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Abstrac t  

I n  t h i s  t h e s i s  w e  g ive  the  major a d d i t i v e  r e s u l t s  f o r  Schnirelmann 

and asymptotic dens i ty .  A concise  proof of  the  a + 6 Theorem (Mann's 

Theorem), which d e a l s  with f ind ing  a lower bound f o r  t h e  Schnirelmann 

d e n s i t y  of the  sum of two s e t s ,  appears i n  Chapter 2 .  However, t h e  

major i ty  o f  the  t h e s i s  i s  devoted t o  t h e  development and proof of  t h e  
r 

theorem of M. Kneser. Kneser ls  r e s u l t  d e a l s  with f ind ing  a lower 

bound f o r  t h e  asymptotic d e n s i t y  of t h e  sum of two s e t s .  In  both  

t h e  proof of  t h e  a + Theorem and Kneserls  Theorem we r e l y  heavi ly  

on the  use of T-transformations; The 'T-transformations a r e  s i m i l a r  

t o  t h e  transformat' ions used by F. Dyson. They are used t o  modify t h e  

s e t s  being added i n  such a way t h a t  c e r t a i n  a d d i t i v e  and d e n s i t y  

' f  
i 

p r o p e r t i e s  remain i n v a r i a n t .  , 

iii 
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In t roduct ion  

I n  t h i s  t h e s i s  we w i l l  p resen t  the  major a d d i t i v i t y  theorems 

f o r  Schnirelmann and q y m p t o t i c  dens i ty .  
4 i 

L e t  I denote t h e  set of  a l l  i n t e g e r s  and IO denote t h e  s e t  

of  a l l  nonnegative i n t e g e r s .  The sum A + B of two s e t s  A ahd P 

3 - 

B i s  t h e  s e t  o f  a l l  i n t e g e r s  of  the  form a + b, where a € A- - 

and b C B. A(n) . w i l l  denote t h e  number of p o s i t i v e  i n t e g e r s  belong- 

i n g  t o  A which are l e s s  than o r  equal  t o  n. 

The Schnirelmann dens i ty ,  d (A) ,  of A is  def ined by 

In  1931, E. Landau and L . Schnirelmann ( s i  [51) conjectured 

t h a t  f o r  any A,B c I , i f  0 C A n B and d(A) + d(B) 5 1, then 
o_ 

* 
b u t  were unable t o  prove t h e  con jec tu re .  Early i n  1932,A. Khintchin 

[ 6 ]  proved the  conjec ture  t r u e  f o r  t h e  s p e c i a l  case  when d(A) = d(B) . 
This problem a t t a i n e d  t h e  s t a t u r e  of a famous unsolved probLem known 

a s  the  Ct + B conjec ture .  F ina l ly ,  i n  1942, H.B. Mdnn [81 proved 

' , 
t h e  conjec ture  was t r u e  f o r  a l l  s e t s  A and B which s a t i s f y  t h e  

hypothesis .  Later,Dyson [2 ]  was able  t o  g ive  a s impler  and c l e a r e r  

proof than H.B. Mann [ 8 ] ,  which l e a n t  i t s e l f  more r e a d i l y  t o  genera l i -  

za t ions .  



The asymptot ic  d e n s i t y ,  6 (A)  , of A i s  de f ined  by 

A (n) 6 (A) = l i m  i n f  - . n 
n w  

For asymptot ic  d e n s i t y  6 (A+B) L & ( A )  + & ( B )  i s  n o t  neces- 

s a r i l y  t r u e .  For example, i f  A B = 0 , 2 ~ 4 ~ . - . ~  then  

1953 proved what might b e  c a l l e d  t h e  ana log  t o  t h e  a + $ Theorem 

f o r  asymptot ic  dens i ty .  Kneser proved t h a t  i f  A , B ' c  I and 
-' 

& ( A )  + 6 ( ~ )  5 1, then  ~ ( A + B )  2 & ( A )  + 6 ( ~ ) ,  except  t h a t ,  when A 

and B a r e  a s s o c i a t e d  w i t h  a union o f  r e s idue  c l a s s e s  modulo g ,  

i n  a way t h a t  w i l l  be desc r ibed  i n  d e t a i l  i n  Chapter 3 ,  w e  g e t  t h e  

fo l lowing  weaker i n e q u a l i t y  ho ld ing ,  
- 

In t h e  above example g = 2 and 6 (A+B) = - 1 1  
& ( A )  + 6 ( ~ )  - - = - 2 ,  (3 2 -  

r$ In Chapter 1 we s t a t e  and prove some OF t h e  elementary p r o p e r t i e s  

of Schnirelmann and .asymptotic d e n s i t y  f o r  s u b s e t s  o f  I ,Many o f  
0 ' . 1 

t h e s e  elementary p r o p e r t i e s  w i l l  b e  u s e f u l  i n  l a t e r  chap te r s .  I n  

Chapter 2 w e  defin'e T-transformations and s t a t e  and prove t h e i r  

u s e f u l  p r o p e r t i e s .  The T-transformations a r e  used e x t e n s i v e l y  i n  L 

t h e  proof of t h e  + 6 Theorem and Kneser ' s  Theorem. We conclude 

Chapter 2 w i t h  an  e l e g a n t  proof of t h e  a + $ Theorem us ing  

T- t ransformat ions .  I n  Chapter  3 we prove Kneser 's  remarkable theorem. 

Although t h e  proof i s  40 pages long, each s t e p  i s  o f  an elementary 

na tu re .  I have at tempted and, I be l i eve ,  succeeded i n  g iv ing  a 



c l e a r e r  proof than any found i n  t h e  l i d e r a t u r e .  I n  Chapter 4 w e  
3 

s h o w  t h a t  Kneser 's Theorem impl ies  t h e  previous r e s u l t s  concerned . 

with f ind ing  lower bounds f o r  t h e  asymptotic dens i ty  of  t h e  sum of 

two s e t s  o f  i n t e g e r s .  

W e  introduce t h e  following no ta t ion  and d e f i n i t i o n s  which w e  

w i l l  u s e  extens ively  throughout t h i s  t h e s i s .  In t h e  f i r s t  two 

chapters ,  t h e  l e t t e r s  A , B , C ,  . . . denote subset  of IO ; t h e  l e t t e r s  

a , b , c ,  ... denote t h e  elements o f  A , B , C ,  ... respect ive ly .  However 

i n  Chapter 31we al low A , B , C , . .  . t o  be subse t s  of  I .  For any set 

A and i n t e g e r  t, 

i s  r e f e r r e d  t o  a s  t h e  t r a n s l a t i o n  o f  A by t. For any subse t s  A , B  f 

of I,  A i s  s a i d  t o  be equivalent  t o  B (denoted by A - B ) ,  i f  

t he re  e x i s t s  an i n t e g e r  N such t h a t  

I f  m;n a r e  nonnegative i n t e g e r s  such t h a t  m 5 n ,  we denote by 

A[m,n], t h e  number of  elements a of  A s a t i s f y i n g  m 5 a 5 n. 

Then A[ l ,n ]  = A(n) , and 

For convenience we w i l l  redef ine  both  Schnire lmnn and asymptotic C 

dens i ty  i n  Chapter 1. 



Chapter 1. 

Schnirelmann and Asymptotic Densi ty  

1 Schnirelmann Densi ty 

L e t  A(n) denote t h e  

A ,  t h a t  is ,  

, . 
count ing  func t ion  o f  t h e  p o s i t i v e  p a r t  o f  

i s  t h e  number o f  p o s i t i v e  i n t e g e r s  i n  A n o t  exceeding n. 

We de f ine  t h e  Schnirelmann densi ty , ,  d(A) , o f  A by 

A (n) d(A) - glb{ 7 In-1,2,3,. . . 1. To h e l p  f a m i l i a r i z e  t h e  r e a d e r  wi th  
n 

Schnirelmann d e n s i t y  w e  s h a l l  s t a t e  and prove a  few of  t h e  elementary 

p r o p e r t i e s  o f  t h i s  d e f i n i t i o n .  
-9 

1.1.1 - Propos i t i on .  I f  A c I o r  then  0 5 d(A) 5 1. 

A ( n )  5 i f o r  a l l  n  Proof .  Follows c l e a r l y  from t h e  f a c t  t h a t  0  5 - 
n 

1.1.2 Propos i t ion .  I f  C1 = d(A) , then  A (n)  2 cf,n f o r  a l l  - n 

(n=112,3, . .  .) . 

A ( n )  f o r  Proof .  This  r e s u l t  fo l lows  from t h e  f a c t  t h a t  CX 5 - 
n 

a l l  n.  

1 .1 .3  P ropos i t i on .  I f  1 j! A ,  then  d(A) = 0. 

Proof.  I f  1 f i  A ,  then  - A(1) = 0, SO t h a t  d(A) = g l b  = 0. 
1 n 

n21 



1.1.4 Propos i t ion .  I f  a = d(A) , then  a = 1 i f  and only  if 

A = o r  A = I~ \ lo}. 
% - I -. 

Proof .  Assume a = 1, then  - A ( n )  - - 1 f o r  a l l  n ,  which imp l i e s  
n 

t h a t  A = I. o r  A - Io\ {o}. Assume A = I o r  A = IO\  {0}, - 
, I 

0 

then  = 1 f o r  a l l  n and there•’&-e a = 1. 
n 

t ' 

The counting func t ion  p l a y s  an impor tan t  r o l e . i n  t h e  theory  o f  

d e n s i t y .  The fo l lowing  r e s u l t  about  counting f u n c t i o n s  i s  very  use fu l  

i n  t h a t  it g ives  a bound of  t h e  sum o f  t h e  count ing  f u n c t i o n s  a t  n," 

of  twb s e t s  i f  t h e  i n t e g e r  n does n o t  belong 'to t h e  sum o f  t h e  two 

s e t s .  . I 

1.1.5 P ropos i t i on .  If 0 6 A fl B and n ,f? A + B,  t hen  A(n) + B(n) S 

n - 1. 

Proof.  Since ' n ,f A + B and 0 C A fl B ,  then  'n ,f A and 

n ,f B. L e t  0 < a < a < ... < 
1 2 % 5 n be  a l l  t h e  e lements .be longing  

t o  A which a r e  l e s s  thah  o r  equal  t o  n ,  ' so  t h a t  A.(n) = k .  For 

each i, ( = 1 , 2 , . .  . k n - a C 1 2 , .  . - 1  and n - a P B, f o r  
i i 

i f  n - a  C B ,  then  a .  + (n-ail = . n 6 A + B,  c o n t r a d i c t i n g  o u r  
i' 1 

-. 

/ hypothes is .  Since t h e r e  a r e  k elements  o f  t h e  form n - a and i 

s i n c e  n ,f B ,  then  B (n)  = n - (k+ l )  . So it  fo l lows  t h a t  A(n) + B (n)  5 

The fo l lowing  p ropos i t i on  i s  an e a r l y  r e s u l t  i n  t h e  development o f  

t h e  theo ry  o f  dens i ty .  



1.1.6 P ropos i t i on .  I f  A,B C I 0 '  
o E A n B and d ( ~ )  + d ( ~ )  I 1, 

then  A + B = I  
0  ' 

Proof.  L e t  a d(A) and 6 = d(B) . Assume t h a t  A + B # I 0 '  

thr& t h e r e  e x i s t s  an n  C I such %at n  j? A + 8. Then by ~ r o & s i -  - 
0 - l. 

E 
*& 

1 

= 
- 

t i o n s  1.1.2 and 1 .1 .5  w e  have t h e  fo l lowing  - - 5 - .' 
+* * 

B(n) A h )  + B ( n )  < n - 1 <  , A(n) + - =  1 5 a + B 5 -  
n  n  n  n  

which is a  c o n t r a d i c t i o n .  Therefore A + B = . I 0  1 
lli 3 

-L. Schnirelmann (see [51) asked t h e  ques t ion :  To what e x t e n t  

i s  t h e  d e n s i t y  o f  t h e  sum of  s e v e r a l  sequences determined s o l e l y  by 

t h e  d e n s i t y  of t h e  summands, i r r e s p e c t i v e  o f  t h e i r  a r i t h m e t i c a l  

na tu re .  We s h a l l  be i n  t h i s  ques t ion  a s  it p e r t a i n s  t o  

two s e t s  on ly .  E. Landau and L. $hnifelmann ( s e e  [ 5 l )  proved t h e  

fo l lowing  remarkable i n e q u a l i t y :  e 

* -?.-.. 

This  was t h e  f i r s t  t o o l  

s e t s  from t h e  d e n s i t i e s  

d e f i n i n g  d '  ( B )  = g l b  { 
n 

fol lowing:  

J 

f o r  e s t i m a t i n g  t h e  d e n s i t y  o f  a  sum o f  two 

of  t h e  summands. A.S. Bes icovi tch  [ l l ,  

A (n )  1 , 2 , . - 1  was a b l e  t o  prove t h e  
n  + 1 

If 1 c A  and 0  € B ,  then  d(A+B) ? d ( A )  + d ' ( ~ ) .  
r - 
I 

P. ~ r d 6 s  [3 ]  was ,&& t o  improve on t h i s  r e s u l t  'when he was' a b l e  

& 

J 
t o  show t h a t :  



If 1 € A and 0 € B,  then. d  (A+B) 2 d(A) + d* (B) , 

R 

where d*(B) = g l b  { = I ,  2 , ,  k B ,  b u t  k + 1 )? B. 
n + l  n>k 

I t  i s  c l e a r  from t h e  d e f i n i t i o n s t h a t  f o r  any s e t  B; d*(B) 2 d '  (B) . 

A s  mentioned i n  t h e  in t roduc t ion ,E .  Landau and L. Schnirelmann 

con jec tu red  t h a t :  

i f  0 € A n B, d ( ~ )  + d(B) 5 1, then  d(A+B)  1 d(A) + d & ,  

b u t  it was no t  u n t i l  e leven  y e a r s  l a t e r  t h a t  t h e  c o n j e c t u r e  was>proven 
? 

t r u e  b y  H.B. Mann [8] . However, t h e  r e s u l t  by A.S. ~ e s i c o v i t c h  i s  n o t  

superseded bymthe cl + 6 Theorem, s i n c e  0 E A i s  n o t  s t i p u l a t e d .  
mi, 



52. Asymptot ic  D e n s i t y  

W e  d e f i n e  t h e  asympto\ic d e n s i t y ,  6 (A) , , o f  A * b y  6  (A) = 

l i m  i n f  - A ( n )  n 1 2  , . . . . Thus, by c o n t r a s t  w i t h  Schnire lmann 
n- 

n 

d e n s i t y ,  t h e  e a r l y  e l e m e n t s  o f  A do n o t  have a d i s p r o p o r t i o n a t e l y  

i m p o r t a n t  e f f e c t  on t h e  v a l u e  o f  & ( A ) .  W e  s h a l l  now s ta te  a few 

e l e m e n t a r y  r e s u l t s  a b o u t  a s y m p t o t i c  d e n s i t y .  

1 . 2 . 1  P r o p o s i t i o n .  I f  A c I o r  t h e n  0  5 6 ( A )  5 1. 

Proof .  The r e s u l t  f o l l o w s  c l e a r l y  f rom t h e  fact t h a t  

1 .2 .2  P r o p o s i t i o n .  I f  A C I 
0 ,  t h e n  d (A)  5 6 (A) . 

A ( n )  P r o o f .  L e t  g  = glb{ 7 I n  t k)  
R ( k = 1 , 2 , . .  S i n c e  

c < < g1 - g2 - g3 5 ... - gk 5 ii we have  t h a t ,  

, 

A h )  " - Q 
d(A) = g1 5 l i m  g  - = l i m  i n • ’  - 

k - 6 (A) . 
k- 

n 
n- 

1 .2 .3  P r o p o s i t i o n .  If A,B c I w i t h  A c B, t h e n  & ( A )  5 6 ( ~ ) .  
0  

Proof .  S i n c e  A c B ,  t h e n  A(n) 5 B ( n )  f o r  a l l  n  ( n = l , 2 , .  . .) . 
SO t h a t  - - 

n (n) , ' and 6  (A) = l i m  i n f  5 l i m  i n f  - = n n  (n)  6  (B) . 
n* n  n- 

1 . 2 . 4  P r o p o s i t i o n .  L e t  A c I and x b e  any p o s i t i v e  i n t e g e r ,  
0 

i) i f  B = A + x ,  t h e n  6 ( ~ )  = 6 ( B ) ,  

ii) if B = A - x ,  t h e n  6  (a) = 6 (B)  . 

P r o o f .  L e t  a = & ( A )  and 0 < al  < a < ... < 
2 4( < ak+l  <.... 

< %+x 
be  t h e  f i r s t  k + x p o s i t i v e  i n t e g e r s  b e l o n g i n g  t o  A. 



Proof o f  ( i )  . S i n c e  B  = A + x ,  t h e n  .A(n)  - x 5 A(n-x) = - 
B ( n )  5 ~ ( n ) .  R e s u l t ' ( i )  f o l l o w s  from t h e  f a c t  t h a t ,  

A(n)  - x a = l i m  i n f  5 l i m  i n f  '- (n)  5 lim i n • ’  A0 = a. 
n  

n- n  n  
n* n- 

Proof  o f  (ii). S i n c e  B  = A - x ,  a  5 x  and  a < n + x ,  
x k+x - 

t h e n  

Our r e s u l t  f o l l o w s  a g a i n  from t h e  f a c t  t h a t ,  

S A(n)  - x  a = l i m  i n f  5 l i m  i n f  B(n) 5 m i n • ’  A(n)  + x  = a. 
n  

A n- 
n  n  

n d  n- 

A 

1 . 2 . 5  P r o p o s i t i o n .  I f  A , B C  IO , 0  A fl B and 6 ( ~ )  + 6 ( ~ )  > 1, 

t h e n  A + B - 
I 0  . 

Proof .  L e t  E = 6 ( ~ )  + 6 ( ~ )  - 1. By -khe d e f i n i t i o n  o f  l i m  i n f  

t h e r e  e x i s t s  an N such  t h a t  n  2 N i m p l i e s  2 6 ( ~ )  - - 
e n  

' and 
4 

E B ( n )  2 i(B) - - 
n  4  

Now suppose  n  1 N and n '  P A + B, t h e n  by 

E E A(n)  B(n)  n-1 P r o p o s i t i o n  1 .1 .5 ,  1 + - = 6 ( ~ )  + 6 ( ~ )  - - - 
2  2 -  n  +y<- n  < 1 

which i s  a c o n t r a d i c t i o n .  T h e r e f o r e  (A + ~ ) n  t n  I n  2 N} = 

The s t r i c t  i n e q u a l i t y  i n  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n  1 . 2 . 5  i s  

i-i n e c e s s a r y .  Cons lder  t h e  c a s e  when A = B = { 0 , 2 , 4 , 6 , . .  . I ,  t h e n  

1 6 ( ~ )  = 6  (B) = 7 and t h e r e f o r e  6 ( ~ )  + 6 ( ~ )  - 1, b u t  A + B = 

0 , 2 , 4 , 6  , . . 1 .  So when P r o p o s i t i o n  1 . 2 . 5  i s  compared w i t h  P r o p o s i t i o n  

1.1.6,we f i n d  t h a t - t h e  h y p o t h e s i s  and c o n c l u s i o n s  a r e  b o t h  weaker i n  



P r o p o s i t i o n  1.2.5.  

\\ 

1 .2 .6  P r o p o s i t i o n .  I f  A,B c IO and A - B ,  t h e n  6 (A) = 6 (B) . 
A 

Proof .  S i n c e  A B t h e n  t h e r e  e x i s t s  a k C IO such  t h a t  

A fI {n I n  L k} = B fI {n I n 3 k ) .  From t h i s  we can conc lude  t h a t  

A ( n 1 - k , B ( n )  5 A ( n ) + k  and A(n)  - k 5 B (n)  5 A(n)  + k.  Thus - 
n n  n  

o u r  r e s u l t  f o l l o w s  from 

' 
l i m  i n f  A ( n )  -k 5 l i m  i n • ’  5 l i m  i n • ’  A(n)+k 

n- 
n  n  

n- 
n 

n* 

and t h e .  f a c t  t h a t  

1 .2 .7  P r o p o s i t i o n .  I f  A c IO and n  i s  any p o s i t i v e  f i x e d  i n t e g e r  

and  

Proof .  For  x C I t h e r e  e x i s t s  a  k  F IO such  t h a t  
0 

kn 5 x < ( k + l )  n  and A (kn)  5 A (x )  < A( ( k + l )  n )  . Thus A(kn)  , A(x) 
( k + l )  n  - x < 

i m p l i e s  t h a t  

A(kn)  , lim inf T h e r e f o r e ,  l i m  i n f  - - 
k- k+l  kn 

x+- 
and we g e t  t h a t  6 ' (A)  5 6 ( A )  5 . 6  ( A )  . 



1.2.8 P ropos i t i on .  I f  0 5 a < a < ... < 
1 2 

% a r e  incongruent  

modulo g and A =  {ai + ng 1 i = 1.2 ,.... k. n C I~}, then  

n 
k 0 [  - I-C 

Proof .  The r e s u l t  fo l lows  from t h e  f a c t  t h a t  g < - - 

n 
11 

k 0 [  - l+k 
f o r  a l l  n C IO , where C = max {ai} . Thus - 

n n 
13% 

n n 
k k * [  - I - C  k *  [ - l+k 
- - - l i m  i n • ’  g 5 l i m  i n f  A* 5 l i m  i n • ’  k 
9 

= - 
n n 

n- n- 
n 9 

1 
The r eade r  should no te  t h a t  i f  we al low A t o  con ta in  t h e  

negat ive.  p a r t  of each congruence c l a s s , t h e  conclus ion  w i l l  s t i l l  

remain t h e  same s i n c e  A(n) only  counts  the  p o s i t i v e  i n t e g e r s  o f  

A t h a t  a r e  l e s s  t han  o r  equal  t o  n.  

In  Chapter  1 we have p re sen ted  t h e  d e f i n i t i o n s  and some of t he  

elementary p r o p e r t i e s  of  both Schnirelmann and asymptot ic  d e n s i t y .  

The r eade r  should now be b e t t e r  prepared  t o  understand t h e  develop- 

ment and proof of t h e  13 + 6 Theorem and Kneser 's Theorem. 



'I 
c- 

Chapter 2 .  

T- t ransformat ions  and t h e  a + 6 Theorem. 

\ 3 
The major r e s u l t  used i n  t h e  proof o f  Kheser'S theorem r e q u i r e s  

t h e  sys t ema t i c  u s e  of  T-transformations.  Given two s e t s  A and B, 

we s h a l l  c o n s t r u c t  two new sets A '  

o f  A and B ,  by removing c e r t a i n  

B '  and p l ac ing  a d d i t i o n a l  e lements  

t ransformat ion  T w i l l  depend only  

element a of A .  
0 > 

and B ' ,  t h e  T-transforms 
a 

p o s i t i v e  elements  from B g i v i n g  

i n t o  A g i v i n g  A ' .  The 

on t h e  choice  o f  a p a r t i c u l a r  

2 .1 .1  Def in i t i on .  The s t r o n g  &ion A v B of  two s e t s  A and B 

each conta in ing  0 ,  i s  de f ined  t o  be  t h e  aggrega te  of t h e  Lelements 

of  A and B ;  each element be ing  counted according t o  i t s  m u l t i p l i c i t y ,  

except  t h a t  0 i s  counted only  once.  

The d i s t i n c t i o n  between union and s t r o n g  union i s  r equ i r ed  f o r  

count ing  purposes only ;  we may r ega rd  t h e  two a s  i d e n t i c a l  excep t  

i n  t h e  one r e s p e c t  t h a t  t h e  elements  of  t h e  l a t t e r  a r e  weighted f o r  

count ing  purposes.  If A = {0,1 ,2 ,4 ,6 ,10)  and B = {0,2,4,7,8,10},  

t hen  A v B = {0,1,2,2,4,4,6,7,8,10,10~. From t h e  example it becomes 

c l e a r  t h a t  (A v B)  (n)  = A(n) + B (n)  , and i n  particu-lar i f  0 c A ,  

then  ( A  v B) [O,n] = A [O,n] + B [ l , n l  . With t h i s  i n  mind we d e f i n e  

(A v B) (n)  6 (A v B) = l i m  i n f  
n- 

2 -1 .2 D e f i n i t i o n .  L e t  <A,B> 

a 6 A ,  then  we d e f i n e  t h e  new 
0 

be a given system o f  s e t s .  If 

T T 'I 
system <A,B> = <A , B  > , wh&e 



a by; 
0 

and w e  def ine  

2.1.3 Theorem. The transformation T has the  fol iowing p r o p e r t i e s  : 

T 
iii) a + B~ C A C A , 

0 

i v )  I f  0 C - A ,  then Q C A' and i f  0 C B ,  then 0 E B~ , 

* 
The proofs  of (i) , (iii) and ( i v )  a r e  obvious. 

T 
Proof of (ii) . W e  need t o  show t h a t  A + B~ c A + B .  Le t  

T T T T T 
y E A + B ,  then y = x + b  where x CA'I: and b C B .  F i r s t  

cons ider  t h e  case  where x = a E A ,  so  t h a t  

.~ by (i) . Now consider  the  case  where x = a 
0 

T 'I: 
b C B ,  so  t h a t  y = x + b = (ao+b) + b = 

+ b ,  a C A  and 
0 

(ao+bT) + b C A + B by 

(iii) . 

+ 

proof of (v)  . Since hT = A U (ao+B) and 8' = B (A-ao) , 

we de f ine  B '  = {b 1 b C B and b # a - a. f o r  any a C A ) .  The 

T 
system <A,B> can be described by: t h e  s e t  B '  has been removed 

f r% B leaving B~ and a + B '  has been-included i n  A,  thus 
0 

J I 



T 
making up A . Therefore V(n) and vT(n)  d i f f e r  a t  most by t h e  

9 . J 

number of  i n t e g e r s  o f  B '  l y ing  i n  t h e  i n t e r v a l  [n-a + l , n l ,  t h a t  
0 

T 
i s ,  V(n) - 1 sol 5 V (n)  5 V(n) f o r  a l l  n and the re fo re  

8"4s - 
T T 
1 2  

T T T  
When we w r i t e  <A,B> = <A ',B we s h a l l  mean t h a t  

T T 
<A,B> i s  der ived from A by f i r s t  applying T t o  <A.B> 

1 

by means o f  some element a C A and then by applying T2 t o  
/ 0 

T T T 
<A l 1 B  '> by means of some element a C A l. W e  s h a l l  r ep resen t  

1 

a f i n i t e  sequence of T-transformations by TI and w r i t e  <A,B> T 

T T . .T 
1 2 -  r 

f o r  <A,B> 
T 

i f  <A,B> i s  t h e  r e s u l t  of  applying T t o  
1 

'C T 
1 1  

. 
<A ,B 9, . and f i n a l l y ,  T t o  

r 

from <A,B>,  o r  a s  a de r iva t ion  of <A,B>. A system derived 

T T T' 
de r iva t ion  <A ,B .> of*  < A ~ ~ B ~ >  i s  a l s o  a de r iva t ion  <A,B> TT ' 

cs of <A,B>. 

- .  
=< T 

2 . 1 . 4  Theorem. Any derived system' ~ A , B >  of <A,B> has t h e  

fol lowing p roper t i e s :  

iii) I f  0 C A ,  then 0 C and i f  0 C B, then 0 C B* . 

A l l  o f ' t h e s e  p r o p e r t i e s  a r e  obvious consequences of Theorem 2.1.3. 



W e  a r e  now i n  a p o s i t i o n  t o  use T-transformations t o  prove 

a theorem, which is  a combination of a  theorem by Dyson [21 and a 

theorem by van der  Corput [ l o ] .  From t h i s  theorem,with very l i t t l e  

d i f f i c u l t y  we s h a l l  be a b l e . t o  prove the  a + B Theorem, and l a t e r  

we s h a l l  use  t h i s  theorem i n  t h e  proof of Kneser's r e s u l t .  

2.1.5 Theorem. Let  0 < y 5 1 and n be  any p o s i t i v e  i n t e g e r .  

Also l e t  A and B be  two s e t s ,  each containing 0 and l y i n g  

e n t i r e l y  wi th in  t h e  i n t e r v a l  [O,n] . Denote by V and C t h e  s t rong  

union and sum, r e spec t ive ly ,  of A and B. If 0 = 0 o r  1, then 

i) ~ [ 8 , m l  2 y (m-8+1) (m=0,8+1,.. . ,n) , 

implies ii) C [0,ml 1 y (m-8+1) (m=8,8+1,. . . ,n) . 

Proof. We suppose on t h e  cont rary  t h a t  t h e  r e s u l t  i s  f a l s e ,  and 

t h a t  n i s  the  l e a s t  p o s i t i v e  i n t e g e r  f o r  which t h e r e  e x i s t s  a  p a i r  

of s e t s  contained i n  [O,n] f o r  which (i) i s  t r u e  and (ii) i s  f a l s e .  

Among a l l  such p a i r s  of  s e t s  we choose A .and B wi th  the  a d d i t i o n a l  

proper ty  t h a t  B [O,n] i s  minimal. We may suppose t h a t  B con ta ins  

a t  l e a s t  one p o s i t i v e  element, f o r  i f  0 i s  t h e  only element of  B, 

t h e  statements (i) and (ii) a r e  i d e n t i c a l .  

We s h a l l  ob ta in  a con t rad ic t ion  i n  t h e  following manner. We 

// 
s h a l l  cons t ruc t  two new s e t s  A '  and B ' ,  by us ing T-tran&onnations, 

wi th  the  following p roper t i e s :  



Proper t i e s  (iii) and ( i v )  imply t h a t  t h e  p a i r  A! and B '  

(i) b u t  n o t  (ii) and proper ty  (v)  c o n t r a d i c t s  t h e  minimal 

iii) V '  [8 ,m] 2 y(m-8+1) ( P O ,  8+1,. . . ,n)  , 

s a t i s f y  

proper ty  

Let  'a.* be t h e  l e a s t  among t h e  elements a  E A f o r  which , ' 

a  + B p' A .  The element a* e x i s t s ,  f o r  s ince  B con ta ins ra  p o s i t i v e  

element, the  l a r g e s t  element of  A + B i s  c e r t a i n l y  n o t  i n  A. W e  

w i l l  show t h a t . 9  a* > 0  and r i s  any i n t e g e r  s a t i s f y i n g  
1 

0  5 r < a*, then 

v i )  b  + ( A n  [ O , r l ) c  A f o r  every b  C B ,  

from which it immediately follows t h a t ,  

v i i )  if A[O,rl 2 Y ( r + l ) ,  then A[b,b+rl 1 A[O,rl F y ( r + l )  f o r  every 

b  c B .  

Proof of ( v i ) .  Let  x E b  + ( A  fI [O , r l ) .  Then x = b  + a  f o r  

some a  C A and b + a  5 r < a* which implies t h a t  a  < a* 
'p By 

t h e  d e f i n i t i o n  of a* ,  a  + B c A and hence x = a  + b  C A .  

W e  s h a l l  r equ i re  the  fol lowing f a c t :  

2.1.6 I f  a* > 0 ,  then f o r  every r s a t i s f y i n g  0  5 r < a*, 

A[O,rl 2 Y ( r + l )  . 



Proof of 2 -1.6. Suppose t h e r e  e x i s t  r s a t i s f y i n g  0 5 r < a* 

f o r  which A [ O , r l  < y ( r + l )  , and l e t  r '  be the  l e a s t  such r. 

Since 0 € A a 5 1,i t  follows t h a t r '  5 1 and s o  

A [ l , r 1 1  < y r ' .  f o r e  A [8 , r l ]  < y ( r l  -@+I) . However, by (i) , 
I ,  

~ [ 8 , r  ' 1  2 y (r l-8+1) , . and the re fo re  [8 , r l ]  must conta in  a p o s i t i v e  ' 

element b € B s ince  ~ [ @ , r ' ]  = ~ [ 8 , r ' ]  + B [ l , r l ] .  NOW, by t h e  
0 

' minimal proper ty  o f  r '  , A [O ,b6-11 ? ybo while A [O , r  $1 < y ( r l + l )  . 

r = r '  - bo) , 
/ 

Thus A[bo,r11 < y( rL-bb+l )  and, by ( v i i )  (with 

AIO,rl-bol < y ( r l - b  + I ) .  Since bo is  pos i t ive ,  t h i s  c o n t r a d i c t s  
.o 

- t h e  d e f i n i t i o n  o f  r '  and 2.1.6 i s  proved. 

Recal l  t h a t  a*  E A.  Define B" =. {b ( b E B ,  a* + b f A) . 
B" i s  nonempty, s i n c e  a* s a t i s f i e d  t h e  condit ion t h a t  a* + B $ A. 

t-- 

Let  'I = T(a*) arid thus  

and 

'I s 
The s e t  B s a t i s f i e s  property (v) s ince  B~ = B \ B "  and B" i s  

nonempty. Property ( iv) ,  i s  t r u e  by (i4) of Theorem 2 . l .3 .  

T 2 a r e  i d e n t i c a l  ( s ince  t h e  d i f fe rence  between . A  , B and A,  B i s  

t h a t  sdme of t h e  elements of B have been placed i n  ' A ) . ,  I n  t h i s  

case  (i) and (iii) a r e  the  same. 

W e  may assume t h a t  a* > 0. Considering (iii) f o r  a  p a r t i c u l a r  

m 5 n, t h e  t r a n s l a t i o n  o f  B" causes only those elements b of B" 



i n  t h e  i n t e r v a l  [m-a*+l,m] t o  f a l l  ou t s ide  of  [elm]. _- ~ e n c e ~  
Z ., ., - 

V '  [8,ml = v[B,mI - B [m-a*+l,ml f o r  a l l  m 5 n. Therefore t o  confirm I 

(iii), it w i l l  be s u f f i c i e n t  t o  prove t h a t ,  f o r  each m, 

V[8 ,m] - B [m-a*+l,m] 2 y (m-8+1) . 

Let b  be t h e  l e a s t  p a s i t i v e  b  C B i n  t h e  i n t e r v a l  
1 t A 

[m-a*+l,ml ( i f  t h e r e  i s  no such bl t h e r e  i s  nothing t o  prove) .  

Let  m =. b + r s o  t h a t  0  5 r < a*. Then ~ [ 8 , b ~ - l l  2 y(bl-8) . 
1 i 

Since v[8,ml - B [m-a*+l,m] = V[e,b -11 + A [blm] , then 
1 

A[b , m l  1 y (m-b +1) i s  a l l  t h a t  remains t o  be proved. [O,rl 1 y ( r + l )  
1 1 

i s  t r u e  by 2.1.6 and the re fo re  ~ [ b ~ , m l  = Arb , b  + r l  2 y ( r + l )  i s  
1 1  

t r u e  by ( v i i )  . This  e s t a b l i s h e s  (iii) , and so t h e  proof of Theorem 

2.1.5 i s  complete., 
-- 

The r e s t r i c t i o n ,  i n  Theorem 2.1.5, t h a t  both A And B be 

contained i n  t h e  i n t e r v a l  [O,nl i s  made only f o r  tlre purpose of 

s impl i fy ing t h e  no ta t ion  i n  t h e  proof.  The fol lowing c o r o l l a r y  

i s  an i 6 e d i a t e  consequence of ,Theorem 2.1.5. 
-. 

2 . i .7  Corollary.  Le t  0  < Y 5 1. I f  8  = 0 o r  1 and 0  C A n B,  

then 

implies c [8 , m l  2 y (m-6+1) (m=8,8+1, . . . . 

The a +- B Theorem i s  one of the  most outs tanding r e s u l t s  i n  

t h e  theory of  dens i ty .  The o r i g i n a l  

was very complicated. We a r e  now i n  

using c o r o l l a r y  2.1.7 with 8  = 1. 

proof by M.B. Mann [81 i n  1942 

a  pos i t ion  t o  g ive  a  quick proof . I- 



2 .1 .8  a + 8; Theorem. If 

1 9 .  
A .- 

h 

A , B c I  a n d  0 C A n B ,  t h e n  , 
0 

C a s e  1. Assume Cx + B 1 1, t h e n  b y  P r o p o s i t i o n  1 .1 .6 ,  A + B = 
I 0  

a n d  t h e  r e s u l t  f o l l o w s  i m m e d i a t e l y .  

C a s e  2 .  ' Assume Cx + 8 < 1. ' ~ [ l , n ] ~  = V(n) = -A(n) + B.(n) 1 (a+B)n 

. ~ 

% ,  

for  n = 1 2 3 , . .  By P r o p o s i t i o n  1 . 1 . 2 .  By C o r o l l a r y  2 .1 .7 ,  w i t h  

8 - 1 a n d  y =. Cx + 8 ,  we h a v e  t h a t  C ( n )  "1 yn = (a+B) n ( n = l ,  2 , 3  , . . . I  . 
* ' . ,  / 

ThSs c o m p l e t e s  t h e  p r o o f  of t h e  a + b Theorem. I 



. c 
Chapter 3 .  

, - 
Kneser 's Theorem 

9 1 .  Kneser ' s  Theoreq 

Kneser ' s  theorem d e a l s  w i th  t h e  problem o f ,  given a system 

o f  two 2ets <A,B>, o b t a i n i n g  a lower bound f o r  ~ ( A + B )  i n  terms 

of  l i m  i n f  A(n) + B(n) 
n  

n* 

I t  w i l l  be convenient  t o  pe rmi t  A ahd B t o  conta-in nega t ive  
I 

i n t e g e r s .  This  ;allowance makes no e s s e n t i a l  d i f f e r e m ' n  f i n d i n g  L. 

b a lower bound f o r  6 (A+B), s i n c e  .on ly  t h e  p o s i t i v e  in t6ge r s  a r e  

counted i n  A(n) and B (n)  . 

We s h a l l  begin wi th  some p repa ra to ry  remarks and d e f i n i t i o n s .  

The sum and s t r o n g  union of  t h e  system <A,B> w i l l  be  denoted 

r e s p e c t i v e l y  by C and V. Since V(n) = A(n) + B ( n ) ,  o u r  problem 
$ 

now w i l l  .be t o  o b t a i n  a  lower bound f o r  6 (C) i n  terms o f  6 (V) , 
We w i l l  be  ab l e  t o  r e p l a c e ,  a s  w i l l  be  c l e a r  l a t e r ,  t h e  sys tem 

4 

<A,B> by any system <A1 ,B1> which s a t i s f i e s  t h e  fo l lowing  twd 

cond i t i ons  : 
-9 

3.1.1 D e f i n i t i o n .  I f  two systems <A,B> and < A 1 , B 1 >  s a t i s f y  

cond i t i ons  (i) and (ii), we 'say t h a t  <A1 , B ' >  i s  a  worse system 

than  <A,B>.  



s 

4 

3.1.2 Lemma. L e t  a ,  b b e  any i n t e g e r s .  If  we d e f i n e  a new system 

< A ' , B ' >  from t h e  system <A,B> by, 

and 

then 6 ( ~ )  = 6 ( c f )  and 6 ( v )  = 6 ( v 1 ) .  

- 
f- 

Proof.  Both r e s u l t s  a r e  obvious consequences o f  P ropos i t i on  1.2.4. 

3.1.3 Def in i t i on .  L e t -  0 5 r < r 
1 

< .-. rk < g a n d '  
2 k  

0 5  s s < ... < s Q . c  g. I f  A =  U { n q +  ri I n C I) and 
1 2 
n i= 1 

B = U {ng + si I n C I}, t hen  we say  t h a t  t h e  system <A,B> i s  
i=p 

degenera te  modulo g. 

The r eade r  w i l l  n o t e  t h a t  A and B a r e  t h e  union o f  e n t i r e  

congruence c l a s s e s  modulo g.  I f  w e  s ay  t h a t  t h e  system <A,* is  
t/- 

Qegenerate ,  w e  mean t h a t  it i s  degenerate  lnodulo g ,  f o r  some g.. 

The fo l lowing  example wil l .  show t h a t  t h e  i n e q u a l i t y .  

6 C - 2  m i  1 6  v 1 suggested by a d i r e c t  analogy t o  t h e  a + 6 

Theorem i s  f a l s e ;  and t h a t , f o r  systems <A,B> which a r e  degenera te  

modulo g, we cannot  prove more t h a n  

I 

I 
iii) 6 (c) L 6 (v) - - . 

9 

3 I f  A = B = I n  I n Z 0,1 modulo g),  then  6 ( ~ )  = - 4 and 6 (V) = - . 
I 9 " 9 

I 

The i n e q u a l i t y  (iii) does n o t  hold i n  p e n e r a l ,  u n l e s s  g is 

minimal i n  some sense.  For i f  <A,B> i s  degenera te  modu,lo g, it 



is a l s o  degenerate modulo mg f o r  any i n t e g e r  m > 1; and i f  

<A,B> is..chosen t o  s a t i s f y  6 (C) = 6 (V) - - then (iii) i s  f a l s e  
9 7 

when g i s  replace  mg. We w i l l  f i nd  t h a t  the  minimal condit ion 

f o r  g is  d t h e r e a r e  no systems <A'  , B ' >  worse than <A.B> 

t h a t  a r e  degenerate t F Z  modulus l e s s  than g. W e  s h a l l  eventual ly  

prove t h e  following theorem due t o  M. Kneser [ 7  I .  

3.1.4 Theorem. I f  the  s y s t q  <A,B> i s  degenerate modulo g ,  

then the re  e x i s t s  a d i u j s g  , g l  of g and a system < A ' , B 1 > , '  .. - 2-.- - - 
degenerate modulo g r ,  such t h a t  < A 1 , B ' >  i s  worse than <A,B> and 

By Proposi t ion 1.2.6 and Proposi t ion 1.2.3, i t  follows t h a t  

1 6(c) = 6 ( ~ ' )  r 8 ( v 1 )  - --, 2 6 ( v )  - - and Theorem 3.1.4 g ives  an 
9' 

answer to our  proble  the  case when <A,B> i s  degenerate modulo 

g. The following theorem g ives  an answer t o  our  problem i n  the  case 

when <A,B> i s  any system such t h a t  t h e r e  e x i s t s  a system < A ' , B ' >  

degenerate modulo g '  which i s  worse than <A,B>.  

3.1.5 Theorem. Let  < A I B >  be any system. I f t h e r e  e x i s t s  a 

system < A 1 , . B ' >  degenerate modulo g' and worse than <A,B>,  

then the re  e x i s t s  a d i v i s o r  g" of g '  and a system <Aw,B"> 

such t h a t  <A",BW> i s  worse than < A P , B ' >  a ~ d  



1 .  
Proof. BY Theorem 3.1.4, 6 ( ~ " )  2 6 W " )  - - . Since 

- g" 

6 (c) = 6 ( c l )  = 6 (c")  and; 6 ( v ' ~ )  1 6 ( v l  ) 1 6 (v) (by Proposi t ion 

1 
1.2.3 and proposi t ion  1.2.6) w e  have t h a t  6 ( ~ )  2 6 ( ~ )  - - . 

g " 

A degenerate system <A,B> may become non-degenerate when 

some of t h e  elements a r e  removedfiom A and/or B .  This  w i l l  

happen when a s i h g l e  b e e n t  i s  removed, which c lea r ly%as  no e f f e c t  

on our  degenerate case. A s  a r e s u l t  of Theorem 3.1.5,we inc lude  a, d 
&$ - 
r' -ri 

i n  t h e  degenerate case systems <A,B> which a r e  no t  degenerate. , 
x 

themselves, but  corresponding t o  which the re  i s  a worse system which s 

i s  degenerate. 

t 

For t h e  remaining systems not  covered by Theorem 3.1.5,we w i l l  
e 

eventual ly  prove t h e  following remarkable theorem a l s o  due t o  M.  Kneser 

- 1 

3.1.6 Theorem. I f  no system worse than <A,B> i s  degenerate,  

then 6 (c) 1 6 (v)  . 

I f  the  conclusion o f  Theorem 3.1.6 is  f a l s e  f o r  a given system 

< A , B > ,  then the re  must e x i s t  a n a t u r a l  number g '  and a system. ... 

< A 1 , B ' >  degenerate modulo g ' ,  such t h a t  < A ' , B 1 >  is worse than 

<A,B>.  Then by Theorem 3.1 .4 , there  e x i s t s  a n a t u r a l  ndmb~r  g" and 

a system <AW,B"> degenerate modulo 

worse than < A '  , B t >  ( a l s o  worse than 

We may the re fo re  combine Theorem 

Kneser' s theorem. 

g" ,  such t h a t  <AM,B"> i s  

1 
<A,B>) and 6 (cW)  2 6 (v") - - . 

g " 
3.1.5 and Theorem 3.1.6 t o  give 



3 . 1 . 7  Theorem (M. Kneser [71)  . For any given system < A , B > ,  

e i t h e r  6 ( c )  2 6(v )  o r  the re  e x i s t s  a n a t u r a l  number g '  and a 

system . < A ' , B 1 >  degenerate modulo g '  such t h a t  < A ' , B ' >  i s  worse 

1 
than <A,B> and 6 ( ~ ' )  2 6 ( v 1 )  - - . 

-\ 9 ' 
To he lp  t h e  r eader  &follow the  proof of  Kneser 's Theorem w e  have 

added a flowchart following the  bibl iography,  ?n Appendix 11. 



52. I n t e r m e d i a t e  R e s u l t s  

AS w e  mentioned i n  Chap te r  2; ~ - t r a n s f o m a t i o ~ ~  
J 

p l a y  an  i m p o r t a n t  r o l e  i n  t h e  ~ r 6 0 f  o f  K n e s e r ' s  theorem. I n  t h i s  

s e c t i o n  we p r e s e n t  a lemma and a theorem, b o t h  r e q u i r i n g  T - t r a n s f o r -  

m a t i o n s ,  t h a t  we w i l l  u s e  i n  p r o v i n g  Theorem 3.2.4. Theorem 3.2.4 

i s  t h e  major  s t e p  u s e d  i n  p r o v i n g  K n e s e r ' s  theorem 3.1 .7  and  u s e s  

i n  i t s  proof  t h e  p r i n c i p a l  i d e a s  o f  K n e s e r ' s  a rgument .  

3 .2 .1  Lemma. I f  F i s  a f i n i t e  s u b s e t  o f  A and  0 6 B, t h e n  

T t h e r e  e x i s t s  a d e r i v a t i o n  <A,B> o f  <A,B> such  t h a t  

P r o o f .  Suppose t h a t  F = {al ,a2 , .  . . , a  1 .  I f  T = T ( a  ) i s  
n - 1  1 1  

a T- t rans format ion  a p p l i e d  t o  <A,B>, t h e n  by (iii) o f  Theorem 2.1.3, 

L1 
2 If = T 2 ( a 2 )  

i s  a p p l i e d  to <A , B  >, t h e n  by (iii) o f  Theorem ' 

T T T T 
2.1 .3  a g a i n ,  a + B 1 2 c ~  1 2  

2 
. S i n c e  by (i) of  Theorem 2 .l. 3 

T T T T T T 
1 2  T 'r 

B 1 2 c g  and  A c A , we have t h a t  a + B 1 2  
1 

c a  + 
1 

T T T T 
B ' C A ' C A  1 2  and hence 

~t the rth s t a g e  o f  t h i s  p r o c e s s ,  w e  show i n  t h e  same way t h a t  i f  
-3 



'Il.. .T 
A 

r , and hence 

Wri t ing  T - T T ..T 
1 2-  

we a r r i v e  a f t e r  n s t e p s  a t  a d e r i v a t i o n  
n r  

T 
< A , B > ~  of <A,B> f o r  which F + B~ C A . 

3.2.2 Theorem. I f  0 C A n B ,  i f  A con ta ins  m consecut ive  

m 
i n t e g e r s ,  and i f  6 (C)  < m+1 6 (V)  , then-  *C -- I. 

R 

m 
Th i s  Theorem i s  remarkable i n  t h a t  t h e  hypothes is  6 ( ~ )  < 6(v) 

L 

r e q u i r e s  t h a t  C be small  and y e t  t h e  conclusion o f ' t h e  theorem is  

t h a t  C is l a r g e .  ' 

b 

Proof.  Suppose A c o n t a i n s  t h e  m consecut ive  i n t e g e r s  

a , a + l ,  ..., a+m-1. We d e f i n e  t h e  system < A 1 , B ' >  by A '  = f i  - a 
* 

and B '  = B .  Then 0 C A '  ri B1 and by Lemma 3.1.2,  6 ( ~ )  = 6 ( ~ ' )  . ? 

, - 
and 6 (V) = 8 ( V '  . Since'  t h e  spstem ' <A1 . B 1 >  s a t i s f i e s  t h e  hypothes is  

o f  Theorem 3.2.2, we may-assume wcthout l o s s  of  g e n e r a l i t y  t h a t  

, . . - 1  A We may even suppose' t h a t  

For by 

) {0,1,2 ,..., m-1) + B c A. 
- 

Lemma 3.2.1,  (i) i s  c e r t a i n l y  t r u e  f o r  some d e r i v a t i o n  of <A,B>,  

and t h e h y p o t h e s i s  of  Theorem 3 . 2 . 2  holds f o r  every d e r i v a t i o n  of  <A,B> 

by Theorem 2.1,4.  



T 
I f  w e  can prove, f o r  some de r iva t ion  TI t h a t  C ,  I, then s ince  

T 
C C C ,  we have t h a t  C -. I. Note by hypothesis  of  Theorem 3.2.2 

t h a t  6(v) > 0. 

Let  y be a p o s i t i v e  number s a t i s f y i n g  
' .  

We have then,  i n  any case ,  

m 
i v )  - m + l Y 5 1  

d 

Inequa l i ty  (ii) impl ies  t h e  exis tence  of a  p o s i t i v e  i n t e g e r  x = xo(y) 
0 

such t h a t  , ~ 

and we choose x ; t o = b e  t h e  
0 

i s  t r u e . ,  Our chqice o f  x 
0 

- v i )  A(xo-1) + B(xo-12 5 

l e a s t  p o s i t i v e  

impl ies  t h a t  

il 

and i f  we s u b t r a c t  t h i s  inequal i t ;  •’=om (v) 

be a r r i v e  a t  

i n t e g e r  f o r  which (v)  

and rep lace  x ,  by x + x 
o r  



28. 

P 

L e t t i n g  x = 0 i n  ( v i i )  we have t h a t  A[xo,xol + B[x ,x  1 2 y, 
0 0 

wh>ich impl ies  t h a t  x E A o r  x € B. By (i) , B c A and the re -  
0 0 

f o r e  x E A. Let  x be t h e  l e a s t  element of  B g r e a t e r  than o r  
0 1 

equal t o  x . Define t h e  new'system < A 1 , B ' >  by 
0 

so t h a t  0 E A '  B ' . We s h a l l  prove t h a t  

m 
v i i i )  V'[O,x] 2 - + l Y(x+l) (x-0,1,2,. . . )  . 

* 

By t h e  d e f i n i t i o n  of  x x t h e  i n t e r v a l s  
0' 1' [xoIxol ,  [xoIX11 

conta in  exact ly  one element r e spec t ive ly  of  A and B ,  so t h a t  

A '  (x) I A [ x ~ + ~ , x ~ + x ]  = A [xO I X ~ + X ]  -.. - 1  1 

and B ' ( x )  = B[x + l , x  +XI = B[x x +XI  - 1 2 B[x , x  +XI - 1. 
1 1 1' 1 0 0 

11 + A[x , X  +XI + B[xo,~o+x]  - 2 
0 0 

r y ( x + l )  - 1 
- 

m 
1 -  y (x+ l )  provided x 2 m + l  - - 

m + l  Y 1 .  



m +  1 
So, i f  x  L - -  m 

Y 
1, we have t h a t  V1[O,x] 1 - 

m + l  
y ( x + l ) .  To 

.,. 

complete t h e  hroof o f  ( v i i i )  i t  i s  s u f f i c i e n t  t o  show t h a t  ( v i i i )  
Q 

m + l  I ,  i s  t r u e  f o r  x  < - - 
Y 

1. - - ^-_--  

I f  O 5 x < x - x  
l o '  then  t h e  i n t e r v a l  [xo ,xo+x1 con ta ins  no 

I 

elements of B so t h a t ,  by ( v i i )  

and 

(i) 

i x )  V '  [O,xl 2 A '  [O,xl = A [xO I xO+x1 = A[X ,x  +XI + B[xo,xo+xl 1 Y(x+l) ,  
0 0 

m the re fo re  V '  [O,x] 1 - + Y(x+l ) .  

I f  x1 - x 5 x < x - x + m, then s ince  x  C B we have by 
0 1 0 1 

t h a t  x  + { 0 , 1 , 2 , . . . ~ m - l  c A. Thus t h e  i n t e r v a l  [xl-xo,xl 
1 

i s  e n t i r e l y  coqtained i n  A '  and we have by ( i x ) ,  t h a t  

m m 
1 -  - x )  + -  m 

m+l Y(xl o  m + l  Y(x-x 1 0  +X +1) s ince  - m+l +Y ' I. 
m 

I- Y(x+l) . c 

m+l 

Next suppose t h a t  x  - x  + m 5 x  < - - 
1 0 

+ 1. The i n t e r v a l  
Y 

I0,xI conta ins  m elements of A '  and m > y ( x + l )  s ince  
m + l  

m + l  x < - -  m 
Y 

1. Therefore V1[O,x1 > A1[O,x] L m  > - 
m + l  y  (x+l)  

and t h i s  completes the  proof of  ( v i i i )  . 
m Since V'[O,x] 1 - 

m + l  Y(x+l) f o r  x  = 0 1 2 , . .  , then by 

Corol lary  2.1.7 with 0 = 0  w e  have t h a t  
w 

m x) C '  [O,x] Z - 
m + l  Y(x+l) f o r  x  = 0 ,1 ,2 , .  . . . 



> 

We w i l l  now show t h a t  t h e  conclusion o f  Theorem 3.2.2 fo l lows  

m m 
from (x )  . W e  may suppose t h a t  - 6 (v) > 1. For  i f  - 

m + l  m + l  
6 ( v )  5 1, 

m 
then  (x )  imp l i e s  t h a t  6 ( ~ )  = 6 ( c 1 )  2 - y f o r  any y Less than  

m + l  
I 

m 
6 (V) , and t h e r e f o r e  6 (C) 2 - 6 (V) which con t r ad ic t s .  o u r  

m + l  

hypothes is .  

Suppose then ,  t h a t  

and by (x)r we  have t h a t  C ' [b,,xl 1 x + 1. Therefore f o r  each 

x - 0,1 ,2 , .  . . , a l l  t h e  i n t e g e r s  o f  [O,x] l i e  i n  C' ; i n  .o ther  

words C 1  IO. But. 

so t h a t  C I. f 

We now s t a t e  .and prove t h e  fo l lowing  very  u s e f u l  c o r o l l a r y .  

3.2.3 Corol la ry .  L e t  t h e  system <AIB> be  such t h a t  0 € A I? B 

and 6 (C)  < 6 (V) . Then if t h e r e  e x i s t s  an i n f i n i t e  sequence o f  n a t u r a l  

numbers m l l m 2 , . . .  such t h a t  

and a sequence o f  corresponding 

of  < A , B >  such t h a t  

*1 T2 d e r i v a t i o n s  <A, B> , <A,  B> , . . . 

2 )  A 
Ti 

c o n t a i n s  m consecut ive  i n t e g e r s  ( i l , 2 , . . )  then  
i 



m 
i 

proof. Gince - -+ 1 a s  i + o" and 6 (C) < 6 (V) , t h e r e  .c 
m + l  v 

I m 
r 

e x i s t s  an i n t e g e r  r such t h a t  6 (C) < + 6 (v) . Then by (ii) 
r 

and ( i v )  o f  Theorem 2.1.4, we have 

L 

and by Theorem 3,.2.2,C r - -  I. Since C r.c C w e  have t h a t  C - I. 
- ,  

To pro$e Theorem 3.1.7 it w i l l  be s u f f i c i e n t  t o  prove Theorem 

3.1.5 and Theorem 3.1.6. Both of these  theorems w i l l  be seen l a t e r  

t o  fol low from Theorem 3.2.5. Before s t a t i n g  Theorem 3.2.5 we peed ; 

t h e  following important d e f i n i t i o n .  

3.2.4 Def in i t ion .  For a given s e t  A and a given n a t u r a l  number 

g,  we denote by t h e  s e t  of a l l  numbers o f  t h e  form a + gn 

where a C A and n E I .  

The reader  w i l l  no te  t h a t  A' i s  t h e  smal les t  s e t  conta in ing 

A which i s  degenerate modulo q. 

3.2.5 Theorem. I f  <AIB> i s  such t h a t  0 C A fI B and 6 ( ~ )  < 6 ( ~ ) ,  

t h e r e  e x i s t s  a subset  E of C ,  conta in ing 0,  and a n a t u r a l  number 

g I such t h a t  



W e  w i l l  n o t  prove Theorem 3.2.5 d i r e c t l y ,  b u t  prove Theorem 
I , d 

3.3.7 which i n  t u r n  impl ies  Theorem 3.3.9, which we w i l l  show impl ies  

Theorem 3.2.5. 
-, 



P 
.?4 . 

C $ -  

•˜ 3 .  Proof--of Theorem 3.2 .'5 

Throughout t h i s  sect2on we w i l l  a s s u m e  , 

O C A ~ B ,  . s  ? . *& 
C .? 

i. 
and - - 8 ( ~ )  5: 6 ( ~ )  . 

'v. 
@ 

-+ 

The p r ~ o f  of  Theorem 3.2,s  is very long  and i n  p laces  is  r a t h e r  
\ 

a 

involved. The reader  i s  reminded of t h e  flow char$ fol lowing t h e  b i b l i o -  

B 

graphy. I have attempted t o  p r e s e n t  t h e  proof a s  c l e a r l y  a s  poss ib le .  
0' .\ 

I t  w i l l  be he lp fu l  t o  in t roduce  t h e  following two set f k c t i o n s  and %l , 
1 

E 
4 

t h e i r  use fu l  properties . 
1 

i . * s.. 

P 

3.3.1 Def in i t ion .  Le t  A be any s e t .  We def ine  f(A) t o  be t h e  1. 
$east element of the s e t  of p o s i t i v e  d i f fe rences  ~ f - ~ a i r s  of  elements 

of A ;  

3.3.2 Def in i t ion .  For any given s e t  A ,  l e t  g(A) denote the  

- h ighes t  common f a c t o r  of  t h e  elements of  A. 
4 

Clear ly  g(A) i s  a  d i v i s o r  of f  (A) and, i n  p a r t i c u l a r ,  

T o  T 
The values f (B ) , g(B ) corresponding t o  t h e  de r iva t ion  <A,B> T  

of <A,B> p lay  a  v i t a l  p a r t  i n  the  following argument. 

B 



3 . 3  - 3  Lemma. I f  each s e t  o f  t h e  system <A,B> con ta ins  0 ,  then  

T f o r  every d e r i v a t i o n  <A,B> , 

1 
i) 6 ( ~ )  5 6 ( ~ )  - - , 

f  ( ~ ~ 1  
I 

and T T 1 
ii) 6(c  1 2  6 ( v )  --. 

9 BT) 
, 

T 
Proof .  For  every  d e r i v a t i o n  <A,B> , 0 C B~ by (4i i )  o f  Thwrem 

i- T 2.1.4. P u t  bo = 0 and l e t  'br be e! p s i t i b e  element o& B , 

t ak ing  b to  be  t h e  l a b e s t  element of  B~ n o t  exceeding x ,  
r 

T x 
we o b t a i n  B (x)  5 - . This  fo l lows  from t h e  f a c t  t h a t  r f  (BT) 

f 

T T 
C 

X 
5 br 5 x and B (x)  = r. Since .  B (x) - - 5 0 ,  w e  t h e r e f o r e  

f  ( ~ ~ 1 .  
C 1 

have, 

T T 1 T T 
6 (C ) > 6 (A 2 l i m  i n f  - {A (x)  + B (x)  - - 

+m 
X 

1 
f ( B ~ )  

T so t h a t  (i) fol lows from t h e  f a c t  t h a t  C c C and 

T T and (ii) fol lows  from t h e  f a c t  t h a t  f  (B )> g(B ) .  

I f  t h e  s e t  o f  numbers f (gT) corresponding t o  

T 2 de r iva t ion ;  <A,B> i s  Unbounded, (i) impl i e s  t h a t  

T 
& ( v  ) = 6 ( v ) ,  

a l l  p o s s i b l e  

But this i s  n o t  c o n s i s t e n t  w i t h  o u r  hypothes is  f o r  t h i s  s e c t i o n ,  

so  t h a t  we may assume from now on: 



T - 
1) the s e t  {f'(B )I<A,B>~ 'is a derivation of <A,B>} , 

3.3.4 
-% 

is bounded, 

T 
2) the s e t  {g (B ) I < A , B > ~  is a derivation of <A,B>} 

is bounded, 
T T 

(where ( 2 )  follows from (1) and the f a c t  t h a t  g(B ) I f (B '  ) ) .  I&t 

where the max is taken over a l l  der ivat ions  of <A,B>. 

T 
- 

T T 
3.3.6 Lema. If <A ,B > i s  a derivation of <A,B> ,  then f (B  ) L f(B) 

Proof. If  < A , B > ~  i s  a derivation of <A,B>, we have, by (i) 

of Theorem 2.1.4 , t h a t  BT c B., and the  lemma follows from the 
u 

Defin5tion.s 3.3.1 and 3.3.2. 

Let < A , B > ~  be any derivation such t h a t  g = g(gT) i s  ryx&&l. 

is any d e n  at ion of <A;& (and By Lemma 3.3.6,if (<A,B> ) -gk 
TT ' T 

therefore a l so  of <A,B>) , then g(B ) = g(B ) = g. I f  f o r  the 

system <A,B>,  g (B) = g is  maximal, then for  any derivation 

With the proper t ies  of the  s e t  functions f and g i n  mind, 

we  begin our proof of Theorem 3.2.5 by f i r s t  proving the following 

theorem which l a t e r  we w i l l  show implies-Theorem 3-2.5. 

3.3.7 Theorem. Let <A,B> be a system with the following proper t ies ;  



T T 
iii) g(B ) = g(B) = g f o r  every der iva t ion  <A,B> , 

i v )  A conta ins  g consecutive in tege r s .  

Then C - I. - .  

The proof of Theorem 3.3.7 r equ i res  t h e  following lemma. 

3.3.8 Lemma. Let  <A,B> s a t i s f y  condi t ions  (i) and (iii) of Theorem 

3.3.7. If F i s  a f i n i t e  subse t  of  A,  then the re  e x i s t s  an i n t e g e r  

y and a de r iva t ion  < A , B > ~  of  <A,B> such t h a t  

Before g iv ing t h e  proof ,  we s h a l l  use  Lemma 3.3.8 t o  prove 

Theorem 3.3.7. Let  = {a , ao+l,.  . . , ao+g-1) be the  s e t  of  g 
0 

consecutive in teggrs  of  A .  Applying Lemma 3.3.8, (1) 

s t a t e s  t h a t  conta ins  the  s e t  

% 
cons i s t ing  of 29 consecutive i n t e g e r s .  By (iii) of Theorem 2-1.4 and 

T T 
Lemma 3.3.6, the system <A ,B > s a t i s f y  the  hypothesis  of our  lemma. 

T T 
Therefore applying t h e  lemma t o  <A ,B >, there  e x i s t s  a f u r t h e r  

T l.5 11 
$ 

a e r i v a t i o n  <A , B  > ' f o r  which A conta ins  39 consecutive 
- - >* 

i n t e g e r s ,  and s o  on. Therefore we have an i n f i n i t e  sequence of 

d e r i v a t i o n s  of  <A,B> s a t i s f y i n g  the  hypothesis  of  Corollary 3.2.3 

with mi = i g ,  i = 2  3 . .  1 , and Theorem 3.3.7 follows from 

t h i s  co ro l l a ry .  



T 
Proof of Lemma 3 . 3 . 8 .  Let f=max f (B ) a n d ' l e t  

T 
<RIB> 

T 
P = {<A,B> I • ’ ( B ~ )  = •’1. It follows from the defini t ion of f and 

Lemma 3 . 3 . 6  tha t  P is  closed under the operation of derivations.  

We- choose from the s e t  P of a l l  derivations of <A,B> one system, 

T1 
c a l l  it < A,B> , for  which the number of residue classes  modulo f 

h 

T1 with representatives in  B i s  minimal. Let p l rp2r . . . lPk  (mod •’1 

- .  
be these residue classes .  Also l e t  Q be the s e t  of a l l  derivations 

TIT z,, 
/- -- 

B i s  repre&nted by the same residue classes p1 ,p2, . . . .pk (mod f ) .  

Otherwise, by (i) of Theorem 2.1.4, B TIT C gT and any fewer residue 

T 
c1asse.s would contradict  our choice of <A.B> A l l  elements <RIB>  

T 

of Q s a t i s fy  the following properties: '- 

T T 
b) f ( B  ) = f and B contains a t  l eas t  two elements whose 

-- - 

difference is  f ,  

/ 

C )  gT in tersec ts  exactly the residue classes ,p2 , .. . ,pk (mod f , 

d) Q is  closed under derivations.  

i' 

By the 'def in i t ion  of g and property (a)  , g can be expressed 

T as  a l inear  c o m b i n a b  of a f i n i t e  number of elements of B . By 

property (c), there e x i s t  integers nlln2,. . . ,nk sdch tha t  

k 
g = C nipi (mod f )  . This congruence can be expressed i n  the following 

i=l 

m r e  convenient form 



where k '  = n + n  +...+ n and 0 0 
1 2  k 1' 2'" '  

0 c o n s i s t s  o f  t h e  i n t e g e r s  
k ' 

p1 ,p2 .. . ,pk each pt o c c u r r i n g  w i t h  m u l t i p l i c i t y  n f o r  
i 

T 
W e  can now prove  (1). L e t  <A,B> C  Q. Since F c A,  t hen  

T T - 
F c A . Thus, apply ing  Lemma 3.2.1 t o  <A,B> and us ing  p r o p e r t y  

( d l ,  t h e r e  e x i s t s  a d e r i v a t i o n  <A,B>l1  d f  < A , B > ~  such t h a t  

T T T 
T1 1 1 

-. 
F + B I C A  and <A,B> C Q .  B con ta ins  an element x1 - = Crl 

T 
1 ( m d  • ’1, by p rope r ty  ( c )  so t h a t  ' F  +. x c A . Since t h e  system 

1 

T1 
<A,B> s a t i s f i e s  t h e  hypothes is  o f  o u r  lemma, then apply ing  t h e  

I 
T same procedure w i t h  <A,B> i n  p l a c e  of  <RIB> and F = F + x 

1 1 
T 

T1 i n  p l a c e  of  F, we  a r r i v e  a t  a & r i v a t i o n  <A,B> c Q o f  , < A r m  , 

such t h a t  

Tk' Continuing i n  t h i s  rnanner~we a r r i v e  a t  a d e r i v a t i o n  <A,B> C;Q 
i t  

- .  
such t h a t  

.* . 
By (21,  x +x +...+ xk, = g + nf f o r  some i n t e g e r  n ,  and s i n c e  

1 2  

Tk ' b 
. - F c A c A , we have t h a t  



P 

I f  4- 0. ( 3 )  impl ies  (1) with  y = 0 and we a r e  done. 

Tk ' 
Assume t h a t  n f 0 .  Since 0 C ATk' fl B , w e  can apply 

4 
Lemma 3.2.1 with F U (F+g+nf) i n  p lace  of F, and o b t a i n  a der iva-  

T 
T ' I< 

t i o n  <A,B> o f  <A,B> k' such t h a t  4 g 
T ' 

4) I F U  ( ~ + ~ + n f ) >  + B ~ '  C A  . ' 

T ' 
<A,B> € Q by proper ty  (d)  and t h e r e  e x i s t  elements u '  , u '  + f C B 

T ' 
F 

T ' 
by proper ty  (b)  . Since u '  , u '  + f C B I then ( 4 )  impl ies  the  

fol lqwing two condit ions:  

and 

T ' 
ii) (F+ul+f) U ( F + u ' + g l ( n + l ) f )  C A  . 

I . .  
I f  n J Q, we l e t  F '  - F 
(i) and t h e  second p a r t  of 

t i o n  t h a t  

iii) F' U (F 

I f  n > O ,  w e l e t  F '  

(i) and t h e  f i r s t  ha l f  of  

/- 

+ u ' ,  and by t h e ' f i r s t  p a r t  o f  condi t ion  

condi t ion  (ii) we g e t  t h e  fol lowing condi- 

= F + u 1  + f and by the second ha l f  o f  

ii) we g e t  t h e  following condi t ion  t h a t  
I 

Depending on whether n < 0 o r  n > 0 condi t ions  (iii) and ( i v )  

a r e  s i m i l a r  t o  ( 3 )  with F '  i n  p lace  of  F, T1 i n  p lace  o f  T 
k' 



and t h e  c o e f f i c i e n t  of  f  d i  i n i shed  by 1 i n  a b s o l u t e  va lue .  f 
Repeating t h i s  procedure 1 n /  t imes.  we a r r i v e  a t  a system w 

T * 
<A,B> Q ,  a s e t  F* and an i n t e g e r  y such t h a t  F* = F +, y 

and 

T * 
F k U  (F*+g) C A  . 3 3 

3 
l a 

Thi s  completes t h e  proof  of  (1) and Lemma 3.3.8 a s  we l l  a s  Theorem 8 

T o  show t h a t  Theorem 3.3.7 i m p l i e s  Theorem 3.2.5, we w i l l  show , 
'8- 3 

r' 
t h a t  Theorem 3.3.7 imp l i e s  Theorem 3.3.9 (below) which i n  t u r n  we 

show impl i e s  Theorem 3.2.5. 
4 

1 

3.3.9 Theorem. Given . the  system <A,B> w i th  0 A n B ,  i f  

T 6 ( C )  < 6 (v) and i f  g (B ) = g ( ~ )  = g f o r  every d e r i v a t i o n  '<A,B> 
T 

& 
- 

9 of  <A,B>,  then. C - C  . ( c f .  d e f i n i t i o n  3.2.4) .  

The only  d i f f e r e n c e  between Theorem 3.3.7 and Theorem 3.3.9 

i s  t h a t  i n  Theorem 3.3.7 t h e  system <A,B> has  t h e  a d d i t i o n a l  

p r o p e r t y  t h a t  A con ta ins  g consecut ive  i n t e g e r s .  I f  A c o n t a i n s  

g consecut ive  i n t e g e r s ,  then  C' - I and t h e r e f o r e  .we n o t e  t h a t  

Theorem 3.3,9 i m p l i e s  Theorem 3.3.7. 

,T Before beginning ou r  proof t h a t  Theorem 3.3.7 i m p l i e s  Theorem 

3.3.9,we w i l l  devote t h e  nex t  s e v e r a l  pages to d e f i n i n g  a mapping 

F,  which maps .a union of  k e n t i r e  congruence c l a s s e s  modulo , n ,  

\ * 
r t o  a union of  k e n t i r e  congruence c l a s s e s  modulo n . Then we 



s h a l l  s t a t e  and pr&e those  

w i l l  use i n  proving Theorem 

Let  n 'be any n a t u r a l  

r e l e v a n t  p r o p e r t i e s  of  JZ which we 

3 . 3 . 7  impl ies  Theorem 3 . 3 . 9 .  

number and l e t  P , I P ~ I - . I P ~ - ~  be 

k ' 'incsrYgruent i n t e g e r s  modulo n.  We def ine  t h e  s e t  

The reader  w i l l  r e c a l l  t h a t  {po,pl,.. . ,pkln  is  t h e  smal l e s t  set 

conta ip ing t h e  i n t e g e r s  po,pl, . . . ,pk which i s  degenerate modulo n.  

(Def in i t ion  3 .2 .4)  . 
* * 

~ i v e n  t h e  two s e t s  Pn (po ,P1. . . . lPk-l ) P *(p0 ,pl I . . 'Pk-l * 1 

* n 
such t h a t  p = 'po  = 0 ,  'we defined a mapping, F, of Pn(po,pll . . . lPk-l 

0 
1 

* * 
onto P ~ ( P ~ ~ P ~ ~ . . - ~ P ~ ~ ~ )  by  

n 

* * * 
In p a r t i c u l a r .  F (p . = p .  r a n d  s ince  po = po = 0, F (n) = n so 

1 1 

t h a t  w e  may adopt,  without  inconsis tency,  t h e  no ta t ion  

* * *, * 4 

r '  
C P * (pO ,pl , .. . . Since F i s  a one t o  one and onto. the  

n -. 
-1 * * * 

inverse  mapping F of P . (po ,pl , . . . ,pk-l onto P (po .P,. . ,P,-,) 
n n 

e x i s t s .  

The mapping F has t h e  fol lowing p roper t i e s :  



Proof.  Since X c P n ( 0 ) ,  then  X C P *(O). Le t  g(X) = t n  
- * I1 * * 

and g(X ) = t ' n  f o r  t , t '  € IO. Since t n  C X I  then  by t h e  . 
* 

d e f i n i t i o n  of  t ' n * .  t ' n *  I t n  and t h u s  t '-I t. Also s i n c e  

t ' n  6 X I  then by t h e  d e f i n i t i o n  o f  t n ,  etn I t ' n  and t h u s  t ,  1 t ' .  

* * -1 - 1 * -1 * 
Therefore  g(X) = t n ,  g(X ) = t n  and n g(X) = n ( t n )  = ( n  ( t n  ) 

* * * * 
2)  I f  a i s  de f ined  and x € P ( O ) ,  then (a+x) = a + x .  

n 

Proof.  L e t  a = + t n  f o r  some i, i = 0 h - 1  and 

i n t e g e r  t. Since x € Pn(0)  , x = t ' n  f o r  some i n t e g e r  t '  . So 

we have t h a t  

* 
,' 

* * * ,  * * * * .* 
-. (a+x) = [ p i + ( t + t 1 ) n 1  = pi + ( t + t l ) n  = (pi+tn + t ' n  = a + x . 

* 
3 )  I f  a r x  E Pn (pi) f o r  some i, i = O ,  1,. . . , h-1, . then  (x-a) = 

Proof.  Le t  x = p + t n  f o r  some i n t e g e r  t and l e t  
i 

a = 'i 
+ t ' n  f o r  some i n t e g e r  t". So t h a t  

Suppose now t h a t  a system <A,B> s a t i s f i e s  A c Pn(po,pl,...,p,-l) 

and B c Pn ( 0 )  . We cons ider  <A.B>' a r i s i n g  from t h e  t ransformat ion  

T = T(ao)  , a r i s i n g  from Def in i t i on  2.1.2. We s h a l l  show t h a t  



- * 
'C * * * ' C  * * 

( < A , B > )  = < A . , B >  where 'C = ~ ( a ~ )  . 

BY p rope r ty  ( 2 

- 
* 

and by p rope r ty  ( 3 )  

s i n c e  every  element x C A s a t i s f y i n g  x - a  C B c Pn(0) must 
0 

s a t i s f y  x C Pn (p  . ) where j is  def ined  by a  C Pn ( p j  1 . 
3 0 

* * T  T 
and B C Pn (0) , then I? maps < A , B > ~  O n t 9  <A , B  > where <A,B) * * * 
i s  a  d e r i v a t i o n  of  <A,B> and <A * , B  * > i s .  a  d e r i v a t i o n  of  <A , B  >. 

Also, it i s  c l e a r  t h a t  as T ranges  over  a l l  d e r i v a t i o n s  o f  <A,B>, 

* 1 * * 
T ranges  over  a l l  d e r i v a t i o n s  o f  <A , B  >. 

Proof.  Le t  T  = 'C1'C2...'Ck . I f  k = 1, then  t h e  lemma i s  t r u e  

by o u r  preceeding d i scuss ion .  Assume t h e  l e m m a  is  t r u e  f o r  n  = k - 1. 

By o u r  i nduc t ion  hypothes is  we have t h a t  

We s h a l l  now show t h a t  t h e  lemma h o l d s  when n  = k. 



" 
. T1T2.. ' T  

k-1 * T1T2 .. . 'r T  
= < ( A '  1 1 (B k - 1 *  1 '  k 

Since B c ~ ~ ( 0 )  w e  

and it i s  c l e a r  t h a t  

have by p rope r ty  (2). t h a t  

* * * 
) - A  4 - B  , 

* * Q 
= A  V B .  

3 .3 .11  Lemma. I f  < A I B >  i s  any s y s t e m s u c h  t h a t  A c P ~ ( p o 1 p l r . . . , p h - ~  

T  and B c P n ( 0 ) ,  and < A I B >  i s  any d e r i v a t i o n  of  < A I B > ,  t hen  

-1 T  
* * -1 *T 

iii) n  g(B 1 = ( n )  g ( ~  ) . 

proof .  of (ij . If x C C,  then  t h e r e  e x i s t s  an  i t  i = O ,  1, 2 ,... ,h-1 
* 

and t C I such t h a t  x = pi + tn . Thus x x 
* * I = 

pi+t  n  pi+t n  pi P: pi P; 
* - 5  m?x I - - -  ly-- n * I - ko . Sinke , 

* n  O5i-h-1 n 
X X I - 1  z k o  I f o r  a l l  x C C I7 [ l r t n l l  we have t h a t ,  ( f o r  

n  * 
n  * n  * s u i t a b l e  c o n s t a n t s  k . )  , 1 5 x  5 - = -  5 x  + k 2  

I k X  + k l  n  , 
= 

n 



* * * n ' n  * - - k2  5 x = k j  5 x . On t h e  o t h e ~  hand + x - kl 5 x 5 t n  = 
n - n 
* * 

x 5 t n  + k , .  Therefore  we have t h a t  x  C [ i l t n l  imp l i e s  t h a t  
L 

* 3 * 
x C [k3!  t n  tk21. From t h i s  we con 

I 

c l u d e  t h a t  

-1 
Using t h e  same argument a n d  F we can s h o w  t h a t  

c * ( t n x )  5 ~ ( t n ~  + k t 1 .  

* * 
Since C* ( tn*  ) - k" E C ( t n )  5 C ( t n  + k '  , w e  have t h a t  

tnn t n n  t n n  

and t h e r e f o r e  

, 1  * 1 1 * 
By Propos i t i on  1 .2 .7  we have t h a t  - 6 (C ) _E T 6 (c) 5 ; 6 (C and 

n  - 
I I * * 

t h e r e f o r e  nd ( C )  = n 6 (C ) fo l lows  immediately. 

The proof of (ii) i s  s i m i l a r  t o ,  t h e  proof a f  (i) ,"and (iii) fol lows  * 

from p rope r ty  (1) of t h e  mapping F and Lemma 3.3.10.  
, . 

Proof t h a t  Theorem 3 . 3 . 7  imp l i e s  Theorem 3 . 3 . 9 .  

Suppose t h a t  a g iven  system <A,B> s a t i s f i e s  t h e  hypothes is  

of  Theorem 3.3.9. Let  h  be t h e  maximum number o f  e lements -  t h a t  

can be chosen from A so a s  t o  be incongruent  modulo g. It i s  



8'- 
1 

i & 

I .46. . a , 

- 

p o s s i b l e  t o  choose elements  p o r p l , . . - ,  
ph-l * 

of A so  t h a t  

- then  BT c B c P ( 0 ) .  
g -  

We now t ake  F t o  be  t h e  mapping of  P p p l f . . . , p h l  on to  
g 0 

Ph (0 ,1 ,2 . .  . . , h-1) = I. The s e t  A* c o n t a i n s  t h e  h consecut ive  a 
* * 

i n t e q e r s  0 ,1 ,2 , . . . ,h -1  and hence t h e  system <A ,B > s a t i s f i e s  

t h e  hypothes is  o f  Theorem 3.3.7,  w i th  h i n  p l ace  o f  g ,  by Lemma 

3.3.11.- Therefore t h e  conclus ion  of Theorem 3.3.7 ho lds ,  t h a t  is, k t  t - 
* * - 1 

C --I= Ph(0 ,1 ,2 ,  ..., h-1) .  On apply ing  F t o  C we g e t  C and 

- 1 

I 
.i - 

apply ing  F t o  Ph(0,1,2.  .... h-1) - I we g e t  P ( p  ,pl, . . . ,ph-l  I =  -- 
9 0 

cgr  since^ cg = Ag + Bg = Ag. - Now it remains f o r  u s  t o  show t h a t  

g 
' C - C .  

* -  
Since C -- I ,  then  t h e r e  e x i s t s  an N such t h a t  N = t h 

0 
* 

f o r  some 
to 

6 IO and C fl '[N,-) = l3,a). Let  p =. max Pi ' 

O5i5h-1 

we c la im t h a t  c fl [p  . + t  g,m) = cg  i l  [ p  .+tog .a) . Since  c c cg, 
7 0  3 

L 4  

t h u s  x = pi + t g  r p + t o g  and t 2 t . We have t h a t  
0 

* * * 
x - F ( x )  = i + t h  Z 0 + t h and hence x € C . Since  t h e  mapping 

0 

* 8 

F i s  one-to-one and Onto and F maps C t o  C , ' t h e n  x € C 

and hence g c . n [P .+tog f a )  C C n [pj+tog .a) . Therefore C - C? 
3 

and t h i s  completes  t h e  proof t h a t  Theorem 3.3.7 imp l i e s  Theorem 3.3.9. 



-., 
Having shown t h a t  Theorem 3.3.7 implies Theorem 3.3.9; i t  remains 

f o r  u s  t o  show t h a t  Theorem 3.3 - 9  implies Theorem 3.2.5. 

Theorein 3.2.5 says  t h a t  i f  the  system <A,B> i s  such t h a t  - 

4 

0 C A n B and 8 (C)  < 6 (V) , t he re  e x i s t s  a subse t  E ,  conta in ing 0 ,  
. /,' , 
, 

1 , 

of  C and a n a t u r a l  number g ,  such t h a t  E - E' and 6 (V) 2 6 (V) - w, - ' 
/y -  

It is  c l e a r  from (ii), (iii) and ( i v )  of Theorem 2.1.4 t h a t  e y e w  
<- 

/ -/ 

der iva t ion  of <A,B> s a t i s f i e s  the  hypothesis  o-f ~ h & r e m  3.2.5, and \ 
/ 

conclusions o f  Theorem 3.2.5 hold f o r  some-derivat ion of <A,B>,  
I 

/ -- 

th$y a l s o  hold f o r  t h e  system <A,B>. 

3.3.12. Theorem. I f  each s e t  o f  <A,B> conta ins  0, i f  8 (c) < 8 (v) , 
T 

then t h e r e  e x i s t s  an i n t e g e r  g and a de r iva t ion  <A,B> o f  <A,B> 

T T 
with g ( ~ . )  = g such t h a t  C - (cT)'. 

/7' 
Proof. Let  g = max g(gT) , ancf hence t h e r e  e x i s t s  a de r iva t ion  

<A,B> 
T 

T T 
<A,B> of <A,.B> w i t h  g(B ) = g. By (ii) , (iii) of Theorem 2.1.4 

and Lemma 3.3.-5,'the hypotheses of  Theorem 3.3.9 a r e  s a t i s f i e d  by 

T 
<A ,B> . and ' thus cT - (cT) '. 

Theorem 3.2.5 fol lows immediately from Theorem 3.3.12. I f  we. 

T l e t  g =  max a n d ' E =  cT where <A,B> i s a d e r i v a t i o n  
T 

<A,B> . 

T T T 1 of <A,B> f o r  which g(B ) = g. By Lemma 3.3.3, 6 ( ~  ) L 6 ( V  ) - - . 
f 9 
T T 

By Theorem 2.1.4, E = C c C ,  0 gT and 6 ( ~ )  = 8 ( v )  and - '  

t h i s  proves Theorem 3.2.5 f o r  a p a r t i c u l a r  de r iva t ion  of <A,B> 

and by our  previous remarks,Theorem 3.2.5 i s  a l s o  t r u e  f o r  <A,B>.  



54. $roof- of  Theorem 3.1.6. * 

B 

The hypothesis  0 C A n B o f  Theorem 3.2.5 i s  necessary f o r  
I ,  > 

t h e  e f f e c t i v e  use  o f  T-transformations.   ow ever, f o r  u s  to prove 
& 

Theoreq 3.1.6 w e  need a theorem s i m i l a r  to Theorem 3.2.5 i n  which . < 

the hypothesis 0 C B does n o t  necessa r i ly  hold. Before 

we s t a t e  and prsve  t h  5 theorem we need t h e  following lemma. 

,f 
3.4.1 . L e t  E be a set. I f  E - E ~  and c ' i s  any i n t e g e r ,  

g then E + c - '  (E+c) . 

7 
Proof. By ~ e f i n i t i o n  3.2.4, E + c c ( E + C ) ~ .  For a l l  l a r g e  a 

J- 

g tT' 
x + c + mg C (E+c) , w e  have x + mg F i s  l a r g e  and s o  by , 
~. . 
hypothesis ,  x + m g  € E and hence x + c + mg E E + c .  Therefore 

2 4  -2  Theorem. I f  t h e  system <A,B> i s  such t h a t  6 (C) < 6 (V) , 

t h e r e  e x i s t s ,  cogrc2sponding 3% each ~1em;nt  c of C-, a subse t  

Ec of C which conta ins  c ,  ' a n d  a n a t u r a l  number such t h a t  
gc 

and 

fl 

Proof. The given element c of C can be expressed i n  t h e  

form c = a +  b where a € A  and b € B. Let < A ' , B ' >  be  t h e  

system defined-by A '  = A - a and B'  = B - b,  s o  t h a t  C' = c - c ,  

0 € A '  l l  B' and, by Lentma 3.1.2 



We can now apply Theorem. 3.2.5 t o  <A ' , B ' > ,  s o  t h a t  t h e r e  e x i s t s  

a s u b s e t  E' . of C '  con ta in ing  0, and a n a t u r a l  numb& g =. g- , 
C: 

such t h a t  E' - ( E l )  
gc 

and 6 ( ~ ' )  Z 6 ( ~ ' )  - - . By Lemma 3.4.1: 
9 

and Propos i t ion  1 .2 .4 , the  s e t  Ecs=  E' + c s a t i s f i e s  t h e  r equ i re -  

ments o f  Theorem 3.4.2. 

Using Theorem 3.4.2 we  w i l l  prove Theorem 3.4'.3 (below) which 

i n  turnrwe w i l l  show i m p l i e s  Theorem 3.1.6. 
b 

3.4.3 Theorem. I f  t h e  s y s t e m  <A,B> s a t i s f i e s  6 (C) < 6 (V) , 

t h e r e  e x i s t s  a n a t u r a l  number g such t h a t  C -. cq. 

Proof. The set o f  numbers gc , whose ex i s t ence  i s  e s t a b l i s h e d  

by Th&m 3.4.2, i s  bounded. For i f -  d- hey a r e  no t ,  then  t h e  

1 
i n e q u a l i t y  6 ( E ~ )  E 6 (v) - - holds  f o r  a r b i t r a r i l y  l a r g e  

gc gc 
-1 

and t h e r e f o r e ,  combined wi th  t h e  f a c t  t h a t  C 3 Ec f o r  a l l  c, 

impl ies  t h a t  6 (C)  L 6 (V) , which c o n t r a d i c t s  o u r  hypot%esis. 

Let  g be t h e  l e a s t  coxrunon m u l t i p l e  o f  t h e  f i n i t e  set  o f  

va lues  taken by g . By Theorem 3.4.2, C con ta ins ,  w i t h  each 
C 

element c ,  a l l  i n t e g e r s  of  the form ,a~ + mg from some p o i n t  
I C 

B3, 
onward, and s ince  gc/g, C c o n t a i n s  a l s o  a l l  s u f f i c i e n t l y  l a r g e  

i n t e g e r s  o f  t h e  form c + ng. Therefore a l l  l a r g e  c + ng i n  cg 

g a r e  i n  C.  Since C c cg, w e  have C - C . 



W e  proceed. t o  show ' t h a t  The6rem 3.4.3 implies Theorem 3.1.6. 

W e  f i r s t  r equ i re  t h e  fo l lowin6 lemma. 

3.4.4 Lemma. I f  C = A + B,  . t h e n  cg = Ag + Bg. - 
Proof. Let  x C cg, then 

x = c + g n  

= (a+b) "+ gn where a .(.-A, b C B 

r % 
=.,a + (b+gn), . 

Since a C Ag and b + gn C Bg, we have x C A' + B g  and 

cg C Ag + Bg. Le t  x C Ag + Bg and a ,  b ,  n,  n '  be defined 

appropr ia te ly ,  then 

Q 

Thus x C cg, cg 3 A' + Bg and t h e r e f o r e  cg = A' + Bg. 

We a r e a o w  able  t o  prove Theorem 3.1.6, e l y ,  t h a t  i f  no system 
3 5 

-4 
worse than - <A,B> i s  degenerate,  then 6 (C) 2 6 (V) . - - 

Proof. It  w i l l  be s u f f i c i e n t  t& show t h a t  i f  6 (C) < 6 (V) t h e r e  

e x i s t s  a system < A 1  ,B1> degenerate g '  , such t h a t  < A '  , B 1 >  i s  

9 worse than <A,B>.  By Lemma 3.4.4 and Theorem 3.4.3, t h e  system 
\ u 

< A ~ , B ~ >  i s  degenerate. modulo g and i s  worse than <A,B> ' where g . 

i s  defined b y r n e o r e n  3.4.3. This completes the  proof of Theorem 3.1.6. 

i 3 

1 

d 



55. Proof o f  Theorem 3.1.4. 
i 

We s h a l l  be'gin o u r  f i n a l  s e c t i o n  b f  Chapter 3 by  proving  Theorem 
b 

3.5.1 which is  a g e n e r a l i z a t i o n  o f  Theorem 3.4.2. Then we s h a l l  u s e  
e. 

Theorem 3.5.1 i n  proving  Theorem 3.1.4,  

* F- 

3.5.1  heo or em. I f  t h e  system <A,$> i s  such t h a t  6 (C) < 6 (V) , ' then  , = 
d II 

t h e r e  e x i s t s ,  corresponding t o  each f i n i t e  s u b s e t  {cl ,c2, .  . . ,c } o f  -3 
n -* .;.": 

1 

C ,  a s u b s e t  E -  o f  C con ta in ing  c1,c2, . . . ,c  n 1  and a n a t u r a l  number . 2" .a 

- 
g,  such t h a t  1 4 

7 

.& , ;? 

and , 

1 
6 (E)  2 6 (v) - - g . 

(Z 
Proof.  The proof  i s  by induc t ion  on n. I f  n = 1, t h e  theorem 

A 

-- ~ i s  t h e  same a s  Theorem 3.4.2 and i s  t h e r e f o r e  t r u e .  Suppose then  t h a t  

n > 1. and assume t h e  theorem i s  t r u e  f o r  t h e  subse t  {c l ,c2 , . . . , c  n-1 } 

of  C.  Then by ou r  i nduc t ion  hypothes is ,  t h e r e  e x i s t s  a El C C 

and a n a t u r a l  number such t h a t  {cl , c 2 ,  . . . , c 1 c E~ , E~ - 
g1 n-1 

1 
and 6 ( ~ ~ )  2 6 ( ~ )  - - . By Theorem 3 .4 .2 , there  e x i s t s  a s e t  E2 , 

, g1 99 
L 

and a n a t u r a l  number 
g2 

SUCH t h a t  cn C E2 c C,  E2 E2 and 
7 1 

1 L 
6 ( ~ ~ )  d 6 W )  - - . L e t  E = El U E 7 , then {c l ,c  2 , . . .  c  C E c C. 

g2 
2 

Case 1. I f  El c E2 
2 , we choose g = g2 and we have t h a t  



and s i n c e  E  c Eg it fo l lows  t h a t  

Case 2 .  I f  E2 
91 c El , we choose g  = gl and i n  t h e  s&e manner 

we can show t h a t  

1 
E ~ -  E  and 6(E)  2 6(V) - - . 

9 

92 
;- 

Case 3. We assume t h a t  El con ta ins  an element n o t  i n  
E2 3 

and E2 c o n t a i n s  an element n o t  i n  El gl . Thus E g1 g2 
1 E2 

is a  

91 92 proper  subse t  o f  both 
, 

and E2 . The proof of C a s e  3 i s  s e v e r a l  

Q L 

pages long.  Le t  g  = l ~ m { ~ ~ , g ~ } ,  t hen  

1 so  t h a t  Eg - E l  and a l l  t h a t  remains to be  proven i s  6 ( ~ )  ? 6 (V) - - . 
9 

To s i m p l i f y  n o t a t i o n  we l e t  X = E g1 g2 
1 

and Y = E2 . In  terms 

of  X and Y we have t h a t  
2 

iii) X f, Y i s  a p r o p e r B s u b s e t  o f  X and Y .  

- i 
Since  E  - ( X  U Y )  , it  i s  s u f f i c i e n t  t o  prove tha t '  (ii) and (iii) 



Le t  X be t h e  union o f  t h e  complete r e s idue  c l a s s e s  xl .x2, . , . ,x  
L r 

t. 
(mod gl) and Y f3ie union of t h e  c6mplete r e s i d u e  c l a s s e s  yl. y2.. . . , ys 

(mod g2) .- Since X n Y i s  d proper  subse t  o f  X and o f  Y. 

1 5 r 5 1 1 5 s 5 g -1 and by Propos i t ion  1d2.8, 
2 . . 

It is  c l e a r  t h a t  6 ( X  U Y )  = 6 ( x )  + 6 ( Y )  - 6 ( ~  fl Y) and i f  6 ( x  n Y )  = 0 

we have, by (ii), t h a t  

4 

1 s 1 r 
2 max (6 (v)  - - + - , 6(v)  - - + - - I  

- 91 92 g2 ' 91 

1 6 ( X  U Y) 2 6 (v) imp l i e s  6 ( X  U Y ) -  2- 6 (v) - - and we a r e  done. We 
4 - 

now suppose t h a t  

Define d - gcd{gl ,g2} and l e t  g1 =X Rid. g2 = m d so  t h a t  
1 

g = E1g2 = glml , where g = l ~ m { ~ ~ , g ~ ) .  Le t  R - {x j  + rigl 1 n C 1) 
j 

where j = 1 ,2  ...., r and Sk = {yk + ng2 1 n C I) wherk k = 1.2 ...., s. 

We p a r t i t i o n  both X and Y i n t o  d mutually exc lus ive  s e t s  i n  t h e  



f  01 lowing way : 

d 
X = U Xi where ' = U R  , 

i-1 j .  j  

and 
d 

Y = U Y where Y = U Sk 
j - j- . j=1 k - 

y = j  mod d r 
k - ' - 

Let  r denohte t h e  number o f  congruence c l a s s e s  R o f  X i n  X. 
i j .I 

and s i m i l a r l y  Let s denote t h e  number of  congruence c l a s s e s  
j  Sk 

of  ' Y  i n  Y . Since 
j  

g1 = i l d  , then  0 C r .  < and s i n c e  
1 1 

g2 = mld, then 0 5 s .  5 m =If ri = 
J '1' 

R1 we say  t h a t  
Xi - is  f u l l  

and. s i m i l a r l y ,  i f  s = m -we say t h a t  Y i s  f u l l .  From elementary 
j  1 j 

congruence theory ,  X. fI Y i s  empty un le s s  i = j ,  
1 

and 
1 j 
I r s 

i i 
6 (x i  n yi) = - ( a  proof of these resu l t s  w i l l  be  found . i n  Appendix 

9 
Q 

I .  T ~ U S ,  s i n c e  we a r e  dea l ing -wi th  e n t i r e  congruence c l a s s e s ,  

r and t h e r e f o r e ,  s ince  6 ( ~  U Y )  = B ( x )  't 6 ( ~ )  - 6 ( ~  n Y ) ,  6 ( x )  = - 

s 
and 6 ( ~ )  = - 

92 

W e  s h a l l  show t h a t  it i s  a l r i g h t  t o  assume t h a t  

i v )  X .  , Y  a r e  no t  bo th  f u l l  f o r  any i, 1 5 i 5 d.  
1 i 



modulo d.  L e t -  X I  - l\{ U-xi} and Y '  = Y \ {  U yj}. Now it 
+ 

i j - 

t 
- 

i s  c l e a r  t h a t  6 (  ' U  X . )  = 6 (  U Yj) = ;i and X '  ,'I" s a < i s f y  cond i t i ons  - .  

* 1 - - .  i j  
.r. =& 

s.=="l - 1 1 ,  - I - -t 
(ii) (wi th  6 (v ' )  = 6(v)  - - 

4 d 
i n  p l ace  of  6 (V) ) , (iii) an3 a l s o  ( i v )  . . 

C l e a r l y , t o  prove (1) it is s u f f i c i e n t  t o  prove t h a t  6 ( ~ '  U Y ' )  2 

1 
6 ( v 1 )  - - . 

g  
d r . s  

i i 
s i n c e  6 ( x  fl Y )  = Z - > 0 ,  t h e r e  e x i s t s  i 1 5 i  Z d  

9  o r  0 i=l 

such t h a t '  r s 11,  t h a t  is, r Z 1 and s L 1 ,  and by 
i i i 
0 0 -  

i 
0 0 

condi t ion  ( i v )  , e i t h e r  

a )  one of x , Y - 
i i 

(bu t  n o t  both)  i s  f u l l ,  
0 0 

o r  

b)  n e i t h e r  X o r  Y i s f u l l .  
. i i 

0 0 

* 

- cons ider ing  a l t e r n a t i v e  ( a )  f i r s t ,  s u p p s e  t h a t  ri = L 1  and 
0 

1 5 s  - < m  By (3)  a n d c o n d i t i o n  (ii),  
i 
0 

1 ' 

which impl ies  i n e q u a l i t y  (1). The case  when: s - m and 1 5 r < g1 
i 1 i 
0 . . o  

a l s o  imp l i e s  i n e q u a l i t y  (1) i n  a  s i m i l a r  A n n e r .  

2 
Considering a l t e r n a t i v e  (b), we have t h a t  1 5 r i ll and 

i 
0 



and i n e q u a l i t y  (1) fo l lows  i f  we can show t h a t  1 

A f t e r  mu l t i p ly ing  "through by g,  t h e  le f t -hand  s i d e  of '(4) becomes 

r 1 )  s 1 + s i  + r i  1 )  - 2 s + 
i i .  

0 0 0 0 0 0 

1 .  
s o  t h a t  (4)  i s  t r u e .  This  completes t h e  proof t h a t  6 ( ~  U Y3 2 &(v) - - 

9 

and of  ~ h e o r e k - 3 . 5 . 1 .  , . 

W e  s h a l l  use Theorem3 :5.1 td prove Theorem 3.5.4 which w e  s h a l l  
- .  * . .  - 

show imp l i e s  Theorem 3.1.4. However, before  s t a t i n g  and proving rs 

Theorem* 3.5.4, we r e q u i r e  t h e  fo l lowing  two simple lemmas. 

3.5.2 Lemma. I f  A c I and g ,  h  n a t u r a l  numbers, then ( A ~ )  = A d 

where d = gcd{g,h}. 

Proof .  Since d = gcd{g,h} then,  from elementary d i v i s i b i l i t y  . . 



1 .' theory,  there  e x i s t  i n t e g e r s  r ,  s such t h a t  d = r g  +-sh .  Let  

d 
x A , then 

x = a + dn where a €'A 

d s o  t h a t  a + r n g  f A ~ ,  x E ( A ~ )  and hence A c ( A ~ )  h. Let 

g h  x E (A , then 

x - a '  + hn where a '  c*A'. 

. . = a + (gn' '+ hn) 

= a + dn" 
. - 

d so t h a t  5 f which implies ( A ~ )  C Ad and thus  ( A ~ ) ~  = A . 

gk 91 92 - 
3.5.3 Lemma. f f  A = A = . . . = A , the* Jeach set i s  equal  to- '  

where d = gcd{gl, g2, .  . . , 
a .  gk}. 

-. 
Proof. Proof i s  by induction on k. I f  k = 2 ,  - t h e  r e s u l t  is. 

d 9 9 g '  9 
0 

t r u e  by Lemma 3 .5 .2  s ince  - A = (A l )  = (A 2, = A g2 and 

g g g1 g1 g1 
A ( A 2 )  ' =  (A ) = A  . S U & S ~  for k > 2  t h a t e a c h  

gk -1 91 92 d '  - 
set A , A  f . . . f A  i s  equal t o  A where d ' = g ~ d { ~ ~ . , g ~ ,  . . . ,gk-l} 

d ' gk Thus d = gcd{dl ,gk} and i f  A = A , then applying the.  case  

d ' 9k 'd 
k = 2 ,  we obta in  A = A = A and our proof i s  compIete. 



' b 

3.5.4 Theorem. I f  t h e  system <A,B> is  degenerate modulo g,  then 

t h e r e  e x i s t s  a d i v i s o r  g '  of g suc.h t h a t  C9' N ' C  and 

9 Proof. Since < A I B >  i s  degenerate modhlo g ,  then C = C . 
L 

Let g '  be t h e ,  l e a s t  na tu ra l  number such t h a t  C = c9' , by Lemma 

3.5.3, g '  i s  a f a c t o r  of g and by Lemma 3 .4 .4 ,  c9 '  = A9' + , B 9 ' .  - 
We may assume t h a t  6 (cg' ) < 6 (A9' V B" ) , otherwise t h e r e  is  nothing 

to-  prove. 

Let c ~ , c ~ , . . . , c  be a-set of represen ta t ives  o f  a l l  the  d i s t i n c t  
n 

res idue  c l a ~ s e s  (mod g '  )' which occur i n  cg' , and apply Theorem 

3.5.1 t o  the  system <A" , B ~ ' > .  By Theorem j. 5.1. t h e r e  e x i s t s  a 

subset  E o f ,  cg' which conta ins  c1,c2,. . . , c - n l .  Lo t h a t  Eg' - C g ' ,  

. 6 d  a na tu ra l  number 'g" ,  such tha t -  E"' E and 6 (E)  2 ' 

1 
6 ( A g 1  v g 9 ' )  - - Let d - g c d ~ g ' , g " } .  By Lemma 3.5.2, 

g" 

a n 4  theref  ore  

so  t h a t  by the  minimal proper ty  of g ' ,  d = g o .  Hence g" 2 g '  

proving Theorem 3.5 

ih 
We a r e  now able  t o  prove Theorem 3.1.4; namely, t h a t  i f  t h e  s y s t d  

/ 
1 
i 

<A,B> i s  degenerate modulo g ,  the re  e x i s t s  a d i v i s o r  g '  of  g 



* .  

and a system < A 1 , B ' > ,  degenerate modulo g ' ,  such t h a t .  < A 8 , B ' >  , 

1 
i s .  worse-than <A,B> and 6 ( c ' )  ? 6 (v') - - . 

9 ' 

?roof. The system < A ~ ' ,  8". by Theorem 3.5.4 i s  worse than 

-/ 9 ' d [ *  

<A,B> s ince  R C A g ' ;  B C a B g '  and C -  C , and < A g l t ~ g ' >  s a t i s f i e s  , 

t h e  conclusion of Theorem "3.1.4. 

Thug w e  have proven Theorem 3.1.4, Theprem 3 1 .6  and have shown 

t h a t  Theorem 3.1.4 impl ies  Theorem 3.1.5 and hence have f i n a l l y  proven 

Kne s e r  ' s   he or em. -. 
- 



. ,  

Chapter 4 

Conclusion 

-1n t h i s  chapter  *we s h a l l  show t h a t  K n e s e r " ' ~  r e s u l t  ' implies 

t h e  e a r l i e r ' r e s u l t s  concerned-with f i n d i n g  a lower bound f o r  t h e  - - 
, , 

u .  
-- . 

asymptot ic  dens i ty  o f  t h e  sum of  two-. s e t s .  I n  ,.L941, P. ~ r d &  [31 

proved, 

1 
then 6(A+B) z 6 ( ~ )  + - 6 ( ~ )  . ,- - 

2 

BY Lemma 3.1.2, t he  hypothes is  t h a t  0 C A ,  0 , l  C B can be rep laced  

i 

I- by,  " i f  B conta ins  2 consecut ive in t ege r s " .  Then (1) can . d be  r e s t a t e d  

I t o  say t h a t ,  i f  B conta ins  2 consecut ive i n t e g e r s ,  6 (B)  5 6 (A) , 
B 1 

6 (A) + 6 (B) 5 1-, then  6 (A+B) 2 6 (A). + - 6 (B) . This  r e s u l t  was 
. - +2 > 

gene ra l i zed  by H .  Ostmann [91 i n  1949 when he proved t h a t ,  i f  B 

. . con ta ins  m consecut ive i n t e g e r s  and 6 ( ~  V B )  5 1, tXen 

' m-1 
6 (A+B) ? 6 (A) +- - &(B)  . m 

Given t h e  system <A,B>,  i f  t h e r e  does n o t  e x i s t  a system worse 4 

than <A,B> which i s  degenera te ,  and B conta ins  m consecut ive 

i n t e g e r s ,  then Kneser proved t h a t  6 (C)  1 6 (V) I -6 (A) + 6 (B) . I t  
7 

m+l i s  c l e a r  t h a t  6 (A) + 6 (B) 1 6 (A)  + - 6 (B) a n d t i n  t h i s  case ,Knesergs  
m 

r e s u l t  impl ies  Ostmann's r e s u l t .  

Now assume t h e r e  e x i s t s  a system < A ' , B g >  degenerate  m d u l o  g 

which is horse  than  <A,B>,  where B conta ins  m consecut ive i n t e g e r s .  





. - 
W e  p a r t i t i o n  t h e  p o s i t i v e  i n t e g e r s  ingo  t h e  fo l lowing  i n t e r v a l s  

B F 03 

1 
[n!, (n+l)!-1]  f o r  n = , 2 , 3  . Le t  A = B = U [n!, -n!nl  

t p  n=1 4 
I 4 

where n!n is t h e  number of  i n t e g e r s  i n  t h e  i n t e r v a l  [n! , (n+l )  ! -11 . 
Thus f o r  any k C IO , A = B w i l l  even tua l ly  con ta in  k consecut ive  

\ 1 l t l tegers  s i n c e  t h e  number o f  i n t e g e r s  i n  t h e  i n t e r v a l  [n!, - n!nl -+ 1 4 

as n +- a. Since  f o r  a l l  n I 
1 A(n!) 1 - n 5 A(n) and l i m  -= - 

0' 4 n! 
rrt0g 

4 ' 
1 

w e  have t h a t  6 (A) = 6 (B) = - 
4 .  

W e  s h a l l .  proceed to show t h a t  t h e r e  does n o t  e x i s t  a system ' 

< A 1 , B ' >  degenerate  modulo g which i s  worse than <A,B>. 

Assume  - t he re  e x i s t s  a system < A 1 , B ' >  degenerate  modulo g 

'which i s  worse than <A,B>, then  A '  + B '  = I s i n c e  A and B 

conta in  g consecut ive i n t e g e r s ;  For  a l l  n 7 4 ,  (n+l)  ! - 1 f A ,  
e- 

b 
a 

(n+ l )  ! - 1 ,f B and ( n + l ~  ! - 1, j! A- + B. It i s  c l e a r  from t h e  
I - 

.t 

d e f i n i t i o n  of A and B t h a t  (n+l)  ! - )? A and B. S ince  t h e  , - 

. _I 

l a r g e s t  i n t e g e r  belonging to A and B less than (n+l)  ! - 1 

1 1 is  n! + -n!n  and t h e  f a c t  t h a t  2(n!  + -n!n)  < ( n + l ) I  - 1 
4 4 

shows m a t  ( n + l ) !  - 1 j! A + B. Thus A + B 75 I, and s i n c e  <A',B1> 

i s  worse than <A,B>, w e  have 

which i s  a con t r ad ic t ion .  We t h e r e f o r e  conclude t h a t  t l iere  does n o t  

e x i s t  a system < A 1 , B ' >  Cegenerate  modulo g which is  worse than 
.e 

<A,B>. Thus by Kneser we have that 
> 



An example- of a degenerate system i s  given in  Chapter 3 page 21 .  
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Appendix I 

I n  Chapter 3, sec t ion  5 we omitted t h e  'proof of a problem from 

elementary congruence theory s o  a s  no t  t o  d i s r u p t  our t r end  of thought 

a .  i n  t h e  proof of  Theorem 3.5.1. Before present ing  the  proof ,we s h a l l  

r e s t a t e  t h e  problem. , 

L e t  xl,x2, ..., x be incongruent modulo gl and yl,y 2, . . . ,y  r S 

& 
j = 1 , 2 , . , r  and l e t  Sk = {yk  -E mg2 I rn C I) f o r  k = 1,2  ,..., s. ~, 

We def ine  

and 

We p a r t i t i o n  both X and Y i n t o  d = gcd{gl.g2} mutually exclusive 
$4 

s e t s  i n  t h e  following manner: 
9 

x = U. X .  where Xi - - 
l' 

' U  R 
i =l j 

j 

and 
d 

Y = U Y where Y = U Sk . 
j -1 j j k 

ykZj (mod d) 

Let  r denote the  number of congruence c la s ses  R of  X i n  Xi 
i j 

and s imi la r ly  l e t  s denote t h e  number of congruence c l a s s e s  Sk 
j 



Lemma 1. I f  i # j ,  t hen  X .  fI Y = $. 
1 j 

Proof.  Eet  x E Xi fI Y Since x E Xi , x 3 i (mod d )  and 
j ' 

s i n c e  x € Y , x ! j (mod d)  which i s  a con t r ad ic t ion  s i n c e  i # . j  * 

j 

. (mod d l .  - m e r e f o r e  Xi 0 Y = 4 .  
j 

We have t h a t  Xi fI Y .  = 
1 

U R ,  fI s,. I f  ( j , k )  # ( j , k l )  
j ,k 

3 

then  (Rj n Sk) fI ( R  fI S , )  = $ and hence Xi fI Yi i s  a union of  
j k r:s . 

1 1  
t h e  r .  s d i s j o i n t  s e t s  Ri fI Sk. The f a c t  t h a t  6 (Xi n Yi)  = - 

1 i 9 

where g = lcm tg  , g ) fol lows immediately from Propos i t i on  1.2.8 
1 2  

and Lemma 2 (below), s i n c e  t h i s  shows t h a t  R .  fl Sk is  an e n t i r e  
T 

3 .- 
congruence c l a s s  modulo g . 

Lemma 2. Le t  A =. { a  + ng I n C 11 and B = {b + mg I m E 9)- 1 2 

I f  a F b (mod d )  where d = gcd{gllg2}, then  t h e r e  ~ x i s t s  an 

i n t e g e r  c such t h a t  A n B = ( c  + ng I n E 1 )  where g = lcm{g 1 .  l r g 2  

t, Proof.  Since a Z b (mod d ) ,  t h e r e  e x i s t s  k € I such t h a t  

.# 

a = b + kd. Thus, A =  {b + k d +  ng 1 n C I and B = {b +mg2  1 m C 1).  
1 

I f  t h e r e  e x i s t s  n,m C I such t h a t  kd + ng = mg2, than t h e r e  e x i s t s  1 

an i n t e g e r  c such t h a t  c C A n B. Le t  

g1 
- = "  , - g2 - 
d d 

- m and from elementary number theory gcd{ kl .ml} = I ,  
1 

and SO t h e r e  e x i s t s  i n t e g e r s  p ,  q such t h a t .  p!L + qml = 1. Thus, - 
A .  1 



Let t ing n = kp, m = :kq we have a so lu t ion  t o  kd + ngl = mg2* 

Therefore there  e x i s t s  a c € A fl B and w e  have t h a t  

{c + ng I n € I} c A n B. (Proof. c + ng = a + n g + ng = 
1 1  

A and s imi la r ly  c + ng € B. ) a + (nl+nml) g1 - I 

, To show t h a t  A n B = {c + ng I n E I} it i s  s u f f i c i e n t  t o  show 

€ A n B then r E s (mod g ) .  

Assume r,s € A n B,  then 

I L r = b + kd + ilgl.= b + jlgl f o r  some i l , j l - 6  I 

s = b + kd + i g = b + j2g2 f o r  some i 2 , j 2  C 1.. 
2 1 

Therefore r - s = (il-3i21 g1 = (j - j ) g  and s o  both gl ,g2 , a r e  
1 2 2  

fac to r s  of r - s, whence g = lcm{gl ,i2} i s  a l s o  a f a c t o r  of  r - S. 

Hence r s (mod g) and we a r e  done. 



Appendix 11 

Flowchart-of Kneser's Theorem and the a + B Theorem. 

-* 






