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ABSTRACT 

The second o r d e r  e l a s t i c i t y  theory ,  formulated by R iv l in  

(1953) ,  has  been a p p l i e d  t o  t h e  combined ex tens ion  and t o r s i o n  of  a 

homogeneous, i s o t r o p i c ,  e l a s t i c  c y l i n d r i c a l  tube.  With s u r f a c e  

t r a c t i o n s  given a t  t h e  p lane  ends,  t h e  displacement  f i e l d  and s t r e s s  

d i s t r i b u t i o n s  a r e  determined i n  e x p l i c i t  form. The r e s u l t s  so 

obta ined  a r e  compared t o  t hose  of  c l a s s i c a l  e l a s t i c i t y  t heo ry .  

The problem of  a t h i c k  s p h e r i c a l  s h e l l  under uniform i n t e r n a l  

and e x t e r n a l  p re s su re s  i s  examined next  i n  t h e  l i g h t  of  R i v l i n ' s  

second o rde r  e l a s t i c i t y  theory .  The displacement and stress f i e l d s  

a r e  de r ived  e x p l i c i t l y .  The fo l lowing  s p e c i a l  c a s e s  a r e  i n v e s t i g a t e d :  
4 

(i) I n f i n i t e  medium with s p h e r i c a l  c a v i t y  under i n t e r n a l  p re s su re  

only ,  

(ii) S o l i d  sphere under e x t e r n a l  p r e s s u r e ,  

(iii) S t r e s s  concent ra t ion  when t h e  i n t e r n a l  r a d i u s  of  a t h i c k  hollow 

sphere approaches zero .  
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1. INTRODUCTION 

In c l a s s i c a l  e l a s t i c i t y ,  t h e  deformation t o  which the  bpdy i s  

subjected i s  s o  small t h a t  a l l  terms of second degree i n  t h e  d isplace-  
J 

ment g rad ien t s  may be ne-glected i n  comparison with those of  the  f i r s t  

degree. This assumption Seads t o  t h e  l i n e a r  r e l a t i o n s h i p  between. . 
fo rces  o r  stress components t o  th/e s p a t i a l  de r iva t ives  of  t h e  displace-  

- /  
ment components. Consequently, it becomes unimportant n 

appl ied  su r face  t r a c t i o n s  a r e  s p e c i f i e d  pe r  u n i t ' a r e a  of t h e  undeformed 

o r  deformed mate r i a l .  Therefore, i f  applied m d chanica l  t o w s  a r e  

given,  t h e  displacement and s t r e s s ' f i e l d s  can usual ly  be found e x p l i c i t l y  
1 

i n  a well  formulated boundary value problem. 

Mewever, t h i s  i s  not  t h e  case i n  f i n i t e  e l a s t i c i t y .  'The 

q u a n t i t i e s  such a s  body fo rce ,  su r face  t r a c t i o n ,  and s t r e s s  components 

must be s t a t e d  e x p l i c i t l y  whether they a r e  defined with r e l a t i o n  t 6  sd 

t h e  undefomed body o r  t h e  deformed body. Moreover, not  only t h e  r e s u l t -  

i n g  equations governing t h e  theory a r e  nonlinea? bu t  t h e  e x p l i c i t  

func t iona l  form of the  s t r a i n  energy function on t h e  s t r a i n  i n v a r i a n t s  

i s  n o t  known i n  advance. 

I t  i s  because of these  reasons t h a t  most of  t h e  i n t e r e s t  i n  

. f i n i t e  e l a s t i c i t y  has centered around t h e  so  c a l l e d  exact  o r  con t ro l l ab le  

deformations. These problems a r e  solved by the '  i nve r se  method. The 

deformation i s  described a t  the  o u t s e t ,  and It i s  v e r i f i e d  t h a t  the  

deformation can be supported without body fo rce ,  i n  every~homogpneous, 

i s o t r o p i c ,  incompressible, e l a s t i c  mater ia l .  These exact  d 

weke o r i g i n a l l y  discovered by Rivlin [ l l .  While the re  i s  a 



l a rge  number of  exac t  so lu t ions  f o r  incompressible ma te r i a l s  [2] ,  

Ericksen [31 has "shown t h a t  i f  t he  mater ia l  considered is  compressible, 

then only pure homogeneous deformations a r e  admissible.  Thus, it is  

apparent t h a t  t o  so lve  any boundary value problem involving a nonhomo- 
I . 

deformation with compressible e l a s t i c  m a t e r i a l s ,  one must ' 
0 Q i 

t u r n  t o  approximate techniques. , 

One o f / h e  approximate techniques o f t e n  employed is t o  
\ 

4 U 

consider  thg s t r a i n  energy function a s  a polynomial funct ion  o f  t h e  . 

s t r a i n  i n v a r i a n t s  and then r e t a i h  terms i n  t h i s  expansion only t o  the  

order  desiredz'by t h e  formulation of  one ' s  approximation [41. These 

approximations a r e  based on t h e  assumption t h a t  the  p r i n c i p a l  exten- 

s ions  a r e  s u f f i c i e n t l y  small, but  no r e s t r i c t i o n  is  imposed on the  

magnitudes of t h e  r o t a t i o n s  involved. The app l i ca t ions  of such tech- ' 

I 
niques,  o f t e n  c a l l e d  complete t h e o r i e s ,  a r e  r a t h e r  l imi ted .  

The o the r  types of approximations r e s t  on t h e  assumption , 

t h a t  when deformations a r e  small bu t  no t  i n f i n i t e s i m a l ,  then  

per turbat ions  based on t h e  c l a s s i c a i  theory so lu t ion  c o h d  be used. + .  
The process of such systematic approximations f o r  problems i n  non- 

1 i n e a r . e l a s t i c i . t ~  has been f ~ u l a t e d  and appl ied  r igorous ly  by 

Murnaghan [53, Green and S p r a t t  [61, Green and Shield 171 , Green 

and Adkins [81, G r i o l i  [91, and Sheng [ l o ] .  
. , r 

In  1953, Rivl in  [ l i ]  proposed an appro*iiiEtion technique 

which he c a l l s  second o rde r  e l a s t i c i t y .  , I t  i s  f m d e d  on t h e  assump- 
L 

.. . 
t i o n  t h a t  only terms7'up t o  t h i r d  order  i n  displacement g rad ien t s  be 



r e t a ined  i n  t h e  polynomial expansion f o r  t h e  s t r a i n  energy function.  

\ In o t h e r  words, it i s  assumed t h e  displacement g rad ien t s  a r e  l a r g e  

' enough s o  t h a t  t h e  c l a s s i c a l  theory is  n o t  v a l i d  but  small enough t o  

neglec t  terms of degreeahigher than the  second i n  displacement 

g rad ien t s  iq s t r e s s  components. The appropr ia te  c o n s t i t u t i v e  equations,  
a 

equil ibrium equations,  and boundary condit ions a r e  formulated t o  

wi th in  t h e  framework o f  sudh a secorid order  theory. Through an e legant  
G * 

mathematic@:presentation, Rivl in  reduces-any su r face  t r a c t i o n  Boundi 

a ry  valQe pfoblem i n  second order  theory f o r  homogeneous i s o t r o p i c ,  
a 

comp;essibl;, e l a s t i c  ma te r i a l s  t o  t h e  so lu t ion  of two boundary value 
5 1 

p r o b l k p  i j  c l a s s i c a l  theory.  The process is t h a t  boundary value 

~ r o b l e m g  of c l a s s i c a l  theory is  solved for t h e  given system of fo rces  - 1 3  

\ Q.. 

a;d " t h e  p o r r e s p o n d i ~ g  displacemelt f i e l d  determined. This s e t  of 
* 

displacements is  introduced i n t o  thg equations of  t h e  second o rde r  
.x 

2 

theory a n a t h e  fo rces  required t o  maintain:the given displacements, 
-" . 6 _ 

i n  a d d i t i o n  t o + t h o s e  presckibed, a r e  ca lcula ted .  These add i t iona  

"7 - \ 
fo rces  aCe re6ersed i n  ' d i r ec t ion  &d the  i f f e k t s  which they would 

-* 
5. 

? 

produce i n  the  undeformed body a r e  found. Then, by summing the c l a s s i c a l  

, - * -  

d i sp lacement ' f i e ld  and t h a t  obta ined frym the  reversed fo rces ,  we 
% , b, 

can show . tha t  the  t o t a l  r e s u l t i n g  d%plac&nent f i e l d  i s  a so lu t ion  
1 ' 

in  the  s e c A d  order  e l a s t i c i t y  theory ?or t h e  gfven problem. A l l  " 5 - 'e 3- - 
q u a n t i t i e s  i n  t h e  above a r e  expressed i n  te& of the. ma te r i a l  coord- t 

\ 
B 

- 
-- - - - 

F 1 
h a t e s  of 'th>k body. T h i s  formulation of  Rivlin has been reproduced 

by us i n  Section 3. 
?a 



< + 

The next  s e c t i o n  of  t h e  paper shows how t h i s  second o rde r  

theory can be appl ied  t o  a boundary value problem t o  determine second 
b 

order  e f f e c t s .  Rivl in Ell] examined t h e  combined extension and 

t o r s i o n  of a c y l i n d r i c a l  tube t o  demonstrate t h e  app l i ca t ion  of h i s  

theory and found t h a t  t h e  tube,  on twis t ing ,  undergoes a f r a c t i o n a l  

- 
simple extension which i s  propor t ional  t o  the  square of  the  t w i s t .  

Besides confirming t h i s  r e s u l t  once again,  we a l s o  p resen t  t h e  d i s -  

placement f i e l d  and s t r e s s  d i s t r i b u t i o n ,  not  obtained i n  R i v l i n ' s  

paper,  complete t o  second order  terms f o r  given su r face  forces  a t  

t h e  plane ends of t h e  undeformed tube. Also inves t iga ted  a r e  t h e  

s p e c i a l  cases of pure t o r s i o n  of  a rod ,  and t h a t  of  a simple extension.  
C 0 

Cm comparison with Murnaghan [5 ] ,  where pertttzfbation techniques a r e  

used, we show t h a t  both theor ie s  fu rn i sh  i d e n t i c a l  r e s u l t s .  

/rcc 
W e  next  consider  t h e  second o rde r  soldklon to  the  problem -_ 

of a t h i c k  spher ica l  s h e l l  subjec ted  t o  uniform i n t e r n a l  a n d d x t e r n a l  

pressures .  A l l  of t h e  a d d i t i o n a l  fo rces ,  fo r tuna te ly ,  t u r n  ou t  t o  
e 

-/ 

be r a d i a l  i n  nature and hence f a c i l i t a t e  t h e  determination of  second 

o rde r  terms i n  displacement and s t r e s s  f i e l d s  which, a r e  found 
. 

e x p l i c i t l y .  The problems of an i n f i n i t e  medium bounded h t e r n a l l y  
* 

by a spher ica l  hole  under i n t e r n a l  pressure  and t h e  s o l i d  sphere under 

e x t s m a l  p ressu re ,  which a r e  s p e c i a l  cases of t h e  genera l  problem 

are  a l s o  solved. The r e s u l t s  obtained a r e  then compared with t h e  

corresponding ones i n  c l a s s i c a l  , e l a s t i c i t y  theory. 



1 2.1 THEORY OF FINITE ELASTIC DEFORMA IONS 

/ 

A continuous body occupying a region 
0 

+ B i s  subjected 
0 

t o  body and surface  fo rces .  It deforms and occupies the  pos i t ion  D + B. 

The deformation i s  described by t h e  mapping : 

where x and ci ake t h e  coordinates  of t h e  same gener ic  p a r t i c l e  
i 

i n  BO and B, respect ive ly  , C f  e r red  t o  a f ixed rec tangular  Cartesian 

system. 

We s h a l l  consider  q u a s i - s t a t i c  deformations only. The equations 

of equil ibrium a r e  then given by: 

where Xi i s  the  body fo rce  pe r  u n i t  mass, p t he  mass dens i ty  i n  t h e  

deformed s t a t e ,  and 
ti j 

t h e  symmetric s t a t e  of  s t r e s s  i n  D .  

Since our  i n t e r e s t  l i e s  only i n  those problems i n  which t h e  
"--? - -% I - -  - LC- 

t r a c t i o n s  a r e  prescr ibed a l l  along the  surface ,  t h e  &responding -boundary 

condtions a r e :  

r Ti = t . . n  on B ,  
11 j 

( 3  1 

4 

where n i s  the  u n i t  normal vector  t o  B and Ti r ep resen t s  t h e  
i 

sur face  for.ce pe r  u n i t  a r e a  of B. 

I f  t h e  ma te r i a l  i s  homogeneous and i s o t r o p i c ,  then t h e  cons t i tu-  

t i v e  r e l a t i o n s  a r e  furnished by: 

- - 2 aw aw aw aw 
[(- + I -1 q i j  - - t i j  JI; a1, 1 a~~ a12 'ikgkj + I 3  7 6 .  IJ . I .  (4  1 



I 6 .  
1 

Here, 
gi j 

denoees the  Finger S t r a i n  t ensor  given by: 
P 

and W r ep resen t s  the  s t r a i n  energy which 2s a function of the  t h r e e  

i n v a r i a n t s  : 

2.2 SOLUTIONS TO PROBLEMS I N  FINITE ELASTICITY 

The problems which have aroused i n t e r e s t  i n  f i n i t e  e l a s t i c i t y  

theory a r e  the  so c a l l e d  exact  so lu t ions .  I n  t h e s e ,  t h e  deformation i s  

prescr ibed a t  t h e  o u t s e t ,  and then it i s  demonstrated t h a t  such a deforma- 

J 
t i o n  can be supported i n  every homogeneous, ?sot ropic ,  e l a s t i c  ma te r i a l .  

In  o the r  words, the  r e l a t i o n  (1) being given, t h e  s t r e s s e s  ca lcu la ted  

from ( 4 )  s a t i s f y  the  equil ibrium equations ( 2 )  with body force  Xi = 0 
* 

no matter  what t h e  funct ional  form of the s t r a i n  energy W i s  in terms 

+ of the  i n v a r i a n t s  I 
Ill 2' 

and I . The appropr ia te  su r face  t r a c t i o n s  
3  

t o  support such a prescr ibed deformation a r e  then ca lcu la ted  from ( 3 ) .  

I n  c l a s s i c a l  theory ,  t h e  assumption i s  made t h a t  the  displacement 
a ~ ;  

g rad ien t s  - << 1 and, the re fo re ,  the  s t r e s s e s  a r e  ca lcu la ted  on aE j a ~ ,  
I 

t h e  b a s i s  of neglec t ing  powers higher than one i n  - . The equations a<; 
J 

so obtained governing such a theory a r e  l i n e a r  and hence techniques t o  

a t t a c k  boundary value problems f o r  given a p a e d  f o r c e s  can be e s i l y  

-developed. This,  however, i s  no t  the  case i n  f i n i t e  e l a s t i c i t y  theory 



* 

where t h e  equa t ions  a r e  obvious ly  n o n l i n e a r  i n  t h e  d i sp lacements .  I n  t h e  

fo l l owing  sect ion. ,  we reproduce t h e  technique developed by R iv l in  1111 L 
which makes u se  of t h e  c l a s s i c a l  i n f i n i t e s i m a l  t heo ry  as w e l l  as t h e  

method of  i nve r se  c a l c u l a t i o n s  t o  s o l v e  boundary va lue  problems i n  t h e  

second o r d e r  theory  o f  e l a s t i c i t y .  



For compressible ,  i s o t r o p i c ,  e l a s t i c  m a t e r i a l s ,  Riv l in  [ l l ]  

proposed a  procedure t o  so lve  su r f ace  t r a c t i o n  problems khen t h e  

deformations invloved a r e  small  b u t  f i n i t e .  The theory  r e s t s  on 

+ *  

r e t a i n i n g  terms 'up t o  second powers i n  t h e  displac&ment g r a d i e n t s .  The 

s o l u t i o n  t o  a  boundary va lue  problem is  reduced t o  so lv ing  two problems 

i n  c l a s s i c a l  theory  p l u s  an  inve r se  c a l c u l a t i o n .  

We r e w r i t e  equat ion (4 )  a s :  

3 
where T = (I  ) , Gi t h e  c o f a c t o r  o f  i n  d e t . g  and t h e  

g i j  3 i j  d ,  

s t r a i n  energy W a  func t ion  o f  t h e  s c a l a r  i n v a r i a n t s :  

For convenience, we d e f i n e  a  s e t  of a l t e r n a t i v e  = inva r i an t s :  

The i n v a r i a n t s  and J a r e  of  t he  f i r s t ,  second, and t h i r d  
J1' J2,aui 3 

o rde r  of smallness  i n  - . Assuming t h e  s t r a i n  energy func t ion  W 
a x .  , 

J 

t o  be a  polynomial i n  i t s  arguments, we may w r i t e :  



 BY. A J J J  
aBy 1 2 3 

a, B ~ Y  

We may t ake  t h e  medium t o  be such that,W = 0 and t h a t  i t r i s  uns t r e s sed ,  

when undeformed. S ince  we a r e  i n t e r e s t e d  i n  formula t ing  a theory  i n  which 

deformations a r e  so small t h a t  powers higher  than  t h i r d  i n  displacement  - 

au . 
1 

g r a d i e n t s  - ax can be neglec ted ,  equat ion  (10) reduces  t o  t h e  form: 
j 

where a a a a 
1' 2' 3' 4 '  

and a a r e  ma te r i a l  cons t an t s .  The form (11) 
5 

f o r  W ,was  f i r s t  ob t a ined  by Murnaghan [ 5 I .  

We in t roduce  t h e  n o t a t i o n  : 

au au , aui au - 
e =i+L 

i j  ax a x i f  
j a = - -  

i j  ax ax, I 

j  k 

Ei j 
= co-fac tor  of 

and 
Ei i = E .  

With use  of (11) and (12) , -and neg lec t ing  terms o f  degree h igher  than  
au 

i secord i n  - ax , e ~ a t i o n  ( 7 )  assumes t h e  form: 

j 
1 

I t  may be noted here  t h a t  i n  t h e  exp res s ion .  (13) f o r  t i f  ~ we 
au i j  

i 
n e g l e c t  terms o f  degree h igher  than  f i r s t  i n  - , we recover  t h e  

-a ax 



s t r e s s - s t r a i n  r e l a t i o n s  of c l a s s i c a l  theory: 

- From (14) , we g e t :  - 

I 

'4 
where and a r e  the  ~ a m 6  constants  of c l a s s i c a l  theory.  

Furthermore, (15) al lows us  t o  i n f e r :  

a  < O ,  a  > O f  and - a  + 2 a  > O .  
1 2 1 2 

3.3 EQUILIBRIUM EQUATIONS AND BOUNDARY CONDITIONS 

Suppose t h e  deformation occurs under t h e  body f o r c e s  
Xi 

pe r  u n i t  mass and surface  t r a c t i o n s  X measured pe r  u n i t  a r e a  of v i  

the  undef ormed boundary B 
0 .  

We w r i t e  here once again t h e  equil ibrium 

equation (2)  : 

The boundary condi t ion  (3)  can be expressed as :  

where dS and dS' denote elements of surface  a rea  i n  t h e  undeformed 



and deformed s t a t e s ,  r e s p e c t i v e l y ,  and 2 '  is t h e  u n i t  normal v e c t o r  
i 

t o  t h e  deformed boundary B. 

We s h a l l  now l i k e  t o  express  r e l a t i o n s  (17) and 118). &-I 

terms of t h e  c o o r d i n a t e s  x which d e s c r i b e  t h e  undeformed body. If  
i 

Po s t a n d s  f o r ' t h e  d e n s i t y  i n  t h e  undeformed s t a t e ,  then:  

With 5 = x  + u  
a -- axi a - - -  , we get:  

i i i a~~ ack axi 

With (19)  and ( 2 0 ) ,  equ i l i b r ium equat ion (17) becomes: 

I f  Ri  denotes  t he  u n i t  normal t o  t h e  undeformed boundary Bo ', then: 

and t h e  boundary condi t ion  (18) t h e r e f o r e  becomes: 

7 au 
i 

I f  t h e  f i r s t  degree  terms i n  - on t h e  r i g h t  hand s i d e  of  equat ion  ax 
j au; 

L 

(13) are denoted .by t ' and those  of second degree i n  - 
ax by tij i j 

J 

then  t h e  equi l ibr ium equat ions  (21) and boundary c o n d i t i o n s  (22) can 

a be represented  a s :  



au a t *  a t * !  
k i j  i j  [(l+A)Ajk - + + poxi = o , 

axk 
ax 

j , j . - 

and 

3 .4  A METHOD FOR SOLVING BOUNDARY VALUE PROBLEMS 

A sys temat ic  procedure t o  determine t h e  displacement  f i e l d  

u when Xi and X i n  (24) and (25) a r e  g iven  w i l l  be  presented .  
i v i 

Suppose v denotes  t h e  displacement f i e l d  corresponding i 

t o  body fo rce  Xi and su r f ace  t r a c t i o n  Xvi according t o  t h e  c l a s s i c a l  

theory .  In  o t h e r  words, v is g iven  by : i I 

and 

where 
- 

and 



We s h a l l  now determine t h e  fo rces  which wou Id  be requ i re  d by the  second 

. or&heory t o  m i n t a i n  the  displacement' f i e l d  . v i '  That i s ,  v i 

found from (26) t o  (29) i s  s u b s t i t u t e d  i n  (24) and (25) t o  f i n d  fo rces  

X i  and X;': 

and 

Here, T i s  given by (28) and:. 
i k  

2 + { ( a  +2a2)a1 + ( a  +a ) E 1  + 2(6a +2a -a -2a2)A1 }6ik] , (32) 
1, 1 3  4 3 1  

where b 

1 -J 
av.  avk . 

1 
a1 = - -  a '  = a '  ii I E i k  = co-factor of e '  i n  i k  ax .  ax i k  

I j 

~ e t - e '  and _ E i i  = E '  . 
i k  ' (33) 

From equations (26) t o  ( 3 3 ) ,  we can now c a l c u l a t e  the  fo rces  Xf  - Xi 

and X;i - 'vi ,which a r e  requi red  t o  s u p p o r t .  v in add i t ion  t o t h e  given 
i -  

f o r  ce s 
'i 

and X - v i  ' 

av a~~~ a ~ ;  
-p ( X I - x  ) = [A*6 - A l  - + -  I 

jk ax ax ax - (34)  
O i i  

k j j 



The f o r c e s  given by equa t ions  ' (34)  and (35).  do n o t  a c t u a l l y  a c t .  I n  

a o r d e r  t o  negaze t h e i r  e f f e c t ,  we now c a l c u l a t e  t h e  displacement  f i e l d  

Wi 
which t h e i r  nega t ives  would produce i n  t h e  undeformed body according 

t o  c l a s s i c a l  theory.  ?;hat is ,  we determine wi from : 

\ - 1' 

and 

where 

and 

W e  now , s e t :  

With u c a l c u l a t e d  as in ( 3 9 ) ,  it i s  e a s i l y  v e r i f i e d  t h a t  t h e  e q u i l i -  
i , . 

brium equat ion  Q24) and boundary cond i t i on  (25) a r e  i d e n t i c a l l y  

s a t i s f i e d  up t o  terms of t h e  second degree i n  t h e  displacement g rad ien t s .  

Thus, w e  s e e  t h a t  by so lv ing  two appropr i a t e  c l a s s i c a l  theory  t 

problems de f ined  by (26) t o  (29) and .(36) t& (38) along wi th  an inverse.  , 

c a l c u l a t i o n  de f ined  by (30) t o  (351, we a r e  a b l e  t o  o b t a i n  a  so lu t ion  

u o f  second o r d e r  t heo ry  equat ions  (24) and (251 . 
i 



4.1  SIMULTANEOUS EXTENSION AND TORSION OF A CYLINDRICAL TUBE 

Our purpose here i s  t o  employ R i v l i n ' s  theory presented i n  

t h e  p r e ~ e e d i n g ~ s e c t i o n  t o  i n v e s t i g a t e  the  simultaneous extension and 

t o r s i o n  of  a c y l i n d r i c a l  tube.  The tube has i n t e r n a l  r ad ius  b  and 

e x t e r n a l  r ad ius  a  and is subjected t o  a  couple M and a  longi tudinal  

fo rce  N a t  i t s  plane  ends. The body fo rces  s h a l l  be assumed t o  be 

zero. 

4.2 THE CLASSICAL SOLUTION . 

The c l a s s i c a l  so lu t ion  f p r  t h i s  problem can be found by 

superposing the c l a s s i c a l  so lu t ions  g f  t h e  simple extension and pure 

t o r s i o n  problems. This wel l  known so lu t ion  is given by: 

where . t  denotes the  extension p a r a l l e l  t o  ,the a x i s  o f  the  tube  and 

t h e  amount of t o r s i o n  about t h e  a x i s  of  t h e  tube.  Here, Poisson 's  

r a t i o  0 can 33e expressed as: 

I -. --?, 

L a + 2a 
a = 

1 2 
a  + 4 a  ' (41) 

/ 1 2 

when use i s  made o f  ( 1 5 ) .  



A s  t o  what should be t h e  va lues  of C and $ corresponding 

t o  the  couple M and, the  long i tud ina l  force  N given a t  the  plane 

ends, we can c a l c u l a t e  these  by. introducing the  solu t ion  , (40) i n t o  t h e  * 

equations of c l a s s i c a l  theory a s  follows. 

Introducing (40) i n t o  (28) and (29) , 'we g e t  : , 

and 
\ - 

T = T~~ = T = 0 ,  T ' = 8C[a2 - o ( a  +2a2)1 ,  
1 11 2 2 33 . 

d 
T =" -2a $x T = 2 a $ x  

2 3 1 1 ', 31 1 2 -  
(43 

With ( 2 3 ) ,  equation (26) g ives  Xi = 0 which, of  course,  i s  t o  be 

expected. 

On t h e  l a t e r a l  su r faces  of the  tube,  k = x /a  , = x /a , 
1 1 2 2 

and R = 0 .  With (43) i n  ( 2 7 ) ,  we o b t a i n :  
3 

On a p lane  end of the  tube,  = k = 0, !?, = 1. Equation (27) then 
1 2 3 .  i 

f u r n '  hes: +5 

The system of surface  t r a c t i o n s  Xvl and Xv2 i n  (45)  is  equivalent  . 
i 

t o  an azimuthal surface  t r a c t i o n  8 given by: 
V 

* >  
where r = dx2 + x 

2 
1 2 -  

1 Thus, the  q u a n t i t i e s  C and $ i n  the  displacement f i e l d  (40) 



which is  produced by t h e  given r e s u l t a n t  couple M and t h e  given 
-L. 

lofigitudinal force  N a r e  . furnished by: 

and . 

4.3 SECOND ORDER FORCES REQUIRED TO MAINTAIN THE DEFORMATION vi OF 

CLASSICAL THEORY 

We seek t o  determine here  the  body fo rces  X i  - Xi 
and surface  

fo rces  - 
';i 'vi which would have t o  be  appl ied ,  i n  add i t ion  t o  t h e  

fo rces  given, t o  maintain the  deformation (40) wi th in  t h e  framework 
. - r 

of the  second order  theory.  These can be found from (34) and (35) a f t e r  1 .  

we have ca lcu la ted  t h e  e x ~ r e s s i o n s  f o r  a' 
i j '  E l j I  and 7 i j  from (32) and 

(33 ) which we do now. 

Introducing (40) i n t o  (33) , we obtain:  
, 

- 2 2  2 2 2 2 '2 a' = - C b p I  and a '  = 2 0  C + F ' +  r + 214 x3 , 
3 1 



2 
where r = x2  + x 2 

1 2 .  . 
F r o m  (42)  and (331, w e  have: 

Substi tution of (49)  and (50)  into (32)  gives: 

and 

w h e r e  

and 



From equat ions  (40) t o  (431, (511, and ( 3 4 ) ,  we f i n d ,  w i t h  
- 

x = o :  
3  

= 2q2x (3a +4a -2a -3a51 , 
1 1 2 3  

2 
+) ( X I - X  ) = 21) x (3a +4a -2a -3a ) , 

0 2 2  2 1 2 3 5  

4 

The system o f  body fo rces  descr ibed  by equat ion  (53) i s  equ iva l en t  

t o  a  system o f  r a d i a l  body f o r c e s  -R1  p e r  u n i t  mass o f  m a t e r i a l  such 

t h a t :  

On t h e  o u t e r  curved su r f ace  of t h e  tube ,  we obta in :  

- x, 

The f o r c e  system (55) i s  equ iva l en t  t o  a  r a d i a l  f o r c e  Rvl a c t i n g  

outwa-and measured p e r  u n i t  a r e a  of s u r f a c e  i n  .the undeformed 

p o s i t i o n  : 

s i m i l a r l y ,  t h e  su r f ace  f o r c e  on t h e  i n n e r  curved su r f ace  can be c a l -  

cu l a t ed .  I t  a c t s  r a d i a l l y  inwards and has  magnitude 
RV2 : 



On t h e  plane end of the  t d e  x = 0 , we obtain:  3 

The f i r s t  two components i n  (58) combine i n t o  an azimuthal surface  

t r a c t i o n  0 ' :  .- v 

The system of fo rces  (58) a re  then s t a t i c a l l y  equivalent  t o  a resultant  

couple M' and a long i tud ina l  force  
X;3 - Xv3 

given by: 

where 

Thus, i n  addi t ion  go t h e  glven forces  M and N a s  requi red  by t h e  

c l a s s i c a l  theory,  w e  see  t h a t  i n  order  t o  maintain t h e  deformation (40) 

of the  tube according t o  second order  theory,  we a l s o  need apply the  



following system of forces :  

(i) a s e t  of r a d i a l  body f o r c e s  R '  p e r  u n i t  mass given by (54) ;  

(ii) on t h e  l a t e r a l  surface  r = a ,  a r a d i a l l y  outward force  
R V 1  

measured per  u n i t  a rea  of surface i n  the  undeformed s t a t e ,  given 

by ( 5 6 )  ; 

(iii) on the  l a t e r a l  surface  r = b ,  a r a d i a l l y  inward surface  

force  R measured p e r  u n i t  a r e a  of  the  undeformed surface ,  
v 2 

given by ( 5 7 ) ;  

( i v )  on a plane end x = 0 ,  a r e s u l t a n t  couple M' and a 
3 

longi tudinal  force  XG3 - - Xv3 given by (60) and (61) r e spec t ive ly .  

4.4 CLASSICAT, DISPLACEMENT FIELDS PRODUCED BY THE REVERSED ADDITIONAL 

FORCES LISTED I N  (i) TO ( i v )  OF SECTION 4.3 

A s  i l l u s t r a t e d  i n  our theory i n  Section 3,  w e  a r e  not i n t e r e s t e d  

i n  a c t u a l l y  applying these  add i t iona l  forces .  Ins tead ,  we can counteract  

t h e i r  e f f e c t s  by considering the  a,ctions of fo rces  of equal magnitude 

but opposi te  d i r e c t i o n  t o  those described in  (i) t o  ( i v )  a t  t h e  end 

of the  previous Section 4.3. Since t h e  displacement f i e l d  w t h a t  i 

we seek here i s  t o  be obtained on t h e  b a s i s  of c l a s s i c a l  theory,  we 

may s p l i t  up the  add i t iona l  fo rce  system i n  any manner convenient 

f o r  a lgebra ic  ca lcu la t ions  and then employ the  superpos i t ion  Pr inc ip le .  

We thus  make the  fol lowing groupings of  the  add i t iona l  fo rce  system: 



( A )  A body f o r c e  - R 1 r  - p e r  u n i t  m a s s  g iven by (54)  , a su r f ace  

f o r c e  -R' r on r = a given by ( 5 6 ) ,  and a su r f ace  f o r c e  vl- 

-R' r on r = b g iven  by (57 ) .  
v2- 

(B)  A su r f ace  f o r c e  - Z  a c t i n g  on t h e  p lane  end x = 0 and 3 

given by (61) . 
(C)  A r e s u l t a n t  couple -MI a c t i n g  on t h e  p lane  end x = 0 and 3 

given by (60) . 
( D )  A su r f ace  f o r c e  - y r  on r = a ,  a su r f ace  f o r c e  - y r  on 

2 
r = b, and a su r f ace  f o r c e  -yl + 160€ [a2 - ~ ( a  +2a2)1 

1 

on t h e  p lane  end x = 0. 
3 

. I) 
What we need i s  t o  determine t h e  d l a s s i c a l  displacement f i e l d s  which 

correspond t o  t h e  f o r c e  systems ( A ) ,  ( B ) ,  ( C ) ,  and (D)  s e p a r a t e l y  and 

then  add them t o  g e t  t h e  r equ i r ed  displacement f i e l d  w i *  

, F i r s t  of a l l ,  we s h a l l  cons ider  the  f o r c e  system ( C ) .  For conven- 

i ence ,  we wr i t e :  

where 

Comparison of (63)  w i th  (47)  and (40) y i e l d s  t he  d e s i r e d  displacement 

f i e l d  which we c a l l  a s  w (1) * 
i - 

second, we i n v e s t i g a t e  t h e  f o r c e  system ( A ) .  It should be 

noted t h > i  R ; ~  , R ; ~  , and R'  a r e  independent of t h  d t  of 



extens ion  E .  We f i r s t  assume t h a t  t h e  tube  i s  he ld  a t  cons t an t  l eng th  
3 - 

and t h a t  a  r a d i a l  displacement ,  which we c a l l  w ( ~ )  r (r)  only  occurs .  

Denoting the  s t r e s s e s  so ensued by T" , T" , T;je , T" , T" and 
rr r e  zz  O z f  

'lr i n  a  c y l i n d r i c a l  system, we f i n d  t h a t :  

and 

F 7 

Introducing t h e  above s t r e s s e s  i n t o  equ i l i b r ium equat ion  (36) when t h e  

body f o r c e  i s  -p R ' r  , w e  o b t a i n  t h e  d i f f e r e n t i a l  equat ion  governing . 
0 - 

where 

Upon i n t e g r a t i o n ,  (67)  y i e l d s  : 

where A and B a r e  a r b i t r a r y  cons tan ts .  Fu r themore ,  when khe stress 

d i s t r i b u t i o n  (66) i s  i n s e r t e d  in boundary cond i t i ons  ( 3 7 )  , we g e t :  



and 

From ( 6 6 ) ,  ( 6 9 ) ,  ( 7 0 ) ,  and ( 7 1 ) ,  t h e  va lues  o f t h e  c o n s t a n t s  A 

+ I  

and B t u r n  o u t  t o  be :  

1 
~ ( a  +8a2) 

1 
2 2 

B = - -  a b  
4 

- K ' ]  - 
[ 16a2 a I .  

1 
\ 

where 

But, i t  i s  q u i t e  c l e a r  from (66) t h a t  we have t h e  s t r e s s  component T" z z  

which w i l l  c e r t a i n l y  c o n t r i b u t e  t o  a l o n g i t u d i n a l  f o r c e  a t  t h e  p lane  

ends. We s h a l l  combine t h i s  f o r c e  wi th  t h e  fo rce  system ( B ) ,  and 
I 

c a l c u l a t e  t h e  t o t a l  force.: 

2 4 4  
a5 (a1+2a2) - a ( a  -a +4a2) 

=-TI) ( a  -b ) 
1 1  3 

a + 4a 
( 7 3 )  

1 2 
- - 

The f o r c e  
N; 

g i v e s  r i s e  t o  t h e  f r a c t i o n a l  ex tens ion  ( o r  compression) 
* 

C '  : 

(3) due t o  t h e  ex tens ion  The displacement f i e l d ,  which we denote by wi , 



, i . e .  due t o  the  long i tud ina l  force  N' , i s :  
1 

This f i e l d ' ( 7 4 ' )  combines with w ( ~ )  ( r )  found a l r  ady t o  g ive  us  t h e  --- ---- - r S 
- - 

f i e l d  corresponding t o  the  fo rce  systems (A) and (B). . r 
ff 

I t  remains t o  explore the  force  system ( D ) ,  which we do now. 
' ' 

To s t a r t  with,  we assume t h a t  the' tube 

is' ac ted  upon by surf  ace. t r a c t i o n s  -y 

' . We consider  then a r a d i a l  displacement 

i s  held a t  cons tant  length  and 

on each of the  l a t e r a l  surfaces .  

f i e l d ,  c a l l  it w (r) . . 
r 

Denoting the s t r e s s e s  by 0 , Oee , ... , we f ind:  
rr 

and 

Ore = aez = a = 0 .- 
ZIT 

The equations of equil ibrium and boundary condi t ions  become: 

On solving (76) and ( 7 7 ) ,  we ob ta in  : 

w = A ' r  , 
r 



where , A '  = -Y 
4 ( a1+4a2 ' 

G 

The s t r e s s  d is t f r ibu t ion  (75) has  a component 0 which has 
EZ 

/ 
t o  be  d e a l t  wi th .  The t o t a l  l o n g i t u d i n a l  f o r c e  t o  b e  considered is the%-: 

* 

d 
2'rr a 

2 =--I 1 fu + y! - 160F [a2 - o ( a  C2a2)1 k d r  dB 
"; o b 

zz 1 

. The displacement f i e l d  corresponding t o  t h e  f o r c e  system ( D )  is then 

t h e  r a d i a l  f i e l d  w p l u s  t h e  f i e l d  due t b  t h e  l o n g i t u d i n a l  f o r c e  ( 7 9 ) .  
r 

* It is :  

where 

The displacement f i e l d s  corresponding t o  t h e  f o r c e  systems 

(A )  , (B)  , (C)  , and (Dl a r e  determined. By t a k i n g  t h e  sum o f  t h e s e  

f i e l d s ,  we should o b t a i n  t h e  t o t a l  f i e l d  w which corresponds t o  t h e  
i 

nega t ive  of  t h e  a d d i t i o n a l  f o r c e s  r equ i r ed  to  maintain t h e  deformation 

(40) w i th in  the  formula t ion  of  second brder  theory.  

Addition of  ( 6 5 ) ,  ( 6 9 ) ,  ( 7 4 ' ) ,  and (80) y i e l d s :  



. where r2 = x2 + x 2 
1 2 -  

The d i sp lacement ' f i e ld  u -which would the re fo re  occur i 

according . - t o  the  second order theory i f  the  tube considered i s  subjected 

t o  a ' g i v e n  twis t ing  couple M and a given longi tudinal  fo rce  N is  

given by v + W 
i i s  

Adding ( 4 0 )  and (821, we obta in :  

= (C+C'+C")x3 . 
f 

f 
The s t r e s s  d i s t r i b u t i o n  corresponding t o  the  so lu t ion  (83) can be 

e a s i l y  obtained now by &'subs t i tu t ion  of (83) i n t o  (13) .  



5. SPECIAL CASES 

We s h a l l  examine now the  displacement f i e l d  (83) of the  

second order  theory and compare it with t h a t  of  the  . c l a s s i c a l  theory. 

(i) Suppose € = 0 .  The f i e l d  , (83) becomes: 

' Comparison of (40) and (84f al lows us t o  i n f e r  t h a t  whereas the  pure 

t o r s i o n  of  a c i r c u l a r  tube without the  longi tudinal  fo rce  i s  poss ib le  

i n  t h e  c l a s s i c a l  theory,  t h a t  is  not  the  case when second o rde r  e f f e c t s  

a r e  taken i n t o  account. In f a c t ,  t h e  extension 6 '  i n  ( 8 4 ) ,  which - 

i s  given by (74) ,  depends upon t h e  square of  t h e  t w i s t  . I t  was an 

extegsion of j u s t  t h i s  type, propor t ional  t o - t h e  square of  the  t w i s t ,  
0 

which was demonstrated by Poynting [121 during h i s  experimentson to r s ion .  

However, it should be borne in mind t h a t  i n  a comple'te f i n i t e  e l a s t i c i t y  

theory f o r  incompressible m a t e r i a l s  [ 2  ] where Mooney's s t r a i n  energy 

form is sometimes used f o r  small but  f i n i t e  deformations, pure t o r s i o n  

cannot be produced without t h e  long i tud ina l  force.  

(ii) Suppose $ = 0. Then (83) take$ the  form: 
f 



A s  expected, the  form of (85) i s  same a s  t h a t  of (40)  a s  
.i 

wel l  a s  t h a t  f o r  simpie dxtension in any dimplete theory of  f i n i t e  

e l a s t i c i t y .  



6. COMPARISON WITH MURNAGHAN'S RESULTS 

Using a technique which d s o  t akes  the  c l a s s i c a l  so lu t ion  * 
a s  a s t a r t i n g  po in t ,  Murnaghan [ 5 ] has obtained the  second o rde r  , 

so lu t ion  f o r  to r s ion  of  a  c i r c u l a r  c y l i n d r i c a l  rod. W e  propose t o  

show now t h a t  t h e  two t h e o r i e s  q u a l i t a t i v e l y  s i m i l a r  r e s u l t s .  
L.. 

Se t t ing  the  i n t e r n a l  r a d i u s  b of the  tube equal t o  zero,  

1 
the  va lue  of cons tant  A  i n  (72) reduces t o :  

1 
K(a +8a2) 

1 a 
2 

A = - [  
4 

- K'l 
1 6a2 a + 4 a  

1 2 

where K and K' a r e  given by J68) and (72' r e spec t ive ly .  - 

Requiring t h a t  t h e  digplacement f i e l d  u given by (83) 
\ i 

be bounded demands t h a t  bk= 0 .  The f r a c t i o n a l  extension C' a s  

obtained in (74) becomes: 
.-\ 

The f i e l d  w i n  (82) then assumes t h e  form: 
i 

The above f i e l d  w is c y l i n d r i c a l  po la r  coordinates can be w r i t t e n  as: 
i 



Murnaghan shows t h a t  i f  t h e  l a t e r a l  sur face  o f  t h e  c y l i n d r i c a l  rod i s  
- 

f o r c e  f r e e  and i f  t h e  f o r c e s  a c t i n g  on t h e  p lane  ends reduce t o  a  couple 

whose moment is  equal  t o  t h e  moment p red ic t ed  by t h e  c l a s s i c a l  theory  

t o ' m a i n t a i n  a t w i s t  i) p e r  u n i t  l 6ng th  of  t h e  c y l i n d e r ,  then. in t h e  

second o rde r  approximatibn t h e  rod undergoes a  r a d i a l  c o n t r a c t i o n  which 

3 
_ i s  a l i n e a r  combination o f  r and r and a  l o n g i t u d i n a l  ex tens ion  

t 

which depends l i n e a r l y  on z .  The m u l t i p l i c a t i v e  and o t  L n s t a n t  s 

involved in t h e  expres s ions  depend upon t h e  square of  t h e  t w i s t  an3 
9 * 

t he  ma te r i a l  cons t an t s .  I n  view of  o u r  r e s u l t  (891, t h e  behaviour 
a 

-Y pred ic t ed  by the  theo ry  presented  i s  s i m i l a r  to  t h a t  of Murnaghan's. 

I n  p a r t i c u l a r ,  we have shown t h a t  t h e  e f f e c t s  o f  t h e  second o r d e r  

theory  a r e  t o  decrease  t h e  r a d i u s  o f  t h e  rod by an amount p ropor t iona l  
F 

2 3 
t o  $ a  and i n c r e a s e  t h e  l eng th  by an  amount p ropor t i aona l  t o -  $2 a  2',T . .- 



.. 
- - --%' COM~FESSION OF A SPHERICAL SHELL 

We now use t h e  second o rde r  R i v l i n ' s  theory presented i n  

Section 3 t o  examine t h e  second order  e f f e c t s  produced in a spher ica l  

s h e l l  by a s t a t e  of uniform compression. The i n t e r n a l  and ex te rna l  

- 
r a d i i  of the  s h e l l  i n i t i a l l y  a r e  a and b respect ive ly .  It i s  

subjected t o  a uniform pressure  
p1 

on the  inner surface  and 
p2 

on t h e  o u t e r  surface.  The body fo rces  a r e  taken t o  be zero. We 

s h a l l  assume, of course,  spher i ca l  symmetry, and employ spher ica l  

p o l a r  coordinates ( r , e , @ ) .  

,7 .2  THE CLASSICAL SOLUTION 

The c l a s s i c a l  s o l u t i o n  t o  t h i s  problem i s  r e a d i l y  obtained.* 

Assuming t h a t  any p a r t i c l e  which was or iq i r ia l ly  a t  a d is tance  r from 

the  cent re  of  t h e  s h e l l  undergoes a displacement v i n  t h e  r a d i a l  

d i r e c t i o n ,  we can f i n d  the  expressions f o r  the  components of s t r a i n  

and s t r e s s .  Denoting these  by e '  , e e and T 
@r 

rr, Tee ,  . ., 
E 7 r e spec t ive ly ,  we obtain:  

3r 
\ 



- Tre = TO$ - T* = 0 . /'. (91) 

Introducing (91) i n t o  t h e  equations of  equil ibrium i n  p o l a r  

spher i ca l  coordinates,  we f i n d  t h a t  they reduce, in the  absence of 

b d y  fo rces ,  to  the ordinary  d i f f e r e n t i a l  equat ion:  

This equation has  the  genera l  s o l u t i o n :  

where c and c a r e  cdns tan t s  of in teg ra t ion  t o  be determined from 
1 2 

the  boundary condi t ions :  

The-s t a t e  of  s t r e s s  within t h e  s h e l l  i s  found from (91) and 

(93) t o  be: 



and 

Since t h e  main body o f  t h e  theory  presented  i n  Sec t ion  3 

i s  formulated i n  terms of  a r ec t angu la r  c a r t e s i a n  r e f e r e n c e  frame, 
1 

it i s  d e s i r a b l e  t o  express  t h e  preceding r e s u l t s  in terms of  c a r t e s i a n  

t 
coord ina t e s .  Denoting t h e  displacements  by v in t h e  c a r t e s i a n  

i 

system, i t  fo l lows  t h a t  (93) can be w r i t t e n  a s : -  

and t h e  s t r e s s e s  (96) by: 

D i f f e r e q t i a t i n g  (97) w i th  r e s p e c t  t o  x .  p rovides  t h e  u s e f u l  r e l a t i o n :  
3 

7 . 3  SECOND ORDER FORCES REQUIRED TO MAINTAIN THE DEFORMATION PREDICTED 

We now apply  t h e  displacement  f i e l d  (97) c a l c u l a t e d  f o r  t h e  

c l a s s i c a l  problem t o  t h e  c o n s t i t u t i v e  r e l a t i o n s  o f  t h e  second o r d e r  



theory .  This  w i l l  a l low u s  t o  determine those  body f o r c e s  X' - Xi 
i 

and su r f ace  f o r c e s  
X,'i - X 

which a r e  r equ i r ed ,  i n  a d d i t i o n  t o  t h e  v i  

p r e s s u r e s  p1 and p2 ,  t o  maintain t h e  deformation desc r ibed  by (97)  

wi th in  the  framework of  the  second o r d e r  theory.  

In t roducing  (99)  i n t o  (29 , we f ind :  A 

From equatiorr; (99) and (33) : 

and 

The components a r e  given from ( l o o ) ,  (101) ,  and (32) as: 
i k  

w i th  r e s p e c t  t o  x and =then c o n t r a c t i n g  on 
j 

j and k y i e l d s :  



a-c L 
C 

2 
= 36(3a1-4a +4a3) - a x  2 

j r 
8 Xi ' 

Also, from (98) : 

By contrac t ing  on j and k i n  (1041, we may observe d i r e c t l y  t h a t  

t h e  components T do s a t i s f y  the  equations of equi l ibr ium T 
i k  

= 0. 
i j , j  

We a r e  now i n  a p o s i t i o n  t o  f i n d  the  a d d i t i o n a l  body f o r c e s -  

which must be applied t o  t h e  s h e l l  t o  maintain t h e  deformation (97) 
1 

according t o  t h e  second order  theory. Subs t i tu t ing  from equations ( 9 9 ) ,  
* 

(1001, (103),  and (104) i n t o  (34) and taking X = 0 g ives :  

On the  o u t e r  surface  of  the  s h e l l  r = b, so 

a c 
1 2  

12a c 
= 4 12 (a1+3a ) c - - 16ik + 

1 2  
E T i k l  r=b 2 1 b3 5 

b 
and 

r 

tha t :  

X X 

The components R of the  outward u n i t  normai vec to r  t o  t h e  ex te rna l  
i I 

su r face  a r e  : 



We a r e  now a b l e  t o  determine t h e  add i t iona l  second order 

fo rces  which must be appl ied  t o  the  external  surface  o f  the  s h e l l  

t o  maintain the  displacement f i e l d  (97) . Introducing (99) , ( l o o ) ,  

and (106) t o  (108) i n t o  (35) , we f ind  t h a t  on the  surface  r = b : 

In  a s imi la r  manner, on the  surface  r = a :  

The system of body forces  described by equation (105) i s  

equivalent  t o  a r a d i a l  body force  R ' ,  per  u n i t  mass of t h e  ma te r i a l ,  

given by: 

1 
-pORt = B 7 

r 
where 

6 = 36(a -4a +4a ) c  
2 

1 2 3 2 '  

The f o r c e  system (109) i s  equivalent  t o  a r a d i a l  d i s t r i b u t i o n  

R 
V l  ' a c t i n g  outward from the  surface  of  the  s h e l l  and measured per  

u n i t  a rea  of surface  i n  the  undeformed s t a t e :  

S imi lar ly ,  t h e  su r face  t r a c t i o n s  on t h e  inner su r face  of t h e  s h e l l  

a r e  equivalent  t o  a r a d i a l  d i s t r i b u t i o n  of  amount R 
v2 : 



I n  equ 

and 

In summary, we see t h a t  i n  order  t o  maintain the  deformation 

of  the  s h e l l  descrbbed by equation (97) ,  the  second order  theory 

r e q u i r e s  t h a t  t h e  following a d d i t i o n a l  system of f o r c e s  b e  imposed: 

i )  a r a d i a l  body force  R '  per  u n i t  mass of  ma te r i a l ,  

given by (111); 

(ii) on the  surface  r = b ,  r a d i a l  surface  t r a c t i o n s  

of a m u n t  Rvl , measured per  u n i t  a rea  of  surface  i n  the  

undeformed s t a t e ,  given by (113); 

(iii) on t h e  su r face  r = a ,  r a d i a l  s u  face  t r a c t i o n s  of 2 
amount R , measured per  u n i t  a rea  of su r face  in t h e  v 2 

undeformed s t a t e ,  given by (114) . 

7 . 4  DEFORMATION OF THE SHELL PRODUCED BY THE NEGATIVE OF THE ADDITIONAL 

FORCES. DETERMINED IN SECTION 7.3  

We can now consider  the e f f e c t s  which would be  produced 

i n  t h e  undeformed s h e l l  i f  t he  add i t iona l  fo rces  do no t  a c t .  These 

a r e  determined by ca lcu la t ing ,  according to  c l a s s i c a l  theory,  t h e  



displacements which would occur in t h e  nndeformed body by t h e  ac t ion  

o f  fo rces  which a r e  equal i n  magnitude and opposi te  i n  d i r e c t i o n  t o  . 

t h e  body fo rce  pOR1 'and su r face  t r a c t i o n s  Rvl and Rv2 . 
The system of body fo rces  -pOR1 and su r face  t r a c t i o n s  

-R and -R is  assumed t o  produce a displacement f i e l d  which is v 1 v2 

r a d i a l  i n  nature and depends only  on r. Denoting t h i s  displacement 

by w ,  t he  components of s t r e s s ,  T "  T" . - . I  'Cgr 
or 

r e f e r r e d  
rr 

t o  a po la r ,  spher i ca l  coordinate system a r e :  
r 

and 

The equations of  equi l ibr ium with body force  -pOR1 become: 

and the  associa ted  boundary condi t ions  reduce t o :  

In teg ra t ion  of equation (117) y i e l d s  : 
w 

where c3 and c4 a r e  a r b i t r a r y  constants .  From equations 



and (119) ,  it follows t h a t  : 

With (120),  condi t ions  (118) fu rn i sh  : * 

By v i r t u e  of equation (39) , we can now wr i t e  down the  t o t a l  displace-  

ment f i e l d  (ur ,  ue, u ~ ) .  From (93) and (119):  

This displacement f i e l d  (122) corresponds t o  the  problem of a  spher i ca l  

s h e l l  subjec ted  t o  i n t e r n a l  pressure  p1 and e x t e r n a l  
I 

within t h e  framework of  second order  theory formulated 

p ressure  
P2 

i n  Section 3. 

The s t r e s s  d i s t r i b u t i o n  corresponding t o  the  s o l u t i o n  (122) , of course,  

can be r e a d i l y  obtained by d i r e c t  s u b s t i t u t i o n  of  (122) i n t o  (13) .  

In  pa r t i cukar ,  the  r a d i a l  and t a n g e n t i a l  s t r e s s e s  a r e :  



We wish t o  i n v e s t i g a t e  here  t h e  na ture  o f - t h e s e  s t r e s s e s .  

In the  c l a s s i c a l  s h e l l  problem, the  t a n g e n t i a l  s t r e s s e s  a r e  

found t o  be monotone functions of r which a t t a i n  t h e i r  maximum 

and minimum values on the  surfaces  of t h e  s h e l l .  To see  i f  tee 
e x h i b i t s  s i m i l a r  behaviour, we d i f f e r e n t i a t e  with r e spec t  t o  r t o  

obta in  : 

dtee 
If tee has a  r e l a t i v e  extremum, theh - = 0 f o r  some value 

d r  

of r. This condit ion w i l l  be s a t i s f i e d  provided:  

Since (125) is a  c&ic  equation,  the re  does e x i s t  a t  l e a s t  

one r e a l  value of  r f o r  which t h e  f i r s t  de r iva t ive  of  t vanishes. 
8  8  

Thus, unlike the  c l a s s i c a l  theory,  t h e  second o rde r  theory admits t h e  
4 

p o s s i b i l i t y  t h a t  t h e  t a n g e n t i a l  s t r e s s  a t t a i n s  an extreme value i n  

t h e  i n t e r i o r  of the  s h e l l .  I t  is  c l e a r  t h a t  t h e  value of r obtained 



b 
.' from (125) w i l l  depend both on t h e  deformation and t h e  type of 

mater ia l  being considered, and u n t i l  more is known about these ,  we 

cannot say i f  t h i s  value l ies  i n  t h e  i n t e r v a l  a 5 r 5 b. 



.. 8 .  SOLID SPHERE UNDER PRESSURE 

This problem happens t o  be a s p e c i a l  ca se  of t h e  preceding 

- problem when a = 0 and pl - 0 .  We f i n d :  

c = 0 ,  and B = O .  
4 

In t roducing  (126) i n t o  (122) y i e l d s :  

The corresponding s t a t e  of  stress is found from (123):  



9.  ALMOST SOLID SPHERE UNDER PRESSURE 

Here, we s e t  
P1 

= 0 -  and l e t  a -t 0 - i n s t e a d  of  being 

i d e n t i c a l l y  zero.  From equat ion  (122): 

Noting t h e  forms o f  t h e  c o n s t a n t s  c2, c 4 ,  and B, we s e e  t h a t  each 

term on t h e  r i g h t  hand s i d e  o f  (129) depends on a t  l e a s t  t h e  f i r s t  

power of a ,  s o  t h a t  : 

l i m  [urIoFa = O .  
a% 

Thus, t h e  displacement  f i e l -d  remains bounded a s  a t ends  t o  ze ro  

and i'ts l i m i t  v a lue  ag rees  

r = 0 . ,  

In  t h e  c l a s s i c a l  

i n n e r  sur face  of  t h e  s h e l l  

wi th  t he  va lve  obta ined  from (127) with 

s o l u t i o n  t h e  t a n g e n t i a l  s t r e s s  on t h e  

exper iences  a s t r e s s  concen t r a t ion  o f  

3 
amount - 2 p2 . To determine what happens i n  the second o r d e r  

s o l u t i o n ,  we cons ider  : 

where 



and c3 I c4 ,  and B a r e  r e s p e c t i v e l y  def ined  by (121) and (112) .  

On t a k i q g  The l i m i t  o f  tee as a tends  t o  z e r o ,  w e  o b t a i n  a 

complicated expres s ion  which involves  t e n s  which a r e  n o t  found i n  
r 

the, stress f i e l d  (128) .  Thus, t he  second o r d e r  s o l u t i o n  e x h i b i t s  

I 

a t a n g e n t i a l  s t r e s s  concen t r a t ion  beyond t h a t  which 

t h e  c l a s s i c a l  
A 

s o l u t i o n .  



INTERNAL PRESSURE. 

This problem, too, is  a special case of the general problem , 

discussed in Section 7. When we put p2 = 0 and allow b + a, we 

find : 

/ 

The displacement f i e l d  (122) becomes : , - 

From (13Q), it i s  evident tha t  the displac.ements becdme 

negligible for  a rb i t r a r i ly  large values of r. The corresponding 

radia l  and tangential s t resses  are: 

/ It i s  clear  from (135) tha t  the s t resses  t - and-_ t  bo+hnish - 88 
- 

r r 

a t  inf in i ty ,  as  required. 
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