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ABS TRACT 

Employing t h e  most g e n e r a l  form of t he  s t r a i n  energy func t ion  i n '  

the f i n i t e  theory  

and t o r s i o n  o f  an 

absence of e i t h e r  

h 

of e l a s t i c  d i e l e c t r i c s ,  t h e  simult&eous ex tens ion  

incompressible  c y l i n d r i c a l  tube  i s  cons idered  i n  the 

J 

a body f o r c e  o r  a d i s t r i b u t e d  charge.  F i r s t l y ,  
W 

the  problem i s  i n v e s t i g a t e d ' w i t h  the  d i e l e c t r i c  displacement  f i e l d  

I p r e s c r i b e d  i n  t he  r a d i a l  d i r e c t i o n .  The same simultaneous ex tens ion  

and t o r s i o n  i s  then  s t u d i e d  w i t h  a  p re sc r ibed  a x i a l  e l e c t r i c  f i e l d .  

A law i s  ob ta ined  which r e l a t e d  t h e  l o n g i t u d i n a l  fo rce  necessary  

t o  produce a  l a r g e  s imple ex tens ion  wi th  t h e  t o r s i o n a l  modulus f o r  
B 

a  small t o r s i o n  superposed on t h a t  s imple ex tens ion .  The law depends 

on t h e  form of the s t r a i n  energy func t ion  which i s  n o t  t h e  case  i n  

f i n i t e  e l a s t i c i t y  theory.  I n  f a c t ,  the  law i s  independent  o f  t h e  s t o r e d  

energy func t ion  i f  and only  i f  t he  e l e c t r i c  f i e l d  i s  t o t a l l y  absen:. 
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1. INTRODUCTION 

The systematic formulat ion of the  theory governing f i n i t e  deformations 

of & a s t i c  d i e l e c t r i c s  was o r i g i n a l l y  p u t  forward by Toupin [ l l ,  and then 

by Ering&n [2 ] .  These t h e o r i e s  pos tu la ted  the  ex i s t ence  of a  l o c a l  s e l f  

e l e c t r i c  f i e l d  due t o  p o l a r i z a t i o n  accompanied by the  Maxwell f i e l d .  

La te r ,  Singh and Pipkin [3] considered the  t o t a l  s t r e s s  f i e l d  and t h e  

d i e l e c t r i c  d i sp lace  n t  f i e l d  d i r e c t l y  a s  funct ions  of  t h e  d e f o r m t i o n  b 
grad ien t s  and t h e  t o t a l  e l e c t r i c  f i e l d .  Based on these  c o n s t i t u t i v e  

equations,  Singh 

l a b l e  s t a t e s .  A 

and t h e  e l e c t r i c  

a s t a t e  can 

&d Pipkin [31 obtained t h e  complete family of cont ro l -  

c o n t r o l l a b l e  deformation is one i n  which the  d e f o r m t i o n  
, 

f i e l d  a r e  prescr ibed a t  the  outse t ,and then shown t h a t  

be maintained i n  every homogeneous, i s o t r o p i c ,  e l a s t i c  

d i e l e c t r i c  without the  body fo rce  o r  charge d i s t r i b u t i o n .  Since. the  

con t ro l l ab le  s t a t e s  do not  r equ i re  the  func t iona l  form of the  s tored-  
?. 

energy funct ion ,  they can the re fo re  be employed i n  experimental d e t e r -  

mination of t h e  physica l  p r o p e r t i e s  of var ious  e l a s t i c  d i e l e c t r i c  
- 

mate r i a l s .  

In  t h i s  p resen ta t ion ,  we consider  t h e  combined extension and t o r s i o n  

of an incompressible, homogene6usI i s o t r o p i c ,  e l a s t i c  d i e l e c t r i c  cy l in -  , 
- 

d r i c a l  tube f i r s t  when 'the r a d i a l  d i e l e c t r i c  displacement f i e l d  i s  pre-  

scr ibed and then when an a x i a l  e l e c t r i c  f i e l d  i s  prescriked.  Both of 

these  s t a t e s  a r e  shown t o  be c o n t r o l l a b l e  i n  [31. Since t h e  purpose i n  

[31 was only to  show c o n t r o l l a b i l i t y  of  these  s t a t e s  and no t  t o  so lve  

t h e  problem, the  p r e c i s e  fornsof'  r e s u l t a n t  longi tudinal  fo rces  and couples 



requi red  t o  be  appl ied  a t  t h e  ends of  t h e  c y l i n d r i c a l  tube in o rde r  t o  

3 0 
- maintain t h  se s t a t e s  were n o t  obtained.  

I d \ 
In  Section 2 ,  we p resen t  t h e  b a s i  f i e l d  equat ions  of  ontinuum \ 

e l e c t r o s t a t i c s  which a r e  independent of the  composition of  -d  e mate r i a l  

media t h a t  may be involved. Sect ion 3 o u t l i n e s  t h e  b a s i c  equations 

I 

governink the  theory of  f i n i t e  deformations of  e l a s t i c  

c o n s t i t u t i v e  r e l a t i o n s  f o r  approximate t h e o r i e s  v a l i d  f o r  s&l f i n i t e  

deformations and weak e l e c t r i c  f i e l d s  a r e  a l s o  reproduced 
I 

i n  Section 4. 
, 

a' 
The s t imula t ion  i n  f i n i 4 e  e l a s t i c i t y  occurred i n  1948 

[41 drew a t t e n t i o n  t o  the  so-cal led exac t  so lu t ions .  ~ l t h o u g h  the  exact  

deformations d i d  not, r equ i re  b t h e  knowledge of t h e  s t r a i n  
E 0 

energy funct ion  t o  s a t i s f y  without body 

form of su r face  t r a c t i o n s  necessary t o  m a i n t a ~ c h  a \efornJation could 

n o t  be determined without t h e  complete knowledge of t h e  
- 

funct ion  f o r  t h e  ma te r i a l  considered.  The experimental v e r i f i c a t i o n  of 

t h e  e f f e c t s  of  f i n i t e  deformations could no t  be c a r r i e d  ou t .  However, 
r 

i n  1951, Green and Shield [51 came o u t  with a c l a s s i c  r e s u l t  i n  which 

*, they obtained the  r a t i o  of t h e  ' longitudinal  f o r c e  t o  t h e  t o r s i o n a l  r ig id -  - 
b 

i t y  f o r  a  small t w i s t  superposed on a l a r g e  simple extension.  This r a t i o  

f o r t u n a t e l y  happened t o  be completely independent of t h e  s t r a i n  energy 
2 % 

funct ion  and hence furnished a veh ic le  f o r  t e s t i n g  t h e  e f f e c t s  of f i n i t e  

e l a s t i c i t y  compared t o  those  of i n f i n i t e s i m a l  theory.  In  t h i s  paper, w e  

s e t  o u t  t o  ob ta in  a s i m i l a r  type of  r e s u l t  f o r  e l a s t i c  d i e l e c t r i c s .  In  

7 ,  
Section 6,  f e  ob ta in  t h e  r a t i o  of long i tud ina l  f o r c e  t o  t h e  t o r s i o n a l  



r i g i d i t y  when the  prescr ibed d i e l e c t r i c  displacement f i e l d  i s  radial . '*  
7-- 

In  Section 7 ,  t he  same r a t i o  i s  obtained when the re  i s  a G e s c r i b e d  

e l e c t r i c  f i e l d  i n  t h e  a x i a l  d i r e c t i o n .  While t h e  r a t i o  i n  both these  

s t a t e s  reduces t o  t h a t  of Green and Shield [5]  when t h e  e l e c t r i c  f i e l d  
J 

i s  zero,  it i s  shown t h a t  t h e  r a t i o  i,s independent o f  t h 6  s to red  energy 

O - 3  furdct~on i f  and only, i f  t h e  e l e c t r i c  t o t a l l y  absent .  In  Section 
* .  

8,  we h a 3 n v e s t i g a t e d  t h q  small b u t  4 i n i t e  simultaneous extenqion and 

P 

t o r s i o n  of the-syliandrical tube  i n  t h e  p r e s e w  of a d a d i a l  electric 

f i e l d .   his s t a t  4 i s  n o t ~ c o n t r o l l a b l e  i f  t h  \ form of  he s t r a i n  energy . - 

funct ion  i s  
4 

r b i d r a r y  131. B v  we show t h a t  it is con t ro l l ab le  i f  

is appl ied .  Once again,  we have demonstrated t h a  k 
t he  r a t i o  of longi tudinal  fo rce  t o  t o r s i o n a l  modulus i s  independent of 

/- 

t h e  form of energy funct idn  i f  and only i f  e l e c t r i c  f i e l d  vanishes. . 
In Section 9 ,  we considered thecombined extens ion and t o r s i o n  of a  

R 
I 

compressible, homgeneous, i s o t r o p i c ,  e l a s t i c  c y l i n ~ c a l  tube .  It has 

been ;roved by Singh 161 t h a t  such a s t a t e  cannot be i n  equi l ibr ium by 

surface  t r a c t i o n s  a lone  i f  t h e  form of t h e  s to red  energy funct ion  i s  

a r b i t r a r y .  However, ' specia l  forms of  s t r a i n  energy func t ion  can l e a d  

t o  a  so lu t ion  of t h e  problem. 



.. -. 

2 .  CONTINUUM ELECTROSTATICS 

The e l e c t r i c - f i e l d  i n  t h e  Maxwell-Faraday e l e c t r o s p t i c  theory i s  

. -  I 

determined by the two condi t ions ,  

a and a c o n s t i t u t i v e  equation between t h e  components of t h e  d i e l e c t r i c  - 

displacement f lux.  Di and t h e  e l e c t r i c  f i e l d  Ei . I n  (1) , C i s  any . 
a r b i t r a r y  closed space curve while S i n  ( 2 )  i s  t h e  boundary of  an 

a r b i t r a r y  closed regu la r  region R ,  and Q i s  t h e  t o t a l  f r e e  charge 4 

contained i n  R such t h a t  

# 
, where 0 and u denote t h e  yolume dens i ty  and surface  dens i ty  of f r e e  

charge, respect ively .  
-< 

Let V denote t h e  region of  space occupied by t h e  d i e l e c t r i c  and 

l e t  B denote the  boundary of V. Let Vo denote t h e  remainder of 

space. We assume t h a t  t h e  e l e c t r i c  and f l u x  f i e l d s  a r e  continuously 

d i f f e r e n t i a b l e  funct ions  of pos i t ion  i n  each of t h e  regions V and Vo . 
W e  a 1 6  assume t h a t  t h e  f i e l d s  

Ei 

1 

and Di s u f f e r  a t  most a f i n i t e  
- - 

discor l t inui ty  a t  t h e  su r faces  B. Furthermore, $he d i e l e c t r i c s  t h a t  w e  

"e 
ake i n t e r e s t e d  i n  have no n e t  f r e e  charge i n  V and no n e t  surface  

1 

charge i n  B so  t h a t  CJ = 0, w = 0. With these  assumptions, t h e  law 



(1) y i e l d s  t h a t  & 

C _I"- , (4 t h e  e l e c t r i c  f i e l d  Ei (5) i s  i r r o t a t i o n a l  i n  V and V 0 , i . e .  

'Z 
C .  

"' 

V.x E = 0 ,  & - - ( 3 )  
"r " t 

and * 

- (b) the  t angen t ia l  component of  Ei (5) is continuous across  B. i . e .  

where , E i  and E i O )  . denote t h e  e l e c t r i c  f i e l d s  i n s i d e  and ou t s ide  the  

d i e l e c t r i c .  r e&ec t ive ly .  The law ( 2 )  -lies t h a t  the displacement f i e l d  

oi (5) is  solenoidal  : 

'V- D = 0 i n  V - - 

. .. 

and t h a t  the  normal component of 
Di 

is  continuous ac ross  the surface  B: 

where Di a& D:O), once again, denote t h e  d i e l e c t r i c  displacement 
- i 

f i e l d s  ins ide  and ou t s ide  t h e  d i e l e c t r i c ,  res&ct ively .  



3 .  THEORY OF F I N I T E  DEFORMATIONS I N  E L A S T I C  D I E L E C T R I C S  

13 
I n  f r ee  space, t h e  hielectricedisplacement f i e l d  *jO) ( z )  is  

d i r e c t l y  proportional t o  the  e l e c t r i c  f i e l d  s t rength E!') (5) : 
1 

where E denotes the  physical constant f o r  f r ee  space. Since the  ps 9 a 

* resul- e l ec t ro s t a t i c  force  bn any region which l i e s  outs ide  the 

d i e l e c t r i c  i s  zero, we may thus represent the  stress force  in f r e e  space 

by the Maxwell s t r e s s  
Mij  : 

c 

i f 

c l ea r ly ,  M .  . n . d s  = 0 f o r  any closed surface S i n  f r e e  space. 4 

Inside the  continuous d i e l e c t r i c  medium, we assume t h a t  t h e  surface 
r 

forces  a re  described by a system o f s t r e s s  vectors d i s t r ibu ted  over t he  /' - 

surface of any a r b i t r a r y  region v. Let T denote t he  f i e l d  of s t r e s s  
i 

vectors.  We a l so  assume t h a t  the resu l tan t  force Fi and hmen t  Gi 

exerted on the mater ia l ,  not including grav i ta t iona l  o r  i n e r t i a l  forces ,  

can be described completely by the  f i e l d  of s t r e s s  vectors.  That is, 

where S i s  the  surface containing any a rb i t r a ry  region v. The require- 



,merit of s ta t i c  equilibrium then leads to  the f ie ld  equations 
A 

and 

where 
denotes the s t ress  tensor, p the mass density; and 

i 

the body force per unit mass. A t  the bounding surface B of the 

dielectr ic  then, we get 

where 
Ti 

now represents the applied mechanical force a t  the boundary 

B, and n the unit  outward normal to B. I t  is easy observe 
i 

that the Maxwell tensor Mi j. sa t i s f i es  equations (9) to (12)  in free 

space identically. 

To obtain constitutive equations inside the dielectr ic ,  we assume 

that the s t ress  tensor o and the dielectric displacement f ie ld  Di 
i j .  

have the forms: 
u 



where 'i and x denote the coordinates  of  t h e  same gener ic  p a r t i c l e  
i 

r e f e r r e d  t o  a  f ixed  Cartesian frame i n  t h e  undeformed and deformed p s i -  

t i o n s ,  r e spec t ive ly .  
L 

We s h a l l  confine our  a t t e n t i o n  t o  homogeneous and/- i s o t r o p i c  d i e l e c t r i c s  

only-  The invariance of  c o n s t i t u t i v e  equations (13) and (14) t o  r i g i d  
,-, 

~ o t a t i o n  o r  t r a n s l a t i o n  and the'symmetry imposed by t h e  i so t ropy  of t h e  

ma te r i a l  l eads  t o  t h e  following forms [71: 

and 

- 
Here g2 denotes t h e  i j  element of t h e  square of t h e  matr ix  g i j  

i j  

which is the  Finger s t r a i n  tensor defined by 

and W s t ands  f o r  t h e  s tored  energy funct ion  whose arguments are t h e  

following s i x  s c a l a r  inva r i an t s :  



k 
If ,  i n  addition t o  being homogeneous and isotropic ,  the  e l a s t i c  d i e l e c t r i c  

considered i n  incompressible a l so ,  then the s t r a i n  invar iant  I3 is 

uni ty  i n  a l l  deformations so tha t  W i s  a  function of the invar iants  

1 1 1 1 and I6 . An a rb i t r a ry  pressure p  a r i s e s  a s  

a  reaction to  the  constra int  of no volume change. The cons t i tu t ive  re la-  

t i on  (15) then assumes the form: 

In some cases, it is  more convenient t o  consider the displacement f i e ld  

Di ra ther  than e l e c t r i c  f i e l d  Ei a s  the independent var iable  i n  the 

formulation of cons t i tu t ive  equations (13) and (14).  I f  t h a t  i s  done, 



then for  homogeneous, i so t rop ic ,  e l a s t i c  d i e l e c t r i c s ,  t he  r e l a t i ons  (15) 

and (16) are  respectively,  replaced by: 

aw + -  a~ 
D . D .  + - D D . )  

31; I 1 a12 "ikDkDj + 'jk k 1 

and 

where the  stored energy function W i n  now the  function of t h e . s i x  sca la r  

invar ian ts  

For an incompressible d i e l e c t r i c ,  I; = 1 .  and r e l a t i on  (19) then is 

replaced by 





4. SMALL FINITE DEFORMATIONS 

I f  t h e  deformation i s  small and t h e  e l e c t r i c  f i e l d  s u f f i c i e n t l y  

weak, then we can assume t h e  s to red  en&& function W ( Ill 12. . . . , 16) 
( 

t o  be a polynondal i n  i t s  arguments and obta in  an approximation t o  any 

\ 
des i red  order  inth-he p r i n c i p a l  extensionsand powers of t h e  e l e c t r i c  

f i e l d  by 'neglec t ing  term$ above an appropr ia te  degree i n  t h e  polynomial 

expansion f o r  W .  A f i r s t  approximation can be a r r ived  a t  by r e t a i n i n g  

i n  t h e  polynomial expansion f o r  W a l l  terms involving p r i n c i p a l  exten- 

s ions  t o  a lower degree than t h i r d  and e l e c t r i c  f i e l d  components t o  a 

degree lower than f o u r t h .  That i s  

where ao ,a l l  . . . , a  a r e  ma te r i a l  cons tants ,  and JII J2 , . . . J5 a r e  
6 

defined a s  : 

Since w e  can take  t h e  s to red  energy t o  be zero i n  the undeformed and 



unstressed s t a t e ,  a  = a = 0 ,  so tha t  
0 1 

W = a J  + a ~ ~ + a J  + a J  + a J J  
2 2 3 1 4 4 5 5 6 1 4 '  

(26) 

Substi tuting fo r  W from (26) in to  (15) and ( l 6 ) ,  we obtain the consti-  

t u t i ve  equation of the f i r s t  order f i n i t e  theory: 

When the d i e l e c t r i c  i s  incompressible, I3 = 1, and the stored energy 

function W fo r  the  f i r s t  order approximation assumes the  form: 

where bl, b2,  b3 a r e  constants of the material .  With W from (291, 

cbns t i tu t ive  r e l a t i ons  become 

where p is an .arbi t rary pressure and C '  s a r e  physical constants of 

the d i e l e c t r i c  medium. 



PJ 5. INVERSE METHOD OF SOLUTIONS I N  ELASTIC DIELECTRICS 

According t o  t h i s  method, w e  p resc r ibe  a t  t h e  o u t s e t  an appropr ia te  

deformation xi(Xk) , and an appropr ia te  e l e c t r i c  f i e l d  Ei which s a t -  

i s f i e s  t h e  f i e l d  equation ( 3 )  a s  well  a s  boundary condi t ion  ( 4 ) .  Af ter  

obta in ing 
'i j 

from (17) corresponding t o  t h e  prescr ibed deformation, 

t h e  s t r e s s  f i e l d  and t h e  d i e l e c t r i c  displacement a r e  derived from (16) 

and ( 1 9 ) ,  respect ive ly . -  It i s  then v e r i f i e d  t h a t  such a stress s a t i s f i e s  

equi l ibr ium equation (11) without  any body force ,  and t h e  e l e c t r i c  

displacement . Di meets (5)  a s  wel l  a s  (6)  . The func t iona l  form of the  

s tored  energy funct ion  remains a r b i t r a r y  throughout the  procedure. Such 

a combination of t h e  prescr ibed deformation xi(Xk) and t h e  e l e c t r i c  

f i e l d  Ei i s  s a i d  t o  c o n s t i t u t e  a so lu t ion  o r  a c o n t r o l l a b l e  s t a t e .  

The appropr ia te  mechanical s u r f a c e  t r a c t i o n s  t o  be a p p l i e d < a t  t h e  boundary 

of the  d i e l e c t r i c  which s h a l l  then maintain such-a  s t a t e  i n  equi l ibr ium 

a r e  furnished by (12) . 
I f  t h e  deformation i s  small b u t  f i n i t e  and t h e  e l e c t r i c  f i e l d  suf- 

f i c i e n t l y  weak, then ins tead  of t h e  genera l  a r b i t r a r y  form of t h e  s e a i n  

energy function we use  t h e  form given by (29) . The procedure remains 

t h e  same a s  ou t l ined  above.' 



6. SIMULTANEOUS EXTENSION AND TORSION OF AN INCOMPRESSIBLE CYLINDRICAL 

TUBE I N  A W I A L  ELECTRIC DISPLACEMENT FIELD. 

Our purpose here i s  t o  employ-the genera l  theory  presented i n  t h e  

previous sec t ions  t o  i n v e s t i g a t e  t h e  simultaneous extension and to r s ion  

of a c i r c u l a r  c y c l i n d r i c a l  tube .  The body f o r c e s  and d i s t r i b u t e d  charges 

s h a l l  be assumed t o  be  zero.  

The tube which has t h e  length  R , i n t e r n a l  r a d i u s  a and ex te rna l  
0 

r a d i u s  b i n  i ts i n i t i a l  uns t ressed  and unstrained f i e l d  f r e e  s t a t e  i s  , 

elongated uniformly i n  t h e  a x i a l  d i r e c t i o n  of  extension r a t i o  A along 

t h e  a x i s  and of extens ion r a t i o  u along any d i r e c t i o n  perpendicular  t o  
,-- 

it. It i s  a l s o  twisted 'such t h a t  p lanes  perpendicular  t o  the  a x i s  of t h e  
31* -_  tube a r e  ro ta ted  i n  t h e i r  own plane  through an angle propor t ional  t o  t h e  

d i s t a n c e  of the  p lane  from one end, t h e  cons tant  of p r o p o r t i o n a l i t y  being 

\ 
9. The deformation described is  charac ter ized  by the  mapping: 

where (R,o, 2 )  denote t h e  c y l i n d r i c a l  p o l a r  coordinates  of t h a t  gener ic  

p a r t i c l e  i n  the  undeformed s t a t e  which occupies the  p o s i t i o n  (r ,€I ,z)  

a f t e r  t h e  deformation. 

The tube i s  subjected t o  a r a d i a l  d i e l e c t r i c  displacement f i e l d  

( D r , O , O ) .  Since t h e  divergence of - D has t o  vanish, we g e t  - .  D pf 



t h e  type  : 

We s h a l l  t ake  this f i e l d  t o  be i n s i d e  as we14 as o u t s i d e  t h e  d i e l e c t r i c .  

The cond i t i on  of  normal c o n t i n u i t y  a c r o s s  t h e  curved s u r f a c e  of  t h e  tube  

i s  then  s a t i s f i e d .  The f i e l d  (33) may be produced by' p l a c i n g  t h e  tube  

between t h e  p l a t e s  of  a c o a x i a l  c y l i n d r i c a l  condenser whose charge p e r  

u n i t  l eng th  on the  i n t e r i o r  p l a t e  i s  Q. 

The deformation c h a r a c t e r i z e d  by (32) l e a d s  t o  t h e  fo l lowing  p h y s i c a l  

* 
components of t h e  s t r a i n  t e n s o r  g i j  : 

0 

'0 
* * * 
, , . . . , I i n  , (22,) are given as : With (33) and ( 3 4 ) ,  t h e  i n v a r i a n t s  I I 

* 2 2  2 2 = 2 p  + A  + q r  , = 1 

* 4 2 2  . 2 2 2  
I = p  + 2 v h  r , 
2 

% 

* 4 2  a 

I , = O  , 



Under the  incompress ib i l i ty  condi t ion:  

4 

t h e  r e l a t i o n s  ,(32) , (34) and (35) ' r e spec t ive ly  become.: 



and 

I t  may be noted here  t h a t  t h e  i n v a r i a n t s  (39) a r e  funct ions  of r only. 

From ( 7 ) ,  t h e  e l e c t r i c  f i e l d  i n  the  medium surrounding t h e  d i e l e c t r i c  

i s  given by: 

The e l e c t r i c  f i e l d  i n s i d e  t h e  d i e l e c t r i c  i s  furnished by (21) : 

I t  i s  c l e a r l y  apparent  t h a t  the  e l e c t r i c  f i e l d  i n  (40) o r  (41) is con- 

se rva t ive  and t h a t  t h e  condi t ion  o f  con t inu i ty  of  t h e  t a n g e n t i a l  component 



ac ross  t h e  boundary o f  the tude i s  m e t  i d e n t i c a l l y .  With use of (33)  

and (38) i n  ( 2 3 ) ,  we f i n d  the  s t a t e  of s t r e s s  wi th in  t h e  d i e l e c t r i c :  

where, t o  s impl i fy  t h e  wr i t ing  we have p u t  

Note t h a t -  Y1,Y21.. .LY6 a r e  funct ions  of  r only.  The equations of 

s t a t i c  equil ibrium (ll), without  any body forces ,  i n  c y l i n & i c a l  



coordinates  ean be w r i t t e n  as:  

Introducing the  s t r e s s  f i e l d  (42) i n  the  equi l ibr ium equations (44) , we 

obta in  : 

The pressure  p depends, the re fo re ,  only on r. By i n t e g r a t i o n  it can 

be expressed as:  

such t h a t  
I 



where "prime" denotes  t h e  der iva t iGe with r e spec t  t o  r. The s t a t e  of 

stress in t h e  charge f r e e  medium surrounding t h e  d i e l e c t r i c  i s  de'scr + 
by t h e  Maxwell s t r e s s .  Then ( 8 )  y i e l d s :  

The surface  t r a c t i o n s  per  u n i t  a r e a  of  the  deformed conf igura t ion  t h a t  

must be applied t o  maintain t h e  prescr ibed s t a t e  a r e  now furnished by 

\ 
The su r face  t r a c t i o n s  on t h e  i n n e r  surface  of t h e  tube can be s i m i l a r l y  

r 

obtained : 



We can choose one of the  curved 

then furnishes : 

- 

surfaces,  say r = r b '  
a s  force f ree .  % 

< 

w .  To support the  given s t a t e ,  we a l so  require normal and azimuthal surface 

t r ac t i ons  on the  plane ends of the  tube. 

On z = R,  we have 

The above d i s t r i bu t ign  of surface t rac t ions  (52) a t  t he  plane end z = 2 

i s  s t a t i c a l l y  equivalent t o  a tors ional  couple M about the  &is of the 

tube and a longitudinal  force  N along the  ax i s  of the  tube: 





2 2 4 3 2 - - (3" + cp r 1 Y 2 1 r  d r  . (56) 

where 

(ii). Suppose 9 = 0. There i s  no t o r s i o n ,  and t h e  r e s u l t a n t  couple M 

- a t  z = R i s  zero. The long i tud ina l  f o r d  N t akes  t h e  form: 

In (571, t h e  expressions f o r  Y1, Y2.. .  do not  involve t h e  s p e c h c  

t w i s t  cp . 

(iii) . Suppose cp i s  small.    hat is, the  deformation c o n s i s t s  of a 

small t w i s t  superposed on a very l a r g e  simple extension s o  t h a t  terms 

* * * 
conta in ing cp2 can be neglected.  I n  such a case I 111 12, . . . , I6 and 

hence '41,'?2, ... a r e  . The r e s u l t a n t  couple M and 

t h e  long i tud ina l  f o r c e  N a r e  given by: 
--- 



M = 2lTXq 
1 2 3 

[ I l +  ( r ; + h )  Y 2 l r d r  

From (58) and (59) ,  it i s  e a s i l y  observed t h a t  t h e  r a t i o  of long i tud ina l  

fo rce  N t o  the  t o r s i o n a l  modulus M / q  i s  no t  independent o f  the  

s to red  energy funct ion  which is represented through Y l , Y 2 ,  ..., Y6 . On 
,- 

t h e  o the r  hand, i f  t h e  e l e c t r i c a l  e f f e c t s  a r e  t o t a l l y  absent ,  then 

N = ZIT 
4 

[h2y1 + h y2 - p ( r b ) l r d r  , 

where 

and 
J 

Since and y2 a r e  cons tant  i n  t h i s  case ,  w e  ob ta in  



The r a t i o  (62), which is  independent of  t h e  s t r a i n  energy f u n c t i o n ,  was 

f i r s t  ob t a ined  by Green and Sh ie ld  [ 5 ] .  W e  have shown t h a t  t h i s  r a t i o  
d 

i s  n o t  independent o f  t h e  s t o r e d  znergy func t ion  i f  t h e  e l e c t r i c a l  e f f e c t s  

. a r e  taken  i n t o  account .  



7 .  SIMULTANEOUS EXTENSION AND TORSION OF AN INCOMPRESSIBLE TUBE IN 
t 

.' *AN AXIAL ELECTRIC FIELD. 

The deformation (38) described i n  Section- 6 can a l s o  be supported 

k!' 
-- -* -- - I 

without body fo rces  o r  d i s t r i b u t e d  charges i n  t h e  presence of  a uniform 

a x i a l  e l e c t r i c  f i e l d  given both within the  d i e l e c t r i c  and i n  t h e  medium . 
* 

surrounding it by: 

where H i s  a constant .  The e l e c t r i c  f i e l d  given i n  (63) meets the  

\ 

requi red  condit ion of  being cons ve and t h e  t a n g e n t i a l  component , 

across  t h e  c y l i n d r i c a l  su r faces  of tke tube i s  continuous. Wf t h  t h e  -. - 
strain,,,components given by (38) and t h e  e l e c t r i c  f i e l d  by (63) ,  it fol lows 

t h a t  t h e  i n v a r i a n t s  defined i n  (18) a r e  funct ions  of r only: 
-> 



- The d i e l e c t r i c  displacement f i e l d  components f o r  t h e  i n s i d e  o f . e l a s t i c  

& e l e c t r i c  a r e  found wi th  t h e  a i d  of (16) t o  be: 

1 ' 2  2 3 
D = 2{Aq1r - aw 

8 
aW + [ ( - + a  r )hqr  + A l p r l  - } H ,  
a15 A , . a16 

From ( 7 ) ,  t he  d i e l e c t r i c  displacement f i e l d - i n  t h e  medium surrounding 

P t h e  tube can be expressed as :  
c - .  
* - 

b 

Thus, t h e  d i e l e c t r i c  displacement f i e l d  D given i n  (65) and (66) - 

s a t i s f i e s  t h e  condit ion V - D  = 0 i n s i d e  and ou t s ide  08 the  d i e l e c t r i c  and - - 
t h e  normal component-of D i s  continuous across  t h e  boundary su r faces  - 
r = r  and r = r  . Subs t i tu t ion  o f  s t r a i n  components (38)  and 

a 

e l e c t r i c  f i e l d  (63) 2n (19) g ives  u s  the  s t a t e  of  s t r e s s  throvghout 

t h e  d i e l e c t r i c :  



where 

The stress field (64) implies that the equilibrium equations(44) are 

satisfied provided p is such that 

I 
,/ 

Hence, 



where 

, -, 
In t roducing  t h e  above r e l a t i o n s  (67) and (68) i n t o  (64) we o b t a i n %  

-istribution wi th in  t h e  d i e l e c t r i c .  The s t r e s s  components eva lua ted  

o u t s i d e  t h e  d i ; l ec t r i c ,  descr ibed  by Maxwell s t r e s s  (8) a r e  as fol lows:  

The su r f ace  f o r c e s . p e r  u n i t  a r e a  which must be a p p l i e d  on t h e  boundary 

of  t h e  deformed body i n  o r d e r  t o  maintain t h e  r equ i r ed  s t a t e  are given 

, by ( 1 2 ) .  We o b t a i n  t h a t  t h e  s u r f a c e  t r a c t i o n s  a c t i n g  on t h e  curved 

boundary a r e  i n  t h e  r a d i a l  d i r e c t i o n  only.  On o u t e r  s u r f a c e  r = r w e  b  

have : 



The-dis t r ibut ion of surface tractiomwhich must be applied on the  inner 

, I f  we impose t h a t  t he  boundary surface r = r i s  force.f .ree,  then we 
b 

obtain : I./ 

\ +  In addit ion,  the  followiqg surface forces  mu t a c t  on the  plane ends of 

. t he  tube: 



% 

The system df forces  (73) a r e  s t a t i c a l l y  qu ' iva len t  t o  a resu l tan t  couple 
- 

M and a longitudinal  force  N given by: 

r 
4 2 2 2  

T 271 1 ih2ml + (A + h ip  r ) m 2  - p( rb )  
r 

a 

SPECIAL CASES 

PB 

(i) For a pure tors ion,  i . e .  X = 1, the  totalcouple M and the  

resu l tan t  force N take the  form: 



where 
J 

d 
(ii). I f  cp = 0 , t h e  deformation (38) r e s t r i c t s  

and the  t o t a l  couple M required on plane ends is 

t o  j u s t  an extension, 

fero., Also. f o r  

r . With these cp = 0, the  coef f ic ien ts  a r e  no longer depzendent 
' ,. 

as$umptions, the  t o t a l  force N becomes: 

(iii). Suppose q is  small. I n  t he  case of a.smal1 twist superposed OQ 

a large simple extension we obtain the folaowing t o t a l  couple M and 

the t o t a l  longitudinal  force N:  



The r a t i o  / provides 
L 5 

For zero e l ec t r i ca l  e f f ec t s ,  w e  obtain the relat ion:  

which i s  the same as  obtained by Green and Shield f 5 ]  when the e l e c t r i c  

f i e l d  i s  not taken in to  account. I t  i s  apparent tha t  (79) i s  independent 

of the stored evergy function i f  and only i f  there are no e l ec t r i ca l  

e f fec ts .  y 



8. SMALL FINITE EXTENSION AND TORSION OF AN INCOMPRESSIBLE TUBE I N  'A 

RADIAL ELECTRIC FIELD. 

Here we sub jec t  the  tube t o  a small f i n i t e  deformation i n  a  weak 

e l e c t r i c  f i e l d .  The following mapping i s  prescr ibed i n i t i a l l y :  

A s  we have shown i n  Sect ion  6,  t h e  above deformation i s  i sochor ic  and 
C 

r ep resen t s  a  simultaneous simple extension o f  extension r a t i o  3 along 
, / 

t h e  &is of t h e  tube and a t o r s i o n  of cp per  u n i t  length .  -' 

We sub jec t  t h e  tube t o  a  r a d i a l  e l e c t r i c  ( E r r O , O ) .  In  view 

of condi t ions  (3) and ( 4 ) ,  t h e  r a d i a l  f i e l d  be of t h e ,  form: 

- E~ - Er (r - , Ee - EZ = 0 i n s i d e  t h e  d i e l e c t r i c  (82) 

and 

(0) - - (0)  ( r )  , (0)  - (0) 
Er e - Ez 

= 0 i n  t h e  surrounding medium (83) 
r 

The problem proposed here  i s  t o  determine wfthin t h e  f i r s t  order  

approximation formulated i n  Section 4,  t h e  e l e c t r i c  f i e l d s  E r ( r )  and -.< 

E:') ( r)  and t h e  surface  t r a c t i o n s  necessary t o  maintain t h e  deformation 

without mechanical body f o r c e s  o r  d i s t r i b u t e d  change. The physica l  

components of Finger s t r a i n  a r e  furnished by (38): 7 

7 



To obta in  the  components of d i e l e c t r i c  displacement f i e l d  i n s i d e  the  

d i e l e c t r i c  body, we s u b s t i t u t e  (82) and (84) i n t o  (31).  Thus, 

Outside t h e  e l a s t i c  d i e l e c t r i c  tube ,  t h e  d i e l e c t r i c  displacement f i e l d  

I 
fol lows from (7 )  : 

The condi t ions  (5 ) provide : 



where K and L a r e  any constants. 

Since the normal component of d i e l e c t r i c  displacement f i e l d  i s  

continuous across t he  boundary surface of d i e l e c t r i c ,  the  condition (6) 

implies: 

- -3 

In  place of (82) and (83) ,  therefore ,  we now have: 

and 

The corresponding s t r e s se s  ins ide  the  d i e l e c t r i c  follow using (84) and 

(89) i n  (3O), and dppear as: 



With the  s t r e s s  f i e l d  ( 9 1 ) ,  the  equations of equilibqium (44)  become: 

The l a s t  two equations i n  (92) give us the  information t h a t  t h e  pressure  

p depends only on r .  Hence, from t h e  f i r s t  equil ibrium equation p ( r )  

0 
-H 

can be  w r i t t e n  as fol lows:  [-\ 

'. ? 

c- 
where A i s  a cons tant  of  i n t e g r a t i o n .  

I n  t h e  medium surrounding the  d i e l e c t r i s  the  s t r e s s  f i e l d  represented 

by t h e  Maxwell s t r e s s  (8) i s  given by: 

Now we determine t h e  surface  t r a c t i o n s  which should be  appl ied  on 

i the  boundaries of t h e  tube t o  maintain the  prescr ibed state. 



On the  su r face  r = r 
b '  

t he  following forces  a r e  required: 

Assuming the  o u t e r  su r face  r = r force  f r e e ,  t h e  a r b i t r a r y  cons tant  
. b  

A can be  evaluated a s :  

owing su r face  fo rces  then must a c t  on t h e  inner  su r face  r = r a : 

Besides the  f o r c e s  given by expression (97) ,  normal and azimuthal 

surface  t racgions  a r e  requi red  on t h e  p lane  ends: 



m e s e  last two d i s t r i b u t i o n s  o f  s u r f a c e  t r a c t i o n s .  and 

(Tz) zZR ' y i e l d  t h e  r e s u l t a n t  couple M .about t h e  a x i s  of 

t h e  tube  and t h e  r e s u l t a n t  l o n g i t u d i n a l  fo rce  N: 

N 
Once aga in ,  we observe t h a t  t h e  r a t i o  - wcp i s  dependent on t h e  

s t o r e d  energy func t ion .  However, i f  e l e c t r i c a l  e f f e c t s  a r e  absent .  then 

K = 0 and we f i n d  

which r e e s t a b l i s h e s  t h e  r e s u l t  o f  Green and S h i e l d  [SI. 



9. EXTENSION, INFLATION AND TORSION OF A COMPRESSIBLE TUBE I N  A RADIAL 

DISPLACEMENT FIELD 

Here w e  consider the extension, i n f l a t i on  and tors ion of a compressible 

d i e l ec t r i c  tube. The deformation i s  described by the mapping: 

The deformable d i e l e c t r i c  i s  subjected t o  a known rad ia l  d i e l e c t r i c  

displacement f i e ld :  

where 

i n  view of the  conditions (5) and ( 6 ) .  

A s  has been mentioned i n  the introduction,. the s t a t e  described by 

(102) and (103) is  not control lable .  However, our purpose here i s  to 

indicate  the  procedure of finding the surface t r ac t ions  i n  case some 

special  functional form of the  stored energy is  given. 



- The physica l  components of s t r a i n  'i j 
a r e  given .by the  following 

expressions : 

where t h e  prime denotes d i f f e r e n t i a t i o n  with r e spec t  t o  R. 

The s i x  i n v a r i a n t s  defined i n  (22) a r e  found t o  be given by: 

,- * * * 
The Xnvariants  Il,121...f16 are funct ions  of r (or R) only. 

'1 



The e l e c t r i c  f i e l d  throughout  t h e  d i e l e c t r i c  i s  fu rn i shed  by r e l a t i o n  

(21) . We ob ta in  

Outs ide  t h e  d i e l e c t r i c ,  t h e  e l e c t r i c  f i e l d  components fo l low from ( 7 ) :  

The t a n g e n t i a l  component of  e l e c t r i c  f i e l d  i s  t r i v i a l l y  cont inuous 

a c r o s s  t h e  c y l i n d r i c a l  s u r f a c e s  of t h e  tube.  Also, V W E  = 0 wi th in  the - - 

d i e l e c t r i c  and o u t s i d e  it. Thus, t h e  e l e c t r i c  f i e l d  given a s  i n  (106) 

and (107) meets t h e  c o n d i t i o n s  (3)  and ( 4 ) .  . 

In t roducing  (104) , (105) and (106) i n  (23) w e  f i n d  t h e  stress f i e l d  

i n s i d e  t h e  d i e l e c t r i c :  



where 

Since t h e  s t r e s s  components a r e  independent of  8 and z ,  t h e  

e w a t i o n s  of equil ibrium reduce t o  t h e  s ing le  equation: 

With stress f i e l d  given by r e l a t i o n s  (108)' t h e  equation (110) can 

be rewr i t t en  i n , t h e  form: 



\ 
I f  we know t h e  dependence of Y1,Y2, ... Y6 on r ,  i .e. t h e  s to red  

energy W f o r  t h e  compressible body i s  known e x p l i c i t l y ,  then the  so lu t ion ,  

i f  it e x i s t s ,  of t h e  ordinary  non-linear equation (111) w i l l  g ive  u s  the  

dependence of r on R i. e .  r = r (R) . 
The s t r e s s  components i n  t h e  medium surrounding t h e  d i e l e c t r i c  fol low 

v 

from ( 7 ) :  

. 
In  order  t o  support  t h e  deformation, the  fol lowing f o r c e s  pe r  u n i t  

a rea  o f  t h e  deformed conf igura t ion  must be appl ied  on t h e  boundary: 
I 

(i) r a d i a l  su r face  t r a c t i o n s  on t h e  inner su r face  r = r and 
b 

o u t e r  surface  
= rb: 



(ii) azimuthal and normal su r face  t r a c t i o n s  on p lane  ends: 

where, assuming t h a t  r = r (R)  is  known, a 
r r r a e z .  .. a r e  given by 

expressions (108) and (112) . 
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