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J .  - . + . *  
, 

T h i s  t h e s i s .  i s  .&I a h b l y s i s  of  the s t r u c t u r e  o f  t h e  
.- - < ,  d' 

i 

Neo-Class ica l  t h e o r y  of. t h e  , f  i n n  conducted p r i m a r i l i  by . . . 
h 

e x a q i n i n q - t k  c o p s t r a i n t s  which t h e  t h e o r y  p l a c e q  on ' the 

s e l e c t i o n  o f  a . p r o d u c t i o n  o r  p r o f i t  f u n c t i o n .  The l o g i c a l  
, - 

r e q u i r e m e n t s  f o r  a  comele te  t h e o r y  of  t h e  f i r m  a r e  summarised 

' ,  b 1. 

I agd an a x i u d q t i c  f ramework?developed which embkaces t h e  ,> I I 6 + .  1 

F' ee-sent i21  f e a t u r e s  common' t o ,  n h t '  tfe*hemts of t h e  f-irm w 
\ . -  4 

/ . 
within t h e  Neo2Class i&l  yadiT.!lon. I n  p a r t i c u l a r ,  t h e  

/ 

s h o r t ,  i n t e r m e d i a t e  and long  run  d i s t f d c t i o n s  made i n  t h e  

tGL i n p u t  a n a l y s i s  a r e  genera l i s&to  a  sequence of p e r i o d s  

i n  which p r o g r e s s i v e l y  fewer i n p u t s  a r e  c o n s t r a i n e d .  

C o n d i t i o n s  a r e  d e r i v e d  f o r  t h e  e x i s t e n c e  of unique  

p r o f i t  maxima i n  each  run  and f o r  t h e  p o s s i b i l i t y  of  z e r o  

maximum p r o f i t  i n  t h e  long  run  a s  a  r e s u l t  of  t h e  p r e d i c t e d  

e x i t  o f  f i r m s  f r o m  i n d u s t r i e s  making n e g a t i v e  p r o f i t  and 

e n t r y  i n t o  i n d u s t r i e s  w i t h  p o s i t i v e  p r o f i t s .  Two r e s u l t s  

o f  p a r t i c u l a r  i n t e r e s t  emerge from t h i s  a n a l y s i s .  The f i r s t  
-' 

i s  t h e  c o n s t r u c t i o n  o f  a  Neo-Class ica l  Framework f o r  t h e  

t h e o r y  of t h e  f i r m  which i n c l u d e s  s e v e r a l  h i t h e r t o  l a r g e l y  

n e g l e c t e d  models a s  w e l l  a s  t h e  f d l i a r  c a s e s  o f  p e r f e c t  

and i m p e r f e c t  c o m p e t i u o n .  Secondly t h e  a n a l y s i s  shows t h a t  

wi ' th in  t h i s  framework t h e  c o n c e p t  of  t h e  p e r f e c t l y  c o m p e t i t i v e  

f i r m  having no i n f l u e n c e  on i n p u t  and o u t p u t  p r i c e s  is  

p r o d u c t i o n  f u n c t i o n  c a n n o t  be  found ' .  

i n t e r n a l l y  i n c o n s i s t e n t ,  t h a t  is,  a ' p e r f e c t l y  compet i  

r 

iii- 
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CHAPTER ONE & . > 

*' - 
* 

Introduction + 

8" - - 
1. PURPOSE: This thesis is an analysis of the atructu're , 

of the Neo-Classical Theory of the firm conducted primarily 
, u' 

by examining the constraints which the theory places on the* . 
form of the technological relationship between inputs and 

output*, usually called the 'pr'duction'function I,.. By - 

constructing a-logical framework for the theory & the ~ i *  

expanding on the usual text-bbok expositions attention is . 
4 

drqwn to the non-trivial problem of devising a production 

function which is consistent with all Qe assertions which 

the theory makes about the firm's behaviour. Thus a po~tulated 

technical relation which satjsf actorily explains the actions 

of a profit-maximisipg firm subject to a limi ed supply of f I 

i capital may fail to justify the same*firm's behaviour when the , 

cbnstraint is removed. Similarly a production function which t , 

agrees with the predicted 'Jong run equilibrium' of the firm 

and industry is not necessarily consistent with the theoretical 

explanation of how this equilibrium is attained. 

2 .  THE NEO-CLASSICAL 'RFEORY OF TEE FIRM: In its simple* 
\ 

form the Neo-Classical theory deal-s with a firm which Converts . 
quantities of two inputs ('labour' and 'capital')-into a- 

single output, subject to fixed unit prices over which it a - < * 
has no control. The firm's decisions are limited to the 

selection of input and output quantities subject to technical 
t 



capability ( ;he 'production function') and are made on 'the 

basis of the maximisation' of the excess of sales revenue 

over input cost-s- ('profit'). (See Ferguson [ 2 6 ] ,  for example). 

The conventional text book explanation of this choice 
d 

I 
. - 

process is incomplete in that it treats only the 'short run' 

and the 'long run1. In the first case the f i A  is obliged 

to pay for a fixed amount of capital and chooses only the 

quantity of labour it will use. By contrast in the long 

run the firm is free tosselect not only'the optimum combination 
.- 

of labour and capital but also the industry to which it 
I 

will belong. ,. 

Completeness of the theory requires some specification 

of the 'ptermediate run' in which input quantities are 

variable but the product t y p e  or industry is not.   his 

extension is provided by Bolqnd [ g ] ,  and it is this completed 

version of the Neo-Classical Theory which is considered in 

this thesis. Neo-Classical Theory predicts that the independent 

long run decisions of profit maximising firms will, through 

t 
their combined effect on selling prices, produce an equilibrium 

situation in which the rate of profit is the same for all 

industries,. and hence far all firms. However those versions 

of the Neo-Classical Theory which extole the virtues of 

competition on this basis are intellectually inadequate since, 

as Boland argues [ I ,  com&tition is unnecessary for the 

achievement of a uniform profit level. This point is addressed 

in Chapter Six. I 



Generalisat5ons of t-he above description are possible 

by increasing the number of inputs as in Henderson and 

' Quandt [36] for example, and by relaxing the inflexibility 

of output prices as in the theory of Imperfect Campetition 

[ SO]. However, where an explicit account is rendered the 

behavioural pattern is essentially the same. 

3. PARTICULAR ASPECTS OF THE THEORY: - In empirical work 

it is common to assume a particular form of the production 

relationship which meets certain theoretical requisements 

(such as decreasing returns to an input) and to attempt to 

estimate the parameters of this function [ 6 4 ,  for example] . 
Theoretical studies such as [62] have also taken a particular 

family of production functions as given. This presupposes 

that the functional form is consistent with the assumed 

theory and confounds the implications of thwresults for the 

theor) and for the choice of production function. It is - 
therefore, appropriate here to treat the production relat2onship 

as an integral part of the Neo-Classical theory limiting 

its form only in so far as this is necessary for consistency 

with that theory. In short, the characteristics of the ' 
production function are to be infeired from the combination 

of theory and observation rather than imposed a priori. 

The uniform rate of profit prevailing at the end of the 

long run is often referred to as 'normal profit' or 'long 

run zero profit' [ 2 6 ] .  Interpreted literally this leaves 

unanswered the question of why a profit maximising firm - 



chooses to remain in operation in equilibrium rather than 
. 

earning the same profit from closing down. Friedman [ 2 8 ]  

has suggested that the 'guiding spirit' or 'entrepreneur' 
35. . - 

earns a return for his administrative services in .the long 

run whereas he would be obliged to seek employment elsewhere 

were the firm to be liquidated. However this raises the 

problem bf a perpetually constrained and largely unquantifiable 

input (as Friedman notes) and introduces a second argument 

into the f h h s  objective function, that of entrepreneurial 

preference. Profit maximisation may be retained as the 

sole choice criterion if long run profit is a positive 

constant and the analysis conducted as usual by defining 

profit net of this amount. 

For a profit maximising firm to change industries within 

the scope of the ~eb-classical Theory an opportunity must 

appear to e'xist for profit to be increased at the end of the 

intermediate run. Either profits are uniform throughout 

all industries in which case long run equilibrium is 

established immediately or a distribution of profit rates 
& 

exists between firms such that immigration into above normal 

profit industries occbrs together with emigration from 
rn 

lower than equilibrium profit situations. If the long run 

is to be a distinct period with the entry and exit phenomena 

described by the theory, varying levels of profit in the 

intermediate run must be possible. 

THE FORM OF THE PRODUCTION FUNCTION: Whenever the form 



o f - a  p roduc t ion  f u n c t i o n  i s  s p e c i f i e d  i n  Economic a n a l y s i s  

it is  a l m o s t  i n v a r i a b l y  l i n e a r l y  homogeneous, u s u a l l y  of 
> 

t h e  Cobb-Douglas form [ l a ] .  L a n c a s t e r  [ 4 Z l  u n d e r s t a t e d  t h e  

case when he remarked t h a t  "Homogeneous f u n c t i o n s  a r e  of 

c o n s i d e r a b l e  impor tance  ... e s p e c i a l l y  i n  Neo-classical i 
product ion- , , theorym.  H e  n o t e s  t h a t  t h e  more g e n e r a l  c l a s s  

o f  homothet ic  f u n c t i o n s  (which i n c l u d e s  t h e  o n l y  o t h e r  

f u n c t i o n a l  form r e g u l a r l y  r e p r e s e n t e d  i n  t h e  l i t e r a t u r e ,  t h e  

C o n s t a n t  E l a s t i c i t y  of  S u b s t i t u t i o n  f u n c t i o n ) ,  a r e  "used 
5 

from t i m e  t o  t i m e  i n  v a r i o u s  c o n t e x t s " .  
i 

F u n c t i o n s  o f  t h i s  t y p e  a r e  ma themat ica l ly  t r a c t a b l e  

b o t h  d i r e c t l y  and i n  a d d i t i v e  l o g a r i t h m i c  form f o r  r e g r e s s i o n  

a n a l y s i s  [ 4 4 ] .  Moreover t h e  l i n e a r  homogeneous f u n c t i o n  

e x h i b i t s  d e c r e a s i h g  marg ina l  p r o d u c t i v i t y  f o r  a l l  i n p u t s  

and g e n e r a t e s  c o n s t r a i n e d  and u n c o n s t r a i n e d  maxima when 

t h e s e  marg ina l  p r o d u c t s  a r e  i n  t h e  same r a t i o  a s  p r i c e s .  

S i m i l a r l y  t h e  e x i s t e n c e  of  l o n g  run  e q u i l i b r i u m  i s  ensured  

by t h e  i d e n t i t y  o f  u n c o n s t r a i n e d  maximum o u t p u t  w i t h  z e r o  

p r o f i t .    ow ever t h i s  r a i s e s  t h e  problem d i s c u s s e d  by Boland 

[ 1 4 ]  and r e f e r r e d  t o  i n  t h e  p r e c e d i n g  s e c t i o n .  I f  maximum 

p r o f i t  i s  n e c e s s a r i l y  z e r o  i n  t h e  i n t e r m e d i a t e  r u n ,  t h i s  

p e r i o d  i s  i n d i s t i n g u i s h a b l e  from t h e  long  run  and any e n t r y  

o r  e x i t  behav iour  i s p u r e l y g r a t u i t o u s  i n  terms of  t h e  t h e o r y .  

A f u l l  accoun t  o f  t h e  Neo-Class ica l  f i r m ' s  c h o i c e s  r e q u i r e s  

a  p r o d u c t i o n  f u n c t i o n  which y i e l d s  z e r o  and non-zero 

maximum ( n e t )  p r o f i t  i n  t h e  i n t e r m e d i a t e  r u n  depending on 

t h e  p r e v a i l i n g  p r i c e s .  Such a  f u n c t i o n  i s  n o t  a p p a r e n t  



f rom t h e  l i t e r a t u r e  and  it i d  t h e  p u r p o s e  of t h i s  t h e s i s  

t o  examine t h e  form o f  a p r o d u c t i o n  f u n c t i o n  which meets 

t h i s  c o n d i t i o n  w h i l s t  r e t a i n i n g  t h e  o t h e r  a t t r i b u t e s  r e q u i r e d  
a - 

, I  

by t h e  N e o - C l a s s i c a l  t h e o r y  (suSch a s  c o n s t r a i n e d  p r o f i t  

maxima) . 

5. THE AXIOM STRUCTURE: C o n s i d e r a b l e  a t t e n t i o n  h a s  been  

g i v e n  t o  t h e  a x i o m a t i s a t i o n  of  microeconomic t h e o r y  when 

a p p l i e d  t o  t h e  consumer (see Walsh [ 6 3 ] ,  f o r  e x ' a h p l e ) ,  and 

t o  g e n e r a l  e q u i l i b r i u m  a s  e x e m p l i f i e d  by t h e  work o f  Debreu 

[ 2 1  I .  With t h e  . e x c e p t i o n  o f  Boland [ 9  I ,  l i t t l e  a t t e n t i o n  

seems t o  have  been  g i v e n  t o  r e d u c i n g  t h e  t h e o r y  o f  t h e  f i r m  

t o  a  s i m i l a r  l o g i c a l  s t r u c t u r e .  Work h a s  c o n c e n t r a t e d  o n .  

t h e  r e p r e s e n t a t i o n  of  t h e  t e c h n o l o g i c a l  r e l a t i o n s h i p  d i v o r c e d  

from t h e  w i d e r  r e q u i r e m e n t s  o f  t h e  u n d e r l y i n g  t h e o r y .  . 
L i n e a r  programming [23  I and  a c t i v i t y  a n a l y s i s  [ 4 2  1 provide.>,  

o b v i o u s  examples  a l t h o u g h  t h e  more r e c e n t '  e n u n c i a t i o n  and 

a p p l i c a t i o n s  o f  S h e p h a r d ' s  lemma [ 5 7 1  have  expanded upon t h e  

i n t r i n s i c  d u a l i t y  o f  t h e  t e c h n i c a l  and ' e conomic '  a s p e c t s  

o f  p r o d u c t i o n  f i r s t  n o t e d  i n  t h e  l i n e a r  case [8 I .  

S i n c e  a n  i n c o n s i s t e n c y  a p p e a r s  t o  e x i *  be tween  t h e  

u s u a l  t e x t  book t h e o r y  o f  t h e  f i r m  and t h e  m o s t  commonly 

u s e d  forms  o f  p r o d u c t i o n  f u n c t i o n  it i s  a p p r o p r i a t e  t o  r e s t a t e  

t h e  t h e o r y  i n  a  more r i g o r o u s  form.  Hence it becomes a p p a r e n t  

what  'demands'  a r e  p l a c e d  on t h e  form of t h e  t e c h n o l o g i c a l  

r e l a t J o n s h i p  ,by t h e  s t r u c t u r e  o f  t h e  t h e o r y  and  t h e  e x t e n t  
a 

t o  which d i f f e r e n f  f u n c t i o n s  m e e t  tRese r e q u i r e m e n t s .  



6 DIFFERENTIABILITY AND DIVISIBILITY: Traditional 

presentations of the ~eo-classical theory of the firm 

frequently assume the differentiability of the production 

function to permit the use of calculus maximisation techniques 

as in [361, for example. However the work of Debreu [211 

on general equilibrium and of Shephard [57] and Jorgenson 

and Lau [40]>has stressed the adaptation of results in convex 

analysis to avoid differentiability. Attempts-have also 

been made to incorporate non-convexities, notably by Frank 

[ 2 7 ] .  Linear technologies necessarily also include points 
C 

- 6 of non-differentiability' [81. 

The extent to which the various relaxations of the 

differentiability of the production function are consistent 

with the Neo-Classical theory of the firm (as opposed to 

general equilibrium theory) do not appear to have been 

widely discussed in the literature. It is apparent from 

the present analysis that there is little difficulty in 

replacing a differentiable production function by a continuous 

strictly concave one with the appropriate 'subdifferentials' 

but that linearity and indivisibility necessarily generate 

ambiguity within the traditional explanation of the firm's 

behaviour. 

7. THE FORM OF THE ANALYSIS: In Chapter Two the logical 

requirements for a complete specification of the Neo-Classical 

Theory of the firm are discussed and the distinction made 

between a general, irrefutable, theory and an auxiliary 
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model by which  t h e  p r e m i s e s  o f  t h e  t h e o r y  a r e  r e l a t e d  t o  

o b s e r v a b l e  phenomena o r  d a t a .  I t  i s  n o t e d  t h a t  an  e s s e n t i a l  

c h a r a c t e r i s t i c  o f  a  c o m p l e t e  theory-model  c o m b i n a t i o n  is  

t h a t  t h e r e  e x i s t  c o n c e i v a b l e  d a t a  which would e n a b l e  it t o  

be  d i s t i n g u i s h e d  from compe t ing  e x p l a n a t i o n s  o f  t h e  same 

b e h a v i o u r , ,  i n  t h i s  c a s e ,  t h e  f i r m ' s  c h o i c e  o f  a n  i n p u t -  . 
4 

o u t p u t  c o m b i n a t i o n .  

. N e o - C l a s s i c a l  P r o d u c t i o n  Theory d o e s  n o t  a p p e a r s i n  t h e  
i 

l i t e r a t u r e  a s  a  c l e a r l y  d e f i n e d  s t r u c t u r e .  C o n s e q u e n t l y  i n  

C h a p t e r  Three  a  framework i s  d e s c r i b e d  which embraces  t h e  
h 

e s s e n t i a l  f e a t u r e s  common t o  mos t  t r e a t m e n t s  o f  t h e  t h e o r y  

w h i l s t  a t t e m p t i n g  t o  a v o i d  u n n e c e s s a r y  r e s t r i c t i o n s  p e c u l i a r  t o  

p a r t i c u l a r  v e r s i o n s .  Thus t h e  s h o r t ,  i n t e r m e d i a t e ,  and 
% 

l o n g  r u n  d i s t i n c t i o n s  made i n  t h e  u s u a l  two i n p u t  a n a l y s i s  a r e  
\ 

g e n e r a l i s e d  t o  a  s e q u e n c e  o f  r u n s  i n  which  p r o g r e s s i v e l y  f e w e r  

i n p u t s  a r e  c o n s t r a i n e d .  T h i s  s equence  c u l m i n a t e s  i n  t h e  

p e n u l t i m a t e  r u n  i n  which no  i n p u t s  a r e  c o n s t r a i n e d  and t h e  

f i r m  i s  r e s t r i c t e d  o n l y  t o  r e m a i n i n g  i n  t h e  same i n d u s t r y ,  

c o r r e s p o n d i n g  t o  t h e  i n t e r m e d i a t e  run: ..and t h e  l o n g  r u n  i n  

which  t h e  f i r m  may change  i n d u s t r i e s  a s  i n  t h e  s i m p l e r  c a s e .  

The c o n s e q u e n c e s  o f  r e q u i r i n g  t h e  t h e o r y  t o  b e  a  c o m p l e t e  

e x p l a n a t i o n  o f  t h e  f i r m ' s  b e h a v i o u r  when r e s t r i c t e d  to  one  

i n d u s t r y  are examined  i n  C h a p t e r  Four  by e x p r e s s i n g  t h e  

framework o f  C h a p t e r  Th ree  i n  m a t h e m a t i c a l  terms. Hence i t  

i s  shown t h a t  t h e  r e s t r i c t i o n  o f  t h e  r e l a t i o n s h i p  be tween  

i n p u t s  and p r o f i t  t o  s t r i c t  c o n c a v i t y  s u f f i c e s  t o  e n s u r e  
h 



t h e  e x i s t s e n c e  o f  the r e q y i r e d  q i q u e  i n p u t - o u t p u t  

c o m b i n a t i o n s  i n  a l l  r u n s .  

S i n c e  t h e  t h e o r y  s t i p u l a t e s  t h a t  p r o f i t  a c h i e v e  a  

u n i f o r m  o r  ' n o r m a l '  l e v e l  i n  a l l  i n d u s t r i e s  i n  t h e  l o n g  

r u n ,  s u f f i c i e n t  c o n d i t i o n s  t o  g u a r a n t e e  t h e  e x i s t e n c e  of 

no rma l  p r o f i t  f o r  t h e  f i r m  a r e  d e r i v e d  i n  C h a p t e r  F i v e .  

These  c o n d i t i o n s  p r o v e  t h e  p o s s i b i l i t y  o f  t h e  e x i s t e n c e  o f  

no rma l  p r o f i t  and  i n  C h a p t e r  S i x  a t t e n t i o n  i s  t u r n e d  t o  t h e  

n e c e s s a r y  c o n s e q u e n c e s  o f  p o s t u l a t i n g  t h i s  e x i s t e n c e .  

Hence t h e  p e r f e c t l y  c o r r . p e t i t i v e  f i r m  i s  shown t o  p o s s e s s  

a  a n i q u e  i n p u t - o u t p u t  c o m b i n a t i o n  which g e n e r a t e s  t h i s  l e v e l  

o f  p r o f i t  r e g a r d l e s s  o f  i n p u t  p r i c e s ,  and t h e  c o n s e q u e n c e s  

o f  t h e  s i n g u l a r i t y  a r e  i l l u s t r a t e d  f o r  t h e  f a m i l i a r  two .: 

i n p u t  c a s e .  

I n  C h a p t e r  Seven t h e  r e q u i r e m e n t s  which  t h e  t h e o r y  makes 

on t h e  p r o d u c t i o n  f u n c t i o n  o f  t h e  p e r f e c t l y  c o m p e t i t i v e  f i r m  

a r e  summarised.  I t  i s  p r o v e d  t h a t  i f  a l l  o t h e r  r e q u i r e m e n t s  

a r e  m e t ,  the p r o d u c t i o n  f u n c t i o n  c a n n o t  b e  c o n s i s t e n t  w i t h  

t h e  N e o - C l a s s i c a l  e x p l a n a t i o n  o f  t h e  t r a n s i t i o n  f rom 

p e n u l t i m a t e  ( o r  i n t e r m e d i a t e )  t o  l o n g  r u n .  Thus t h e  

N e o - C l a s s i c a l  t h e o r y  o f  p e r f e c t  c o m p e t i t i o n  i s  n e c e s s a r i l y  

i n c o n s i s t e n t  w i t h  i t s e l f .  The s i g n i f i c a n c e  o f  t h i s  and  t h e  

o t h e r  r e s u l t s  d e r i v e d  i n  t h e  a n a l y s i s  are d i s c u s s e d  i n  

C h a p t e r  E i g h t .  

M a t h e m a t i c a l  d e f i n i t i o n s  a r e  r e p e a t e d  i n  t h e  Appendix 

which  c o n t a i n s  p r o o f s  o f  t h e  r e s u l t s  men t ioned  i n  the t e x t .  



8. CONCLUSION: Two results of particular interest emerge 

from this thesis. The first is the construction of what. 

may be termed a 'Neo-Classical framework' for the theory 

of the firm covering a broad class of models of technical 

and market behaviour. Secondly the analysis shows that 

within this framework the concept of the perfectly competitive 

firm having no influence on input and output prices is 

internally inconsistent, that is, the perfectly competitive 

production function does not exist. 

The most significant restrictions placed on the analysis 

are those of uniqueness of the profit maxima for any given 

input and output market situations and of generality with 

respect to all positive input prices. However the first 

condition is a logical requirement of a complete explanation 

rather than a peculiarity of the Neo-Classical approach. 

To explain why a firm choose's the input-output combination 

which it does it is necessary (and sufficient) t a  explain 

why it does not choose any other attainable combinz+$on 

191.  The absence of uniqueness requires a supplementary 

theory to explain why the firm chooses one optimum rather 

than another. Ad hoc limitations on which input price 

vectors are admissable (i.e. 'work') also need justification 

in the form of subsiduary assumptions about which prices 

can exist or how the firm reacts to an inadmissable situation 

in an input market. As received the Neo-Classical theory 

of the firm prpvides no indicatiop of the form either of 

these modifications should take. 



CHAPTER TWO 

Methodology 

1. INTRODUCTION: The purpose of this chapter is to 

summarise the job which a theory is intended'to do, and 

the criteria by which its performance is to be judged. 

- '- 
pting the approach taken by Boland[l21 leads to a 

\ 

consideration of the correspondence between the specification 

of a model of a theory and the data available with which 

to compare it. Thus every model is noted to require a 

supplementary related theory regafding observations. In 

the following chapter these conclusions are applied to the 

specification of the Neo-Classical model of the firm which 

is to be examined in the remainder of the thesis. 

2. THE PURPOSE OF THEORY: Discussion of the purpose of 

economic theory has centred -on three viewpoints: 

Instrumentalism, of which Friedman [291 is the best known 

proponent; Des~riptivism which is espoused by Samuelson [551 

and a Logical Positivist approach derived from the writings 

of Karl Popper [ 4 9 ] .  The shortcomings of the first two 

attitudes have been detailed in the literature by Boland 
/ 

.[la, Wong ],,and others and the methodology adopted 

here is a modification of the views of Popper and Agassi, 

1 [ 2 ]  expressed by Boland [la . Thus theory is seen as a 

device for understanding and explaining (economic) phenomena 

in terms of existential, and hence, irrefutable premises 



(assumptions). 

3. TESTING CONVENTIONS: The various~criteria for the 

acceptabi1i.t~ of a theory are discussed by Boland [Iolwho 

follows Popper in suggesting that the primary requirements 

are logical consistency and the existence of conceptually 

false, but hitherto unrefuted, implications. contradiction 

of one such implication by an observation, or 'fact', implies 

the falsity of the set of basic Tssumptions although it 

does not directly indicate the culprit(s). However Boland 
- 

also argues [f2lthat the implications of a theory cannot 

be compared with received data without the introduction 

of subsiduary assumptions specifying the manner in which 

theory and observation interact. ~ h u i  contradiction of 

an implication permits ~_nly the deduction that'the augmented 

assumption set is false when considered as a compound 

statement. Theories alone cannot be empirically refuted. 
2 

4. THE MODEL: The model serves to provide the interfate 

between (empirically untestable) theory and fact. By 

supplementing the existential premises of the. theory with . 

specifications of functional forms the possibility of a 

directly falsifiable implication is introduced. Therefore 

choice of an appropriate model from the non-denumerable 

set which can be derived from a single theory hinges on 

the data available. The construction of the model must 

be such that there exist conceivable observations which 



would contradict as least one implication of the,' 

theory-model combination. Hence each model of %theory 

implies or requires assumptions on the data which are available 

(conceptually) for its refutation. 

Where competing theories exist to explain-the same 

3 phenomena from the same events , a further requirement is 

placed on the model. As noted in [ 14 I ,  at leas,t one 

'distinguishing observation' must ssible which refutes 
\ 4 

one theory but not the other. - 
/ 

5. MODEL AND OBSERVATION:& An observation is defined as 

\ a t h e  statement that'an event has or .has not ocurred. 
5 

Three categories of events are of interest: 

(i) events which the theory seeks to explain, such 

as the combination of goods which a consumer buys. 

(ii) events which are used by the theory to explain 

those in (i), for example, income and prices. 

(iii) even whirh are implied by the theory-model 

conjunction such as reactions to price changes. 

Sets (i) and (ii) correspond to the statistical division 

between independent and explanatory variables respectively, 

and must be assumed to be observable for the theory to be ! 
% 

of interest.6 As noted earlier, set (iii) must be non-empty 

and contain events described by universal rather than 

existential statements, to permit refutation. For consumer 

theory the statement 'all reactions to a price change 1 
can be divided into a substitution effect and an-' t v 



income effect' describes an event in (iii) but is existential 
i-- -,_, 

I 
and irrefutable whereas ' the >ubstitution .effect always 

dominates the inco,me effect' is'general and could be known 

false (Giffen good). \ 

By definition the theory-model must explain any partitular 

Conjunction of events in categories (i) and (ii) which, 

as Boland has noted [9],requires the explanation of why 

no other events in Qi) can occur with the same observations . 
in (ii). Hence two types of implications would appear to 

permit refutation: 
, 

a) a sequence of conjunctions of observations on 

(i) and (ii) 

b b h e  observation of seperate events about which 

' the theory-model makes predictions. 

The simplest example of (a) is the failure of replication 

in which the same observgtions in (ii) do not correspond 

to the same observations on different occasions. 7 

Such situations are rare and gratuitous in social and 

x astronomicql science although traditionglly the mainitay 
1 '1; 

p a f  refutation *. physics and ch*istry, for eLpie. 

% 
u 

- .  ~vents ot type (b) fail to satisfy the requirements of 

refutation,since p e y  are necessarily defined within the 

' theory-model under test.O Otherwise they are eit,her' 
/ '.. ' . . 

explanatory (catego* (ii) , or to be explained (category (i) ) . 
--l 

Thus the statement that'the failure of consis&ncy of Y 
preference in consumer khkry is due to 'taste change' . 



implies acceptahce of that theory and kannot provide 
CCI 

refutation unless the theory is .augmented to explain how 

tastes change, placing tastes in set (i) above. 

Hence the intrinsic theory of observation which 

accompanies a theory-model combination is one of a sequence 

of observations on the independent and explanatory variables 
D 

e 
and may be considered analagous to- the process by which 

. 
a statistical model is successively 'identified' and 

'tested' by sets of data. 

6. SUMMARY: From the preceeding discussion the 

characteristics required of a m y - m o d e l  combination are 
i 

that 

(i) 

(ii) 

it be logically consistent, 

it be comp-lete in the sense that any Cpmbination 

of explanatory d d  independent events is explained 

to the exclusion of any other set .of independent 

events, and - - 3  

sequences of independent and explanatory events 

exist, the observation of which would 

distinguish the theory-model from other 

postulated theory-del explanations of 

the same sets of events, or 

prove the theory-model false. 

In the next chapter these requirements are applied to 

a theory of the firm. 
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A much fuller treatment of this topic is provided in 
the writings of Boland, and by R.   rum per-in Economic 
Methodology and the Methodology of Economists, 

- 
unpublished M. A. report supervised by the author, 
Uhivqrsity of New Brunswick, Fredericton, New Brunswick, 
1977. 

Hence a theory might.be considered as analagoys to 
Weber's "ideal type" [ 651. 

For example, Lancaster's characteristic analysis has - 
been suggested to be an alternative explanation of 
consumer ch~ice based on prices and income as is the 
traditional theory. 

If only one theory-model possesses a distinguishing 
observation it is sometimes described as having 
'greater explanatory power', and may be preferred. 
If distinguishing observations exist for both theories, 
they-remain in contention until one such observation 

4 is made. 'I 

Thus false information is excluded as are probabilistic 
statements since the description of, say the result 
of a penny toss as 'an event of probability 0.5' is 
properly a compound of theory, model, and observation. 
See the discussion of stochasticism in Boland [13 1 
and of the theory of probability in, for example, 
Carnap [ 1 61. 

Thus the celebr.ated Oxford conundrum of the existence 
of the unobserved does not arise since an unobserved 
event requires no explanation, except pgrhaps in terms 
of other unobserved phenomena as Chesterton suggested. 

This is implied by Samuelson's Revealed Prefqrence 
argument in consumer theory. 

I 

They could, however, constitute distinguishing 
observations for two theory-model combinations which 
defined them in the same way. 



CHAPTER THREE 

The Theorv of the Firm 

1. INTRODUCTION: The broad outlines of the economic 

theory of the firm are largely consistent in the literature 

in specifying the maxidisation of a function o 

cost subject to varying constraints. ' However 
derived from this basis vary considerably in detail from 

the diagrammatic two factor approach of, say, Ferguson [26] 

through the linear activity analysis models- (see Lancaster, 

[42], for example) to the integer programming discrete goods 

analysis by Frank [27]. In this chapter a model is developed 

which it is hoped captures the important characteristics " 

of what may be termed the 'Neo-Classical Theory of the 

firm' without introducing restrictions peculiar to any 
- 

particular treatment of it. . 

2. THE TECHNOLOGICAL 'BLACK BOXt: Economic theory has 

almost invariably treated the technical relationship between 

goods purchased and goods available for sale by a firm.'as 

exogenously determined at any particular time. Thus the 

'state of the artt is represented by Marshall [ 4 6 1 ,  ~ i c k s  [ 3711 . 

Sanuelson [55] and others as an engineering 'black box' 
C 

% 

by which quantities of certain goods, inputs, become quantities 

of, usually, different goods, outputs. Such a transformatiop 

relationshih is referred to as a production function. 

Constraints are placed on the form of the production function , 



by the economic theory in which it is~used, as has been y 

noted by Hicks [ 3 7 ]  in his treatment of returns to scale. 

These constraints will be the subject of further examination 

in the ensuing analysis. 

3. CONSTRAINED OPTIMISATION: Like the theory of the consumer, . 
the economic explanation of the firm's behaviour is a 

specialisation of the general theory of choice [63].. Thus 

the firm is described (or defined) as selecting a combination 

of input and Butput quantities from an attainable set in 

accordance with a preference ordering. This-preference 
t k 

ordering is commonly, but not universally, referred to as 

'increasing profit' .3 Following Boland [ 9 1 the theory of 

the firm may be represented by five existential statements 

which justify an answer to the question 'Why does the firm * 

produce at the input-obtput combination that it does?' 

The traditional answer is characterised by Boland as follows:. 
P 

I 

'Because, given prices, that is the input-output 
combinatiqn wQich is the "most profitablen of 4' 

all the combinations at which it "can produce"'. [9 1 
* 

This answer may be justified by the follow'ing statements 

(assumptions) which serve to represent the economic theory 

of the firm: 

(i) for each firm there exists an ordering based 

on a maximum output (or revenue) for eash input 1 
1 

/ combination which defines 'te.chnica1 capabilities'. . . .I  
(ii) for each firm toerg exists a measure on 

. I 
i 

input-output combinations based on prices which.- '. . 1 



d e f i n e s -  "more p r o f i t a b l e " . . '  

(iii) f o r  e a c h  f i r m  t h e r e  e x i s t s  a  b e h a v i o u r a l  p a t t e r n  

s u c h  t h a t  it s e e k s  t~ improve by p r o d u c i n g ' a t  

t h e  more p r o f i t a b l e  o f  any t w o  i n p u t - o u t p u t '  

c o m b i n a t i o n s  a t  which i t  can  p roduce .  

( i v )  ' f o r  e a c h  f i r m ,  g i v e n  a t  l e a s t  qne  i n p u t ,  t h e r e  

e x i s t s  a  l i m i t  on t e c h n i c a l  c a p a b i l i t i e s  which 

d e f i n e s  "can  prod;ce". - 
fi (v) f o r  e a c h  f i r m ,  g i v e n  p r i c e s ,  t h e r e  e x i s t s  an 

I 

i n p u t - o u t p u t  combinakion which i s  more p r o f i t a b l e .  

t h a n  a l l  o t h e r  c o m b i n a t i o n s  a t  which i t  c a n '  

p roduce .  4 

I n  t h e  t e r m i n o l o g y  o f  c h a p t e r '  TW&, t h e  set ( i )  o f  

i n d e p e n d e n t  e v e n t s  c o n s i s t s  o f  a l l  i n p u t - o u t p u t  combina t i ,ons  

which a r e ' t o  b e  e x p l a i n e d  by p r i c e s  w h y h  make up se t  ( i i ) . ,  
* 

4 .  THE GENERAL MODEL: s u p p l e m e n t a r y  aksurnpt ions  a r e  
, 

r e q u i r e d ,  t o  r e l a t e  t h e  t h e o r y  t o  t h e  set  o f  c o n c e i v a b l e  

o b s e r v a t i o n s  o f - a  f i r m .  S'ince t h e  p r b c e s s ' b y  which i n p b t s .  

become o ~ < ~ u t s  i s  t r e a t e d  w o g e n o u s l y ,  a t t e n t i o n  i s  f o c u s s e d  

on t h e  f i r m ' s  s e l e c t i o n  o f  i n p u t  q u a n t i t i e s . '  To e x p l a i n  t h e  

c h o i c e  o f  e a c h  i n p u t  t h e y  a r e  s e r a t e d  t e m p o r a l l y .  Thus 8 
i n  t h e  ' s h o r t  p e r i o d '  o r  : s h o r t  r u n '  the ,  f i r m  i s  a b l e  t o  

change  t h e  q u a n t i t y  i t  owns o f  one  i n p u t  o n l y  ( t h e  m o s t  

5 
f l e x i b l e ) .  By c o n s t r a s t ,  i n  t h e  ' lo@ r u n '  t h e  f i r m  i s  

f r e e  t o  change  pot o n l y  t h e  q u a n t i t i e s  o f  a l l  i n p u t s  which 
: 

it owns ; .bu t  a l s o  t h e  i n d u s t r y  t o  which it b e l o n g s ,  t h a t  



. i s  t h e  t y p . e ( s )  o f  o u t p u t  goods  which  it p&duces.  Between 

t h e s e  two e x t r e m e s  l i e  t i m e  p e r i o d s  i n  which t h e  p u r c h a s e d  

q u a n t i t i e s  o f  some, b u t  n o t  a l l  i n p u t s  may b e  v a r i e d .  The 

a d d i t i o n a l  a s s u m p t i o n  o f  t h e  Genera l .Mode1 i s  t h a t :  

( v i )  a l l  i n p u t s  u s e d  by  a  f i r m  may b e  o r d e r e d  i n  s u c h  
L 

a  way t h a t  a  d i s t i n c t  t i m e  p e r i o d  e x i s t s  f o r .  

e a c h  i n p u t  i n  which t h e  f i r m  may v a r y . i t s  owner sh ip  

I o n l y  o f  t h a t  i h p u t  and  a l l  t h o s e  o r d e r e d  below it. 
6 

t 

Hence a ,  s e q u e n c e  o f  ' r u n s '  i s  e s t a b l i s h e d  s u c h  t h a t  i n  

t h e  j t h  r u n  o n l y  t h e  f i r s t  j i n p u t s  a r e  t r a d e d  by t h e  f i r l a .  

I f  t h e r e  are  m i n p u t s ,  t h e  ( m + l ) t h  r u n  c o r r e s p o n d s  t o  t h e  
v 

l o n g  r u n  d e s c r i b e d  above .  

\ 
5.. THE NEO-CLASSICAL MODBL: A r e p r e s e n t a t i o n  o f  t h e  

N e o - C l a s s i c a l  Model d f  t h e  f i r m  w i t h i n  an  ' i n d u s t r y  r e q u i r e s  

one  a s sumpt ion  i n  a d d i t i o n  t o  t h o s e  o f  t h e  G e n e r a l  Model. 

- ( v i i )  . T h a t  t h e  f i r m ' s  p r e f e r e n c e  f u n c t i o n  i s ' d e t e r m i n e d  

by o r d e r i n g ,  o n e  a t t ' , a inab le  i n p u t - o u t p u t  c o m b i n a t i o n  

above  a n o t h e r  i f ,  and  o n l y  i f ,  it y i e l d s  a  

g r e a t e r  e x c e s s  o f  sales r e v e n u e  o v e r  costs.  
# 

(or a  smaller d e f i c i t ) .  

T h i s  .is t h e  p r o f i t  m a x i m i s a t i o n  a s s u m p t i o n , i n  i t s  

u s u a l  form. 

However, Assumption ( v )  r e f e r s  t o  f i x e d  p r i c e s  and  

Assumption ( v i )  a p p l i e s  t o  a f i r m  w i t h i n  a  p a r t i c u l a r  i n d u s t r y  
% 

a n d  a r e  t h u s  i n s u f f i c i e n t  t o  j u s t i f y  t h e  e x p l a n a t i o n  o f  t h e  

f i r m ' s  b e h a v i o u r  i n  t h e  l o n g  r u n  when it  i s  f r e e  t o  change  



industries and output prices are.considered flexible. 7 

Thus further assumptibns are required to justify the profit 

maximisation answer to the question: 'Why does the firm 
4 

choose those outputs (that industry) which it does?' The 
, . 

Neo-Classical explanation is that firms change industries 
I 

seeking higher profits (Assumption (i)) until profit is 

the same 2n every industry. Such an equality implies that 

the returp to entrepreneurial endeavour over and above 

rnkagerial (which is a real or imputed cost) is # 
\ 

uniform throughout the economy. (cf. Friedman [ . 2 8 ] )  It 

does not embrace a return to capital per se which the - 

tNeo-Classical model includes as a further cost.* This 

explanation rkauires that: 

3 the long run, any firm is able to adopt the 

technology of a'ny other firm and operate on 

9 the same economic terms, i.e. there are no 

"barriers to entry (or exit)". 

for all industries there exists a mechanism 

whereby the price of any fixed quantity of an 

output good decreases (increases) as the total 

quantity produced increases (decreases). 10 

for any firm in any industry maximum attainable . 
profit increases (decreases) when the price of 

a fixed quantity of an output of that firm 

11 increases (decreases) . 
(xi), for all firms in all industries with any input 



prices there exists a set of output-price 

combinatYions for which maximum attainable profit 
3 .  

is the same positive value, called "normal 

prof itA. 

Thus a profit-seeking farm is able to change industries 
. * 

(Assumption (viii)), increasing price in the industry it 

leaves (Assumption (ix)) and consequently increasing maximum 

attainable profit for the f inns remaining (Assumption ( x )  ) . 
Conversely price and maximum attainable profit are reduced 

in the industry entered. Assumption (xi) ensyres that 

normal profit is attainable in every industry b nd under the 
behaviour described each f i q  remains in an industry when 

all firms are earning normal profits.12 This normal profit 

level must be positive otherwise the theory fails to explain 

why a firm which bases its decision purely on profit level 

would not close down (earning zero profit) at the end of 

the long run. l 3  since 

it will be convenient, 

to consider profit net 
# 
end of the long period 

firms. 

normal profit is a fixed quantity 

and in accordance with common usage, 

of this quantity and hence at the 

net profit will be zero for all 

L 

6. PROFIT AND PRODUCTION PUNCTIONS: The Neo-Classical 

theory explains the behaviour of the firm directly in terms 

of fixed input markets, that is invariant price-quantity 

relationships, and similarly fixed output markets in all 

but the long run. Once these are specified Assumption (i) 



. 
postulates the existence of a relationship between inputs 

afid outputs which has already b w ~ n o t e d  as the production 

function. Combining market,structures with this function 

yields the profit function which transforms a set of 

price-quantity relationships into a difference Between revenue 

and sales,which the firm 'can produce'. Thus a constraint . 
imposed by the assumptions on the form of the profit function 

? 

may make different requirements on the production relationship 

according to the character of the markets for the goods 

concerned. 

In the ensuing analysis results are therefore obtained 

on the profit function where appropriate and then specialised 

'to the 'production function using a particular market structure. 

The structure referred to throughout is that of 'perfect 

competition' represented by the following three\assumptions: 

(xii) each firm produces one output 

(xiii) each firm may purc.hase any quantity of any 

input at a fixed price, independent of quantity 7' 
Y 

(xiv) each firm may $ell any quantity of output at 

or below a fixed maximum price. 14 

Reference is also made to 'imperfect competition' in which 

Assumption (xiv) is replaced by 

(xiv') the maximum price for which a firm may sell its 

output is inversely related to the quantcty 

of that output. 

One further restriction is often placed directiy on the 
r 



profit or production function, namely the requirement of 

differentiability twice with respect to all inputs. Whilst 

many ir\feKences may be made from the theory-model without 

this assumption (See Debreu [211, and Jorgenson and Lau 

[40], for example) its heuristic appeal and,central place . 

in common treatments of the ~eo-classical model (e .g. Henderson 

and Quandt [36]) make its total omission inappropriate. 

Thus the present analysis will be donducted in terms of 

differentiable'functions with corresponding results for 

non-differentiable relationships noted where applicable. 

7. AN ALTERNATIVE THEORY SET: Alternatives to the 

Neo-Classical form of the General Model may be generated 
.? 

by varying one or more of Assumptions (vi) to (ix) above. 

For example the replacement of (viii) by prohibition of 

entry to an industry can generate a model of monopoly in 
, 

which the firm never enters the long run [26]. Similarly 

the firm's preference function may be defined in terms of 

different measures of desirability either by re-defining . 

profit or admitting alternative objectives. As Nordquist 

[471 remarks 

Although it is not kasy to.classify the . 

many suggestions which have been made to 
revise or reconstruct the theary of the t. 

firm, it is convenient to group them 
roughly according to how the motivational 
assumption 1s to bk modified. 

r 
Since 'profit' is mentioned in the traditional theory it may 

, be,argued that the second case is an instance of a competing 

theory rather than a differenr model. However as 'profit' 
0 



Is primitive or undefined in the theory it may be set equal 
w 

\ 

to any quantity as a substitute fok Assuniption (vii). . 1 

7 * . .. 
Thus an uncountable number of altetnative models exist'from 

which it is desirable that the Neo-Classical version be . - 
-. I .  

distinguished. It is ,the$efore logically impossible to 

ensure that this model or any other is fully 'identified'. = '  

Nevertheless it is'minimally necessary to ~rovide for , 

.distinction between the Neo-Classical model and such competing 

economic explanations of the firm's behaviour as have appeared 
4 .  

, 

in the literature. These may bq summarised as follows: 1 

Maximisation of long run, rather than short run 
, 

profit: Neo-Classical theory generates long 

run maximisation through a sequence of short-run 

optimising decisions and it' is a requirement 

on the theory-model-that the two be consistent 

with each other. No alternative expIanation 

emerges in the literature perhaps due.to the 

'difficulties of advancing a concrete and ' 

objectively satisfying definition of long-run 
a 

profit' [ 42) distinct from the Neo-Classical one. 

haximisation of Ytility. Cyert and March [I91 - 
,' 

suggest that 'entrepreneurs ... have ,a host of 
personal motives' and Papandreou [ 4 8 ]  extends . 

- 
the argument by claiming that, 

'organisational objectives* grow out of 
interaction among the various participants 
in the organisation. This produces a 

-+ general preference function.' 



- /,' . 
Whilst such an approach increases the 

similarity between the theory of -consumer 
3 

behaviour and that of the firm, it does not, 

of itself, provide an explanation of the firm's ,i 

behaviour without additional, and, hitherto, 

unspecified, statements about the firm's utility. 
15 

Moreover, in response to ~a~andreou, it is not 

clear 'whether or not it makes sense to spe'ak 

of a well-ordered set of pre>erences for the 

firm in view of tihe si'ze and complexity of most 

business operations' [h7]. This difficulty 

arises from the problems of preference aggregation 

noted by Arrow [5], and others, and which present 

similar objections to the concept of household 

decision-making in consumer theory. 

. (iii) ~quilibrium and Survival. kzothschild 1521 has ' 

suggested that the firm's primary goal is long run 

survival and accordingly that.its'objective is 

to maximise security. In its received form this 

appears to be a reiteration of the importance - 
-. 

of competition and suffers from the Darwinian . 
problem that success is perceived in terns of 

survival. Extinct firms are, by definition, 

unsuccessful. 

A n  alternative biological analogy was 

proposed by Boulding (151 as "Balance skiqet 

homeostasis" in which firms seek a desired 



1 
set  o f  &&$g S r i t i q s  and r e a c t  t o  r e - i n s t a t e  - 

1 
t h i s  equilelbriurn. ' . . - .  

I n  t h e  p e r f  ec t iy  compe;itive c a S e c l h i s  
* 7 r e d u c e s  tq  u t i l i t y  lhaxlmisat ion i h  a s s e t  s p a c e  

# 
and i s  f o r m a i l y  iden ' t i ca l  t o  prof  it r iaximisa t ion  " 1 -  

I 

r e g a r d l e s s  o r  t h e  p r e c i s e  form o f  t h e  f i r m ' s  
C 

p r e f e r e n c e s ,  a s  Boulding n o t e s .  H e  a l s o  shows 
1 

2 ,  * - 

t h a t  t h e  two models  d i v e r g e  i a  t h e  p r e s e n c e  of  
.r 

t 

i m p e r f k c t  d r k g t s  f q r  which t h e  p r o d u c t i o n  - \ 

' I  
t r a n s f o r m a t i o n  i t s e l f *  t a k e s  s u f f i c i e n t  time t o  

i ' # 

. p e r m i t  p r i c e s  c h a n g e d b e t v e e n  t h e  purchase  of  
? 

b 

b 
i n p u t s  and t h e '  s a l e  .of  t h e  r e s u l t a p t  o u t p u t s .  

A thorough a n a l y s i s  a lopg  t h e s e  l i n e s , r e q u i r e s  
e 

t$e s e p e r a t i o n  o f  t h e  buying,  p r o d u c i n g  and . 
' 

s e l l i n g  d e c j s i o n s  and a c h a r a c t e r j s a t i o n  of  

t i m e  which;are a t  v a r i a n c e  w i t h  t h e  geneka l  
' c , 

7 . cho ice  t h e o r y  e n u n c i a t e d  e a r l i e r .  I t  d o e s  n o t  
9 

, . 
appear  to  o f f e r  any competing model o f  t h e  

I L 
same t h e o r y .  . . 

( i v )  Maximisat ion of  ~ e v e n u e :  I f  sales revenue  i s  
i 

I 

G x i m i s e d  s q b j e c t  t o  a Cixed c o s t  c o n s t r a i n t  . 

t h e  &el i s  innnediat91y d i s t i n g u i s h e d  from - r 

t h e  Neo-Class ica l  v e r s i o n  by i ts  i n a b i l i t y  t o  

e x p l a i n  any change i n  t h e  f i r m s  behav iour  n o t  

accompgn led- by a change i n  i n p u t  o r  o u t p u t  

prices. A v a r y i n g  cost c o n s t r a i n t  r e q u i , r e s  
c. 

a s u b s i d u a r y  e x p l a n a t i o n  of t h e  way i n  which 



J 
i t  c h a n g e s  u n l e s s  i t  i s  dep.endent  solely on t h e  

a b i l i t y  t o  a l t e r  t h e  m o u n t s  o f  p a r t i c u l a r  i n p u t s  

owned by t h e  f i r m .  I n  t h i s  l a t t e r  c a s e  t h e  model 

becomes f o r m a l l y  i d e n t i c a l  t o  t h e  N e o - C l a s s i c a l  

one .  

The a b s e n c e  o f  a  c o s t  c o n s t r a i n t  r e r rde r s  . 

t h e  r e v e n u e  m a x i m i s a t i o n  model i n c a p a b l e  o f  

e x p l a i n i n g  any  f i n i t e  o u t p u t  l e v e l  i n  p e r f e c t  

c o m p e t i t i o n  (Assumption ( x  A.16 
( v )  Max imisa t ion  o f  Marke t  S h a r e :  A f i r m ' s  m a r k e t  

s h a r e  i s  d e f i n e d  a s  t h e  r a t i o  o f  i t s  s a l e s  

r e v e n u e  ( o r  o u t p u t  q u a n t i t y )  t o  t h a t  o f  t h e  

' i n d u s t r y .  The r emarks  a d d r e s s e d  t o  r e v e n u e  

m a x i m i s a t i o n  a r e  a l s o  a p p r o p r i a t e  i n  t h i s  c a s e  \ . 
w i t h  t h e  a d d i t i o n a l  d i f f i c u l t y  o f  e x p l a i n i n g  

i n d u s t r y  s i z e  and  i n t e r - i n d u s t r y  t r a n s f e r s  i n  

t h e  l o n g  r u n ,  s i n c e  t h e  f i r m ' s  c h o i c e  c r i t e r i o n  

i s  d e f i n e d  i n  t e r m s  o f  t h e  s i z e  and t y p e  o f  

i n d u s t r y  t o  which it c u r r e n t l y  b e l o n g s .  - 

( v i )  Max imisa t ion  o f  Growth or F i rm S i z e :  N o  c l e a r  

d e f i n i t i o n  o f  s i z e  emerges  f rom the l i t e r a t u r e  

a l c h o u g h  sales r e v e n u e  and  m a r k e t  s h a r e  a r e  

u sed .  These  cases f a l l  d i r e c t l y  u n d e r  ( i )  and 

(ii) above.  A l t e r n a t i v e l y  s i z e  may be d e t e r m i n e d  

by the  amount o f  c e r t a i n  i n p u t s  ( s u c h  as ' c a p i t a l ' )  

which l e a v e s  the c h o i c e  o f  other i n p u t  q u a n t i t i e s  



\ 

(such as 'labour') unexplained. See the - 

discussion of Average Net Product, below, however. 

(vii) Satisfactory Performance. Gordon 1321, Simon [581 . 

and Margolis [45] have suggested that the firm t 

seeks only satisfactory profit and this approach 

has been formalised by Day [20]. Whilst 

'satisfycing'violates the general choice mthkory 

as well as the model it also fails to provide 

an explanation of why the firm chooses one 

satisfactory position rather than another. 
17 

The same objection arises from the contention 

of Cyert and March [19] that firm's do not 

consistently maximise any quantity. Baumol, 

[ 7lhowever suggests that satisfactory profit 

may be a preliminary objective beyond which 

firms maximise sales revenue, treating the 

minimum profit level as a-constraint. 

Revenue maximisation subject to a minimum 

profit objective is also identical to-the 

Neo-Classical model unless it is possible for 

the firm to exceed its objective. The observation 

of any unconstrained firm with a finite output 

earning more than the specified profit level 

serves to discredit the revenue maximisation 

model. 
18 



(viiij Maximisation of ~verage Net Product: The 

maxi&sation of the Average Net ~roduct" of 

one of the inputs, in each of the runs defined 

for the Neo-Classical Model appears to be the . 

. . 

only distinct proposal articulated in the 
, 

literature which is consistent with the remaining 

model structure. It is shown subsequently 

that a Model of Perfect Competition deduced from 

one of the set of ANPi models (for some input i) 

can be distinguished from the ~eo-classical, 

version by very few observations and may hinge 

crucially on Assumption (x). 

8. SUMMARY: The Neo-Classical model of the firm is one 

in which a firm maximises profit subject to constraints on 

input quantities which are successively relaxed in a sequence 

of runs. In the penultimate run all inputs are variable and 

in the long (or longest) run the firm is able 'to pursue 

greater profit by adopting a different technology to produce 

different outputs (i.e. change industry). A normal level 

of positive profit existsfor all industries at which a13 

firms, given input markets, are unable to increase profit 

by further change. 
I .  

An alternative explanation of the firm's behaviour 
i 
within the same framework is provided by postulating the 

maximisation of the average net product of'any one of the 

firm's inputs. In subsequent chapters the requirements 



imposed on the pro,fit and production relationship by the 

assumptions of the theory and the necessity to distinguish 

it from the average net product explanation are examined. 



TABLE l:, SUMMARY OF PREDICTED BEHAVIOUR OF PERFECTLY 
COMPETITIVE EIRM 

P r o f i t ,  n = P.X - 1 p.X . 
i=l 1. i t  
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F o o t n o t e s  

Day's  t r e a t m e n t  i n  t e r m s  o f  ' s a t i s f y c i n g m .  [ 2 0 ]  i s  a  
n o t a b l e  e x c e p t i o n ,  b u t  f a i l s  t o  ' e x p l a i n  -a f i r m ' s  
behav iour  comple te ly  e x c e p t  i n  t h e - l i m i t i n g  c a s e  when 
it converges  t o  a  maximisa t ion  s o l u t i o n .  

I t  h a s  been s u g g e s t e d  t h a t  i n  t h e  macro c o n t e x t  ' t e c h n i c a l  
p r o g r e s s m -  may be a f u n c t i o n  of c a p i t a l  o r  p r o f i t  l e v e l s .  
However a t  t h e  l e v e l  of  t h e  i n d i v i d u a l  f i r m  any change 
i n  t echno logy  dependent  upon i n p u t  i s  
n e c e s s a r i l y  embodied i n  t h e  d e s c r i p t i o n  o f  t h e  i n p u t -  
o u t p u t  r e l a t i o n s h i p  d e f i n e d  below. 

Such a  r e f e r e n c e  may be  no more than  l a b e l l i n g  a s  
was s u g g e s t e d  i n  Levine ( 4 3 1  and Rowcroft 1541.  E f f o r t s  
t o  i n t e r p r e t  ' p r o f i t '  e m p i r i c a l l y  have g e n e r a t e d  
c o n s i d e r a b l e  c o n t r o v e r s y .  See ,  f o r  example, H a l l  and 
Hi tch  [ 3 3 ]  and C y e r t  and March [ 1 9 ] .  

Boland [ 9 ]  combines ( i v )  and, (v) i n  t h e  assumption 
t h a t  ' f o r  each  f i r m  t h e r e  i s  a  l i m i t  on t e c h n i c a l  
c a p a b i l i t i e s  which d e f i n e s  "can p roduce" ' .  However 
t h i s  p r e c l u d e s  t h e  p o s s i f i i l i t y  t h a t  i n d e f i n i t e l y  l a r g e  
i n p u t s  might  g e n e r a t e  i n d e f i n i t e l y  l a r g e  o u t p u t s  which 
i s  s u f f i c i e n t l y  common i n  t h e  l i t e r a t u r e  ( e . g .  c o n s t a n t  
r e t u r n s  t o  s c a l e )  n o t  t o  be  excluded a  p r i o r i . .  
N e v e r t h e l e s s  it shou ld  b e  no ted  t h a t  i n  t h e  Boland 
Model a l l  p r o d u c t i o n  d e c i s i o n s  a r e  i m p l i c i t l y  s h o r t  run .  
I n t e r m e d i a t e  run and l o n g  run  d e c i s i o n s  concern  changes 
of  t h e  s h o r t  run  c o n s t r a i n t s .  Thus Assumption ( i v )  
i n  t h e  t e x t  s imply  acknowledges t h e  e x i s t e n c e  of  a  
c o n s t r a i n t  e x p l i c i t l y .  \C 

Ownership o f  o t h e r  i n p u t s  i s  f i x e d  a l t h o u g h  ; t i l i s a t i o n  
of  such i n p u t s  i s  mere ly  bounded. See Boland [ 9 ] ,  f o r  
example. 

L 

A l g e b r a i c a l l y ,  i f  t h e r e  a r e  m i n p u t s ,  x . ,  j = l , . . . , m ,  
- t h e r e  e x i s t s  an o r d e r i n g  k  = 1,. . . , m  s d h  t h a t  t h e r e  

a r e  m d i s t i n c t  t i m e  p e r i o d s  where, ih p e r i o d  k ,  i n p u t s  
xl,  - - - I X k  ( s u i t a b l y  re-numbered) a r e  v a r i a b l e  and 

i n p u t s  , X k + l t - - ~ X m  a r e  f ixed . .  I n  t h e  two-input  c a s e ,  

i n p u t  1 i s  u s u a l l y  a s s o c i a t e d  w i t h  l a b o u r ,  L, which 
a l o n e  i s  v a r i a b l e  i n  p e r i o d  1 ( t h e  s h o r t -  run) and 
i n p u t  2 w i t h  c a p i t a l ,  k .  Both L and K are v a r i a b l e  i n  
p e r i o d  2 ( t h e  " i n t e r m e d i a t e  r u n " ) .  

S i n c e  i n p u t  x i s  v a r i a b l e  i n  a l l  r u n s  subsequen t  k  
t o  k ,  e a c h  p e r i o d  must be  a €  l e a s t  a s  long  a s  t h a t  
~ r e c e d i n a  it t o  a l l o w  re -ad ius tment  of  t h e  ~ r e c e d i n a  



variables.  hi; imp lies a type of "nestingn process 
for input contracts or durability analagous~to that 
described by Alexander &I 3 1  in the context of consumer 
good-s . 
h i s  is not only usual in the specification of the 
long run (See Ferguson [26], for example) -but also 
essential to the theory of General Equilibrium (Debreu [21]). 

A difficulty arises here from the imprecision of,the 
Neo-Classical definition of a firm. It would seem 
unnecessarily restrictive to assume that a production 

.. 

unit of any size should earn the same return to 
entrepreneurial effort when the sizesand type of 
committment may vary considerably. Whilst this is in 
part recognised by the imputing of costs to managerial 
input (as well as to capital), (the atomistic concept 
of the perfect competitor also appears to play an 

* implicit role. 
If varying levels'of entrepreneurial effort were 

acknowledged in different industries, it would be 
appropriate to define the industry choice in terms of 
the rate of return to the entrepreneur. However since 
this effort is unobservable except perhaps as the 

. 
managerial labour already "netted out", its inclusion 
as a variable renders the Neo-Classical explanation 
irrefutable in the long,run. Any spectrum of positive 
inter-industry profits may be considered uniform by , 

presuming appropriate degrees of entrepreneurial input 
in the different industries. Thus it is necessary to 
asgume or define the firm to embody a fixed "quantumn 
of expreneurial effort [28], and 'profit' and 'profit 
rate' become synonymous. 

. . 
, Specifically every firm faces the same markets for 
inputs and outputs as every other. 

d 

This is the 'downward sloping aggregate demand curve' 
which is consistent with the requirements of consumer . .  . 
theory (downward sloping individual demand curve) and 
of general equilibrium theory (Debreu [21]). 

Thus an upward shift in the aggregate demand curve 
increases maximum attainable profit for ,a.firm 
producing the good concerned. 

Neo-Classical theory offers no indication of the 
adjustment mechanism beyond that specified which suffices 
to explain the absence of industry changes after the 
long period. 



13. A firm earning zero profit in the long run might continue 
to operate if the controlling interest (entrepreneur) 
preferred its source of income as an input to the 

, c alternatives available. However this introduces a -. second preference function not normally found (at least 
explicitly) .ln the traditional theory. 

14. . Assumption (vi) ensures that the firm in fact charge$ 
the maximum price. 

15. Such a .theory might be developed b; stipulating only 
that each firm's preferences be such as to generate 
an upward sloping supply curve for its product, although 
general equilibrium requires only upward sloping 
aggregate supply curves and the stronger condition 
is suffic$ent but unnecessary. Compare the analysis 
of consumer preferences in Boland [ 9  I .  

16. In imperfect competition such a model requires output 
at the point of unit elasticity on the demand schedule. 
If $his schedule is ~bservable any other elasticity 
constitutes a distiiguishing observation. 

17. If there exists only one satisfactory position in 
all situations, this theory converges to utility or 
profit maximisation depending on the definition of + 

'satisfactory'. 

18. Since output price is constant and independent of 
output quantity in perfect competition (Assumption (xiv)) 
the existence of a finite output implies positive 
marginal costs fbr firm under either explanation. 
Hence the revenue maximiser will necessarily,increase 
output and hence revenue until profit is reduced to 
its minimum acceptable level. 

19. The Average Net Product of input i is defined in the 
case of a-single output, X, as (X - E x.)/xi. See 

j+i J 

Marshall [ 461, Robinson [ SO], and ~olanh [ 9 1. 



CHAPTER FOUR 4 
, Model S t r u c t u r e  and t h e  I n t e r m e d i a t e  Runs 

c e n t r e s  on r e q u i r e m e n t s  f o r  t h e  mathemat ica l  s t r u c t u r e  of 

t h e  s p e c i f i c a t i o n  o f  the f i r m ' s  technology such  t h a t  t h e  

r e q u i r e m e n t s  of  t h e  Neo-Class ica l  Model d e s c r i b e d  kn Chapter  

Three a r e  m e t .  I n  t h i s  c h a p t e r  t h e  s t r u c t u r e  i s  d e f i n e d  

c o n s i s t e n t  w i t h  t h e  assumpt ions  and t h e  consequences  of  

t h e  t h e o r y  a r e  examined f o r  e v e r y  run e x c e p t  t h e  l o n g e s t  

which is  a n a l y s e d  i n  Chap te r  F ive .  

R e s u l t s  a r e  g e n e r a t e d  on t h e  p r o f i t  f u n c t i o n  w i t h  

m u l t i p l e  o u t p u t s  and i m p e r f e c t  marke t s  i n  most c a s e s .  

W h i l s t  n o t  e s s e n t i a l  t o  t h e  argument i n  l a t e r  c h a p t e r s ,  

t h i s  p r o v i d e s  f u r t h e r  g e n e r a l i t y  w i t h o u t  c o m p l i c a t i n g  t h e  

a n a l y 6 i s  unduly.  For  convenience  t h i s  a n a l y s i s  i s  conducted  

i n  terms of - n e t  p r o f i t  a s  d e f i n e d  i n  Chap te r  Three ,  t h a t  

i s  t o t a l  p r o f i t  less t h e  assumed l e v e l  of  uni form p r o f i t  

p r e v a i l i n g  a t  t h e  end of  the lorfg run .  Thus t h e  e x p r e s s i o n  

'n = 0' d e n o t e s  the s i t u a t i o n  i n  which t h e  f i r m  i s  e a r n i n g  

e x a c t l y  normal p r o f i t .  

To p r e s e r v e  c o n t i n u i t y  o n l y  t h e  r e s u l t s  o f  theorems 

a r e  n o t e d  and p r o o f s  a r e  p rov ided  i n  t h e  Appendix. 

THE NEO-CLASSICAL PROFIT E'UNCTION: 

D e f i n i t i o n  1: A f i r m  is  d e f i n e d  as a se t  of  mappings f r o m  

an i n p u t  space  S i n t o  t h e  r e a l  l i n e  R such t h a t  f o r  a l l  



1 n x = ( X  ,..., x ) E S where S i s  of f i n i t e  d imension,  n ,  and 

x3 0 f o r  a l l  j = 1,. . . , n ,  t h e r e  e x i s t s  E R such  t h a t  ' . 

m n 6 

i i j j 
n = C P X . -  C p x , t h e  n e t  p r o f i t  f u n c t i o n ,  where - 1 

- i=l j=1 

A 
i i 1 n L. 

X = F ( x  , . . . , x 1 , t h e  p r o d u c t i o n  f u n c t i h n  f o r  gpod i , 

t h e  o u t p u t  p k i c e  f u n c t i o n  f o r  good . . '- 
j j = p ( X  ) ,  t h e  i n p u t  p r i c e  f u n c t i o n  f o r  good j. 

i = 1, ..., m; j - l , : . . , n .  

T h i s  d i s t i n c t i o n  between i n p u t s  and o u t p u t s  and t h e  
C 

omiss ion  of  j o i n t  p r o d u c t s  i s  c o n s i s t e n t  w i t h  m o s t  ~ e o - ~ i i s s i c a l  

a n a l y s i s 1  and f a c i l l i t a t e ;  s p e c i a l i s a ' t i o n  o f  t h e  r e s u l t s  
. 

t o  common c a s e s .  However it i s  n o t  c r u c i a l  t o  t h e  main 

r e s u l t s  of  t h i s  c h a p t e r  which a r e  -c.ouched i n  terms o f  IT 
5 

r a t h e r  than  t h e  p;oduction f u n c t i o n ( & ) . ,  F ~ .  A s i m i l a r  
\ / 

j u s t i f i c a t i o n  may be made f o r  t h t  independence of t h e  p r i c e  
8. 

f u n c t i o n s  from e a c h . o t h e r .  3 t 

The sequence o f  rung d e s c r i b e d  i n  Chapter  ~Rree presupposes  . , 
t h a t  t h e  f i r m  reacts o n l y  t o  t h e  s u c c e s s i v e  r e l a x a t i o n  of 

i n p u t  c o n s t r a i n t s  i n  t h e  f i r s t '  n ' runs  ax@ t o  ch'adges i n  
b 

the o u t p u t  m a r k e t ( s )  i n  t h 6  lo& run.  Thus it i s  c o n v e g i e n t  

t o  assume t h a t  a l l  p r i c e  f u n c t i o n ' s  a r e  f i x e d  th roughou t  . 
r u n s  1 t o  n .2  I n  t h e  long  run  t h e  set of mappings, g i v e n  

i 3 t h e  pJ is indexed by t h e  changing P . 
A s  n o t e d . i n  Chap te r  mree t h e  main body o f  &he a n a l y s i s  . ' 

i s  conducted i n  terms o f  d i f f e r e n t i a b l e  f u n c t i o n s ,  hence  

D e f i n i t i o n  2: A Neo-Class ica l  f i r m  is  d e f i n e d  a s , a  f i r m  . 



i 
such that F , pj are twice differentiable with respect to 

all xk and pi is twice differentiable wi'th respect to xi, 

. ,i 
As an immediate consequence, P and IT are both twice ,: 

. . k~ - differentiable with respect to x , i = 1, ..., m, k = 1, ...; n. 
[Lemma 11 

Definition 3: shift - in demand is defined as a mapping a 

i .  i i i i i 
which t'akes P (X ) to aP (X 1 ,  i = 1,. .. ,m, where P (X,) 

4 

is specified in Definition 1 and a is an (unspecified) operatok. 
. . 

T'he introduction of demand shift permits allowance for -. - . 
the changes in\output market conditions associated with 

the long r& entry and ewit of firms (Assumption (ix)). 
. . 
.In a fikn shall achieve an uncons&ained dptlmw 

(net) profit1 level of z5ro for .some possible level of market 

demand (Assumption (xi) ). . 
% ' . 

7 Definition 4: A.firm is described as being in its jth - run 
1 

if it is free to vary x ,. .. ,xJ and xk is,constrained by : 
- k  -k xk S x , x finite, for all k = j+l,.. .,n. % 

This is simply h restatement of the concept of runs 

used in the Genera-a' Model and Assumption (vi) . The requirements 
A 

of the Neo-Classical Model may now be restated as 

Definition 5 :  T ~ L  Neo-Classical Model of the firm is! defined 

by the following statement; about the behaviour of a 
I 

Neo-Classical firm: 

(a) In the j t h  run the\ firm's choice 'of inputs and. ' 

outputs is uniquely determined by specifying that the firm - 
1 - .  



4 . . 
maximises prof  it s'ub ject t o  t h e  a p p r o p r i a t e  

I t . 
j = 1 ,..., n.. 

i n p u t  c o n s t r a i n t s ,  - 

(b), 1.; t h e  long ' ( (d+l! t h )  ' r u n .  t h e .  enti;-  and e x i t  o f  
* 

competing f i r m ' s  c a u s e s  a ' s h i f t  ;ndemand.such t h a t  t h e  
I 

maximum n e t  . p r o f i t  which" the  f i r m  can e a r n  i s  ze ro .  - 
d 

I 

> .  

S t a t e m a t  (a), embraces.  Assumption . (  i) . t o  ( v i i )  and 

( b )  c o r r e s p o i d s  t o ,  k s u m p t i o p s  ( v i s i )  and - ( x u  . The 
r y  C 

requirements of  Asqumptions ( i x )  and ( x )  a r e  cons id .ered  i n  

c h a p t e r  S i x  on l o n 4  run  beha;iour. 
- . - 

Dei in ' i t ion '  6 : A r u b  j i s  w e l l - d e f i n e d  by t h e - . ~ e o - ~ l a s s i c a ~  
. . 4. . 

Mddel i f ,  and o n l y  . i f ,  max n i n  t h e  j  t h  run  # max n; i n  ( j + l )  t h  
* * - 

' r u n ,  a lmos t  everywhere.  Q 

' 

No chanbe i n  p r b f i t  from run j  t o  run  ( j + l )  i m p l i e s  t h a t *  
a 

t h e  c o n s t r a i n %  x j+fl < - j + l  - x was n o t  b i n d i n g  and hence no 
, . 

change i n ' x  Rod i n  X i w i l l  be  perce ived, .  .Unless  t h i s  i s  an . , . . 
. I  "9 , .' 

e x c e p t i o n a l  c a s e  ,.,, t h e  p o s s i b i l i t y  e x i s t s  t h a t .  t h e  run  
! 

canno t  be  i d e n t i f i e d ,  =mplying t h a t  x J - a n d  xJ+'..are complementary 
1 Z 

i n  p r o d u c t i o n  f o r  t h e  f i r m ~ c o n c e r & d  and* shoul'd .be t r e a t e d  

a s  a 'composi te  good:4 Hencefoxth w e  assume t h a t  run  j is  

wel l -de f ined  f o r  a $ l  j.= 1, ..., n: - .  
' , 

If a Neo-Class ica l  f i r m  h a s  ( q e t )  p r o f i t  f u n c t i o n  
r 

1 
n ( x )  = n ( x  , . . . ,xn)  it ma$ b e  shown t h a t  a suff i -c ' ien t  

, 
c o n d i t i o n  f o r  the ext reme p o i n t s  o f  n i n  funs 1 t o  n t p  b e  

maxima s u b j e c t  t o  t h e  a p p r o p r i a t e  c o n s t r a i n t s  is t h a t  t h e  

h a t r i ' x  a f  second o r d e r  p a r t i a i  d e r i v a t i v e s . ' o f  n, w i t h  .res+ct . 
' . 

t o  x ,  ( T  . be n & a t i v e , d e f i n i t e 3 . .  [ ~ h e o r e i  2.1. Thus (n  1 ' 

~k jk  . 



n e g a t i v e  d e f i n i t e  e n s u r e s  t h a t  t h e  f a m i l i a r  m a r g i n a l  cond iS ions  
I 

(see [ 361, f o r  example) g e n e r a t e  c o n s t r a i n e d  p r o f i t  maxima 

i n  t h e  f i r s t  (n-1) r u n s  and an u n c o n s t r a i n e d  maximum i n  

2 
-. 

run  n.  Moreover i f  e a c h  run  re a i n s  we,ll  d e f i n e d  t h e  

r e s u l t  i,s t r u e  f o r  any o r d e r i n g  o f  t h e  xJ  [ C o r o l l a r y  2 . 1 1  

and p r o v i d e s  unique  maxima by Lemma 2.2.  

One consequence o f  t h e  c o n d i t i o n  on i n  i s  t h a t  
k jk  

2 j C ( a  n/ax ) < 0~ f o r  a l l  k = 1,. . . , n  [Lemma 2.31'which i s  
j=1 . ' I 

a  weaker v e r s i o n  o f  t h e  common s p e c j f i c a t i o n  t h a t  t h e  
! 

p r o f i t  from any i n p u t  be  i n c t e a s i n g  a t  a d e c r e a s i n g  r a t e  a s  

t h e  q u a n t i t y '  of  t h e  i n p u t  i n c r e a s e s .  
5 

By v i r t u e  o f  t h e  c o n s t r a i n e d  maximisa t ion  it shou ld  a l s o  

b e  n o t e d  i~emma 2.41 t h a t  p r o f i t  i n  run  j c a n n o t  b e  g r e a t e r  

b than '  p r o f i t  , i n  run  j + l ,  f o r  a l l  j =* l , . .  . ,n-1 .  

3. INPUT VALUE THEORY: The a l t e r n a t i v e  ' model ( o r  t h e o r y )  ' . 

i n t r o d u c e d  kn Chap te r  Three may b e  g e n e r a l i s e d  s l i g h t l y  t o  . 
cor respond  w i t h  t h e  n o n - s p e c i f i c  

Q 
t h i s  c h a p t e r .  Thus 

t r e a t m e n t  o f  m a r k e t s  i n  

D e f i q i t i o n  7:  The Average Reveni 
b 

for a  f i r m  i s  d e f i n e d  a s  

k  
Je P r o d u c t  o f  an i n p u t  x 

S i n c e  ARPk is  undef ined  f o r  xk = 0, it i s  u s e f u l  t o  make ' 

r e f e r e n c e  t o  t h e  case when some i n p u t  is a lways  p o s i t i v e .  - 
. *  

D e f i n i t i o n  8 : A j - i n t e g r a t e d  ~eo-classical Fi rm is  a 



# .  

"'4 

~ e o - ~ l a s s i c z i ' i  f i r m  f o r  which t6ere' ~ f t i k t s  a  sequence- o f  w 

i 
L 

.we l l -de f ined  runs 1,. . .,h such  $ha t  X= > 0 i m p l i e s  xJ  > 0, 
- * , 

, f o r  1 i = 1 . . . , n. Thus xJ i s  an' $n&t to  e v e r y  n o n - t r i v i a l  

t t 

.! 
p r o d u c t i o n .  L * I . 

0 

6 . 0  

. Hence:, 
4 

D e f i n i t i o n  9 :- The I n p u t  Value Model' of  t h e  f i r m  i s  d e f i n e d  

. by t h e  f o l l o w i n g  statement a b o u t  t h e  beh&&r of  a k - i n t e g r a t e d  . s 

* 
I n  t h e  j<h run  t h e  f i r m ' s  c h o i c e  -of i n p u t s  and o u t p u t ( s )  

i s  un ique ly  de te rmined  by . s p e c i f y i n g  t h a t  t h e  f i r m  r n a x i m i s e ~  * 

t h e  Average Revenue Produc t  i p  i n p u t  xk s u b j e c t  t o  t h e  
- 

i 

7 .  a p p r o p r i a t e  c o n s t r a i n t s ,  J = 1, ..., n .  I . t 

'. The f i r s t  o r d e r  c o n d i t i o n s  f o r  t h e  maximisa t ion  o f  
4 

. . 
P&Pk a r e  i d e n - t i c a l  t o  t h o s e  f o r  p r o f i t  maximisa t ion  . for  a l l ,  

k  i n p u t s  e x c e p t  x . Conseguent ly  t h e  two models a r e  
. , 

i n d i b t i n g u i s h a b l e  i n  r u n s  1 t o  k-l.,' T h e  e x i s t e n c e  o f  bossidle 

o b s e r v a t i o n s  on subsequen t  r u n s  whi .chvbermi t  t h e  i n p u t  v a l u e  

'model t o  be  r e j e c t e d  i n  * f  avou: o f  t h e  ' N ~ O - c l a s s i c a l  model 

i s  eqamined i n  t h e  n e x t  s e c t i o n .  - .  

'4. DISTINGUISH~~G OBSERVATIONS: The n e c e s s i t y  f o r  t h e u  
F , 

e x i s t e n c e  o f  d i s t i n g u i s h i n g  observat ior lk  was n o t e d  i n  - 

' Chapte r  Tvo and a n  example was p rov ided  i n  Chap te r  Three  . 
'.' u s i n g  revenue maximisa t ion  s u b j e c t  t o  a . m l n i m m  prof  it.. 

* - .  f i r m ,  f i c i e n t  c o n d i t i o n  
t 

one of  thg Neo-Class ica l  

and I n p u t  Value mode l s  be known f a l s e  is  t h a t  e i t h e r  

d I 



2 an/axk is known fo; run r, r 2 k or that the values bf a n/ax k2 
k2 j j  ? and a2/ax E p x ) 0 are known for the same run. r > k 

j=1 
[Theorem 3 1 .  

@ Whilst the behaviour of the cost' expression way be 

presumed known since market conditions for inputs are known 

(see section 2 above), the observation of (temporary) 
4 

equilibria at the end of each run does not permit the 

deduction of values for the derivatives of n .  Unless it may 

be shown that the structure of the theory imposes sufficiently 

strict conditions'on the derivatives.of n to generate a 

contradiction, the Input Value Model cannot be -distinguished 

on this basiS. Thus for a l-integrated firm it would be 
\ 

possible to discredit the ANP, model if 

2 l2 2 
a /ax zpjxj + a2n/ax' > o [L- 3.11 

This may be expressed as the requirement that the marginal 

cost of good 1 be increasing faster than the marginal 

profit of the same good is falling when x1 is increased. 

However this would not refute another model ANPk, k # 1, 

if the firm were k-integrated. [Compare Lenmra 3.2 .'J 

The argument that the value of an/axk is known since 

k pk is observed and an/axk = p in run j for all j > k is 

invalid since it depends on the assqmption of profit 

maximisation which is part of only one of the models 

under scrutiny. - 
If the price of the indispensable factor j is invariant 

with respect.to x the second derivative condition fails but 



b 4 4  

I * 
i 

may be replaced by the requirement that maximum n#O in run n. 

[Lemma 3.31 . This raised thd quegtion of the observability 

of n. S4nce n here is net of the'constant (but unknown) 

normal profit, a direct calculation from prikes and quantities 

is inadequate. However it is possible to compute changes 

in n. Both models indicate zero (net) profit in tHe long 

run, whence a change in n from run n to run (n+l) suffices 

to indicate max n # 0 in run n and provide the required 
Y 

distLnguishing observation in Lemma 3.3. Thus, drawing on 
- 

the analysis of legitimate observations in Chapter Two, -- 
Definition 10: A set of acceptable observations consi ts 3 
of the following information for each run k of a Neo-Classical 

\. 

firm, k = 1,. . . ,-In+l) : 
(i) the talues of pi (xi) , (xJ) for all i, j - 

_ '  I . 1 , . 
(ii) the values of xJl xi for all i, j \ 

id- 

(iii) by deduction.; the value of n (r) - n (s) for all 
r,s = 1,. . . ,n+l., -where n (k) denotes the 

-2 

(maximum net) value of n in run k. Hence 

the truth or falsity of the statement n(n) = 0. 

It follows immediately that for a j-integrable firm a 
*-, - 

. distinguishing observation exist8 within the set of acceptable 

observation if is constant [Theorem 4 1,. 

5 .  REFRESENTABILITY: The questions of explanation and 

distinguishing obser6ations raised in Chapter Two are 

sufficiently imp6rtikt in the requirements they place upon 

the Neo-Classical Model tb justify the amplification of the 



d e f i n i t i o n a l  s t r u c t u r e  t o  accommodate them s p e c i f i c a l l y .  

D e f i n i t i o n  11: A f i r m  is  r ep re sen tab l e  by a  theory  i f ,  and 

on ly  i f ,  t he re ,  e x i s t s  a  p roper  s u b s e t  A of the  set  of  

accep tab le  obse rva t ions  B ,  such t h a t ,  f o r  a l l  b  E B ,  

(i) b  E A imp l i e s  t h a t  t he  theory . exp la ins  why. t h e  

f i rm  is  n o t  u s ing  any o t h e r  inpu t -ou tpu t . combina t ion ,  

and 

(ii) b  4 A imp l i e s  t h a t  t h e  theory i s  f a l s e .  

T h i s  i s  simply t h e  requirement  of "complete" explana t ion .  

The n e c e s s i t y  f o r  a  d i s t i n g u i s h i n g  observa t ion  i s  expressed 
b 

a s  * 
K' 

Def in i t i on  1 2 :  A f i r m  is  Neo-Classically r e p r e s e n t a b l e  i f , '  

and on ly  i f ,  it is  

i ,  Neo-Classical 

(ii) r e p r e s e n t a b l e  by t h e  Neo-Classical Model wi th  

proper  s u b s e t  A N G  B ,  and 

(iii) r e p r e s e n t a b l e  by t h e  Inpu t  Value Model wi th  proper  

s u b s e t  A I C  B only  i f  % # AI.  

By cond i t i on  (iii) B must con ta in  a t  least one observa t ion  

w h i c h ' i s  n o t  cormnon t o  % and AI and hence r e f u t e s  one of 

t h e  models. Although n o t  admissable f o r  a  complete theory  

i t , i s  common i n  t h e  l i t e r a t u r e  (see [ 4 2 ]  f o r  example) t o  

make less s t r i n g e n t  requirements  on t h e  Neo-Classical Model. 

These may be r ep re sen ted  a s  fol lows:  

D e f i n i t i o n  13: A f i r m  is weakly r e p r e s e n t a b l e  by a theory' 

i f ,  and on ly  i f ,  there e x i s t s  a proper  s u b s e t  A of accep tab le .  



. o b s e r v a t i o n s  B ,  such  t h a t ,  f o r . a l l  b E B ,  

(i) t h e  o b s e r v a t i o n ,  b E -A i s  e x p l a i n e d  by the 4theory ,  

(ii) b 4 A i m p l i e s  t h a t  t h e  t h e o r y  i s  f a l s e .  

Thus t h e  t h e o r y  may i n d i c a t e  t h a t  b E A is one  of a 

number o f  p o s s i b l e  o b s e r v a t i o n s  between which it d o e s  n o t  . . 
d i s t i n g u i s h  a s  i n  t h e  c a s e  o f  an i s o q u a n t  w i t h  a l i n e a r  

segment i n  t h e  t r a d i t i o n a l  a n a l y s i s  (e.9. [ 8 1 . ) .  

D e f i n i t i o n  1 4 :  A f i r m  i s  weakly ~ e o - ~ l a s ~ i c a l l y  r e p r e s e n t a b l e  

i f ,  and o n l y  i f ,  i t  is 

( i )  Neo-Class ica l  ) 

(ii) weakly' r e p r e s e n t a b l e  by t h e  Neo-Class ica l  Theory' 3 
w i t h  p r o p e r  s u b s e t  Gc B ,  and 

(iii) weakly r e p r e s e n t a b l e  by t h e  Inpu t -  Value Model 

w i t h  p r o p e r  s u b s e t  AI o n l y  i f  AV % = 9. 

By D e f i n i t i o n  1 3  a g i v e n  p r i c e  set does n o t  n e c e s s a r i l y  
L 

p e r m i t  a s i n g l e  i n p u t - o u t p u t  combinat ion  t o  be i n f e r r e d  

whence t h e  e x i s t e n c e  of a d i s t i n g u i s h i n g  o b s e r v a t i o n  i s  not 

e n s u r e d  u n l e s s  AI apd % have no conunon e lement .  

Drawing on D e f i n i Q o n  11 it may 'be shown t h a t  a 

Neo-Class ica l  f i rm is  r e p r e s e n t a b l e  by t h e  Neo-Class ica l  

Theory i f  ( n  ) is n e g a t i v e  d e f f n i t e ,  n ( n )  f 0 and t h e r e  
jk 

e x i s t s  a s h i f t  i n  demand such  t h a t  t h e  u n c o n s t r a i n e d  

maximum f o r  n is z e r o  [Theorem 51. I f ,  i n  a d d i t i o n  it is 

n o t  k - i n t e g r a b l e  f o r  any k = 1,. . . , n ,  t h e  f i r m  is  

Heo-CLassical ly r e p r e s e n t a b l e  [Lemma 5 .1  ] . T h i s  remains  
. x .  



t r u e  i f  t h e  f i r m  i s  i n t e g r a b l e  f o r  k = 1 o n l y  a n d o e i t h e r  ,. . 

l2 j j or ( b )  ( a2 /ax  ) ( Z p x  = 0 , [Theorem 61 

Condi t ion  ( a )  r e q u i r e s  t h a t  t h e  marg ina l  revenue of  xL  be 

i n c r e a s i n g  w i t h  x1 w h i l s t  marg ina l  p r o f i t  i s  d e c r e a s i n g  i f  

('jk 
) i s  n e g a t i v e  d e f i n i t e  [Lemma 2 . 3 1 .  However c o n d i t i o n  

_ ( b )  l e a d s J d i r e c t l y  t o  t h e  r e s u l t  t h a t  i f  i n p u t  p r i c e s  a r e  

c o n s t a n t ,  a s  i n  p e r f e c t  and i m p e r f e c t  c o m p e t i t i o n , : t h e  - 
requ i rements  o f  Theorem 5 s u f f i c e  f o r  t h e  f i r m  t o  be  

Neo-ClassicalLy r e p r e s e n t a b l e  [ C o r o l l a r y  6.11.  

6 .  REQUIREMENTS ON THE PROFIT FUNCTION: 
4 

. D e f i n i t i o n . 1 5 :  A Neo-Class ica l  P r o f i t  Func t ion  i s  a  
* 

f u n c t i o n  n such  t h a t  a  f i r m  w i t h  p r o f i t  f u n c t i o n  n i s  L 

Neo-Class ica l ly  r e p r e s e n t a b l e . .  

For  any Neo-Class ica l  f i r m ,  a  n e c e s s a r y  c o n d i t i o n  f o r  1 
! 
I 

maximum p r o f i t  t o  be i d e n  i c a l l y  z e r o  i n  run  n  i s  t h a t  f o r  1 - -  
1 * 2 a l l  xk > 0 a t  t h e  maximum a n /axk  = 0 [Theorem 71. I f  t h e  

f i r m  i s  1 - i n t e g r a b l e  t h i s  conditioIi  is  i n c o n s i s t e n t  w i t h  the 

requ i rement  t h a t  (n b e  n e g a t i v e  d e f i n i t e  [Theorem 81.  
jk 1 

C o n s e q u e n t l y ' t h e  f o l l o w i n g  r e q u i r e m e n t s  are s u f f i c i e n t  f o r  1 
n t o  be a  Neo-Class ica l  p r o f i t  f u n c t i o n  by Theorem 9. I 

a i 2 n  2 n  > (i) X (0 ,x  , . . . ,x  ) = 0 f o r  a l l  x , . . . ,x , 0 ,  

for a l l  i = l , . . . , ~  

(ii) (n jk )Nn i s  n e g a t i v e  d e f i n i t e  
T4 



(iii) t h e r e  e x i s t s  a  s h i f t  i n  demand, a, such  t h a t  
m n  , 

i i j j 
i 

max.[n = Ca P X - C p  x 1 = 0 ,  and 
x i=l j=l  

( i v )  e i t h e r  2 m i i 
a )  ( a 2 / a x 1  ) (  L P X )  , o 

i=l 

I f  i n p u t  p r i c e s  a r e  co 'ns tant  then  c o n d i t i o n  ( i v )  i s  

s a t i s f i e d  and c o n d i t i o n s  ( i)  t o  (iii) s u f f i c e  f o r  i m p e r f e c t  

and p e r f e c t  c o m p e t i t i o n  [ C o r o l l a r y  9.11.  

7 .  THE NON-DIFFERENTIABLE PROFIT FUNCTION: The d i f f e r e n t -  

i a b i l i t y  o f  t h e  p r o f i t  f u n c t i o n  is a  d i r e c t  consequence o f  

D e f i n i t i o n  2 .  I f  t h i s  r equ i rement  i s  removed, t h e  s t i p u l a t i o n  

t h a t  n be n e g a t i v e  d e f i n i t e  [Theorem 21  may n o t  be 
jk 

meaningful .  I t  may however be r e p l a c e d  by t h e  c o n d i t i o n  

t h a t  n be  a  concave f u n c t i o n  of  x [Theorem 101 w i t h  un iqueness  

o f  t h e  maxima e n s u r e d  by s t r i c t  c o n c a v i t y  [Lermna 10.21.  

These t w o  r e s u l t s  i n c l u d e  Theorem 2  a s  a  s p e c i a l  c a s e  

s i n c e  i f  n e x i s t s  f o r  a  concave f u n c t i o n ,  n ,  it i s  
jk 

n e g a t i v e  s e m i - d e f i n i t e  and n e g a t i v e  d e f i n i t e  f o r  a  s t r i c t l y  

concave f u n c t i o n .  An ana logue  of  t h e  maximisa t ion  c o n d i t i o n  

i n  t h e  d i f f e r e n t i a b l e  ca,se i s  no ted  i n  C o r o l l a r y  10 .1 ,  

namely t h a t  t h e  ( n o n - d i f f e r e n t i a b l e )  f u n c t i o n  n w i l l  a t t a i n  

a  ( p o s s i b l y  c o n s t r a i n e d )  maximum a t  x when z e r o  b e l o n g s  t o  

the a p p r o p r i a t e  s u b d i f f e r e n t i a l .  a t  x. 

I f  t h e  convex c o n j u g a t e  of  n ( x )  i s  d e f i n e d  a s  



n*(x*)  = sup{<x ,x*>  + n ( A )  1 
X n  

j j where <x,  x*> i s  t h e  i n n e r  p r o d u c t  o f  x  and x*,  C X x* , 

uniqueness  c o n d i t i o p s  may b e  o b t a i n e d  which d o  n o t  r e q u i r e .  

s t r i c t  c o n c a v i t y .  Thus a  f i n i t e ,  concave n h a s  a  unique  . 

u n c o n s t r a i n e d  maximum a t  x i f  n* is  d i f f e r e n t i a b l e  a t  
- 

x* = 0  and x  = Vn*(O)[Theorem 1 1 1 .  I f  n is a l s o  c l o s e d ,  

t h i s  c o n d i t i o n  i s  b o t h  n e c e s s a r y  and s u f f i c i e n t  [ C o r o l l a r y  

11.11. I t  may a l s o  b e  demonst ra ted  [Theorem 121 t h a t  under  

t h e  same c o n d i t i o n s ,  t h e  c o n s t r a i n e d  maxima a r e  unique.  

S i n c e  t h e  c o n c a v i t y  o f  n i s  c e n t r a l  t o  t h e  a s s u r a n c e  

t h a t  t h e  a p p r o p r i a t e  maxima e x i s t  , a  number 'of  c o n d i t i o n s  

which e n s u r e  t h i s  c o n c a v i t y  are no ted  below: 

a )  a  s u f f i c i e n t  c o n d i t i o n  f o r  n t o  be  concave i s  t h a t  
n  i i  
1 p J x J  and 1 P X be sonvex and concave f u n c t i o n s  

j=1 i=1 

o f  x r e s p e c t i v e l y  [Lemma 12.11 

n  
j j b) if C = C p  x  , a  n e c e s s a r y  c o n d i t i o n  f o r  C t o  

j= l  

b e  convex i s  

(1) [C(x+Xy) - C ( x )  ]/X be a  non-decreas ing  
1 n  

f u n c t i o n  o f  X > 0 f o r  a l l  y  = y , . . . , y  , 
/ 

i.e. t h e  cost f u n c t i o n  d o e s  n o t  e x h i b i t  

" d e c r e a s i n g  r e t u r n s  t o  s c a l e "  w i t h  any 

o r i g i n ,  

(ii) the one-s ided d i r e c t i o n a l  d e r i v a t i v e  of 



8 

f o r  a l l  y ,  a t y p e  o f  "upper s e m i - d i f f e r e n t -  

i a b i l i t y "  ana lagous  to  upper s e m i -  

c o n t i n u i t y ,  and . 

(iii) C 1 ( x : y )  is  a  p o s i t i v e l y  homogeneous convex 

f u n c t i o n  o f  y  w i t h  C '  (x:O) '= 0 and 

C ( y  f C '  (x:y) Vy. [Lemma 12.21. 
1' m i i 

C )  Analagous c o n d i t i o n s  t o  b) a p p l y  f o r  R = 1 P X 
i= 1 

to  be  a  concavefunc$ion of  x ,  i n c l u d i n g  t h e  

absence  o f  i n c r e a s i n g  r e t u r n s  [Lemma 12.31.  

d )  I t  i s  s u f f i c i e n t  f o r  C and R t o  be  convex and 

i i 
concave r e s p e c t i v e l y  t h a t  pJxJ  and P X be convex 

and concave i n  x  r e s p e c t i v e l y  f o r  a l l  i = 1, ..., m; 

j = 1, ..., n  [ L e m a  12.4 and C o r o l l a r y  12.51. 

e )  Thus s i m i l a r  c o n d i t i o n s  t o  t h o s e  i n  b )  and c) 

i i may be  p l a c e d  d i r e c t l y  on cJ  = p J x J  and r i  = P X 

[Lemma 12.6 and C o r o l l a r y  12.71.  

If e i t h e r  cost or revenue a r e  d i f f e r e n t i a b l e ,  n e c e s s a r y  

c o n d i t i o n s  a r e  p l a c e d  on t h e  d e r i v a t i v e s  by t h e  requ i rement  

of c o n v e x i t y  or c o n c a v i t y .  Thus 

f )  i f  cJ is  f i n i t e  and d i f f e r e n t i a b l e  c o n v e x i t y  

r e q u i r e s  t h a t  t h e  marg ina l  &st of  i n p u t  j be 

non-decreas ing  [Lemma 1 2 - 8 1  

g )  i f  ri is f i n i t e  and d i f f e r e n t i a b l e  c o n c a v i t y  

requires t h a t  t h e  m a r g i n a l  revenue p r o d u c t  of e a c h  

i n p u t  i n  o u t p u t  i be non- inc reas ing  [ C o r o l l a r y  12.91. 

h) t h e  r e s u l t  i n  f )  may. 4e g e n e r a l i s e d  if C is f i n i t e  



and cJ differentiable for all j to. the requirement 

that all marginal costs be non-decreasing, i.e. 
> 

PC = 0 [Corollary 12.10 1. Similarly if R is 

i finite and r differentiable for all i, the 

marginal revenue product of any input in any 
< 

output must be non-increasing, i.e. VR = 0 

[Corollary 12.111. 

The assumption of differentiability is significant in 

two aspects of Theorem 9 which provides sufficient conditions 

-for n to be a Neo-Classical Profit Function. Firstly 

condition (i) that TI be negative definite may be replaced 
j k 

by strict concavity [Lemma 10.21 or by the conditions of 

Theorem 12. However condition (iv) requires the 

differentiability of R or C to generate the distinguishing 

observation. Referring to Theorem 5, this condition may 

be replaced by. the double requirement that input prices be 

fixed (perfect or imperfect competition) and maximum-n 

in the nth run be non-zero [Theorem 131. From Corollary 

11.1 this may be ensured if n+(xC) is non-differentiable 

when n ( x )  = 0 [Theorem 14). This result will be remarked 

upon in Chapter 6. 

8. SII)#ARY: In this chapter the- assumption set in Chapter 

Three has been used to formulate a definitional structure 

for the examination of the IWo-Classical profit and 

production functions. Prom these definitions constraints 

were deduced m the form of the profit function, particularly 



t h a t  i t be concave ( s t r i c t l y  s o  i f  unboundec 
e 

r' 

d l '  and t h a t  for I I 

imperfeck and p e r f e c t  competion it must n o t  achieve an . - 
unconstrained maximum o f  zero. The condi t ions  necessary 

t o  guarantee an acceptable  long run p r o f i t  s i t u a t i o n  5 

are examined i n  the next  chapter.  



F o o t n o t e s  > 

A c t i v i t y  A n a l y s i s  [ 4 2 ]  i s  a n o t a b l e  e x c e p t i o n .  

The n e c e s s a r y  c o n d i t i o n  i s  t h a t  a l l .  2 a n d b p J  do  n o t  
c4ange ' i n  run  k f o r  a l l  i = 1,. . . , m  and j $ k s i n c e  
a  change i n  p r i c e  of  a  c o n s t r a i n e d  v a r i a b l e  does  n o t  a l t e r  
t h e  f i r m ' s  'maximisa t ion  c a l c u l a t i o n '  s u b j e c t  t o  t h a t  . 
c o n s t r a i n t .  4 

I 
The Neo-Class ica l  model does  have i m p l i c a t i o n s  f o r  t h e  Q 

f i q ' s  r e a c t i o n  to  changes  i n  i n p u t  p r i c e s .  However 
t h e s e  a r e  most r e a d i l y  examined i n  t h e  c o n t e x t  of t h e  
p r o p e r t i e s  o f  t h e  p r o d u c t i o n  f u n c t i o n  i n  Chap te r  Seven. 

compare Samuelson 's  Composite Commodity Theorem i n  
consumer t h e o r y  [ 4 2 ] .  T h i s  p o i n t  i s  r e c o n s i d e r e d  i n  
Chapter  Seven. ' 

For  t h e  p e r f e c t l y  c o m p e t i t i v e  f i r m  t h i s  becomes t4e 
same c o n d i t i o n  on m a r g i n a l  p roduc t s .  

P r o f i t  may f a l l  from run  n-1 t o  run  n due t o  t h e  behav iour  
of  a l l  f i r m s  s e e k i n g  l o n g  r u n  e q u i l i b r i u m ,  a s  n o t e d  i n  
C h a p t a  S i x .  

Of ten  l a b o u r  i s  c o n s i d e r e d  t o  be  an i n d i s p e n s a b l e  
i n p u t  which w i t h  D e f i n i t i o n  9 y i e l d s  a  p r i m i t i v e  
Labour Theory of Value a p p l i e d  t o  t h e  behav iour  of 
an i n d i v i d u a l  f i r m .  I 



CHAPTER FIVE! 
v > 

. E x i s t e n c e  o f  Lons Run zero Maximum P r o f i t  

1. INTRODUCTION:  he e x i s t e n c e  of  a ' p o s i ' t i o n  of  z e r o  

maximum ( h e t )  p r o f i t  is  c r u c i a l  t o  t h e  e x p l a n a t i o n  o f  the 

f  jrrn's l o n g  run  behav iour .  ( ~ s s u m b t i o ~  ( x i )  ) and i s  i n  cont ras t : .  . \ .  
P 

w i t h  t h e  r e q u i r e m e n t  o f  n o n - z e r o , p r o f i t  i n  t h e  p e n u l t i m a t e  

( n t h )  r u n .  T h i s  p o t e n t i a l  c o n f l i c t  i s  r e s o l  e d  by  t he  c o n c e p t  

o f  a demand s h i f t  ( D e f i n i t i o n  3) by which t h e  f i r m  moves from 
Q 

a p o s i t i o n  o f  n e t  g a i n  o r  ' l o s s  undesa se t  o f  o u t p u t  m a r k e t  

c o n d i t i o n s  t o  one o f  normal  p r o f i t  under  d i * f e r e n t ,  b u t  
t 

r g l a t e d  c o n d i t i o n s .  I n  . t h i s  c h a p t e r  pllf f i c i e n t  ( o n d i t i o n s  a r e  

examined f o r  t h e  e x i s t e n c e  of  z e r o  marimurn prokit  u n d e r -  - some , 

set  of  marke t  r e l a t i o n s .  C o n s i d e r a t i o n  o f  n e c e s s i t y  and 

i n t e g r a t i o n  w i t h  t h e  r e q u i r e m e n t s  of- t h e  p r e c e d i n g  c h a p t e r  
4 

i s  d e f e r r e d  u n t i l  Chap te r  S i x .  

* 
2. HOflOTHETICITY: I f  t h e  p r o f i t  funck ion  i s  ) z e r o  whenever 

'- - 4 

t h e  p a x i m i s i n g  c o n d i t i o n s  a r e  e f f e c t i v e ,  i t  w i l l  h a v e  zero. 

maximum v a l u e  i n  t h e  l o n g  r u n ,  r e g a r d l e s s  of  t h e  demand 

c o n d i t i o n s  which t h e  f i r m  f a c e s .  T h i s  is coxrimonly~'6chieved . f o r  
1 

t h e  p e r f e c t l y  c o m p e t i t i v e  f i r m  by s p e c i f y i n g  t h a t  t h e  

, p r o d u c t i o n  funct i .on be l inea r ly ,homogeneous .  (Compare Boland 

[141 and L a n c a s t e r  ( 4 2  1 ,  f o r  example .I ' However i t  may be 

shown t h a t  this is a  p a r t i c u l a r  c a s e  of t h e r e s u l y  t h a t  a ' lmost  . -. 
any h o m o t h e t i c  p r o f i t  & t i o n  n e c e s s a r i l y  h a s  z e h  maxima a 

E. 
[Theorem 151.  Consequent ly  if revenue a n d  cost a r e  homogeneous 



2 of t h e  same d e g r e e ,  o t h e r  than  z e r o  , maximum p r o f i t  w i l l  . 1 3 
I - .  1 

. 1 
be z e r o .  [Theorem 151 . 4 

Whilst t h e  e x i s t e n c e  of a demand s h i f t  s u c h  t h a t  t h e  ' , , 1 
p r o f i t  f u n c t i o n  becomes homothe t i c  p r o v i d e s  a s u f f i c i e n t  3 

c o n d i t i o n  it d e g e n e r a t e s  for t h e - p e r f e c t l y  c o m p e t i t i v e  f i r m  1 
t o  t h e  t r i v i a l  c a s e  o f  l i n e a r  homogeneous p r o d u c t i o n .  ,An .: 1 
o b v i o u s  r e c o u r s e  i n  t h i s  c a s e  i s  t o  c o n s t r u c t  a p r o d u c t i o n  , 

f u n c t i o n  of a  l i n e a r  combina't$on of two homogeneous f u n c t i o n s  
' ' I  

L 
L 

s u c h  t h a t  i n c r e a s i n g  and d e c r e a s i n g  r e t u r n s  t o  s c a l e  " c a n c e l  
- -  I . 

o u t n  t o  produce  z e r o  maximum p r o f i t  a t  a p a r t i c u l a r  p r o d u o t i o n  , I 
l e v e l .  T h i s  p r o c e d u r e  i s  i l l u s t r a t e d  i n  t h e  n e x t  s e c t i o n .  

3 . '  AN E X P V L E :  L e t  t h e  p r o d u c t i o n  f u n c t i o n  o f  a  p e r f e c t l y  . 
c o m p e t i t i v e  f i r m  b e  t h e  sum of two Cobb-Douglas f u n c t i o n s  I . . 

such  t h a t  the i s o q u a n t s  o f  one f u n c t i o n  a r e  a  ( n o n - l i n e a r )  
. , -  

8 s 
. & a n s l a t i o n  of  t h e  i s o q u a n t s  o f  t h e  o t h e r .  Thus t h e  i , soquan t s  

P 

f o r  t h e  conpound p r o d u c t i o n  f u n c t i o n  w i l l  have  t h e  same ' I -  
* 

C .  

concave  c o n t o u r  as t h o s e  o f  i t s  component funck ions .  I f  the 1 
p r o d u c t i o n  is g i v e n  by 

. 1 " 
* 

, / A,B' p o s i t i v e  c o n s t a n t s ,  jl > 1 > 8 > a > 0; 9 > 0 5 0 ,  

it c o n s i s t s  o f  o n e  f u n c t i o n  w i t h  d e c r e a s i n g  r e t u r n s  t o  scale 
\ . . 

and o n e  with i n c r e a s i n g  r e t u r n s  t o  s c a l e .  I f ,  i n  a d d i t i o n , . '  .: 

8 

ajl = $ 8  

t h e  slopes o f  the i s o q u a n t s  o f  both f u n c t i o n s  w i l l  be i d e n t i c a l  

for any v a l u e s  of L and K. 

F i r s t  o r d e r  d e r i v a t i v e s  o f  X y i e l d  
I 



both o f  which are p o s i t i v e .  f o r  all p o s i r i v e  L,K. 

Zero Maximunl p r o f i t  o c c u r s  where d 

x = L X ~  + KS; i..e. . . 

8 I-B a e-a = B(@-1)L-K A(1-0)L. K 
8 

T o g e t h e r  w i t h  t h e  f i r s . t  o r d e r  cond i t . ions ,  the f o l l o w i n g  q r e  

8 .  n e c e s s a r y  and s u f f i c i e n t  f o r  a maximum: 

and 

2 XLLXKK - X > 0. 
LK . I  

The second d e r i v a t i v e s  have  t h e  r e q u i r e d  s i g n s  f o r  a l l  . .  
- 

p o s i t i v e  L,K i f  0 < 1 and jJ < 1 + . However t h e  

d e t e r G i n e n t a 1  c o n d i t i o n  becomes 

A t  z e r o  maximum p r o f i t  th is  c o n d i t i o n  i s  

a n d ,  n o t i n g  t h a t  a$ = 08,  'k hrve, a f t e r  some s i m p l i f i c a t i o n ,  



Since  %-€I > 0 by s p e c i f i c a t i o n ,  t h e  c o n d i t i o n  i s  m e t  i f  

- a > $ .  However a > 8 > 0 imp l i e s  aj3 > 6% s i n c e  Jl 0 .  

whence Be > 6% 

and t h u s  8 > s i n c e  $ > & 

a cont rad ic t ion- .  

. There fo re  0 < a < and t h e  second-order c o n d i t i o n  becomes 
: \ 

P -  8 < - ( a -  8 )  . 

s p e c i f i c a t i o n  .of 6 .  
8 - 

Thus t h e  second o r d e r  c o n d i t i o n s  f o r  a maximum do no t  

3 . h o l d  a t  t h e  p o i n t  of s i n g u l a r i t y  where p r o f i t  i s  ze ro  . 
- .  2 

The problem o f - e n s u r i n g  ,%he e x i s t e n c e  of zero maximum 

- p r o f i t  i s  t h e r e f o r e  addressed i n  g r e a t e r  g e n e r a l i t y  i n  t h e  

nex t  s e c t i o n .  

4 .  EXISTENCE OF ZERO MAXIMUM PROFIT: For  a p e r f e c t l y  

compe t i t i ve  f i r m  t o  a t t a i n  a ' p o i n t  of  ze ro  maximum p r o f i t  i ts  

productAon f u n c t i o n  F(x)  must be such t h a t  when it is maximised . . \ 

j , s u b j e c t  t o  some set of  p r i c e  ra t ios  p  /P, f a c t o r  payments 

j u s t  abs&b o\ i tput ,  i .e. 
t 

- Such an expres s ion  is always t r u e  if t h e  prOduction 

f u n c t i o n  is homogeneous of deg ree  1, and hence f o r  any F ( x ) ,  

t h e  z e r o  maximum p r o f i t  p o i n t  may be cons ide red  as one a t  
. I 4 

. which F (x )  is  " l o c a l l y  l i n e a r l y  homogeneous". . 
/ 



E q u i v a l e n t l y  i f  F ( x )  a t t a i n s  ze ro  maximum p r o f i t  when x  = x*,  

t hen  t h e r e  e x i s t s  a  l i n e a r l y  homogeneous f u n c t i o n  G(x) %uch 

t h a t  G(x*) .= F(x*) and bo th  f u n c t i o n s  Have t h e  same f i r s t  

d e r i v a t i v e s  a t  x*, i .e. VG(x*) = +F (x*) , ' 
- .  

L e t  $ : x  + y  r e p r e s e n t  a mapping from i n p u t  space 

i n t o  i t s e l f  such t h a t  F (x )  = G(y) and VF'(X) = VG(y) , then  

t h e  e x i s t e n c e  of  a ze ro  maximum p r o f i t  p o i n t  f o r  F ( x )  is  

c l e a r l y  e q u i v a l e n t  t o  t h e  e x i s t e n c e  of a f i x e d  p o i n t  f o r  

$ such t h a t  x  = y. 

A g e n e r a l  r e s u l t  on mappings from one f u n c t i o n  t o  anofher  

i n  which an  o p e r a t i o n  on t h e  func t ion  i s  preserved  (such a s  

V)  i s  provided by Theorem 16.  Applied t o  a  Neo-Classical  ' 

# 

Produc t ion  Func t ion ,  F ( x ) ,  t h e  theorem r e q u i r e s  t h a t  f o r  any 

x ,  2 and some P it be p o s s i b l e  t o  f i nd  a y such t h a t  

F (x )  = G ( y ) ,  p/P = VF(x) = VF(y) and t h a t  the s e t - o f  such 

y  be c l o s e d  and bounded [Lemma 16.11. Under t h e s e  c o n d i t i o n s  

e i t h e r  t h e  r e q u i r e d  f i x e d  p o i n t  e x i s t s  or t h e r e  is  a  p a i r  
\ 

of  v a l u e s  x* # y* such t h a t  x* maps t o  y* and v i c e  v e r s a ,  

which w e  nay ca l l  a "two-cycle". 

The p o s s i b i l i t y  o f  a two-cycle may be removed by 

p l a c i n g  f u r t h e r  c o n d i t i o n s  on t h e  product ion func t ion .  By 

Theorem 17, if F(x) is concave and VF(x) non-zero, no.  

two-cycle e x i s t s  i f  

f o r  a l l  x  # y  w i t h  e q u a l i t y  i n c l u d e d . i f  P(x )  is s t r i c t l y  

concave. T h i s  is a t y p e  o f  'd iminishing marg ina l  product"  
4, 

rule which asserts that i f  o u t p u t  is, say ,  i n c r e a s e d  by 



changing f a c t  d r i n p u t s  from x  t o  y, t h e  t o t a l  cost of t h e  - < 
4 

o l d  i n p u t s  ae '  t h e  new p r i c e s  (VF (y)  ) .must be less than the- 

c o s t  of  t h e  o l d  i n p u t s  a t  t h e  o l d '  p r i c e s  (VF ( x )  ) . 
Requirements f o r  a ( n o t  n e c e s s a r i l y  d i f f e r e n t i a b l e )  

product ion func t ion  t o  gane ra t e  zero maximum p r o f i t  f o r  

some ou tpu t  p r i c e  F a r e  summarised i n  Theorem 18. I t  should 

be .noted however t h a t  t h e  r e s t r i c t i o n  of f i n i t e n e s s ,  w h i l s t  

u s e f u l  i n  Theorem 11 t o  avoid t h e  n e c e s s i t y  f o r  s t r ict  

concavi ty ,  and i n  Theorems 16 and 1 7  t o  ensure  t h e  e x i s t e n c e  

of  t h e  f i x e d  p o i n t ,  i s  hard t o  j u s t i f y  - a  p r i o r i .  Without 

' input  r e s t r i c t i o n s ,  which a r e  excluded by d e f i n i t i o n  i n  t h e  

long run,  t h e r e  would appear  t o  be no reason why a  f i rm  might 

n o t  produce any o u t p u t ,  a l though no t  n e c e s s a r i l y  f o r  maximum 

5 .prof it. t 

Conversely i f  F ( x )  i s  d i f g e r e n t i a b l e  on an open-convex 

set, such as x  3 0, s t r i c t  concavi ty  imp l i e s  t h a t  i f  F ( x )  2 0,  

maximum p r o f i t  must always be p o s i t i v e  [Theorem 191. This  

r e s u l t  i l l u s t r a t e s  t w o  d i f f i c u l t i e s  concerning t h e  o r i g i n .  . 
Whils t  a  ze ro  maximum p r o f i t  wi th  zero  i n p u t s  w i l l  n o t  

1 

permit me Neo-Classical Model t o  e x p l a i n  t h e  ( n o n - t r i v i a l )  

behaviour o f  t h e  f i r m  i n  t h e  long run,  pis p o s s i b i l i t y  has  

n o t  been s p e c i f i c a l l y  excluded i n  t h e  priecediny theorems. 

Moreover by Theorem 22 t h e  n a t u r a l  s u p p a s i t i o n  that zero  i n p u t  

g e n e r a t e s  ze rp  o u t p u t  l e a d s  t o  d i f b i c u l t i e s  wi th  s t r i c t  

concavi ty .  Reca l l i ng  t h e  d i s c u s s i o n  o f  normnal p r o f i t  i n  

Chapter  Three it " d y  be noted t h a t  F(x) corresponds to  the 

n e t  - p r o f i t  f u n c t i o n  n(r) i ,  I f  the l e v e l  of  no&l p r o f i t ~ N  



and t h e  long run p r i c e  l e v e l  p were known t h i s  d i f f i c u l t y  

might be r e so lved  by s e t t i n g  F (0) = -nN/P < 0 al though this 

in t roduces  t h e  f u r t h e r  complicat ion of a reg ion  of p o s i t i v e  

6 i n p u t s  f o r  which' ' ou tpu t '  is  less than zero. 

I t  seems more a p p r o p r i a t e  t o  d e f i n e  F(x) only  on x > 0 

and t o  cons ide r  x = 0 a s  a  s p e c i a l  ca se  i n  which t h e  

product ion func t ion  i s  no longer  a p p l i c a b l e  s i n c e  t h e  f i rm 

has  ' e x i t e d  from t h e  i n d u s t r y ' .  Thus {XI remains an open 

convex s e t  b u t  t h e  argument i n  Theorem 19 ceases t o  apply.  

Moreover any p o i n t  of ze ro  maximum p r o f i t  must n e c e s s a r i l y  

be d i s t i n c t  from t h e  o r i g i n  a s  r equ i r ed  by t h e  Neo-Classical 

Model. 

5. SUMMARY: Tn t h i s  c h a p t e r  s u f f i c i e n t  c o n d i t i o n s  f o r  a  

gene ra l  p r o f i t  o r  product ion func t ion  t o  gene ra t e  an 
.c 

unconstra ined maximum p r o f i t  of ze ro  have been explored.  
r( 

Homothetici ty p rov ides  maximum zero  p r o f i t  t o  t h e  exc lus ion  of 

any o t h e r  va lue ,  whereas an approach us ing  f i x e d  p o i n t  

techniques  imposes somewhat s t r i n g e n t  requirements  on t h e  

product ion func t ion .  I t  w a s  also noted t h a t  t h e  o r i g i n  should 
/ 

i 
be excluded from t h e  h a i n  of  t h i s  func t ion .  

S ince  the .theory r e q u i r e s  t h e  zero maximum ~ r o f l t  p o i n t  

it is  also a p p r o p r i a t e  t o  assume i t s  e x i s t e n c e  and hence 

deduce c o n s t r a i n t s  on t h e  p r o f i t  o r  product ion func t ion  

desc r ibed  i n  chapter Pour. The d e r i v a t i o n  of such necessary  

condf t ions  is th= s u b j e c t  of the n e x t  chap te r .  



F o o t n o t e s  

. , 

The m o s t  common example i s  t h e  ~ o b b - ~ o ; ~ l a s  f u n c t i o n  
a B 

X = A. L K where a+B- = 1, [14,4ij .  I f ,  i n  p a r t i c u l a r  
a = B = 1/2 ,  t h e n  i n  terms o f  t h e  f a m i l i a r  s h o r t - r u n  ' 
diagrammat ic  a n a l y s i s ,  minimum a v e r a g e  cost w i l l  
o c c u r  when (average) .  v a r i a b l e  c o s t  i s  e q u a l  t o  ( a v e r a g e )  
f i x e d  cost. 

/ 

Zero would imply  t h p t  costs and revenue  w e r e  i n v a r i a n t  
w i t h  r e s p e c t  t o  s c a  e.   he i n p u t - o u t p u t  combina t ion  
would b e  unde te rmin  by t h e  Neo-Class ica l  Model i n  
t h i s  c a s e .  t 
T h i s  example i s  an of a  f u n c t i o n  which i s  
concave-contoured  concave n o r  convex 
(c. f  . L a n c a s t e r  [ 4 2 1 )  . 
T h i s  e x p r e s s i o n  was s u g g e s t e d  by W .  J. Baumol. 

C o n d i t i o n s  which l i m i t  t h e  domain of  t h e  mapping i n  
Theorem 19 t o  p o i n t s  of maximum p r o f i t  ( f o r  some g , P )  , 
or t o  a  closed, bounded set c o n t a i n i n g  them b u t  
e ~ c l u d i n g  v a l u e s  f o r  which F(x) i s  i n f i n i t e ,  a p p e a r  
t o  amount t o  an  assumpt ion  t h a t  t h e  r e s u l t  o f  t h e  
theorem h o l d s .  Consequent ly  t h e y  a r e  o m i t t e d .  

I f  o t h e r w i s e  d e s i r a b l e  t h i s  might  be  r a t i o n a l i s e d  a s  
b e i n g * ' b e l o w  minimum o p e r  i n g  s c a l e '  or a s  t h e  
o p p o r t u n i t y  cost t o  t h e  fOdn of b e i n g  i n  t h e  'wrong' 
p o s i t i o n  w i t h  r e s p e c t  t o  i n d u s t r y  o r  i n p u t  c o n s t r a i n t s .  



CHAPTER S I X  

The Neo-Class ica l  F i rm i n  t h e  Long Run 

1. INTRODUCTION: I n  t h e  p r e c e d i n g  c h a p t e r  s u f f i c i e n t  

c o n d i t i o n s  w e r e  deduced f o r  the .  e x i s t e n c e  o f  a z e r o  maximum 

p r o f i t  p o i n t  f o r  t h e  f i r m .  Here t h e  r e q u i r e m e n t s  o f  t h e  

Neo-Class ica l  Model d e s c r i b e d  i n  Chap te r  Four  a r e  assumed 

t o  a p p l y  and. a r e  used  t o  d e r i v e  n e c e s s a r y  c o n d i t i o n s  on t h e  

p r o d u c t i o n  r e l a t i o n s h i p .  To a v o i d  c o n f u s i o n  between 

r e q u i r e m e n t s  on p r o d u c t i o n  and marke t  c o n d i t ~  o n s ,  t h i s  

8 
a n a l y s i s  i s  conducted  i n  t e r m s  of t h e  p e r f e c t l y  c o m p e t i t i v e  

f i r h  d e f i n e d  i n  Chap te r  Three .  Thus a l l  p r i c e s  a r e  i n v a r i a n t  
4 

1 ' w i t h  r e s p e c t  t o  q u a n t i t y  and ,,!the long  r u n  i s  d i s 4 i n g u i s h e d  

by changes  i n  o u t p u t  p r i c e  i n  r e sponse  t o  t h e  e n t k y  and 

e x i t  o f  f i r m s .  A n a l y s i s  i s  f a c i l i t a t e d  by t e n t a t i v e l y  

r e t a i n i n g  D e f i n i t i o n  2 t h a t  t h e  p r o f i t  and hence  p r o d u c t i o n  

f u n c t i o n  is t w i c e  d i f f e r e n t i a b l e  f o r  a l l  p o s i t i v e  i n p u t  v e c t o r s .  

2. PROFIT AND PRODUCTION FUNCTIONS: F o r  any f i x e d  set  

o f  i n p u t  p r i c e s  i t  may r e a d i l y  be  shown t h a t  c o n c a v i t y  o f  

t h e  p r o f i t  f u n c t i o n  ( s t r ic t  or o t h e r w i s e )  imposes  t h e  same 

d e g r e e  of  c o n c a v i t y  on t h e  revenue f u n c t i o n ,  R(x)  . [Lemma 

20.11. The p e r f e c t l y  c o m p e t i t i v e  f i r m  produces  one  o u t p u t  

s o l d  a t  a  q u a n t i t y - i n v a r i a n t  p r i c e ,  P I  (Assumption ( x i v ) ) ,  and 

hence  t h e  c o n c a v i t y  applaies d i r e c t l y  t o  t h e  ( s i n g l e )  

p r o d u c t i o n  • ’ A c t i o n  F ( x ) <  [Lemma 20.31. I f  n i s  t w i c e  

d i f f e r e n t i a b l e ,  it f o l l o w s  d i r e c t l y  t h a t  t h e  r e q u i r e m e n t  

6 2  



f o r  a  Neo-Class ica l  P r o f i t  Func t ion  t h a t  ( n  ) be n e g a t i v e  
jk  

d e f i ' n i t e  g iven  i n  Theorem 9 is  e q u i v a l e n t  t o  t h e  s t i p u l a t i o n  

2  t h a t  ( F .  E V F ( x )  be n e g a t i v e  d e f i n i t e  [Lemma 20.41. .  I t  
3k 

was n o t e d  i n  Chap te r  Four t h a t  t h i s  c o n d i t i o n  e n s u r e s  t h a t  

t h e  ext reme p o i n t s  of  ~ ( x )  a r e  unique maxima s u b j e c t  t o  

t h e  a p p r o p r i a t e  c o n s t r a i n t s ,  i f  any. 

/--- 

3. LONG RUN BEHAVIOUR OF THE PERFECTLY COMPETITIVE FIRM: 

Assumptions ( v i i i )  t o  ( x i )  ' d e s c r i b e  t h e  behav iour  of  
C 

Neo-Class ica l  f i r m s  i n  t h e  l o n g  r u n  a s  a  p r o c e s s  o f  

a d j u s t n e n t  t o  changing o u t p u t  market  c o n d i t i o n s  r e s u l t i n g  . 
from f i r m s  changing i n d u s t r i e s  i n  s e a r c h  of g r e a t e r  p r o f i t .  

U l t i m a t e l y  t h e  s i t u a t i o n  i s  s t a t i c  a t  t h e  end of  t h e  long  

run  when a l l  f i r m s  e a r n  t h e  same normal p r o f i t ,  o r  n e t  

p r o f i t ,  n = 0. L 3 

I n  p e r f e c t  c o m p e t i t i o n ,  A s s h p t i o n s  ( x i i )  t o  ( x l v )  

p e r m i t  l o n g  run  behav iour  t o  b e  s t a t e d  more f u l l y  a s  f o l l o w s :  

a )  t h e  f i r m  f a c e s  a  set of p o s i t i v e  i n p u t  p r i c e s  

e = (p', . . . ,pn)  which do n o t  change fhrokghout  

r u n s  1 t o  n + l .  

b )  t h e  f i r m  f a c e s  an  o u t p u t  p r i c e ,  P ,  which does. 

n o t  change th roughou t  r u n s  1 t o  n.  

C )  i n  run ( n + l )  , t h e  long  r u n ,  t h e  e n t r y  and e x i t  

o f  f i r m s  c a u s e s  P  t o  change t o  P* such  t h a t  

the maximum n e t  p r o f i t  a f i r m  can e a r n  w i t h  

p r i c e s  E, P* and g i v e n  t echno logy  F ( x )  is  zero .  

d)  i f  F ( x )  is  t w i c e  d i f f e r e n t i a b l e  t h e  f i r m  



maximises profit for prlces 2, P by choosing 

f an input vector x such that 
- 

- VF(x) =. aF, ...,E r E [See 1361, for example] 
(-1 ax axn 1 P 

Thus (net) profit, n (x). = PF'(X) - x . ~  

= P[F(x) - x.VF(x) ] 

\ 
when n is maximised. 

Consequently\max n(x*) = 0 if, and only if, 

Since p is constant, but unrestricted beyond* > 0 
I 

in this process, the explanation of' the firm's behaviour 

must be consistent with any choice of '(finite) posi'tive 

3 input prices. Thus the theory requires that for any 2 > 0, 

and positive P#P*, maximum n(x) in run n is non-zero 

but that P changes t6 P* in run (n+l) in a manner consistent 

wi'th Assumptions (viii) to (xi). 
% 

4 .  OUTPUT PRICE BEHAVIOUR IN THE LONG RUN: If consideration 

0 is limited to input combinations, x , for which profit is 
Y 

maximised for some P and a given input price vector, p, 

the first order condition in the previous section indicates 

that ,the components of V~(x0) must be positive and inversely 

0 proportional to P. Consequently F (x ) is an increasing 

0 
function of the components of x and all are non-decreasing 

, 

functiong of P [Theorem 211. This is a particular case of 

+ e aoutput substitution effect' [Theorem 221 

which corresponds to the negative demand'effeot specified 



by Assumption ( i x ) , o r  d e d u c i b l e  from consumer t h e o r y .  4 

Thus t h e  o u t p u t  of a  p e r f e c t l y  c o m p e t i t i v e  i n d u s t r y P i n c r e a s e s  

w i t h  p r i c e  f o r  t w o  r e a s o n s :  i n d i v i d u a l  f i r m s  i n c r e a s e  

o u t p u t  as t h e y  maximise p r o f i t  and new f i r m s  a r e  drawn i n t o  

t h e  i n d u s t r y  by t h e  ( h y p o t h e s i s e d )  i n c r e a s e  i n  p r o f  i ts .  I 

T h i s  i n c r e a s e  i n  o u t p u t  q u a n t i t y  t e n d s  t o  r e d u c e  o u t p u t  
i 

p r i c e  by t h e  assumed a c t i o n  o f  market  demand. The i 1 
' 1 

s i g n i f i c a n c e  q f  e n t r y  and e x i t  i s  c o n s e q u e n t l y  t o c i n i t i a t e  I 1 

an  o u t p u t  p r i c e  change and s u s t a i n  t h i s - c h a n g e  u n t i l  ( n e t )  

p r o f i t  i s  ze ro .  ~ s s u m ~ t i o n  ( x )  t h a t  maximum a t t a i n a b l e  

p r o f i t  i s  a n  i n c r e a s i n g  f u n c t i o n  o f  P is c r u c i a l  for  t h e  

r e q u i r e d  e n t r y  and e x i t .  behav iour  t o  be c o n s i s t e n t  w i t h  

( e x p l a i n e d  by) by t h e  f i r m ' s  p r o f i t  maximising o b j e c t i v e .  . 

LONG RUN ZERO PROFIT: For  a  g i v e n  i n p u t  p r i c e  v e c t o r ,  

p the Neo-Class ica l  Model r e q u i r e s  t h e  e x i s t e n c e  o f  an  

i n p u t  v e c t o r ,  x* ,  such  t h a t ,  f o r  some P* > 0, p r o f i t  i s  

maximised by s e t t i n g  x = x* and n (x*)  = 0. E q u i v a l e n t l y ,  . 
f o r  t h e  p e r f e c t l y  c o m p e t i t i v e  f i r m ,  

Moreover from t h e  p r e c e d i n g  s e c t i o n ,  

S i n c e  an i n p u t - p o i n t  w i t h  t h e s e  p r o p e r t i e s  must  e x i s t  f o r  
3 

any c h o i c e  o f  q positive i n p u t  p r i c e  v e c t o r ,  E, it is  

a p p r o p r i a t e  t o  examine the l p c u s  o f  such  ' z e r o  p r o f i t  
r 

2 
p o i n t s ' .  However, t h e  r e q u i r e m e n t  t h a t  V P(x) n e g a t i v e  



d e f i n i t e  s u f f i c e s  t o  make t h i s  l o c u s  d e g e n e r a t e ,  ' t h a t  is 
o n l y  one p o i n t  x* c a n  e x i s t ,  i ndependen t  of the c h o i c e  

o f  2. [Theorem 231. Fur the rmore ,  no o t h e r  input 'combinat ion  

w i l l  produce  t h e  same o u t p u t  F ( x * ) .  [Theorem 24-1. Two 

d i m e n s i o n a l l y ,  t h e r e  i s  no  i s o q u a n t  th rough  x* .  

The s i n g u l a r i t y  o f  t h e  i n p u t  combinat ion  x* which must - 

be f i n i t e  and non-zero  t o  f u l f i l l  t h e  r e q u i r e m e n t s  o f . t h e  

Neo-Class ica l  Model, p r o v i d e s  a  d i rec t  c o n t r a d i c t i o n  t o  
1 

D e f i n i t j o n  2 which s p e c i f i e d  t h e  d i f f e r e n t i a b i l i t y  of F ( x )  . 
An (a &) r e l a x a t i o n  of  t h i s  d e f i n i t i o n  p e r m i t s  t h e  

* 
convenience  of t h e  c a l c u l u s  t r e a t m e n t  t o  be  r e t a i n e d  f o r  

most  s i t u a t i o n s :  . ' 

D e f i n i t i o n  2 ' :  A Neo-Olass ica l  f i r m  i s  def ine .d  a s  a  f i r m  

s a c h  t h a t  F ~ ,  Td pi 

a r e  t w i c e  d i f f e r e n t i a b l e  w i t h  , 
k % 

r e s p e c t  t o  x , i 1, ..., m; j,k = 1, ..., n  a l m o s t  everywhere.  

For  c o n s i s t e n c y ,  and a s  a  h e u r i s t i c  d e v i c e ,  VF(xf), 

may be d e f i n e d  a s  t a k i n g  on t h e  v a l u e s  o f  a l l  p o s i t i v e  

vectors w i t h  a  s p e c i f i e d  norm. T h i s  e n s u r e s  &at  fo r  some 

P* dependent  on and f o r  a l l  2 > 0 ,  t h e  u s u a l  p r o f i t  
J 

I '  . 
maximisa t ion  c a l c u l a t i o p  w i l 1 4 1 e a d  t h e  f i r m  t o  u s e  i n p u t s  

x* t o  produce  F  (x*)  w i t h  consequen t  z e r o  p r o f  it [Theorem 25 1 . 

PROPERTIES OF THE ZERO PFt6FIT POINT: under  B e f i n i t i o n  

t h e  p r o d u c t i o n  j u n c t i o n  ' i m p l i e s ,  t h a t  
- 4 %  

i s  n e g a t i v e  d e f i n i t e  a l m o s t  everywhere  [Theorem 261 . 
I f  x* i s  the o n l y  s i n g u l a r  p o i n t ,  t h e  i s o q u a n t  s u r f a c e s  must  

b e  s a d o t h  and concave  c o n t o u r e d  th rough  a l l  o t h e r  i n p u t  . , 



p o i n t s  [Lemma 2 7 1 .  A s  P changes, given E, t h e  expansion . * 
pa th  of  any f i r m  must p a s s  through x* b u t  remain d i s t i n c t  

from t h a t  of t h e  same f i r m  wi th  a d i f f e r e n t  set of i n p u t  

5 A p r i c e  r a t i o s .  Thus .x* may be concep tua l i s ed  a s  a ' sw i t ch ing '  

p o i n t  a t  which t h e  f i r m  changes from one mode of ope ra t ion  
'" f 

t o  another .  S p e c i f i c a l l y ,  t h e  r e l a t i o n s h i p  between p r o f i t  

0 maximising x ( x  ) and P desc r ibed  i n  Sec t ion  4 above, 

imp l i e s  t h a t  p r o f i t  p o s i t i v e  f o r  a l l  xo > x* and nega t ive  

f o r  a l l  xo < x* [Lemma 281 .6 This  phenomenon may be 

indorpora ted  i n  t h e  exp lana t ion  bf t he  f i r m ' s  behaviour  

i n  a number of  ways, of which t h r e e  a r e  i l l u s t r a t e d  f o r  t h e  
J 

two i n p u t  s i t u a t i o n  i n  F igu re  2 .  Here t h e  ' i soquant - space '  

i s  d iv ided  i n t o  two d i s j o i n t  r eg ions  such t h a t  f o r  h igh 

va lues  of  p/P t h e  f i r m ' s  maximum p r o f i t  is n e g a t i v e  and 

, i s  achieved a t  an inpu t  p o i n t  i n  t h e  a r e a  l a b e l l e d  'nmax < 0'. 

Conversely f o r  a s u f f i c i e n t l y  l a r g e  ou tpu t  p r i o e  P t h e  f i r m  

w i l l  op t imise  by choosing an i n p u t  combination i n  t h e  

'nmax > 0 '  se t  wi th  consequent  p o s i t i v e  p r o f i t .  Corresponding 

marginal  p roduc t  cu rves  are d e p i c t e d  i n  F igu re  3 .  

The behaviour  shown i n  F igu re  2 ( a )  r e q u i r e s  d i s c o n t i n u i t y  

a t  a l l  p o i n t s  f o r  which x j  = x j * ,  any j = 1,. . . , n  such t h a t  

a small change i n  t h e  q u a n t i t y  o f  one i n p u t ,  from x j *  - A 

'j t o  .x * + A say ,  cou ld  produce l a r g e  changes i n  t h e  p r o f i t  

maximising i n p u t  cquanti t ies. '  F igure  2 ( b )  i n d i c a t e s  a s i t u a t i o n  

which aSoids  - this type of 'general  d i s c o n t i n u i t y  a t  

t h e  expense o f  c r e a t i n g  a s u b s e 6 o f  i n p u t  v e c t o r s  t h e  cho ice  



i - 
i o f  which is  p r o s c r i b e d  by t h e A e 1  a p r i o r i ,  and hence  

i unexpla ined.  * Both d i f  f  i c u l i i e s  a r e  r e s o l v e d  by r e q u i r i n g  ' 
_i - I . t h e  i s o q u a n t s  t o  converge  on x* a s  F (x) i n c r e a s e s  t o  F (x*)  

I C 

a s  shown i n  F i g u r e  2 (c) . I n  t h i s  c a s e  t h e  o n l y  e x c l u d e d  

i n p u t  combina t ions  a r e  t h o s e  which a r e  " t e c h n i c a l l y  i n e f f i c i e n t "  
C 

and l i e  o u t s i d e  ' r i d g e . l i n e s l  d e f i n e d  by t h e ' w o d u c t i o n  , 

Y 

I f u n c t i o n  i n  t h e  manner of s t a n d a r d  Neo-Class ica l  a n a l y s i s  

I 
I (see [aj, f o r  example)  .' 

9 

The s p e c i f i c a t i o n  o f ' a  p r o d u c t i o n  f u n c t i o n  which meets . 
t h e  r e q u i r e m e n t s  d e r i v e d  h e r e  w i l 1 , b e  c o n s i d e r e d  i n t H e  

n e x t  Chapter .  However it shou ld  be n o t e d  t h a t  t h e  necessar ,y 
i 

e x i s t e n c e  of t h e  s i n g u l a r i t y  x* p r o v i d e s  a  means by y h i c h  . 

t h e  ~ e o - c l a s s i c a l  Model may be  r e f u t e d  by d i r e c t  o b s e r v a t i o n ;  
I 

of  i n p u t  c o m b i n a t i o n s ,  Thus i f  t h e  l o n g  r u n  i n p u t  combinat ion  

. h a s  . . been o b s e r v e d ,  any ohs&rya t<on  of any i n p u t  v e c t  r x 
4 9 

. b -  
such  t h a t  x j  = xJ*  and' xj 2 x* i n  any r im,  and a t  a n y  p r i c e s ,  

n e c e s s a r i l y  i m p l i e s  t h a t  t h e  theory-model i s  ' f a l s e  [ ~ h k o r e m  29 1 .  
t 

I k .  
7. SUMMARY: In  p e r f e c t  c o m p e t i t i o n  t h e  z e r o   maxim^ 

b 

, 

p r d f i t  p s i t i o n  r e q u i r e d  by t h e  Neo-Class ica l ,  m o d e l  .mush 
I 

o c c u r  w i t h  a e  s a m e  i n p u t  combinat ion ,  i r r e s p e c t i v e  o f  i n p u t  

p r i c e s .  T h i s  i n p u t  p o i n t  g e n e r a t e s  a s i n g u l a r i t y  i n  t h e  

p r o d u c t i o n  f u n c t i o n  which makes t h e  k o d e l  i n c o n s i s t e n t  w i t h  

t h e  r e q u i r e m e n t  t h a t  t h i s  k u n c t i o n  be  d i f f e r e n t i a b l e  everywhere.  
L 

I f  t h i s  s i n g u l a r i t y  is a d m q t e d  by r e v i s i n g  t h e  s p e c i f i c a t i o n  

of  d i f f e r e n t i a b i l i t y  , i p d i c a t e s  a '  set o f  o b s e r v a t i o n s  of 
I 

,- i n p u t  q u a n t i t i e s  which r e f u t e  t h e  t h e o r y  mode$ i r r e s p e c t i v e  



\ 
o f . p r i c e s  o r  input  c o n s t r a i n t s .  - .  

In Chapter. Seven a class o f  production func t ions  is. 

ed which appears t o  ' m e e t  the  condi t ions  derived . 'cOnstrT - 
from the Neo-Classical  Model o f  Per fec t  Competiition and. the  

p r o p e r t i e s . o f  t h e s e  funct ions  are  examined. 



-UQper Bound, of 
x :  , . F(x) < F(x*)) 

max n < 0 

ridge line I 

m a x  n > 0 \ ,. 
I 

I 

- - - - - - - - -  

ridge line 

max IT < 0 - 



FIGURE 3: SINGULARITY OF THE PRODUCTION FUNCTION: MARGI.NAL 
i PRODUCT CUIWES 



Footnotes  

Equivalent ly  marginal revenue is  i d e n t i c a l  to  average 
revenue f o r  t h e  f i rm [ 9 1.  

As noted i p  Chapter Three only t h e  end of t h e  run is 
r e l e v a n t  t o  t h e  cons ide ra t ion  of t h e  Neo-Classical 
Hodel which genera tes  no s tatement  concerning behaviour 
between s tat ic  e q u i l i b r i a .  

Whilst  t h i s  is a requirement of the  Neo-Classical 
Model i t s e l f t 8  it i s  a l s o  necessary f o r  moqt genera l  
equ i l ib r iumgroofssuch  a s  t h a t  given i n  Debreu 1211. 
Compare [ 1 ,  however. 

Z 0 

Assumption ( i x )  i s  the aggregate analogue of t h e  
'own p r i c e  s u b s t i t u t i o n  e f f e c t '  ob ta inab le  from t h e  
Generalised S u b s t i t u t i o n  Theorem f o r  the i nd iv idua l  
consumer (see [ 4 2  I ,  Sec t ion  8 . 3 ,  f o r  example) . 
Ae, A > 0, genera tes  t h e  same expansion pa th  a s  E 
s l n c e  it is equ iva len t  t o  d iv id ing  P by X and r e t a i n i n g  
P. 

The f i r m ' s  behaviour i s  analagous t o  t h a t  of 
Relaxation Phenomena encountered i n  Engineering 
and E lec t ron ics .  Compare [52] ,  f o r  example. 

Whlist  n o t  a c o n t r a d i c t i o n ,  t h i s  would makg the 
. t r i a l - and-e r ro r  p r o f i t  seeking behaviour .descr ibed  
by Boland (91 and Day 1201; somewhat implaus ib le .  

An observat ion of i n p u t s  i n  t h e  in te r io i :  of t h i s  
region would n o t  r e f u t e  the model b u t  s imply imply 
t h a t  t h e  production func t ion  f o r  F(x) C ~ ( x * )  w a s  
mispeci f ied ,  i -e .  t h e  shaded region w a s  i n c o r r e c t l y  
def  in&. 

L- 
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CHAPTEP SEVEN 

The Neo-Classical Production Funct ion 
' \  

' .  . .  ' 
1. INTRODUCTION: The a n a l y s i s  of  we preceding ,chapters  

has  generated c o n s t r a i n t s  on t h e  form of  t h e  Neo-Classical 

P r o f i t  o r  Product ion func t ion .  Here'the requirements  are 
, 

summarised and a family  of product ion f u n c t i o n s  is. s.ought 
L/'-- 

which f u l f i l l s  t h e m  f o r  t h e  p e r f e c t l y  compet i t ive  f i rm.  

As before  the' emphasis is on func t ions  w h i c h - a r e  twice 
/ 

d i f f e r e n t i a b l e  a lmost  everywhere a l though mention 1s made 

of t h e  consequences of  r e l a x i n g  t h i s  s t i p u l a t i o p .  

I n  Chapter S i x  it wasploted t h a t  the p e r f e c t l y  compet i t ive  

f i r m  exper iences  a swi tch ing  phenomenon o r  "phase change" 

a t  t h e  p o i n t  of  ze ro  maximum p r o f i t .  Thus the produc t ion  - 
C 

func t ion  i s  t r e a t e d  s e p e r a t e l y  i n  i ts  Bwo modes i n  t h i s  
d 4 

chap te r  be fo re  examining behaviour i n  t h e  neighbourhwd 
. 

of the r e l a x a t i o n  p o i n t .  For ease of  e x p o s i t i o n  a s p e c i f i c  

two i n p u t  model o f  the product ion func t ion  is desc r ibed  
3 

which f u l f i l l s  most of the requirements  of  the' model 

be fo re  proceeding t o  c o n s i d e r a t i o n s  of t h e  gene ra l ,  n-input 

form. .. 

REQUIREMENTS O# TEE PRODUCTION FUNCTION I N  PERFECT 

-CQWETITIO#: S ince  t h e  c o n d i t i o n s  on t h e  Neo-Class ical  - 1 
Product ion f u n c t i o n  .are devel'o'ped i n  t h e  p r e c e d i n g  c h a p t e r s  

and t h e  r e l a t e d  theoreras, they are srlrealrriad h e r e  wi thout  

f u r t h e r  j u s t i f i c a t i o n :  . 



Under D e f i n i t i o n  2 '  F (x )  i s  d i f f e r e n t i a b l e  

almost everywhere. Hence t h e  e x i s t e n c e  of 

2 unique p r o f i t  maxima r e q u i r e s  t h a t  V F ( x )  

be n e g a t i v e  d e f i n i t e  a lmost  everywhere. 

The Neo-Classical d e s c r i p t i o n  of long run 

behaviour r e q u i r e s  t h a t  t h e r e  e x i s t  a unique 

i n p u t  p o i n t ,  x*, such t h a t  f o r  any g iven  set 

of  p o s i t i v e  i n p u t  p r i c e s  E t h e r e  e x i s t s  a 

p o s i t i v e  o u t p u t  p r i c e ,  P* dependent on E 

f o r  which x* maximises p r o f i t  and , 

? ( x * )  = P*[F(x*) - x*.E] = 0. 

For a l l  ou tpu t  p r i c e s  P > P* p r o f i t  i s  

maximised a t  a p o i n t  w o  such t h a t  xo > x* 

0 and n ( x  ) > 0. converse ly  f o r  a l l  p o s i t i v e  

F ( x )  is de f ined  

must gene ra t e  a 

input -ou tpu t  combination f o r  a l l  s i t i v e  g. 

3. TEE POSITIVE (NET) PROFIT REGION: - By cond i t i on  (a) 

above t h e  produc t ion  fun i= t ionc is  s t r i c t l y  concave i n  t h i s  

r eg ion  and hence cannot  e x h i b i t  i n c r e a s i n g  or c o n s t a n t  
I )  

r d t u r n s  b e t k e n  any two i n p u t  combinations x-, $x, $ > 0 ,  

w i t h i n  t h e  r eg ion  kenma 301 . Hence,a func t ion  e x h i b i t i n g  

c o n s t a n t  r e t h s  to  scale w i t h i n  this reg ion  may be found 

such t h a t  t h e  product ion func t ion  l ies beneath it f o r  a l l  



x > x* [Theorem 311. Denoting t h e  product ion func t ion  i n  

* . its " p o s i t i v e  p r o f i t  phase' by H (x )  i t  may be shown t h a t  . 

where H(x*) is t h e  o u t p u t  which would be produced by. 

applying H(x) t o  t h e  ze ro  p r o f i t  i n p u t  combination x*, and 

the a a r e  a r b i t r a r y  p o s i t i v e  i n d i c e s  summing t o  un i ty .  
j 

L Thus decreas ing  r e t u r n s  ' t o  s c a l e '  ,apply  t o  any two inpu t  

combinations xl,  x  > x* l y i n g  on t h e  same ray  through 2 

x*. ' S c a l e ' , i n  t h i s  c o n t e x t  r e f e r s  t o  expansion a long  

a  r a y  through x* r a t h e r  than through t h e  o r i g i n  a s  i s  more 
i 

usua l .  Hence the usua l  p rope r ty  of dec reas ing  r e t u r n s  t o  

s c a l e  of gene ra t ing  nega t ive  p r o f i t  f o r  a l l  p o s i t i v e  

1 i n p u t s  i s  avoided.  This  requirement i s  i l l u s t r a t e d  f o r  

, a two i n p u t  ca se  i n  ~ i i u r e .  4 ;  

4 .  THE NON-POSITIF PROFIT REGION: AN IIUUSTRATION 

From Chapter S i x  a two i n p u t  produ'ct ios func t ion  

should imply concave i soquan t s  ~ h i c h ~ c o n v e r g e  t o  a s i n g l e  . 
p o i n t ,  x*, i n  p o s i t i v e  i n p u t  space.' A fami ly .  of  .such 

curves may be genera ted  by cons ide r ing  t h e  a p p r o p r i a t e  

po;tions o f  e l l i p s e s  cen t red-  on x* such 

approach x* as x i n c r e a s e s  t o  x*. This  

i n  F igure  5. 

- The g e n e r a l  formula f o r  an e l l i p s e  

t h a t  t h e  f o c i  

p rocess  is shown 

c e n t r e d  on (x*,yf)  . 
w i t h  major a x i s  p a r a l l e l  t o  the x axis is 
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+ 
and t h e  f o c i  a r e  given by (x* - 8,  y*) .  , For concre  

l e t  b = a/2  ,. whence both axes  of t h e  e l l i p s e  approach 

zero simoultaneously.  If F ( x )  i s  chosen such t h a t  

F (x )  = A - a ,  A a  p o s i t i v e  c o n s t a n t ,  F ( x )  w i l l  i n c r e a s e  

a s  a  approaches zero and A may be %e lec t ed  t o  ensu re  t h a t  

maximum p r o f i t ,  

Combining t h i s  cond i t i on  wi th  s u b s t i t u t i o n  f o r  a  y i e l d s  

which has  t h e  fo l lowing  p r o p e r t i e s  f o r  0 < ( x , y )  < (x* ,y* ) :  

e)  L t  VF ( x ,  y)  i s  inde te rmina te .  
- (x ,y )  + (x*,Y*) 

These r e s u l t s  fo l low d i r e c t l y  from t h e - s p e c i f i c a t i o n  

of  t h e  product ion func t ion  and a r e  i n  Theorem 32.  Proper ty  

(b )  is t h e  two dimensional  express ion  of  t h e  g e n e r a l  -* 
2 -  requirement t h a t  V F  ( x )  be  nega t ive  d e f i n i t e .  The l i m i t i n g  

va lue  o f  o u t p u t  as i n p u t s  approach (x*,y*) is  p o s i t i v e  

f r o m  p rope r ty  (d) and is  t h e  obvious choice  f o r  F(x*,y*) . 
Thi s  may , t hen  be s u b s t i t u t e d  f o r  H (x*) i n  t h e  cond i t i on  

de r ived  i n  t h e  prev ious  s e c t i o n ,  e s t a b l i s h i n g  c o n t i n u i t y  

0.f the product ion func t ion  as i n p u t s  expand through x*. - 



Proper ty  (e l  conf i rms t h e  v a l i d i t y  of a l lowing VF(x) t o  

assume any p o s i t i v e  s l o p e  a t  x * * a s  suggested i n  Chapter  

3 Six .  

A s  shown i n  F igure  6 ,  t h e  r i d g e  l i n e s  f o r  t h i s  product ion - 
- func t ion  a r e  p a r a l l e l  t o  t h e  x axes  o r  co inc ide  wi th  ,them 

which is a r e s u l t  of t h e  l i n e a r  homogeneity of a family  

of  e l l i p s e s  about  a common c e n t r e .  S i m i l a r l y  each expansion 

pa th  i s  a s t r a i g h t  l i n e  through x* f o r  p o s i t i v e  i npu t s .  4 

However, even i n  t h i s  form, t h e  s p e c i f i e d  p r o d u c t i o n ,  

func t ion  appears  t o  mimic convent ional  t e x t  book t r ea tmen t s ,  

(e.g.  [26 I ) ,  w h i l s t  converging t o  t he  r equ i r ed  s i n g u l a r i t y  
B 

a t  x*. The func t ion  f a i l s  i n  t h e  v i t a l  requirement  t h a t  

it gene ra t e  nega t ive  p r o f i t  s i n c e  throughout t h e  reg ion  

contained by t h e  r i d g e  l i n e s ,  maximum p r o f i t  i s  non-negative, 

becoming zero on the  r a y  from t h e  o r i g i n  through x* 

meorem 331. N o  v a r i a t i o n  i n  t h e  f u n c t i o n a l  form which 

p re se rves  a )  t o  e)  and F (x )  > 0 f o r  (some) i n p u t s  less 

than x* appears  t o  produce nega t ive  p r o f i t  throughout Y 
L 

the, region.  This  l e a d s  to  t h e  cons ide ra t ioh  of  the - 
requirements  f o r  this reg ion  i n  gene ra l  i n  the nex t  s e c t i o n .  

5. THE NEGATIVE PmFIT REGION: A DIFFICULTY: S t r i c t  

concavi ty  of t h e  prof it func t ion ,  which i n  t h e  d i f f e r e n t i a b l e  
d 

c a s e  corresponds to  (n ) being nega t ive  d e f i n i t e ,  is 
jk 

r e q u i r e d  t o  ensu re  the e x i s t e n c e  bnd  uniqueness of the 

a p p r o p r i a t e  p r o f i t  maximising i n p u t  combinations. I t  

imp l i e s  that  d e c r e a s i n % k e t u r n s  m u s t  app ly  between any 
- - .  
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two i n p u t  combinations [Lemma 34.11 . . However t h i s  r e q u i r e s  

that  i f  p r o f i t  i s  nega t ive  f o r  a  p a r t i c u l a r  set o f  i n p u t s  

i t  must be dec reas ing  as i n p u t s  a r e  increased  a long  t h e  

a p p r o p r i a t e  expansion pa th  [Lemma 34.21 i f  a  pa th  e x i s t s .  5 

The consequent c o n t r a d i c t i o n  may be expressed i n  a t  l e a s t  

F 
two ways : 

( a )  With c o n s t a n t  i n p u t  p r i c e s  a  f i r m  exper ienc ing  

an i n c r e a s e  i n  ou tpu t  p r i c e  from P t o  P' 

\ 
is  always a b l e  t o  use  ' t h e  same irtput-output  

t 

combination under P' a s  i t  d i d  under P. I f  

t h e  expansion pa th  l e a d s  t o  lower (more 

nega t ive) .  prof it, t h e  prof it maximising f  irm 

w i l l  p r e f e r  i t s  o l d  input-output  combha t ion  , ' .  

t h u s  r e j e c t i n g  t h e  ' t a n g e n t i a l  so1;tion" 

which should gene ra t e  a,'maximum i f  (n ' 
jk . , 

nega t ive  d e f i n i t e .  . . . . .  
. . 

A s  noted i n  c h a p t e r  S i x  h i x i m m  p r o f i t  is  
. . 

r e q u i r e d  t o  i n c r e a s e  wi th  P which it c l e a r l y  
- .  

does  no t .  ' Moreover t h e  d e c l i n e  i n  p r o f i t  .. 
. - 

i n v a l i d a t e s '  . t h e  l imi t ing. , ,procedure  i l l u s t r a t e d  

i n  t h e  same chap te r ,  gene ra t ing  r eg ions  of  
< 

" d i s c o n t i n u i t y  and / o r  sets o f  i n p u t  v a l u e s  

which are a r b i t r a r i l y  p roscr ibed ,  . . 
J 

Weak =oncavi ty  may be 'used in .  con junc i ion  wi th  a u x i l i a r y  , 

c o n d i t i o n s  f o r  non -d i f f e r en t i ab l e  functior@ a s  shown i n  
. : ,  

Chapter   our. However t h i s  admits  on ly  tkie e x t r a  p o s s i b i L i t y  
. "  



t h a t  p r o f i t  b e  c o n s t a n t  th roughou t  t h e  n e g a t i v e , p r o f i t  

r e g i o n  and does n o t  meet t h e  o b j e c t i o n s  d e s c r i b e d  i n  ( a )  

and ( b )  above. Hence no  expans ion  p a t h  i n  t h e  u s u a l  s e n s e  
i 

e x i s t s  i n  t h e  n e g a t i v e  p r o f i t  r e g i o n  and t h e  Neo-Classical  
I 

Model can  o n l y  e x p l a i n  t h e  behav iour  of a f i r m  making 

n e g a t i v e  p r o f i t  by p o s t u l a t i n g  i n p u t  c o n s t r a i n t s ,  t h a t  is 

i n  r u n s  1 to  n- l6  [Theorem 35 1. '   he' consequences of  t h i s  

r e s t r i c t i o n  are examined i n  S e c t i o n ,  6  below. 

6.  NEO-CLASSICAL'PROFIT MAXIMISATION: The absence  of 

n e g a t i v e  ( o r  ' sub-normal '  ) p r o f  it i n  t h e  p e n u l t i m a t e  ( n t h )  

run  does  n o t  d i r e c t l y  i n v a l i d a t e  t h e  ~ e o * l a s s i e a l  e x p l a n a t i o n  

of  t h e  e n t r y  and e x i t  of  firms t o  and from d i f f e r e n t  

i n d u s t r i e s  s i n c e  a  f i r m  may change o y t p u t ' t y p e  i n  s e a r c h  

7 of h i g h e r  t h a n  normal p r o f i t .    ow ever t h e  assymet ry  of  

t h i s  p r o c e s s  l i n k e d  w i t h  t h e  o u t p u t  p r i c e  a d j u s t m e n t  mechanism 
7 

o f  c h a p t e r t T h r e e  i m p l i e s  t h a t  i f  an i n d u s t r y  e x i s t s  i n  
I 

J A  which f i r m w a r e  making more t h a n  noma.1  p r o f i t ,  no  l o n g  

run  e q u i l i b r i u m  is: p o s s i b l e . .  I f  a f i r m  l e a v e s  a  normal  . *  ! 

. p r o f i ' t  i n d u ~ t r y  i t  must,  a c c o r d i n g  ' t o  t h e  model e n t e r  a  

h i g h e r  p ro f i t  i n d u s t r y  and hence  depress p r i c e .  . ~ i m o u l t a n e o u s l ~  

t h e  o u t p u t  p r i c e  i n  the i n d u s t r y  l e f t  w i l l  rise. E i t h e r  
? ' .  
this p r o c e s s  r e s u l t s  i n .  .a uniform leve- l  o f  p r o f  it above 

normal p r o f i t  (a k t r a d i c t ' i o n )  or  rhe' p r o f i t  l e v e l  i n  t h e  

e n t e r e d  i n d u s t r y  must s i n k  & l o w  ngrmal p r o f i t .  kence  a 
. 

p r o f  it maximising - f i rm wib  'move i n  . the '  r e v e r s e '  d i r e c t i o n  and 
9 

khe c y c l e  r e p e a t s  i n d e f i n i t e l y  [ fieorem 361 . a 



,- 
Long run  e q u i l i b r i u m  may be ach ieved  o n l y  by e n s u r i n g  

q, 

, t h a t  no  i n d u s t r y  is  making e x c i s s  p r o f i t  a t  t h e  b e g i n n i n g  
, - . , 

of t h e  l o n g  run .  However a s  n0te.d e a r l i e r  t h i s - e f f e c t i v e l y  

" c o l l a p s e s "  t h e  l o n g  run  i n t o  run  n  s i n c e  t h e y  c a n n o t  b e  
I 

d i s t i n g u i s h e d  e i t h e r  by changes i n  p r o f i t  o r  i n d u s t r y  . 

(compare h o l a n d  [l4 ] ) . Any change i n  i n d u s t r y  i s  u n e x p l a i n e d  
1 I 

by t h e  model and must b e  assumed t o  be e i t h e r  whimsica l  

( i f  t h e  f i r m  maximises o n l y  p r o f i t )  o r  a r e f u t a t i o n ' o f l . t h e  

Neo-Class ica l  model ( i f  it d o e s n ' t ) , .  The c l a s s  o f  homothe t i c  

p r o f i t  f u n c t i o n s  which p r o v i d e  z e r o  ( n e t )  p r o f i t  f o r  a l l  

maxima was d e f i n e d  i n  ~ h e o r e d  15. 9 

7.  SUMMARY: For  the p e r f e c t l y  c o m p e t i t i v e  f i r m  t w o , s e t s  
d 

o f  i n p u t  v e c t o r s  yere d e l i n e a t e d ,  f h o s e  which produced 

n e g a t i v e  maximum p r o f i t  f o r  g i v e n  i n p u t  p r i c e s  and some ' 

o u t p u t  p r i c e s  and those which r e s u l t e d  i n  p o s i t i v e  maximum - 

g p r o f i t .  The r e q u i r e m e n t s  o f  c o n c a v i t y  g e n e r a t e d  an upper  

bound on t h e  p r o d u c t i o n  f u n c t i o n  i n ,  t h e  p o s i t i v e  p r o f i t  , . 

r e g i o n ,  b u t  r e s u l t e d  i n  a c o n t r a d i c t i o n  f o r  t h e  area of . 

n e g a t i v e  p r o f  it. ~ x c l u s i o n  o f  t h i s  r e g i o n  i n '  t h e  p e n u l t i m a t e  
c. ' 

and l o n g  r u n s  c a u s e s  t h e  t w o  r u n s  t o  be 

4 and l o n g  run  e q u i l i b r i u m  c a n n o t  e x i s v t , u r i l e s  it is  made . 
I .  

a u t o m a t h  by r e q u i r i n g  u n c o n s t r a i n e d  makirmun n e t  p r o f i t  t o  
' -  

be z e r o  a t  a l l  times. 'Thus the Neo-Class ica l  Model f a i l s  t o  
w a 

I 

p r o v i d e  any e x p l a n a t i o n  f o r  t h e  mvemen,t 'of  a f i r m  from one 

i n d u s t r y  .to a n o t h e r .  



FIGURE 4 f' REYI'URNS TO SCALE IN THE POSITIVE PROFIT REGION 

i . Isoquants showing same 
proportional increase 
in output. 

* f J  

CONVERGING ISOQUANTS IN THE NEGATIVE PROFIT REGION + FIGURE 
8 .  
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FIGURE 6:. PROPERTIES OF ELLIBTICFL ISQQUANTS. 
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~ o t e  decreasing marginal'. 
product of x1 with f ixed 
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Footnotes  ' 

The e x i s t e n c e  of  dec reas ing  r e t u r n s  of some k'ind' 
f o r  s u f f i c i e n t l y  l a r g e  i n p u t s  has  long been noted 
i n  t h e  l i t e r a t u r e  (.see [ 2 6  ] ; fo r '  .example) . 

. 
The presence of a ze ro  component i n  X* i s  n o t  excluded 
per se al though it l e a d s  i n  t h i s  c a se  t o  t h e  absence , 

of t h a t  i n p u t  i n  optimum product ion throughout t h e  
nega t ive  prof it reg ion .  

3. s i n c e ,  by i n s p e c t i o n ,  it i s  apparen t  t h a t  F ( x )  i s  
n e i t h e r  1 nor 2- in tegra ted  t h e  r e f u t a t i o n  of ARP 
models is super f luou$  s i n c e  t&ey a r e  n o t  def ined .  
However t h e  zero  p r o f i t  p o i n t  remains a n ' i n t e g r a l  
p a r t  of  t h e  Neo-ClaSsical exp lana t ion  of t h e  long-run. 

These c h a r a c t e r i 3 ; t i c s  may be avoided, .  a t  & . c o s t  of 
some complexity ih  t h e  product ion func t ion  by varying 
t h i r e l a t i o r i s h i p  between t h e  major and minor axes  
( a  and b) and by r o t a t i o n  of. t h e  . axes  . af t h e  e l l i p s e s .  
See F igure  7.  

Th is  may e x p l a i n  t h e  common d e p i z t i o n  of a prpduc t iop  
func t ion  i n  t e x t  books (e.g.. [26]) hs  having a rpgion 
of i n c r e a s i n g  r e t u r n s  t o  s c a l e  foJlowed by a - r e g i o n  bf . 
decreas ing  r e t u r n s  t o  scale as in f iy t s  i nc rease .  A s  
o f t e n  noted t h e  p r o f i t  maximising f i r m  w i l l  n o t  produce 
i n  a r eg ion  of i n c r e a s i n g  r e t u r n s  smless, cons t r a ined  7 
t o  do  so.  Thus i t s  presence a n  euch a r eg ion  i n  t h e  
penul t imare  run i n  which t h e r e  a r e  no i n p u t  c o f l s t r a i n t s  , 

( o t h e r  than x > 0) would c o n t r a d i c t  t h e  Neo~Clas s ioa lmode l .  

- cons t r a in ing  (x )  > 0 imp l i e s  t h a t .  cons t r a ined  i n p u t s  
w i l l  be w e d  t o  thq  f u l l  sirice the c o s t  of t h e i r -  
purchase must be incu r r ed  r e g a r d l e s s  of use .  See 
Boland [ 9 ] ,  

.' r 

A l l  t h a t  i s  r e q u i r e d  h e r e  i s  a n o n - t r i v i a l  ' o rder ing '  
of  p r o f i t s  analagous t o ' t h a t  o f  consumer pre fe rence .  
C.f.  T a k a y a m  [61], f o r  example. - , 

I 

I f  the o t h e r  c o n d i t i o n s  o f  the A e l  are met t h i s  
would imply an upward movement o f  normal p r o f i t  and 
o u t p u t  p r i c e s  over  t i m e ,  i.e. a Rind of  ' t e c h n i c a l  
i n f l a t i o n m  a g a i n s t  vh i ch  t h e  mddel couh be tested. 



CHAPTER EIGHT 

Conclusion 

1. COMPLETE' EXPLANATION': The foregoing a n a l y s i s  i n d i c a t e s  .I a 

t h a t  t h e  rece ived  Neo-Classical Theory does n o t  ' povi 'de  

an adequate explana t ion  of t h e  behav.iour of a f i r m  which 

e x e r c i s e s  no c o n t r o l  over- i t s  i n p u t  and ou tpq i  p r i c e s .  

'  his' inadequacy may be manifes ted i n  oqe (or -more)  o f  t h r e e  I 

ways: f a i l y e  t o  d i s t i n g u i s h  between d i f f e r e n t  input-outp6t-  

combinations which gene ra t e  t h e  same maxim? p r o f i t ;  
' . .  

r e s t r i c t i o n s  on t h e  i n p u t  p r i c e  ~ e c t o r s  f o r  which t h e  f i rms  
8 a '  C 

tespoqse can be expla ined ;  and i n a b i l i t y  t o  j u s t i f y  a long 
J 

r u n  equ i l i b r ium . . r e s u l t i n g  from. t h e  e n t r y  ahd e x i t  of firms 

t o  &b f r o m . d i f f e r e n t  i n d u s t r i e s .  A s  no ted  i n  Chapter  One 

- the f i r s t  two c a s e s  w e r e  excluded from 'the & a l p i s  on 

methodological  grounas. Both & h x  p r i c e  r e s t r i c t i o n s  m 
and f a i l u r e  o f .  t h e  long run e q u i l i b r a t i n g  m e c h a i s d  raise 

d i f  f i c u l t i e d  , fo r  gene-ral equ i l i b r ium .analysis .  I f  t h e  . , . , 

f i r m ' s  technology i s  dependent on i n p u t  p r i c e  rat ios,  

. . add i t i npa l  .assuinptions m u s t  ,k made (and j u s t i f i e d )  t o  
r' 

.gua.kan tee t h e  a p p r o p r i a t e  market ~ d n d i  t i o n s  f o r  ovkf a l l  - - 

equi l ib r ium.  Th i s  problem is non- t r i v i a3  a s  has  q n  noted 
* - 

s i m i 1 a r . a t t e m p t s  .to i n t roduce  ~ ~ f ~ u e n c d  of  p r i c e s  0% 
-, . 

consumer prefer&#. (Seg Brrow and Hahn [ 6 1 )  i An 
, . ; 

a l t e r n a t i v e  @ ~ l u t i o n . i s  the abandonment of t h e  entry anif, 

e x i t  a s p e c t  of t h e  t heo ry  and t h e  lherging o f  t h e  ' i n t e r m e d i a t e '  

.and long runs.  Whils t  t h i s  p rov ides  no exp lana t ion  qf  t h e  
84 
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firms change of i n d u s t r y ,  it p e r m i t s  a g e n e r a l  e q u i l i b r i q p  

s o l u t i o n  wi th '  t h e  r e q u i r e d  uni form p r o f i t  r a t e  g e n e r a t e d  
* i * 

a u t o m a t i c a l l y  by t h e  p r o d u c t i b n  f u n c t i o n s .  However it 

i m p l i e s  t h a t  t h e  d i s t r i b u t i o h  o f  f i m , s  between indus t r ie ' t s  

i s - g r a t u i t o u s  and must be  t a k e n  a s  g i v e n  t o g e t h e r  w i t h  t h e  

i n i t i a l  d i s t r i b u t i o n  of  wea l th .  - . 

2.. RETURNS TO SCALE: I n  Chapter  One it w a s  remarked t h a t  

whenever t h e  form of  j p r o d u c t i o n  f u n c t i o n  i s - s p e c i f i e d  . . 

i n  ' th; l i t e r  re it 'is a l m o s t  i n v a r i a b l y  h o m o t h e t k  and Pf' 
/' 

aost,cmxrctnonly linea;ly homogeneous. 1t now ,appears  t h a t  , . - 
i 

* ,  

- t h i s  .choice 5s n o t  s o l e l y  a  m a t t e r  ,of q i q e b r a i a  c o n v e i i k n c e  
' \ P . , 

b u t  n e c e s s a r y  t o  ' r e c o n c i l e  p r o f  ic maximisa t ion  w i t h  t h e  

l o n g  run   zero^" p r o f i t  e q u i l i b r i u m  r e q u i r e d  by g e n e r a l  

e q u i l i b r i u m  a n a l y s i s .  A p a r t  from t h e  f a i l u r e  t o  j u s t i f y  B 

i n d u s t r y  ( o r  o u t p u t  t y p e )  changes ,  t h e  u s e  of  such  a f u n c t i o n  

i. ' a . l so  r e n d e r s  t h e  l e v e l  o f  t h e  f i r m s  o u t p u t  under  uncons t ra ined  

p r o f i t  maximisa t ion  dependent  on a b s o l u t e  ! p r i c e  l e v e l s .  
. . 

Thus t h e  f a m i l i a ;  g e n e r a l  e q u i l i b r i u m  assumpt ion  of homogeneity 
T 

9 f  d e g r e e  z e r o  i n  p r i c e s  r e n d e r s  e v e r y  p e r f e c t l y '  c o m p e t i t i v e  

f i r m ' s  behav iour  i n e x p l i c a b l e  i n  bo th  t h e  i ' n t e m e d i a t e  and 
* 

l o n g  t u n s .  A s  l o n g ' a s  t h e  r e a l  p r i c e s  o f  i n p u t s  a r e  i n  t h e  

. I 
! same r a t i o s  as t h e i r  marg ina l  p r o d u c t s ,  maximum ( n e t ) '  

p r o f i t  is  zero .  
I 

I n t r o d u c t i o n s  t o  microeconomics o f t e n  d e p i c t  t h e  

p r o d u c t i o n  f u n c t i o n  ( g r a p h i c a l l y )  a s  qn S-shaped c u r v e  

(or s u r f a c e )  w i a - a  r e g i o n  o f  i n c r e a s i n g  r e t u r n s  t o  s c a l e  



fo l lowed  f o r  l a r g e r  i n p u t s  b y , d e c r e a s i n g  r e t u r n s  t o  s c a l e .  

The l a r g e  s c a l e  p o r t i o n  a g r e e s  w i t h  t h e  a n a l y s i s  p r e s e n t e d  
> 

i n  Chap te r  Seven, f o r  t h e  p o s i t i r  p r o f i t  r e g i o n ,  and 
I 

' s e rves  t o  e n s u r e  a  l i m i t  on t h e  s i z e  of t h e  u n c o n s t r a i n e d  

f i r m  [26 I .  A t  t h e  boundary t h e  p o i n t  of i n f l e c t i  

be c o n s i d e r e d  ana lagous  t o  t h e  z e r o  m&imurn n e t  Ght ' 
s i n g u l a r i t y  d e r i v e d  i n  Chap te r  S i x .  Moreover t h e  r e g i o n - o f  

. . .  
i n c r e a s i n g  r e t p r n s  cor responds  t o  t h e  a i f f i d u l t y  d i s c 5 s s e d  . 

/ 
i n  connec t ion  wi.(h t h e  n e g a t i v e  p r o f i t  r e g i o n ,  namely, t h a t  

no p r o f i t  maximising f i r m  W i l l  produce i n  t h i s  a r e a  u n l e s s  

c o n s t r a i n e d  t o  do so .  

Under c o n s t r a i n e d  o p t i m i s a t i o h  i t  a p p e a r s  from Chap te r  

Four t h a t  any concave f u n c t i o n  w i t h  s t r i c t l y  concave c o n t o u r s  

o r  i s o q u a n t s  w i l l  ' do  the-  job '  t h e  t h e o r y  r e q u i r e s  by - 
y i e l d i n g  t h e  a p p r o p r i a t e  ( u n i q u e j  p r o f i t  maxima. However 

1 .> fl 

t h e  l o n g  run  e q u i l i b r i u m  o f -  t h e  f i rm d e s c r i b e d  by ~ e o - c l a s s i c a l  

Theory r e q u i r e s  t h e  i m p o s i t i o n  o f  a  homothct ic  ( 6 . g .  l i n e a r l y  

homageneous) p r o d u c t i o n  f u n c t i o n  w h i c k 4 s  l o g i c a l l y  e q u i v a l e n t  

t o  t h e  direct  assumption o f  z e r o  long  run p r o f i t .  N o  

i n f e r e n c e s  a b o u t  t h e  f i r m ' s u n c o n s t r a i n e d  behav iour  may be 

drawn from t h e  t h e o r y  w i t h  such a  f u n c t i o n  which db n o t  - 
f o l l o w  from p o s t u l a t i n g  d d i r e c t  t r a n s i t i o n o  from c o n s t r a i n e d  

= c  

o p t i m i s a t i o n  t o  l p n g  run  e q u i l i b r i u m  a t  i ; ;byt-output 

' combinat ions  dependent  on t h e  a b s o l u t e  p r i c e  l e v e l .  

R e f e r r i n g  t o  t h e  d i s c u s s i o n  i n  C h a p t e r s  _Two and Three,  

f o r  ' the p e r f e c t l y  competitive c a s e  least t h e  Neo-Classical 
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Theory qannot  d o l t h e  job' which iti' sets o u t  t o  do. Thus 

t h e  theory f a i l s  t o  e x p l a i r i ~  why t h e  f i r m  chooses  t h a t  
9 ., CI. 

i n p u t - o u t p u t  combinat ion  which it does  by p r o v i d i n g  no ' - 
i 

j u s t i f i c a t i o n  for  t h e  t y p e  o f  ou,tp<t good produced*, i .e. 
. 

t h e  i n d u s t r y  t o  which t h e  f i r m  kfelongs. By the '  same token 
' e  

4 ,  

.' t h e  a u t o m a t i c  a t t a i n m e n t  o f  z e r o  n e t  p r o f  it i n  t h e  
. ,  

' i n t e r m e d i a t e - l o n g  r u n 1  makds t h e  s h u t t i n g  down of any 
' 

4 . .  

f i rm i n e x p l i c a b l e  w i t h i n  t h e  t h e o r y .  

J 3. FURTHER RESEARCH: F u r t h e r  i n v e s t i g a t i o n  i s  i n d i c a t e d  

f o r  t h e  c a s e  o f  i m p e r f e c t  , compe t i t ion  i n  which t h e  f i r m  

e x e r c i s e s  some i n f l u e n c e  o v e r  t h e  p r i c e  o f  its. o u t p u t .  
,. 

S i n c e  t h e  b a s i g  f r a m e p k  o f  t h i s  t h e s i s .  i s  couched i n  

t e r m s  of  p r o f i t  r a t h e r  t h a n  p r o d u c t i o n  f u n c t i o n s  it remains  

a p p r o p r i a t e  f o r  t h i s  ana lys i s .  However t h e  t r a d i t i o n a l  , 

- - d e s c r i p t i o n  o f  changes i n  i n d u s t r y  i s  less c l e a r l y  d e l i n e a t e d  
\ 

. h e r e  t h a n  i n  p e r f e c t  c o m p e t i t i b q .  A ppiori it i s  n o t  c l e a r  

I - 
' 0  I 

whether  a  change i n  t h e  number o com@eting f i r m s ,  however 
! 

d e f i n e d ,  r e s u l t s  s i m p l y  i n  a latei. 6 & i f e t  o f  t h e  i m p e r f e c t  8 . cornpetktor ' s demand , co r respondence ,  o r  v a r i a t i o n s  i n  t h e  

' pr'ice e l a s t i c i t y  o f  demand. Tex t  book g r a p h i c a l  a f l d l k s i s  

t e n d s  t o  b l u r  t h e s e  p o i n t s  and thi e x i s t e n d e  o f  t h e  d e p i c t e d  8 

, - 
e q u i l i b r i u m  r e q u i r e s  m b ~ e  j u s t i f i c a t i o n  t h a n  i s  u s u a l l y  

g i v e n .  See ,  however, Boland [ 9  1 .  

I n  a d d i t i o n  t o  i m p e r f e c t  c o m p e t i t i o n ,  the' framework . 
* 

developea  i n  t h i s  d i s c u s s i o n  p e r m i t s  the exant ina t ion  of 

G a number o f  other models- o f  t h e  firmls behav iour  s c a n t i l y  

6 .I 
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,&ated iir tpe usual analyses.. Specifically j lhnperfections' . - 
in the markets' for inputs received little, attention 'except 

* . - * 
in the celebrated exaplple of indetqmi.nacy resultiig from . - . 

1 .  

thq  onf front at ion og a mo*opolist and a mopop~o%t.' 
. . 

~ h u s '  'the relevan& of' the ~eo-~Iassieal Sramework to firms 
-5 %.o+ - I .  , . . 

d 

which are 'perfect sellers'~andJ'imperfect bhyers' or 
. . 

, *  ,- - 
imperfect buyers and sellers remaink-to be 'explored. 

1 
b 

. -. & .  1 



APPENDIX: Def in i t ions  and Proofs.  



. D e f i n i t i o n  1: A f i r m  i s  de f ined  as a  s e t ' o f  mappings .. ' 
' % 

: .b 
- - 

- 0  ... y, . , 

I from an i n p u t  space  S i n t o  t h e  ' r e a l  -14ne R such  * a t a %  - .  
.- . - -. 

1 Vx -,= dx., :. . ,PI. L. S wherA.s' isi a R u b s e t  tpe Lon- , '. P 
R - +  .. 

" * 
. . 

/ .  . 4 

a 

nega t ibe  o r t h a n t  of n-d'imensional 
P - - 

Eucl idean space,  E", n  f i n i t e  . \ 

. . where 
b . - .  

i 
L I . 4 . 

i ' l  n  i 1 n  xi = F ( X  ,.... x ) ,  .I? ( X  .... . X  ) > 0 VX > 0 ' _ .  

/ 
V i  = 1, ..., m, m f i n i t e  

D e f i n i t i o n  2: A Neo-Classical  f i r m  is  d e f i n e d  as a  f i r m  * ' 

such t h a t  S i s  compact. 4 

D e f i n i t i o n  2a):  A D i f f e r e n t i a b l e  ~ e o - ~ l a s s i c a l  f i r m  i s  

de f ined  as a  ~ e o - c l a s s i c a l  f i r m  f o r  which F ~ ,  p j  are twice  

k d i f f e r e n t i a b l e  w i t h .  r e s p e c t  t o  a l l  x and pi i s  t w i c e  

i d i f f e r e n t i a b l e  wi th  r e s p e c t  t o  X , f o r  i = 1.. . . ,m; - m 
. 4  . 

j , k  = l,.. . ,n.  

LEMMA .1 6 

i i 0 i 2 

Given5 P (X ) a  t w i c e  d i f f e r e n t i a b l e  f u n c t i o n  of X and 

xi = Fi (x) a t w i c e  d i f f e r e n t i a b l e  f u n c t i o n  of x j ,  

L 
f To Prove: P ~ ( F ~  (x)) i s  a twice d i f f e r e n t i a b l e  f u n c t i o n  of-' 

f . j x , j = 1,~. . i n *  I. 

I 

i Proof: ~mmediate by t h e  C o m p q s i t e  Funct ion Theorem 8 - 
t619, O~heo;em 1.C.21n f o r  example]. 



.*. 
. -91 .: , I 'I - -A . L '. 

6 .  ',A ;. 
D e f i n i t i o n ,  3: A s h i f t g ; &  demand i; d e f i n e 0  a s  a  'niapping .a 9 . 44 - 

r- .- . .. - 1 
i i -..  - $  9 % '  

which t a k e s  P ( X  ) . t o a ~ ~ ( ~ ~ ) . ' i  = l ; . . . . m ,  wsere  P-(X ) . '  
., . - - - ,? 

. ' 4  . 
0 

i s  &s"specif  i e d  i n  D e f i n i t i o n  :I. . 
. . 

D e f i n i t i o n  4 :  A f i m  iq de:criqed a s  be ing  i n  f t s  
' , I * 

. . . , . . i  k * -  
. J *  , . 

-.run i f  'it is. f  ;be :tb &ry x  -. . I .J x j  and x i's cons t r -a ined  . _ .  . 

r C --- . 6 .  

. - .  
, . . . .  k -k by  e 6 x . Vb = i + l , l . . . n .  . . A ' .  

. . 
r: ' . . , . . C. - 

t 
, . . '  

, ~ e f i n i t j o d  5: Thg, ~ e o ' c l a g d i c a l  p o d e l  :f t h e  f i r m  is. - : % .. L-. . . 
. 

3 + * 
a -  * * F- - - : d e f i n e d  by. t h e  fo&lpw?ng s ta temefi ts  aboue, t h e ' b e f i a v i d  I .  . . . 

. . .  \ 
. . I  . . * . ,  , . .  , 

' , 6 f  a  ~ e o ~ c l a s s i c a ' l  f i r m : ,  ' s e. . . . . , - ... 6 ' %  ' . ~ 
" ~ 

* .  . . 
( a )  I n . t h e  j th run  t h e  f i r m ' s  cho ice  'of i n p u t s  and o u t p u t s  

1 
i s  unique ly  determined by s p e c i f y i n g  t h a t  t h e  f i r m  max- ! 

Y, 

i m i s e s  p r o f i t  s u b j e c t  t o  t h e  a p p r o p r i a t e  i n p u t  c o n s t r a i n t s ,  

j = l . . . . . n .  

(b) I n  t h e  long ( o r  ( n + l )  t h )  run t h e  e n t r y  and e x i t  of 

compe fig f i r m s  causes  a  s h i f t  i n  demand such t h a t  the 4 
p r o f i t  which t h e  f i r m  can e a r n  is  zero.  

6: A run  j is  wel l -def ined by t h e  Neo-Classical 

model i f ,  and on ly  i f ,  max IT i n  the j t h  run  # max IT i n  t h e  

( j + l )  t h  run  a lmost  everywhere. 

T)IEOmM 2 

~ i v e n :  A d i f f e r e n t i a b l l  Neo-Cl?ssical f i r m  wi th  p r o f i t  

1 f u n c t i o n  n(x)  = n(x  . . . . ,xn) . _ 
To Prove: A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extreme p o i n t s  

* ,  

of  in runs  1 t o  n  t o  be maxima s u b j e c t  t o  the 

a p p r o p r i a t e  c o n s t r a i n t s  is  t h a t  t h e  m a t r i x  of ' 
I 

second o r d e r  p a r t i a l  d e r i v a t i v e s  of n. (njk)  

be  n e g a t i v e  d e f i n i t e .  



Proof:  ,We m8y c o n s i d e r  t h e  r t h  run ,  1 '6 r < n as t h e  maxim- 
< .  -- / 

, . 1 ' r  r + l  I I 

4 " .  . i s a t i o n .  o i  .a6 a f u n c t i o n  of x  , . . . , x  , x - * . . s u b j e c t  - 
4 -  . r + l ,  . . 

- t o  .the s i n g l e  s o n s t r a i n t ' x  a 

* .  w - - = o s i n c e  t h i s  - X .  
B .  ej - . . t .  s < .  

is neces sa ry  and s u f f i c i e n t  f o r  t h e  r t h  r u n  t o  be . 
,L '-..*, \ . 

5 .  P" ,." . , .A .. ' '# wel l -def ined  bg D e f i n i t i o n  6. . < .  
6 :, " , . '. . . C 

- .  
t I f  n .  = an/axJ = 0 f o r  j - =  1.. . . , r ,  we  have -- 

* ? /  * . -4  .. 9 - v  / 

t '*A. 

from [ 4 2 , ; - ~ .  53: trhat a  s u f f i c i e n t  cand&on f o r  , t h i s  -. 
. a  

. , 
- .  extreme p o i n t  t o  be A .  maximum is  t h a t  t he ,  de t e rminan t  

. 
:.. . - \ '  . . 

A '  . ' I .  

r+.l I '  1 

b .  . o f ,  L ha& s i g n  '(-1). . , the .  l a r g e s f  p r i n c i p a l .  m i n 2  . 
* , . s *  : > . . 

w . ~ h o u l d  , have a s i g n  o p p o s i t e  t o  t h i s  and succe3s ive ly  
, . 

t 

sma l l e r  minors should a l t e r n a t e e i n  s i g n  down t o  the* 

p r i n c i p l e  minor of o r d e r  2, wbere b 

where 

( m j k )  i s  (r+l) x ( r + l )  
A 

t 

Now d e t  L h a s  t h e  o p p o s i t e  s i g n  t o  t h a t  of  (njk)rxr .  

Hence w e  r e q u i r e  t h a t  ( n j k ) r x r  ha;e s i g n  ( - l I r  and t h a t  

s 
('jk) s x s  have s i g n  1-1) f o r  s = 2 , . . . , r .  

By i n d u c t i o n  " ( m  jk) sxs s h a s - s i g n  (-1) , s = 1, ;. . ,nw, 
a 

i s  a s u f f i c i e n t  c o n d i t i o n  f o r  maxima i n  alft n runs ,  s i n c e  

51  < 0 is  s u f f i c i e n t  f o r  run  1. / 
From [ 42, p. 2991 , a m a t r i x - i s  n e g a t i v e  d e f i n i t e  i f  

and on ly  i f  a l l  it"s p r i n c i p a l  minors of o r d e r  r have the 

r s i  n (-1) . Thus (wjklnxn nega t ive  d e f i n i t e  is  s u f f i c i e n t  

or t h e  extreme p o i n t s  of  a t o  be maxima i n  r u n s  1 t o  n. 4 
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COROLLARY 2 . 1  
L ? - 4. - 

C . "  
- ,  

r b 

,.@<- I -, . - Prov ided  e a c h  r u n  : r e i n a ~ n s  'wel l -def  in&,.  *Theorem 2 h q l d s  . \ *  L 

\ - -  . . I -  .#-= d . ' S . .. r r  

. rz 6 - - *  
for a n y  o r d e r i n g '  of t h e  x3. T h i s  r e s u l ;  fol lowO i & e d i a t e l y  

- ,  
' b' 

,"A. m a t r i x  i s  n e g a t i v e  d e f i n i t ' e  i f  and  o n l y  i f  the* . 

. . p r i n c i p l e  mifors of s u c c e s s i v e l y  h i g h e r  o r e r  a l -  - 
* I  t e r n a t e  +in s i g n .  T h i s  condi tb  n  m u $ t r h o l d  f o r  a l r  9 

Y .  

possible sequences  o f 4 ' p r i n c i p l e  min0r.s" 142'-00j 
I 

t 
, ( ~ m p h a s i s  a d d e d ) .  

i 

. . % 
,,_'F LEMMA 2.2- , .  fi - 

% 

Given: A d i f f e r e n t i a b l e  ~ e o - ~ l a s s i c % l  f i r m  w i t h  p r o f  it 
I 

1 n  
I 8 .  f u n c t i o n  n ( x  , . . . ,x )&uch t h a t  n i s  nega t i$e  . jk Lw * 

c l - ,  

d e f i n i t e ,  
r e  

*- To Pro*: A l l  e x t r e m e  " p i n t s  Q•’ n i n  r u n s  1 t o  n  a r e  un ique  

o P r o o f :  D i r e c t  by Theorem 2 and 142 :  S e c t i o n  R 8.41 . 
LEPIr4A 2.3 

Given: A d i f  e r e n t i a b l e  Neo-Class ica l  f i r m  w i t h  p r o f i t  4 
\ 1 n f u n c t i o n  n i x )  = n ( x  ,..., x  ) withr.yuns 1 t o  n-1 

w e l l - d e f i n e d .  

TO Proye:  A n e c e s s a r y  c o n d i t i o n  f o r  (n t o  b e  n e g a t i v e  
r j k  

d e f i n i t e  is t h g t  I: ( a 2 n / a x j 2 )  < 0 V r  1,. .. , n .  
q j=1 

Proof :  From 142,  p. 2981 , "a r e a l  symmetr ic  m a t r i x  is 

n e g a t i v e  d e f i n i t e  i f ,  and o n l y  i f ,  a l l  i t s  chara -  

roots a r e  n e g a t i v e " .  Now (n jk  r x r  i s  

r e a l  2nd symmetric V r  = 1,. . . , n  and i f  ( r  ) jk nxn 

i s  n e g a t i v e  d e f i n i t e  so a r e  (n jk )n - r ,  r =4,1, ..., n-1. 
7 

But ,  f r o m  167, p. 3761, t r A =  EX where '{X)are  t h e  

c h a r a c t e r i s t i c  roots o f  A. 



, 1 n 
Given:  A ~ e ~ - E l a ~ s i c a l  f i r m  w i t h  f u n c t i o n  n ( x  , . . . , x  ) , - 1 

+ +* 
1 * 

y l t h  r u n s  1 t o  'n well-defined. '  
I 

1 .  -. . -. < 
I \ .  

T o  Prove:  'Max'. i n  t h e  r u n  j 5 max ,n  i n  r u n  ,( jf 1) , 
# 

4 

ar 
- 

, j = l? ,  . . . , n-1. 
i . - P r 6 p f :  -Maximisa t ion  i n  r u n  j 1s s u b j e c t  t o  t h e  c o n s t r a i n t s '  . . * r \  b r 

3 .  
k k 

* 
-.P . d , , , x S x , k = j + l ,  . . . ,n whereas rhaximisa t ian  i n  run" . .v 

. . .  
\ -. k . . ( j + l )  i s  s u b j e c t  t o  t h e  c o n s t k a i n t s  xk & x , , 

a 
& 

k = j + 2  ,..., n . ' .  rnax ~ ( j )  > max n ( j + l )  i m p l i e s  T 

n o t  maximised i n  r u n  j + l  c o n t r a r y  t o  assumpt ion .  

. ' . ma>: n ( j )  S max n ( j + l ) .  

a l m o s t  everywhere .  

D e f i n i t i o n  7 :  The Average Revenue P r o d u c t  o f  a n  i n p u t  x  
k 

m n 
f o r  a  f i r m  i s  d e f i n e d  as  ARPk j j  k ( E pixi - x p x ) / x  . 

i= 1 j f k  

D e f i n i t i o n  8: A j - i n t e g r a t e d  Neo-Class ica l  f i r m  i s  a Neo- 

c l a s s i c a l  f i r m  f o r  which tbere  e x i s t s  a  sequence  o f  w e l l -  

d e f i n e d  r u n s  1,. . . , n  such  t h a t  3 j E ' { 1,. . . ,n) f o r  which 

e v e r y  n o n - t r i v i a l  p r o d u c t i o n .  
\ v 

D e f i n i t i o n  9: The I a p u t  Value  Model o f  fhe f i r m  i s  d e f i n e d  
/ 

1C by t h e  f o  lowing s t a t e m e n t  a b o u t  the b e h a v i o u r  o f  a k- 

i n t e g r a t e d  Neo-Class ica l  f i r m :  
k "  



In the jth run th= firm's choice of inputs and outputs 

is uniquely determined by specifying that the firm maximises . . 
1 

the ~ v e r a ~ e  ~&nue-product of i&ut .k subjec't to the 

"- - " - 4  C - 
' * ,  

THEOREM 3 4 j r *  

* - 9 

'r, . *  4 
B ~ive?!: A k-integrated differentiable ~eo42assical firm. * 

I 

To Prove:' A sGfficiknf! condition that it'be possi'ble for 
d 

' 

, 

- 
exactly. one. of %he two theories of the firm' in 

I 
. ~eilnitions 5 and P to be known false from the 

' 

? 
rt 

equili'brium behavihr of the firm is that one'of 
- 

i .  

the following stat d? ents be true: 
(i) The value of the function nk is known for. 

run j where j > k I 

(ii) the values of the function n and kk 
k2 R R C 

a2/ax ( 2 P X ) 0 are k n o w  for run j 
R=l 

where j 2 k. 

~roop: From the Neo-Classical theory of the firm, in run' r, 

n is m ximised when F 
an/axl = 0 Vj = J,..., r; r = 1 ,..., n 
where the second order conditions are functions of +-' 
From the definition of Amk, 

Since x 9 by assumption, ~ A R P ~ / ~ x ~  = o *n  = o 
j 



.* 

k ThusB*the makginal  condition 
- .  ' r r  d 

theory fulfill those'of the o theory kith twb . - 
L . . exceptions: . . . . ~, 

. , ' 4. , 

"k # . O  uyf $he input value theory for all %ins . , 

k, k+l, . . . ,n whereas the ~eo-tlassical th6ory 
8 

imp14s nk 
= 0 in the same runs, . 'b . A 4 

For run k and s~bsequent~runs (ARB ) may be of 
k kk 

LEMMA 3.1 

Given: A 

To Prove: 

a different sign to that of n and hence it is 
kk 

possible that the second order conditions for a 

maximum might be fulfilled for one theory and 

not for the other. 

1-integrable differentiable Neo-Classical firm. 

A sufficient condition for the input value model 

of the firm using input 1 to be known to be false 

when .the Neo-Classical model is not known to be 

false is that 

Proof: From the proof .oB Theorem 3, the condition specifies 

that a necessary condition for ARPl to be maximum 

fails whilst the same conddon for n does not. 

LEMMA 3.2 
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Givens " A  difEerentiable Neo-Classical firm which is j- 
_. _ _ _ _  ------------^--- - - _ - A  - 

integrable for j = 1 only. 

To Prove: A ~ufficient~cond5tion for all input value models - 

of the firm to be known fals? when the Neo- 

Classical is not known false is that 

a2jax z & > - I T  > o  *- -*  11 j-1 
d 

Proof: Direct by noting that ARP is only defined for all - 3 < 

x forej = 1 by Definition 8 and can %e distinguished 

from the Neo-Cla~siq1.- model by Lemma 3.1. . P 

, '._.Given: A j-integrated' Neo-Classical firm with the price of 

factor j invariant with respect to - x .  
a 

To Prove: A sufficient condition that it be possible for 

exactly one of the two theories of the firm in 

definitions 5 and 9 to be .known false from -the 

equilibrium behavioar of the firm .is that one of 

the following statements be true: 
I 

(i)' the value ofJthe function IT is known for 

run k where k 2 j 

(ii) maximum IT # 0 in run n. 

Proof: (i) follows immediately from Theorem 3 by noting that 

in this case -a/ax3 (AFU? . )  = 0 + ARP -= j 
I 

IT + p .  
I j 

(ii) from Theorem 3 max. AFU? in run n occurs when 
j " i i  

ARP = a / a A  x x P I 
j i=l 

Hence, by definition of AFU?,, 



But under this condition, the ~eo-classical model 

leads to the conclusion that macimum is zero 
# 

in run- n. t 

Definition 10: A set of acceptable observations consis'ts 

of the followinga information ' fck each run k of a Neo- 

classical firm, k = 1,. . . , (n+l) : 
i i j j (i) the values of P (X ) ,  p (x ) Vi, j 

j i 
(ii) values of x , X Vi, j 

(iii) by deduction, the value of tr(r) - n(s) for all 
r , s  = 1, ..., n+l, where T(k) denotes the 
(maximum net) value of n in run k. Hence the 

truth or falsity of the statement n(n) = 0. 
. . 

THEOREM 4 

Given: A j-integrable ~eo-classical firmland a set of 

acceptable observations. 

To Prove: The possibility 05 the input value theory of the 

firm being shown false and the Neo-Classical 

theory not being shown false by a set of accep* 

abie observations exists if the price of factoi 

j is constant. 

Proof : Referring to Definition 10, item (ii) permits the 

definition of a sequence of runs and if the number 

of constraints observed to be bfnding is c f n, 

the observations IT(C) # 0, and n(c+l) = 0 suffice 

to discredit the input-value theory by Lemma 

2.4 and Lemma 3.1. 



D e f i n i t i o n  11: A f i r m  i s  r e p r e s e n t a b l e  b y  a  t h e o r y  i f ,  

and  o n l y  i f ,  3 a  p r o p e r  s u b s e t  A o f  t h e  se t  o f  a c c e p t a b l e  

o b s e r v a t i o n s  B; s u c h  t h a t .  Vb E B ,  (i) b E A  + t h e  t h e o r y  

e x p l a i n s  w h y - t h e  f i r m  i p  n o t  u s i n g  any o t h e r  i n p u t - o u t p u t  

p o i n t ,  and  (ii) b jf A + t h e  t h e o r y  i s  f a l s e .  

D e f i n i t i o n  12 :  A f i r m  i s  N e o - C l a s s i c a l l y  r e p r e s e n t a b l e  i f ,  

and o n l y  i f ,  i t  i s  

(i) N e o - C l a s s i c a l  \ 

(ii) r e p r e s e n t a b l e  by t h e  Neo-Clas s i ca l  t h e o r y  w i t h  p r o p e r  
\ 

( 
s u b s e t  AN, and  

(iii) r e p r e s e n t a b l e  by  t h e  I n p u t  Value  Model w i t h  p r o p e r  

s u b s e t  AI o n l y  i f  A # A I .  N 

D e f i n i t i o n  1 3 :  A f i r m . i s  weakly  r e p r e s e n t a b l e  by a  t h e o r y  
8- 

i f ,  and o n l y  i f ,  3 a  p r o p e r   subset.^ o f  t h e  se t  o f  a c c e p t a b l e  

o b s e r v a t i o n s  B ,  s u c h  t h a t  Vb E B ,  ( i )  b E A i s  e x p l a i n e d  

b y  t h e  t h e o r y  and (ii) b A + t h e  t h e o r y  i s  f a l s e .  

D e f i n i t i o n  14:- A f i r m  i s  weakly  N e o - C l a s s i c a l l y  r e p r e s e n t a b l e  

i f ,  and o n l y  i f ,  it i s  

( i)  Neo-Clas s i ca l  

(ii) weakly  r e p r e s e n t a b l e  by t h e  'Neo-Clas s i ca l  t h e o r y  

w i t h  g r o p e r  $&set AN, and  

(iii) weakly  r e p r e s e n t a b l e  by t h e  I n p u t  Va lue  Model w i t h  

p r o p e r  s u b s e t  AI o n l y  i f  AI AIJ * 8. 

Given:  A d i f f e r e n t i a b l e  Neo-Clas s i ca l  f i r m  s u c h  t h a t :  

( i )  ( r j k )  i s  n e g a t i v e  d e f i n i t e .  

(ii) 3 a  s h i f t  i n  demand a such  t h a t  max- ~ ( x )  = 0 .  



(iii) max n in run .n # 0. 

ToaProve: The firm is representable by the Neo-Classical 
-. 

theory. - 
Proof: The set A of Definition 11 consists of any accept- 

able observations in runs 1 to (n-1), the observation 

.rr # 0 in run n with IT = 0 in run ( n S U .  

A # fl by condition (ii) 

(i) it i 6' representable by the Neo-Classical theory, 

A # B by condition (iii) 

Thus A is a proper subset of B. 

For all b E A the Neo-Classical theory is a 

complete explanat . ion by condition (i), Theorem 

2 and Lemma 2.2. b jf A + the Neo-Classical theory 

is false by Definition 5. 

LEMMA 5.1 

Given: A Neo-Classical firm which is representable by 

the'Neo-classical theory and not j-integrable, for 

any j ~.{l~...,nl. 

To Prove: The firm is Neo-Classically representable. 

Proof: Conditions (i) and (ii) of Definition 12 are ful- 

filled by assumption. 

Since the firm is not j-integrable for any 

j E {lI...In), AI = jii and Condition (iii) is 

satisfied trivially. 

THEOREM 6 

Given: A firm such that 

(ii) it is 1-integrable 



(iii) it i s  d i f f e r e n t i a b l e  and e i t h e r  

To P rove :  The f i r m  i s  N e o - C l a s s i c a l l y  r e p r e s e n t a b l e .  

P r o o f :  I t  s u f f i c e s  t o  show t h a t  3 an  a c c e p t a b l e  o b s e r v a t i o n  

which i s  n o t  common t o  5J and A ~ *  f - 
If c o n d i t ' i o n  (iii) a )  i s  m e t  t h i s  immed ia t e ly  

f rom Lemma 3.1.  

I f  c o n d i t i o n  (iii) b )  i s  m e t  t h e  r s u l t  f o l l o w s  from 4 
Lemma 3 . 3 .  \ 

COROLLARY 6 .1 

A 1 - i n t e g r a b l e  d i f f e r e n t i a b l e  Neo-Clas s i ca l  f i r m  f a c i n g  

c o n s t a n t  f a c t o r  p r i c e s  i s  N e o - C l a s s i c a l l y  r e p r e s e n t a b l e  i f  

( i )  (?T ) i s  n e g a t i v e  d e f i n i t e  
jk 

(ii) 3 a  s h i f t  i n  demand cx such  t h a t  max ~ ( x )  = 0 ,  and 

(iii) max IT i n  r u n  n  # 0. 

T h i s  f o l l o w s  d i r e c t l y  f rom Theorem 5 and Theorem 6 .  

D e f i n i t i o n  1 5 :  A N e o - C l a s s i c a l  p r o f i t  f u n c t i o n  i s  a f u n c t i o n  

?T s u c h  t h a t  a f i r m  w i t h  p r o f i t r i s  N e o - C l a s s i c a l l y  

r e p r e s e n t a b l e .  

Theorems 7 and 8 p r o v i d e  n e c e s s a r y  p r e l i m i n a r y  r e s u l t s .  

THEOREM 7 

Given:  A d i f f e r e n t i a b l e  Neo-Clas s i ca l  f i r m  

To P rove :  A n e c e s s a r y  c o n d i t i o n  f o r  IT max - 0 i n  r u n  n i s  - 
k t h a t  f o r  a l l  k such  t h a t  x # 0 when IT = nmax. ,  



m i i n  
j j  p r o o f :  I T =  C P X  - k p x  and f o r  a  maximum 

i=l j=1 

n  / 
i i  j j  k 

L e t  ARPk = ( C P X - C p  x  ) / x  = pk when = 0 
i=l j  #k 

k 
where k i s  such t h a t  x # 0 when IT = IT max. Thus 

k. D i f f e r e n t i a t i n g  w . r . t .  x  . 

4 THEOREM 8 

Given: A 1 - i n t e g r a b l e  d i f f e r e n t i a b l e  Neo-Class ica l  f i r m  w i t h  

1 n  
p r o f i t  f u n c t i o n  n ( x )  = I T ( X  ,..., x  ) .  

I 

To Prove: A s u f f i c i e n t  c o n d i t i o n  f o r  t h e  extreme p o i n t s  of  

i IT i n  r u n s  1 t o  n  t o  be maxima s u b j e c t  t o  t h e  

a p p r o p r i a t e  c o n s t r a i n t s ,  and f o r  i t  t o  be  p o s s i b l e  

t h a t  maximum r # 0 i n  run  n  i s  t h a t  ( I T  ) be 
jk 

n e g a t i v e  d e f i n i t e .  

P roof :  The s u f f i c i e n c y  of ( I T  1 n e g a t i v e  d e f i n i t e  f o r  maxima 
jk 

i s  proved i n  Theorem 2.  



From Lemma 2 .3 ,  ( r jk)  n e g a t i v e  d e f i n i t e  + E ( n j  j )  < 0  
j = 1  

V r  = 1, ..., n ,  and i n  p a r t i c u l a r  nl l  < 0.  S i n c e  

1 t h e  f i r m  is  1 - i n t e g r a b l e ,  x  > 0 ,  henace by  Theorem 7 

n  max : 0  + T = 0 ,  c o n t r a r y  t o  t h e  a s sumpt ion  t h a t  
11 

n  ) n e g a t i v e  d e f i n i t e .  
j k  

i 
s u &  t h a t  x i ,  P , a r e  a l l  t w i c e  d i f f e r e n t i a b l e  

- 
To Prove :  A s u f f i c i e n t  c o n d i t i o n  f o r  t o  b e  a  N e o - C l a s s i c a l  

\ 

p r o f i t  f u n c t i o n  i s  t h a t  a l l  t h e  f o l l o w i n g  h o l d :  

(ii) 
(' j k )  nxn i s  n e g a t i v e  d e f i n i t e .  

(iii) 3 a  s h i f t  i n  demand a s u c h  t h a t  maximum 

P r o o f :  By a s s u m p t i o n ,  and  D e f i n i t i o n  2 a ) ,  t h e  f i r m  i s  a  

d i f f e r e n t i a b l e  Neo-Clas s i ca l  f i r m .  ( i)  i m p l i e s  t h a t  

t h e  f i r m  i s  1 - i n t e g r a b l e  by D e f i n i t i o n  8 ,  ( ii) i m p l i e s  

t h a t  t h e  ex t r eme  p o i n t s  o f  IT a r e  maxima and 

IT max. $ 0  by  Theorem 8 .  (iii) i m p l i e s  t h a t  

3 IT max, = 0  i n  t h e  ( n + l ) t h  r u n .  Thus t h e  f i r m  i s  

r e p r e s e n t a b l e  by t h e  Neo-Clas s i ca l  t h e o r y  by Lemma 5 . 1 .  

ByLemrna 2 . 3 1 ~  < 0 ,  . I T  > 0,. Thus i f  
11 11 



* 
(iv) a) holds, the firm is Neo-Classically 

representable by Theorem 7. +C 

d 

Similarly Tmax. # 0 by Theorem 8,and hence if (iv) 

b) holds, the firm is Neo-Classically representable 

by Theorem 7. 

COROLLARY 9.1 4 8 
A function ~ ( x )  is a Neo-Classical profit function if 

k 
xi, pi are twice differentiable w.r.t. x 

r " 
Vi = l,...,m 

1 n 
and k = 1, ..., n, p = ( p  ,...,p ) are constant, and finite, and 

i 2 n 2 ,:xn 1. 
(i) X (0, x ,..., x ) = 0 Vx ,..., - 01 

Vi = l,.?.,m 

(11) (T jk) nxn is negative definite, and 

(iii) 3 a shift in demand a such that -max ~ ( x )  = 0. 

Proof is immediate by Theorem 9 using condition (iv) b). 

LEMMA 9.2 

. Given: A differentiable Neo-Classical firm with input prices 
- - 

p independent of inputs x, - and profit function IT(X). 

To Prove: If profit is maximised by setting VIT(X) = 0 for 

unconstrained - x, and the set of all profit maximising - 
input vectors for any positive p is open and convex, 

(ITjk) is negative semi-definite over this set. If 

the maxima are unique (IT ) is negative definite over 
jk 

this set. 
m n . .  i i  i 

proof: Let IT (x) E c x P (X ) - z xJp' E R(X) - x.p 
i=l j=1 

and let x,y be distinct profit maximisingrvectors. 

By assumption x maximises profit when VIT (x) = 0, i.e. 



R(x) - x.p 2 R(Y) - y.E + 

R(x) - xVR(x) >. R(y) - y.VR(x) + 

(y-x) VR(x) 3 R(Y) - R(x) + 

R(x) concave by [ 61, Theorem 1.C.31 

-+n(x) concave by Lemma 20.1 below. 

+ ( n )  negative semi-def inite from [ 51: Theorem 4 ; 5 ] .  

Uniqueness implies strict inequality hence strict 

concavity and (n ) negative definite from the same 
jk 

'Theorems. 

THEOREM 10 (A generalisation of Theorem 2 )  
-' 

Given: A Neo-Classical firm such that IT(X) < Vx and x >> 0. 

To Prove: A sufficient condition that IT attain a global 

maximum in run k, k = 1, ..., n-1 is that IT be a 

concave function of x, or, equivalently, if n is twice 

differentiable, IT be negative semi-definite. 
jk 

Proof: Maximising n in run k is equivalent to the problem 

rnin(-n) over fin s.t. xj - x J  ti 0 j = k+l,. . . ,n'. 
n .  

IT concave + (-IT) convex, R is a convex set and all 

constraints are affine, hence convex and concave. Thus 

the problem is an ordinary convex program [Sll. By 

-1 > 0 asswption x V j  = k+l,. ..,n so a feasible x 

exists, and again by aesumption -n > -a, whence a 

Kuhn-Tucker vector A = ( X k + l ,  . . . ,An) , 0 exists for 
this p~oblem. [51: Corollary 28.2.11. Thus there 

/- 

exikts a minimum for -n and hence a maximum n. 

n negative semi-definite ++ concave is a direct 
jk 
implication of [51: Theorem 4.51. 



The local minima of -n(x) are global minima by the 

convexity of -n (x) . 
COROLLARY 10.1 

- .  
If T (x) = nmax in the kth run in Theorem 10, 

where an (x) is the subdifferential of n at x. This result 

follows directly from [51: Theorem 28.31. From the same 

theorem we*have 

LEMMA 10.2 

Given: A Neo-Classical firm 

To Prove: A sufficient condition for ~ ( x )  to have unique maxima 

at its extreme points for' each run k, , = 1 ,..., (n+l) 
is that n(x) be a strictly concave function of 

1 j 
(x ,..., x 1 V j  = l,.. .tn. 

Proof: Uniqueness follows from the properties ?<a strictly 

concave function, and from [42, p. 3 3 3 1  'G have thpt 
all extreme points of a strictly concave function are 

THEOREM 11 

Given: A Neo-Classical firm such that n (x) finite and T (x) 

v concave Vx. 

To Prove: If T*(x*) is defined as inf(x.x* - ~(x)), a 
sufficient condition for n* to have a unique 

(unconstrained) global maximum at x is that n*(x*) 
be differentiable at x* = 0 and x = Vh*(O). 





By Theorem 11 s u p ~ ( x )  i s  unique.  Thus i n f  h  is unique .  

There fo re  by [51 : o r o l l a r y  28.1.11, t h e  minimum 

problem i n  Theorem a  unique  s o l u t i o n  f o r  each  

k = l , . . . , n - 1 .  

LEMMA 1 2 . 1  

Given: A f i r m  w i t h  p r o f i t  f u n c t i o n  T ( x )  

To Prove:  A s u f f i c i e n t  c o n d i t i o n  f o r  ~ ( x j  t o  be  c o n c a w  i s  
n  m i i t h a t  C p J x J  be  convex and ;hat C P  X b e  a  

j=1 i=l 

1 n  concave funct-of x  = ( x  ,. . . , x  ) .  

i ' i  \ "i Proof :  C P x concave + - C P X convex 
C 

i= 1 131 

i i  n  
.. . - = - C P X + C p J x J  i s  convex by [5l: 

i=l j = 1  4 

Theorem 5.21 . ' .  n ( x )  i s  concave. 

LEMMA 12.2 
n  

j  j Given: A f i r m  w i t h  t o t a l  c o s t  f u n c t i o n ,  C = C p  x  

n  
To Prove:  A n e c e s s a r y  c o n d i t i o n  f o r  E p JxJ  t o  be  cdnvex is  

j = 1  
t h a t  

n  ,.. . , y  ) , [C(x  + Ay) - C(x)  l / X  b e  a  

non-decreas ing  f u n c t i o n  of  X > 0 ,  

(ii) t h e  one-s ided d i r e c t i o n a l  d e r i v a t i v e  o f  C a t  

x ,  C 1 ( x : y )  = i n • ’  [C(x  + 
A > O  

- C x  , Vy and 

(iii) C 8 ( x : y )  i s  a  p o s i t i v e l y  homogeneous convex 
n\ 

f u n c t i o n  of  y  w i t h  CV(x:O)  = 0  and 

-C' (x:-Y) L C '  (x :y)  vy. 



~ r o b f :  S i n c e  C ( x )  i s  f i n i t e  f o r  a l l  x ,  r e s u l t s  f o l l o w  d i r e c t l y  

from [51:  Theorem 23.11. 

COROLLARY 1 2 . 3  3 m i i 
I f  t h e  f i r m  h a s  a  t o t a l  revenue f u n c t i o n  R = C P  X 

, i=l 

1 n  
which i s  f i n i t e  Vx = ( x  , . .. , X  ) , a  n e c e s s a r y  c o n d i t i o n  f o r  R 

t o  b e  cbncave i s  t h a t  

1 n  
(i) Vy = ( y  , . . . , y  )., [R(x+y) - R ( x )  ] / A  be  a  non- 

i . 
increasing f u n c t i o n  of  A > 0 ,  

t h e  one-s ided d i r e c t i o n a l  d e r i v a t i v e  of  R a t  x ,  

L- / 

(iii) R'&) is  a  concave f u n c t i o n  of  y w i t h  ir /./' 

R1(x:O) = 0  and -R '  (x::~) R '  (x :y)  Vy.  \ 
LEMMA 12.4 

n  . , 
j  j Given: A f i r m  w i t h  t o t a l  cos+function C = 1 p  x  

j= l  
n  

To Prove:  A s u f f i c i e n t  c o n d i t i o n  f o r  L p J x J  t o  be  co*vex i s  
j = 1  - 

t h a t  p J x J  be  convex V j  = 1,. . . , n .  

P roof :  Immediate by [51:  Theorem 5 . 2 1 .  

t m i i 
A s u f f i c i e n t  c o n d i t i o n ' f o r  C P X t o  be concave i n  

1 i i 
i=l 

x  = ( X  ,..., xn) i s  tlpt P  X be  concave i n  x  V i  = 1 ,..., m. 

LEMMA 12.6 
n  

Given: A f i r m  w i t h  t o t a l  c o s t  f u n c t i o n  C = 1- pJxJ  such t h a t  
j=1 

1 n  
c j  = p j x j  is  f i n i t e  V j  = ..., n and Vx = ( x  ,..., x 1 .  

To Prove:  A n e c e s s a r y  c o n d i t i o n  i ' t o  be convex i s  t h a t  



(i) 

(ii) 

(iii) 

be a non-decreasing function of A > 0. . 

the one-sided directional derivative of c j 

Vy, and 

cJ ' (xj :y) is a positively homogeneous 

function of y with cJ ' (xJ:O) = 0 and 

Proof: As in Lemma 12.2. 

COROLLARY 12.7 

convex 

. m i i 
a total revenue function, R = C P X 

L. 
i=l 

1 n 
such is finite Vi = 1 ,..., m and Vx = (x ,..., x ) ,  

i 
a necessary condition for r to be concave in x, is that 

non-increasing function of X > 0, C (ii) the one-sid6d directional derivative of ri a , 
i i i r (x:y) = sup[r (x+Ay) - r (XI], By, and 

A>o X 
i i ' (iii) r (x:y) is a concave function of y with r (x:O) = 

i ' i ' 0 and -r (x:-y) 2 r (x:y) Vy. 
% 

LEMMA 12.8 
n 

Given: A firm with total cost function C = 1 pJxJ such' that 
j=1 

cJ = pJxJ is finite and differentiable for some 
iL 

j E {l, ..., n) and Vx. 
- 

To Prove: A necessary condition for cJ to be convex is that 
, -1. 

j j the marginal cost, a /ax  (c ) , of the ~ t h  input be 

- 
\ / 



non-decreas ing  . 
Proof : Immediate by Lemma 12.6. 

-- 
COROLLARY 12.9 . 

i i  
If the f i r m  h a s  t o t a l  revenue f u n c t i o n  R = C P X such  

i 4  t h a t  ri = P  X i s  f i n i t e  and d i f f e r e n t i a b l e  f o r  some 

i E { l , .  .. ,rnl and Vx a  n e c e s s a r y  condi- t ion  f o r  ri t o  be concave 

j i i n  x  i s  t h a t  t h e  marg ina l  revenue p r o d u c t  a/ax ( r  ) of t h e  jth 

i n p u t  i n  t h e  i t h  o u t p u t  b e  non- inc reas ing ,  V j  = 1, ..., n.  

COROLLARY 12.10 
n  

I f  t h e  f i r m  h a s  t o t a l  c o s t  f u n c t i o n  C = E p J x j  such t h a t  C 

i s  f i n i t e  and cJ  i s  d i f f e r e n t i a b l e  V j  = 1,. . . , n ,  Vx, a  - n e c e s s a r y  , 

c o n d i t i o n  f o r  C t o  be convex is  t h a t  VC 2 - 0, i .e .  t h e  marg ina l  
k 

c o s t  o f  i n p u t  j i s  non-decreas ing  V j  = 1, ..., n. 

COROLLARY 1 2 . 1 1  
m i i 

I f  t h e  f i r m  h a s ' t o t a l  revehue f u n c t i o n  R = - 1 P X such 
i=l 

i 
t h a t  R i s  f i n i t e  and r i s  d i f f e r e n t i a b l e  V i  = 1, ..., m,  Vx, 

a  n e c e s s a r y  c o n d i t i o n  f o r  R t o  be concave is t h a t  VR 2 0 ,  

i .e .  t h e  marg ina l  revenue p r o d u c t  o f  i n p u t  j i n  t o t a l  o u t p u t  

is  non- inc reas ing  V j  = 1,. . . ,n. 

THEOREM 1 3  

1 
m n  i i 

Given: A f u n c t i o n  n ( x )  - I T  , , x  Z L X P  (xi) - 
i=l 

n  
L xJpJ  ( x J )  d e f i n e d  on x  2 0. 

j= l  

To Prove: A s u f f i c i e n t  c o n d i t i o n  t h a t  -IT ( x )  meet a l l  t h e  

r e q u i r e m e n t s  gf a bleo-Classical P r o f i t  Func t ion  
m 



without necessarily being differentiable, i.e. is 

a "non-differentiable Neo-Classical Profit Function", 

is that all of the following hold: 
G 

d 
(i) Either is strictly concave or is concave, 

closed, finite and the concave conjugate 

n* (x*) fulfills the conditions of Theorem 12. 

j (ii) pJ is independent of x . V j  = 1 ..... n. 
i* i 

- (iii) 3 a set of functionsip (X ) > 0, i = 1,. . . ,m) 
s.t. maxn = 0 

i i 
( i v )  v functions - P (X ) > o s.t. pi(xi) + pi*(xi), 

i = 1,. . . ,m, maxn # 0. 

Proof: By (i) n has unique maxima in all runs. If the firm - 
is j-integrated for some j = 1, ..., n, the Neo-Classical 
model is distinguishable from the ARP model by 

j 

conditions (iii) and (iv) . Hence by direct analogy 

with Theorem 5, n is a non-differentiable Neo- 

classical Profit Function. 

THEOREM 14 , 
1 m i i  i 

Given: A function n(xl E n(x ,...,xjE i X P (X ) - 
i=l 

n \ 
j j  j 2 x p (X ) defined on x 3 0. 

j=l 

To Prove: n(x) is a non-differentiable Neo-Classical Profit 

Function if all the following conditions hold: 

(i) T is concave, closed, finite and n*(x*) 

fulfills the conditions of Theorem 12. / 
j (ii) is independent of x . Vj = 1.. . . .no 

i* i 
(iii) 3 a set of functions (P ( X  ) > 0 ,  i = 1,. ..,m) 



s . t .  maxn = 0  

( i v )  n ( x )  = 0  i m p l i e s  t h a t  i f  n ( x * )  i s  d i f f e r e n t -  

i a b l e  a t  x* = 0 ,  Vn* ( 0 )  # x  o r  

P r o o f :  From Theorem 1 3  it s u f f i c e s  t o  show t h a t  c o n d i t i o n s  

i i (i) and  ( i v )  imply  t h a t  maxn # 0  u n l e s s  P ( X  ) = 

pi* (x i )  V = l . . . m .  Suppose t h e  c o n t r a r y :  

maxn = 0 + n * ( x * )  d i f f e r e n t i a b l e  a t  x* = 0  by  

C o r o l l a r y  11.1. Thus i f  T* ( x * )  i s  n o t  d i f f e r e n t i a b l e  

a t  x* = 0  t h e  c o n t r a d i c t i o n  i s  immedia te ,  o t h e r w i s e  

maxn(x)  = 0 + Vn*(O) = x a l s o  by C o r o l l a r y  11.1, 

c o n t r a r y  t o  a s s u m p t i o n .  

THEOREM 1 5  

Given:  A d i f f e r e n t i a b l e  N e o - C l a s s i c a l  f i r m  w i t h  u n c o n s t r a i n e d  

1 n  o u t p u t s  X = ( X  ,... , X ) 

To Prove :  ( i) A s u f f i c i e n t  c o n d i t i o n  f o r  n  = 0  a t  a l l  

e x t r e m e  p o i n t s  o f  n  i s  t h a t  n  b e  h o m o t h e t i c  

i n  x ,  b u t  n ( t x )  # ( t - l I n n ( x )  f o r  any  n  # 1. 

(ii) A s u f f i c i e n t  c o n d i t i o n  t h a t  n  b e  h o m o t h e t i c  
m i i i s  t h a t  T o t a l  Revenue ( C P X ) and  T o t a l  

i=l 
11 

j j C o s t  ( C p x  ) b e  homogeneous f u n c t i o n s  o f  
j = 1  

the same d e g r e e .  

(iii) I f  T o t a l  Revenue and T o t a l  C o s t  a r e  b o t h  

homogeneous o f  d e g r e e  r # 0 ,  e v e r y  e x t r e m e  

p o i n t  o f  n  h a s  n  = 0 .  

P r o o f :  ( i )  By d e f i n i t i o n  .rr i s  h o m o t h e t i c  i n  x  i f f  n ( t x ) '  = 
L - 



j3(t)n (x) , Vt > 0 and some function j3. Since 

n is differentiable for a Neo-Classical firm, 

j3 is differentiable and by the Generalised 

Euler Theorem [42] 

n(tx) # (t-1)" ~ ( x )  unless n = 1. 

8 '  (1) # 0. At an extreme point V n  (x) = 0, 

:. n(x) = 0. 
m i i n 

j j (ii) Since ~ ( x )  = C P X - C p x , n is homogeneous 
i=l j=l 

of the same degree as total revenue and total 

cost, and hence homothetic. 

(iii) This result follows immediately from (i) 

and (ii). 

THEOREM 16 

Given: Two families of correspondences, X = ~(xla), 

Y = G(y I B) where a and B are parameters such that for 

some a = a*, and for all B : 

(i) domain (YIB) cl domain (Xla*) 
b 

(ii) range (Y 1 B) 3 range ( X  la*) 

(iii) D.F(X I&),  D.G(y 16) are defined for all 
x E domain (X I@) and for all y E domain (Y IB), 
where D is an operator such that 

range (D.F(x la*)) G range (D.G(y 16)) 

To Prove: Let Q(x) = {y: [ y  ~dorn(YIf3)I & [F(x]@)G 

G(y lB)I & [D-F(x I @ )  A D-G(y 16) # BI) 

If 3 an ordering on (Y,B), VB such that{min@(x); 

x E domain ( X  Id*)} is closed, then there exist x* 



E domain ( ~ 1 6 1 )  and y* E domain ( ~ 1 6 2 )  for some v 1 

B 1 ,  6 2 ,  such that 

x* E 4 (y*) 6 y* € 4 (x*) . 
x*, y* are not necessarily distinct but are 

necessarily finite if min0(x) is bounded for all x. 

Proof: Let a.= a*: 4(x) is n~n-empty by specification. 

Define the point-set mapping 8 :  domain (~(a*) + 

domain   la*) such that g(x) = mino (x) which f s well- 

defined by assumption. The composite mapping fin (x) 

i8 defined recursively by 

n-1 
gn(x) = ~ ( y ) ,  V ~ E B  (XI Vn)1. 

JiI generates a relation @ on domain  la*) such that 

Hence the sequences Cr (x) = x, jY (x) , . . ; ,fir (x) may 
be defined'vx such that 

r , i  

vyi E 

Three 

(i 

(ii) 

> j , o + ~ ~ ~ ~ J  

gi (x) 6 vyJ E %' (x) . 
cases may be distinguished: 

If 3 x  E domain (Xla*) for which Cr(x) ib defined 

only for r = 0, y E$(x)+ y g x  ?) 
Y But n = 1 gields y E: gn(x), hence 3 m  6 n = 

s.t. x E f(y) Vy E $(x)- 
i 

i.e. x E $(XI or x EB(Y) = g 2 i f )  
( \  

which is the - required result. 

1f 3 x e domain ( X  1 a*) for which Cr (x) is 
defined only for finite r; j a  largest integer . 



r for which C;(X) is defined. Hence 

(iii) 

yi C jli(x) for which y ;+I.(-$ Y i - - - 
But yr E jlr(x) + yr > yi vYJ E jlJ(x 

0 C j < r by construction. Whence, since @ 

is transitive within a particular chain by 

construction, 

- 
Setting x = yr in (i) the required result 

follows. 

If an infinite sequence C(x) exists for 

every x, C (x) C {min@ (x) : x E domain ( X I  a*) 1 

which is closed by assumption. Since x@ y ,  

an oscillating sequence must be finite, whdhce 

C (x) approaches a limit in (min@ fx) 1 . Let 

this limit be L(x). By construction 

L (xl) G domain (Y I 6) G domain ( X  1 a*). and by 
the construction of C (x) , 

yL E L(x) + yLQyn(x) vyn E P(x), Vn and 

Setting x = yL in (i) the required result 

'[The approach used in this proof is derived 

from that of Abian and Brown [l] in their 

work on partially ordered sets]. 

Definition 16: A Perfectly Competitive firm or Perfect 

Cpmpetitor is defined as a Neo-Classical firm such that 



- .. m = 1 and P,  pJ  are p o s i t i v e  a i d  independent  o f  x ,  X I  
, - 

Given: A pedfectly c o m p e t i t i v e  f i r m  w i t h  p r o d u c t i o n  f u n c t i o n  
i 

F  ( x )  - 
T o  Prove: I f  F ( x )  i s  concave,  c l o s e d  and bounded and 3 a 

f i n i t e ,  p o s i t i v e  v e c t o r  z E @ F I  VX, t h e n  

( i)  3 t w o  f i n i t e  v e c t o r s  x*, y*, n o t  n e c e s s a r i l y  

d i s t i n c t ,  such t h a t  

~ ( y * )  (Y1/xl*,. . . ,yn/xn*) E I a ~ l  
Y* 

where 

[ a F l x  i s  t h e  s u b d i f f e r e n t i a l  of  F ( x )  

e v a l u a t e d  a t  x .  

(ii) - I f  x* = y*, 3 p o s i t i v e  p r i c e s  E, P such t h a t  

F ( x )  - x.e/P C 0 w i t h  e q u a l i t y  i f  x  = x*. 

Proof :  R e s u l t  (i) f o l l o w s  from Theorem 16 by s e t - t i n g  X I  a E F  ( x )  
n  n  

Y I B  - n ( y J ) O j  any > o s . t .  L ~j = 1. 
j= l  j=1 

and n o t i n g  t h a t  t h e  domain and r a n g e  r e q u i r e m e n t s  a r e  

m e t .  F closed and bounded i m p l i e s  t h a t  Y i s  closed and 

bounded whence @ ( x )  i s  c l o s e d  and x*, y* a r e  f i n i t e ,  

R e s u l t  (ii) f o l l o w s  by s e t t i n g  , 



e/P =. (a'/xl*,. . . ,an/xn 1 F(x*) in (i) and noting 
that for F(x) concave, p/P E [aFIXt implies that 

F(x) - x.2/P is maximised at x = x* from [51: 

Theorem 28.31. 

Definition 17: An Imperfectly Competitive firm or Imperfect 

Competitor is defined as a Neo-Classical firm such that m = 1 
. , 

and pY is positive and independent of x, Vj = 1, .'. . ,n. 
COROLLARY 16.2 

Lemma 16.1 may be applied to an imperfect competitor by - 

substituting'the revenue function R(x) = P (x). F (x) for F (x) 

and making the requirements of R(x). 

THEOREM 17 

Given: A perfect competitor with once-differentiable concave - 
production function F(x) such that VF(x) > 0, F closed 

and finite for all x. 

To Prove: If F(x) meets the conditions of Theorem 16 when 
n 

Y I B = 0 II yl/n, k sufficient condition for the' 
j=1 j 

existence of a zero maximum profit point is that, 

VXIY, 

[F (y) - F (x) 1. x. [VF ( y )  - VF (x) ] < 0 with equality 

permitted if F(x) strictly concave. 

Proof: By Lemma 16.1 the result follows immediately unless a 

two-cycle exists. Let x*, y* constitute a two-cycle 

and w.1.o.g. let F(y*) > F(xf). since P(x) concave: 

(y-x) VF(X) 5 ~ ( y )  - F(x) VxtY [6l, Theorem 1 . C . 3 )  

(y* - x*) VF (x*) F(y*) - F(x*) > 0 by assumption . . 



n 
Choosing Y 18 = 0 n yl/n in Theorem 16 yield6 

j=1 j 

@ (x) = y when y = F(x) /(n aF/axJ) which e * i S C $  by 
j 

assumption and Lemma 16.1 

j ... F(x*) = ny? aF/ax = y*VF(x*) ................. ( 2 )  
3 

Similarly F(y*.) = x*VF(y*) ....................,. ( 3 )  

( 2 )  in (1) yields F(xt) 2 x*VF(X*) 

Hence from ' ( 3 )  x*'IF(y*) 2 F(x*) 2 x*VF(x*) 

which contradicts the presurnptio~ 

If F(x) is strictly co ave (1) and hence ( 4 )  become "f 
strict inequalities, contradicting equality ih the 

presumption, 

THEOREM 18 

Given: A perfect competitor with production functim F i x ) ,  

not necessarily differentiable, x > 0. 

To Prove: A sufficient condition for the existence OF a 

zero maximum profit point is that all the Fbliowing 

be true: 
I 

(a) F(x) finite and concave 

(b) aF(x), the subdifferential of F(x) ~Qnkhin8 

a finite positive vector quantity ~ Q R  911 x 0 

(c) either F(x) is strictly concave or 

Theorem 11 for all P > 0 

P*.t n (x)  = PF(x) - E.X meets the condition8 of 

. b 



e q u a l i t y  i s  p e r m i s s a b l e  f o r  F ( x )  s t r i c t l y  

concave.  

P roof :  Given i n p u t  p r i c e s  E. -From C o r o l ~ a r y 1 0 . 1  and c o n d i t i a n s  

( a )  and ( c )  , n ( x )  a c h i e v e s  an u n c o n s t r a i n e d  maximum 

when 0  E {-an(x)  1 i . e .  0  E {-BF(x) + E / ~ } .  S i n c e  

p a n d  P a r e  b o t h  p o s i t i v e  t h i s  i m p l i e s  t h a t  ( 3 ~  ( x )  1 

conta in$  a  p o s i t v e  v e c t o r  which may be  mapped i n t o  
n  

6 a s  i n  L e m a  16.1 ,  f o r  any P. A s  ~ F ( x )  always 
j = 1  

c o n t a i n s  a  f i n i t e  p o s i t i v e  v e c t o r ,  t h e  mapping i s  
r 

always w e l l  d e f i n e d .  Hence Theorem 16 may be  a p p l i e d  

d i r e c t l y  s i n c e  F(x) f i n i t e ,  and t h e  r e s u l t  f o l l o w s  

by a n  ana lagous  p r o c e s s  t o  L e m a  16.1 ,  w i t h  2 c y c l e s  

e l i m i n a t e d  by Theorem 17. 

THEOREM 19 

Given: A p e r f e c t  c o m p e t i t o r  w i t h  s t r i c t l y  concave p r o d u c t i o n  

f u n c t i o n  F ( x )  such  t h a t  F ( 0 )  2 ( 0 )  

To Prove:  F ( x )  i s  once d i f f e r e n t i a b l e  on a n  open convkx set 

i n a n ,  maxn(x) = P [ F ( X )  - X I  = P [ P ( X )  - x .VF(x) ]>  0 

f o r  a l l  p o s i t i v e  E, P .  

P roof :  P ( x )  s t r i c t l y  concave and d i f f e r e n t i a b l e  on a n  open 

convex set X i n & "  i m p l i e s  

[61 ,  Theorem 1.C.31 

L e t t i n g  y = 0 ,  - X V F ( X )  > - F ( X )  7 



LEMMA 20.1 

Given: A p r o f i t  f u n c t i o n  w i t h  f i x e d  i n p u t  p r i c e s  

To Prove:  I f  n ( x )  - R(x) - x.p,  n ( x )  i s  ( s t r i c t l y )  concave 

i f ,  and o n l y  i f ,  R(x) i s  ( s t r i c t l y )  concave.  

P roof :  n ( x )  i s  s t r i c t l y  concave i f f  

n ( 8 x  + ( 1 - 8 ) y ) > ' 8 n ( x )  + ( 1 - 8 ) n ( y )  o < 0 < 1 

i .e .  R(x)  s t r i c t l y  concave.  

S i m i l a r l y  f o r  weak c o n c a v i t y .  

COROLLARY 2 0 . 2  
Ti 

If R(x) i s  t h e  revenue g e n e r a t e d  b 

X ,  a t  p r i c e  P ( X )  and X = F ( x ) ,  n ( x )  i s  

y  the s a l e  of  one ou tp  

( s t r i c t l y )  concave 

i f f  P ( X ) F ( x )  i s  a  ( s t r i c t l y )  concave f u n c t i o n  of x. 

LEMMA 20.3 3 

Given: A p r o f i t  f u n c t i o n  n(x) w i t h  f i x e d  i n p u t  p r i c e s  and 

s i n g l e  0utpu. t  p r i c e ,  P, independent  of  o u t p u t  q u a n t i t y ,  

To Prove:  n(x)  i s  a  ( s t r i c t l y )  concave f u n c t i o n  of  x  i f f  

X = F ( x )  i s  a  ( s t r i c t l y )  concave f u n c t i o n  of  x.  

Proof :  S i n c e  P(X) E P the proof i s  d i r e c t  by C o r o l l a r y  20.2. 

Given: A p r o f i t  f u n c t i o n  n ( x )  with f i x e d  i n p u t  p r i c e s  and \- 

'ii s i n g l e  o u t p u t  p r i c e ,  P ,  independent  of o u t p u t  q u a n t i t y ,  
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Y 

To Prove: I f  X = F ( x )  i s  t w i c e  d i f f e r e n t i a b l e .  (n jk) is 

n e g a t i v e  (semi) d e f i n i t e  i f ,  and o n l y  if. (Pjk) 

i s  n e g a t i v e  (semi) d e f i n i t e .  

Proof:  ~ ( x )  = PP(x) - x.p , p f i x e d ,  hence i f  F (x )  'is twice 

d i f f e r e n t i a b l e  s o  is (x )  . Whence (n ) n e g a t i v e  
jk ., 

( s e m i )  d e f i n i t e  * n (x )  s t r i c t l y  (weakly) concave 

by / 51: Theorem 4.5 I where the proof g iven  e x t e n d s  

d i r e c t l y  to  s t r ic t  concavi ty .  Hence t h e  r e s u l t  

f o l l ows  by Lenana 20.3. 

LEMMA 2 0 . 5  

1 n Given: A concave F ( x )  , x = ( x  , . . . , x ) . 
/ 

To Prover I f  zl r aF eva lua t ed  a t  xl and z2 E aP e v a l u a t e  

j a t  xZ = x + 5 where 5 = ( 0  ,.... 0. 5 .0 ...., 0 ) .  E " > o  1 
j zi c zl. j = 1, ..., n where aF i s  t h e  s u b d i f f e r e n t i a l  

1 of  F. and z = ( z  .....zL 
Proof:  By d e f i n i t i o n  aF i s  the set  a l l  z such t h a t  

P ( y )  6 F ( x )  + ( y  - x) . z  Vy [ 51:5301 

j Ej  L e t  yl = xl + c, whence F(xl  + 5) - P(xl )  6 z1. 

~f  y2 = x j j 
1' P(xl)  - P(xl  + C)  6 -z*S 

Given: A p e r f e c t l y  - t i t i v e  f i r m  w i t h  concave p roduc t ion  

1 11 f u n c t i o n  P ( x ) ,  and f i x e d  i n p u t  prices p (p , . . . ,p ) . I 
To Prove: If x(P)  - is the p r o f i t  maximising input  vector for 

output price P. x(P) - and P [x(PR - are increasing 



functions of P and zj(P) is a decreasing function 

j j of P where Pz (P) = p , j = 1,. ..,n and 

ferential of P(x) evaluated at x(P) . b 

Proof: Since x maximises  profit,^ exists from 151: Theorem 

j 28.3) .'. for p constant and positive, z (P) a 1/P - 
Vj = 1,. . . ,n. zj is a non-increasing function of x j 
by Le- 20.5, hence xj is an increasing function of 

j P, and P(x) is an increasing function of x , 

V = l , , n  Thus F(x) is an increasing function 

Given: A strictly concave profit function n ( ~ )  = - X . P ( X )  -x.p(x) - 

To Prove: If prices change in such a way that - P + P 1 ,  - and 

maximum profit is unchanged; 

( x '  - X) (P' - P) . > 0 where X', X are the profit 

maximising outputs at the the two price levels, and 

(x' - X) (p' - p) < 0 or x' = x, where x', x are 

the profit maximising inputs. 

These results might & termed the "generalised 

output and input substitu n effects" respectively. 

Proof: Let S = (x: ~ ( x )  2 ao)and T = {x: '  X E  S) 

Since n(x) is strictly concave, S is a strictly convex 

0 set [ 4 2 1 .  If max u (x) for g, E is a , let x '  be such 

that ~(x') just attains this level for - P', p', in 

the sense that and - x'p' are minimised over S .  

Consider the hyperplane B defined by y . ~  = x , ~  



+ > 
and l e t  H = {y:  y e  = x . 2 )  

- < 
H = {y:  y p  = x . ~ )  . 

+ 
By t h e  minimum p r o p e r t y  o f  S ,  S = H  and H s u p p o r t s  

S  a t  x.  . ' . E i t h e r  x '  = x  o r  x ' p  > z. - - - - 
S i m i l a r l y  H '  d e f i n e d  by y p '  = f ' p '  y i e l d s  e i t h e r  

whence x '  = x or ( p '  - p )  i x '  - x )  < 0 

c- Now l e t  X '  = X ( x V ) .  By t h e  s t r i c t  c o n c a v i t y  o f  ~ ( x ) ,  

'XP and X'P' a r e  maximised o v e r  T and hence  S when - I 

r e g a r d e d  a s  f u n c t i o n s  o f  x ,  x ' .  Thus i f  t h e  
I 

h y p e r p l a n e  G i s  d e f i n e d  'by  

Y.P = XP, and - - - 

- < 
G = {Y:  YP = XP), 

9 

T c G- by t h e  maximum p r o p e r t y  o f  T. 

' <  
i. e. X'P = XP 

< 
S i m i l a r l y  XP' = X'P' 

whence X - TI  (PI -P) > 0. 
\ 

THEOREM 23 

Given:  A . p e r f e c t l y  c o m p e t i t i v e  f i r m  w i t h  s t r i c t l y  concave  

p r o d u c t i o n  f u n c t i o n  P ( x ) .  I rl 

% ~ r o v o e r e  e x i s t s  a  non-zero i n p u t  v e c t o r  x  s u c h  that  

P(x)-x.z=O where  ~ t [ a P ] ~  z'0. P(x)#O,  x i s  un ique .  

P r o o f :  Suppose the c o n t r a r y :  L e t  y#x be s u c h  that 
* 

P ( Y )  - y.w = o f  w E [ a P ]  w > o f  P ( Y )  # O. 
Y '  . 

Choose ex. Px, gf  P p o s i t i v e  s u c h  t h a t  
Y 



PX.z = ex and P .w .= EY Y 
t 

If Ex = Ey* Px = P o t h e m i s e  by Theorem 2 1  . 
Y * 

maximum- p r o f  it must change from x t o  y.  Hence 

x = y by the un iqueness  o f  maxima. Thus ex# g. * 4 

L e t  u = Ox + (1-0) f o r  some 0 ,  0<0<1  such  t h a t  u.pX/Px 

= u . ~  /P which e x i s t s  fjy- Theorem 21. Thus 
Y Y 

I 

u.px/Px = Oxpx/Px + (1-0)yex/P X......................( 1). 

= 0F ( x )  + (1-8) yp  /P s i n c e  n ( X I L O  r b 

< F (Ox) + ( 1 - 0 )  ypx/Px by s t r i c t  c o n c a v i t y  of  F ( x )  

and u e  /P = O x p  /P +( l -O)yey/Py < 0xp /P +F[ (l-O)yl . . ( 2 )  
Y Y Y Y Y Y 1 

Combining .(1) and ( 2 )  
1 
-! 

a 

expX/px + ( l - O ) y p x / ~ x  < 0pY/py + ~ [ ( ~ - B ) Y J  .. ; . . . . . . . . o )  d a 
and s i m i l a r l y  

Aadinq ( 3 )  and ( 4 )  

- 
A t  l e a s t  one o f  the terms i n  ( 1  must be  p o s i t i v e  and hence 

e i t h e r  (1-0)y  o r  0x y i e l d  p o s i t i v e  p r o f i t  a t  y o r  x p r i c e s  
. 

. . r e s p e c t i v e l y ,  c o n t r a r y  t o  assumpt ion .  . ' . x  = y.  
t 

I 

THEOREM 24 

Given: A p e r f e c t l y  c o m p e t i t i v e  f i r m  w i t h  concave p r o d u c t i o n  . 
f u n c t i o n  F ( x )  and z e r o  maximum p r o f i t  i n t  x*. 

1) Igo u 
To Prove:  T h e r e  d o e s  n o t  e x i s t  a y # x* such  t h a t  P ( y ) =  

P(x*) , i,eI there is no '" isoquant"  t h r o u g h  x*. 

P roof :  Suppose t h e  c o n t r a r y :  
. . 

Let P ( y )  = P(x+). ,  y f x* and choose  E, P > 0 such  



that P.w = E and w E [aFl i.e. y is the unique 
Y' 

profit maximising input for p, P. 

Let P* > 0 be such that P*F(x*) - x*p = 0. 

Since x* is unique by Theorem 23., and every firm has 

a zero maximum profit point .fo.r some P and every 

p, X* maximises profit for P*, p. 

However x* # y, whence by Theorem 21, 

P* # P and F(x*) # F(y) contrary to assumption. 

Cefinition 2b): An Almost Differentiable Neo-Classical Firm 

is defined as a f i b  such that ti, and pi are twice 

differentiable with respect to xk almost everywhere, 

Definition 2': A Heo-Classical Firm'with Concave Production 

i .  i ,  Functions is defined as a fiqn s-uch that F , and P are 

i 
ions of xk and F is a concave function o f  x k 

of F ~ ( x )  contains a finite 

positive' ector for all x, i = 1, ..., m; j,k = 1, ..., n. 4 
RlEORM 25\ 

Given: A perfectly competitive firm with concave production 
---% 

functxon P(x) .and zero maximum profit point x*. 

- - n 2  2 
To Prove: If [&PI,. = (&: a > 0 c L a] = N 1 for some 

j=l 
> 

N # 0, 3 P*(e) > 0 such that x* is the profit 
1 

maximising point for prices e, Pf. 
fimf : For prices E, P the firm maximises prof it at x where 



p/P E [aFIX from 151: Theorem 2 8 . 3 1 .  It suffices to 

show that v~ 3 P* s.t. p / ~ *  E [aFIXt. 
n - 2  

Let z P 3  = M ~ > o  
"\ 

j=l b 

n j 2  2 2 2  p/P* > 0 and C p /P* = M . N /M = N 2  

j=l 

as required. 

THEOREM 26 

Given: A concave function n ( x )  which is twice differentiable 

almost everywhere in its domain. 

To Prove: ( n .  ) is negative semi-definite almost everywhere 
lk 

and negative definite almost everywhere if 

n ( x )  is strictly concave. 

Proof : Let n (x) be defined on the domain x E X and let 

Y be the (denumerable) subset of points Y c X at 

which ~ ( x )  is not twice differentiable. 

Now X \ Y contains no boundary points not in X 

whence n(x) is twice differentiable at all points 

in X \ Y by construction and since X \ Y c X, 

n(x) is concave for x E X'Y. Whence (n 1 
j k 

negative semi-definite Vx E X \ Y from (51: Theorem 

4-51. 

The proof for strict concavity is directly analagous. 

LEMMA 27 

Given: A concave function F(x). 

To Prove: The family of loci, F(x) = constant are concave 



contoured, i.e. F(x) = c is the lower boundary 

of a convex set. 

Proof: Immediate by [ 4 2 :  Section ~8.51. 

LEMMA 28 

Given: A perfectly competitive firm with concave production 

function F(x) and zero maximum profit point x*. 
< < 

To Prove: x ,  x* + F(x) - x.z, 0 

Vz > 0 s.t. z E [aFIX. 

Proof: By Theorem 23 x* lies on the expansion path of the 

firm for any input prices, i.e. V p  > 0 3 P* > 0 s.t. 

P*F(x) - x.p is maximised .at x = x*. 

Let x < x*, and let E, P be such that p > 0, \, 
4 

P > 0 and p/P = z E [aFIXf i.e. x maximises profit 

for prices p, P. 

By Theorem 21 x < x* implies that P < P* and hence 

maximum prof'itat x* > maximum profit at x by 

Assumption (x) . 
. . F(X) - x . ~  = F(X) - x.~/P < Fix*) - x*E/P*~ o 
Similarly for x > x*. 

THEOREM 29 

Given: A perfectly competitive firm with concave production 

function F(x) and zero maximum profit point x*. 

To Prove: If x is a .profit maximisation point, x j x* 

implies x > x*. 

Proof: Let p, P > 0 be s&h that e / P  a bFI,, i.e. x 

maximises profit for prices gr P. . 



. by Theorem 21, P > P* where e/P * E (aFIX* 

. '. by the same theorem xk > xk* Vk = 1,. . . ,n 
:. X > x*. 

LEMMA 29.1 

Given: A perfectly competitive firm with concave production 

function F(x) and zero maximum profit point x*. 

To Prove: x > x* if, and only if, F(w) - x.z > 0 

Vz > 0 s.t. z E [aFIX. 

Proof: Sufficiency is proved in Lemma 28 

Necessity: Suppose 3j E {l,. . . ,nl s. t. xJ 6 xJ* 

32 > 0 s.t. z c [aFIx by Definition 2', . * .  x is 

profit maximising for prices p, P s.t.-Pz = p. 

. ' . not (x > x*) requires not (x ) x*) by Theorem 29 

. . xJ < xj* for some j 

.'. P < P* where p/P* E [aFIX* by Theorem 21. 

. ' .  F(x) - x.z = F(x) - x.e/P < F(x*) - x*p/P* = 0 

i.e. F(x) - x.z > 0 for some z E [aFl .+ x > x*. 
X 

COROLLARY 2 9.2 

By an analagous proof to that of Lemma 29.1 it may be 

shown that x < x* ++ F(x) - X.Z < 0 VZ > 0 set. z E [aFIX. 

COROLLARY 2 9.3 

By ~ermnh9.1 and Corollary 29.2 the observation of . \ 
k 

. 
xJ = xJ* and s # xk* necessarily implies from the Neo- 

classical Model that input xJ is constrained, i.e. the 

firm is in run r < j. 
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THEOREM 30 

Given: A perfectly competitive firm with concave production 

function F (x) defined over x E S. 

To Prove: If S is not compact, every expansion path (set) 

musthaveat least one common point will all others, 

i.e. x* E S such that V E >  O,~P(P) for which 

x* is the profit maximising input vector. 

Proof: If S is not compact, 3x* E Sf ex* + (l+e)y E Sf 

0 6 8 < 1, y E S + 8 = 0. Consider y # x* such that 

~ ( y )  = F (x*) : BY supposition 32 > 0, z E [ ~FI;, 

and w > 0, w E [aF] . Choose Q/P = z and E'/ P' = w, 
Y 

i.e. x* maximises profit for prices p, P and y 

maximises profit for prices E ' ,  P'. Thus 

(p/P) (y - x*) > 0 Vy and (p1/P') (x - y) > 0 Vx 

Three cases are possible: a) y x* & x* ) y; 

b) y 2 x*; C) y G x*. 

a) Let G be the hyperplane through x*, y defined by 

v(p"/PW) = y(p"/Pw) = x*(p"/Fm), p", P" > 0 
4 

and let u maximise profit for prices p", Pn. Now 

(i) (p/P) (u-x*) < 0 + F(u) > F(x) + x does not 

- maximise profit for g/P, contrary to 
\ . 

assumption, .'. (p/P) (u - X * )  2 0. 
\ 

(ii) similarly (E/P) (u - y) < 0 + F(u) > F(y) * y 
I 

does not maximise profit for pl/P', 

@ contrary to assumption. 



which implies u = x* or y 

. ' . F (u) = F (x*) = F (y) . Thus x* and y both 

maximise profit for prices E", P", contradicting 

uniqueness. 

b) y > x**(p'/P1)(x - yJ & 0 Vpl/P' > 0, 

contrary to assumption. 

c) similarly y 6 x*+ (g/P)(y - x) 6 0 Vg/P > 0, 

contrary to assumption. 

9 Hence no y exists such that y # x* and 

F(y) = F(x*). Moreover from Theorem 21, if y 

is a profit maximising point y 2 x* + y > x* 

and y C x* * y < x*, (proof directly analagous 

to Theorem 29) 'and hence all expansion sets 

contain x*, irrespective of p. 

COROLLARY 3 0.1 

If all inputs are indivisible, that is the input set 

consists of distinct points x, the firm maximises profit 

by choosing an x from a sequence of input combinations 

XI, 0 . .  ,x kt . * *  
such that xk > x k-1' This choice is made 

entirely on the basis of the output price and is independent 

of the input price ratios generated by E > 0 .  Hence no 

' input substitution '- occyd. 

Given: A perfectly competitive firm with concave production 

F .  function F (x) and zero maximum prbfit point x*. 



To Prove: If x > x*, F(Bx) < BF(x) Vfl > 1. 

Proof: Suppose F (Bx) 2 BF (x) for some x > x*, B > 1. 

Choose 2, P > 0 s.t. p/P E [aFlx, i.e. x maximises 

prof it for prices E, P, whence 

F(x) - x.~/P > F(y) - Y.E/P VY f x* . 
I 

Let y = Bx # x since B > 1: 

> BF(x) - flx.g/P by assumption. 

But x > x* implies F(x) - x.g/P > 0 by Lemma 28 

.'. 1 > fl contrary.to assumption. 

COROLLARY 30.3 

If x < x*, maximum profit is negative by Lemma 28 which 

implies F (Ox) < OF(x) V 8 ~ 1 .  

THEOREM 31 

Given: A perfectly competitive firm with concave production - 
function F(x) and unique zero maximum profit point x*. - 

n 
To Prove: If F(x) : H(x) for x > x*, H(x) < (x*) I'I (X./X?)~~ 

j=1 J J 

n 
V a j  > 0 such that E aj = 1. 

. j=1 . 
n 

Proof: Let H(x) Y(x) = A n ( X ~ ) ~ I ,  a > 0 Eaj = 1 for some 
j= l  

Since x > x*, 3 8  > 1 such that x > Bx* 



LJ j=1 J 

n . Y(x) = H(x*) II (x./x?laj as required. 
j=1 3 3 

THEOREM 32 

+ 4y* 2 1 1 / 2 1  - I [(x*-x) 2 Given: A function F (x,y) - ' I  b* 
2 1/21 

.-l 
+ 4(y*-y) I 

TO Prove: a) aF/ax > O; aF/ay > o J 

e) Lt VF (x,y) is indeterminate, 

f i  
\\ \ Proof: a) aF/ax = - ( + 1 [  (x*-x) -v2 2&*-XI (-1) + 4(y*-y) I 

2 
(x*-x) - 4(y*-y) 1 < 0 

2 2 Similarly for a F/ay . 



C )  , d )  f o l l o w  d i r e c t l y  by s u b s t i t u t i o n .  

e )  aF/ax = ( x * - x ) / o ~  [x*-XI + 2 (y*-y) 1 

~t aF/ax a s  ( x , y )  + (x* ,y*)  depends on t h e  r e l a t i o n  

between x and y. S i m i l a r l y  f o r  a ~ / a y .  1 n - p a r t i c u l a r ,  

THEOREM 3 3  
2 1/2 

Given: A p r o d u c t i o n  f u n c i i o n  F ( x , y )  = [ x * ~  + 4y* 1 

To Prove: Maximum p r o f i t  i s  non-negat ive and e q u a l  t o  z e r o  

when ( x , y )  l i e s  on t h 4  r a y  th rough  ( x * ~ Y * ) .  

P roof :  Maximum p r o f i t  i s  p r o p o r t i  b 1 t o  F ( x )  - x.VF(x) and 

2 ?*2]1/2  2 112 = [ (x*-x) + 4(y*-y)  2 1 -1/q [x*  +4y 4 (y*-y) I 

[ (x*-3C) 
2 1/2 

+ 4(y*-y)  I - [ (x*-X)X* + 4 (y*-y)y*]  1. 
2  

S i n c e  [ (x*-x) + 4 (y*-y) 1 > 0, t a k i n g  p o s i t i v e  r o o t s ,  

t h i s  f u n c t i o n  h a s  t h e  same s i g n  a s  

T h i s  e x p r e s s i o n  i s  z e r o  when x*/y* = x/y, i.e. 

(x,yT l ies on t h e  r a y  th rough  (x*,  y*) . 
C 

LEMMA 34 

Given: A p e r f e c t l y  c o m p e t i t i v e . f i r m  with concave  p r o d u c t i o n  
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function F(x) and zero maximum profit point x*. 

To Prove: Maximum profit is non-negative for all positive 

prices p, P. 

Proof: Let x maximise profit for prices p, P and suppose 

F(x) - x.z < 0 where p/P = z E [aFIX. 

By Corollary 30.3 F(8x) < 0F(x) V8, 0 < 0 < 1 

contradicting the assumed concavity of F(x). 

Given: A perfectly competitive firm with concave production 

function F(x) and unique zero maximum profit point x*. 

To Prove: xJ < xj* for some j = 1,. . . ,n implies that the 
\ 
\ 

firm is in run k, k < n-1. 

> 
Proof: Since Max ~ ( x )  3 0 + x = x *  by Lemma 28, x cannot 

be an unconstrained profit maximis,ation point by 

Lexurna 34. Therefore x must be constrained, i.e. if 

I .  

the firm is in run k, k < n-1 by Definition'4. 

THEOREM 36 

Given: A perfectly competitive firm. 
P 

To Prove: The Neo-Classical Model is inconsistent with long 

run equilibrium. 

Proof: By Theorem 35 every firm has non-negative net profit 

in run n. F r m  Assumption ( X )  the Neo-Classical 

firm does not have zero net profit identically. 

Hence there exists an industry for which max n (x) = 

7 > 0 .  If all firms have profit a Assumption (xi) is 
1 1 ' 



c o n t r a d i c t e d  s i n c e  'TI1 d e f i n e s  a  d i f f e r e n t  l e v e l  o f  

normal  p r o f i t  f rom 'TI = 0. Thus t h e r e  e x i s t s  a n o t h e r  

i n d u s t r y  w i t h  maximum p r o f i t  n2  2 0 s u c h  t h a t  

n 2  # T1 W.1.o.g. l e t  n1 > n 2 '  

By Assumption (iii) a  f i r m  e a r n i n g  p r o f i t  n2 w i l l  
4. 

l e a v e  i n d u s t r y  2  and e n t e r  i n d u s t r y  1 i n  t h e  l o n g  

r u n  c a u s i n g  r l  t o  d e c r e a s e  and n 2  t o  i n c r e a s e  by 

Assumpt ions  ( i x )  and ( x ) .  L e t  t h e  new l e v e l s  o f  

'TI b e  -1(1) and n 2 ( 1 ) .  
1' 2 

I f  n l ( l )  > ~ ~ ( 1 )  t h e  p r o c e s s  r e p e a t s  u n t i l  n l ( t )  6 r 2 ( t )  

When nl ( t )  4 Y Z  ( t )  t h e  p r o c e s s  i s  r e p e a t e d  w i t h  

r e v e r s e d  i n d i c e s ,  i .e .  n 2 ( t )  > n ( t )  2 0 .  1 

E q u i l i b r i u m  r e q u i r e s  t h a t  nl  ( t )  = n 2  ( t ) ,  b u t p h i s  
t 

must  b e  t h e  l i m i t  o f  a  s equence  o f  d e c r e a s i n g  v a l u e s  
I 

of  n and  i n c r e a s i n g  v a l u e s  o f  nk ,  j , k  = 1 , 2 ,  1 # k t  
j 

Hence t h e  e q u i l i b r i u m  d e f i n e s  a  l e v e l  o f  normal  

p r o f i t  above  t h a t  d e f i n e d  by 7 = 0 ,  c o n t r a d i c t i n g  

~ s s t h ~ t i o n  ( x i )  ; 
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