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1 Introduction

Models of price dispersion and the endogenous choice of search effort have found appli-
cation to many macroeconomic questions, but have been limited to closed economies, and
to environments with identical firms. However, allowing firm heterogeneity is important
for several reasons. For one, the assumption of identical costs for all firms is prohibitive
in a monetary model of an open economy, because monetary policy will affect the cost of
production, and differently so in each country. For another, if price dispersion is purely
due to a friction (such as search costs or sticky prices), it will indicate a distortion of eco-
nomic equilibrium; but if firms are heterogeneous, price dispersion is an important signal
directing consumers to the most efficient producers. In such an environment, if some
friction causes all firms to charge the same (high) price, production is inefficient and will
result in depressed TFP. The details of market structure and the structure of production,
and how monetary policy can affect both, therefore matter for welfare and we need to
account for them explicitly.

As the goal is to study such a model of a monetary open economy with endogenous
search frictions in the goods market, I proceed in this paper by extending the closed-
economy optimal inflation model of Head and Kumar (2005) in four directions. First, I
characterize a general class of matching processes that nests all of those used in the lit-
erature on endogenous price dispersion building on Burdett and Judd (1983). This class
of matching processes is tractable (the number of customers per firm follows a bounded
Pareto distribution with shape parameter less than or equal to one) and lends itself to em-
pirical applications. Second, I consider firms explicitly which allows me to model free
entry in a way analogous to modern trade theory. Third, I solve the model with arbi-
trary distributions of costs (ex-ante firm heterogeneity), which also facilitates the direct
comparison with modern models of international trade. Fourth, I extend the model in a
natural way to allow trade, and I characterize a special case which admits simple numer-

ical solutions for an arbitrary number of countries.
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In the model, search frictions in the goods market imply that consumers only observe
a small subset of all prices, which gives firms market power. In contrast to monopolistic
competition models, this market power is not exogenous or only dependent on the prices
of other firms, but it also depends on the search effort choices by households. Because this
price pressure is an externality, consumers will typically search too little unless prodded
to search more through some other friction: in this instance, the inflation tax. As a result,
the optimal inflation rate is above the Friedman rule, and is increasing in the cost of
search effort. Because search effort and firm entry are complements in generating matches
between consumers and firms, the optimal inflation rate is also increasing in the cost of

tirm entry.

1.1 Related literature

The debt to the closest predecessor of my model, Head and Kumar (2005), has already
been acknowledged. Their model applies the price-posting mechanism of Burdett and
Judd (1983) to the monetary search economy of Shi (1997), and studies the endogenous
choice of search effort in steady state. Head, Kumar, and Lapham (2010) extend the model
to study aggregate nominal and real shocks.

There is a small but growing literature that has applied settings with search frictions
to questions in international economics. Papers which study the endogenous determina-
tion of real exchange rates in a setting with search frictions include Head and Shi (2003),
Geromichalos and Simonovska (2014), and Geromichalos and Jung (2015). Shi (2006) dis-
cusses currency unions in a monetary search setting, and Devereux and Shi (2013) and
Zhang (2014) study the emergence and stability of international reserve currencies.

Modeling a search effort decision by buyers, or an entry decision by buyers or sell-
ers, is almost as old as search theory itself. In addition to Head and Kumar (2005) itself,
the following papers are particularly relevant. In an early contribution, Li (1995) stud-

ies the “hot potato effect”: because buyers do not take the external effects of their search



effort into account, a tax on money holdings which increases the rate of matching in gen-
eral equilibrium can enhance welfare.! Liu, Wang, and Wright (2011) also study the hot
potato effect. In contrast to this paper, they find that the intrinsic margin of search effort
decreases with inflation, but like this paper, they suggest that the optimal rate of infla-
tion can reflect a trade-off between minimizing the inflation tax (which pushes optimal
inflation towards the Friedman rule) and mitigating the externality of endogenous search
effort (which pushes optimal inflation higher). Wang (2014) develops a model with en-
dogenous search effort and price posting in order to quantify the inflation tax.

Such an externality due to endogenous search effort (or entry into a market) is also
studied by Shi (2006), Berentsen, Rocheteau, and Shi (2007), and Craig and Rocheteau
(2008). In those papers, moderate inflation increases search effort and can mitigate the
externality. Generally, the externality of endogenous search could be positive or negative;
this arises from the bargaining mechanisms that determine the terms of trade in their
models. In this paper, by contrast, the terms of trade are determined by price posting,
and the externality of search effort is always positive, i.e. more search effort puts pressure
on firms to reduce markups, but individual buyers do not take this into account.

Recently, some papers have tested empirical implications of the Head and Kumar
(2005) model. Caglayan, Filiztekin, and Rauh (2008) find that price dispersion is V-shaped
as a function of inflation and that the amount of dispersion is related to search costs.
Using European Union price data, Becker and Nautz (2010) and Becker (2011) find that
this V-shaped relationship disappears in highly integrated markets, where search costs
are presumably low.

The rest of the paper is organized as follows. Section 2 describes the model envi-
ronment and the decision problems facing households and firms. Section 3 solves the

model in the closed economy, and Section 4 describes and solves the model for the open

! In the present paper, the extensive margin of matching, the physical velocity of money, is fixed. But if
anything, this makes my results stronger, as there is a hot potato effect on the intensive margin of matching
alone.



economy. Section 5 concludes and is followed by two appendices: Appendix A contains
proofs and detailed derivations of statements in the main test, and Appendix B derives a

tractable class of matching processes.

2 Setup of the model

The model extends the optimal inflation framework introduced by Head and Kumar
(2005). That framework was based on a monetary search economy (Shi, 1997) with price
posting (Burdett and Judd, 1983) and endogenous search effort by buyers.

Time is discrete and infinite. There is a measure 1 of households, whose members can
be either shoppers or workers; there is a fixed positive measure of each type, and they sum
to measure 1.> There exists a government that supplies a stock M, of perfectly durable,
infinitely divisible asset called money at time ¢, and augments this stock at the begin-
ning of each period with lump-sum transfers 7; to the households. Household members
do not have independent utility but share equally in the utility of the household (Shi,
1997).> Households value the streams of consumption c, search effort s, and work effort

n according to the separable utility function:
Ule.s,n) = (1= B) Y B fule) — ps — 1] M
t=0

Assume /5 € (0,1) and p > 0, with the disutility of labor normalized to 1. u( -) is strictly
increasing, strictly concave, and satisfies the Inada conditions. Furthermore, v'(c)c is non-
increasing in c.

Next, assume that there exists a measure N, of firms, owned by households, that hire

2 In this model, variations in search effort or labor effort take place on the intensive margin. With the
given preferences and market structure, the extensive margin would not matter even if it was flexible.

3 The large-household model, where household members pool their consumption after trade, has draw-
backs (Rauch, 2000; Zhu, 2008). Here, however, such pooling is instrumental in getting tractable solutions.
Households make their decisions based on the utility of expected consumption, rather than the expected
utility of consumption, which allows a number of integrals to be solved explicitly. See Equation (20) for an
example and Appendix A for the details.



workers in a perfectly competitive labor market and produce goods. In order to trade
these goods, firms and shoppers enter an anonymous and memoryless goods market
characterized by search frictions. The infinitely many shoppers of a household must
search separately and, once in the market, cannot coordinate with their siblings.

The trading period proceeds as follows: Firms learn their costs, as well as all macroe-
conomic variables, and post prices. As they can perfectly forecast demand (by the law
of large numbers applied to the mass of shoppers), they then hire workers and produce.
Households learn the price distribution and decide how much money m, each member
carries into the market, and how much effort s should be spent on obtaining price of-
fers. Once in the market, each shopper receives k£ random quotes (Burdett and Judd,
1983), i.e. is able to observe the prices of k firms, where £ is drawn from a distribution
with cumulative distribution function @)(k|n), mean number of quotes n > 0, and support
{1,..., K}. The parameter 7 is monotonically increasing in search effort s, and a distribu-
tion of quotes with higher search effort s’ strictly first order stochastically dominates one
with lower search effort s < s": informally, more effort supplies more quotes. The precise
set of assumptions sufficient for the results of this paper is stated in appendix B.

Shoppers can then purchase goods from any of the firms whose prices they have ob-
served, but cannot spend more money than they carry. To keep the analysis tractable,
shoppers cannot coordinate with one another and cannot recall any quotes from a previ-
ous period. As in every paper using the framework of Burdett and Judd (1983), the num-
ber of quotes is determined before the shopper learns what these quotes are; the shopper
cannot decide to search harder if the quotes are bad. Shoppers remain anonymous to
tirms, so firms will only accept payment in cash. At the end of the period, firms pay their
workers and remit the profits to their owners. Workers take home their pay, shoppers
take home their goods, and the members of the household share equally in consumption
and earnings.

To simplify notation, all monetary variables will be expressed in “constant-money”



terms, which means the nominal value divided by the current money stock M,. (Head
and Kumar (2005) use the term “real”, but the international macroeconomics literature
understands “real” to mean a nominal value divided by the price level P, instead of
the money stock.) Deflating nominal variables by dividing them by the money stock is

required to keep the interesting variables stationary.

2.1 Matching

Let gx(n), k =1,..., K be the probability mass function of Q)(k|n), i.e. the probability that
a shopper who searches with success parameter 7 observes exactly k prices. Assume that
n = s-N,where s is search intensity and N is the mass of active firms.* Define the function
J :10,1] x [0,00) = [0, 1]:

J(F,sN) =Y " qe(sN) (1 - (1 - F)")

k=1

Let the cumulative distribution function of prices posted by sellers be F;(p;) on support
F:. Naturally, shoppers who observe more than one price will only buy from the cheapest
tirm. Then the c.d.f. of the transactions prices is the c.d.f. of the lowest price observed by

a buyer, which happens to be:
J(Ft(pt)7 StNt) vpt € .Ft.

Similarly, how many transactions can a firm with price p, expect when all shoppers search
with success rate sN? If the price distribution has no mass points, then neither does the
distribution of transactions, and the answer is given by the derivative of J with respect

to its first argument, denoted by a : [0, 1] x [0, 00) — [0, c0):

4 Matching success will depend both on shopper effort and on firm presence. Through this channel,
firm entry will put downward pressure on prices.



J1(Fi(pe), seNy) = a(Fi(pe), seNt)  Vpe € F

a(F,sN) = qr(sN) k(1 — F)"! )

For this reason, I call a(F,sN) the “arrival function” of successful matches in analogy
to the “arrival rates” common in search models, but because consumers have constant
expenditure here, it can also be interpreted as describing sales per firm relative to the
average. (Note that a(1) < 1 < a(0).) Appendix B derives closed form solutions for J(-)
and a(-) for a general class of matching processes that is highly tractable and nests all of

those used in the literature.

2.2 Households

Households take as given the distribution of prices Fi(p;) and the wage w; (all expressed
in constant-money terms), and choose the search effort and expenditure strategies for its
shoppers, as well as the work effort of its workers. As the sub-utility of consumption u(c)
is strictly concave, the household will treat all of its shoppers the same. Therefore, all
shoppers pursue the same expenditure strategy z;(p,) at time t. With household money
stock m and aggregate money stock M, the household optimizes:

v(m, M) = max {u(c)—ps—n+ BE{v(m',M")|M}} (3)

ml7x(.)7c7s7n

subject to:

E/:1— @a(F(p),sN) dp—i—H(M)—l—wn—i—Z 4)
m F m m
o= [ PPar ). d ®)

where I1I( - ) denotes aggregate profits. We can interpret the budget constraint (4) as fol-

lows: a household’s money holdings would be constant (m’/m = 1) if not for total expen-



diture on consumption goods (an aggregate of per-meeting expenditures z(p)), profit and
wage income, and the monetary transfer. The level of aggregate consumption is derived
by measuring the purchase of each shopper as expenditure divided by the price, then
adding up over all shoppers.

Denote the Lagrange multiplier on the budget constraint (4) by Q,.° A shopper carry-

me
Myp

ing m; units of currency cannot buy more than of goods at nominal price M;p; (p; in
constant-money terms). Because all buyers share equally in their household’s utility and
are individually too small to influence consumption ¢;, they will pursue a reservation

price strategy, such that:
my ifp <p

zy(p) = (6)
0 otherwise

The key constraint is that once in the market, they cannot transfer the money to another
shopper. Going home means leaving the money idle until next period; and the value of
idle money at the end of period t is M2, hence the nominal reservation price satisfies:

u'(cr)

M, p, = M,
t Pt t Q,

(7)

The labor supply is perfectly elastic: households will meet any demand for labor as
long as the wage satisfies w; > 1/€);.

Let ¢(s) denote a household’s consumption resulting from having all shoppers search
with effort s. By the law of large numbers, this is a deterministic function. If it is also
concave (which is to be verified), then the optimal choice of search effort implies that
u'(c(s))e'(s) = p.

Finally, the key intertemporal variable, €2, is determined by the first-order condition

for m,;; together with the envelope condition for m,, iterated by one period:

> (), will be stationary because the budget constraint is expressed in constant-money terms.

9



my miy1

& =P E {u/<ct+1> - } . (8)

2.3 Firms

In this section, for the purpose of readability, I suppress time subscripts and the matching
rate argument, and write the arrival function a(F, sN) as simply a(F'). The total measure
of all firms is N > 0.

Assume that a firm requires ¢ units of labor to produce one unit of output. In a per-
fectly competitive labor market, firms can hire any quantity of labor at the nominal wage
Mw. With nominal price Mp, they will attract a(F(p)) shoppers (the price distribution
F(p) is expressed in constant money terms so as to be stationary). If p < p, each shopper
will spend all the money they carry, and as shown above, all shoppers carry the same
amount of money, M. Therefore, the nominal profits of a firm with marginal cost ¢ are
determined by:

Mw(gzs):mgx{M(l—%w)@]pSp}. ©)

As shown in Head and Kumar (2005), when all firms have the same marginal cost
¢, they must all make the same profits; in particular, the same profits as any firm which

charges the reservation price. This allows us to solve

1— &
oo (1= E).

for the price distribution F(p) if we know af(-).

When firms have heterogeneous costs, however, they will not all make the same prof-
its. The firm’s problem must be solved in the following way: assume that each firm draws
a value of ¢, the marginal labor cost of production, from a continuous distribution G(¢)

with support G C R and upper bound ¢. (The nominal marginal cost of production is
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then ¢ Mw.) Abusing notation, ¢ will also identify a representative firm with cost ¢.

Lemma 2.1. Assume p, and p, are solutions to profit maximization with ¢, and ¢, respectively

(we do not require them to be unique solutions). If ¢1 < ¢, then p; < po.
Proof. See appendix A. O

Consequently, firms’ prices are completely ranked by their costs. If the support of G
includes p/w, i.e. pw > p, some firms (with mass [1 — G(p/w)]) will not be able to sell their
products for any profit at all. In particular, if ¢ = oo then G(p/w) < 1 always. To simplify
matters, I assume that all such noncompetitive firms are simply inactive, and are ready to
produce as soon as the reservation price rises. Define the cost distribution conditional on
producing:

; G(9)

GO = G 1

If G is differentiable, then the solution to profit maximization is a differentiable func-

tion p(¢), and the price distribution F'(p) is also differentiable. We get the following rank-

ing conditions:

F(p(¢)) = G(¢) for pw < p (12)

F'(p(¢)p'(¢) = G'(¢) (13)

Profit maximization implies the following first-order condition:

or, B ow\ a1 (F(p)) ., dw a(F(p)) _
a—p(p7¢) = (1—7) — (MJrFT =0 (14)

Together, (12), (13), and (14) determine a differential equation

yo) = (M~ po)) (ﬁ) &(9) (15

with boundary condition:
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p(p/w) = P. (16)

Equation (15) is a special case of the Riccati differential equation, which has the following

solution.

Lemma 2.2. Let p(¢) = oo if pw > p and

p(o) = - - - (17)
(@) a(1) = Z [P a(G(t)1G(1) dt
otherwise. Then p(¢) solves the system {(15), (16)} and therefore maximizes profits (9).
Proof. See appendix A. O

3 Equilibrium in a closed economy

Even without free entry, the mass of active firms can potentially vary with the reservation
price. Denote the number of existing firms by N, and the mass of active firms by N =
NG(p/w) in the case where the firms have different marginal costs. Define the gross
money growth rate 7, = 1+ %, and assume that the stochastic process of T; (and therefore

M,) is such that ; is stationary.

Definition 1. A stationary monetary search equilibrium (SMSE) is a collection of a value
function v(m, M), policy functions m’(m, M), z(-;m, M), s(m, M), n(m, M), common ex-
penditure rule, X(-; ), common search effort S(M), a wage w(M), a distribution of

posted prices, F( -; M), and expectations 7'()) such that

1. The value function v(m, M) solves (3) with the associated policy functions m’(m, M),

x(-;m, M), s(m, M), and n(m, M), and Lagrange multiplier Q(M).

2. The price distribution F'( - ; M) satisfies (10) in case all firms have the same marginal

cost, or (12) together with (17) otherwise.

12



3. Aggregate (constant money) profits in (4) are II(M) = (1 - (’?Z%)) a(1,SN) in case

all firms have the same marginal cost, or

o) = [ (1= 20 a8 ay

if they do not.

4. The money market clears: w(M)n(M,M) + II(M) = 1. By Walras’ Law, this is

equivalent to labor market clearing.

5. Individual choices equal aggregate quantities: x(p; M, M) = X (p; M) forallp, s(M, M) =

S(M),and m/(M, M) = ~vM.
6. Expectations +/ | M are rational.
7. Money has value: F(p) < 1 for some p < co.

Additional uncertainty about parameters would be easy to incorporate, as 2, fully
summarizes all intertemporal expectations and all utility and cost parameters only affect

the equilibrium contemporaneously. In the aggregate, we can write:

O, =E, {iul(0t+1)6t+1} ) (18)

Vi+1

As the labor market is perfectly competitive and the marginal disutility of working is

constant, the wage must exactly compensate workers for their effort:

1
a (19)

w =

3.1 Equilibrium conditional on fixed search effort

Equation (5) can be combined with the optimal pricing formula to express aggregate con-

sumption as a function of aggregate search effort s (more details in appendix A.1). Con-
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sider first the case where all firms have the same marginal cost ¢, which provides valuable

intuition:

1—a(l,sN) a(l,sN)
= + -
pw p

c(s) , (20)

Note that a(1, - ) equals ¢i( - ), i.e. the fraction of consumers who receive a single quote.
In this sense, the consumption outcome is equivalent to a market where prices are subject
to Bertrand-style negotiation. If shoppers who had more than one quote were able to
bring the price down to the efficient level ¢w, while all those that didn’t had to accept
their reservation price p, the market outcome would be the same as here. However, this
intuition does not carry through to the optimal choice of search effort: the function c(s)
is derived for a symmetric equilibrium where all shoppers choose the same amount of
search effort. As no single shopper can affect the search effort of their fellow shoppers,
they will generally not choose a socially optimal amount of effort.

Substituting (7) and (19), and rearranging, we derive the market equilibrium equation:

()

u'(c)e = ( (1—a(1,sN)) + a(l, sN)) (21)

In order to obtain a relationship in (s, ¢)-space, we have to replace 2. There are three

meaningful ways of doing this.

Constant expectations: When expectations of future consumption and money growth
are fixed (e.g. if we are concerned with the effects of a purely temporary shock),
the curve in (s, ¢)-space is downward sloping for low €2, becomes close to vertical
for intermediate values of (2, and then upward sloping for high 2. It shifts rightward

with increasing 2 (higher s for any given c).

Steady state: Assume that there is no uncertainty and c¢;;1 = ¢,. Then equation (21) be-

comes:

14



v _ (o)

B¢

This curve is upward sloping in (s, ¢)-space, and shifts right/down for higher money

(1—a(l,sN))+a(l,sN). (22)

growth v. Therefore, higher v implies lower consumption for a fixed level of search
effort. Consequently, as long as search effort is fixed above zero, the optimal rate of
steady-state money growth satisfies v = [ (the “Friedman rule”). The right-hand

side achieves its minimum of 1, which implies the first-best «'(c) = ¢.

Nominal interest rates: Itis easy to introduce a nominal, risk-free, illiquid discount bond
into the household’s problem (4). (Illiquid means that it has to be held to maturity,
and cannot be used to pay for goods.) The nominal interest rate can be found as-

suming zero net supply of these bonds:

u'(c)ey

1+ it = Qt (23)
= [e 2 anlan ) .
Yt+1 U'(Ct)Ct
Equation (21) can then be written as:
- (v(c)
i= 5 —1)(1—a(1,sN)). (24)

This expression does not presume a steady state or even certainty, because the nom-
inal interest rate summarizes all expectations about the future. It demonstrates that
high nominal interest rates cause low consumption (strong market power) and/or
higher search (shoe-leather costs). Any policy that achieves i = 0 implements the

first-best u/(c) = ¢, as long as sN is fixed above zero.

Consider now the case where firms have heterogeneous marginal costs. Denote the infi-
mum of the support of G(-) by ¢. The upper bound is given by the reservation cost p/w,

which we can now see to equal «/(c). The number of active firms is therefore N(c) =

15



N G(u'(c)). The market equilibrium equation becomes:

u/(c) u’(c)

u'(c)e =

a(1, sN(c)) + /

4

(—al(é(t), sN(c))) GG (1) dt] (25)

This curve is increasing in (s, c)-space, similar to the simpler case above. The endogenous
reservation price makes things more complicated, because not all firms may be able to
compete. However, this complication is not very severe, especially when the cost distribu-
tion G(¢) is well-behaved and does not put too much weight on the tails. In steady-state

terms:

) O u(e) .
5 =alsN() + /¢ (—al(G(t),sN(c))> GG () dt (26)

Outside of a steady state, the nominal interest rate analogue of (24) is obtained by setting

1 + 7 equal to the right-hand side of (26).

3.2 Endogenous search

As discussed in the previous section, the socially optimal monetary policy is the Friedman
rule when search effort held constant, because the Friedman rule minimizes firms’ market
power. This result still holds when search effort is socially chosen, by maximizing u(c)—pus
subject to the constraint (21) or (25). However, it breaks down when households privately
choose their search effort. The reason is that search effort accomplishes two things: it
allows shoppers to pick up low-price offers, and through that, it constrains the market
power of the firms. As each household is small, only the former effect is internalized, and
as a consequence, loose monetary policy creates price dispersion and forces shoppers to
search harder.

Solving the households” problem (equation 3), privately optimal search implies that

u'(c(s))c (s) = p, taking the distribution of prices F'(p) as given. Details of the derivation

16



are in appendix A.2; we need to define the auxiliary function:

o r a2(27 77)

(the index a, refers to the derivative with respect to the second argument), and can then

derive the optimal search equation for the case where all firms have the same cost:

= QN [—a(1,sN)h(1, sN)] (“/;C) - 1> (28)

We can use the market equilibrium equation (21) to divide out €2 and obtain a purely

contemporaneous relationship:

(29)

The behavior of the denominator and of the markup (u'(¢)/¢ — 1) is monotonic. If further-
more u'(c)c is non-increasing in ¢,° the behavior of equation (29) in (s, ¢)-space is driven
by the term —a(1, sN)h(1, sN).

Recall first that a(1, - ) equals ¢;( - ), i.e. the fraction of consumers who receive a single
quote. This fraction is a strictly decreasing function of search effort, and it seems rea-
sonable to assume that it approaches zero as search effort becomes infinite. Also note
that A(1,s) < 0 for s > 0 and h(1l,s) = 0 as s = 0, and it is continuous in s (proofs in
appendix A), so it must decrease for low levels of search effort. Consequently, the term
—a(1,sN)h(1,sN) is positive for s > 0 and zero for s = 0; it must therefore strictly increase
for low levels of search effort, and then decline back to zero for high levels of search effort
(lemma A.1). As a result, equation (29) describes a hump-shaped curve in (s, ¢)-space.

This curve is purely contemporaneous, unaffected by expectations.

® Head and Kumar (2005) make this assumption throughout. If u/(c)c was increasing in ¢, there could
be multiple equilibria, or none.
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Going back, we can state:

Theorem 3.1. If the following conditions hold then an SMSE {(, ct, s¢) }52, exists, is unique,
and is fully described by (18), and by (21) and (29) for each time period t.

E1. The matching process satisfies assumptions M1—-6 in appendix B.
E2. The sub-utility of consumption is such that u'(c)c is strictly decreasing in c.

E3. The money growth process ~y, is stationary and such that Q < u'(c)c in all states and all

time periods.
Proof. See Appendix A. O

For suitable matching processes (see appendix B), this optimal choice of search effort
is a robust interior equilibrium.”

Consider again the case where firms have different marginal costs. Recall that ¢ is the
infimum of the support of G(-), that the firms with a cost higher than p/w = v/(c) do not
produce, and that the number of active firms N(c) = NG(u/(c)) is therefore declining in

c. The optimal search equation becomes:

p=N(c) [a(l, sN(c))h(1,sN(c)) +

RV . B )
/ 1(5 ) (—a1(G (1), sN()) h(G(), N () (1) (30)

©-

The optimal search equation has the same shape in (s, c)-space as in the simpler case of
identical firms, after substituting out {2 using (25). Under the same sufficient conditions,
with two additions, an SMSE {(€2;, ¢;, s¢) }$2,, exists, is unique, and is fully described by

(18), (25), and (30) for each time period ¢. The additional conditions require that the cost

7 This was not the case in the original model of Head and Kumar (2005). The point is that consumption
as a function of search effort, taking prices as given, is strictly concave only for certain matching processes,
but convex for others. In the latter case, households must pursue mixed strategies in any symmetric equi-
librium.
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distribution G(¢) is well-behaved: (1) it does not put too much weight on the tails, and
(2) it does not have multiple modes. In the latter case, existence survives, but there may
be multiple equilibria.

The equilibrium conditions of the minimal model (with autarky and a fixed measure

of homogeneous firms) are illustrated in Figure 1.

3.3 Free entry

Consider the case when all firms have the same cost. Say that entry is subject to a fee
Kk < 1, assessed in constant-money terms and each period.® Assume that this entry fee is
distributed among households, i.e. added to equation (4). Firms will enter if their profits

exceed the entry fee, and exit otherwise. This yields the free-entry condition:

kN = 11

_ <1 _ i) a(1, sN) (31)

u'(c)

The SMSE is now expressed as {(€, ¢, s¢, Vi) };2,, which solve equations (18), (21),
(29), and (31) for each ¢. Dividing equation (29) by equation (31) yields a curve in (s, ¢)-
space that takes the role of equation (29) in the previous discussion. The market equilib-
rium equation (21) depends only on sN, not on s or NV directly. The only difference is that
the new optimal search curve is a bit flatter than previously, but it has the same shape,
and the SMSE exists and is unique under the same conditions as before.

A similar analysis can be conducted in the case where firms have heterogeneous costs.
Define the function I'(¢) = ff t G'(t) dt (the conditional mean below ¢). Aggregate profits

are, in constant-money terms (derivation in Appendix A.5):

u/ c U'(C) - ~
m=1- a(l,sN(c))F;/(i))) — /¢ @ <—a1(G(t),sN(c))) G'(t) dt (32)

8 The qualitative results are the same if the cost is assessed in labor terms.
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Figure 1: General equilibrium in the minimal model: autarky, homogeneous firms,
no entry. The parameters are ¢ = 1, § = 0.98, 0 = 2, and x = 0.008. The continuous
lines represent market equilibrium, and the contours are such that steady-state nominal
interest rates would be {2%, 4%, 8%, 16%, 36%} (left to right, light to dark). The dashed
lines represent the contemporaneous optimal search equation.

(a) Continuous: equation (22) (steady  (b) As panel (a), but in logs instead of in
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The rest follows from N(c) = NG(u/(c)), setting I = N(c)x, and making N an endoge-

nous variable. Again, the nature of equilibrium does not change materially.

3.4 Comparative statics

For details and proofs relating to this section, see Appendix A .4.

What are the effects of real shocks on the steady-state equilibrium? The effect of an
increase in the production cost ¢ is a fall in consumption and a rise in search effort. On the
other hand, an increase in the disutility of search, 1, leads to a fall in both consumption
and search effort. The same result holds when firms have heterogeneous costs, if we
define a cost shock in the first-order stochastic dominance sense: If G»(¢) < G1(¢) for all
¢, then G, implies lower consumption and higher search effort than G, in steady state.
Thirdly, an increase in the cost of firm entry lowers consumption, and generally, but not
necessarily, reduces search effort.

Only expectations of future money growth {~;} affect the value of money, €2, and there-
fore the real economy; surprise money growth shocks that do not affect expectations have
no real effect in this model (prices are fully flexible and money is neutral). Therefore, I fo-
cus on steady states with constant and expected money growth v each period. As shown
in Appendix A.4, there exists a consumption-maximizing rate of money growth 4 > f.
Consumption is increasing in v for § < v < 4 and decreasing in v otherwise. Search
effort is increasing in v throughout. With free entry, the number of firms is decreasing in
7. These results are illustrated in Figure 2.

If we define the aggregate nominal price level by

M,
p== (33)

Cy

we can also discuss the effects of money growth on inflation. Clearly, in the long run, in-

flation must equal money growth (net of consumption growth). In the short run, however,
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Figure 2: Effects of steady-state money growth. The parameters are ﬁ =0.98, 0 =2,and
1 = 0.008 for all panels; ¢ = 1 for panels (a) and (b); G(¢) ~ logN(1, ) for panels (c) and
(d); k = 0.2 for panels (b) and (d).

(a) Autarky, homogeneous firms, no entry. (b) Autarky, homogeneous firms, free entry.
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For all illustrations, the representative utility function is:

e

U({st,ct}iZg) = (1 — Zﬁf {Ct —L pst — L(st, cr)

For the matchmg process in Figures 1 and 2, k follows a geometric distribution (p = 1) conditional on

k> 0:q(n) = (1 e which yields k = 1+ n and a(F,7n) = (1J1r+12 (This process satisfies conditions M1-

M6 defined in Appendix B.) Intuitively, this matching process can be interpreted as the shopper flipping a

(loaded) coin until it comes up tails, and then receiving one price quote for each flip.
Aggregate work effort L(s;,c;) is defined in Equations (49) and (50), and the disutility of work effort is

normalized to 1.
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they are separate objects, because of the effect of money on consumption growth.

Lastly, it is worth paying attention to the interaction between the search cost 1« and the
optimal rate of money growth in steady state. A higher p shifts the optimal search curve
down in (s, ¢)-space, implying a lower level of consumption for a given search effort.
Assume that v was previously such that the consumption maximum was achieved. As the
market equilibrium curve slopes up for any level of v, the new consumption maximum
is to the right and below the formerly optimal market equilibrium curve. Consequently,
the optimal rate of inflation is increasing in the search cost y; and this is also true for the
cost of firm entry in the model with free entry of firms, because the number of firms N
and the effort of searchers s are complements in generating matches between consumers

and firms.

3.5 Pass-through and price dispersion

What are the distinctive implications of a model of price posting and price dispersion
such as this one, compared to traditional approaches in the industrial organization and
trade literatures? Consider the monopolistic competition model of Hopenhayn (1992)
and Melitz (2003), where products are differentiated by consumer preferences, markups
are constant by construction (and therefore the cost pass-through elasticity is 1 for every
tirm), and price dispersion exactly reflects cost dispersion (so inputs are efficiently allo-
cated). Here, by contrast, the product is homogeneous but producers are differentiated
by search frictions, markups are endogenous, price dispersion does not necessarily reflect
cost dispersion, and inputs are not efficiently allocated; the most efficient firm ‘should’ be
doing all the production, but the problem is that few consumers know how to find it.

Let us look at markups, pass-through, and price dispersion in more detail. Cer-
tainly, there are monopolistic competition models of “endogenous markups” (e.g., Feen-
stra, 2003, based on translog preferences, and Simonovska, 2015); but in those models,

markups are endogenous only to price competition. If consumer search effort is impor-
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Figure 3: Pricing and pass-through of firm costs.

Panels (a) and (c) have a log-normal cost distribution, and panel (b) has a mixture of two
such distributions (intended to represent domestic firms and exporters). Pass-through is
defined as the elasticity dlog(p(¢))/dlog(¢); see Equation (15).

(a) Unimodal cost distribution.
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tant in disciplining firm pricing, then a richer theory of markups is useful. Furthermore,
in Feenstra’s model of translog preferences, the least efficient firms respond the most to
costs; the pass-through elasticity (of an idiosyncratic cost shock) of the marginal firm is 1,
while that of the most efficient firms is lower. In the model of Bernard, Eaton, Jensen, and
Kortum (2003)which mixes monopolistic competition among products categories with
Bertrand competition within a product category, on the other hand, the most efficient
firms have the highest pass-through and the marginal firms have pass-through close to
zero on average.” As Figure 3 reveals, cost pass-through in my model is quite different.
The most and the least efficient firms have zero pass-through, but for different reasons:
the most efficient firms charge high prices which are not sensitive to costs, and the least ef-
ficient firms always charge the reservation price. The intermediate firms have the highest
pass-through elasticities — which can potentially exceed 1 — because their price is deter-
mined by the density of direct competitors with similar costs.

The model can also be used to illuminate some facts about price dispersion. Price
dispersion of similar goods offered by different sellers, or in different locations, is often
seen as a measure of market imperfection. However, if sellers have different costs, then
charging different prices is an important signal to consumers, directing them to the most
efficient seller. So the question of whether price dispersion is efficient comes down to
whether it mostly reflects a signal (cost dispersion) or mostly noise (trading frictions).
This is illustrated by Figure 3, too. In the top two panels, there is significant price disper-
sion, but it tracks cost dispersion closely (except for a small measure of highly efficient
firms). In the bottom panel, by contrast, cost dispersion is almost zero but price disper-
sion is not; the reason is that price dispersion is bounded from below by the mechanism
of the Burdett-Judd model, where price dispersion is the only equilibrium outcome even

when all firms have identical costs.

? The most efficient firms are most likely to have no direct Bertrand-competitors, therefore their price
is a constant markup over marginal cost. The least efficient firms are likely to have a direct competitor, so
their price equals their competitor’s cost, not their own.
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4 The open economy case

4.1 Two countries, with general cost distributions

Let there be two countries, Home and Foreign, and denote Home variables with the sub-
script H and Foreign variables with the subscript F. Each country has its own currency,
and households in a country can only recognize their own currency: they will never ac-
cept nor hold foreign currency. Firms which sell goods abroad are therefore paid in the
currency of the consumer; however, at the end of the period, they will need to pay their
workers and shareholders in domestic currency. In order to exchange currency, firms can
access a perfectly competitive foreign exchange market. In that market, we must have
balance of payments, and therefore the exchange rate between the two currencies is de-
terminate. Define the nominal exchange rate F in terms of Home currency divided by

Foreign currency, and define the real exchange rate using the Home and Foreign price

E Pp

levels: ¢ = i

(in terms of Home consumption divided by Foreign consumption). By

equation (33), this implies:

M
c— E F CH

34
N or (34)

The nominal and real exchange rates are of practical interest, but the model is much eas-
ier to solve in terms of the labor cost exchange rate (in terms of Home labor divided by
Foreign labor; loosely corresponding to using a PPI instead of the CPI to deflate the nom-
inal exchange rate), because this is the exchange rate relevant for firms’ competition in

international trade. Define:

M
v = F FWOF

(35)

MHwH
cr Qn

CH QF'

Trade proceeds as follows. Firms can advertise prices in either country, in local cur-

rency. From the point of view of the consumer, domestic and imported goods are indis-
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tinguishable. There is also no bias on how likely a consumer is to observe a domestic or
importing firm. Whenever a consumer likes the price and wants to purchase the good, the
tirm produces the good and ships it to they buyer. Of course, goods cannot be shipped for
free. Trade costs are assessed in the familiar iceberg form: in order to sell « units of a good
in a foreign market, a firm needs to ship 7z units from home, with 7 > 1. So while there
is no bias in preferences against imported goods, domestic firms may be able to charge
lower prices on average than the importing competition.

However, solving a version of the model where all firms in a country have the same
costs presents technical difficulties; as a result, it makes most sense to proceed with het-
erogeneous firms from here on.’® The model with heterogeneous firms has the advantage
that the cost distributions of domestic producers and importers will always overlap, and
as the reservation price varies, the number of active firms in a market varies continuously
and never jumps.

In order to simplify the description, I assume that the cost distribution of domestic
firms is the same in each country, and that any firm can export if it is able to compete
abroad. Assume that the mass of potential firms is Ny at Home and Np in the Foreign

country. The mass of firms actively selling in either country is therefore:

Nulem,v) = Ny G<u’(cH)) + NpG (“f}@) (36)
Ni(cp,v) = Ng G (@) + Np G(u'(cF)) (37)

And the distribution of costs among active firms is:

10 Even if domestic and foreign competitors happen to have the same labor unit cost in each of their home
countries, even without any trade costs, they may have different costs in the market as real wages will vary
with the state of the economy. It is not too difficult to solve for market outcomes when the cost distribution
has two points of support — domestic and foreign firms —but the real problem is that this equilibrium would
come in nine separate regimes: one in which Foreign importers have lower costs than Home producers even
accounting for trade costs, one vice versa, one where trade costs make domestic producers cheaper than
importers in each country, and two where firms in one country cannot even compete at the other country’s
reservation price, plus four boundaries on which firms in some country would be indifferent to producing
or exporting. This is inconvenient to solve for two countries, and prohibitive for more than two.
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gy = NV G(9) + Nr G(L)

(@) Nl sl (38)
~ _ Ng G(%) + N G(9)
GF(qb) - NF(CF, ’U) (39)

As before, the distribution of quotes a shopper receives depends not only on his search
effort, but also on the mass of active firms.

To avoid having to track the bounds of the support of the cost distribution G, I assume
that this support is [0, 00). Existence of an equilibrium requires that the density G'(¢)

declines to zero quickly enough as ¢ — 0.

4.1.1 Balance of payments

After trading goods, firms can visit a perfectly competitive foreign exchange market in
order to obtain the domestic currency valued by its workers and owners. Without asset
markets, or in steady state, currency flows must exactly offset each other. The value
of Foreign currency revenue gained by Home exports must equal the value of Home
currency revenue paid for Home imports. After substituting equation (35) for the nominal

exchange rate, we obtain the balance of payments relationship:

w(epr) ~
Qu fy 7 al(Gu(ort), suNu(en,v) G'(1) dt Ne G20/ (cr))
QF fogu/(CF) a(éF(%t)7 SFNF(CF, U)) G’(t) dt NH G(u/(CH))

vT

(40)

4.1.2 Equilibrium

Definition 2. An open-economy equilibrium consists of seven endogenous sequences

{Qm1, Qpe, cre, Crey S, Sk, v 152, which solve the following equations in each period:

I. Equation (18) for Home. In steady state, it can be used to eliminate 25. With uncer-
tainty, it links Q, to expectations about period ¢ + 1.
II. Equation (18) for Foreign. In steady state, it can be used to eliminate Q. With

uncertainty, it defines 2y, to expectations about period ¢ + 1.
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III. Equation (25) for Home for each ¢, replacing G (-) by (38) and N(c) by (36). It links
Qpu, cu, sg, and v.
IV. Equation (25) for Foreign for each t, replacing G/ - ) by (39) and N(c) by (37). It links
Qp, cr, sp, and v.
V. Equation (30) for Home for each t, replacing G( - ) and N(c) as for (IIL). It links Qy,
cr, S, and v.
VI. Equation (30) for Foreign for each t, replacing G/( - ) and N(c) as for (IV.). It links Qp,
cr, sp, and v.

VII. Equation (40), which links all seven endogenous variables for each ¢.

A numerical solution to this system involves six numerical integrals, and due to the
curse of dimensionality, the complexity of the problem will increase significantly when
allowing for free entry. However, all of this complexity can be circumvented in one special

case, detailed below.

4.2 Many countries, with inverse-Pareto cost distributions

Suppose we assume two things: first, the cost distribution is inverse-Pareto, and second,
the parameters are such that the least productive firm is never active in equilibrium. Then
the integral determining firm revenues can be evaluated exactly, which simplifies the free
entry and balance of payments equations considerably. However, some generality is lost.
For one, the profit share is exclusively determined by the Pareto shape parameter; in
particular, it is independent of the reservation price and of consumer search effort."! For
another, the distribution of costs among exporters, counting trade costs, is identical to
that of domestic producers; thus, the average price charged by exporters and domestic

producers is identical. These implications may be too strict for many applications.

" This directly contradicts some intuitive results from the model where all firms have common costs.
There, higher consumer search effort mitigates firm pricing power and reduces markups; here, this effect is
exactly offset by the fact that sales are shifted towards high-markup firms. There, the optimal inflation rate
depends on the costs of search effort and firm entry; here, it does not, because the equilibrium matching
efficiency can be solved for independently of these costs.

29



Nevertheless, suppose that there are n > 1 countries, that there are N; potential firms

in country 4, and that the cost distribution among potential firms is:
_ 0

where 0 > 1 is the shape parameter, and z; is a productivity shifter for each country. We
will maintain the assumption that «'(¢;) < 1/z; in equilibrium, so that the least efficient
firm with ¢ = 1/z; is never active. In that case, we can solve for the profit share of the

economy (see Appendix A.5):
1

1T

And because conditional on being active in a market, producers from every source coun-
try have the same cost distribution (counting trade costs), all international revenue flows
will be split into a fraction 1/(1 + 6) going to profits, and /(1 + 6) being used to pay for
wages.

Furthermore, it is not just the profit share that can be simplified, but the equations
governing market equilibrium and optimal search, too. Consider the integrals in Equa-
tions (25) and (30). As not all firms are active in equilibrium, the support of G is exactly
t € [0,4/(c)]; therefore, the value of the integral does not depend on the value of the
bounds, but only on the shape of the distribution in between, and because this distribu-

tion is inverse-Pareto, the upper integration limit ceases to matter at all.'”> We can define

the auxiliary functions:

O(z) =a(l,x) +/0 [—ai(t%, z)] [6£7°72] dt

U(z)= z- [a(Lx)h(l,x) +/0 [—a1(t”, )] h(t?, ) [0t°7?] dt

12 Consequently, these equations would be unchanged if we used an imperfectly elastic model of the
labor supply and the equilibrium wage, and worked with pw for the upper bound of costs, instead of
substituting w = 1/Q and pw = u'(c) as implied by perfectly elastic labor supply.
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421 Equilibrium

To summarize: suppose countries differ in terms of average firm productivity (z;), disu-
tility of searching (y;, measured relative to the disutility of working), money supply and
expected money growth (}; and +;). Suppose in every country the firm cost distribution
and consumer search process have the same shape, and consumption sub-utility u is the
same. Trade is subject to an iceberg cost 7; write 7,; = 7 if i # j and 7;; = 1. We can now

define a steady-state open-economy equilibrium as follows:

Definition 3. For country i = 1...n, let ¢; be consumption, s; search effort, (2; the marginal
value of money (the inverse of the wage), V; the measure of potential firms domiciled in
the country, and N; the measure of firms actively selling goods in the country (whether
domiciled or not). For the country pair (i, j), let R;; be the proportion of country i’s ex-
penditure (1/;) that is spent on goods from country j, and let v;; be the wage-deflated
exchange rate (defined in terms of country ¢’s labor effort per country j’s labor effort, so
that an increase in v;; is a depreciation of i’s currency). Then, a steady-state open-economy
equilibrium without free entry is a list {c;, s;, s, N;, Ryj, vij b1 =1 satisfying the following

equations for all countries and country pairs:

Q, = BUI(Cz’)Ci

i

s 5
g

3

N;(7ij0i5)~°

Ri' = n
T i Ne(Tigvie) =
Q R
Vij — — .
T Ry
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If we are also interested in the nominal exchange rate, we can obtain it following

Equation (35) by:

If we are interested in dynamic paths, we only need to replace the first equilibrium equa-
tion with Equation (18) for every country, and add a definition of how expectations are

formed. Finally, we may be interested in firm entry:

Definition 4. Let x; be the cost of entry in country i, to be paid by each potential firm every
period in terms of constant money units. (That is, the nominal payment is M;x;.) Then a
steady-state open-economy equilibrium with free entry is a list {¢;, s;, €2;, IV;, N;, Rij, vij}iim

which satisfies the same equations as the equilibrium without free entry, and in addition:

1
Ny = ——
: 1+0

4.3 Comparative statics in the open economy

Similar to its effect in the closed economy, an increase in the Home search cost iy de-
creases both consumption and search effort at Home. Additionally, both the nominal and
real exchange rate decrease (i.e. the Home currency appreciates). Foreign search effort
is not affected, but Foreign consumption rises. The reason for this is that the lower con-
sumption at home reduces the real wage at home, which increases foreign imports and
causes the home currency to appreciate to restore trade balance.

Figure 4 shows that an increase in the Home money growth rate vy increases Home
search effort strongly, and the effect on Home consumption is hump-shaped — again as in
the closed economy. As a result, the effect of 74 on Home welfare is hump-shaped, too,
and there is an optimal level of . It is worth noting that the welfare-maximizing level of
v is higher than the consumption-maximizing level, even though (costly) search effort is

higher there. Why? The reason is that by increasing search effort, less efficient firms are
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priced out of the market and production is shifted to the more efficient firms; this reduces
Home labor demand and increases labor productivity (see appendix A.5).

What determines the level of the welfare-maximizing money growth rate? In general,
it will be increasing in any parameter that reduces matching efficiency in equilibrium:
search costs and firm entry costs (as in the closed economy), and also trade costs (because
they make it harder for firms to sell abroad). However, the special case with inverse-
Pareto costs is very special: neither trade costs, search costs, entry cost, or the TFP shifter
z affect the welfare-maximizing growth rate. The only parameter that does is the shape
of the cost distribution, ¢, because this parameter alone determines the profit share and
the shape of the ® and ¥ functions. If # is low, firm markups are high unless search effort
is high, too; therefore, stimulating search effort with inflation is good for welfare. If 0
is low, then most firms charge prices near marginal cost, and therefore the inflation tax
effect dominates and the optimal money growth rate is low.

What are the effects of Home money growth on the Foreign economy? First, note that
the effect of vy on the various exchange rates is curious. In terms of money (or consump-
tion goods), higher vy causes Home’s currency to depreciate. However, in terms of labor
costs, we see that Home’s currency actually appreciates, as wages rise and Home labor ef-
fort falls. This is akin to a country with a monopoly position in foreign markets exploiting
it by making its unions stronger and thereby restricting labor supply; the redistributive
effect at Home washes out, but monopoly power abroad is exploited. Accordingly, we
see that higher Home money growth causes Foreign consumption and welfare to fall,
even as Foreign’s currency appreciates. (Foreign search effort increases, because Foreign
consumption falls (as long as o > 1), but the effect is too small to be visible in the graph.)

In the numerical example, there is no effect of money growth on firm entry in either
country, but that is again an artifact of assuming that the cost distribution is inverse-
Pareto — which makes the profit share a constant — and of assuming that entry costs are

denominated in money rather than in labor or final goods. Relaxing these assumptions
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Figure 4: Effects of steady-state money growth in a two-country open economy; on con-
sumption, search effort, and welfare in both countries, plus the wage-deflated exchange
rate (v) and the money-stock-deflated exchange rate (e).

The parameters are 5 = 0.97, 0 =2, p = 0.02, 2 = 1, 0§ = 4, and £ = .05 in both countries;
we hold v = 1.02 fixed but v varies. The firm cost distribution is G(¢) = (¢-2)? (inverse-
Pareto), the matching process is Logarithmic as defined in Appendix B, and the trade cost
is 7 = 1.3. Welfare is measured in consumption equivalents: W = u™" [u(c) — us — L(s, ¢)].
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might be more realistic.

When search effort is fixed, which might be the correct model in the short run, the
effects are very different. Higher Home money growth 5 decreases Home consumption
throughout, still decreases Foreign consumption, and decreases both the constant-money
nominal and real exchange rates. Because they rely on the strong assumption of trade
balance, these short-run exchange rate effects might be weaker in countries with well
developed capital markets.

Figure 5, showing the comparative statics of the trade cost 7, shows that trade lib-

eralization has the expected effects."

Lowering the trade cost increases consumption
everywhere, and as long as ¢ > 1, the higher consumption causes lower search effort
through an income effect. Firm entry is constant, but we already know that this is an ar-
tifact of the inverse-Pareto cost distribution. Just like in New Trade models, lower trade
costs make it easier for exporters to compete abroad — increasing expected profits — and
thereby make it harder for less efficient domestic firms to compete — decreasing expected
profits. With inverse-Pareto costs, these effects exactly offset. With a general cost distri-
bution, profits and entry could go in either direction. As we can see from the bottom row
of the figure, trade liberalization also implies a slight depreciation of the currency of the
less efficient country. Gains in consumption cause wages to increase in both countries

(as long as o > 1), which in turn increases prices; but prices increase by more in the less

competitive market, which is the one with lower search effort.

5 Conclusion

In this paper, I have developed a monetary model with search frictions in the goods mar-

ket, heterogeneous firms, and international trade. The model is amenable to studying

13 Note that in the figure, the countries are the same except for the cost of search effort, i, which is twice
as high at Home as in the Foreign country. Consequently, search effort and consumption are lower at Home,
and the exchange rates do not equal 1.
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Figure 5: Effects of trade costs in a two-country asymmetric open economy; on con-
sumption and search effort in both countries, plus the wage-deflated exchange rate (v)
and the money-stock-deflated exchange rate (e).

The parameters are § = 0.97, 0 =2, 2 = 1,0 = 4, k = .05, and v = 1.02 in both countries;
we set iy = 0.04 but pp = 0.02, so Home has a higher search cost than Foreign. The firm
cost distribution is G(¢) = (¢-2)? (inverse-Pareto), the matching process is Logarithmic as
defined in Appendix B, and the trade cost is 7 = 1.3. Welfare is measured in consumption
equivalents: W = u™! [u(c) — us — L(s, ¢)].
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the effect of monetary policy on markups, cost pass-through, firm entry, price dispersion,
productivity, and welfare. More interesting labor and asset markets could be modeled as
needed.

The result that the optimal inflation rate is increasing in the cost of search or the cost
of firm entry is new and has important implications, because it implies that the effects of
inflation in steady state will be different in countries with different structural character-
istics. In related work, Herrenbrueck (2015) explores the implications of this observation:
how countries” optimal inflation rates compare when they are integrated through trade,
and whether countries should coordinate their inflation rates. That paper also estimates
the costs and benefits of monetary convergence in the Eurozone prior to the introduction

of the common currency.
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A Appendix: derivations and proofs

Proof of Lemma 2.1: (Based on equation (34) in Burdett and Mortensen (1998).) We can

rank

m(p1; 1) = w(p2; 1) > m(p2; p2) > w(p1; d2) 41)

The first and last inequality follow from profit maximization. The middle inequality fol-
lows from ¢; < ¢,. Subtracting the fourth term from the first, and the third term from the

second, and rearranging, we get

D2 D1
a(p2) = a(p1) #2)

As F'(p) is a continuous c.d.f. with connected support, it is strictly increasing on its sup-
port. From definition (2), it is easy to see that a(F’) is a strictly decreasing function of F.

Therefore, a(F(p)) is a strictly decreasing function of p on the support of F. O

Proof of Lemma 2.2: p(¢) solves the FOC. Regarding the boundary condition: either p is
binding for some sellers, in which case the marginal seller will charge p and make zero
profits. Or the least efficient seller is still able to compete, but must charge the highest
price by the ranking condition; then, however, no buyer with another choice will buy
from this seller. Therefore, a buyer who is willing to buy from this seller will accept any

price up to p, and the least efficient seller will charge p. O

A.1 Derivation: market equilibrium

Throughout this section, I ignore the number of firms and let s stand for the more proper
sN or sN(c).
Consider the case where all firms have the same cost ¢. Inverting equation (10), we

can solve for the price a firm with rank F' € [0, 1] charges:
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o[-

when S is the aggregate search effort in the economy. Then, a household that searches

with effort s, can expect the following consumption:

B Y a(F,s)
(s, S) —/0 o(F.5) dF (44)

Substituting (43), imposing symmetry s = S, and substituting (19) for the wage and (7)

for the reservation price, we obtain:

a2 )]

o( )

using fol a(F, s)dF = 1. The result, equation (21), follows.
When firms have heterogeneous costs, we use the price function (17) in (44). We ob-
tain, using symmetry s = S:

_ P/w a(é(¢)’ 8) ~1

_ Pl a(LS) N P/ al(é(t>75) 1 1

_ /¢ [_p /q5 S G () dt | G(9) do

_ a(LS) p/w ! ! al(é(t>75> 1

=7 — s /q5 G'(9) dqﬁ] - G'(t)dt
a(l,s) [P ai(G(t),8) 50 =0

) C GG @) de

Substituting p and w, equation (25) follows.
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A.2 Derivation: optimal search

o _

Return to equation (44). The condition for optimal search is u/(c)%:

u, and it yields
a symmetric equilibrium when households are identical in their money holdings M and
their search cost y, as long as u(c(s, S)) is strictly concave in s for any S.!* Then, assuming

all firms have the same cost ¢:

1
:/ a2<F7 S) dF
s=S 0 p(F7 S)

:/ol%dp_ <¢Lw_}5> “(173)/01%d11
= — (L—l) a(1,s)h(1,s)

pw p

@
O0s

using the definition of h(F,s) (27), and the fact that fol a(F,s)dFF = 1 and therefore

fol as(F, s)dF = 0. Substituting p and w, we obtain:

Equation (28) follows, once we account for the number of firms which is assumed to
multiply s. Equation (29) is obtained by dividing equation (28) by equation (21) in order
to eliminate 2, which expresses the optimal search decision in a purely contemporaneous
equation.

When firms have heterogeneous costs, we again use the price function (17) in (44). We

obtain, using symmetry s = S:

Oc

. p/w a2<é(¢),8) X
T v O

N p(o)

s=S

14 A formal analysis of this condition is hard and does not currently exist in the literature. However, I
have verified numerically that the condition holds for the geometric matching process.
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_ p/w a(175> p/w a (G<t)75> ! a2<é(¢)75) 1

_/ [ ; _L G| S E G 0 do

B a(l,s)h(1,s) B p/w al(é(t),s) ~ &

- /¢ “ I (Glo),) G0 dr

Substituting p and w, we obtain:
w/(c) _ . _
p=1u'(c) | ——=a(l,s)h(l,s) — / i a1(G(t), s) h(G(d),s) G'(t)dt | .
u'(c) )

Equation (30) follows.

A.3 Equilibrium

Lemma A.1. The functions a(F,s) = Y1, qu(s)k(1 — F)*"' and h(F,s) = fOF ‘f((;’;)) dz have

the following properties:
(i) a(F,s) is strictly decreasing in I for all s > 0, and a(F,0) = 1.
(ii) h(1,s) <0 for s >0,and h(1,0) = 0.

(iii) a(1,s)h(1,s) is zero for s = 0, is negative for s > 0, and converges to 0 from below as

S — OQ.

Proof. For (i), note that each component of the sum is strictly decreasing in F, and the
coefficients g (s)k are positive. By assumption M2, ¢;(0) = 1, which implies that ¢;(0) = 0
for all £ > 2, therefore a(F,0) = 1. For (ii), a(F, 0) = 1 implies that:

h(1,0) = /01 as(z,0) dz = % Uol a(z, s) dz} - % (1) = 0.

And by assumption M3, the partial derivative as(F), s) is positive for low F' and negative
for high F' (indeed, fol as(2,0)dz = 0). But (i) implies that dividing by a(F,s) in the
integral in h(1, s), more weight is put on high values of F' and therefore on the negative

parts of ay(F, s). Assertion (ii) follows.
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Concerning (iii), a(1, s)h(1, s) is zero for s = 0, and negative for any s by (ii) and by

the fact that a(1, s) = ¢1(s) must be strictly positive for any s > 0. Then, for e > 0,

(a(1, $)h(1, 5))? = (/01 aL,s) o) dz)2

The first and third inequalities are applications of the Cauchy-Schwarz inequality. The
second follows from fact (i), which implies that a(1,s) < a(F,s) for all F' € [0,1]. What
remains is a term that converges to zero as s — oo by assumption M6. The proof suggests

that assumption M6 could be weakened if K < oco. O

Full proof of theorem 3.1: Consider equation (21). If 2 < u/(c¢)c, as assumed (E3), it has a
solution relation in (s, c)-space with s > 0 and ¢ > 0. And ¢ — 0 implies s — 0, as

a(1,s) = ¢i(s) < 1 with equality if and only if s = 0. Re-write the equation as:

) <1_C;<1’3) = “15}(’0‘;’)). (45)

By assumption E2, u/(c) is increasing if ¢ — 0, and more quickly than ¢ decreases itself.

The term %% is dominated and can be ignored when analyzing the equation in the neigh-

w'(¢)
borhood of (0,0). What is left is the relationship ¢ ~ % (1 —a(1,s)), which implies the

de = £ (—¢(s)). But the derivative —¢/(s) is bounded as s — 0

implicit derivative ds‘s 050 = &

(by assumption M5 on the matching process). On the other hand, consider the equation
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(28). In the neighborhood of (0, 0), its implicit derivative is infinite, i.e. it approaches the
c-axis.

Now, let ¢* be the efficient level of consumption given by (u')"'(¢). Equation (21)
must approach ¢ — ¢*, whether for s — 0 or s — co. However, the graph of equation (28)
achieves a maximum ¢ < ¢* in (s, ¢)-space: by lemma A.1(iii), —a(1, s)h(1, s) is positive
and inverse u-shaped, and by assumption E2, the graph approaches the corners (s —
0,c = 0) and (s — oo0,c¢ — 0). Consequently, the graphs of equation (21) and (28) must
cross exactly once.

The steady-state analysis is slightly easier: use equation (22) to divide out % from

equation (29). The result is an equation defining a negative relationship between s and c:

—a(1,s)h(1,s)

p= (v (c)c—Q) 1 —a(l,s)
i =u'(c C_a(las)h(l’s)
= ~ gl (c) 1—a(l,s) "

(The same as equation (48).) The graph of this equation is strictly decreasing, meets the
c-axis, and either converges to or meets the s-axis. As the graph of (22) is upward sloping
and approaches ¢ — 0 as s — 0 and ¢ — ¢* as s — 0o, the two graphs must cross exactly

once. N

A.4 Comparative statics and the effects of inflation

Lemma A.2. Assume E1 and E2 from theorem 3.1. An increase in the production cost ¢ leads to
a fall in consumption and a rise in search effort. An increase in the disutility of search, p, leads to
a fall in both consumption and search effort. With free entry, an increase in the cost of firm entry,

r, decreases consumption and has an ambiguous effect on search effort.

Proof. First, let the number of firms be fixed. Consider the version of the model where all
tirms have the same cost ¢, that is, equations (22), and (29). The search cost y only affects

the second equation, while ¢ affects both. But ¢ enters each equation as u/(c)/$, which we
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can therefore divide out of the second one. We obtain two equations in (s, ¢)-space:

% - “/;C) (1 —a(1,5N)) + a(1, sN) (47)
, B\ —a(l,sN)h(1,sN)
u-Nu(c)c(l—;) = a(LsN) (48)

Equation (47) is identical to equation (22), which we already know slopes up in (s, ¢)-
space. Furthermore, the curve shifts right/down if ¢ increases. Equation (48) is new but

easy to understand. The term %

is strictly decreasing in s, and if we assume
that u/(c)c is strictly decreasing in ¢, then the equation describes a downward-sloping
curve in (s, ¢)-space. This curve shifts left/down if ;s increases, towards the origin. Con-
sequently, the effect of an increase in the production cost ¢ is a fall in consumption and a
rise in search effort. On the other hand, an increase in the disutility of search, 1, leads to
a fall in both consumption and search effort.'

If there is free entry, dividing equation (29) by equation (31) yields a curve in (sN, ¢)-
space that takes the role of equation (29) in the previous discussion. Equation (21) and
the new curve depend only on sV, not on s or N directly, and the new curve has the same
shape as (29). So an increase in either ;. or x implies lower consumption and lower levels
of sN. The zero-profits condition (31) implies that N increases if sN decreases, so search
effort unambiguously falls. On the other hand, N decreases in s according to zero-profits,

so the net effect on search effort is ambiguous in principle. For the parameters considered

in this paper, the effect reducing search effort seems to dominate. O

Lemma A.3. In a steady state of a SMSE, the Friedman rule -y = (3 implies ¢ = 0, v > [ implies
¢ > 0and v — oo implies ¢ — 0. Therefore, the consumption-maximizing rate of money growth

satisfies v > .

Proof. Use the market equilibrium equation (22) and the contemporaneous optimal search

15 If o/ (c)c was constant, however, the curve (48) would be vertical, and if u'(c)c was increasing in ¢, it
would be downward sloping. In that case, an increase in ¢ would also reduce both consumption and search
effort, provided equilibria exist for both the old and the new ¢.
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equation (29) (or (26) and (30) with heterogeneous costs). The market equilibrium curve
slopes upwards, crosses the optimal search curve exactly once, and shifts right as money
growth 7 increases: faster money growth reduces the value of money, which creates mar-
ket power. Constant consumption would therefore require ever-increasing search effort.
As v — 3, it becomes I'-shaped and converges to the c-axis on the left and the ¢ = ¢*-line
on top (in case of common costs, with «/(¢*) = ¢); as v — oo, it converges to the s-axis.
The graph of the contemporaneous optimal search equation (29), on the other hand, has
an inverted u-shape in (s, ¢)-space, and does not depend on v (or any other expectations),
so it contains the set of possible equilibria. It approaches ¢ — 0 both for s — 0 and
s — 00, because of assumptions E2, M2, and M3, and achieves a maximum ¢ for s > 0. As
a result, increasing money growth traces out the optimal search curve, and achieves the
maximum ¢ for v > . Higher money growth also reduces profits, which implies exit of
tirms, and vice versa. This tends to dampen, but not reverse, the effects of money growth

on consumption and search. H
Lemma A.4. Let py > 5.

(i) Say that the graph of the contemporaneous optimal search equation (29) achieves the maxi-
mum ¢ for 5. Then ¢y < ¢, and $o > $4, that is, the maximum point shifts down and to the

right in (s, c)-space.
(ii) The consumption-maximizing rate of money growth is higher for po than for .

Proof. For (i), consider equation (29):

—a(1,sN)h(1,sN) <“/(C >
YO (1~ a(1,sN)) + a(l, sN)

u= Nu'(c)c

Conjecture that higher ; implies lower ¢ due to the u/(¢)c-term. Thus, # is lower, too,

so s must rise a bit to make up for it. As a result, the entire curve shifts down and just a
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bit right. For (ii), note that the market equilibrium curve (22) is upward sloping in (s, ¢)-
space. Therefore, if money growth was optimal for 1, it must cross the new curve (29) to
the left of both the new and the old 5, and higher money growth is necessary to achieve

(82, o). ]

A.5 Derivation: profits, productivity, markups

Define productivity ¢ to be consumption divided by labor input. When all firms have the
same marginal cost ¢, it is easy to check that ¢ = 1/¢. Profits are given by (31).

When firms have heterogeneous costs, firm profits are given by (9). Using the policy
function p(¢) of (17), and defining I'(¢) = fj t G'(t) dt (the conditional mean below ¢), the

aggregate profit level is:

v (b A 1
- /Ub (1 - W) a(G(@), sN(c)) C'(6) do
u’(c) u'(c) b 5 ) -,
= 4= /¢ [U/(C)a(]_’ SN(C)) - /¢> ?al(G(¢)7 SN(C>)G (t) G (¢) ngS
u (e u/ () 5 5
—1—a(1, sN(c))Fng ((C)>> - /¢ @ (—al(G(t), SN(C))) G/(t) dt. (49)

A firm with cost ¢ and constant-money price p will sell 1/p units of output per consumer,
and will therefore have a labor use of L(¢) = %a(F (p),sN(c)). Integrating over all firms,
it is easy to see the similarity with the previous calculation for profits. Indeed, each firms’
profits can be expressed as revenue—wage*labor, and since total revenue is 1 (in constant-

money terms), total labor L satisfies: Il + wL = 1, or:
L=Q(1-10), (50)

with IT as above or as in (32).
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Since we defined productivity ¢ = ¢/L, we have the full expression (reintroducing

N(e)):

u'(c)

al1,5N(e)) + [ 242 (—al(é(t), sN(c))) GG (t) dt

a1, sN () 2D 4 [0 (—ay (G(1), N (0)) ) G (1) o1

90(‘530) =

which is not directly dependent on expectations, hence easy to calculate given an equilib-

rium solution (s, ¢).

If we define a firm’s markup as its Lerner index, p*pm”, then the average markup is
equal to the share of money (or output) that is retained as profits. There are two ways
to see this. First, define the aggregate price level to be P = M/c. Nominal costs of

production are Mw% (recall that w is the constant-money wage, so Mw is the nominal

P—Muwkt
c =

wage, and c/L is productivity), and we can define the aggregate markup as —

1 —wlL =1L

(¢)—wo

Alternatively, we can define each firm’s markup as 2 2@ We can integrate across

tirms, weighting by the sales of each firm:

arkan = | " (1 22 ) a(cion ) do

= IL

Accordingly, we can take total constant-money profits (i.e. the profit share of the econ-
omy) as a measure of market power, which is easier to calculate than if the markup were
to be defined as ;.

Finally, suppose that the cost distribution is inverse-Pareto with shape ¢ > 0. Also
suppose that the upper bound on the cost distribution never binds, so that the upper

bound on the distribution of active firms is pw. That is, the cost distribution of active

firms is G(¢) = (¢/(pw))?, and thus the I-function satisfies:
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o [ . o
=1- el sNE©) - ¢ (—al(G(t),sN(c))> GG (t) dt
9 9
=1- 1+ ea(lu SN(C)> - F [1 - a’(17 SN<C))] )

using integration by parts, and the result IT = 1/(1 + 6) follows.

Notice that for this result we do not need any particular model of wages; the fact that
G(pw) = 11is enough. In the model described above, labor supply is perfectly elastic and
therefore we have pw = u/(c). But given any other labor supply function, we will still

obtain IT = 1/(1+6) as long as (a) the cost distribution is inverse-Pareto with shape ¢, and

(b) the firm with the highest cost is never active.

B Appendix: Matching

The assumptions on the matching process ()(k|n) sufficient for the results in this paper

are:

M1. Q(k|n) is a cumulative distribution function with support {1... K}, where K €

{2...00}. gi(n) is used to denote the probability mass function.
M2. ¢;(n) € (0,1) forall n > 0, and ¢;(0) = 1.

M3. When 7' > 1, Q(k|n') < Q(k|n): the distribution of quotes with higher search effort

strictly first order stochastically dominates the one with lower search effort.

M4. Q(k|n) is continuously differentiable in 7 (which implies that the p.m.f. ¢ (n) is con-

tinuously differentiable in 1), too).
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M5. ¢i(n) is bounded as s — 0.

Mé6. There exists an € > 0 such that the series Zszl k>t (¢,(n))” converges for any 7 > 0,

and that the series limit approaches 0 as  — oo.

A particularly tractable family of matching processes can be derived in the following way.
Start by assuming that the number of quotes % follows a negative binomial distribution
on k € {0,1,...}, parametrized in the usual way with “number of failures” » > 0 and
“success probability” p € (0,1). (In this interpretation, r is an integer but as we see below,
the extension to non-integer values of r is smooth.) In that case, the probability mass

function is:

a = %(1 —p)"p"
The mean number of quotes is k = rp/(1 — p). Here, a more convenient parametrization
is using the unconditional mean n = k and a dispersion parameter p = 1/r to replace

(r,p).'* We obtain the following probability mass function:

~ T(k+1/p) o)
%= g orap e <1+pn>

Using the definitions of the transactions function J and the arrival function a, we can

compute them in closed form:

which clearly satisfies J(0) = 0 and J(1) = 1, and:

16 This parametrization is often used in econometrics when estimating count data.
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a(F) =Y & (1R
1 q0
Ui —1-1/p
= — (1 + pnF) :
1— (1+pm) "/

o)
k=

which is clearly positive and decreasing, as required. (Because these functions are defined
as proportions of those matched, they are automatically conditional on £ > 0, so for all
of the cases discussed below, whether we allow £ = 0 only matters for a household’s
decisions and not for those of the firms.) A very nice feature is that this solution to the
matching process extends more generally than p € (0, c0). We can distinguish four special

cases:

Binomial: Let p < 0 and n € (0,—1/p). If —1/p is a positive integer, then the number of
quotes follows a binomial distribution with maximum K = —1/p, success proba-
bility —pn, and mean 7. A subcase is when K = 2 (shoppers have either zero, one,
or two quotes): this is the most commonly used case in the literature building on
Burdett and Judd (1983). It has an appealing foundation (Head and Kumar, 2005): if
shoppers could choose the probability weights g, subject to linear costs of receiving
quotes, they would choose to mix between ¢; and ¢, only. But for the purposes in
this paper, negative p is inconvenient: household consumption becomes a convex
function of search effort, requiring a mixed strategy equilibrium for the choice of
search effort. The other cases (which put more weight on receiving large numbers

of quotes) do not have this problem.

Poisson: Taking the limit as p — 0, for fixed n > 0, the number of quotes follows a
Poisson distribution with intensity n (Mortensen, 2005; Head and Lapham, 2006),

and the arrival function becomes exponential: a(F') o exp(—nF).

Negative Binomial: As discussed in the derivation, when p > 0 and n > 0, the number
of quotes follows a negative binomial distribution with number of failures 1/p and

success probability pn/(1 + pn).
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Logarithmic: Taking the limit as p — oo, the probability gy of receiving no quotes at all
converges to 1 for any fixed mean. So the distribution only converges to a well-
defined limit if we condition on £ > 1 and if 7 is rescaled appropriately. In that case,

k
the limit is the discrete logarithmic distribution ¢, = (%) ﬁ /k, with mean n

log
and k € {1,...,00}."” The associated transactions functions are:
log(1 4+ nF
log(1 4+ n)
Ui -1
a(F) = ——— (1 +nF
(F) = oty (0 1)

Because of its scope, I refer to this family of matching processes as the generalized bino-
mial family. '® It has one property that could be very useful for empirical applications: if
p > 0, the distribution of customers per firm is a truncated Pareto distribution with shape
parameter p/(1 + p), and the ratio of the upper to the lower bound of the distribution is
a(0)/a(1) = (L + pn)"+/e.

Specifically, as a(F') is the proportion of customers that buy from a firm with position
F in the price distribution, the inverse of a(F') describes the fraction of firms charging a
lower price than a firm with a(F') customers, which is also the fraction of firms with more
customers than a(F'). If we allow ¢y > 0 (some searchers go unmatched), the CDF of the

number of customers per firm is:

2\ ~P/te)
nm (5) '

17 To distinguish this distribution from the continuous logarithmic distribution, some authors call it the
“log-series distribution” because it can be derived from the power series of the logarithm.

18 The fact that the region p € (—o0, —1/7) is excluded has an intuitive interpretation, too. It corresponds
to the restriction in Burdett and Judd (1983) that shoppers must receive more than one quote with positive
probability; otherwise, all firms will charge the reservation price, and due to the lack of price dispersion,
no equilibrium with positive search intensity exists.
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