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A v&ation opera tor  is dcv&ped t h a t  p r i c e s  r i s k y  
4 

income streams when no oppor tun i t i e s  f o r  a r b i t r a g e  . p r o f i t s  : . J 
e 

> ' . ,  a 

e x i s t .  Tfi6.properties -crf the  valuat ion opera tor  a r e  i n v e s t i -  

- ' gated -&de* a l t c r n ~ t e  market anvironments . 
- ?  

I t  i s  shown that  when f i r m  values follow a  d i f f u s i o n  

process ,  the  equi l ibr ium valua t ion  operator  can be expresstd  - 
a s  a  unique. func t ion  of t h e  present  and f u t u r e  f i r m  values ,  

and t h e  time. This allows f o r  the  determination of  the  princes 
-& e r  -. * 

of a wid; vdriefy'. of  k h a n c i a 1  i n s t r u k n t s  contingent upon the  - .  
. ' 

-., -..a 

present  f i r m  values.  \ 

* 
- 

. *  
* e. 

When the f.irm.yalues a r e  endogenous, it 1 s  f u r t h e r  shown 

t h a t ,  i f  f i n a n c i a l  markets a r e  capable o f  exhausting the  gains 

from'exchange, t h e  va lua t ion  opera tor  is r e l a t e d  t o  fu tu re  
4 

aggregate r i sburce  c o n s t r a i n t s  i n  a  simple manner =such t h a t  
@ 

. it t h e  developmqnf of e x p l i c i t  expressions f o r  t h e  

ope ia to r  associate:d with many of the  d i s c r e t e  time models t h a t  

appear i n  t h e  l i t e r a t u r e  of  f i n a n c i a l  theory.  

Finallyi. it. is shown t h a t  ,cwhed b e l i d f s  .are contingent on 

p r e v a i l i n g  prices, the  continuous ti= c a p i t a l  asset p r i c i n g  

model emerges. 
d 
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P a r e t o  E f f i c i e n t  C a p i t a l  Markets 

I n  an ~ r r o w - ~ h b i e u  w p r l h  'any - e f f i c i e n t  ( e .  P a b t o - O p t i m a l =  
d \ 

' a l l o c a t i o n  o f  ' r i j k  bea r ing  c& be ich ieved  .by a sysiar o f  - . 
. a  . -.... f * - . > -  . - compet i t ive  markets - i n  c la ims bn . . s t a t e  . con t ingen t  . co&noditi.es: . % 

U .-- . . . . 4 .  . - -I ' .  <.. 

. : the c l a ims .  b&ihg . . -  t r i d e d  &r$ $iTon ' c l a a )  - - contract 's  f o r  thk . ..- , . -  ' ' 

, . . 0 -  . G .  ." 2* * . . 
A - 

'd$livery of c a m  ahd every  comm'biiy.in 6ach and k d r y  f u t u r e  
' v 

n > -  rn s t a t e  of ' the  world. 1 f  i n d i v i d u a l s  maximize e x p e c t e d .  u t i l i t y  . -  
- : B t h e  same a l l o c a t i o n  can , be achieved by compet i t ive  exchange, 

I 

, - f i r s t  i n  a  complet s e c u r i t i e s  market, '  a and then  i n  t h e  ( spo t )  - 
P 

c8mmodity p a r k e t s  ,of whateve? f u t u r e  s ' t a te  o f *  th; world occurs  
. ,  * - 0  . - . .  

(Arrow, 1964)'. f h e  s ecu r i t i a& &re c la ims ' to  rnongj.', - .  t he  amount 

, . debending'on which s t a t e  o f  t h e  world a c t u a l l y  bccurs .  I n  
\ 

# 6 

gene ra l ,  i t  i s  r equ i r ed  ( f o r  e f f i c i e n c y )  t h a t  t hg re ,  be a s  

. many l i n e a r l y  independent s e c u r i t i e s  a s  . t h e r e  a r e  s t a t e s  of  ' 

n a t u r e  and a l s o  t h a t  t h e  money p r i c e s  of commodities i n  each ' 

s t a t e  a r e  known t o  t he  i n d i v i d u a l s  purch-asing t h e  s e c u r i t i e s .  

The s i g n i f i c a n c e  of  s e c u r i t i e s  i s  t h a t  they a l low f o r  
-a 

economizing on markets;  b u t  i n  t h e  absence of  any c o s t s  
. *  . . 

a s s o c i a t e d  wi th  ,opening and opera t ingJ  markets ,  i e c u r i t i e s  

p l ay  no e s s e n t i a l  r o l e  s i n c e  any d e s i r e d  a l l o c a t i o n  can be 

achieved j n -  t h e  market f o r  con t ingen t  com&dity claims a lone .  

Furthermore, the, requirement,  f o r  t h e  e f f i c i e n c y  o f  s e c u r i t y  

-markets ,  t h a t  i n d i v i d u a l s  c o r r e c t l y .  f o r e s e e  f u t u r e  s p o t  

. . commodity p r i c e s ,  i s  so s t r i n g e n t ,  w e  can be s u r e  t h a t h  

p r a c t i c e  a s e c u r i t y  market i n  combination wi th  f u t u r e  s p o t  \ 



- L -  

marke t s  i s  n o t  e q u i v a l e n t  t o  a  market  f o r  c o n t i n g e n t  commodity 

c l a i m s .  

However, a b s t r a c t i n g  from t h e  d i v e r s i t y  o f  commodities,  

and assuming t h a t  u t i l i t y  depends o n l y  on w e a l t h  [ o r  on 

consumption f o r  l i f e t i k e  d e c i s i o n  makers]  i n  each s t a t e  o f  

n a t u r e ,  t h e n  s e c u r i t y  markets  can accompl ish  t h e  same 

a l l o c a t i o n s  a s  c o n t i n g e n t  commodity marke t s ,  p rov ided  t h e  

s e c u r i t y  market  i s  complete .  

While,  under  t h e  c o n d i t i o n s  s t a t e d  i n  t h e  l a s t  pa ragraph ,  

a  complete  s e c u r i t y  market i s  s u f f i c i e n t  t o  gua ran t ee  a  P a r e t o  

o p t i m a l  a l l o c a t i o n  o f  r i s k  b e a r i n g ,  i t  i s  n o t  n e c e s s a r y ,  t h e r e  

b e i n g  t h e  w e l l  known c a s e s  when o n l y  two s e c u r i t i e s ,  one 

r i s k l e s s  t h e  o t h e r  r i s k y ,  a r e  r e q u i r e d  f o r  e f f i c i e n c y :  

a )  The c a s e  where i n v e s t o r s  have homogeneous o t h e r w i s e  

a r b i t r a r y  b e l i e f s ,  and have u t i l i t y  f u n c t i o n s  be long ing  t o  t h e  

< a m p  l i n e a r  r i s k  tolerznce c lass ;  - - - - + -  

b)  The c a s e  where i n v e s t o r s  have homogeneous Gauss ian  

b e l i e f s  and a r b i t r a r y  u t i l i t y  f u n c t i o n s  [ so  long  a s  t h e  u t i l i t y  

f u n c t i o n s  a r e  compat ib le  w i t h  Gauss ian  b e l i e f s ,  i . e .  a s  long  

1 a s  ex pec t ed  u t i l i t y  i s  d e f i n e d ]  . 
I n  t h e s e  c a s e s  a l l  d e s i r e d  p a t t e r n s  o f  r e t u r n s  a c r o s s  

f u t u r e  s t a t e s  o f  t h e  wor ld  can be  c o n s t r u c t e d  from s e c u r i t i e s  

i s s u e d  by f i r m s ,  which a r e  c l a ims  t o  t h e  wea l t h  g e n e r a t e d  by 

t h e  f i r m s .  Such s e c u r i t i e s  a r e  c a l l e d  pr imary s e c u r i t i e s .  

l ~ h e r e  i s  a l s o  t h e  (p robab ly  l e s s  w e l l  known) ca se  of  homogeneous 
s e p a r a t i n g  d i s t r i b u t i o n s  o f  Ross [1975].  



- +  . - .. ** 7 - . *. 
. kowevei, i n  genera l ,  Pare to  .ef f i c i s a t  a l l oca t id~~s  cannot 

* i I 

be achieved i n  t h e  primary secur i ty -marke t s  a lone.  If t h i s  
, 

i s  t h e  r a s e ,  markets i n  secondai-y = - s e c u r i t i e s ,  : h u e d  by 
v 

individ&.als o r  f inancia2  in te rmediar ies ,  c& .be expected t o  
, - 

%pen up. I n  t h e  absence of c o s t s  p s s o c i i t e d  ' w i t h  opening and - 
i 

opera t ing  markets- sgcond ecur i t , i e s  can be expected t o -  - 
p r o l i f e r a t e  u n t i l  the  ga rom i s su ing  the. b v e  been- w 

exhausted. 

Perhaps t h e  most inyes t iga ted  of  any secondary s e c u r i t y  
.4 

- Y  *., 
i s  t 6 e  dpeipa. #The ro les  of the  opfiiJn i n  'attqinin'g e f f i c l e n c l  .* 

. . 
i.n s e c u r i t y  markets has beeq s tud ied .ky  Ross [1976]. 'The '; 

a 0 
. I * .  O .  

r e t u r n  on an opt ion  depends upon the  r e t u r n  on the  ~ d e r l y i g  
\ 

b . e. 

primary s e c u r i t i e s ,  and optiofis a r e  capable of,  d i s t ingu i sh ing  
C 

two s t a t e s  of the  world i f  t h e  r e tu rns  on the  primary assets 
1 

a r e  d i f f e r e n t ,  i n  the  two s t a t e s .  I n  f a c t ,  Ross 119761 has . * s 

shown t h a t ,  p rov ided  the- p a t t e r n  of - r e t u r n  on pri:rils-q assets- . . 
. 

1 " a r e  not i d e n t i c a l  in any two s t a t e s  of - the  world, a f u l l y  . , . ,- 

\ 

e f f i c i e n t  r a i k e t  cap-be.. achieved by supplementing the  primary : . - 
s e c u i i t i e s  with simple call opt ion  writte*' pn i si6& . . 

p o r t i k l i o  of primary s e c u r i t i e s ;  . . 
. 3' 

7 .  . ' . -- I a . In  general ,  i d e n t i f y i n g - t h e  .par t icu lar  p o r t f o l i o  of in- 

# t e r e s t  i s  not  a  simple manner, but  it is possOible t o  i d e n t i f y  - 
t he  condi t ions  under yhich,  f o r  example, t h e  kar$et p o r t f 6 l i o  

. . 

plays  t h i s  r o l e .  . - . . , . 

Thus, i n  a one p e r i o d  model, i f  t h e  'level$ df aggregate . 
s o c i a i  w e a l t h  a r e  d i f f e r e n t  in .  each fu tu re '  stat6 of .the world, - - .  
then .a f u l l  set o f  (simple) call  opt ions  n i t t e n  on the u r b t  

C 



- 

por,tfoIio can d i s t i n g u i s h  a l l  i ta jes2.  . on .-the =gth'er hand, 

. i f  aggregate Ueo1t.h is t h e  same i n  some f u t u r e  s t a t e s ,  opt ions 

w r i t t e n  on t h e  market p o r t f o l i o  cannot d i s  t ingu j sh  these  

s t a t e s .  However, i f  a l l .  ind iv iduals  d e s i r e  the, same payoffs 

i n  those s t a t e s  with  t h e  same'aggregate@vealth then t h e  \ 
- - ,  

i n a b i l i t y  t o  d i s t i n g u i s h  t h e  s t a t e s  i s  not  important . '  
. 

Hakansson 11978) shows t h a t  t h i s  i s  t h e  case when indivi-&als - 
I 

. .  b e l i e f s ,  condi t iona l  on aggregate wealth a r e  Komogeneous . I n  - 
t h i s  case 'opt$ons w r i t t e n  on t h e j a r k e t  p o r t f b l i o ,  o r  super-  , 

sha res ,  ( s e c u r i t i e s  which pay one d o l l a r  cont ingent  on a given 

l e v e l  ~f aggregate wealth,  zero otherwise) ,  toge ther  with 
\ 

riskless borrowing and lending a r e  s u f f i c i e n t  t o  ensure a . - 
Pare to  e f f i c i e l i t  r e s u l t  holds 

whe-n u t i l i t y  i s  def ined on consumption, f o r  the l i f e t i m e  decis ion 

maker, snd\ioptions a r e  w r i t t e n  on aggregate consumption with 

e x e r c i s e  p r i c e s  equal t o  the  var ious poss ib le  l e v e l s  df aggregate 

consumption, Breeden and L i t  zenberger [1978] .. 

Pr ic ing  of S e c u r i t i e s  

Valuation of t h e  primary a s s e t s  involves so lv ing  t h e  - 
aggregat ion probler, which accqrding t'o Rubins tei'n [1974], i s  

.."the chief d i f f i c u l t y  befoul ing the  o f  s e c u r i t i e s  

k k e t  equilibrium':. . (In the o the r  v a l l u t i b n  o f  
r 

secoa@xy senlriti'es need not  involve the aggregatibn prob4em 
d .  

provided t h a t  .primary &wity p r i c e s  be taken 8s. given, as for 
/ 

, 
* 

' B  * Choosd tha  eiercise p r i c e s  of  the  opt ions  t o  ;or.rbipond t o  
t h e  w a t l o w  ie+els o i  'ypegate wealth. * 



0 

example, i; t h e  ckse wi th  t h e  op t ion  p r i c i n g  formula o f  Black- 

Scholes  [1971]. 
* 

Models which va lue  t h e  primary a s s e t s  are c l a s s i f i e d  i n t o  
b 

.. 
two types ,  d i s c r e t e  t i m e  and continuous t i m e  models, and t h i s  

, 
d i s t i n c t i o n  i s  g e n e r a l l y  viewed as b ~ i n g  an important  one. 

On khe o t h e r  hand, secondary s e c u r i t i e s  i n  d i s c r e t e  time a r e ,  

under c e r t a i n  cond i t i ons ,  p r i c e d  according t o  t h e  Black-Scholes 
b 

o p t i o n  p r i c i n g  formula, (Rubins te in  [ l976] ,  Breeden arkd 

Li tzenberger  [I9781 ) , d e s p i t e  t h e  f a c t  t h a t  it was i n i t i a l l y  

der ived  i n  a  contin<ous time framework. 
. .  

Furthermore, i t ' h a s  r e c e n t l y  been c la imed,by Garman 
I 

[1977], t h a t  w i t h i n  t h e  continuous time framework i t  i s  

poss ibxe t o  va lue  primary s e c u r i t i e s  wi thout  s o l v i n g  t h e  

aggrega t ion  problem. I n  f a c t ,  i t ' 3 s  claimed t h a t  no expected 

u t i l i t y  m a x i ~ i z a t i o n  i s  r equ i r ed .  (See Chapter 11 . )  

J n  t h i s  t h e s w  - -sent a  u n i f i e d  approach f o r  t h e  

v a l u a t i o n  of s e c u r i t i e s  based on t h e  "Single  P r i c e  Law of  - 

Markets", Rubins \ e i n  [I9761 . This .  law imp l i e s  t h e  e x i s t e n c e  

of  a l ine .a r  o p e r a t o r  o r  d i s coun t  f a c t o r  t h a t  p r i c e s  a l l  . 
\ 

s e c u r i t i e s .  

I n  Chapters I  and I1 w e  cons ide r  t h e  problem of p r i c i n g  

secondary s e c u r i t i e s  con t ingen t  o n  primary s ~ u r i t y  p r i c e s .  , 

The chap te r s  develop t h e  fo l lowing idea :  Cox, Ross and 

Rubins te in  [I9781 reduce t h e  u n c e r t a i n t y  i n  t h e  primary * 

6 

s e c u r i t i e s  t o  d i s c r e t e  binomial  movements. I n  so d o i n g  they 
. - 

observe  t h a t  t h e  d i scoun t  r a t e s  f o r  t he - two  states a r e  
1 

determined i n  t e r n  of  t h e  p r o b a b i l i t i e s  f o r - t h e  two outcomes. 
- 
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1. Use olf the ~ o n k n t  Generat ing Function t o  Describe * 4' 

; 
b 

/' 
. -  

+ a Binomigl S t o c h a s t i c  P r o c e s s ~  
\- 

= \\ 
Consider one *s tep,  -of . t he  d i s c r e t e ,  binomial ,  s t o c h a s t i c  

- 
proces s  i l l u s t r a t e d  i n  f i g u r e  I .  Let p  b e . t h e  beginning of 

t h e  pe r iod  price. ,  Denote t h e  end bf  t h e  pe r iod  p r i c e  by 

p ( l  + x) where a i s  a  binomial  random v a r i a b l e .  

hr 

A = + A w i th  p r o b a b i l i t y  q 

= - A w i th  p r o b a b i l i t y  1 - q 

FIGURE I 

' % 
Let the  p e r i o d  be 4 l eng th  r .  I f  w e  imagine m a i l  

C .  < Changes i n  p r i c e ,  t a k m g  p l a c e  i n  smal l  i n t e r v a l s  o f  time, then 

a  series of  d i s c r e t e  s t e p s  such as t h a t  shown i n  Figure  I ,  

can be conver ted  i n t o  a con-iinuous process  by t ak ing  t h e  l i m i t  

as the i n t e r v a l  o f  t i m e  goes t o  zero .  I n  p a r t i c u l a r ,  w e  

choose Aand q such t h a t  as r + 0 % i s  



d i s t r i b u t e d  log  norqa l  wi th  1 

This  i s  the  d i s t r i b u t i o n  considered by Merton f197-1, 19731 

where t h e  a s s e t  fo l lows a. random walk wi th  r e t u r n  pe r  u n i t  o f  
2  me a, and v a r i a n c 4 p e r  u n i t  o f  t ime u . 

Beginning a t  time zero ,  t h e  a s s e t  p r i c e  a t  time t ,  a f t e r  

n  pe r iods  of t$e type shown i n  f i g u r e  I; i s  

4 .  

where t = n  T. 
-1 

* 

Consider t h e  moment gene ra t ing  func t ion  o f  l o g  (p( t ) /p (O))  

- I  he choices  made by C b x ,  Ross and Rubins te in  [I9781 are such 
t h a t  p ( t ) fp (O)  i s  d i s t r i b u t e d  l o g  normally, w i th  mean a t  

2 and var iance2u t .  That i s ,  t h e  r e t u r n  p e r  u n i t  o f  t i i e  
i s  a + 1 / 2  a  . This does n o t  a f f e c t  t h e  op t ion  p r i c i n g  
formula s i n c e  it i s  independent o f  t h e  r e t u r n  p e r  u n i t  o f  - 
time on t h e  s tock .  



- I* *- . 

d . . 
G f 

R- I n  o b t a i n i n g  equa t ion  (2) w e  have used equa.hon (1) and . . 

assumed t h a t  t h e  p r i c e  changes a r e  independent and i d e n t i c a l l y  
hl 

d i s t r i - b u t e d  i n + e a c h  p e r i o d  se t h a t  xi = A f o r  ill i. Now 
CY . t 

" s i n c e  A ,  i s  t h e  binomial  .random va r i ab l e .  i l l u s t r g t e d  i n  

f i g u r e  I ,  we have from equa t ion  (2) , t h a t  

* Choose 

8 

s o  t h a t  

where t h e  remainder is O(T). Our cho ice  o f  A i n  (4) impl ies  

t h a t  t h e  remainder has t h 8  p rope r ty  t h a t  l i m  O(T)/T = 0 .  

S u b s t i t u t i n g  equa t ions  -. ( 4 ) ,  (5)  and (6)  i n t o  equat ion - C1, 
(3) w e  o b t a i n  - 

s i n c e  t * .n~ . .  



I n  t h e  l i m i t  as T + 0 (n + a s o  t h a t  f = n r  i s  f i n i t e )  

we have from e q u a t i o n  ( 7 )  

l i m  
T+O 

u s i n g  t h e  d e f i n i t i o n  o f  e .  The e x p r e s s i o n  (8 )  i s  t h e  moment ' . 

g e n e r a t i n g  f u n c t i o n  f o r  a normal ly  d i s t r i b u t e d  v a r i a b l e  with-  
2 2 mean ,(a - 0 2 )  t and v a r i a n c e  a  t . 

2 Cox, Ross and R u b i n s t e i n  [I9781 choose t h e  end o f  t h e  p e r i o d  

p r i c e  t o  be p  e  u/i w i t h  p r o b a b i l i t y  q and p  e  -06 

p r o b a b i l i t y  1 - q .  S u b s t i t u t i n g  t h e s e  i n t o  t h e  e x p r e s s i o n  - I - 
f o r  t h e  moment g e n e r a t i n g  f u n c t i o n  we o b t a i n  

- e a f i  
+ ( l - q ) e  

T+O 

which is t h e  moment g e n e r a t i n g  f u n c t i o n  f o r  a normal ly  

2 d i s t r i b u t e d  v a r i a b l e  w i t h  mean a t ' a n d  v a r i a n c e  a  t ( s e e  * 

f o o t n o t e  1). 



2. The Discount Factor 
H 

3 
I 

* Cox, Ross and'~ubinstein [I9781 give a "complete- markets" 

interpretation to the binomial approach of section 1. They 

introduce state-contingent discount rates n+ and n-, where IT+ 

is the current price of one dollar received at the end of 

the period, of length T, if and only if the + state occurs 

(see figure I). Using these discount rates, the beginning 

. and end of the period prices are related by 

, 

However, we are more interested in the 'discount factors' , ( 

Z+ and Z .- which are defined in terms of the discount rates 

as follows \ 

1; terms of the disLunt factors, the beginning and end 4 

of the period prices are related by (from (lo), (11) and (12)) 

The term "complete markets" as w e d  by Cox, Ross and - 
Rubinstein in this context has nothing to do with 

4 



Moreover, if we ass-me the  ex i s t ence  oL a 
. .- 

i n t e r e s t ,  r per un i t  o f  time, then 

Solving for  Z+ and Z- and using equations 

obtain  , 

r i s k l e s s  r a t e  of  . 
\. 

and' 

Consider the two s t e p s  o f  the  binomial process  shown i n  

, f igure  I 1  

4 

, 
FIGURE I 1  





if there exists a time invariant'riskless rate of interest . 

then Z follows a discrebe independently distributed binomial 
. . 

process,whenever p does. This conclu~ion suggests that we , 

I*- use the rethod of section- 1 to construct the moment generating 

function for Z. - 

Substitutihg (15) and (16) into equation (22) and u'sing our 

choice of q given by equation (S), we have for the moment 

generating function of Z 

Taking the limit of' (23) as T + 0 ,  converts the discrete 
t 

process into a continuouS process and yields: 

Expression (24) is the moment generating function - for 

a normally distributed variable with mean -rt - T 7 t and 2 taY 
vdriance (y ) t. As we shall see, however, it is fruitful 

i 

to express. Z(t) as'a function of p(t). Now, since Z(t) and - 

p(t) are both log normally distributed random variables, the 

most general fun ional relationship between these variables 
- -. T * 



can be written in the form / 

where a and B are non random. From the.moment generating 
*- , , 

function for 2 ,  equation (24), we have 

and 

\ Substituting (25) into (2'7) we find that 

r-a B = 7 
a 

Substituting (25J into ,(26) we obtain 

Thus Z@) can be written 

where $ is given by equatibn (28). 
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3. Optiori' P r i c i n g  x 

T 1, b 

I n  s e c t i o n  2 w e  found t h e  discount f c t o r  ~ ( p ( t ) ' , t )  f o r  L- . + 
any t i m e  t .  'B&s was accomplished by f a c t o r i n g  the  - 
r a t e s  n+ and n- f o r  one s t e p  of  t h e  d i s c r e t e  

i n t o  two pa&s, a  pr&abili;y o r  b e l i e f  p a r t  and a  d i s c h t  

f a c t o r  Z ,  and en cons t ruc t ing  the  moment 

f o r  Z a f t e r  ~ ' s t e ~ s  of  the  binomial process.  -By taking t h e  . *  . 
continuous l i m i t  .o f  t h e  d i s c r e t e  process ,  we developed an 

e x p l i c i t  expression f o r  Z ( p ( t ) , t ) .  The discount  r a t e  

n ( p ( t )  , t )  i s  j u s t  t h e  product of Z(p( t )  , t )  and t h e  p r o b a b i l i t y  

(densi ty)  t h a t  ' the - a s se t  p r i c e  assumes t h e  value p ( t )  a t  ime 3 
t ,  given t h e  value a t  time zero.  however, it i s  convenient '  

t o  focus a t t e n t i o n  on t h e  discount f a c t o r  Z r a t h e r  than the  ' . 

discount r a t e  and w r i t e  t h e  p r i c e  of the  a s s e t  a t  time zero 

i n  terms of i t s  p r i c e  a t  time t as  

. . .  
A s  an i l l u s t r a t i o n ,  consider  the  p r i c i n g  of a  s i v ' l e  c a l l  

6p t ion  which has t h e  s t r i k i n g  p r i c e  K. The value of  t h i s  @ 

c a l l  op t ion  a t  t i m e  zero given t h a t  i t  be exer&sed a t  t i r e  
- .  
t is;  

S u b s t i t u t i n g  f o r  Z l t )  f r o q  equat ion (30) 
t 





4 .  The D%scount T a c t o r  i n  t h e  Mult iple  Asset- Case 

Consider N primary a s s e t s ,  whose values  a t  time t 

a r e  lqg normally d i s t r i b u t e d .  Assume t h a t  t h e  discount  ' . .  . . 

/ 4 f a c t o  Z i s  log normal . Then w e  have 

N 5 .  .. 
log ~ ( t )  ' a + B~ #log pi ( t )  (37) 

I n  equations (37)  and (38) the re  a r e  N+'l unknowns t o  

be. determined i n  terms of q u a n t i t i e s  known a t  time t = 0.  
7 

We have N r e l a t i o n s h i p s  of the  form -- * 

and assuming t h a t  one d o l l a r  invested a t  t - 0, a t  t h e  
't 

r i s k l e s s  r a t e ,  grows t o  eit dol-lars a t  t i m e  t ,  we have the 

a d d i t i o n a l  r e l a t i o n s h i p ,  

40ne could prove t h i s  by a  method analogous t o  t h a t  of 
s e c t i o h  2 .  But t h i s  is -tedious. In  any event ,  t h e  r e s u l t  
follows from t h e  more general  approach of Chapter 11. 

i 
I 

1 
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The N + l  e q u a t i o n s  ( 3 9 )  and (40) a r e  s u f f i c i e n t  t o  determine 

t h e  N + l  unknowns A and 6 ( i = 1 2 . N). S u b s t i t u t i n g  i 

( 3 8 )  i n t o  (40) we o b t a i n  

Define t h e  v e c t o r s  6 ,  w i t h  components P i ,  u ,  w i th  components 

2 - 2 and t h e  v a r i a n c e  covar iance  m a t r i x  C .  I n  terms 
1. 

of  t h e s e  q u a n t i t i e s  

Equat ion (42) i s  t h e  g e n e r a l i z a t i o n  of  e q u a t i o n  (24 ) t o  t h e  

m u l t i v a r i a t e  c a s e .  S u b s t i t u t i n g  (42) i n t o  (41) we o b t a i n  

S i m i l a r l y  s u b s t i t u t i n g  (38 )  i n t o  t h e  N equa t ions  ( 3 9 )  

w e  o b t a i n  

Together e q u a t i o n s  (43) and (44) imply t h a t  

- r ~ + a + C p  = 0 

o r  t h a t  



where 1 i s  a  column v e c t o r  of  ones.  P u t t i n g  (43) i n t o  ( 3 8 )  

we o b t a i n :  

where 6 i s  g iven  by ( 4 5 ) .  

Express ion  (46) can be used t o  p r i c e  a  wide v a r i e t y  o f  

c o n t i n g e n t  c l a ims  on t h e  pr imary a s s e t s .  In p a r t i c u l a r ,  one 

can use  i t  t o  p r i c e  a  s imple  c a l l  o p t i o n  w r i t t e n  on a  s i n g l e  

a s s e t .  A c u r s o r y  examinat ion of (46) s u g g e s t s  t h a t  t h e  p r i c e  

of  t h i s  c a l l  o p t i o n  depends upon t h e  cova r i ance  of  t h e  under-  

however, 

The 

s t r i k i n g  

'i 

S u b s t i t u  

l y i n g  a s s e t  w i t h  o t h e r  a s s e t s  ( th rough  ) .  

t h i s  i s  n o t  t h e  c a s e .  

p r i c e  of  a  s imple  c a l l  o p t i o n  on t h e  

p r i c e  K i s  

t i n g  (46) i n t o  (47) and making use  o f  

S u r p r i s i n g l y ,  

ith a s s e t  w i t h  

t h e  f a c t  t h a t  



[equation 48) is a generalizatiqn of (34) to the multivariate 

case) , <  we obtain upon substituting for. Bi from ( 4 5 ) ,  the 

Black-Scholes forplula. This implies, of course, that the 

price of the option does not depend upon t ~ e  covariance of 

the underlying asset returns with other a%ets returns. 



A P P E N D I X  I 

Black-SchoPes Approach t o  Opt ion P r i c i n g  

B lack -Scho l e s  [I9733 assumed t h a t  t h e  p r i c e  o f  an  o p t i o n  

i s  a  f u n c t i o n  o f  t h e  unde r ly ing  a s s e t  p r i c e ,  

un-"fi if 4-LA -----  
L I G I L L b  , L I I G  p l ; L C  ~f t h e  p r i m a r y  a s se t  f v i i ows  a b i n a r y  

s t o c h a s t i c  p r o c e s s  t h e n  s o  does t h e  o p t i o n  w i t h  

C+ = C(p + Ap, t + r )  w i t h  p r o b a b i l i t y  q 

and 

C- = C(p - Ap, t + r )  w i t h  p r o b a b i l i t y  1 - q  (3)  

Moreover,  i f  we assume t h a t  e x p r e s s i o n  (1) i s  d i f f e r e n t i a b l e ,  

t h e n  from (2)  and (3)  we o b t a i n  

and 

We can  e v a l u a t e  t h e  expec t ed  v a l u e  o f  t h e  c a l l  a f t e r  t ime T ,  

u s i n g  (4)  and ( 5 )  





and thus  t h e  cova r i ance  between t h e  o p t i o n  and t h e  a s s e t  p e r  

u n i t  of  t ime  i s  

0 
1 1  l i m  - - Cov(C,p) 

PC T+O * pC 

- - - -  a' u s ing  (10) 
c ap 

= 
u s i n g  ( 9 j  

Hence, we o b t a i n  t h e  c r u c i a l  r e s u l t  t h a t  t h e  r e t u r n s  p e r  

d o l l a r  i n v e s t e d ,  p e r  u n i t  of  t ime on t h e  o p t i o n  and on t h e  

a s s e t  a r e  p e r f e c t l y  c o r r e l a t e d .  This i m p l i e s  t h a t  i t  i s  pos- 

s i b l e  t o  c o n s t r u c t  a  r i s k  f r e e  a s s e t  from a  l i n e a r  combination 

of t h e  r i s k y  a s s e t  and i t s  a s s o c i a t e d  o p t i o n  ( see  f o r  example 

Fama and M i l l e r  [1972])  s e e  f i g u r e  (AI).  

From f i g u r e  (AI) we s e e  t h a t  t h e  r i s k  f r e e  r a t e  o f  i n t e r e s t  

i s  g iven  by t h e  i n t e r s e c t i o n  of t h e  s t r a i g h t  l i n e  j o i n i n g  

( a ,o )  w i t h  ( a C ,  oC) 'and t h e  v e r t i c a l  a x i s .  From c o n s i d e r a t i o n  

of t h e  s l o p e  of t h i s  l i n e  

a  - r  a - r  - C 

+ o  

FIGURE A 1  



s u b s t i t u t i n g  f o r  ad :and oC i n  (11) h o r n  (7 )  and (9 )  we 
3 

have . - 

3 1 i f y i n g  we o b t a i n  

Given the  boundary cond i t i on  t h a t  a t  t ime t ,  \ 

then t h e  value-  of  t h e  o p t i o n  a t  time zero i s  given by 

equa t ion  (36) (Chapter I ) .  

To sunuparize: according t o  t h e  Black-Scholes approach, 
\. - 

equa t ion  (1) imples t h e  exi-of a r i s k l e s s  r a t e  o f  

i n t e r e s t .  However, according t o  t h e  approach a p t e d  he re  t h e  
< P"1 

assumption of a r i s k l e q  r a t e  imples a l o g  normal d i scount  

f a c t o r  which, i n  t u r n  impl ies  a f u n c t i o n a l  r e l a t i o n s h i p  betwe.tn 
b 

t he  op t ion  p r i c e  and t h e  under lying a s s e t  p r i c e  of  t h e  form 

C 

When t h e  under ly ing  a s s e t  p r i c e  i s  d i s t r i b u t e d  l o g  normal. 



Development o f  a  he& of t h e  Discount  F a c t o r  . 
When Asset P r i c e s  Follow a  D i f f u s i o n  Proces's . 

I n  Chapter  I we d e r i v e d ' a n  e x p r e s s i o n  f o r  th.e di 'scount 

f a c t o r  when a s s e t  p r i c e s  f o l l o w  a  p a r t i c u l a r  d i f f u s i o n  p r o c e s s  

known as geomet r i c  . ~ r o w n i a n  motion. I n  t h i s  c h a p t e r  w e .  

g e n e r a l i z e  t h e s e  r e s u l t s  .and develop  t h e  t h e o r y  o f  t h e  d i s c o u n t  

f a c t o r , w h e n  a s s e t  p r i c e s  f o l l o w  any d i f f u s i o n  p r o c e s s .  

By d e f i n i t i o n  d i f f u s i o n  p r o c e s s e s  a r e  t h o s e  f o r  which 

t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  d f  a s s e t  p r i c e s  a t  t ime t ,  

c o n t i n g e n t  on t h e i r  p r i c e s  a t  t ime ze ro ,  obeys t h e  Fokker-Planck. 

e q u a t i o n .  This  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  t o g e t h e r  w i t h  . 

t h e  assumption t h a t  r i s k l e s s  a r b i t r a g e  o p p o r t u n i t i e s  a r e  

a b s e n t ,  impiies t h a t  t h e  d i s c o u n t  f a c t o r  obeys a  s e t  o f  p a r t i a l  
\ 

d i > f e r e n t i a l  e q u a t i o n s .  When1 there-  e x i s t s  a r i s k l e s s  r a t e  
v 

o f  i n t e r e s t  t h e r e  a r e  enough e q u a t i o n s  t o  de te rmine  t h e  

d i s c o u n t  f a c t o r  c o n t i n g e n t  on time zero  pr imary  a s s e t  p r i c e s .  

I n  s e c t i o n  1, we show t h a t  t h e  absence  o f  i i s k l e s s  
> 

C 

a r b i t r a g e  o p p o r t u n i t i e s  i m p l i e s  t h e  e x i s t e n c e  of a  l i n e a r  

o p e r a t o r ,  t h a t  p r i c e s  a l l  r i s k y  c a s h  f lows .  We show t h e  

r e l a t i o n s h i p . o f  t h i s  o p e r a t o r  t o  t h e  d i s c o u n t  f a c t o r  Z .  I n  , 

s e c t i o n  2 we develop  t h e  g e n e r a l  t h e o r y  o f  t h e  d i s c o u n t  

f a c t o r .  F i n a l l y ,  i n  s e c t i o n  3, w e  -compare t h e  t h e o r y  o f  

a s s e t  v a l u a t i o n  under  d i f f u s i o n  p rocepses  p r e s e n t e d  h e r e ,  . 

w i t h  t h a t  p r e s e n t e d  by Garman [1977].  



1. - Zero Arb i t r age  .and t h e  Valuat ion Operator  

The f a c t  t h a t  t h e  zero  r i s k l e s s  a r b i t r a g e  cond i t i on  

\ impl ies  t h e  e x i s t e n c e  o f  a  l i n e a t  a p e r a t o r  which p r i c e s  

a l l  r i s k y  a s s e t s  was u t i l i z e d  by Beja [1970], Rubins te in  

[1976]; Garman [1977], and by o t h e r s .  Ross proved i t  i n  
w f 

[1978]*. Here we o u t l i n e  .the proof and develop: some 

n o t a t i o n .  
5 

*Consider an economy c o n s i s t i n g  o f  N f i rms ,  and f ac ing  S 
\ 

p o s s i b l e  f i n a l  s t a t e s  of  t h e  world. Assume t h a t  t o  each f i n a l  

s t a t e  i = 1,. 2 ,  .'. . S t h e r e  corresponds a  r e a l i z a t i d n  of  t h e  

v e c t o r  of f i r m  va lues .  Consider ab  N dimensional  Eucl idean 

space  spanned by a  C a r t e s i a n  co-ord ina te  system. Along one . 

r 
of t h e  axes p l o t  t he  p o s s i b l e  r e a l i z a t i o n s  o f  t h e  end of  

i the  pe r iod  va lues  of t h e  f i r s t  f i rm,  p l ,  i = 1, ... S .  Along 

a  second a x i s  p l o t  t hose  f o r  t h e  second f i rm.  Continue t h i s  

p rocess  f o r  a l l  N f i rms .  Then c o n s t r u c t  t h e  S v e c t o r s ,  
i p  i = 1, ... S i n  t h e  N dimensional space .  Each vec to r  

ends' a t  a  p o i n t  r e p r e s e n t i n g  a  p o s s i b l e  r e a l i z a t i o n  of  ' f i rm 

va lues  i n  some f u t u r e  s t a t e  of  t h e  world. Assume t h a t  a l l  
1 - of t h e s e  p o i n t s  l i e  i n  t h e  p o s i t i v e  o r t h a n t  . 

Assume t h a t  primary a s s e t s  are i s s u e d  by t h e  f i rms  and 
C. - 4 

no r i s k l e s s  a r b i t r a g e  p r o f i t s  can be made from d e a l i n g  i n  

t h e s e  a s s e t s .  Then no p o r t f o l i o  of  primary assets w i l l  have 

a p r i c e  so. - 

- Let p ( 0 )  r e p r e s e n t  t h e  vec to r  o f  f i r m  va lues .  Then a 

necessary  cond i t i on  fo r  t h e  absence o f  r i s k l a s s  a r b i t r a g e  

 his is n o t  an e s s e n t i a l  cond i t i on ,  e .g. see footnote 2. 



o p p o r t u n i t i e s - i s  t h a t  t h e r e  does n o t  e x i s t  a  v e c t o r  X i n  t h e  

N dimensional  space  ( I 'X = 1) such t h a t -  y 

L, 

(1)  X1p(0) <'O and xlpi  >_ 0 f o r  a l l  i 
L 

According t o  t h e  ~ a r k e s    inko ow ski lemma (c .  f .  Takayama 
N 6 

[1974]) ,' given S p o i n t s  pi and a  vec tor  p  # O'in R , then  
N a 

e i t h e r  t h e r e  e x i s t s  a  *vector  X i n  R s a t i ; fy ing  (1) o r  p(0)  - 
i 

is a p o s i t i v e  l i n e a r  combination of  t h e  v e c t o r s  'p , bu t  no t  
2 both . Since by hypothes i s  t h e r e  does no t  e x i s t  an X 

s a t i s f y i n g  (1) we have 

where ai >- 0 - 

Now, even though t h e  s t a t e  dependent f i rm  va lues  a r e  

? .  dis-cre te  potints i n  p r i c e  space ,  we would l i k e  t o  t r e a t  them ' 

a s  -being d i s t r i b u t e d  cont inuously  i n  the.N dimensional  space .  
. . 

For t h i s  purpose we in t roduce  t h e  d e n s i t y  f u n c t i o n  r (p) Buch 

t h a t  r ( p ) d Q ,  i s  t h e  number of  p o s s i b l e  r e a l i z a t i o n s  o f  end 

of  t h e  pe r iod  f i rm  va lues  c o ~ i t a i n e d  i n  an N dirne.nsiona1 volume 

which enc loses  t h e  p o i n t  p  and i s  of  s ize  dfl, 

'1f w e  a l low for-  the p o s s i b i l i t y  t h a t  end o f  p e r i o d  v a l u e s x a y  
b e e n e g a t i v e  labsence of  l i m i t e d  l i a b i l i t y ]  then  w e  can stat6 
a zero  arbitrage condition as: a por t fo l io .  vhose .payoffs 
a r e  ze ro  o r  ' ~ e s s  i n  each fu tu re .  state cannot  seiW fer a p o s i t i v e  
p r i c e .  'This a l s o  impiies (2)'. 



e n c l o s i n g  t h e  p o i n t  p .  ~ e n c e  J T ( ~ ) ~ R  i s  t h e  number of  p o s s i b l e  

r e a l i z a t i o n s  o f  t h e  end o f  t h e  p e r i o d  f i r m  va lues  con ta ined  

i n  whatever volume o f  p r i c e  space  i s  i n t e g r a t e d  over .  The 

d e n s i t y  i s  a c t u a l l y  d i s c r e t e  ( f o r  t h e  purposes  of p rov ing  t h e  

Farkas-Minkowski lemma) so  t h a t  r ( p )  i s  zero  everywhere excep t  

T . . h f i - . - f i  - - - i TL,,,C,-, v r - ,  - . ~ I ~ ~ ~ G I v I c ;  I caii "v expressed  w i t h  tile he ip  o f  

t h e  6 f u n c t i o n 3  a s  fo l l ows :  

Equat ion (5)  can be w r i t t e n  more compactly a s  

I n t e g r a t i n g  (6 )  over  a l l  p r i c e  space  we o b t a i n ,  

3 The 6 f u n c t i o n  i s  d e f i n e d  a s  f o l l o w s :  G(X) = 0 f o r  a l l  non- 
ze ro  va lues  o f  X.  6(X) when X = 0 i n  such a  way 

00 

t h a t  1 dXG ( X )  = 1. 

The 6 f u n c t i o n  can be manipula ted a l g e b r a i c a l l y  [excep t  
f o r  d i v i d i n g ]  a s  i f  i t  were a  normal f u n c t i o n .  I t  i s  
however on ly  w e l l  d e f i n e d  undernea th  t h e  i n t e g r a l  s i g n  where 
i t s  p r o p e r t i e s  can be  d e r i v e d  from i t s  d e f i n i t i o n .  I t s  most 
imporant  p r o p e r t y  i s  



a l l  space a11 space 
L S - r 

C from the  d e f i n i t i o n  of 6 (X)  * 
i=l 

.L Consider the  normalized dens i ty  funct ion  . 

/ P ( P ) ~ P = ~ ;  so  t h a t  
a l l  space 
. - 

We assume t h a t  each r e a l i z a t i o n  of the  vec tor  o f ,  f u t u r e  - 
f irm values has an equal . l i ke l ihood  of occurr ing.  Then P (p) 

a s  d-efined by equation (8) is  the  p r o b a b i l i t y  ensi . ty f h t t i o n  

fo,r a p a r t i c u l a r  rea  i z a t i o n  of end of the  per iod  arm values.  
3 

We f u r t h e r  def ine  the  "discount r a t e"  

Using (9)  we can rewr i t e  equation f 2)  as f o , I l o w ~ :  

where w e  have i n t e g r a t e d  over a l l  of p r i c e  space. Sub'st i tut ing - . - 
( 9 )  i n t o  (18) and using t h e  properties of the 6' f a c t i o n  (c . f .  



footnote 3) we .obtain equation (2), 

Wtth the  aidbof the  probabi l i ty  densit; function w e  can 

define the  d j s c k m t  f a c t o r  Z(p): 

and rewri te  equation (10) as  

4 

which defines the expected value operator.  

In the p r ice  space t h a t  we have constructed the valuation 

J operator i s  an i n t eg ra l  operator dn IT (p) ; as  i n  Chapter I ,  

r e  s p l i t  n i n t o  two p a r t s  ' & d - ~ ( ~ ) ;  In  'the next 

sec t ion;  again as i n  Chapter 1; we postula te  a pa r t i cu l a r  form 

of p and f ind  a p a r t i c u l a r  f o r r  &or Z .  

2. General Theory of Discount fiactor 
C 

Me consider the  class (of s tochas t i c  &ocesses br which - 

the  p tobab i i i ty  density function. f o r  tbe d i s t r i b u t i o n  of firm 

values a t  time t, contingent on t h e i r  values a t  t i m e  zero, . ,  

9 . 1 -  

&note# by p (p, t, p(0). 0 ) .  obeys the  - ~ o k k e r - ~ 1 a n c k  equation 



which impl ies  

where t h e  ai and o i j  a r e  i n  t h e  most genera l  case f u n c t i o n s  o f  

the  p r i c e s  and t i m e .  Equation (12) i s  f i r s t  o r d e r  i n  time, 

and we can w r i t e  t h e  r equ i r ed  i n i t i a l  cond i t i on  us ing  t h e  & 

func t ion  d 

p ( p , t ;  p(O),O) eva lua t ed  a t  t = 0 , 

Reca l l  t h a t  w e  a r e  assuming t h a t  no dividends  a r e  pa id  

s o  t h a t  equa t ion  (11) holds  f o r  a l l  time t 2 0. Hence, 

l 
where t L 0. I n  p a r t i c u l a r  when t = 0 w e  can s u b s t i t u t e  . ( l 3 )  

/ 
t 

i n t o  (14) t o  o b t a i n  
'r 

\ 
\ 

- Now f o r .  a l l  tiles t ,  t h e  r i g h t  hand 

is- a constant. ~ i f h r e d t i a t i n ~  equa t ion  

* 
s i d e  of equa t ion  (14) * 

I 

(14) wi th  re&t t o .  r 
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t h e  i n i t i a l  c o n d i t i o n  (16) . 
Example 1: Geometric Brownian Motion. 

Firm v a l u e s  a r e  growing "exponen t i a l l y "  b u t  s t o c h a s t i c l y  

w i t h  t ime.  By analogy we choose R ( t )  = e r t .  I n  t h i s  ca se  

and a  a r e  bo th  c o n s t a n t s ,  independent  of  p  and t .  I n  appendix 

I IB  Z i s  o b t a i n e d  by i n t e g r a t i n g  t h e  N + l  equa t ions  (21) and 

(23 ) .  A s  expec ted ,  t h e  e x p r e s s i o n  f o r  Z ( p , t )  ob t a ined  i n  t h i s  

f a s h i n 2  i s  i d ~ f i t j r , a l  tc + h ~ +  C L L - C  & A  nivnn " V A L  by e q u a t i o n  ( 4 6 )  of chap te r  

I .  

Example 2 :  A r i t hme t i c  Brownian Motion. 

Firm v a l u e s ,  i n  t h i s  c a s e ,  grow " l i n e a r l y "  b u t  s t o c h a s t i c l y  

w i t h  time. By analogy we choose R ( t )  = 1 + r t .  I f ,  i n s t e a d ,  

we choose R( t )  = e r t  t h e r e  i s  no s o l u t i o n  f o r  Z ( see  appendix 

I I C ) .  Assuming only  one r i s k y  a s s e t ,  we: have f o r  a r i t h m e t i c  

2 Brownian motion a  = ao/p  and o2  = oo/p where a and oo a r e  

c o n s t a n t s  independent  o f  p r i c e  and t ime.  I t  i s  shown i n  

appendix I IB ,  by i n t e g r a t i n g  equa t ions  (21) and (23) t h a t  

Z ( p , t )  i s  g iven  by 

I n  t h e  c a s e  o f  a r i t h m e t i c  Brownian motion, t h e  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  i s  



- ,37 - 
, 

From (25) and (26)  we o b t a i n  t h e  r e s u l t  t h a t  t h e  d i s c o u n t  

i s  independent  o f  t h e - r e t u r n  on t h e  a s s e t ,  ao .  Hence, 

a r i t h m e t i c  Brownian motion i n  conf inuous  t ime g i v e s  r i s e  t o  
I .  

w b t  Brennan [I9781 has  termed a  r i s k  n e u t r a l  v a l u a t i o n  . 
r e l a t i o n s h i p .  Brennan 119781 i n v e s t i g a t e d  t h e s e - r e l a t i o n s h i p s  

i n  d i s c r e t e  t ime .  
b .  

3 .  Comparison w i t h  t h e  ~ ~ p r o a c h *  o f  Garmqn 

Garman [I9771 p r e s e n t e d  "A General  Theory o f  Asse t  

V a l u a t i o n  under D i f f u s i o n  s k a t e  Processes" .  H i s  .approach h a s  

many formal  s i m i l a r i t ' i e s  t o  t h e  t h e o r y  pres .en ted  i n  t h i s  
I 

' c h a p t e r .  There a r e ,  however, s i g n i f i c a n t  d i f f e r e n c e s .  

Garman s t a t e s  t h a t  h i s  th,eory i m p l i e s  t h e  e x i s t e n c e  o f  
* 

". . . a  s i n g l e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  which +d s a t i s f i e d  

by a l l  e x i s t i n g  marke tab le  assets i n  a  wor ld  governed by 

d i f f u s i o n  s t a t e  p rocesses" .  t * 
The d i f f e r e n t i a l  e q u a t i o n  r e f e r r e d  t o  by Earman' i s  k i t t e n  

i n  terms o f  p r e v a i l i n g  market  p r i c e s  ( a s  i s  t h e - d i f f e r e n t i a l  

e q u a t i o n  of B lack-Scho les ) .  I n  t h i s  c h a p t e r ,  howevet, t h e  

L d i f f e r e n t i a l  e q u a t i o n s  h o l d  f o r  a l l  p o i n t s  i n  p r i c e  space  
* 

f o r  a l l  times t t 0. A t  t = 0, s e t t i n g  = r ,  w i t h  
. 0 .  

p = p (0) , e q u a t i o n  (22) becomes 



E q u y i o n s  (27) a r e  i d e n t i c a l ,  i gno r ing  d i f f e r e n c e s  i n  . > . .- n o t a t i o n ,  w i th  Garman's d i f f e r e n t i a l  equa t ions  f o r  primary -" y' 
a s s e t s  ( c . f .  Garman [I9771 equa t ions  (11 ) ) .  g arm an c a l l s  

i 

(27) t h e  c a p i t a l  asset p r i c i n g  model. 

Equations (22) .are s a t i s f i e d  by Z a t  a l l  p o i n t s  p  o f  

p r i c e  space  t o  t 2 0. We cannot  "solve" (~22) f o r  t h e  p r i c e s ,  

we s o l v e  it f o r  Z (p , t )  con t ingen t  on p  = p(0)  a t  t -' 0. 

Thus t h e  t = 0 form o f  (22) ,  equa t ion  (27 ) ,  i s  n o t  t h e  - 
' ,  C a p i t a l  Asset  P r i c i n g  Model. ( ,  

Suppose, however, we have an a l t e r n a t e , t h e o r y  f o r  Z .  
i 

L 
I 

I f ,  f o r  example, a s  i n  Chapter 111, we s o l v e  t h e  agg rega t ion  
b 

problem, and o b t a i n  an express ion  f o r  Z independent o f  + 

p r e v a i l i n g  p r i c e s ,  then  when b e l i e f s  a r e  desc r ibed  by a  

continuous d i f f u s i o n  p roces s ,  t h e  Z thus ob ta ined  must s a t i s f y  

(27) .  I n  t h i s  way we can o b t a i n  t h e  C.A.P .M.  ( s ee  Chapter 

' 111) .  *. 

Garman a l s o  s t a t e s  t h a t  "one convenience of  t h e  d i f f u s i o n  . 
-assumption t u r n s  o u t  <be t h a t  (given t h e  d i f f u s i o n  b e l i e f )  

e x a c t l y  t h r e e  q u a n t i t i e s  completely determine a l l  a s s e t  p r i c e s .  

These q u a n t i t i e s  are seen  t o  be i d e n t i f i a b l e  v i a  -simpl; 

l i n e a r  r e g r e s s i o n  a g a i n s t  t h e  c u r r e n t  i n t e r e s t  rate". 

The t h r e e  de te rminants  o f  p r i c e s  r e f e r r e d  t o  by .Garman 
\ 

a'z and 7 , a11 eva lua t ed  a t  p r e v a i l i n g  market a r e ,  - 
I a t 9  ap a~ 

p r i c e s  (t = 0 ) .  ke have shom'however t h a t  whenever t h e  r i s k -  

less term s t r u q t u r e  i s  given,  s p e c i f i c a t i o n  of d i f f u s i o n  
* 

beliefs determines Z ,  and hence t h e  t h r e e  q u a n t i t i e s :  



. . APPENDIX IIA 

Partial Differential Equations for Z 

Rewriting equation (17) of chapter I1 

7 . 

Consider the second term of equathn (1). Substituting 

for a from' equation 12, Chapter 11, we obtain 
at. 

We can evaluate the first term in (2) by integrating-by 

parts, and assuming that p vanishes at theuboundary of integra- 

tion. For example, when the possible realization of price . 
values lie in the positive orthdnt the boundary of integration 

6 
is the surface of the N dimensional cube bounding the positive . 

orthant. When prices are log normally distributed, vanishes 

on this boundary. other' boundary conditions can be chosen to 

suit the economics of the situation. 

Hence, since by assumption vanishes on the boundary of 

integration 
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where A( t )  i s  an unknown funct ion  o f  t i m e .  Subs t i tu t ing  (10) 

i n t o  (21) o f  Chapter I 1  and rearranging 

using the condit ion that  

Z(P(O),O) = 1 

we obtain  equation (25) o f  chapter 1 1 .  

I 

terms w e  obta in  



APPENDIX IIC 

Example of Conditions Under Which ~ ( p ,  t) Does Not Exist 

t Assume a riskless dollar grows exponentially and the risky 

asset grows-linearly with time. Substituting equation (1) from 

appendix 1-IB, into equation (21) of Chapter I1 we-obtain' 

4 
s '  

9 

NOW, since a A  '= 0, equation (1) has an acceptable solution when ap 

where g(t) is a pure function of time (i.e. a = 0 ) .  But this 
s ap 

- implies a' determinate value for p from equation (2), which 
\ 

violates the assumption of the existence of a risky asset. 



Chapter I11 

The Valuat ion Operatpr  f o r  E f f i c i e n t  C a p i t a l  Markets 
I 

I n  t he  f i r s t  two chap te r s  w e  t r e a t e d  t h e  problem o f  f i n d i n g  '. 

t he  d i scbun t  f a c t o r  con t ingen t  on the  p r e s e n t  p r i c e s  o f  t h e  
- 

primary s e c u r i t i e s .  I n  t h i s  chap te r  we cons ide r  t h e  problem 

of f i n d i n g  t h e  d i scoun t  f a c t o r  t h a t  p r i c e s  t h e  p&mary . 

s e c u r i t i e s  . themselves.  

The approach i s  based on t h e  . fo l lowing c o n s i d e r a t i o n s .  . 
- I f  w e  assume t h a t  f i n a n c i a l  markets a r e  capable  o f  exhaus t ing  

ga ins  from exchange then each i n d i v i d u a l ' s  opportLinity s e t  i s  - 

governed by t h e  market d i scount  f a c t o r  Z and h i p  cho ices  a r e  

Pa re to  op t imal .  A s  a r e s u l t ,  ' i nd iv idua l  cho ices , .wh ich  - 

depend on Z ,  w i l i  correspond t o  some Pare to  optima& a l loc . a t i on  

which depends on aggrega te  resource  c o n s t r a i n t s ,  b u t  no t  on Z .  
0 

Hence, we would expect  t h a t  Z could  be expressed  a s  a  f u n c t i o n  

o f  t a s t e s ,  b e l i e f s  and aggrega te  resource  c o n s t r a i n t s ,  i n  such 
9 

a  market.  
d -  

I n  s e c t i o n  l we show how t h i s  i dea  can be app l i ed  t o  a  

one pe r iod  model us ing  Pa re to  optimal  s h a r i n g  r u l e s  (.Wilson 

119681). In  s e c t i o n  2 w e  apply  t h e  r e s u l t s . o f  s e c t i o n  1 t o  t h e  - 
one p e r i o d  l i n e a r  ri 'sk t o l e r a n c e  economies i n v e s t i g a t e d  by 

Rubins te in  119741. I n  s e c t i o n  3 w e  o b t a i n  t h e  d i scoun t  f a c t o r  

f o r  an economy comprised o f  l i f e t i m e  d e c i s i o n  makers. The 
2 

i n t e r e s t i n g  r e s u l t  emerges t h a t  t h e  express ion  f o r  Z does n o t  

depend in any important  way on whether t h e  problem i 
I 

f o r q u l a t e d  i n  d i s c r e t e  o r  continuous t i m e .  



- .  L 1. Th; Discount. Factor for an E f f i c i en t  Market with a One 
\ 

'c 
Period Horizon. 

~ e t  p be a possible  r ea l i za t i oh  of the vector  of e ~ d  of 
. , a 

the  period values of  the  firms and W be the end of  the period 

aggregate soc i a l  weglth: 

\ C 
. 

u ket  Sk(H be the  amount received by the kth  individual  when 

a s t a t e  corresponding t o  the outcome p occurs. . 

Assuming t h a t  individuals  maximize the expected u t i l i t y  

of en&,# the period wealth, a Pareto optimal a l loca t ion  Sk(p) 

r 4 
maximi e s  

1 8 *- 
f o r  some pos i t ive  vaues of lk. In (3) fk(p) is the  subjec t ive  - 

T 

probabi l i ty  densiey f o r  the  occurrence of  s t a t e  c o i r e s p o n d i ~ i ~  
r 

,$p the  ' r ea l i za t ion  p while l& is the u 9 i l i . t ~  function of the- e e . - 4 t h  
. - 

.. individual .  The cpndi t i ons  f o r  a -ximum are (c  . f . Wilson .- - 2 1 

4- 

~ 6 8 1  - 
- .  7 r' - 

C .f. . . 



Solving '(4) we ob ta in  the* shar ing  r u l e  
u 

P *; 

S,(P) = Uk - [*] . . , (53 . 

/' 
-f 

The X(p)ls a r e  t h e  Lagrange mult- ipl iers  f o r  t h e  wealth con- 

- s t r a i n t  assoc ia ted-  with every possible .  r e a l i z a t i o n  of  the  
0 

- 
- -  vector  p .  Applying the  c o n s t r a i n t  (2)  t o  equat ion (5) we - 

ob ta in  

n From (6)  we obtain* X (perhaps i n p l i c i t b )  a s  a  func t ion  
* r 

of p and W. Denote the  funct ion  thus obtained by 
4 - 

S u b s t i t u t i n g  (7) i n t o  (5) we obta in  the  Pareto optimal 

shar ing  r u l e  f o r  a  given s e t  of lk. . . 

The. lnd iv iduo l l  s Problem * 
16 ' - 

- Having looked st the  a l l o c a t i o n  problem from ehe po in t  - 
t is  s o c i a l l y  optimal,  consider  the  problem f p m  

. a OfL O m  
t h e  poiflj of v3ew of an ind iv idual  i n  a market i n  which t h e r e  

1 
is  an Cbsence o f  r i s k l e s s  a r b i t r a g e  oppor tun i t i e s .  

F i t a l  market provides s u f f i c i e n t  exchange ~ p p ~ r t u i t l e s  



3 

I,' 
t h a t  f o r  any r e a l i z a t i o n  of  t h e  end of t h e  p e r i o d  v e c t o r  o f  

f i r m  v a l u e s ,  t h e  i n d i v i d u a l  can choose an  end of t h e  p e r i o d  

wea l th  Wk(p) . Because of t h e  absence o f  r i s k l e s s  a r i b t r a g e  

o p p o r t u n i t i e s  t h e  i n i t i a l  wea l th  o f  t h e  kth i n d i v i d u a l  i s  

g iven  by 

where t h e  e x p e c t a t i o n  o p e r a t o r  i s  d e f i n e d  i n  s e c t i o n l ,  Chapter 

11, and Z i s  t h e  d i s c o u n t  f a c t o r .  The kth i n d i v i d u a l  chooses 

Wk(p) t h a t  maximizes 

j d n  Lfk(pHJk(wk) - ~ ~ ; ( P ( P ) Z ( P ) W ~  - 

where X k  i s  determined by 





X 
f (PI 

= v (W) (18) 

where v i s  a  f u n c t i o n  of  W a lone ,  and n o t  p  s e p a r a t e l y .  

Together  (16) and (18) imply 

P(P)Z(P,W) = f(pIV(WI 

Making t h e  n a t u r a l  i d e n t i f i c a t i o n  

p ( ~ )  = f ( p )  

we o b t a i n  

With homogeneous b e l i e f s  Z i s  a  f u n c t i o n  of  aggrega te  wea l th  

a l o n e .  

2 .  The Discount Fac to r  f o r  S i n g l e  Per iod  Linear  Risk 

Tolerance Economy. 

Exponent ia l  U t i l i t y  

For t h e  c a s e  o f  i n v e s t o r s  who have exponen t i a l  u t i l i t y  

f u n c t i o n s  we o b t a i n  from (16) and appendix I I IA ( equa t ion  ( 6 ) ) ,  



When there are homogeneous beliefs, we make the natural 

identification 

where fk = f for all k. Then from (21) and (22) we obtain- 
ft - 

Power Utility 

From appendix IIIA (equation ,(lo)), and equation (16) we 

obtain 

\ With homogeneobs beliefs we have 

Example 

In this example, we ass- homogeneous normal probability 

assessments and negative exponential utility functi.ons. We 
a 

use Z to price the primary securities. This enables us to 

elqminate taste parameters from the expression for Z and obtain 

the price of a simple call option written on a primary security, 

contingent on primary security prices. 
> 

Assuming howgeneous normal beliefs 
4 





From appendix I I I B  we obtain 

and 
* 

Subst i tut ing,  (32) and (33) in to  (31) and making use of 

(30) w e  obtain the c a l l  op'tion pr ice ,  contingent on present 

pr ices  

1 e 

Equation (34) was obtained by Brennan, by a somewhat different 



approach, [1979]. 
. - 

In the absence of transactions costs options are redundant 
e 

for the economy discussed above since the efficient.allepations 
J 

of future wealth can be3achieved in the primary security 

markets alone, Rubinstein 119741, (c.f. appendix IIIA). 

3. The Discount Factor for an Efficient Market with Lifetime 

Decision Makers. 

Parelo Optimal Allocations ~ 

In continuous time the Pareto optimal consumption 

allocations Ck (p, t) maximize 

Where Uk(Ck(p,t)) is the utility per unit of time of the 

kth individual, from consuming ck(i,t). dollars worth of goods 
# 

per unit of time, in state p at time t. For simplicity we 

assume that individuals are infinitely long lived and their 

utility functions do not depend explicitly on the state or the , 

time. 

In a discrete time framework the Pareto optimal consumption 

allocatiofis C: (p. t) maximize 
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From (49) when C i s  log normal, Z(C) is  log  normal. This i s  

analagoug t o  t h e  s i t u a t i o n  i n  chZpters I and I 1  where l o g  

- normal f i n  values  and log  normal Z l ead  t o  t h e   lack-~choles 

opt ion p r i c i n g  formula. In  a s i m i l a r  fashion (48) l eads  t o  
f 

- the  B lae -Scho les  formula f o r  opt ions w r i t t e n  on aggregate .  

2 .  cdnsumption when C i s  log normal . 
A s  a f u r t h e r  example, consider  the  case of ind iv idua l s  

with exponential  u t i l i t y  funct ions i n  consumption and . 
homogeneo?s b e l i e f s .  From appendix IIIA we o b t a i n .  

Assuming C(p, t )  t o  be exogenous, choose i t  such t h a t  

b . . 
where e i  a r e  a s  y e t  unknown c o n s t h t s .  S u b s t i t u t i n g  (51) i n t o  

(50) we obta in  

Equation (52') has t h e  same form as equation . ( 38 )  of  Chapter I ,. 
? 

and thus leads  t o  t h e  same f o r r  f o r  Z'contingent on present  firm . , 
values ,  equation -(46) Chapter I .  1 Thus when pi are log  normal- 

Since b e l i e h  are homogeneous, a market in these opt ions ,  
toge ther  with  r i s k l e s s  b o r r w i n g  and lending l e a d  t o  a 
P a r e t ~  opti-1 a l l o c a t i o n  o f  r i s k  bearing- 



- 

: (52) leads t o  the   lack-~choles fo r ru l a ' f a r  o p t i o e  - v l i t t e n  
. 

o n - t h t .  firm.- This r e s u l t  3s independent of  whether o r   not^ 
1 

t/ t he  problem is . fcmmilated in  d i sc re t e  o r  continuous time., . . - c  

~o,&ec t ion  with t he  Model of Merton t 
. 

Despite t h  continuous t i r e  character  of most of t h i s  
I -7 
. t h e s i s ,  the  a h r o a c h  is  i l o s a r  i n  spir i t  t o  the  d i s c re t e  

multiperiod models-of finance, ra ther  than t o  the continuous 
- . _  

time,rodel of  Merton [1971, 19731 . This i s  because 'of the  

"forward looking" nature of the  analysis .  The d i f f e r e n t i a l  

equation$-hf chapter I 1  hold f o r  a l l  fu tu re  time and a l l  of . 

p r i c e  space. In  t h i s  cbapter individuals  a r e  ( exp l i c i t l y )  

4 concerned with making choices f o r  a11 fu tu re  times. 

In  Mertonls model, individuals  a r e  i n d i r e c t l y  concerned 

'about the  fu tu re  through the  induced o r  derived u t i l i t y  of ' - \ - rl . 
wealth function. The p a r t i a l  d i f f e r e n t i a l  equations f o r  t h i s  

P i 

func t io  ~y i n  terms of preyai l ing  market p r ices  and the  

1 3 

present  t ire,  a s  a r e  t he -d i f fd ren t i a l  equations of  Gaman 
.f 

and B 1  ck-Scholes (c.f. discussion a t  t he  end of Chapter I1 .). 
C' / 

~iAla&, the  I t o  descr ip t ion  if the  d i f fus ion  process 

involves d e r h a t i v e i  evaluated a t  prevai l ing  market p r ices  

q only, . a r&t t ~ i ;  dproich h k  not  appear t o  tm 
f 

.useful. for o b t w i n g  the d i f f e r e n t i a l  equations of Chapter I 1 .  
w 

In Ydrton's I ,  (this is tlpe i l p p r b t  porn) beliefs 



Assuming homogeneous b e l i e f s ,  Z i s  a  f u n c t i o n  of aggrega te  

consumption a lone .  Assuming a  cons t an t  p ropens i ty  t o  

consume ou t  o f  wea l th ,  C = aW we have 

a-z ac a z 
= xqr = . a x  

J 

S u b s t i t u t i n g  C54) i n t o  (53) we o b t a i n  

1 a R  Choosing = r,* equa t ion  (55) has an obvious resemblance ,  t 

b Y a z  a n d C  t o  t he  p r i c i n g  form l a  o f  Merton [19736]. I f  a  m, 
a r e  a l l  independent of p r i c e s ,  then (55) i s  an e x p l i c i t  expres-  - 1 

s i o n  f o r  p r e v a i l i n g  market p r i c e s .  Otherwise (55) r e p r e s e n t s  

N equa t ions  t h a t  must be so lved  f o r  N market p r i c e s .  b 

From (55) i t  fo l lows  t h a t  

market p o r t f o l i o  i s  
- - 

t h e  vec to r  of  weights  on the  

Equation (56) impl ies  t h e  c a p i t a l  asset p r i c i n g  model ( c . f .  

Wtton [l973b 3 f o r  example). 



APPENDIX 111~) . 
Shar ing  Rules f o r  Linear  Risk Tolerance Gity Functions 

-& , 
Shar ing  r u l e s  f o r  l i n e a r  r i s k  t o l e r a  t u i l i t y  func t ions  

w 
i n  a  complete m r k e t  con tex t  have been developed by Rubins te in  

Z 

[I9741 .' We develop t h e  s h a r i n g  r u l e s  he re  wi thout  recourse  

t o  t h e  i d e a  o f  a  complete market;  t he  approach i s  ' s imi l a r  t o  

t h a t  o f  Wilson [1968]. 

In s e c t i o n  1 o f  Chapter  I11  we obta ined  t h e  Pa re to  optimal  
t 

s h a r i n g  r u l e s  a s  

where A *  i s  a  func t ion  of  p and W determined by t h e  c o n s t r a i n t  

We assume t h a t  f o r  t h e  kth i n v e s t o r  

Exponential Utility 

Substituting (3) into (1) we obtain 



Using the  cons t r a in t ,  ( 2 )  we obtain 

where 

Subststuting (6 )  i n to  (5 )  we obtain the Pareto optimal 

sharing ru le  . 

\ 
An in te rpre ta t ion  df the  terms in  (8) has been given by 

Wilsoq and Rub.instein. We ou t l ine  ' this  i n t e r p r e v  

. b r i e f l y  here .  

n e  first t e r p  i n  f8) is  ca l l ed  a  s ide  payment; i t  i s  

independent of p  and W and vanishes when s-d over a l l  

individuals .  The a l loca t ions  corresponding t o  t h i s  term can be 

achieved by a market f o r  r i s k l e s s  borrowing and lending. 

The second. term i n  (8) is  c a l l e h a  s i d e  bet; t h e  amount of 

- the piyaent  depends on which r ea l i za t i on  of p  occurs, and 

vanishes when-summd over a l l  individuals .  When b e l i e f s  are 

not homogeneous the a l loca t ion  corresponding t o  the' term cannot 
e5 

C 
I 



' 1 i n  general  be achieved by'a market i n  primary s e c u r i t i e s  . 
[Opportunit ies f o r t s i d e  b e t s  a r e  not requi red  when b e l i e f s  

a r e  homogeneous. ] 

The l a s t  t e rm ' in  ( 8 )  is  c a l l e d  a dividend, and the  

a l l o c a t i o n  corresponding t o  t h i s  term can be achieved by the  
' 4 

market f o r  primary s e c u r i t i e s .  

When indiv iduals '  have homogeneous b e l i e f s  we can see  

from (8)  t h a t  only two markets a r e  required t o  achieve a Pareto 

otpimal a l l o c a t i p n  of claims t o  f u t u r e  wealth.  A market . for  

r i s k l e s s  borrowing and lending,  and one f o r  the  shares  of a . 
mutual fund t h a t  owns the  market p o r t f o l i o .  

However, wi th  heterogeneous b e l i e f s ,  r i s k l e s s  borrowing 

and lending,  toge ther  with t h e  m a r k ~ t s  f o r  primary s e c u r i t i e ;  

a r e ,  i n  genera l ,  incapable of securing the  a l l o c a t i b n  ( 8 ) .  
1 

I n  t h i s  case  i f  markets a r e  c o s t l e s s  t o  open and opera te ,  

markets i n  secondary s e c u r i t i e s  w i l l  open up. A s  long a s  t h e  

a l l o c a t i o n  (8) has not been achieved t h e r e  s t i l l  remai'ns 
b 

- 
unexploited gains from exhange and secondary s e c u r i t i e s  

coa t inue  t o  p r o l i f e r a t e  until ,%ains have been exhausted. 

S u b s t i t u t i n g  (4)  i n t o  (1) we, ob ta in  

An exception occurs' when p r o b a b i l i t y  assessments are* 
m u l t i v a r i a t e  n o r u l ,  wi th  hsagreement  about t h e  expected 
value of p ,  but agreesent  about t h e  variance covariance 
matrix.  



Sk 

A s s  uming Bk 

t o  show f o r  

= B f o r  a l l  k 

1/B 

*p can use  the  cons t ra in t  ( 2 )  

Substitutirig (10) i n t o  ( 9 )  w e  obtain  

--- 
Equation (11) can be g iven  ariainterpretation s i m i l a r  t o  that  

g iven  t o  ( 8 ) .  With homogeneous b e l i e f s  we obtain. the sharing 



A- Useful 1n tLgra l  

- Let t h e  v e c t o r  X - N(u, x) and l e t  h t ~ )  be t h e  j o i n t  

d e n s i t y  f u n c t i o n  for X .  

Jm dxif OD C ~ X .  eB"h(~) 
m j f i  J 'i 

To o b t a i n  

d i f f e r e n t i a t e  (1) w i th  r e s p e c t  t o  B i  and d i v i d e  by B i .  



- 6 7  - 

CHAPTER I V  

Conclusion 

We have p r e s e n t e d  a  u n i f i e d  approach t o  s e c u r i t y  v a l u a t i o n  

based on a  l i n e a r  o p e r a t o r .  We have found t h a t  when c a p i t a l  

markets  a r e  capab le  o f  exhaus t i ng  g a i n s  from exchange t h e  

v a l u a t i o n  o p e r a t o r  t h a t  p r i c e s  a l l  s e c u r i t i e s  i s  r e l a t e d  i n  

a  s imple  f a s h i o n  t o  aggrega te  r e s o u r c e  c o n s t r a i n t s ,  and t h a t  

t h e  ra l  a + ; n n r h ; n  A n - r  - A +  A - - - - J  ' 
I ~ I ~ L I V I L J l l I ~  UVG3 UC;pC;I iu  iii e~se i i t i z i l  way oii 

whether t h e  problem i s  formula ted  i n  d i s c r e t e  o r  con t inuous  

t ime .  We have d e r i v e d  e x p l i c i t  forms o f  t h e  o p e r a t o r  f o r  

l i n e a r  r i s k  t o l e r a n c e  economies, and shown how t h e  Black- 

Scholes  o p t i o n  p r i c i n g  formula f o r  secondary s e c u r i t i e s  might 

a r i s e .  

We f u r t h e r  demonstra ted t h a t  when pr imary a s s e t  p r i c e s  

f o l l o w  a d i f f u s i o n  p r o c e s s ,  t h e  v a l u a t i o n  o p e r a t o r  c o n t i n g e n t  

on p r e s e n t  market  p r i c e s  i s  determined by t h e  paramete rs  o f  

t h e  s t o c h a s t i c  p r o c e s s .  

F i n a l l y ,  when b e l i e f s  a r e  con t ingen t  on p r e v a i l i n g  market 

p r i c e s ,  we have shown how t h e  two approaches t o  t h e  v a l u a t i o n  

o p e r a t o r  can be  combined t o  produce t h e  C a p i t a l  Asse t  P r i c i n g  

Model i n  con t inuous  t ime.  

Observa t ions  

We have been a b l e  t o  reproduce many o f  t h e  models of  

f i n a n c i a l  t heo ry  w i t h i n  a  u n i f i e d  framework t h a t  assumes 

agg rega t e  r e s o u r c e  c o n s t r a i n t s  a t  t ime t can be exogenously 

s p e c i f i e d .  However, consumption today,  a f f e c t s  t h e  amount 

a v a i l a b l e  tomorrow; t h e  models should  be extended t o  endogenize 



. t h e  a g g r e g a t e  c o n s t r a i n t s .  

The v a l u a t i o n  o p e r a t o r  c o n t i n g e n t  on p r e s e n t  p r i c e s  can 

be used  t o  p r i c e  a wide v a r i e t y  o f  secondary  s e c u r i t i e s .  The 

a n a l y s i s  of  Chapter  I 1  h a s  to be extended i n  some o f  t h e s e  

c a s e s  t o  i n c l u d e  t h e  e f f e c t s  o f  boundary te rms ( s e e  ~ p b e n d i x  

I  IA) . 
F i n a l l y ,  b e l i e f s  do n o t  emerge from a vacuum, and w e  have 

k l e f t  unanalyzed t h e  d i s c r e t e  t ime model t h a t  p r i c e s  pr imary  + 

s e c u r i t i e s  when b e l i e f s  a r e  c o n t i n g e n t  on p r e s e n t  p r i c e s .  I n  

t h e  d i s c r e t e  t i m e ,  c o n t i A o u s  t ime d e b a t e ,  i t  seems t h a t  i t  i s  

o n l y  t h i s  model t h a t  can be c a l l e d  t h e  c o m p e t i t o r  of  t h e  
2 

con t inuous  t ime C.A.P.M. 
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