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Given -a graph G and graphs H1, HZ,. . . , H , if there 
s 

exists a partition qf the edge set E(G) such that th& resulting 

V *  
* 

subgraphs of G are i-rphic to H H 
1' f ' " "  

or H we sqy that the 
s 

. graph G can be demmpbsed iito the graphs H1,H2, . ,Hs In 

particular if H - Y - Hs H (say), the decomposition is called 
1 H2 

. 
an i s ~ r p h i c  factorization of G . In this case we also say that 

G .  

Similar definitions jmld for directed graphs. 

In Chapter 1, decompositions of some complete multipartite 

graphs and s o w  special graphs into cycles of different lengths are 

abtained. Most of the graphs considered here often appear as factors 
$ 

in the decomposition of canplete graphs and complete symmetric digraphs 

considered in the subsequent chapters. Thus the results of this chapter 

are not only used in obtaining results in other chapters, but can be 

used as W r t a n t  tools in many other decomposition problems. 

In Chapter 2 it is shawn that for n 5 (mod 6) the complete 
* 

graph Kn can be deccmposed into C 's and one K where 
3 5 

Cr denotes 

a cycle of length r . This together with the fact that a Steiner 

triple system is known to exist for n Z 1 or 3 (mod 6) e&ablishes -, 
the exiftence of a pairwise balanced design (n; 5,3;1) for any odd d' 

In Chapter.3 it is shdwn that the necessary condit'ions 

for the cycle CZepo , p prime and a any positive integer, to 
,- 

divide Kn are also sufficient. 



t 
In  Chapter 4 it is shown t h a t  n'ecessary 'and p f f i c i e n t  

condi t ions  f o r  each o r i e n t a t i o n  of  C -  t o  d iv ide  a codple te  symmetric 
5 . - 

I _ 
digraph *DKn a r e  n  Z 0 o r  1 (mod 5)  and n  1 5 . 

lh Chapter 5 s u f f i c i e n t  condi t ions  a r e  found f o r  a s e l f -  ' 
C 

k 
Jf 

converse o r i e n t a t i o n  of  C , k odd, t o  d iv ide  a complete s p n e t r i c  

h ig raph  ' D K  .. This  r e s u l t  is  used t o  show t h a t  t h e  necessary , n  
-, 
c  n d i t i o n s  f o r  any self-cohverse o r i e n t a t i o n  of y. C t o  d i v i d e  

DKn 

a r e  a l s o  s u f f i c i e n t .  



lb Kamal,  I& wife ,  who while  dr iv ing  

the  car  once discovered t h a t  8 + 6  = 14 .  
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INTRODUCTION 

CHAPTER 0 

. .  It a l l  began i n  1736 when Leonhard Euler  i n i t i a t e d  t h e  
" .  

theory of  graphs i n  h i s  famous paper 1121, though people had been 

using combinatorial  i deas  t o  so lve  e n t e r t a i n i n g  puzzles  e a r l i e r .  Thus 

Oystein Ore has r i g h t l y  remarked i n  h i s  book Graphs and their uies 1271 

, 
t h a t  t h e  theory of graphs i s  one of  t h e  few f i e l d s  of mathematics 

which has a d e f i n i t e  b i r t h  d a t e .  Euler  himself s t a r t e d  h i s  paper 
- 

with tfiej d i scuss ion  of a puzzle ,  knowni.as Kh igsbe rg  problem ( see  

[27, page 231).  In  t h e  i n i t i a l  s t age ,  s i n c e  it d e a l t  l a r g e l y  with 

b 
r e c r e a t i o n a l  problems, graph theory could not  draw much a t t e n t i o n  from 
I 
L 
t h e  s cho la r s  i n  mathematics u n t i l  1847 when Kirchhoff 1241 counted t h e  

number of spanning t r e e s  of a l abe l ed  graPh and appl ied  it t o  e l e c t r i c a l  

networks. Af te r  almost fou r  decades, t h e r e  came another  s t a r t l i n g  

r e s u l t  i n  graph theory  when Cayley 1111 gave a count f o r  t h e  l abe l ed  

t r e e s  with n v e r t i c e s .  He appl ied  t h i s  r e s u l t  t o  t h e  problem of 

counting chemical isomers. In  s p i t e  of a l l  t he se  e a r l y  promising 

app l i ca t ions ,  graph theory  could not  sever  i t s  r e l a t i o n s h i p  with 

e n t e r t a i n i n g  puzzles .  In  1890, H e a m d  1181 in an at tempt  t o  solve 

the famous Four e o b r  p r o  lem* proved t h e  f ivo c o l o r  theorem, which 4 
I 

i s  regaltded a s  another  landmark i n  t h e  histor);  o f  graph theory. 

3 

*The Four c o l o r  problem a f t e r  i t s  long h i s t o q  w s  f i n a l l y  solved by 
., . 

Appel, Haken and Koch (11 i n  t h e  summer of 1976. 



For many years to come, because of its study of topological 

properties such as connectedness, planarity and so on, graph theory 
A 

was regarded as a'branch of topology. Thus, when J.H.C. Whitehead 
I 

once described graph theory as 'the slums of topology', he was 
\ 

express'ing the general consensus which prevailed among thg mathematicians 

at that time. xn6s K6nig's book Theorie der endlichen und unendlichen 

Gmphen published in 1936 was the first book ever written on graph 

theory. Though it was an attempt to establish graph theory as a 
8 

unitary discipline, it failed to satisfy a sectidn of mathematicians 
' 

wi~o subscribed to the above stated view. We are indeed indebted to 

Turdn who discovered a pioneering theorem in 1941. It not only opened 

a new avenue in the study of graphs known as mtremal g p  theory 

but settled the issue that graph theory has its own entiwand can . 
not be looked upon merely as a branch of topology., Turdn [361 found 

the maximum possible number of edges for all graphs on n vertices 

F which do not contain a triangle. ye also showed that there is a unique 

graph which realizes this number. 

Graph theory today 18 like an old banyan tree with its 

many branches ektending friendly help to the other bra hes of Y 
mathematics,sciences and humanities. To, cite a few examples: 

Menger's sepamtion threm of 1927 has led 'ta the development of 

network theory formulated by Ford and Fulkerson in thdir work Fhds 

in n g m p k  (1962). Graph theory is used in the E ~ M Y  of &ain 

engineering and structural systems which involve interrelated . 
components. rt has found applications in many areas like assignment . 



problems, t i m e t a b l i n g  p rob lems , s to rage  prdblems and s o  on.  The 

t/ 

s t u d y  o f  d i r e c t e d  g raphs  h a s  successfu11y been a p p l i e d  t o  t h e  

problem o f  making a road  system one-way, rank ing  p a r t i c i p a n t s  

i n  a tournament o r  t h a t  o f  d e s w n i n g  an e f f i c i e n t  computer drum. 

Graph Theory h a s  also found a p p l i c a t i o n s  i n  economics, psychology 

and b io logy .  - 
The problem c o n s i d e r e d - i n  t h i s  d i s s e r t a t i o n  come upder 

t h e  branch c a l l e d  cornbinatoriaZ d e s i g n s  which h a s  been growing a t  

a f a s t  r a t e .  These d e s i g n s  are used a s  powerful  t o o l s  i n s t a t i s t i c a l  

exper iments .  S t a r t i n g  w i t h  LQtin squares, Hadumard mtrYices, 

Steiner t r i p l e  sys tems  and more r e c e n t l y  coding t h e o r y ,  it h a s  

g e n e r a t e d  much enthusiasm.  Some o f  t h e s e  d e s i g n s  such a s  ba lanced  
8 .  

incomplete  block designs, pairwise b lock  designs ,  ba lanced  c y c l e  o r  

circuit de8igns o r  more g e n e r a l l y  t h e  G-designs a r e  d e f i n e d  i n  

t h e  subsequent  c h a p t e r s .  The t h i r d  c h a p t e r  d e a l s  w i t h  t h e  ba lanced  

cycze d e s i g n s  which are u s e f u l  i n  s e r o l o g y ,  a s c i e n c e  of v i r u s  r e s e a r c h .  

To conduct t h e  O u c h t e r l a y  gel  diffusion test ,  samples from a number 

o f  a n t i g e n s  ( v i r u s  p r e p a r a t i o n s )  a r e  t o  be  a r ranged  around an  an t i se rum 

on a p l a t e  s o  t h a t  e v e r y  a n t i g e n  h a s  two o t h e r s  a s  i ts  neighbours .  

There  a r e  n k i n d s  o f  a n t i g e n s  t o  be a r ranged  on b p l a t e s  each  

c o n t a i n i n g  k a n t i g e n s .  (see Rees [ 2 8 1  and Hwang [ 2 2 1 )  . 



DEFJNITIONS AND NOTATION 
IA 

W e  s h a l l  u s e  h e r e  t h e  terminology commonly used , . in  any 

s t a n d a r d  t e x t  on g raph  t h e o r y ,  f o r  example, by Bondy and Murty 181, by 

Behzad and Char t rand  [21 o r  by Harary [ l 5  1 . However, w e  g i v e  h e r e  

a few d e f i n i t i o n s  which a r e  n o t  i n  common usage.  

By a g ~ p h  h e r e  w e  mean a n  o r d i n a r y  graph,  t h a t  is ,  a 

f i n i c e  graph w i t h  no m u l t i p l e  edges  or loops .  

We . s h a l l  u s e  the same n o t a t i o n  a s  used i n  t h e  above 

books excep t  f o r  a complete n - p a r t i t e  graph K which i s  
X , X , . . . , X  I 

a graph whose v e r t e x  set  may b e  p a r t i t i o n e d  i n t o  s e t s  X1,X2, ..., X n 

where I X .  1 = x f o r  each i = 1 , 2 , . . n and two v e r t i c e s  u and 
1 

d 
v a r e  a d j a c e n t  i f  and o n l y  i f  t h e y  belong t o  d i s t i n c t  s e t s  

and X o f  t h e  p a r t i t i o n .  W e  s h a l l  deno te  t h i s  graph by nKx . 
j 

We s h a l l  use  t h e  n o t a t i o n  K f o r  t h e  complete I4 1 14 
b i p a r t i t e  graph w i t h  maximal independent  sets B and B . 

DEF.: The union G U G o f  two graphs  G and G2 is  a graph 
1 2 1 

w i t h  

V ( G ~  U G ~ )  = v ( G ~ )  U V ~ G ~ )  and E(G U G2) = E(G1) U E(G2) . 1 

DEF.: The j o i n  G + G2 of  two graphs  
1 G1 and G2 w i t h  d i s j o i n t  

v e r t e x  sets is  t h e i r  union G1 U G t o g e t h e r  w i t h  a l l  edges  j o i n i n g  
2 

t h e  v e r t i c e s  o f  G1 and G2 . 



(Note : Bondy and Murty [ 8 1 uet thi nota t ion  G + G2 
1 

f o r  t he  

d i s j o i n t  union of the '  graphs G1 and G2)  . It is easy t o  s ee  
b 

t h a t  
3 

and 

- 
where Km 

r ep re sen t s  t he  compZement of t h e  complete graph Km , t h a t  

is ,  a s e t  of m . i so l a t ed  v e r t i c e s .  

DEF.: For a connected graph G ,  nG i s  a graph with n components 

each isomorphic t o  G  . 
Note t h a t  nG i t s e l f  i s  not  connected i f  n > 1 . 

s 

Example : 

Dm. : The composition G = G1 [GZ]  of two graphs G1 and G  i s  a 
2 

graph wi th  V ( G )  = V(G1) x V ( G Z )  and two v e r t i c e s  u = ( u l ,  u 2 )  



and v = (vl, v2) o f  G are adjacent i f  and only i f  ul i s  adjacent 

to v i n  G or u = v and u is adjacent to, v i n  G2 . 
1 1 1 1 2 2 

Example : 

DEF.: For any graph G, DG i s  a directed graph with V(G) = V(DG) 

and f o r  each edge uv o f  G there are arcs  uv and vu i n  DG. 

Example : 

DG: . 

The digraph DK i n  particular is c a l l e d  a complete n 

symnetric digraph. , 



DEF.: The converse D' of a digraph D is a digraph with 

V(D1) = V(D) and the arc w is in D' if and only if the arc 
L. 

Example: J 

DEF.: A digraph is said to be self-converse .if and only if it is 

isomorphic to its converse digraph. 

Example: .The digraph D of the above example is not self-converse, 

while the following digraphs are self-converse. 

Dm.: A decOrnp08itiOn of a graph G into graphs H1,H 21.....H s is a 

partition of E(G) so that the resulting subgraphs of G are 

ismrphic to H1.H2, .... or H and we say that G can be s 

decomposed (or G is decomposabte) into the graphs Hlr~2r...,~ s . 



N I n  p a r t i c u l a r ,  i f  H1 % H 2 Z  ... = H Y H ,  t h e  
s. 

decomposit ion is  c a l l e d  an isomorphic factorization of  G and w e  

write H I G  and r e a d  it a s  H divides G . 

Isomorphic f a c t o r i z a t i o n s  o f  d ig raphs  a r e  d e f i n e d  

ana logous ly  . 

I n  t h e  p roof  o f  Lenuna 2 . 3  we use  t h e  fo l lowing  concep t .  

DEF.: A graph G w i t h  V(G) = {vo.vl. .... v 1 i s  c a l l e d  a 
n-1 

circulant  i f  f o r  0 5 i, j 5 1 i j v .  i s  an edge i f  and o n l y  
1 j 

i f  Vi+kVj+k.  1 5  k 5 n-1, i s  a n  edge o f  G . The s e t  

S = { i  : v v 6 E ( G ) )  i s  c a l l e d  t h e  symbol o f  G . 
0 i 

A c i r c u l a n t  graph i s  d e s c r i b e d  complete ly  by i ts  symbol. 

The v e r t i c e s  i n  t h e  neighbourhood of  one v e r t e x  determime t h e  

neighbourhoods of a l l  t h e  o t h e r - v e r t i c e s .  
% 



CHAPTER 1 

cr/ I n  t h i s  c h a p t e r  w e  c o n s i d e r  t h e  decomposit ion o f  some 

complete m u l t i p a r t i t e  g raphs  and some o t h e r  g raphs  i n t o  c y c l e s  of 

d i f f e r e n t  l e n g t h s .  The g r a p h s  cons idered  here  g e n e r a l l y  appear  a s  

f a c t o r s  i n ' t h e  decomposi t ion o f  complete g raphs  and complete 

symmetric graphs .  These r e s u l t s  t h u s  can be used as impor tan t  

t o o l s  i n  o t h e r  decomposit ion problems. The main r e s u l t s  o f  t h e  

succeeding c h a p t e r s  w i l l  i l l u s t r a t e  t h i s  f a c t .  

1.1 PROPOSITION: c3 1 3 ~ x  for any posit ive in teger  x . 

Proof:  Let { u l I u 2 , .  . . ,ux} , {vl ,vZI . .  . ,vx} and {wl,wZ,. . . ,wX) 

be t h e  t h r e e  maximal independent  s u b s e t s  o f  V ( 3 K x ) .  Consider  

t h e  t r i a n g l e s  

4 

where 1 I i , j , k  5 x ' a n d  i + j + k I 0  (mod x ) . .  S ince  f o r  any 

p a i r  o f  p o s i t i v e  i n t e g o r s  i , j  such t h a t  1 5 i, j 5 x , t h e  

r e l a t i o n  i + j. + k E 0, (mod x) de te rmines  a unique p o s i t i v e  

i n t e g e r  k ,  1 5 k 5 x , t h e  set of  t r i a n g l e s  i n  (1.1.1) g i v e s  a 
9 

d e s i r e d  dedomposit ion o f  K .o 
3 x 

\ 

Prop. 1.1 a l s o  f o l l o w s  from a r e s u l t  o f  Bermond 1 3 1  . 



1.2 PmOWSITION: C3 1 5Kjx for any positive in teger  x . 

Proof: F i r s t  l e t  x = 1. Also l e t  {al,a2,a3}, {b b b 1 ,  
1' 2' 3  

{ c l , c 2 , c 3 ~ ,  {d , d  , d  1 and <e , e  , e  1 be the  f i v e  maximal 
1 2 3  1 2 3  

independent s u b s e t s  o f  V ( 5 K 3 ) .  Following i s  a  decomposition of 

sK3 
i n t o  d i s j o i n t  t r i a n g l e s  , With s u b s c r i p t s  reduced modulo.3, 

f o r  i = 1 , 2 , 3 ,  g ive  s i x  t r i a n g l e s .  The r e s t  a r e  ob ta ined  by 

r o t a t i n g  a , b , c , d , e  i n  t he  c y c l i c  order  a t o  b ,  b t o  c ,  

c  t o  d , d  t o  e  and e  t o  a .  

Now f o r  any 3x i n  genera l ,  l e t  A A A A and A 
1' 2' 3' 4  5  

be t h e  maximal independent subse t s  of V( K ) ,  each of  c a r d i n a l i t y  
, 5 3x 

3x. For i 7 1 , 2 , 3 , 4 , 5 ,  l e t  

t where IA. I = I A ~ ~ ~  = I A .  I = x .  With K w e a s s o c i a t e a  
11 1 3  5 3x 

gK3 
s o  t h a t  01 



and an edge i n c i d e n t  w i t h  A and A corresponds t o  t h e  set 
e m  rs 

of a l l  edges  o f  t h e  complete b i p a r t i t e  graph K which 
I A ~ m J ,  IArs I 

i s  a 

i n t o  

subgraph o f  K - By t h e  f i r s t  p a r t  
5 3x 5K3 

is  decomposable 

t r i a n g l e s ,  which amounts t o  t h e  f a c t  t h a t  t h e  g raph  K is - 5 3x 

decomposable i n t o  K ' s  and t h e  r e s u l t  then  f o l l o w s  from Prop. 1.1.0 
3 x 

1.3 PROPOSITION: For n I 0 or 2 (mod 6 ) ,  n 2 6 ,  C31 (Kn - I) 

where I i s  a 1-factor of K . 
n 

Proof:  Adjoin a v e r t e x  u t o  K . The graph K + u i s  a 
n n - 

complete graph 
Kn+l  

w i t h  n + 1 1 o r  3 (mod 6 )  and ,hence  

can be decomposed i n t o  t r i a n g l e s  by t h e  e x i s t e n c e  o f  S t e i n e r  t r i p l e  

system [14,  Thm. 1 5 . 4 . 3 1 .  The graph K - 
# 

- Kn+l  
- u can be  decomposed 

n 

i n t o  one 1 - f a c t o r  and t h e  r e s t  t r i a n g 1 e s . o  

\ 
1.4 PROPOSITION : K where n 0 or 4 (mod 6 )  and x 

'3 I n 2x 

' i s  any positive integer. 

Proof :  With K w e  a s s o c i a t e  a graph G as f o l l o w s  - L e t  
n 2x 

be n m a x i m a l  independent  s u b s e t s  of V( K 1 .  Far i = 1 , 2 ,  . . ., n ,  
n 2x 



l e t  

Then we d e f i n e  

and an edge between Si and S corresponds t o  t h e  set o f  a l l  
j  .( 

edges  o f  t h e  complete b i p a r t i t e  subgraph K 
n 2x . J s i l , l s j l o f  

We observe t h a t  any two v e r t i c e s  Si, S a r e  a d j a c e n t  e x c e p t  when 
j k 

j  = n + i (1 7 i I n ) .  Moreover, t h e  edges  
' isn+i 

(1 5 i 5 n )  

- 
form a 1 - f a c t o r  o f  G . Thus t h e  graph G i s  

5 n  
- I where I 

deno tes  a 1 - f a c t o r  o f  
K2n 

. Since  2n E 0 o r  2(mod 6 ) ,  by 

Prop. 1 .3 ,  
K2n 

- I can be  decomposed i n t o  C ' s ,  which amounts 
3 

t o  t h e  f a c t  t h a t  K can be decomposed i n t o  K ' s  and t h e  
n 2x 3 x 

r e s u l t  then  f o l l o w s  by Prop.  1.1.0 

1.5 PmWSITION; C IC  [K ] for any posi t ive  integer x . 
5 5 x 

4 5 - 
P I O O ~ :  let v(c5[Kx]) = u where / A i l  = x f o r  

i=l 

i = 1 , 2 , 3 , 4 , 5  ' and t h e  v e r t i c e s  u and v are a d j a c e n t  i f  and o n l y  



i f  p C Ai and v C A 
i + l '  

i = 1 ,2 ,3 ,4 ,5  and s u b s c r i p t s  a r e  t q  be 

Consider t he  5-cycles  

where i = 1 , 2 . , x ;  j = l , 2 1 . . . I x  and i + j + k  E 0 (mod x ) .  

Once i and j are f ixed ,  t h e  i n t e g e r  k i s  uniquely 

determined by the  r e l a t i o n  i + j + k 5 mod x) . This  imp l i e s  

t h a t  t he  C 's i n  1 .5 .1  a r e  a l l  d i s j o i n t ,  and t h a t  they cover 
5 

a l l  t he  edges of c5 [el. Thus 1.5.1 g ives  a decomposition of  
i 

c [K I i n t o  c5 ' s . o  
5 x 

1.6 PROPOSITION : 
C5 1 5Kx 

for any positive integer x . 
- 5 

Proof: Let V(5Kx) = U Ai where f o r  i = 1,2 ,3 ,4 ,5 ,  A is  a 
i=l 

. i 

m a x i m a l  independent subse t  .of v e r t i c e s  and l~~ 1 = x . With 5Kx 

we  a s s o c i a t e  a conple te  graph K so t h a t  
5 



and an edge A , 1 1, j 5 5 I correspoflds t o  the  s e t  of a l l  
1 j 

- edges of the  complete b t p a r t i t e  subgraph K of K . 
5 x 

We know t h a t  K5 can be decomposed i n t o  two cycles of length  f i v e ,  
6 

; 1 
which amounts t o  t h e  f a c t  t h a t  the graph '  K can be decomposedl 

! 5 X  
I 

i n t o  two isomorphic f a c t o r s  C [K ] whfch can be fu r the r  
5 x 

decomposed i n t o  5-cycles by Prop. 1.5.0 

0 

1.7 PROPOSITION: for any positive integer x . 
C5 1 3K5x 

, 

Proof : F i r s t  l e t  x = 1. Also l e t  I U  I U  I U  I U  1 I 

{u l  2 3 4 5 

,v  ,v  ,v  v 1 and {w1,w2 ,wj,w4 .w5} be the  three  maximal 
{ v l  2 3 4 '  5 

independent subsets  of V( K ) <  The following gives one decomposition 
3 5 

of 3K5 i n t o  C ' s  . The cycles , 
5 

are  f ive  C 's  . of the  decomposition. The r e s t  then a r e  obtained 
5 

by r o t a t i n g  ui,vi ,wi i n  the  cyc l i c  order  u t o  v v t o  w and 
i * i' i i 

Now f o r  any. 5x i n  general ,  l e t  A , A2 and A be the  
3 

maximal  independent subsets  of V(3K5x) , each of c a r d i n a l i t y  5x . 



For i = 1,2,3,  l e t  

associa te  a SO t h a t  

and an edge inc ident  with ACm aqd A , 1 5 8 ,  r 5  3, 
ES 

1 I m, s 5 5,  corresponds t o  the  s e t  of a l l  edges ef the  complete 

b i p a r t i t e  subgraph K 
Of 3%x 

. By the  f i r s t  p a r t ,  
I A C ~ J .  I An= i 3K5 

0. 

c a p  be decomposed i n t o  C 's ,  which amounts t o  h e  f a c t  t h a t  the  
3 

graph jK5x 
can be decomposed i n t o  C [K ] and the  r e s u l t  then 

5 x 

follows from Prop. 1.5.0 

- . -' 

1.8 PFtOPOSITION: For any odd n 2 3, 

. 3-cycles and 5-cycles. 

. 
Ste ine r  t r i p l e  system on n objec ts ,  

f a c t  t h a t  the  calleplete graph Kn can 
- 

K can be decomposed in to  
n 

know t h a t  t h e r e  e x i s t s  a 

which i s ,  equivalent t o  the  

be decomposed i n t o  d i s j o i n t  

, t r i ang les .  In  case n E 5 (mod 6 ) ,  Spencer [35] has shown that 

Kn can be decomposed i n t o  t r i a n g l e s  and one C4 . U B t  

a, b, c, d, a be the 4-cycle of one such decomposition. Let - u  . 



,. 
16. 

' J 

and v (need not  be d i s t i n c t )  be two v e r t i c e s  o f  K such that 
n 

1 
U, b ,  d, u a n d ,  v, a ,  c ,  v are &o t r i a n g l e s  o f  t h e  decomposition. 

I f  t h e  two v e r t i c e s  u and v a r e  t h e  same ( see  

Figure l ( A ) ) , w e  g e t  a decomposition of Kn i n t o  t r i a n g l e s  and one 

whose ve r t ex  set i s  (a ,b ,c ,d ,u) .  But K can be decomposed 5 

i n t o  two C I s ,  g i v ing  us  t h e  & s i r e d  decomposition. I n  case t h e  
5 

two v e r t i c e s  u and v are d i s t i n c t  ( s ee  Figure 1 ( ~ ) )  we g e t  a 

decobposi t ion of Kn i n t o  t r i a n g l e s  and the  two 5-cycles 

U, b ,  a ,  c ,  d ,  u and v, a ,  d,  b,- c ,  v.o 

1.9 PROPOSITION : 
C5 1 n1(5 for any odd pos i t ive  in teger  n . 

a 

Proof: With K w e  a s s o c i a t e  a complete graph Kn as follows: - n 5 

Let  V1,V2,. . . ,V be t h e  maximal independent subse t s  of V(,Kg) . n 



I 

$ 
Then V ( K n )  = {v1,V2,. . . ,V 1 and an edge Viv I l S i ,  j S n ,  

n 

corresponds t o  t he  set of a l l - e d g e s  of t h e  complete b i p a r t i t e  sub- 

gram K K . By Prop. 1 .8,  . K  can be decomposed 
I v i I I I v j I  

Of n 5  n 

/ 

i n t o  3-cycles and S-cycles,  which amounts t o  t h e  f a c t  t h a t  t he  

graph n% can be decomposed i n t o  graphs isomorphic t o . e i t h e r  

3K5 o r  c5[k5] and the  r e s u l t  then  follows from Prop. 1.1 and 

Prop. 1 .5.0 

1.10 PROPOSITION ( B e m n d  and Faber [51)  : For any odd positive 

integer n ? 5 , the complete symtr%k d igraph  DK can be decomposed n 

into directed cycles o f  length n-1. 

Proof: L e t  V(DKn)  = {0.1.2.. . . ,n-1). Also l e t  4 be a 

, permutat ionon the  v e r t i c e s  of DK with cycle  r ep re sen ta t ion  
n 

Case 1.' F i r s t  l e t  n 3 1 (mod 4 1 ,  t h a t  i s ,  n = . 4 m +  1 f o r  some 

p o s i t i v e  i n t e g e r  m . Consider the d i r e c t e d  cyc le  c of l eng th  4 m  (see 

Figure l ( C ) )  a s  given below. 



3m 

FIGURE 1 (C )  

.We say t h a t  a ver tex  j i s  a t  dhtance d from a ver tex  i ,  

0 5 i, j 5 4m, i f  and only i f  j - i E d and d i s  a 

residue 1, 2, . o r  4m mod ( 4 m  + 1). We observe t h a t  the  v e r t i c e s  

i n  the  neighbourhood of a ver tex  i , 0 5 i 5 4m , a r e  a t  d is tances  

1, 2 ,  3 ,  ..., and 4m from i . Moreover, i f  we consider the  d i s t ances  

between the  successive v e r t i c e s  of the  d i rec ted  cycle  C ,  each of the  

d is tances  1, 2, ..., 4m occur exact ly  once. Hence, t h e  d i rec ted  

cycles  , k = 0, 1, 2, ..., 4m a r e  a l l  d i s j o i n t  and cover a l l  t h e  

a r c s  of DK4m+l- This gives a desired decomposition of DK 
4m+ 1 



Case 2 :  I f  n i 3 (mod 41, l e t  n = 4m+3 f o r  some p o s i t i v e  i n t e g e r  

m. Consider the d i r e c t e d  c y c l e c '  of length  4m+2 ( s ee  Figure l ( D ) )  

A s  i n  t h e  case  of t h e  d i r e c t e d  cyc le  C , here  a l s o  t h e  . 

d i s t ances  1, 2, ..., 4m+2 occur exac t ly  once among t h e  d i s t ances  

between t h e  success ive  v e r t i c e s  of the  d i r e c t e d  cyc le  C ' .  Hence 

t h e  d i r e c t e d  cyc le s  gkc' , k = 0. 1, , . . , 4m+2 a r e  a l l  d i s j o i n t  

and cover a l l  the a r c s  of DKh+ 3 
. noreover,  by an argument s i m i l a r  ' 

t o  the  one we,used i n  t h e  case  of C ,  t h e  r o t a t i o n  under t h e  permutat ion+ 
. . 



k 
. preserves the orientation. Thus the directed cycles @ C', 

k = 0, 1, 2, ..., 4m+2, give a decomposition of d ~ ~ ~ + ~  .P 

1-11 PROPOSITION : cn ( 5 ~ n  for m y  odd positive integer n 1 3 . 

Proof: Let the iive maximal independent subsets of V(5Kn) be 
I 

A = {ao,a lt...,a 1 , B = {boIblI . Ibn-lj. 
n-1 

On the 5n symbols in the union of the sets A ,  B, C, D and E , we 

define a permutation 0 whose cycle refiesentation is the product 

of n 5-cycles as given below. 

b 
Also, let T be a permut n on the n nunbers 0, 1, 2, ..., n-1 
vhose cycle representation is 



We s h a l l  show t h a t  t h e  10n n -cyc les  of t h e  decomposit ion a r e  given by 

f o r  0 5 i 5 4 and 0 5 j 5 - 1  , where Z  . and Z '  a r e  two 

n-cycles  c o n s t r u c t e d  w i t h  t h e  h e l p  o f  t h e  d i r e c t e d  c y c l e s  C and C '  

o f  l e n g t h  n-1 o f  Prop. 1 .10,  i n  t h e  fo l lowing  manner. W e  r e c a l l  t h a t  

i n  . the case  n = 4m+l, m a p o s i t i v e  i n t e g e r ,  C , i s  t h e  c y c l e  

and i n  t h e  c a s e  n = 4m+3 ; m a p o s i t i v e  i n t e g e r ,  C '  i s  t h e  c y c l e  

I f  w e  r e g a r d  t h e  s e t s  A ,  B, C ,  D and E as t h e  v e r t i c e s  

of a complete graph Kg , t h i s  cornplete graph can be  decomposed i n t o  

two d i s j o i n t  5-cycles  



and- H 2  : A,  C ,  E, B, D, A .  

L e t  a and 6 b e  mappings o f  t h e  set 0 ,  n - 2  i n t o  

t h e  s e t  0 ,  , n -  d e f i n e d  a s  fol lows.  For  any 0 5 i 5 n-2 

a ( i )  = l a b e l  o f  t h e  ith v e r t e x  of C and 

6 (i) = l a b e l  o f  t h e  ith v e r t e x  of C '  . 

Let  us  f i r s t  c o n s i d e r  n 1 (mod 10)  . I n  each c a s e  g iven  

below t h e  two n-cyc les  Z and Z '  a r e  c o n s t r u c t e d  a s  f o l l o w s .  I n  

t h e  c a s e  o f , t h e  c y c l e  Z we f i r s t  c o n s t r u c t  a p a t h  o f  l e n g t h  n by 

s t a r t i n g  from t h e  v e r t e x  a i n  A and moving through t h e  s e t s  

A,B,C,D and E accord ing  t o  t h e  5-cycle  H whi le  changing t h e  
1 

s u b s c r i p t s  accord ing  t o  t h e  c y c l e  C o r  C '  . The c y c l e  Z i s  

t h e n  o b t a i n e d  by j o i n i n g  t h e  e n d - v e r t i c e s  o f  t h i s  p a t h .  The c y c l e  

2 '  is a l s o  c o n s t r u c t e d  i n  a similar manner wi th  t h e  d i f f e r e n c e  t h a t  

t h i s  t i m e  we  use  t h e  5-cycle  H 2  i n s t e a d  o f  H 
1 '  

C a s e  1: I f  n 5 3 (mod 2 0 ) ,  t h e  c y c l e  Z is 

and t h e  c y c l e  Z '  i s  n 



. , 

Case 2: If n Z 5 (mod 2 0 ) '  the c y c l e  Z i s  

b~ ( n )  
= bo' a  

0  

and t h e  c y c l e  Z' i s  

a = a  c 
0  B ( 0 ) '  B ( 1 ) '  e ~ ( 2 ) '  b B ( 3 ) '  d B ( 4 ) '  a B ( 5 ) '  

..., a 
B (n-1) ' 

C = c  a 
B ( n )  0 '  o ' 

Case 4 :  If n  E 9 (mod 201, t h e  c y c l e  Z i s  

and the c y c l e  Z' i s  



Case 6 : If n E 15 (mod 20) , t h e  cyc le  Z  is 

case 7: If n 5 17 (mod 201, t h e  cyc le  ,/ is 
I 

a = a  c a o a )  a a ( 2 ) '  d a ( 3 ) '  e a ( 4 ) '  ~ ( 5 ) '  
..., a a (n-1) ' 

ba (n) 
= bo, a 

0 

and the  cycle  Z '  is 

Case 8: If n 19 (mod 201, t h e  cyc le  Z  is 

and t h e  cycle  Z '  is 

e b 
B (n-1) ' B (n)  

= bo, a 0 

In  t he  case  n E 1 (nmd l o ) ,  i f  we u f e t h e  same cons t ruc t ion ,  

the path of length n ends wi th  the  l a s t  v e r t  x being a and thus i 0 
gives a cycle  of length  n-1. To avoid this we make a d i f f e r e n t  jump i 



1 25. 

a t  t h e  next  t o  l a s t  v e r t e x  of t h e  pa th .  Thus i n  t h e  case  of  t h e  cyc l e  

Z ,  w e  f i r s t  c o n s t r u c t  a pa th  of  l ength  n-1 moving along t h e  5-cycle 

H a s  fol lows 
1 

i f  n E 2 (mod 20) 

and then complete t h e  cyc l e  by jo in ing  e o r  e a(n-2) B (11-21 t o  bo - 
and b t o  a according a s  n 5 1 o r  11 (mod 201, r e spec t ive ly .  

0 0 

The cyc le  Z '  is  cons t ruc ted  i n  t h e  s i m i l a r  manner by f i r s t  cons t ruc t ing  

a pa th  of l ength  n-1 moving along t h e  5-cycle 
H2 

a s  

and then completing the cyc l e  by jo in ing  
da (n-2) Or d ~ ( n - 2 )  

t o  c 
0 

and c t o  a according as n Z 1 o r  11 (mod 201, r e spec t ive ly .  
0 0 

Noting t h a t  the permutat ion T a c t s  on t h e  v e r t e x  s u b s c r i p t s  

and t h e  permutation a on t h e  v e r t i c e s , i t  fol lows then t h a t  

i j i j * 
-. U T Z  m d  U T Z '  

f o r  0 5 i 5 4 and 0 5 j 5 n-1, a r e  a l l  edge-d is jo in t ,  have length  n 

and thus  cover a l l  t he  edges of K . This completes t h e  proof.n 
n 



* 
CHAPTER 2 

I n  Prop. 1 . 8  o f  t h e  p r e v i o u s  c h a p t e r  w e  have shown t h a t  f o r  

any odd p o s i t i v e  i n t e g e r  n  1 3, a  complete graph Kn can be decomposed 

i n t o  c y c l e s  o f  l e n g t h  3  and 5 . For n  - 1 o r  3  (mod 6)  t h e  

r e s u l t  fo l lows  immediately from t h e  e x i s t e n c e  of S t e i n e r  t r i p l e  sys tems.  

For t h e  case n E 5 (mod 6 ) ,  i n  t h e  p r o o f ,  us ing  Spencer ' s  [35] r e s u l t ,  

we show t h a t  K can be decomposed i n t o  e i t h e r  one  Kg and t h e  r e s t  
n  

t r i a n g l e s  o r  two d i s j o i n t  C ' s  and t h e  r e s t  t r i a n g l e s .  S i n c e  
5 

i t s e l f  i s  a  union o f  two d i s j o i n t  C 's ,  it i s  n a t u r a l  t o  a s k :  For 
5 

n 5 5 (mod 6 ) ,  i s  it p o s s i b l e  t o  decompose K i n t o  e x a c t l y  one 
n  

and t h e  r e s t  t r i a n g l e s ?  I n  t h i s  c h a p t e r  we answer t h i s  q u e s t i o n  i n  

t h e  a f f i r m a t i v e .  Moreover, such a  decomposit ion i s  a  p a i r w i s e  balanced 

d e s i g n ,  which g i v e s  a n o t h e r  d i r e c t i o n  t o  look a t  t h i s  problem. 

Pa i rwise  balanced d e s i g n s  were i n t r o d u c e d  by R.C. Bose and 

t 
S.S. Shrikhande [ 9 1  and a p p l i e d  by them [ 9 , 1 0 1  t o  c o n s t r u c t  s e t s  

o f  p a i r w i s e  o r thogona l  L a t i n  s q u a r e s  and t h u s  prove t h e  f a l s i t y  of an o l d  

c o n j e c t u r e  of E u l e r  [13]  on L a t i n  5q 

1 

DEF.: ' A  pairwise baZanced design (J jk l ,k2, . .  . ,k ; A )  of index A i s  

an arrangement o f  blocks' , such t h a t  

e a c h  b lock  c o n t a i n s  d i s t i n c t  e lements  (k. 5 v ) ,  
1 

and such t h a t  e v e r y  i n  p r e c i s e l y  

b l o c k s  o f  t h e  des ign .  



Unless t he  size- of t he  blocks i s  important ,  we s h a l l  denote 

a pa i rwise  balanced design of index A , by A-PBD o r  simply by PBD. In 

graph theory the  ex i s t ence  of a pa i rwise  balanced design (v;k p2, . .. ,k,;l) 

of index uni ty  is equiva len t  t o  p a r t i t i o n i n g  the  edge s e t  of K s o  t h a t  
v 

the  r e s u l t i n g  subgraphs a r e  isomorphic t o  a complete graph 
* 

5 ,\ ,..., o r  2 . In geometry 1-PBD's have a l s o  been known a s  
1 2  rn 

l i n e a r  spaces ( i n  vhich case  t h e  blocks a r e  c a l l e d  l i n e s ) .  A A - P B D  on 

v elementsin which a l l  blocks have the  same s i z e  k i s  t r a d i t i o n a l l y  

known a s  a BIBD(v,k,i)  (Sczlmzced incomplete b l o c k  design: see [ 1 4 ] ) .  

Thus, pa i rwise  balanced des igns  of index A a r e  gene ra l i za t ions  of 

BIBD(v,k,A) -designs.  
.c 

R.M. Wilson has considered the  problem of ex i s t ence  of balanced 

incomplete block designs and pa i rwise  balanced des igns .  He has shown 

[ 3 7 ,  9 8,401 that the  necessary condi t iozs  f o r  the existe~ce of  BIBD's or  

that of P B D ' s  on v o b j e c t s  a r e  sufficient f o r  s u f f i c i e r , t l y  l a r3e  values 

of v . He c a l l s  such condi t ions  'necessary and "asymptotically 

s u f f i c i e n t "  c o n d i t i m s ' .  The problem of cons t ruc t ing  balanced incomplete 

block designs o r  pa i rwise  balanced des igns  has generated a g r e a t  dea l  of 

i n t e r e s t .  Rosa, Hel l ,  Huang, Beraond, Hendelsohn and m y  o t h e r s  e v e  

considered t h e  problem of cons t ruc t ing  these  designs f o r  d i f f e r e n t  

va lues  of t he  p a r m t e r s  v ,  k and X . 
3 

Spencer 's  r e s u l t  [ 3 5 ]  t h a t  f o r  n Z 5 (mod 61, t he  edge set 

of K can be p a r t i t i o n e d  i n t o  t r i a n g l e s  and one C , the  cyc le  of  
n 4 

length  4 ,  corresponds t o  t h e  ex i s t ence  qf a p a i r v i s e  balanced &sign 



i f  each  edge o f  . C4 i s  taken  a s  a block Qf s i z e  two. However, i f  

t r i v i a l  b l o c k s  o f  s i z e  two a r e  n o t  a l lowed,  t h e  decomposit ion i s  n o t  

a  p a i r w i s e  ba lanced  d$sign and s imple  a r i t h m e t i c  shows t h a t  t h e  b e s t  
- 

one can y b t a i n  i s  one block o f  s i z e  5 and t h e  rest t r i a n g l e s .  Thus t h e  

main r e s u l t  o f  t h i s  c h a p t e r  i s  e q u i v a l e n t  t o  showing t h e  e x i s t e n c e  o f  a  

PBD(n;3,5;1) . f o r  any odd p o s i t i v e  i n t e g e r  n  . W e  have l e a r n e d  t h a t  

t h e  e x i s t e n c e  o f  t h i s  d e s i g n  a l s o  fo l lows  as a  s p e c i a l  c a s e  from a  

r e s u l t  o f  C .  Huang, E. Mendelsohn and A .  Ro$a which s h a l l  appear  i n  a 

paper  under p r e p a r a t i o n .  However, t h e  r e s u l t  proved h e r e  shows some- . 
t h i n g  more t h a n  t h e  e x i s t e n c e  o f  a PBD(n;3.5;1). I t  shows t h a t  t h e r e  

e x i s t s  a  PBD(n;3,5;1) i n  which t h e  b locks  o f  s i z e  5  a r e  a t  most one i n  

number. Th i s  r e s u l t  a s . s u c h  a l s o  fo l lows  from a  r e s u l t  due t o  

R.  Wilson [ 3 9 ] .  H i s  proof  i s  based on group t h e o r e t i c  concep t s .  Here 

we g ive  an  independent  proof  which i s  c o n s i s t e n t  w i t h ' t h e  u n i f i e d  proof  

t echn iques  used i n  o b t a i n i n g  o t h e r  r e s u l t s  o f  t h i s  d i s s e r t a t i o n .  

2 . 1  m: If K~ . m odd can be decomposed i n t o  one K~ a d  c " s  . 
3 

then so can tKel + K, where t is any non-negative integer. 

Proof .  ' W e  m i t e  

where t h e  v e r t e x  s e t  o f  each o f  t h e  complete b i p a r t i t e  g raphs  K 
m,m+l 

i s  chosen a p p r o p r i a t e l y .  S ince  K can be dec6mposed i n t o  one 
m 

and C 3 ' s r  it i s  enough t o  show t h a t  t h e  g raph  



%ri tKn,m+l ' \ t (Km+l  'm,m+l I 
j 

can be decomposed in to  C 's. Moreover; since t h i s  graph is a union of 
A 

3 I 

. t copies of the graph 

it i s  suff ic ient  to show tha t  
K&l " Km,m+l 

can be decomposed in to  

- .  t Since m + l  is even, we know that  K m + l  can be decomposed into 

m 1-factors [15, Thm. 9.11. Take one such 1-factor of Km+l and one vertex, 

- 
say u of K . The edges of t h i s  1-factor of Km+l 

together w i t h  
m 

the edges of which are incident with the vertices of Km+l and 
Km,m+l - 

the vertex u of . Km give triangles.  This i s  shown in  the Figure 2 (A) . 



Since the number o& 1-factors o f  Kwl equals m , we can associate 

- 
each 1-factor with a d is t inc t  vertex of Km 

. From the above it then 

follows that  C I K  U Km+l,m and hence the resul t  .o 
3 m 

L 

2.2 THEOREM: If n 0 o r  4  (mod 61, K6n+5 can be decomposed into 

one K and c3's. 
5 

Proof: We m i t e  

K6n+5 = (nK + Kg) U nK6 
6 

J 
where the vertex s e t  of the complete multipartite graph 

nK6 
is  chosen 

appropriately. By Lemma 2 .1 ,  nK6 + K5 can be decomposed in to  one 

and C 's. Also, since n 5 0 or  4 ( d  6 ) ,  nK6 can be decomposed 
3 

into C 's  by Prop. 1 . 4 . 0  
3 

To prove the resul t  for 
K6n+5 

, n 3 2 (mod 6)  we 

need the following lermras. 

2.3 ~srru: I, can be decomposed i n t o  one K~ and c3's. 
4 

Proof : W e  w r i t e  K = K5 + K12 . W e  know K12 can be decolp~sed . 
17 

h t o  eleven 1-factors. Moreover, K can be regarded as  a circulant 
1 2  

graph with sypbol 151, k 2 ,  t3,24,  k5,6). The circulant subgraph with 

symbol (21, f 2 ,.B) is  the union of five 1-factors of K12 , which 

together with the edges joining the vertices of K12 
and the vertices 

\ 



. 
of % give ~ " s .  The union of the  remaining s i x  1- fac tbrs  of 

3 K12 

i s  a c i r c u l a n t  subgraph with symbol {+3,?4,?5) . We now show t h a t  it 

can be decomgmsed i n t o  C ' a .  L e t  V(K12) = {v1,v2,. . . ,vl2I, l e t  
3 

C = {v , v  , v  1 ,  and le t  $ be the  permutation whose cycle decomposition 
1 4 8  

k i s  (vl v2 ... v 1 .  Then C and 41 C (1 5 k 5 11) a r e  the  d i s j o i n t  
12 

3-cycles of the  decomposition. o 

C 

2.4 m n t ~ :  Let K be the complete g m p h  with 
16 

and I = {uiui+8 : 1 5 i 5 8 )  a 1-factor of K~~ . Then K~~ - I - 
can be decanposed into farr r5's and ~ ~ ' 8 .  

Proof: A des i red  decomposition of K - I can be constructed a s  
I 16 

f0llOWS: t A = r U  r U  r U  
'ul 4 7 1 0 ' ~ 3 3  

and $ be the  permutation whose 

4 8 cycle decoqmsi t ion  i s  (ul u2 . . . u . Then A ,  $ A, $ A and 
16 

12 
@ A a r e  the  ver tex  sets of the  four K 's.  The twenty-four t r i a n g l e s  

5 
6 

i n  the remainder of the graph a r e  given by 



and 

4 8 12 
L ! C i , L ! C i , L !  Ci f o r  i = 2 ,3  

4 5 $5 . ,  @ Ci , L! Ci f o r  i = 1,6 .0  

2.5 LPIMA: 
'3 I 8K6x 

for cmy posit ive integer x . 

Proof: Using t h e  method used i n  t h e  proof of Prop. 1 .4 . ,  we a s s o c i a t e  

with 
8K6x 

a K - I where t h e  v e r t i c e s  of 
16 

K16 a r e  independent 

subse t s  of  V(8K6x) each of c a r d i n a l i t y  3x and I i s  a 1 - f ac to r  of 

K16 . Moreover, by cons t ruc t ion  t h i s  1 - f ac to r  i s  the  same a s  t h a t  of 

K16 i n  Lenrma 2.4. Hence, by Lemm 2.4 K16 - I can be decomposed i n t o  

C ' s  and four  K ' s  which amounts t o  t h e  f a c t  t h a t  
3 5 8K6x 

can be 

decomposed i n t o  four  'K I s  and t h e  r e s t  K I s .  The r e s u l t  then  
5 3x 3 3x 

fol lows from Prop. 1.1 and Prop. 1 . 2 . 0  

Proof: W e  s h a l l  use induct ion  on n . The r e s u l t  i s  t r u e  f o r  n = 0 

and 1 using L e m  2.3. Suppose t h a t  n 1 2 and t h a t  the r e s u l t  i s  t r u e  

f o r  a l l  k < n . Consider 
3"-1 

and w r i t e  



where the vertex set of the complete multipartite graph is chosen 
' 

appropriately. By Lemaa 2.5, 8K6.3n-2 can be decomposed into C 3 's. 

By the induction hypothesis K6,3n-2-1 is decomposable into one K 5 

and C 's and since 6•‹3n-2 - 1 is odd, by Lemma 2.1 
3 

8K6. 3n-2 + K6. 3n-2,1 is decomposible into one K~ and c 3 's .o 

z 

2.7 THEOREM: If n - 2 (mod 61, K6n+5 can be decomposed into one 

K5 (md C3's. 

Let n = 6m + 2 for some non-negative integer m 1 '  we 
1 

write 

By Lelia 2.3 and Lemm 2.1, 2m1K18 + K can be decomposed into one 
17 

be decomposed into all C ' and hence the result. In case 3 

3 2 (mod 6), we write hl = 6m2 + 2 for some non-negative integer 

and 

L 
Since 53 = 6 3 -1, by Lemma 2.6, KS3 can be decomposed into one 

1[5 and C 's and, hence, by Lema 2.1. 454 + S3 also. Moreover, 
3 



K can be decomposed into C 's. by Prop. 1.4, provided 2m E 0 
2m2 54 3 2 

or 4 (mod 6). In case 2m Z 2 (mod 6) we write 2m = 6m + 2 for 
2 2 3 

s o d  non-negative integer m and 
3 

I 

Repeating the above ar-nt, at the pth stage we get 
4 

9 

and as long as 2m E 0 or 4 (mod 6) we get the desired decomposition 
P 

of K into one K~ and C 's. In case 2m 5 2 (mod 6) we write 
6n+5 3 P 

2m = 6m + 2 and 
P p+l 

Continuing like this. at the final stage, say the tth. we have 

'r 

where 2mt is either 0, 2 or 4 . In case 2m = 4, Lermras 2.6, 
t 

2.1 and Prop. 1.4 give the result. - 



. . r e spec t ive ly ,  and t h e  r e s u l t  then  fol lows from Lemma 2.6.0 

2 .8  THEOREM: K6n+5 
, n odd, can be &composed into one K and c3's. 5 

Proof: We s h a l l  use induct ion  on n . For n = 1 we write 

and t h e  r e s u l t  fo l lows  from ~emmra 2.1. Suppose t h a t  t h e  r e s u l t  i s  t r u e  

f o r  a l l  odd k < n . Consider and write 
( ,  * 

K6n+5 

K6n+5. 
= (nK6 + Kg) U *Kg . 

By Lemma 2.1, nK + K can be decomposed i n t o  one K5 and C 's. 
6 5 3 

Let V1,V2,...,V be n maximal independent subse t s  of V(,K6) . n 

With nK6 w e  a s s o c i a t e  a complete graph Kn 
wi th  

and f o r  a l l  1 5 i, j 5 n , the edge V V corresponds t o  t h e  s e t  o f  i j 

a l l  edges of  t h e  complete b i p a r t i t e  subgraph K Of nK6 ,. 

- i f  1 o r  3 ( m o d 6 ) ,  Kn can  be &camposed i n t o  
. . 

C3's and hence, .K6 can be decomposed i n t o  3 K 6 ' ~  and t h e  r e s u l t  

then  fol lows from Prop. 1.1. 1f n G 5 (mod 61, l e t  n = 6 i  + 5 for 



some m . We claim Kn 
can be -decomposed i n t o  one K5 and C 's. 

3 

In ca se  m i s  even, our  c l a i m  fol lows from Theorem 2.2 and Theorem 2.7. 
- 

I f  m i s  odd, t h e  claim fol lows from t h e  induct ion  hypothesis ,  a s  

m < n . Thus the graph nK6 can be decomposed i n t o  one 5K6 and 3 K 6 ' ~ .  

The r e s u l t  then fol lows from Prop. 1.1 and Prop. 1.2.0 

F i n a l l y  t he  r e s u l t s  of  Theorems 2 . 2 ,  2.7 and 2.8 can be p u t  

tbge ther  i n t o  a s i n g l e  theorem. 

2.9 THEOREM: If n Z 5 (mod-61, n 1 5 ,  
Kn 

can be decomposed into one 

K~ and c ' s .  
3 

2.10 COROLLARY: For any odd integer n 1 3, 
Kn 

can be decomposed in to  

a22 triangles ~ 6 t h  'the exception of  a t  most one 
K~ . 

Proof: For n 2 1 o r  3 (mod 6 ) ,  we know t h a t  a S t e i n e r  t r i p l e  

system e x i s t s ,  which is equiva len t  t o  t h e  f a c t  that Kn can be decomposed 5 

i n t o  t r i a n g l e s .  In  case n 

Theorem 2.9.0 

A s  we have s t a t e d  

2.10 can be r e s t a t e d  i n  t h e  - 

5 5 (mod 6) the  r e s u l t  fol lows from 
I 

i n ' t h e  beginning of  t h e  chapter ,  Corol la ry  

following way. 

2.11 C O ~ L L A R Y :  For any odd integer n 3 , there ex i s t s  a p a i d s e  

balmrced design (n;3 ,5;1) .  



-. 
2.12 COW)LLARYI For  n 2 10 and n = 4 (mod 6 ) ,  K~ - I can be 

decomposed i n t o  one K~ and  t h e  reet ciV where I denotes a 

Proof: Let  u { V ( K )  b e a n y p o i n t .  Thegraph  K + u  i s a  n n 
* 

complete graph Kn+l wi th n + 1 Z 5 Ymd 6 )  . and hence by Theorem 2.9 
7 

can be decomposed i n t o  one ~5 and t h e  r e s t  C ' s .  W e  can r e l a b e l  3 

t he  v e r t i c e s  of .K s o  t h a t  u i s  no t  one of  t h e  v e r t i c e s  of 
n + l  K5 

This  impl ies  t h a t  t h e  graph K 
= K n+l - u can be decomposed i n t o  one 

1- fac tor ,  one K5 , a n d  t h e  r e s t  C 's.0 
3 

The r e s u l t s  of t h e  Prop. 1 .3 ,  Corol la ry  2.12 and t h e  

t h a t  K5 is a union of two d i s j o i n t  C 's, give t h e  fol lowing 
5 

2 -13  COROLULRY: For  any even  n 2 6 , %-I can be decomposed 

3-cycles and 5-cycles where I denotes a 1-factor of K~ . 

f a c t  

f e s u l t .  

- 
i n t o  

t 

I n  prop. 1.11 we proved that f o r  any odd i n t e g e r  n i? 3 , 

~n I sKn . Cor. 2.10 enables  u s  t o  extend t h i s  r e s u l t .  

2.14 THEOREM : ca I I ~ n  for any odd i n t e g e r s  m, n r 3 . 

Proof: In  case m 2 3 , l e t  V1,V2, ..., V be m maximal independent 
m 

subse ts  of V(mKn) and lvi1 = n , 1 5 i 5 m . With mKn w e  
\ 



associate a complete graph K as  follows': 
m 

and an edge incident with the ver t ices  Vi and V , 1 5 1 ,  j 5 m ,  
j 

corresponds t o  a l l  the edges of the complete b ipa r t i t e  subgraph 

K of the or iginal  graph K Since m i s  odd by Cor. 2.10 
m n '  

K can be decomposed into  a t  most  one K5 and the r e s t  t r iangles ,  m 

which amounts t o  the f ac t  t ha t  the graph 
mKn 

can be decomposed 

one K and the r e s t  K . Sotteau [331 has shown 
5 n 3 n 

for  any odd n . That Cn 1 5Kn follows from Prop. 1.11. 

This c h l e t e s  the proof. o 



CHAPTER 3 

In-the beginning of Chapter 2 we have described BIBD's  

(balanced incomplete block designs). These de-signs are  special cases 

of G-designs introduced by Hell and Rosa [19]. 

DEF.: Let Kn denote a graph with n vertices,and any two d i s t i n t t  

ver t ices  joined by exactly A edges. An (n,k,X) a-des* i s  a par t i t ion 

of the edge se t  of the graph , so the t  the r e s i t i n g  subgraph9 are Kn 

isomrphic to  a given graph G where I V  ( G )  I = k . ' 

In the particular case where G is  the complete graph 

2 , an . (n,k,A) \-design i s  nothing but a BIBD ( n , k , A )  . For 

a short account of G-designs-we refer  t o  a survey a r t i c l e  171 

by Bemnd and Sotteau. 

I n  case the graph G i s  C k '  a cycle .of length k , 

an (n.k,A) ck-design i s  also called a BCD (n,k, A )  (balanced cycle - 
design, see [ 2 0 1 ) .  

Similar definit ions hold for directed graphs. If  G i s  

a directed graph with k vertices,  an (n,k,A)  design i s  a 

parti t ioning of the am8 of DKAA) so that  the resulting directea 

, * 
subgraphs'are isomorphic t o  E . In case G is a c i r cu i t  *% , a 

c;-design i s  called a b a h e d  c i rcu i t  design. A number of people 

have considered the problem of existence of BCD's for directed and 

undirected graphs. W e  mention here a few of them: Hung and - 



Mendelsoh [21] , ~chgnheirn [32] , Merriell [261 , Bermond [3]  , 

J ~e-nd -and Faber [51 , ' ~ o t t e a u  [331, Be-nd and Sot teau  [6] and 

Bermond, Huang and Sot teau  141 I Rosa- [291 and Kotzig [23] . 
For t h e  ex i s t ence  of  a BCD (n ,k ,A)  it .is necessary t h a t  

t 

n 2 k , k d iv ides  t h e  number of edges of A K ~  . t h a t  is, kI h ( n - 1 )  
2 

and t h e  degree (n-1) o f  each v e r t e x  of K i s  even. Thus we 
n 

have t h e  fol lowing r e s u l t .  

3 .1  THEOREM: The necessary conditions for the existence of a 

BCD (n,k,A) are  

(ii) ?n(n-1) E O (mod 2k) and 

We wish t o  know whether t h e  condi t ions  ( i ) ,  (ii) and (iii) of  

- 
Theorem 3.1 a r e  a l s o  s u f f i c i e n t  f o r  t h e  ex i s t ence  o f  a 4CD (n,k,A).  - 

In  t h i s  Chapter we cons ider  t h e  case  f o r  k even. T h e  

most conlplete r e s u l t s i n  t h i s  case  a r e  due t o  Benaond, Huang and 

- Sot teau  [4] . They have shown t h a t  t h e  necessary condi t ions  of 

Theorem 3.1 a r e  a l s o  s u f f i c i e n t  f o r  even va lues  of k s a t i s f y i n g  

4 5 k 5 16. 
0 

We s h a l l  extend t h e  r e s u l t  ior an i n f i n i t e  n-er of even 

p o s i t i v e  i n t e g e r s  k 2 4 where we r e s t r i c t  ourse lves  t o  t h e  case  

a 
= 1 - a n d  prove t h a t  f o r  k = 2p where p i s  a prime. and a is 

a p o s i t i v e  i n t e g e r ,  a BCD (n,k,-1) e x i s t s  i f  and only  i f  t h e  condi t ions  

b (i), (ii) and (iii) of  Theorem 3.1 hold. 



We s h a l l  use t h e  fol lowing r e s u l t  of Sot teau [34] . 

3.2 LpIMA: K can be decomposed into  cycles of length k , , k  even, 
m, n 

k 
i f  and only i f  m and n are even, m r - 

2 * n 2 k and k divides 
2 

T -  \ 

I n  c a s e  k 5 Q (mod 4 ) ,  Kotzig (231 has  shown t h a t  

K2mk+l can be decomposed i n t o  C 's f o r  a l l  p o s i t i v e  i n t e g e r s  m . k 

A similar r e s u l t  has  been obta ined  by Rosa [291 f o r  k Z 2 (mod 4 ) .  

W e  g ive  here an independent proof t o  cover both t h e  cases  toge ther .  

3.3 LEMMA: For any even posit ive integer ' k  and any posit ive integer 

Proof: W e  s h a l l  use induct ion  on m . For m = 1, we use a cons t ruc t ion  

t o  show t h a t  t h e  r e s u l t  holds.  In  case  k - 0 (mod 4 ) ,  l e t  k = 24, 4 

even. Consider a c m l e t e  graph K with V(K2k+1) = 
2k+l 

{uoIul*. . . ,u& ( u & + ~ ,  . . . , U  1 .  Let $I be t h e  pexntutation w i t h  cycle  
2k 

r ep re sen ta t ion  (uO u1 u2 . . . u ) . Consider a cyc le  C of  length  
2k 

k a s  given below ( see  Fqgure 3 ( A )  ) 



.. . 

= * * + t + 3  
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I f  we say that t h e  two v e r t i c e s  u i and u .  3 a r e  a t a  

&stance d i f  and only i f  1 i - j  ( = d , we observe t h a t  the v e r t i c e s  

i n  t h e  neighbourhood i n  K 2k+l 
of a ve r t ex  u i f o r  a l l  i a r e  

a t  distances 1.2.3, ..., k from ui. Mreover .  i f  we cons ider  the 

d i s t a n c e s  between t h e  success ive  v e r t i c e s  of the cycle  C . t h e  

d i s t ances  1.2. . . . .k occur e x a c t l y ,  once. Hence the cyc le s  p , . 
j = 0.1. ..., 2k a r e  a l l  d i s j o i n t  and c w e r  a l l  t h e  edges of . 

In  case  k Z 2 (rd 4 )  . t h a t  is,  k = 28, 8 odd. 8 2 3  ;\ 

consider  the cycle  C '  given below (see Figure 3 ( B ) )  
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Here again amng the distances between-vertices of the. 
\ 

cyc le -  C ' ,  the distances 1 , 2 , . . , k  occur exactly once. Hence the 

j cycles  $ C', j = 0 , 1 , 2 ,  ..., 2k are all dis jo int  and cover all the 

edges of K2k+l. 

This shows that the resu l t  is  true for m = 1 N e i t t  ass- 

that the m a l t  is t n m  for m , that i s ,  Kb*+l. can 'be demmposcd into  



where the vertex set of each graph i s  chosed appropriately. Since 

, by the induction hypothesis, and K2k+l, by the f i r s t  par t  

= 1, can be decomposed in to  cycles Ck I it i s  enough t o  show 

that ck I K2kI 2mk Since 2k and 2mk are both even and each i s  

k greater than - and also 2k02mk Z 0 (mod k) , the r e su l t  then follows 
2 

from hlsmd 3.2.0 

3.4 m: If c K , k even and r odd, then ckI K ~ ~ + ~  f o r  

a22 posit ive integer  m . 

Proof : We write . 

can be decoqosed in to  C 's by Lenma 3.3. Also Ck divides K by ' 
k r 

the hypothesis of the Lenma. Thus it is enough t o  s h o w  t ha t  
=k 

divides 
K2* , (r-11 

, which follows from U~ma 3.2, a s  2mk and r-1 
* k are even, both are greater than - and k divides 2mk (r-1) .o 

2 # 

The follaving result follows i m d i a t e l y  from Lenara 3.4. 



3.5 THEOREM: Given k even Zet n = 2mk+r where m is a po8i.tive 

integer and 0 < r < 2k. Aho,  l e t  n,Jc and = 1 sa t i s f y  

conditions (i) , (ii) 4 (iii) of Theomm 3.1. Then there A t s  
i' 

a BCD (n ,k , l )  i f  there exists t - 
(a )  a BCD ( r , k , l )  i f  k < r < 2k o r  

- .  
(b) a BCD (2k+r,k, l )  i f  0 < r < k . 

Now and henceforth l e t  n = 2mk+r, 0 < r < 2k, f o r  some 

a 
in t ege r  m . .Furthermore, l e t  k = 2.p where p i s  a prime and 

a i s  a p o s i t i v e  i n t e g e r .  We oondit ions (ii) and (iii) of Theorem 

3.1 a r e  .equivalent t o  
*_ 

r(r-1) E O ( d  2k) and r-1 - O(mod 2) . . . f * )  

I n  case p = 2 we have t h e  following theorem. 

pmditions (i), (ii) and i i i i )  of Theorem 3.1 with X = 1 

there e z i s t s  a BCD (11.2~,1) uhrs a i s  a positive integer. 

Proof: The.condLtions (*) i n  thiscase become 

I 

- 1  and r - l ~ o ( m 2 ) .  
* 

, . 
a + l  That is. r t l ( m d  2 . Since 0 < r < 2a+1 .holds, it f o l k s  

that r = 1. Thus i n  viewof Theorera 3.5, it is enough to show that 



there  e x i s t s  a BCD (2a+1+1,2a,1). The r e s u l t  the; follows from * 

Lemma 3 . 3 . 0  , 

a 
In case k = 2-p where p i s  an odd prime and a i s  a 

posi t ive  in tege r ,  the  condit ions (*) become 

a 
r(r-1) E 0 (mod 4p' ) d d  r-1 5 '  0 (mod 2 ) .  

a 
That is  e i t h e r  r E 1 (mod p' ) and r E l ( d  4) 

a 
o r  r E O(mod p ) and r Z l(mod 4 ) .  

a a But r 2 l (modp ) and r Z l ( m d  4) imply t h a t  r G l(mod 4.p 1 .  

Since 0 < r < 4pa w e  have r = 1 . In view of Theorem 3.5, it 

s u f f i c e s  t o  show the existence of a BCD (4*pa+l, 2epa, 1) which follows 

from G- 3.3. 
$ 

, 

a 
If r E O ( m o d p )  and r E  l ( m o d 4 )  ye claim: 

a 
and r ,= P i f ,  pa z l ( m d  4) . 

a 
To show t h i s  le t  r = q 0 p  f o r  somei in teger  q , so t h a t  r 2 l(md 4 )  

a 
implies t h a t  r-1 = q-p  -1 E O t m o d  4 ) .  Hence,. 

b 

~ u t  o < r < i q l i e s  that q = 3 i f  'pa 3(mx1 4 )  o r  



In  view of Theorem 3.5 and the  above discussion,  t o  prove 

t h a t  the  condit ions (i), (ii) and (iii) of Theorem 3.1 a r e  necessary and * 

a 
s u f f i c i e n t  f o r  the  exis tence  o f  a BCD (n,2*p ,1) where p is  an 

odd prime and a a pos i t ive  i n t e g e r ,  it i s  enough t o  show the  

exis tence  of a BCD (3*pa,2-pall)  i f  pa = - 3 (mod 4) and t h a t  of a 

BCD (5-pa, 2 o p a ,  1) i f  pa E l(mod 4 ) .  

Thus w e  have proved the  following lemna. 

L a 
3.7 m:. Let n be a posit ive znteger where n ,  2.p and X = 1 

8 a ) b f y  the conditions (i) , (ii) and (iii) of !Theorem 3.1. Then there 

a d t s  a BCD (n,2.p ,1) for p a odd prime and a a posit ive 

integer i f  there &st8 . 

a a y--' 
(a) a BCD (3.p ,2=p  .I) .if pa 5 3 ( m ~ d  4) or d 

(b) a BCD (5-pa,2*pa;1) - i f  pa E l ( m d  4 ) .  

3.8 LEMHA: Them ex i s t s  a BCD (3-pa,2*pa,1) uhere p i s  a prime, 

a a i s  a posit ive integer and p 3 (mod '4) . 

Proof: P a r t i t i o n  the  vertex s e t  V(Xj.pa) 
a 

i n t o  p subsets  each of 

s i z e  three  . Label them with 
C 

with 5.g we associafe  acoap le*  graph K whom v e r t i c e s a r e  the 
pa 

a 
ver tex  sets T T ,... 

0' 1 pa-l 
and an edge T T 0 I i , j 5 p -1 , 

i j' 

0 



corresponds to all the edges of the bipartite subgraph K 
(~il'l~j( . 

of K - a 
3*pa ' 

Since p is odd, we know that K can be decomposed ,. pa 

into . disjoint hamilt~ian cycles. We obtain one such 
2 

decomposition using ~alecki's ~onstructios (see [251, p 162-3) as follows. 

L 

L e t  

be one hamiltonian cycle of the decomposition. (see Figure j ( C )  

- 

4 
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a Also let 4 be a permutation on p symbol8 TolT1.. . . 
whose cycle representation is 



Then the  (e) d i s j o i n t  hamiltmian c y c l e s  of  the decomposition 

(pa-31, are given by , k = 0 .1 . .  . . , 
a 2 

Using the cyc l e  5 we define two cyc l e s  C and C' o f  

a 
length 2*p i n  the graph K a a s  fo l lows .  

3'P , 

and 

These cyc l e s  are  a l s o  shown i n  Figures 3 ( D )  and 3 ( E )  respect ive ly .  
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a Let 0 be a pernutation on 3p symbols u ~ ~ ~ u ~ ~ ~ ~ ~ ~ ~ . . . ~  

u p ~ l , ~ ' u p ~ 1 ~ ' u p ~ - 1 , 2  whose cycle representation i s  ' 

2 
The cycles C ,  u c  and U C are three cycles of length 

a 2pa that use a l l  internal edges of the p triangles on the 

vertex sets  TO,T1....lTpn-l and a l l  edges U i j u k j  0 5  j C 2  

between the successive vertex sets  Ti and Tk of the cycle t: . 



2 Also C '  , a C'  and a. C '  a r e  three  more cycles of length 2pa and they 

use the  remaining edges 
Uir Yes , 0 r ,  s 5 2 ,  r # s , between the  

successive ver tex  s e t s  Ti and Tk of the  cycle . 
0 

2 
Thus we  have obtained s i x  cycles C ,  a c ,  a C,  C ' ,  a C '  and . \ 

2 a 
U C '  of length 2.p i n  K 

3=pa 
and we have used: 

edges of 
K3.p" 

which a re  the  i n t e r n a l  edges of the  

ver tex  sets TO,T1, ..., Tpa- 1 
and 

edges of K 
3*pa 

which corresponds t o  the  edges of the  

cycle 5. 

In case p = 3 and a = 1 t h i s  gives a des i red  decomposition 

of Kg i n t o  C 6 ' s .  Otherwise, we are l e f t  with the  edges of 
K3-pa 

k 
which correspond t o  the  edges of the  remaining cycles 4 5, 

k = 1,2,  ..., of k a . Since pa Z 3(mod 41, the  numbr 
2 P .  

(-1 is even. W e  p a i r  these cycles  a s  
2 

L 

lb coolplcte t h e  proof of $the le-, because bf t he  ro ta t ion  

under the  , it i s  enough t o  show t h a t  the  edges of 

in the union of one such p a i r , c a n  be decomposed i n t o  cycles of 
" 

IC3+ 
a 

length 2-p . Fur ther , .again  because of the  ac t ion  of  the re  i s  

no l o s s  i n  assuming tks p a i r  i s  t: , . W e  r e l a b e l  the  v e r t i c e s  of 

the  complete graph K so t h a t  the  cycle < i s  wr i t t en  a s  
pa 



Under this new labeling the cycle $5 then becomes 
4 

a 
Let Z be a cycle of length 2.p obtained by joining 

the vertices with labels 0 and 1 alternately between the 

successive triangles of the cycle C", that is 

2 The three cycles Z, U Z  and U Z use all the edges between the 

successive vertex sets of the cycle 5 '  except the edges of the form 

a 
u u for 0 I i 5 p -1 and 0 I j 5 2 which form a union of ij i+L,j 

a 
three disjoint cycles of length p . In other words, the set of 

edges between the successfve triangles of the cycle 5' can be so 

partitioned that after pulling out three disjoint cycles of length 

pa , the remaining edges can be partitioned into three disjoint cycles 

of length. 2*pa . Moreover, this is also true for the other hamiltonian 
cycles in the decomposition of 

K$ 
. Thus, in general, for any 

hamiltonian cycle of 
K# 

, if from the edges between its successive 



a t r i a n g l e s  we p u l l  o u t  three d i s j o i n t  cyc l e s  of  length  p then 

t h e  remaining edges can be decomposed i n t o  t h r e e  d i s j o i n t  cyc l e s  

of  length  2*pa . 
can f i n d  t h r e e  edge-d is jo in t  cyc l e s  o f  l eng th  

2*pa which d e  only  t h e  edges of  K a long t h e  cyc l e  5 '  
3-pa 

or 5" and show t h a t  t h e i r  union can  be decomposed i n t o  t h r e e  

a d i s j o i n t  cyc l e s  of l eng th  p along 5-' and t h r e e  d i s j o i n t  
a 

cyc le s  of length  p a long  5" I then we a r e  done. W e  regroup 
L 

t h e  v e r t i c e s  o f  K 
3 9  

i n t o  t h ree  groups \? 

W e  cons t ruc t  a cydle  ? o f  length  2*pa i l l u s t r a t e d  i n  
I 

Figure  30 ' )  and descr ibed  below. 

A s o l i d  l i n e  jo in ing  tw, v e r t i c e s ,  say u and v , 

r ep re sen t s  an edge i n c i d e n t  wi th  those v e r t i c e s .  A do t t ed  l i n e  

p 
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between tk v e r t i c e s ,  say  u and v , r e p r e s e n t s ' a  pa th  obtained by 

joining t h e  successive v e r t i c e s ,  s t a r t i n g  a t  u and endin,g a t  v 

along t h e  cyc le  5 ' .  The jagged l i n e  between t h e  two v e r t i c e s  u 60 

and u 
pa-6, 0 

r ep re sen t s  a pa th  obtaihed by jo in ing  t h e  v e r t i c e s  i n  

succession along t h e  cyc l e  5 " .  A forward jump from one block t o  

another ,  f o r  example, from t o  , A ~ ,  A1 to  A o r  A2 t o  A 2 0 

corresponds t o  W n g e  i n  l a b e l i n g  i n  the second coord ina te  of  t h e  

v e r t i c e s  i n  t h e  c y c l i c  o r d e r  0 to 1, 1. to 2 o r  2 tD 0 . 
We sliut a t  t h e  v e r t e x  u of t h e  ve r t ex  s e t  T i n  t h e  00 0 I 

block A and jo in  it t o  t h e  ve r t ex  u i n  block 
0 21 

A1 . Note 

t h a t  t h i s  is  an edge between t h e  ve r t ex  s e t s  To and T of  cyc le  
2 

5". Next we jo in  u21 t o  u ( t h i s  i s  an edge between t h e  ve r t ex  4 1 

s e t s  T and T of  5 " )  and then remain i n  block 
2 4 

A1 joinhng 

edges'along t h e  p a t h  

We then jo in  t h e  l a s t  v e r t e x  
Upa-2, 1 

of t h i s  pa th  t o  t h e  ve r t ex  
- 

u of t h e  block A2 . W e  remain i n  block A2 joining edges a long  0 2 

the path . 
u 0 ~ ' ~ 1 2 ' ~ 2 2 ' ~ ~ 2 ' ~ ~ ~  

We jo in  t h e  v e r t e x  u t o  t h e  ve r t ex  u of  the block A. . W e  . 
4 2 10 

remain i n  the same block jo in ing  edges along t h e  pa th  



and these  a r e  the v e r t i c e s  belonging to the  successive ver tex  s e t s  

of t h e  cycle F" . W e  jo in  the  ver tex  u to u pa-1,2 
and 

, P-6 ,O 

then u 
p - 1 , 2  

to u . W e  complete the  cycle by joining 
+-4,O 

U 
pL4, o to u 

+2,0 ' u p - 2 , 0  
to u and f i n a l l y  u 

pkl,D r pa-1,O 

A a 
In the  construct ion of  C , s ince  we have picked p -1 

a 
v e r t i c e s  from the  block A , p -4 v e r t i c e s  from the  block A and 

0 1 
A 

f i v e  v e r t i c e s  from the block A , C is  a cycle of length . 
2 

We r o t a t e  the  blocks A A and tw times i n  c y c l i c  o rde r ,  
0' 1 2 

t h a t  is ,  A to A 
0 1 *l 2 2 0 

to A and A to A and g e t  twomore 

a 
cycles o f  length 2.p . I n  o t h e r  words these cycles  are nothing 

but  2 , US and 0% . In<v iew o f  what we have s a i d  e a r l i e r ,  it i s  . 
enough to show t h a t  t h e  union o f  these th ree  cycles from two sets of 

Z 

a three  d i s j o i n t  cycles  of length  p . 
5 

L e t  us  f i r s t  consider  the 'edges  along t h e  cycle  5 . In 

A 

the cbnstruct ion o f  c , a? and a2? we have used 

the path 2  ̂
u40 ,u50,u60,. . . , u pa-Z,O i n  cl c 



A 2~ 
Ihexefore the  cycles  C , 02 and 0 C contain a l l  . t h e  

a 
edges u u . 0 5 L 5 p -1 , 0 5 j 5 2 , which form three 

i j  i + l , j  

d i s j o i n t  cyc les  o f  length pa . 
As regard to t h e  edges along t h e  cycle 5" r i n  t h e  

A 2 
construction of  C , and U E w e  have used. 

t h e  path 

2~ 
the  edge u41 u12 

i n  U C 

the path 

I .  

t h e  edge u 
@-6,2 u ~ l , l  

the  edge u 
p-11 u p 4 , 2  

the edge 

and t h e  edge u u i n  UE 
pa-2 ,2 .  00 

A 

Therefore. t h e  cycles C , 02. and e2? conta in  three d i s j o i n t  

a 
cycles ~f length p whose edges l i e  along the cycle 5" . This 

8 

ocmpletea the proof. o r 

- \  P 



Proof: The proof is  similar t o  that  of Lepaaa 3.8. We divide the 

vertices of Ksepa into pa' groups each of s h e  five and label 
. . 

them w i t h  

As i n  the proof of Utra 3.8, with Kgepa we as'sociate a . 

- 
edge Si S I 0 5 i j 5 1 ,&rrasponds t o  'all the edges between 

j 

the vertices of the sets '  Si and S i n  the original graph. We 
j 

decompose K into disjoint hamiltonian cycles $kll I 
pa 2 

k = O I l  I . . . I  (&) where 
2 .  

a an8 14 i s  a permutation on p symbols Sons1, ... IS 
pa-1 

with 

cycle representation 

m h  5 w i t b  th vertex met si ; o 5 i 5 pa-1 can be &composed 

into two d l s j w t  S-cycles which are obtained by joining the vetrticee 



a t  &stance 1 and vertices a t  distance 2 respectively. The five 

k 
cycles T C , 0 5 k 5 4 of length 2*pa where we define C  as 

- we 

and T i s  the permutation 

use a l l  the internal edges of I$'s 
which are a t  distance one and a l l  

edges of the form 
u i j  xj , 0 I j 5 4 between the successive 

@entapons Si 8nd S of the cycle r) . Further we construct ten 
j 

k k Are cycles T C' , T C u r  0 9 k 5 4 of length 2*$ where 
I 

Them aycles une the rursining edges between the succesmive pentagons 

of the cycle TI . mxt w i n g  the internal edgas at disturca 2 of 



a each  of t h e ,  K 's with v e r t e x  s e t  Si, 0 C i 5 p -1 and the edges 
5 

b e t e e n  the  suqcessive v e r t e x  s e t s  of t h e  cyc le  Jnl we g e t  f i f t e e n  

more cyc les  of  l eng th  2-pa i n  t h e  same way. 

I n  case p = 5 and a = 1 t h i s  g ives  a d e s i r e d  

. . . .  decomposition of  K25 i n t o  cyc l e s  of length  t e n .  Otherwise we 

are l e f t  wi th  t h e  edges o f  
'i-Pa 

which correspond t o  t h e  edges 

of the remaining cyc le s  $0, k = 2 , 3 , .  . ., (pa- 3 1 of K . ' d n c e  
2 .  pa 

Pa E l ( m d  4 )  , t h e s e  cyc l e s  a r e  even i n  number.. we p a i r  t hese  

cyc l e s  as 

TO prove the l e m a  it s u f f i c e s  t o  show t h a t  t he  edges of K50pa i n  

t h e  union of any such pair can be decomposed i n t o  cyc l e s  of  l eng th  

2*pa . Because of  the r o t a t i o n  under t h e  permutation $ , it is  

,enough t o  show t h i s  f o r  the p a i r  0 , Jnl . W r e l a b e l  t h e  v e r t i c e s  

9 . of  the  complete graph K s o  t h a t  t h e  cyc le  0 is  w r i t t e n  as 
4 

pCL 
a 

Under this new l a b e l i n g  the-cycle $rl.' then becomes 



Using the edges between t h  successive vertex sets  of the eycle q *  , 
a 

we obtain ten cycles of length 2.p and we are l e f t  with the edges 

C 

of tbe form for and which 

a 
form a union of five disjoint cyclem of l&h p . This, i n  

general, i s  t n m  for the edges of K a along any W l t o n i a n  
5.P 

cycle of K P' noreover, th is  fact can be restated as follows. 

The edges of 1(5. , between the successive vertex se ts  along bry 
pa 

h a a i l w a n  cydle can be decocaposed into five disjoint cycles of * 
a 

length $ and five cycles of length 2.p . 
O u r  next attempt, therefore, i s  to  pull out five disjoint 

b a 
cycles of length p along the cycle 0' and five disjoint cycles of 

length pa along the cycle n'' such thmt their  union gives five 

a 7 

cycles of length Zap . In view of w h a t  have said earl ier  the 

r u i n i n g  adgem of K5.+ along the cycles q *  and q" then can 

a 
be' d-sed into hrenty cycles of length 2.p . We regroup the 

vertices of " s o p  into five .groups 

f 

for i = 0,1,2,3,4 . 
Using tbe notations of figure 3(P), we give here i n  

Figure 3(G) a method of arutruct ing a cycle 5 of length 2mpa . 



We rotate the blocks Ao, 3 
A ,  ..., A four t h s  i n  cyclic orar, . , .  

- 7  

that is,  A. to A1, A1 to A2, ..., Aq to A. and obtain four 

a more cycles of length l o p  . These cycles &e notliing but -rk C , 



k- 
Now to check t h a t  T C , 0 5 k 5 4 , con ta in  f i v e  d i s j o i n t  

\ 
a 

cyc le s  o f  l eng th  p whose edges l i e  a long the  c y c l e  ?-I' Qe observe 

k - :'that i n  t h e  cons t ruc t ion  o f  T C , 0 5 k 5 4 , we have used: 
1 

2 - 
t h e  pa th  uqO, uS0, . . . , upa-2, 0 

i n  T C ,  

and t h e  pa th  u 
@-2,0 '~+1,  O ' ~ O O  i n  6 C  . 

a Their  union g ives  a c y c l e  o f  l eng th  p w b s e  edges l i e  

a long  t h e  cyc l e  ' . Under the r o t a t i o n s  we o b t a i n  f i v e  d i s jo inU 

a such cyc le s  of  l eng th  p . 
Simi l a r ly ,  we have used t h e  following edges and t h e  pa ths  

afong t h e  cyc l  " v *  
- 

t h e  edge 
u~~ u21 i n  c , 1 

- 
t h e  edge ' 

u21 u441 i n  c , 

the edge u43 uiq i n  T4e  , 

tb wm U14,U64,...,U' 
PCL-684 i n  T ~ E  , 

the edge u 
+6,4 Upa;l,3 i n  , 

the d g e  u 
+1,3 Upa-4,4 in T ~ E  , 



a 
!Their union gives a cycle of  length p - . Under t h e  

a 
r o t a t i o n s  w e  ob ta in  f i v e  d i s j o i n t  cycles of length p whose d g e s  

l i e  along t h e  cycle  nn . This completes the  proof. q 

odd prime and a a p o s i t i v e  i n t e g e r  i f  and only i f  'n i s  odd , 

'proof: I n  view. of  Lenmas 3.7, t he  proof follows from the  Leumas 

3.8 and 3.9.0 

Theorems 3.6 and 3.10 can be put together  to give t h e  

main r e s u l t .  

prim and a a p o s i t i v e  i n t e g e r  i f  and o n l y  i f  n > 2epa , n odd 
e 

a und n(n-1) O(md 4-p ) . 



CHAPTER 4 

As w e  have mentioned i n  t h e  beginning of t h e  previous chapter ,  

t h e  problem of  'decomposing complete symaetric d igraphs  DKn i n t o  

d i r e c t e d  cyc le s  has  been of equal  i n t e r e s t  t o  t h a t  of decomposing 

complete graphs Kn i n t o  c y c l e s  o f  d i f f e r e n t  lengths .  But much less 

' work has been done i n  t h e  d i r e c t i o n  of decomposing complete symmetric 

digraphs D1(, i n t o  o r  id t a t i o n s  of a cycle. other than t h e ,  

d i r e c t e d  cyc le .  Hung and Mendelsohn [21] have found a necessary and 

s u f f i c i e n t  condi t ion  f o r  t h e  p a r t i t i o n i n g  of  t h e  s e t  o f  arcs of  a 

complete symmetric digraph i n t o  each of t h e  o r i e n t e d t r i a n g l e s .  I n  a 
3 

r ecen t  paper [16] ,  Harary, Heinrich and Wall is  have considered t h e  same 

problem f o r  each of t h e  four  o r i e n t e d  q u a d r i l a t e r a l s .  I n  W i n g  s o , t h e y  

have made s t rong  use of t h e  f a c t  t h a t  each o r i e n t a t i d n  of  a t r i a n g l e  

and t h a t  of a q u a d r i l a t e r a l  is self-converse.  A l s o ,  Harary, Palmer 

and Smith [17] had earlier shown th.t t h e  only graphs f o r  whiqh every 
I 

or4enta t ion  i s  self-converse are the two smallest c a p l e t e  graphs 

and K2 and the three s d l e s t  cyc le s  C3. Cp and C5 . I n  t h e i r  

Paper [ 161, l b i n r i c h  and Wallis made a. concluding remark t h a t  

it relaains $x invest iga$e t h e  case of  o r i e n t e d  pentagons. I n  this 

chapter  we cons ider  t h i s  problem and show t h a t  t h e  necessary condition; 

f o r  each of  the o r i e n t e d  pentagon t o  d iv ide  complete syraatric digrapha 



A cyc le  of l eng th  f i v e  can be o r i en t ed  i n  only fou r  

d i f f e r e n t  w a y s . b d  these  a r e  shown i n  Figure 4(A).  

4 

The br i en taS ios s  w i  11 be d e s c r i b e h s  

A1 conta ins  a path of d m m  length  two, 

A2 conta ins  a pa th  of mgximum l ength  t h r e e ,  

A 3 
conta ins  a pa th  of maximum length  fou r ,  

d 
and i s  t h e  d i r e c t e d  'cycle of length  f'ive. 

4 .  : If A ~ I D K ~  , i = 1,2,3;4 , then n 1 0 ,  1, 5 o r  6 

(mod l o )  . 

Proof: For i = 1,2,3,4 A i I ~ ~ n  h p l i e m  that 51n(n-1). That is, 

n 5 0 o r  1 (md 5)  o r  equ iva l en t ly  n 5 0,  1, 5 o r  6 (mod 101.0 



-, 
Since each oriehted pentagon is self-converse, we have the 

following result. 

Rosa and Huang [31] and Bermond and Sotteau [ 6 ] have shown 

independently that Kn can be decomposed into C 's if and only if 
5 

-n 3 1 or 5 (mod 10). This result together with Lemna 4.2 gives the 
4 

f 01 lowing result . 

4 .  : I f  n l 1 or 5 (mod 10). then AJDK, for i = 1.2.3.4. 
a 

, , f  i h  

* .  

e, for To prove the re n E 0' or 6 (mod 10) , first we 

show it for. n = 6 and n = 10 . 

. 
Proof: Let V(DK6) ,u ,u ,u ,u ,u 1 .  ~ o l l d i s  the 

"'~1-2 3 4 5 6 

decomposition of DK into each of Ai, i = 1,2,3,4 by 
6 

. 4  











4.5 LEMMA: A ~ I D K ~ ~  for i = 1,2,3,4 . 

Proof: We write 

P 
~ e t  V(K~) = ,u ,u ,u ,u u and V(K4) = ~vl,v2,v3,v4~ 

:- {yo 1 2 3 4 

where V(K ) = V (K4) U V(K6) , V(K 1 and V (Kg) are the maximal 
4,6 4 

independent subsets of K 
4,6 ' 

The graph 
K4 " '4,6 can be decomposed into four C 's , 5 

and a graph H shown in the Figure 4(F) 

v 
1 



Since, for i = 1,2,3,4, Ai is self-converse, Ai 1 D C ~ .  llDreover, 

Ai 1 D K ~ ,  i = 1.2.3.4 , by L~ES+U 4.4. Thus to prove that ' Ai 1 DlCl0 , 
i - 1,2,3,4,it is enough to show that A ~ ~ D H  for i = 1,2,3,4 . 
Here re give a decomposition of Dii into each of A4, i = 1,2,3,4 ., 



3 I D H  
FIGURE 4 ( H )  





4.6 THEOREM: If n E 6 (d 10). AiIDKn fir i = 1.2.3.4. 

Proof: Let n = 10k + 6 for some positive integer k. We write 

where tbe vertex set of the complete multipartite graph (2k+l) K5 

R can is chosen appropriately. By Prop. 1.9 of Chapter 1, (2k+l) 

be decomposed into C5's and hence the complete multipartite 

digraph D 
(2k+l) 

can be dec&posed into each of Ai , i = 1.2.3.4. 

Ilofeover. by L e l r a  4.4 -A I DK6. i = 1.2.3.4 and hence the result. 
i 

. . 
4.7 THEORW: If n . 0 (mod 10)' md n # 20, A ~ ~ D K ,  for  

3 

Proof: The result for n = 10 has been proved i n  Letlraa 4.5. 

Hence, let n = 10k. k > 2 . We write , 

-. 
where the vertex set of the -1.L multipartite graph kK10 i e 

cbosen appropriately. In view of Tr 4.5, it im enough to show 

that Ai I D , k'io for i - 1.2.3.4. W i t h  k ~ 1 0  we associate a graph 

G as follovs. 



i i i 
Iat Vi = {u1,u2,...,u 3 ,  1 5 i 5 k ,  b e t h e  m a x i m a l  independent 

10 

subse ts  of v e r t i c e s  i n  
kK10 A l s o ,  f o r  i = 1 2  k le t -  

i i i i i  si - { U ~ . U ~ ~ U ~ I U ~ . U ~ ~  , 

i if# i i 
Si+k - { u ~ I u ~ ~  gIlJ91U101 . 

W e  de f ine  V (GI = {S S , . . . , S and an edge inc iden t  with 
1' 2 2k 

'i and S corresponds t o  the set of a l l  edges of t h e  complete 
j 

b i p a r t i t e  subgraph K 
Of kK1O' 

We observe t h a t  any two 

vertices Sir S are adjacent  except when j = k + i . Moreover, 
j 

t h e  edges 
'iSi+k 1 5 i 5 k , form a 1- fac tor  of  . Thus. 

G S K - I where I is a 1- fac tor  of KZk . 
2k By ' Cor. 2.13 

of  Chapter 2, G can be decapooed i n t o  3-cycles and 5-cycles, 

which ammnts to t h e  f a c t  t h a t  the &aph k150 can ba decapoeed  

i n t o  t h e  f a c t o r s  and c,[%]. 130th these f a c t o r s  can be 

&~co.~posed i n t o  C g m s  by Prop. 1.7 and Prop. 1.5 of Chapter 1, 

respect ive ly .  lhru c5 uril the r e o u l t  then follows from 
/ 

the f a c t  that each o r i e n t a t i o n  AiI i = 1,2,3,4 of  C5 i s  s e l f -  



4.8  THEOREM: A ~ I D K ~ ~  for i = 1,2 ,3 ,4  

Proof : W e  write 
I 

w i  the vertex set o f  the complete bipartite graph ' k 2K10 chosen 

appropriately. We sha l l  show that ili 1 D ( K  U ZK1O) for  10 

i = 1 ,2 ,3 ,4  . This together with Lenima 4 .5  wil l 'prove the resu l t .  

Let the vertex sets o f  the two K l O 1 s  be {ui ,u 2 , . . . ,  u 1 and 10 
L 

{v1,v2,.  . . , v  1 .  The graph 10 K1O " zK1O can be decomposed into a 

v 
6 

FIGURE 4 m  



and hranty five 5-cycles  given by 

C: U * V  r U  * V  .V r U  
1 1 2 3 4 1 '  

C ' :  u 1 3 7 2 5 1 '  *v nu  tv I V  *U 

k 2k . I$ C' (1 5 k i 9) and 4 Cn ( 1  5 k 5 4)  

where 4 = 1  2  3  . 1  is a c y c l i c  p e r m t a t i o n  acting on the t e n  

subscr ipts .  

Here we give a  d c c a g o s i t i o n  of Dh i n t o  each of 

A z l  A3 and Aq . 

Pigure continued. 











can be deconpbsed* i n t o  the graph r and twenty four d i s j o i n t  

k k  2 6 8 
C*, C, C", $ C ,  $ C '  ( 1  5 k 5 91, $ C", $ C" and 4 C" . 

.- 

Since A is self-converse,  i t - i s  enough t o  show that 
1 

A I ~ r .  ~ o l l & i n g  is one such decomposikion: 
1 " 





Finally, the r e s u l t s  6 .  Theoreps 4.1.  4 . 3 .  . .4.6, 4 . 7  

and 4 .8  can be put together in to  a single theorem. . 

n Z 0 or 1 (mod 5 ) .  



CHAPTER 5 . 

. 
I n  ChaptA 4 W have seen t h a t  each o r i eg t+ t ion  of  C 

5 '  

t he  cyc l e  o f  length  f i v e  d i v i d e s  t h e  complete symmetric d igraph  f 

DKn 
f o r  a l l  n ' s  which s a t i s f y  t h e  necessary condi t ions .  I n  t h i s  

chapter  we cons ider  t h e  case  o f  t h e  cyc l e  Ck where kL is any gdd '  

posi,tive i n t e g e r  and g ive  some s u f f i c i e h t  condi t ions  s o  t h a t  any 
,a. 

- f i  
self-converse o r i e n t a t i o n  X of Ck d iv ides  DK f o r  . 

b n . , 
n : 0 o r  1 (mod k ) .  A s  an  app l i ca t ion  of  these  r e s u l t s ,  we .show , 

t h a t  t he  necessary condi t ions  a r e  a l s o  s u f f i c i e n t  f o r  any s e l f -  

converse o r i e n t a t i o n  of C, . Me cyc le  of  length  seuen. - t o  d iv ide  

Theorem 5.2 does n o t  inc lude  t h e  case f o r  k  = 3 , as we 

* 
know t h a t  the  d i r e c t e d  cyc2e 'c does n o t  d iv ide  -DK ( s ee  1211) ' 

3 6 

which i s  one of @ t h e  condi t ions  of t h e  hypothesis .  We prove the - r' 
r e s u l t  f o r  odd k  > 3 and f o r  the case  k,= 3 w e  r e f e r  t o  Hung 

and h n d e l s o h n  I21 1 r h o  have shown that each o r i e n t a t i o n  X of  C p  

8 d iv ides  mn i f  anh dnly  i f  n  z 0 o r  1 (mod 3) and n  2 3 wi th  
J 

the except ion of n  = 6 i n  t h e  case  when X is  t h e  d i r e c t e d  cyc le  C3 . v 

I 

I I 

T.- 

5 .  i m: kt x be, a se tf-conveme orientation of  ck. the cycle 

o f  length k. and G be any g m p h .  I f  c , ~ G .  then x ~ x * .  I 

L Proof: ' The proof fol lows from t h e  f a c t  t h a t  t h e  o r i e n t a t i o n  X of + 

t h e  cyc l e  C, is  self-&verse .rr 
' .I 



I 

6 6 

5.2 TMWREM: Let x be a self- 'mvepse orteittation of  ck .. &; ' 
I ' . . 

&cZe o f  Length k whem k i s  &I odd positive integer g m t e r  

thmr 3 , such that 

(i) x l g + ,  . 

Proof: To prove t h a t  the condi t ions  n Z 0 o r  1 (mod k) and 

,2 
./ n l k a r e  s u f f i c i e n t ,  we cons ider  t h e  t h r e e  cases  n Z 1, k (mod 2k) ,  

j .  

/ J 
I 

n E k + l  (- 2k) a n d m  E 0 (mod 2k) separp te ly .  

&se 1: Let  n 5 1 o r  k (mod 2k) .  I n  t h i s  case  Rosa [301 has 

shown that K . Since X is a self-converse o r i e n t a t i o n  of 
v. 

$ , t h e  r e s u l t  then  fdllllars from - L F ~  5.1. 

C a s e  2:  Le t  n 5 k +  1 (- 2 k ) , a t h a t - i s ,  n = 2mk + (k + 1) f o r  
I I 

sonre non-negative.'integer m . W e  w r i t e  
I 

I 
= - + l ) \ + l  2 n 1 \  

a - -  

where t h e  v e r t e x  'set of the complete -15 
is appropriately cho&. Since x 1 .by hypothesis ,  it is 

4 

enoygh to  sha that X D .  By m r u  2.14, and 

the r e s u l t  then  fo l lows  fram k 5.1, 



* 
Case 3: . Finally let n 5 0 (mod 2k), that is, n = 2mk for 

s m  non-negative integer m . For m --- 1, the res'ult is true by 
J 

hypothesis as xlDKZL . In case m = 2, we write . 

- 
where the vertex set of each graph-is apprdpriately chosep. Since 

k is odd, we k n w  \ can be decomposed'into hamiltonian cycles, 

that is, Ckl\ and hence by Lem 5.1 X I D S  . Moreover, 

x1~'2k. and X ~ T , ~ , ~  by hypothesis and hence the result. 

I NOW 'let m 2 3 . We'write 

where the vertex set of the complete multipartite graph is 

appropriately chosen. Since by hypothesis, it is enough 

to s h a  that x I D ( ~ K ~ ~ )  . We will show that $ l m ~ 2 k  and the 

result then will follow f m  5.1. With the graph .KZk we 

associate a graph G as follows. 

Let V ,V . . . ,V ' be m maximal indeperident subsets 0% 
1 2' m 

V(mK2k). Clearly Ivi1 = 2k for 1 C i C m . Also let . 

i 'i i i i vi = {ul,u2,. . . ,\,u,+~,. . . ,u for ' 1 5 i 5 m . 
2k 

We define 
L 



f o r  1 I i . 5  m ; Then 

and" an edge s .S:  opfresponds t o  the set of a l l  edges i n  t h e  
1 3  ./ ' 

o r i g i n a l  graph mK2k which jo in  v e r t i c e s  i n  - 'i with v p r t i c e s  i n  
. , 

S, . W e  observe. S.S. is an edge f o r  a l l  1 5  i, 9 5 h, i # j 
j .  1 j 

- 
a r e  n o t  edges of G , and form a 1- fac tor  of G , t h e  complement 

b 

* 
o f '  G . Thus, G i s  isomorphic t 6  K -I where I i s  a 1- fac tor  

2m 

Of K2m 
. I f  2m 5 0 o r  2 (mod61, then 2 m 2 6 ,  as m L  3 

and hence by Prop. 1 .3,  G can. be decomposed i n t o  C ' s. I f  
3 

2m Z 4 (mod 6) , then 2m Z HI, a s  m l 3 'and hence by Cor . 2.12 . . 

G can be decompolred i n t o  one Kg and t h e  r e s t  C3 ' s .  Hence f o r  

hi 1 3, G can be decomposed i n t o  C 's and a t  most one 
3 

which amounts to t h e  f a c t  t h a t  t he  graph mK2k can be decomposed 

i n t o  3\'s and a t  =st one 5\ . s i n c e  k is a d ,  Ck 1 3\ 

"d ' k k k  by Theorem 2.14. This completes t h e  

L e t  Ck , k odd, denote t h e  d i r e c t e d  cyc le  of  l eng th  k . 
B e p m d  and Faber 151 have shown t h e  ex i s t ence  o f  a balanced 

c i r c u i t  design ( k + l , k , l )  f o r  any odd k 1 3 . Also Bermond and 

Sot teau  161 V v e  s-, t h e  ex i s t ence  of a balanced c i r c u i t  design 

(2k.k.l) f o r  k Z 5. I n  o t h e r  words, C k I ~ + l  f o r  any g d  k 2 3 

1 
and <la, f o r  any odd k Z 5, . Mremver, ~ o t i e a u  1331 has . 

L 

shOV" that '<1 ' \ ,~ ,2k f o r  any odd k 1 5. zn view of  t h e  f a c t ,  



(I ' *  
t h a t  t h e  d i r e c t e g  cyc le  Ck , i s  a self-copverse o r i e n t a t i o n  of  

CkI  the cycle  of length  k , Theorem 5.2 g ives  t h e  fol lowing 

- r & u l t  o f  Sot teau  [ 331. . 
'C > 

5 . 3  THEOREM: 
DKn 

can be &cpPnposed in to  k-ci icui ts  (directed 

n l k .  

a 
In case k 7 p where p is an odd prime and a a 

p o s i t i v e  In t ege r ,  the necesshry condi t ions  f o r  a self-converse 

o r i e n t a t i o n  X of  C t o  d i v i d e  
pa 

5 a r e  n a 0 o r  1 (mod pa) 

and n > pa . Thus Theorem 5.2 g ives  t h e  fol lowing i n  t h i s  case.  

5.4 THEOREM: Let x . be a self-conmrse orientation of C 
pa 

where  p i s  an odd prime and a a positive integer, such that 

(i) X I D K  a 
P +1 - 

.(ii) X(DK 
2 - P  

and (iii) X ~ D K  
pa l~" ,2*pa  

. Then 

, X ~ D K ,  if md only i f  n i o OF 1 (mod pa) and n > pa . 

A s  an appl icat i*  o f  ~heorek 5.4, we show t h a t  a 

self-converse o r i e n t a t i o n  X of  C7 d iv ides  DKn i f  and on ly  i f  

n E 0 o r  1 (pod 7) and n C 7 . W e  knw t h a t  C7 has  t e n  o r i e n t a t i o n s  

and they a r e  shown i n  F igure  5 (A). 



The or i en ta t ions  A and A2* have a p a  o f  - h u m  length 2 ;  A 2 1 32-  
1 

and Ajj have a path of length 3; Aql and A have a path 
4 2 

- of m m i m ~  length 4; .As1 and AG1 have paths of m x i m m  length 5 and - ' J. 

6 respectively and is the directed cycle. 



Opt- o f  t h e s e  t e n  o r i e n t a t i o n s  o f  C 7' ' A21~.  A22' A3.11 

A41, Asl1 
and  A,1 . are t h e  a n l y  se l f -conversa  o r i e n t a t i o n s .  

* 
, . 

5.9 ~ E O F U W :  L e t  x be m e  of the e igh t  se Zf-converse orientations of . 
, 

C7 ' then X ~ D K ,  i f  and only i f  n s 0 or 1 (mod 7) and n 2 7 . 
> 

Proof:  I n  view o f  the Theorem 5 - 4 ,  it is. enough t o  show t h a t  X (DK - 
.~-. ,\ 8 ' 

xlpICi4 and X I D K  . I. 

7,7 ,14 ' 
'Hencefbr th  we s h a l l  w r i t e  t h e  e i g h t  s e l f -  

converse  o r i e n t a t i o n s  as: /-- 

(i) L e t  V(DK8) = 

of  i n t o  each 

t o p  c y c l e .  

{ul .u2. u3, . . . 'U 1 .  W e  list below a decomposi t ion 8 

X . .The d i r e c t i o n  o f  a n  ec&e is  as g i v e n  by t h e  



u u u u u u u u  
2 3 5 8 7 4 6 2  '2 u3 u8 u7 u4 u  6  u  2  

U U U U  
u7 u8 u~ 6 4 3  7  

u  u  u8 u4 u7 u2 u1 6 8  u  4 u 5  u7 * u2 u1 U6 u4 
. ,  

u u u u u  
3  2  7 1 5 u 6 u 8 u 3 '  u u u u u u u u  

1 7 2 3 8 6 5 1  

u u u u u U u u  
, 7 6 2 8 3 4 1 7 -  u u u u u u u u  

6 7 1 4 3 8 2 6  
z 

u  u u  u  
2  3 4  1  u3 u7 u8 u2 u3 u1 u4 Us u u u u  2  8  7 3  

L'  

u  u  '3 u1 u8 u4 %P 6 3  u u u . & u ' u u u  8 1 3 6 5 2 4 8  

U . I i  u  u y6 u7 u4 u2 1  5  3 6  u u u u u u u u  
5 3 6 7 4 2 1 5  

u u u u u  u 6 " 8 u 1  2  4  7  3 6  -. u4 ' '7 q 5  3  2  6  4  u u u u  

u3 u2 u1 u7 u4 '8 u5 u u u u u u u u  
1 6 4 3 7 . 5 8 1  

u  u  u  u  .u 
8  2  3  4  u6 u1 8 .  u6 ui u2 u7 u4 u  8  u  6  

u u u  u7 u4 u3 -"l 6  2 7  u u u u u u U U  
3 8 6 5 1 7 2 3  

u u u u u u u u  
2 4 5 , 6 8 3 7 2  u u u u u u u u  

8 3 4 1 7 6 2 8  

u1 u7 u6 ."3 "4 u1 u u u u u u u u  
5 2 8 7 3 1 4 5  i 

u u u u u u u u  4 6 7 8 2 5 1 4  u u u u u u u u  
2 5 6 3 1 8 4 2  

u3 u1 u8 u7 u2 u6 u3 U U U U U U  
/ 

u 7 u 4  2  1 5  3 6 7  
2 

s 

/ 

/ 

- K -  -- 

- - CI - 



. u3 u5 . uq u4 u7 '5 U2 u3 - u u u u  u5 u8 "1 - 6 4 3 .7 
i 

% <  . 
! .  U8 U5 U12 U6 UQ U3 u" u -  

2  8 , '1 u2 y7 U4 u8 U6 ' 

u5 . u7 '2 + u6 -ul @3 '4 u - u u u u u u u  
7 2 3 8 6 5 1 7 . -  

v. 

u  ' U -  u  u u u  
2  7 3 u 8 Q u 6  5  4  2  - u u u u u u u u * ~  

8 3 . 4  1 7 6  2 8  

" u u u u u u u u  u u u u u u  7  1 4  8  3  5 ' 6  7  u 1 " 4  5  2 8  7  3  1 
i 

u  ' u  u7 u2 u3 u8 u6 u5 1 7  u u u u u u u u  
3  6 7 4  2 . 1  5 . 3  

A71 
: The following directed cycles give a decomposition of DK8 into A 's. 
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8 .  

u + u. 4 u u + ui+4 + ui+2 8 , i+6 i + l  + u  ' U  i+3 8 
- 7. 

1 4 

f o r  i = 1,2,. . . ,7 and t h e  subsc r ip t s  a r e ' t d c e n  modulo 7 . , 
. . 

(ii) Let - V(IX14) = .{uo,ul,. . . ,U 1 .  The fo l l&ing gives  a - 
13 

0 : 

% . 
deampbsi t ion  o f  DK14 i n t o  A21 

, . 

and . 

- f o r  i = 1, ;, . . . , l 3  where &e subqcrip$ a r e  taken modulo 13. 

To g e t  the & c a p o s i t i o n  of  DK14 i n t o  the  o the r  s e l f -  

converse o r i e n t a t i o n s  of C' we w r i t e  . 7 r 

using a l l  tlie edges of t h e  form u v , 1 i, j 5 6 and the s i x  
i j 

edges of the 6-cycle 



we construct the foll6w$ng six 7-cycles 

for 1 5 i 5 6 where the subscripts are taken moddo 6 . - K14 

can be decomposed into  six 7-cycles 
Ci# 1 5 i 5 6 , and a graph H 

C 
shown in Figure 5 (B) . , 

e 



t' 

I n  view of fb 5.1, it is enough t o  s h W  t h a t  each self-converse 
* 

o r i e n t a t i o n  X d iv ides  OR. Here we list a d&,colposition of DH - 

,L In  each &composition be1 the  subsc,r ipts  a r e  t o  be taken 

-10 6 except the subsc r ip t  0 and which remain the  same i n  

# each ~ r i ~ r t t a t i o n .  The cycles  

f o r  1 '5 i 5 6 give  a decomposition of MI 
4 

f o r  1 5 i 5 6 give  a decomposition of DH i n t o  A 31. The cycles 

I 

f o r  1 5  i Z 6 give a Uecomposition of DH i n t o  A 41. The cycles  . 7 

fo$ 1 9 ,i 5 6 give a de!coqos ion  of DH i n t o  A 
. >  42 

The cycles 

f o r  1 5  i 5 6 give  a & c o q o s i t i o n  of MI i n to '  AS1 . The cycles 



for 1 5 i 5 6 give a deccmposition of DH into A and 
61 

finally, the cycles 

, 
for 1 5 i 5 6 give a 'decornposition.of DH into 

A71 

(iii) Let V(DK 
7,7,14 

= Iu ,u ,..., U71 U Iv v ..., v 1 U 
1 -  2 1' 2' 7 

where the three ssts in the union are the maximal independerit subsets. ' 

of V(DK7,7,14). The undirected graph K7,7,14 
with 

. > 
V(K7,7,14) = 

V(DK7.7.14 can be decomposed into twenty-eight 7-cycles given below .. , , 
. - 

and graph G , which is th.h;bgraPh induced by the remaining 

\ 

edges of K 
7,7,14' 

The cycles are 

. k 

for 1 5  i 5 7 ,*re the subscripts are taken modulo 7. In view of . 
1 .  

~ d h a  5.1, to prove that a self-con6erse orientation X divides . ~/ 



,,- 

DK7, 7,14, i t  i s  enoi ugh to show t h a t  -X d i v i d e s  DG. Here we list 
8 .  

M 

a decomposit ion of .  DG i n t o  t h e  o r f e n t a t i o n s  A 
21' A22' A31 and 

% 

\ 
I n  each  decomposit ion below t h e  subsc r i p6s  are t o  be.taken . . ' 

modulo 7. The c y c l e s  

- /' 

and 

a. 
f o r  1 5 i I 7 g ive  a decor i tps i t ion  of DG i n t o ,  A 

21' 
The c y c l e s  

. and 

& 
4 * 

f o r  1 C i 5 7 g i v e  a d e c o l p o s i t i o n  o f  DG i n t o ,  A22. T?e c y c l e s  



for 1 5 i 5 7 giir6 a decomposition of DG into A31 . The cycles r, 

t 

for 1 5 i 5 7 give a decomposition of DG 'into 
A41 

Now we give a.decomposition of 
DK7,7,14 

into each of the 
, . 

remaining orieptations A42' A51.p A61 and A 
71 ' 

This time we 

decompose the .ydirected graph. 
K7,7,14 

into fourteen 7-cycles 

4 
given below'and a graph G o ,  which is the subgraph induced by the 

remaining edges of 
K7,7,14 

. The cycles are 

and 

W 
Ui* 'wi+l 'ui+5 'wi+2 1 ui+',, vi+61 wi- 

4 - 
for 1 5 5 7 where the subscripts are taken modulo 7 . To 
prove that a self-converse orientation X divides DK - 

7,'7,14 ', 
4 

* 

1 because of Lemma 5.1 it is enough to show that X divides DG1.,Here 

L 
we list a decomposition of DG! into each of A 

42' A51' 
A61 and A71.. 1n 

each decomposition the subscripts are to be taken modulo 7. The cycles 



for 1 5 i 5 7 g ive  a decomposition o f  DG' in to .  A12 . The cycles 

for  1 5  i s  7 give adecos lpos i t ionof  DG' i n t o A  The cycles 
51' 



for 1 C i 5 7 give a decomposition of DG' into A 
61 ' 

The cycles 

for 1 1 i 1 7 give a decomposition of DG' into A . This 
7 1 

colspletes the proof of the theorem. , 
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