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A b s t r a c t  

D i s s a t i s f a c t i o n  wi th  o r d i n a r y  l e a s t  s q u a r e s  e s t i m a t i o n  
. 

(OLS) i n  t h e  p r e s e n c e  o f  m u l t i c o l l i n e a r i t y  h a s  r e s u l t e d  i n  

t h e  development o f  v a r i o u s  a l t e r n a t i v e  e s t i m a t o r s  which 

c l a im  t o  b e  b e t t e r  t h a n  OLS, These c l a ims  have n o t  been . 
-- -- - - - - -This i - e e n @ m % w *  

e s t i m a t o r s  t o  de te rmine  t h e i r  performance r e l a t i v e  t o  OLS 
\ 

rand each o t h e r .  The performance of  each e s t i m a t o r  is  e v a l u a t e d  
B 

- - - - -- -- pp 

under a Gariety o f  d a t a  c o n d i t i o n s .  I n  a d d i t i o n ,  z the s u b j e c t i v e  . 

n a t u r e  of  t h e  r i d g e  trace e s t i m a t i o n  method i s  

and &va lua t ed .  

determined 

The method used t o  e v a l u a t e  t h e  e s t i m a t o r s  i s  t h e  ,Monte 

C a r l o  s i m u l a t i o n  method. The performance c r i t e r i o n  i s  t o t a l  
/.I 

- m e a n  s q u a r e  e r r o r .  - - -- - - -- - . 
The s i m u l a t i o n  s tudy  r e v e a l e d  t h a t  t h e  r i d g e  trace estimator, 

, . 
even when a d j u s t e d  f o r  i t s  s u b j e c t i v i t y ,  ranked ' f  irgt i n  

o v e r a l l  performance r e l a t i v e  t o  OLS and r e l a t ive ' t o  t h e  o t h e r  

e s t i m a t o r s  cons idered .  The o v e r a l l  performance o f  t h e  al ter-  

n a t i v e  e s t i m a t o r s  ( e x c e p t  one) w a s  b e t t e r  t han  OLS. ?he a b s o l u t e  ' 

performance o f  t h e  a l t e r n a t i v e  estimators, and t h u s  t h e i r  

performance r e l a t i v e  t o  OLS and each o t h e r ,  v a r i e d  w i t h  t h e  

deg ree  o f  m u l t i c o l l i n e a r i t y ,  t h e  v a r i a n c e  o f  t h e  error term, 

and -the d i r e c t i o n  o f  t h e  t r u e  c o e f f i X G n t  v e c t o r  



b 

I t -  i-s concluded t h a t  one of the a l t e r n a t i v e  e s t imators  

should  be used i n  p l a c e  of OLS, with  t h e  s p e c i f i c  c h o i s e  

dependent on the cond i t i on  of  t h e  data.  In the absence of 

r e l i a b l e  knowledge o f  c e r t a i n  data cbndi t i o n s ,  t h e  r idg= 

t r a c e  e s t imator  should be used i n  p i a c e  o f  OLS i n  t h e  presence 
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, 
D i s s a t i s f a c t i o n  w i t h  b r d i n a r y  leas t  s q u a r e s  (OLS) e s t i m -  

L 

a t i o n "  i n  t h e  p r e s e n c e  o f  m u l t i c o l l i n e a r i t y  h a s  l e d  t o  t h e  
P * 

development  o f  s e v e r a l  a l t e r n a t 5 v e  e s t i m a t o r s .  The most 

p o p u l a r  o f  t h e s e  i s  t h e  r i d g e  e s t i m a t o r  o f  Hoerl and Kennard. 

( H o e r l  and Kennard 1970a and 1970b) 1t h a s  r e c e i v e d  con- 

s i d e r a b l e  z t t e n t i o n  i n  * t h e  l i t e r a t u r e  and h a s  been t h e  sub- 

'ject o f  s e v e r a l  e m p i r i c a l  e v a l u a t i o n s  ( ld ewhouse and Oman 

1971,  McDonald and Ga la rneau  1975,  Gui lkey  and Murphy 1975,  

Deeqan 1975,  R o e r l ,  ~ d n q a r 8  and Baldwin 1975, Lawless and 

Wang 1976 and Hoerl and Kennard 19.76) . 
Although a  t h e o r e t i c a l l y  p romis ing  a l t e r n a t i v e ,  t h e r e  . 

i s  a  p r a c t i c a l  problem w i t h  r i d g e  r e g r e s s i o n .  For  any g i v e n  

problem t h e  pe r fo rmance  ( i n  t e rms  o f  t o t a l  mean s q u a r e  e r r o r )  

o f  t h e  r i d g e  e s t i m a t o r  depends  on  a n  e l u s i v e  parameter . ,  

' w h i c h  must be  e s t i m a t e d  from the sample d a t a .  I f  a  " c o r r e c t "  

v a l u e  o f  t h e  p a r a m e t e r  i s  chosen a r e d u c t i o n  i n  t h e  t o t a l  

, mean s q u a r e  e r r o r  r e l a t i v e  t o  OLS i s  a c h i e v e d .  If an 

i n c o r r e c t  v a l u e  i s  chosen ' t h e  ~ i d g e  e s t i m a t o r  w i l l  pe r fo rm 
\ 

' 4 
worse t h a n  OLS.  Most c u r r e n t  r e s e a r c h  h a s  a t t e m p t e d  to, 

- 
/ 

. - d e r i v e  ;an e x p l i c i t  m a t h e m a t i c a l  formu$? f o r  d e t e r m i n i n g  a . 
& 

i v a l u e  of t h e  p a r a m e t e r  c o n s e r v i n g  a  good performance  from 

I 

I n  a d d i t i o n  t o  the mathematical 'means o f  1 4 c a t i n g  t h i s .  

z a r a m e t e r  ;va lue ,  t h e r e  e x i s t s  a n  i n t u i t i ~ e - h ~ t h o d  f o r  c h o o s i n g  , b 

5 

, 



1 

it. The t echn ique ,  known a s  t h e  r i d g e  t r a c e  method, w a s  

o r i g i n a l l y  proposed by Hoerl .  (Hoer l  1962, Hoerl  and Kennard 

1970a and 1970b) .  Although s a t i s f a c t o r y  r e s u l t s  have been 

o b t a i n e d  w i t h  t h i s  method i n  s e v e r a l  s p e c i f i c  a p p l i c a t i o n s  

(Hoer l  and Kennard 9 (19 , Watson .and WQite (1975) , Mason 

and Brown (1975) and McDonald and Schwing (1973) it has  never  

been o b j e c t i v e l y  e v a l u a t e d .  
i- 

The  primary purpose o f  t h i s  t h e s i s  i s  t o  a t t e m p t  t o -  

p rov ide ,  by means o f  a  Monte Car lo  s imu la t ion  s t u d y ,  an * 
3 

e v a l u a t i o n  o f  t h e  r i d g e  t r a c e  method o f  choosing a v a l u e  of  
, 

t h e  pararnetei  i n  q u e s t i o n .  Th i s  method i s  compared t o  OLS 

and t o  s e v e r a l  methods us ing  rnathem'atical r u l e s  f ~ r ' d e t e r m i n i n ~  

t h e  parameter  v a l u e .  

Although t h e  r i d g e  e s t i m a t o r  has  been r e c e i v i n g  t h e  
x 

bulk  of  a t t e n t i o n ,  t h e  l i t e r a t u r e  contains a  number o f  

e s t i m a t o r s  which a l s o  c l a im  t o  be  b e t t e r  t han  OLS (and i n  

some c a s e s  b e t t g r  t han  r i d g e  e s t i m a t i o n  i t s e l f )  under - 
c o n d i t i o n s  o f  m u l t i c o l l i n e a r i t y .  Some are s i m i l a r  t o  t h e  

r i d g e  e s t i m a t o r ;  i n . f a c t  s o m e  have a r i s e n  o u t  o f  i n v e s t i g -  
-_ 

a t i o n s  o f  t h e  r i d g e  e s t i m a t o r .  However, none have a s  y e t  been 

d i r e c t l y  e v a l u a t e d .  T h e - t h e s i s  proposes  t o  do t h i s .  By  

comparing t h e s e  e s t i m a t o r s  w i t h  OLS and w i t h  t h e  v a r i o u s  

v e r s i o n s  o f  the r i d g e  e s t i m a t o r ,  it is  hoped thaf t h e  

\ 4 
c h a r a c t e r i s t i c  of  t h e s e  a l t e r n a t i v e  e s t i m a t o r s  can be  

s p e c i f i e d  s u f f i c i e n t l y  a c c u r a t e l y  a l l ow a r e s e a r c h e r  

choose t h a t  e s t i m a t o r  which b e s t  s u i t s  h i s  purposes  and data 



c o n d i t i o n s .  6" 
The t h e s i s  i s  s t r u c t u r e d  as fo l lows .  Chapter  2 p r e s e n t s  

t h e  c l a s s i c a l  l i n e a r  r e g r e s s i o n  model and t h e  problems 

a s s o c i a t e d  w i t h  OLS when t h e  assumption o f  u n c o r ~ e l a t e d  
t 

independent  v a r i a b l e s  is  dropped.  A l l  t h e  e s t i m a t o r s  under 
P 

i n v e s t i g a t i o n  are summarily in t roduced .  Chapter  3 prov ides  

a d e t a i l e d  d e s c r i p t i o n  o f  t h e s e  es t ima- tors .  Chapter  4 

s & a r i z e s  t h e ' r e s u l t s  o f  e x i s t i n g  e m p i r i c a l  s t u d i e s  on  t h e  
1 

t o p i c  o f  r i d g e  r e g r e s s i o n .  I n  Chapter  5 ,  t h e  d e s i g n  of  t h e  

Monte Ca r lo  exper iment  and t h e  c r i t e r i o n  used t o  e v a l u a t e  t h e  

e s t i m a t o r s  is  p r e s e n t e d .  The method used t o  e v a l u a t e  t h e  
t 

r i d g e  t r a c e  parameter  s e l e c t i o n  i n  o r d i n a r y  r i d g e  r e g r e s s i o n  

i s  a l s o  d i s c u s s e d .  Chapter  6 c o n t a i n s  t h e  r e s u l t s  and 

conc lus ions  drawn from t h e  exper iment  and f i n a l l y ,  Chapter  7 

p r o v i d e s  a  sugges t ion  f o r  f u t u r e  r e s e a r c h .  



CHAPTER '2 

THE CLASSICAL LINEAR REGRESSION HODEL AND OLSaIN THE 

PRESENCE OF IlliLTICOLLINEARITY 

Consider the classical linear regression model (CLR4) 

where f3 is the N x l  vector of population values of the par- 

erileters; E is a Txl vector of error terms having the proper- 

ties: E ( & ) = O  and E(EE')=o&~I (I being the TxT identity 

matrix). The vector y is Txl and contains the observe,ci 

values of the dependent variable at the T data poin$s. 

X is a TxN matrix having rank N and contains the values of N 

explanatory variables at each of T data points. X is fixed 

in repeated samgles which implies that the regressors are . 
e 

nonstochastic and that X and r argindependent. Unless 

otherwise mentioned, the independent variables in the C L M  

are assumed to be standardized so-that X'X is in the form 

. of a correlation matrix. 
+; 

The conventional estimator of f3 is the ordinary least 



minimum variance among a1 1 linear unbiased estimators of 8 .  

In 2ractical estimation problems a reseamher is usually 

faced with a small sample in which there is some degree of 
r 

intercorrelation among the explanatory variables.. The term 

multicollinearity (ill-conditioned or non-orthogonal) is 

used to denote th7 presence of approximate linear relation- 

rp ships among the explanatory variables as reflected by a high 

degree of intercorrelation. 

Although the OLS estimator remains an unbiased and 

minimum variance estimator in the presence of multicollinear- 

ity, these properties are based on averages taken over a 

large number of samples (or in a large sample) but in any 

particular samdle which is small, the OLS estimator may 

exhibit large errors. How the presence of multicollinearity 

i, in a particular sample may impait. the accurac; and stebility 

of the OLS estimator of 6 wil-1 be revealed in the following * 

discussion. 

The 2resence of multicollinearity in a particular sample 

implies that the vectors of X devi,ate from orthogonality 

resulting in an X'X matrix which is "nearly" singular in the 
1 

sense 0% aossessing one or more small eigenvalues. 
r' 

3' , . 
If A $A >, . . . ,>A > O  are the ordered eigenvalues of X'X 1- 2- - N- 
then as X,deviates further from orthogonality, AN becomes 

h h 

smaller. If we let TVf  6 )  denote the total variance of 8 ,  

then 



(where  t r  deriotes t r a c e ) .  I f  o n e  o r  more A are s m a l l  (as  
n  

t h e y  are c e r t a i n  t o  b e  i n  t h e  p r e s e n c e  o f  m u l t i c o l l i n e a r i t y )  
h 

e q u a t i o n -  ( 2 )  shows t h a t  t h e  t o t a l  v a r i a n c e  o f  B w i l l  
A 

be l a r g e  ( i e .  t h e  d i s t a n c e  between Band B w i l l  b e  l a r g e ) .  

Thus i n  any  p a r t i c u l a r  sample ,  B c a n  b e  e x p e c t e d  t o  b e  

f a r  f rom t h e  t r u e  v a l u e  B ( i n  t h e  s e n s e  o f  E u c l i d e a n  

d i s t a n c e ) .  
h 

For any  i n d i v i d u a l  c o e f f i c i e n t  estimate, B i ,  o f  t h e  

t r u e  p a r a m e t e r  B i ,  t h e  p r e s e n c e  o f  m u l t i c o l l i n e a r i t y  w i l l  

p r o d u c e  OLS e s t i m a t e s  which  o n  a v e r a g e  a r e  l a r g e r  i n  

a b s o l u t e  v a l u e  t h a n  t h e  t r u e  v a l u e s .  To see t h i s ,  Hoerl 

and  Kennard (1970a)  have  shown t h a t  

h 

i m p l y i n g  t h a t  o n e  o r  more terms ( 6  ) a p p e a r i n g  i n  t h e  l e f t  i 

\ 

hand summation a r e  e x p e c t e d  to  b e  l a r g e r  t h a n  t h e  t r u e  

v a l u e s  Bi i n  t h e  r i g h t  h a n d  summation. I t  is i n  t h i s  s e n s e  
P 

t h a t  t h e  i n d i v i d u a l  OLS estimates are deemed t o  b e  i n -  

a c c u r a t e .  



7 

of multicollinearity has led to a search for alternative 

estimators. As seen above in (2) and (3) , the OLS estimates 
h 

are imprecise due to the inflation of TV(B). Copsequently, 
.4 

the search for alternatives to OLS have focused on deflating 

the total variance. Considering the total mean square error 

(TMSE) of any estimator B, defined as 

TMSE ( B )  = E [ (B-Q) ' (B-B) 1 1 

2 
= (Total bias B) +TV(B) , 

it would be desirable to obtain an estimator which by 

allowing a little bias, substantially reduces the total 

variance and hence circumvents the undesirable effects of 

multicollinearity. The criterion for a good estimator would 

then be small TMSE. 

The above considerations have led to the development 
b 

\ of several biased estimators each of which claim to have 

smaller TMSE than the OLS estimator. For reference, we now 

list these estimators; they are described in greater detail 

in Chapter 3. 

1. If B1 and B2 are two estimators of the true parameter 
vector f?, the conventional definition of MSE is 
M.=E (B - 0 )  (Bi-6) ' , i=1,2. Then B2 has a "smaller" 
1 i 

MSE than B1 if M1-M2 is non-negativg definite. Now 

since TMSE(Bi)=trMi, an equivalent criterion is ob- 
tained by comparing the sizes of TMSE(B1) and 
TMSE (B2) . (See Appendix 1) . 



1. The ordinary ridge estimator (OM) defined as 

where k>O is fixed, The following methods of - 

choosing k are considered; 

(a) ORE 1; The ridge trace method; 

A 2 
0 

€ (b) ORE 2; Choose k = - 
A A , whereF"q (. 

B'B 

-B'x'y A ; = Y'Y 
E T-N and 6 is the OLS estimate 

= 9 
A 2 

NuE 

- 

(c) ' ORE 3; Choose k = , where 

N is the number of independent variables, 

L 
(dl Let Q = 6'6-o 1 l/ln 

€ 
. n=l 

then the following rules determine k: 

rh A 

ORE 4a; If Q>Or choose k such that (B(k))!@(k)=~. 

If Q<O, - choose k=Q; 

h A 

ORE 4b; If Q>O, choose k such that (B (k) ) '6 (k)=Q. 

If Q=OI choose k=m. 

Note that ORE 4a and ORE 4b are identical if Q > O ,  
A 

however if Q < O ,  O m  4a specifies that B be used to - 



e s t i m a t e  6 whereas  ORE 4b s p e c i f i e s  t h a t  t h e  z e r o  

v e c t o r  e s t i m a t e s  6 .  

2 .  The g e n e r a l i z e d  r i d g e  e s t i m a t o r  (GRE) i s  d e f i n e d  a s  

3 

where X*=XP1 (P b e i n g  t h e  N x N  o r t h o g o n a l  t r a n s f o r m a t i o n  

such  t h a t  PtP=I) and K i s  an NxN d i a g o n a l  m a t r i x  w i t h  

d i a g o n a l -  e l emen t s  k l ,  . . . , k. '0. The f o l l o w i n g  method 
rJ- 

l e a d s  to a  c - r i t e r i o n  which is  e q u i v a l e n t  t o  choos ing  

v a l u e s  f o r  t h e  k i i l < i < ~ )  - - : 

\ 

GRE 1; i. F o r  t h e  model y=X*a+& (a=PB) o b t a i n  t h e  OLS 
A 

t 

9 
e s t i m a t e s  a (i=1, ..., N) and t h e  e s t i m a t e  i 

. * 

ii. C a l c u l a t e  

- f o r  i=1, ..., N. 
A -b 

. . 

iii. I5 e 
i (0)  

> 1 / 4 ,  l e t  a i  (ki)  =0. 

I f  O<e <1/4, l e t  a .  ( k .  ) =- 1 i (0)- 1 1 l+ei  

h 

where a i  (ki) i s  t h e  i t h  GRE and 



The Minimum Mean Square E r r o r  L inear  Es t ima to r  (W.ISELE) 

de f ined  as 

s t o c h a s t i c a l l y  Shrunken Es t ima to r s  d e f i n e d  as ' 

where 6 ~ [ O , m ) .  A v a l u e  of  6 i s  chosen by means of  t h e  

r i d g e  t r a c e  method. 

2 * " - 1  h 

SSE2 = [ l+yS ( $ '  8 )  1 8  where 
I' 
i 

2 h A 
N- 2  S = yty-BIX'X$ and y  = 

T-N+2 ' 

General ized I n v e r s e  Es t ima to r  d e f i n e d  as 

+ -1 
where A,=(XIX r ) , r be ing  a s u i t a b l y  chosen rank of 

The performance of  t h e  above e s t i m a t o r s  ( i n  t e r m s  of  

TMSE) r e l a t i v e  t o  OLS w i l l  be  e v a l u a t e d  under a v a r i e t y  oY 

d a t a  c o n d i t i o n s .  F i r s t ,  however, t h e  nex t  c h a p t e r  d i s c u s s e s ,  

i n  some d e t a i l ,  t h e  p r o p e r t i e s  o f  t h e s e  e s t i m a t o r s  and t h e  

c la ims  made r e g a r d i n g  t h e i r  performance. 



CHAPTER 3 

ALTERNATIVES TO OLS 

Ordinary Ridge Estimator (ORE) 

The ordinary ridge estimator is defined by 

A A A 

where k>O - is fixed. Note that B=B(O) and B(k) is a biased 

estimator if k>O. A comprehensive theory concerning the 
A 

properties of B(k) has been developed by Hoerl and Kehnard 

(1970a). In particular, the ORE minimizes the sum of 

squared residuals subject to a canstraint on the squared 
A A h 

Euclidean length ( B  (k) ) ' B (k) of the estimator. Thus B (k) , 
A A A A A 

for k>O is "shorter" than B,, i.e. , (B(k) ) 'B(k) <B'B. In 

addition, for any given problem there exists a range of 
A A 

values of k (admissable values) for which TMSE [B(k) 1 <TMSE(B) . 
However these admissable values depend on the unknown 

coefficient vector f i t  on o and the X matrix through the 
E 

eigenvalues of X'X. Thus no constant value of k can be 

assured to yield an ORE which is better'than OLS (in terms - 
of TMSE) for all B, oE2 and X.  C~nsequently~various 

"rules" have been developed for choosing an admissable 

- k value. There are essentially two types of rules - 
subjective and mathematical. 

The subjective method of choosing an admissable k ' 

value (ORE 1) consists of examining the ridge trace 

which is a two-dimensional plot of Bi(k) 



and t h e  r e s i d u a l  sum of  s q u a r e s ,  +fk), f o r  v a l u e s  o f  k  i n  

t h e  i n t e r v a l  [0 ,1 ] .  Hoer l  and Kennard deem t h i s  t o  be  t h e  

b e s t  method f o r  s e l e c t i n g  an admissable  v a l u e  o f  k and t h u s  a  
A 

unique B (k) . They g i v e  t h e  fo l lowing  c r i t e r i a  t o  qu ide  

one t o  a  good cho ice  o f  k when examining t h e  r i d g e  t r a c e :  

L. A t  a  c e r t a i n  va lue  of  k  t h e  system w i l l  s t a b i l i z e  

and have t h e  g e n e r a l  c h a r a c t e r i s t i c s  of  an 

o r thogona l  system; 

- c o e f f i c i e n t s  w i l l  n o t  have unreasonable  a b s o l u t e  

va lues :  

- Coeff ic ien t .5  w i t h  a p p a r e n t l y  i n c o r r e c t  s i g n s  a t  

k=O w i l l  have changed t o  have t h e  p rope r  s ign ;  

- The r e s i d u a l  sum of squa re s  w i l l  n o t  have been 

i n f l a t e d  t o  an unreasonable  v a l u e ,  i. e. ,,pot 
c - 

be l a r g e  r e l a t i v e  t o  t h e  minimum r e s i d u a l  sum 

of squa re s  ( a t  k=O). 
8 -  

The problem wi th  t h e  r i d g e  trace method of  s e l e c t i n g  

k i s  t h a t ' d i f f e r e n t  i n v e s t i g a t o r s  are l i k e l y  t o  choose some- 

what d i f f e r e n t  v a l u e s  o f  k. (Th i s  problem i s  exanined 

i n  more d e t a i l  i n  Chapter  6 ) .  Th is  problem w i t h  t h e  r i d g e  

t r a c e  method h a s  l e d  to t h e  development o f ' v a r i o u s  

mathemat ical  r u l e s  f o r  de te rmin ing  an admissable  v a l u e  

I n  t h e i r  s t u d y  of r i d g e  e s t i m a t i o n  Newhouse and Oman 

(1971) proposed t h e  fo l lowing  choice  of k ( d e f i n i n g  ORE 



h A 

B ' B  

The r a t i o n a l e  behind choos in5  t h i s  va lue  o 8 k  i s  t h a t  

A A 

TMSE(B(k)) < TMSE(B) when 

V 

€ k < -  . S i n c e ,  i n  t h e  presence  of m u l t i c o l l i n e a r i t y ,  
B ' B  

A- 

B ' B > B ' B ,  i t  w i l l  be l i k e l y  t h a t  

A h  

B I B  B ' B  

A s l i g h t  v a r i a t i o n  of  ORE 2 g i v e s  us  ano the r  cho ice  

of k ,  namely 

A h  

B ' B  

Th i s  cho ice  of k  ( d e f i n i n g  ORE 3)  comes from an a r t i c l e  

by F a r e b r o t h e r '  (1975) .  H e  observed t h a t  i f  X ' X = I ,  t hen  
A 

'i'MSE(B(k)) is  minimized a t  t h i s  va lue  o f  k .  I n  v a r i o u s  
A 2 

examples c i t e d  by F a r e b r o t h e r ,  - 
A A gene ra t ed  approximately  

A B ' B  
t h e  minimal va lue  of TI.ISE(f3 (k) . )  even though X 1 X # I .  Also 

Hoer l ,  Kennard, and Baldwin (1975) have shown t h a t  i f  

A 2 
N u €  - i s  used a s  an e s t i m a t e g o • ’  k ,  t hen  s i g n i f i c a n t  

h A  

improvement ( i n  terms of TMSE) over  OLS i s  ob ta ined .  



McDonald and Galarneau (19751 base t h e i r  choice of k 

on an unbiased e s t i m a t o r  

t r u e  c o e f f i c i e n t  vec to r .  

of $ ' $, t h e  squared l eng th  of the,  

This unbiased e s t i m a t o r  i s  given 

A 2 g(0) 2 where a = - T-N i s  an unbiased es t ima to r  of a, , g ( 0 )  
E 

being t h e  r e s i d u a l  sum of squares  f o r  t h e  OLS es t ima te .  

The mathematical r u l e s  f o r  choosing k a r e  then given as  

fol lows : 
h A 

ORE 4a. I•’ Q>O, choose k such t h a t  ( 6  (k) ) ' 6  ( k ) = Q  

I f  Q<O, - choose k=O. 
A h 

ORE 4b. I f  Q > O ,  choose k such t h a t  ( 6  ( k ) )  '6 ( k ) = Q  

I f  Q=O, choose k=a. 

ORE 4a and 4b a r e  i d e n t i c a l  i f  Q>0, however i f  Q<O, - ORE4a . 
A 

spec2 f i e s  t h a t  f3 be used t o  e s t ima te  $ whereas ORE4b 

s p e c i f i e s  t h a t  t h e  zero vec to r  e s t ima tes  $. This fol lows 
A A 

from t h e  f a c t  t h a t  as  k approaches i n f i n i t y  , ( 6  ( k )  ) ' $ (k) 

approaches zero.  The reason f o r  basing t h e  ~ h o i c e  of k 

on Q i s  t h a t  i n  t h e  presence of m u l t i c o l l i n e a r i t y  
A 

( 3 )  shows t h a t  t h e  squared Euclidean length  of B i s  expected 

t o  be t o o  l a r g e .  So, choosing k such tht  

A 

i s  i n s u r i n g  t h a t  t h e  squared length  of B ( k )  i s  expected 



t o  equal  t h e  squared length  of the t r u e  coef f f  c i e n t  vector. 

That is  from 1 4 )  

h h 

Thus unl ike  t h e  OLS e s t ima te  B,  t h e  elements of B (k) a r e  

not  expected t o  be l a r g e  i n  t h e  presence of m u l t i c o l l i n e a r i t y .  

Generalized Ridge ,Est imator .  (GRE) 

i /  In t h e i r  ,1979a paper ,  Hoerl and Kennard p r o p  ed 

a  genera l  f o q  of . -, t he  r idge  es t ima to r .  I t  i s  

obta ined  a s  follows: 

From the  c l a s s i c a l  l i n e a r  regress ion  model (1) consider  

X'X which i s  anNxN symmetric matr ix .  Since X ' X  is  symmetric 

B 
t h e r e  e x i s t s  an or thogonal  t ransformat ion  P (P ' P=I) where 

P i s  NxN, such t h a t  

where fi i s  a  diagonal  mat r ix  with d l  gonal elements A1, ..., 4 % A~ 
the eigenvalues of t h e  X ' X  matr ix .  We can then w r i t e  (1) 

where X*=XP ' and n=P3. - 
\ 

The genera l ized  r idge  es t ima te  (GRE) is  def ined  a s  

h 

ci (K) = [ (X*) 'x*+K]-~ (X*) 'y 



where K is an NxIJ  diagonal matrix with diagonal elements 
,. 

kl, ..., k '0. Note.that a ( K )  is an estimate of a=PB. To 
11- 

A 

transform c t ( K )  into estimates of B we use the following 

relationship: 

of X'X as in ordinary ridge regression 

obtained by augmenting the eigenvalues 

Instead of adding the sane quantity k to each eigenvalue 

(ORR) , the G P S  is ) 
7 

.I 

positive quantities ki (i=1, ..., N). 
A. A 

Clearly if ki=k for all i, then a 

case, if f > 0 ,  Hoerl and Kennard (1970) 

X by differing 

k). In this 

shown that 
A h 

TfiSE ' [B (k) 1 <TMS&) provided that 

where ama,=max 

h h 

Similarly, when the ki are not equal, TIGE [a (K) ] <TI4SE (a) 
h . -I 

(z=R (X*) 'y is the OLS estimate of a in model (5)) if 
-"/ 

A s  with ORR. the values of ki are functions of the unknown 
- 
L 

coefficient yector 5 ,  oE and the eigenvalues of X ' X .  

F'urthermore, for G I ~ R ,  there is no equivalent to the ridge 

trace method of OR?. for determining the optimal value ofki. 

Hoerl and Kennard (1970a) suggest an~iterative procedure 
f' 



t o  d e t e r m i n e  t h e  o p t i m a l  k v a l u e s .  By e x a m i n i n g  t h e  
i 

convergence  p r o p e r t i e s  o f  t h i s  i t e r a t i v e  p r o c e d u r e ,  

Hemmerle (1975) was a b l e  t o  d e r i v e  an e x p l i c i t  s o l u t i o n  
\ 

f o r  GRR. T h i s  c o n s t i t u t e s  o u r  s e l e c t i o n  r u l e  f o r  GRR. 

,- 
G p 1 :  The f o l l o w i n g  s t e p s  l e a d  t o  a  c r i t e f i o n  - 

- -i 

which i s - e q u i v a l e n t  t o  c h o o s i n g  t h e  
- &  

o p t i m a l  k v a l u e s  f o r  GRR. 
* .-. 

1: For  t h e  model 

y = X * ~ + E  
d 

h 

o b t a i n  t h e  OLS e k t i m a t e s  a = 1  N and  t h e  
i , 

J\ 

1 
* 2 e s t i m a t e  o o f  o * where 

E E'\ 
. 

C a l c u l a t e  

u 

e - - E 

i (0) 
f o r  i=1, ..., N. 

A 2 
- Aiai 

h 

I f  e >1/4 ,  le t  a i  (ki)  =0 . 

h 
1 a  

I f  O<ei(0) - 4 l e t  ai (k i )  = - i - , l+e i  
h 

where ai (k, ) is t h e  i t h  GRR estimate and 
1 



The s tudy  of  ORR and GRR h a s  l e d  t o  t h e  development 

of  o t h e r  b i a s e d  e s t i m a t o r s  which a t t empt  t o  a l l e v i a t e  t h e  

ill e f f e c t s  of  m u l t i c o & l i n e a r i t y  . f - 

Minimum Mean Square E r r o r  L inear  Es t ima to r  (MMSELE) 

The d e t a i l s  of t h e  MMSELE a r e  given by Fa reb ro the r  . 

(1975) .  I t  i s  d e f i n e d  as 

- 

T ~ ~ & T M S E  (B*)  i s  less t h a n  t h &  TMSE of  any o t h e r  e s t i m a t o r  

n o t  o p e r a t i o n a l .  F a r e b r o t h e r  sugges t s  u s ing  t h e  o p e r a t i o n a l  

v a r i a n t  of B *  given by 

2 2 
I 

where b  and sE a r e  any c o n s i s t e n t  e s t i m a t o r s  of B and 
i 

-J 0 r e s p e c t i v e l y .  I n  p a r t i c u l a r  he s u g g e s t s  v i a  an  
v 

E 

h 2 ^ 2  example t h e  use  of  b=B and s =a 
E & -  

Fareb ro the r  s t a t e s ,  "Our s tudy  of  Hoer l  and Kennard's 

worked examples s u g g e s t s  that the  s u b j e c t i v e  method of t h e  

r i d g e  t r a c e  shou ld  be  r ep l aced  by 

h 

B ' X '  
A 

MMSELE = b* = 



Shrunken E s t i m a t o r s  

Mayer and Wi lk ie  (1973) have proposed t h e  fo l lowing  

e s t i m a t o r s  as p o s s i b l e  a l t e r n a t i v e s  t o  OLS e s t i m a t i o n  i n  

t h e  presence  of  m u l t i c o l l i n e a r i t y .  Fo r  a d e t a i l e d  d i s c u s s i o n  

of t h e s e  e s t i m a t o r s ,  t h e  r e a d ~ i s  r e f e r r e d  t o  t h e  above 
\ 

a r t i c l e .  

I n  g e n e r a l ,  Mayer and ~ i l k e  d e f i n e  a s t o c h a s t i c a l l y  

shrunken e s t i m a t o r  (SSE) as 
i 

where 

h 

SSE = fB 

i s  a  s c a l a r  f u n c t i o n  of 
A A 

B ' B .  

I n  p a r t i c u l a r  f o r  

and 

2 A A 

where S =y'y2B'X'XB and 6 ,  y ~ [ O , m )  are f i x e d ,  w e  o b t a i n  

two shrunken e s t i m a t o r s  which (depending on t h e  v a l u e s  

of 6 and y chosen) w i l l  have TMSE le is  than  t h a t  of  t h e  

corresponding OLS e s t i m a t e .  The term "shrunken" i s  used 

t o  d e s c r i b e  t h e  f a c t  t h a t  t h e  squared  l e n g t h  of  t h e s e  
A 

e s t i m a t o r s  i s  s m a l l e r  t han  t h e  squared l e n g t h  of  8. As 

was shown e a r l i e r ,  t h i s  i s  a  d e s i r a b l e  asset f o r  an e s t i m a t o r  

i n  t h e  presence  o f  m u l t i c o l l i n e a r i t y  as t h e  squared  l e n g t h  
A 

of B t e n d s  t o  exceed t h a t  o f  t h e  t r u e  c o e f f i c i e n t  v e c t o r .  

The fo l lowing  shrunken e s t i m a t o r s  a r e  inc luded  as 

.% 



a l t e r n a t i v e s  t o  OLS i n  t h e  p r e sence  o f  m u l t i c o l l i n e a r i t y :  

and 

. 
As .wi th  ORR, t h e  problem arises o f  how t o  choose t h e  

p r o p e r  s h r i n k a g e  f a c t o r  i . e . ,  a 6 and y which w i l l  e n s u r e  
A 

t h a t  SSEl and SSE2 have a s m a l l e r  TMSE t h a n  t h a t  o f  B .  

Mayer and Wilke (1973) s u g g e s t  t h a t  6 c an  be  chosen 

by p l o t t i n g  ( S S E ~ )  a g a i n s t  a  range of  v a l u e s  o f .  6 i n  [ 0 , 1 ]  
1 

and to- ' then use  t h e  same s t a b i l i t y  c r i t e r i a  a s  used  by 
- 

Hoer l  and Kennard f o r  choos ing  k i n  ORR. T h i s  method w i l l  

be  used  i n  t h i s  pape r .  

For  SSE2 t h e  v a l u e  

i s  sugges t ed  by Mayer and Wilke. Th is  v a l u e  o f  y w i l l  

g u a r a n t e e  t h a t  SSE2 h a s  a smaller weigh ted  t o t a l  mean 
A 

T h i s  v a l u e  o f  y i s  used s q u a r e  e r r o r  CWTMSE) t h a n  8 .  

i n  t h i s  s t udy .  

- 

1. The WTMSE o f  an e s t i n a t 0 r . B  is  d e f i n e d  by Mayer 

and Wilke (1973) a s  



Genera l ized  I n v e r s e  Es t ima to r  ( G I E )  

One of  t h e  assumptions  o f  t h e  CLRM (1) i s  t h a t  t h e  X 

' m a t r i x  i s  of  f u l l  rank N .  Th i s  ensu re s  t h a t  X ' X  i s  non- 

s i n g u l a r  and hence t h a t  ( x ' x ) - ~  e x i s t s .  I f  t h e  rank of  X 

i s  less than  N , the  OLS e s t i m a t i n g  procedure  b reaks  down 

mathemat ica l ly .  However, i n  t h e  presence  of m u l t i c o l l i n e a r -  

i t y ,  X ' X  may be "nea r ly"  s i n g u l a r  i n  t h e  s ense  of  posses s ing  

n e a r  ze ro  e igenva lues .  These e igenva lues  a r e  made even 

s m a l l e r  i n  p r a c t i c e  due t o  computer rounding e r r o r .  A s  

seen e a r l i e r , i t  is  t h e  presence  of  t h e s e  s m a l l  e i genva lues  

which l e a d s  t o  i n a c c u r a t e  and u n s t a b l e  OLS e s t i m a t e s  of 8.  

T h i s  s u g g e s t s  t h a t  b e t t e r  e s t i m a t e s  of f3 may be o b t a i n e d  by 

e f f e c t i v e l y  d i s c a r d i n g  t h e s e  s m a l l  e i genva lues  from t h e  

e s t i m a t i n g  procedure .  The G I E  a t t empt s  t o  do j u s t  t h a t .  By 
iu' 

cons ide r ing  a  range of  " e f f e c t i v e "  ranks  of  X ' X  ob ta ined  

, b y ' a i s c a r d i n y  i t s  n e a r  ze ro  e igenva lues  t h e  G I E  o b t a i n s  a  
h 

TMSE l e s s  t han  TMSE(f3). The GIE and i t s  p r o p e r t i e s  a s  

o u t l i n e d  by Marquardt (1970) a r e  d i scus sed  below. 
h 

For t h e  CLRM (1) c o n s i d e r  t h e  OLS e s t i m a t e  $= ( X ' X ) - ' X ' ~ .  

Suppose t h e  rank of  X' X i s  r ,  where r < N ,  t hen  ( X I X ) - I  does 

n o t  e x i s t .  The " s o l u t i o n "  of  y=XB+c can be  w r i t t e n  i n  t h e .  

form 

+ where A i s  a  s u i t a b l y  d e f i n e d  

c o n s i d e r  t h e  t ransformed model 

m a t r i x  02 rank r. To see t h i s ,  



as de f ined  i n  ( 5 ) .  - ( X ' X ) - ' = P ~ ~ - ~ P '  if X f  X i s  of f u l l  rank .N. 

But rank ( X I X ) = r  impl ied  t h a t  t h e  l a s t  ( N - r )  o rde red  %elements 
\ 2 

of  $2 a r e  z e r o  (or  n e a r l y  so i f  xrX is  " n e a r l y "  s i n g u l a r ) .  

P a r t i t i o n  P  a s  fo l lows:  
%%- 

P  = (p r Ip  - 1 * N - r  

where P  i s  N x r ,  ' ~ - r '  i s  Nx ( N - r )  . , 

P a r t i t i t i o n  R s i m i l a r l y ;  
Y 

where fir i s  r x r ,  '~-r- i s  (N-r] x ( N - r )  . 

Now by suppos i t ion ,R = O .  So, 
N - r  

= P R P 1  r r r  

and ( x ' x ~ ) - ~ = P , R ~ - ~ P  . r  . 

L e t  



+ 
t h e n  Ar i s  a g e n e r a l i z e d  i n v e r s e ,  and 

i s  de f ined  t o  b e  t h e  g e n e r a l i z e d  i n v e r s e  e s t i m a t o r  o f  8 ,  
+ 

A i s  a g e n e a l i z e d  A v e r s e  -of rank r on ly  i f  X'X is  r 

of  rank r. I n  o d e r  f o r  t*E t o  be  v a l i d ,  t h e  
1 

e f f e c t i v e  rank ( r )of  X ' X  must be  determined.  I n  general ,  

t h e r e  is an '"optimum" v a l u e  o f  r f o r  any prpblem b u t  it is  

> d e s i r a b l e  t o  examine t h e  G I E  f o r  a  range of admissable  
0 

v a l u e s  of  r f o r  t h e  fo l lowing  reason.  

In  practice, X ' X  h a s  e iyenva lues  f a l l i n g  i n t o  two 

groups ( n o t e  t h a t  t h e  rank of X'X i s  t h e  number of  non-zero 

1. s u b s t a n t i a l l y  g r e a t e r  than z e r o  

2 .  s l i g h t l y  g r e a t e r  t han  zero.  

Those a igenva lues  i n  group 2 can f u r t h e r  be  d i f f e r e n t -  

i a t e d  a s ;  ( a )  z e r o  b u t  f o r  rounding e r r o r ;  (b )  genuinely  

non-zero. I n  p r a c t i c e ,  t h e  d i s t i n c t i o n  between 

( a )  and (b)  may be u n c l e a r  and t h e r e  w i l l  be  u n c e r t a i n t y  

r e g a r d i n g  t h e  a c t u a l  rank of X ' X .  I R f a c t  t h e r e  may be a range 
% 

of  a c c e p t a b l e  ranks  t h a t  would be reasonable  cho ices .  The 

GIE however, has  t h e  a b i l i t y  t o  de te rmine  t h e  g e n e r a l i z e d  

i n v e r s e  f o r m  any as s igned  rank i n  t h i s  r ea sonab le  range.  
d 

The ranks  and hence t h e i r  cor responding  GIE a r e  deemed 
\ 

"+ . admissable  (op t ima l )  by t h e  c r i t e r i o n  of TMSE. ~g&f is, Br  
^+ A 

i s  an admissable  e s t i m a t o r  i f  TMSE Br<TMSEB. - b  .- 



^+ For B r ,  t h e  a s s igned  rank may be e i t h e r  an i n t e g e r ,  r ,  

( l < r < N )  - - r e p r e s & n t i n g  t h e  number o f  terms r e t a i n e d  i n  

( w h k e  Sj is t h e  normal ized e igenvec to r  cor responding  t o  

cont inuous  v a r i a b l e  ( O < r < N )  - o b t a i n e d  by i n c l u d i n g  

+ 
a l l  t e r m s  i n  Ar f o r  which j i s  l e s s  t han  or equa l  t o  t h e  

i n t e g e r  p a r t  of r ,  p l u s  t h e  f r a c t i o n  i n  t h e  n e x t  term by 

which r exceeds  i t s  i n t e g e r  p a r t .  The cho ice  o f  t h e  

range  o f  va lues  o f  r i s  based on  i n s p e c t i o n  of t h e  spectrum 

of  e igenva lues  of  X I X .  

~ 6 e  above e s t i m a t o r s  are t h o s e  t h a t  w i l l  be  eva lua t ed  

i n  t h i s  s tudy .  The fo l lowing  Chapter  summarizes and 

d i s c u s s e s  +qe f i n d i n g s  of  o t h e r  e m p i r i c a l  s t u d i e s  which 

have e v a l u a t e  & v a r i o u s  a l t e r n a t i v e s  t o  OLS i n  t h e  presence  

o f  m u l t i c o l l i n e a r i t y .  



CHAPTER 4 

RESULTS OF PREVIOUS MONTE CARLO STUDIES 

Newhouse and Oman (1971) conducted a series of  

Monte Car lo  exper iments  comparing v a r i o u s  r i d g e  e s t i m a t o r s  

w i th  each o t h e r  and w i t h  OLS. The i r  model c o n s i s t e d  d f  

two exp lana to ry  v a r i a b l e s  w i th  100 o b s e r v a t i o n s  on 

each .  The v a l u e s  o f  t h e  c o r r e l a t i o n  between t h e  two 

v a r i a b l e s  cons ide red  were .90 and .99. One v a l u e  o f  

o2 and seven d i f f e r e n t  t r u e  c o e f f i c i e n t  v e c t o r s  were 
E 

cons ide red .  

The fo l lowing  r i d g e  e s t i m a t o r s  were eva lua t ed .  They 

p e r t a i n  t o  t h e  c l a s s  of e s t i m a t o r s  d e f i n e d  by . 

1. The f i r s t  e s t i m a t o r  ( i d e n t i f i e d  as R1A by t h e  a u t h o r s )  

set K = K I .  Also X'X w a s  i n  t h e  form o f  a c o r r e l a t i o n  

ma t r ix .  The v a l u e  o f  k w a s  chosen by c o n s i d e r i n g  t h e  sum 

o f  squared e r r o r s ,  

A 

a s  a f u n c t i o n  o f  p = I l$(k)ll, t h e  l e n g t h  o f  t h e  e s t ima ted  

c o e f f i c i e n t  v e c t o r .  The v a l u e  of  k cor responding  t o  t h e  

v a l u e  of  p f o r  which 
LJ' 



i s  maximized i s  t h e  one chosen. The e s t i m a t o r  is  claimed 

by t h e  a u t h o r s  t o  be t h e  mathematical  e q u i v a l e n t  of- t h e  

r i d g e  t r a c e  method o f  choosing k .  However, a s  t h e  a u t h o r s  

r e c o g n i z e ,  i t  has  n o t  been shown t h a t  a  maximum f o r  g  

always e x i s t s .  I n  f a c t ,  g  c o n s i s t e n t l y  f a i l e d  t o  ach ieve  

a  maximum f o r  t h e  models under c o n s i d e r a t i o n .  I n  such 

c a s e s ,  k was a s s i g n e d  t h e  of  .5 .  I t  tu rned  

o u t  t h a t  R I A  performed most v a l u e s  of  

2 .  R I B  was i d e n t i c a l  t o  R I A  excep t  t h a t  t h e  v a r i a b l e s  
. I 

w e r e  n o t  f i r s t  s t a n d a r d i z e d .  R I A  and RIB gave cons ide rab ly  

d i f f e r e n t  e s t i m a t e s  f o r  t h e  same v a l u e  of  B ,  b u t  t h e i r  

performance averaged o v e r  a l l  t h e  B v e c t o r s  was similar .  

3. R1C was t h e  i t e r a t i v e  procedure  f o r  de te rmin ing  K 

i n  t h e  o r thogona l  model p re sen ted  by Hoerl and Kennard 

(1970a) . Its performance,  i n  t e r m s  of  TMSE, was markedly 

worse t han  OLS. 

4 .  R3A was t h e  same a s  R1C except  t h a t  

^2 
0. 
E 

C 

ki 
= k =  f o r  a l l  i, 

l l i l  1 2 '  



were 

5. 

were 

G- 

t h e  d.iagona1 e lements  chosen f o r  K'. 
4 

R3B was t h e  same a s  R3A except  t h a t  t h e  v a r i a b l e s  

not  s t anda rd i zed .  

R3C appears  a s  .ORE2 i n  t h i s  paper .  

A l l  t h r e e  of t h e s e  e s t i m a t o r s  w e r e  approximately  equa l  t o  

OLS f o r  r = . 9 .  For r=.99 they  werg b e t t e r  o r  worse t han  

OLS depending on t h e  v a l u e  of  B .  

Newhouse and Oman concluded t h a t ,  "Al l  t h e  r i d g e  

e s t i m a t o r s  ... d i d  worse t han  OLS f o r  a t  l e a s t  some c h o i c e s  

o f  t h e  t r u e  c o e f f i c i e n t  v e c t o r .  Moreover, i n  o u r  op in ion ,  

t h e  r i d g e  e s t i m a t o r s  f a i l e d  by a  s u ~ f i c i e n t  number o f  c a s e s  

t o  p rec lude  t h e i r  u se" .  

A s t u d y  by McDonald and Galarneau (1975) u s e s  a  

model wi th  3  exp lana to ry  v a r i a b l e s  w i t h  100 o b s e r v a t i o n s  

on each.  They c o n s i d e r  f o u r  d i f f e r e n t  sets o f  c o r r e l a t i o n  

( - 6 4 ,  .81,  .90 ,  .98)  between t h e  v a r i a b l e s  a s ' w e l l  a s  7 

v a l u e s  of a and 2 v a l u e s  f o r  B. 
E 

They e v a l u a t e  ORE4a and ORE4b p re sen ted  in  t h i s  paper  

w i t h  OLS by means o f  TMSE as a f u n c t i o n  p ,  t h e  degree  o f  

c o r r e l a t i o n ,  B and oE. They a l s o  compare t h e s e  r u l e s  w i t h  

t h e  e s t i m a t o r s  proposed by Newhouse and Oman - f o r  t h e  two 

v a r i a b l e  c a s e .  
- 

ORE4a and ORE4b proved t o  be  b e t t e r  t h a n  OLS f o r  only ,  

t some v a l u e s  o f  p ,  oE and f3 ,  however t h e  eduCtion i n  TMSE 



a c h i e v e d  i n  some 

u s e .  

Gui lkey  and 

- 
c a s e s  l ed  t h e  a u t h o r s  t o  .recommend t h e i r  

Murphy (1975) i n t r o d u c e  and e v a l u a t e  a  

m o d i f i c a t i o n  o f  GRR. The a u t h o r s  r e f e r  t o  it a s  d i r e c t e d  

r i d g e  r e g r e s s i o n  ( D R R )  . I t  was deve loped  o n  t h e  b a s i s  o f  

t h e  f o l l o w i n g  d i s c u s s i o n :  

I t  i s  known t h a t  GRR may s u b s t a n t i a l l y  r e d u c e  t h e  t o t a l  

v a r i a n c e  r e l a t i v e  t o  OLS. However t h i s  is  done a t  t h e  

expense  of  i n t r o d u c i n g  b i a s  i n t o  t h e  e s t i m a t i n g  p r o c e d u r e .  

DRR 'is a  m o d i f i c a t i o n  o f  'GRR which a t t e m p t s  t o  r e d u c e  t h e  

b i a s  a s s o c i a t e d  w i t h  GRR w h i l e  m a i n t a i n i n g  t h e  r e d u c t i o n  

i n  t o t a l  v a r i a n c e  a f f o r d e d  by GRR. A s  was d i s c u s s e d  

p r e v i o u s l y ,  t h e  i n d i v i d u a l  OLS e s t , i m a t e s  which a r e  most 

a f f e c t e d  by t h e  p r e s e n c e  o f  m u l t i c o l l i n e a r i t y  a r e  t h o s e  

which c o r r e s p o n d  t o  s m a l l  e i g e n v a l u e s  of t h e  X'X m a t r i x .  

The magni tude  o f  an  e i g e n v a l u e  d i c t a t e s  whe the r  o r  n o t  t h e  

v a r i a n c e  of  a n  OLS e s t i m a t e  w i l l  b e  undu ly  l a r g e  - t h e  
>7- 

s m a l l e r  t h e  magni tude ,  t h e  l a r g e r  t h e  v a r i a n c e  o f  %he 

i n d i v i d u a l  OLS estimate. T h i s  is  e v i d e n t  from t h e  fo rmula  
A 

f o r  t h e  v a r i a n c e ,  of  a n  OLS e s t i m a t e ,  B i ,  which i s  

2 
0 
E - 

A. i 

-%- 

DRR a l t e r s  o n l y  t h o s e  d i a g o n a l  e l e m e n t s  o f  X ' X  which 

c o r r e s p o n d  t o  r e l a t i v e l y  s m a l l  e i g e n v a l u e s .  Consequen t ly ,  

o n l y  t h e  i n d i v i d u a l  e s t i m a t e s  c o r r e s p o n d i n g  t o  s m a l l  



e i g e n v a l u e s  w i l l  be b i a s e d  w h i l e  t h o s e  c o r r e s p o n d i n g  t o  

l a r g e  e i g e n v a l u e s  (which d o  n o t  c o n t r i b u t e  much t o  t h e  

i m p r e c i s i o n  o f  t h e  OLS e s t i m a t e s )  remain u n b i a s e d .  The 

end  r e s u l t  s h o u l d  be  a  r e d u c t i o n  . i n  t o t a l  b i a s  o v e r  GRR, 

' a  r e d u c t i o n  i n  t o t a l  v a r i a n c e  o v e r  OLS and f i n a l l y  a  

r e d u c t i o n  i n  TMSE o v e r  b o t h  OLS and GRR. 

S p e c i f i c a l l y ,  Gui lkey  and Murphy i n t r o d u c e  and 

e v a l u a t e  t h e  f o l l o w i n g  DRR e s t i m a t o r s :  

Recall t ha t  t h e  G R E  is  

where R i s  t h e  d i a g o n a l  m a t r i x  whose d i a g o n a l  e l e m e n t s  

a r e  t h e  e i g e n v a l u e s ,  >. i ' o f  X ' X .  I n  o r d e r  t o  a p p l y  DRR 

be c o n s i d e r e d  a s  " s m a l l " .  Gui lkey  and M ~ r p h y  c o n s i d e r  

an e i q e n v a l u e ,  1 s m a l l  i f  
'-1 

where A.,,, i s  t h e  l a r g e s t  e i q e n v a l u e  o f  X ' X  and c 

some a r b i t r a r y c o n s t a n t .  (The a u t h o r s  c o n s i d e r e d  3 v a l u e s  

of c i n  t h e i r  e v a l u a t i o n ,  namely 1, 2 and 3 ) .  

Once t h e  s m a l l  e i g e n v a l u e s  have been i d e n t i f i e d  t h e  

a u t h o r s  c o n s t r u c t  m e s t i m a t o r  c a l l e d  D F E 1 ,  which i s  

Sased on  an  i t e r a t i y ~ e  p r o c e d u r e  f o r  s e l e c t i n g  v a l u e s  o f  



k .  as s u g g e s t e d  by Hoerl and Kennard (1970af.  Here, 
1 

however,  o n l y  t h o s e  v a l u e s  of ki c o r r e s p o n d i n g  t o  t h e  
& .  

s m a l l  e i g e n v a l u e s  of X ' X  w e r e  added t o  t h e  d i a g o n a l  

.. e l e m e n t s  of 52, 

A second v a r i a t i o n  g i v e n  by Gui lkey  and Murphy, 

c a l l e d  DRE2, a l l o w s  ki=k (where ' i  i e s e l e c t e d  a s  above)  

t o  i n c r e a s e  u n t i l  t h e  u n e x p l a i n e d  v a r i a n c e  h a s  i n c r e a s e d  

-2 from o t o  ( o  +qc2) where q i s  some a r b i t r a r y  c o n s t a n t  
E € E 

(the a u t h o r s  used  q = . l ,  .05 and . O l  i n  t h e i r  s t u d y ) .  ' 

The e v a l u a t i o n  used  a sample o f  s i z e  3 0 .  D i f f e r e n t  

d e g r e e s  o f  m u l t i c o l l i n e a r i t y  and v a l u e s  o f  t h e  t r u e  . 

c o e f f i c i e n t  v e c t o r  w e r e  c o n s i d e r e d  i n  t h e  e x p e r i m e n t .  The 

number o f  r e g r e s s o r s  used  w a s  2  a n d  5 .  DREl  and DRE2 w e r e  

- compared w i t h  GRR and OLS, t h e  c o m p a r a t i v e  c r i t e r i o n  b e i n g  

TMSE . r 

The r e s u l t s  o b t a i n %  by t h e  a u t h o r s  f o r  t h e  2  
1 

r e g r e s s o r  model showed t h a t  DREl and GRR u s u a l l y  p r o v i d e d  

s u b s t a n t i a l  r e d u c t i o n s  i n  TMSE r e l a t i v e  t o  OLS w i t h  

D E 1  g e n e r a l l y  s l i g h t l y  b e t t e r  t h a n  GRR, DRE2 c o n s i s -  

t e n t l y  p rov ided  a  r e d u c t i o n  i n  TMSE, though n o t  as sub- 

s t a n t i a l  a s  DREl  and GRR. DRE2 was found t o  b e  less b i a s e d  

Tor the 5 regressor mdel ,  GRR and EW32 [ w i t h  c=l 

and 2 )  c o n s i s t e n t l y  p r o v i d e d  an  im&ovement o v e r  OLS. 
d 

I n  g e n e r a l ,  DREl (c=l and 2 )  r e s u l t e d  i n  a  d r a m a t i c  

improvement o v e r  OLS i n  terms of TMSE. Also  DREl proved 



b e t t e r  than GRR and DRE2 however D m 2  was less biased .  

la Hoerl,  Kennard and Baldwin (1975) eva lua te  ORR 
4 

where k i s  chosen t o  equal  0 

where N i s  t h e  number of independent v a r i a b l e s .  They 

. found t h a t  s i g n i f i c a n t  improvement over  OLS i n  terms of  

TMSE i s  achieved by us ing  t h i s  e s t ima te  of k .  
7- 

I n  a l a t e r  paper ,  Hoerl and Kennard (1976)  no te  

t h a t  i n  genera l ,  w i l l  be l a r g e r  than 8 ' 8  p a r t i c u -  

l a r l y  i n  t h e  presence of m u l t i c o l l i n e a r i t y .  This  

~ ; f  
f a c t  may then make - t o o  small .  To overcome t h i s  

i l i  
d i f f i c u l t y  t h e  au thors  sugges t  an i t e r a t i v e  method. 

They cons ide r  a sequence of e s t ima tes  of 8 and k given 

a s  fo l lows:  . 



Here B(k i s  used i n  p l a c e  o f  f.3 ( t h e  i t e r a t i v e  method 
1 

A 

u s i n g  B i s  sugges ted  i n  Hoerl  and Kennard (1970a)J  s i n c e  
A A A A 

( $ ( k l ) )  'B(kl)  i s  s m a l l e r  t han  B I B .  Seve ra l  methods f o r  

t e r m i n a t i n g  t h e  i t e r a t i o n  a r e  d i scus sed  i n  Hoer l  and 

Kennard (1976) .  /? 
\ 

The conc lus ions  of  a n e m p i r i c a l e v a l u a t i o n  o f  t h e  

above procedure  were t h a t  a s i g n i f i c a n t  r e d u c t i o n  i n  

TMSE was ach ieved  and t h a t  t h e  improvement i n c r e a s e s  a s  

t h e  degree  o f  m u l t i c o l l i n e a r i t y  i n c r e a s e s .  

Lawless and Wang (1976) eva u a t e  a number o f  r i d g e  t 
and p r i n c i p a l  components e s t i m a t o r s .  The r i d g e  e s t i m a t o r s  

cons ide red  i n  t h i s  paper  are o f  t h e  fo l lowing  type ;  

A 

where a i  i s  t h e  OLS e s t i m a t e  o f  ui i n  t h e  canon ica l  model ,  

( 5 ) .  The e s t i m a t o r s  va ry  a s  t o  t h e  method o f  choosing kit 

t h e  parameter  i n  GRR. A d e t a i l e d  d i s c u s s i o n  o f  t h e  

e s t i m a t o r s  i s  g iven  i n  t h e  above paper .  

I n  a d d i t i o n  t o  comparing t h e  e s t i m a t o r s  i n  terms 

o f  TMSE e r r o r ,  t h e  a u t h o r s  u s e  a c r i t e r i o n  c a l l e d  t h e  

t o t a l  mean s q u a r e  error of p r e d i c t i o n  g iven  by 



The major conclusion of an empirical evaluation was 

that, "the ridge estimators considered have much to 

recommend them on the basis of the mean square error 

criteria considered, whereas the principal component 

estimators do not offer a great improvement over OLS". 

In general, the various ridge estimators evaluated 

in the above studies perform better than OLS in the presence 

of multicollinearity (with the exception of the ridge 

estimators evaluated by Newhouse and Oman (1971)). 

However, there is no clear indication of which ridge Z 

estimator is best as the performance of the various ridge 

estimators depends on such factors as oE, B-and X'X. 

The remainder of the thesis will attempt to clarify the 

relative merits of the alternatives to OLS under a variety 

of data conditions. 



CHAPTER 5 

DESIGN OF THE EXPERIMENT 

The Monte Carlo Evaluation Study 

The criterion for comparing estimators will be TMSE. 

In particular for ORR (as well as for the other estimators 
A 

considered) the TMSE of B ( k )  depends upon the true coefficient 
2 '  

vector, B ;  the error variance, u and the sample data 
E '  

matrix X (through the eigenvalues of X'X). Thus different " 

values of B ,  o: and the degree of rnultic611inearity (as 

reflected in the elements of X'X when in correlation form) 

'will be used in the experiment. To determine the appropriate 
A 

values it is necessary to investigate TMSE B ( k )  as a function 

of fl, o2 and p (the degree of multi~olline~rit~) respectively. 
E 

1. TMSE [ 6  (k) J as a function of B 

- Newhouse and Oman (1971) have observed that if TMSE 

[ $ (k) 1 is regarded as a function of 6, with o 2  k and X 
€ '  

fixed, then subject to the constraint that the Euclidean 
,. 

length of B ,  1161 1 be one, the TMSE [B(k)l is minimized 

when 0 is the normalized eigenvector (V ) corresponding to 
L 

the largest eigenvalue ofthe X'X matrix (note I IvLI 1'1). 
Similarly, TMSE [B(k)l is maximized when 6 = VSl where 

V is the normalized eigenvector corresponding to the 
S I 
smallest eigenvalue of X'X. 



~t should be no ted  t h a t  t h e  above r e s u l t  r e q u i r e s  

t h a t  k be f i x e d .  For any given X however, t h e  absence of  

a  c r i t e r i o n  f o r  e x p l i c i t l y  de te rmin ing  t h e  op t ima l  va lue  

o f  k means t h a t  k is  n o t  f i x e d .  

Desp i t e  t h i s ,  t h e  above r e s u l t  concerning TMSE 

[i (k)] and 6 p r e s e n t s  a  r a t i o n a l e  f o r  choosing va lues  of  

6.  The two v a l u e s  ~f  6, V and V w i l l  be  used through- . L S 

o u t  f o r  a l l  exper iments .  

To o b t a i n  VL and V e x p l i c i t l y  f o r  a  g iven  X ma t r ix ,  
S 

t h e  o rde red  e igenva lues ,  

A > A  > 1 - 2 - " '  - > A~ of X ' X  a r e  determined.  For  bl and AN 

w e  s o l v e  t h e  e q u a t i o n s  

( X ' X - A 1 ) Z L  = 0 and ( X ' X - A N ) Z s  = 0 

t o  o b t a i n  t h e  e i g e n v e c t o r s  Z and Zs cor responding  t o  
L 

and AN r e s p e c t i v e l y .  W e  t hen  normal ize  ZL and Zs 

t o  o b t a i n  VL and Vs i. e. 

6 

and V = s 
S 

i=l 



3 6 .  
A 

2 .  TE.ISE[B(k)las a  f u n c t i o n  o f  a 
E 

A 

The TMSE[B(k)] i s  t h e  sum of  the t o t a l  v a r i a n c e  and 

s q u a r e d  t o t a l  b i a s  o f  t h e  p a r a m e t e r  e s t i m a t e s .  The t o t a l  
A 

v a r i a n c e  T V  [ B  ( k )  ] i s  g i v e n  by 

2 /' 
I f  a E  E [0 ,11  , t h e n  (and hence  

2 2 s t r i c t l y  i n c r e a s i n g  f u n c t i o n  o f  0 a p p r o a c h i n g  o a s  a  +o 
E E 

2 and  b e i n g  maximized when oE =l. Many o f  t h e  r u l e s  c o n s i d e r e d  

h e r e  f o r  c h o o s i n g  a  v a l u e  o f  k i n  ORR (as w e l l  a s  some o t h e r  

A 2 e s t i m a t o r s )  a r e  f u n c t i o n s  o f  a , an e s t i m a t e  o f  a 2 
E E 

By a l l o w i n g  oE2 t o  t a k e  on d i f f e r e n t  v a l u e s  its e f f e c t  on 

t h e  c h o i c e  of  k can  b e  d e t e r m i n e d .  

v a l u e s  f o r  c i ,  where i=l, ..., T . a r e  i n d e p e n d e n t  

N (0,  o c 2 )  pseudo-random numbers a r e  g e n e r a t e d .  In view=, of 

t h e  above d i s c u s s i o n  t h e  f o l l o w i n g  v a l u e s  o f  a,  w i l l  be 

used  f o r  a l l  e x p e r i m e n t s :  0 .1 ,  0 . 5  and 1 .0 .  

A 

3 .  TMSE If3 ( k )  ] as a  f u n c t i o n  o f  u ,  t h e  d e g r e e  o f  

m u l t i c o l l i n e a r i t y .  

A s  ment ioned i n  t h e  i n t r o d u c t i o n - ,  a h t h e  d e  

m u l t i c o l l i n e a r i t y  i n c r e a s e s  ( o r  a l t e r n a t i v e l y ,  B a s  t h e  

v e c t o r s  o f  X d e v i a t e  f u r t h e r  from o r t h o g o n a l i t y ) ,  AN,  
F. 

t h e  s m a l l e s t  e i g e n v a l u e  o f  t h e  X ' X  m a t r i x ,  a p p r o a c h e s  z e r o .  
A 

The TMSE [B(k)] ( a s  w e l l  a s  t h e  TMSE o f  a l l  o t h e r  e s t i m a t o r s  

c o n s i d e r e d  i n  t h i s  p a p e r )  depends  on t h e  d a t a  m a t r i x  X 

t h r o u g h  t h e  e i g e n v a l u e s  of  t h e  X ' X  m a t r i x . .  So  the TMSE 



of o u r  e s t i m a t o r s  i s  a f u n c t i o n  of the  d e g r e e  of n u l t i -  

- c o l l i n e a r i t y .  

I f  X = { X ~ . . . . . X ~ )  i s  a  se t  o f  e x p l a n a t o r y  v a r i a b l e s .  

t h e n  t h e  d e g r e e  of  m u l t i c o l l i n e a r i t y  o f  t h e  set  X depends  
C 

on t h e  c o r r e l a t i o f i  w i t h i n  a l l  p o s s i b l e  s u b s e t s  o f  X ( w i t h  

more t h a n  one e l e m e n t )  and t h e  number o f  t h e s e  s u b s e t s  

which  a r e  h i g h l y  c o r r e l a t e d .  F o r  o u r  p u r p o s e s  w e  w i l l  

o n l y  b e  c o n c e r n e d  w i t h  t h e  c o r r e l a t i o n  o f  s u b s e t s  o f  s i z e  

two. 
;81 

The d e s i r e d  d e g r e e  o f  m u l t i c o l l i n e a r i t y  may be o b t a i n e d  

by g e n e r a t i n g  t h e  o b s e r v a t i o n s  on t h e  e x p l a n a t o r y  v a r i a b l e s  

a s  f o l l o w s :  

L e t  

f o r  t-1. .... T and  n = l  ...., N where ztnI  n=1, ..., ~ + 1  a r e  

i n d e p e n d e n t  i J (o .1)  pseudo - random numbers and p i s  s p e c i f i e d  
2 so t h a t  t h e  c o r r e l a t i o n  between any t w o  xtn is  p . In 

t h i s  s t u d y  p=.6,.8,.9 and . 9 5 .  These v a r i a b l e s  are t h e n  

s t a n d a r d i z e d  so t h a t  X ' X  i s  i n  c o r r e l a t i o n  form. The role o f  

t h e  s t a n d a r d i z a t i o n  i s  p r e s e n t e d  i n  Appendix I. 

O b s e r v a t i o n s  on  t h e  dependen t  v a r i a b l e  a r e  d e t e r m i n e d  by 

I t  is common i n  p r a c t i c e  t o '  have  models w i t h  a 
I 

r e l a t i v e l y  l a r g e  number o f  v a r i a b l e s  and  a  s m a l l  number o f  

o b s e r v a t i o n s .  Thus w e  set N=6 and T=20. F i f t y  samples  are 

g e n e r a t e d  by a l l o w i n g  t h e  random error e (and hence  t h e  



de2endent v a r i a b l e )  t o  change wh i l e  t h e  exp lana to ry  v a r i a b l e s  

( X )  and t h e  t r u e  c o e f f i c i e n t  v e c t o r  ( 8 )  remain f i x e d .  

For  each sample s o  c o n s t r u c t e d  t h e  fo l lowing  c a l c u l a t i o n s  

a r e  made ( f o r  a g iven  8 ,  o and u )  ; 
E 

A  

( a )  For  t h e  r i d g e  t r a c e  method, ORE 1, f3 (k )  is 

e v a l u a t e d  f o r  15  v a l u e s  of k (0 , .01 ,  ...,. 0 5 , . l I .  .., 
A A  

9 Note t h a t  8(0)=B.  

A 2 u A 2 
E 

IJ o 
E (b )  For  ORE2 and ORE3 w e  c a l c u l a t e  ,;; and 

8 ' 8  B ' B  
r e s p e c t i v e l y .  

A A  

(c) For ORE4a and ORE4b, ( 8  (k )  ) ' f3 (k )  i s  e v a l u a t e d  f o r  

.5  ( .05)  , 1 . 0 ) .  k i s  chosen s o  t h a t  
A A  A , ,  N 2 

( B ( k ) ) ' B ( k )  = B'B-oE 1 l / A n -  
n = l  

2 .  For  GRR, we g e n e r a t e  t h e  model Y=XB+e a s  above. 

For each  X - m a t r i x  we must determine XP' and PB where P i s  

t h e  or thogona l  t r a n s f o r m a t i o n  such t h a t  P'X'XP=Q. 

Now ( X ' X )  P=PP. Le t  P= (Vl,. . . ,VN) and l e t  

X (l<n<id) denote  t h e  n t h  d i agona l  element of  Q, t h e n  
n - -  

( x l X ) V n  = AnVn, n = l  ,..., 1J 

i r ,~p ly ing  t h a t  Vn i s  an ' envec to r  corresponding t o  t h e  

e igenva lus  A n .  Thus t h e  columns o f  P are t h e  e i g e n v e c t o r s  

corresponding t o  t h e  e igenva lues  of X ' X .  W e  t hen  form t h e  



and employ G R E l  t o  de te rmine  t h e  op t imal  k, . v a l u e s  ana 
h A 

I 
3 .  

a ( K )  . a ( K )  i s  then  t ransformed t o  6 (K) by 

a 5. G I E  

A A  A h  

SSEl = 688' ( 1 + 6 6 ~ ' ) - l g ^  f o r  15  v a l u e s  of  6 (same 

a s  15 k v a l u e s ) .  An admissable  6 v a l u e  i s  ob ta ined  

by t h e  method of  t h e  r i a g e  t r a c e .  

= A ' x ' ~  where r i s  chosen a f t e r  inspec t ionc$  t h e  r * 

e igenva lue  spectrum of X ' X .  

Throughout t h e  above d i s c u s s i o n  w e  have assumea t h a t  

X ' X  i s  i n  c o r r e l a t i o n  form and X'y r e p r e s e n t s  t h e  v e c t o r  of  

c o r r e l a t i o n s  between t h e  dependent v a r i a b l e  and each explan- 

a t o r y  v a r i a b l e .  The c o e f f i c i e n t  estimates o b t a i n e d  from t h i s  

s t anda rd i zed  m o d ~ l  a r e  t h e  " s t anda rd i zed"  c o e f f i c i e n t  estimates. 

Appendix 1 prov ides  an i n t e r p r e t a t i o n  o f  t h e  s t anda rd i zed  



coefficient estimates as well as the method for transform- 
CA 

ing the standardized coefficient estimates to the non- 

standardized form. It should be noted that the properties 

of the estimators considered in this paper have been developed 

for the standardized model. In particular, the TMSE proper- 

ties are developed in the context of this model. That these 

TMSE properties hold in the non-standardized model is 

discussed in Appendix I. This result is important since 
A 

if TMSE ( B * )  (TMSE ( 6 )  holds in the standardized node1 we 

wish,this result to be preserved when the coefficient 

estimates are in the original units. 

The experiment presented above is repeated for all 

values of p ,  oE2 and B .  

Criterion For Evaluatina ~stihators 

The estimators (and rules) presented here will be coxn- 

pared with each other and with O L S  through the Monte Carlo 

simulation method. To evaluate their relative performance, 

a criterio~ which is deemed desirable or optimal for 

estimators to possess must be chosen. 

When confronted with a small sample size, the desirable 

aspects of an estimator are that it kvea small total bias 

and total variance. Ideally, we would prefer an estimator 

which is unbiased and has a smaller total variance than any 

other estimator, including biased ones. Unfortunately, in 

the presence of multicollinearity, the acceptance of an . 

unbiased estimator ( O L S )  is made at the expense of a large 



t o t a l  var iance .  Given t h a t  t h e r e  i s  a  t rade-off  between t h e  

s i z e  of t h e  t o t a l  var iance  and t h e  amount of t o t a l  b i a s  of 

an es t ima to r ,  t h e  a l t e r n a t i v e s  t o  OES presented here  hope , 

t h a t  by al lowing a l i t t l e  bias , .  t h e L t o t a l  va r i ance  can be. 
%J- 

g r e a t l y  reduced. The i d e a l  of unbiasedness and minimum 

t o t a l  var iance i s  then replaced by the  next  b e s t  t h i n g  - 
an es t ima to r  i s  deemed d e s i r a b l e  i f  i ts  t o t a l  b i a s  and t o t a l  

var iance  combined is smaller than any o t h e r  e s t ima to r .  

T h i s  p roper ty  i s  manifested i n  t h e  TMSE c r i t e r i o n .  
< 

Being forced t o  choose amongbiased es t ima to r s  t h e r e  

may s t i l l  be those  who p r e f e r  a  small t o t a l  b i a s  ( d e s p i t e  

t h e  s i z e  of t h e  t o t a l  var iance)  o r  vice-versa.  Thu? i n  
, - 

a d d i t i o n  t o  TMSE, t h e  t o t a l  b i a s  and t o t a l  var iance  of each 

es t ima to r  i s  repor ted  s e p a r a t e l y .  ' 

\ 

I n  summary, t h e  fol lowing c r i t e r i a  w i l l  be used t o  ' 

eva lua te  t h e  proposed es t ima to r s .  (Note t h a t  t h e  t o t a l  

b i a s ,  t o t a l  var iance  and t o t a l  mean square e r r o r  have been 

estimated on t h e  b a s i s  o f  50 samples).  

- 
1. ' Tota l  b i a s  8, = ( F z - B ~ )  

50 i=l 

1 ( 6 p j  
where 82 = 

50 
i s  an es t ima te  of EBZ. 

2 .  Tota l  var iance  B *  



% 

3 .  TMSEB* = ( t o t a l  b i a s  B * ) ~  + t o t a l  v a r i a n c e  8'' 

I n  a d d i t i o n  t o  t h e  above ,  t h e  f o l l o w i n g  q u a n t i t i e s  were , 

r e c o r d e d .  - -- . 

1. The a v e r a g e  s q u a r e d  l e n g t h  of t h e  &+t imator .  
- \ 

2 .  The a v e r a g e  k v a l u e  o f  t h e  ORE'S. 

3 .  -The a v e r a g e  Q v a l u e  f o r  ORE4a and ORE4b. 

E v a l u a t i o n  o f  t h e  Ridge T r a c e  Method o f  Choosing k i n  ORR 

The pe r fo rmance  o f  t h e  r i d g e  t r a c e  method o f  c h o o s i n g  
I 

k ,  a s  proposed and a c c r e d i t e d  by Hoerl and Kennard (1970a,  

p . 6 5 )  and s e v e r a l  o t h e r  i n v e s t i g a t o r s ,  h a s  n e v e r  been 

e v a l u a t e d  save* i n  s e v e r a l  s p e c i f i c  a p p l i c a t i o n s .  T h i s  i s  

due  t o  i t s  s u b j e c t i v e  n a t u r e ;  t h e  c h o i c e  o f  k depends  on  

who is examining t h e  r i d g e  t r a c e .  D e s p i t e  t h i s  drawback,  

t h e  r i d g e  t r a c e  method is b e i n g  used  i n  p r a c t i c e  leg.  Watson 

and White (1976) and i s  c la imed  by ~ o e r l  and Kennard t o  

be t h e  method f o r  a c h i e v i n g  a b e t t e r  e s t i m a t e  o f  6. 

c o n s e q u e n t l y ,  a n  a t t e m p t  w i l l  b e  made h e r e  t o  e v a l u a t e  t h i s  

t e c h n i q u e .  

To do t h i s ,  1 4  i n d i v i d u a l s  w i t h  g e n e r a l  e x p e r i e n c e  

i n  t h e  a r e a  o f  e c o n o m e t r i c s  w e r e  e a c h  a s k e d  t o  choose  t h e i r  

k v a l u e s  f o r  50 g r a p h i c a l  r e p r e s e n t a t i o n s  o f  t h e  r i d g e  t r a c e .  

The s t a n d a r d  d e v i a t i o n  of t h e  k ' s  so .chosen  was r e c o r d e d  

t o  d e t e r m i n e  t h e ' s u b j e c t i v e  e r r o r  a s s o c i a t e d  w i t h  t h e  

r i d g e  t r a c e  method. An i n t e r v a l  a round t h e  k v a l u e  chosen 

w i l l  b e  c o n s t r u c t e d  and t h e  ORE e v a l u a t e d  a t  t h e  e n d p o i n t s  

( a s  w e l l  a s  a t  t h e  mean v a l u e )  t o  d e t e r m i n e  t h e  s e n s i t i v i t y  



of t h e  TMSE t o  t h e  k v a l u e  chosen.  The above' 
- y* 

b. 

e v a l u a t i o n  will p r o v i d e  an i n d i c a t i o n  o f  t h e  s e n s i t i v i t y  

a s s o c i a t e d  w i t h  t h e  r i d g e  t r a c e  s e l e c t i o n  o f  k i n  ORR. 
P 



CHAPTER 6 

RESULTS AND CONCLUSIONS 

A s  d i s c u s s e d  p r e v i o u s l y ,  t h e  u s e , o f  r i d g e  r e g r e s s i o n  

a s  a v i a b l e  a l t e r n a t i v e  to  OLS under  c o n d i t i o n s  of 

m u l t i c o l l i n e a r i t y  i s ' d e p e n d e n t  on f i n d i n g  a  method 
h 

which consistentf y chooses a k value such that TMSE f f 3 f k f  < 
CI 

TMSE(0). C o n s e q u e n t l y ,  r e s e a r c h  h a s  f o c u s e d  f o r  some 

t i m e  on f i n d i n g  methods o f  s e l e c t i n g  a  k v a l u e  which 

would p r o v i d e  ORR w i t h  such  c o n s i s t e n c y .  

One such  methoc$of s e l e c t i n g  k v a l u e s ,  t h e  r i d g e  

t r a c e  method, was c la imed  by Hoer l  (1962)  t o  b e  t h e  b e s t  

method. However, t h e  s u b j e c t i v e  n a t u r e  o f  t h i s  method re- 

s u l t e d  i n  r e s e a r c h  b e i n g  d i r e c t e d  a t  d e v e l o p i n g  mathemat ica l  

nethods f o r  s e l e c t i n g  an  a d m i s s a b l e  k v a l u e ,  S e v e r a l  s u c h  

m a t h e m a t i c a l  methods s u b s e q u e n t l y  appeared  i n  t h e  l i t e r a t u r e  

a s  p o s s i b l y  b e i n g  b e t t e r  a l t e r n a t i v e s  t o  t h e  s u b j e c t i v e  

r i d g e  t r a c e  method.  The s u b j e c t i v i t y  of t h e  r idge  trace 

method,  o f  c o u r s e ,  l i e s  i n  t h e  f a c t  t h a t  d i f f e r e n t  i n -  

d i v i d u a l s  a r e  l i k e l y  t o  choose  d i f f e r e n t  v a l u e s  of k 

th rough  t h e  v i s u a l  i n t e r p r e t a t i o n  of a g i v e n  r i d g e  t r a c e .  

' I n  a d d i t i o n  t o  t h e  v a r i o u s  r i d g e  e s t i m a t o r s ,  s e v e r a l  

o the r  e s t i m a t o r s  appear i n  t h e  l i t e r a t u r e  which c l a i m  t o  

b e  s u p e r i o r  t o  OLS (and  i n  some c a s e s  t o  ORR) i n  t h e  

p r e s e n c e  o f  m u l t i c o l l i n e a r i t y .  

T h i s  t h e s i s  i n v e s t i g a t e s  t h e  c l a i m s  made above by 



e v a l  a t i n g  t h e  r e l a t i v e  performance o f  t h e s e  e s t i m a t o r s  .i 
( i n  t e rms  of TMSE) under a  v a r i e t y  o f  d a t a  c o n d i t i o n s .  

,'-'- 
p a r t i c u l a r , , t h e  $urpose of t h i s  t h e s i s  i s  t o :  

Es t ima te  t h e  " s u b j e c t i v e  e r r o r "  a s s o c i a t e d  w i t h  t h e  

r i d g e  t r a c e  method of s e l e c t i n g  k f o r  ORR; 
' /  

Compare t h e  performance of  ORR u s ing  t h e  s u b j e c t i v e  

r i d g e  t r a c e  method o f  s e l e c t i n g  k w i t h  t h e  performance 

o f  ORR when t h e  mathemat ical  methods a r e  used t o  

select k ;  
. , 

Compare t h e  performance of  a l l  r i d g e  e s t i m a t o r s  and 

a l l  o t h e r  e s t i m a t o r s  cons ide red  wi th  OLS and w i t h  each  
d 

o t h e r  under a  v a r i e t y  o f  d a t a  c o n d i t i o n s ;  

I n v e s t i g a t e  and compare t h e  performance o f  a l l  

e s t i m a t o r s  as f u n c t i o n s  o f  B ,  t h e  t r u e  c o e f f i c i e n t  

2 
v e c t o r ;  CJ , t h e  v a r i a n c e  o f  t h e  e r r o r  term; and u ,  

t h e  degree  o f  m u l t i c o l l i n e a r i t y .  

CONCLUSIONS 

I n  summary, t h e y l l o w i n g  are t h e  conc lus ions  ob ta ined  

( a  d e t a i l e d  d i s c u s s i o n  of  t h e s e  conc lus ions  i s  p r e s e n t e d  

th roughout  t h e  remainder o f  t h i s  c h a p t e r )  : 

1. The " s u b j e c t i v e  errorn o f  t h e  r i d g e  t r a c e  method of  

s e l e c t i n g  k was e s t i m a t e d  t o  be 0.062. That  i s ,  

on t h e  average ,  t h e  v a l u e  of  k chosen by us ing  t h e  
'. 

r i d g e  t r a c e  method w i l l  v a ry  by 0.062 from i n d i v i d u a l  

t o  i n d i v i d u a l .  The s u b j e c t i v e  e r r o r  o f  0.062 amounts 



t o  4 4 %  o f  t h e  average va lue  o f  k (0.14) chosen by -. 
d 

f o u r t e e n  i n d i v i d u a l s  (over  a sample of  5 0 ) .  

The r i d g e  t r a c e  method o f  s e l e c t i n g  k i s  a  c o n s i s t e n t  

method p rov id ing  improvement i n  TMSE ( o r  i n  a few 

c a s e s ,  no s i g n i f i c a n t  i n c r e a s e )  r e l a t i v e  t o  ORR 

u s i n g  a  v a r i e t y  o f  mathematical  means t o  select k .  
* 

The r i d g e  trace method is cons idered  t o  be t h e  b e s t  

method f o r  choosing k ( r e l a t i v e  t o  t h e  o t h e r  methods 

cons idered)  . 
3 .  The r i d g e  t r a c e  e s t i m a t o r  r anks  f i r s t  i n  o v e r a l l  

performance r e l a t i v e  t o  OLS and r e l a t i v e  t o  a l l  o t h e r  

e s t i m a t o r s  cons ide red .  F u r t h e r m o r e , . - i n  t h e  p re sence  

o f  : m u l t i c o l l i n e a r i t y  one o f  t h e  a1 t e r n a t i v e  e s t i m a t o r s  

should  be  used i n  p l a c e  o f  0LS.- I n  p a r t i c u l a r ,  t h e  

r i d g e  t r a c e  e s t i m a t o r  o r  ORE3 can be used t o  ensu re  

a  b e t t e r  performance i n  most cases. 

4 .  The TMSE o f  t h e  e s t i m a t o r s  cons idered  (and consequent ly ,  

t h e  performance of  t h e s e  e s t i m a t o r s  r e l a t i v e  t o  OLS) 

was demonstra ted t o  va ry  accord ing  t o  t h e  t r u e  v a l u e  

s p e c i f i e d  f o r  a ,p and 8 .  It  w a s  found t h a t  t h e  
E 

performance of  a l l  e s t i m a t o r s  r e l a t i v e  t o  OLS improves 

as p, t h e  deg ree  of  m u l t i c o l L i n e a r i t y  h r e a s e s .  

When BS i s  t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  t h e  r e l a t i v e  

TMSE o f  t h e  a l t e r n a t i v e  e s t i m a t o r s  and OLS appea r s  

t o  be a dec reas ing  f u n c t i o n  o f  oE f o r  v a l u e s  o f  p. 

When BL w a s  t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  t h e  TMSE 



of  SSE2, ORE1, SSE1, G1E and GRR r e l a t i v e  t o  TMSE(0LS) 

decreased  a s  a i nc reased .  No d e f i n i t e  r e l a t i o n s h i p  
E 

w a s  found f o r  ORE2 and ORE3. The r e l a t i v e  performance , 

of  t h e  e s t i m a t o r s  was found t o  be p a r t i c u l a r l y  s e n s i t i v e  

t o  t h e  t r u e  v a l u e  of  6. Es t ima to r s  which performed 

w e l l  r e l a t i v e  t o  OLS when BS was t h e  t r u e  c o e f f i c i e n t  

v e c t o r ,  s a w  t h e  s i t u a t i o n  r eve r sed  when B w a s  t h e  L 

t r u e  c o e f f i c i e n t  v e c t o r .  (Th i s  r e s u l t  i s  d i s c u s s e d  

f u r t h e r  i n  t h i s  Chapter  and i n  Chapter  7 )  . 

RESULTS 

Appendix 3 c o n t a i n s  t h e  r e s u l t s  of  t h e  Monte Car lo  

e v a l u a t i o n  o f  t h e  es t im-a tors  cons idered .  Table  A 1  c o n t a i n s  

t h e  X ' X  m a t r i c e s  ( c o r r e l a t i o n  m a t r i c e s )  f o r  p=0.6, 0 .8 ,  

0 .9  and 0.95. Table  A2 c o n t a i n s  t h e  e igenva lues  f o r  each 

X ' X  ma t r ix .  The t r u e  c o e f f i c i e n t  v e c t o r s ,  BS and BL 

(be ing  t h e  e i g e n v e c t o r s  cor responding  t o  t h e  s m a l l e s t  and 

l a r g e s t  e igenva lues  o f  each  X ' X  ma t r ix  r e s p e c t i v e l y )  a r e  

p resen  
n 

' 1- 

(over  

. t ed  i n  Table  A 3 .  Table  A4 c o n t a i n s  t h e  average 

50 samples)  k v a l u e s  f o r  each  r i d g e  e s t i m a t o r  and t h e  

average  6 v a l u e  f o r  SSE1. Table  A5 g i v e s  t h e  average Q 

v a l u e  and t h e  number o f  n e g a t i v e  Q v a l u e s  ( o u t  o•’ 50 

samples)  f o r  O R E 4 a  and 4b. The average (ove r  50 samples]  

of each e s t i m a t o r  i s  p r e s e n t e d  i n  Table A6. Tables  A7,  

A8 and A9 c o n t a i n  t h e  average t o t a l  b i a s ,  average  t o t a l  

v a r i a n c e  and average  t o t a l  mean squa re  e r r o r  o f  each  



o 
2 

e s t i m a t o r  r e s p e c t i v e l y .  The v a l u e  o f  E f o r  each  
a max 

e s t i m a t o r ,  degree  o f  m u l t i c o l l i n e a r i t y  and each  v a l u e  o f  
i 

6 ,  appea r s  i n  Table  A10. F i n a l l y ,  Table  ~ l l  g i v e s  t h e  

number o f  k  v a l u e s  ( o u t  o f  50)  i n  t h e  i n t e r v a l  
c. a max 

f o r  each r i d g e  e s t i m a t o r .  

1. S u b j e c t i v e  E r r o r  o f  t h e  Ridge Trace Method 

A s  d i s c u s s e d  a t  t h e  beginning of t h e  Chapte r ,  t h e  

r i d g e  t r a c e  method o f  s e l e c t i n g  an admissable  k va lue  i n  

ORR was c la imed by Hoerl  and   en nard (1970a, p . 6 5 )  t o  

be t h e  b e s t  method f o r  o b t a i n i n g  a  b e t t e r  estimate o f  6 

under c o n d i t i o n s  o f  m u l t i c o l l i n e a r i t y .  However, t h e  r i d g e  

t r a c e  method is  s u b j e c t i v e  - given  any g r a p h i c a l  r ep re sen ta -  

t i o n  o f  t h e  r i d g e  t r a c e ,  d i f f e r e n t  i n d i v i d u a l s  w i l l  choose 

d i f f e r e n t  v a l u e s  of k no m a t t e r  how s t r i n g e n t l y  t h e y  
\ 

f o l l o w  t h e  g u i d e l i n e s  g iven  by Hoerl  and Kennard. This  

s e c t i o n  proposes  t o  estimate how s u b j e c t i v e  t h e  r i d g e  

t r a c e  method i s  and how t h e  s u b j e c t i v e  e r r o r  a f f e c t s  t h e  

performance of ORR ( i n  terms o f  TMSE) r e l a t i v e  t o  t h e  

performance o f  ORR when v a r i o u s  mathematical  means a r e  used 

t o  s e l e c t  k .  

The s u b j e c t i v e  e r r o r  a s s o c i a t e d  w i t h  the  r i d g e  trace 

i, 
method was e s t i m a t e d  i n  t h e  fo l lowing  manner: f i f t y  

samples were gene ra t ed  wi th  o = 0 . 5 ,  p=0.9 and B=Bs 
h 

E 

For each sample,  6 ( k )  = (XIX+kI) - l x t y  w a s  eva lua t ed  for 15 

v a l u e s  o f  k betw'een 0 and 1. A r i d g e  t r a c e  was gene ra t ed  



f o r  each  o f  t h e  50 samples. F igu re  1 d i s p l a y s  t h e  r i d g e  

t r a c e  f o r  one such sample. 

Although t h e  g r a p h i c a l  r e p r e s e n t a t i o n  o f  t h e  r i d g e  

t r a c e  changes from sample t o  sample (and f o r  d i f f e r e n t  

v a l u e s  o f  ,a and B )  i t  is assumed t h a t  t h e  s u b j e c t i v e  
t 

e r r o r  w i l l  be c o n s t a n t  a c r o s s  samples. Th i s  assumption . 
i s  based on t h e  premise  t h a t  t h e  s u b j e c t i v e  e r r o r  is  n o t  

a f u n c t i o n  o f  t h e  r i d g e  t r a c e  method per  se, b u t  r a t h e r  a 

f u n c t i o n  of  who i s  examining it. (For comparat ive  purposes ,  , 

an  example o f  t h e  r i d g e  t r a c e  f o r  SSEl w i t h  p=0.9, oE=0.5 

and B=BS appears  i n  F igu re  2) . 
To e s t i m a t e  t h e  s u b j e c t i v e  e r r o r ,  f o u r t e e n  i n d i v i d u a l s  

C 

w i t h  expe r i ence  i n  t h e  a r e a  o f  econometr ics  w e r e  each  
-, 

provided  wi th  c o p i e s  o f  t h e  50 r i d g e  trace graphs  as 

o u t l i n e d  above. Each i n d i v i d u a l  was r eques t ed  t o  choose a 

v a l u e  o f  k f o r  each  ' r i d g e  t r a c e  -accord ing  t o .  t h e  guide-  

l i n e s  g iven .by  Hoerl  and Kennard. The average  s t a n d a r d  

d e v i a t i o n  (ove r  50 samples)  o f  t h e  f o u r t e e n  sets of  k v a l u e s  

s o  chosen w a s  t a k e n  t o  be  t h e  e s t i m a t e  o f  t h e  s u b j e c t i v e  

e r r o r  a s s o c i a t e d  w i t h  t h e  r i d g e  t r a c e  s e l e c t i o n  o f  k .  The 

s u b j e c t i v e  e r r o r  was e s t i m a t e d  t o  be 0.062. The average  k 

v a l u e  (ove r  5 0  samples)  o f  t h e  f o u r t e e n  sets o f  k v a l u e s  , 

chosen was 0.14. 

Thus, t h e  v a l u e  o f  k chosen v i a  t h e  r i d g e  trace method 

can be  expected t o  d i f f e r  by an average o f  0.062 from 

i n d i v i d u a l  t o  i n d i v i d u a l  due t o  t h e  v i s u a l  interpretation 
i- 







r e q u i r e d  by t h e  r i d g e  t r a c e  method. Th i s  s u b j e c t i v e  

e r r o r  of 0.062 amounts t o  4 4 %  o f  t h e  average  k  v a l u e  

The concern caused by t h e  s u b j e c t i v e  e r r o r  o f  t h e  

r i d g e  t r a c e  method o f  s e l e c t i n g  k  is t h a t  it m a d e  i n -  

cons i s t en f  w i th  r e s p e c t  t o  o t h e r  means o f  s e l e c t i n g  k .  
h 

That i s ,  on ave rage ,  due t o  t h e  s u b j e c t i v e  e r r o r ,  TMSEB(k) 
A 

where k i s  chosen from t h e  r i d g e  t r a c e  may exceed TMSEB ( k )  

w i th  k s e l e c t e d  by some mathemat ica l ly  c o n s i s t e n t  method. 

I f  i n  f a c t  t h i s  w e r e  t h e  case, a r e s e a r c h e r  would be  w i s e  

t o  o p t  f o r  t h e  mathemat ical  method of  choosing k.  To 

determine i f  t h i s  indeed i s  t h e . c a s e ,  t h e  fo l lowing  

exper iment  was conducted.  

The average  k v a l u e  was ob ta ined  from a  sample of 50 

us ing  t h e  r i d g e  t r a c e  method f o r  each v a l u e  o f  a p and B.  
E '  

This  average  k  v a l u e  was a d j u s t e d  by t h e  average  v a r i a t i o n  

o f  0.062 o b t a i n e d  from t h e  s u b j e c t i v e  e r r o r  e v a l u a t i o n .  

That  i s ,  i f  kA i s  t h e  average  k  va lue  chosen (ove r  50 

samples)  f o r  a g iven  va lue  o f  p ,  at and B ,  t hen  TMSEIB(kA)I, 

TMSE [ B (kmin) 1 and TMSE If3 (kmax) 1 , where kmin=kA-0. 062 

and kmax =kA+0.062 a r e  averaged and compared t o  t h e  

TMSE o f  ORE2, 3 and 4a, b ,  t h e  r i d g e  e s t i m a t o r s  where 

mathemat ical  methods a r e  used t o  select k .  ~ a k e  1 below 

reports t h e  r e s u l t s  o f  t h i s .  comparison. 

When BS i s  t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  t h e  TMSE o f  

t h e  r i d g e  t r a c e  e s t i m a t o r ,  ORE1 i s  less than  t h e  TMSE of 
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0-2, 3 and 4a, b f o r  a lmost  a l l  v a l u e s  o f  o and p 
E 

( f o r  p=0.6 and 0.8 and o=0.1, TMSE o f  ORE2, 3 ,  4a and 

b i s  s l i g h t l y  l e s s  t han  t h e  average TMSE.of ORE1). Fu r the r -  

more, a s  t h e  deg ree  of  m u l t i c o l l i n e a r i t y  i n c r e a s e s ,  t h e  

performance o f  t h e  r i d g e  t r a c e  e s t i m a t o r  improves r e l a t i v e  

t o  t h e  o t h e r  e s t i m a t o r s .  On t h e  b a s i s  o f  t h e s e  r e su l tkq  it 

i s  concluded t h a t ,  on average ,  t h e  r i d g e  trace method of  

s e l e c t i n g  k t  s p i t e  o f  i t s  s u b j e c t i v e  n a t u r e ,  is  con- 

s i s t e n t ,  and hence i s  a b e t t e r  method than  t h e  mathematical  

methods cons ide red  ( i n  terms o f  p rov id ing  an a v e r a g e .  

improvement i n  TMSE) when i s  t h e  t r u e  c o e f f i c i e n t  

v e c t o r .  
-.* 

The r e s u l t s  a r e  n o t  as appa ren t  when BL i s  t h e  t r u e  

c o e f f i c i e n t  v e c t o r .  

TMSE (ORE21 <TMSE (ORE1)  , 
t h e  m a j o r i t y  of  cases, 

however o n l y  marg ina l ly  so. 

e x h i b i t s  s l i g h t l y  b e t t e r  r e s u l t s  than  ORE1 f o r  s m a l l  

ORE 3 

v a l u e s  of  oE w i t h  t h e  r e s u l t s  r eve r sed  f o r  u E = l  and . 

f o r  p=0.95. Both ORE4a and b i n  gene ra l  have a g r e a t e r  

TMSE than ORE1. 

I t  is  concluded t h a t  t h e  r i d g e  t r a c e  method, i n  

g e n e r a l ,  i s  s u p e r i o r  t o  t h e  mathematical  methods cons idered  
3 

f o r  ORR. Th is  conc lus ion  i s  based on t h e  c o n s i s t e n t  

performance and s i g n i f i c a n t  improvement i n  TMSE of ORE1 

when BS i s  t h e  t r u e  c o e f f i c i e n t  v e c t o r .  When BL i s  t h e  

t r u e  c o e f f i c i e n t  o n l y  one e s t i m a t o r ,  ORE2, performs b e t t e r  



( i n  most c a s e s )  t han  OREl and o n l y  by a s l i g h t  margin. 

Furthermore,  a s  p i n c r e a s e s  t h e  performance o f  O R E l  

improves (and even exceeds  t h e  performance o f  a l l  o t h e r  

e s t i m a t o r s ) .  

I n  g e n e r a l  t h e n ,  it i s  concluded t h a t  t h e  r i d g e  

t r a c e  method o f  s e l e c t i n g  k i s  a  c o n s i s t e n t  method and 

t h a t  improvement i n  TMSE ( o r  i n  a  few c a s e s ,  no s i g n i f i c a n t  

i n c r e a s e )  r e s u l t s  r e l a t i v e  t o  ORR us ing  mathemat ical  means 

t o  s e l e c t  k.  

2. R e l a t i v e  Performance o f  t h e  Es t ima to r s  

Th i s  s e c t i o n  compares t h e  performance of  each  e s t i m a t o r  

cons idered  r e l a t i v e  t o  OLS and then  r e l a t i v e  t o  each  o t h e r .  

The c r i t e r i o n  o f  performance w i l l  be TMSE. I n  p a r t i c u l a r ,  

t h e  q u a n t i t y  M ,  d e f i n e d  by t h e  r a t i o ,  

i s  used t o  compare any two e s t i m a t o r s ,  B1 and $ . 
2 

r: 

A.  Performance o f  Es t ima to r s  . r e l a t i v e  t o  OLS 

Thi s  s e c t i o n  compares t h e  performance 

of ORE1,  2 ,  3 ,  4a ,  b ,  MMSELE, GRk, G l E ,  SSE1, and SSE2 

wi th  OLS. The r a t i o ,  M= ' TMSE(!*) , -where B *  i s  an  e s t i m a t o r  
TNSE ( 6 )  

o t h e r  t han  OLS, i s  used i n  making t h e  comparison. Table 2 

c o n t a i n s  t h e  v a l u e  of M f o r  each e s t i m a t o r  a s  a f u n c t i o n  of 
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B ,  oE and p. The r e s u l t s  c o n t a i n e d  i n  t h i s  t a b l e  a r e  

d i s c u s s e d  below: 

a. M as a f u n c t i o n  o f  6 

I n  g e n e r a l ,  t h e  pe r fo rmance  o f  a l l  e s t i m a t o r s  ( w i t h  

t h e  e x c e p t i o n  o f  S S E 2 )  i s  much worse when 8 i s  t h e  e i g e n -  

v e c t o r  c o r r e s p o n d i n g  t o  t h e  l a r g e s t  e i g e n v a l u e  o f  X ' X .  

F o r  t h i s  B ,  M i s  i n  t h e  neighbourhood o f  1 meaning t h a t  

most e s t i m a t o r s  a r e  s l i g h t l y  b e t t e r  o r  worse (depend ing  on  

t h e  v a l u e  o f  cr and u) t h a n  OLS. - 
The e s t i m a t o r s  which are most s e n s i t i v e  to  t h e  v a l u e  o f  

, the  t r u e  c o e f f i c i e n t  v e c t o r  a r e  GRR and SSE1. F o r  BS,  GRR 

p u t s  i n  a n  a s t o u n d i n g  performance  w i t h  .OS<M<. 6 0  for  a l l  - - 
v a l u e s  of p and gE. However, fo r  BL,  2.26<M<4.28 f o r  GRR. - - *- 
S i m i l a r l y ,  f o r  SSEI, .21<M<.48 when BS i s  t h e  t r u e  c o e f f i c i e n t  - - 
v e c t o r  and 1.59<M<3.34 when BL i s  t h e  t r u e  c o e f f i c i e n t  - - 
v e c t o r .  

When Bs i s  t h e  true c o e f f i c i e n t  v e c t o r ,  t h e  a v e r a g e  

r i d g e  t r a c e  e s t i m a t o r ,  ORE1, p e r f o m s  w e l l  re la t ive  t o  QLS, 

w i t h  .25<M<1.55. For 8 .88<M<1.05 f o r  ORE1. The - - L' - - 
remain ing  r i d g e  e s t i m a t o r s  perform c o n s i s t e n t l y  better 

(or a t  l e a s t  a s  well as)  OLS. ORE3 p e r f o m k  t h e  b e s t  i n  . 
- 

this group  w i t h  .44<!4<1.00. For  ORE2, ORE4a and ORE4b - - - - 

t h e  r e s p e c t i v e  r a n g e s  of M are [. 81, 1.001 , I. 56, 1.001 

and [ . 7 4 ,  1.001 . For  SL, these e s t i m a t o r s ,  on t h e  whole,  

pe r fo rm worse than OLS i n  v a r y i n g  d e g r e e s .  For  OREZ, 



O R E 3 ,  0 k 4 a  and ORE4b, M i s  c o n f i n e d  to  t h e  f o l l o w i n g  

i n t e r v a l s  r e s p e c t i v e l y ,  [ .  97,  1 .011,  [. 91, 1.071 ,' [1.01, 

1.461 and 1.95, T.203.  

For  b o t h  BS and BL, GIE pe r fo rms  as w e l l  as o r  

b e t t e r  t h a n  OLS. For  .27<M<1.00 a n d  f o r  BL,  - - 
I t  s h o u l d  be n o t e d  t h a t  f o r  p=.6 and .8  t h e  GIE is i n  f a c t  
h 

B .  T h i s  is  s o  s i n c e  t h e  v a l u e  o f  r choosen was 6 ,  t h e  

r a n k  o f  X ' X .  Had w e  n o t  r e s t r i c t e d  o u r s e l v e s  to  i n t e g e r  

v a l u e s  of r ,  t h e  pe r fo rmance  o f  t h e  G I E  may have  been 

improved i n  t h e s e  c a s e s .  ( F o r  a comple te  d i s c u s s i o n  o f  

t h e  s e l e c t i o n  o f  r t h e  r e a d e r  is r e f e r r e d  to Marquardt  

The pe r fo rmance  o f  SSE2 i s  b e t t e r  f o r  BL t h a n  it is  

f o r  BS; a  reversal o f  t h e  s i t u a t i o n  e x p e r i e n c e d  by  a l l  o t h e r  

e s t i m a t o r s .  F o r  B S ,  1.O<M<1.18 and f o r  BL, .82cM<1.0. - - - - 
I n  fac t  f o r  B S t  SSE2 c o n s i s t e n t l y  pe r fo rms  worse t h a n  a l l  

o t h e r  e s t i m a t o r s  however,  f o r  BL i t  per fo rms  b e t t e r  t h a n  

a l l  o t h e r  e s t i m a t o r s  i n  e v e r y  case s a v e  p=.95, o,=l. 

b. M as a f u n c t i o n  o f  oE 

When BS is t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  M a p p e a r s  

to  b e  a d e c r e a s i n g  f u n c t i o n  of oE (for a l l  valtres of ~l--ana 

for a l l  e s t i m a t o r s  except SSEEVhen BL is the t rue  e e e f f i r i e n t  

v e c t o r ,  and f o r  SSE2, ORE1, SSE1, G I E  and GRR, M appears 

t o  b e  a  d e c r e a s i n g  f u n c t i o n  o f  a f o r  a l l  v a l u e s  of p.  
E 

O R E 4 a  and MMSELE are i n c r e a s i n g  f u n c t i o n s  o f  u , for a l l  
E 



values  of p. For ORE2 and O R E 3 ,  M i n c r e a s e s  a s  uE i n c r e a s e s  

f o r  p = . 6  and - 8  and decreases  f o r  p=.9 and .95. 

c. M a s  a funct ion  of  p 

Regardless o f  t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  f o r  a l l  

e s t i m a t o r s ,  M decreases  as p i nc reases  i . e .  t h e  performance 

of a l l  e s t i m a t o r s  r e l a t i v e  t o  OLS improves a s  t h e  degree 

of  m u l t i c o l l i n e a r i t y  inc reases .  

As seen above, t h e  performance of t h e  estimators con- 

s i d e r e d  depends on oE, t h e  s tandard  d e v i a t i o n  of  t h e  e r r o r  

term; p ,  t h e  degree of m u l t i c o l l i n e a r i t y ;  and most 

c r i t i c a l l y  on B ,  t h e  t r u e  c o e f f i c i e n t  vec to r .  Since none 

o f  t h e s e  parameters a r e  known i n  p r a c t i c e ,  a r e sea rcher  

would be i n  doubt a s  t o  which es t ima to r  t o  use given a 

p a r t i c u l a r  sample. To a i d  i n  making such a d e c i s i o n ,  w e  

provide an o v e r a l l  ranking of  t h e  e s t i m a t o r s  which t a k e s  

i n t o  cons ide ra t ion  t h e  following: 

- t h e  o v e r a l l  performance o f  each es t ima to r  (over 

a l l  va lues  of uE ,I p and 13) , 
- t he  degree of improvement of each e s t i m a t o r  over  

OLS and r e l a t i v e  t o  each o t h e r .  

Table 3 con ta ins  t h e  aggregated TMSE wf e a c h  es t ima to r  

which is obta ined  by summing the TMSE of an es t ima to r  over  

a l l  va lues  of  oE and p ( f o r  a given B ) .  Tables 4 and 5 

con ta in  t h e  r a t i o  of t h e  aggregated TMSE of  t h e  e s t i m a t o r s  
* 



f a r  BS and BL r e s p e c t i v e l y .  For example, t h e  e n t r y  i n  

row 2,  column 6 (2 .09)  i n  Table  4 ,  i s  t h e  r a t i o  o f  t h e  

aggrega ted  TMSE ( O R E 4 a )  t o  t h e  aggrega ted  TMSE (ORE1) meaning 

t h a t  t h e  aggrega ted  TMSE(ORE4a) is  2.09 t i m e s  g r e a t e r  t han  

t h e  aggrega ted  TMSE(ORE1). Tables  4 and. 5 ,  t hen  p rov ide  

t h e  o v e r a l l  r e l a t i v e  performance o f  t h e  e s t i m a t o r s .  
- 

Table  6 r a n k s  t h e  e s t i m a t o r s  i n  terms o f  t h e  magnitude 

o f  t h e  r a t i o  o f  t h e i r  aggrega ted  TMSE t o  t h e  aggrega ted  

TMSE(0LS) f o r  BS and Bt i n d i v i d u a l l y ,  and f o r  BS and BL 
d.' 

t o g e t h e r .  For example, t h e  aggrega ted  TMSE(DRE1) ( f o r  

BS and B L )  i s  . 6 8  t i m e s  t h a t  f o r  OLS. Th i s  t a b l e  p rov ides  

t h e  o v e r a l l  performance of  t h e   estimator,^ r e l a t i v e  t o  OLS 

i n  o r d e r  o f  improvement. 

F i n a l l y ,  Table  7 p r e s e n t s  an overa-11 ranking  o f  t h e  

e s t i m a t o r s  f o r  BS and BL i n d i v i d u a l l y  and t aken  . t oge the r .  

For ex'ample, f o r  BS and BL t o g e t h e r ,  t he '  a&erage . r a t i o  
4f 

f o r  O R E 1  is .80. Thi s  w a s  ob t a ined  by summing t h e  r a t i o  

o f  t h e  aggregated TMSE (ORE1) t o  t h e  aggrega ted  TMSE o f  

each  e s t i m a t o r  aad then  d i v i d i n g  by 10 ,  t h e  number o f  

e s t i m a t o r s .  o t h e r  t han  ORE1. 

i" 

B .  O v e r a l l  Performance of t h e  Es t ima to r s  

The r i d g e  t r a c e  estimator, ORE1, r a n k s  f i r s t  i n  o v e r a l l  

performance r e l a t i v e  t o  OLS and r e l a t i v e  t o  a l l  o t h e r  

e s t i m a t o r s  cons ide red .  However, t h i s  is based on an  

average  performance o v e r  a l l  .values  o f  a P and 8 .  When 
E '  
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T a b l e  6 Ratio of , A g g r e g a t e d  TMSE of E s t i m a t o r s  t o  

A g g r e g a t e d  TMSE of OLS- P 

- - -- 

Rank Ratio Rank ' R a t i o  Rank R a t i o  

GRR 

SSEl  . 23  O R E 1  . 99  ORE 3  ' . 8 0  

ORE 1 . 3 6  ORE2 .99 G I E  . 9 1  

ORE 3 . 6 0  G I E  .99 ORE2 . 9 3  

ORE4 a . 7 6  ORE 3 1 . 0 0  O R E 4 b  .93 

O R E 4 b  , . 8 1  MMSELE 1 . 0 1  MMSELE . 9 3  

GIE .82 O R E 4 b  1 . 0 6  O R E 4 a  . 96  

MMSELE .85 O R E 4 a  1 . 1 6  SSE2 1 . 0  

ORE 2  . 8 7  SSEl  2 .37  SSEl  1 . 3  

SSE2 1 . 0 4  GRR 2 .92  GRR 1 . 5 5  



T a b l e  7 O v e r a l l  Rank o f  E s t i m a t o r s  Based  o n  A v e r a g e  

Ratio o f  A g g r e g a t e d  TMSE of t h e  P a r t i c u l a r  4 
E s t i m a t o r  t o  a l l  E s t i m a t o r s  

Rank A v e r a g e  Rank Ave rage  Rank A v e r a g e  
Rat io R a t i o  Ratio 

GRR . 2 9  SSE2 .82 ORE 1 .80  

SSE1- . 4 2  ORE 1 .86  ORE3 1 ..06 

ORE1 . 7 3  GIE .86  SSEl  1 . 3 1  

ORE 3 1 . 2 5  ORE2 .86  GIE 1 . 3 2  

ORE4b 1 . 7 5  OLS .87 ORE4b 1 . 3 3  

GIE 1 . 7 7  flMSELE .87  MMSELE 1 . 3 5  

MMSELE 1 . 8 3  ORE4b . 9 1  ORE 2 1 . 3 7  

ORE2 1 . 8 8  ORE4a 1 .02  GRP, 1 . 5 0  

OLS 2 . 1 7  SSEl  2 .19 OLS 1 . 5 2  

SSE2 2 .27  GRR 2 .72 SSE2 1 . 5 5  



B i s  t h e  t r u e  c o e f f i c i e n t  v e c t o r ,  bo th  GRR and SSEl 
S 

perform ex t remely  w e l l  (and b e t t e r  than O R E 1 ) .  For  BL 

however, t h e s e  two e s t i m a t o r s  do n o t  perform w e l l .  S ince  

B i s  n o t  known i n  p r a c t i c e ,  i t  would be unwise t o  u se  

GRR o r  SSEl due t o  t h e i r  s e n s i t i v i t y  t o  t h e  t r u e  va lue  o f  
# 

B .  Ra ther ,  it i s  recommended t h a t  OREl o r  3 be used a s ,  

on average ,  t h e y  provide  a s u b s t a n t i a l  improvement o v e r  

OLS f o r  BS (and f o r  extreme m u l t i c o l l i n e a r i t y )  . For BL 

O R E l  and 3 do n o t  perform s i g n i f i c a n t l y  w o r s e  t han  OLS. 

The g e n e r a l  conc lus ion  drawn on t h e  b a s i s  o f  t h e  

o v e r a l l  performance o f  t h e  e s t i m a t o r s  is  t h a t  one p f  t h e  ' 
b 

a l t e r n a t i v e  e s t i m a t o r s  should  be used i n  p l a c e  o f  OLS when 

t h e  d a t a  e x h i b i t s  m u l t i c o l l i n e a r i t y .  I n  p a r t i c u l a r  t h e  

r i d g e  t r a c e  ' e s t i m a t o r s ,  ORE1, o r  ORE3 can  be used t o  

ensu re  a good performance i n  a l l  cases. I f  a p a r t i c u l a r  

v a l u e  o f  a p o r  f3 i s  suspec t ed ,  t h e  e s t i m a t o r  which 
€ '  

prov ides  t h e  b e s t  performance f o r  t h e s e  v a l u e s  can be 

used.  Tables  2 ,  4 and 5 can be used t o  make t h e  d e c i s i o n  
1 

as t o  which e s t i m a t o r  t o  use.  



CHAPTER 7 a 

SUGGESTION FOR FUTURE RESEARCH 

This  t h e s i s  h a s  concluded t h a t  t h e r e  a r e  s e v e r a l  e s t i m a t o r s  

(eg .  v a r i o u s  v e r s i o n s  o f  r i d g e  r e g r e s s i o n )  which, i n  most 

c a s e s ,  perform b e t t e r  t h a n  OLS i n  t h e  presence  o f  k u l t i -  

c o l l i n e a r i t y  on t h e  b a s i s  o f  the.FMSE c r i t e r i o n .  However, 

t h e  r e l a t i v e  performance o f  t h e s e  e s t i m a t o r s  depended 

most c r i t i c a l l y  on  t h e  d i r e c t i o n  o f  t h e  t r u e  c o e f f i c i e n t  

v e c t o r ,  B .  That i s ,  most e s t i m a t o r s  performed p a r t i c u l a r l y  

w e l l - r e l a t i v e  t o  OLS when 6 was i n  t h e  d i r e c t i o n  o f  th"e 

e i g e n v e c t o r  cor responding  to  t h e  smallest e igenva lue  o • ’  

t h e  X'X mat r ix .  However, when B w a s  i n  t h e  d i r e c t i o n  o f  
, , 

t h e  e i g e n v e c t o r  cor responding  t o  t h e  l a r g e s t  e igenva lue  

of  X ' X ,  most of  t h e  e s t i m a t o r s ' p e r f o ~ m e d  worse t han  OLS. 

The s e n s i t i v i t y  o f  t h e  e s t i m a t o r s '  performance t o  t h e  
3 * 

d i r e c t i o n  of  B casts doubt  on t h e  u se  of  r i d g e  r e g r e s s i o n  

and o t h e r  a l t e r n a t i v e s  i n  p r a c t i c a l  s i t u a t i o n s  as t h e  

d i r e c t i o n  of  B i s  n o t  known. 

Given t h i s  s i t u a t i o n ,  t h e  use o f  r i d g e  r e g r e s s i o n  o r  

some o t h e r  a l t e r n a t i v e  t o  OLS i n  p r a c t i c e  i s  p r e d i c a t e d  

on be ing  a b l e  t o  comment on t h e  d i r e c t i o n  of 8 based on 

sample data. Consequent ly ,  one  impor tan t  d i r e c t i o n  for 

f u t u r e  r e s e a r c h  i s  t o  deve lop  some means o f  o b t a i n i n g  a  

r ea sonab le  e s t i m a t e  o f  t h e  d i r e c t i o n  o f  B based on t h e  



i 
single sample on hand. The following discussion sugges.ts 

A 
oneopossible method of doing this. 

Let X1zX2' ... 5 h N  be the ordered eigenvalues of X'X. 

Let V1, ..., V be the eigenvectors corresponding to *A1, ... ,AN 
tj 

respectively. Then V'!Bu (where Bp= 
B 

4m is the unit vector 

in the direction of 6) is the cosine of the angle between 

(and hence 8). It is easily shown that 

unbiased estimator of V ~ B U  (where 
h 

Bu = -+- and B is the OLS estimate of 6)  . Furthermore, 
B B  , 

A 0' h 

var (vl~p)= - . This result shows that V ~ B P  will be a 
A, 

precise estimate (in terms of having a small variance) . 

of the direction of B relative to the Vi corresponding to 

large eigenvalues; and an imprecise estimate of the direction 

of f3 relative to the Vi corresponding to small eigenvalues. . 

Thus the spectrum of eigenvalues can be used to reasonably 

comment on the direction of B reJative to some eigenvectors. 

In most practical situations it is expected that there 

will be at least one "large" eigenvalue (ie. the degree 

of multicollinearity would unlikely be so severe as to 

reduce all eigenvalues to 0) . 
Suppose A ..... AN, j<N are the large eige values 

j - 6 
fie. significantly different from 0) of X'X for a given X. 

A 

Then v;f3pI j<i<N, will be precise estimates of ~if3l.1. 1f - - 
h 

v;f3ut for some it is large (ie. close to 1) then B is in 

the general direction of Vi. In this case, the results of 

the last chapter indicate thht OLS estimation is relatively 



p r e c i s e  and cou ld  then  be used t o  e s t i m a t e  8. I f ,  on t h e  
h 

o t h e r  hand, V!Bp is  s m a l l  ( c l o s e  t o  ze ro )  f o r  a l l  i ,  6 
1 

w i l l  be i n  t h e  d i r e c t i o n  o f  some V ( l < & < j )  cor responding  
,/ a. - -  

-*#a smal l  e ignnva lue ,  i n  which c a s e  o u r  r e s u l t s  have 

shown t h a t  c o n s i d e r a b l e  improvement i n  TMSE can be  

by us ing  one o f  t h e  a l t e r n a t i v e s  t o  OLS. 

A s  an  example, s'uppose t h e  t r u e  c o e f f i c i e n t  v e c t o r  

w a s  8 and p=0.9, a =0 .1 .  Now B =V where V i s  t h e  
L E L L' L 

e i g e n v e c t o r  cor responding  t o  t h e  l a r g e s t  e igenva lue  o f  

X ' X  ( s e e  Table  A2 f o r  che e igenva lue  spectrum o f  X ' X  
r A 

corresponding t o  p=0.9) . I n  t h i s  c a s e ,  VLBp=. 99884 

sugges t ing  t h a t  B i s  i n  t h e  d i r e c t i o n  o f  V and consequent ly  L 

OLS should be used to  e s t i m a t e  B.  On t h e  o t h e r  hand, i f  BS w e r e  

t h e  t r u e  coe f f i c j . e r l t  v e c t o r  f3 =V 
S s t  where VS is t h e  

e i g e n v e c t o r  cor responding  t o  t h e  saal.lest. ej.genT;alv.e of 
I "  

X ' X ,  t h e n  VLBp=.00712 implying t h a t  B is  i n  t h e  d i r e c t i o n  

o f  VS and consequent ly  t h a t  some a l t e r n a t i v e  t o  OLS be  

used t o  improve TMSE. Table  8 below ,prov ides  the .  v p l u e s  
1 "  1 "  A A 

o f  VLBL and V B (where B and BS are t h e  u n i t  OLS e s t i m a t e s  
L s L -. 

of  BL and BS r e s p e c t i v e l y )  f o r  a l l  p and oE. 

1 A I "  

Tab le  8 .  Values o f  VLBL and VLBS 



APPENDIX 1 

Throughout our discussion,of the model y=XB+& we have 

been assuming that y and the variables of X have been 
us 

standardized so that X'X is in the form of a correlation 

matrix and X'y is the vector of correlations of the dependent 

variable with each explanatory variable. We now discuss the 

stanoardization proceciure as well as the transformation used 

to convert the standaraized coefficient estimates to the 

; non-standaraized coefficient estimates of f3 in the model 

y=Xf3+~ where y an6 X are in ueviation units. 

Let X be the TxW matrix of observations, x tn ' on the 

explanatory variables expressed in deviation units, that is 
_ - 

x =Xtn-Xn where Xtn is the t-tn observation on the nth tn -- 

variable in original units and is the mean of the t n 

observations on the nth variable. Let S be the SxN diagonal 

matrix whose nth aiagonal element is 

Then XS=XS is the matrix of standardized variables -, and 

X'X =SIX'XS is the correlation matrix. s S 





will be shown the rankjng of the estimators (in terrm of 
5 + 

TEISE) is invariant under the transformation. 

We have seen that the standardized coefficient estimates 

are estimates of s-~B. If b and b* are the non-standardized 
- 

and standardized coefficient estimates (of and s-'$) .. 
respectively .then 

is the transformation which changes the standardized co- 

efficient estimates into the non-standaraized estimates. 

Suppose bl and b2 are any two estimates of 8 ,  then 

b*=s-'bi, i=1,2 is an estimate of s-~B=B*.' Then 
1 

TMSE (by = E (bt-$*) ' (y-fj*) 

where S-* is non-negative definite (n. n. d. ) 

Now Theobald (1973), page 104) has shown that if 

and rn =E(bi-8)'B(bi-3) where B is any n.n.d. matrix then -- i 
/ -IC_j 

- the following are equivalent \ 
- -- - -- - - - - - - - - - - 

- 

(a)  HL-M2 is n.n.a. - 

for any n.n.d. B. 

The implication of this result for us is that if 

TMSE(bi)?TMSE (b;) then W1-Id2 is n.n.d.. blow M -H is n.n.d. 
1 2  



if and only if tr(M1-MZ),O, that is, if an only if 

TEEE (bl) >TMSE (b2 ) . - 
This shows that the T W E  is invariant under the trans- 

formation from stanaardized t g  non-standardized coefficient 

estimates. 



 his s e c t i o n  p rov ides  t h e  formulae f o r  t h e  s t a n d a r d  

e r r o r s  o f  t h e  e s t i m a t o r s  cons idered .  For a l l  t h e  e s t i m a t o r s  

cons ide red ,  t h e  s t a n d a r d  errors a r e  e s t i m a t e s  o f  t h e i r  

r e s p e c t i v e  v a r i a n c e  - cova r i ance  m a t r i c e s .  

1. The var iance-covar iance  s a t r i x  f o r  t h e  OLS e s t i m a t e  i s  

g iven  by 

I t  i s  e s t i m a t e d  by 

where 

* 2 
S A *  = a ( X ' X )  -3 

B B  E 

The s t a n d a r d  e r r o r  of t h e  i t h  OIS c o e f f i c i e n t  estimate i s  

g i v e n  by 

2 .  Hoerl  and Kennard ( 1 9 7 0 ,  page 60) have shown t h a t  



where 

Then we l e t  

Then t h e  s t a n d a r d  error of the  i t h  ORE is given by 

where 

'i i = i th diagonal  elenenf of Z (x' X )  - 'z.  

3.  For GRR, 

where 

W = [I+K[ (X*) ' X * ]  - 5 - 1  

Then 



,Hence w e  let , 

- 

where 

'ii 

For 

i s  t h e  .itn d iagona l  e lement  

t h e  

b* 

w e  have 

which  is  e s t i m a t e d  by 

where 

ith given by t h e  then t h e  s t a n d a r a  error of 



where Cii i s  t h e  i t h  diagonal  element of ( x ' x ) - ~ .  

(a) For  SSE w e  have 1 

A A h h  -IA . SSE, = 6 B B ( I + 6 B B t )  B 

'where  

So 

where 

and 
a' 

1 

i s  t h e  s tandard  e r r o r  of the  ith SSEl where Cii i s  t h e  i t h  

a iagonal  e lement  bf A '  (x 'x)- 'A.  

(b) For S S E ~  we have i n  an analagous fashion  t o  SSEl 



and Cii is  t h e  i t h  d i agona l  e lement  of ( X ' X I - l a  

For t h e  GIE w e  have 

where 

+ . where Cii=ith aiagonal e lement  of Srf2 



APPENDIX I11 

The following table contains the X'X matrices for 

p=.6,.8,.9 and . 9 5 .  The elements of each matrix are the 

various correlations between pairs of independent variables. 

Table AL Correlation Matrices by Degree of Multicollinearity 



Table A 1  ( c o n t i n u e d )  



Table A2 Eigenvalues 
> A  

Table A3 T r u e  ' ~ o e f  f i c i e n t  Vectors 
f 

p = . 6  u = . 8  p=. 9 p=.95 



Table A4 ~veraae k Value and Average d Value 



84 .  
Ta-ble A5 Average Q Value and Number of Negative Q Values 

Out of 50 Samples 
+ 

Average Q Nupber gf Negative 
Value 9 Values 
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