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Abstract
The purpose of this thesis is to develop efficient Bayesian methods to address multi-modality
in posterior topologies. In Chapter 2 we develop a new general Bayesian methodology
that simultaneously estimates parameters of interest and probability of the model. The
proposed methodology builds on the Simulated Tempering algorithm, which is a powerful
sampling algorithm that handles multi-modal distributions, but it is difficult to use in
practice due to the requirement to choose suitable prior for the temperature and temperature
schedule. Our proposed algorithm removes this requirement, while preserving the sampling
efficiency of the Simulated Tempering algorithm. We illustrate the applicability of the new
algorithm to different examples involving mixture models of Gaussian distributions and
ordinary differential equation models.
Chapter 3 proposes a general optimization strategy, which combines results from different optimization or parameter estimation methods to overcome shortcomings of a single
method. Embedding the proposed optimization strategy in the Incremental Mixture Importance Sampling with Optimization algorithm (IMIS-Opt) significantly improves sampling
efficiency and removes the dependence on the choice of the prior of the IMIS-Opt. We
demonstrate that the resulting algorithm provides accurate parameter estimates, while the
IMIS-Opt gets trapped in a local mode in the case of the ordinary differential equation
(ODE) models. Finally, the resulting algorithm is implemented within the Approximate
Bayesian Computation framework to draw likelihood-free inference.
Chapter 4 introduces a generalization of the Bayesian Information Criterion (BIC) that handles multi-modality in the posterior space. The BIC is a computationally efficient model
selection tool, but it relies on the assumption that the posterior distribution is unimodal.
When the posterior is multi-modal the BIC uses only one posterior mode, while discarding
the information from the rest of the modes. We demonstrate that the BIC produces inaccurate estimates of the posterior probability of the bimodal model, which in some cases results
in the BIC selecting the sub-optimal model. As a remedy, we propose a Multi-modal BIC
(MBIC) that incorporates all relevant posterior modes, while preserving the computational
efficiency of the BIC. The accuracy of the MBIC is demonstrated through bimodal models
and mixture models of Gaussian distributions.
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Chapter 1

Introduction
1.1
1.1.1

Overview
Simulated Tempering Without Normalizing Constants

When it comes to sampling from multi-modal distributions, single chain MCMC methods
fail to efficiently explore the posterior space. Random walk variants, such as Simulated
Tempering (ST) (Marinari and Parisi, 1992; Geyer and Thompson, 1995) and Parallel Tempering (PT) (Swendsen and Wang, 1986), have been proposed to efficiently sample from
multi-modal target distributions. Sampling distribution of the tempering methods is defined
by a sequence of distributions that bridge between the prior and the target distribution.
The sequence of distributions is indexed at the inverse temperature, which is defined on
the interval [0, 1] and governs the influence of the likelihood to the posterior distribution.
At the lower extreme of the distributions sequence, small values of the inverse temperature
reduce the effect of the likelihood, and the resulting posterior distribution is close to the
prior. This enables the sampler to move easily between the posterior modes. At the upper
extreme of the distributions sequence, the resulting posteriors are approaching the target
distribution, and the sampler has difficulties moving between the modes.
In standard ST, the inverse temperature is a discrete dynamic variable which is updated
together with the parameters of interest. In order to ensure sampling of the temperature
parameter, the standard ST requires from the user to perform preliminary runs to learn the
prior for the inverse temperature and the inverse temperature schedule. This contributes
in large to unpopularity of the standard ST in practice. We present a new Simulated
Tempering algorithm that removes the requirement of the prior for the inverse temperature
and the temperature schedule by introducing a continuous inverse temperature. We refer
to the new algorithm as Simulated Tempering Without Normalizing Constants (STWNC).
The inverse temperature parameter is a nuisance parameter, and hence, its prior can
be chosen for algorithmic convenience. We derive a formula for the prior of the inverse

1

temperature by imposing a constraint that profile distribution of the inverse temperature
parameter over the parameters of interest is standard uniform.
Similar to the ST, the PT uses a sequence of distributions defined at inverse temperature.
In PT, independent chains are run at different temperatures, while allowing the information
between the chains to flow. Since the inverse temperature in PT and standard ST is discrete,
the samples from the target distribution correspond to inverse temperature value of one.
However, when the inverse temperature is continuous, obtaining samples from the target
distribution is difficult because the event of continuous inverse temperature taking value of
one has probability zero. To overcome this issue, we run PT with two chains, each having
its own purpose. The first chain, which runs a STWNC chain, samples the parameters
of interest at different temperatures, and the second chain draws samples from the target
distribution using the Metropolis-Hastings. We refer to this hybrid algorithm as Parallel
Tempering via Simulated Tempering Without Normalizing Constants (PT-STWNC).
Samples from the STWNC, which are updated at different inverse temperature values,
can be used to obtain marginal likelihood estimates that are crucial for calculation of the
Bayes factors and model selection thereof. Thermodynamic integration has been proposed
(Friel and Pettitt, 2008; Calderhead and Girolami, 2009) to estimate marginal likelihood
using samples from PT. Due to the discrete nature of the inverse temperature in PT, the
thermodynamic integration requires temperature schedule to be known. We apply thermodynamic integration method to the samples from the STWNC with an aim to obtain
marginal likelihood estimates. In STWNC the inverse temperature is continuous, and therefore, thermodynamic integration via STWNC removes the requirement for a temperature
schedule, thus producing marginal likelihood estimates with negligible computational cost.
Performance of the PT-STWNC is illustrated by mixture models of Gaussian distributions
and an epidemiological ordinary differential equation model.

1.1.2

Incremental Mixture Importance Sampling with Shotgun optimization

Posterior topologies chmoniaracterized with many unimportant minor modes, ridges and
ripples impose challenges to the sampling algorithms. Incremental Mixture of Importance
Sampling with Optimization (IMIS-Opt) (Raftery and Bao, 2010) is designed to fully explore
posterior spaces with multiple modes. However, the success of the IMIS-Opt depends on
the choice of the initial importance distribution, and if the initial importance distribution
disagrees with the posterior, the IMIS-Opt might miss important posterior modes. Often
the prior serves as initial importance distribution, and if there are no initial samples from
the prior in the unexplored regions, then the IMIS-Opt would have difficulties to cover
these regions. To avoid this problem, one could choose a diffuse prior, but this implies
that the prior is chosen for the algorithmic convenience rather than to represent the expert
knowledge.
2

To remove the dependence of the IMIS-Opt on the choice of the prior, we modify the
IMIS-Opt by replacing the optimization stage with a multiple-method optimization strategy.
Consequently, we propose a general multiple-method optimization strategy that relies on
the concept that no single method is the best in every problem (Wolpert and Macready,
1997). A single estimation method introduces a certain model relaxation which leads to
exploring a certain region of the posterior topology. The proposed general optimization
strategy combines results from different methods to overcome the shortcomings of a single
method, and to discover all the important posterior modes thereof. We refer to the proposed
general optimization strategy as a Shotgun optimization, and to the resulting algorithm as
Incremental Mixture of Importance Sampling with Shotgun optimization (IMIS-ShOpt).
We apply the IMIS-ShOpt in variety of frameworks involving ordinary differential equation models (ODE) and chaotic stochastic difference equation models. Parameter estimation
in ODE models is particularly challenging because their posterior spaces are characterized
with many unimportant modes, ridges and ripples. We demonstrate through ODE model,
that if the prior covers only one unimportant mode of the posterior, the IMIS-Opt gets
trapped in the unimportant mode, while the IMIS-ShOpt successfully explores the full posterior space. The other framework in which the IMIS-ShOpt is applied using ideas from
Approximate Bayesian Computation (ABC) (Tavaré et al., 1997; Pritchard et al., 1999).
We demonstrate its parameter estimation performance as an likelihood-free approach.

1.1.3

Multi-modal Bayesian Information Criterion

The Bayesian Information Criterion (BIC) (Schwarz et al., 1978) is a computationally efficient model selection tool, because it approximates the posterior probability of the model
while avoiding Monte Carlo simulations over parameter space. However, model selection
from the BIC is based on the Laplace approximation (LA), which relies on the assumption that the posterior distribution is unimodal. Hence, when the posterior distribution is
multi-modal the BIC inaccurately estimates the posterior probability of the model, which
may result in selecting the incorrect model. We demonstrate through analytical calculations
that the LA produces biased estimates of the posterior probability of the model in a simple
bimodal case.
As a remedy we propose a Multi-modal BIC (MBIC) which extends the model selection
abilities of the LA and the BIC to multi-modal posterior spaces. The proposed MBIC
handles the multi-modality problem by taking into account all the important modes in the
posterior parameter space. We use analytical derivations to show that the MBIC correctly
estimates the posterior probability of the bimodal model with well separated modes. The
MBIC has the advantage of exploiting all relevant posterior modes, which is a step closer
to the fully exploring the posterior parameter space, while retaining the computational
efficiency of the BIC.
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Model selection performance of the MBIC, the LA and the BIC in the case of mixture
model of Gaussian distributions with unknown number of components demonstrates that
the BIC and the LA choose the correct model when evaluated at the global mode. However, when the LA and the BIC are evaluated at the local mode characterized with much
smaller probability mass compared to the other modes, the LA and the BIC might fail to
choose the correct model. The MBIC chooses the correct model. In order to obtain all the
important posterior modes needed for calculation of the MBIC, we develop an algorithm
which combines results from different runs of an optimizer started at different points. This
strategy has the ability to explore different regions in the posterior topology which results
in finding all the relevant posterior optima.

1.2

Organization of the thesis

The remainder of the thesis is organized as follows. In Chapter 2 we describe the proposed
PT-STWNC algorithm after a brief overview of the tempering methods. Additionally, thermodynamic integration methodology for model selection is introduced and the PT-STWNC
is applied to few examples. Mathematical derivations and implementation details are placed
in Appendices A, B and C. In Chapter 3, before we propose the Shotgun optimization strategy, and the IMIS-ShOpt algorithm, we provide a brief introduction on the IMIS-Opt. The
performance of the new compared to the existing methodology is illustrated through several
examples. In addition, the IMIS-ShOpt with synthetic likelihood is described after a short
introduction of the ABC framework, and the new algorithm is illustrated through a chaotic
stochastic model. Chapter 4 is dedicated to introducing the MBIC, and studying its model
selection abilities in comparison to the LA and the BIC. Mathematical derivations and the
proposed algorithm for discovering all important modes are given in the Appendices E-I.
The thesis is concluded in Chapter 5.
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Chapter 2

Parallel Tempering via Simulated
Tempering Without Normalizing
Constants
2.1

Introduction

Basic random walk Markov Chain Monte Carlo (MCMC) methods are inefficient when faced
with multi-modal posterior distributions, especially when modes are isolated by large gaps
of low probability. Simulated Tempering (Marinari and Parisi, 1992; Geyer and Thompson, 1995) and Parallel Tempering (Swendsen and Wang, 1986; Geyer, 1991; Hukushima
and Nemoto, 1996), are MCMC variants designed to ease the challenges of multi-modal
distributions by introducing a temperature parameter to overcome the prohibitively low
probability regions which otherwise trap samplers in local modes (Zhang and Ma, 2008).
Sampling occurs at different temperatures, balancing short distance within-mode steps and
longer distance between-mode steps.
Both Parallel Tempering (PT) and Simulated Tempering (ST) define a sequence of
distributions for the vector of data Y ∈ RN and parameter θ ∈ Rd , indexed by an inverse
temperature τ ∈ [0, 1], along a path between the prior and the target distribution usually
defined by
P (θ | τ, Y ) ∝ P (Y | θ, τ )P (θ) = P (Y | θ)τ P (θ).
At the extremes of the distribution sequence, P (θ | τ = 0, Y ) = P (θ) is the prior, and
P (θ | τ = 1, Y ) ∝ P (Y | θ)P (θ) is the usual target distribution. Consequently, when
τ = 0 it is easy for the sampler to explore the parameter space, but at τ = 1 the sampler
explores the more challenging target distribution. Markov Chains in both PT and ST
therefore avoid becoming trapped in a single mode. In PT, T independent chains are run at
different temperatures where information about θ is allowed to flow between the T chains.
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ST samples the system at different temperatures using a single chain by augmenting the
state space with the temperature parameter as a dynamic variable. In both standard ST
and PT, samples of interest correspond to samples obtained at τ = 1 i.e., P (θ | Y , τ = 1).
Marginal likelihood estimates, which are crucial to Bayesian model comparison and
selection, can be obtained using thermodynamic integration (TI) based on the samples
obtained in all T chains of PT (Friel and Pettitt, 2008; Calderhead and Girolami, 2009).
TI approximates the log marginal likelihood, log P (Y ) , by numerically solving the integral
R1

Eθ|τ,Y [log(P (Y | θ))]dτ . As with any numerical integration scheme, accuracy of the

0

integral depends on the discretization, here the number and location of τ values used in
PT. Approximating the thermodynamic integral using PT approximations produces biased
marginal likelihood estimates (Calderhead and Girolami, 2009). In this chapter, we propose
a new ST algorithm that solves the Thermodynamic Integral without needing the user to
select and tune the number and location of discrete τ values.
In order to update the inverse temperature parameter, standard ST requires the user
to select a prior for τ . Choice of P (τ ) typically requires estimates of the normalizing
constant, z(Y | τ ) =

R

P (Y | θ)τ P (θ)dθ, which reduces to a finite dimensional problem

Θ

if ST is performed over a fixed discretized sequence of τ values rather than treating τ as
a continuous variable. Consequently, in standard ST, the temperature schedule and the
normalizing constants must be estimated through preliminary runs.
Several other methods have been proposed for obtaining normalizing constants (Geyer
and Thompson, 1995): iterative adjustment, Metropolis-Coupled Markov Chain Monte
Carlo (MCMCMC) (Geyer, 1991), and stochastic approximation (Wasan, 1969; Wang and
Landau, 2001). Stochastic approximation could be embedded within standard ST to adaptively estimate the normalizing constants algorithm, but this still requires preliminary runs
to learn the temperature schedule (Atchade and Liu, 2004). Extending this further, the Parallel Adaptive Wang-Landau (PAWL) can be embedded in ST (Bornn et al., 2013; Bornn,
2014) to automatically learn the temperature schedule using an adaptive binning strategy.
This approach is well suited to parameter estimation but does not resolve the discretization
concerns when applied to TI.
Instead of performing preliminary runs to obtain the most suitable discretized temperature schedule and normalizing constants thereof, we propose a new ST algorithm with a
continuous inverse temperature variable defined on [0,1]. We remove the requirement for
calculating normalizing constants through imposition of the constraint that the distribution
of the τ when profiling over θ is Uniform. This constraint defines a formula for P (τ ). In
the rest of the chapter we refer to the new ST algorithm as ‘Simulated Tempering Without Normalizing Constants’ (STWNC). By sampling across a continuous temperature scale,
samples from STWNC can be used for thermodynamic integral estimates of the marginal
likelihood.
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In PT and ST, samples from the target distribution are retained whenever τ = 1 which
is possible (though typically inefficient in ST) because of the discretization of the domain of
τ . However, in STWNC the temperature parameter is a continuous variable and therefore
P (τ = 1) = 0. To sample from the target distribution while maintaining a continuously
valued τ , we embed STWNC within the PT framework. The resulting PT and STWNC
hybrid algorithm named ‘Parallel Tempering - Simulated Tempering Without Normalizing
Constants’ (PT-STWNC), runs PT with T = 2 chains, each targeting a different goal. The
first chain draws samples at continuous temperatures via STWNC. We refer to the first
chain as a ‘tempered’ chain. The second chain draws samples from the target distribution
where τ = 1. We refer to the second chain as a ‘target’ chain in the rest of our presentation.
The remainder of the chapter is organized as follows. Section 2.2 gives an overview of
tempering methods with emphasis on PT and standard ST as well as a review of modern
variants of stochastic approximation. Section 2.3 proposes a new ST (STWNC) algorithm
and provides detailed explanation of how STWNC removes the need for temperature dependent normalizing constants. It also introduces marginal likelihood estimation via STWNC.
In Section 2.4 the hybrid PT-STWNC, which combines the two powerful sampling tempering algorithms Parallel Tempering and STWNC, is proposed. Section 2.5 presents an
overview of marginal likelihood approximation via thermodynamic integration. Sections 2.6
-2.9 illustrate the PT-STWNC algorithm using several examples: a mixture model of two
Gaussian distributions, a mixture model applied to Galaxy velocity data, a two-dimensional
mixture model of twenty Gaussian distributions and a Susceptible-Infected-Recovered (SIR)
epidemiological ordinary differential Equations (ODE) model. Section 2.10 provides discussion.

2.2

Tempering Methods

This section outlines Parallel and Simulated Tempering methods as well as their role in
thermodynamic integration for marginal likelihood estimation.

2.2.1

Parallel tempering

Parallel Tempering (PT), also known as replica exchange or Population MCMC, is a sampling algorithm designed to improve the dynamic properties of the MCMC samplers especially when it comes to exploring the posterior surface with many isolated modes.
Given the likelihood P (Y | θ), and prior distribution P (·), the inverse temperature
sequence 0 ≤ τ1 <, ..., < τT = 1 defines the T approximations to the target posterior
distribution:
Pt (θ | Y) =

P (Y | θ)τt P (θ)
, t ∈ {1, .., T },
z(Y | τt )

where
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(2.1)

z(Y | τt ) =

Z

P (Y | θ)τt P (θ)dθ

(2.2)

Θ

is the temperature dependent normalizing constant of the tth approximation to the target
posterior distribution Pt (θ | Y). The parameter τ controls the contribution of the likelihood
to the equation (2.1), thus enabling the sampler to move easily and explore the parameter
space when τ is low-valued and to remain further within the basin of attraction of a local
mode when τ is high-valued.
At each iteration PT performs one of two steps: a mutation step where, for example,
Metropolis-Hastings (MH) is used to jitter θ from each of the T chains independently, and
an exchange step where, with some probability two chains t and l are randomly chosen to
exchange their parameters θ t and θ l . The exchange is accepted with probability:



min 1,


= min 1,

Pt (θ l | Y) Pl (θ t | Y)
Pt (θ t | Y) Pl (θ l | Y)



P (Y | θ l )τt P (θ l )P (Y | θ t )τl P (θ t )z(Y | τl )z(Y | τt )
z(Y | τt )z(Y | τl )P (Y | θ l )τl P (θ l )P (Y | θ t )τt P (θ t )

P (Y | θ l )τt P (Y | θ t )τl
= min 1,
P (Y | θ l )τl P (Y | θ t )τt






.

(2.3)

Note the cancellation of normalizing constants z(Y | τl ) and z(Y | τt ) when swapping
parameters between two different temperature based chains. The cancellation of normalizing
constants and the ease of movement between modes at low values of τ has made PT into
a widely used algorithm. Samples from the T − th chain correspond to samples from the
target distribution.

2.2.2

Simulated tempering

Simulated tempering (ST), also known as serial tempering, is a single chain sampling method
where the posterior parameter space is augmented by including the temperature, τ , as a
random variable. As with PT, τ controls the influence of likelihood on P (θ | Y, τ ). However,
in ST different temperatures are explored in a random walk through the joint distribution
of θ and τ :
P (θ, τ | Y) =

P (Y | θ)τ P (θ)P (τ )
,
P (Y)

where the normalizing constant for the joint density is:
Z1 Z

P (Y) =

P (Y | θ)τ P (θ)P (τ )dθdτ.

0 Θ
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(2.4)

Similar to PT, τ controls the influence of prior in the equation (2.4), and samples
that arise at τ = 1 are samples from target distribution, however, when τ is continuous,
P (τ = 1) = 0.
2.2.2.1

Prior for τ

In order for standard ST to mix well, a carefully chosen prior P (τ ) needs to be defined.
Following Geyer and Thompson (1995), the prior for the inverse temperature can be found
by examining the marginal distribution of τ :
P (τ | Y ) =

R

P (τ, θ | Y )dθ ∝ P (τ )

Θ

R

P (Y | θ)τ P (θ)dθ

Θ

(2.5)
∝ P (τ )z(Y | τ )

where z(Y | τ ) =

R

P (Y | θ)τ P (θ)dθ is τ dependent normalizing constant of the condi-

Θ

tional posterior distribution P (θ | τ, Y ). If the prior for τ is chosen to be approximately
proportional to the inverse normalizing constant, that is, if
P (τ ) ∝

1
,
z(Y | τ )

(2.6)

then the marginal distribution of τ is τ | Y ∼ U nif orm(0, 1). Following Geyer and Thompson (1995), the standard ST algorithm starts with n tempered distributions at τi =

i
T

where

i = 0, .., n ≤ T , and iterates between adjusting the prior of τ and adjusting the inverse temperature spacing until a desired rate for transitions between the interpolating distributions
is met. Afterwards, new inverse temperatures are added, and a new iterative cycle of adjusting prior and inverse temperature spacing is started for the newly added temperature
set.

2.2.3

Outline of the Standard Simulated Tempering

A Markov Chain using standard ST updates parameters through Gibbs steps, updating
θ | τ, Y and τ | θ, Y in turn. In the first kind of transition, a fixed temperature mutation
step is typically a Metropolis Hastings step identically to what would be used to sample
within one of the fixed temperature chains Pt (θ | Y ) in PT.
Updating τ | θ (i+1) , Y through Metropolis Hastings occurs by proposing a value τ ∗
sampled from a symmetric distribution (for expositional simplicity). Using the prior in
(2.6), the value τ ∗ is accepted (set τ (i+1) = τ ∗ ) with probability:
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(

min 1,
(

= min 1,

(

= min 1,

P (θ (i+1) , τ ∗ | Y )

)

P (θ (i+1) , τ (i) | Y )
∗

P (Y | θ (i+1) )τ P (θ (i+1) )P (τ ∗ )P (Y )

)

P (Y | θ (i+1) )τ P (θ (i+1) )P (τ (i) )P (Y )
(i)

∗

P (Y | θ (i+1) )τ z(Y | τ (i) )
P (Y | θ (i+1) )τ z(Y | τ ∗ )
(i)

)

.

(2.7)

Consequently, the acceptance probability relies on temperature dependent normalizing
constant z(Y | τ ). Normalizing constants, also referred to as weights of the sequence of
distributions (Neal, 1996), are generally unknown and finding suitable values requires pilot
runs – defeating the purpose of using standard ST. Information from pilot runs also cannot
be recycled when additional data becomes available because P (τ ) depends on Y . To make
the normalizing constant problem simpler, τ is discretized instead of being continuously
valued.

2.2.4

Related algorithms

Wang-Landau (WL) algorithm (Wang and Landau, 2001), a stochastic approximation algorithm, could be used within standard ST to automatically obtain P (τ ) (Geyer and Thompson, 1995; Atchade and Liu, 2004). Standard WL algorithm requires a predefined temperature schedule 0 ≤ τ1 <, .., < τT = 1 corresponding to partitioning the temperature state
space T into T different regions i.e., bins E1 , .., ET . The goal is to construct a chain that
could spend the same time in each Et . The moves inside the Et are performed with a standard Metropolis-Hastings (MH) algorithm with target distribution π. The WL algorithm
recursively re-weights π in Et by a factor φi (t). Hence, given τ (i) and some unnormalized
weights φi , the τ (i+1) can be sampled using a MH algorithm with invariant density proportional to

T
P
π(τ )
t=1

φi (t) IEt (τ ),

where I is the indicator function. The normalizing constants at the
(i)

i-th iteration φi (t) = z(Y | τt ) are updated for each of the bins t ∈ {1, .., T } until a predefined criterion is met. This criterion, also known as ’flat histogram’, ensures that proportions
of visits of the chain in each of the bins E1 , .., ET are approximately equal to T −1 . The
updating rule for the normalizing constants yields φi+1 (t) = φi (t)(1 + γi IEt (τ (i+1) )), where
γi is a learning rate which decreases stochastically until the criterion of ’flat histogram’ of
visit frequency to the bins E1 , .., ET is met.
The Parallel Adaptive WL (PAWL) algorithm (Bornn et al., 2013) removes the need for
preliminary runs of WL to learn the optimal partitioning of the state space by exploiting
an adaptive binning strategy. The adaptive binning strategy requires initial bins and bin
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range to be specified by the user. Since φi (t) represent normalizing constant for the t − th
bin, the adaptive binning strategy maintains uniformity within a bin to allow within-bin
movement. This is achieved by determining presence of heavy tails in the distribution of
the samples within each bin. If the distribution is skewed towards the left side, then the
sampler will have difficulty moving to the neighboring bin on the left. Hence, the binning
strategy divides the bin into two chains by the middle point of the bin, and then it measures
discrepancy between the chains using a ratio of the number of points in any of the two chains
and the number of points within the bin. If this ratio is close to 50% then the histogram of
the within-bin distribution is close to uniform. Hence, if the ratio is below some threshold,
for example 25%, two new bins are created using the middle point of the former bin, and
otherwise, the bin remains unchanged. One can specify the threshold to be 50%, but then
the number of newly created bins will be larger. PAWL checks if the bins have to be split
until the ’flat histogram’ criterion is met, and afterwards the bin splitting stops since the
sampler can move easily between the bins. Embedding PAWL within standard ST has
been explored with a purpose to automate the two input requirements for ST: choice of
temperature schedule and calculation of P (τ ) (Bornn, 2014).
The Equi-Energy (EE) sampler (Kou et al., 2006), which utilizes temperature-energy
duality, also allows wide moves by performing jumps between the states with similar energy
levels. The EE, which is a powerful sampling and estimation methodology that addresses
multi-modality in high-dimensional target distributions, provides estimates of expectations
under any fixed temperature. However, the discrete nature of the temperature in EE sampler
requires careful tuning of the temperature schedule in order for the EE samples to be
applicable to thermodynamic integration.

2.3

Simulated Tempering Without Normalizing Constants

The standard ST is not widely used in practice, because of the challenges that arise from
finding suitable values of the unknown normalizing constants. The proposed Simulated
Tempering Without Normalizing Constants (STWNC) algorithm removes the dependence
on normalizing constants in the acceptance ratio in (2.7) by the way we define the prior
for τ . As with ST, STWNC is still moving through two kinds of transitions: updating
(θ | τ, Y ); and updating (τ | θ, Y ). τ is a nuisance parameter and not of inferential interest,
consequently its prior P (τ ) can be selected for algorithmic convenience. Our algorithm
therefore chooses P (τ ) by imposing a constraint that the profile posterior distribution of τ
while maintaining θ | τ, Y at its maximum value results in a uniform distribution. Using this
constraint we derive a formula for the prior of τ which is computationally inexpensive and
does not require preliminary runs of the algorithm or discretization of τ . In the remainder
of this section we describe the derivation of formula for the prior of τ .
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We impose a constraint that the posterior distribution of τ while profiling over θ is
uniform:
θ max (τ ) = arg max P (θ | τ, Y ),

(2.8)

Pprof (τ, θ | Y ) = P (τ, θ = θ max (τ ) | Y ) = U (0, 1).

(2.9)

θ

The equation (2.9) implies that Pprof (τ, θ | Y ) has a ridge of constant maximum height
from τ = 0 to τ = 1. In other words for any τi , τj ∈ [0, 1],
P (τi , θ i = θ max (τi ) | Y ) = P (τj , θ j = θ max (τj ) | Y ).

(2.10)

To derive the prior of τ , we expand the profile posterior distribution given by the equation (2.9):

Pprof (τ, θ | Y )

= P (τ, θ = θ max (τ ) | Y )
P (Y | θ = θ max (τ ))τ P (θ = θ max (τ ))P (τ )
=
Pprof (Y )

where P (Y | θ = θ max (τ ))τ is tempered profile likelihood, Pprof (Y ) =

R1

(2.11)

P (Y | θ =

0

θ max (τ ))τ P (θ = θ max (τ ))P (τ )dτ is the normalizing constant of the profile posterior distribution of τ over θ, P (τ ) is the prior of the inverse temperature and P (θ = θ max (τ )) is
prior of θ evaluated at θ max (τ ). Expressing P (τ ) from (2.11) gives

P (τ ) =

Pprof (τ, θ | Y )Pprof (Y )
.
P (Y | θ = θ max (τ ))τ P (θ = θ max (τ ))

(2.12)

As a direct consequence of the constraint that profile posterior distribution of τ while
maintaining θ | τ, Y at its maximum value is uniform, i.e., (2.9) and (2.10), the numerator
in the formula for prior of τ in (2.12) is constant with respect to τ .
Using the equation (2.12) as prior for τ , the STWNC acceptance ratio for a proposed
τ∗

alters (2.7) into:
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∗

(

P (Y | θ)τ P (τ ∗ )
min 1,
(i)
P (Y | θ)τ P (τ (i) )

(

= min 1,

)

∗

P (Y | θ)τ Pprof (τ ∗ , θ | Y )Pprof (Y )
×
P (Y | θ = θ max (τ ∗ ))τ ∗ P (θ = θ max (τ ∗ ))
(i)

P (Y | θ = θ max (τ (i) ))τ P (θ = θ max (τ (i) ))
(i)
P (Y | θ)τ Pprof (τ (i) , θ | Y )Pprof (Y )

(

∗

)

(i)

P (Y | θ)τ P (Y | θ = θ max (τ (i) ))τ P (θ = θ max (τ (i) ))
= min 1,
(i)
P (Y | θ)τ P (Y | θ = θ max (τ ∗ ))τ ∗ P (θ = θ max (τ ∗ ))

)

.
(2.13)

The acceptance ratio in equation (2.13) does not depend on the temperature dependent
normalizing constant z(Y | τ ) thus eliminating the need for discrete temperatures, normalizing constant estimates, and tuning of bin widths. The formula for the prior of τ imposes
the property that the maximal contour of the joint posterior distribution is continuous for
τ ∈ [0, 1]. The pseudo-code of STWNC algorithm is given in Algorithm 1.

2.4

Parallel Tempering via Simulated Tempering with Normalizing Constants algorithm

In Parallel Tempering via Simulated Tempering with Normalizing Constants (PT-STWNC)
inverse temperature is a continuous parameter and P (θ | Y ) =

R1

P (θ, τ | Y )dτ is a marginal

0

distribution, which does not coincide with target distribution which is the conditional distribution P (θ | Y , τ = 1). In standard ST the inverse temperature is a discrete variable
and the samples of interest correspond to draws from P (θ | Y , τ = 1). To obtain samples
from P (θ | Y , τ = 1) we run STWNC within PT.
PT-STWNC runs STWNC within PT. We define the two PT-STWNC chains as follows:
• The first PT chain updates θ and τ via STWNC using P (θ, τ | Y ) and then evaluates
untempered log likelihood producing samples from the tempered distributions, while
keeping track of calculations involved in marginal likelihood estimate.
• The second PT chain updates θ via standard Metropolis-Hastings or Gibbs sampling
from the target distribution P (θ | Y , τ = 1). The untempered log likelihood is also
evaluated using the samples from the target chain.
13

Algorithm 1 Simulated Tempering Without Normalizing Constants (STWNC)
Goal: Update θ and τ from P (θ, τ | Y ), where τ ∈ [0, 1] is continuous.
Initialize the algorithm with i = 0 and some values for (θ (i) , τ (i) ); define N - the number
of iterations.
for i = 1 : N do
Transition 1: update (θ | τ (i) );
propose a (θ ∗ );
calculate the MH ratio αθ and accept or reject θ ∗ :
αθ =

P (θ ∗ , τ (i) | Y )
P (θ (i) , τ (i) | Y )

=

P (θ ∗ | τ (i) , Y )
P (θ (i) | τ (i) , Y )

;

sample a uθ ∼ U (0, 1);
if uθ < αθ then set (θ (i+1) , τ (i) ) ← (θ ∗ , τ (i) ),
else retain (θ (i+1) , τ (i) ) ← (θ (i) , τ (i) );
end if
Transition 2: update (τ | θ (i+1) );
propose a τ ∗ ;
calculate the MH ratio (ατ ) and accept or reject (θ (i+1) , τ ∗ ):
ατ

=

P (θ (i+1) , τ ∗ | Y )
P (θ (i+1) , τ (i) | Y )
∗

=

(i)

P (Y | θ)τ P (Y | θ = θ max (τ (i) ))τ P (θ = θ max (τ (i) ))
(i)
P (Y | θ)τ P (Y | θ = θ max (τ ∗ ))τ ∗ P (θ = θ max (τ ∗ ))

sample a uτ ∼ U (0, 1);
if uτ < ατ then set (θ (i+1) , τ (i+1) ) ← (θ (i+1) , τ ∗ ),
else retain (θ (i+1) , τ (i+1) ) ← (θ (i+1) , τ (i) );
end if
end for
Return: a single chain of samples {θ, τ }.
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As in standard PT, the PT-STWNC algorithm goes through two transitions: exchange
and mutation. In the exchange step, the exchange between the two chains is proposed. If
the exchange was accepted, then the two chains swap the parameter values between each
other, and otherwise the two chains go through mutation step. In the mutation step, the
first chain updates the parameters of interest at different temperatures via STWNC; the
second chain updates the parameters of interest at τ = 1 via standard Metropolis-Hastings
or Gibbs sampling. The pseudo-code of the PT-STWNC is given in Algorithm 2.
Algorithm 2 Parallel Tempering using Simulated Tempering Without Normalizing Constants (PT-STWNC)
Initialize two parallel chains: ‘tempered’ chain – initialize the algorithm with some values for
(i)
(i)
(i)
(θ 1 , τ1 ) for i = 0 and ‘target’ chain – initialize the algorithm with values for (θ 2 , τ2 = 1)
for i = 0; N - the number of iterations.
for i = 1 : N do
exchange:
propose an exchange between the two chains;
if the exchange is accepted then
calculate the exchange probability:
αφ =

(i)

(i)

(i)

(i)

(i)

(i)

P (Y | θ 2 )τ1 P (Y | θ 1 )τ2 =1
P (Y | θ 1 )τ1 P (Y | θ 2 )τ2 =1

(2.14)

sample a u ∼ U (0, 1);
if u < αφ then
swap states of the two chains:
(i+1) (i+1)
(i) (i)
(θ 1
, θ2
) ← (θ 2 , θ 1 ) ;
else
(i+1)
(i) (i)
retain (θ1 (i+1) , θ 2
) ← (θ 1 , θ 2 );
end if
else
mutation:
(i+1)
Update ‘tempered’ chain, i.e., update (θ 1
,τ1 ) via STWNC
algorithm (the pseudo-code given in Algorithm 1);
(i+1)
Update ‘target’ chain, i.e., update (θ 2
, τ2 = 1) via standard
Metropolis-Hastings or Gibbs sampler;
end if
end for
Return: samples from the ’tempered’ chain {θ 1 , τ1 }, and samples from the ’target’ chain
{θ 2 , τ2 = 1}.

15

2.5

Estimation of Marginal Likelihoods via thermodynamic
integration

Posterior model probabilities P (M | Y ) provide an intuitive framework for evaluating model
M within a model class. Expanding the model class requires rescaling all posterior model
probabilities. Consequently, comparing models M1 and M2 is typically performed through
the posterior odds,
P (M1 | Y )
P (Y | M1 ) P (M1 )
=
.
P (M2 | Y )
P (Y | M2 ) P (M2 )

(2.15)

The ratio of posterior and prior odds,
B12 =

P (Y | M1 )
P (Y | M2 )

(2.16)

is Bayes Factor of M1 against M2 (Kass and Raftery, 1995).
When there are no prior preferences for models, B12 is equal to the posterior odds. The
marginal likelihoods for models Mj , j = 1, 2, in (2.16), are obtained by integrating over the
parameter space,
P (Y | Mj ) =

Z

P (Y | θ j , Mj )P (θ j | Mj )dθ j ,

(2.17)

Θj

where θ j are the parameters corresponding to the j-th model. For expositional simplicity we
will assume no prior preference for models throughout this chapter. Computing meaningful
Bayes Factors requires accurate estimates of the marginal likelihood in (2.17).
The Posterior Harmonic Mean estimator (PHM), uses importance sampling to integrate
(2.17) (Newton and Raftery, 1994; Raftery et al., 2006) resulting in unbiased marginal
likelihood estimates but potentially infinite variance. Steppingstone sampling (SS) (Xie
et al., 2011), which uses importance sampling to estimate each ratio of normalizing constants
of the sequence of interpolating distributions between prior and target distribution, provides
reliable marginal likelihood estimates. Alternatively, thermodynamic integration (TI) (Friel
and Pettitt, 2008) builds on ideas from path sampling (Gelman and Meng, 1998) to estimate
the marginal likelihood via,

log(P (Y | Mj )) =

Z1

Eθ|Y ,τ,Mj [log(P (Y | θ, Mj ))]dτ,

(2.18)

0

where the expectation in the integrand is with respect to the tempered posterior distribution
in (2.1) (Friel and Pettitt, 2008; Calderhead and Girolami, 2009). A numerical approximation to the thermodynamic integral in (2.18) is possible through discretization of τ . In Friel
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and Pettitt (2008), samples from the discretized tempered posteriors were used from parallel chains in PT. At each discretized value of τ , Eθ|Y ,τ,Mj [log(P (Y | θ, Mj ))] is evaluated
and the marginal likelihood is approximated by applying a trapezoid rule to numerically
integrate over τ ,
log(P (Y | Mj )) =

R1
0

Eθ|Y ,τ,Mj [log(P (Y | θ, Mj ))]dτ
1
2

≈

T
P
t=2

∆τt (Et,Mj + Et−1,Mj ),

(2.19)

where Et,Mj = Eθ|Y ,τt ,Mj [log(P (Y | θ, Mj ))] and ∆τt = τt − τt−1 . The discretized trapezoidal rule in (2.19) was improved by Calderhead and Girolami (2009) by correcting for
integration bias in terms of Kullberg-Leibler divergence, KL(pt−1,Mj kpt,Mj ), of pt,Mj from
pt−1,Mj for model Mj ,
T
1X
∆τt (Et,Mj + Et−1,Mj ) +
2 t=2

log(P (Y | Mj )) ≈

|

{z

Approximation

}

T
1X
[KL(pt−1,Mj kpt,Mj ) − KL(pt,Mj kpt−1,Mj )],
2 t=2

{z

|

Bias

(2.20)

}

where pt,Mj is the tempered posterior distribution for the model Mj given by the equation
(2.1).
The thermodynamic integration via PT applies a numerical integration approximation
to Monte Carlo approximations. The approximation error should decrease with number of
chains and number of samples in each chain. As with any numerical integration, discretization over τ determines the accuracy of the result. Determining the optimal temperature
schedule requires preliminary experimentation which contributes to unpopularity of the
thermodynamic integration in practice. Based on the idea from path sampling, (Gelman
and Meng, 1998), Calderhead and Girolami (2009) proposed that the temperature schedule
could be chosen such that the Monte Carlo variance of the marginal likelihood estimates
is minimized. The authors’ numerical simulations suggest that the optimal temperature
schedule is τi = ( Ti )5 , which puts more emphasis on values close to the prior.

2.5.1

Computing the marginal likelihood via STWNC

Following Friel and Pettitt (2008), in standard ST, samples {(θ 1 , τ1 ), .., (θ n , τn )} drawn
from P (θ, τ | Y , Mj ) can be used to estimate the marginal likelihood by first obtaining
Monte Carlo approximation Eθ|Y ,τ,Mj [logP (Y | θ, Mj )], and then solving the thermodynamic integral in (2.19) via quadrature. This is based on the assumption that the prior of
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τ is proportional to the temperature-dependent normalizing constant, P (τ ) ∝ z(Y | τ, Mj ).
According to Friel and Pettitt (2008), in single chain methods such as ST, the normalizing
constant z(Y | τ, Mj ) varies by orders of magnitude with τ which leads to poor estimation
of the log untempered likelihood logP (Y | θ, Mj ). Thus in standard ST, small values of τ
do not tend to be sampled with high frequencies.
However, in STWNC, where τ is continuous, the marginal distribution of τ tends to
spend a lot of time at near zero values (as can be seen from the marginal distribution of τ
in Figure 2.3). The shape of the marginal distribution of continuous τ in STWNC coincides
with that of the recommended geometric temperature schedule (i.e., τi = ( Ti )5 , Figure 2.3,
purple dash dotted line) in thermodynamic integration via PT established by Calderhead
and Girolami (2009).
Samples {(θ 1 , τ1 ), .., (θ n , τn )} from PT-STWNC can be used to solve the marginal likelihood integral in (2.18), by first ordering the samples with respect to τ , and solving the
integral numerically,

log P (Y | Mj ) =

Z1

Eθ|Y ,τ,Mj [log(P (Y | θ, Mj ))]dτ

0

≈

T
X

∆τt Et,Mj ,

(2.21)

t=2

where Et,Mj = Eθ|Y ,τt ,Mj [log(P (Y | θ, Mj ))] and ∆τt = τt − τt−1 .
The TI via PT relies on two layers of approximation to produce marginal likelihood
estimates. The first layer of approximation in TI via PT corresponds to the MCMC integration (i.e., obtaining PT samples), and the second layer occurs when τ is numerically
integrated out from the thermodynamic integrals in (2.19) and (2.20). Similarly, in the
TI via PT-STWNC, the first approximation layer corresponds to obtaining samples from
PT-STWNC, and the second layer of approximation is a result of solving the marginal
likelihood integral in (2.21) numerically. However, since the τ is continuous, the TI via PTSTWNC removes the need for optimal temperature discretization schedule. Consequently,
PT-STWNC provides marginal likelihood estimate with negligible additional computational
cost.
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2.6

Example 1: Two-dimensional multi-modal mixture Gaussian model

The two-dimensional mixture of 20 Gaussians is characterized by,
20
X

(

)

p
1
√ k 2 exp − 2 (Y − µk )0 (Y − µk ) ,
f (Y ) =
2σ
2πσ
k
k
k=1

(2.22)
0

with equal variances σ 2 = 0.1, equal mixing probabilities p = (p1 , ..., p20 ) (i.e., pi =
1/20), and the modes µ = {µi,j }, i = 1, .., 20, j = 1, 2, as given by Kou et al. (2006);
Liang and Wong (2001). The goal is to sample bivariate data points Y 1 , Y 2 from the
likelihood in (2.22) under the Uniform joint prior for Y 1 and Y 2 defined on the rectangle
[−1, 10] × [−1, 10].

2.6.1

Results

The PT-STWNC was run for 35,000 iterations with the first 1000 samples being removed
as burn-in. Figure 2.1 shows contour plots of the bivariate twenty-modal likelihood
P Y 1 , Y 2 | µ, σ 2 , p obtained from the ‘tempered’ chain (the plot A) and the ‘target’


chain (the plot B). Both of the PT-STWNC chains visited and sampled well from all the 20
components. The target sampling distribution is included for comparison in plot C. These
plots demonstrate that the PT-STWNC draws samples from all the 20 modes reasonably
well.

2.7

Example 2: Bimodal model

The likelihood is bimodal with respect to µ, but is unimodal with respect to Y ,
P (Y | µ, σ 2 ) = N (|µ|, σ 2 ),

(2.23)

and the posterior distribution of P(µ | Y , σ 2 ) is bimodal. The data were simulated from
(2.23) with n=25, µ = 1.5 and σ 2 = 1.
The sampling distribution of the PT-STWNC is the tempered joint posterior distribution,
P (µ, σ 2 , τ | Y) ∝ P (Y | µ, σ 2 )τ P (τ )P (µ)P (σ 2 ).
Conjugate priors on µ and σ 2 were assigned, P (µ) ∼ Normal(0, 1); P (σ 2 ) ∼ InverseGamma(1, 1).
The prior of τ was evaluated using the formula (2.12).
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Figure 2.1: Two-dimensional mixture of 20 Gaussian distributions model – contour plots of
sampled Y 1 and Y 2 obtained from the PT-STWNC ‘tempered’ chain (plot A), and ‘target’
chain (plot B). The plot C is generated by evaluating the model in (2.22) over the grid
points from the plot B. The red dots denote the locations of the modes µ.

2.7.1

Results

The PT-STWNC algorithm was run for 50,000 iterations with the first 15,000 samples
discarded as burn-in. Figure 2.2 shows the sampled joint posterior distribution of µ and
τ obtained from the PT-STWNC ‘tempered’ chain. The perspective and contour plots
in Figure 2.2 illustrate that the two ridges of the posterior surface, which correspond to
the maximum values of µ, have approximately constant maximum height along the τ axis.
The last observation is a direct consequence of the constraint that the profile posterior
distribution of τ while profiling over µ is uniform on the interval [0,1].
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The wide contours of Figure 2.2B at low values of τ demonstrate that the ’tempered’
chain spends a lot of time sampling at low values of the inverse temperature, thus taking
large steps to move between the two modes. Similarly, the marginal distribution of sampled
τ demonstrates that low values of τ are sampled with higher frequencies (see Figure 2.3, gray
color). The PT-STWNC ‘target’ chain updates the parameters of interest at τ = 1, which
results in drawing samples from the target posterior distribution (Figure 2.3, diagonal, blue
color).

Figure 2.2: The bimodal model – sampled joint posterior distribution of µ and τ obtained
from PT-STWNC ‘tempered’ chain: A perspective plot of the joint posterior distribution
of µ and τ , and B the corresponding contour plot.
PAWL within ST was also run on this toy example and the marginal distributions of µ
and τ were compared to those from the PT-STWNC. The plot of the marginal distribution
of µ is similar to the marginal distribution of µ obtained from the ’tempered’ PT-STWNC
chain (Figure 2.3, translucent green color). The marginal distribution of the discrete τ
from the PAWL within ST has similar shape as that of the continuous τ from the PTSTWNC. Although both of the algorithms are powerful sampling and parameter estimation
techniques, the PT-STWNC has the advantage of producing accurate marginal likelihood
estimates with negligible added computational cost.
Table 2.1 illustrates that PT-STWNC produces accurate point estimates of the posterior
means of µ and σ 2 compared to their theoretical values.
Implementation details are given in the Appendix B.

2.7.2

Marginal likelihood estimation

The PT-STWNC was used to estimate the marginal likelihood of the bimodal model introduced in the Section 2.7. The PT-STWNC marginal likelihood estimates were compared to
the following three approaches: i). analytical solution to the marginal likelihood integral in
(2.17), ii). the thermodynamic integration via PT with bias correction by Calderhead and
21

Posterior distribution of sampled parameters

Figure 2.3: The bimodal model – marginal posterior distributions of µ, τ and σ 2 . Distributions in gray, red, blue and green color correspond to samples obtained from the PT-STWNC
‘tempered’ chain, the PT-STWNC ‘target’ chain, the theoretical distribution and PAWL
within ST, respectively.
Table 2.1: Parameter estimates v.s. theoretical values
µ
σ2

Parameter estimates
1.398(0.0023); -1.404(0.0022)
1.21(0.017)

Theoretical results
1.3995 ; -1.3995
1.29

The bimodal model – estimated posterior means (from the ’target’ chain) and theoretical
posterior means (from the target distribution) for each of the two modes of µ and for σ 2 .
Monte Carlo errors of the point estimates, obtained as per Craiu and Rosenthal (2014), are
given in brackets.

Girolami (2009) (TI-PT-B) and iii). the thermodynamic integration via PT without bias
correction by Friel and Pettitt (2008) (TI-PT-NB).
This is a toy example and one of the very few cases where a closed form of the marginal
likelihood integral exists (see Appendix A). The PT-STWNC marginal likelihood estimates
were obtained directly from the ’tempered’ chain using the equation (2.21). TI via PT estimates were obtained by running PT with T=30 chains. The inverse temperature schedule
was chosen to be a geometric schedule that tempers towards the prior i.e., ti = ( Ti )5 .
The TI-PT-NB and the TI-PT-B estimates in the Table 2.2, were obtained using the
samples from a single run of the PT. The only difference between the TI-PT-NB and the
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TI-PT-B is in the bias term as per equation (2.20). The results in Table 2.2 show that the
thermodynamic integral bias term (as per the equation (2.20)) in the TI-PT-NB and the
TI-PT-B has a small effect on the marginal likelihood estimate.
Table 2.2 demonstrates that increased number of PT chains (T=60 and T=100) do
not yield substantially better TI-PT-NB and TI-PT-B estimates. This result complies
with the finding by Ahlers and Engel (2008), who demonstrated that while thermodynamic
integration via PT performs well in unimodal case, the method exhibits substantiative bias
in a bimodal case with a tractable marginal likelihood. Moreover, according to the Ahlers
and Engel (2008) the estimates do not improve with increased number of parallel chains.
The authors trace back this problem to the incomplete equilibrium between the two modes,
which leads to failure to reproduce the exact mixture probabilities. In addition, the bias in
PT-STWNC does not reduce when the integral in (2.21) is obtained by combining all the
samples from the 20 runs.
Table 2.2: Marginal log-likelihood of the bimodal model

T =30
T =60
T =100

Analytic solution
-38.946
-

PT-STWNC
-37.767(0.02)
-

TI-PT-B
-38.254(0.006)
-38.247(0.004)
-38.247(0.004)

TI-PT-NB
-38.261(0.006)
-38.254(0.005)
-38.254(0.003)

The bimodal model – marginal log-likelihood estimates from: analytic solution, PTSTWNC, thermodynamic integration via PT with bias correction (Calderhead and Girolami, 2009) (TI-PT-B) and thermodynamic integration via PT without bias correction (Friel
and Pettitt, 2008) (TI-PT-NB). The PT-STWNC, the TI-PT-B and the TI-PT-NB estimates are based on 20 independent runs. Standard deviations of the marginal likelihood
estimates obtained from the 20 runs are given in brackets. The TI-PT-B and the TI-PTNB estimates with T=60 and T=100 chains are also obtained from 20 independent runs.
Details on the convergence of the PT chains are given in the Appendix B.

2.8

Example 3: Galaxy data

The Galaxy data comprises velocities of 82 galaxies that diverge from our galaxy studied
by Postman et al. (1986); Carlin and Chib (1995); Neal (1999). The data are univariate
identically and independently distributed samples from mixture of K Gaussian components
0

and denoted as Y = (y1 , y2 , .., yn ) , with n=82. Parameters of the model are given as
0

θ = µ, σ 2 , p
2
σ12 , .., σK

0

0

where µ = (µ1 , .., µK ) is a vector of mixture component means, σ 2 =
0

is a vector of mixture component variances and p = (p1 , .., pK ) is a vector of

mixture probabilities. The k-th mixture component has distribution N (Y | µk , σk2 ). Then
likelihood function is
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P (Y | µ, σ 2 , p) =

n X
K
Y

pk N (yi | µk , σk2 ).

(2.24)

i=1 k=1

Conjugate priors were assigned, P (µk ) ∼ Normal(20, 100), P (σk2 ) ∼ InverseGamma(shape =
3, scale =

1
20 )

and P (p1 , .., pK ) ∼ Dirichlet(α1 = 1, .., αK = 1).

A latent variable Z such that P (Zik = 1 | pk ) = pk was introduced to help derive the
sampling distribution for the PT-STWNC algorithm. Z is a n × K matrix of indicator
variables in which Zi,k = 1 indicates the data point i belongs to the mixture component k.
Then distribution of each of the data points {yi } conditional on Zik is,
P (yi | Zik = 1, µ, σ 2 , p) = N (yi | µk , σk2 ),
and the joint distribution of {yi } and Zik is,
P (yi , Zik = 1 | µ, σ 2 , p) = pk N (yi | µk , σk2 ).
Each row of Z is a multinomial variable with probabilities,
pk N (yi | µk , σk2 )
P (Zik = 1 | yi , µ, σ 2 , p) = PK
2
j=1 pj N (yi | µj , σj ).

(2.25)

Sampling distribution of the PT-STWNC is the joint posterior distribution of the param0

eters of interest θ = µ, σ 2 , p , latent variable Z and the inverse temperature parameter
τ,
2

P (µ, σ , p, Z, τ | Y) ∝

K
n X
Y
i=1 k=1
K
Y

!τ
2

P (yi | Zik = 1, µ, σ , p)
!

Pµk (µk )

k=1

2.8.1

K
Y
k=1

!

Pσ2 (σk2 )
k

Pp (p) ×

K
n X
Y

!

P (Zik | pk ) P (τ ).

i=1 k=1

Results

The PT-STWNC algorithm was run for 35,000 iterations with the first 1000 generated samples being removed as burn-in. Multi-modality in the Galaxy data with three components
is illustrated by marginal distributions of µ1 , µ2 , σ12 and τ and bivariate joint posterior distribution of (µ1 , µ2 ) (Figure 2.4). Sampling from such complex posterior structures requires
proper mixing of τ which is governed by proper proposal selection and tuning. Plot of the
marginal distribution of τ shows that τ spends a lot of time at values close to zero, which
is crucial for the sampler to move easily between the isolated modes and produce accurate
estimates (Figure 2.4).
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Posterior distribution of sampled parameters

Figure 2.4: Galaxy data, model with three components unequal variances – marginal posterior distributions of the sampled parameters µ1 , µ2 , σ12 , τ and bivariate plot of (µ1 , µ2 ). Gray
and red color correspond to samples obtained from the ‘tempered’ and ‘target’ chain, respectively. The transparent violet color corresponds to the geometric temperature schedule
used to obtain marginal likelihood estimate from TI via PT.

2.8.2

Marginal likelihood estimation for the Galaxy data

The PT-STWNC was used to perform model selection on the Galaxy data set. The marginal
likelihood was calculated for the Galaxy data to compare the following models: two components with equal variances, three components with unequal variances, three components
with equal variances, four components with unequal variances and five components with
unequal variances. A closed form expression of the marginal likelihood integral is not available.
The two thermodynamic integration approaches from the Section 2.5, were used to
compare model selection abilities with PT-STWNC. Log marginal likelihood estimates and
Bayes Factors demonstrate that all three estimation techniques agree that the model with
five components is the best model (Tables 2.3 and 2.4). In addition, all the three estimation
methods find support for the models with 3-5 components, while the worst model is the
model with 2 components and equal variances. Findings from our model selection study
comply with the results from previous studies. For instance, Steele and Raftery (2010)
25

argued that the number of components in the Galaxy data is not known, and concluded
that the models with 3 and 6 components are reasonable fit to the data; Chib (1995) used
Gibbs sampler to find that the model with 3 components is the best model; Liang and
Wong (2001) used Evolutionary Monte Carlo (Liang and Wong, 2001) in combination with
bridge sampling (Meng and Wong, 1996) to demonstrate that the model with 5 components
is the best model and the model with 2 components equal variances is the worst model.
In addition, Liang and Wong (2001) found support for the models with 3-5 components.
Richardson and Green (1997) used Reversible Jump MCMC (RJMCMC) (Green, 1995) to
conclude that the models with 5-7 components are good fit to the data.
The TI-PT-NB and the TI-PT-B estimates, in the Table 2.3, were obtained from a
single run of the PT. Hence, the only difference between the TI-PT-NB and the TI-PT-B
is in the bias term as per equation (2.20). The results in the Table 2.3 show that the
estimates from the TI-PT-NB and the TI-PT-B are nearly the same, which suggests that
the thermodynamic integral bias term has near zero effect in this example.
Table 2.3: Log marginal likelihood estimates of Galaxy data

Model fitted
1. 2 components
2. 3 components
3. 3 components
4. 4 components
5. 5 components

equal variances
unequal variances
equal variances
unequal variances
unequal variances

PT-STWNC
-240.36(0.27)
-226.96(0.48)
-232.68(0.54)
-224.51(0.37)
-222.91(0.23)

TI-PT-B
-238.02(0.03)
-224.26(0.03)
-224.20(0.06)
-223.88(0.02)
-223.85(0.02)

TI-PT-NB
-238.03(0.02)
-224.28(0.03)
-224.23(0.05)
-223.89(0.02)
-223.85(0.02)

Galaxy data – log marginal likelihood estimates obtained from the PT-STWNC, the TIPT-B and the TI-PT-NB. Equations (2.21), (2.20) and (2.19) were used to obtain marginal
likelihood estimates from the PT-STWNC, the TI-PT-B and the TI-PT-NB, respectively,
for each of the five different models. The TI-PT-B and the TI-PT-NB estimates were obtained from T=30 PT chains using a geometric temperature schedule that tempers towards
the prior ti = ( Ti )5 . All the marginal likelihood estimates were obtained from 10 independent runs of each of the estimation techniques for each of the five models. Standard
deviations of the marginal likelihood estimates from 10 runs are given in brackets.

2.9

Example 4: Susceptible-Infected-Recovered (SIR) epidemiological model

We illustrate the PT-STWNC on a Susceptible-Infected-Recovered (SIR) epidemiological
model for number of daily deaths due to the black plague. The data were collected by the
grave digger during the second black plague outbreak in the village of Eyam, UK, from June
19, 1666 to November 1, 1666 (Massad et al., 2004). The village had quarantined itself to
avoid spreading the disease to the neighboring villages. Therefore, the population size is
26

Table 2.4: log Bayes factors
PT-STWNC TI-PT-NB TI-PT-B
log BF 21
13.4
13.74
13.75
log BF 31
7.68
13.79
13.82
log BF 41
15.85
14.14
14.13
log BF 51
17.45
14.17
14.16
log BF 32
-5.72
0.05
0.06
log BF 42
2.45
0.39
0.38
log BF 52
4.05
0.43
0.41
log BF 43
8.17
0.34
0.31
log BF 53
9.77
0.37
0.34
log BF 54
1.6
0.03
0.02
Bayes Factors obtained by applying the equation (2.16) to the log marginal likelihood
estimates in the Table 2.3.

fixed to N=261, and the population is stratified into groups of susceptible S(t), infected
I(t) and removed R(t) individuals, N=S(t)+I(t)+R(t). Since there is no recovery from the
plague, the number of deaths correspond to the number of removed individuals up to time
t, R(t) (Campbell and Lele, 2014; Golchi and Campbell, 2016)
The disease spread dynamics can be described by the following system of ordinary
differential equations (ODE),
dS
dI
dR
= −βS(t)I(t),
= βS(t)I(t) − αI(t),
= αI(t)
dt
dt
dt

(2.26)

where α describes the rate of death once the individual is infected and β describes the plague
0

transmission. Additional to the model parameters θ = (α, β) , the ordinary differential
0

equations model requires estimates of the initial states (S(0), I(0), R(0)) . At the initial
time the population consists of susceptible and infected individuals, and therefore R(0) = 0
and S(0) = N − I(0). Consequently, the only initial state parameter is I(0) so that the
0

unknown parameters of the model are θ = (α, β, I(0)) . The data denoted as Y = (y1 , .., yn )

0

with n = 136, represent cumulative number of deaths up to times t1 , .., tn . The data points
Y were modeled by a binomial distribution with expected value equal to the solution to
the ODE system in (2.26), R(α,β,I(0)) (t), where t ∈ {t1 , .., tn } .
The number of susceptible S(t) and infected I(t) are not observed. However, the number
of infected at the end of the plague is 0, and the number of infected at time one before the
end of the plague must therefore equal 1 (Campbell and Lele, 2014). Two additional data
0

points on number of infected individuals X = (xn−1 = 1, xn = 0) at times (tn−1 , tn )

0

were modeled using binomial distribution with expected value equal to I(α,β,I(0)) (t) for
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0

t ∈ (tn−1 , tn ) ,
n
Y

R(α,β,I(0)) (ti )
P (Y | α, β, I(0)) =
Binomial yi | N,
N
i=1


n
Y



Binomial xi | N,

i=n−1



I(α,β,I(0)) (ti )
N

×


(2.27)

0

Prior distributions for θ = (α, β, I(0)) were chosen to be: α, β ∼ Gamma(1, 1), I(0) ∼
Binomial(N, N5 ).
Parameters α and β are continuous and I(0) is discrete. The discrete nature of the I(0)
induces multi-modality in the likelihood surface. This mixture of discrete and continuous
parameters in the model imposes difficulties in sampling from the posterior distribution.
Standard MCMC could get easily trapped in local modes of the posterior of the parameters
of interest.

2.9.1

Results

The PT-STWNC was run on the SIR model for 35,000 iterations with 1000 burn-in samples.
Multi-modality and topological challenges of the model are illustrated by the marginal
distribution plots (Figure 2.5, diagonal) and by the bivariate joint posterior distributions
0

plots (Figure 2.5, off-diagonal) of θ = (α, β, I(0)) . The marginal distributions of α and
β exhibit structures with three isolated modes. In Figure 2.5 (off-diagonal), clouds in the
joint posterior distribution of α and β represent the modes which correspond to the discrete
samples of I(0) = {6, 5, 4, 3} from left to right.
Histograms of the marginal distributions of α, β, I(0) and τ obtained from the ‘tempered’ chain (Figure 2.6), illustrate the complexity and topological challenges of the model
as well as the need for exploring the diffuse prior parameter space in order for PT-STWNC
to draw samples from the target distribution. Figure 2.7 demonstrates that the prior parameter space (the grey contour lines) is much more diffused that that of the joint posterior
distribution of α and β (the red dots, which when zoomed-in assumes the shape of the
target posterior distribution). Consequently, the algorithm spends much time sampling at
near-zero values of τ thus exploring the prior parameter space.
For implementation details we refer the reader to Appendix C

2.10

Discussion

In this chapter we presented a hybrid Parallel Tempering Without Normalizing Constants
(PT-STWNC) algorithm that tackles the problem of sampling from multi-modal distributions with isolated modes. The proposed PT-STWNC combines the sampling efficiency
from the standard ST with the simplicity of its usage. Namely, the PT-STWNC removes the
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Posterior distribution of sampled parameters – ‘target’ chain

Figure 2.5: SIR model – marginal (diagonal) and bivariate joint (off-diagonal) posterior
distributions of sampled parameters α, β and I(0) obtained from the ‘target’ chain.

standard Simulated Tempering (ST) requirement for calculating normalizing constants and
choosing a suitable temperature schedule. This is achieved by replacing the discrete temperature parameter in the standard ST with a continuous one, thus enabling the PT-STWNC
to choose the prior of the inverse temperature parameter automatically. Moreover, employing continuous temperature enables PT-STWNC to produce marginal likelihood estimates
and Bayes Factors thereof, at no additional computational cost. Our examples demonstrate
that the PT-STWNC exhibits fast mixing and simultaneously produces accurate estimates
of the parameters of interest and marginal likelihood.
In order for the PT-STWNC to produce reliable estimates, the inverse temperature
has to mix well. Mixing of the inverse temperature parameter is directly affected by: i).
optimizing the parameters of interest needed for calculation of its prior, P(τ ), and ii).
choosing its proposal distribution.
Optimization of the posterior distribution with respect to the parameters, which is
crucial for the selection of the prior for τ , is computationally expensive in complex models.
However, the optimization time decays to 0 with the number of MCMC iterations if the
optimization at iteration i of P (θ (i) | τ (i) , Y ) is initialized with θ (j) , where (θ (j) , τ (j) ) are
chosen so that iteration j = arg minj |τ (j) − τ (i) |.
When it comes to choosing the proposal distribution of the temperature parameter,
proposing from independent standard uniform distribution works best when applied on
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Posterior distribution of sampled parameters – ‘tempered’ chain

Figure 2.6: The SIR model – marginal posterior distributions of sampled parameters
α, β, I(0) and τ obtained from the ‘tempered’ chain.

Figure 2.7: The SIR model – parameter space of the prior (gray color) versus the posterior
space (red color) of the parameters in SIR model. The plot A shows contours of the
joint prior distribution of the parameters α and β. The small red dots close to the origin
correspond to the joint posterior distribution. Parameter space of the prior and posterior
distribution of the parameter I(0) are shown in the plot B.
simple examples as we have shown in the bimodal model and in the bivariate mixture of
twenty Gaussian distributions. The mixture model of Gaussian distributions for the Galaxy
data and the ODE model for the epidemiological model exhibit complex structures which
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do not allow the temperature parameter to move freely in the temperature space. Carefully
chosen proposal distribution coupled with tuning of the transition step solves the problem
of bad mixing of τ . τ needs to spend a lot of time at values close to zero in order for the
PT-STWNC to capture the posterior structure especially when the likelihood is much more
concentrated than the prior.
Bias in the the TI-PT-B and the TI-PT-NB estimates can be explained as follows. First,
in order to obtain the TI-PT-B and the TI-PT-NB estimates, τ needs to be integrated out
by numerical integration over the MCMC approximations of the conditional posterior means
Eθ|Y ,τ,M [log(P (Y | θ, M )] (equations (2.19) and (2.20)), which is equivalent to applying
approximations recursively. Another possible contributing factor to the bias in the TI-PT-B
and the TI-PT-NB estimates is the choice of the optimal temperature schedule. Namely,
we did not test different temperature schedules to find the one that minimizes the bias
and the Monte Carlo variance as suggested by Calderhead and Girolami (2009). Instead,
we used the geometric temperature schedule which had been found by Calderhead and
Girolami (2009) to be optimal for the linear regression model, but could be sub-optimal for
our specific problem.
In complex problems, the PT-STWNC can be expanded to include more than two
chains, by adding more STWNC chains. This strategy could aid in better mixing of inverse
temperature from each of the STWNC chains.
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Chapter 3

Incremental Mixture Importance
Sampling with Shotgun
optimization
3.1

Introduction

Sampling from a posterior density is challenging when the posterior modes are separated
with deep valleys of low probability or when the posterior space is rife with many minor
modes, ripples and ridges. Theoretically, standard Metropolis-Hastings or Gibbs algorithms
converge to the target density if run infinitely long. Tempering methods such as Simulated
Tempering (Marinari and Parisi, 1992; Geyer and Thompson, 1995; Zhang and Ma, 2008)
and Parallel Tempering (Swendsen and Wang, 1986; Geyer, 1991; Hukushima and Nemoto,
1996), are random-walk variants designed to efficiently deal with sampling from multi-modal
distributions.
However, Parallel Tempering could exacerbate topological challenges of the posterior if
the prior is inconsistent with the likelihood, trapping the sampler in a local mode Campbell
and Steele (2012). One could solve this problem using local optimal transition densities,
which adapt to the local geometries of the posterior space (Atchadé et al., 2005).
Importance sampling algorithms such as Sampling Importance Re-sampling (SIR) (Rubin et al., 1988; Rubin, 1987; Poole and Raftery, 2000; Alkema et al., 2011) or Sequential
Monte Carlo variants (SMC) (Del Moral et al., 2006) take advantage of computing the
sampling weights in parallel. The difficulty with importance sampling methods is choosing
the initial importance sampling density to cover the important modes of the target density.
The prior is often chosen to be this initial importance density.
A frequentist alternative to MCMC methods would be to use optimization in order to
find the modes, but in the presence of well isolated multiple modes, different starting points
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for the optimizer result in multiple optima. Then the problem shifts to finding a way to
combine these local optima.
Incremental Mixture Importance Sampling with Optimization (IMIS-Opt) (Raftery and
Bao, 2010) is designed to discover all the important posterior modes by using the prior
as a starting point for optimization, and then building a posterior through incrementally
added optimized local posterior approximations. However, if the prior disagrees with the
likelihood, i.e., if the prior covers the basin of attraction of local but not global likelihood
modes, then the IMIS-Opt will miss the important modes. As a remedy, one can choose a
diffuse prior, but this implies that the prior should be chosen for algorithmic convenience
rather than to represent expert opinion.
In this chapter, we modify the IMIS-Opt algorithm by replacing the optimization step
with a general optimization strategy, which is based on the idea that no single method
outperforms other methods in every problem (Wolpert and Macready, 1997). The proposed
multiple-method optimization strategy balances discovery of the global and the local modes
by combining results from different regions of the posterior space, corresponding to local
optima found by multiple parameter estimation methods. We refer to this strategy as Shotgun optimization (ShOpt), and the resulting algorithm as Incremental Mixture Importance
Sampling with Shotgun optimization (IMIS-ShOpt). The IMIS-ShOpt relies on the Shotgun
optimization, rather than on the prior choice. IMIS-ShOpt does not choose the prior for
optimization convenience, but reaffirms its role of conveying expert opinion.
Shotgun optimization is a general methodology which is directly applicable to any model
type including parameter estimation in differential equation models. The ordinary differential equation (ODE) models are particularly challenging because these models exhibit
posterior topologies featuring multiple modes, ridges and ripples. Any of the existing methods for parameter estimation in ODEs might get trapped in a local mode for reasons specific
to the method used. In this chapter we demonstrate that the IMIS-ShOpt produces accurate
parameter estimates in ODEs by combining results from different methods. Furthermore,
we showcase that the IMIS-ShOpt can be combined with the synthetic likelihood (Wood,
2010) to draw inference in models where the likelihood is intractable or costly to evaluate.
The rest of the chapter is organized as follows. Section 3.2 clarifies the need for multiple
optimization techniques and discusses the differences between our Shotgun optimization
strategy and the multi-objective optimization. Section 3.3 gives detailed overview of the
IMIS-Opt algorithm, followed by a demonstration of the IMIS-Opt getting trapped in an
unimportant mode in a simple ODE model. In Section 3.4 the proposed IMIS-ShOpt algorithm is presented. Sections 3.6 and 3.7 illustrate the performance of the IMIS-ShOpt
algorithm through two examples involving ODE models. The IMIS-ShOpt via synthetic
likelihood is proposed in the Section 3.8, and its parameter estimation performance is illustrated using a chaotic stochastic difference equation model. Section 3.10 follows with
concluding remarks.
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3.2

Shotgun optimization

For inference in complex problems there are generally multiple competing methods, none
of which works uniformly best in every problem (Wolpert and Macready, 1997). Different
competitive parameter estimation methods rely on different models (such as method of moments versus maximum likelihood estimators), or different optimization methods (such as
gradient, simplex or simulated annealing). In practice, one has to decide between modifying the model specification or choosing an optimization strategy where each is tuned to
the specific problem. Modifying the model leads to a variant of the desired answer, while
choosing an optimization strategy requires validation if the answers are to be trusted. For
example, for inference from ODE models, strict likelihood function optimization i.e., nonlinear least squares (NLS) based on the ODE solution (Bates and Watts, 1988; Seber, 1989),
discover a local optima, whereas optimization of the profile likelihood using model based
data smoothing instead of the ODE solution (Ramsay et al., 2007) will search widely for
a global mode but results in higher variance estimates (Wu et al., 2014). Additionally, if
there are multiple important modes the profile likelihood will not find them from different initializations, but NLS will find different modes with different initializations. Hence,
different optimization strategies lead to different results. Then the Shotgun optimization
strategy would be constructed as a combination of these two optimization methods in order
to discover local and global optima (Berger et al., 1999; Walley and Moral, 1999).
Using Shotgun optimization introduces robustness to the shortcomings of a single method.
Combining results from different optimization or parameter estimation methods ensures that
posterior space has been more fully explored. The Shotgun optimization is analogous to
the ensemble methods (Madigan and Raftery, 1994; Hoeting et al., 1999; Friedman et al.,
2001; Mendes-Moreira et al., 2012; Montgomery et al., 2012) where relative importance of
the predictions are determined using a combination of models. Ensemble methods rely on
the notion that no particular model can fully capture the data features. Hence, some models better predict certain features of the data, while producing biased predictions in some
areas. The ensemble methods overcome the induced bias by combing the models together.
In the Shotgun optimization, certain methods provide better estimates of the parameters
than others, and combining the results from different methods overcomes the problem of
the introduced bias.
The way the Shotgun optimization combines results from different competing methods
is substantially different from the multi-objective optimization. While the multi-objective
strategy is a general optimization framework designed to optimize simultaneously several
objectives, the proposed Shotgun optimization strategy is a single objective optimization
that combines results from multiple optimization criteria. With multi-objective optimization strategy there is no single solution that is optimal with respect to all objectives. Instead
of having one optimal solution, there is a set of alternative trade-offs, known as Pareto op34

timal solution set (Kuhn and Tucker, 1951; Miettinen, 2012), which balances among several
objectives. Many multiple-objective methods have been proposed in the literature, such
as weighted sum method (Cohon and Marks, 1973), goal programming (Levary and Avery,
1984), the minimax approach (Tseng and Lu, 1990)), evolutionary algorithms (EA) (Bäck
et al., 1997; Zitzler, 1999; Deb, 2001; Cheng and Gen, 1997; Fonseca and Fleming, 1995;
Valenzuela-Rendón et al., 1997) and Simulated Annealing for multi-objective optimization
(Smith et al., 2004; Serafini, 1994; Alrefaei and Diabat, 2009).

3.3

Incremental Mixture Importance Sampling with Optimization

The main objective of Incremental Mixture Importance Sampling with Optimization (IMISOpt) (Raftery and Bao, 2010) is to iteratively construct an importance sampling distribution. The initial stage of the IMIS-Opt starts by drawing N0 samples Θ0 = {θ 1 , .., θ N0 }
from the prior and then calculating their weights based on the likelihood function. In
the optimization stage, the D highest-weight points are selected to sequentially initialize
the optimizer, which searches for the nearest mode in the target posterior space. Then
B points, drawn from the multivariate Gaussian distribution centered at the modes found
by the optimizer, are added to the current importance distribution. At each iteration of
the importance stage, sampling weights are calculated, and B draws from the multivariate
Gaussian distribution centered at the highest-weight point are added to the current importance sampling distribution. The weighting and sampling steps of the importance stage are
iterated until the importance weights are reasonably uniform. After the stopping criterion is
met, J inputs are re-sampled with replacement from {θ 1 , .., θ NK } with weights (w1 , .., wNK )

0

where K is the total number of particles from the importance sampling distribution. The
pseudo-code of the IMIS-Opt is given in Algorithm 3.
If optimization and importance sampling stages are excluded, then the algorithm becomes a Sampling Importance Re-sampling (SIR) algorithm (Rubin, 1987; Rubin et al.,
1988; Poole and Raftery, 2000; Alkema et al., 2007). By excluding the optimization step,
the algorithm becomes IMIS (Hesterberg, 1995; Steele et al., 2006; Raftery and Bao, 2010).
The IMIS-Opt initializes the optimizer using the D highest-weight points which makes it
a powerful method for exploring the posterior space. However, the successful mixing of
the IMIS-Opt depends heavily on the consistency of the information in the prior and likelihood, and consequently, on whether or not samples from the prior cover all the important
posterior modes. The implication is that the prior should be chosen for the optimization
convenience rather than using the expert knowledge. For example, consider ordinary differential equation models, where the posterior topologies usually exhibit multi-modality,
ripples and many unimportant local modes. If the prior covers the basin of attraction of
unimportant mode, but not global mode, the IMIS-Opt gets easily trapped in the unim35

portant local mode covered by the prior, thus failing to explore the full posterior space.
Consequently, using the estimates obtained from the IMIS-Opt will result in partial fit to
the data.

3.4

Incremental Mixture Importance Sampling with Shotgun optimization

The IMIS-Opt success depends heavily on the consistency between the prior and the data.
If the prior is inconsistent with the likelihood then the maximum height point needed to
initialize the optimizer is in the basin of attraction of the local mode that is covered by the
prior. Therefore, the sampler is prevented from fully exploring the posterior space. The
Incremental Mixture Importance Sampling with Shotgun optimization (IMIS-ShOpt) builds
on IMIS-Opt, by altering the optimization stage to incorporate the Shotgun optimization
strategy, which consists of Q different competitive parameter estimation methods or optimization strategies. This implies using a variety of optimization methods in parallel or
using a fixed optimizer on a variant of the function to optimize, such as likelihood or other
objective function within the estimating framework. The Shotgun optimization strategy
sequentially initializes Q different optimization methods (which could be run in parallel)
for each of the D maximum weight points from the prior. Pseudo-code of the proposed
Shotgun optimization strategy is given in Algorithm 4. Replacing the optimization step in
the Algorithm 3 with the Shotgun optimization in the Algorithm 4 gives the pseudo code
of the IMIS-ShOpt algorithm.
The IMIS-ShOpt explores true and alternative truth modes and merges the samples
from different regions of the target posterior, P (θ | Y ), explored by the variety of criteria.
Although the IMIS-ShOpt draws samples from the target posterior distribution P (θ | Y ),
the optimization step uses different strategies of modifying the target posterior to improve
the exploration of the parameter space. The modification of the posterior depends on the
parameter estimation method used. For example, if a parameter of interest is a location
parameter, the Multiple- method optimization in IMIS-ShOpt could be comprised of Q=2
methods: the Maximum Likelihood method and the Method of Moments. Therefore, the
posterior modifications targeted by different optimization methods may give different results
due to the differences in topology of the posterior space.
Sampling weights in the IMIS-ShOpt are obtained with respect to the target posterior
distribution, ensuring that the unlikely points are not re-sampled in the final stage. Hence,
keeping the unlikely points in the importance sampling distribution does not harm the
algorithm, but it does improve the posterior exploration.
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Algorithm 3 IMIS-Opt
Goal: Draw samples from the target distribution P (θ | Y ).
Input: Data, model, likelihood function, prior distribution, B - the number of incremental
points, D - the number of different initial points for the optimization, N0 - the number of
the initial samples from the prior and J - the number of re-sampled points, N - the number
of iterations.
Initial stage: Draw N0 samples Θ0 = {θ1 , θ2 , ..., θN0 } from the prior distribution P (θ).
for k = 1 : N do
if k=1 then
For each {θi , i = 1, .., N0 } calculate the sampling weights:
(1)

wi

=

P (Y | θi )
N
P0

(3.1)

P (Y | θj )

j=1

Optimization stage:
for d = 1 : D do
Use θ initial = argmax w(1) (θ), θ ∈ Θd−1 to initialize the optimizer and get
θ
(Opt)

local posterior maxima θ d

= argmax P (θ | Y ) along with the corresponding inverse
θ

(Opt)

negative Hessian Σd
.
Update Θd by excluding
the Mahalanobis distance,

N0
D

(Opt)

(θ k − θ d

nearest neighbor points, θ k ∈ Θd−1 , that minimize
0

(Opt) −1

(Opt)

)

(θ k − θ d

(Opt)

(Opt)

) (Σd

).

(3.2)

Draw B samples θ 1:B ∼ M V N (θ d
, Σd
); add these samples to the im(Opt)
(Opt)
portance sampling distribution and evaluate Hk = M V N (θ 1:B | θ d
, Σd
).
end for
else
Importance sampling stage:
For each {θi , i = 1, .., Nk } calculate weights,
(k)

wi

=

cP (Y | θi )P (θi )
N0
Nk P (θi )

+

where Nk = N0 + B(D + k) and c = 1/

B
Nk
N
Pk
i=1

k
P

,

(3.3)

Hs (θi )

s=1
(k)

wi

is the normalizing constant.

Choose the maximum weight input θ k and estimate Σk as the weighted covariance
of B inputs with smallest Mahalanobis distance,
0

wp (θ) (θ − θ k ) (Σπ )−1 (θ − θ k ) ,
where the weights wp (θ) are proportional to the average of the importance weights and
the uniform weights N1k , Σπ is the covariance of the initial importance distribution.
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Algorithm 3 IMIS-Opt - continued
Draw B samples θ 1:B ∼ M V N (θ k , Σk ); add these points to the importance sampling distribution and evaluate Hk = M V N (θ 1:B | θ k , Σk ).
end if
if

N
Pk

(1 − (1 − w(k) )J ) ≥ J(1 − exp (−1)) i.e., importance sampling weights are approx-

1

imately uniform then exit for loop
end if
end for
Re-sampling stage:
0
Re-sample J points with replacement from {θ 1 , .., θ Nk } and weights (w1 , .., wNk ) .
Algorithm 4 The Shotgun optimization
Optimization stage:
for d = 1 : D do
(initial)
Find the d-th maximum weight point θ d
= argmax w(k) (θ), θ ∈ Θd−1 to iniθ

tialize Q optimizers.
for q = 1 : Q do
(Opt)
Use q-th optimization method initialized at θ initial
to obtain local maxima θ d,q
d
(Opt)

along with the corresponding inverse negative Hessian Σd,q (this step can be parallelized).
N0
Update Θd by excluding QD
nearest neighbor points, θ k ∈ Θd−1 , that minimize
the Mahalanobis distance,
(Opt)

0

(Opt)

(Opt)

(θ k − θ d,q ) (Σd,q )−1 (θ k − θ d,q ).
(Opt)

(3.4)

(Opt)

Draw B samples θ 1:B ∼ M V N (θ d,q , Σd,q ); add these points to the importance
(Opt)

(Opt)

sampling distribution and evaluate Hk = M V N (θ 1:B | θ d,q , Σd,q ).
end for
end for

3.5

Ordinary differential equation models

Ordinary differential equation (ODE) models are mechanistic models which describe the
rate of change of system states X(θ, t) which are realizations of a S-dimensional process X
at time t with parameters θ ∈ ΘP ,
dX (θ, t)
= f (X(θ, t), θ) .
dt

(3.5)

dXs (θ, t)
= fs (X(θ, t), θ) ,
dt

(3.6)

The s-th system state,
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relies on a known function fs that depends on the entire set of S system states. The ODE
systems are designed to capture complex phenomena using few parameters while preserving
interpretability. The goal is to estimate the parameters θ, given the noisy observations
Y = {ysj } at times t = {tsj }, for s = 1, .., S, j = 1, ..ns . Usually the analytical solution to
(3.5) does not exist, and hence, a numerical solver must be used with initial state X(0) =
X(θ, 0) to obtain the solution X(θ, t). In practice, the initial state vector is not known,
and has to be estimated together with the unknown parameters θ.
Using a Gaussian error structure centered at the solution to the ODE model in (3.5),
0

X(θ, t), the likelihood for observation vector y s = (ys1 , .., ysns ) from states is:




P (ysj | X(θ, tsj ), θ) = N X(θ, tsj ), σ 2ys .

(3.7)

Small changes in parameters can lead to big changes in the dynamics of the model. Consequently, multi-modality, ridges and deep valleys of low-probability areas are common
characteristics of the likelihoods in ODE models (Campbell and Steele, 2012). Standard
random walk MCMC algorithms could easily get trapped in a local mode. Model relaxation
methods that use model based smoothing, rather than numerically solving the ODE system
in (3.5) have been designed to overcome the topological challenges (Brunel et al., 2008;
Liang and Wu, 2008; Ramsay et al., 2007). These methods will be discussed in the Section
3.6.1.

3.5.1

Motivating example – the FitzHugh-Nagumo ODE model

The FitzHugh-Nagumo model (FitzHugh, 1961; Nagumo et al., 1962) captures the behavior
of spike potentials in the giant axon of squid neurons. The FitzHugh-Nagumo model is
described by a system of two non-linear differential equations, corresponding to the two
state variables: voltage across the membrane, V , and outward currents (recovery), R, with
0

a vector of parameters of interest θ = (a, b, c) ,


dV
dR
1
= c V (t) − V (t)3 /3 + R(t) and
= − (V (t) − a + bR(t)) .
dt
dt
c

(3.8)

The analytic solution of the ODE system (3.8) does not exist and therefore the numerical solution to the system can be used with initial states values {V (0), R(0)} = {V (θ, 0), R(θ, 0)}.
The likelihood follows the measurement error model in (3.7), centered about the solution
of (3.8), V (θ, t) and R(θ, t),


Y V (t) | θ ∼ N V (θ, t), σV2







2
and Y R (t) | θ ∼ N R(θ, t), σR
.

(3.9)

The vector of parameters of interest in the model including the initial points is θ =
0

2 , V (0), R(0) . For expositional simplicity, we consider a one parameter model
a, b, c, σV2 , σR

while holding the rest of the parameters fixed to the values,
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0

2 = 0.052 , V (0) = −1, R(0) = 1 , with θ = c being the
a = 0.2, b = 0.2, σV2 = 0.052 , σR

only parameter to estimate.
In order to determine the prior for this system, one could solve the ODE system numerically over a coarse grid of values of θ and place 95% of the prior mass over those values
that produce oscillations (Campbell and Steele, 2012).
As an illustrative example, placing a prior which assumes that oscillations occur an
integer multiples of the true frequency of the oscillation, induces inconsistency between the
prior and the data. For example, the prior,
P (c) = N (14, 2) ,

(3.10)

suggests that there is only one full oscillation in the system (Figure 3.2 A), while for the
true value c = 3, the data exhibit two full oscillations (Figures 3.2 B and C).
Figure 3.1 A and B show that the likelihood and the target distribution exhibit multiple modes separated with deep valleys of near-zero probability regions measuring several
thousands on the log scale. Standard random walk algorithms could get easily trapped in
an unimportant local mode around c = 12.05. The prior given by the equation (3.10) covers
only one of the local modes in the likelihood (Figures 3.1 A and C), and does not cover
the basin of attraction of the global mode. Consequently, IMIS-Opt is trapped in the local
mode that is covered by the prior (Figure 3.1D).

Figure 3.1: The FhN-ODE model – impact of the disagreement between the log-likelihood
and log posterior (plots A and B) and log prior (plot C) on the IMIS-Opt posterior estimate
(plot D). The IMIS-Opt was run with D=3, B=1000 and J=10000.
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3.6

Illustrative example – the FitzHugh-Nagumo model revisited

We illustrate the performance of the IMIS-ShOpt using the following two models: the FhNODE model from Section 3.5.1 (Model 1), where only one parameter is estimated while the
rest of the parameters are held fixed to their true values, and the full FhN-ODE model
0

2 , V (0), R(0) . For comparison,
(Model 2) with parameters of interest θ = a, b, c, σV2 , σR

the results from the performance of the IMIS-Opt on the Model 1 are also presented and
discussed. Table 3.1 presents prior specifications of the two models.
Table 3.1: The two FhN models – prior specifications
Model 1
Model 2

a
0.2
N (0, .4)

b
0.2
N (0, .4)

c
N (14, 2)
N (14, 2)

σV2
0.05
IGamma (3, 3)

2
σR
0.05
IGamma (3, 3)

V (0)
-1
N (−1, .5)

R(0)
1
N (1, .5)

The two FhN models – in the Model 1, prior has been assigned only for the parameter c,
while the rest of the parameters are fixed to their true values. In Model 2 prior distributions
have been assigned for all parameters.

3.6.1

Shotgun optimization strategy used to estimate the parameters in
the FhN model

The Shotgun optimization strategy used to estimate the parameters of the FhN model
comprises three different parameter estimation methods in ODE models: i). Non-linear
Least Squares (NLS) (Bates and Watts, 1988; Seber, 1989), ii). Two Stage estimator (Brunel
et al., 2008; Liang and Wu, 2008; Varah, 1982) and iii). Generalized Profiling (GP) (Ramsay
et al., 2007). All three are described bellow.
The NLS method
Following Bates and Watts (1988), the maximum likelihood estimate θ̂ is obtained by minimizing the negative log-likelihood, which in Gaussian distribution (as per (3.9)) becomes a
sum of squared difference between observations and the numerical solution solution to the
ODE model in (3.5),
θ̂ = arg min
θ

ns
S X
X

[ysj − X(θ, tsj )]2 .

(3.11)

s=1 j=1

The NLS method has several drawbacks. First, in order to minimize the sum of squared
error in (3.11), NLS requires numerically solving the ODE system in (3.5) at each evaluation of the optimization criteria, which, in turn, requires the initial system states. NLS
estimates depend on the initial guesses of the parameters of interest especially in the cases
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when the sum of square error function in (3.11) exhibits multiple modes. As a result, the
starting points determine whether the parameter estimate will converge to a local or global
mode. Consequently, the NLS performs well in the cases when the neighborhood of the true
parameters values are used as initial optimization guesses.
The Two-Stage method
The Two-Stage method first smooths the data as an estimate X̂(θ, t) and then differentiates
that smooth to approximate

dX(θ,t)
dt

(Liang and Wu, 2008; Brunel et al., 2008; Varah, 1982).

Parameter estimates are obtained by maximizing fidelity to the ODE model in (3.5) using
the estimates from the smoothing step.
The local polynomial procedure (Fan and Gijbels, 1996) approximates the s-th state
X s (θ, tsj ) by a ν-th order polynomial, in a neighborhood of the time point ts0 , with
ai (θ, ts0 ) = X (i)
s (θ, ts0 ) for i = 0, .., ν,
s (ν)
X s (θ, tsj ) ≈ X s (θ, ts0 ) + (tsj − ts0 )X (1)
s (θ, ts0 ) + .. + (tsj − ts0 ) X s (θ, ts0 )/ν!

=

ν
X

ai (θ, ts0 )(tsj − ts0 )i , for s = 1, .., S, j = 1, .., ns .

(3.12)

i=0

Following Fan and Gijbels (1996), the estimators X (i)
s (θ, t), i = 0, 1, are obtained by
d

minimizing the locally weighted least-square criterion,
ns
X

"

ysj −

j=1

ν
X

#2
i

ai (tsj − ts0 )

Kh (tsj − ts0 ),

(3.13)

i=0

where h controls the size of the neighborhood around ts0 , Kh (.) = Kh /h controls the weights,
and K(.) is a Kernel weight function.
In the second stage, the estimate θ̂ is obtained by minimizing the sum of squared
difference between the derivative estimate and the derivative from the ODE model,
θ̂ = arg min
θ

ns 
S X
X
d
(1)

2

X s (θ, tsj ) − fs (X̂(θ, tsj ), θ)

.

(3.14)

s=1 j=1

Although the objective function (3.14) resembles the least squares, the error term is not
independently distributed. Hence, the estimator θ̂ is called pseudo-least squares (PsLS)
estimator. Alternatively, the SIMEX (Carroll et al., 2006) algorithm can be used to deal
with measurement error in covariates for nonlinear regression models.
The Two-Stage method is computationally more efficient than the NLS, since it avoids
employing the numerical solver at each evaluation of the objective function. However, this
gain of computational efficiency comes at the cost of accuracy. Namely, in the first stage
the data are smoothed without using the ODE model information. The ODE model is only
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used in the second stage to obtain θ̂ based on the first stage smoothing results. Separating
the estimation procedure in two stages results in a reduced estimation accuracy of the ODE
parameters (Ding and Wu, 2014). Combining the Two-Stage and the NLS method can
improve parameter estimates by first obtaining the neighborhood of the estimates from the
Two-Stage method and then using them as initial points for the NLS (Wu et al., 2014).
The Generalized Profiling method
Avoiding the numerical solution to the ODE system, the GP method uses collocation to
smooth out the data which is governed by the ODE model through penalizing the deviation
at the level of the derivative.
Collocation methods (Varah, 1982) approximate X s (θ, t), with a linear combination of
0

Ls basis functions, Φs (t) = (φs1 (t), .., φsLs (t)) ,
X̂ s (θ, t) = Φs (t)cs =

Ls
X

csl φsl (t),

(3.15)

l=1
0

where cs = (cs1 , .., csLs ) is a corresponding vector of basis coefficients, and the c is the
composite vector of length L =

S
P

Ls , obtained by concatenating cs . The Φs is a ns × Ls

s=1

matrix with values φl (tsj ) for j = 1, .., ns , and the Φ is a block-diagonal matrix of dimension
n=

S
P

ns × L, with matrices Φs on the diagonal and otherwise zero.

s=1

Following Wang et al. (2014), the B-splines were chosen as basis functions. The GP
is a cascade optimization procedure which first profiles out the basis coefficients of the
ODE model based data smooth, and then estimates the ODE parameters using the profile
likelihood.
The model based data smoothing is performed to obtain the basis functions coefficients.
Being nuisance parameters, the basis coefficients are obtained by keeping θ fixed, while
optimizing the inner optimization criterion,
G (C | θ, λ, Y ) =

S0 X
ns
X

2

ωsj [ysj − Φs (tsj )cs ] +

s=1 j=1

S
X
s=1

Z 

λs

dΦs (t)cs
− fs (Φ(t)c, θ)
dt

2

dt,

T

(3.16)
where t is integrated out over the interval of maximum range of observation times over all
0

observed states, T = [min(ts ), max(ts )], with ts = (ts1 , .., tsns ) , and the S0 is the dimension
s

s

of the observed system states such that S0 ≤ S. The first term of G represents a weighted
sum of squares which is a measure of how well the observed states are approximated by
the basis functions, while the second term of G measures the fidelity of the basis functions
to the ODE model. The smoothing parameter λ controls the trade-off between fit to the
data and fidelity to the ODE model. For notational simplicity, the dependence of cs on θ
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in (3.16) is omitted. Hence, having cs (θ) in (3.16) implicates that for any set of θ the inner
optimization criteria is optimized with respect to the basis functions coefficients cs .
The outer optimization criterion,
J (θ | C, Y ) =

S0 X
ns
X

ωsj [ysj − Φs (tsj )cs (θ)]2 ,

(3.17)

s=1 j=1

produces θ̂ estimates using the basis functions coefficients estimates obtained from the inner
optimization.

3.6.2

Performance of the Shotgun optimization strategy in the FhN-ODE
model.

Rather than optimizing the posterior target distribution to find the important modes as
per the IMIS-Opt optimization step, the Shotgun optimization strategy in the IMIS-ShOpt
employs various modifications of the target posterior depending on the optimization method
used, thus improving the exploration of the posterior space. For example, the NLS method
uses the sum of squared error in (3.11) as optimization criteria, the Two-Stage method
optimizes the fidelity of the data smooth to the model in (3.14), and the GP uses cascade
optimization where the basis coefficients are first profiled out by the inner optimization
criterion in (3.16), and then the ODE parameters are estimated using the outer optimization
criterion in (3.17). In the Shotgun optimization, the parameter estimates θ̂ were obtained
by combining the results from different optimization criteria, while the Hessian matrices
evaluated at θ̂ were obtained numerically using the target posterior distribution of the
FhN-ODE model.
The three methods (NLS, Two-Stage and GP) combined together discovered global and
local optima of the parameters of the FhN-ODE model while widely exploring the posterior
space. Namely, the prior of the parameter c covers only the unimportant local mode of the
target posterior centered around c=12.05, and therefore, the initial particles in the IMISShOpt are in the basin of attraction of that local mode, thus missing the global mode.
The results from the NLS were highly affected by the initial points, and consequently, the
optima from the NLS were in the basin of attraction of the local mode at c=12.05. The GP
method was occasionally discovering both the local and the global mode. The two-stage
method proved to be the least sensitive to the initial points and hence, it was the only
method among the three that discovered the global mode with any starting point. The
exploration of global and local maxima obtained from the Shotgun optimization is the goal
of IMIS-ShOpt.
Shotgun optimization strategy is computationally efficient due to its ability to run in
parallel its constituting methods (here NLS, Two-Stage and GP). Table 3.2 shows the computational time in seconds needed to run the IMIS-ShOpt for the Model 1 and Model 2 and
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the IMIS-Opt for the Model 1. The IMIS-ShOpt in Model 1 is faster than IMIS-Opt for
the Model 1, because the Shotgun optimization explores the posterior space efficiently thus
enabling the sampler to converge in just 2 iterations. By contrast, the optimization stage
in the IMIS-Opt is less efficient and it takes 150 iterations for the algorithm to converge.
Table 3.2: Computational time
IMIS-Opt, Model 1 IMIS-ShOpt, Model 1 IMIS-ShOpt, Model 2
697.325
521.531
3784.042
Wall-clock time in seconds of the runs from IMIS-ShOpt and IMIS-Opt on Model 1 and
Model 2.

3.6.3

Results

Figure 3.2, B and C demonstrate that although the prior for the parameter c does not
cover the global mode, the IMIS-ShOpt recovers the two and a half oscillations of the true
trajectories in Model 1 and Model 2. By contrast, the re-sampled trajectories obtained
from the IMIS-Opt (Figure 3.2 A), recover only one oscillation of the true trajectories,
while missing the other one-and-a-half oscillation. If IMIS-Opt used a Stochastic global
optimizer or an evolutionary optimizer instead of gradient descent, the global maximum
could have been found.

Figure 3.2: The FhN-ODE model – re-sampled trajectories using IMIS-Opt on Model 1 (plot
A), IMIS-ShOpt on Model 1 (plot B) and IMIS-ShOpt on Model 2 (plot C). The gray lines
represent 10000 re-sampled trajectories, the solid thick blue and green thin lines correspond
to the re-sampled trajectories at the posterior mean values for the state variables V and R,
respectively. The red points represent the data, which were simulated from the vector of
0
true parameters values θ = (a = 0.2, b = 0.2, c = 3, V (0) = −1, R(0) = 1) . The IMIS-Opt
was run with D=3, B=1000 and J=10000. The IMIS-ShOpt for both models, Model 1 and
Model 2, was run with D=30, Q=3, B=1000 and J=10000.
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3.7

Illustrative example – Susceptible-Infected-Removed (SIR)
epidemiological model

In this section we consider a Susceptible-Infected-Removed (SIR) epidemiological model
using the data from the second black plague outbreak in the village of Eyam UK, from June
19, 1666 to November 1, 1666 (Massad et al., 2004). Since the village had been quarantined,
the population size is fixed to N=261 and is stratified into states of susceptible S(t), infected
I(t) and removed R(t) individuals, N=S(t)+I(t)+R(t). R(t) corresponds to the number of
deaths up to time t, because there is no recovery from the plague (Campbell and Lele, 2014;
Golchi and Campbell, 2016). The following system of ordinary differential equations (ODE)
models the disease spread dynamics:
dS
dI
dR
= −βS(t)I(t),
= βS(t)I(t) − αI(t),
= αI(t)
dt
dt
dt

(3.18)

where α describes the rate of death once the individual is infected and β describes the plague
transmission. In order for the ODE system in (3.18) to be numerically solved, the initial
states S(0), I(0) and R(0) are required. Since the number of removed at the initial time is
0, R(0) = 0, it follows that S(0) = N − I(0), the initial states of the system reduce to I(0).
0

0

Hence, parameters of the model are θ = (α, β, I(0)) . The data Y = (y1 , .., yn ) comprise of
the cumulative number of deaths up to times (t1 , .., tn ), n = 136. The likelihood of the data
followed a binomial distribution with expected value equal to the solution R(α,β,I(0)) (t) to
the system in (3.18).
The states S(t) and I(t) are not observed, however, the number of infected at the end
of the plague is 0, and the number of infected at time one before the end of the plague
must therefore equal 1 (Campbell and Lele, 2014). Two additional data points on number
0

0

of infected individuals X = (xn−1 = 1, xn = 0) at times (tn−1 , tn ) were modeled using
binomial distribution with expected value equal to the solution I(α,β,I(0)) (t) to the system
0

in (3.18) at t ∈ (tn−1 , tn ) time points,
n
Y

R(α,β,I(0)) (ti )
P (Y | α, β, I(0)) =
Binomial yi | N,
N
i=1
n
Y





Binomial xi | N,

i=n−1



×

I(α,β,I(0)) (ti )
.
N


(3.19)

0

Prior distributions for θ = (α, β, I(0)) were chosen to be:
α, β ∼ Gamma(1, 1), I(0) ∼ Binomial(N,
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5
).
N

(3.20)

3.7.1

Shotgun optimization strategy used in SIR-ODE model

Shotgun optimization strategy applied to the SIR-ODE model employs the NLS method
described in the Section 3.6.1 using the D=3 highest weights points to initialize the optimizer, and Q=10 different optimization criteria that correspond to optimizing α and β at
fixed discrete values of I(0) ∈ {1, 2, 3, .., 10}. Optimization function was defined as the sum
of squared errors of the observed data and data simulated from the model (3.11), with the
optimization criteria varying with I(0) ∈ {1, 2, 3, .., 10}, i.e., the parameters of interest θ̂


0

were optimized conditional on I(0) ∈ {1, 2, 3, .., 10}, θ̂ | I(0) = α̂, β̂ . The Hessian matrix
evaluated at θ̂ | I(0) =



α̂, β̂

0

was numerically calculated using the target conditional

posterior distribution P (α, β | I(0), Y ) based on the likelihood defined in (3.19).
Implementation details are given in the Appendix D.
Table 3.3 shows the computational time in seconds needed to run the IMIS-ShOpt in
comparison to that of the IMIS-Opt for the SIR model.
Table 3.3: Computational time
IMIS-Opt IMIS-ShOpt
169.244
319.739
Wall-clock time in seconds of the runs from IMIS-ShOpt and IMIS-Opt on the SIR model.

3.7.2

Results

The mixture of continuous and discrete parameters in the SIR-ODE model induces multimodality in the posterior space. Figure 3.4 illustrates multi-modality and topological challenges of the posterior space of the SIR model. Marginal distributions of the two continuous
parameters α and β exhibit three isolated modes. Clouds in the bivariate plot of α and β
depicts the four modes corresponding to the discrete values of I(0) = {6, 5, 4, 3} from left
to right. While the IMIS-ShOpt captures all the multiple modes in the posterior space,
the IMIS-Opt gets trapped in the mode around the initial state I(0) = 5 (Figure 3.3).
The IMIS-Opt uses gradient optimization to optimize the target posterior distribution. Regardless of the many different starting points, the gradient optimization discovers only the
global mode.

3.8

Parameter estimation with IMIS-ShOpt using synthetic
likelihood

In this section we introduce the IMIS-ShOpt with synthetic likelihood (Wood, 2010) which
borrows ideas from the Approximate Bayesian Computation (ABC) framework. ABC methods (Tavaré et al., 1997; Pritchard et al., 1999) provide a framework for inference in cases
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Figure 3.3: The SIR-ODE model – marginal and bivariate joint posterior distributions of
sampled parameters α, β and I(0) obtained from the IMIS-Opt. The IMIS-Opt algorithm
was run with N0 = 3000, D = 3, B = 1000, J = 10000, N = 1000 (see Appendix D for
implementation details).
where the likelihood is intractable or very costly to evaluate, but simulating data from the
model is relatively easy.

3.8.1

ABC framework

ABC posterior distribution is constructed by first simulating replicates Z for a given set of
parameters θ, and then replacing the likelihood function with an indicator function IA (Z)
over a matching set A:
P (θ)P (Z | Y )IA (Z)
PA (θ, Z | Y ) = R
.
A P (θ)P (Z | Y )dZ

(3.21)

The matching set A compares the replicate data Z generated from the model P (Z | θ)
with the observed data Y . In particular, the matching set A measures similarity between
summary statistics s(.) of the simulated data and observed data. For discrete data, the
matching can be exact, A = {Z | s(Z) = s(Y )}. The approximation error of the ABC
depends on the matching criteria A, and it goes to zero if the summary statistics s(.) is
sufficient. In the continuous data case, since P (Z ∈ A) = 0, a distance metric ρ(.) and
a tolerance  > 0 are defined in order to control the approximation error, and thus, the
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Figure 3.4: The SIR-ODE model – marginal (diagonal) and bivariate joint (off-diagonal)
posterior distributions of sampled parameters α, β and I(0) obtained from the IMIS-ShOpt.
The IMIS-ShOpt algorithm was run with N0 = 3000, Q = 10, D = 3, B = 1000, J =
10000, N = 1000.
matching set A becomes:
A = {Z | ρ(s(Z), s(Y )) < }.

(3.22)

The choice of the summary statistics s(.) is crucial to the accuracy of ABC. In practice, sufficient statistics are rarely known, and instead approximately sufficient summary
statistics are used. Choice of the most informative summary statistics has been studied
in the literature. Joyce and Marjoram (2008) studied effectiveness of sequentially added
summary statistics using a likelihood ratio test. Prangle et al. (2014) proposed a method
for semi-automatic selection of good summary statistics for a given model choice based on
fitting regressions on simulated data. Fearnhead and Prangle (2010) developed another
semi-automated approach, where the posterior means estimates, which are obtained from
the simulated parameters and data sets, are used as summary statistics.
The basic ABC algorithm starts with parameters draws, θ ∗ , from the prior distribution.
Then, a replicate data set Z is simulated for each draw from the prior, and if Z ∈ A then
the θ ∗ is accepted as a draw from the posterior, and it is otherwise rejected.
When available, a set of summary statistics s(.) = (s1 (.), .., sT (.))T could be used in
order to reduce the approximation error. The matching set of target posterior comprises
the entire collection of summary statistics. Approximations to the target posterior that
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correspond to the subsets
At = {Z | ρ(s1 (Z), s1 (Y )) < 1 , .., ρ(st (Z), st (Y )) < t }, t = 1, .., T,

(3.23)

are more dispersed and easier to sample from. For example, in order to increase the strictness
of a model constraint, the Sequentially Constrained Markov Chain with ABC algorithm
(Golchi and Campbell, 2016), employed a sequence of approximate posterior distributions
{πAt }Tt=1 defined on a decreasing sequence of matching sets A1 ⊇ A2 ⊇ ... ⊇ AT , where At
is given in (3.23). This idea originates from the SMC ABC algorithm by Del Moral et al.
(2012); Peters et al. (2012) where in order to reduce the approximation error, a sequence of
approximations to the target posterior is defined using a decreasing sequence of tolerance
levels 1 > .. > T , with T corresponding to the target posterior distribution. Consequently,
introducing a set of summary statistics has an advantage of moving the s(.) closer to the
sufficient summary statistics. The proposed IMIS-ShOpt employs the idea of using different
subsets of the summary statistics collection to explore different parts of the posterior space
within a synthetic likelihood framework.

3.8.2

IMIS-ShOpt with synthetic likelihood outline

The likelihood defined as an indicator function IA (Z) as per (3.21), with matching set
defined over the entire set of available summary statistics, could be used to calculate the
importance sampling weights. However, the matching set A defined in (3.22) relies on vector
of tolerance levels, , and a distance measure ρ(.), which need to be tuned to ensure that
there are at least few initial particles with non-zero weights so that the Shotgun optimization
can be initialized. Finding a trade-off between small tolerance levels and initial particles
with non-zero weights is not an easy task and harms the efficiency of the IMIS-ShOpt
algorithm.
Namely, small tolerance levels yield only few initial particles with non-zero weights,
which in turn contributes to loss of efficiency. Having only few initial non-zero weight
particles leads to adding only small amount of new incremental samples to the importance
sampling distribution during the optimization stage. Moreover, due to the small tolerance
levels, there would be only small number of non-zero particles after the importance sampling
distribution is repopulated with new samples from both the optimization stage and the
importance sampling stage. Consequently, many iterations in the importance sampling
stage would be needed for the IMIS-ShOpt algorithm to converge.
In chaotic systems, likelihood-based inference breaks down because small changes in parameters induce big changes in the system states. To avoid the requirement of the tolerance
levels and the distance measure, and to gain the efficiency from the Shotgun optimization
thereof, we approximate the likelihood function with a synthetic likelihood (Wood, 2010).
As an alternative to the likelihood approach, the synthetic likelihood captures important
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dynamics in the data using the summary statistics of the replicate data rather than the
noisy observations. Although synthetic likelihood approach employs ideas from the ABC
framework, the log synthetic likelihood behaves like a conventional log likelihood in the
limit, when the number of replicated data sets approaches infinity, but acts with reduced
efficiency because of the lack of sufficient statistics.
Following Wood (2010), synthetic likelihood of any given value of θ, given the summary statistics of the replicate data sets, can be constructed as follows. For a given set
of parameters θ, NZ replicate data sets Z = {Z 1 , .., Z NZ } are simulated from the model
P (Z | θ), and the vector of summary statistics S = {s(Z 1 ), .., s(Z NZ )} is calculated for
each replicate data set. The mean of the NZ summary statistics can be calculated as
NZ

P

µ̂θ =

s(Z i )

i=1

NZ

, S ∗ = {s(Z 1 ) − µ̂θ , .., s(Z NZ ) − µ̂θ }, and the variance-covariance matrix can
0

be calculated as Σ̂θ =

S∗S∗
NZ −1 .

Then the log-synthetic likelihood is given by a multivariate

normal distribution, M V N (S | µ̂θ , Σ̂θ ), i.e.,
1
1
0
−1
Ls (θ | S) = − (S − µ̂θ ) Σ̂θ (S − µ̂θ ) − log|Σ̂θ |.
2
2

(3.24)

When a set of candidate summary statistics is available, the target likelihood is defined over
the entire set of available summary statistics.
The proposed IMIS-ShOpt algorithm draws samples from the posterior distribution of
the parameters of interest in models where likelihood function is computationally very costly
to evaluate. In the initial stage, N0 samples {θ 1 , θ 2 , ..., θ N0 } are drawn from the prior
distribution P (θ). Sampling weights are calculated using the target synthetic likelihood
Ls (θ | S), defined over the entire set of available summary statistics.
The objective function in the Shotgun optimization step uses different approximations to
the synthetic likelihood Ls (θ | S) defined over subsets of the entire set of summary statistics.
These approximations to the target synthetic likelihood might explore different regions of the
posterior space. The strategy of defining different approximations to the synthetic likelihood
was used to construct several different optimization criteria in the Shotgun optimization
stage of the IMIS-ShOpt, one for each random subset of summary statistics. The Hessian
matrix is calculated using the target synthetic likelihood which operates on the entire set
of the available summary statistics.
The pseudo-code of the IMIS-ShOpt algorithm with synthetic likelihood is given in the
Algorithm 5.
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Algorithm 5 The IMIS-ShOpt with synthetic likelihood
Goal: Parameter estimation
Input: Data, likelihood function, synthetic likelihood function, prior distribution and the
model.
Initialize N – the number of iterations, B –the number of incremental points, D – the number of different initial points for the optimization, Q – the number of different optimization
criteria, N0 – the number of initial samples from the prior and J – the number of re-sampled
points.
Initial stage: Draw N0 samples Θ0 = {θ1 , θ2 , ..., θN0 } from the prior distribution P (θ).
for k = 1 : N do
if k = 1 then
For each θ i , i = 1, .., N0 , simulate NZ vectors of replicate data Z i = {Z 1 , .., Z NZ }
from the model, P (Z | θ i ).
For each θ i , i = 1, .., N0 , calculate the vector of entire set of available summary
statistics, S = {s(Z 1 ), .., s(Z NZ )} and construct the synthetic likelihood using (3.24).
For each θ i , i = 1, .., N0 calculate the sampling weights,
(k)

wi

=

Ls (θ i | S)
N
P0

(3.25)

Ls (θ j | S)

j=1

Optimization stage:
for d = 1 : D do
Find the d-th maximum weight point θ initial
= argmax w(k) (θ), θ ∈ Θd−1 to
d
θ

initialize Q optimizers.
for q = 1 : Q do
Use q-th optimization method to optimize θ, the objective function is Ls (θ |
(Opt)
S) based on a subset of summary statistics, i.e., obtain local maxima θ d,q . Obtain the
(Opt)

corresponding inverse Hessian Σd,q using the target synthetic likelihood.
N0
Update Θd by excluding DQ
nearest neighbor points, θ k ∈ Θd−1 , that
minimize the Mahalanobis distance,
(Opt)

0

(Opt)

(Opt)

(θ k − θ d,q ) (Σd,q )−1 (θ k − θ d,q ).
(Opt)

(3.26)

(Opt)

Draw B samples θ 1:B ∼ M V N (θ d,q , Σd,q ); add these points to the im(Opt)

(Opt)

portance sampling distribution P (θ | Y ) and evaluate Hk = M V N (θ 1:B | θ d,q , Σd,q ).
end for
end for
else
Importance sampling stage:
For each θ i , i = 1, .., Nk calculate weights:
(k)

wi

=

cP (θ i )Ls (θ i | S)
N0
Nk P (θ i )

+
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B
Nk

k
P
s=1

Hs (θ i )

,

(3.27)

Algorithm 5 The IMIS-ShOpt with synthetic likelihood - continued
N
Pk

where Nk = N0 + B(QD + k) and c = 1/

i=1

(k)

wi .

Choose a maximum weight input, θ k , and estimate Σk as the weighted covariance
of B inputs with smallest Mahalanobis distance,
0

wp (θ) (θ − θ k ) (Σπ )−1 (θ − θ k ) ,
where the weights are wp (θ) = c1 (w(k) + 1/Nk ), Σπ is the covariance of the initial importance distribution and c1 = 1/wp (θ).
Draw B samples θ 1:B ∼ M V N (θ k , Σk ); add these points to the importance sampling distribution and evaluate Hk = M V N (θ 1:B | θ m,k , Σk ).
end if
if

N
Pk

(1 − (1 − w(k) )J ) ≥ J(1 − exp (−1)) i.e., importance sampling weights are approx-

1

imately uniform then exit for loop
end if
end for
Re-sampling stage:
Re-sample J points with replacement from {θ1 , .., θNk } and weights w(k) .

3.9

Illustration of the IMIS-ShOpt with synthetic likelihood
performance through a chaotic stochastic model

Consider a chaotic stochastic difference model, where full likelihood-based inference fails.
The model exhibits intractable or expensive-to-evaluate likelihoods, but it is relatively easy
to simulate data from the model.
Following Gilpin and Ayala (1973), the ecological theta-Ricker model, states that the
abundance of the population in the next time point, Nt+1 , is equal to theabundance at the

current time point Nt , multiplied by the exponent of the growth rate, exp r(1 −

Nt θ̃
K)

+ t ,

over the time step t. The process noise, also known as environmental noise is modeled as
t ∼ N (0, σp2 ) and K quantifies carrying capacity. The theta-Ricker model can be written
as follows,


Nt+1 = Nt exp r 1 −

Nt
K

θ̃ !

!

+ t ,

(3.28)

.
0

The theta-Ricker model is defined with parameters θ = (r, φ, σp2 , θ̃) . The data are
outcomes of the Poisson distribution with mean φNt , where φ is a scaling parameter,
yt ∼ P oisson(φNt ).
The IMIS-ShOpt algorithm was used to estimate the parameters of the theta-Ricker
0

model. The data were simulated from θ = (log r = 0.5, φ = 4, σ 2 = 0.01, log θ̃ = 1) at
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T =50 time steps with initial population N0 = 3 and K = 100. Prior distributions were
defined independently, log r ∼ N (0.5, 1), φ ∼ χ2 (df = 4), σp2 ∼ IGamma(shape = 2, scale =
0.05), log θ̃ = N (1, 1). The IMIS-ShOpt was initialized with B = 1000, J = 3000, N0 =
10000, N = 500, D = 10, Q = 3, NZ = 30.
The set of summary statistics used in IMIS-ShOpt is a modification of the set from
Golchi and Campbell (2016),

S = {median(Y ),

n
X
i=1

n
P

yI
(y ) n
n
X
yi i=1 (1,∞) i X
, P
,
yI
(y
),
I0 (yi ),
(10,∞) i
n n I
i=1
i=1
(y
)
(1,∞) i
i=1

Quantile0.75 (Y ), max(Y ),

n
X

I(100,∞) (yi ),

i=1
n
X

i=1
n
X

i=1

i=1

I(500,∞) (yi ),

3.9.1

n
X

I(300,∞) (yi ),

yI(800,∞) (yi )}.

(3.29)

The Shotgun optimization

The target optimization function is the synthetic likelihood in (3.24) defined over the entire set of summary statistics S in (3.29). The q-th optimization method in the Shotgun
optimization strategy initialized at fixed d, corresponds to an approximation to the target synthetic likelihood, Ls (θ | S̃), defined over a random subset of seven unique summary statistics from the entire set of summary statistics, S̃ = {si , sj , sk , sl , sm , so , sp |
i, j, k, l, m, o, p = 1, .., 11} ⊆ S. Different approximations to the target synthetic likelihood
explore different parts of the posterior space, and therefore, combining the results should
lead to discovering all important posterior modes. Hence, multiple optimization criteria
in the Shotgun optimization were defined to correspond to distinct approximations to the
synthetic likelihood.
Although the locations of the posterior modes were discovered using different approximations to the target synthetic likelihood, the Hessian matrices of the posterior modes were
obtained numerically using the target synthetic likelihood, Ls (θ | S).

3.9.2

Results

The IMIS-ShOpt with synthetic likelihood produces reasonable parameter estimates. The
results, presented as kernel density estimates of the approximate marginal posteriors, are
given in Figure 3.5. Figure 3.6 shows that the weights of all the particles in the importance
sampling distribution before the final re-sampling stage are non-zero in the neighborhood
of the true parameter values. In addition, Figure 3.6 demonstrates that before the final
re-sampling stage the importance sampling distribution of the process noise variance, σp2 ,
contains particles with negative values. These points are added to the importance sampling
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distribution during the optimization and importance sampling stage, but do not survive
the final re-sampling stage because they have zero weights as shown in Figures 3.5 and 3.6.
Rather than harming the importance sampling distribution, the negative-valued points help
in better exploration of the posterior surface.

Figure 3.5: The theta-Ricker model – marginal posterior distributions of the parameters
obtained from the final re-sampling stage. The vertical lines are drawn at the posterior
mean (blue dashed) and the true value (red dotted). The gray distributions represent the
priors.
The Shotgun optimization helps exploring the parameter space through the approximations to the target synthetic likelihood. Namely, the target synthetic likelihood, which
employs the entire set of the summary statistics, exhibits narrow spiky modes which leads
to optimization difficulties. Approximations to the target synthetic likelihood constructed
by randomly chosen subsets of seven summary statistics, are more diffuse then the target
synthetic likelihood, and hence, easier to optimize. Shotgun optimization combines results
from different approximations to the target synthetic likelihood, thus resulting in more fully
exploration of the parameter space.

3.10

Discussion

This chapter proposes a general optimization framework, the Shotgun optimization, which
relies on the idea that no single method outperforms other methods in every situation. Different methods employ different model variations which leads to exploring different regions
of the posterior space. Combining the results from different methods balances discovery of
global and local modes, which results in more fully explored posterior space. Some meth55

Figure 3.6: The theta-Ricker model – weights of the particles in the importance sampling
distribution before re-sampling. The vertical lines are drawn at the true parameter values.
ods produce better estimates of the parameters, while others introduce bias. Merging the
results from different methods together can overcome the introduced bias.
Throughout this chapter, we employed the Shotgun optimization in various scenarios in the framework of the Incremental Mixture Importance Sampling with Optimization
(IMIS-Opt) algorithm, and demonstrated that the performance of the Shotgun optimization is superior to that of a single optimization method. The Incremental Mixture Importance Sampling with Shotgun optimization (IMIS-ShOpt), is useful in cases where posterior
topologies are complex and exhibit multiple isolated modes separated with deep valleys of
low probabilities. In Section 4.3.1 we demonstrated that the gradient based optimization in
the IMIS-Opt performs poorly when the prior caries information that is inconsistent with
the likelihood, which implies that the prior is chosen for optimization purposes rather than
for representing the expert opinion. The IMIS-ShOpt removes this dependence on the prior
by combining results from several different optimization methods, and its success depends
on Shotgun optimization step discovering all the relevant optima. Consequently, the IMISShOpt reestablishes the role of the prior to convey the expert knowledge rather than being
chosen for optimization convenience. In addition, in Section 3.8 we demonstrated that the
IMIS-ShOpt combined with synthetic likelihood (SL) can be used to estimate parameters
of interest in models where likelihood is extremely costly to evaluate.
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The Shotgun optimization strategy is a general framework which can be applied in any
model type. Given a model type, competing parameter estimation methods deal with the
posterior topologies in different ways, which leads to exploring diverse and potentially informative locations of the parameter space. The Shotgun optimization incorporates results
from different competing methods or from different optimization criteria, and ensures that
the parameter space is more fully explored. In addition, the Shotgun optimization is computationally efficient, since it can be easily parallelized. For instance, in the FhN-ODE model,
the Shotgun optimization method runs in parallel the following three parameter estimation
techniques for ODE models: the Non-linear Least Squares, the Two-Stage and the Generalized Profiling. Each of the methods discovers either a local mode or the global mode,
but combined together the three methods find all the important modes. Similarly, in the
SIR-ODE model, the Shotgun optimization consists of fitting the Non-linear Least Squares
locally at several possible locations of the posterior modes corresponding to different values
of the initial infection state. The Shotgun optimization strategy in the IMIS-ShOpt with
synthetic likelihood merges results from different optimization criteria defined by different approximations to the target synthetic likelihood. Each approximation to the target
synthetic likelihood corresponds to a randomly chosen subset of summary statistics from
the entire collection of seven summary statistics thus exploring different locations of the
posterior space.
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Chapter 4

Bayesian Information Criterion
(BIC) for Multimodal
Distributions
4.1

Introduction

Many methods have been proposed for statistically selecting a model from a set of candidate models, such as likelihood ratio tests, Bayes Factors, and information criteria. For
a general overview on model selection techniques, including both frequentist and Bayesian
approaches, see (Kadane and Lazar, 2004; Chipman et al., 2001). Classical frequentist
methods are based on comparing extra residual sum of squares from nested models with
and without a subset of variables, for example the well known Cp statistic (Kennard, 1971)
and likelihood ratio test (Neyman and Pearson, 1992; Wilks, 1938). Some modern variations
of frequentist techniques are the Risk Inflation Criterion (Foster and George, 1994), defined
as the maximum possible increase in risk due to including the variables in the model, and
the Covariance Inflation Criterion (Tibshirani and Knight, 1999) used in prediction problems. Bayes factors compare the posterior probabilities of models conditional on the data,
while integrating over uncertainty in the model parameters. Information criterion strategies
are approximations to these frequentists or Bayesian approaches (Konishi and Kitagawa,
2008). The Bayesian Information Criterion (BIC) (Schwarz et al., 1978) approximates the
posterior probability of the model conditional on the data by applying Laplace’s method
to integrate over model parameters. The BIC relies on the Laplace approximation (LA)
to estimate the posterior probability of the modes, and hence it works well under the assumption that the posterior distribution over model parameters is highly peaked around
one mode and the sample size is large.
However, even when the posterior distribution for model parameters is multi-modal, the
BIC takes into account only one mode. Evaluating the BIC at a local mode may result in
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selecting the incorrect model. When multiple modes exist evaluating the BIC within one
mode will give a poor representation of the relative quality of model fit.
This chapter addresses the problem of multi-modality in the posterior space of the model
parameters, while preserving the computational advantages of the BIC. For example, in Xray crystallography one crystal protein molecule is built of thousands of atoms and the
goal is to learn the three-dimensional coordinates and atomic displacement for each of the
atoms within this molecule. The BIC is used for choosing isotropic or anisotropic atomic
displacement parameters, and to select the model with the best number of conformers
(Woldeyes et al., 2014). The BIC is a useful model selection tool in problems such as
crystallography, because it approximates the posterior probability of the model and avoids
high dimensional Monte Carlo integration over the model parameters. However, the BIC
assumptions aren’t valid because of the inherent multi-modality.
The proposed Multimodal Bayesian Information Criterion (MBIC) combines information from multiple modes by approximating the posterior distribution by a mixture of
locally weighted unimodal distributions (Gelman et al., 2014). Laplace approximations are
applied locally to each of the weighted unimodal distributions to approximate the marginal
likelihood over the model parameters.
The MBIC combines information for all discovered modes, and hence, it is a step closer
to full consideration of the posterior space compared to the BIC. To discover all the relevant
posterior modes, we propose an optimization strategy that uses the idea of combining the
results from different runs of the optimizer started at different points. Different initial
points lead the optimizer to explore different parts of the posterior topology thus resulting
in discovering all the posterior modes. We refer to this optimization strategy as Shotgun
optimization (ShOpt).
The rest of the chapter is organized as follows. In the Section 4.2 the Bayesian approach
to model selection and comparison is described; the underlying LA of the BIC is introduced
along with demonstration of its failure to approximate the analytical marginal likelihood in
a simple bimodal model; the Multi-modal BIC is proposed, and its performance is demonstrated in bimodal case. In the Section 4.5, results from the model selection abilities of
the BIC, the LA and the Multi-modal BIC in a mixture model of Gaussian distributions
are presented and discussed. The concluding remarks follow in the Section 4.6, and mathematical derivations together with the description of the ShOpt algorithm are given in the
Appendices E-I.
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4.2

Bayesian approach to model selection and comparison

The Bayesian approach for model uncertainty given a set of candidate models M = {M1 , .., ML }
0

for data Y = (y1 , .., yn ) , relies on the posterior probability of the model,
P (Y | Ml )P (Ml )

P (Ml | Y ) =

L
P

,

(4.1)

P (Y | Mi )P (Mi )

i=1

where the marginal likelihood, P (Y | Ml ), is found by integrating over the ql dimensional
parameter vector θ l ,
P (Y | Ml ) =

Z

P (Y | θ l , Ml )P (θ l | Ml )dθ l =

Z

P (θ l , Y | Ml )dθ l .

(4.2)

Pairwise comparison between M1 and M2 is performed via posterior odds,
P (M1 | Y )
P (Y | M1 )
P (M1 )
=
×
.
P (M2 | Y )
P (Y | M2 )
P (M2 )
|

{z

}

Posterior odds

|

{z

}

Bayes factor

(4.3)

| {z }

Prior odds

The Bayes Factor indicates how the data update the prior odds to yield the posterior odds.
Under the uniform prior for the models, i.e., P (M1 ) = P (M2 ), the Bayes Factor equals the
posterior odds. The posterior probability P (Ml | Y ) is a measure of ’trueness’ to the data,
consequently, the model selection strategy chooses the model with the largest posterior odds
Chipman et al. (2001). Hence, obtaining accurate estimates of the marginal likelihood in
(4.2) is crucial to Bayesian model selection.

4.3

Bayesian Information Criterion and Laplace Approximation

Following Tierney and Kadane (1986); Konishi and Kitagawa (2008), the integral in (4.2),
can be approximated by using Laplace’s method for integrals,
P (Y | Ml ) =

Z

exp (log (P (Y | θ l , Ml )))P (θ l | Ml )dθ l .

(4.4)

Let l(θ l ) = log (P (Y | θ l , Ml ))). The Laplace’s method works well under under the asymptotic argument that as the sample size, n, increases the integrand in (4.4) becomes a Gaussian distribution with peak at the maximum likelihood estimate θ̂ l , and hence, the approximation will depend only on the behavior of the likelihood function l(θ l ) around its mode
θ̂ l .
In the case of a unimodal model, the Laplace approximation is applied as follows. The
log-likelihood l(θ l ) in (4.4) is replaced with its second order Taylor expansion at θ̂ l ,
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n
0
(θl − θ̂ l ) H(θ̂ l )(θl − θ̂ l ) + ..,
2

l(θ l ) = l(θ̂ l ) −
where
H(θ̂ l ) = −

1 ∂ 2 l(θ l )
0
n ∂θ l ∂θ l

=−
θ l =θ̂ l

(4.5)

1 ∂ 2 log (P (Y | θ l , Ml )))
0
n
∂θ l ∂θ l

(4.6)
θ l =θ̂ l

is the Hessian matrix evaluated at the mode θ̂ l .
Similarly, the prior is replaced with its Taylor expansion around the mode θ̂ l ,
P (θ l | Ml ) = P (θ̂ l | Ml ) + (θ l − θ̂ l )

0

∂P (θ l | Ml )
∂θ l

+ ..

(4.7)

θ l =θ̂ l

The marginal likelihood integral is then,

P (Y | Ml ) =
×



Z

n
0
(θl − θ̂ l ) H(θ̂ l )(θl − θ̂ l ) + ..
2
!
0 ∂P (θ l | Ml )
P (θ̂ l | Ml ) + (θ l − θ̂ l )
+ .. dθ l
∂θ l
θ l =θ̂ l




exp l(θ̂ l ) −



P (Y | Ml ) = exp l(θ̂ l ) P (θ̂ l | Ml )

Z

n
0
exp − (θl − θ̂ l ) H(θ̂ l )(θl − θ̂ l ) dθ l .
2

(4.8)





(4.9)

Equation (4.9) yields therefore due to the fact that the MLE, θ̂ l , converges in probability
1

to θ l with order θ̂ l − θ l = O(n− 2 ), and therefore the following equation holds:
Z

n
0
(θ̂ l − θ l ) exp − (θ̂ l − θ l ) H(θ̂ l )(θ̂ l − θ l ) dθ l = 0.
2




(4.10)

The integrand in (4.9), which originates from the second order term of the Taylor expansion, is a kernel of ql - dimensional Gaussian distribution with mean θ̂ l and covariance
matrix

H −1 (θ̂ l )
.
n

Z

Consequently, the integral in (4.9) can be solved analytically,
ql
ql
n
0
exp − (θl − θ̂ l ) H(θ̂ l )(θl − θ̂ l ) dθ l = (2π) 2 n− 2 H(θ̂ l )
2





− 12

,

(4.11)

and the solution to the marginal likelihood is,
ql

ql

P (Y | Ml ) ≈ P (Y | θ̂ l , Ml )P (θ̂ l | Ml )(2π) 2 n− 2 H(θ̂ l )

− 12

.
(4.12)
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To coincide with likelihood ratio tests which make model comparisons based on differences at the scale of −2log(P (Y | Ml )), we define the analogue based on the Laplace
Approximation, LA, as



ql
2

LA ≈ −2 log (2π) P (Y | θ̂ l , Ml )P (θ̂ l | Ml )n
such that

−

ql
2

H(θ̂ l )

− 12



,

(4.13)

1
exp(− LA) ≈ P (Y | Ml ).
2

(4.14)

The Laplace’s method in (4.11) relies on asymptotic arguments but also produces a good
approximation when the likelihood is approximately Gaussian with a unique mode around
θ̂ l .

ql

By ignoring the terms of order O(1) with respect to the sample size n, such as (2π) 2 , P (θ̂ l |
Ml ), and H(θ̂ l )

− 12

, the equation (4.13) reduces to the BIC (Schwarz et al., 1978),
BIC ≈ −2 log P (Y | θ̂ l , Ml ) + ql log n.

(4.15)

In the next section we show analytically that LA fails to approximate twice the log
marginal likelihood correctly in a bimodal model.

4.3.1

Motivating example

When the joint density P (θ l , Y | Ml ) is unimodal and the sample size is large, Laplace
approximation produces a good approximation to −2 log P (Y | Ml ) (see Appendix F). For
expositional simplicity we drop the notation of the model Ml in the rest of the section,
while focusing on approximating (4.2) within a single model. To motivate the need for the
MBIC, we consider a bimodal distribution with well separated modes, where an analytical
solution to the integral in (4.2) is available. We consider two scenarios, where bi-modality
is induced by a bimodal prior or by a bimodal likelihood.
Scenario 1.
The likelihood is Gaussian, P (Y | θ) = N (Y | θ, s2Y ), and the prior is bimodal,
1
1
P (θ) = N (θ | λ1 , s2θ ) + N (θ | λ2 , s2θ ),
2
2

(4.16)

induces a bimodal posterior P (θ | Y ) ∝ P (Y | θ)P (θ) = P (θ, Y ) (see Appendix G).
Since each mode is Gaussian, the Laplace approximation gives exactly the contribution
of a single mode to the marginal likelihood in (4.2). However, the assumption in LA of
a unimodal posterior space eliminates the entire contribution of the second mode. Hence,
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rather than the result in (4.14), LA evaluated at one mode is,
1
exp(− LA) = δP (Y ),
2

(4.17)

where δ depends on the relative importance of the posterior mode used (see Appendix G).
Figure 4.1A visualizes the relationship between the analytical solution to the marginal
likelihood P (Y ) and exp(− 12 LA) in (4.17) for a special case where the data were simulated
n
P

such that

i=1

n

yi

=

λ1 +λ2
2 ,

and λ1 = 8, λ2 = −8, n = 50, sY = 3.5 and s2θ = 1 were chosen such

that the posterior P (θ | Y ) ∝ P (θ, Y ) satisfies the ’multi-modality condition’ in Appendix
G, and moreover, the posterior modes are well separated. LA values were calculated over
the grid for the first prior mean λ1 , centered around the mean ȳ, and λ2 was constrained
n
P

to maintain

i=1

n

yi

=

λ1 +λ2
2 .

The orange region corresponds to the grid points where the

posterior modes are well separated. In these regions of bi-modality, exp (−LA/2) = 12 P (Y )
half of the analytical marginal likelihood (see the zoomed-in plot). In the cases where the
’multi-modality condition’ in the Appendix G is not satisfied, the BIC correctly estimates
the marginal likelihood.

Analytical marginal likelihood and the LA

Figure 4.1: Analytical marginal likelihood and the LA: A. Model in Scenario 1 – unimodal
likelihood, bimodal prior; B. Model in Scenario 2 – bimodal likelihood and unimodal prior.

Scenario 2.
The multi-modality in this scenario is induced by a likelihood, defined as a mixture of K = 2
Gaussian densities,
P (Y | θ) =

K
X

pk N (Y | θ k , s2Y k ),

k=1

while the prior is a unimodal Gaussian, P (θ) = N (θ | λ, s2θ ).
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(4.18)

The relationship between the LA and the analytical marginal likelihood follows (4.17)
(see Appendix H).
In general, the marginal likelihood for this model is intractable. Namely, in order to
solve the marginal likelihood integral in (4.2), one needs to introduce a latent variable that
indicates which one of the mixture components the data point yi is assigned to. Integrating
out this latent variable is prohibitively expensive, since there exist K n possible ways to
assign n data points to K mixture components.
Figure 4.1B visualizes the relationship in (4.17) for Scenario 2, over a grid for the prior
mean λ for n = 1 so that analytical solution to the marginal likelihood integral is available.
The LA values were calculated over a grid for the prior mean λ using only n = 1 data
point simulated from the bimodal likelihood according to (4.18) with K=2, p1 = p2 = 21 ,
θ2 = −θ1 , θ1 = 6, and s2Y 1 = s2Y 2 = 1, s2θ = 1. The one data point was simulated such that
the posterior modes are well separated, and hence, the δ in the equation (4.17) is exactly
1
2.

The golden region represents the cases where the modes are well separated and where

the exp (− 12 LA) fails to approximate the marginal likelihood, P (Y ), correctly.

4.4

The Multi-modal BIC

The Multi-modal BIC (MBIC) modifies the unimodal LA, and hence the BIC, with aim
to tackle the multi-modality in the joint density P (θ, Y ). Following Gelman et al. (2014),
the multi-modal joint density function, P (θ, Y ), with fairly widely separated modes, can
be approximated with a mixture of K locally weighted unimodal densities, g(θ̂ k , Y ) =
pk fk (θ, Y ), each centered at the k th mode, θ̂ k , P (θ, Y ) ≈

K
P

g(θ̂ k , Y ).

k=1

The MBIC approximates negative twice the log marginal likelihood using the unimodal
densities,
Z

−2 log P (Y ) = −2 log
≈ −2 log
= −2 log



P (θ, Y )dθ
K Z
X
k=1
K Z
X

!

g(θ̂ k , Y )dθ
!

exp(log(pk fk (θ, Y )))dθ .

(4.19)

k=1

Laplace approximations described Section 4.3 are applied to each mixture component
in (4.19) to produce K Gaussian integrals. The k − th mixture component log (pk fk (θ, Y ))
is replaced with its second order Taylor expansion at θ̂ k ,





log (pk fk (θ, Y )) = log pk fk (θ̂ k , Y ) −

n
0
(θ − θ̂ k ) H(θ̂ k )(θ − θ̂ k ) + · · · ,
2
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(4.20)

where
H(θ̂ k ) ≡ −

1 ∂ 2 log (pk fk (θ, Y ))
0
n
∂θ∂θ

(4.21)
θ=θ̂ k

is the Hessian matrix at the mode around θ̂ k . The second term of the Taylor expansion in
(4.20) represents a q-dimensional Normal distribution with mean θ̂ k and variance-covariance
matrix

H (−1) (θ̂ k )
.
n

Following the derivation of Laplace approximation described Section 4.3, Taylor expansions in (4.20) produce K Gaussian integrals. Solving these Gaussian integrals results in
the MBIC,
M BIC = −2 log (2π)

q
2

K
X

g(θ̂ k , Y )n

− 2q

H(θ̂ k )

− 21

!

.

k=1

(4.22)
Since the MBIC approximates the multi-modal density with weighted unimodal distributions in (4.4), it relies on the assumption that the multiple modes are well separated. In
addition, the Laplace’s method approximates the integrands in (4.19) with Gaussian densities, and hence, the MBIC works well under the assumption that each locally weighted
mixture component is not grossly non-Gaussian, which is the case with large sample size.
When the joint density P (θ, Y ) is unimodal, i.e, K = 1, the MBIC reduces to the unimodal
LA, and BIC (see Appendices F and G for details of derivations).

4.4.1

Illustration of the MBIC

Consider the two bimodal models introduced earlier. In both scenarios, the models are
Gaussian with widely separated modes, and the MBIC provides an exact solution to the
integral in (4.2),
1
exp {− M BIC} = P (Y ).
2

(4.23)

(see Appendices G and H).
Figures 4.2A and 4.2B graphically illustrate the relationship in (4.23) for models in
Scenario 1 and Scenario 2, respectively. Analytical marginal likelihood and the MBIC were
calculated under same special conditions as the plots in Figure 4.1.

4.5

Model selection in mixture of Gaussian models

We consider the Galaxy data set, which provides information on velocities of 82 galaxies
that diverge from our galaxy studied by Postman et al. (1986); Carlin and Chib (1995);
0

Neal (1999). The data, denoted as Y = (y1 , y2 , .., yn ) for n=82, are univariate identically
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Analytical marginal likelihood and the MBIC

Figure 4.2: Analytical marginal likelihood and the MBIC: A. Model in Scenario 1 – unimodal
likelihood, bi-modal prior; B. Model in Scenario 2 – bi-modal likelihood and unimodal prior.

and independently distributed samples from a mixture of K Gaussian components. The
data are modeled as,
2

P (Y | µ, σ , p) =

K
n X
Y

pk N (yi | µk , σk2 ),

(4.24)

i=1 k=1

with parameters θ = µ, σ 2 , p
2
means, σ 2 = σ12 , .., σK

0

0

0

where µ = (µ1 , .., µK ) is a vector of mixture component
0

is a vector of mixture component variances and p = (p1 , .., pK ) is

a vector of mixture probabilities. Conjugate priors were assigned, P (µk ) ∼ Normal(20, 100),
P (σk2 ) ∼ InverseGamma(3, scale =

1
20 )

and P (p1 , .., pK ) ∼ Dirichlet(α1 = 1, .., αK = 1).

The number of components K is unknown, and so we perform model selection using
following models:
• 2Ecomp – the model with 2 components and equal variances,
• 3Ecomp – the model with 3 components and equal variances,
• 3comp – the model with 3 components and unequal variances,
• 4comp – the model with 4 components and unequal variances and
• 5comp – the model with 5 components and unequal variances.

4.5.1

The label switching problem

Parameter estimation and model selection in mixture models induces a label switching
problem, which arises due to the invariance of the likelihood when relabeling the mixture
components (Redner and Walker, 1984; Richardson and Green, 1997; Stephens, 2000; Jasra
et al., 2005; Diebolt and Robert, 1994; Stephens, 1997). This invariance implies that the
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likelihood in (4.24) is the same for all permutations of θ, thus producing highly multi-modal
and symmetric likelihoods. Hence, for each mode in the mixture Gaussian model there are
K! corresponding symmetric or label switching modes.

4.5.2

Model selection performance of the MBIC, the LA and the BIC

In this section we present and discuss results from the model selection performance of the
following methods: the BIC, the LA and the MBIC using the five models introduced earlier.
The model with the lowest BIC, LA or MBIC was considered as a selected model. For comparison, the estimates obtained from the following thermodynamic integration methods:
i). thermodynamic integration via Parallel Tempering and Simulated Tempering Without
Normalizing Constants (PT-STWNC) introduced in Chapter 2, ii). thermodynamic integration via Parallel Tempering with bias correction (TI-PT-B) by Calderhead and Girolami
(2009) and iii). thermodynamic integration via Parallel Tempering without bias correction
(TI-PT-NB) by Friel and Pettitt (2008), are included.
To discover all the important posterior modes, we developed an optimization strategy
which we refer to as Shotgun optimization (ShOpt). The ShOpt algorithm, which is tailored
for this specific problem, discovers all the important modes while taking into account the
K! number of label switching modes for each of the studied models.
The ShOpt algorithm starts with drawing N0 samples from the prior distribution, P (θ),
followed by calculating the weights for each sample using the likelihood function. The
highest weights points are used to initialize the optimizer and find the local optima. For
each newly discovered mode, the corresponding K! label switching modes are added to the
set of newly discovered modes. At each iteration, after a mode is found, samples from the
prior that are within the basin of attraction of the newly discovered mode are discarded,
thus enabling the algorithm to move to the unexplored regions of the parameter space.
Mahalanobis distance between the newly discovered modes and the previously discovered
modes is used to make a decision whether or not to accept the newly discovered mode. The
algorithm is described in details in the Appendix I.
Table 4.1 demonstrates that in the Galaxy data example, each of the studied models
exhibits a highly multi-modal and symmetric posterior space as a result of the label switching problem. The difference in number of modes with respect to the Maximum A Posteriori
(MAP) and Maximum Likelihood Estimate (MLE) estimates observed in the Table 4.1
can be explained as follows. The ShOpt algorithm employs a conservative measure (Mahalanobis distance) to decide whether or not to accept a newly discovered candidate mode as
distinct from the others. In addition, the BIC is derived from LA under the assumption
that the sample size is large, in which case the likelihood overwhelms the prior and the
MAP estimate is almost equal to the MLE. Hence, insufficiently large data set can lead to
the differences in number of modes with respect to the MLE and MAP in Table 4.1.
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Table 4.1: Number of modes discovered by ShOpt.

K=2
K=3
K=3
K=4
K=5
components, components, components components components
equal
equal
variances
variances
MAP
8 × 2!
5 × 3!
9 × 3!
20 × 4!
18 × 5!
MLE
37 × 2!
68 × 3!
338 × 3!
741 × 4!
1008 × 5!
Galaxy data – number of modes for each of the five models, discovered by the ShOpt
algorithm. The first and the second line correspond to the number of modes according
to the MAP and MLE, respectively. The MLE estimates were used to obtain the BIC
estimates, while the MAP estimates were used to obtain the MBIC and the LA estimates.
The ShOpt algorithm was run with N0 = 10000 samples from the prior.
Model
fitted

We compare the models using log marginal likelihood of a given model for a given
estimate (such as MBIC, LA, BIC, PT-STWNC, TI-PT-B and TI-PT-NB). The estimates
from the PT-STWNC, the TI-PT-B and TI-PT-NB are given in Table 2.3. Following the
Bayesian interpretation of the MBIC, LA and BIC as minus twice the log marginal likelihood
by Tierney and Kadane (1986) (equation in (4.19)), the MBIC, LA and BIC estimates were
transformed to log marginal likelihood estimates.
According to the MBIC, the best model is the one with 5 components, and the worst
is the model with 2 components equal variances (Figure 4.3). Log marginal likelihood
estimates of the rest of the models with respect to the MBIC are approximately the same,
which indicates that any of these models could be a good fit to the data. These findings are
consistent with studies by Liang and Wong (2001); Chib (1995); Neal (1999). Liang and
Wong (2001) used bridge sampling introduced by Meng and Wong (1996) on Evolutionary
Monte Carlo Liang and Wong (2001) outputs, to obtain probabilities of the models with
number of components 2-5. The authors findings suggest that the model with 5 components
is the best, while the model with 2 components is the worst. Richardson and Green (1997)
found support for the models with number of components between 5 and 7, using full
Bayesian approach via Reversible Jump MCMC (RJMCMC) Green (1995). Steele and
Raftery (2010) argued that the correct model for the Galaxy data is unknown, however,
they concluded that the models with 3 and 6 components are reasonable fit to the data.
The LA and the BIC evaluated at the global modes behave similarly to the MBIC: they
find that the models with 5 and 3 components are the best, respectively, while the model
with 2 components is the worst (Figure 4.3).
Figure 4.3 demonstrates that all of the thermodynamic estimators, the PT-STWNC, the
TI-PT-B and the TI-PT-NB, agree that the best model is the one with 5 components and
the worst model is the model with 2 components. In addition, all the three estimators find
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support for the models with 3-5 components, and the log marginal likelihoods of models 3-5
indicate these models are well separated from the worst model (Figure 4.3).
Galaxy data: model selection

Figure 4.3: Log marginal likelihood of the models according to the MBIC, the BIC at the
global mode, the LA at the global mode, the PT-STWNC, the TI-PT-B and the TI-PT-NB.
Studied models are given on the x-axis, log marginal likelihoods of the models according to
the six studied model selection methods are given on the y axis. The bigger log marginal
likelihood the better the model.

In practice, model selection via the BIC is performed by evaluating the BIC at only one
discovered mode. The most commonly used optimizers are searching for the local modes,
and hence, without a full exploration of the posterior space, there is no guarantee that the
global mode has been found. Consequently, depending on the relative importance of the
discovered mode, the BIC might select the wrong model.
In the Galaxy data example, the BIC and the LA were evaluated at each of the discovered
modes as per Table 4.1. Pairwise comparisons of all the studied models were performed
using all possible pairs of modes per pairs of models. The results were summarized by
calculating proportions of the modes at which the model Mi was chosen over the model Mj ,
pMi ,Mj , for i, j ∈ {1, .., 5}. The proportion of modes at which the LA chooses the model Mi
over the model Mj is,
NMi
NMj

pMi ,Mj =

X
k=1

P

1
NMj

m=1

ILA(Mi (m))<LA(Mj (k))
NMi

69

,

(4.25)

where NMi and NMj are the total number of modes in the models Mi and Mj , respectively.
Hence, to obtain the proportions at which the LA chooses the model Mi over the model
Mj , the modes were averaged under the assumption that each mode is equally likely to
NMi

be discovered.

P

m=1

ILA(Mi (m))<LA(Mj (k)) is the number of modes in the model Mi , where

the LA of the model Mi is lower than that of the model M2 at mode k. Analogously,
the proportion of modes at which the BIC selects the model Mi over the model Mj were
obtained as per (4.25) by replacing the LA with the BIC.
Pairwise comparisons between each of the studied models suggest that the LA at any
mode selects the model with 3 components (Figure 4.4, plot A), whereas the BIC at any
mode chooses the model with 5 components (Figure 4.4, plot B). Although the choices of
the best models are in-line with the previous studies, the proportions of modes at which
the LA and the BIC at any local mode select a sub-optimal model model are large. For
instance, the proportions of modes at which the LA selects the model with 2 components
over the model with 3 components equal variances is 0.7778. Similarly, the BIC chooses the
model with 2 components equal variances over the model with 3 components equal variances
in 35.7% of the modes.
The model selection study in this section reveals that the LA and the BIC model selection
performance is reasonably well when the information on the global mode is used. However,
the LA and the BIC fail to select the correct model when evaluated at local mode which has
significantly smaller probability mass then that of the other posterior modes. These findings
demonstrate clearly that there is a need for a multi-modal approach that incorporates
information about all the relevant posterior modes.

4.6

Discussion

In this chapter, we proposed a Multi-modal Bayesian Information Criterion (MBIC), which
is a generalization of the Bayesian Information Criterion (BIC) that addresses multi-modality
in the posterior parameter space. While BIC approximates the posterior probability of the
model using only one mode, the approximation from the MBIC employs information from all
relevant posterior modes. The MBIC first approximates the multi-modal un-normalized posterior density with a mixture of weighted unimodal densities, and then applies the Laplace’s
method locally to each unimodal density to integrate over model parameters. Consequently,
the MBIC correctly approximates the posterior probability of the model under the following
two assumptions: i). the posterior modes are fairly widely separated, and ii). the posterior
modes are not grossly non-Gaussian, which is the case with large sample size.
The analytical derivations in examples in Scenario 1 and Scenario 2, indicate that the
unimodal Laplace approximation (LA) underestimates, and the MBIC correctly estimates
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Galaxy data – LA and BIC estimates at local modes

Figure 4.4: Galaxy data – Pairwise model comparisons using: A. the LA evaluated at each
of the discovered modes; B. the BIC evaluated at each of the discovered modes. Each cell
of the heat-maps correspond to the proportion of modes, pMi ,Mj , (obtained as per (4.25))
at which the model Mi from the y-axis was selected over the model Mj from the x-axis, for
i, j ∈ {1, .., 5}.

the posterior probability of the model in the cases where the two posterior modes are well
separated.
The model selection study in Section 4.5 demonstrates that the MBIC correctly determines the best and the worst model. Log marginal likelihoods for the rest of the models
with respect to the MBIC are approximately the same, which indicates that any of these
models could be a good fit to the data. This finding conforms with the results from the
previous studies. While the LA and the BIC evaluated at the global mode correctly choose
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the best model, the problem of choosing the wrong model arises when the LA and the BIC
are evaluated at local modes. The last result is a direct consequence of the BIC and the
LA relying on only one mode, instead of employing information from all relevant posterior
modes.
The MBIC combines the computational efficiency of the BIC with the advantage of
combining all the information from fully explored posterior space. Hence, the MBIC is
a useful model selection tool in high-dimensional problems that exhibit inherent multimodality, and where Monte Carlo integration over the parameter space is prohibitively
expensive.
In practice, where posterior topologies are high-dimensional and calculation of the Hessian is prohibitively computationally expensive, the MBIC could be applied with some
modifications. The proposed algorithm for discovering all important modes, the Shotgun
optimization (ShOpt), could be modified to select the most important posterior modes based
on their relative importance heights. The relative importance height h of the mode, θ̂ k , can
be obtained as a proportion of the probability mass of the mode with respect to the total
g(θ̂ k |Y )
probability mass of the all the posterior modes, i.e., hθ̂k = P
. Modifications of the
K
g(θ̂ j |Y )

j=1

MBIC and the ShOpt to accommodate high-dimensional problems where Hessian matrix is
not available are left for future research.
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Chapter 5

Conclusion
In this thesis we have developed three efficient and effective computational methods for parameter estimation and model selection in complex posterior topologies: Parallel Tempering via Simulated Tempering Without Normalizing Constants (PT-STWNC), Incremental
Mixture Importance Sampling with Shotgun optimization (IMIS-ShOpt) and Multi-modal
Bayesian Information Criterion (MBIC). The Simulated Tempering Without Normalizing
Constants (STWNC) builds on the standard Simulated Tempering (ST), which is an efficient tempering algorithm designed to handle the multi-modality in the posterior space,
but it is unpopular in practice because of the requirement for the normalizing constants
and temperature schedule. The PT-STWNC removes this requirement by introducing a
continuous temperature parameter, which not only eliminates the requirement for normalizing constants and temperature schedule, but also enables calculation of the probability of
the model at a negligible additional computational cost. Chapter 2 demonstrates that the
PT-STWNC is an efficient and user-friendly computational tool that concurrently estimates
the parameters of interest and the probability of the model.
The Shotgun optimization is a general optimization methodology that combines results
from different optimization methods to ensure that all the relevant posterior modes have
been discovered. Replacing the optimization stage in the Incremental Mixture of Importance sampling with our proposed Shotgun optimization strategy results in an efficient
algorithm, named Incremental Mixture Importance Sampling with Shotgun optimization.
The IMIS-ShOpt algorithm addresses the problem of sampling from posterior distribution
characterized with rife surfaces, many unimportant modes, riffles and ridges. Furthermore,
while the IMIS-Opt requires the prior to agree with the data, the success of the IMIS-ShOpt
depends on the Shotgun optimization finding all the important posterior modes, thus allowing the prior to reflect the expert knowledge, rather than being chosen for algorithmic
convenience. The performance of the IMIS-ShOpt is demonstrated by two ordinary differential equation examples. Comparisons between performance of the IMIS-ShOpt and the
IMIS-Opt in complex topologies show that the IMIS-Opt gets trapped in a single mode,
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while the IMIS-ShOpt explores the full posterior surface. The IMIS-ShOpt with synthetic
likelihood via Approximate Bayesian Computation framework (IMIS-ShOpt) is illustrated
as an efficient and effective likelihood-free approach for sampling from posterior distribution.
We have also proposed a generalization of the Bayesian Information Criterion (BIC), the
Multi-modal BIC (MBIC), which handles model selection in multi-modal posterior spaces.
Although the BIC is a computationally efficient model selection tool, it employs information
from one posterior mode only, while discarding the information from the rest of the modes.
Our analytical derivations and model selection study demonstrated that the BIC produces
biased estimates of the probability of the model, which might lead to choosing the wrong
model. The MBIC improves the estimates from the BIC by taking into account all the
important posterior modes. Moreover, we developed an algorithm that helps discovering
all the important modes needed for calculating MBIC. Through the analytical calculations
and model selection study we demonstrated that the MBIC handles the multi-modality in
the posterior spaces, while preserving the computational efficiency of the BIC.
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Appendix A

Analytical calculation of the
marginal likelihood
In this section we provide the details on analytic calculation of the marginal likelihood in
(2.17) for the bimodal model example given in the Section (2.7).
The posterior distribution of the unknown parameter µ is,
2

n
Y

2

P (µ | σ , Y ) ∝ P (Y | |µ|, σ )P (µ) =
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(A.1)
where the variance was fixed at σ 2 = 1. The prior of µ was Gaussian: P (µ) ∼ N (λ = 0, β =
1).
The Thermodynamic Integral is:
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Plug in the values of {Y , λ, β, σ 2 , n} in the solution of the integral given by the equation
(A.2) and take a log to obtain the analytical marginal likelihood reported in Table 2.2.
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Appendix B

Implementation, bimodal model
The transition kernel of µ was updated using the optimal symmetric jumping kernel for
Gaussian target distributions by Gelman et al. (1996). The proposal distribution for of µ
at the the i-th iteration is:


√
µ(i+1) ∼ N µ(i) , [2.4/ d]2 VarP (µ|σ2 ,Y,τ ) (µ)

(B.1)

where VarP (µ|σ2 ,Y,τ ) (µ) is the target variance of µ with respect to the target posterior
√
distribution P (µ | σ 2 , Y , τ ), [2.4/ d]2 is the optimal scale factor of the target variance
found by Gelman et al. (1996) with d being the dimension of the parameters updated
in the MCMC step. The variance parameter σ 2 was sampled from a log normal proposal
distribution. The transition step was tuned so that the acceptance rate is 44 %. The inverse
temperature parameter was updated by drawing independent samples from the standard
uniform proposal distribution.
In order to evaluate the prior P (τ ) in (2.12), µ and σ 2 were optimized using closed forms
of the conditional posterior mean of P (µ | Y , σ 2 , τ ) and the conditional posterior mode
of P (σ 2 | Y , µ, τ ), respectively. In particular, µ and σ 2 were maximized in a conditional
iterative manner by optimizing each of them conditional on the last optimized value of the
other. Iterations were repeated until the optimized values of the both parameters stopped
changing within a tolerance level of 10−3 . Using explicit formulae of posterior means (or
modes) avoids numerical issues that are usually associated with optimization routines.
Marginal likelihood estimation using thermodynamic integration via Parallel
Tempering – bimodal model
Convergence of each of the PT chains used to obtain the TI-PT-NB and the TI-PT-B
estimates was assessed using the Potential Scale Reduction Factor (PSRF) or R̂ statistics
by Gelman and Rubin (1992), which compares the in-chain and between-chain variances of
the chains for each of the 20 runs. The observed R̂ < 1.1 in our runs indicates that the
chains have converged.
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Appendix C

Implementation PT-STWNC, SIR
model
The proposal distribution of τ was a truncated standard normal at [0,1]. The proposal
distributions of α and β were log-normal. The proposal distribution of the I(0) was binomial,
(i−1)
set up as follows: the proposed at the i − th iteration is: I(0)(i) = binomial(N, I(0)N ),
where N=261 is the total population.
0

Optimization of θ = (α, β, I(0)) , which is needed to evaluate the prior of the inverse
0
temperature τ , was carried out by first optimizing the continuous (α, β) conditional on fixed
discrete values of I(0) = {1, .., 8} using the Nelder-Mead optimization routine. Then, out of
0
the eight optimized values (αmax , βmax , I(0) | I(0) ∈ {1, 2, .., 8}) , the one that maximizes
the posterior distribution P (α, β, I(0) | Y , τ ) was chosen as a maximum.

84

Appendix D

Implementation of IMIS-Opt and
IMIS-ShOpt, SIR model
The IMIS-ShOpt for the SIR model draws samples from the target posterior P (α, β, I(0) |
Y ) by sampling the two continuous parameters α, β conditionally on the I(0) while updating
I(0) uniformly over {1, 2.., 10}. The algorithm starts with initial particles {α, β, I(0)} from
the prior given in (3.20), and then calculates initial weights using the likelihood in (3.19).
The Shotgun optimization, optimizes the sum of squared error function in (3.11), by finding
local maxima of α, β conditional on I(0) ∈ {1, 2, .., 10}, i.e., (α, β | I(0) ∈ {1, 2, .., 10}).
For each newly discovered local mode, B samples (α, β) are drawn from the multivariate
Gaussian, while I(0) is updated with the corresponding value from {1, 2, .., 10}. Similarly,
in the importance sampling stage, the maximum weight point is selected and the weighted
covariance is calculated using the α, β | I(0) ∈ {1, 2, .., 10}. The new B samples (α, β) are
drawn from the multivariate Gaussian, while fixing the B samples from I(0) to the value of
I(0) from the currently selected maximum weight point. Pseudo code of the implementation
of the IMIS-ShOpt on the SIR model is given in the Algorithm 6.
Similar to the IMIS-ShOpt, the IMIS-Opt on the SIR model, updates the two continuous parameters α, β conditionally on the I(0) while updating I(0) uniformly over {1, 2.., 10}. The
0
optimization stage is implemented as follows. Optimization of θ = (α, β, I(0)) , was carried
out by first optimizing the conditional posterior distribution P (α, β | I(0), Y , τ ) for each
0
I(0) = {1, .., 10}. Then, out of the ten optimized values (αmax , βmax , I(0) | I(0) ∈ {1, 2, .., 10}) ,
the one that maximizes the posterior distribution P (α, β, I(0) | Y , τ ) was chosen as a maximum. Hence, instead of keeping all the 10 optima and using them to repopulate the
importance sampling distribution as in IMIS-ShOpt, the IMIS-Opt uses only one optima to
repopulate the importance sampling distribution. The Hessian matrix was obtained using
the conditional posterior P (α, β | I(0), Y , τ ) for the corresponding I(0) = {1, .., 10}. The
importance sampling stage follows the importance sampling stage in the IMIS-ShOpt.
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Algorithm 6 IMIS-ShOpt for the SIR model
Goal: Draw samples from the target distribution P (θ | Y ) of the SIR model,
0
where θ = (α, β, I(0)) .
Input: Data, model, likelihood function, prior distribution, B - the number of incremental
points, D - the number of different initial points for the optimization, N0 - the number of
the initial samples from the prior and J - the number of re-sampled points, N - the number
of iterations.
Initial stage: Draw N0 samples Θ0 = {θ1 , θ2 , ..., θN0 } from the prior distribution P (θ)
as per (3.20).
for k = 1 : N do
if k=1 then
For each {θi , i = 1, .., N0 } calculate the sampling weights:
(1)

wi

=

P (Y | θi )
N
P0

,

(D.1)

P (Y | θj )

j=1

using the likelihood function in (3.19)
Optimization stage:
for d = 1 : D do
(initial)
Find the d-th maximum weight point θ d
= argmax w(k) (θ), θ ∈ Θd−1 to
θ

initialize Q optimizers.
for q = 1 : 10 do
Let θ̌ = (θ | I(0) = q) denote a vector of parameters of interest conditional
on I(0) = q.
Use NLS method as per (3.11) initialized at θ initial
to obtain local maxima
d
(Opt)

θ̌ d,q

= arg min
θ̌

ns
S X
X

[ysj − X(θ, tsj )]2 ,

(D.2)

s=1 j=1
(Opt)

and obtain the corresponding inverse negative Hessian, Σd,q , using the conditional
target posterior P (α, β | I(0) = q, Y ).
N0
Update Θd by excluding QD
nearest neighbor points, θ k ∈ Θd−1 , that
minimize the Mahalanobis distance,
(Opt)

0

(Opt)

(Opt)

(θ̌k − θ̌ d,q ) (Σd,q )−1 (θ̌k − θ̌ d,q ).
(Opt)

(Opt)

(D.3)

Draw B samples θ̌ 1:B ∼ M V N (θ̌ d,q , Σd,q ) and repopulate B samples
with I(0) = q; add these points to the importance sampling distribution and evaluate
(Opt)

(Opt)

Hk = M V N (θ̌ 1:B | θ̌ d,q , Σd,q ).
end for
end for
else
Importance sampling stage:
For each {θi , i = 1, .., Nk } calculate weights,
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Algorithm 6 IMIS-ShOpt for the SIR model - continued
(k)

wi

=

cP (Y | θi )P (θ̌ i )
N0
Nk P (θ̌ i )

+

where Nk = N0 + B(D + k) and c = 1/

B
Nk
N
Pk
i=1

k
P

,

(D.4)

Hs (θ̌ i )

s=1
(k)

wi

is the normalizing constant.

Choose the maximum weight input θ k and extract s = I(0) for this point; then
estimate Σk as the weighted covariance of B inputs with smallest Mahalanobis distance,


wp (θ) θ̌ − θ̌ k

0





(Σπ )−1 θ̌ − θ̌ k ,

where θ̌ = (θ k | I(0) = s) corresponds to the vector of parameters of interest conditional
on the current value of I(0) = s, the weights wp (θ) are proportional to the average of
the importance weights and the uniform weights N1k , Σπ is the covariance of the initial
importance distribution.
Draw B samples θ̌ 1:B ∼ M V N (θ̌ k , Σk ); add these points to the importance
sampling distribution and re-populate the new B samples for I(0) = s; then evaluate
Hk = M V N (θ̌ 1:B | θ̌ k , Σk ).
end if
if

N
Pk

(1 − (1 − w(k) )J ) ≥ J(1 − exp (−1)) i.e., importance sampling weights are approx-

1

imately uniform then exit for loop
end if
end for
Re-sampling stage:
0
Re-sample J points with replacement from {θ 1 , .., θ Nk } and weights (w1 , .., wNk ) .

Both algorithms, the IMIS-Opt and the IMIS-ShOpt, used diffuse prior densities for the SIRODE model parameters. As a result, a big proportion of the initial importance samples
drawn from the prior distribution fall outside the domain of the ODE model where the
solution does not exist. For algorithmic convenience, the log-likelihood for the points outside
the domain of the ODE system was set to take very small values (e.g., - 999999) so that
the weights of these points were effectively zero. Hence, both algorithms were initialized
with only few non-zero weight samples from the prior. The IMIS-ShOpt employed Q=10
optimization methods initialized at the highest weight point to discover 10 different modes,
whereas the IMIS-Opt used only one optimization routine initialized at the highest weight
point to find only one mode. The rest of the non-zero weight initial points were within the
basin of attraction of the previously discovered modes, and hence, they were excluded from
the set of candidates initial optimization points.
Optimization step in both algorithms continued initializing the optimizers with zero-weight
points, which in turn did not contribute in discovering new modes. These ’bad’ points could
have been either physically removed from the importance distribution or kept with their
likelihood set to an extremely small value (e.g, -9999999). Keeping the ’bad’ points in the
importance sampling distribution did not harm the convergence of the both algorithms,
because ultimately the highest-weight points were re-sampled in the final stage.
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Appendix E

Derivation of the MBIC
The MBIC approximately solves the log of the marginal likelihood integral,
−2 log P (Y | Ml ) = −2 log

Z

P (Y | θ l , Ml )P (θ l | Ml )dθ l ,

(E.1)

where θ l is a ql dimensional vector of parameters of the model Ml . Following Gelman et al.
(2014), the multi-modal conditional posterior distribution of θ l with fairly widely separated
0
modes, given the data Y = (y1 , .., yn ) ,
P (θ l | Y , Ml ) ∝

n
Y

P (yi | θ l , Ml )P (θ l | Ml ) = P (θ l , Y | Ml ),

(E.2)

i=1

can be approximated with a mixture of K locally weighted unimodal densities g(θ̂ l,k , Y |
Ml ) = pk fk (θ l , Y | Ml ) about the k-th mode, θ̂ l,k ,
P (θ l , Y | Ml ) ≈

K
X

g(θ̂ l,k , Y | Ml ).

(E.3)

k=1

The θ l increases its dimension to a K × ql matrix, where K is the number of mixture
components. Since MBIC requires the maximum value of the pk fk , the second derivative
of g(θ̂ l,k , Y | Ml ) = pk fk (θ l , Y | Ml )

around the mode θ̂ l,k must exist, and thus
θ l =θ̂ l,k

the pk fk (θ l , Y | Ml ) is maximized when

∂P (θ l ,Y |Ml )
∂θ l
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=
θ l =θ̂ l,k

∂pk fk (θ l ,Y |Ml )
∂θ l

= 0 and
θ l =θ̂ l,k

∂ 2 P (θ l ,Y |Ml )
0
∂θ l ∂θ l

< 0. Then, the marginal likelihood is,
θ l =θ̂ l,k

P (Y | Ml ) =

Z

Z X
K

P (θ l , Y | Ml )dθ l ≈

pk fk (θ l , Y | Ml )dθ l

k=1
K Z
X

=

k=1
K Z
X

=

pk fk (θ l , Y | Ml )dθ l
exp (log (pk fk (θ l , Y | Ml )))dθ l .

(E.4)

k=1

Laplace’s method, which is applied locally to each of the K integrals in (E.4), relies on the
second order Taylor expansion of pk fk (θ l , Y | Ml ) around the k-th mode θ̂ l,k ,
log pk fk (θ l , Y | Ml ) = log pk fk (θ̂ l,k , Y | Ml ) −
where
H(θ̂ l,k ) ≡ −

n
0
(θ l − θ̂ l,k ) H(θ̂ l,k )(θ l − θ̂ l,k ) + · · · , (E.5)
2

1 ∂ 2 log pk fk (θ l , Y | Ml )
0
n
∂θ l ∂θ l

(E.6)
θ l =θ̂ l,k

is the Hessian matrix at the mode around θ̂ l,k . The second term of the Taylor expansion in (E.5) represents a ql -dimensional Normal distribution with mean θ̂ l,k and variancecovariance matrix

H (−1) (θ̂ l,k )
.
n

Next, each of the integrands in (E.4) is replaced with their Taylor expansions to obtain
Gaussian integrals. Solving these integrals gives,
P (Y | Ml ) ≈
≈

K Z
X







exp log pk fk (θ̂ l,k , Y | Ml )

k=1
ql

= (2π) 2
= (2π)

ql
2

K
X
k=1
K
X

n
0
exp {− (θ l − θ̂ l,k ) H(θ̂ l,k )(θ l − θ̂ l,k )}dθ l
2

ql

pk fk (θ̂ l,k , Y | Ml )n− 2 H(θ̂ l,k )
ql

P (θ̂ k,l , Y | Ml )n− 2 H(θ̂ l,k )

− 12

− 12

.

(E.7)

k=1

Taking a logarithm of both sides of (E.7) and multiplying by −2 gives the MBIC,
M BIC = −2 log (2π)

ql
2

K
X

g(θ̂ l,k , Y | Ml )n

−

ql
2

H(θ̂ l,k )

− 21

!

.

(E.8)

k=1

When n → ∞, the influence of the prior in the equation (E.2) diminishes, and therefore
K
P
k=1

pk fk (θ l , Y | Ml ) = P (θ l , Y | Ml ) →

n
Q

P (yi | θ l , Ml ), the variance term approaches

i=1

zero, |H(θ̂ l,k )| → 0 and the pk fk (θ l , Y | Ml ) becomes a Dirac delta function with point
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(

)

∞, θ l = θ̂ l,k
mass around θ̂ l,k , i.e.,
. Potential numerical issues induced by using the
0, θ l 6= θ̂ l,k
non-log form of the joint density, P (θ̂ l,k , Y | Ml ), in (E.8) can be avoided by evaluating
the log form, log P (θ̂ l,k , Y | Ml ), before exponentiating it. When the exponentiated value
is zero, a constant can be added to the log P (θ̂ l,k , Y | Ml ) and subtracted after the MBIC
is calculated.
When P (θ l , Y | Ml ) is unimodal, the MBIC reduces to the unimodal Laplace’s approximation method by Tierney and Kadane (1986), i.e.,


ql
2

M BIC = LA = −2 log (2π) P (Y | θ̂ l,k , Ml )P (θ̂ l,k | Ml )n

−

ql
2

H(θ̂ l,k )

− 12



,

(E.9)

which for large sample size reduces to the BIC (Schwarz et al., 1978),
BIC = −2 log P (Y | θ̂ l,k , Ml ) + ql log n.

(E.10)

The BIC is a special case of the MBIC, and hence, the model selection strategy chooses the
model with lowest MBIC.

90

Appendix F

The unimodal model
0

Consider univariate data Y = (y1 , .., yn ) , and a Gaussian likelihood characterized by parameter θ. The likelihood of the data given θ is Gaussian, Y | θ ∼ N (θ, s2Y ), and the
prior distribution of the unknown parameter θ is also Gaussian, θ ∼ N (λ, s2θ ). The model
notation Ml is omitted for notational simplicity, since this section assesses the quality of
the approximation to the marginal likelihood from the BIC and the MBIC within a single
model. The unimodal joint density of θ and Y is given by,
Puni (θ, Y ) = P (Y | θ)P (θ) =

n
Y

P (yi | θ)P (θ)

(F.1)

i=1



=
=

√

1
2πsY
1
n+1
2

n

exp {−

n
1
1 X
1
(yi − θ)2 } √
exp {− 2 (θ − λ)2 }
2
2sY i=1
2sθ
2πsθ

exp {−

1
(θ − gθ (Y , λ, s2Y , s2θ ))2 }
2gsθ (s2Y , s2θ )

snY sθ
1
× exp {− (g(Y , λ, s2Y , s2θ ))},
2
(2π)

(F.2)

where
n
P

gθ (Y

, λ, s2Y

, s2θ )

=

n
s2Y

gsθ (s2Y , s2θ ) =
P
n

g(Y , λ, s2Y , s2θ ) =

λ2 i=1
+ 2
s2θ
sY
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−

+

n
s2Y

1
+

n
s2Y

1
s2θ

,

(F.3)

,

(F.4)

2

+

Y

i

λ
s2θ
1
s2θ

+

yi

 i=1
 s2

n
P
y2

yi

i=1
s2Y

+

λ
s2θ 
1
s2θ

.

(F.5)

The analytical solution of the marginal likelihood in the unimodal model
Z

Pana_uni (Y ) =

Puni (θ, Y )dθ
1

=
(2π)
×

Z

n+1
2

snY sθ

exp {−

1
exp {− (g(Y , λ, s2Y , s2θ ))}
2

1
(θ − gθ (Y , λ, s2Y , s2θ ))2 }dθ.
2gsθ (s2Y , s2θ )
(F.6)

The integrand in (F.6) is a kernel of a Gaussian distribution,
N (gθ (Y , λ, s2Y , s2θ ), gsθ (s2Y , s2θ )),

(F.7)

with probability density function that integrates to one,qand therefore, the solution to the
integral in (F.6) is the normalizing constant of (F.7), 2πgsθ (s2Y , s2θ ). Consequently, the
analytical solution to (4.2) is,
q

Pana_uni (Y ) =

F.0.1

gsθ (s2Y , s2θ )

(2π)

n
2

snY sθ

1
exp {− g(Y , λ, s2Y , s2θ )}.
2

The Laplace approximation (LA) in the unimodal model

The LA evaluated at the posterior means or Maximum A Posterior estimate, θ̂ = gθ (Y , λ, s2Y , s2θ ),
is,
q
1√
1
exp {− LA(θ̂)} = Puni (θ̂, Y )n− 2 |H(θ̂)|− 2 2π
2
q
1
1
2
2
g(Y
,
λ,
s
,
s
)}
2πgsθ (s2Y , s2θ ).
=
exp
{−
n+1
Y
θ
n
2
(2π) 2 s sθ

Y

Since the model is Gaussian, the approximation obtained from the LA is exactly equal to
the solution to (4.2),
1
exp {− LA(θ̂)} = Pana_uni (Y ).
2
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F.0.2

The MBIC in the unimodal model

The MBIC for the unimodal case is exactly the same as the LA and the analytical solution,
q
1√
1
exp {− M BIC(θ̂)} = Puni (θ̂, Y )n− 2 |H(θ̂)|− 2 2π
2
q

=

2πgsθ (s2Y , s2θ )

(2π)

n+1
2

snY sθ

= Pana_uni (Y ).
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1
exp {− g(Y , λ, s2Y , s2θ )}
2

Appendix G

Scenario 1. Bimodal model with
bimodal prior and unimodal
likelihood
The likelihood is Gaussian P (Y | θ) = N (Y | θ, s2Y ), and the prior is bimodal,
1
1
P (θ) = N (θ | λ1 , s2θ ) + N (θ | λ2 , s2θ ).
2
2

(G.1)

The joint density of the θ and Y is given by,
Pbi (θ, Y ) =

n
1
1
1
1 X
(yi − θ)2 } exp {− 2 (θ − λ1 )2 }
exp {− 2
n
2 (2π) n+1
2sY i=1
2sθ
2 s sθ

+

n
1
1 X
1
1
exp
{−
(yi − θ)2 } exp {− 2 (θ − λ2 )2 }
n+1
2
2 (2π) 2 sn sθ
2sY i=1
2sθ

=

1
1
1
exp {−
(θ − gθ (Y , λ1 , s2Y , s2θ ))2 }
n+1
2 (2π) 2 sn sθ
2gsθ (s2Y , s2θ )

Y

Y

Y

1
× exp {− (g(Y , λ1 , s2Y , s2θ ))}
2
1
1
1
2
2 2
+
exp {−
2 , s2 ) (θ − gθ (Y , λ2 , sY , sθ )) }
n
2 (2π) n+1
2g
(s
2 s sθ
sθ Y
θ
Y

1
× exp {− (g(Y , λ2 , s2Y , s2θ ))}.
2
G.0.0.0.1

(G.2)

Multi-modality condition.

Following Reschenhofer (2001), depending on the distance between the mixture component
means λ1 and λ2 , the prior density given by the equation (G.1) will exhibit either a maximum
at 21 (λ1 + λ2 ) (unimodal case), or a local minimum at 12 (λ1 + λ2 ) (bimodal case). Hence,
∂P (θ)
∂θ

= 0, and the ’multi-modality condition’ can be derived by setting the
θ= 12 (λ1 +λ2 )
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second derivative

∂ 2 P (θ)
0
∂θ∂θ

θ= 21 (λ1 +λ2 )

> 0, which results in |λ1 − λ2 | > 2s2θ . Analogously

to the prior distribution, the ’multi-modality condition’ for the unnormalized conditional
posterior density, P (θ | Y ), states that the absolute distance between the posterior means
θ̂ 1 = gθ (Yq
, λ1 , s2Y , s2θ ) and θ̂ 2 = gθ (Y , λ2 , s2Y , s2θ ) is larger than twice the posterior standard

deviation

gsθ (s2Y , s2θ ), i.e.,
n
P

n
P

yi

i=1
s2Y

n
s2Y

λ1
s2θ
1
s2θ

+
+

which reduces to |λ1 − λ2 | > 2s2θ

G.0.1

−

q

n
s2Y

yi

i=1
s2Y

n
s2Y

+

λ2
s2θ
1
s2θ

+
+

>q

2
n
s2Y

+

1
s2θ

,

(G.3)

1
.
s2θ

Analytical solution to the marginal likelihood in Scenario 1
Z

Pana_bi (Y ) =
=

Pbi (θ, Y )dθ
1
1
1
exp {− (g(Y , λ1 , s2Y , s2θ ))}
n+1
n
2 (2π) 2 s sθ
2
Y

×
+

1
(θ − gθ (Y , λ1 , s2Y , s2θ ))2 }dθ
2gsθ (s2Y , s2θ )
1
1
1
exp {− (g(Y , λ2 , s2Y , s2θ ))}
n+1
2 (2π) 2 sn sθ
2

Z

exp {−

Y

×

Z

exp {−

1
(θ − gθ (Y , λ2 , s2Y , s2θ ))2 }dθ.
2gsθ (s2Y , s2θ )

(G.4)

The analytical solution of the marginal likelihood in bimodal case is,
q

Pana_bi (Y ) =

2
2
1
1 gsθ (sY , sθ )
exp {− (g(Y , λ1 , s2Y , s2θ ))}
n
2 (2π) 2 snY sθ
2

q

+

2
2
1 gsθ (sY , sθ )
1
exp
{−
(g(Y , λ2 , s2Y , s2θ ))}.
n
2 (2π) 2 snY sθ
2
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(G.5)

G.0.2

The Laplace approximation (LA) in Scenario 1

The LA in the bimodal case, uses one of the two posterior means, θ̂ 1 = gθ (Y , λ1 , s2Y , s2θ )
and θ̂ 2 = gθ (Y , λ2 , s2Y , s2θ ). The LA at the mode θ̂ 1 is,
q
1√
1
(G.6)
exp {− LA(θ̂ 1 )} = Pbi (θ̂ 1 , Y )n− 2 |H(θ̂)|− 2 2π
2
q
1
1
1
=
2πgsθ (s2Y , s2θ ) exp {− g(Y , λ1 , s2Y , s2θ )}
n+1
2 (2π) 2 sn sθ
2

Y

× exp {−

1 (gθ (Y , λ1 , s2Y , s2θ ) − gθ (Y , λ1 , s2Y , s2θ ))2
}
2
gsθ (s2 ,s2 )
Y

+

θ

{z

|

}

1

q
1
1
1
2πgsθ (s2Y , s2θ ) exp {− g(Y , λ2 , s2Y , s2θ )}
n+1
2 (2π) 2 sn sθ
2
Y

1 (gθ (Y , λ1 , s2Y , s2θ ) − gθ (Y , λ2 , s2Y , s2θ ))2
× exp {−
}.
2
gsθ (s2 ,s2 )
Y

{z

|
≈ 0, when |θ̂ 1 − θ̂ 2 | >> 6

2
P

gsθ (s2

p

Y

(G.7)

θ

,s2 )
θ

and

i=1

n

}
yi

=

λ1 +λ2
2

When the posterior is multi-modal, the last term in the equation (G.7), is approaching zero.
Then the LA evaluated at the mode θ̂ 1 , satisfies exp {− LA
2 (θ̂ 1 )} = δP (Y ) where δ depends
n
P

yi

2
on the importance of the posterior mode used. At the special case where n = λ1 +λ
2
p
and the modes are well separated, i.e., |θ̂ 1 − θ̂ 2 | >> 6 gsθ (s2 ,s2 ) , the LA is one half of the
Y θ
analytical solution of the marginal likelihood of the bimodal density,
i=1

q

1
exp {− LA(θ̂ 1 )} =
2
=

2
2
1 gsθ (sY , sθ )
1
exp {− g(Y , λ1 , s2Y , s2θ )}
n
n
2 (2π) 2 sY sθ
2
1
Pana_bi (Y ).
2

(G.8)

The condition for well separated modes, which states that the distance between the two
posterior modes are bigger than six standard deviations is chosen such that the second term
in (G.7) has near-zero value. At this special case, the LA evaluated at the mode θ̂ 2 also
satisfies (G.8), since the two modes around θ̂ 1 and θ̂ 2 have equal standard deviations and
weights.

G.0.3

The MBIC in Scenario 1

The MBIC takes into account the two posterior modes θ̂ 1 = gθ (Y , λ1 , s2Y , s2θ ) and θ̂ 2 =
gθ (Y , λ2 , s2Y , s2θ ). In the special case when the modes are Gaussian and fairly widely separated, the local Laplace approximations applied to each of the modes give exact solutions
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to the local marginal likelihood integrals,
1
exp {− M BIC(θ̂ 1 , θ̂ 2 )}
2
=

2
X

2
q
X
√
q
1√
g(θ̂ k , Y ) gsθ (s2Y , s2θ ) 2π
g(θ̂ k , Y )n− 2 |H(θ̂ k )|− 2 2π =
k=1

k=1

q

=

1
2

gsθ (s2Y , s2θ )
n
(2π) 2 snY sθ

1
exp {− g(Y , λ1 , s2Y , s2θ )}
2

q

2
2
1 gsθ (sY , sθ )
1
exp {− g(Y , λ2 , s2Y , s2θ )}
n
2 (2π) 2 snY sθ
2
= Pana_bi (Y ).

+

Hence, the MBIC exactly matches the analytical solution Pana_bi (Y ).

G.0.4

Bias in the MBIC, Scenario 1

The bias in MBIC arises when the modes are not well separated,
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(G.9)

2
X
q
1√
1
exp {− M BIC(θ̂ 1 , θ̂ 2 )} =
g(θ̂ k , Y )n− 2 |H(θ̂)|− 2 2π
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(G.10)

θ

}

If the two modes are not well separated, i.e., |θ̂ 1 − θ̂ 2 | > 2 gsθ (s2 ,s2 ) and |θ̂ 1 − θ̂ 2 | <
Y θ
p
6 gsθ (s2 ,s2 ) ,
p

Y

θ

1
exp {− M BIC(θ̂ 1 , θ̂ 2 )} > Pana_bi (Y ) + exp (−2)Pana_bi (Y )
2
= (1 + exp (−2))Pana_bi (Y ),
where Pana_bi (Y ) is given in (G.5).
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(G.11)

The condition for well separated modes, which states that the distance between the two
posterior modes are bigger than six standard deviations is chosen such that the second and
third terms in (G.10) has near-zero value.

99

Appendix H

Scenario 2. Bimodal model with
bimodal likelihood and unimodal
prior
The likelihood is a mixture of two Gaussian distributions with a single observed data point
Y = y,
1
1
P (Y | θ) = N (y | θ, s2Y ) + N (y | −θ, s2Y ),
2
2

(H.1)

and the prior is Gaussian, P (θ) = N (θ | λ, s2θ ). The joint density Pbi_lik (θ, Y ) at a single
observed data point Y = y is given by,
Pbi_lik (θ, Y ) =
+
=

1
1
1
1
exp {− 2 (y − θ)2 } exp {− 2 (θ − λ)2 }
2 2πsY sθ
2sY
2sθ
1
1
1
1
exp {− 2 (y + θ)2 } exp {− 2 (θ − λ)2 }
2 2πsY sθ
2sY
2sθ
1
1
1
exp {−
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2 2πsY sθ
2gsθ (s2 ,s2 )
Y

θ

1
× exp {− g(y, λ, s2Y , s2θ )}
2
1
1
1
+
exp {−
(θ − gθ (−y, λ, s2Y , s2θ ))2 }
2 2πsY sθ
2gsθ (s2 ,s2 )
Y

θ

1
× exp {− g(−y, λ, s2Y , s2θ )}.
2
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(H.2)

H.0.1

Analytical solution to the marginal likelihood in Scenario 2
Z

Pana_bi_lik (Y ) =
=
+

H.0.1.0.1

Pbi_lik (θ, Y )dθ
q
1
1
1
exp {− g(y, λ, s2Y , s2θ )} 2πgsθ (s2Y , s2θ )
2 2πsY sθ
2
q
1
1
1
exp {− g(−y, λ, s2Y , s2θ )} 2πgsθ (s2Y , s2θ ).
2 2πsY sθ
2

(H.3)

The multi-modality condition.

The ’multi-modality condition’, |θ̂ 1 − θ̂ 2 | > 2 gsθ (s2 ,s2 ) , becomes,
p

Y

y
s2Y
1
s2Y

H.0.2

+
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−y
s2Y
1
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+
+
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>q

θ

2
1
s2Y

+

1
s2θ
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(H.4)

The Laplace approximation in Scenario 2

The LA in bimodal case, uses only one of the two posterior means,
θ̂ 1 = gθ (y, λ, s2Y , s2θ ); θ̂ 2 = gθ (−y, λ, s2Y , s2θ ).

(H.5)

At the special case where the two modes are well separated i.e., |θ̂ 1 − θ̂ 2 | >> 6 gsθ (s2 ,s2 ) ,
Y θ
the LA evaluated at the first mode is exactly half of the analytical solution to the marginal
likelihood integral in (4.2),
p

q

1
exp {− LA(θ̂ 1 )} =
2
=

2
2
1 gsθ (sY , sθ )
1
exp {− g(y, λ, s2Y , s2θ )}
2 2πsY sθ
2
1
Pana_bi_lik (Y ).
2

(H.6)

Analogously, the LA evaluated at θ̂ 2 is one half of Pana_bi_lik (Y ).

H.0.3

The MBIC in Scenario 2

The MBIC takes into account the two posterior modes given in the equation (H.5), and
p
provided that the two modes are fairly widely separated i.e., |θ̂ 1 − θ̂ 2 | >> 6 gsθ (s2 ,s2 ) , it
Y

101

θ

produces an exact solution to the marginal likelihood integral in (4.2),
q
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2
= Pana_bi_lik (Y ).
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H.0.4

(H.7)

Bias in the MBIC, Scenario 2

The bias in MBIC arises when the modes are not well separated,
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θ

}

If the two modes are not well separated, i.e., |θ̂ 1 − θ̂ 2 | > 2 gsθ (s2 ,s2 ) , and |θ̂ 1 − θ̂ 2 | <
Y θ
p
6 gsθ (s2 ,s2 ) ,
p

Y

θ
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1
exp {− M BIC(θ̂ 1 , θ̂ 2 )} > Pana_bi_lik (Y ) + exp (−2)Pana_bi_lik (Y )
2
= (1 + exp (−2))Pana_bi_lik (Y ),

(H.9)

where Pana_bi_lik (Y ) is given in (H.3).
The condition for well separated modes, which states that the distance between the two
posterior modes are bigger than six standard deviations is chosen such that the second and
third terms in (H.8) has near-zero value.
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Appendix I

Discovering all the important
modes
The efficiency of the MBIC relies on the information from all the relevant posterior modes,
while avoiding the full Bayesian approach to the posterior exploration. To solve the problem of discovering all the important posterior modes, we propose an optimization strategy
which combines results from the optimization initialized at different points. The idea relies
on the notion that different initial points lead the optimizer to exploring different regions of
the posterior distribution, thus discovering different posterior modes. The proposed strategy is closely related to the Incremental Mixture Importance Sampling with Optimization
(IMIS-Opt) Raftery and Bao (2010) algorithm, which combines importance sampling with
optimization to iteratively build the target importance distribution, and to fully explore the
posterior space thereof. Here, the goal is to build an optimization strategy for discovering
all the relevant posterior modes, rather than sampling from the posterior distribution. We
refer to the proposed optimization strategy as Shotgun optimization (ShOpt).
The initial stage of the ShOpt starts with drawing N0 samples from the prior distribution,
P (θ), followed by calculating the weights for each sample using the likelihood function.
Then, in the optimization stage, the ShOpt sequentially chooses highest weight points to
initialize the optimizer, which leads to exploring different regions of the posterior space.
At each iteration, after a mode is found, samples from the prior that are within the basin
of attraction of the newly discovered mode are discarded, thus enabling the algorithm to
discover a new mode.
In order for the ShOpt to discover all the label switching modes, at each iteration after a
new mode is discovered, the corresponding K! modes are found by permuting the newly
discovered mode. Then, samples from the prior that are within the basin of attraction of
the K! newly discovered modes are discarded based on the Mahalanobis distance, and the
algorithm continues to explore the remainder of the target posterior space.
Although the samples from within the basin of attraction of the identified modes are excluded, the optimizer initialized at the points from the prior located close to some of excluded modes, might lead to finding modes that have already been discovered. To solve the
problem of duplicate modes, the ShOpt takes additional step to decide whether the newly
discovered mode and its corresponding label switching modes are duplicates. The decision
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rule is constructed using pairwise Mahalanobis distances between the K! label switching
newly discovered modes and the previously discovered modes. Since the Mahalanobis distance is not a symmetric measure, the distances in both directions between the new modes
and the previously discovered modes, are calculated. In the first direction, the Mahalanobis
distances, M A1 , are calculated using the inverse negative Hessian matrices of the new
modes, while in the other direction, the Mahalanobis distances, M A2 , are calculated using
the inverse negative Hessian matrices of the previously discovered modes. The K! newly
discovered modes are added to the set of all discovered modes if all element-wise minimum
distances of M A1 and M A2 are larger than two standard deviations. The pseudo code of
the ShOpt is presented in Algorithm 7.
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Algorithm 7 The Shotgun optimization (ShOpt)
Goal: Discover all the important posterior modes.
Input: Data, the likelihood P (Y | θ) and the prior density P (θ). N0 - the number of
samples from the prior and K - the number of components in the mixture model.
Initial stage: Draw N0 samples Θ0 = {θ1 , θ2 , ..., θN0 } from the prior distribution P (θ).
For each θ i ∈ Θ0 calculate the sampling weights:
(1)

wi

=

P (Y | θi )
N
P0

.

(I.1)

P (Y | θj )

j=1

Optimization stage:
Set a counter for the number of discovered modes, Nm = 0.
Set the counter for the while loop d=1.
do
Use θ initial = argmax w(1) (θ), θ ∈ Θd−1 , to initialize the optimizer and get local
θ
(Opt)

posterior maxima θ d

= argmax P (θ | Y ), θ ∈ Θd−1 along with the corresponding
θ
(Opt)

inverse negative Hessian, Σd
.
(Opt)
Find all K! permutations of the newly discovered mode, θ d,k , and obtain their
(Opt)

respective inverse negative Hessian matrices, Σd,k .
for k = 1 : K! do
Update Θd by excluding nearest neighbor points, θ l ∈ Θd−1 , with Mahalanobis
distance less than 2 standard deviations from the newly discovered mode,
(Opt)

0

(Opt)

(Opt)

(θ l − θ d,k ) (Σd,k )−1 (θ l − θ d,k ) < 4.

(I.2)

end for
Decide whether to accept the newly discovered K! modes.
if d=1 then
Add the K! newly discovered modes the and their corresponding inverse negative
Hessian matrices to the set of discovered modes D = {θ̂, Σ̂}.
Set Nm = Nm + K!.
else
for k = 1 : K! do
for m = 1 : Nm do
Calculate Mahalanobis distance, M A1 , between the k-th permutation of
the newly discovered mode and the m-th previously discovered mode,
(Opt)

0

(Opt)

(Opt)

M A1k,m = (θ̂ m − θ d,k ) (Σd,k )−1 (θ̂ m − θ d,k ).

(I.3)

Calculate Mahalanobis distance, M A2 , between the m-th previously discovered mode and the k-th permutation of the newly discovered mode,
(Opt)

M A2k,m = (θ d,k

0

(Opt)

− θ̂ m ) (Σ̂m )−1 (θ d,k
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− θ̂ m ).

(I.4)

Algorithm 7 The Shotgun optimization (ShOpt) - continued
Find the minimum Mahalanobis distance,
M Ak,m = min {M A1k,m , M A2k,m }.

(I.5)

end for
end for
if Each element in M A is larger than 4 then
Add the K! newly discovered modes and their corresponding inverse negative
Hessian matrices to the set of all discovered modes D = {θ̂, Σ̂}.
Set Nm = Nm + K!.
else Discard the K! newly discovered modes.
end if
end if
d=d+1;
while Θd−1 6= ∅
Output: The set of all discovered modes and their corresponding inverse Hessian matrices, D = {θ̂, Σ̂}.
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