONSTRUCTION OF A r-INVARIANT TRIANGULATION 

In  t h i s  chap te r  we s h a l l  prove t h e  ex i s t ence  o f  a  r - i n v a r i a n t  

t r i a n g u l a t i o n  f o r  every s u r f a c e  S  and every d iscont inuous  homeo- 

morphism group r a c t i n g  on S. There a r e  two p o s s i b l e  ways of  proving 

t h i s  r e s u l t .  The f i rs t  way i s  a s  fol lows.  We consider  t h e  quo t i en t  

space S f  = S/r o f  S  modulo T. Using Theorems 1 .6 .3  and 1 .6 .4 ,  we 

show t h a t  S1 i s  a  s u r f a c e  ( p o s s i b l y  wi th  boundaries) .  Now we s u i t a b l y  

t r i a n g u l a t e  S t  by us ing  a  t r i a n g u l a t i o n  theorem f o r  s u r f a c e s  with 

boundaries and then l i f t  up t h e  t r i a n g u l a t i o n  t o  S  wi th  t h e  he lp  of 

t h e  canonical  p r o j e c t i o n  TI:S+S/r. However, s i n c e  we r e a l i z e d  t h i s  way 

only l a t e r  .we have choosen t o  g i v e  our  o r i g i n a l  proof .  I t s  s t r u c t u r e  

i s  e s s e n t i a l l y  t h e  same a s  t h a t  o f  t h e  proof o f  Radots  Theorem given 

i n  [ 11. The only new f e a t u r e  i s  t h e  a c t i o n  o f  r .  The Theorems 1.6.3 

and 1.6.4 which d e s c r i b e  t h e  l o c a l  a c t i o n  of d iscont inuous  homeo- 
" 

morphism groups a r e  of  b a s i c  importance f o r  t h i s  proof .  

The proof i s  i n  t h r e e  p a r t s .  I n  Theorem 2.1 .1  we prove t h e  
8 

ex i s t ence  of coverings of S by d i s c s  having d e s i r a b l e  p r o p e r t i e s .  

In Theorem 2.2.1 we improve t h o s e  coverings by some a d d i t i o n a l  

p r o p e r t i e s .  Lemma 2.3.1 i s  a t r i a n g u l a t i o n  lemma which makes it 

p o s s i b l e  t o  t r i a n g u l a t e  any g iven r - i n v a r i a n t  polyhedron (S,G) . 



5 1. THE PROOF OF THEOREM 2.1.1 

THEOREM 2.1.1. Given a surface S with a metric d for i t s  topology . 

and a group I. of homeomorphisms acting discontinuously an S ,  then there 

are f in i te  or i n f i n i t e  sequences (Xn) and (Yn) o f  discs with the 

following properties : 

0 
(1) X c Y for every n ; 

n r? 

(2) u x -  = S ; 
n 

(3) (Yn) i s  locally firzite; 

( 4 )  For a l l  n we have I' = Ty and for y a r - r  we have 
Xn n Yn 

($1 (X,) and (Y ) are I.-invariant; and 
n 

(61 I f  S i s  compact, then for some given positive real number a 

we have diam (Y ) < a  for a l l  n. 
n 

Proof. Given an a r b i t r a r y  p o s i t i v e  number b ,  by Theorem 1.6.3 
L 

t h e r e  is a c o l l e c t i o n  { D .  1 i E I) of d i s c s  i n  S such t h a t  Bo = { D P I  i a  1 } 
1 1 

i s a b a s e f o r s ,  d i a m ( D . ) < b f o r a l l i e I ,  a n d f o r a l l y e l . - I .  we 
.1 * i 

have D .  ny(D.) = 0 .  S a l s o  hak a countable base. Therefore S has a 
1 1 

countable base  €3 = {B. 1 i c N) such t h a t  f o r  every B t h e r e  i s  some d i s c  
1 l .  i 

D c S  with diam(D) < b ,  Bit D ,  and y(D) n D , =  0 f o r  y e T  - T D .  

LEMMA 2.1.2. Given & open subset 0 of S contained i n  the disc 

DcS, there is  a countable colZertion ui o f  discs such that  

(a)  u i = o ,  



Ib) 0 = UU;, and 

Icl 6 (Ui) di = 0 for 6 E I' ,, - ru . 
i 

Proof o f  Lemma 2.1.2.  Let 0 = rDID s o  t h a t  0 is  a  f i n i t e  group o f  

homeomorphisms o f  D.  Hence t h e r e  i s  a  homeomorphism @ :  D  +DO 2 
= ~ E R  1 

1x1 c 1) such t h a t  A = is a  group of congruences of  D . We n o t e  
0 

2 
t h a t  0  CD' and t h e r e f o r e  $ ( 0 )  c { x  E R  I 1x1 < 1). D and F a r e  sepa-  

0 A 

r a b l e  spaces  so  t h a t  D  c o n t a i n s  a  coun tab le  s u b s e t  A wi th  R c A  , A 
0 A 

dense i n  Do and A n F  dense i n  F A .  We can choose d i s c s  i n  Do wi th  
II 

r a t i o n a l  r a d i u s  and c e n t e r  i n  A t o  o b t a i n  a  coun tab le  c o l l e c t i o n  {Vi) 

s a t  i s  fy ing  

( a ' )  v i c m  9 

( b ' )  @(O) = U V "  i '  and 

(c') V .  nS(V.1 = fl f o r  a l l  i and a l l  S E A - $  . 
i 

Thus, Ui = ; r e  d i s c s  i n  0 s a t i s f y i n g  ( a ) ,  (b) and (c). I3 

Y - 2 ' .  

LEMMA 2.1.3. There are countabZe sequences (U ) 
n  EN and 'n)n N 

o f  discs i n  s such that 

Ib) every open set o = S is the union o f  sets U O  where 
n 

c v O c v  c o ,  
'n n n 

(c) for u l t  n , rU = rv and for Y E T - r V  , y N n )  fl = 0 , and 
n -R . *'- 

n 
n  , 

Proof o f  Lemma 2.1.3. By Lemma 2.1.2 , f o r  eve ry  B - E  B t h e r e  i s  
1 1  

)c- 



36. 

a c d n t a b l e  sequence (U. . of d i s c s  such t h a t  Bi = &{u.~.! a l l  j} , 
1 J : 1 J "  

--a 

c B and Y (U. . ) n UiJ = (4 f o r  y T - I' . Simi la r ly ,  f o r  each Ui 
'ij i .  1 J  'i j \ 

t h e r e  i s  a countable  sequence (U ) of d i s c s  with U '  = U{U ; j k l  a l l  k 3 , 
i j k  i j 

c U O  and y(U 
' i jk i j  ijkl"ijk 

= fl f o r  y €I' - r  . We observe t h a t  
' i jk  

diam(L1 ) <diam(LJ. .) < b f o r  a l l  i, j , k.  Now we rearrange t h e  U 's 
i j k .  1 3  i j k  

i n  a sequence (U ) and s e t  V;I = Ui j  . The sequences (U ) E - 
n if Un = ' i jk n -ri B 

and (V') s a t i s f y  (a ) ,  (b) and (d) . We note  t h a t  f o r  a l l  n,  U c v;", , 
n 

c r 
V ' '  

y(vI;)nv; = f l f o r y ~ r - T  a n d y V n ) n U n  = f l f o r y ~ r - r U  
n n n n V '  

Let n be given. I f  rU = rV, , then s e t  V = V 1 .  If r z r v l ,  
n n n n "n n 

then l e t  Yo (Un) = Un , Y (Un) , . . . ,Y (U ) be a l l  t h e  (pai rwise  d i s j o i n t )  m n 

images of  U i n  V ' O  under t h e  a c t i o n  of rV , .  1Ve choose m +  1 pairwise  
n n n 

d i s j o i n t  d i s c s  D . ,Dm such t h a t  y .  (Un) c DI c D .  c v'". Then 
o l * -  3 J J n  

U c y y ~ ' ( ~ ~ )  cvAO f o r  a l l  y E rU and 0 j cm. T V l  i s  f i n i t e  s o  t h a t  
n J  n n .  

by Lemma 1.6.2 t h e r e  i s  a r - i n v a r i a n t  d i s c  D such t h a t  y .  (LJ ) c 
U a 

n J n 

Y .  (a0)  c D c V' O f o r  0 h j Sn. Thus rU = rD 
j  n 

and y (D) n D = 0 f o r  
3 n 

y ~r - r  
D ' Define V = D. Thus (Un) and ' pn)  s a t i s f y  (a) ,  (b),  (c) n 

and (d) a s  wel l  as p r o p e r t i e s  (1) , (2) and (4).  

We s h a l l  go on t o  const ruct  sequences which a l s o  s a t i s f y  ( 3 ) ,  (5) 
r, 

and (6). Define t h e  sequence (n ) o f  i n t e g e r s  a s  follows. 
k 

We d e f i n e  n = 1 and nk, k > l ,  t o  be t h e  l e a s t  i n t e g e r  such t h a t  1 

I' (U1u ... U U  ) c I'(Up .. .uuO ).  We observe t h a t  such an in teger  n 
"k- 1 nk 

' k 

always e x i s t s  s i n c e  U u . . .u U 1 i s  compact and (U9) is an open cover 
nk-l 

1 

of  S. By Coro l l a ry  1.5.5 r i s  countable.  Let Q.) be  an enumeration 
1 



LEMMA 2.1.4. If nks nk-l for some k , then r(Ulu . . .UU, ) = s 
k- 1 

and the sequences (y . (U . ) ) . and (yi (Vj ) ) i, , 1 s j s n . properZy 
1 J l , j  k- 1 

relabezed as  (X ) and (Y ) such that  Y = y. (IT- ) i f  x n n n 1 J n 
= Yi(Uj) , 

sa t i s f y  (1 - (5). 

Proof. Assume n < 
k-  nk-1 . Then r(ulu ... u u ) c ~ ( u ; u  ... u u O  )c 

nk- 1 nk- 1 
r(uIu . . . u ~ n  ) NOW ulu . . . U ~ n  is  compact and hence closed i n  S. 

k- 1 k-1 

The family (y (U u . . . 
1 ) I y E F) i s  a l o c a l l y  f i n i t e  family of c losed 

s e t s .  Thus r(Ulu . . . " U  ) is  closed i n  S, b u t  it i s  a l s o  open i n  S 
"k- 1 

and hence equal t o  S s i nce  S is connected. The remainder of t he  lemma 

I 
i i s  an obvious consequence of t h e  choices of (X 1 and (Yn) 0 
? n 

L M  2.1.5. If S is compact, then n k i  nk for some k and (Yn) - 
can be choosen t o  sa t i s f y  (6 ) .  

Proof of  Lemma 2.1.5. If S is  compact, then  f o r  some Z w e  have 

u i u  ... U; = s SO t h a t  r(ulu ... UU$C r ( u p  ... u U ~ )  = S. Therefore 

n < Z  f o r  a l l  k. I t  follows t h a t  nk ink- l  k- f o r  some k .  Furthermore, 

r i s  f i n i t e .  Each is uniformly continuous and hence t h e r e  i s  a 

pos i t ive  number c such t h a t  f o r  a l l  y E r, d(y(x),y(y))  < a  i& d(x,y) < c .  

Let us choose b so t h a t  b i c  in which case d i m \ )  < c  fo r  a l l  n. 

Then diam(y.(V') )  < a  f o r  a l l  i and n. This proves t h a t  Yn can be 
1 n 

choosen t o  s a t i s f y  (6). 



Ke s h a l l  now consider t h e  case  t h a t  (n ) i s  s t r i c t l y  increas ing k 

which implies t h a t  S i s  not compact. We put A-1 = A. = b and Ak = 

U> ... u U 0  , f o r  k~ 1. Then % = Ulu . .We observe t h a t  
"k -- 

i s  compact and U { A ~  I k 2 0 } = S . By d e f i n i t i o n  P(%) c P(Ak+l). 

Given k 20 ,  we w r i t e  F = T ( $ + ~ )  - P(Ak) = P ( % + ~  - P ( \ ) ) .  The s e t  
k 

F i s  closed and r- invariant  while I? (A,+2) - ($-1) = i' (\+* - I' (Ak-l)) k 

i s  open, i ' - invariant  and contains Fk. Moreover, s i nce  Fk = (ik+l - 

T (Ak)) c P - \) , we have Fk = Fk" - \) = u {Y (Ak+l - flF 1 

y 1 y k + l )  "Y(Fk) I y e r ) =  r ( ($+l -%)  n F k ) *  

Now (Ak+l - Ak) fl Fk i s  compact so t h a t  t h e r e  i s  a f i n i t e  subsequence 

of (U.) such t h a t  U k Z c  V ~ ~ C  Vkz 
1 

LEMMA 2.1.6. The sequences ('ti (ukZ)) ,k, 2 and ( ~ ~ ( ~ k ~ ) ) ~ , ~ , 2  

properly re labezed as (Xn) and (Yn) such that Y, = Yi(Vkl) if * 

Xn = YiOlkZ). s a t i s f y  (1 ) - (6 ) -  

Proof of Lemma 2.1.6.$ The only condi t ions  whose t r u t h  i s  not 

immediately obvious a r e  (2) and ( 3 ) .  To show (2) we observe t h a t  

U I F ~ I  k 2 0 1  = ~ { r ( $ + ~ )  - r + )  I k 201 = { r ( q )  I k 2  01 = S. 

Thus (Yi(Ukt))i,k,t covers S .  Next we s h a l l  show t h a t  (yi(Vkt)) is 

l oca l l y  f i n i t e .  Assume 0 < m ~ k - 3  and Yr,Y E . Then Yr(Vm ) c 
S 

j 



Then x t Fk c I ' ( \ + ~ )  - T(%-~) = Tk fo r  some k.  The set  T k i s  open and 

doesn' t  meet yi (V ) whenever m r k-3 o r  m z k+3 .  The family (3 n g Z J )  ,,,, mZ 

k-3 Srn S k43, i s  l o c a l l y  f i n i t e .  Thus x has a neighbourhood i n  Tk which 

meets y.(V ) f o r  only  f i n i t e l y  many i, m and I .  Hence, 
1 m~ ('i'm~))i,m, 

i s  l oca l l y  f i n i t e .  0 s 



THEOREM 2.2.1. Given a group r of homeomorphisms acting discon- 

tinuousZy on a surface S ,  then there i s  a countable colZection D 

o f  discs with the foZlowing properties: 

11) u {DOI D r D l  = S; 

12) D i s  ZocaZZy f ini te;  

13) If Dl , D p  E D ,  D 1 t D 2' then Dl$ D2; 

/ 4 )  ~f D ~ , D ~  C D ,  D, z D 2 ' t h ~ ?  a o1# D,; 

151 ( 3 ~  I D r D l  i s  compatible; 

16) u { a ~  1 D E D l  i s  compatible with Fr; 

(7) D i s  r-invariant; and 

181 For  D E D  and y 6 1 ' - r D ,  y(D) n D  = 0 .  

't .. 
Proof. Let (XnIn J+-4nd (YnIn J be t h e  sequences of d i s c s  of 

Theorem 2.1.1. We can choose a subsequence (Xn ) of (XnIneJ such 
i 

t h a t  Xn and Xn a r e  not I'-equivalent i f  i t j ,  and each X i s  I'-equi- m 
i j  

valent  t o  X f o r  some i. We s h a l l  now construct  c o l l e c t i o n s  D. of 
, 

ni 
1 ... 

discs '  as  follows.  

Let Do = {y(Yn,) I y TI. Suppose k 2 0 and l o c a l l y  f i n i t e  and 
J. 

r - invar ian t  co l l ec t i ons  D ..., D of d i s c s  have been constructed 
0 ' k 

so t h a t  Y , 2 r k + l ,  i s  met by a t  most f i n i t e l y  many of t h e  d i s c s  
rk- 

i n  Dou.. . uD Then i s  constructed as follows. By C 1 , 46 D,E I k 

t he r e  is  a d i s c  Dl such t h a t  X c D O  c Y  and a Dl meets F = 
nk+ 1 nk+l 

u{3D 1 D E Do". . . uD 1 i n  a t  most f i n i t e l y  many points .  We know 
k 



w 

r~ = TX = A i s  f i n i t e  and A(3Dl) n F i s  then f i n i t e  too'because 
n k+ l  nk+l 

F i s  r - invar iant .  By Lemma 1.6.2 t he r e  i s  a A-invariant  d i s c  D so  t h a t  

x D O C Y  
n and aDnFcb(8D1) n F .  Thus 3D i s  compatible with F.  

k+ 1 n k+l  

We def ine  D k+ = {y (D) 1 y E r]. We observe t h a t  D k + l  is r- invar-  

i a n t ,  l o c a l l y  f i n i t e  and  {8D I D E Dk+l} i s  i t s e l f  compatible a s  well as 

compatible with {aD I D E Dou  . . . w D k ) .  Further,  f o r  y r l' - rD and DE p k+l, 

y(D) nD = $. By cons t ruc t ion ,  Y , Z>k+2,  meets y(Y ) f o r  a t  most n 
Z nk+ 1 

f i n i t e l y  many Y E T  and we have D c Y n  . I t  fol lows t h a t  Yn meets 
k+ l '  2 

a t  'most f i n i t e l y  many s e t s  i n  Dk+l .  

We claim t h a t  t h e  co l l ec t i on  D 1  = I i 20) of d i s c s  s a t i s f i e s  t h e  

' requirements ( I ) ,  (2), (51, ( 6 ) ,  (7) and (8). To prove (1) r e c a l l  t h a t  

u{Xn 1 a l l  n)  = S. Given n ,  Xn i s  r-equivalent t o  X f o r  some j and 
n 2 

J 
thus by construct ion,  t h e r e  i s  some D E D  with X c D* c.Y . Hence 

j 4 "4 
J J 

x c I Y E  r) c U{D I D E D . ) .  I t  follows t h a t  S = U{D I i) C D ' ) .  
n J 

To prove (2) we observe t h a t  by our const ruct ion of  D '  t h e r e  i s  a 

mapping $J from J onto D 1  with XnC $(n)OC Yn f o r  a l l  n E J .  (J i s  t h e  

index s e t  o f  t h e  sequence- (Xn)n E J ) .  Since (Y ) i s  l o c a l l y  f i n i t e ,  
n 

D' i s  l oca l l y  f i n i t e .  

For (5) , assume D l  sDi, D 2  E Dj , A 2 j , and D D2.  
I f  i < j , then by 

construct ion a D i s  compatible with 3 ~ ~ .  If i = j , then D l D  D = 
2 2 

and thus they are compatible. The l a t t e r  observation a l s o  shows 

t h a t  (8) is obvious. 

To e s t ab l i sh  ( 6 )  l e t  D E D ' .  I f  X E F  n D ,  then X E F  by (8).  Thus r r~ 
Fr  n aD = Fr n 2D i s  f i n i t e .  Hence a D  is compatible with F r  and thus  

D I D  



\ ' Q 

by (2) , u { a D  I D  c D) i s  compatible with F C l e a r l y  D i s  r - invar ian t  I" 

s i n c e  D  i s  I '-invariant f o r  a l l  i thus  p r o v i ~  (7). 
i 

Let us now p a r t i a l l y  o rder  D 1  by inc lus ion .  D 1  and with it t h e  o rder  

defined on D f  a r e  r - i n v a r i a n t ,  t h a t  i s ,  Dl= D if and only  if y(D1) c y ( D 2 )  
2 .  

f o r  a l l  y E r. D f  is l o c a l l y  f i n i t e  s o  t h a t  every  chain  i n  D '  is  f i n i t e .  

Thus t h e  c o l l e c t i o n  0 of maximal elements of D 1  i s  nonempty and s a t i s -  

f ies  a l l  p r o p e r t i e s  except p o s s i b l y  (4).  

We observe t h a t  i,f a D l c  D 2 ,  - f o r  Dl  ,D;E D , Dl* D 2 ,  then D l  U D2 = S 

2 
and S is homeomorphic t o  t h e  sphere  S . Thus i n  t h i s  case  we only 

have t o  show t h a t  D can be  choosen t o  s a t i s f y  (4 ) .  According t o  

2 2 
Proposifion 1.5.7 we may assume t h a t  S = S . We e ~ d o w  S with t h e  

3 euclidean met r i c  of R . Thus i f  a i n  Theorem 2 .1 .1  i s  small enough 

and diam(D) < a  ? f o r  a l l  D E D ,  then t h e r e  a r e  no two d i s c s  i n  D  which 

cover S. Hence 'D s a t i s f i e s  (4 ) .  0 



43. 

53. THE PROOF OF LEMMA2.3.1 

Let (S,G) be  a  polyhedron each of whose f ace s  i s  a  polygon. 

A polyhedron (S,H) is ca1,led a barycentric subdivision of (s,G) i f  

it is obtained from (S,G) by t h e  following two s t ep s :  6 

(1) Each edge of G i s  subdivided i n to  two edges thus  y ie ld ing  

t h e  polyhedron (S,Gt); and 

\- (2) There is  a  subdivis ion o f  each n-gon f ace  o f  (S, ' ) i n t o  C n t r i a n g l e s  by n a r c s  jo in ing  a  p,oint v E F O  with t h e  n  

v e r t i c e s  of  t h e  f a ce  whenever n  2 2. 

I 

We note  t h a t  t h e  ba rycen t r i c  subdivision (S,H) i s  a  t r i a n g u l a r  

polyhedron. Before proving t h e  lemma about t he  ex i s tence  o f  a  r - in-  

va r i an t  ba rycen t r i c  subdivis ion,  we b r i e f l y  d i scuss  f i n i t e  homeomor- 

phism g ~ o u p s  of a r c s .  

We no te  t h a t  i f  I' i s  a  f i n i t e  homeomorphism group of an a r c  

e = e  then  e i t h e r  r = (11 o r  I' = <Y> , where Y is  of order  2 ,  
tu,v I' 

interchanges u and v  and has  exac t l y  one f ixed  po in t  x E e  
Cu,v) ' 

The proof of t h i s  s ta tement  is s t ra ightforward and w i l l  be omitted. 

LDDIA 2 . 3 . 1  . Le t  T be a discontinuous homeomorphism 

group_ of  the pozyhedron (S , G )  , Then there. i s  a r - i nva r i an t  

b q c e n t A c  szibdiuiston (S,H) of (S,G) with the foZZowing ' 

properties : 
/ 

(21 If y(x) = x  for  xeE(H)  uF(S,H) and  YE^. then YI, = 11,. 



Proof. 1n order  t o  ob ta in  a  ba rycen t r i c  subdivis ion we first 

subdivide t h e  edges of G i n  an appropr ia te  way t o  be  described below. 

We no te  t h a t  I' i s  f i n i t e  i f  e e ~ ( G )  and according t o  t h e  above obser-  
e  

va t ion  re I e i t h e r  c o n s i s t s  of t h e  i d e n t i t y  mapping only  o r  r I = 
e  e  

< y > ,  where y  is  a  homeomorphism of e  of o rder  2 which has  a  unique 

f i xed  point  w E e  - iG (e) . Let Eo c E (G) cons i s t  of exac t ly  one edge 
e  

from each r - o r b i t  and l e t  W' = {wel e  E E ~ } .  where w r e  - i (e) and 
e G 

y(we) = we f o r  a l l  y e re. Let W = r(W1). Then W i s  I '-invariant, 

every edge e  E E(G) conta ins  exac.t-Q one po in t  w of  W and y(w ) = w -. e e  e  

f o r  y E re. Thus t he  subdivis ion G1/of G by W provides t h e  first s t e p  

'si 
of a  barycentr ic  subdivision.  We a l s o  note  t h a t  y (e )  = e  implies 

- 
yIe - ' I e  f o r  e  cE(G1) and y €re.  

Let F E  F(S,Gr) = F and l e t  V(F) = FnV(G1) .  The group TF I F  i s  

topo log ica l ly  equivalent  t o  a group of congruences of t h e  u n i t  d i s c .  
8 .  

Thus i n  view of t h e  previous remark it fol lows t h a t  V(F) DF n a F 
r~ 

and Fr nFO c F  
rF I . Let Foe F cons i s t  of exac t l y  one f a c e  from each 

r - o r b i t .  Then t h e r e  i s  a c o l l e c t i o n  K = {KF I F E Fo } of S-graphs 
0 

dividing t h e  faces  F  E F i n t o  t r i a p l e s  and s a t i s f y i n g  t h e  following 
0 / 

p rope r t i e s  : 

(a) ps(KF1 ' e ~ ~ , ~  f J - . - U e  i s  a  s t a r ,  where { v l , .  .. ,v } = 
1 Cv,v 1 n n  

(c) F02 ps(KF) -V(F)3 Fr n F O ;  and 

(d) KF i s  rF- invar iant .  



4 

We now def ine K = {KFI F E F} a s  follows. 

For F 6 F we s h a l l  def ine 10 = y(% ) where Foe Fo and y E T with y(FO) = F. 
0 

- I  Then KF is  well-defined a s  F = y(Fo) = 6(Fo) implies t h a t  y 6 E rF 
-4 0 

Hence y-16 ($ ) = KF and y (KF ) = 6 (KF ) . 
0 0 0 0 

There a r e  some immediate consequences of t he  construct ion of G '  

and K. We have t h a t  K i s  a l oca l ly  f i n i t e ,  compatible and I'-invariant 

co l lec t ion  of S-graphs each of which s a t i s f i e s  (a)-(d) .  

Also, K = U {KF ) F e F) i s  a r - invar iant  S-graph and K i s  compatible 

with G 1  as ps(K)n ps(G1) = V ( G f ) .  It follows t h a t  (S,H), rz~here H = K U G ' S  

i s  a r - invar ian t  barycentr ic  subdivision of (S,G). we have E(H) = 

E(G1) uE(K) and y(e) = e implies yl =lie fo r  a l l  Y ~r and eeE(H).  e 

Moreover, s ince  ps  (H) 3 Fr it follows t h a t  n Fr = $ f o r  every F E F(s,H) 



94. THE PROOF OF THE TRIANGULATION THEOREM 

THEOREM 2.4.1. Given a group I' o f  homeomorphisms acting discon- 

t inuous ly  on the surface S , there i s  a r-invariant trianguZar poty- 

hedron (S ,G )  sa t i s fy ing  the following hm proper tas  : 

(1) ps(G) 2 F , . r '  and 

(2) If Y(X) = X ~ O P  and x & E ( G ) u f ( s , ~ ) ,  then y l x  = 1 1 ~  
(where I i s  the i d e n t i t y  mapping on S). 

Proof. A s  a  f irst  s t e p  we choose a  c o l l e c t i o n  D of d i s c s  a s  i n  

Theorem 2.2.1 and cons t ruc t  a I '-invariant graph H with ps (H) = 

U { ~ D  I D E D l .  Let D  D c o n s i s t  o f  exac t ly  one r e p r e s e n t a t i v e  from each 
0 

I'-equivalence c l a s s  of D. For each D E D  we choose a f i n i t e  s e t  VD with 
0 

F  n a D  c VD c aD , I' (V ) = V and card  (V ) 2 3 . Let % be t h e  S-graph 
r~ D  D D D 

with ve r tex-se t  V and po in t  s e t  2D s o  t h a t  % i s  r - i n v a r i a n t .  
D D 

For D E D diefine % = y(% ) where Dl€ D o  and Y with Y(D1) = D o  
1 

% i s  well def ined s i n c e  y(D1) = 6Q1)+ = D impl ies  Y-'6 E r  and 
D, 
1 

hence y - l  6(%1) = I+, o r  y(% ) = 6(% ). The fol lowing observat ions  
1 1 1 

(a)  and (b) a r e  immediate consequences of t h e  d e f i n i t i o n  of %. 
(a) H = 1% I D E D  1 is a  compatible,  l o c a l l y  f i n i t e  and 

r - i n v a r i a n t  c o l l e c t i o n  of S-graphs; and 

(b) H = U{K I K EH 1 is  a r - i n v a r i a n t  S-graph with ps(H) = 

u I a D  D E D ]  and V(H) 3 F r  nps(H). 

We cla im t h a t  t h e  graph H is  connected. I t  s u f f i c e s  t o  prove 

t h a t  ps(H) i s  arcwise connected. Suppose ps(H) i s  not  arcwise con- 



nected. Then t h e r e  is an a r c  e c S  such t h a t  e 
Cu,vl ( ~ 9 ~ 1  n ps(W = fi, 

where u and v a r e  i n  d i s t i n c t  components of ps (H).  Now S = &{DO I D e D 1 
. . 

s o  t h a t  t h e r e  a r e  d i s c s  D ,  D D2 E D  with u e D O ,  u € a D l  and v eaD2. 
1 ' 

Since a D c ps (H) we have eCuYvl c D  and V E ~ D  o r  V E D O .  In  any case,  

. . all n a D 2  4 fl s i n c e  e i t h e r  v E a D  n a D  o r  v E D o  and aD2# D. IVe have 
2 

a D  n aD, t fl s i n c e  a D  6 D .  Therefore u and v belong t o  t h e  same com- 
1 

. panent of ps(H) which i s  a c o n t r a d i c t i o n  of our assumption. 

We c la im t h a t  every f a c e  o f  H i s  a polygon. Let F be  a f ace  of 
- 

H i n  S .  Then t h e r e  i s  some d i s c  D E D  with F c D .  Consider t h e  sub- 

graph K of'% contained i n  D and l e t  L be t h e  cyc le  i n  K whose point  s e t  

is a D .  We s h a l l  show t h a t  K i s  2-connected. This  impl ies  t h a t  every 

f a c e  o f  H wi th in  D i s  a polygon. Given any v e r t e x  v E V(K) - V ( L ) ,  

t h e r e  i s  a pa th  P i n  K 'conta in ing v and jo in ing two d i s t i n c t  v e r t i c e s  , 

of L.  ~ h u s  t h e  remdval of any p o i n t  of v (K) - V(L)  r e s u l t s  i n  a con- 

nected graph. Thus K i s  2-connected. 

An a p p l i c a t i o n  of Lemma 2 . 3 . 1  t o  t h e  polyhedron (S,H) completes 

t h e  proof. a 



CHAPTER 3. ABSTRACT POLYHEDRA 

By Theorem 2.4.1 it i s  p o s s i b l e  t o  s u b s t i t u t e  t h e  s tudy of d i s -  

continuous groups on su r faces  by t h e  s tudy  of groups of automorphisms 

of a b s t r a c t  polyhedra. The not ion of a t o p o l o g i ~ a l  polyhedron w i l l  

be  replaced by an equivalent  no t ion  ( s e e  Theorems 5.1.1 and 5.1.3) 

of an a b s t r a c t  polyhedron. An a b s t r a c t  polyhedron s h a l l  c o n s i s t  of a 

l o c a l l y  f i n i t e  (poss ib ly  i n f i n i t e )  graph and a boundary t o u r  scheme, . 

which i n  t h e  theory  of  graph embeddings i s  commonly c a l l e d  a genera l ized 

embedding scheme C251, C261. Moreover, ins tead  of homeomorphism between 

topological  polyhedra we s h a l l  be t a l k i n g  about isomorphisms of a b s t r a c t  

polyhedra ( see  Theorem 5 . 2 . 2 ) .  ( I f  one i s  concerned with embeddings 

of graphs t h e  problem i s  t o  determine when two embedding schemes pro- 

duce t h e  same embedding.) The ques t ion  of when two a b s t r a c t  polyhedra 

a r e  isomorphic o r  when a polyhedron i s  o r i e n t a b l e  can e a s i l y  be answered 

by looking a t  t h e i r  boundary t o u r  schemes ( see  Proposi t ions  3 .1 .3  and 

3.1.4 and Corol lary  3.1.8). I n  view of  Theorem 2 .4 .1  we may r e s t r i c t  

our a t t e n t i o n  mostly t o  automorphisms of a b s t r a c t  3-polyhedra, t h a t  is,&: 

polyhedra a l l  of whose boundaries are t r i a n g l e s .  

We d e f i n e  one-sidedness and two-sidedness of cyc les  and 2 - i n f i n i t e  

paths .  Thus a two-sided cyc le  o r  p a t h  C p a r t i t i o n s  an a b s t r a c t  poly- 

hedron i n t o  two p a r t s  whose i n t e r s e c t i o n  i s  C .  Isomorphisms n a t u r a l l y  

preserve  boundaries a s  well  a s  t h e  p r o p e r t i e s  of  one- and two-sidedness 

and a l s o  t h e  s i d e s .  A 3-polyhedron i s  def ined t o  be p lanar  if a l l  o f  

i t s  cyc les  are . two-s ided.  We s h a l l  s e e  i n  Theorem 5.1.6 t h a t  a b s t r a c t  



planar 3-polyhedra are exactly the3 -polyhedra which correspond too 

planar topological 3-polyhedra. One- and two-sided 2-infinite paths 

shall be important tools in the study of automorphisms of infinite 

order in planar polyhedra (Chapter 4). 



51. AUTOMORPHISE OF ABSTRACT POLYHEDRA 

Let G b e  a connected and l o c a l l y  f i n i t e  graph (Locally f i n i t e  f o r  
- 7 ' .  

graphs means t h a t  every v e r t e x  has  f i n i t e  degree) with u t  m u l t i p l e  d 
edges. We s h a l l  w r i t e  H c K  i f  H i s  a subgraph of  K ,  H n~ f o r  t h e  

subgraph induced by V (H) n V (K) and E (G) s h a l l  denote t h e  s e t  of v 

edges of G i n c i d e n t  t o  v. We s h a l l  w r i t e  d (x,y) ,  r e s p e c t i v e l y ,  G 

dG(K,L) t o  denote  t h e  d i s t a n c e  i n  G between t h e  v e r t i c e s  x and y of 

G ,  r e spec t ive ly ,  t h e  subgraphs K and L of G .  A tuo uay infirzite 

(abbreviated a s  2 - i n f i n i t e )  pa th  i s  a connected, i n f i n i t e  graph which 

i s  regu la r  o f  degree  2. A one uay i n f i n i t e  (abbreviated a s  1 - i n f i n i t e )  

path i s  a connected, i n f i n i t e  graph with maximum degree 2 and minimum 

degree 1. I f  H i s  a path  o r  c y c l e  i n  G and u , v ~  V(H), then H 
Cu,v> 

s h a l l  denote a path  on H jo in ing u and v .  If  t h e r e  i s  no unique 

such path it s h a l l  b e  c l e a r  from t h e  context  which one i s  meant. 

A rotation system P f o r  G i s  a s e t  {P 1 v e V ( G )  1 where Pv is a 
v 

-/---. 
c y c l i c  permutat ion o f  E (G) . Althoughyhe permutations Pv and v 

a r e  i d e n t i c a l  a s  mappings i n  case  1 I 1 E (G) I 1 2 ,  we s h a l l  cons ide r  
v 

f-- 

them a s  d i s t i n c t  obj  e c t s .  If {el, .  . . ,e 1 C E  (G) and n 2 3 t h e n  we 
n v 

s h a l l  w r i t e  ( e  ..,e )cP i f  p:l(el) = e , pE2(e ) = e 
p 1" n v 2 v 2  3' "" 
C- - 

p "-1 
v (en-l) = e where ... ,E are p o s i t i v e  i n t e g e r s  and n ' n-1 

E + ...+ E , ? < I E  (G)I 1 n-1 v . We c a l l  ( e l , ; . . , e  ) t h e  induced c y c l i c a l  n 

arrangement on {el,. . . ,e I .  
n 

A boundwy tour scheme f o r  G is a p a i r  (P,h) c o n s i s t i n g  of a 

r o t a t i o n  system P and a mapping A: E(G) -+ Z = { 1,-1). The t r i p l e  2 



(G,P,X) i s  

ins tead  of 

graph H of 
,. 

is defined 

ca l l ed  an (abstract 1 polyhedron. We s h a l l  wr i t e  (G,P) 

(G,P,X) i f  X(e) = 1 f o r  a l l  e E E(G),. For any f i n i t e  sub- 

G we define A (H) = JT{A (e) I e E E (H) }, where t h e  product 

t o  be 1 i f  E(H) = fl. We say H is  A- t r iv ia l  if X(H) = 1 

(see [25, p . 4 8 1 ) .  

Given two polyhedra (G.,P,X) and (H,Q,p) and an isomorphism 

I$ : G + H ,  we - s h a l l  say t h a t  @ is an isomorphism from (G,P,X) t o  (H,Q,w) 

and,write @ : (G,P,X) + (H,Q,p) i n  case  

k v )  
imply E =  6 ~ ( @ ( e ) ) .  

(We s h a l l  adopt t h e  convention of  denoting t he  mapping of t h e  edges 

induced by an automorphism by t h e  saie-.symbol.) 

An mtomorphism of (G,P,A) is an isom~rphism of (G,P,X) onto itself. 

We use Aut(G,P,X) t o  denote t h e  s e t  of a l l  automorphisms of (G,P,A). 

The ~ t o m o r p h i s m  a E Aut (G ,P) i s  c a l l e d  orientat ion preserving i f  

- 1 a PUa = P 
a (u) 

f o r  some (or equivalent ly ,  f o r  a l l )  u E V(G), and 

orientation reversing otherwise. The polyhedron (G,P,A) i s  orientable 
/ 'i 

if t h e  i d e n t i t y  isomorphism I : G  -+G is  an isomorphism from (G,P,X) 

The proofs of t h e  following two statements 'are easy exerc i ses  
, 

and t he r e fo re  omitted. 

PROPOSITION 3.1.1. If @ : (G,P,A) -+(H,Q,p) and $ : (H,Q,p)-+(K,R,v) 

1 are isomorphisms, then 4- : (H,Q,v) +(GJP,X) and $04:  (G,P,A) -+ (K,R,v) 

are isomorphisms . 



COROLLARY 3 . 1 . 2 .  The se t  Aut(G,P,A) of aZZ automorphisms of  

(G,P, A) fohn a group with composition of mappings as group operation. 

PROPOSITION 3 . 1 . 3 .  Let the polyhedra (G,P,X) and (H,Q,p) and an 

isomorphism @; G -+ H be given. Let @ (G,P,'A) denote the polyhedron 

(H,@P+-',~) rhere @I%$-' = f $  PV$-' (G) 1 and v( @(el)  = A (e) foor 

aZZ e E E (G) . Then 0 is an isomorphism from (G ,P,X) t o  (H,Q,p) 
--, 

i f  and only i f  the iden t i t y  Lsumorphism I : H +H i s  an isomorphism o f  

@(G,P,V and (H,Q,v) 

Proof. We prove t h i s  proposi t ion by means of diagrams. F u l l  

arrows denote given isomorphisms and do t ted  arrows a r e  f o r  implied 

isomorphisms. 

0 

The next statement g ives  a simple c r i t e r i o n  f o r  determining 
- > 

whether t h e  i d e n t i t y  t :G+G i s  an isomorphism between the polyhedra 



53.  

PROPOSITION 3 . 1 . 4 .  The ident i ty  isomorphism I :  G - t  G i s  an iso- 

morphism 

( I  1 

(2) 

of the polyhedra (G,P,X) and (H,Q,p) if  m d  only if 
6 PU E 1% 1 6 6 Z2} for  a l l  u EV(G) and 

for a l l  e E ECG), X (e) # p (e) i f  and onZy i f  exactly one 

element of i G ( e )  belongs t o  U = {v r V(G) I Pv = <'I. 

Proof. K i r s t  we prove t h e  ''only if" p a r t .  I f  I : (G,P,X) -t (G,Q,p) 

8 is  an isomorphism of  t h e  polyhedra then by d e f i n i t i o n  P E { QU 16 E Z23 u 

f o r  a l l  u EV(G). 

i f  e i t h e r  u EU or  

We now prove 

Now l e t  e E E(G) and iG (e) = {u,v 1 .  I t  fo l lows t h a t  . 
6 

PU = \. We conclude t h a t  A(e) p (e )  i f  and only  

v E U  but not  both hold. ' J  S -  

t h e  " i f "  p a r t .  Assume (1) and (2) hold and l e t  B 

6 
= c, ~ , 6  E Z2, and by , e r.E (G) , iG (e) = {u ,v j .  By ( I ) ,  PU = \ and Pv 

(2)  i t  immediately fo l lows t h a t  E = 6p:e).  Thus I :  (G,P., A) -t(H,Q,p) 

i s  an isomorphism. 0 

COROLLXPY 3.1.5. If I : (G,P,X) *(G,Q,p) i s  an isomorphism, then i n  . 

every cycle C o f  G the nwnber of edges e ~ t h  X(e) f p(e) i s  even. 

Proof. Let C be  a cyc le  and E '  = {e e E(C) I X(e) $ p(e))  and 

E" = E(C) - E ' .  The endpoints  of  an edge in, E" bothb belong t o  U o r  

both  don' t  be long . to  U ,  and e x a c t l y  one endpoint of an edge i n  E'  

belongs t o  U .  Thus a l t e r n a t i n g  "blocks" i n  C of v e r t i c e s  of U and 

V(G) - U a r e  separa ted  hy edges i n  E l .  I t  fo l lows t h a t  I E '  I is even. 0 



The following statement is an immediate consequence of Corol lary  

3 . 1 . 5 .  and d e f i n i t i o n s .  

COROLLARY 3.1.6. If (G,P,X) i s  orientable, then every cycZe i n  G 

COROLLARY 3 . 1 . 7 .  I f  every cycle of the polyhedron (G,P,X) i s  

A-trivial, then (G , P , 1 )  i s  orientable. 

Proof. Fix  u r V(G). For a r b i t r a r y  v E V(G) def ine  \ = Pv if 

- 1 
t he r e  i s  a 1 - t r i v i a l  path  from u t o  v  and Qy = Pv i f  t h e r e  i s  a path  

from u t o  v which i s  no t  h - t r i v i a l .  Then Q = 1 1.v E v(G)] i s  well-  

defined a s  every cyc le  of (G,P,h) i s  A- t r iv ia l .  Moreover, i f  iG(e )  = 

v '1 it follows t h a t  A(e) = -1 i f  and only i f  exac t ly  one of  vl o r  v %, 2 2 

belongs t o  {w E V (G) I Pw = <'I. Thus I : (G,P,A) -+ (G,Q) i s  an isomorphism 

and (G:P,X) i s  t he r e fo re  o r i en t ab l e .  0 

Coro l l a r i e s  3 . 1 . 6  and 3 . 1 . 7  imply the  following c r i t e r i o n  fo r  

o r i e n t a b i l i t y  of polyhedra. (See a l s o  C25 , Theorem .) 

COROLLARY 3 . 1 . 8 .  (G,P,X) i s  orientable i f  and only if every 

cycle of (G, P,X) i s  1-trivial .  
- 

"2 - 

COROLLARY 3 . 1 . 9 .  If 4 :  (G,P,X)+(HbQ,p) i s  an isomorphism and C 

i s  a A-trivia2 cycle i n  G ,  then +(C) is p-trivial .  



Proof. By Proposi t ion 3.1.3 we have t h e  following diagram, 

Clearly,  c i s  a A- t r i v i a l  cycle in' (G;P,x) i f  and only  i f  X(C) is  

p - t r i v i a l  i n  $(G,P,X). Thus it su f f i ce s  t o  prove t h e  c o r o l l a r y  i n  the  

case where G = H and 4 = r .  Let C be a A- t r iv ia l  cycle .  In view of 

Corollary 3.1.5, C has an even number of edges e with X(e) ~ ( e ) .  

I t  follows t h a t  I (e  E E(C) I p(e) = -1 and X(e) = 111 and I{e E E(C) I 
(e) = 1 and A(e) = -1) 1 have t h e  same pa r i t y .  We conclude t h a t  

I - 

pa r i t y ,  and t he r e fo re  $(C) i s  p - t r i v i a l .  O 

The following co ro l l a ry  immediately follows from t h e  Coro l l a r i e s  

3.1.8 and 3.1.9. 

COROLI+Y 3.1.10. If (G,P,A) and (H,Q,p) are isomorphic and 
L 

(G,P,X) is orientabte, then (H,Q,p) is or; l e .  



5 2 .  'BOUNDARIES OF POLYHEDRA 

For any graph G t he  term arc s h a l l  denote an edge with a s p e c i f i c  

-+ 
c h s o f  o r i en t a t i on .  We s h a l l  wr i t e  e f o r  an a r c  corresponding t o  an 

4 + - 
edge e e E(G) and e (or occasional ly  ;-) f o r  t h e  reverse  of e ,  which i s  

t h e  a rc  whose o r i e n t a t i o n  i s  

t i v e l y  E (G) ; denote t h e  s e t  v 

a rc s  of G terminat ing a t  v. 

+ 
opposite t o  t h a t  of e .  Let E(G), respec- 

of a r c s  of G ,  r e spec t ive ly ,  t h e  s e t  of 
4 

Let ( G , P , ~ )  be a polyhedron, l e t  Pv be 

t h e  permutation of EV(G) induced by Pv i n  t h e  obvious way and l e t  

* 
A (z) = A (e) f o r  a l l  r E (G) . We def ine  a permutation P of E(G) Z2 

EX$) +- 
as  follows. we put  P*( (2, E)) = ((PV (e)) , E ( )  ) , f o r  e Ev (G) and 

& e Z 2 .  This d e f i n i t i o n  agrees with t h e  one given i n  C8 , p.141. 

An inspection of t h e  o r b i t s  of P* reve,als t h a t  they occur i n  p a i r s ,  

+- -k -t 
t h a t  i s ,  i f  (. . . (el , El) (e2,  E2). . . (en, En). . .) i s  an o r b i t  then 

f 4 4 
(...(en,-~n)...(e2,-~Z)(el,-~1)...) a l s o  i s  an o r b i t ,  C25, Lemma 11. 

The subgraphs of G n a t u r a l l y  induced by t h e  o r b i t s  of P* a r e  ca l l ed  
1 

/-- t h e  boundaries of t h e  polyhedron (G,P,X). 

Let (z. 6) E E (G) X Z 2 ,  where e has i n i t i a l  ve r tex  u ,  and l e t  

: ( G )  -t (H,,) be an isomorphism. We put $(;,6) = ($(;),&) 

6 -1 - E where E i s  chosen such t h a t  $P $ - c?g(u). I t  na tu r a l l y  follows 
u 

from t h e  d e f i n i t i o n  of isomorphism and boundaries t h a t  isomorphisms 

preserve boundaries. 



i PROPOSITION 3.2.1. I f  4 l(G,P,A) +(H,Q,p) i s  ax isomorphism, 

3 

J then (. (ei, E ~ )  (gi+l, ciCl ). . .) i s  an orbit  of 6 * if and-onZy i f  
t 

-+ -+ * 
( 9  . O(ei, ci). @(ei+l, E ~ + ~ )  ) is orbit  o f  Q Moreover, it 

foZZows that B is a boundary of (G,P,X) i f  and only if @(B) i s  

is a boundary o f  (H,Q,u). 

Proof. Tne second claim is a t r i v i a l  consequence of t h e  f i r s t  

* -+ 
claim. In order  t o  prove t h e  f i r s t  one we note  t h a t  P (e,6) = 

+ 
assuming t h a t  e has i n i t a l  ve r tex  u and terminal  ver tex  v. Given 

+ S -+ E u  (0 6) 1 6 A (g) 
t h a t  0 (e, 6) = (@ (e) , E) we conclude t h a t  Q @ (v) 

= @P 
v 

@-I. 

~ h u s  @ (P*(z, 6))  = Q* (0 (z.6)) f o r  (:, 6) E E (G) Z2, and by applying 

- 1 * -1 -+ 
t he  same considerat ions  t o  @ it follows t h a t  P ($J (e ,6))  = 

-1 * -+ 
$ Q (e,6) f o r  (;,6) E E(H) X Z 2 .  0 

In view of Theorem 2 .4 .1  w e  s h a l l  be concerned exclusively  with 

polyhedra a l l  of whose boundaries a r e  t r i a n g l e s .  We s h a l l  c a l l  them 

3-polyhedra or  t r i a - n g u k  po t y  k d r a .  

PROPOSITION 3.2.2. The boundaries o f  a 3-polyhedron (G,P,X) 

are A-triviaZ. 

Proof. Let H be t h e  boundary induced by t h e  o r b i t  (. . . ($1,~1) 

-+ -+ . & 
C ( e 2 , ~ 2 )  (e3, E ~ ) .  . . ) a s  shown i n  Figure  3.2.1. Then P ) = , v i-1 i i 



and E i ~  G i )  = E ~ + ~ ,  where 1 r i  5 3  and do = %3 and s4 = tl. Thus 

f i g u r e  3 . 2 . 1  
0 

PROPOSITION 3 . 2 . 3 .  If (G,P,A) is a 3-poZyhedron, then G i s  

3-connected. 

Proof. Now e l , e 2 c E  (G) belong t o  t h e  same boundary of (G,P,A) 
v 1 

6 i f  and only i f  Pv{el) = e2,  f o r  some 6 E Z  Thus t h e  s e t  {vl,.  . . ,v 1 
2 ' n 

of a l l  v e r t i c e s  adjacent  t o  v i s  contained i n  an n-cycle of  G .  

Consequently, i f  u and v a r e  adjacent  and U = {ul,. . . ,u 3 a r e  a l l  m 

v e r t i c e s  of G d i s t i n c t  from u and v but  adjacent  t o  u o r  v ,  then U 

induces a connected subgraph.nk:G. I t  follows t h a t  t h e  omission of 

two (adjacent o r  non-adjacent) v e r t i c e s  never d isconnects  G ,  t h a t  i s ,  

G i s  3-connected. 0 

m. 2 . 4 .  (a) The edges e l ,  e2 l Ev (G) belong t o  t h e  same 

6 boundary of t h e  3-polyhedron (G,P,A) i f  and only  i f  P (el) = e2,  f o r  
v 

some 6 eZ2,  a s  follows from t h e  d e f i n i t i o n  of t h e  boundaries. , , 

(b) Any edge of G belongs t o  exac t ly  two d i s t i n c t  boundaries, and 

any two d i s t i n c t  boundaries a r e  d i s j o i n t  o r  sha r e  exac t ly  one ver tex  

o r  share  exact ly  two v e r t i c e s  and t h e  edge jo in ing  them. 

s 



( c )  If {a ,a ,e} a d  (e ,e ,e) are the edge sets of two distinct 1 2  1 2  

boundaries as in Figure 3.2.2, then (e ,e , al) . P: implies (a2, e , e2) c 
1 

6X(e) 
v 

figure 3.2.2 



•˜ 3. ONE-{IDEDNESS AND TWO-SIDEDNESS OF CYCLES AND 2- INFINITE PATHS 

Suppose H = (vo,el,vl, ..., v n-1 "n'vn =vo)  i s  a  A- t r i v i a l  cycle  

o r  H = (. . . ,v , e .  ,v . . .) i s  a 2 - i n f i n i t e  path  , in t h e  3-polyhedron i-1 1 i J  

( G , P  Let ueV(H).  We def ine  r e l a t i o n s  w,wUrE(G) x{0,1,-11 a s  

fol lows : 

(1) I f  e sE(H)  o r  iG(e)nV(H)  = j3 , then l e t  (e,O) e o n w U  while 

i f  e  4 Eu(G) , then l e t  (e,O) e \; and 

(2) I f  v k r i G ( e )  "(H) and e4E(H) ,  then l e t  ( e , ~ )  r o ,  and ( e , ~ ) r w  u  

K i f u = v  i n c a s e  (ek ,e ,ekc l )cP  ~ i t h 6 ~ = h ( H ( v ~ , v , ) ) , .  
k  ' 

Vk 
where E s Z  O S k r n - 1 ,  e  = e  and H(vo,vk) = ( v ~ , ~ ~ , V ~ , . . . ,  

2 ' o n  vk) 

i f  H i s  a  cycle .  

we def ine  -w a s  t he  r e l a t i o n  f o r  which ( e , ~ )  E -o i f  and only i f  

(e,  -E) E W. We def ine  -wU i n  a  s i m i l a r  fashion.  If K i s  a  subgraph of G; 

then w(K) i s  t he  s e t  of a l l  IZ ~{0 ,1 , -11  with ( e , ~ )  E &  f o r  some eeE(K).  

w (K) i s  defined s imi la r ly .  
U 

NOTE 3.3.1. w i s  a  func t ion  with domain E(G) and range' {0, l , -1) .  
u  

I f  iG (e) n V (H) ' = fl o r  e  r  E (H) and iG (e) = { u , ~ ]  , then wU(e) = ~y (e) = 

w(e) = 0. I f  e+E(H)  but i G ( e )  nV(H) # 6, then w(e) = u{wx(e) I x r i c ( e ) l .  

We emphasize t h a t  t he  d e f i n i t i o n s  of w and w depend on t h e  p a r t i c u l a r  
u 

l a b e l l i n g  of t h e  v e r t i c e s  and edges o f  H. 

PROPOSITION 3.3.2. If H is a A-trivia2 cycle or a 2-infinite path 

of t h e  3-polyhedr'on (G,P,X) and wl and w2 are derived as described above, 

then either wl = w o r  w = -w 2 
,. for a22 u  E V(H). 

U u  lu 2u 



Proof. We s h a l l -  r e s t r i c t  t h e  proof t o  t h e  case  where H i s  a  cycle  

as  t h e  o the r  case  i s  s imi la r .  We claim t h a t  i f  H = (vo,el, .  . . ,en,Vn =v0)  

and H = (uo,fl, ..., f u  = u  ) with u i - v  f o r  O ~ i s n - 1 ,  and i f  t h e  
n ' n  o  n - i  ' 

derived r e l a t i o n s  a r e  wl and w2,  respect ively ,  then w2 =-wl f o r  every 
u  u 

u  E V(H).  TO prove t h i s  claim l e t  e E E(G) - E(H) and u  = vk = u  r i (e). 
n-k G 

H i s  A-tr iv i  1, so  t h a t  A(H(v*,v~))  = 6 = X ( H ( U ~ , U ~ - ~ ) ) .  We conclude 
0 i - 6 ~  6e 

t h a t  (E ; -k ,e . , fn -k+l )CPvk i f  and only i f  (ek, e,ek + l) c PVk . 
Thus ( e , ~ )  wl i f  and only i f  ( e ,  -E) E w2 . 

U U 

Next we claim t h a t  i f  H = (vo,el, ..., e  n>vn = v  o  ] and H =  (uo,fl, 

..., f , u n = u  ) with u  = v  f o r  O < i < n - 1  and f ixed  k ,  O l k r n - 1 ,  
n  o i i + k  

and i f  t h e  derived r e l a t i o n s  a r e  wl and w , then e i t h e r  wl = w 2  2 
f o r  a l l  

u  y,  
u  r V(H) o r  ol = -y f o r  a l l  u E V (H) , depending on t h e  value  of  A (H(vo,vk)). 

u  u 

To prove t h e  claim w e  note  t h a t  X (H(vo,v I+  k ) )  = h (H(uo,uz)) x )i(H(v0,vk)) 

s ince  H is A- t r iv ia l .  Moreover, ( e t + k , e , e z + k + l  1 = ( fZ,e , fz  + 1)  

f o r  1 r Z c n .  Thus if A(H(vo.v ) ) = I ,  then wl = u2 
k  

and otherwise 
U u  

These two claims e s t a b l i s h  t h e  proof of t h e  p ropos i t ion  as we can 

ge t  a l l  l abe l ings  from a p a r t i c u l a r  one by s u i t a b l e  l l ro ta t ions"  and 

We s h a l l  r ese rve  t h e  l e t t e r  w t o  denote these  r e l a t i o n s  derived 

f ~ o m  cycles  o r  2 - i n f i n i t e  paths.  A l l  p roper t i es  of w ever  used hold 

f o r  w i f  and only i f  they hold f o r  -w. Thus we never need t a  specify  

which w we use .  For example w(K) (-l,l} i f  and on ly  i f  -w(K) 3 1-1,l). 



PROPOSITION 3 . 3 , 3 .  Let H be a h-tr ivial  cycle or a 2- in f in i te  

path with associated re la t ion  w rmd l e t  u E iG (a) R V (H) , v E iG (b) n V ( H )  

and a,b E E(G) - E(H). 

( a )  If u = v ,  a r b, EU (H) = {el,  e2}  , then wU (a) * wu (b) i f  and only if 

(a,el,b,e2) c P:, f o r  6 Z 2 ,  and the l a t t e r  holds if and only if 

6 (el,  b,  e2) c PU and (e l ,  a ,  e2) C, pi6 fo r  6 E Z2. 

Ib) If u t v and H(u,v) = (u = uO , el ,  . . . , e ,u = v) i s  a path joining n n 

u and v i n  H and e e EU(H) - {el}, f Ev(H) - {en}, then %(a) = 

6~ (H(u,v) wU (b) i f  and only i f  (e ,a ,  el) c P: and (en,b, f )  c Pv 

Proof. This immediately fol lows from t h e  d e f i n i t i o n  of  w. 0 

I f  H i s  a cycle  o r  2 - i n f i n i t e  path  i n  t he  3-polyhedron (G,P,X), 

then it is  ca l l ed  one-sided i f ,  i n  case  it i s  a cycle ,  H i s  not  A- t r i v i a l ,  

\ 

or  t he r e  i s  a walk W =  (u ,a ..., u ) such t ha t  
0 1' m 

(1) uo,umcV(H) and u k & V ( ~ )  f o r  1 S k S m : l  and 

( 2 )  w ( E ( w ) ) ~ { - 1 , 1 ) ,  where w i s  derived from H, o r  equivalent ly ,  

I f  H i s  not  one-sided then it i s  s a i d  t o  be two-sged. We note  t h a t  by 

de f in i t i on ,  i f  H i s  two-sided and e 4 E(H) but iG(e )  "(H) # 6, f o r  xc iG(e )  

o(e)=w,(e) .  The reason f o r  c a l l i n g  a cycle  o r  2 - i n f i n i t e  pa th  two-sided 

i s  given i n  t h e  following theorem. 



THEOREM 3 . 3 . 4 .  If H@s a tuo-sided cycZe o r  2 - in f in i t e  p a t h  i n  

t h e  3-poZyhedron (G,P,X), then t h e r e  i s  a unique decomposition of G i n t o  

connected subgraphs H and H2 such t h a t  H 1 u H 2 = G ,  Hl n H 2  = H  and 
1 

o(H1) rw(H2). 

Proof. Given i E {I,  21 , l e t  H. b e  t h e  subgraph of G induced by 
1 

t h e  walks N i n  G f o r  which V(W) n V(H) t fl and w(E(W)) c {o, (- l) i}.  I t  i s  

obvious t h a t  H u H  = G ,  H c H l n H 2  and H. i s  connected f o r  l s i s 2 .  
1 2  1 

We need t o  v e r i f y  t h a t  V (HI)  n V (H2) = V(H) and E (HI) n E (Hz) = E (H) . 
Assme t o  t h e  c o n t r a r y  t h a t  v E V(H1) n V(H2) - V(H) . Then t h e r e  a r e  

s h o r t e s t  pa ths  P1 i n  H1 and P i n  H jo in ing v with H. Now P U P  
2 2 1 2  

con ta ins  a walk W which has  only i t s  endver t i ces  i n  H y e t  w(E (W)) 3 {-1,l) 

which i s  absurd s i n c e  H i s  two-sided. Thus V (HI) n V(H2) = V(H) . If 

i, (e) n v (HI) - V (HZ) * fl o r  iG (e) n V (Hz) - V (HI) f O ,  then c l e a r l y  

i then w(e) = 1  o r  w ( e ) = - 1 .  Hence ~ E E . .  It fo l lows t h a t  H n H  = H .  0 
,'- 1 2  

We s h a l l  c a l l  H1 and Hz t h e  sides of H i n  (G,P,X). If K i s  a 

subgraph of G which is not i n  HI o r  i n  Hz,  t h e n  we s h a l l  say  t h a t  H 

s e p a r a t e s  K. S i m i l a r l y ,  we say t h a t  H s e p a r a t e s  t h e  subgraphs K and L 

o f  G if K c H l  and L C H  o r  v i c e  versa .  - 
2 



LEMMA 3.3.5. Let 4 : (G, P, A) -+ (H,Q,p) be an isomorphism of the 

3-polyhedra, let L = (u =-v0,el,- . , e n h n  = v )  be a path in G and let 
c- 

for some E 6 Z2.  

Proof. We prove t h e  p ropos i t ion  by 

For I .=  0 and Z = 1  it follows immediately 

induction on t h e  length  of L. 

from t h e  f a c t  t h a t  4 i s  an 

isomorphism. Assume Z = k + l  and assume t h e  statement i s  t r u e  f o r  a l l  

paths of length  l e s s  than o r  equal  t o  k. Let L = (vo,el,. . . ,vk +1) 

be a path of  length  k + l  a s  shown i n  Figure 3.3.1 and l e t  C E E  (G) - 
v1 

E(L). We apply t h e  induction hypothesis  t o  t he  subpaths L(v0,vl) 

and t he  edges e ,a ,c ,e  2' and t o  t h e  subpath L ( V ~ , V ~ + ~ )  and t h e  edges 

e l ,c ,b ,  and f .  This  shows t h a t  t h e  lemma holds f o r  L,a,b. 0 

b 

f i g u r e  3.3.1 

THEOREM 3 . 3 . 6 .  Let. 4 : (G,P,X) + (H,Q,p) be an isomorphism of 
L 

the 3-polyhedra. If C is a two-sided cycle or 2-infinite path in G , 

then @(C) is two-sided. Moreover, if C 1  and C" are the sides of C 

in (G,P,A) , then $(C1] rmd $(C") are the sides of 4(C) in (H,Q,v). 



65. 

Proof. We s h a l l  provide a  proof fo r  t h e  case  t h a t  C i s  a  cyc le  

a s  t h e  o the r  case  i s  s imilar .  Let C =  (vo,el, ..., e v  =vo )  and @(C) = 
n' n  

% 

(4 ( v )  4 e l  . . , (v ) = $ ( ) and l e t  w and be  t h e  r e l a t i o n s  derived n  o 

from C and 4(C). By Corollary 3.1.8 $(C) i s  p - t r i v i a l .  

A s  a  d i r e c t  consequence of Lemma 3.3.5, if e , fEE(G) -E(C) and 

x E iG(e )  nV(C), y E i G ( f )  nV(C), then w (e) = W  ( f )  i f  and only i f  
X 

N B 
Y 

w ($(e))  = ;m(Y) ($ ( f ) ) .  Thus it follows t h a t  @(C) i s  two-sided i f  
@ (XI 

and only i f  C i s  and t h a t  @(C1) and @(CW) a r e  t h e  s i de s  of 4 (C) i n  

The proof of t h e  following Corol lary  i s  implied by t h e  proof of 

Theorem 3.3.6. 

COROLLARY 3.3.7. Let C be a two-sided cycZe or a bo-sided 

2-infinite path in the 3-poZyhedron (G ,P) and Zet a .s Aut (G ,P) - { 1) 

satisfy 

( 1 )  a(C) = C ,  

(2) If C =  (. . . ,v e. ,v . . .) is a 2-infinite path, then 
- 1  i i' 

m i )  = Vi + for aZZ i E Z and some k E Z ,  and 

(31 If C = (voael,. .. , e  v  = v ) i s  a cycZe, then a(v . ) = vi + n-1' n  o  1 

for some k e Z n  and a l l  i e Z n .  

Then a is orientation reversing if and onZy if a interchanges the sides 

of C . 



THEOREM 3.3.8. Let L , respectivezy M ,  be a fmo-sided cycle 

or 2-inf ini te  path with sides .I' and Ltl , respectivezy M' and M", i n  

thc 3-pozyhedron (G,P,X). I f  L c M t ,  then M c L 1  or M c L "  white if 

LzM and L c M t  and M c L t  , then for any VEV(L)  nV(M) we b e  

Proof. We s h a l l  prove t h e  f i r s t  statement by a con t rapos i t ive  

argument. Let L = (. . . , V ~ _ ~ , ~ ~ , V ~ ,  . . .) , M = (. . . ,Ui-l,ai,Ui,. . .) and 

assume M 4 L' and M 4 Ltl .  Without l o s s  of genera l i ty  w e  may assume L is  

labeled so t h a t  i t  con ta ins  a subpath M(uO,u.) of M such t h a t  t h e  edges 
3 

a - 1 a n d a j t l  belong t o  d i f f e r e n t  s i de s  of L but not t o  L .  We may a l s o  

assume t h a t  u = v  f o r  0 2 i 6 j  SO t h a t  t h e  edges e and e j  + - 1 of L a r e  
i i 

not contained i n  M. L e t  w and be  t h e  r e l a t i o n s  assoc ia ted  with t h e  

label ings  of L and M ,  r e spec t ive ly .  In view of Proposit ion 3.3.3 we 
-- - -- -.- -- 

.4 

see t h a t  wU (a-l) # uU (a j  + ) i f  and only i f  mu (e-l) #zu (e j  + I] 
o j  o j 

I t  follows t h a t  e-l and e j  a r e  on d i f f e r en t  s ides  of M,  t h a t  is, 

L 4 M '  and L 4 ~ " .  

To prove t h e  second a s se r t i on  .we assume L c M t ,  M c L1 and M t L. 

Let v rV(L) nV(M). I f  Ev(Mfl) =Ev(M), then obviously Ev(M") cEV(Lt ) .  

I f  e  E E (MI1) - E (M), then e and L a r e  on d i s t i n c t  s i de s  of M. Hence 
v v 

i f  E (L) # Ev(M) we immediately s e e  t h a t  EV(Mf1) c E y  (L t ) .  On t h e  o ther  
v 

hand, i f  Ev (L) = EV (M) , then w e  choose a subpath M (u,v) c L such t h a t  

the re  i s  some edge a r EU(L) - EU(M). Now e and a a r e  on d i f f e r en t  s i de s  

of M and t hus  i t  follows as above t h a t  EUW) and e and there fore  e and 

M a r e  i n  L t  . I t  follows t h a t  Ev(Ml1) c Ev.(L1) f o r  211 V E V(L) n V@) 



and t h e r e f o r e  M " c L t .  O 

Let L,M,L1,Mt be as i n  Theorem 3 . 3 . 8  and assume t h a t  L cM' and 

, M c L t  . I f  K c L1 n M 1 ,  then we say K l i e s  between L and M .  

THEOREM 3 . 3 . 9 .  Let H be a f i n i t e  2-connected subgraph o f  the 

3-po~yhedr~n (G,P,X) arid assume that every cycle i n  H is two-sihed. 

Moreouer, asswne K c G , K 4 H ,  and K i s  not separated by any cycle of R. 

Then there i s  a cycle C c H  such that  K and H m e  on di f ferent  sides o f  C .  

Proof. We may assume K t 13 s i n c e  K 4 H .  I f  C i s  a c y c l e  i n  H l e t  

F denote t h e  s i d e  of C conta in ing K. We choose a cyc le  C i n  H mini- 
C 

- - f 
mizing k = I ( E ( F ~ )  - E ( C ) )  n E ( H ) I  and claim k = 0. 

Assume k.0. Because H i s  2-connected t h e r e  i s  a path  R i n  F C n H  with  

u ,v  e V ( C )  such t h a t  R con ta ins  no v e r t i c e s  of  C o t h e r  than u and v. 

Now u and v p a r t i t i o n  C i n t o  two pa ths  which form toge the r  with R t h e  

a two cyc les  C and C2. Let Fi denote  the  s i d e  of Ci which doesn ' t  con- 
1 

t a i n  C .  

I (E(Fi) - 

k = 0 and 

The 

Then F1uF = F  and e i t h e r  F or  F con ta ins  K. Moreover, 2 C 1 2 

E ( C i ) )  r-~ ~ ( ~ ) l < k ,  which c o n t r a d i c t s  t h e  choice  of k. Thus 

both  FC n H  = C and K c F C  h o l d .  O 

fo l lowing t h r e e  s ta tements  a r e  concerned with t h e  r e l a t i o n  

between two-sided cyc les  o r  pa ths  and boundaries. Thei r  proofs a r e  

s t r a igh t fo rward  a d  t h e r e f o r e  omitted.  



68. 

PROPOSITION 3.3.10. If H is a boundary of the 3-polyhedron (G,P,X), 

then H is two-sided and the sides of H in (G, P, X) are H and G. 

COROLLARY 3.3.11. If B is a boundary of the 3-polyhedron (G,P,X) 

and H is a two-sided cycle or 2-infinite path, then B is contained 

in one side of H. 

-- 

COROLLARY 3.3.12. If H is a ho-sided cycle or 2-infin5te path , 
e 

of the 3-polyhedron (G,P, A )  and e E E (H) , then the two distinct bound- - 

miea contaz'ning e lie an distinct sides of H. 

I f  every cycle  i n  t h e  3-polyhedron (G,P,A) i s  two-sided then w e  

s h a l l  c a l l  t h e  polyhedron planar. We s h a l l  j u s t i f y  t h e  use  of t h e  term 

planar  i n  Theorem 5.1.6. The following theorem gives  a c r i t e r i o n t o f  

"one-sidedness" f o r  2 - i n f i n i t e  paths  i n  planar  3-polyhedra which i s  

c lo se  t o . b u t  more r e a d i l y  app l icab le  than t h e  d e f i n i t i o n .  

/+- 
THEOREM 3.3.13. The 2-infinite path R of the planar 3-3oZyhedron 

(G, P,X) is one-sided if and only if there is a cycle C c G and 1-infinite 

subpaths R1 and R 2  of R which are on different sides of C. 

Proof. To prove t h e  "only i f "  p a r t  assume p i s  one-sided. Then 

t h e r e  i s  a path Q =  (u o,...9 u ) with u ,u eV(R), u. (V(R) if l r i x r n - 1  m 0 m 1 

and w(Q) D{-l,l] where w i s  a r e l a t i o n  associa ted with R. If ? is 
/ 



t he  cyc le  Q u  R[u ,u ) and 3 i s  assoc ia ted  with C ,  then ;(R) =, (-1,l) 
o m 

by Proposit ion 3.3L.3, and t he r e fo re  t h e  two 1 - i n f i n i t e  subpaths of  _J--- 

. . 

R-R(u ' , u  ) a r e  on d i f f e r e n t  s i d e s  of C. o m 

For t he  "if" p a r t  assume t h a t  R has 1 - i n f i n i t e  subpaths on d i f -  

f e r en t  s i de s  of t h e  cyc le  C .  We choose u,v E V (R) n V (C) such t h a t  

V(R) nV(C) cV(R(u,v)) and denote t h e  1 - i n f i n i t e  subpaths of R on 

d i f f e r en t  s i de s  of C and ending i n  u, respec t ive ly  ;, by RU, respec- 

t i v e l y  Rv. The graph H = C  uR(u,v) c l e a r l y  is 2-connected. By Theorem 

3 . 3 . 9  t he r e  i s  a cyc l e  C '  i n  H such t h a t  Ru, r e spec t ive ly  R uH, is 
v 

on t h e  s i d e  F r e spec t i ve ly  F of C 1 .  I f  u = v, then R and R a r e  
1' 2 ' u v 

on d i s t i n c t  s i de s  of C '  s o  t h a t  w(C') 2 i-1,l) and R " is  one-sided (see 

Figure 3.3.2 ).  

l- 

If u *v,  consider  t h e  subgraph K of C q  obtained by omit t ing a l l  

edges o f  E = E (R) n E (C' ) and a l l  v e r t i c e s  incident  w b h  two edges of E .  

Let L1, ..., L be t h e  maximal subpaths of K containing exac t ly  two 
k 

v e r t i c e s  of R, l e t  t h i s  be t h e  c y c l i c  order i n  which they a r e  en- 

countered on C ' and l e t  u E V ( L k )  I f  u e V(L1), then we have t h e  

s i t u a t i o n  depicted i n  Figure 3.3.3.  Since E (R) i s  not on one s i d e  
u 

of C ' ,  6  E f-1.1) nUu(L1) irnplies t h a t  -6 r wU(Lk). I f  u #V(L1) and 

L i s  separated from u by a subpath of  R n C t  (as depicted i n  Figure 
1 

3 . 3 . 4 )  and i f  6 e f - 1 , l l n w  (L ), then - 6 ~ w  (Lk) because R and R 
W l  U U W 

a r e  on d i f f e r en t  s i d e s  of C 1 .  Thus w e  conclude t h a t  6 r . { - l , l l  nw(L1) 
- - 

implies - ~ E u ( L ~ ) .  NOW l e t  l i i r k - 1 .  eV(L.) nV(Li + l) - fu} 
1 

a s  depicted i n  Figure  3.3.5, then wXq$ ( L i  + 1 ) because Ex(R) i s  

i n  one s i d e  of C ' .  If L .  i s  separated from L i + l  
1 

by a subpath of R 



A , I  ": 70. 
-a 

as  i n  Figure  3.3.6, then Wx(Li) = w (L ) s ince  Ex(R), R(x,y) and y i + l  , 

E (R) a r e  on t h e  same s i d e  of  C t .  
Y 

.1 \ We conclude t h a t  w(Li) P {-l,ll impl ies  w(L.) - €01 co(Li + l) 

1 r i i k  - 1, and 6 E f-l,l} n w(L1) implies -6 r CiY@@. Therefore, 

w(Li) 3 {-1,ll f o r  some i, t h a t  is,  R i s  one-s ided by de f in i t i on .  O 

f i g u r e  3 . 3 . 2  f i g u r e  3.3.3 

,-- figure 3 . 3 . 4  f i g u r e  3.3.5 

f i g u r e  3 . 3 . 6  



We say t h a t  t h e  1 - i n f i n i t e  paths  Q1 and Q2 of a  graph G are 

cofinai! i f  f o r  every  f i n i t e  subset  U c V(G) some component of  G - U 
b ,  

conta ins  I - i n f i n i t e  subpath's of Q and Q The 2 - i n f i n i t e  pa ths  
1 2 ' -. 

Q1 and Q a r e  c o f i n a l  i n  G i f  t h e r e  a r e  d i s j o i n t  1 - i n f i n i t e  subpaths 
2 

COROLLARY 3.3.14. I f  (G,P,X) i s  a planar 3-polyhedron each of 

whose cycZes has a f in i t e  side, then every 2-inf ini te  path i s  ho-sided. 

COROLLARY 3.3.  IS .  I f  (G,P,A) i s  a planar 3-polyhedron and Q . . 

path i n  G which has disjoi.nt, cofinal I - in f in i t e  
/ 

subpat@' Ql and Q& then Q is two-sided. 

- COROLLARY, 3.3.16. Given two cofinaZ 2-inf ini te  paths HI and H2 

i n  the p~anm;n 3-polyhedron (G ,P ,  A),  then H1 is one-sided if and only 

if H i s  one-sided. 2 



54.  THE BARYCENTRIC SUBDIVISION OF A 3-POLYHEDRON (G,P,A). 

Let u s  be given a 3-polyhedron (G,P,A). In Chapter 2, 53 we 

introduced t h e  notion of ba rycen t r i c  subdivis ion of a 3-polyhedron 

(S,G). We s h a l l  now d i s cus s  t h e  corresponding combinatorial  concept. 
" N N  

The first order (o r  simply) barycentric subdivision (G,P,X) of 

(G,P,X) i s  a 3-polyhedron der ived from (G,P,A) a s  follows. 

(1) Every edge of G i s  subdivided by a new ve r t ex  i n t o  two edges. 

(2) For each boundary B of (G,P,A) t h e r e  i s ' a  new ver tex  v B and 

s i x  new edges jo in ing  v B t o  t h e  s i x  v e r t i c e s  v l ,  ..., v6 of t h e  

subdivided boundary B '  ( a s  i l l u s t r a t e d  i n  Figure 3.4.1) .  

We s h a l l  deno te  t h e  r e s u l t i n g  graph 2. 
N .-d - N '  . 

(3) The r o t a t  ion system P = Py I v v (G)] f o r  G i s  such t h a t  

" 6  P ="Poor every v r E ( G ) ;  P (a.)  = a i + l  f o r  v = v B ,  l s i s 6  
v V v 1 

- 6  - 6  and some 6 E Z  . and f i n a l l y  P (bi - l  ) = a P (ai) = bi f o r  
2 ' vi i' v i 

1 r i 2 6 and s u i t a b l e  6  c Z 2 ' where a .  1 ,bi a r e  a s  i l - l u s t r a t ed  

i n  Figure 3.4.1. - 
M 

(4) We choose X : E(G) + Z 2 i n  o rder  t o  ob ta in  t h e  boundaries 

(aiJbi,ai + I ) f o r  l S i s 6 .  

N N . - -  
I t  is e a s i l y  seen t h a t  X (e) = X(e) f o r  every e E E(G) , where e i s  ' -. 

? , 
-3 

t h e  path i n  G r e s u l t i n g  from subdividing e .  . Thus, r: a cyc le  o r  2 - i n f i n i t e  - 

:* 

path  C i n  G i s  two-sided i n  .(G,P,X) i f  and only i f  t h e  'subdivided cyc le  
M N .V N' 

or  path C i s  two-sided i n  (G,P,X). Moreover, it i s  e a s i l y  seen t h a t  we 
N 

ge t  t he  s i d e s  z ( i )  of C from t h e  s i d e s  c ( ~ )  of C by subdividing each 

boundary B C C ( ~ )  as i l l u s t r a t e d  i n  Figure 3.4.1. I t  i s  easy t o  see  



N N N  

t h a t  t h e r e  i s  a canonical  rnonomorphism C:Aut(G,P,A)+Aut(G,P,A) 

ass igning t o  each automorphism y cAut(G,P,X) t h e  automorphism C(y) = 

N N H 

r Aut(G,P,A) which i s  defined by y(v) = y(v) f o r  a l l  v e V ( G )  and 
N 

y(vB) = vB, i f  y(B) = B ' ,  where B and B 1  a r e  any boundaries of (G,P,h). 

Let us be  given a discontinuous homeomorphism group of t h e  3-polyhedron 

(S,G) with t h e  boundary t ou r  scheme ( P A ,  l e t  (s ,E)  be  t h e  barycen t r i c  
N N 

subdivision const ructed i n  Chapter 2 ,  53 and l e t  (P,A) be a s  const ructed 
/ 
, , 

/ 
above. Suppose @ and 8 a r e  t h e  canonical  monomorphisms from I' i n t o  , ,/ 

,' 
h l N r V  I' 

But (G,P,A) , r e spec t i ve ly ,  Aut (G,P,X) then = C 0 (3. ,A " 
, 

The n- th  order barycen t r i c  subdivis ion o f  t h e  3;psTyhedron 
N N N  

,/' 

(G,P,X) i s  t h e  3-polyhedron (G,P,X) o b t a i n e d h y n  success ive  app l ica t ions  

/" 
of a ( f i r s t  order)  ba rycen t r i c  s u b d i e s i o n  t o  (G,P,A). 

/ 
/' 

, , 

f i g u r e  3.4.1 , 



, , 

CHAPTER 4. AUTOMORPHI S~,,OF PLANAR 3 -POLYHEDRA 
, 

,/, 
,' 

, 
, 

R e r e  a r e  simp3g examples o f  i n f i n i t e  t r e e s  which show t h a t  i n  , 
, 

, 

/ 
,,' 

, _, general  t h e  automorphism group o f  a  l o c a l l y  f i n i t e  connected3graph - , 

, 
, G may b e  uncountable. I n  f a c t ,  Hal in  C12, Theorem 61 shows t h a t  

Aut(G) i s  uncountable i f  and on ly  if f o r  every f i n i t e  F c G  t h e r e  i s  an 

automorphism 4 E Aut (G) - (1) such t h a t  @(v) = v f o r  a l l  v E V (F) Then, 
/ 
r 

'in p a r t i c u l a r ,  f o r  each f i n i t e  subgraph t h e r e  a r e  infini tely;many 
\ '. 

automorphisms f i x i n g  it. Yet t h i s  cannot occur i n  t h e  automorphism 

group of  a  3-polyhedron, i n  f a c t ,  of an a r b i t r a r y  po-lyhedron, due t o  

t h e  s t r u c t u r e  imposed by t h e  boundary t o u r  scheme.' It fo l lows from 

Proposi t ion  4.1.2 t h a t  any v e r t e x  can be f ixed  by only a f i n i t e  n h b e r  

of elements i n  Aut (G,P,A). Thus Aut (G,P,h) i s  countable s i n c e  V(G) 

' i s  countable.  

In s e c t i o n  1 o f  t h i s  chap te r  we d i scuss  t h e  f ixed  v e r t i c e s  and 

f ixed  edges of Aut(G,P,A). Among o t h e r  t h i n g s  we show t h a t  t h e  sub- 

graph induced by t h e  f i x e d  edges of an automorphism i s  r e g u l a r  of  

degree 2 and t h a t  an o r i e n t a t i o n  preserving automorphism o f  f i n i t e  

order  of a  p l a n a r  3-polyhedron con ta ins  a t  most two f ixed  v e r t i c e s .  

In s e c t i o n  2 w e  d i s c u s s  automorphisms of i n f i n i t e  o rder  and 

o r i e n t  a t  ion p rese rv ing  a u t  omorphisms of f i n i t e  order  of ,a p l a n a r  

3-polyhedron fG,P). We d i s t i n g u i s h  exac t ly  two types o f  autemorphisms 

of i n f i n i t e  order .  The f irst  type  could appropr ia te ly  be descr ibed 

as t r a n s l a t i o n s  and r e f l e c t e d  t r a n s l a t i o n s  and t h e  second type  as 

con t rac t ions  and r e f l e c t e d  con t rac t ions .  An objec t  a of  type  one i s  



dis t ingu ished  from an object  B of type two by t h e  ex i s t ence  of a n ,  
. . 

. . a - i nva r i an t ,  2- inf in i t -e  and two-sided path .  We s h a l l  show t h a t  i f  a 

i s  of type one t h e r e  i s  a countable d i s j o i n t  c o l l e c t i o n  of a - invar ian t  

two-sided pa ths  (see Theorem 4.2.17). On t h e  o the r  hand, i f  8 i s  of 

type 2,  then  t h e r e  i s  a countable c o l l e c t i o n  of d i s j o i n t  and "concentric" - 
n 

cycles  on which B a c t s  t r a n s i t i v e l y  (see.Theorem 4.2.9). The f i n i t e  

ordkr o r i e n t a t i o n  preserving automorphisrns can be  appropr ia te ly  named 

r o t a t i o n s  (see Theorems ,4.1.14 and 4.2.20). 

In Sect ion 3 we r e s t r i c t  'our , a t t en t ion  t o  automorphisms of  ,a . 

spec i a l  kind o f  p l ana r  3-polyhedra (G,P), namely i n f i n i t e  polyhedra, 

i n  which every cycle  has  one finib s i de .  Such p,olyhedra can a l so  be  

considered a s  s impl ic ia1  complexes induced by th 'eir  boundaries,  and a r e  

the re fore  "Ebene Netze", a s  defined by zi.eschang (see C28, p. 551 ) . 
. . 

The a lgebra ic  s t r u c t u r e  of any subgroup I' of Aut(G,P) w i t h  compact 

fundamental domain ( t h a t  i s ,  groups f o r  which t h e r e  i s  a f i n i t e  maximal 

co l l e c t i on  of boundaries of  (G,P) which a r e  not I'-equivalent) can be  
r 

determined by f i r s t  06ta ining a canonical  fundamental domain. (see  ' ,  

Theorem 4.5.4) and then using it: t o  der ive  a s e t  of  generators  and , . 

def ining r e l a t i o n s  f o r  l' (see Theorem 4.5.5). The canonical  fundamental 

domains a l s o  a r e  e s s e n t i a l  f o r  t h e  proof o f  Theorem 5.5.1. 



51 .  FIXED VERTICES AND EQGES OF A SUBGROUP r OF AUT(G,P,X) 

In t he  following we s h a l l  make a few simple observat ions  about t h e  

s e t  of f ixed v e r t i c e s  and edies  of  a  subgroup I' of t h e  automorphism group 

of a  3-polyhedron (G,P,),-]. I f  H i s  a  graph and A i s  a  subgroup of - 

Aut (H ), respec t ive ly  .y ~ A u t  {H) , then we s h a l l  c a l l  x  E V (H) u E (H) a  
9 

fixed vertex or  a  f k e d  'edge of A,  respec t ive ly  y,  i f  6(x) = x .  f o r  

some 6 E A - {I} , respec t ive ly  y  (x) = x.  

Assumptions 4.1.1. Throughout t h i s  sec t ion  we s h a l l  assume t h a t  

[G,P,X) i s  a 3-polyhedrdn and r i s  . a  subgroup of  AU~(G,P ,X)  meeting t h e  

following condit ions:  
t 

(1) If y ~ T . f i x e s  t h e  edge e ,  then i t  a l s o  f i x e s  t h e  v e r t i c e s  

incident  t o  e ;  and -+ \ 
(2) I f  y ~ r  f i x e s  a  boundary B of (G,P,X), then y = ~ .  v\</4 

\ 
 he& a s s m p t  ions a r e  made i n  view of Theorem 2.4.1 and Corol lary  4.1. &( , 

* 
I 

PROPOSITION 4.1.2. Let yhAut(G,P,X) cmd l e t  y(v) = v  and yQe) = e  

fur some v EV(G) und a l l  e E & ~ ( G ) .  Then y = ~ .  
> 

Pyoof. In order  t o  show t h a t  y  (u) = u f o r  a l l  u E V (G) we f irst  prove 

t h a t  i f  ;and w a r e  adjacent ,  y(u) = u  and y(e) = e f o r  a l l  e  E Eu(G), then  

y(w) = w and y(e) = e for a l l  , e  E Ew(G). TO see  t h i s  l e t  iG(e )  = {u,w) and 

l e t  {e,el,e2} be t h e  edges of a  boundary so  t h a t  u ~ i ~ ( e , ) .  Now Y 

f i x e s  u,e and e  and t he r e fo re  a l s o  e  Thus y  f i x e s  w and t h e  edges 1 2 * 

e o , e  ;Ew(G).  I t  follows' t h a t  yP y-l = Pw, and t h e r e f o b  y(e) = e  f o r  a l l  2 W 

ecEy(G). The conclusion follows by induction on t h e  d i s t ance  from v. 0 



COROLLARY 4.1.3. If yrAut(G,P,A) f k e s  v and e r E  (G) and if v 

yP y" = P ~ ,  then y = I . v 

COROLLARY 4.1.4. I f  y r ~ u t ( G , p , A )  f b i s  e r E(G) and u r i G ( e ) ,  

2 then y = I . 

Proof. We have y ~ u y - l  = P: , where u e i (e) and E E Z so  t h a t  
G 2 

2 y2~uy '2  = PU. By Corol lary  4 .1 .3 ,  y = I .  0 

COROLLARY 4.1.5.  If a r ~ u t  (G, P ,  A) has i n f i n i t e  order, then <a> 

has no fixed vertez  or edge. 

For y E r ,-  { I )  we s h a l l  de f ine  S a s  t h e  subgraph of G induced 
Y 

by a l l  edges which a r e ' f i xed  by y,. 

PROPOSITION 4.1.6.  I f  Sy*fi., then it is a regular subgraph o f  

G o f  degree 2. 

-1 -1 
Proof. Let eo e E (S ) and u E iG (eo) . Then yPuy = P s ince  y # I. 

Y U 

Hence, i f  P = (e , e l , .  . . , e  ), then y(ei) = en - f o r  l s i l n - 1 .  
u o n - 1  

By Assumption 4.1.1.(2) y does not f i x  any boundary of (G,P,A). 

Therefore n i s  even and y[e n/2) = n/2' U 



PROPOSITION 4.1.7. If Sy and S have a c o m a  edge, then y l = y 2 .  
1 2 

, I  Proof. Let e  s E (S ) n E (S ) and v  E iG (e) . Then y i ~ v y ~ l  = P- 
Y1 Y a  v 

so  t h a t  7 y P (y y")-l = Pv and yly2(e) = e .  By Corol lary  4.1.3, 
1 2 v  1 2  Q, 

Y1y2 
= I and thus  yl = y by Corol lary  4.1.4. 0 2 

COROLLARY 4.1.8. If y,6 ~r -{I> ,  y  $ 6 ,  Ev(Sy) = {bl,b2} and 

8 
Ev (S6) = {al,aZ}, then  (al ,bl,a2 .b2) c Py , where E E Z 2 ' 

PROPOSITION 4.1.9. If C i s  e i t h e r  a two-sided cyc le  o r  a 2- inf ini te  

tuo-sided pa th  and C is  contained i n  S then S = C .  
Y '  Y 

- 1 
Proof. Let v E V(C). Then y ~ v f l  = P and t he r e fo re  y changes t h e  

v  

s ides  of C .  Thus S = C s ince  every ver tex  i n  S  i s  f ixed  by y. a 
Y Y 

For t h e  r e s t  of t h i s  sec t ion  l e t  (G,P,A) be o r i en t ab l e  and X(e) = 1 

f o r  a l l  e  E E ( G ) .  Let V respec t ive ly  V denote t h e  s e t  of  f ixed  
A J  8 ' 

ve r t i c e s  of t h e  subgroup A c Aut (G)', respective1.y 6 E Aut (G) - { I  1. 

L L W 4 . 1 . 1 0 .  L e t y c I ' - ( ~ )  a n d v ~ V  If y i s o r i e n t a t i o n  
Y' 

rgvers-hg, then v E V (S 1. 
Y 

- 1 - 1 
Proof. Let Pv = (ao,. . . a  ) . We have yPvy = P , s ince  

n - 1 v 

y i s  o r i en t a t i on  revers ing.  Thus if y(ao) = ak, then Y (ai) = ak - 



f o r  O l i < n  -1, where t h e  ind ices  a r e  ca lcu la ted  modulo n. No boundary 

i s  f ixed  by y so t h a t  f o r  some j we have y (a . )  = a t ha t  i s  v EV(S ). 0 
J j ' Y 

k 

COROLLARY 4.1.11. Let y E r - ( I and V s $. Then y is o r i e n t a t i o n ,  
Y 

r e v e r s i n g  if and o n l y  if S $ 0 .  
Y 

Proof. The "only i f ' !  p a r t  follows from Lemma 4.1.10 and t h e  "ift' 

p a r t  follows from Corol lary  4 . 1 . 3  and Proposit ion 4.1.6. I7 

COROLLARY 4.1.12. L e t  y r r - { 1 3 .  If S f $ ,  t h e n V ( S  ) = VCy,. 
Y Y 

Proof. By Corol lary  1 . 4  y has order  2 .  Hence V = V . 
<Y> Y 

Clear ly  we have V (S ) C V  ! bu t ,  on t h e  o ther  hand by Lemma 4.1.10 we 
Y <Y' 

haveV cV(Sy).  0 
<Y> 

A'' 

The following l e ~ . s h a l l  be used f requent ly  throughout t h e  r e s t  

< / 
of Chapter 4 .  For Lemma 4.1.13 we s h a l l  make t h e  following assumptions. 

Z 

Let Hi, 1 s i 2 ,  be a cyc le  o r  a  s ing le ton  ver tex  of  t h e  planar  3hu7-1 

hedron ( G ,  P) and assume t h a t  V(H1) n V (H2) = 1. Let H be t h e  subgraph of 

G between H and H khich i s  defined t o  be Hi nH;, where H! i s  t h e  s i d e  
1 2 1 

of H. conta ining H i f  H and H a r e  cyc les ,  o r  t h e  s i d e  of H. con- 
1 3 - i '  1 2 1 

t a i n i n g  H if H. is a cycle  and Hj - a ver tex ,  o r  G i f  H and H2 
3 - i 1 1' 

a r e  both ve r t i ce s .  Let P be a s h o r t e s t  path joining any ver tex v 1 

V f H  ) with any ve r t ex  v2 t V(H2) 
1 



LDfMA 4.1.13. Let H H ,H and P. be as descibed above. Let 
1' 2 

a E r - { 11 be an orientation presemirg automomhism of finite order 

such that a(Hi) = Hi, for 1 5, i 5 2. Then Hg = H - (HI u H2 u {ai(P) I 

0 5 i 2 /a 1 - 1)) is not connected and has no ai invarzant component, 
/ 

for 1 1 i 5 la1 - 1, where (a 1 ;s the order of a. <a> acts transitive 

on the set of components-of H3. 

Proof. 

and Hz t o  be 

Suppose t h e  statement i s  not  t r u e .  Then we choose H 1 

v e r t e x  d i s j o i n t .  and of  minimum d i s t a n c e  apa*t s o  t h a t  

i s  f i x e d  by some o r i e n t a t i o n  preserving automorphism 

i a EI' - ( I )  but such t h a t  t @ r e  i s  some a - i n v a r i a n t  component i n  H 3 

with 1 5 i 5 la1 - 1. I n  view of Assumptions 4 .1 .1  t h e r e  i s  no f ixed  

,i We claim t h a t  i f  x  eV(H1,UH 2  UP) i s  a  f i x e d  v e r t e x  of <a, , then 
i 

x E V(Hl u H2). Moreover, i f  x  e V(H.) then H. c o n s i s t s  of  x  alone. 
1 . 1  

To prove t h i s  c1,aim suppose x c V (P) - V (HI u Hz) i s  a  f i x e d  v e r t e x  

of an * I .  Without l o s s  of g e n e r a l i t y  we may assume t h e r e  is  no o t h e r  
M 

f ixed  v e r t e x  o f  <a>,, on t h e  path  P  = P jo in ing  x with y  E V (H ) . 
1 XY 2 - 

Now x and I$- a r e  of s h o r t e r  d i s t a n c e  than HI and H2 and a r e  both  f ixed  

n  
by an. Let u s  d e f i n e  H* and H; f o r  H; = {x} , H P 7 , a  s i m i l a r  t o  H 

2 '  1 

and H f o r  HI,H2,P,a. I t  fol lows t h a t  H* >H, H* i s  n o t  connected and 
3 3 

n i  n  
no component o f  H* --invariant, f o r  I r i r f a  1 - 1 . But t h i s  

3 
n  i * 

c o n t r a d i c t s  t h e  f a c t  t h a t  3 i s  a - invar ian t  and a  subgraph of H 3 ' 

Now assume t h a t  x e V ( K )  is a f ixed  v e r t e x  of a and assume Hi i s  
1 

F-- 

a cycle.  Since an doesn ' t  interchange t h e  s i d e s  of  Hi it fol lows t h a t  

an i s  the iden t i t ) :  which is  a  con t rad ic t i cp .  Th i s  proves t h e  claim. 



Now consider t h e  a-invariant  subgraph K generated by H 1' H 2 and p.  

It  i s  easy t o  see  t h a t  K i s  2-connected. Let e be an edge of H3. By 

Theorem 3 . 3 . 9  t h e r e  is a cyc le  C i n  K separat ing K from e and i t  i s  easy 

t o  s ee  t h a t  C # H i  and C $ H Z .  Let Crl be t h e  s i d e  o f  C containing e and 

i i i 
C r  t h e  s i d e  containing K. Thus C = Hl(u,a (u))  u H ~ ( v , ~  (v)) u P u c r  (P) 

i f o r  some a $1, where u and v a r e  t h e  endpoints of P on HI and H 

I .  
Since a f i x e s  H. and i s  o r i en t a t i on  preserving it follows t h a t  

c t  for all air . ~t i s  easy t o  see  t h a t  a a c t s  t r a n s i t i v e  on t h e  s e t  

4 
of components of H 13 3' 

THEOREM 4.1.14. Let (G,P) be planar and Zet y E F  ;{I> be o f  
B 

f in i t e  order and orientation preserving. Then V = V and 1 v 1 s 2. 
Y <Y> Y 

Proof. A s  a ' f i r s t  s t ep ,  we s h a l l  prove t h a t  Vy = VCy> and I V  I 5 2 
Y 

i n  case  V 1 6 .  It is  c l e a r l y  t h e  case  t h a t  V C V , ~ ,  . ,Now suppose 
Y Y 

u E V  and v i s  a ver tex  i n  V -(u) neares t  t o  u. Let Q be a sho r t e s t  Y <Y> 
k i k j 

path joining u and v. I t  fol lows t h a t  V(y (Q)) nV(y (Q)) = {u,v) 

and E (yki (9)) n E (ykj (Q) ) = B whenever yki f ykj  and v E V k.  In order 
Y 

k j 1 

t o  show t h a t  v c V  consider t he  graph Hk = u {y (Q) I j  EZ 1 .  I t  i s  Y 

2-connected and by Lemma 4.1.13 none of t h e  components of G - H  is  
k 

k 
Y - invar ian t .  We note t h a t  ~ ( v )  E V  (u) c V  -{u) . Hence 

yk - <Y' 
y(v) E V (Hk) and by choice of v, y(v) = v ,  t h a t  i s ,  v E V 

Y' 
i 

By Lemma 4.1.13 none of t h e  components of G - H  i s  y - invar ian t ,  where 
1 

\ 
yi r I and it follows t h a t  V(G - HI) n V = 9. Thus V = fu,v) = V 

<Y> <Y' Y' 
This concludes t h e  f i r s t  s tep.  



In  t h e  second s t e p  we s h a l l  show t h a t  V 
<Y' 

Assume V = $ but  V ;t @. Then l e t  i be t h e  
Y -=Y> 

- 

i f V  = f l .  
Y 

l e a s t  p o s i t i v e  in teger  so  

t h a t  v E V  i f o r  some v. Then i 2 2  s ince  V = $. From t h e  f i r s t  p a r t  
Y Y 0 

i - 
it follows t h a t  i s 2 s ince  v,y (v) ,..., y ' (v) a r e  d i s t i n c t  members 

of  V i .  Hence i = 2 and {v,-y(v)} = V 2 = V  2 C V  . We claim <y > <y> Y .  Y 

that Vq2, = V<y> . Suppose W = V<y, - F.2, f fl . Clear ly  <y> has 

2  
even order  s ince  <y > t <y> . Then t h e r e  i s  a  smal les t  odd p o s i t i v e  

, I j 
i n t ege r  j, 3 1 j 2 l y f  - 1, where l y [  i s  t h e  order  of y  , so  t h a t  y  (u) = 

j - I  j  
u f o r u ~ V  . Wehaveu ,y(u)  ,..., y (u) a r e f i x e d b y y .  I n v i e w  

YJ 
of t h e  f i r s t  p a r t  t h e r e  a r e  d i s t i n c t  in tegers  k,  Z , where 0 < k < 2 5 j - 1 

k Z so  t h a t  y  (u) = y (u) , t h a t  i s ,  il- (u) = u and 1 < 2 - k 2 j - 1. Now 

2 - k i s  odd a s  u  +Vcy2> Gut Z - k < j  , a con t rad ic t ion  t o  t h e  choice 

of  j. Thus we have proved t h a t  Vcy, = Vcy2> . 
Since G i s  3-connected, K = G - V  i s  connected (see Proposit ion <Y> 

3 . 2 . 3 ) .  By Theorem 4.2.12 K contains  a  y- invar iant  cyc le  C which . 
contains no f ixed ver tex  o r  f ixed edge of.<)'>. We s h a l l  now show 

t h a t  Y interchanges t h e  s i d e s  of C and t he r e fo re  is  o r i en t a t i on  r e -  
, . 

vers ing by Corol lary  3 . 3 . 7  which con t r ad i c t s  our o r i g i n a l  assump'tion 

about y  and thus  imp1 i.es t h a t  V = $. Suppose v  f i d  y  (v) a r e  on /- 
<Y' < 

E t h e  same s i d e ,  say C 1 ,  of C.  Without l o s s  o?'jpnerality we may assume 
. . 

v i s  neare r  t o  C and j o in  v t o  C by a shor tes t  path  Q. 

2 i 
Then V(I  (Q)) nv(y2 j (g) )  = {v}, E ( ~ ~ ~ ( Q ) )  k t Y 2 j ( q ) )  = fi5 i n  case  

i s  Y'-invariant. Hence Y(v) &v(H).' I t  follows t h a t  Y(v) = v, t h a t  is, 

v cVy w h i c q  a con t rad ic t ion .  0 
k 



COROLLARY 4.1.15. Let (G,P) be p l u m  and l e t  y,6 ~r -{I), 

where 6 r y .  Then \V(S  ) nv(s6)I 5 2 .  
Y  

** 

+ Proof. Let U = V ( S  ) n V (Sg). If U # fl, then U c V y6 r I and 
Y ~ 6 '  

y& is of f i n i t e  brder. Moreover, s ince  y6 i s  oy ien ta t ion  preserving 

it follows from Theorem 4.1.14 t h a t  I u I  S ~ V  1 5 2 .  0 
~6 



52. AUTOMORPHISMS OF I N F I N I T E  ORDER , . 

- The spec i a l  case  of t h e  following Lemma when a has i n f i n i t e  order  

i s  due t o  Halin C12,p.268 I .  

LEMMA 4 . 2 . 1 .  Let G be a connected and ZocaZZy f i n i t e  graph and 
.ie 

assume that  <a> , a E Aut (G) , has no fitced vertex or fixed edge i n  G .  

Then there are n, n  s 1, pairwise dis jo int  graphs Ho , . . . , H n - 1  so that 

(1) a(Hi) = Hi + for aZZ i E Z (where the indices are chosen 

by using pmoper modulo arithmetic) and 
s 

(21 Hi i s  a cycZe if a has f in i t e  order and a 2-infinite path 

otherwise. 

i Proof. We s e l e c t  a  ver tex  u  E V G )  which minimizes f (x) = 
I 

min {dG (ai (x),,aj (x)) I ai t aj } . We know $(u) > 0 a s  <a> has no f ixed  

i 
ver tex.  Since a a c t s  t r a n s i t i v e l y  on {a (u) I i E Z) , f o r  some n > 0 

t h e r e  is  a  path  L of length f (u) jo ining u and an(u) = v.  We claim 

i j 
t h a t  i f  a i  #a', then  a (L) and a (L) have no common edge and meet each 

o ther  a t  most i n  terminal  ve r t i c e s .  To prove t h i s  w e  suppose 

x  e v ( a i ( ~ ) )  n ~ ( a j  (L)) - ai{u,v}. Then {x,ai - j (x)) cv (a i  (L))  - cri{u,v} . 
Since <a> has  no f ixed  ver tex,  x  # ai j (x) so t h a t  f (x) < f (u) which i s  

j i ' 
a contradic t ion.  I f  a (L) a n d ' a  (L) had a  common edge e ,  then they 

would e i t h e r  have a  commbrf non terminal  ver tex o r  <a> would have a 
A 

0 

' / ' f ixed edge e  both of which a r e  impossible. 
1 

k k k + n  
The - terminal  v e r t i c e s  of a (L) a r e  a (u) and a (u). Hence, 



Z k z ' Z k + n  if *ak and V(a (L)) nV(a (L)) s b .  then a = a  Z k - n  
o r  a = a  

3 
, 

i n  view o f  t h 6  f a c t  t h 3 t  qp has  no f ixed  ver tex .  I t  fo l lows t h a t  

i +nZ 
H. = u { a  (L) I E Z}  ; 0 c i c n ,  B r e  n pai rwise  d i s j o i n t  cyc les  i f  
1 - 

I 

a , h a s  f i n i t e  o rder  o r  2 - i n f i n i t e  paths  i f  a has i n f i n i t e  order .  

Obviously a(H.) = Hi + O 
1 

9 

,- 

CCROLLARY 4.2.2.  Let G be a 2-inf ini te  path and a cAut(G) be o f  

i n f i n i t e  order. Then 

(1) there i s  a posi t ive integer d such that  d = f (x) = dG (x,a(x))  

for a l l  x EV(G) ( where f ( x )  i s  as defined a t  the beginning 

o f  the proof o f  Lemma 4.2.1 1'  and 

COROLLARY 4 . 2 . 3 .  Let G and a be as i n  Lemma 4 . 2 . 1  I f  has 

order 2, then there i s  an a -invariant cycle i n  G. 

'Proof. This  fo l lows from t h e  proof of Lemma 4.2.7 .-in t h e  way each 

H: is  defined.  [3 
1 - -  I 

THEOREM 4.2.4. Let (G , P) be a p l m  3-po Zyhedron, Zet a E Aut (G , P) 

be of  inf ini te  order and 2et K be an a-inuariant connected subgraph o f  G. 

, If Ho, ..., H are h pairwise d is jo in t ,  tuo-sided, 2- in f in i te  paths i n  K n - 1  " 

such that a( ) = H~ L f o r O l i r n - 1 ,  uhereH0=H t h e n n ~ 2 .  n  ' 



* 
Proof. There i s  some q with t h e  p roper ty  t h a t  one of  i t s  s i d e s  i n  

(G,P) c o n t a i n s  Hlu . . . u  Y, and s i n c e  a a c t s  t r a n s i t i v e l y  on t h e  col -  

l e c t i o n  Ho, . . . ,I-$ - , each H. has  t h i s  proper ty .  - Assume n  a 3.  We 
1 

% 

choose I-$ and H. such t h a t  d K ( H , , ~ . )  i s  minimum. Let Hm z Hk o r  H 
J 3 

n 
j ' 

/ 

As H. is  a - i n v a r i a n t  f o r  O s i s n - 1  and Hm doesn ' t  meet any s h o r t e s t  
1 

path  i n  K between Hk and H .  i t  fo l lows from Lemma 4.2.12 t h a t  H i s  not 
J m 

between Hk and H . Thus e i t h e r  H and H. a r e  on d i f f e r e n t  s i d e s  of 
j a J 

Hk o r  Hm and Hk a r e  o n ' d i f f e r i h t  s i d e s  of H .  both o f  which a r e  contra-  
J 

d i c t i o n s .  O 

LEMMA 4.2.5.  Let (G , P)' be a planar 3-polyhedron and T c Aut (G, P) 

be a subgroup s a t i s f y i 4  Asswnptions 4.1.1. Let a E T - 11)  be orientation 
' 

preserving and l e t  K be an a-invariant connected subgraph o f  G con- 

. taining no fixed vertex of <a> and w i d k  the property tha t  the subgraph. 

of G between two cycles of K belongs t o  K. If Ho, . . . ,H  n - 1  are pair- 

* +wise disjoint  cyczes .in K such that  a(Hi) = Hi + for 0 2 i h n - 1; where 

H = H , and if a n t  1, then n 6 2 .  n o  

/ 

Proof. ' We claim t h a t  each H. has  t h e  proper ty  t h a t  H u .. . . u H 
1 0 n  - 1 

- i s  on one s i d e  of  H..  Suppose'H.,H. and H, a r e  d i s t i n c t  and H. and 
' 1 1 3  1 Hk M 

a r e  on d i s t i n c t  s i d e s  of H Let Hf be  t h e  s i d e  of  H. which conta ins  
j', 1 

I-$ 
j - i  k - i  

H. and . We note  t h a t  a (Hi) = H and a (Hi) = Hk. 3f a' ' (H;) 
J j 

k - i i s  contained i n  HI o r  a (H!) is  contained i n  HI then CY has  i n f i n i t e  
1 1 ' 

j - i  k - i 
order .  I f  on t h e  o t h e r  hand a (Hi) and a (Hi) con ta in  H. then 

1 ' 
k - i  j - i  k - j  

a (Hf) c c n t a i n s  a ( H i )  so t h a t  a (Hi) c o n t a i p  H! . Thus a has 
1 

e 



i n f i n i t e  order .  If a has  i n f i n i t e  order ,  then by Coro l l a ry  4.1.5 t h e r e  

k 
a r e  no f i n i t e  a - i n v a r i a n t  subgraphs f o r  a l l  k s O .  This  c o n t r a d i c t s - o u r  . 

assumption t h a t  an(H0) = H and e s t a b l i s h e s  t h e  claim. 
0 

We' now 'c la im t h a t  n  2'2 i To prove t h i s  l e t  d  = d  (H ,H ) = 
1 $J K k Z  

min {d (H. ,H.) I i r j } and 15t L b e  3 path  of l eng th  d  j o i n i n g  Hk and H 
K 1 J  Z 

i n  K. We n o t e  t h a t  Q = u {Hi - (Y, u HZ) I 0 s i < n  -1) l ies  between Hk and 

H Z ,  and V(Q) n ~ ( u { ~ j ( L )  I j E Z } ] = O .  We r e c a l l  t h a t  an(Hi) = Hi f o r  

n  
0 s i r n  - lA and t h a t  a t I .  Let M be t h e  an- invar ian t  subgraph con- 

t a i n i n g  Hk,H and L' and l e t  H be t h e  subgraph o f  G between Hk and . 
I 9 

n  
By Lemma 4.1.12 no compo,nent of H - M  i s  a - i n v a r i a n t ,  c o n t r a d i c t i n g  

n  
a t h e  f a c t  t h a t  H. l i e s  between % and H and i s  connected and u - in -  

1 2 
- r 

v a r i a n t .  O 
i 

- 
PROPOSITION 4.2.6.  Let G be a connected and ZocaZZy f i n i t e  graph 

and Zet a Prut(G) be of i n f i n i t e  order such tha t  <a> has no fixed 

- - vert& i n  G . I f  H I  and H 2  are 2 -invariant 2 - in f in i t e  pdths, where 

kt o , then they are eofinaZ. 

Proof. Let L be  a  s h o r t e s t  pa th  jo in ing a  v e r t e x  u  E V(H ) with - 1 1 
f4  

a  ve r t ex  u2rV(H2) .  L c o n s i s t s  of  a  s i n g l e  v e r t e x  i f  V(Hl) n V ( H 2 ) * 6 .  
Y 

i k  
s i n c e  <a> has  no f ixed  v e r t i c e s ,  a (L) and u j k  (L) a r e  d i s j o i n t  when- 

9 

ever i z j  -and t h u s  any f i n i t e  s e t  of v q r t k e s  is  met by on ly  f i n i t e l y  

many of them. Thus any 1 - i n f i n i t e  subpath of HI con ta ip inq  {a zk (ul) 1 
Zk Z 2 0 } i s  cdf i n a l  t o  any 1 - i n f i n i e e  subpath of H conta in ing {a (u2) I 2  

----q 2 2 0 ) .  The same holds  f o r  t h e  1 - i n f i n i t e  subpaths of H and H con- 1 2 



Zk Zk - '  t a i n i n g  { a  (ul) I 2 C 01, r e s p e c t i y e l y ,  { a  (u2) I Z 5 0). Therfore  HI 

and H a r e  c o f i n a l .  O 
2 . %  

t 

PROPOSITION 4.2.7. Let (G,P) be a pzanar 5poZyhedron and ac&t(G,p)  
2 

be of i n f i n i t e  order. I f  for some non-zero integer k tNere i s  an - 
k 

a -invariant, path i n  G, then every an-invariant, 

n t 0, 2-inf ini te  path i s  two-sided. 
/" 

i j 
Proof. lire n o t e  t h a t  a (x) ta (x) if i t j and X E  V ( G )  . Let HI be 

k an a - i n v a r i a n t ,  two-sided 2 - i n f i n i t e  path and H2 be  gn an- invar iant  

z - i n f i n i t e  pa th .  Now H and H2 a r e  ank-invarian? and thus  cof ina l  i n  G 
b 1  

by Proposi t ion  4.2.6.  Hence by Coro l l a ry  3.3.16 they a r e - b o t h  two-sided. 0 

LEmW 4.2.8. Let ( G ,  P) be a planar 3-polyhedron and l e t  a ~ A u t  (G ,P)  
I '  

k he of i n f i n i t e  order. I f  for every k e Z - {O there i s  no a -invariant, 

%in f in i t e  and tuo-sided path, then there i s  a cycle B c  G ~ 6 t h  sides B ' 
P 

and B" ghich has the property that  for every f i n i t e  subgraph L of G there 

j i s  a positive integer i so that  u {a ( B )  I j s -i ) i s  .contained i n  some 
0 0 

j component o f  Bfl - L and u(a ( B ]  I j > i  } i s  contained i n  some component 
0 5 

of B ' - L  . 

Proof. .By Cernma 4.2.1 and Propos i t ion  4 . 2 . 7  t h e r e  is a p o s i t i v k  

i n t e g e r  n and pa i rwise  d i s j o i n t  2 - i n f i n i t e ,  one-sided c o f i n a l  pa ths  

Ho,.  . . ,H n - 1  
s o  t h a t  a(Hi) = H i + l '  where 0 S i  s n  - 1 and Ho = H n .  

Because H i s  one-s-ided, by- Theorem 3 . 3 . 1 3  t h e r e  i s  a  cyc le  B Q G 
0 



with s i de s  B '  and Bt l  s o  t h a t  i f  L is a  f i n i t e  subgraph of G conta ining 

a. j  o jo+ B, then B' - L contains  t he  1 - i n f i n i t e  path H (a (v) ,a (v), ... ) = H '  
0 -jo - n  0 

' 

and B1' - 4 contains  t h e  1 - i n f i n i t e  H (a-J (v) ,d 
a. 0 

(v ) , .  . . I  = H;, 

where v  r V(Ho) and j  2 0. Let K be a  f i n i t e  connected subgraph of G 
0 I 

containing B and {v ,a (v) , . . . ,a: - ' (v) ) . Since a has i n f i n i t e  order,  by 
% 

- 

Corollary 4.1.5 t h e r e  i s  an i > j  such t h a t  c l l ( ~ ) n L  = 0 f o r  l i l z i o .  
. o o  , - 

Then {ai (K)  I i 1 io} u HA and u {ai (K) ( i 6 -id v HII' a i e  connected subgraphs 0 
i 

of B 1  - L,  r e spec t i ve ly  Bu - L ,  and contain  u{a (B) I i 2 i 1 ,  respec t ive ly  
0 

u { a i ( ~ ) l i r - i  o 3 .  0 , 
*. 

f ' 

THEOREM 4.2.9. Let (G,P) be a 3-polyhedron, l e t  eAut(G,P) 

be o f  i n f i n i t e  order and asswne that for every k E Z - COI there i s  no 

k 
2-inf ini te ,  two-sided a -invariant path. Thsn for suitable k 2 0 the 

N N  

k-th order barycentric subdivision (G,P) o f  (G, P) contains a G a i k ~ i s e  

d is jo in t  col lec t ion  {c. I i E Z) of cycles with the following properties: 
1 

1 

(1) if iu < j < k then C .  separates Ci and Ck ; and .. 
J 

(2) a(Ci) = ci + for a22 i E Z .  

I 

Proof. By Lemma 492.8 t h e r e  i s  a  cycle  B c G  with t h e  s i d e s  B '  and 

B" whichhas t h e  proper ty  t h a t  f o r  every f i n i t e  subgraph L of G t h e r e  

i s  a  p o s i t i v e  i n t ege r  i such t h a t  u{aj(B) I j  r -i 1 i s  contained i n  some 
0 0 

j  component of B" - L and ufa (B) I j r i  i s  contained i n  some component 
0 

of  0' - L. 
L 

j We now claim t h a t  a (B) 4 Fift f o r  every p o s i t i v e  i n t ege r  j  . To prove 

t h e  claim let  L = 3 and i be chosen accordingly. Now suppose t h a t  
0 

* 

3 . 0  0 

uJ (B) c B" f o r  some j. > 0. Then a' (B") 3 ai (B) f o r  i S -io + j  . It follows 



/ '- 
1 90. 

i 

tha t .  aj(B'') ; B'I and there fore  a m j ( ~ )  c B" for every p o s i t i v e  i n t ege r  m 

which is  a contdpdiction.  This proves t h e  claim. U 

J 
-rW 

Now consider I = {i > 0.7 ai (B) # B 1  1 .  By the  preceding claim, 

i 
I v ( ~  (B)) n ~ ( ~ )  1 1 2  f o r  every i t I. By Corol lary  4.1.5 I i s  f i n i t e .  

i Moreover, K = u(a (B) I i E I} u B i s  a  f i n i t e  2-connected subgraph of G .  

In  view of t h e  choice of B and o f  Theorem 3.3.9 t h e r e  i s  a cyc le  C c K 

and an in teger  k with t h e  proper ty  t h a t  C separatesTT-&0m ui(B) fo r  
0 

i < k  . Let C r  and C1' be t h e  s i de s  of  C and assume t h a t  K i s  cbntained 
0 

, i n  C '  and ai (B) c C 1  f o r  i i k . This i m p l i e s  t h a t  B r  c C 1 .  
0 

We now claim t h a t  a(C1) c C '  . To prove t h i s  we do te  t h a t  C c 

i i i 
u{a (B) 10 r i  1n1 fo r  some n ,  a (B) C K  i f  i and (B) c B '  i f  i 2 0  

i i and i a I. - Hence u{cx (C) 1 i r O} c u{a (B) I i 2 0) c C ' and moreover 

i 
"{a (C) I j r ko - n)  cC". I t  fol lows t h a t  cr(C1) cC'  s ince  otherwise 

j a (C1) s3C11?v (a i (~ )  I j <I - n  1, t h a t  i s ,  C t ~  ~ ( a  (C) I j  6 k o - n o - 1 )  
0 0 

which is  impossible. This proves t h e  second claim. 

We now claim t h a t  f o r  some non-negative i n t ege r  n, t h e  n-th order 
N N 

barycentr ic  subdivision (G,P) of-(G,P) con ta ins  a cyc le  H with t h e  

p roper t i es  

( I 1 )  H and a(H) a r e  edge d i s j o i n t ,  
, - 

(2') a(H) i s  i n  one s i d e  of H, and 

(3 ' )  a(Ht)  c H' where H' is  t h e  s i d e  of H containing a(H) . .. 

f 

To prove t h i s  t ake  C,C and C" from above and assume C and u(C) a r e  

not  edge d i s j o i n t .  Thgn we s h a l l  detach C and a ( ~ )  a t  t h e i r  common 
& 

edges a s  s h a l l  be described now. Define gn order  r e l a t i o n  I on E(C) 

i 
by defining y r x  i f  a (x) = y f o r  some i 20 .  I t  i s  c l e a r  t h a t  t h i s  



re la t . ion is r e f l e x i v e  and t r a n s i t i v e .  By Coro l l a r y  4. 1 lows 

t h a t  it is @ti-symmetric. For each maximal e rE(C) def ine  me t o  be 
& 

*+-d J . i  
t he  largest i  i~gii~yr i f o r  which ai (e) -E E (C) . Let E* = {e E E(C) 1 e i s  

maximal and m 2 1 )  and !et m = max{me + 1 f e r  E*}. e 

For e -EE* l e t  iG(e )  E {ue,ve} and l e t  Be be t h e  boundary i n  Ct l  
% 

which contains  e .  Without l o s ~  of genera l i ty  we may assume t h a t  B e  

and- C, r e spec t i ve ly  B and E*, have a t  most one c o h o n  edge, If not 
e .  

-7 we subdivide (G,P) barycenf r ica l ly  t o  obta in  t h i s  proper ty .  (See 

N N 

Chapter 3 ,  54). Let (G,P) be  t he  m-th order ba rycen t r i c  subdivis ion 
ru 

of (G,P). For each subgraph K of G l e t  K denote i t s  subdivis ion i n  g, 

Moreover, l e t  F  denote t he  s i de  of % not conta ining V ( G )  . I t  i s  easy'  
e e 

t o  see  (by induct ion on t h e  order of t h e  subdivis ion)  t h a t  f o r  every e  EE* 

e  
t h e r e  a r e  a t  l e a s t  k = 2"-1 paths Pi, 0 <i +k - 1, with t h e  following 

(a) pe i s  a  path  i n  F whi& joins  .u and v . 
1 e e  e'j 

(c) v (P:) nv(B",) = {u ,v 1 ; and 
e  e  

= 

(d) i < j i f  and only i f  Re C R ~  where Re i s  t h e  s i d e  o f  ; UP:' 
i j '  s 

which doesn ' t  contain F . 
e 

We note  t h a t  $(Be) cC" whenever $(e)'eE(C) f o r  some e  eE* and i 20 

i 
o r  e l s e  C t t  Ca (Cl1) C C 1 ,  which i s  impossible. For each e c E* and i, where 

0 s i d m  we s u b s t i t u t e  t h e  subpath ai (9 of C" by ai (P;) i f  and only i f  
e  ' 

$(e) a  E(C), (for an i l l u s t r a t i o n  of t he  case  me = 2 ,  E* = { e l  see  t h e  

Figures 4.2.1 and 4.2.2 ) and 'it i s  e a s i l y  seen t h a t  t h e  r e s u l t i n g  cyc le  

H has t h e  proper ty  t h a t  H and a(H) a r e  edge d i s j o i n t  and a(H) is  not 
- + 



separated by H. Moreover, i f  H' i s  t h e  s i d e  of H containing a (H) , , , 

then a ( H 1 )  c HJ . 

f i g u r e  4.2.1 

L 
. - f i g u r e  4.2:2 

2 

We now claim t h a t  f o r  some nonnegative in teger  n t h e  n-th order  

barycentr ic  subdivis ion (G1  , P I )  of (G,P)  contains  a cycle  H so  t ha t  

(1") H and a(H') a r e  ve r t ex  d i s j o i n t ,  and 

(2") a ( H I )  c H' where H 1  is  t h e  s i d e  of  H containing a ( H ) .  
. \  ' 

By the  t h i r d  claim we may assume t h a t  t h e  cyc le  C and a ( C )  of (G,P) 

constructed o r i g i n a l l y  a r e  edge d i s j o i n t .  Let C '  and C" be t h e  s i d e s  

of C and assume a (C I )  c C 1 .  If C and a (C) a r e  not ver tex  d i s j o i n t ,  we 

s h a l l  detach t h e i r  common v e r t i c e s  a s  described below. We de f ine  a 

p a r t i a l  order  on V ( C )  s i m i l a r  t o  t h e  one defined on E(C)  i n  t h e  t h i r d  

claim. Let V* cons i s t  of a l l  minimal verti 'ces of V ( C )  which a r e  con- 

ta ined i n  some chain of a t  l e a s t  two. Thus f o r  any V E V * ,  

a (v) E C 1  - C .  Let (G1 , P 1 )  be t h e  f i r s t  order  barycentr ic  subdivis ion 

of ( G , P ) .  We denote t h e  r e s u l t i n g  subdivision' of C , C '  and C" again , 



by C , C f  and C". L e t  V E V *  and l e t  N be t h e  s e t  o f  v e r t i c e s  i n  C" 
L v -. 8 ,  

adjacent  t o  v. I t  i s  e a s i l y  seen t h a t  N induces a pa th  L which meets v 

C i n  i t s  endpoints  u,w only.  Moreover, v ( ( % ( c ~  u a (L))  n V(L) = $ s i n c e  

a ( v ) ~ C '  - C .  Thus by s u b s t i t u t i n g  t h e  pa th  C with L we ob ta in  a 
b u,v,w 

cyc le  H '  which doesn ' t  s e p a r a t e  a(H1) and s a t i s f i e s  (2'1 and H1 and, 
1 

a(H ) have fewer common v e r t i c e s  than C and a(C)'. By repea t ing  t h i s  
1 

separa t ion  procedure a f i n i t e  number of  t imes  we > i n a l l y  ob ta in  t h e  
e 

i 
des i red  cyc le  H. We d e f i n e  Ci = a (H) f o r  i E Z. I t  i s  immediately 

obvious t h a t  t h e  c o l l e c t i o n  {c. I i E Z 1 s a t i s f i e s  (1) and 2 ) .  O 
1 

NOTE 4.2.10. Let (G ,P) be a p lanar  3-polyhedron and - l e t  a ~ A u t  (G ,P) 

be of i n f i n i t e  - order .  Assurnk t h e r e  is  a c o l l e c t i o n  of cyc les  Ic. I i E Z )  
1 

with t h e  p r o p e r t i e s  ( I )  and (2) of  Theorem 4.2.9. I t  i s  easy t o  s e e  - N 

t h a t  f o r  s u i t a b l e  m t h e  m-th order  b a r y c e n t r i c  subdivis ion (G,P) of- 
'...> 

N - 
(G,P) con ta ins  d i s j o i n t  pa ths  L meeting C" and C1 , (Ci is  t h e  induced 

i o - ,  / 
\ $  

subdivis ion of C . )  only  a t  v and a ( v . )  f o r  1 r i  5 2 .  Now l e t  I-$ be t h e  
1 i 1 

rJ 

smal les t  a - i n v a r i a n t  subgraph conta in ing C L1 and L (See Figure 
0 ' 2 ' 

4 2- 3).  = a .  I t  i s  easy t o  s e e  t h a t  H1 s a t i s f i e s  Assumptions 1 

5.2.10, ( I ) ,  (2) and (3 ) .  ~ o r e b v e r ,  HI, can be drawn i n  t h e  p lane  punctured 
Icr 2 

through t h e  o r i g i n  0 t o  y i e l d  an isomorphic r Z - i n v a r i a n t  (R -{(I))-graph 
I 

f i g u r e  4 .2 .3  



H (where I' = <a> , respec t ive ly  6, depending i f  a i s  o r i en t a t i on  pre- 
2 2 '. 

serving or  o r i en t a t i on  revers ing,  and a,a are  t h e  mappings defined on 

p. 13 ) such t h a t  condi t ions  (4) and (5) of Lemma 5.2.12 a r e  s a t i s f i e d .  

and two-sided paths and l e t  R be the subgraph o f  G between H1 and Hz. 
/ 

~f P i s  a shortest path joining any vl sV(Hl) with any v2 eV(H2) 

then no component o f  H3 = H - (dai  (P) 1 i~ Z 1 u H u H 1 i s  a -in.vmiant 1 2  

These observations a r e  of bas ic  importance i n  t h e  proof of Theorem 

5.3.1. . < .  

COROLLARY 4.2.11. Let (G, P) and a be as i n  Theorem 4.2.9. 
N N 

Then for suitable k r O  the k- th order barycentric subdivision (G,P) 

contains an a-invariant, one-sided 2-inf ini te  path. 

LEMMA 4.2.12. Let (G,P) be a planar 3-poZyhedron and aeAut(G,P) 

be of i n f i n i t e  order. Let H and H be dis jo in t  a-invariant, 2- in f in i te  
1 ,  2 

for any i E Z -  (01. 

H and H a r e  two-sided and by Theorem 3 . 3 . 1 3  they a r e  not separated 
1 2 

by C. Moreover, by Proposit ion 4.2.6 H and H a r e  cof inal .  Hence 1 2 

they a r e  on t h e  same s i d e  of C ,  say i n  C f .  Let C" be t h e  o ther  s i d e  

i 
of C. We conclude t h e  proof by noting t h a t  a (C") c C '  f o r  every 
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.13. Let (G , P) be a pZanar 3-po Zyhedron and Zet 

a EJ - .( I A u t  ( G ,  P) where r sa t i s f i e s  Asswnptions 4. I .  I .  If a has 

f in i t e  order then l e t  a be orientation preserving. Moreover, asswne 
\ 

K i s  a connected, a-invariant subgraph o f  G with the property that the 

subgraph of G'between any 60 cycles or any two two-sided 2-infinite 
< 

k paths belongs t o  K. I f  a has i n f i n i t e  order'and K contains an a -in- 

variant .& L 0 ) ,  %in f in i t e  two-sided path, then it has aq+n~ariant  

one. If a has f in i t e  order and there are no fixed vert ices of <cl> i n  

K , then K contains an a-invariant cycle. ' 

Proof. Considering t h e  two cases simultaneously we assume t h a t  K 

doesn ' t  have an a - i nva r i an t  2 - i n f i n i t e  path i n  case  a has i n f i n i t e  order  

and has no a - invar ian t  cyc l e  i f  a is of f l 'n i te  order .  By Lemma 4.2.1, 

Theorem 4.2.4 and Lemma 4.2.5, t he r e  a r e  two d i s j o i n t  subgraphs H and 
0 

H of K s a t i s f y i n g  t h e  'following condit ions:  
1 i 

(1) D = d (H ,H ) i s  minimum among a l l  p a i r s  s a t i s f y i n g  (23, (3) 
K O 1  

and (4) below; 

(3) Ho and H a r e  d i s j o i n t  ? - i n f i n i t e  paths  if has  i n f i n i t e  
1 

order ;  and 

2 
(4) Ho and H a r e  d i s j o i n t  cycles  i f  a has f i n i t e  order  and a z I .  1 

2 
We note  t h a t  i n  case  a = 1 t h e  const ruct ion i n  Lemma 4.2.1 y i e ld s . an  

a-invarial ' l t  cycle ;  a l s o  s ee  Corol lary  4.2.3. Therefore we can assume 

2 a + I  i n  (4).  Let H be  t h e  graph between Ho and HI. H i s  connected - ' 

and a - invar ian t ,  and H c K. Let L be a path  of length  D jo ining u i n  Ho - 



with v i n  H and put  d = I E~ (H) I + I EV (H) I . We. a d d i t i o n a l l y  r equ i r e  
1 L, e 

t h a t  we choose H ,H and L such t h a t  dL i s  minimum. 
0 1 

We claim t h a t  i f  we l e t  A = u { b  ( E ~ ( H ~ )  IJ Ev (HI)) I i c  Z 1, then H - A 

conta ins  an a - invar ian t  connected sub-n order  t o  prove t h i s  

claim we consider t h e  subgraph M of H induced by E(H) - A  and show t h a t  

it i s  connected and a - i nva r i an t .  Clear ly  it i s  a - invar ian t  a s  H and A 

are .  Let B - denote t h e  s e t  o f  a l l  boundaries o f '  (G,P) contained i n  B. H 

Let U ~ V ( H  ) uV(H ) c o n s i s t  o f  al! v e r t i c e s  w f o r  which Ew(Hi) C A  and 
0 1 

E (H. )  i s  con ta ined ' in  some boundary B cBH. Then U nV(M) = 0 .  Let 
W 1  * 

W1'W2 
EV@) and  be a pa th  i n  H jo ining them. Any-vertex w of U nV(Q) 

and i t s  incident  edges of A can be  replaced by , an  edge of M i n  t h e  
7 

boundary B E B H  conta ining w and any edge e of A i n  Q which i s  n e v i n -  

c ident  t o  a ve r tex  o f  U can, be  replaced by t h e  o the r  two edges, say e 
1 

and e2,  ;of t h e  boundary B E B conta ining e .  Moreover e l ,  e2 6 A. Thus 
\ 

H 

w and w can  be joined by a pa th  i n  M .  Tha t i s ,M is connecsed and 
1 2 

t h i s  e s t ab l i she s  t h e  claim. 

M does not  conta in  an a - invar ian t  2 - i n f i n i t e  pa th  o r  cyc le ,  respec- 

t i v e l y ,  but by Lema,4 .2 .1  and Theorem 4.2.4 it con ta ins  subgraphs H' 
0 

and H i  s a t i s f y i n g  p rope r t i e s  (2), (3) and (4). . Now H '  , H i  ,Ho and H a r e  
0 1 

2 a - invar ian t .  By Lemma 4.2.11, r espec t ive ly ,  Lemma 4.1.13, it f o l l o w s ~  

j t h a t  V(Hi) nV(a (L)) tfl f o r  0 <i  < 1 and j E Z. - Thus byqchoice  of D we 

may assume t h a t  a' (u) E V(HA) and a' (V) E V ( H i )  f o r  -all  j E Z. Again by 

t h e  above lemmas it fol lows t h a t  H '  s epara tes  yu (L) and EU(Ho) . Thus 
0 

H' separa tes  Ho and H S i m i l a r l y ~ ~  separa tes  Ho andH1. If H f  i s  t h e  
0 1 ' 1 

\ 

subgraph of G between H' pnd H'  itf follows thai3,H1 c K n H, (EU(Ho) u 
0 1 9 



Ev(H,)) n E ( H f )  = $ and E (H1)cE (H) f o r  x ~ { u , v ) .  T h u s T ~  (H')I + 
X X u 

[ E ~ ( H ' ]  I < d L  which i s  a  contradic t ion.  Thus ;he claim of t h e  theorem 
I 

- i s  t r ue .  O 

+ 

LEMMA 4.2 .14 .  L e t  (G, P) be a planar 3-poZyhedron and l e t  

-a E Aut (G,P} be orientation preserving and o f  infLnite order. Let 

H be a 2-inf ini te ,  tuo-sided winvariant path and H' be either one 
I 

of the sides of H i n  (G,P) . -Then V(H') -V(H) $ 8 .  

Proof. F i r s t  we no te  t h a t  H ' s H  s ince  H i s  not  a  boundary and 

t h a t  aCH1) = H 1  s i nce  a i s  o ~ i e n t a t i o n  preserving.  We claim t h a t  i f  

e  rE(Ht) and iG(e)  = I x , y } c ~ ( ~ ) ,  then d  (x,y) r d  (x,a(x))  = d, To prove H H 

t h i s  w e  f i r s t  note  t h a t  by Corol lary  4 . 2 . 2 ,  d  = d  (z ,a(z) )  f o r  a l l  
H 

z E V(H) . Nor assume t o  t h e  contrary  t h a t  dH(x,y) > dH(x,a(.x)). Then 

e  & E(HY and we may assume without* l o s s  of gene ra l i t y  t h a t  (x) E V (H(X,Y))- 

( x , ~ ) ,  a(y)  (t V(H(x,y)). Thus t h e  edge a (e )  i s  on both  s i d e s  of t h e  

cycle  C formed by H(x,y) and e, but a l e )  i s  nut  on C which i s  a  contra-  
i 

dic'tion and proves t h e  claim. 

We ,now claim t h e r e  i s  a  ver tex  u  rV(H1) -V(H) and v e r t i c e s  x,y EV(H) 

adjacent t o  u  such - t h a t  dH(x,y) rdH(v,w) f o r  every e e  E(Ht) k t h  

i G ( e ) =  { v , d  cV(H). We now prove t h i s  claim. If t h e r e  i s  no edge 

e  E E(HT) - E (H) such t h a t  iG (e) c V (H) , then any edge e  E E (H) i s  contained 
< a  

i n  a boundary B one o f  whose v e r t i c e s  belongs t o  V-(Ht) -V(H) an& our 

claim i s  s a t i s f i e d  t r i v i a l l y .  On t h e  o ther  hand, i f  t h e r e  i s  such an 

edge we pick one f o r  whic'h dH(x,y) i s  maximum where {x,y) = iG(e ) .  



Now we consider t h e  cyc le  K induced by H(x,y) and t h e  edge e. The 

edge e i s  contained i n  a boundary B c H '  on t h e  same s i d e  of C a s  H. 

One ver tex  of B i s  not i n  V(H) by maximality of d (x,y) and hence it 
H 

is i n  V(H') -V(H). O 

LENMA 4,.2.15.  1f (G,P),a, H and H' arc as i n  ~ e m a  4.2.14, then 
N 

H = H I  - H  contains an &-invariant component. 

P 

Proof. For each component K of .? l e t  V denote t h e  s e t  of v e r t i c e s  
' K l  

on H which a r e  -adjacent i n  P t o  some w r t e x  o f  K. We claim t h a t  i f  

F, 

n 
the re  i s  some component K o f  H and ve r t i c e s  u,v r V K with dH(u,v) > 

dH(uYa (u)) , then K i s  a - i nva r i an t  . To prove t h i s  claim assume u,v r  VK 

and dH (u,v) > dH (u ,a (u) ) . Moreover, we may assume t h a t  a (u) r H(u, y) -' 

{u,v} 'and a (v) 4 H(u,v). There a r e  ve r t i c e s  v 1  , v f r  V(K) adjacent t o  u 
d n 

and v, respec t ive ly ,  and a path  L joining u '  and v '  i n  K. Let C be t h e  
1 

cycle cons i s t i ng  of  L ,  H(u,v)%nd edges e and e jo ining u t o  u 1  and v 
U v 

t o  v1 , respec t ive ly .  N 0 w . a  (eu) and a (e ) a r e  on d i s t i n c t  s i d e s  of C v 

and thus t h e  path a (L) jo ining ( u l )  t o  a (v I) meets L. Hence.a (K) meets 

' K so  t h a t  a(K) =.K afid t h e  claim i s  proved. i 
Cu 

It now s u f f i c e s  t o  show t h a t  t he r e  i s  some component K of H and 

ve r t i c e s  u,v E VK with dH(u,v) > dg(u,a (u)). Suppose tflerd i$ no such 

component. Then l e t  K be a component of f o r  which t h e  H-diameter 

d of V i n  H, defined by d = max{dH(u,v) l u , v ~ V  }, i s  maximum. We 
K K 

pick u ,veV with d = dH(u,v). By t h e  second claim i n  Lemma 4.2.14, 
K 

u ;v. Let M be t h e  subgraph of H1 consis t ing of a l l  cyc les  C c H 1  f o r  



which C n H  = H(u,v). Since M i s  2-connected, it fo l lows from Theorem 

3 . 3 . 9  t h a t  t h e r e  i s  a c y c l e  C con ta in ing  H(u,v) and s e p a r a t i n g  M and H. 

From t h e  second c la im i n  Lemma 4.2.14, it fo l lows t h a t  t h e r e  i s  a v e r t e x  

u 1  E V(C) - V(H(u,v)) adjacent  t o  u where e is t h e  edge j o i n i n g  u and u'. 

Let 0 be t h e  boundary con ta in ing  e On t h e  same s i d e  o f  C a s  H and l e t  

wcV(B) -{u,v}. We know w(V(H) -V(H(u,v)) by t h e  cho ice  of u and v .  

Hence Bch bu t  BIG. On t h e  o t h e r  hand, B and H a r e  on t h e  same s i d e  

of C which c o n t r a d i c t s  t h e  f a c t  t h a t  C s e p a r a t e s  H and M .  0 

COROLLARY 4.2.16. If ( G , P ) , a ,  Hand H '  are as i n  L m a  4.2.14, - 
then H contains an a-invariant 2-inf ini te  path. 

Proof. This  fo l lows immediately from Lemma 4 .2 .1  and Theorem 

THEOREM 4.2.17. Let ( G ,  P )  be a planar 3-po Zyhedron, l e t  

a E Aut (G,  P) be of i n f i n i t e  order and asswne that  there i s  an a-ilr - 
k 

variant, %in f i n i t e  and two-sided pa-th. The% there i s  a aoZZection 

{Hi I i Z }  of psi-se dis jo in t ,  2- inf ini te  and two-sided paths with 

-. 
the foZZowing properties: 

* .@ 

11) I f  a i s  orientation preserving, then for aZZ i E Z " ( H ~ )  = H ~ ;  

(2 )  I f  a i s  orientation reversing, then for aZZ i E Z a(Hi) = H . -i' - 

and 

131 if i < j < k ,  then Hi and Hk are separated by  H . 
j 



. "  

Proof. By Theorem 4.2.13 t h e r e  is an a - i n v a r i a n t ,  2 - i n f i n i t e  and - 
4 

two-sided pa th  Ho. L e t  H' and HI1 be  i t s  s i d e s .  1.f a is  o r i e n t a t i o n  
0 0 

preserving,  - then a(H;) = H1 and i f  a i s  o r i e n t a t i o n  revers ing ' then 
0 

& 2,  
a(H;) = H;. In t h e  f irst  c a s e  put  $ = a and i n  t h e  second B = a s o  t h a t  . , 

$ is  o r i e n t a t i o n  p rese rv ing  and $(HA) H and $(HI1) = drl . 
>' 0 0 0 

We now proceed by induct ion.  3uppose we have foundy$airwise d i s -  
-J 

j o i n t ,  @- invar ian t ,  ' 2 - i n f i n i t e  and two-sided pa ths  Hi,. . . , H  n  i n  HA 

such t h a t  ' (3)  holds  whenever 0 < i < j k I n .  I n  view of Theorem 4.2.13 

the're i s  a  $ - invar ian t ,  2 - i n f i n i t e  and two-sided pa th  fi d i s j o i n t  
n + l  

h 

frbm H which i s  separa ted  from Hi, 0 <i  < n  - 1, by Hn. I t  fo l lows t h a t  
n  

(3) holds f o r  0 l i  < j  < k  I n + 1 .  

NOW consider  t h e  c o l l e c t i o n  { H I  I i = 0,1 ,2 , .  . .}- cons t ruc ted  i n  t h e  
1 

above fashion.  I f  a = B, we s i m i l a r l y  cons t ruc t  {H. I i = -1 , - 2 , .  . .) 
1 

2  i n  H" but  i f  $ = a , then we put  I I  = a (H, .) f o r  i = 0, -1, -2 , .  . . . , 
o  i - 1 

I t  immediately fo l lows t h a t  t h e  c o l l e c t i o n  {H. I i E Z  s a t i s f i e s  (1)- ( 3 ) .  0 
1 

NOTE 4.2.18. Let (G,P), {Hi 1 i E Z }  and & b e  a s  i n  Theorem 4.2.17 

and l e t  L .  b e  a  s h o r t e s t  pa th  jo in ing  H a n d  H i + l ,  f o r  a l l  i n t e g e r s  i 
1 i 

i f  a is  o r i e n t a t i o n  preserving,  r e s p e c t i v e l y ,  f o r  a l l  nonnegative i t s  

j if  a i s  o r i e n t a t i o n  revers ing .  I t  i s  e a s i l y  seen t h a t  t h e  pa ths  a (Li) 

k 
and a (Li) a r e  d i s j o i n t  f o r  j ik. We now consider  t h e  smal les t  subgraph 

' t 
$ o f  G Which i s  a - i n v a r i a n t  and c tmtains  Hi and L .  fo*? a l l  i and j 

3 

( f o r  i l l u s t r a t i o n  s e e  Figure 4 . 2 . 4 ) .  L e t 5  = <cy . By lemma 4.2.12 , 

l-? s a t i s f i e s -  t h e  Assumptibns 5.2.10, ( I ) ,  (2) and (31. Moreover, I? cah be 

i 2 d 2 2 - drawn i n  t h e  p lane  R t o  y i e l d  qn-isomorphic, r2 - i n v a r i a n t  R -graph 



rl 

(where I' = <T> , respec t ive ly  <?> , depending i f  a i s  o r i en t a t i on  
2 ' 

preserving o r  o r i en t a t i on  revers ing ,  and T and ? a r e  t h e  t rans la t ion , .  

r espec t ive ly  g l e i t r e f l e c t i o n ,  def ined on p . 1 3 )  such t h a t  condi t ions  

(4) and (5) of Lemma 5.2.12 a r e  s a t i s f i e d .  These observations a r e  of  

bas ic  importahce i n  t h e  proof of  Theorem 5.3.1. 

f i g u r e  4.2.4 
d 

4.2.19 Let H be a cycle and H I  be one o f  i t s  .sides i n  the 

pZanar 3-poZyhedron (G ,P) . Let a! E I? - I )  be orientation preseY;ving rmd 

let r meet Asswnptions 4.1.1. If a! f ixes H f  and i f  there i s  no fixed 
t 

vertex of <a> i n  H' , then H1 - H contains a rwnempty a-invariant 

component. 

Proof. An edge e  eE(H1.) - E(H) wi th  iG(e )  = {x,y) cV(H) i s  ca l l ed  a  

chord of H '  and d  (x,y) i s  c a l l e d  i t s  length .  If e e  a r e  chords of H', 
H 1' 2 

i (e ) = {x ,y }  and iG(e2) = {u,v] , then {x ,~}  doesn' t  separa te  [u,v] on H. 
G -1 

Moreover, G has  no mul t ip le  edges and no edge i s  f ixed  by. a so t h a t  every 

chord of H' has length l e s s  than I v ( H ) ~ / ~ .  

We p a r t i a l l y  order  the chords of H '  as follows: e l s e 2  if 

H(x .y ) cH(x y  ) where i Y [ e . )  = {x. ,y . )  and H(xi,yi) i s  a  subpath of 1 1  2 2 G 1 1 1  



H o f  length  d ( x  y ) Since' a a c t s  order  preserving t h e  c o l l e c t i o n  C 
H 1 1  

of a l l  maximal cho+ds is a - invar ian t  . Moreover 1 C I  = 0 o r  I c 1 2 2. 
f, 

I f  C t fl, then  C t o g e t h e r  with a l l  pa ths  i n  H between e n d p o i i t s  o f  

d i s t i n c t  maximal chords forms an a-invarialt  c y c l e  K i n  H '  . Let K t  

be t h e  s i d e  of  K n o t  conta in ing H. We 'know K t  cH' and no non-maximal 

chord o f  H1 belongs t o . K 1 .  Hence K t  doesn ' t  have any chords. Since 

a(K1) = K t ,  K i s  n o t  a boundary and t h e r e f o r e  V '  = V (Kt)  - V (K) * 8. 

/ Moreover, K' - K  i s  connected s i n c e  K 1  hastgo chords. Also, K T - K  is  

a - invar ian t .  Thus, K '  - K i s  an Ci-invariant colhponent o f  H'  - H. a 
- 

We r e c a l l  t h a t  by Theorem 4.1.14, Iv,,~ 6 2 where Vcy> is  t h e  s e t  of 

f ixed v e r t i c e s  o f  <Y> . The fol lowing theorem i s  of b a s i c  importance 

i n  t h e  proof of  Theorem 5.3.1. 

THEOREM 4.2.20. 

satisfies AsswnptCons 

and of fintte order. 

there is a coZZection 

Asswne that the subgroup A of Aut (G ,P) 

4.1.1 and Zet a E A - { I ) be orientation 

If v <cl, = i u I  , respectively V <a, = $ , then 
Zd 

[ C i  1 i = , , . . .  , respective2y {c i !  i"Z 1; 

of pairwise disjoint a4nvariant cycZes with the folZowing properties. 

( 1 )  V K i )  "<,, = 0 for a22 i. 

(2) If V,,, = { u l  , then with C = fd C i  separates Ci - 
0 

from Ci + for a22 i E ( 1 , ~ ~ .  . . I .  5 

I' 
t 13) If V,,,=I. then C .  1 separates C i - l  from ci + I for a22 i E Z. a" 

Proof. We n o t e  t h a t  G,V,,, i s  connected s i n c e  G is  3-connected. 

Using Lemma 4.2.19 and Theorem 4.2.13 t h e  remainder of t h e  proof follows 
I F 



by induct ion and i s  s i m i l a r  to .  t h e  proof of Theorem 4 ."2.17. 0 
. . 

-.> 

- NOTE 4.2.21. Let A and a b e ~ s  i n  Theorem 4.2.20. If VCa, 
+ - 

{u,v) , . t h e n  by Proposi t ion  3.2.3 G1 = G - {u,v} is  connected and 'by  - 
, .. 

, - 
9 - 

Theorem 4.2.13 has an winvar ian t  cyd le  K.  E& Lemma 4.1.13 *it fol lows 

t h a t  u  and v  a r e  .separated by K. Let L and L be  s h o r t e s t  pa ths  
U v 

jo in ing u  and v  t o  K and le t  ?be  t%e smal les t  a - invar ian t  subgraph 

of G conta in ing K ,  L and Ly. The subgraphs of 5 i n  t h e  two s i d e s  of 
u  

K a r e  "wheels" (as i l l u s t r a t e d  i n  F igure  4.2.5 ) s i n c e  t h e  only  f ixed 
' ,  

v e r t i c e s  of  a a r e  u and v. - 

In  case  Iv,~,~ 51 consider t h e  subgraphs Ci const ructed  i n  Theorem 

4.2.19. We j0irr.C and C i + l  by a  s h o r t e s t  pa th  Li. f o r  a l l  i and 
i 

consider t h e  smal les t  a - invar ian t  subgraph %conta in ing  C and Li f o r  
' 

i 
k j k J -  a l l  i. We note  t h a t  (L.) and a (L.) a r e  d i s j o i n t  whenever a 

1 1 

except poss ib l  J when i = 0 i* which case  t h e i r  i n t e r s e c t i o n  is  contained 

i n  Vca, (see Figures  4.2.6 and 4.2.7 f o r  i l l u s t r a t i o n ) .  

Now set =<a> . I t  i s  easy t o  see ( see  Lemma 4.1.13) t h a t  HI 
1 

s a t i s f i e s  Assumptions ,5.2.10, ( I ) ,  (2) and (3) i n  both cases  considered 

2 
above. i foreover,  it can be drawn-on S = S i f  r1 has  two f -- ed v e r t i c e s ;  s" 

2 
on S = s ~ - ~ ( o , o , ~ ) ~  i f  r has  one f i x e d  ve r tex ;  and on S = S -{(0 ,0 ,1) ,  

1 r r 

( 0 ~ 0 , - 1 ) )  i f  I' has  no f i x e d  ve r tex .  Th i s  produces an isomorphic 5 - in-  
1 

N 

v a r i a n t  S-graph H (where l' 
1 .2 = <%' 

, with  'P6 t h e  r o t a t i o n  def ined on 

9 p. 13 ) such t h a t  cond i t ions  (4) and ( 5 )  of  Lemma 5: 2.12 a r e  s a t i s f i e d .  

These observations w i l l  be  used i n  t h e  proof of Theorem 5.3..1. 



f i gu re  4.2.5 

' C 

f i gu re  4 . 2 . 7  



53. GROUPS OF AUTOP~DRPHISMS OF (G,P, A) WITH COMPACT 
J, 

FUNDAMENTAL DOMAEN 
* .  

H 

Let G = (G,P,A) b e  a 3-polyhedron a n d ' l e t  T- be  a subgrcup of 

Aut(G,P,X) s a t i s f y i n g  Assumptions 4.1.1. We no te  t h a t  b a r y c e n t r i c  
H 

subdivis ions  of  G aga in  s a t i s f y  Assumptions 4.1.1 and I' n a t u r a l l y  a c t s  - 
on them &see  Chapter 3, 54). The quo t ien t  graph of G modulo r, de- 

noted a s  G* o r  G / r ,  i s  a graph whose v e r t i c e s  and edges a r e  t h e  

I'-orbits of  v e r t i c e s  and edges of  G ,  r e spec t ive ly .  The incidence  

i G *  is def ined by s e t t i n g  i (e*) = {u*,v*} where x* is  
G* 

it conta in ing x f o r  every x E V ( G ) U  E"(G). G* i s  connected 

and locahly f i n i t e  and p o s s i b l $ h a s  loops o r  mul t ip le  edges. A 

loop i n  G* i s  caused by two adjacent  v e r t i c e s  of G i n  t h e  same I'-orbit. - 
By applying a f i rs t  o r d e r  b a r y c e n t r i c  subdivis ion t o  G we e l imina te  

the-  loops from G* and it is  easy t o  see  t h a t  another first order  bary- 

c e n t r i c  subd iv i s ion  a l s o  e l imina tes  m u l t i p l e  edges from G*. Hence 
I 

we may assume G* has  no loops o r  mul t ip le  edges. Let II denote t h e  

canonical p r o j e c t i o n  mapping from G t o  G* ass ign ing  t o  each v e r t e x  and 
.I 

edge of G i t s  I'-orbit. . . 

PROPOSITION 4.3.1. The coZZection (II ( B )  1 B is a boundary of 

(G, P, A )  3 consisting of triangZes i n  G* caZZed the boundaries of Gjc, -, 

has the foZZming properties. 
P 

(1) 2ach edge of G* is contained i n  a t  Zeast one but no more 

than two bmndaY.ies of G*. 



(2) A t  each uertex v* of G* the edges incidemt to v* can be 

arrmrged i n  linear order e* e* . . ,e* o r  {n cyclical 
0' 1" n - 1  

order (e:, e i  , . . . , e* ) such that  e l  and ef + be~ong to n - 1  

the  .same boundaq) of G*, for 0 5 i r n - 2 , respectiveZy 
+ -  

0 S i l n  - 1, where e* = e*. o n 

Proof. The f i r s t  p a r t  of t h e  claim follows from t h e  f ac t  t h a t 8  
i N 

each edge of G is  contained i n  exac t l y  two boundaries of  G .  To.prove 
- 

t h e  second p a r t  l e t  v E V(G) and Pv = (eo*:. , . , e  n - 1) .  I f  v V,, then 

no two edges of E (G) a r e  i n  t h e  same r - o r b i t  s i nce  no two adjacent  
v 

v e r t i c e s  of G a r e  i n  t h e  same I"-orbit .  Hence ( e i ,  ..., e* ) is t h e  
n - 1  

des i red  c y c l i c a l  arrangement of E (G*),. Now assume t h a t  v r  Vr -V(S,) 
v* 

(where Sr i s  t h e  subgraph of  G induced by t h e  f i xed  edges of T). 

By Lemma 4.1.10, yP y'l = P f o r  a l l  y r  I. and t he r e fo r e  f o r  a l l  
v v v 

Y E T  t h e r e  i s  a k depending on y such t h a t  y(ei)  = e i + k b  
v 

f o r  

O ' I i  I n  - 1, where i + k  i s  ca lcu la ted  modulo,n. Let k be  t h e  smal les t  

f o r  some y E Ily - { 17. We note  pos i t i ve  i n t ege r  with y (e . )  = e 
1 i + k  

t h a t  by Corol lary  4.1.3, r = <y>, Moreover, e* ..., e* a r e  
v 0 ' k - 1  

d i s t i n c t  and (e* . , ,eX ) i s  t h e  des i red  c y c l i c a l  arrangement o f  
0' k - 1  

Eye (G*) . Now we assume v c V (Sr). We r e c a l l  from Lemma 4.1.10 t h a t  

- 1 v E V (S,) i f  and only  if yP y-' = E' . Thus ~ ( e : )  = ek f o r  
v v - 1 - 

0 < i  r n  - 1, where k - i i s  ca lcu la ted  modulo n.  By Corol lary  4.1.8 

we may assume t h a t  e  E E (S,) and e E E ( S 6 )  but  ei 4 E (Sr) f o r  0 < i < k. 
0 k 

I t  follows t h a t  e:, ..., e* a r e  d i s t i n c t ,  ef and e? a r e  i n  a 
k 1 1+ 1 

boundary of G* f o r  0 s i r k - 1 and E * (G*) = . . . e * .  Yet t h e r e  is  
v k 



I 

a t  most one boundary of G* con ta in ing  both  e* an& e* 0 
0 k ' 

From t h e  previous  lemma it fol lows t h a t  G* hasHthe s i m p l i c i a 1  
, > 

s t r u c t u r e  o f  a  t r i a n g u l a t e d  (bordered) su r face .  (For a  d e f i n i t i o n  

of  a  bordered s u r f a c e  s e e  [20]. A s j m p l i c i a l  complex isd  a  s e t  K 

equJpped wi th  a c o l l e c t i o n  C of non-empty subsets.  of K which has  

t h e  p r o p e r t y  t h a t  every non-empty subse t  o f  a set of C belongs t o  C). 

From Proposi t ion  4.3-1 it fol lows t h a t  t h e  borders o f  G * ,  t h a t  is ,  

t h e  subgraph of G* c o n s i s t i n g  of a l l  edges which a r e  i n  on ly  one 

boundary of G*, i s  t h e  image of  S under TI and t h a t  each border  r 
component i s  a c y c l e  o r  2 - i n f i n i t e . p a t h .  

h .  

Now l e t  us  assume t h a t  (G,P,X) = (G.,P) is a p lana r  3-polyhedron 

and every c y c l e  o f  G* has  a t  l e a s t  one f i n i t e  s ide .  Then every  

2 - i n f i n i t e  p a t h  i n  G i s  two-sided. From Proposi t ion  4.1.9 it f o l -  

lows t h a t  S i s  a c y c l e  o r  a  two-sided and 2 - i n f i n i t e  pa th  i f  S i s  r - r 
not  empty. Hence G i s  f i n i t e  i f  S is a cyc le  s i n c e  y swi tches  t h e  

Y 
s i d e s  of  S I f  S and a r e  d i s t i n c t  cyc les ,  then  i t  fol lows from 

Y' Y 6 

t h e  f i n i t e n e s s  of  G t h a t  S meets S6, more precisely, ,  S and S meet 
Y Y 6 

, i n  exac t ly  two v e r t i c e s  (see  Coro l l a ry  4.1.8.and Theorem 4.1.14). 

I f  y e r  -(I) i s  o r i e n t a t i o n  p rese rv ing  and f i x e s  two v e r t i c e s , " t h e n  

by Lemma 4.1.13, G i s  f i n i t e .  Conversely, i f  G i s  f i n i t e  and 

Y E ~ - ( I )  i s  o r i e n t a t i o n  p rese rv ing  then by Proposi t ion  4 .1 .2  y has  

f i n i t e  o r d e r a n d  by Theorem 4.1.14 has two f i x e d  v e r t i c e s .  If G 

&s i n f i n i t e  and Y E  r -  is o r i e n t a t i o n  preserving and of f i n i t e  - - 

order ,  then  by Theorem 4.2 .20 7 has  e x a c t l y  one f i x e d . v e r t e x .  I t  

fol lows t h a t  i f  S and S a r e  d i s t i n c t  2 - i n f i n i t e  pa ths ,  then  they  
Y d 



. ' have  a t  most one common ver tex .  

- We now a d d i t i o n a l l y  assume t h a t  G i s  i n f i n i t e  and G* = G/r is 

f i n i t e .  (If  G* i s  i n f i n i t e  then t h e  s i m p l i c i a 1  complex induced by 

t h e  boundaries o f  (G,P) i s  c a l l e d  an "Ebenes Netz" by Zieschang C28, p. 

551.) Then every one of  t h e  f i n i t e l y  many borders  of G* is a cyc le  
I 

and4G* has  only f i n i t e l y  many r - p o i n t s ,  where an r - p o i n t  of G* is  

t h e  image under r[ of an r -po in t  o f  G and t h e  l a t t e r  has  t h e  h r o p e r t y  

- 1 
t h a t  y (v) = v and yP y = P f o r  some y E r - {I) .  A fundamental 

v ve 

domain F f o r  r i s  a s i m p l i c i a l  complex induced by a maximal c o l l e c t i o n  

of non-equivalent boundaries of (G,P) . Since G* i s  f in i t e . ,  every " 

fundamental domain F f o r  r is  f i n i t e .  lVe say t h a t  F i s  connected 

i f  f o r  any two boundaries B '  and B'l of F t h e r e  a r e  f i n i t e l y  many 

boundaries B ..., B i n  F such t h a t  B' = Bo, Bt1 = B and B.  shares  
o ' n n 1 ,  

2 ~ 

an edge with B i + 1' 
A connected fundamental domain f o r  T i s  obtained 

from a maximal s e t  B .,B of nm-equ iva len t  boundaries of (G,P) 
1'" n 

wi th  t h e  proper ty  t h a t  B. has  a common edge wi th  t h e  s i m p l i c i a l  
1 P X  

complex formed by B I >  - ,Bi - f o r  1 s i  r n .  4 1 ' 
I f  C is  a c y c l s  i n  G ,  then t h e  f i n i t e  s i d e  of C i s ' c a l l e d  t h e  

inside and t h s  o t h e r  s i d e  t h e  outside of  C .  The next  p ropos i t ion  

i s  t h e  equivalent  of  Satz  IV.6 of f28, p. 661 and a remark fol lowing 

a f t e r  i t s  proof.  I t  s h a l l  be s t a t e d  without proof.  

PROPOSITION 4.3.2.  If F is a coznected fundamentai! domain' 

for r, then there i s  a cycZe C i n  F such that  F i s  the inside o f  C. 

I f  a, B E I' are d i s t inc t ,  then a  ( F )  and B (F) are d i s jo in t  or in tersect  

i n a p a t h ;  Moreover, u{a(F) 1 a ~ r ] = G .  



The following propos i t ion  i s  Satz IV.7 of r28, p.671 and i ts  
. . I -  

proof is  omitted. 3 + r 

- 
PROPOSITION 4 . 3 . 3 .  Let F and C be as i n  Proposition 4.3.2 

+ 
cmdeZet? andE be the &*orientations of C  and^(?)^= {; . . . , e  1 .  

- 

1' , n 
Then E* = E(?).IJ E ( E )  i s  partitioned in to  orbits modulo r i n  such 

a - w a y  that  

(1) each orbit has size less than or equal t o  2, 

+ C 

( 2 )  for no i ei and ei are i n  the same orbi t ,  

-t f 
(3)  i f  y (e. ) = e . then y i s  orientat& preserving, and 

1 3 
+ 

( 4 )  i f  Y(:i) = e .  and y t I then y i s  orientation reversing. . 
J 

I t  i s  c l e a r  t h a t  a connected fundamental domain F conta ins  a 
& 

ver tex,  an edge, an r -po in t  and a f ixed edge of r from each of t h e i r  

respect ive  orbits . .  Moreover, by t h e  l a s t  proposi t ion every r -point  

o r  f ixed edge i n  F l i e s  on t h e  border C of F. I n  add i t ion ,  no two 

ve r t i c e s  o r  edges of F o the r  than on C a r e  equivalent .  Thus we a l s o  

obta in  t h e  complex G* from F by iden t i fy ing ,  through app l ica t ion  of 

ll, ver t i ces ' and  edges of C from t h e  same o r b i t .  

" ,  ~ e t  g,q,m be t h e  genus, t h e  number o f  boundaries, t h e  number 

of non-border r -po in t s  of G* . These parameters s u f f i c i e n t l y  descr ibe  

---- t he  bordered surface  G* ( i f  we a l s o  consider t h e  m r -po in t s  as borders) .  
\ 

According t o  C28, p, 651, a connected fundamental domain c a , ~ b e  

transformed, using t h e  method of -"cutt ing and pasting" described 

i n  C28, p. 461, i n t o  a canonical  fwidamental domain which can be 



thought of being obtained by cu t t i ng  G /  along a canonical system r 
of c u d e r .  This t f a c t  i s  stat'ed. without. proof i n  Theorem 4 . 3 . 4 .  

(Theorem 4 . 3 . 4  i s  an equivalent  vers ion of  S a t z  IV.  5 i n  t28, p. 651.) A 

THEOREM 4 . 3 . 4 .  Let (G,P) be mr i n f i n i t e ,  p b t z ~ 2 .  3-polyhedron 
- 

&d assume the spbgroup r. o f  Aut  (G, P) s e e s  ~sswnptions 4.1 .1 .  
'$ 

< 

- \  
i 

More&&, gssme G* = G/ i s  f in i t e  and every &cZe K i n  (G , P) *has r 
one f in i te  side. Then i n  some barycentric subdivision (G1,Pl) of 

(G,P) of  sufficient^^ high order there i s  a connected )undamental. 

domain F of r which has an oriented boundary cycle ?which has one 

of  the folZowing two c&onicaZ forms; , 

where , 
3 ' 2 -  

- < 

m,g,q 20, m + g + q  21 a n d m = O ,  g = O  or q = O  means that the 
7 

comespanding tern i n  (a) or (bl i s  missing. txo 

1 

s + ,s! ,ti , t f  , e&. are oriented &$hs on c and paths denoted 
i 1 

by the sme  symbol ( for  exconpZe, s and s f  or t .  and t!l 
i 1 1 

are r-equivatent. The terminuZ vert ices o f  s! are r-points, 
1 

1 i i < m. I f  ,% mk. 0,- b t h e n  the teminaZ-- vert ices of c 
f l  k ,iJ 

I s i 5% aZso &re r-pints. I f  < 0, then the iGii<at 

vertex o f  c i s  no€ an r-point. Any two of  these r-points 
k , l  

mrd mry t u ~  p a t h  which are not denoted by the same symk;ol " 



are not r-epivatent. 

If (G,P) and r a r e  a s  i n  Theorem 4.3.4, then a s  shown i n  

C28, ~•˜lY.53 I' has one of  t h e  following two a lgebra ic  s t r u c t u r e s ,  

given i n  terms of generators  and defining r e l a t i o n s  and s t a t e d  i n  

Theorem 4.3.5, t h a t  i s ,  C28, Satz IV.81. 
5̂ , 

THEOREM 4.3.5. If (G,P) and are as in Theorem 4.3.4, then it 

has one of the foZlowing algebraic structures described in ( A )  and ( B ) .  

Generators: 
, 

(dl y1,J' ~ ~ l , m l + l ,  . ,Yq,rn + I ,  m k > o  for ~ s k r q .  
9 

Defining rezations: 

- 1 
Y i , l  " i Y j m . + l - n i  = I, 1 5  i 5 q; and 

I 



fBI The same as ( A )  except that  fbl i s  sust i tuted by ( b ' )  % 

arzd (hj by ( h ' ) :  J 
+ 

(b ' )  V ,  . . . v , g 0 and 
8 

Note 4 . 3 . 6 .  Let (G P ) , I'. and t h e  fundamental domain F with boundary 
1' ,I 

C be  a s  i n  Theorem 4 . 3 . 4 .  Let H be t h e  smal les t  r - i n v a r i a n t  sub- 
1 

graph conta in ing C. Then H i s  i n f i n i t e  and thus  by Proposi t ion  
1 

4 . 3 . 2  s a t i s f i e s  Assumptions 5 . 2 . 1 0 .  From t h e  proof of Satz  VI.8 of 

C28, p. 1453 it fol lows t h a t  H can be  drawn i n  t h e  eucl idean plane - 
1  

S = E o r  non-euclidean plane  S = NE (see Example 1 . 3 . 4 )  t o  y i e l d  an 
.-.# 

isomorphic, I' - invar ian t  S-graph H where P i s  a group of i so-  
2 2 ' 2  

metr ies  of S, such t h a t  cond i t ions  (4) and (5) of Lemma 5 . 2 . 1 2  a r e  

s a t i s f i e d .  These observat ions  a r e  used i n  t h e  proof of Theorem 5 . 4 . 1 .  
L .  
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CHAPTER 5. TOPOLOGICAL CHARACTERIZATION OF CERTAIN DISCON- 

, TINUOUS .GROUPS 

In  Chapter 1 we introduced t h e  no t ions  o f  topo log ica l  polyhedron, 

discontinuous homeomorphism groups and i n  Chapter 2 we showed t h a t  

C 
every discont inuous  homeomorphism group a c t i n g  ori t h e  s u r f a c e  S can 

be  thought o f  a s  a c t i n g  on- a  topo log ica l  3-polyhedron. This  f a c t  

i s  important s i n c e  it al lows us t o  s tudy a l g e b r a i c  and o t h e r  p r d p e r t i e s  

of d iscont inuous  groups without r e f e r i n g  t o  t h e  under ly ing topological  

space (see Chapter 4) .  In  f a c t  t h e s e  p r o p e r t i e s  only depend on t h e  

combinatorial  p r o p e r t i e s  of t h e  su r face .  Thus ins tead  of discontinuous 

we s tudy groups of automorphisms of a b s t r a c t  polyhedra. 

In Chapter 5 we s h a l l  e s t a b l i s h  t h e  l i n k  between t h e  topological  

and a l g e b r a i c  concepts of polyhedra and discont inuous  groups and t h e  

combinatorial  concept of polyhedra and automorphism groups. 

In  Sect ion 1, Theorem 5.1.1 t o g e t h e r  wi th  Theorem 5.1.3 i s  an 

i n f i n i t e  ve r s ion  of t h e  Embedding Theorem C25, p. 431 f o r  graphs 

on su r faces .  We do not  prove a  f u l l  g e n e r a l i z a t i o n  of t h a t  theorem, 

s i n c e  we have no need f o r  it.  In Theorem 5.1-.1 we show t h a t  any 

topological  3,-polyhedron (S,G) can be equipped with a  boundary t o u r  

scheme desc r ib ing  t h e  boundaries of  t h e  f a c e s  of (S,G) and v i c e  versa  
f 

by Theorem 5 .1 .3  f o r  every a b s t r a c t  3-polyhedron (G,P,X) t h e r e  i s  a i 

N N - - 
topo log ica l  3-polyhedron (S,G) wi th  boundary t o u r  scheme (P,X) such 

N N N 

t h a t  (G,P,X) and (G,P,X) a r e  isomorphic, t h a t  is ,  (G,P,A) can be  tri- t 

angular ly  embedded i n  a  su r face .  Moreover, (G,Pv?) is o r i e n t a b l e  



i f  and only i f  2 is  o r i e n t a b l e  and p lanar  i f  and only  if S i s  planar: 

I f  (S,G) i s  a topo log ica l  3-polyhedron with boundary t o u r  scheme.# (P,A), 

then a cyc le  o r  pa th  C i n  G is  two-sided i f  and only  if S -ps(C)  i s  d i s -  

connected. a_ 

Sect ion 2 d e a l s  with t h e  r e l a t i o n s h i p  of  discontinuous groups and 

groups of auto#igphisms of an a b s t r a c t  3-polyhedron. Every d i s c o n t i n -  
* 

uous homeomorphism group of  a topoPogim1 3-polyhedron (S,G) induces 

an isomorphic subgroup of  Aut(G,P,X)-where (P,X) i s  a boundary t o u r  

" scheme f o r  (S,G) . Conversely, i f  r i s  a subgroup of Aut (G,P, A) then - 
t h e r e  i s l a  d iscont inuous  group ? of (S,G) inducing P. Let Ti be 

f - 

---b 0 

two discontinuous gr6ups a c t i n g  on t h e  3-polyhedra (S ,G.) and l e t  6 

- i 1 

r. be  t h e  induced subgroups of Aut (Gi ,Pi, Ti) (where (Pi, r i )  is  a 
1 

boundary t o u r  scheme f o r  (S. ,G . ) ) , 1 i 2 2. Then and a r e  
4= 

1 1  1 2 
- topo log ica l ly  equivalent  i f  and only  i f  @r $-' = r f o r  some isomar- 1' 2 

, phism $I from (GI,P1,X1) t o  (G P X ). A t  t h e  end of t h i s  secthion, 
2 '  2' 2 

we s h a l l  prove a lemma which i s  used i n  t h e  proof of Theorem 5.4.1. 

In s e c t i o n  3 we t o p o l o g i c a l l y  c h a r a c t e r i z e  o r i e n t a t i o n  preserving 

elements of f i n i t e  order  an'd,elements of i n f i n i t e  o rder  i n  a d i s -  

continuous homeomorphism group of  a p lanar  s u r f a c e  by showing t h a t  

they a r e  t o p o l o g i c a l l y  equivalent  t o  c e r t a i n  types  of elementary map- 
- 

pings of t h e  sphere  o r  eucl idean plane.  

In Sec t ion  4 we t o p o l o g i c a l l y  c h a r a c t e r i z e  discontinuous~homeo- 

morphism groups with compact fundamental domain of t h e  eucl idean p lane  . 

by showing t h a t  they  a r e  t o p o l o g i c a l l y  equivalent  t o  groups of i so -  
0 

metr ies  of  t h e  euclidean o r  non-euclidean plane .  
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x i  

. TOPOLOGICAL POLYHEDRA AND ABSTRACT POLYHEDRA 
i 

Zc -_ - / 3 . -  

THEOREM 5.1.1. Given a 3-polyhedron (S,G) there i s  a boundary tour - 
* 

scheme (P, for G such &hat . 
d 

(1) Pv i s  a rotatioh a t  v induced by S for aZZ v EV(G) and , 
4 

( 2 )  , , (G, P, X )  i s  a"(n) (abstract) 3-polyhedron and the boundnries 
' 

o f  (G , P , are identicaz with the boundaries o f  the faces o f .  

(S,G) 

We s h a l l  c a l l  (P-,A) a boundary t o m  scheme f o r  t 4 e  topo l8g ica l  

polyhedron (S,G). 

Proof. Let P = {pV/ v E V ( G ~  be any r o t a t i o n  system such t h a t  P v 

is induced by S f o r  a l l  v EV(G). Given e EE(G) t h e r e  a r e  (unique) ,* 
*-% 

t r i a n g u l a r  f a c e s  F and F meeting along e (see  F igure  5.1.1) .  
1 2 

6 1 6  Now F1 U F  = F i s  a d i sc .  We n o t e  t h a t  P (al) = e ,  (e) = e l ,  2 U 

E . Pv(e2) = e ,  ~ : ( e )  = a f o r  some 6, E E Z2,  and (al , e , e l )  and (e2 ,e ,a2)  
2' , 

have t h e  same (clockwise o r  counter  clockwise) sense with respec t  t o  

some clockwise o r i e n t a t i o n  of F. There i s  a unique i ( e )  E Z2 with 

6 
E = 61(e) and thbs  (al, e ,  e l )  c P and (e2, e ,  a t )  c P 

u 
6X(e). ~f s i s  
v 

o r i e n t a b l e  and endowed wi th  an o r i e n t a t i o n  and if P and Pv have t h e  
U 

same clockwise o r  counter-clockwise sense,  then 6 = E  and A(e) = 1 

(see Coro l l a ry  5.1.2). By determining A(e) a s  descr ibed above f o r  a l l  

e E E(G) , we g e t  a polyhedron (G,P,A) . 
-+ -+ 

Let F b e  a f a c e  of ( s ~ G )  with boundary a r c s  a , b  and ; or ien ted  



6 + a s  shpwn i n  Figure  5.1.2. By thk d e f i n i t i o n - o f  X we have P (a) = 6 ,  
Y 

6X$)X(:) (c) + = + a and P c 

z X Y 
- A ( ( ( )  = -1 and ( ( 6 )  , 6 ( ) ) ( , 6 ( ) ( ) ) )  i s  an o r b i t  of P*. 

Thus t he  edges a ,b  and c form a boundary of  (G,P,A). 

In t d e  o t h e r  d i r e c t i o n  l e t  (. . . (;, 6) $,6X (;I) (:, 6A (:)A$)) . . . ) 
* . a  

be an o r b i t  of P*. From t h e  way A was defined w e  concludp t h a i  a , b  and . ( 
4 

5 -  

c bound a f a c e  of (S,G) and a'lso form a boundary i n  (G,,P,A). Therefore, - 

(G,P,A) i s  a 3-polyhedron and each b6undary of (S,G) i s  a boundary oE -, 

l 

(G,P,A) and-viceversa .  O 

v 9- 

4 

f igure  5.1.1 f i gu re .  5 .1 .2  

. . 
COROLLARY 5 ~ ~ 1 . 2 .  If (S,G) i s  ' o~ ien tub le  and S i s  endowed with 

a cZockwise sense o f  orientation, then (P,A) cdn be chosen such that  
, - 

(1) Pv i s  a cZockWise rotation for each v e Y  (G) and 

(2) X ( e )  = 1 for each e E E (G) . 

THEOREM 5.1.3. Given a 3-polyhedron (G,P,X) there <s a -tope- - 
N N 

logical 3-po~yhedron (S,Z) and p boundary tour scheme (P,X) for (s,E) 

N N rV 

such that (G,P, X) and (G, P,X) are isomorphic. 
% + 

I_ 



I 

Proof. We choose a  c o l l e c t i o n  of pai rwise  d i s j o i n t  t r i a n g l e s  
@a - E. 

corresponding t o  t h e  boudar i -es  of (G ,P,h) and l a b e l  - t h e i r  v e r t i c e s *  - , 
si- 

and edges appropr ia te ly  by t h e  v e r t i c e s  and edges of t h e  corresponding 
1 

boundaries. Every edge o f  G i s  i n  exac t ly  two d i s t i n c t  boundaries. 
, 

Therefore t h i s  scheme l a b a l s  e x a c t l y  two e,dg.>es bgfong.ing t o  d i s t i n c t  

t r i a n g l e s ,  Also, i f  v  r V(G) and Py = (a1,:. . ,a  ) i s  t h e  r o t a t i o n  a t  v,  
- L- 

n 

then a .  and 3 belong t o  t h e  same boundary, f o r  l S i < n .  Hence t h e  
1 i +-1 

c l a s s i c a l  s i d e  iden t i f i ca t . ion  process  used t o  i d e n t i f y  i d e n t i c a l l y  
a- 

l a b e l l g v e r t i c e s  and edges of t h e  t r i a n g l e <  y ie lds  a - su r face  S and an - 
S-graph G whose edges*and v e r t i c e s  a r e  t h e  edges and v e r t i c e s  of  t h e  

d 

identi ' f ied t r i a n g l e s .  The mapping 4 which ass igns  a  v e r t e x  v  E V(G)  t o  

- - %  
a f o r  (s,;). It i s  then t r i v i a l  t h a t - $ :  (G,P,X)+(G,P,h) 

4 

t h e  v e r t e x ' o f  G l a b e l l e d  by v  i s * a n  isomorphism of G and 
A I - - = P 

@ (v) 
i s  a  r o t a t i o n  a t  @(v) induced by S and i f  - - - 

X (@I (e) ) = X (e) f o r  a1 1 e  r E (G) , then  (P,  A )  &is a  boundary 

r, 

G. Moreover, 

we def ine  % 

t o u r  scheme 

i s  an i so -  

COROLLARY 5.1.4. Lat (G , P) be an oaientab~e 3-poZykd~on and , 

(s,:) be the top&ogical 3-polyhedron w i th  the bowzdary tour s-cherne 
N 

constructed i n  Thear~m 5.1,3. Then (S,G) i s  'orientable. 

- - 
face  of (S,G) corresponds t o  an o r b i t  of P* i n  E(G) x (1) and t h e  

o r i e n t a t i o n s  induced on them by t h o s e  a r b i t s  a r e  coherent .  That is, 

t h e  o r i e n t a t i o n s  induced on any edge by those  of  t h e  adjacent  faces  



-i 

N  
F 

a r e  opposite.  Therefore (S,G) i s  o r ien tab le .  ~0 

. P 
- 

d LEMMA 5.1.5. Let (G , P )  be a p l m  3-po~yhedron, C a cyc le  or 
./ 4" 

% i n f i n i t e  two-sided path o f  G and l e t  c.c s2 be a simple closed m e .  
e . h 

r - - Then ' t h e ~ e  is 4 pi-r Sopological 3-poZy?edron (g,g) w i t h  b ~ u d m y  
a,. - 

a r 

tour schema so tha t  L 

- N N  
7 > 

( I )  (G, P) i s  isomorphic t o  (G,P) and - 

(2)  i f  ? i s  the  subgraph of correspondky t o  C (under the 

isomorphism), then ps(c)  = c i f  C i s  a cycle,  and ps  (e) = 

c - 1x1,  x E C, i f  C i s  a path. 
% 

..v. 
*. 

= P - 
-- 

- Proof. Let (e."). be an enumeration of E(G). (We know G i s  
I# 1 2 1  

l oca l l y  f i n i t e  and connected s o  t h a t  V(G)  u E(G) is ieounta 'ble.)  We 
n 
-9 

+ s h a l l  r e cu r s ive ly  const r&t  a sequence (G".) of graphs and de r i ve  
I i 2 0  

N  IY 

from it t h e  requ i red  3-polyhedr6n ( S , G ) .  ~ i ; e n  an isomorphism b e i e e n  

two graphs HI and H2 we s h a l l  denote t h e  imagp of a subgraph K of H1 

rY 2 
Set  Go = C .  If C i s  a cycle ,  l e t  G be  an S-cycle, where S = S . ,  

0 
' P  , 

i s  t he  sphere which i s  isomorphic t o  Go and whose p i n t s e t  is c .  If - 2 
C is a 2 - i n f i n i t e  path ,  then l e t  G be an S-graph, where S = S - {x} ,  

0 1 

which i s  isomorphic t o  G and whose po in t se t  is  c - {x), - ~. 
0 ' 2 .  

Now suppose i 2 0 and we have *construct&d a ;ubgraph Gi of  G and an - 

.-d 

isomorphic s-graph G meeting t h e  following condi t ions:  
ii 

(1) Gi - G i s  f i n i t e ;  % '' 
0 

(2) For a l l  e E E (G) - E(Gi)  t h e r e  i s  a (unique) cyc l e  o r  2-in- 



.r f i n i t e  two-'sided pa th  i n  G s e p a r a t i n g  e. from Q and , 
7 i - 1 

.- 
moreover, K s e p a r a t e s  S in- t w p  r eg ions  both having p s  (g) 

I- - a s  t h e i r  boundary; 
", 

(3) {el,:. . ,ei} c E(G.); and B 
1 

t 

(4) If {al , . : . , a  1 = Ea ( G . ) ,  where vcV(Gi) and 1-123, a'nd 
n V 1 ,  

L 
4 e 

( a l , . . . 9 a n ) ~  Pv, then (a 19 . . . , a  ) i s  t h e  clockwise r o t a t i o n  , 
n 

S 
N - N 

9 a. 

induced by S on a .  . a = E;(Gi). , 

These a ~ s L & ~ t i o n s  t r i v i a l l y  hold f o r  i = 0. We s h a l l  now determine 
N - 

Gi +; and F If ei + 1 eE(Gi), then we s e t  G = G and G i + l  - i + 1' i + l  
- Gi. 

i 

c l e a r l y  (I) - (4) hold f o r  i + 1. If ei + 
( E(Gi), then by (4) tkege is a . - 

c y l e  o r  2 - i n f i n i t e  two-'sided p a t h  K i n  G ' s e p a r a t i n g  e from Gi.  
i . i + l  

.9 

Let Ki,  l < i < 2 ,  be  i t s  s i d e s  and assume e c K and G .  c K2.  Since 
i +l  1 1 

. - 
G i s  3 - c o n n c t e d ,  t h e r e  i s  a "chordal" i q t h  B i n  K conta in ing e 
7 > d 

1 i + l  

and j o in ink  u,v e V (K) . Let K = (. . . ,uo,al ,ul ,  . . . ) and assume u = u 
0 ' 

2 
' f o r  e c ~  ( G ~ )  - v =.uk. There i s  a 6~ Z such t h a t  (a  , e , a j  + l)  c P U  

j u - 6 -6 j j .  E(B) and (ao,a,al)  c P  , ( a k , b , a k + l )  C P  f o r  a r E U ( B ) ,  beEv(B) .  
uk- -. 

(We note  t h a t  by (1) K con ta ins  d i s j o i n t  1 - i n f i n i t e  subpaths of Go = C 
i 

r' 
N 

i f  K i s  a ? - i n f i n i t e  path .  Moreover, ps (K) LI {XI ( r e c a l l  x e c) i s  a 

simple closed curve i n  s2 and t h u s  d i v i d e s  S i n t o  two Jordan regions  
N - - rV 3+ h 

R and R2.) Now K = (. . . ,u  
1 

o,a l ,u l , . . . )  d i v i d e s  S i n t o  two regions  R1 
- - N 

and R both*aving psJK) a s  t h e l r  boundary. Moreover, by (4), ps(Gi) - 
N 

2 
N 

ps(K) i s  e i t h e r  i n  R or"R Let us draw an isomorphic copy "B of B 
1 2 ' 

N N 

a s  a tfcrosscut" of R o r  R jo in ing wi th  s o  t h a t  (g , a , a  ) and 
1 2 0 - N N  

1 

(%,b,ak + l )  a r e  clockwise i f  6 = -1 and counter-clockwise if 6 = 1. 
w 

- Then ps (Gi) c i f  ps(E) c c  by (4) and t h e  choice of  i3 and g. 
3 - j  j ' 



- - N , 

Therefbre Gi + = G u B i s  an S-graph isomorphic t o  G = Gi u.B and 
i i * l  

(1) - (4) a r e  e a s i l y  seen t o  b e * s a t i s f i e d  f o r  i + 1.. 
2 

Let G be  t h e  graph whose '~ei - t&set  and edgeset  a r e  "{V(G.) 10s i < oo) 
n 1 

and u{E(G~)  10 5 i c m}, respectively,  and whose incidence r e l a t i o n  is  
: - 

N  N 

defined b y = i e ( e )  = ig (e) f o r  e r E ( G . ) .  G i s  isomorphic t o  G .  
1 i .-.d 

N - 
M~reover ,  if v a V(G) and (al , .  . . ,an) '  = Pv, t hen  (a l , .  . ..a ) = P- i s  t h e  

&I 
n v 

N  
N 

clockwise r o t a t i o n  induced by S on {Zl,. . .+,an} 7 E;(G). Thus (G,P) and 
N N 

. % 

(G,P) a r e  isomorphic. 

' We note  t h a t  need no t  be an S-graph but  we s h a l l  -show t h a t  t h e r e  
> 

- N -  

is  a subsurface c S conta ining ps (G)- s o  t h a t  (S,G) i s  a 3-polyhdron.  
N -  - 

Each bo6ndary of (G,P) bounds a d i s c  F c s2 where F n ps(E) = ps(B). 
1 

2 We s h a l l  c a l l  F a f a c e  of E i n  S . We note  t h a t '  i f  ii E v(E) and b = 
w - 'V - N I a., - 
(el , .  . . , en) ,  then' t h e r e  a r e  faces  F conta ining a and a 

J i i i + 1 s o  t h a t  

F .  n F  = {e and F u . . . u  F F is  a d i s c  conta ining v i n  i ts  
1 i + l  i + l  1 n 

2 
i n t e r i o r .  Thus t h e  union 5 of a l l  f aces  of E i n  S i s  a su r f ace  and 

THEOREM 5.1.6. Let (G,P) be a planar 
N  H 

is a planar topoZogicaZ 3-polyhedron (S,G) 
N  N N  

P so that (G,P) i s  isomorphic t o  (G,P) . 

Proof. This fo l lows immediately from 
, , 

t h i s  sec t ion .  0 

i 

with boundary tour scheme 
, % *d$ 

* :- 

Lemma 5.1.5 and cdncludes 



L E M  5 . l .7 . Let (S,G) be a 3-polyhedron .&th a' b o u n d q  tour scheme 

(P,') and l e t  C be a cycZe or 2-inf ini te  path i n  G .  If Ev(C) = {elJe2) , 
6 9, aZ E Ev (G) - E (C) , (e ,a , e ) = py6 a n d  (el ,a2 ,  e2) c Pv, then' al  - i (a ) 1 1 2  G 1 

and a*-- iG (a2) belong t o  the same component o f  S - ps (C) . 

Proof. Clear ly  it s y f f i c e s  t o  prove t h e  lemma i n  t h e  case  t h a t  

- 8 
Pv(al) = a2. But i n  t h i s  case  t h e  statement iS t r i v i a l  a s  al  and a 2 - 
a re  i n  t h e  boundary of a face.  O 

LEMMA 5.1.8. Let (S,G), (P,X)and C as i n  Lema 5.1.7, Zet Q = 

(vo,el,v1P - , V  e ,v  ) t C be a subpath o f  C and l e t  eo E E (C) - E (Q) , n - l ' n  n vo 

b - i G ( b )  belong t o  t h e  same component o f  S -ps (C) .  
.& 

a 

Proof. We prove t h e  lemma by induction o'n t h e  lerlgth n of Q. 

d 
I f  n = 1, then i n  view of Lemma 5.1.7 we may assume P (a) = e and 

vo 1 
.F'6X(Q)-(e ) = b, t h a t  i s ,  a ,e l  and b farm a boundary. The lemma then 

. 1 

i s  t r i v i a l l y  t r ue .  Now l e t  n = 2.  In  case  t h e r e  i s  some c E E  (G) -E(C) v 1 
' with ( e l , c , e 2 ) c P  6X1el), t h e  lemma .follows from t h e  case  n = 1. Other- 

v1 
wise, i n  view of t h e  previous  lemma, t h e  exis tence of an edge a with 

6 
j .  P (a) = el, ~ ~ ' ( ~ l ) ( e ~ )  = e2 and P bA(el)X(e2) (e2') = a (see Figure 5.1,4) 

vo v1 v2 - 
s e t t l e s  the  case  n = 2. 



Now assume Q has  length  n + l  and t h a t  t h e  claim i s  t r u e  f o r  every 
.-- 

path  o f  length l e s s  than o r  equal t o  n. Let Q = (vo,el, ..., e n +  13"n+ 1 1 
and a E Ev (G) - E (C) b e Ev (G) - E (c )  such t h a t  ( e  a ,  e ) c F?& 2nd 

0' 1 v 
' 0 .  n + l .  o 

6X(Q), . Since every boundary is  t r i a n g u l a r  t h e r e  i s  (en + l'b.en + *I C Pv 
n + l  

v 
where i E {n - 1,111, Q1 = a c E E (G) - E(C) with (ei,c,ei + l )  c PV 

i i 
bo+ .... v . )  1 and Q w  = (vi ,... , e  n +  l > v n  + 1 ) .  * We conclude t h e  induction 

-i 

proof by applying t h e  hypothesis  t o  t h e  paths .Qr  and Q" which a r e  both 

-3. 

of length a t  most n. U 

-. 
LEMMA 5.1.9 . Let  (S ,G) ,  ( P ,  A) and C be as i n  Lemma 5.1.7. I f  C 

i s  one-sided, then S - ps (C) i s  ,connected. 

Proof. F i r s t  we consider t h e  case  t h a t  C is a cyc le  which i s  not  

A-t r iv ia l .  Let u,v. V(C), u r  v and a f  Eu(G) - E(C), b e  Ev(G) -E(C). 
bl I .  

and paths  Q ,Q a s  shown i n  Figure 5.1.3. Ne choose edges el,e2,c1,c2 
1 2  

t 

f i gu re  5.1.3 f i g u r e  5.1.4 

E = 6 1  (Q2) s ince  (Q1) # 1 (Q2). Therefore,  a - iG (a) and b - iG (b) 

i 
belong t o  t h e  same component of  S - p s ( C ) ,  a s  fol lows from Lemma 5.1.8 

and, moreover, ps (G) - ps  (C) is  contained i n  t h e  same component of 



v 
S  - ps(C). ,-. 

Now consider t h e  case  where C is a A- t r iv ia l  cycle  o r  a 2 - i n f i n i t e  

path with associa ted r e l a t i o n  u. Since C i s  one-sided t h e r e  a r e  edges 

a,b , E(G),, and i Z2 such t h a t  i E w(a), -i r w(b) and a - i G ( a )  and 

b - iG (b) belong t o  t h e  same component of S  - ps (C). On t h e  o ther  hand, 

Lemmas 5.1.7 3nd 5.1.8 imply t h a t  e - i (e) and f - iG (f) belong t o  t h e  
G 

same component of S - ps (C) if Z2  n w(e) n w(f) f 0 .  Ifre conclude t h a t  

ps (G) - ps (c) i s  contained i n  t h e  same component of S - ps (C) = S t .  
C I 

C i s  n o t  a boundary and t he r e fo re  S f  is  connected. 0 

d 

m 5 . 1 . 1 0 .  L e t  (S,G), (P,X) and C be as in Lemma 5.1.7. I f C  is . 
P 

two-sided, then S  - ps (C) is disconnected. 

Proof. Assume C i s  two-sided and C ,C a r e  t h e  s ides  of C i n  
1 2  

( G , P , ~ ) .  Each boundary of  ( G , P , ~ )  i s  i n  C1 or  i n  C 
2.) 

Let Of be t h e  ' 
1 

union of a l l  faces whos s i n  C. and Oi = Of -ps(C).  %e F .  

1 
2. 

.z 

claim t h a t  S -ps (C)  i s  disconnected. To prove t h i s  l e t  e be an a r c  i n  % F  

S joining u € 0  with u € 0  The co l l ec t i on  of faces  of (S,G) is 1 1  2 2' P 

l oca l l y  f i n i t e  and each f a c e  i s  compact. Hence t h e r e  i s  a l a s t  point  

w on the  a r c  e from u t o  u which l i e s  i n  t h e  f ace  Flcontained i n  O i .  . 
1 2 < 

Then w l i e s  on t h e  boundary B of F and a l so  on t h e  boundary B of a 
. " 

1 1 2 
P14 

face  F cO;. Thus w i s  contained i n  a common ver tex  o r  edge'of B1 and 
2 

B2 s o  t h a t  w ~ p s ( C ) .  I t  f o l l ~ w s  t h a t  e n ps@) r fl, t h a t  i s ,  0 and 
1 

0 a r e  i n  d i s t i n c t  components of S t  = S  - ps (C). This shows t h a t  S t  i s  
2 

disconnected. 0 



'THEOREM '5.1.11. Let  (S,G), (P,h) and C b& =.in ~ e e 5 . 1 . ~ .  

Th& C is two-si+d if and only if S - ps ( C )  is d i s i h m e c t e d .  - 
P 

*I 
' ??oaf. This fol lows from l e m a ' 5 . 1 . 9  and 5.1 .lo. 0 

1 

t 

Proof. ~ i s u m e  (S;G) .is planar. If C. i s  a c y c l e  i n  G,  then .- 
-I - 

S - ps (C) is  disconnected (by Jordan 's  Theorem). By Theorem 5.1 .ll 
C * 

C i s  two-shed  i n  (G,P,X). It follows t h a t  (G,P,X) i s  planar .  - 

B F Mow sswne t h a t  (G,P,X) i s  planar .  (G,P,X) i s  o r i e n t a b l e  and 
d 

h t h e r e f o r e  isomorphic t o  t h e  3-polyhedron (G,Q). By Theorem 5.1.6 

t N 4,- 9 ,  
t h e r e  i s  a p lanar  topo log ica l  3-pol<hedron (S,G)- with  t h e  boundary t, 

< - - 
t o u r  scheme 6 such t h a t  (G,Q] and @,Q) a r e  isomorphic..: In view of 

N w 

Theorem 5.2.2, (S,G) and (S,G) a r e  homeomorphic. T h e ~ e f o r e  (s,G) i s  

planar. 0 
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OF POLYHEDRA. ' t 

(I 

, 

# 
s 

LEMMA 5.2.1. Let (S. ,6 .J .be  topoZogicd 3-poZzjhedm' with boundary . 
1 1 -  

tourschemes Wi,Ai) ,yofor l s i 1 2 . 1 f ' 5 : ( S  , G ) + ( S 2 , G Z )  i s a  
1 1  

homeomorphism, then the induced isomorphism @ : GI+ G2 i s  an iso- 

0 p 
morph&sm from (G , P , X ) t o  (G*, P2, 3). Conversely, if ' @  i s  an iso-  

1 1 1  
t %. 

morphism from (GI, PJ; Xl)'to (GZ , P2, X2), then there i s  a homeomorphism 
- 
: (S1 ,GI) -+ (S2,G2) inducing $. 

D 

. - . 
Proof. In order  t o L  prove t h e  f i rs t  statement , l e t  '$ : (S G-~) + (ST G2) 

1, 1 

be a homeomorphism, and l e t  $ :G -+ G be t h e  induced isomorphism, t h a t  is ,  - 1 2  - < .  - 
$(x) = $(x) f o r  a l l  - x E V (GI) U E  (GI). NOW preserves.  t h e  r o t a t i o n s  P . 

i 
P 

v 

s o  t h a t  +PI 0-I E {p2 1 6 r Z 2 ] f o r a l l v ~ V ( G 1 ) .  L e t e r E ( G l ) ,  
v 

a- m). 
& 

L 

-. 
i (e)  = {u2,v) , 6 p1 = p2 . We s h a l l  . G1 - 

U 4 (u) v 9 

show t h a t  s = & p ( + ( e ) )  and thus  conclude t h a t  $ is  an isomorphism. - 
Let e and e be edges such t h a t  PI (el) = e and ~ t ( ~ ) ( e )  = e Thus 

1 .  2 2' . - - u v ".( 

%el+2. bound a face ,  say  F+ (see  Figure 5.2.1) and $(e) = e l ,  @(el)  \ = e i  - 6 
and @(e2) = - e l  bound t h e  f a c e  $(F). Moreover, P ' ( e i f  = e 1  and 

2 2u, 

P: ( e l )  = ' e l  s o  ' that  E = 61 ( e l )  because (PZ ,AZ) is a boundary t o u r  . 
2 v ' 

scheme f o r  (S2,G2). This  proves t h e  first statement.  

Now assume t h e  isomorphism $ : (G P A ) 
4 1' 1' 1 

-+ (G2, P2, X2) i s  given. 

\ ? 

I t  i s  easy t o  s e e  t h a t  t h e r e  is a home*morphism :ps[G ) +ps(G2) 
' . 1 1 

~ h i c h  induces $ and s i n c e  $I maps boundaries o f  f a c e s  o f  (S1,G1) i n t o  

boundaries  of f a c e s  of  ( S  ,G ), can be  extended t o  a homeomorphism 
2 2 1 



N 

$ : (S ,G ) + (S2,G2) by applying Coro l l a ry  1.6.6 t o  each face  F of 
1 1  

(S ,G ) and t h e  corresponding face  $(F) of (S2,G2). 0 1 1  

THEOREN 5.2.2. Let (S.,G.) be topologicaZ .3-polyhedra with 
1 1  

b o u n d q  tour scheme (pi ,Xi) , fop I 5 i < 2. Then (sl  ,G;). and (S2,G2) 

are homeomorphic i f  and onZy if (G1.Pl,Al) and (G2,P2,A2) are isomorphic. 

Proof. This theorem i s  a d i r e c t  consequence of  Lemma 5.2,.1. O 

COROLLARY 5.2.3. ~ e t  (S, G) be, a 3-polyhedron with bounckq tour 

scheme ( P ,  A). Then ( S ,  G) i s  orientabl i  ' i f  and only if (G, P ,  A) i s  

orientable. 

1 

Proof. If (S,G) 4 s  o r i e n t a b l e  then by Coro l l a ry  5.1.2 it a l s o  .+ 

i 

has  a boundary tour  scheme Q. By Theorem 532.2, (G,P,A) and (G,Q) 
P 

a r e  isomorphic. Thus (G,P,X) i s  o r i e n t a b l e ;  If (G,P,A) is  or ien tab le ,  
IP 

t h e n  t h e r e  i s  some boundary t o u r  scheme Q such t h a t  (G,P,A) and (G,Q) 
3 ,  

a r e  isomorphic. According t o  Coro l l a ry  5.1.2 t h e r e  i s  some o r i e n t a b l e  i 

P - N  

topological  3-polyhedron (S,G) wi th  boundary t o u r  scheme 
\ 

(a,c) and (G,Q) a r e  isomorphic. By Theorem 5.2.2,  (S,G) 

homeomorphic which impl ies  t h a t  S is o r i e n t a b l e .  0 

i j  such t h a t  
- N 

and (S,G) a r e ,  



127. 

+ 

THEOREM 5.2.4. Let (S,G) be a polyhedron and assume G i s  not a 
Cr 

cycle. Given a group P of  homeomorphisms of (S,G) , the canonical 
-. - 

homomo~hism 9 : r + A u t  (G) i s  a rnonomorphism i f  ? ac t s  discontinuously ' - 

. 
Proof. Assume a c t s  discont&uously on S. Let 7 c 7 and assume 

( )  = . Then f i x e s  every v e r t e x  and thus  every edge of G .  Moreover, 
7. 

f o r  every e  E (G) , <?> 1 i s  a discontinuous group of t h e  a r c  e  f i x i n g  

i t s  endpoints .  As noted i n  Chapter 2, 93, TIe = I I,, and t h e r e f o r e  

;Ips (G) 
- - ' IPS (GI . Now y" f i x e s  every f a c e  F  o f  (S,G) s i n c e  G i s  not a 

N 

, cycle.  Thus <pI i s  a  discontinuous homeomorphism group o f  t h e  d i s c  
F 

N 

F f i x i n g  i t s  boundary pointwise.  By Coro l l a ry  1 .6 .5 ,  TIF = I I F  and 
- 

t h e r e f o r e  y = 1, Hence 4 i s  a monomorphism. O 

We s h a l l  a l s o  prove a  p a r t i a l  converse f o r  Theorem 5.2.4. 

1 * 
THEOREM 5.2.5. Let ( S  ,G) be a 3-po lyhedron with boundary tour - 

scheme (P, A )  and let r be a group of homeomorphisms o f  (S,G) . 
f N 

If the canonical homomorphism 4: r + Aut  (G , P , A )  i s  1-1, then r acts  

discontinuous Zy on S. 

Proof. We s h a l l  prove t h i s  theorem by a  c o n t r a p o s i t i v e  argument. 
1 - 

Assume I' does not a c t  d iscont inuously  on S. Then t h e r e  a r e  p o i n t s  

x and Z i n  S such t h a t  I T(U ) n V  z f l }  i s  i n f l n i t e  f o r  all 
X Y  

-, neighbourhoods V of x and V of  y. For a l l  Z E S  le t  U be  t h e  
X Y Z 

4 



neighbourhood c o n s i s t i n g  of  t h e ' u n i o n  of  all faces  conta in ing z ( t h e r e  

a r e  f i n i t e l y  many such f a c e s ) .  Thus {y , I y(U ) n U r 8 )  is  i n f i n i t e .  
X Y  .o 

N C1 

I t  fol lows t h a t  t h e r e  a r e  two faces  F1 and F2 such t h a t  {y E r I - 
y P 1 )  n F r fj) i s  i n f i n i t e  and s i n c e  each f a c e  meets only f i n i t e l y  

2  
N N N 

many o the r  f a c e s ,  t h e r e  i s  a f a c e  F  such t h a t  TF = {y.eP I :(Fj = F) 

i s  i n f i n i t e .  On t h e  o t h e r  hand, m(TF) i s  f i n i t e  by Proposi t ion  4.1.2.  

Hence i s  not  1-1 which i s  a -con t rad ic t ion .  0 

< 

COROLLARY 5 . 2 . 6 .  Let (S,G) , (P,X) and be as i n  Theorem 5,2.4. 
/ 

I f  (O i s  not a monomorphism, then the kernel o f  @ i s  i n f i n i t e .  

THEOREM 5 - 2  . 7 .  Let (s,G) b e  a 3-polyhedron with bomdary tour 

fl scheme (P, A) . Let be a subgroup o f  Aut (G, P, A) and asswne that 

(bl y(B) = B implies y = I where B .is a boundary o f  (G, P, 1) 

and y ~ r .  
N 

Then there is a discontinuous homeomorphism group I' o f  ( S , G )  with 

Proof. Condition (a) i s  equivalent  t o  ( a ' )  : - - YI 1 iG (e )  Y~ 1 iG (e) 

whenever y  ,y E TI and yl (e) = y2 (e) . Condit ion (b) is  equivalent  t o  - 
1 2 .  

( b ) :  yl(B) = y2(B) implies y = where B is a  boundary of (S,G) and 1 .,Y2 

Y ~ , Y ~ ~ E T .  We in t roduce some no ta t ion .  Let Xo ={{v} I V C V ( G ) }  , 



- 7 

X, = E(G)  and X2 =&,(s,G) GivevE X2 
with boundary B and y ~ r  , then 

l e t  y (x) denote t h e  face  with boundary y (B) . If x E X l e t  ax = u{y I 
+ i ' 

y c x, y E X j ,  0 L j < il , t h a t  . i s  ax = fl if x E X  ax = i (x) f0.r x E XI 
0' G 

and ax i s  t h e  f r o n t i e r  of  x i n  i f  x E X Let Y. ex. be a s e t  con- 
2 ' 1 1  - 

s i s t i n g  of one ob jec t  from each r -o rb i t .  Let Z .  be t h e  s e t  of a l l  
1 

2 
p a i r s  (x,y) E Xi of J-equivalent ob j ec t s  x,y. 

morphisms and,use it t o  de f ine  a homeomorphism 7 f o r  each y E r. 

bet  0 2 k s 1 and assume we have constructed a system {X I (x,y) E Z j  , 
XY 

0 5 j 2k)  o f  homeomorphisms x x + y  such t h a t ,  t h e  following condit ions 
X Y  ' 

a re  met. 

O < i < j  and 6(x) = y f o r  6 E r  . 
, (2) x (u) = u f o r  a l l  U E X  and a l l  X E X  j 

x x j ' 

. 
For k = 0 t he se  assumptions hold t r i v i a l l y  i f  we de f ine  - 

x w  {y(x3 1 jx) = y(x) f o r  every x E X  and y E r. We s h a l l  now construct  
0 

a system { G~ 1 (x, y )  E  Zk + 1 of homeomorphisms x : x -+ y such t h a t  
XY 

(1) - (5) hold with k + 1 ins tead  of  k. 

We s t a r t  by def in ing  xxx(u) = u f o r  a l l  x EXk and a l l  u E X ,  . + 
+ 1 

not ing t h a t  t h i s  d e f i n i t i o n  agrees  with (2) - .  ( 5 ) .  In order  t o  show 

..that & a l s o  agrees wi th-  (1), we r e c a l l  from (a ')  and ( b l )  t h a t  6(x) = x 

- implies 6 (u) = u f o r  a l l  u E X with u c x and i n k + 1. Thus xxxlu - i 



We now claim t h a t  f o r  a l l  x 
E Y k  + 1 

and y E r t h e r e  i s  a  hdmeomorphism 

X x ~  (XI 
: x + y (x) such t h a t  x xy(x) lu = %16(u) 

f o r  u € X . ,  u C X ,  j < k + l  and 
J 

fo r  a l l  6 ~r with y(x) = 6(x).  We d i s t i n g u i s h  t h e  cases  k = 0  and k = 1. 

In  case k = 0, 6(u) = y(u) if 6(x) = y(x) ,  and u E X  u c x  E Y  by ( a ' ) .  
0 ' 1 ' - '. 

Hence t h k e  i s  a  homeomorphism x 
xy (XI 

:x +y(x) with t h e  des i rqd  property.  

In case  k = 1 we r e c a l l  t h a t  f o r  x E X  y(x) = 6(x) impl ies  y = 6. 
2 ' 

Let x ,x ,x be t h e  edges of  t h e  facehx (as i n  Figure 5.2.2).  1 2 3  

J 
f i g u r e  5.2.2 ' \-3' 

fl 

By assumption, x 
xiy (xi) 

(u) = s y ( U )  = Y (u) f o r  u c xi, u c XO. Hence t h e r e  

is a homeomorphism X 1  : ax + a Y  (x) such t h a t  x1 I Z  - - X z ~ ( z )  
f o r  a l l  z E X  

I- j ' 
0 5 j 2 k = 1, wi;th z c ax. By Coro l l a ry  I .  6.5 t h e r e  i s  a  homeomorphism 

);XY (x) 
:x +Y(x) such t h a t  X I - xu(x) z - X z ~ ( z )  

f o r  Z E X  O l j  l k + l ,  with 
j ' 

z C X .  This proves t h e  claim. 

Having thus  defined 
%y(x) 

f o r  a l l  x cYk + and Y E r we def ine  

- - - 1 
x~ (x) x xxY (x) . We note  t h a t  X has  s o  f a r  been def ined i n  case  

XY 

$ fj and t h i s  d e f i n i t i o n  x = y  and i n  case  (x,y) E Z 
k + l  and { ~ , y } n Y ~ + ~  

i s  i n  agreeraent with cond i t ions  (1) - (5). , + 

If (x,Y) t Zk + I and x,y J Y k +  we d e f i n e  x xy A xyzOxxz s where 
&+- 

( x , ~ )  E Zk +l We now claim t h a t  t h e  c o l l e c t i o n  {xx I ( x , ~ )  E Zk + l} 
Y 



defined s a t i s f i e s  condi t ions  (1) - (5) with k + 1 i n s t e a d  of k. - Notice 
Li 

t h s t  cond i t ions  (1) - (5) only need t o  be  checked f o r  j = k + 1 a s  they 

a r e  t r u e  f o r  j 2 k b y  assumption. Now (2) ,=is t r u e  by d e f i n i t i o n .  
*- - 

Condition (3) needs only be checked f o r  (x,y) E Zk + l ,  x ,y  ( Yk + as 

* f o r  a l l  b t h m  p a i r s  it i s  a l ready  known t o  be t r u e .  We have x = 
x Y 

where (x, z) E Z - - - -1 -1 - 
XZy OXxZ) k +  1' eYk + 1 and 5 X  - X Z ~  O 5 z  X ~ Z  ox,y - 

) - I  = - 1 
(xzy O Xxz xxy ' . . 

To Prove (4) let ( X , Y ) , ( Y , ~ )  e Z k  + 1 and we d i s t i n g u i s h  two cases .  

In  case  1, x,y,z & Y k  +1* and case  2 i s  t h e  negation of case  1. 

Case 1: If x,y,z a Y k + l ,  then (x,u)  E Z  k +1 
f o r  u E Y ~ + ~ .  Thus 

- - - 
xxy Xuy Xxur %z = %z Xyu and XXZ - XUZ ey(xu by d e f i n i t i o n .  

case  2 :  { x , y , ~ ) n Y ~ + ~ ' z f l .  1 f - x ~ ~ ~  +I ' then  X = XXL O X Y z  Y z 

by d e f i n i t i o n  . Hence X O X  = X . A s i m i l i a r  argument works i f  
yz xy xz 

Y Yk +1 o r  z E Y  k + 1 '  

To prove (1) l e t  ( x  ,y) , (y, z) a Zli + I s  Z Yk +I' X , Y  & y k  + and l e t  

Y(z) = x, 6(2) = y. Hence 6Y-'(x) = y . .  I t  s u f f i c e s  t o  prove t h a t  

x x y L  = Xug(u) 
, f o r  a l l  u e x k ,  u c x  and B e r  wi th  B(x) = y. X I = xz u 

sy-1 (,) and X I -1 = x -1 zy Y (u) Y (u) 6 ~ - l  (u) 
f o r  a l l  u E X  wEth u C x  by t h e  k 

- above note.  Thus X 1 = Xusy-1 and by assumption XUay-l(u) - XuB(u) 
xy u (u) 

f o r  a l l  B E r wi th  B(x) = y. 
, 

To prove (5) l e t  x ,y  
+ 

x z y ,  x n y  afl  and l e t  y c I'. 
+t 

N o w x n y =  u ~ z I z c x n y ,  z e u { ~ . I j ~ k ) } .  B y c o n d i t i o n  ( I ) ,  3 I = J Y(x) .Z 



I n  view of  cond i t ion  (5) f o r  {X I (x,y) E z21 it i s  p o s s i b l e  t o  
XY 

N 

def ine  a mapping y : S + S  f o r  each y c r  through i t s  r e s t r i c t i o n  a t  t h e  
N 

faces  of  (S,G), t h a t  is ,  i f  xEX2, def ine  y lx  - ' 

i - ~ Y ( x )  
. I t  fo l lows 

N 

t h a t  i f  y =  1, then  7 i s  t h e  i d e n t i t y  mapping on S. I t  i s  c l e a r  t h a t  y 
c.8 N 

i s  onto S. Moreover, s i n c e  yl  is  1-1, f o r  X E X  and Y(X) = Y(X) # 
X 2 ' 

N 

a y(y) = Y(Y) i f  x z y  E X2, it fol lows t h a t  y i s  1-1. 

(a) y i s  a homeomorphism o f  (S,G) and @ (7) = y (where ( y )  i s  t h e  

induced isomorphism);' 
N - 

@) i s  a group, and $ : I. + , defined by $J (y) = y i s  an 

isomorphism; and 
N 

( e )  r i s  discontinuous."" 

N --I a r e  continuous f o r  a l l  To prove (a) w e  n o t e  t h a t  y 1 - and y - 
X Y 

X , Y  E X  2 '  Now X  i s  a l o c a l l y  f i n i t e  c o l l e c t i o n  of c losed s e t s  whose 2 
- - I  u n i o n Q i s  S. By Propos i t ion  1 .4 .2  y a n d y  a r e  continuous, t h a t  i s , '  

N 

Y i s  a homebmorphisrn -of 's: Let u r X u X u x E X  and y E P . Then 
0 1' 2 

N 
- s 

(u) = Y (u) SO t h a t  c) = y . 
To prove (b) w e  know I)J i s  onto by d e f i n i t i o n .   oreo over, s i n c e  y; 

i s  induced by  Y i ,  Y l # y 2  impl ies  y g y p a n d  hence @ i s  1-1. Thus we only 
1 

have t o  show t h a t  $ i s  a homomorphism. Let y ,yl,y2 E r and x E X2. 
yV - - N TV 

Now Y2Yl lx = XYl (x)y2y1 (X) Xxyl (x) - y2 I Y1 (x) O Y l  1 x Thus Y2Y1 = 

- .H - 1 f-y dz 
Y 2 O X *  Nowyy = I and hence yy = u  = T .  It fo l lows t h a t  



'1; N N  - -1 
-y = y . Thus $ is  2 homomorphism and s i n c e  $ i s  onto  T. , r is a group. 

- 

- 1 ie note  t h a t  @ = I# is a monomorphism. Hence by Theorem 5.2.5, 
cv 

- 

r i s  discontinuous which proves (c) . . 

4 1 
'4 " 

COROLLARY 5.2.8.  Let (S,G) be a 3-poZyhedqon with boundary tour 

scheme (P, A )  and l e t  I' be a subgroup o f  Aut (G , P, A) . Then there i s  a 

(lisconti&ous homeomorphism group P o f  (S,G) inducing r. 
2 r 

t5 
Proof. Let (S,Gf) be t h e  f irst  o rder  b a r y c e n t r i c  subd"lision of 

- - (S&) and l e t  (P ' ,XV) be i t s  boundary t o u r  scheme. The group induces 
* 

a subgroup r f  of Aut (Gf ,PJ  ,A') isomorphic t o  I' which s a t i s f i e +  condit ions 
N 

(a)  and ( b )  o f  Theorem 5.2.7. We cons t ruc t  a d iscont inuous  pFoup I- 
@= 

according t o  Theorem 5.2.7 and it f o l l o y s  t h a t  7 induces r . . O  

N - - 
THEOREM 5.2.9.  For 1 ' s i  < 2  , l e t  T. be a discontinuous homed- 

1 

mcrphism group o f  the 3-polyhedron (Si,Gi) 'Jith b0unda.q tour schemes 
* 

5 

(Pi , A i )  and l e t  I? c Aut (Gi , P. ,A ) be the induced kgroups. I f  there i s  
i - 1 1  

2f' 
an isomorphism 0 : (G P A ) +  ( G ~ , P ~ ~ '  such that  d j o  = r2, then 
N - 1' 1' 1 

r l  and r are topologically equivAtent. 
,. 2 

C& -& - 9  * 

- Proof. I t  i s  s u f f i c i e n t  t o  show t h a t  t h e r e  i s  a homeomorphism . -. 

" -1 
Z : (S1 ,GI) -+ (SZ ,G2) such t h a t  F2 = &rlZ . Before going ahead wi th  

- -  4 

t h e  proof we in t roduce some not a t  ion. Let X; = { {v} I v r v ( G ~ )  1 , 
2 X: = E(Gi), Xi = F ( s ~ , G ~ )  andz!  = d x  I x r x j ~  f o r  l i i r 2 ,  0 L j s 2 .  

1 1 

1 2 
we note  t h a t  Z; = V(Gi), Zi = ps(Gi) and Zi = 

k 
i 
. If x Xi, then . 



f j- - l e t  ax = u { y I y c x ,  y e x i ,  O ~ j c k ) .  Let Y1, l s j  s 2 ,  be  a subse t  o f  

j i .  - 
X conta in ing e x d c t l y  one ob jec t  from each o r b i t  with r e s p e c t  t o  r 1 1 ' 

j j  j- y Set Y: = {-o(y) I y  r ~ i }  . Then Y c X and Y con ta ins  e x a c t l y  one 
2  2 2  

ob jec t  from each o r b i t  with respec t  t o  I' We s h a l l  use  t h e  symbols 2 
N N _ *- 

y. $ 6 .  e t c . .  r e s p e c t i v e l y  y .  ,6.  e t c . ,  t o  denote t h e  o b j e c t s  of r;, 
1 1  u 1 1  . L 

N N N 

r e s p e c t i v e l y  I' Moreover, we s h a l l  assume t h a t  B .  (y.) = yi, mi (6i) = - i ' 1 1  

- 1 - 1 N 

6. etc., and y2 = oylo 62 = ~ 1 6 ~ 0  (where O :r -+r i s  t h e  canonical  
1. i i  i 

-" 
-.. . monomorphism) . 

We note  t h a t  i f  

y 1  E r i f  -and only  

j ,-.# - 
x € X  a  

1 
O(X), then Y1 e r l  i f  and only ./ 

X 
Y' 

- 
i f  Y E f if and only i f  Y2 6 r2 . Also, f o r  

# 2  2 
Y Y 

s i m p l i c i t y  o f  n o t a t i o n  we s h a l l  no t  d i s t i n g u i s h  d i s t i n c t  func t ions  wi th  
* 

G 

t h e  same domain if t h e y  t a k e  i d e n t i c a l  values.  

I We s h a l l  c o n s t r u c t  t h e   homeomorphism E y & u r ~ v e l y .  Assume t h a t  

0 k 2 1, and t h a t  f o r  each j , 0 6 j 2 k, w e  have defined a  homeomorphism 

- r j  : 2:' Z' such t h a t  
2  

( i )  EjIZf = E .  f o r  O i i r j  and 
1  

d 

0 0 I 

Th is  assumption holds  .for k = 0 by de f in ing  Z : Z1 + Z 2  by Z (x) = o(x) 
- 

- 0 0. 
0 Then' ( i )  i s  t r i v i a l l y  s a t i s f i e d  and ( i i )  holds  s ince .  ' 

' e 
= y1 and y" I o  = y2. Thus y" I o = y2 = oy1o = 

0 z2 
, . 

z2 

, .._ 
k + l  k + l  

+ z 2  s a t i s -  We s h a l l  c o n s t r u c t  a  homeomorphism % + l : Z 1  r 

--.a - 



k + l  fy ing condi t ions  ( i )  and ( i i )  wi th  k + l  i n s t e a d  o f  k. Pick xeY1 

k k and put  y = ~ ( x ) .  Then axcZ1,  a y c Z 2  and Ik(ax)  = ay.  In view of 
N N N - t h e  no te  above and ( i i ) ,  y l c r  if and only i f  y 2 s y 2  and y2Iay - 

\ l x  Y 

~k I axYl I a x ~ k 1 l  z y -  This impl ies  2y 1 ay = i k 1 ax ix 1 ax k ay. BY Corol- 
0 

- 
l a r y  1.5.6 t h e r e  i s  a homeomorphism i : x +  y such t h a t  

X 

(a) x x l a x  = z;~ax and 

- N N N 

(b) y2 l y  = Lxyl l x E i l  f o r  a l l  y E r , o r  equ iva len t ly ,  f o r  a l l  
1 1  

X 
N N 

Y2 E T  2 both  hold.  
* Y 

k + l  
Having defined Zx s a t i s f y i n g  (a)  and (b) f o r  a l l  x E Y, , , we 
* 

a, 
I 

k + l  proceed t o  de f ine  1 f o r  a*l x XI k+l k + l  
X 

-Y:+'. Assume x , xo t Y  
/ 1 ' 

. x t x ,  and assume x and x a r e  i n  t h e  same o r b i t  with respec t  t o  rl. 
0 0 N N  N I I - 

. Set a(x)  = y and G(x ) = . We no te  t h a t  i f  ~~6~ E r l  and Yl (x) = =% 

* - 
L - 0 

N 

yo - 
(XI = x,. then Y2 (Y) = '2 (Y) = yo. 

P.8 N - 
We now claim t h a t  i f  Y (x) = 6 (x) = x ,  -I1 7 1 '  = 

1 1 then Y2 x 1 x 
0 

N N - ali 2 x i 1 x '  1 We have y l q l  E 5 and therefore Ex y16i1 xo~-': = 
0 Xo 0 

N -1 - - - 1  % b y  cho ice  of i (see b ) .  It foi l&& t h a t I  I ,  = 2 2  Yo r X 
0 

2 x o l x  
r 

I 6" 1 which p&es the.claim. 2 x l x  
0 Jlp 

By t h e  preceeding claim, we unamb.iguously d e f i n e  a ~omeomorphism 
.. 

--1 
1 : x + y  by s e t t i n g  Lx(u) = y Z (u) f o r  1 u E X .  Thus we have 

X 2 Xo 1 R 

k + l  
defined a homeomorphism Z :X +B(x) =. y f o r  a l l  x E X1 and we note :  

X 
k + l -  

( a ' )  If ,x E X1 , then Z x l a x  = Eklax; and 
\ 

r 



k + l  
@ t )  If X , Y  ex1 and x  z y ,  then I = X I  j a s  x n y ~ X ~  . 

X x n Y  Y X n Y  

f o r  O s j  ~ k ,  o r  x n y  = g. 

I t  i s  t he r e fo r e  pos s ib l e  t o  de f ine  a  mapping 5 :z: + + Z  k  + 1 
+ 1 2 by 

k + l  > s - e t t i n g X  I (u) = - Z  (u) f o r a l l u r x a n d a l l x c X 1  . 
k + l  x  x 

W e  claim t h a t  : 

(2) Lk + 1 i s  '1-1' and onto; 

$s a homeomorphism; and 

* 

b f o r  a l l  E F 1. 2 2  4 3  

+ 1 
To prove (1) observe t h a t  z 1 ax.  Moreover, 

Pi b-k .? h + r ,  
z1 = U { ~ X ,  I x f X, - 
Ik + lZk lZj = 1 I j . = Z , with t h e  l a s t  equa l i t y  given by (i) . 

1 1  k Z1 j 

1 (x) :or a l l  x  . Also L t +  i s  1-1 s i n c e  Z 1 k = 
k +.l i s  

k + l  Z1 

I ' i s  1 ~ 1  and, moreover, Ik + 1 * Ek + l (X - ax) n Ek + 1 ( ~  - az) = 

k + l  (o(x) -ao(x) )  n (o ( z )  - a o ( z ) )  = fl i f  x r z  and x , r  ex1 . This  proves (2). 
- 

Now is a  local l ;  f i n i t e  coll .ect ion of c losed sets such t h a t  3 
! 

"{x 1 x E xk + ' 3  = zk + l ,and both Zk+l  1 and 1 -' I a r e  continupus f o r  
1 1 .. k t 1  y 

I I 

k.+ 1 k + l  and x i 1  ' a l l  x t X l .  a n d y r X 2  . By Proposi t ion 1.4.2 l k + l  + 1 , 

a r e  cbntinuous and h e n c e 1  i s  a homeoplorphism. This proves ( 3 ) .  
k + l  

- 1 To prove (4) it s u f f i c e s  t o  prove t h a t  GZl = 17, (x)yl 1 1, 1 i 

A 

k + 1 k + 1 k + l  
f o r  a l l  x r X1 where y = o (x). Let x c X1 , xo E Y1 , Yo = o(x0). 

. f s=' 



y = o(x) and xl(x) = x f o r  , Then &(Y) = yo. 
0 

We haVe zx = 

-- 1 
62.. .Xx;Xl l x  and by d e f i n i t i o n .  Therefore,  . 

N N 

EN 7 1 ~'l-1 = y 2 { y  as can be s e e n b y  s u b s t i t u t i n g 1  and 2- 
Yl (XI 1 x x Y X Yl (XI 

w 
Thus w e  have shown t h a t  t h e  homeomorphism Z s a t i s f i e s  (i) and . k + l  3, 

( i i )  with k + l  ins tead  o f  k .  So Z = Z2 i s  f h e  d e s i r e d  homeomorphism 

prov,ing t h e  theorem. 0 
a '  

- 
. * 

The following Lemma i s  used i n  t h e  proof of t h e  Theorems 5:3. lcand . 
I " P , -c 

5.4.1 . A s  t h e  assumptions f o r  it a r e  very lengthy w e  s h a l l  s t a t e  them 

separa te ly .  
- 3. , . 

Assumptions 5.2.10. Let (G ,P ) be a p l a n a r  i-polyhedron4and l e t  - 
1 1  - 

i rl be a subgroup of  , A U ~ ( G ~ , P ~ ) .  Assume t h a t  H i ' a I' - i n v a r i a n t  sub- 
t 1 7  1 

graph of G s a t i s f y i n g  t h e  fol lowing p r o p e r t i e s :  
1 

(1) H1 i s  not  a  cycle.  

(2) For every edge x 6 E (G ) - E (H ) t h e r e  i s  a c y c l e  C bf Hl 
r* 1 1 

separa t ing  x from H We s h a l l  c k l l  t h e  s i d e  of C i n  (Gl,Pl) 1 ' 

1 
not  conta in ing H a face? d•’ H i n  (G P ) and C i t s  boundary. 

1 .  1' '1 

Similar ly ,  i f  C c H i s  a Houndary of  (G P ') ; we s h a l l  c a l l  C 1 1' 1 

- a face  o f  H i n  (G1,P1). Let F be 7 t h e  c o l l e c t i o n  of. a l l  
. .  

1 

f a c e s  of' H1 i n  (G1.P1). 

(3) , For every 6 T1 - ( 11 and e v e r y  F E F, y(F) F- > 

l e t ' Q 1  = {Q1 \ V E V ( H ~ ) }  be a r o t a t i o n  system f o r  H s o  t h a t  Q ;P 
% 

1 v . l v  l v  

f o r  a l l  v rV(H1). We n o t e  t h a t  F i s  r - invar ian t .  I n  view of  (1) and 
4 1 

(3) t h e  canonical  homom~orphi,m which ass igns  t o  each automorphism of 

s 



(G P ') t h e  iiiduced automorphism of (H ,Q ) is 1 - 1 . -  Let ri be t h e  . 1' 1, 
\ 1 1  

*%' i 

subgroup of Avt (H1,Q1) thus  induced by $ .  
Assumption '5 .2 .11 .  Let ? be a discontinuous group of homeo- 

2 2 
n o r p h i w s  of. t h e  planar  and clockwise o r ien ted  polyhedron (S H <). d 

+ I f  2 

Let Q be t h e  induced clockwise rb t a t i on  scheme. By Theorem 5 . 2 . 4  2 - N 

r induces *a subgrpup r' of Aut(H Q ) which ' is  isomorphic t o  r 2 2 2 '  2 2 ' 

-'w 4'' 

LEMW 5 . 2 . 1 2 .  I f  under ths'Asszoirptions 5.2.10 and 5 . 2 . 1 2  
i 

, - 
: ( Q f -+ (H2,Q2) i s  an isomorphism so that L %  

2 l  
( 4 )  W1 = Q2 for some (and thus for a lp)  v v~ V (Hl) 'a$ , 

U Q Cu) 

7 * 

- <  

(5) qrp-l  = r;, , 

7 
N 

then there i s  a 3-po2Yhkdron (S,G2) so that , - 1 
N 

-4 - N 

161 S G S  and (S,G2) i s  r invariant, 2- 

- (7) H2 c G 2  and Q c P fop aZZ v r V(H2) wEe~e P2 i s  the induced 
2, 2, re 

czockwise r o t a t i o i  scheme on G; 
B 

( 8 )  there is an isomorphism Y : (G ,P ) + (G2,P2) so ' t h a t  $ = 
1 1  i 

- Proof. : Let F1 v~ F be  a f ace  wi th ' the  boundary C and l e t  C = $(C1).* 
,-. 1 2 

. In  view'of (4) t h e r e  is a unique f ace  F* of (S,H2) which is  bounded by 
< 'i 2 * 

C2. 
In fact ,  t hk re  .'is a 1-1 correspondence between F and t h e  s e t  

I 

F(S,H2) o f  f a c e s \ o f  @ , H A ) .  By 6 e o r e n  5 . 1 . 6 ,  F can be drawn on F* 
2 1 . -2 

r e s u l t i n g  i n  a graph F with t h e  following p rope r t i e s :  
2 .  i 'J 

I 



( 9 )  C2 c F and p s  (F2) c F* ; and 2 2 

(10) There ,is an isomorphism x = ,x:F1-+F s o t h a t X I V  = 

. - 
2 ' (5) 

I *l\c(C1) and xRVfl = T f o r  a31 v €V(F1) where Rv is  
. x(v) 

D- 

induced on E {F. ) %y P and T v 1 - 1 x (v) 
i s  t h e  clockwise r o t a t i o n  

induced on E (F ) by S .  - 
. x(v) 2 , 

Let Fo F b e  a minimal s e t  - con ta in ing  an ob jec t  from each P*-orbit of F. 
-% 1 

For each F1 r F  l e t  u s  -def ine  F and Y :F -+F s a t i s f y i n g  (9) and (10). 
0 2 F, 1 2 

I 

Let B1 E F - F have boundary' C1 and l e t  B; be t h e  f a c e  of  (S,H2) bounded 
0 

by C2 = $(C1). We s h a l l  now d e f i n e  B .and $ :B1-+Bw 
2 2 ' 

I n  view of  
B, 

N N 

Assunptions 5.2.10 and 5.2.11, t h e r e  i s  an isomorphism from P1 t o  r 
2 r -  - - - 1 ass igning t o  each y E T the -un ique  Y E r foy  which $Y;$ = Y' - 1 1  L 2%- 2 

Y1 add Y1 a r e  t h e  automorphisms of  (H Q ) r e s p e ~ t i v e l y  (H2,Q2), i n - l  
1 2 1 1  - 

N . N 
N 

duced by Y r e s p e c t i v e l y  Y Thus i f  Y 6 E rl, then l e t  ~ ~ , 6 ~  denote 
1 ' 2 ' 1" 1 

N 

t h e  corresponding elements of  By Assuniption 5.2.10 (3) t h e r e  i s  a 2 ' 
1 N 

unique Y E rl and a unique F E Fo with Y (F 1 = B1. Hence Y (F*) = 8; 
1 

N 

1 1 1  2 2 2 ' 4 
1Ce def ine  B2 = Y2(F2), $ = $ Y-'I and s e e  without d i f f i c u l t y  

B1 2 F1 1 B1 

t h a t  (9) and (10) hold f o r  B1 and B2 ins tead  of  F1 and F2. Now consider  

t h e  graph G2 = u [$ (F) I F E F). I t  follows from (9) and (10) t h a t  Hl CG2 
h, 
# ,  

and Q2 P2 f o r  a l l  v ' V (Hz) where P c i s  t h e  clockwise r o t a t i o n  induced 
v v 2 

. . .., 
on G2 by S. According t o  our  cons t ruc t ion  G2 is  P2-invariant .  

- 
5breover,  by Theorem 5.2.4, r2 induces a subgroup T of  Aut (G ,P ) - 2 2 2 

which is  isomorphic t o  r Let t h e  isomorphism Y:G~+G be defined 
2 ' 2 

by Y I F  = $ f o r  a l l  F a F. From (10) it follows t h a t  Y: (G1,Pl) -+ (G2,P2) 

i s  an isomorphism and t h a t  ~f = . In o r d e r  t o  show t h a t  Y ~ ~ Y ' ~  = 



I' l e t y  € r l a n d 7  c ?  i n d u c e y  r r  It s u f f i c e s  t o s h o w t h a t  2 1 2 2  1 2 1 2' 
-1 - - fon any B1 F ,ydere A1 = y1 (B1) and Y (B1) = B2 Y A ~ Y I Y B ~  ~2 I B~ 8 

t B1 

Let F1 E F i  and 61 T1 wi th  6 (F ) = B1. By d e f i n i t i o n ,  Y = 
1 1  A, 

, a I. 
t h a t  is ,  Y y Y-'I = We s e e  t h a t  t h e  c o l l e c t i o n  of f aces  of  G 

P1 B1 B2 2 
Y 

i n  S (defined a t  the=;-of t h e  proof of '  Lemma 5.1.5) form a r - invar ian t  
N N - 2 

subsurface S of S. Hence (S,G ) i s  a T2-invariant  polyhedron. 0 
2 



141. 

i 

!3 . TOPOLOGICAL CI%UACTERIZATION OF INDIVIDUAL ELEMENTS OF A 

DISCONTINUOUS GROUP OF A PLANAR TRFACE.  
'4 

J ,". 
-VI 

Let p T,  7, 0 ,  and 5 be" t h e  mappings def ined i n  Chapter  1, 53, 
6 ' 

Example 2, a n d , l e t  M = ( T , ? , U , ~ ) .  

THEOREM 5.3.1. Let S be a p l u m  surface and ? be a discontinuous 

homeomorphism group acting on S. 
I 

N r N  

(1) If C L ~ E  r - { I )  has f i n i t e  order and i s  orientation preserving, 

then for some real -her 6 there i s  some p6-invaPiant sfrb- - s. 

surface So s2 such that  a i s  topoZogicalZy equivaZent t o  

N 

12) If a r r hhs i n f i n i t e  order, then there i s  ir Y ' M and a 

2 y-&variant subsvrface S of R such that z. i s  topoZogicaZZy 
0 

- 
i Proof. By Theorem 2.4.1 t h e r e  i s  a I '-invariant 3-polyhedron 

(S,G). Let P be  a boundary t o b r  scheme f o r  (S,G). Let a:?+ Aut(G,P) - 
. be t h e  canonica l  monomorphism ( s e e  Theorem 5.2 .4)  and l e t  @(r) = l' - N - 

and @(y] = y f o r  a l l  y e  l? . In view of Theorem 2.4.1 we rpay assume t h a t  
a 

0 

r s a t i s f i e s  Assumptions 4.1.1. a - 
If a ~ l '  - ( I }  has  f i n i t e  o r d e r  end i s  o r i e n t a t i o n  p rese rv ing ,  

- .  

then  a a c t s  o r i e n t a t i o n  p rese rv ing  on (G,P). In  view of Note 4.2.21; 

Lemma 5.2.12, and f i n a l l y  Theorem 5.2.9, t h e r e  i s  a p l a n a r  p - i n v a r i a n t  
6 



-7, 2 h) 

subsurface S o c S  such t h a t  a i s  topo log ice l ly  equivalent  t o  

N N  

I f  a E r  has i n f i n i t e  order,  then i n  vSew of Note 4.2.10 o r  Note 

4.2.18 (depending i f  (G,P) has an a - invar ian t ,  two-sided and 2 - i n f i n i t e  

pa th) ,  Lemma 5.2.12 and   he or em 5.2.9, t.here i s  a (planar)  y-inirariant 

2. 
subsurface So c R  , where y B M, such t h a t  is  topo log ica l ly  equivalent  

I 



PLANE E WITH COMPACT FUNDAMENTAL DOMAIN. 

THEOREM 5.4.1. Let ? be a. discontinuous group o f  homeomorphisms 

of the euctidean plane E which has compact fundamentat domain, that i s ,  

there i s  a b-&nded se t  B i n  E s m h  that  ?B = E .  Then P i s  topolog- 

i ca l l y  equivalent t o  a group of isometrics o f  the euclidean plane E or 

the non-euclidean plane N E .  

. Proof. By Theorem 2.4.1 t h e r e  i s  a 7 - i n v a r i a n t  3-polyhedron 

( E , G ) .  Let P b e  a boundary t o  r scheme f o r  (E,G). Then (G ,P) i s  ,i - . I 

planar ,  by Theorem 5 . l .  12 and every c y c l e  i n  (G,P) has  one f i n i t e  

s i d e .  -Let a:? -+ Aut (G,P) b e  t h e  cdnonical  rnonornorphism ( s e e  Theorem 

5.2.4) and l e t  @(F), = I. and @ ( y )  = y f o r  a l l  Y E ? .  I n v i e w  of  
: - *  

Lemma 2.3.1 and Theorem 2.4.1 we may assume r s a t i s f i e s  ~ s s u m ~ t  ions  

4.1.1. The f a c t  t h a t  T has compact fundamental domain impl ies  t h a t  

G* = G/r is f i n i t e .  I t  fol lows from Note 4.3.6, Lemma 5.2.12 and - d . B 

  he or em 5.2.9 t h a t  r i s ~ o p o l o g i c a l l y  equivalent  t o  a group of i s o -  - *  . 

met r i e s  02 E o r  NE. 0 
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