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ABSTRACT 

. . 
One of the  most i n t e r e s t i n g  problems i n  population dynamics is 

concerned with a population of predators  feeding,on a population of prey. 

d Lotka and Vol ter ra  (L-V) were the  f i r s t  t o  propose a s e t  of r a t e  equations 
- - - 

with quadra t ic  n o n l i n e a r i t i e s  t o  descr ibe  such anecosystem. La te r ,  by 

incorporat ing a sa tu ra t ion  l e v e l  term f o r  the  prey spec ies ,  Gause and W i t t  

modified the  L-V rnqdel i n t o  what i s  known a s  the Volterra-Gause-Witt 
'-? 

(V-G-W) model. Fur ther ,  the  V-G-W model involving constant  time l a g  terms 

was s tudied  by Wangersky and Cunningham (W-C). 

I n  the  l i t e r a t u r e  on population dunamics the re  a r e  many inves t i -  

ga t ions ,  mainly deal ing  with s t a b i l i t y  problems. However, it i s  important 

i n  some cases that an appr&mate s o l u t i o d - t o  the  modelling equations be 

obtained. A useful  approach t o  achieve t h i s  goal i s  the  small parameter 
/ 

expansion on which the  per turbat ion  theory i s  based. A widely used method ' 

i n  t h i s  theory i s  the. asymptotic method of Krylov-Bogoliubov-Mitropolskii 

(K-B-M). This method is  used t o  study the  following V-G-W modified models: 

a )  V-G-w model with two s a t u r a t i o n  l e v e l s  

b) V-G-W model w i t h  two sa tu ra t ion  l e v e l s  and small  time l a g  terms 

i n  the nonlinear  p a r t  

c )  V-G-W model with two sa tu ra t ion  l e v e l s  and smail time l a g  terms 
- -- - -  

i n  the  l i n e a r  p a r t  

e )  W-C model with la rge  time lag.  



- - 

When the  t i m e  l a g  involved i s  smal l ,  t h e  system may be reduced 

t o  one without  d e v i a t i n g  argument. Then i n v e s t i g a t i o n s  can be done with 

t h e  K-B-M m e t h o d .  For nonl inear  o s c i l l a t o r y  problems,  it i s  gene ra l ly  

known t h a t  the frequency of o s c i l l a t i o n  and t h e  amplitude become i n t e r -  

dependent. This  behaviour i s  exh ib i t ed  i n  the  f i r s t  o rde r  s o l u t i o n  i n  most 

cases .  The f l u c t u a t i o n s  a r e  shown t o  be no t  only frequency dependent b u t  

a l s o  exponent ia l ly  damped awing t o  t h e  presence of s a t u r a t i o n  l e v e l s .  For 

t h e  model with s i g n i f i c a n t  t ime l a g ,  t h e  s i t u a t i o n  i s  more complicated. I n  

t h i s  case  an ex tens ion  of t h e  K-B-M method i s  used. 

F i n a l l y ,  comparisons of  t h e  inf luences  of t i m e  l a g  terms,  small -L 

and s i g n i f i c a n t ,  on t h e  amplitude and t h e  phase of t hese  d i f f e r e n t  models 

a r e  made based on t h e i r  f i r s t  o rde r  approximate s o l u t i o n s .  
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- 
Many of the problems faced today by physicists, engineers and 

applied mathematicians involve difficulties due to nonlinear governing 

equations involving retarded arguments, small or significant, which 

preclude exact analytical solutions. To solve these roblems we shall . 3: - 

resort to a form of approximate solution. Among those systematic methods 

of approximation techniques, one which is widely used is the perturbation 

method of Krylov-Bogoliubov-Mitropolskii (K-B-MI which involves asymptotic 

exfiansions in powers of a small parameter. Application of this method to 1 

biological sciences was not known until recently. 

Here the K-B-M method is used to study nonlinear models, mainly 

with retardation, in problems of population dynamics. Extension of the 

Volterra, Gause and Witt (V-G-W) model to include time lag, small or 

significant, will promote the closeness of aescribing a certain process 

by a system of nonlinear differential equations with deviating arguments 

in which past history is also accounted for. Clearly, investigations - 
/3 

derivations of approximate solutions of 'nonlinear systems with retarded 

' 

arguments will be more interesting and at the same time involve more 

complications. 

In Chapter 1, the K-B-M method for a secoqd order ordinary 
h 

diffefential ehtion with small nonlinearity is reviewed. A brief 
-- - - - -- - --- - - 

introduction of delay differential equations is given. Then an extension 
k- 

- - - -- - - - - - -- - - - - --- - 

of the K-B-M method used for differential equations involving deviating 



- -- - 

I. 

arguments with l a rge  delay i s  out l ined.  The Lotka-Valterra model and 

i t s  modification t o  V-G-W model i s  b r i e f l y  explained. .Applications of 
C 

t he  K-B-M method t o  models of the  V-G-W type by o the r  authors a r e  a l s o  

mentioned. 

I n  Chapter 2 ,  t h e  V-G-W model with two l e v e l s  of s a t u r a t i o n  is  . 

s tudied .  The r e s u l t s  obtained may then be used f o r  comparison with those 
- 

involving time lag ,  small and s igni f icant . ,  Two such models of the same 

type b u t  with small t i m e  l a g  terms a r e  i&est iga ted .  Terms with devia t ing  C 
v 

arguments i n  the  descr ib ing system of d i f f e r e n t i a l  equations occur i n  t h e  f 
t 

nonlinear  p a r t  of the  f i r s t  model and the  l i n e a r  p a r t  of t h e  second model. 
', 

For a l l  t h ree  models, approximate so lu t ions  u m  t h e  second order  a r e  

obtained. Then t h e  Wangersky and Cunningham (W-C) model with small  time 

l a g  is  a l s o  studied.  I n  t h i s  case ,  approximate so lu t ions  f o r  F t h  the  

p r  & and the  predator  species  a r e  given. 

In  Chapter 3 ,  t h e  W-€ model w i t h  l a r g e  t i m e  l a g  f o r  only the  
7 

predator  species  i s  considered by means of the  extended K-B-M method. 
. 

* A s  a  conclusion, the  f i r s t  order  so lu t ions  of a l l  t h e  models 
< 

being inves t iga ted  a r e  compared i n  order  t o  exh ib i t  the  e f f e c t  of t i m e  

l a g  on the  approximate so lu t ions .  
> 



$ 1 THE KRYLOV-BOGOLIUBOV,-MITROPOLSKII METHOD 

The study of o s c i l l a t o r y  processes i s  of b a s i c  importance i n  
'L 

P- (" 
/' J widely d iverse  branches of mechanics, physics and engineering. Inves t i -  

," 

gators  i n  the  theory of  l i n e a r  o s c i l l a t i o n s  attempted t o  f i t  the  
/ 

by them i n t o  l i n e a r  schemes, neglec t ing  the  

j u s t i f i c a t i o n  2 And such a  l i n e a r i z a t i o n  

rn%y l ead  t o  r e a l  e r r o r s  not  only of  a  quan t i t a t ive  bu t  a l s o  of a  q u a l i t a t i v e  

nature. I n  the  l a s t  century t h e r e  already ex i s t ed  a  mathematical apparatus 

which, i f  developed t o  t h e  pecessary extent  and general ized,  might have 

served as  the  t o o l  f o r  inves t iga t ing  nonlinear  o s c i l l a t i o n s ,  a t  l e a s t  those . 
o s c i l l a t i o n s  s u f f i c i e n t l y  c lose  t o  the  l i n e a r  ones. An o s c i l l a t i o n  i s  

t r e a t e d  a s  s u f f i c i e n t l y  c lose  t o  a  l i n e a r  one when, though the  correspond- 

ing  d i f f e r e n t i a l  equation be nonlinear ,  there  is a  parameter E i n  t h e  
-- 

equation such t h a t  f o r  a  zero  value of E the  equation degenerates i n t o  a  

, - l i n e a r  d i f f e r e n t i a l  equation with constant  coe f f i c i en t s .  In  t h i s  case it 

Ir 
i s  assumed t h a t  the  param&er E i s  < i s .  e .  it may be t a k e n  a s  

s u f f i c i e n t l y  s k l l  i n  &solute  magnitude. However, tpe re  immediately 

arose t h e  d i f f i c u l t y  t h a t  it was impossible t o  

expansions i n  powers of a  small parameter f o r  

\ 
would be y i t e d  t o , ' d s i u d y  of motion over s u f f i c i e n t l y  proloaged i n t e r v a l s  

i 

of time. In  f a c t ,  t h e  usual  expansions i n  powers o f  a  small p  rameterelead 5 
t o  approximate formulae f o r  t h e  unknown q u a n t i t i e s ,  cha rac te r i s ing  the  

- - - -- - - - 

motion, i n  cases which contain,  besides terms depending harmonically on 



m m secular terms like t sin at and t cos. at, (m > - 
/ 

stant) ,? with time, 't' appearing without the sine or cosine 

1, a = con- 

symbol. 

~onsequent'ly, the intensity'of the seculjtr terms increases rapidly with 

the increasing values of t. Thus it is clear 
b 

tion of the,$pproximation formulae is limited 

of time. 

v The method of Poisson [l] for solving 

that the range of- applica- 

to veky small intervals 
A- 

problems of the pendulum 

oscillations also revealed the above mentioAed difficulty of the ordinary 

expansions in powers of a, -11 parameter;. Suppose we have to find a 

solution of a nonlinear equation containing a smalz parameter E of the form 

Then using the method of Poisson we seek a solution, -satisfies 

n+ 1 (1.1) to &I accuracy of order E of the form 

By substituting expression (1.2) into equation (1.1) and equating t 

coefficients of like powers of the parameter E, we get the foll 

system of equations: 



af d~ I ,  where f = - anc3 X = - 
d t  x - _  ax a -+. 

- 8  " ,  
5 4  0 

It can be e a s i l y  d e n ,  t h a t  t h e  abq thod e n t a i l s  app-earance - p4 2-%. % & 
of secular teW. WW instance, p e b t a i n  t h e  *;st order  soh&-kin - - - - - - 

9 P 

. >  - 
- Q  P 

dXo 3 -3. 
and suppose t h a t  f ( x o ,  dt) = -X w q h e n  we g e t  t h e  second-ordek 

O 2 
I 

approximation , I  

3 2 3 
X1 = 43/89.)) a t s in (wt  + 0) + (1/32w ) a  cos 3(wt + 0) , 

+ 

which contains a secu la r  term. Hence t h i s  method is  s u i t a b l e  only f o r  

:.bL , 
very s m a l l  * i n t e r v a l s  of $&me. Because of the  presence of  secu la r  terms 

on t h e  right-hand-side ~ & ~ ~ x p r e s s i o n  ( 1 . 2 ) ,  it is  d i f f i c u l t  t o  e s t a b l i s h  
? .*-. 

, * 

t h e  pe r iod ic i ty  of t h e  so lu t ion .  

It is  n a t u r a l  t h a t  t h e  o s c i l l a t i n g  systems most accesgible  f o r  

inves t iga t ions  a r e  those  with small nonl inear i ty .  ~ t - p r e s e n t  a number 

of s u f f i c i e n t l y  genera l  methods a r e  ava i l ab le  f o r  t r e a t i n g  weakly non- 

l i n e a r  systems. I n  t h i s  thes-is,  w e  w i l l  confine ourselves t o  t h e  asymp- 

t o t i c  method known a s  t h e  K-B-M method [I, 2 1 .  This method came i n t o  -L+ L. 

exis tence  under t h e  work of N. M. Krylov and N. N. Bogoliubov and Yu. A. 

Mitropolskii .  W e  s h a l l  now const ruct  t h e  asymptotic approximations f o r  , 
- - - - - - - - - - -- --- -- - - -- 

the case of o s c i l l a t i o n s  defined by equation (1.1). When per tu rba t ion  is 
- - -- - - - - - - - -- 

absent ,  i .e . ,  when E = 0 , t h e  o s c i l l a t i o n s  w i l l  be purely harmonic with 



~ ( t )  = a cos Y , 
, * 

where the amplitude a and the phase 'Y &re defined by 

The existence of nonlinear perturbation '(E # 0) r e su l t s  i n  the 
I 

appearance of over,tones in  the solution of equation (1.1), a factor that  

dy and the establishes dependence between the instantaneous frequency - d t  

a m p l i 3 e .  We sha l l  seek a general solution of equation (1.1) i n  the form 
* -  t 

\ 2 
$(t) = a cos Y + EU (a,'?) '+E, U (a,Y) + . . . 

1 2 4 

Here Ul(a,Y), y ( a , Y ) ,  ... , are  periodic--functions of the phase w i t h  
* 

a period 2T and the quant i t ies  a ,  Y,are functions of time defined by the 

d 
di f ferent ia l  equations 

da 2 - = EA (a)  + E ~ ~ ( a )  + . . . , 
d t  1 

Although power ser ies  expansions are  divergent, the approximate 

.f formuLae obtained by taking a limited number of terms, fo r  m = 1, 2 ,  . . . , 
are found t o  be extremely sui table  for  pract ical  calculations. In  f ac t ,  

these ser ies  are asymptotic i n  the sense tha t  the e r ror  of the m-th appro- .. 
2 

ximatigfi is  proportional t o  the (m+l)-th power of the small parameter E . 
Hence for  fixed values of at = 1, 2; ... the error can be made as s m a l l  as 

desired when the value of & is suff icient ly  small. O f  course, by increa- 
- 

- - -  -- - -- - - - - - - - - - - - - - 
---ppp 

sing m indefinitely w e  w i l l  not get  convergence. However, the absence of 

- - - - - - ---- - 

such a convergence i s  not of essent ial  importance T F p K c t i c e ,  because 



p r a c t i c a l l y  t h e  determination of the  coe f f i c i en t s  of successive powers of 

E becomes so  complicated t h a t  a c t u a l l y  approximations of only th Rf irst 
o r  the second o rde r ,  o r  of notevery  high order ,  may be used; bu t  t h e i r  

usefulness is  completely conditioned by t h e  property of asymptoticity. > 
.* 

/ 

I n  p r a c t i c e ,  due t o  t h e  rap@ly.growing complexity of the  formu-, 
J 

l a e ,  only the  f i r s t  two o r  three terms may be e f f e c t i v e l y  derived. Haw- 

ever ,  they a r e  enough f o r  appl;i&tion purposes. Therefore we confine our- 

Je lves  to a f i n i t e  number of < e m  i n  t h e  ewansions  (1.3)  and (1.4) , i . e .  , 
. - 

+' 

X ( t )  = a cos Y +fUl(a.Y) + . . . + E ~ U  (a,'?) , 
m 

(1.5) 

m (1.6) 
- -  d y - w + E ~  ( a )  + .  . . + E B  (a)  , 

1 
m = 1 , 2 , .  . . 

d t  m 

Hence the  p r a c t i c a l  a p p l i c a b i l i t y  of t h e  method is not d e t e  ned by t h e  "i 
) 

convergence of t h e  s e r i e s  f 1.5) and (1.6) when m -+ b u t  by t h e i r  asymp- 

t o t i c  p roper t i e s  f o r  a given f ix& value of m when E -t 0 . 
I 

- 1 I t  is  only required t h a t  when E i s  small ,  expression (1.5) 

s h o u l l v e  a s u f f i c i e n t l y  accura te  form of t h e  so lu t ion  kf- the  nonlinear  

equation (1.1) f o r  a s u f f i c i e n t l y  long i n t e r v a l  of t i m e .  The f i r s t  problem 

is t o  deduce s u i t a b l e  expressions f o r  the  functions Ul(a,Y)# UZ(a,Y) , . . . #  

. ., B (a)  B 2 ( a ) ,  . . 
1 

But a c e r t a i n  amount of a r b i t r a r i -  

.ness i s  involved i n  def in ing the  above expressions. Hence f o r  t h e  unique- 
- - -- - - - - - - - - - -- 

ness of t h e  d e f i n i t i o n  of these  c o e f f i c i e n t s  we have t o  impose add i t iona l  

-- -- - -- - -- -- - -- -- 

-- r e s t r i c t i o n s  on t h e m .  Thps w e  r equ i re  t h a t  the f i r s t  harmonics a r e  missing 

i n  the  expressions Ul(a,Y), U2(a,Y), . . ., i . e . ,  t he  condit ions 



2Tr 
lo Ui(a,Y) cos Y dy = o , 

2Tr (1.8) 

lo Ui(a,Y) s i n  Y dY = 0 , 1 i = 1,2 , . . . ,  

/ / C  

have t o  be s a t i s f i e d .  Physica l ly ,  t h e  &&sition of  these  condit ions is  
\ 

b A \ 
I equivalent  t o  s e l e c t i n g  a a s  t h e $ u l l ~ p l i t u d e  of the  f i r s t  fundamental 

*c 

harmonic of o s c i l l a t i o n .  
+ 

a 

From equations (1.3),and (1.4) with some rearrangements i n  powers 

of E , we get' 

dX - -  arl, 
d t  

- -aw s i n  Y + & ( A  cos - aB s i n  y + 6) 
1 1 % 

aul au2 3 *, cos Y - aB s i n  + A - + E (A2  2 1 aa 
+-) + & .  . : 

ay 

2 
2 

- =  2 za 5) 
-aw cos Y + E(-ZWR s i n  Y - 2wa  qos Y + w - 

d t 2  1 1 a Y  

Hence t h e  left-hand-side of equation (l.;), n& be w r i t t e n  as 13 

-is 

- - c y < s y  -qp - - -- - - - - ---- - - 



2 2a2;l ' - 2 + w x = &{-2wiI1 s i n  Y - 2 w a l  cos Y + w - + w vl1 
- d t  a~ 

Also, t h e  right-hand-side of equat ion  U.1) wi th  the  express ion  f o r  X ( t )  

given by ( 1.3) may be w r i t t e n ,  i n  t h e  form \- 
1 

2 + E {ulf;(a cos I. -aw 

au, I -  

+ ( A ~ ,  cos Y - aB s i n  Y + T) fG(a  cos 
1 

s i n  Y )  

I n  o rde r  t h a t  t h e  express ion  (1.3) 

esu l t ion  v$th a~ accuracy of t he  o rde r  Eml , it i s  necessary  t o  equate  

may s a t i s f y  t h e  o r i g i n a l  , - -  
8 '  

c o e f f i c i e n t s  of equal  payers  of  E i n  t h e  right-hand-side of  equat ions  (1.9) 

-,*-&-*;\* 
and (1.10) up t o  t e r m s  o f ,  the  m - t h  o r d e r  i nc lus ive ly .  Thus w e  g e t  a system .J , 

of m equat ions  f o r  the  func t ions??  , f o r  i = 1, 2, . . . , m. Using t h e - ~ o u r i e r  
i 

s e r i e s  &pansion f o r  t h e  func t ions  f ( a  cos Y ,  -a@ s i n  '4') and ul(a,Y) i n  t h e  

first equatioG of the sy&em, we may determine A (a) ,-E 4 4  md- U (a ,\Y-) . - - - 

1 1 1 

The two Four i e r  s e r i e s  gge - - 

w 

f ( a c o s  Y t  - W s i n Y )  = go(a) + Z gn(a) cos ny + hn(a)  s i n  ny, 
n-1 

w (1.11) . 
ul(a,k) = vo(a) + Z v (a) cos nY + wn(a) s i n  nY. 

n=2 n 



where 
, -. 

2 IT 
gn(a)  = 1/27r jO f ( a  cos I, -aw s i n  I) cos nY dY, 

hn(a)  = 1/2r iin f ( a  cos Y ,  -aw s i n  I) s i n  nY dY. 

Then by equating coe f f i c i en t s  of i d e n t i c a l  harmonics i n  t h e  

. f i r s t  equation of the  system we 

f o r  n = 2, 3 ,  '. . . Thus we have uniquely determined A ( a )  and B (a)  , as  wel l  
1 1 

as  a l l  the harmonic components of the function U (a,Y) except  the  f i r s t  
1 1 

v (a)  and w (a)  .   ow ever; by v i r t u e  of the  add i t iona l  condit ions (1.8) , . 
1 1 

these functions do no t  contain the  f i r s t  harmonic; therefore  
- .  

v (a)  = 0,  
1 

Also, we have from equations (1.11) and (1.12) , 

A1(a) = -1/2ITw J:' f ( a  cos Y ,  -a s i n  Y)  s i n  Y dY, 

27r 
B (a) = -1/2nwa JO f ( a  cos Y ,  -aw sin P) cos Y dY, 1 > 

w < 

2 
ul(a,Y) = go(a)/w + l / w  2  2 C ign (a)  cos nY + hn (a)  s i n  nP]/ ( 1-n ) . 

- n=2 

* 
s i m i l a r  techniques t o  the  o the r  equations i n  the  foregoing system t o  obta in  . - 



higher order  approxima.tions successively,  i . e . ,  t h e  q u a n t i t i e s  ( 1 . 7 ) .  By 

means of t h e  add i t iona l  condit ions (1.8) t h e  functions An(a) and Bn(a) 

(n = 1, 2 ,  . . . I  a r e  uniquely determined. A s  a r e s u l t ,  t he  expressions 
/ 

f o r  A (a)  and B (a)  thus obtained ensure the  absence of tpms with 
n n 

f i r s t  harmonics i n  t h e  systems of m equations,  which i n  t u r n  enables us  

t o  avoid t h e  appearance of secu la r  terms i n  t h e  so lu t ion .  

I n  p a r t i c u l a r ,  using t h e  second equation i n  t h e  system of m equa- , 

t i o n s ,  we obta in  expressions f o r  the  second approximation 

1 '% 1 2T . ?$ 

A2(a) = - 4 2 ~  B + A a-1 - - 
2u 1 1 1 da 27ru I 0 [ p l ? ( a , ~ ) i '  x (a  cos 9 .  -hw O.6 s i n  - 3 Y )  

-* el=;. 
au, I 

' % f  , rn 
' -  * 

(A1 COF '4' - aB s i n  Y + -If. (a  cos Y ,  -au s i n - Y ) ]  s i n  Y dY, 
1 a Y  x - 

- 
avl 1 -  

+ ( A  cos '? - aB2 s i n  '? + -)f.(a cos Y, -aw s i n  Y) ] ' cos  '4' dy. 1 a~ 



4 

*- 
+& 

L d 

' 5 2" DELAY DIFFEN2NTIAL EQUATIONS 

D i f f e r e n t i a l  equations with a devia t ing  argument a r e  those i n  

which the  unkncwn function and i t s  de r iva t ives  e n t e r ,  genera l ly  speaking, 

under d i f f e r e n t  values of t h e  argument; e .g. ,  

k ( t )  = f [ t ,  x ( t ) ,  x ( t - T I  I ,  T > O .  - * ,  (1.13 j 
.i 

Equations with a devia t ing  argument descr ibe  many.processes with time * 

delay. They have many appl ica t ions  i n  the  theory of automatic conbrol,  

t he  theory of s e l f - o s c i l l a t i n g  systems, the  study of problems connekted 
b 

with combustion i n  rocket  motion, the  problem of -long-range planning i n  
' 

/ 
economics, a s e r i e s  of b io log ica l  problems, and i n  many o the r  a reas  of 

science and technology. A t  p resen t ,  t h i s  theory i s  one of t h e  most.rap- t 

i d l y  developing branches of mathematical analys is .  -. 

Consider the  d i f f e r e n t i a l  equation of n-th order  with r devia- 

t i n g  arguments 

max m ' =  n .  Here X ( k ) ( t  - r i ( t ) )  where t h e  devia t ions  "Ti(t) > 0 , 
i O<-ifr - 

- -- - - 
denotes the k-th derivative Q•’ the fllnctign X fZ) , taken a t  the w=nt -- - - 

Z = t - . r i ( t )  . In  equation (1.14). l e t  1.4 = max m , and m i g n a t e  i 
l<i<r - - 



\ 
= m - y. The equations f o r  which A > 0 a r e  c a l l e d  equations w i t h  a 

0 
1. 

re tarded argument; = 0 , equations of neu t ra l  type; and A < 0 , equa- 

t i o n s  of advanced type. This t h e s i s  w i l l  involve d i f f e r e n t i a l  equations 

with a re tarded argument only. Equation (1.13) with delay T b e i n 4  

constant  i s  a simple example. r' 

A J' 
Consider an equation of t h e  form 

/ 

/ 

with coe f f i c i en t s  a 'and devia t ing  arguments s being constants .  . ' 
p j  J 

Then 'equation (1.15) i s  ca l l ed  a l i n e a r  d i f f e r e n t i a l  equation with constant  - 
c o e f f i c i e n t s  and constant  devia t ing  arguments. With no l o s s  of genera l i ty ,  

we assume 0 = T < T < . . . < 2 . I n  equation (1.151, i f  a # 0 , 
o 1 m .  no 

while the  o ther  a = 0 , then it is an equation wi'th re tarded argument. 
n j 

- To begin with we consider t h e  homogeneous equation of (1.151, - 

c a l l e d  a s t a t ionary  l i n e a r  homogeneous equation with a deviating-itg-gurnent. 
- 

> 
We seek a so lu t ion  of equation (1.16) which has the  form 

where k is a constant .  

k t  
e , one obta ins  t h e  s o  c a l l e d  c h a r a c t e r i s t i c  egyation, 

- - - - - - - - - - - - 



-- f o r  the  determination of k . The left-hand-side of equation (1.16) , 

is c a l l e d  t h e  c h a r a c t e r i s t i c  quasi-polynomial. This quasi-polynomial i s '  .. 
? r 

an ana ly t i c  function everywhere. Equation (1.18) has an i n f i n i t e  s e t  of 

roots ;  the  unique l i m i t  po in t  i s  i n f i n i t y .  Each r o o t  corresponds t o  a 

k i t  
p a r t i c u l a r  so lu t ion  of t h e  form e - Then t h e  

eous equation (1.16),  X$(t) with $ a s  a given 

expanded i n t o  a s e r i e s  of these  b a s i c  so lu t io&.  

so lu t ion  of t h e  homogen- 

, 
i n i t i a l  funct ion ,  can be 

For d i f f e r e n t i a l  equations 

with a retarded argument, a l l  .roots ki of the  quasi-polynomial @ (k) l i e  

i n  a l e f t  ha l f  plane Re[ki] ( N . Here R ~ [ z ]  denotes the  r e a l  p a r t  of Z.  

A l l  'the solu t ions  a f  equation (It&6) a r e  asymptotical ly s t a b l e  i f  a l l  t h e  

roo t s  
ki 

of the  quaqi-polynomial s a t i s f y  the  condit ion Re[kil < 0 and 

a r e  asymptotically uns table  i f  a t  l e a s t  o n d r o o t  has a p o s i t i v e  reaP part' 

- [ 71. The so lu t ion  X (t)  of equation (1.13) is  ,cal led s t a b l e  , i f  f o r  any 
% $ P 

E > 0 , t h e r e  . e x i s t s  a 6 (E) > 0 , such t h a t  from the  inequal i ty '  

I$(t) - $ ( t ) I  < 6 ( ~ )  on the  i n i t i a l  r.Q; t h e r e  follows . I X + ( t )  - X, , , ( t ) l  < E 
I 

f o r  a l l  t - > t , where $(t) is any continuous i n i t i a l  functio*. A s t a b l e  
O rs 

so lu t ion  x (t) i s  c a l l e d  asymptotical ly s t a b l e  , i f  l i r n  I X  ( t) 7 ~ ~ ( t )  1 = 0 
0 h +-Mm $ 

f o r  any continuous i n i t i a l  function $(t) , s a t i s f y i n g  f o r  s u f f i c i e n t l y - s m a l l '  
- - - - - -- - -- - - 

6 > 0 t he  condit'ion . I $ (t) - $ it) 1 < 61 . A l l  so lu t ions  of t h e  l i n e a r  
1 

equation with a. devia t ing  argument, L [ x ( ~ - T )  ] = f ( t )  , and f ixed  i n i t i a l  
-. 



po in t  t (as  f o r  a  l i n e a r  equation without devia t ing  argument) a r e  s t a b l e ,  
0 

ns tab le  simultaneously. For inves t iga t ions  of the  s t a b i l i t y  of some 

(t) of equation (1 .15) ,  it is poss ib le ,  by the  change of varia-  L 
Y * 

b l e  Y ( t )  = X ( t )  - X 4 ( t )  , t o  transform t h e  discussion t o  s t a b i l i t y  of the  
C 

so lu t ion  X (t) i n t o  t h a t  of the  t r i v i a l  so lu t ion  Y ( t )  of the  
4' 

homogeneous equation (1.16) . B 



5 3 K-B-M METHOD FOR DELAY DIFFERENTIAL EQUATIONS 

6 

-d Since we w i l l  consider mainly systems of d i f f e r e n t i a l  equations 
) c  -7.- * . 

w i t h  devia t ing  arguments, s t r a i g h t  forward a ~ p l i c a t i o n  of  the  K-B-M method 

w i l l  119t be val id.  I f  the  devia t ing  arguments involved have a Small retarda-  
?'- +. 

%. 
1 

t i o n ,  we can apply theumethod of e x p b s i o n  i n  powers of the  r e t a rda t ion  and 

the system w i l l  then be reduced t o  one i n  which there  is  no devia t ing  argu- 

a ment. The nonlinear  system may then be solved by the  K-B-M method. For 

the  case when the  time l a g  i s  l a rge ,  the  s i t u a t i o n  is  a b i t  more complicated. 

Any given system of two f i r s t  order  nonlinear  d i f f e r e n t i a l  equations,  
7 

even w i t h  devia t ing  arguments, can always be reduced t o  a second order 
4 

d i f f e r e n t i a l  equation of the following form: 
: '  

( 1.19) 
\--. 

. '  
'L=---. 

where 2, g, y, 2 a r e  constants  and-A = O ( 1 ) .  Hence we w i l l  elftend the  K-B-M 
t 

i 
method i n  accordance w i t h  equation (1.19) . This method was given f o r  the , 

,'- 

f i r s t  time by Bojadziev and Lardner [ 4 ] .  -_ 
. Consider the generat ing equption of (1.19) , when E = 0 ,  

This 'equation has so lu t ions  of  the  form ceZt, where C i s  an a r b i t r a r y  ' 

- - - - - - - --- - -- 

constant  and Z is  a root  of the  c h a r a c t e r i s t i c  equation 



The a o v e  expression f o r  Q (2) i s  known as tIhe quasipolynomial of the homo- 

geneous d i f f e r e n t i a l  equation (1.20). I f  A is  d i f f e r e n t  fkom zero,  then 

equation (1.21) has an i n f i n i t e  number of roots  i n  the  complex plane.  Let  

Z = -5 + iw enote a p a r t i c u l a r  roo t  o•’ (1.21). Then t h e  corresponding f 
1 r e a l  so lu t ion  of (1.p) takes the following form: 

where C and w are  r e a l  ~const 'ants  ; Re [z] i s  used t o  denote the r e a l  p a r t  - ' 
0 .  0 

4 

of Z .  We a re  usually i n t e r e s t e d  i n  the  decaying so lu t ions  of equation (1.20) , , 
\ 

i . e . ,  5 > 0 . 
Since the  system being w i l l  involve s t rong  damping and O 

la rge  t h e  delay,  a modified form of the 's tandard so lu t ion  i n  t h e  K-B-M - 
J 

method f o r  equation (1.19) is  used, 

where a and Y s a t i s f y  the  equations 

0 1 

Then d i f f e r e n t i a t i n g  equa (1.22) g d  making use of equat ionsb - 



dR 
where Z = -<+iw and R ( a )  = -@(a) + iQ (a) and R'  = - da ' 

N F r p m  the expression (1.22) , we get  
- 

where a = a(tC8) and 'Yn. = Y(t-A). A 

By integrating the f i r s t  equation of (1 .23)  from t - A  to t ,  we ge t  ,- 

Theref ore we have 

A a 
where P (a) = la-A P (7) d ~ .  Similarly, one can show that  

- 
ppppp 



& -.. 
*a% Hence we have * ' 

A A A <. 
where R (a) = -@ (a )  + i Q  (a). = I: A R(T) &. . _ -  - 

Then with the expressions given i n  (1.22) , (1.24) , (1.25) , (1.26) 

and' (1.271, we can subs t i tu t i !  h t o  equation (1.19) 'and compare terms of, 

d i f f e r e n t  orders i n  E. Thus we have reduced the d i f f e r e n t i a l  equation (1.19) 

with time l a g  t o  a system of d i f f e r e n t i a l  equations i n  orders  of E now with 

no time lag. The zero order  terms cancelled i d e n t i c a l l y  and the  f i r s t  order  

E equation- is  as follows: 



W e  s h a l l  seek a so lu t ion  -of  equation (1.28) i n  Fourier  s e r i e s  form, 

and a l s o  expand F ' l )  (a,'?) i n  r u r i e r  s e r i e s ,  7 .. 

1 

X ( u  From the expression (1.29) f o  F (a,'Y) , the  nonzero c o e f f i c i e n t s  F (a) can 
L m 

/ 
be determined., Then by s u b s t i t u t i n g  (1.30) i n t o  equation (1.28) and compar- 

i m Y  . i n g  the  coe f f i c i en t s  of e , f o r  the case m #  +1, we have 

Prom t h i s  equation the  c o e f f i c i e n t s  X (a) may be determined read i ly .  
In 

For m = fl, as usual i n  the  K-B-M method, we assume t h a t  the  f i r s t  

harmonics are  n o t  p resen t  i n  X (a,'?). We have 
1 

Once R ( a )  'is determined from equation (1.31) , then P (a) and Q (a) a r e  

known and together  w i t h  x(') (a,Y) being computed. the  f i r s t  improved 

approximation of  the  so lu t ion  t o  equation 61.19) i s  obtained. 
- -- - - - - -- - - --- - - 



t 

5 4 SOME BASIC MODELS I N  POPULATION DYNAMICS 

. ..P 
The mathematical s tudy of an ecosystem concerning a populat ion 

of predators  feeding on a population of prey was i n i t i a t e d  independently 

by *a and Volterra [ 5 ,  61; who proposed a s e t  of r a t e  equations with 

quadra t ic  nonlineari  t i e s  t o  

with i t s  predator  when both 

describe the i n t e r a c t i o n  of a prey spec ies  

populat ions coexis t  i n  an ecologica l  environ- 

ment with f i n i t e  r e s o u p e s .  I n  the  Lotka and Vol ter ra  (L-U) model, it i s  
P 

_i 
postuala ted  t h a t  the populat ion of species 1 (prey) would grow exponential ly 

i n  the  absence of species  2 (p reda to r ) ,  while the population of the  predator  

would extinguish exponential ly i n  the  absence of its prey. The i n t e r a c t i o n  

between the species i s  introduced through binary c o l l i s i o n s ,  s o  t h a t  the  

l o s s  r a t e  of species 1 due t o  the i n t e r a c t i o n  with species  2 i s  propor t ional  
C 

t o  the  product of t h e i r  population s i z e s ,  as  is the growth r a t e  of  species 

2.  The L-V r a t e  equations f o r  a prey-predator sy'stem , jre  given by 

where Ni (t) , f o r  i = 1 , 2 ,  i s  the  number of individuals  of species  'i a t  a 

given t i m e ;  a .  is  the i n t r a s p e c i f i c  coe f f i c i en t  ( innate  capacity f o r  increase 
1 

- K - - -  - -  - -- - 

p e r  individual )  and B .  is  the i n t e r s p e c i f i c  coe f f i c i en t ;  they a r e  a l l  
1 

p o s i t i v e  constants .  

A deficiency of the L-V model' i s  the  non-existence of a sa tu ra t ion  . 



l e v e l  f o r  the population Of the  prey species  alone which, i n  general ,  does 

no t  grow i n d e f i n i t e l y  i n  a given environment with l imi ted  space and resource. 

In  order  t o  incorporate the sa tu ra t ion  e f f e c t ,  Gause and W i t t  [7 ]  i n  1935 

< .T 

-< introduced a s e l f - i n t e r a c t i o n  term f o r  the  population of the prey N 
1 '  The 

modified equations f o r  the  s o  c a l l e d  V-G-W model a r e  

where O i s  the car ry ing capacity (se l f -sa tura t ion  l eve l )  of N 
1 ' 

For -f 

t he  system (1.32) reduces t o  (1.31).  

Some authors have s tudied  system (1.31)-, o r  s i m i l a r  s y s t e m ,  by 

q u a l i t a t i v e  inves t iga t ions  on the  phase plane;  f o r  ins tance ,  ~ o e l ' 7 ~ a i t r a  zr 

4 
and Montroll [8] i n  1971. Since an exact  so lu t ion  of  the proposed problem 

has  not  been obtained s o  f a r ,  then one could go about seeking Wrs- 

ximate so lu t ion .  The standard procedure i s  t o  l i n e a r i z e  the  nonlinear  equa- 

t i o n  i n  the  neighborhood of the  equil ibrium point  i n  the  phase plane,  and 

assume the e f f e c t  of the nonlinear  terms t o  be small.  Under t h i s  assumption, 

the  e legant  asymptotic method of K-B-M could be applied t o  determine the  

weak nonlinear  e f f e c t s .  An attempt t o  f i n d  an approximate so lu t ion  of system 

( 1.32) using the  K-B-M n ~ t h o d  was made by Dutt, Ghosh -and Kamalrar 19 1 bu t  

mistakes of p r inc ip le  charac ter  were made due t o  i n c o r r e c t  considerat ion of 

those d i f f e r e n t  E order t e r m s  generated from h e  nonl inear i ty  of system (1.32) . 



A more genera l  v'G-W model which i s  descr ibed  by the  nonl inear  

sys  tem of f i r s t  7 o r d e r  - d i f f e r e n t i a l  equat ions 

where a1 , a2 , kl  , k  a r e  cogs t an t s ,  O is  the  s a t u r a t i o n  l e v e l  of  N 
2 1 '  

and f  f  a r e  a n a l y t i c  func t ions  of t h e i r  arguments. This  system was 
1 '  2 

r ecen t ly  s t u d i e d  i n  a  paper  by Bojadziev [ l o ]  and an approximate s o l u t i o n  
' 

was obta ined  by means of t he  K-B-M method. The system (1.32) , which is  a 

* p a r t i c u l a r  case of  (4.33) , is  consideied i n  d e t a i l  a l s o  i n  t h a t  paper .  

The approximate s o l u t i o n s  f o r  system (1.32) , up t o  t h e  second o rde r ,  a r e  

given . 



CHAPTER 2 
\ 

$ 1 V-G-W MODEL W I T H  TWO LEVELS OF SATURATION 

Let us consider a f u r t h e r  modification of  t h e  Vol ter ra ,  Gause 

and W i t t  (V-G-W) model by incorpora t  another s a t u r a t i o n  l e v e l  f o r  the  F- 
second species.  This includes t h e  e f f e c t  of competition fo; food of .the 

- 
second species among themselves when i ts  population s i z e  g e t s l a r g ?  

which w i l l  lead t o  a decrease i n  the  population eventual ly.  The-system 

oPf i6nl inear  d i f f e r e n t i a l  equations describing t h i s  model is  

where Bi i s  t h e  car ry ing capacity (se l f -sa tura t ion  l e v e l )  of Ni and 

K I S ,  a ' S  a r e  p o s i t i v e  cons tants ,  f o r  i , j  = 1 ,2  . The non-zero 
i i j 

i 

equil ibrium pos i t ions  can be obtained from (2.1) by s e t t i n g  

dN 
i - -  

d t  
- 0 , i = 1,2  ; then we g e t  

The solu t ion  of  t h i s  system i s  



We are  interes ted i n  the  small vibrations occurring i n  the 

v ic in i ty  of the equilibrium posit ion (s, rq2) I n  order t o  accomplish , 

this, we use the  tranformations 

N i W  = qi + E X p  I . i = 1 , 2  , (2.2) 

where E is a small posi t ive  parameter ( E  << 1) ; x l ( t )  and x2 (t) 

a re  the two new variables.  Substi tuting ( 2 . 2 )  i n t o  the system ( 2 . 1 )  , 
2 

dividing by E and keeping terms up t o  order of E , gives . 
h 

where the terms a q./Oi , i = 1,2 , are.smal1 when compared t o  the 
ii 1 

frequency of the  l inearized system of ( 2 . 1 ) .  Hence we l e t  

u q. /O i '=  €2bi . Also, the terms -E (aii/Oi) X> can be wri t ten as 
ii 1 

2 ' 2 
-E (2bi/qi) X1 'and therefore are not considered as f i r s t  order terms i n  E . 

- 

The l inear  system of (2.31, fo r  E = 0 , can be reduced t o  the 

following form: 

. . 2 
where Xi - - -  , i = 1 , 2 ,  a n d k  = a  a q q  

1 2  2 1  1 2 ' 
Note t h a t  fo r  t he  

d t2  

l i nea r  case we have 
q1 = K2/"l q2 = K1/ul2 . 

The solutions of system (2_,4) are 

x (t) =.P s in(kt+n)  , 
2 2 



where n i s  an a r b i t r a r y  constant  and the  amplitudes a r e  r e l a t e d  as 

Since X and X2 - a r e  r e l a t e d  by i n  (2 .3 ) ,  
1 - 

1 

the  so lu t io?  f o r  X2 can be derived from the X1 and 

Henceforth we w i l l  consider the equation f o r  Xl, only; and from the  
- 

nonlinear  system (2.4) , we g e t  
. ,'F 

I n  order  t o  apply the  K-B-M per turbat ion  method, equation (2.5) i s  reduced 

t o  the  following canonical form: 

where 

2 2 2 

2 2 + E(-4b b x + 2bla21~: - 2bl~l i l /q l  + 2b2~21~l /kZ - X X 
1 1  1 2 1  

W e  s h a l l  .seek a general  so lu t ion  of equation '(2.6) i n  the_ form 

2 3 x l ( t )  = a cos Y + &ul(a,Y) + E u2(a,Y) + E . . . 
with a ( t )  and Y ( t )  defined by 

da - =  2 3 
d t  A ( a )  + E A2(a) + , E  . . ., 1 

a . (2.7) 

- =  2 3 dy 
k +  EB ( a )  + & B 2 ( a )  + E . . . 

d t  1 
- - -  - - - - - --- - - - -- - -- - 

We 'are i n t e r e s t e d  i n  the  f i r s t  order  approximate so lu t ion  of equation 
- - - -  -- 

(2.6) and f(xl ,kl)  i n  (2.6) takes the following form: 



25. 
I. 

f(X , i )  = M  ( X I ; ( )  +EM (X . 
1 1  0 1 1  1 1' 1 

t 

1 
Then us ing  TayIod s formula f o r  each of  t h e  M i ' s ,  f o r  i = 0 , l  I -the 

above expression becomes 

I 
where - 

0 
d fl 

M ( a ,y )  = M (a cos y ,  -ak s i n  y )  , 
0 0 

0 
I , M- (.ii,Y) = .M ( a  cos  Y ,  -ak s i n  Y )  , 4 

1 1 - 

1 aMo f-, 

Mo(arY) =, U1 (a cos Y ,  -ak s i n  Y )  

- ; [Al cos Y -a s i n y  + k 
1 a Y ( a  cos Y ,  -ak s i n  y )  . ' 

i 

Thus,according t o  t h e  K7B-M method, we have ,  

f ( a , Y ) ' =  M (a cos y ,  -ak s i n  Y )  , 
0. 0 

I .3 . - 
1 0 f 2 - dB 1 

fl(a.,y) = M (a,YJ + ~ ~ ( a , y )  + (a1 - Al ;i;;f cos y +  (2A B - faA - 1  s i n y .  
0 1 1  I d a ,  

\ - 

21T 
A ( a )  = - 1 / 2 ~ k  I fo(a.Y) s i n Y  dY . 1 - 0 

(2.10) 
21T 

Bl(a) = -1/2nak lo f o  (a.y) cos '? d'? . 

From t h e  express ions  (2 .6) ,  (2.8) and (2.9) we o b t a i n  

2 2  ' 1 2 fo(a,Y) = 2(b  +b ) a k  s i n  Y - ( a  k /ql)cos 2Y - -a a k s i n  2Y . 
1 2 .  2 21 



B = -gl/2ak = 0 . 
' 1 

Thus, up t o  t h e  f i r s t  order ,  we g e t  

d'i' ' - =  k , 
d t  

which have solu t ions  

where P and ko 
1 

a r e  constants  of in teg ra t ion .  Therefore t h e  f i r s t  

' approximation of  equation (2.6) i s  

3 

I n  order  t o  der ive  t h e  f i r s t  improved approximation, Ul(a,'i') 

is  expressed i n  Fourier  s e r i e s  with the  form 
00 

ul(a,Y) = v (a) + Z v (a)cos  nY + wn(a)s in  n'i' , 
o n n= 1 

where 

2 2 
vn (a)  = gn (a)/k (1-n 1 , 

2 2 
w (a) = hn (a)/k (1-n ) r 

n 



Therefore we-fhave . 
' F- 

and otherwise zeroes. Thus the  f i r s t  improved approximation is  given by 

2 xl (t) = a cos Y + & ( a  / 3 )  { ( l / q l ) c o ~  2Y + (a21/2k)~i ,  2'4'). - 12 \12 )  

4 

Since B = 0 , i n  order  t o  of t h e  phase on t h e  
1 

amplitude, we have t o  c a l c u l a t e  t h e  second approximation. From expressions 
/ 

(2.71, (2.9) ,  (2.10) and (2.12) with a s e r i e s  of  e labora t ions  we ge t  ' 

+ (0) s l n  '4' + o the r  terms of higher harmonics ; 

then 

2T 
A 2 (a)  = - 1 / 2 T k j 0  f l ( a , Y ) s i n ' f ' d Y = O I  

2 T 
B2 ( a )  = -1/2aak f (a,'?) cos Y dY 

0 1 

~ l s o  from expressions (2.81, (2.11) and (2.13) we have 

- -- - 

k 
2 + E a ("21 

t 4k  (a1191/01 + a2292102 ) + kg 4 
- 

i together  with (2.12) a s  the  second approximate so lu t ion  f o r  the nonlinear  

d i f f e r e n t i a l  equation (2.6). 



By taking the 1imit.a~ O1 , O2 + in the expressions (2.11), 

-4' F' 

we obtain the first improved approximation 'for the L-V model (1.31), , 

- -- -+ 
x (t) = a  cos Y + 1a:8~/3){(l/a~)cos 2 1  + (1/2k)sin 2 ~ 1  
- 1 . .  0 

- 4 - -  with Y (t) = kt + k and p(t) = a , where k = (avo: 1 . 
0 0 1 2  

In using the K-B-M perturbation technique, the calculation was -; 

$2 
based on the assumption of smaJ.1 f<uctuq;tions of the populations of species 

i x. 
> '4 

N1 and N about their respective equilibrium levels. Essentially, this 
- 2  t 

means that both a/ql and a/q2 are small quantities. Hence 

tive features shown by the first orber results may not be true fordrge 

nonlinear fluctuations. ' 

From the linearl-zed system (2.4) of the V-G-W model we hav-n . 

\\ 

expression for the linear ?'requency which is dependent on the intraspecific . 

coefficients K1, K~ and the other coefficients as well, in contrast to the 

L-V model, in which case thelinear frequency depends only on the intra- 

specific coefficients, a and a - .  m e  extra dependence occurs merely 
1 2 C 

due to the presence of two saturation level terms. 
a * 

'. 
"\ 

For the first approximation, the frequency of oscillation is found 

to be the sape as in the linear case, since B1 = 0 , and the amplitude is 

exponentially damped. This damping effect appears due to the two saturation . I 

levels, since a and qi are constants. and the paver of the 
i i 

damping factor can be zero only if 8 -t 03 , for i = 1,2 . Consequently, 
i 

the amplituae in se-V-G-W &el xs shown to33 d5Cayiing STpntiailywith 

h/' i 

a smaf 1 damping constant 7 -5ict q B + et--q fe-1---~ fb- ---t*)-,ikke-+n- 7 

1 1 1  1 222 2 1 2  



t h e  L-V model it i s  j u s t  a qonstant .  Nonl inear i ty  is  then  exh ib i t ed  

through t h e  dependence on a(t) i n  t h e  express ion  (2.12) f o r  Ul(a,Y) . 
Fur the r ,  t h e  dependence of Y ( t )  on a ( t )  i s  revea led  i n  t h e  second 

A# 

approximation through +he term B2 ( a )  which i s  given in equat ion  (2.13) . 
7 

This  woul&mean t h a t  t h e  pe r iod  of t h e  harmonic terms s t a y s  cons t an t ,  

2T/k , i n  t h e  f i r s t  o rde r  s o l u t i o n ,  wi th  a c o r r e c t i o n  f a c t o r  occu r r ing  

i n  t h e  s e c o n w  s o l u t i o n .  I n  f a c t ,  we can s e e  from t h e  second equa- 

,- 
t i o n  i n  expressions (2.14) t h a t  t h e  pe r iod ,  

i s  a c t u a l l y  increased .  



. 5 2-'v-G-w MODEL WITH S& TIME LAG I N  THE NONLINEAR 
3 

PART AND TWO LEVELS OF SATlfRATION 

It is knawn i n  ecology t h a t  the  degree of p a t t e r n  r e g u l a r i t y  

populat ion o s c i l l a t i o n s  depends on the  population history.  Per turbat ions  6 

applied t o  systems mqy have a f t e r e f f e c t s  which do not  show up u n t i l  a 

c e r t a i n  time a f t e r  they EaVe been applied.+ This  i s  the  e f f e c t  due ta - 

time delay mechanisms. The previous V-G-W mcdel (3, l )  i s  general ized t o  

incl'ude devia t ing  arguments i n  the  nonlinear  p a r t  a s  follows: 

L - = -K N (t) + ai N ( t ) ~ ~ ( t - A )  - a N ( t ) ~ ~ ( t - A ) / @ ~  , 
d t  2 2 21 2 22 2 

where Oi is the  s a t u r a t i o n  l e v e l  f o r  the  species  Ni . K i . and 
7' 

a > 0 , f o r  i, j = 1, 2. /' - i j - 
r' Since the dev ia t  on is small ,  we can use the  method of expansion 

i n  pcwers of the  devia t ion  and thus reduce t h e  system t o  one without  devia- 

t i n g  argument. Then the  method of K-B-M may be appl ied  d i r e c t l y  t o  so lve  
f 

t he  system. We l e t  the  time l a g  A =. ET , where E << 1 ; t he re fo re  one 

can expand Ni ( t - E T )  i n  powers of the  r e t a rda t ion  ET using t h e  ~a) ; lor  

s e r i e s  expansion as suggested i n  E l ' s g o l ' t s  [ 3 ]  and g e t  



o b t a i n  t h e  nonzero equil i twium position (ql ,q2) wMck is given by 

As i n  t h e  previous  case ,  t h e  s u b s t i t u t i o n s  

., 
a r e  used and express ion  (2.16) becomes 

By s u b s t i t u t i n g  t h e  expressions (2.174 and (2 -18) i n t o  t h e  system (2.15) 

w e  then  have 

where a . . q , /O i  = E2bi a r e  assumed t o  be  s m a l l  q u a n t i t i e s ,  f o r  i = 1 , 2  ; 
11 1 

2 and the re fo re  Ea x - q i i i  are considered as terms o f  o r d e r  E . i i 

~ e r k e  for: E = 0 , t h e  l i n e a r  system of  (2.19) is 



where 
P1 ' P2 

and n a re  constants .  

The canonical form i s  obtained by d i f f e r e n t i a t i n g  the  f i r s t  

equation once i n  the  system (2.19) and using the  second one t o  e l iminate  

X2 . Then system (2.19) i s  reduced t o  the 

2 
t i o n ,  up t o  terms of order  E , 

And s imi la r ly  w e  have 

2 
< 

2 2 2 x + k X2 = €1-2(b +*-k T) X2 - k x2/q2 
2 1 2  

following &if f e r e n t i a l  equa- 

Now w e  s h a l l  consider  equation (2.20) which i n  s tandard  form i s  

This is  s i m i l a r  t o  the  case i n  the  previous sec t ion ,  hence we have 
I 

fo(a,Y) = 14 (a  cos Y ,  -ak s i n  Y) , 
0 

2 '-1 + (aB1 - A -)cos Y + (2A B 
dB 1 

1 da 1 1  + aA1 s i n  Y . 

2 2 2 -2 
fo(a,Y) = 2 ( b  +b -k r)ak s i n  '4' - kx21a k s i n  2Y - (a k /ql)cos 2Y . 

1 2  



Thus the  nonzero Fourier coefficients for  fo  ( a  , Y )  are 

Therefore we have 

2 . Al (a)  = - (b +b -k T)a , 
1 2  

B (a) = O .  
1 

Then the amplitude i s  given by 

and the  phase i s  

'where P and Yo a r e  integration constants. Further, we have for  the 
1 P 

f i r s t  improved approximation, 

where 

Calculation of the second approximation is necessary i n  order 

t o  obtain dependence of the  phase on the amplitude. From expressions 

(2.19), (2.20) and (2.21) we get 

Z 3 2  2 2 2- + I-4b b a+13~~/12 + a k /12q1 + a (bl+b2-k r) 1 cos Y 
1 2  

+ (0)s inY + other terms of higher harmonics, 



s o  w e  have 

2 Tr 
B (a )  = -1/2nak lo f (a,Y)cos dy = 0 

2 1 

As a second approximation- w e  have 

I n  the f i r s t  approximation we can see  t h a t  the  amplitude i s  d e e d  

and the, damping constant  depends on the  sa tu ra t ion  l e v e l s  01, O2 and a l s o  

the  time l a g  A . But the  phase remains the  same as  i n  the  l i n e a r  case. ' 
=i- 

Complicated dependence of the  phase '4' on the amplitude is obtained i n  the  

second approximation: One can see  t h a t  the  improvement of the  phase cons i s t s  

of tw&ain pa r t s :  (1) a small  correc t ion  t o  the  l i n e a r  term k t  due t o  the  

s a t u r a t i o n  l eve l s  and the  time delay A , (2) exponential  term a2 with 

a f r a c t i o n a l  f a c t o r  involving a l l  the  parameters of the system including 

O . ' s  and A . 
1 



35. 

$ 3 V-G-W MODEL WITH SMALL TIME LAG I N  THE LINEAR PART 

AND TWO LEVELS OF SATURATION 

This model i s  described by a nonlinear  system involving s m a l l  

time l a g  i n  the  l i n e a r  p a r t  of  t h e  describing equations: 

where the  time l a g  A i s  assumed t o  be small  ?nd we l e t  A = ET . 
mi 
d t  

- 0 , i = 1 ,2  ; we g e t  A t  equil ibrium, with - - 

Again, we use t h e  s u b s t i t u t i o n s  '% 

N i ( t )  = qi + € X i ( t )  , 
% 

i = 1.1 . 

Also expanding N .  (t-ET) up t o  order  E 
1 

Subs t i tu t ing  expressions (2.23 and 12.24) i n t o  the  system Q. 22) we  obta in  

where a. .q. /Oi = &2bi . Note t h a t  terms involving T occur in the 
11 1 



2 
order of E only. 

d i f fe ren t ia t ing  the 

second equation, we 

- 
System (2.29 i s  reduced t o  canonical krm by 

f i r s t  equation and eliminating X2 by means of the 

then have It 

. 2 2 2 
where 

1 2 1  1 
x i 1  f(xl,xl) = [-2(b +b )X + ( X  - k X1 ) /q l+  azl 

2 2 2 '2 *2 2 + E{-4b b X +2b1a21X1 - I (2bl+k ~ ) / q  I X  + (2b2a21/k )X1-Xlxl/ql 1 I 
1 2 1  1 1 1  

2 
and k = 

the f i r s t  

Chapter 2 

Applying the K - ~ d m e t h o d ,  we observe t h a t  the f i r s t  order and 

improved approximations coincide w i  the  r e su l t s  obtained i n  , 

$1. i . e .  , 

Al(a) = - (b  +b ) a  , 
1 2  1 

B (a)  = 0 , 
1 

Dependence of the phase on the amplitude may be obtained by 

deriving the second approximation. From expressions(2.26) and (2 .27)  we get  

3 2 3 2 2 2 + {-4b b a + a + a k /12q + a ( b  +b 1 }cos I 1 2  1 1 2  
t 

2 2 + ( 0 ) s i n  'Y + {(2bl + k r ) a  k/2q I s i n  2 1  + . . . 
1 

One can easily compare with the resu l t s  obtained i n  $1 and see 

that A (a) and IBq (a) are a l so  the same. with - -- - - - - - -- 

2 

-b,. A2(a) - - - - 

2 2 2 2 2  
B (a )  = - (l/2k){(bl-b2) + a  (a2l + k /q1)/12} . 

2 



37. - 
Hence, up t o  the  secondaorder approximation, t h e  s m a l l  time l a g  

, . 
terms occurring i n  the  l i n e a r  p a r t s  have no e f f e c t  on the  small vibra t ions  

in t h e  v i c i n i t y  of t h e  equilibrium pos i t ion .  Difference may be an t i c ipa ted  

in higher order  so lu t ions  b u t  it is of no i n t e r e s t  t o  go any f u r t h e r  from 

here. * 



38. 

$ 4 THE W-C MODEL WITH SMALL TIME LAG 

In  t h i s  sec t ion  we s h a l l  c o k i d e r  a s p e c i a l  case of  t h e  non- 

l i n e a r  Wangersky and Cunningham (W-C) [ I l l  model i n  which the  growth 

r a t e  of the  predator  species may depend on t h e  i n t e r a c t i o n  between t h e  

populations of  t h e  two species  a t  a small  time p r i o r  t o  a given moment. 

This model is governed by t h e  following system of  equations: 

- -  
d t  

- -a N (t) + B N ( ~ - A ) N ~  ( t - A )  , 
2 2 2 1 

'4 

where a ,Bi > 0  and A is  t h e  small  time lag ,  O is  t h e  car ry ing 
i 

capacity f o r  
N1 . dN 

1 2  
A s  i n  previous cases,  with & = 0  and s e t t i n g  A - 

A d t  - 0  , 

the  non-zero equil ibrium populat ions then obtained a r e  

By using the transformations 

in the  v i c i n i t y  of t h e  equi l ibr ium pos i t ion  (q1,q2), and the expansions 

f o r  Ni ( t - A )  , w i t h  A = ET , 
2 -  3 2 " 

N i ( t - € T )  = qi + EX - E TXi + E (T /2)Xi - . . . 
i 

system ( 2.28) then becomes - - - -- -- 



where alql/O = &2b is a small quantity. 

The linear system of (2-29) , with E = 0 , can be reduced as 

L 
for i = 1,2 ; where k = a a 

1 2 '  

For the nonlinear system, with E # 0 , after some manipula- 
- 

tions of the two equations in (2.29) , we obtain 

2 
where k = @ 6 q q 

1 2 1 2 '  
Then expanding the right-hand-side of equation 

(2.31) b y  Taylor's formula we get 
1 

2 0 2 x + k xI = ~f (a cos Y, -ak sin Y) + O ( E  1 
1 

2 2 
where fo (a cos Y, -ak 'sin Y) = (2b - k T) ak sin Y + a k Ta cos 

2 

2 2 2 - 4B2a k sin 2Y + (a k /q Icos 2'4 . 1 

Hence the non-zero Fourier coefficients for fo(a cos y ,  -ak sin y) are 

Thus w e  have, according to the-K-B-M methud, - -- - 



Also, '! = k + EB and 1 '  

Y(t) = kt - ~ t a ~ k ~ t  + Y = kt(l - +a2A) + Yo , 
0 

where a and Y are constants of integration. 
0 0 

With 

2 ul (a,Y) = go/k2 - (1/3k ) Ig2 cos 2Y + h 2 sin 211 , 

we thus get 
1 I 
-.d 2 

xl(t) = a cos Y + E (a /I)  {(l/ql) cos 2Y + (B2/2k) sin 2 ~ 1 .  (2.32) 

Now Xl(t) is determined as a first improved approximation. For equation 

(2.29) with Xl(t) known. X2(t) can be solved and is given by 

The linear frequency remains the same as in the case without r 
time lag. In.the fir~t~order correction terms, there are contributions b 
from the time lag for both the amplitude and frequency. The amplitude is 

# 

damped exponentially with a small coefficient of decay or growth which 

2 2 
takes the form G = -~(b - +k T) = -$(alql/~ - k 2 ~ )  . 1f alql/@ > k A , 

2 
then G < 0 and the amplitude is decaying; if a 1 1  q /O < k A , then 

G > 0 and a is increasing. The coefficient G is zero when 

a q /O = k2 , which implies that the fluctuations Xl(t) and X2 (t) 1 1  
-- - - - - -- - - - -pp pp 

are periodic. As a particular case when there is no saturation level 
- - -- -- 

(0 + "1 and no delay (A = 0) , G is zero. The result degenerates to 



t h a t  f o r  t h e  L-V model. The introduction of a s a t u r a t i o n  l e v e l  tern 

causes some s o r t  of  decaying damping e f fec t .  But t h e  in t roduct ion  of  

a small time l a g  tends t o  diminish th'e-aamping e f f e c t ,  and t o  cause 
* 

growth of the  amplitude. I n  t h i s  case,  B is  d i f f e r e n t  from zero, and 
1 

J 

a small cor rec t ion ,  - 5 a kA t o  the  frequency is  determined. The phase 
2 

Y, i n  t h e  f i r s t  approximation, is  independent of t h e  amplitude bu t  depends 

on the  time lag. Due t o  t h i s  dependence, the  period of  the  harmonic terms 

in t h e  so lu t ion  f o r  XI (t) , expression '(2.32) , is influenced. For 

2?r ins tance ,  the  per iod  of cos Y i s  -I1 + fa A ) ,  up t o  the  order  of E . % 

k 2 

Hence t h e  in t roduct ion  of a small  time l a g  tends t o  increase  t h e  period,  

2Tr - 
k 

, of t h e  so lu t ion  of the  l i n e a r  system '(2.30). 

The f i r s t  o rde r  correc t ion  terms t o  a cos Y i n  X l ( t )  involve 

the harmonics cos 2Y and s i n  2Y with small amplitudes of t h e  type .' 
2 

&a C1 , where C i s  a constant  depending on t h e  given parameters of the  
1 

system (2.28). Correction terms o f  the same na tu re  appear in the 

expression f o r  X2 (t) as w e l l .  I n  addi t ion  the re  a r e  correc t ion  terms, 

due t o  t h e  presence of  time lag ,  involving cos Y and s i n  '4' with small  , 

- .., &Z&es.&om AaC2. Rlso t h e r e  is a small correc t ion  term 
a d  

involving cos Y w i t h  t h e  amplitude a in t h e  form (a/O)c3 . Here 

C2 and C depend on the  given parameters too. 
3 

4 



1 A SPECIAL W-C MODEL WITH SIGNIFICANT TIME LAG 
,- 

F 

( -  

'i A special W-C model is investigated which involves a deviating 

argumen) for the predator species only in the nonlinear part of the second 
d 

equation. This will account for effects on the growth rate of the predator 

due to its population size at some time prior to a given moment. The model 

is described by the following system of differential equations: 

where 0 is the saturation level for the species N and a Is, Bins > 0, 
, 1 '  i 

for i = 1,2. Here the significant time lag A is not small and has the 

same order as the parameters a 's and B Is . Even the presence of signifi- 
i i 

cant time lag for 
N2 only in the nonlinear part of the second equation- 

introduces a lot of complications to the problem. 

The equilibrium position (q ,q ) is also given by 
1 2  

s, = a /B 2 2 I  q2 = (al/B1) (1 - n2/B20) . 

Again we use the substitutions 

Then system (3.1) becomes 



where ~ 2 b  = ci q /O. ,Here we cannot expand X ( t - A )  i n  Taylor s e r i e s  
1 1  2 

A i s  n o t  small. System (3.2) becomes, a f t e r  elilnina*ting X 

/ 2 

2 
where k = B1B2q1q2. 

For E = 0 ,  we obtain the  generat ing equaQon - of ( 3.3) 

(3.2) 

s ince  

(3.3) 

(3.4) 

. which possesses so lu t ions  of the  form ceZt , where C is  an a r b i t r a r y  oons- 

t a n t  and 2 i s  a root  of  the c h a r a c t e r i s t i c  equation 

The above expression f o r  fi f 2) is c a l l e d  the  quasipolynomial of  equation 
- - - - - - 

(3 .4) .  I f  A is  d i f f e r e n t  from zero  and 2 n r h ,  f o r  n = 1, 2, ..., equation 
- --- 

pp--p .4 ' 
(3.5) has an i n f i n i t e  number of roo t s  i n  the complex plane. Let Z = -5 + iw 

denote, a p a r t i c u l a r  r o o t  of equation (3.5) . Then the  corresponding r e a l  



so lu t ion  of equation (3.4) t o  -this root;tdces the form --- - -t 
* 

\ 

where a and ig a re  r e a l  constants  and %[z]  is used t o  denote the  r e a l  
0 

p a r t  of Z. We a r e  usual ly  i n t e r e s t e d  i n  the  decaying so lu t ion  of equation 

I n  most cases the  inves t iga t ion  of  the  s t ab f  l i t y  of  the  n u l l  
- - - - - A 

so lu t ion  of equation (3.3) is  s i m i l a r  t o  the  inves t iga t ion  of  the  s t a b i l i t y  

of the n u l l  so lu t ion  of the  l i n e a r  equation (3.4) .  I t  is  k n m  t h a t  (from 
F- 

Bellman and Cook [123, o r  ~ l ' s ~ & * t s  f 31) the  n u l l  so lu t ion  of t h e  nonl inear  - 
equation (3.3) is  a s p p t o t i c a l l y  s t a b l e  i f  a l l  the  roo t s  of the  charac ter is -  

t i c  equation (3.5) have. negative r e a l  parts. Referr ing t o  t h e  book by 

Bellman and Cook (Theorem 13.10) , one can see t h a t  t h e  condit ions s t a t e d  

i n  t h i s  theorein a re  f u l f i l l e d  by t h e  c o e f f i c i e n t s  of equation (3.5) .  The 

necessarp and s u f f i c i e n t  condition such t h a t  a l l  the  roots  of R ( Z )  = 0 
- - --- - - 

w i l l  l i e  ko &he l e f t  of the  imaginary ax i s  i s  t h a t  

1 - COS u > 0,  
r (3.7) 

wnere a (n > 0) i s  the  so le  roo t  of the  equation 
n - 

,P 
2 2  2 

tan  u = (k A - u )/a2A0, * 
- 

which lies on the i n t e m a l  (nn-W, n71+4~). The number r is  defined as, 

since -a A < 0 ,  the  even n f o r  which t o  kh. Generally, 2--- ---, -ppp-p-pp-- -- 

1 
c o n d i t i b  (3.7) can be s a t i s f i e d  except  when ar t akes  on the  value of 2na, 

-- -- 

for n = 1, 2, . . . ma case when a = 2nn would imply t h a t  A = 2nam and 
r 



t h i s  has been excluded as mentioned e a r l i e r .  Otherwise, purely imaginary 

roo t s  would r e s u l t  ins tead .  Thus a l l  t h e  roo t s  of equation (3.5) have 

negative r e a l  pa r t s .  This  would mean t h a t  the  n u l l  so lu t ion  X = 0 of 1,o - 
r* 

/ r 

the  nonlinear  equation ( 3.3) is  asymptotical ly s t a b l e .  S imi la r ly ,  elimiGa- 

/ - t i n g  X1 from t h e  system (3.2) w i l l  l ead  t o  a nonlinear  equation i n  terms 

of X2 of the  type (3.3) with**e samebinear  p a r t  and hence t h e  s&e-cfiayL 

r a c t e r i s t i c  equation (3.5) w i l l  b e  obtained. Therefore t h e  n u l l  so lu t ion  

X = 0 is  a l s o  asymptotical ly s t a b l e .  Taking i n t o  account t h e  subs t i tu-  
2,o 

t i o n s ,  N i ( t )  = qi + E X i ( t )  , f o r  i = 1,2  , it follows t h a t  the  populations 

N and N i  w i l l  be asymptotical ly s t a b l e  i n  the  v i c i n i t y  of M e  equil ibrium 
1 

p o s i t i o n  (q ,q ) . 
1 2  



i; , 5 2 ASYMPTOTIC SOLUTION 
,, :i 

/ =  

Be attempt now to find an asymptotic solution for .equation (3.3) 

Some nonli6ear equations similar to (3.3) have been studied previously by 

Minorsky (1962), Rubinik (1969), and ~itropolskii and Martinyuk (1969). - 
However, all the models~considered involve nonlinear equations either with 

- - - - - - - - 

small time lag, or with signidcant time lag taking part only as small non- 

linear terms. Besides, the characteristic equations corresponding to the 

models investigated involve purely imaginary roots. The solution associated 

iwth such an imaginary root describes an almost sinusoidal oscillation. As 

in equation (3.4), significant time lag is involved in the linear part, and 
-- 

the corresponding~characteristic equation will have an infinite number of 

roots depending on the time lag A . Models exhibiting this feature are con- 
sidered in the paper by Bojadziev and Chan [13]. In this case, imaginary 

2 
roots are possible only for particular values of the coefficients of the lin- 

ear equation. Otherwise, roots of the characteristic equation will all be 
8 

complex. Hence'the solution (3.6) corresponding to a particular root % 

5 Z = -5 + iw are both damped and oscillatory. It is this feature that pre- - 

vents the straight forward application of the K-B-M rneldh from working. An 

extension and modification of the K-B-M method for damped oscillations en- 

countering significant time lag as given in Chapter 1 is used instead. 

A solution of the nonlinear equation (3.3), which tends to the 



where a and Y a r e  determined by the  following equations 

Solut ions of the type ( 3.7) are  not  the  most general ,  b u t  are 

chosen because usually the  r e a l  p a r t  -6, of a p a r t i c u l a r  r o o t  of equation 

(3.5), i s  appreciably smal ler  than t h e  r e a l  p a r t s  of  a l l  t he  o the r  roots .  

For t h i s  reason, i n  t h e  so lu t ion  of an a r b i t r a r y  i n i t i a l  value problem, 

a l l  t h e  o ther  modes w i l l  d i e  out  r e l a t i v e l y  quickly ,  and only the  one mode 
3 .  

with the  smal les t  -5 w i l l  p e r s i s t  f o r  any length o f  t i m e .  . 
BY s u b s t i t u t i n g  the  corresponding expressions f o r  P l ( t )  I X l ( t )  I 

A , i n t o  equation ( 3 . 3 )  and comparing - those  terms of  d i f f e r e n t  orde'rs 

i n  E , t h e  zero order  terms cancel i d e n t i c a l l y  and f o r  the terms of E 

order ,  we g e t  the  following equation f o r  X ( 1) 
. 1  



where 

dR 
Also, R '  = - A 

da I R ( a )  = -@(a)  + i Q ( d  and R = -@ A + ipA , together  w i t h  
t 

We s h a l l  seek a so lu t ion  of equation (3.9) i n  Four ier  s e r i e s  form 

and a l s o  expand F ( l )  (a.Y) i n  Four ier  s e r i e s  

From the  expression (3.10) , it follows t h a t  the only nonzero c o e f f i c i e n t s  

F (a) a r i s e  when m = 0 ,  t1, t 2 ,  and they are given by 
m 

- - - 7 - 2  
- - - - - - - -- - - - - -- - - -- 

F (a) = e 
2 

0 
-2ca{m + e2a[582< - (k /2ql + B2S) coswh + B2wsinuA] 1 ,  p 2% - - - - -- - - - - - - - - - - - -6-- -- 

"$ 



and F (a) = [ ~ , ( a )  ] * , f o r  m = 1, Z; where [ z ]  * r ep resen t s  the  complex 
(-m) 

conjugate of Z . % 

By s u b s t i t u t i n g  t h e  s e r i e s  (3.11) i n t o  equation (3.8) and com- 

par ing  t h e  c o e f f i c i e n t s  of e imy f o r  # t 1 , w e  have 

2 2 xL(a)  + (a2 + i2mu)x1 (a) + ( i a 2 m  - m w ) x  (a) - a2X&(a-A)e 
- i d  

Im . Im 

dXlm where X1 = - 
h da 

. From the above equations,  t h e  c o e f f i c i e n t s  X (a) 
lln 

may r e a d i l y  be determined. 

For m = f l  , a s  usual  i n  the K-B-M method w e  assume t h a t  the  

f i r s t  harmonics a r e  not  present  i n  a , )  , i . e . ,  xll(a) = X  (a) = O .  
X1 1,-1 

We ob ta in  



Now w e  w i l l  q e e k  the solut ion;  R ( a )  , of equation ( 3.13) with the  form 

where W , W are complex constants .  
1 2  

By s u b s t i t u t i n g  expression (3.14) i n t o  equation (3.13) and com- 

par ing  the  c o e f f i c i e n t s  of ci and the  f r e e  term, we g e t ,  

Solving the above system gives 

as2 -z A 
where a' (z) = - = 22 + a2(1  - + zAe ) I t  i s  assumed t h a t  

dz 

Z = -5 + i w  is  a simple r o o t  of Q(z )  = 0, i . e . ,  Q 1 ( Z )  # 0. Then for 

convenience, we l e t  

where 



Solving equation (3.15) and comparing the  r e a l  and imaginary 

parts, we have 

s ince  w l = O ,  ~ ( a )  = -@(a)  + ~ Q ( c L )  , and w 2  = -Ewl + i w  , equations 
2 ,  

(3.14) and (3.16) imply 

Therefore equation (3.8) w i t h  expressions ( 3 .  l.7) takes the form 
% 

which have solu t ions  of the  following f o G  



Thus the f i r s t  approximation i s  then L 
- 

x (t) = a c o s  '4' , 
1 

where the a m p l i t ~ d e  a = e i s  given. by equation (3.19) and the  phase '4' 

' by ( 3.20) . 1f i n  addi t ion  , equation (3.12) i s  solved f o r  'lm , then 

. 
X ( a , )  cat?%& determined making use of the  s e r i e s  (3.11) and we obta in  

the  s o  ca l l ed  f i r s t  improved approximation 

which represents  improvement over the  f i r s t  approximation only over time 

i n t e r v a l s  of length 0 (1) when it is accurate t o  within an e r o r  of 

2 
order  E . 



•˜ 3 DISCUSSION 

I n  t h i s  section,we w i l l  

.- 
approximate so lu t ion  (3.21) which 

t o r y  p a r t  cos Y mul t ip l ied .  by a 

confine our a t t e n t i o n  t o  the  f i r s t  

has the  general na ture  of an o s c i l l a -  

decaying amplitude a , s ince  5 > 0 . 
The decay i s  of exponential  type with decay constant  < , b u t  i t s  form . 

i s  modified by an add i t iona l  term &w Also, the re  is a small  correc- 
1 ' 

t i o n  term EW t o  the  l i n e a r  frequency w . Both correc t ion  terms in -  
2 

volve the time l a g  A . To inves t iga te  the  v ib ra t ion  determined by 

a, 
expression (3.21) , we can introduce a logari thmic decrement 6 = ln(-) 

1 a j + l  

t o  measure 'the decay of .the amplitude. Here a and a represent  the 
j j + l  

amplitudes a = e-'" , given by equation (3.191, f o r  the  j-th and ( j + l ) - t h  

cycles ,  f o r  times t and t .+T , where T i s  the  quasi-period. Then 
j 3 

we g e t  

The quasi-period T defined by Y ( t  .+T) - Y ( t  . )  = 2'm can be found f r o m  
3 3 

equation (3.20) and, as a f i r s t  approximation, i s  given by 
.. 
2-TI 

T = -( 1 - E W ~ / W )  . 
W 

(3.23) 

For E = 0 , the  l i n e a r  case,  from e q r e s s i o n s  (3.22) and (3.23) we get t he  

known r e s u l t s  (o) = 2~6/w and ( O )  = 2n/w . 

n = p , 1, 2, , *, , t he  ~ r i s ~  equation 1351-would _ g i ~ e - - p u ~ e 1 y ~ -  -- - - 

imaginary roots  + i k  . This corresponds t o  the  case 5 = 0 and w = k . 



Thers,th&wsoluti,on f o r  the  nonlinear  equation ( 3 . 3 )  i s  sought according t o  

the  s tandard  K-B-M method and we obta in  

Thus the  f i r s t  approximation f o r  t h i s  s p e c i a l  case i s  

where A = 2nnD , a and Yo a re  'constants of in teg ra t ion .  
0 

Clearly,  the  v ib ra t ing  process i s  slowly decaying due t o  a decrea- 

s i n g  exponential  amplitude. Since the  magnitude 1 ~ ~ 1  i s  l a r g e s t  when A = 0 ,  

the  time l a g  A a c t s  i n  a way t o  diminish the damping e f f e c t  produced due t o  

the  presence of a sa tu ra t ion  l eve l .  The phase s t ays  the  same as  i n  t h e  

l i n e a r  case. As n inc reases ,  the  change i n  the  amplitude decreases. This 

4 

wans t h a t  i f  n -t , the  amplitude a -t a and the  decaying process 
0 

- 

approaches a pe r iod ic  one. Hence the time l a g  A has a d e s t a b i l i z i n g  

e f f e c t .  But t h i s  l a t t e r  case is r a t h e r  r e s t r i c t i v e  s ince  A can be taken 

only as ce r t a in  values-; therefore  it i s  n o t  t h a t  i n t e r e s t i n g  f o r  us to 

pursue any fu r the r .  

For applied problems modeled by ordinary d i f f e r e n t i a l  equations,  

the  i n i t i a l  conditions are given a t  a po in t  t = t . But the  i n i t i a l  
0 

condit ions f o r  delay d i f f e r e n t i a l  equations w i l l  be given on an i n t e r v a l  
< 

[ t  - A ,  t o ]  . Hence the  i n i t i a l  value problem f o r  the d i f f e r e r i t i a l  e Q i o n  
0 

( 3 . 3 )  with time l a g  can be s t a t e d  as follows: f i n d  a fmctim -Gt) ,-which 

f o r  t > t s a t i s f i e s  equation ( 3 . 3 )  and the conditions 
0 





2 56 .  

CON CLUS LON 

The aim of t h i s  t h e s i s  is  t o  s tudy the  e f f e c t  

d i f f e r e n t  modified models of the V-G-W and the W-C types i n  populat ion 

dynamics. As a f i n a l  discussion of the  r e s u l t s ,  w e  confine our consi- 

dera t ion  t o  .the f i r s t  approximate so lu t ions  only of those s studied:  
P 

(i) No time lag ,  (ii) Small t i m e  l a g ,  A = ET , i n  the  no&near p a r t ,  

(iii) Small time l a g  i n  the l i n e a r  p a r t ,  ( i v )  W-C model with small  t i m e  

l ag ,  (v) Specia l  W-C model with s i g n i f i c a n t  t i m e  lag.  The f i r s t  order  

approximations f o r  the  above models are  a l l  designated by- X ( t )  = a cos I 

where a and Y a re  given respect ive ly  a s  follows: 



In t h e  f i r s t  t h r e e  models, one can see  t h a t  t h e  small p o s i t i v e  

terms aiiqi/2Qi = & i n  so lu t ions  ( 1 1 ,  ( 2 )  and ( 3 ) ,  due t o  t h e  sa tura-  
i 

t i o n  l e v e l s ,  cause a smali' damping e f f e c t  and make t h e  amplitude a va-ry a 
slowly a s  the  time t i n c  z k  ases.  The small time l ag  A i n  t h e  second 

2 
model produces a term k A which tends t o  diminish the damping e f f e c t ,  

i . e . ,  has a d e s t a b i l i z i n g  inf luence  on t h e  amplitude a , wfiile i n  the  

t h i r d  model, t h e  small  t i m e  l a g  occurring i n  the  l i n e a r  p a r t  of the  system 

generates no e f f e c t  on t h e  v ib ra t ions  of t h e  populat ion a s  f a r  a s  t h e  f i r s t  
i 

approximation.; a his is  t r u e  even up to. t h e  second order approximation. 

The phase i n  a l l  

Clear ly ,  when A 

the  in t roduct ion  

o f .  the  amplitude 

t h r e e  cases involve; no cont r ibut ion  from t h e  time l a g  A .  

= 0 , a l l  t h r e e  so lu t ions  coincide. Hence one sees t h a t  
! 

of a small devia t ing  argument w i l l  r e s u l t  i n  a small c&akge 

only. 

For model 

t h e  amplitude a s  i n  

r e c t i o n  term t o  t h e  

( i v ) ,  t h e  small  t i m e  l ag  produces t h e  same e f f e c t  i n  

t h e  model (ii) and a t% same time contr ibutes  a cor- 
,%. 

phase Y a s  wel l .  The 6requency is  then increased 

a s  a consequence. - 
However, •’or the  case  of s i g n i f i c a n t  t i m e  lag.  co r rec t ion  f a c t o r s  

due t o  A occur a s  product terms with t h e  smal l  quan t i ty  Eb , i n  t h e  form 

of C a q /B and C2cxlql/0 , f o r  t h e  amplitude and t h e  phase respect ive ly .  
1 1 1  

Cl and C are some expressions involving -. The amplitude a i s  
2 

/ 

s t rongly  decaying due to the  decaying c o e f f i c i e n t  -5 which dominates the  



correc t ion  t e r m  C a q /8  . s i n c e  5 depends on A , , t h e  s i g n i f i c a n t  " . z 4  z -- - - - - - - - 
i 

time l a g  produces a s t r o n g  , s tabi l iz ing  inf$&nce on the 
J' - z f -. 

+ s t e m .  Alsot the  phase < i s  s l i g h t l y  a f fec ted  due t o  tame 

1 
Note ' b t  i n  the  s p e c i a l  case when A = 2 n ~ / k  , f o r  n  =. 1, 2, . . . , t h i s  cor- 
'i 

responds t o  5 = 0 , and the amplitude a--t a as n  -+ . The s i g n i f i c a n t  
0 

- 

time l a g  w i l l  then cause a  d e s t a b i l i z i n g \ f f e c t  ins tead .  

L 



LIST OF REFEI~ENCES 59. 

[ l ]  Minorsp ,  N. Nonlinear Osci l la t ions  , D. Van Nostrand Company, 

Inc.  Princeton,  N. J . ,  1962. 

[ 2 ]  Bogoliubov, N.N. and Mitr&olskii ,  Yu.A. Asymptotic Methods i n  the  

Theory of Non-linear Osc i l l a t ions  , New York: Gordon and 

Breach, 1961. 

[3] E l ' s g o l ' t s ,  L.E. and Norkin, S.B. --Introduction t o  the Theory and - - 
-LpL--LA-- 

'E;Bpplication of D i f f e r e n t i a l  Equations with Deviating 
., 

Arguments , Vol. 105 i n  Mathematics i n  Science an Engineer- \ 
ing ,  Academic Press ,  1973. 

[4] Bojadziev, G.N. and Lardner, R.W. Van D e r  P o l ' s  Equation with Damp- 

i n g  and Time Delay , Journal  of Sound and Vibration 2 (1) , 

(1976) , 105-113. 

4 
- [5] Lotka, A. J., The Growth of Mixed Populations , Jour. Wash. Acad. Sci . ,  

22 (19321, 461-469. - r  
- - - - -- 

[6] Volterra,  V. Lecons sur la theor ie  mathematique de l a  l u t t e  pour l a  

v ie  , . P a r i s ,  Gauthier-Vi llars , 1931. - 
[7] Gause, G.F. )and W i t t ,  A.A. Behaviour of Mixed Populations and the  

Problem of Natural S e l e c t i o ~  , Amer. N a t u r a l i s t ,  69, (19351, 

. '. 8 596-609. 

i 
\ 

[8] ' Goel, N.S., Maitra, R.S. and Montroll, R.S, Nonlinear Models of 

I n t e r a c t i n q  Populatians , N e w  ork Academic Press ,  1971. 7 

tim Theory to  the Nonlinear Volterra-Gause-Witt -model f o r  
-- p 

Prey-Predator In te rac t ion  , Bull.  Math. Biology, 37, (1975), 



pp 

2 
Bo j adziev, G.N. The Krylov-Bogoliubov-fitropolskii Method Applied 

t o  Models of Population Dynamics , Bull .  Math. Biology, 

Wangersky, P .  J. and Cunningham, W . J .  Time Lag i n  Population Models , 

Cold Spr ing Harbor Symp. Quant. Biol.  , 22, (1954) , 329-338. 
- 

Bellman, R. and Cooke , K. L. Dif ferential-Di f ference Equations , V o l .  

6 i n  Mathematics i n  Science an3 Engineering; -Academi;c;Pressr - 

196 3. 

Bojadziev, G.N. and Chan, S. Asymptotic Solut ions  of ~ i f f e r e n t i a l  

Equations with Time Delay i n  Population Dynamics 

( prepr in  t) .  




