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This  t h e s i s  examines non-nested hypothes is  t e s t i n g  wi th  p a r t i c u l a r  

emphasis on t h e  Cox s t a t i s t i c .  I n t u i t i v e  i n t e r p r e t a t i o n s  of t h e  e x i s t i n g  

non-nested model tests a r e  provided and then f i v e  s e l e c t e d  t o p i c s  a r e  

examined : 

a.  An a l t e r n a t i v e  d e r i v a t i o n  of t h e  Cox s t a t i s t i c  i s  provided f o r  the  

case  i n  which t-he coppet ing  -1s fa l l  inta the c l a s s i c a L l i n e a r  - - - 

r eg re s s ion  mould, 

,b, T k  Cox s t a t i s t i c  is shown t o  have asymptot ic  p r o p e r t i e s  d i f r e r e n t  

- - 
c. 7 ' I -e~  Atkinson test i s  shown t o  be i n c o n s i s t e n t  i n  c o n t r a s t  t o  

c u r r e n t  & l i e f .  

d ,  The concept of t h e  "d i r ec t ion"  of a  model, abandoned by the  

l i t e r a t u r e ,  i s  revived.  

e. An a l t e r n a t i v e  method for d e r i v i n g  the  asymptot ic  d i s t r i b u t i o n  of 

-- s i a t i s ~ i c  und-cal a l t e r n a t i v e s  i s  presented ;  

iii 
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In t roduct ion  and Conclusion. 
-- -- 

When t e s t i n g  s e v e r a l  w d e l s ,  none of which can be expressed a s  a 

genera l  case  of another ,  a major problem which can a r i s e  i s  t h a t  the re  i s  no 

meaningful way t o  n e s t  them together .  I n  ' t h i s  case the  usua l  model-testing 

method of f i r s t  formfng a genera l  model and then applying t h e  orthodox subset  

&ode1 s e l e c t i o n  t e s t s  is not a p p l i c i b l e  (Judge e t  a l ,  1980). One approach t o :  

resolve  t h i s  d i f f i c u l t y  i s  t o  employ c l a s s i c a l ~ m i s s p e c i f i ~ a t i ~ t e s t s  s o  Lhift 
- - - - - -  - -  - 

-, 

any f a l s e  model  can be de tec ted  through misspeci f ica t ion  problems such a s  

s e r i a l  c o r r e l a t i o n  or.' he te roskedas t i c i ty .  The main de fec t  of applying t h i s  

m e t h d  i s  t h a t  the  information of the  ex i s t ence  of o ther  competing models i s  'I 
- -- - - -- 

- - - -- - - - -. - - - - -- - - +a, 
- - - -- -- - ---- - --- - -- 

i -  i 

not used. 

/ 

An a l t e r n a t i v e  way of address ing t h i s  problem i s  through the  so-called 

non-nested model t e s t s .  These t e s t s  a r e  designed t o  make use of the  knowledge 

of the  ex i s t ence  of the  competing models t o  determine the  " t ru th"  of a model 

( a s  opposed merely t o  permit a choice betwee'n competing models). I n  the  

i 
make use of t h i s  information. The most prominent a r e  the  Cox t e s t  (Cox, 

1961 , f962)  and i t s  v a r i a n t s ,  Dastoor's R t e s t -  s t a t i s t i c  (Dastoor, l983),  and 

the  t e s t  s t a t i s t i c s  suggested by Davidson and MacKinnon (1981)' and t h e i r  ., 

assocfa ted  v a r i a n t s .  I n  genera l ,  these  t e s t s  a r e  concerned with the  a b i l i t y  

of a (temporary) n u l l  model t o  p red ic t  the  behaviour of an es t imator  

formulated on the  b a s i s  of a given a l t e r n a t i v e  mode1.l Their &in .advantage - 

is t h e  p o s s i b i l i t y  of r e j e c t i n g  a l l  the  competing dodels .  ' Their  main 
- - -- -- 

- 

disadvantages are t h a t  they yay y i e l d  inconclusive r e s u l t s  and t h a t  they are 
P I---* 

In c o n t r a s t ,  the  c l a s s i c a l  subse t  mdei s e l e c t i o n  technique examines t h e  

performance of t h e  n u l l  aga ins t  the  a l t e r n a t i v e s .  



I 

emphasis on t h e  Cox test. There are t h r e e  main p a r t s .  P a r t  I in t ruduceq  some 
1 

6 

concepts  and d e f i n i t i o n s  t h a t  w i l l  be r e l e v a n t  t o  P a r t  I1 and P a r t  111. P a r t  

I1 c o n s i s t s  of a n  i n t u i t i v e  i n t e r p r e t a t i o n  of t h e  e x i s t i n g  non-nested model 

t e s t s .  Mo mathematics is involved h e r e  s i n c e  a l l  p roo f s  of t h e  r e s u l t s  can 

e i t h e r  be found i n  some of t h e  r e f e r r e d  a r t i c l e s  o r  i n  P a r t  111. 
- - - - - - -  - - -- - - - - -- - - - - - - 

Nevertheless ,  an unders tanding  of t h e  %a.thematics'' i n  Part I w i l l  h e l p ,  P a r t  
I i 

111 has f i v e  s e c t i o n s ,  each a t t empt ing  t o  extend t h e  l i t e r a t u r e  r e l e v a n t  t o  

t he  Cox t e s t  i n  a  p a r t i c u l a r  a r e a .  Sec t ion  1 provides  a n  a l t e r n a t i v e  
-p - p  ppppp -- - - - -p --- - - - - - - 

- -  -- pp-pp 

d e r i v a t i o n  of t h e z t  s t a t i s t i c  (CTS) and t h e  Atkinson t e s t  s t a t i s t i ;  

(ATS) when t h e  competing models a r e  c l a s s i c a l  normal l i n e a r  r e g r e s s i o n  

models. (The same methad is a l s o  a p p l i c a b l e  when t h e s e  models a r e  

non-linear.)  Sec t ion  2 shows t h a t  t h e  CTS under t he  n u l l  -hypo thes i s  does not  

have a z e r o  mean, and h a s  an  asymptot ic  va r i ance  l a r g e r  than  t h a t  usuilly 

employed. Subsequently,  it i s  shown t h a t  i f  t h i s  non-zero b i a s  is  c o r r e c t e d ,  

t he  r e s u l t i n g  s t anda rd ized  test s t a t i s t i c  (TS) under c e r t a i n  cond i t i ons  
L 

y i e l d s  a  known non-nested TS, t h e  W- TS. Sec t ion  3 shows t h a t  t h e  Atkinson 

t e s t  is an' i n c o n s i s t e n t  t e s t ,  i n  c o n t r a s t  t o  c u r r e n t  b e l i e f .  Sec t ion  4 
. - 

i p p l i e s  t h e  concept of t h e  "d i r ec t ion"  of a  model, def ined  i n  Part' .I, t o  the  

Cox t e s t .  It i s  shown t h a t  i n  c e r t a i n  c a s e s  t h e  d i r e c t i o n  of t h e  t r u e  model 

can be i n f e r r e d  from t h e  s i g n  of t h e  CTS. Sec t ion  5 provides  a n  a l t e r n a t i v e  
t - 

method f o r  d e r i v i n g  t h e  asymptot ic  d i s t r i b u t i o n  of t h e  'CTS under l o c a l  

a1 t c r n a  t i ~ e s  . T h i s  sect 3303 aTs6 ZeriviSE tFie a s m t o t - i c  d i  s t r T S u t E n O f  t h F P -  -p 

t h e  ATS and CTS a r e  equ iva l en t .  



This sectfun b r i e f l y  reviews sonre concepts i n  e c o n m e t r i w f s t a t i s t i c s  

t h a t  a r e  essential to  an understanding' of those points developed l a t e r  i n '  
, 

t h i s  t he s i s .  In p a r t i c u l a r ,  the d i s t i nc t i on  between separate  f d i e s  of 
- - - - - - - - - - - - - - - - -- -- - -- - - -- - - 

p r ~ h b i l i t y  density func t ion  tpdf) and aon-nested models is discus&, the 

concept of the d i r e c t i o n  of a & e l  is developed, s m e  coeltrenta on l ikelihood - 
/ 

functions a r e  o f f e r e d ,  and the notions of information and entropy a r e  ' 

1.1.Separate f-f i e s  of pdf a d  non-nested d e b ,  

A s t a t i s t i ca l  d e l  is a character izat ion of the pro lhb i l i ty  

d i s t r i b u t i o n  of a v a r i a b l e  in terms of some and, usual ly ,  some 

exogenous v a r i a b l e s .  For exawle, i f  HM is the parameter space of a d e l ,  
-- 

and X is a s e t  (ma t r ix )  of exogenous var iables ,  then a- s t a t i s t i c a l  model is  

the probabilley density fdhn oT a var iable  y given f ( X ,  81, v b ~ t  8 Q M, 
- 

and f (x, 8) fa a f v r r t i o n  of - X given 8. It i s  denoted here as:  p(y if (X, 8 ) ) .  

Two statistical models a r e  sa id  t o  be of separate famil ies ,  i f  one pdf cannot 

be approxi-ted a r b i t r a r i l y  c lose ly  by another. T h a ~  is, i f  y is the 

variable, and two stat istical Bode18 are : 

cbcn i f  for an a r b i t r a r y  value of el, say elf, the pdf Pl(ylf(4,81*fl  . 



this is wben oae Bistributhm i s h l *  

- dlthough the C c  test yas or ig ina l ly  propwed far the test* af ' 

separate f a d l i e s  of statistical lode ls ,  it  &s later adopted by 

econometricians to  test in the context of non-nested cla_ss.tcal normal 
- 6 

regression lode1 (m). -A Q@H is a elass of pdf rbi& has its var iable  

noreally d i s t r ibu ted  and s a t i s f i e s  the c l a s s i ca l  assumptions. Two CNBH a r e  

&era tebesteb+r T i  f s a ~ p e ~ 7 a a l c ~ a S e O f  f&i-other,%d-y are 
- - " -  - . - -  - - - -  -r - -  - - - - 

r m a - ~ s t e d ,  i f  otkrvise. I n  the  econometfics l i t e r a t u r e *  the C& test has > 
been adopted - f o r  testing d i f f e ren t  lodels which bave the same f a d l i e s  of 

- -- 
7 ca.l m w e m  eae 

* 
wfiich per ta ins  t o  d i f f e r e n t  families af pdf '8. - ' 

This t he s i s  w i l l  deal  m a i n l y  v l t h  mRn. Ltnless otherwise specified,  a 

model heneeforth w i l l  mean a m, Since the  dis t inguishing element of one 

(1IRn from another  is tbe vector of th mean value of y ,  say f ( X i ,  bi), it is  

the proper to refer to a lpdcl as a vector a•’ f(XiB bi). 
-- 

la the case of n l i nea r  -el, i.e. f (Xi, bi) = Xibi, one &el d i f f e r s  

from a n o t k r  adel w k n  their vector  spaces are different. A model is a, 
- 

subset rodel i f  its parameter space is contained i n  anotber d e l ' s  parameter 

w i l l  be made to define the "direct ionn of a 

d e l  t es t fng  l f t e r o t u r e  even tJsaq& the term bad m e  been used -(but was 



2 l a t e r  discarded).  The d i r e c t i o n a l  conc~=tpdxf i n d , - b a e i s a n a t u r a l  
- - - - - - - - - 

' extension of t h e  e x i s t i n g  geometric31 i n t e r p r e t a t i o n  of regress ion analys is .  

It f s well-known that a l l  vec to r s  have lengths  and d i rec t ions .  If x is  
- 

a vector ,  then its length  is simply 

Since d i r e c t i o n  is a r e l a t i v e  term, the  d i r e c t i o n  of a vector  has t o  be 

- defined r e l a t i v e  t o  samething, say another vector .  A na tu ra l  measure 05 the  

'directfon of one vec to r  relatige to% another is  the  cos ine# of the  angle ,  r ,  
- - - - - - - - - - - - - - - - - - + - A - - - - - - - - -- - - - - - 

- - . d -  - 
between them. So, -if x aid z a r e  two vectors ,  and t h e i r  "inner pr&uctl' i s  

cos (r) = x ' z / I I x J . l z ~ ) .  

This d e f i n i t i o n  of the  direcrl3owof one vector  r e l a t i v e  t o  another is  

i n t u i t i v e l y  - appealing,  because 

-1 - < cos. (r) - < 1, 

and, when cos ' ( r )  = 1, x and z a r e  p a r a l l e l ;  when cos ( r )  = 0, x  and a r e  

- fl n 
A ,  * 0 + c ? = - P a r a l f e l  kt i n  w i t c  

d i r e c t i o n .  1ta69 t o  be noted t h a t  t h i s  d e f i n i t i o n  bears c l o s e  s i m i l a r i t y  t o  

p b r a n f s  (1982: p.129) d e f i n i t i o n  of "distance", a s  &s ( is  the 

c o r r e l a t i o n  c o e f f i c i e n t  of x and z ,  f f  these  vectors a r e  centered,  i .e.  i f  

-bet& x and z are orthogonal t o  the  vector  of unity.  

Often, one r~ay vant t o  know the d i r e c t i o n  of a vector ,  say z ,  r e l a t i v e  
Ir 

to a hyperplane in a vector space generated by ( the  column vectors  o f )  the  

mtrfx X. A n  extension qf the above idea to t h i s  case  is q u i t e  simple. The 



cosine of the smallest angle, r, between z and t h i s  hyperplane, i n  other  
, 

words, it is the cosine 6f the angle between z and i t s  c loses t  ector  i n  t h i s  Y 
byperplane. This c loees t  vector i s  the orthogonal projection/of z onto the-  * 
hyperplane, say Pr,  *-re P = x(x'x)-Ix'. It represents the best  , 

* 

approximation t o  z i n  t h i s  hyperplane. Thus, given that  the inner  product of 

I t .  appears t h a t  the  following application of the above r e s u l t s  t o  
- - --- - -- - -- - - - - -- - - -- - - - -- 

- -- - - - - -- -- - - -- - 

l inear .  d e l s  has been overlooked i n  the l i t e r a t u r e .  Suppose there  a r e  two 

l inear  models, Xlbl and X2b2, and i f  the l a t t e r  i s  the t r u e  model, then i t s  

direct ion r e l a t i ve  t o  the former is  the cosine of the smallest angle between ., 

it and its vector project ion onto XI, i.e, 

1/2 cos ( r )  = (urP u/u8u) , 1 

&re u - X,b,, 'and P, = x,(x;x, )-Ix;. Notice that b, does not appear i n  the 
* 

f a r m l a  above because, by a s s u q t i o n ,  XlbI is not the t rue  model, and hence 

bl does not ex is t .  Since X2b2 i s  t h e  true mo&l,  

in the vector space generated by X1 is Plu. 

estflrate of X b in the vector space generate$ by 
2 2 

its best  approximating model 

This is  the l e a s t  squares 

the co lumsgof  X1. 

By def ini t ion,  the l ikelihood of a &el given da ta  y ,  with parameter 
- ,cl- --- - 

space, %, a d  paramzter , 8 , s  a c%s t a n t a E I t  i p l i e r  -6f t- Froliabrfity of -y / 



where c i s  an a r b i t r a r y  p o s i t i v e  cons tan t ,  This  a r b i t r a r y  cons tan t ,  c ,  i n  the  
- -- -- 

d- 

l ike l ihood funct ion  "generates an equivalence c l a s s  of s i m i l a r l y  shaped 

functions" (F rase r ,  1976,p0312). This  a r b i t r a r y  constant  can be a nuisance 
- - - 
- under some circumstances,  i n  p a r t i c u l a r ,  f o r  non-nested model t e s t i n g .  One 

way tq avoid i t  is t o  use  " r e l a t i v e  l ike l ihood"  ins tead .  Re la t ive  l ike l ihood 

\- 
is formed by a r b i t r a r i l y  s e t t i n g  one of the  l ike l ihood funct ions  t o  u n i t y  

-fir& and then  de f ine -o the r  lik_e_lihoodfunctions r e l a t i v e  t o  i t .  - For +example, - 
- - - -  - - A- 

l e t  8 be a parameter,  and l e t  B* bg any par ' t icular  va lue  of 8, then by 

s e t t i n g  

w e  can then g e t  L(e**ly) = cop(y18**) 

= p(y I@*)/P(Y le*) 
t ; 

where 8** i s  any vafue of 8. Sometimes, it might be convenient t o  d i t h  

1 

t h i s  cons tant  sys temat ica l ly  by s e t t i n g  t h e  maximum l ike l ihood (ML) 8 

case ,  the l ike l ihood  of t h e  es t imate  i t s e l f  i s  the  l ike l ihood r a t i o  (LR) of 

the  e s t ima te  t o  its maxiuum l ike l ihood es t imate  (MLE), 

The above method of e l imina t ing  t h e  nuisance parameters i s  app l i cab le  

only t o  nested models. I f  non-nested models a r e  involved,  these  nuisance 

cons tan t s  cannot be el iminated by us ing t h e  above method. To s e e  t h i s ,  l e t  

the parameter spaces of two non-nested models be MM(1) and MM(~), with 

&ere c l  and c2  a r e  some a r b i t r a r y  pos i t ive .  cons tants .  Since c f c2, t h i s  LR 



- - - - - - - - - - - 

app l i cab le  t o  I&M t e s t i n g .  When t h i s  happens, a  "centered LR" i s  used 

ins tead .  Th i s  w i l l  be d iscussed  i n  P a r t  11. 

" 1.3.1.Infor~uation and entropy. 

Often,  it  is convenient  t o  u s e  t h e  log- l ike l ihood f u n c t i o n  i n s t e a d  of 

the  l i k e l i h o o d  f u n c t i o n  because -In p ( y f  ,) i s  a  n i c e  measure uf " information" i 

a term from Informat ion  i he or^. By inf  o r m a t i o n m e a n  the  'degree'  of 

unce r t a in ty  a s s o c i a t e d  w i t h  an event .  That i s ,  a  r a r e  event  i m p l i e s  a  h igh  

l e v e l  of in format ion ,  a s  i t s  occurrence  w i l l  provide more informat ion  than  
- - - --- - - - -- - - ----- - -- - - - - - 

the  occurrence of a  f r equen t  event .  Thus f o r  a  r a r e  e v e n t ,  -In p(y 1 .) 

r e f l e c t s  t h i s  by being a  very  l a r g e  p o s i t i v e  number, a s  opposed t o  ze ro  f o r  a  

c e r t a i n t y .  4 
\ 

(- ln  L)  can a l s o  be i n t e r p r e t e d  as a measure of in format ion  because the  
- 

log  of t h e  a r b i t r a r y  cons tan t  i s  a cons t an t .  ConsPder t he  LR of two models, L 

Thbs I n  LR is j u s t  t h e  d i f f e r e n c e  i n  t h e  informat ion  from two models; when 
- 

the models a r e  nes t ed ,  t he  l a s t  term w i l l  d i sappear .  

Another concept from Information Theory t h a t  w i l l  be u s e f u l  l a t e r  i s  
7r- 

entropy,  (E). Entropy is  the expected informat ion  from a n  even t ,  i . e .  

See f o r  example, Jones (1979). 

+?!iTiE!s measure of in format ion  has t h e  a d d i t i v i t y  proper ty ,  i . e .  - l n ( (p l ) (p2 ) )  



= EC-ln p ) .  

For l a t e r  d i s c u s s i o n ,  t h e  fo l lowing  d e f i n i t i o n  ,of 

useful. '  I f  pi i s  t h e  pdf of  model 
. - 

in format ion  from i d e l  j, 

i, and p is  the  pdf 
j 

assuming t h a t  model 1 

ent ropy ,  ( E i  j ) ,  w i l l  be 

of model 

is  t r u e ,  

- 

j, then 

is  : 

t he  

- 



When nan-nested 

s e l e c t i o n  methods a r e  
- 

"i models a r e  involved, the  orthodox subse t  model 

not  a p p l i  cable  because of t h e  non-exi st ence of a 

comptehensive model. The i n a p p l i c a b i l i t y  of the  LR test i s  due t o  the  
+ 

- -- - --- ---- - - -  -2- -- -- - - -  

presence -- - of t h e  nuisance parameters,  cl  a n d - ~ ~ .  One way t o - s o l v e  the problem 
4 

is t o  c r e a t e  an a r t i f i c i a l  nes t ing  model (ANM), and use it  as a comprehensive 

model. Another mfethod i s  t o  use  a "centered" o r  "modified" LR, i n  which the  

c a l l e d  the  "regression approach", and t h e  l a t t e r  w i l l  be c a l l e d  t h e  "centered 

1 ikel ihood r a t i o  approach". 

2.1 .Centered l i k & i h d  r a t i o  approach. 

Because of t h e  nufsance parameters,  c  and c 2 ,  the  LR t e s t  i s  not 1 

appl icable  f o r  non-nested model t e s t i n g .  I n  t h i s  s i t u a t i o n ,  the  centered 

Ukelihood r a t i o  approach can be used t o  g e t  r i d  of these  rnzisance parameters 

by s u b t r a c t i n g  from the  LR another term which a l s o  conta ins  c  and c The I 2 

Cox t e s t  makes use of t h i s  p r inc ip le .  The s t a t i s t i c  t h a t  is  used t o  t e s t  one 
. - 

madel, say W ( l ) ,  a g a i n s t  a s p e c i f i c  a f r e r n a t i v e  m d e l ,  say M(2), fs derived 

from comparing t h e  d i f f e r e n c e  of t h e  log-likelihood of t h e  two models t o  i t s  

expected d i f fe rence  under the  nul l .  I n  o the r  words, the  Cox test compares the  

infmntat ion using M(f), t o  the  expected ic assuming H(1) is t rue .  I f  t h i s  

va lue  is "near" zero ,  then the  i c  i s  cons i s t en t  wi th  the  t r u t h  of H(1), a s  



- - - -- - -- -pppp-p- -- 

-- - - - - --  -- - -  - - - 
e 

the i c  should  not be too  d i f f e r e n t  from . i t s  expected i c  under  t h e  n u l l .  Hence 

- - - - -- - - - -- - - - 

t o  r e j e c t  t h e  n u l l  when t h e  s t a t i s t i c  i s  near  ze ro  would not  be app ropr i a t e .  

I f ,  on t h e  o t h e r  hand, the  observed va lue  i s  " far"  from z e r o  i n  abso lu t e  

value,  t hen  t h i s  i c  is not  c o n s i s t e n t  wi th  t h e  t r u t h  of M(1), and 

consequent ly , M( 1 )  s h m l d  be r e j e c t e d .  

1 .  when t h i s  observed value (i.e. t h e  CTS) i s  a  l a r g e  p o s i t i v e  number, a  . 

case  which arises when t h e  observed i c  i s  l a r g e r  than t h e  expected i c  

assuming H ( 1 )  is  t r u e ,  i t  means t h a t  t he  use of W(2) has  produced more 
- -  - - - - - - - -- -- 

in format ion  than  expected when N( l )  is t r u e .  But t h i s  means, from t h e  

d e f i n i t i o n  of in format ion  i n  P a r t  I ,  t h a t  M(2) i s  h i g h l y  u n l i k e l y .  Th i s  

sugges t s  t h a t  a b e t t e r  model is  not  i n  t h e  d i r e c t i o n  of M(2) (from 

M(1)). I f  t h i s  observed va lue  is  a  l a r g e  negat ive  number i n s t e a d ,  then 

i t  "suggests  t h a t  t h e  use  of M(2) has  r e s u l t e d  i n  a  reduct ion  of 

informaricm_,_Rpmx4, a b e t t e r  model is  i n  t he  d i r e c t i o n  of M(2) (away 

from H(1)).  Note t h a t  i n  both cases ,  M(1) should be r e j e c t e d .  

2, Thi s  a n a l y s i s ,  i n  no te  $1 above, which i s  i n  terms of t h e  d i r e c t i o n  of 

the  models, has been d i sca rded  by Dastoor (1981) a s  nonsens ica l  because,  

a s  he a rgues ,  i t  is not  c l e a r  what t he  d i r e c t i o n  of a  model means. I n  

h i s  paper ,  he provides  a  c a s e  c o n s i s t i n g  of t h r e e  non-nested c l a s s i c a l  

normal l i n e a r  r e g r e s s i o n  models. H e  shows t h a t  i f  n e i t h e r  of t h e  models 

s p e c i f i e d  i n  t h e  test is  the  t r u e  nmdel, then  t h e r e  is  no means t o  t e l l  

€he d i r e c t i o n  of the true m d e l  when both of t h e  m d e l s  a r e  r e j e c t e d .  A 

moment's r e f l e c t i o n  shows t h a t  he could not  make any conclus ive  
I 

s ta tement  on t h e  d i r e c t i o n  of t h e  t r u e  model because "d i rec t ion"  was 



-- -%,A 

rising twi concepr of dfrectZoras  def ined  i n  t h e  Yre l in i inar ies  one can 

i n f e r  the  d i r e c t i o n  of t h e  t r u e  model from t h e  Cox t e s t  s t a t f s t i c .  

It is obvious t h a t  t h i s  t e s t i n g  procedure can only  t e s t  two non-nested 

models a t  a  t i m e .  A s  a  r e s u l t ,  i f  t h e r e  a r e  more than  two competing 

non-nested models, ' t he  t e s t i n g  procedure w i l l  have t o  be repea ted  a  

number of t imes f o r  d i f f  eren* cornhinations of models. 
- - - - -  - 

- 

This  t e s t  i s  tfot s y ~ m e t r i c  because t h e  t e s t  i s  c o n d i t i o n a l  on the t r u t h  

of t h e  n u l l  model, say M(1), and not  on t h e  t r u t h  of t h e  a l t e r n a t i v e  -a 

model, say M(2). Th i s  means t h a t  when the  n u l l  model is r e j e c t e d ,  the 
- - - - - - - - - - - - 

a l t e r n a t i v e  model 

t he  t r u t h  of M(2) 

previous n u l l  and 

t e s t i n g .  For t h i s  

- - - -- - - -- - - - 
- - 

-- L -- 

is  not  au toma t i ca l ly  accepted.  If one wishes t o  t e s t  

( aga ins t ,  t h e  same s p e c i f i c  M ( l ) ) ,  t h e  r o l e s  of t he  

a l t e r n a t i v e  models can be reversed  f o r  a second-round 

reason ,  t h i s  t e s t i n g  procedure may y i e l d  i n c o n s i s t e n t  

t e s t  r e s u l t s ,  e.g. accept  both models. Herein l i e s  i t s  disadvantage.  

However, an advantage i s  t h e  p o s s i b i l i t y  of r e j e c t i n g  both  models (and 

a l l  models under cons ide ra t ion  a s  w e l l ) .  

When comparing two models, t h e r e  is  a t o t a l  of n ine  conceivable  
- - 

outcomes. Th i s  is shown i n  Table 1 below.5 
- 

t 

Sawyer (1983) has  suggested. a d i f f e r e n t  t e s t  s t a t i s t i c ,  c a l l e d  h e r e  the  
s . -  

Sawyer t e s t  s t a t i s t i c  (STS); which i s  based on the  same i d e a  a s  t h a t  of 

6 Cox's except  t h a t  i t  uses  en t ropy  change ( e c )  i n s t e a d  of t h e  i c .  ---------------- 
This  t a b l e  is  s i m i l a r  t o  t h e  one provided by F i s h e r  and McAleer (1979, 

p. 148). - - - -  - -  - - 

7: - 

* The e c ,  from us ing  M(1) t o  u s i n g  M(2) when M(2) i s  assumed t r u e ,  is a  

measure on the  d i r e c t e d  d ivergence  from M(1) i n  t h e  d i r e c t i o n  of M(2). The 

Larger t he  ec  ( i . e .  t he  l a r g e r  is t h e  d i f f e r e n c e  i n  the expected i c  r e s u l t i n g  
- -- - - -  - 



I I n s i g f i c a n t .  /Case d .  f 
( D o n o t  re ' ject l"Qua1if ied" I 
I M(1) I acceptance  of 1 
t 1 M(1). Fur ther1  
I 1 t e s t i n g  i s  I 

Case e .  I Case' f .  f 
Do not  r e j e c t  !Reject M(2). I . 
e i t h e r .  I Do not r e j e c t  I 
I n s u f f i c i e n t  1 -  M(1). I 
i n format ion  1 I 

I S ign i f i can t ly lCase  g. [Case h. l Case i. I 
\ 1 negat ive .  I Reject  bo th .  I RejectrM(1). I Reject both. I 

lRe j e c t  M ( 1 ) .  I t .  Fl(2) t Do not  r e j e c t  I A combination l 
I t .  M(2) I ' I M(2)- 1 of t h e  two I 
I I I 1 models may I 

P 
I I I I be u s e f u l .  I 
[-------------------------------------------------------- I 

- Table 1. Cox t e s t .  

* CTSi is the  CTS r e s u l t e d  from t e s t i n g  M(i)  a g i a n s t  M(j) 
. - 

wheke i ,  j = 1, 2 ,  and i p' j. 

zr "a. M(i 1." denotes  " the t r u e  model i s  away from ~ ( i ) " .  

r~ "t. M(i)." denotes  "the t r u e  model i s  towards M ( i ) " ,  



* --A -- -- 
shown t h a t  i t  w i l l  p rovide  a b e t t e r  s o E t i o T  than  t E e C T S .  

7 

2 . 2 . ~ e ~ r e s s $ o n  approach, . - 

The r eg res s ion  approach uses  an  a r t i f i c i a l  n e s t i n g  modpl (ANM), which 

- c o r & a i n ~  each of t he  competing models a s  s p e c i a l  cases .  I n  every ANM, t h e r e  
- - - - 

r7 - 
i s  a parameter a s s o c i a t e d  ' w i t h  each of t h e  competing models, Let t h i s  . 
parameter be c a l l e d  a n  a r ~ i f i c i d  parameter (ap) .  The sum of t h i s  s e t  of ap  

is  usua l ly  r e s t r i c t e d  t o  one; hence, each of the  models i s  a s p e c i a l  case  of 
r - - -- - -- -- -- - - - 

-- - - - - - - - - 

this ANM when the  a r t i f i c i a l  parameter  asdocia ted  wi th  i t  i s  one whi le  the  \ 

o t h e r s *  a r e  zerose7-  Thus, t h e  AhW can p e r f o r q  t h e  same f u n c t i o n  a s  a 
- 

comprehensive model, i . e .  f o r  a l l  the  competing models t o  be t o h a r e d  t o .  The 

c l a s s i c a l  subse t  model s e l e c t i o n  tests can thus be used t o  t e s t  i f  any .of t he  

models i s  i n s i g n i f i c a n t l y  d i f f e r e n t  from t h e  ANN. I f  'it is ,  then i t  is  s a i d  

t o  be accepted a s  being c o n s i s t e n t  wi th  the  d a t a ,  o therwise  i t  is  not .  There -- -- - ---- 

a r e  a few problems wi th  t h i s  approach. 

------------------ 
6 ( c o n t 8 d )  f t he  use  of one model t o  ano the r )  t he  h ighe r  t h e  p re fe rence  is  Y f o r  M(l) i f  i t s  va lue  is  p o s i t i v e ;  t he  sma l l e r  t he  ec ( i n  nega t ive  v a l u e ) ,  

t h e  h igher  t he  preference  i s  f o r  M(2). (Sawyer, 1983.) 

For example, suppose t h e r e  &e two s t a t i s t i c a l  models, pl and p2, then  the  

ANN i s  p = k.&$ where dl =JbpyP';dp, At+ & = 1, and @ is t h e  a p p r o p r i a t e  

r eg ion  of i n t e g r a t i o n .  Here A, and 32 a r e  the  ap. I f  t he  two mcdeIs a r e  

c l a s s i c a l  normal l i n e a r  r e g r e s s i o n  mcdels wi th  pdf N(X b S;I) a s  def ined i n  
- - - i 2' 

- -2 - - 

equa t ion  ( 5 )  ( s e e  Pa r t '  Ill), then  t h e  AMl is  N( dl Xlbl+ &XZb2, s I) where 
r. 'L 

t h i s  ca se ,  t he  test of di= 0 is equ iva l en t  t o  t he  t e s t  of %= 0. J 



F i r s t ,  s i n c e  the  "c loseness"  of one model t o  t he  ANN would not  preclude 
- - - - - - - - - - - - - - -- - - - - -- - 

t he  p o s s i b l e  c lo seness  of o t h e r  models t o  i t ,  more than  one model can 

p o s s i b l y  be found t o  be accepted.  Secondly, when none of t h e  competing models 

is found t o  be t r u e ,  we w i l l  be forced  t o  conclude t h a t  t h e  ANM is  the  t r u e  

model, even though i t  is not ,meaningfu l  i n  exp / a i n i n g  t h e  d i s t r i b u t i o n  of t h e  

dependent va r i ab lg .  (Though t h i s  is not a  good s i g n ,  i t  can be taken a s  a  

sign t h a t  the  t r u e  model is - c l o s e r  t o  t he  ANM than any of t h e  competing 
- - - - 

models.) Th i rd ly ,  t h e r e  a r e  many ways t o  cons t ruc t  an ANPI. I t  i s  not c l e a r  i f  

t h e  r e s u l t s  ob ta ined  from u s i n g  one p a r t i c u l a r  form of ANM w i l l  be compatible 

wi th  t h e  r e s u l t s  ob ta ined  f rom ano the r  form of ANM. Since  it is very poss ib l e  
- - - - - - -  - -- - -  - 

t h a t  they a r e  n o t ,  one can never know i f  t h e  ex i s t i ng 'non-nes t ed  t e s t s  a r e  

e 

optimum t e s t s .  (This  could be an i n t e r e s t i n g  a rea  f o r  f u t u r e  r e sea rch . )  

L a s t l y ,  the unknown parameters  w i th in  each of t he  models a r e  u s u a l l y  not 

i d e n t i f i a b l e  from those  a r t i f f c i a l  parameters;  t h i s  problem i s  circumvented 

by employing e s t i m a t e s  of t h e s e  unknown parameters .  

- I % + b ~ e - g r ~ s s i o + ~ ~  TS . & ~ e s t - t : ~ e  set of eOmpetfTtg 

models can be de r ived  u s i n g  t h e  c l a s s i c a l  r eg re s s ion  method o r  t he  maximum 

l i k e l i h o o d  approach. Two methods i n  t h i s  category w i l l  be V c u s s e d .  One is 

suggested by Dastoor ( l983) ,  the  o t h e r  by Davidson and MacKinnon (1981). 

2.2.l,Dastoor's R test statistics, 

The t e s t  s t a t i s t i c  suggested by  ast to or, ' c a l l e d  - ~?stobr's R TS, 

compares t h e  b e s t  (maxinumrt l i k e l i h o o d )  e s t ima te  of t he  parameters  of an  
- - - - - - - - - - - - 

- a l t e r n a t i v e  model, say M(2), assuming M(2) is true, t o  i ts b e s t  e s t i m a t e  when 

t h e  n u l l  model, say Pf(l), is assurwd t r u e .  The d i f f e r e n c e  betueen these two 

e s t i m a t e s  should have an  expected value  of zero i f  Mfl) is  i n  fact the true 
-- - - - - - - - 



- - - - -- - - - -- - 

d e c .  Hence, i f  . t h i s -  d i f f e r e n c e  - is- in s ignTf i can r  , rhea-M(2r caiiinot be- 
- - 

This  TS is obviously asymnetric.  I n  t h i s  ca se ,  however, t h e r e  are only  

two p o s s i b l e  outcomes ( i . e .  r e j e c t  o r  not-to-re j ec t  a model) when t e s t i n g  t h e  

t r u t h  of one model a g a i n s t  another .  Two more p o s s i b l e  outcomes could come 

about upon r eve r s ing  t h e  r o l e s  of these  two models; t hus  g iv ing  r i s e  t o  a 

t o t a l  of f o u r  p o s s i b l e  outcomes. T h i s  i s  shown i n  Table 2 below. 

The  method sugges ted-  by Davidson and MacKinnon ( D 6 M )  uses  an ANM t h a t  7 
is formed by combining l i n e a r l y  a l l  t h e  competing models i n  a r e g r e s s i o n  

model. The idea  of DbN's t e s t  i s  t h a t  it a t tempts  t o  t e s t  i f  t h e  a l t e r n a t i v e  

model, say t.1(2), can s i g n i f i c a n t l y  exp la in  t h e  v a r i a t i o n  of t h e  dependent 

varfabfe t h a t  is  not  expla ined  by t h e  n u l l  model, say M(I). (It i s  assumed 

here  t h a t  t h e r e  a r e  only  t v o  competing models.) I f  i t  cannot ,  then M(1) 

cannot be r e j e c t e d  a s  t h i s  i s  c o n s i s t e n t  w i th  the  t r u t h  of f . l( l) .  I f ,  on the  . 

o t h e r  hand, i t  can,  then M(1) h a s  r o  be r e j e c t e d .  This  is because the  

occurence of t h i s  l a t t e r  ca se  is  not  c o n s i s t e n t  w i th  t h e  t r u t h  of 1.1(1), f o r  

if M(I) is i n  f a c t  t h e  t r u e  m~odef ,  then t h e  v a r i a t i o n  of y t h a t  cannot be 

expla ined  by M(1) should be random. 

This t e s t  i s  obviously a s y m e t r i c ,  . a s  i t  only tests t h e  " t ru th t1  of the  

a l t e r n a t i v e  - - -- model. Hence, t o  t e s t  t h e  t r u t h  of t h e  a l t e r n a t i v e  model, the  

role  of t he  previous nuff and a l t e r n a t i v e  models can be reversed  f o r  a second 



IS ign i f i can t ,  t Do not  r e j e c t  1 Rejec t  M C f )  _ , i 
1 Do not  I e i t h e r  m d e l ,  l Do not r e j e c t  M(2) I 
1 r e j e c t  ~ ( 2 ) ' .  1 >. I I 

t S i g n i f i c a n t .  f DO' not r e j e c t  I Reject  both. 
lReject  M(2). I M(1). I 
I ( Reject  H(2). - 1 

Table 2. Dastoor 's  R t e s t .  

* D's R i  r e f e r s  t o D a s t o o r O s  

of Y ( i ) ,  i = 1  o r  2. 

- 

- 

the t e s t  of t h e  t r u t h  

round t e s t i n g .  So, a s  wi th  t h e  Cox test ,  t h i s  may y i e l d  i n c o n s i s t e n t  t e s t  

results, In t h e  e a s e  of on ly  two coetpeEing models, t h e r e  is a t o t a l  of f o u r  

conce ivable  ou.tcomes ( in s t ead  of t h e  n ine  poss ib l e  outcomes a s  suggested by 

Fisher and M.cAleer (FIN) (1979))~~ Thi s  i s  shown i n  Table 3 below, 

F i she r  and HcAleer suggest t h a t  t h e  sign and magnitude of the e s t i m a t e s  

of the ap can be employed to deter teine the "directkon" of t h e  t-del. 

I k F o r t u n a t e l g ,  this only makes sense in a context i n  which t h e  t r u e  model is 

-- - - -- - - - - + - - - - -- - 

Rote t h a t  t h e  reason  f o r  having only fcrur possible mtcbmes here is 

d i f f e r e n t  from t h a t  of u a s t o o t ' s ,  w%66e afgime1~1:8 are -based fm tbe 

presumption t h a t  t h e  d i r e c t i o n  of a  model does not  make sense.  



-P - -- 
- 

-- f . * J re fe rs  t o  the t e s t  of t h e t r u t h  of M(i), i = 1 or 2, 
i 

I ' 
i .  

' c o n b i n a b n  of the costpeting nodGls. Consequently , this means of 

assessing the t rue  direct ion of a m d c l  is of l i t t l e  value; the exposi t ion of 
f 

section 3.4 u t i l i z i n g  the de f in i t i on  of direct ion given i n  sect ion 1.2. 
- 

eztrlfer is able to  owrc- t h i s  p r o b h e ~  only through use of t h e  CTS, 

One advantage of t h i s  test over the Cox t e s t  is tha t  i t  can test 

against several  a l te rna t ive  lsodels a t  the same time, by using an ANH which 

has a s  its s the  regressors of a l l  competing podels. I n  t h i s  case, a 

IT sequence" of tests on the set of a l te rna t ive  models is needed. They a r e  
, - 

tested t o  see i f  the vector of ap's is s ign i f ican t ly  d i f fe ren t  from the zero 
- - - - - - - - - - - - - - - - - - -- - - - - 

- 

vector, f f they are ,  then thu nul l  model can be rejected,  othervise i t  cannot 

be rejected. The subsequent ana lys i s  of this case can be generalized from the 

a b v e  discussion , 



Ttrfs s e c t i o n  discusses  the p r o p e r t i e s  of t h e  TS wi th  t h e  c l a s s i c a l  

normal kgnear r e g r e s s i o q  &el as a s p e c i a l  case .  

2.3.E.Tk (=ax and S a e e r  procedures .  

CTS fs c u v t e d  by sub t r ac txng  an e s t ima te  of t he  expected 

- (Cox, 1963, 1962). ZIre -Sawyer test stat c (STS) can be computed by 'P" - I s u b t r a c t i n g  an e s t f w t e  sf the  expected ec  (under the  n u l l )  from t h e  a c t u a l  

ec.' These TS can & sham t o  have a n  asymptot ic  normal d i s t r i b u t i o n  wi th  
--- ~ -------pp-- --- - -- - -- - - -~ 

- -  - - ~- - - - -  - ~ 

zero mean and f i n i t e  v a r i a n c e  under t h e  n u l l  hypothes is  (Sawyer, 1983). - 
Hence, one >an t e s t  i f  they are s i g n i f i c a n t l y  d i f f e r e n t  from ze ro  by us ing  

the asyefptotfc normal E&E. 

Since the f f S  is af probability orde r lo  o (TI under t he  null hypo thes i s  
P 

(where T is the  sample s i z e ) ,  w e  can  determine i t s  cons i s t ency  by checking - _- 
The e c  used here is c-ted under t h e  aseumptioa that the alternatfve 

- model, HCZ),- fs true. 

- 

Hour types of "order" notations w i l l  be used i n  t h i s  t h e s i s :  Of .  ), o ( .  ), 

O 6.1 ,  and o (.). Suppose u(T) and v(T) a t e  two d i f f e r e n t  func t ions  of T, 
P P 

then as T tends t o  in f in i ty ,  t h e  n o t a t i o n  u(T) = O(v(T)) denotes  t h a t  

irx(T).fvfT)t reraains h n d e d  as T tends to  infinity, and t h e  n o t a t i o n  u(T) = 

a(v(T)j denotes that l i l a  (uCT)/v(T)] = 0. Suppose X ( T ) ,  T = 1,2,,,,, is a 
- . .  

m - e  of rand- variable, and suppose f u r t h e r  t h a t  it converges i n  

&strilmrdm to 8 ,  then we w r i t e  XfT) = 0 (1). I f  there i s  another sequence 
P 

ird r w d w  variable , YE TI, then the n o t a t i o n  X(T) E 0 4Y(T)) ddenoteatha_tt_the------l 
- - - -- - - -- - -- -- - P 

sequence XCTIPHfT) 1s O { I f ,  and the  n o t a t i o n  X(T) = o (XT)) denotes  that 
P P 

- X ( m  T) canverges t o  zero i n  probabil i ty.  Note that X(T) = 

Q CYCT)) implies that  XCT) = O (Y(T3). 
B. P 



the  va lue  of t h e  p r o b a b i l i t y  l i m i t  of ( l /T)  -times t h e  TS under both  t h e  n u l l  

and a l t e r n a t i v e  hypotheses.   his value  can be shown t o  be  z e r o  under  t h e  

n u l l ,  and nega t ive  under t h e  a l t e r n a t i v e .  Therefore ,  t he  t e s t  i s  c o n s i s t e n t  ', 

( P e r e i r a ,  1977), Likewise,  t h e  cons i s t ency  of t h e  STS can be  determined a s  i t  

is a l s o  of p r o b a b i l i t y  o rde r  6 (T), I n  t h i s  c a s e ,  t h e  v a l u e  of t h f s  I 
P 

p r o b a b i l i t y  l i m i t  can be  shown t o  be z e r o  under t h e  n u l l ,  and non-zero under 

- t h e  a l t e r n a t i v e .  T h e r e f o r e - t h i s t e s t  %s-a3so -cons i s t en t .  l1 - - -  - - 

*. 

2,3,l , l .Atkinson test statistic. 

i g  t h e  Atkinson t&t s t a t i s t i c  (ATS). Th i s  ATS employs e s t i m a t o r s  f o r  t he  

parameters i n  t h e  TS which a r e  c o n s f s t e n t  when eva lua ted  under t h e  n u l l  

hypothes is ,  whereas i n  t h e  Cox test,  the  e s t i m a t e s  used a r e  c o n s i s t e n t  when 
-;r 

evalua ted  under t h e i r  r e s p e c t i v e  hypotheses.12 This  i s  an  advantage over the  

CTS, because the  best performance of t h e  TS has been allowed under t he  n u l l .  

Consequently, the  null hypo thes i s  i s  ha rde r  t o  r e j e c t  when t h e  a l t e r n a t i v e  
'5 

hypothes is  is-  i n  f a c t  t rue .  Obviously, when compared t o  t h e  CTS, t h i s  ATS 

w i l l  have a  smal le r  s i z e .  

The main disadvantage of u s ing  the  ATS is t h a t  t h e  t e s t  i s  

i n c o n s i s t e n t ,  a s  has  been proven by P e r e i r a  (1977). P e r e i r a ' s  r e s u l t  h a s  been 

------------- 
. I =  Although t h i s  has  not  been shown i n  t h e  l i t e r a t u r e ,  it can  be shown q u i t e  

i 

e a s i l y  by u ~ F g  equat ion  (18) of Sawyer (1983). 

f2  I n  o t h e r  words, - t h e  d i f f e r e iGQ between t h e  ATS aiia t h e  CTS is fie ic =*iii 
- - -- 

using t h e  es t imated  M(2) under H 2  t o  u s i n g  t h e  es t imated  M ( 2 )  under H1.  Since 

t h e  former i s  less than t h e  latter numer ica l ly ,  t h e  ATS is  thus  l a r g e r  than 

the  CTS. 

- - - -- -- -- - -- - - 



- -isf%ljy S k % e a m + H e H c b ~  (19813, who argue t h a t  P e r e i r a ' s  conclus ion  

was i n c o r r e c t  because of h i s  i n a b i l i t y  t o  show t h a t  t h e  ATS has a nega t ive  

mean under t h e  a l t e r n a t i v e  hypothes is .  They a t tempt  t o  prove t h e i r  c a s e  by 

showing t h a t ,  f o r  t he  c l a s s i c a l  normal r eg re s s ion  model, t he  ATS converges t o  

a nega t ive  va lue  wi th  p r o b a b i l i t y  one under t he  a l t e r n a t i v e  hypothesis .  

However, a s  we w i l l  show i n  p a r t  111, the  ATS i s  i n  f a c t  an i n c o n s i s t e n t  
- 

- - 

t e s t ,  and F i she r  and ~ c ~ l e e r  have e r r e d  i n  t h e i r  a n a l y s i s .  Even i f  F i she r  and 

McAleer's r e s u l t  i s  c o r r e c t ,  t h e r e  is  no c o n t r a d i c t i o n  between t h e i r s  and 

Pe re i r a ' s  r e s u l t s ,  s i n c e  t h e i r  s t u d i e s  do not have a common b a s i s  f o r  
- -- - -- 

-- - - 

comparison. P e r e i r a  E s c u s s e s  s e p a r a t e  f a m i l i e s  of s t a t i s t i c a l  models, 

whereas F i s h e r  and McAleer d i s c u s s  non-nested ~ R M .  Non-nested CNRM is  only a 

c l a s s  of s t a t i s t i c a l  .models. 

2.3.1.2. Small sample adjustssent of t h e  Cox test s t a t i s t i c .  

The a v a i l a b l e  r e s u l t s  from Monte Carlo s t u d i e s  i n d i c a t e  t h a t  t he  Cox 
--- 

t e s t  over-re j e c t s  t h e  t r u e  m l l  model i n  small  samples,  and t h e  frequency of 

t h i s  ove r - r e j ec t ion  dec reases  a s  t h e  sample s i z e  i n c r e a s e s  (Pesaran,  1974; 

and DbM, 1982). According t o  Godfrey and Pesaran (1983),  t h i s  may be caused 

by t h e  smal l  sample b i a s  of t h e  CTS, a s  T-"~(CTS) has  ze ro  mean only  

a sympto t i ca l ly .  (This  is because t h e  l a r g e  sample proper ty  of t h e  t e s t  

s t a t i s t i c  is used when t h e r e  i s  only a smal l  sample s i z e ,  a s  t h e  exact  

d i s t r i b u t i o n  of t h e  CTS is unknowa i n  sma l l  samples.) 

- 

Thus s k y -  s w g g e s t  *u a&jasted TS, which invoIves  two types  of 

an adjus tment  f o r  t h e  l o s s  i n  t h e  degrees  of freedom i n  the  s t a t i s t i c .  Th i s  



- -  - 
- 

- - -  - - - 
- 

- -  - --- - - - -  -- - - -  - 

proper t i e s  a s  t h e  CTS, Hence the  usual  t e s t i n g  procedure a s  appl ied  t o  the  

-- 

---ef9--carr*e use& here ,  

These adjustments i n  the  (PTS a r e  only approximate. Simulation s t u d i e s  

have indica ted  t h a t  when the  adjus ted  CTS i s  used with t h e  "old" var iance  --- 
t h i s  s tandar ized  TS is denoted h e r e  a s  ACTS* --- i t  s t i l l  over-re j e c t s  the  

t r u e  n u l l  hypothesis ,  and t h i s  over- re jec t ion  decreases a s  t h e  sample s i z e  

increases.  It %as a l s o  been shown t h a t  CTS and ACTS* perform about t h e  sameL 
- 

- 

by type I e r r o r  c r i t e r i o n  (ISM, 1982). However, i n  another  s imula t ion  srudy 
k d  J P 

where t h i s  ACTS was used with a new var iance ,  i t  has s i g n i f i c a n t l y  reduced 

the frequency of r e j e c t i n g  t h e  t r u e  n u l l  hypothes is ,  r e l a t i v e  t o  t h e  use of 
1 - 

-- - 
- 

- -- 

CTS (Godfrey and Pesaran, 1983). The new variance t h a t  i s  used along with the 

ACTS is i n  f a c t  the  var iance  of a new TS, ca i led  t h e  W- TS. (This  W- TS w i l . 1  , 

be discussed l a t e r . )  This  new var iance  is l a r g e r  than t h e  "old" var iance  of 

CTS by one pos i t ive  term. 

There a r e  two problems t h a t  need ' t o  be considered: 

> * 

a .  why the  use of the  ACTS with the  smaller  old var iance  w i l l -  
-- 

reduce the  over- re jec t ion  of the  t r u e  n u l l  hypothes is ,  and why t h i s  

G over-re j ec t ion  decreasee a s  ?w sariple s i z e  inc reases  ? 

b. why t he  use of ACTS with a l a r g e r  var iance  w i l l  decrease the  

over-re jec t  ion  of the  t r u e  n u l l  .hypothesis i n  small samples? 

O n e  poss ib le  explanation f o r  these is  t h a t  the  usua l  suggested est imated 

v a r i a n 5  i s  not appropr ia t e  fo r  f i n i t e  sample t e s t i n g ,  a& a Mre appropr ia te  

var iance  is  one wi th  a l a r g e r  s i z e ,  but t h e i r  s i z e  d i f fe rence  w i l l  vanish a s  

- - 

. the sample s i z e  increases .  - L a t e r ,  & - P a r t  111, i t  w i l l  be -shown tfaat a more - 

* te 
L a-U one more p o s i t i v e  term, and t h i s  

e x t r a  term v i l l  converge t o  zero as t he  s a m p l e s i z e  increases .  



Godfrey and Pesaran C1483) h a v e - % z e s t &  -GwTs,called W- TS. Thi s  

TS was der ived  i n  an e f f o r t  t o  search  f o r  a  TS t h a t  can  overcome the  small  

sample b i a s  of t he  CTS, They look a t  t he  numerator of t h e  l i n e a r i z e d  CTS, and 

f i n d  t h a t  i t  has  a non-zero mean under the  n u l l .  A s t a t i s t i c  is  thus  formed 

by s u b t r a c t i n g  from i t  an unbiased e s t ima te  of i t s  expected va lue  under t he  

ml l .  This stat is t ic  when d iv ided  by i t s  s tandard  d e v i a t i o n  is t h e  W- TS. 
- 

9 

Since the  denominator of t h e  l i n e a r i z e d  CTS converges t o  a  f i n i t e  cons t an t  a s  

t h e  sample s i z e  i n c r e a s e s ,  and i ts  numerator is  of p r o b a b i l i t y  order  u n i t y ,  
B 

C 

t h e  W- TS is  thus  a v a r i a n t  of CTS. I t  has  t he  same asymptot ic  d i s t r i b u t i o n  
- - - - - - - - - - - - - - - 

a s  t h a t  of t he  l i n e a r i z e d  CTS, and hence i t  i s  used a s  a  CTS. A s imu la t ion  

s tudy  has shown t h a t  t h i s  W- TS has reduced s i g n i f i c a n t l y  t he  type  I e r r o r  of 

the CTS ( G c d f  rey and Pesaran ,  1983). 

2.3.2.Dastoor8s R TS. 

A s  mentioned - i n  s e c t i o n  2.2.1. e a r l i e r ,  Dastoor 's  R TS 

d i f f e r e n c e  between two e s t i m a t e s  of t h e  parameters of t h e  a l t e r n a t i v e  model, P 

one es t ima ted  under the- n u l l  and t h e  o t h e r  es t imated  under  t h e  a l t e r n a t i v e  

hypothes is .  Th i s  d i f f e r e n c e  can be shown t o  have a  normal d i s t r i b u t i o n ,  and 

hence can be e x p l o i t e d ,  a long  wi th  i t s  variance-covariance ma t r ix ,  t o  produce 

a s t a t i s t i c  w i th  a ch i -square  d i s t r i b u t i o n .  

& va r i ance  of t h e  r e s i d u a l  e r r o r ,  which appears  i n  t he  

va r i ance -cova r i ance  matrix is generally unknown3 and hence have t o  be 
- - - - - - - - 

erstfmted. Tva corateonfy used es t imated  va r i ances  are: t he  va r i ance  es t imated  

..- . m e  mill n y p a t h e s i s  is assumed t o  be t r u e ,  and the va r i ance  es t imated  

+en the  ANH is assumed t o  be t r u e .  The  ANH used h a s  a s  i t s  r e g r e s s o r s  t h e  



Lagrang ian -mul t ip l i e r  (LH) TS f o r  t e s t i n g  t h e  n u l l  hypo thes i s  of z e r  

r e s t r i c t i o n s  on t h e  parameters  of M(2) i n  t h e  ANM, whi l e  t h e  u s e  of t 

Mt te r  would y i e l d  a  test t h a t  i s  equ iva l en t  t o  the u s u a l  Uald t e s t .  

Dastoor 's  R TS a r e  equ iva l en t  t o  t he  orthodox LM and Wald TS. 

Furthermore, they a r e  d i s t r i b u t e d  a sympto t i ca l ly  a s  c e n t r a l  chi-square 
- 

v a r i a t e s  under t he  d l  hypothgsis, and a s  non-central chi-square v a r i a t e s  

under the  a I t e r n a t i v e  hypothes is  wi th  a  non-cent ra l i ty  parameter  of o rde r  

O( T) . Consequently, they are  c o n s i s t e n t  t e s t s .  
- - -  

%re that t E i s  m T f i &  looks a t  t he  problem i n d i r e c t l y .  When t he  

expected d i f f e r e n c e  be--en t h e  two e s t i m a t e s  is ze ro ,  i t  does not 

n e c e s s a r i l y  mean t h a t  t he  f i r s t  model is  t r u e .  An example i s  when t h e  t r u e  

model i s  M(3),  which i s  orthogonal  t o  both M(1) and M(2). 

U w 
b . 2 -  

2.3.3.Davidson and MacKinnon test s t a t i s t i c s .  
? - -- 

The D&M t e s t  can be done by r eg res s ihg  t h e  dependent v a r i a b l e  bn t h e  

s e t  of competing models, w i t h  t h e  r e s t h i o n  t h a t  t h e  sum of a l l  the  

a r t i f i c i a l  parameters  a s s o c i a t e d  wi th  each of t he  cbmpeting models must equal  

one. These parameters ,  if they a r e  i d e n t i f i a b l e ,  a r e  then t e s t e d  t o  s e e  i f  
* .  

they are s i g n i f i c a n t l y  d i f f e r e n t  from zero.  I f  they  a r e  n o t ,  then the  n u l l  

model i s  t o  be r e j e c t e d ,  o therwise  not .  
/ 

Since t h e s e  a r t i f i c i a l  parameters  a r e  u s u a l l y  not i d e n t i f i a b l e ,  a s  t h e  

set of competing mdels m n t a i n  unkwwn parameters ,  a t  least (%f)  o f -  t h e  



models have t o  be es t imated  i n  o rde r  f o r  t he  t e s t  t o  be c a r r i e d  o d 3  (where 
- --- 

Er' is the  number of competing models t o  be considered i n  t he  t e s t ) .  For t h i s  

reason ,  t h e r e  a r e  two b a s i c  ve r s ions  of t h e  t e s t .  The f i r s t  uses  a l l  

es t imated  models i n  t h e  r e g r e s s i o n  and t h e  second u s e s  (N-1) es t imated  

for  those  models whose a s s o c i a t e d  parameters  needed t o  

r eg re s s ion .  The f i r s t  t e s t  i s  c a l l e d  t h e  C-test ,  whi le  

t he  J - t e s t .  ( 2  
1 

These two TS can be shown t o  have an asymptot ic  

be i d e n t i f i e d  

the  second i s  

t 

mode 1s 

i n  t h e  

c a l l e d  - 

normal d i s t r i b u t i o n .  

For t he  J - t e s t ,  t he  TS has ze ro  mean and f i n i t e  var iance .  Hence i t  can be 

t e s t e d  t o  s ee  i f  i t  is s ign i - f i can t ly  d i f f e r e n t  from ze ro  by u s i n g  a_sympPtotic - - 
- 

normal t e s t .  A s  f o r  t h e  C- tes t ,  the TS has ze ro  mean only  when c e r t a i n  - 
c o n s i s t e n t  e s t ima to r s  a r e  used ,  and i t  has  a  f i n i t e  v a r i a n c e ,  which i s  b iased  

a s  shown by Davidson and MacRinnon (1981, p787).  An unbiased-'estimated 

va r i ance  f o r  t h i s  C-test  can be computed by doing an a u x i l i a r y  r eg re s s ion  and 

some o t h e r  c a l c u l a t i o n s .  However, D&Fl note t h a t  a  s impler  method is t o  u s e  

-- a n t h e r  x e g r e s U & L * U a & ~ & h o & e 2 - 4 i n ~ r  l z  ed t o  w f  i rs t 

deg ree ,  while  keeping a l l  t h e  o t h e r  competing models a s  they a re .  Th i s  i s  

c a l l e d  t h e  P-test .  Not ice  t h a t  t h i s  P-test  w i l l  be e x a c t l y  t h e  same a s  t h e  
i 

J-test i f  t h e  $11 model is a l i n e a r  model, because a l i n e a r i z e d  model of a  

l i n e a r  model i s  a  l i n e a r  model.  4 

-------------- 
13 An example might c l a r i f y  t h i s .  Suppose t h e  competing models a r c  t h e  two 

c l a s s i c a l  normal f i n e a r  regression d e l s  a s  mentioned in  f o o t n o t e  #7, then 

t he  rest of d ,  equa l s  z e r o  i s  accomplished by f i r s t  r e g r e s s i n g  y a g a i n s t  X,  
L 

- -- p--- 

- ?iGF the-=omposite variable, X2bZ (where i2 is a  c o n s i s t e n t  e s t ima te  of b2), 

and subsequent ly  u se  a  t- s t a t i s t i c  t o  e f f e c t  t he  r equ i r ed  t e s t .  



_ - - - - - _ _ - - - - - - - _ - -- - - -- 

Since t h e r e  e x i s t  many p o s s i b l e  estimated mode%, t h e r e - i s  t h e  problem 

es t ima t ing  the  models by r ep lac ing  t h e i r -  parameters w i th  t h e i r  MLE under 

t h e i r  r e s p e c t i v e  hypotheses.  The r e s u l t i n g  t e s t s  can be shown t o  be 

c o n s i s t e n t  t e s t s .  

For t he  J - t e s t ,  F&M have suggested e s t  a t i n g  t h e  a l t e r n a t i v e  models by 

us ing  t h e i r  c o n s i s t e n t  e s t i m a t o r s  under \ n u l l .  This  bea r s  d o s e  
1) 

resemblance t o  t h e  ATS, and hence i t  i s  c a l l e d  t h e  JA-test .  I n  t h e  c a s e  where 
_ 

t he re  a r e  only two competing l i n e a r  models, the d i s t r i b u t i o n  of t h e  r e s u l t i n g  

TS can be shown t o  have a  t - d i s t r i b u t i o n  i n  f i n i t e  samples under t h e  n u l l  

hypothes is .  For t h i s  r e x h i s  JA-test has been suggested t o  be p r e f e r a b l e  

t o  t h e  J - t e s t .  Never the less ,  because of i t s  unknown d i s t r i b u t i o n  under t h e  

a l t e r n a t i v e  hypothes is ,  t he  power f u n c t i o n  of t h e  TS cannot be de r ived .  I t  

can be shown t h a t  t h e r e  i s  i n  f a c t  a  c l a s s  of c o n s i s t e n t  e s t i m a t o r s  which, 

when used i n  t h e  J - t e s t ,  w i l l  y i e l d  a  TS t h a t  has  a  t - d i s t r i b u t i o n  under t he  

n u l l .  subsumed3in t h i s  c l a s s  i s  ano the r  s e t  of c o n s i s t e n t  e s t i m a t o r s  t h a t  

w i l l  y i e l d  a  TS wi th  a  t - d i s t r i b u t i o n  under both n u l l  and a l t e r n a t i v e  

hypotheses,  i n  f i n i t e  samples. However, t h e  g i s t  of t h e  problem . s t i l l  

remains,  namely t h a t  t h e r e  is no unique "best"  e s t i m a t o r  w i t h i n  t h i s  c l a s s  of 

e s t ima to r s  . 

2.4.Comparison of t h e  TS. 

Since a l l  t h e  above-discussed TS e s s e n t i a l l y  do t h e  same work, u s ing  

a l l  cd there w i l l  be a w a s t e  of resources-and t i m e .  P& this reason ,  i t  1 s  

n e c e s s a r a  t o  _compare these TS s o  as  t o  determine t h e  optimum one under 

va r ious  c o n d i t i o n s ,  and t o  e v a l u a t e  t h e i r  r e l a t i v e  e f f i c i e n c y ,  s o  t h a t  t h e  



- - - - - - - - - - - -- - --- - - - -- 

- -- 

l o s s  i n  e f f i c i e n c y  incurred i n  using any other  t e s t  than the  opt iGm can be 
- 

determined, and thus al low us t o  weZg3 tSle c o s t s  and b e n e r i t s  from using 

these sub-opt i m m  TS . 
There a r e  many ways t o  de f ine  an optimum TS. For example, it can be 

defined a s  one t h a t  maxiniizes the  power of the tes t ,  or one t h a t  maximizes 

the " local  power" of the t e s t ,  or one t h a t  involves the l e a s t  computational 
A* 

c o s t s ,  or  some other  c r l t e r i a .  I n  the following, we w i l l  d i scuss  only a few 

of these ,  Let  us begin with r e l a t i v e  ef f ic iency.  

& " e f f i c i e n t "  test is  the  most powerful test i n  the  c l a s s  of t e s t s  . 

being considered. And i f  an e f f i c i e n t  t e s t  of s i z e -  0( requires 1 

observations t o  a t t a i n  a c e r t a i n  power, and a second s i z e -  X t e s t  r equ i res  

T observations t o  a t t a i n  the same power agains t  the  same a l t e r n a t i v e ,  then 2 

the  r e l a t i v e  e f f i c iency  of the second tept i n  a t t a i n i n g  t h a t  power aga ins t  

t h a t  a l t e r n a t i v e  i s  defined a s  Tl/T2. This d e f i n i t i o n  of the  r e l a t i v e  

e f f i c i e n c y  i s  not asymptotic, and i t  impcees no r e s t r i c t i o n  upon the forms of 

the sampling d i s t r i b u t i o n  of the test being considered. It  i s  possible t o  
- - - - -- - - -- -- 

compare any two t e s t s  i n  t h i s  way because the  power funct ions  of the t e s t s ,  

from which the r e l a t i v e  e f f i c i e n c y  is ca lcu la ted ,  t ake  comprehensive account 

of t h e  d i s t r i b u t i o n s  of the TS; the power funct ions  contain a l l  t h e  re levant  

information f o r  our comparison. Theref ore ,  i n  order t o  determine the r e l a t i v e  

d f i c i e n c y  of a  TS, knovledge of i t s  power funct ion i s  required. 

2.4.1.Caparison of the paver fulrtlon8 of the test. 

. The power func t ion  of a test.  is a funct ion t h a t  shows -(a)the &ze- Df 

re j e c t h g  t h e  f a l s e  n u l l  hypothesi-s. It i s  determined by t h r e e  fac to r s :  the 



- - - -  -- 

s ize -  of the t e s t ,  the "distance" between the hypotheses t e s t e d ,  and the- 
P 

s a w r e  s i z e  requTredEy fhe -ef f 1 ci  enE teeat. T s  X n s  t h a t  t h r e e  e n t r  i n  

needed, one f o r  each of the  th ree  f a c t o r s ,  i n  order  t o  have a use•’ u l  

comparison of the  power funct ions  of d i f f e r e n t  t e s t s .  Notice a l s o  t h a t  it i s  

a l s o  necessary t o  d e f i n e  t h e .  "distance between the hypotheses tes ted"  before  

w e  can have a f r u i t f u l  ~ s c u s s i o n .  

I n  the  nested model case ,  the d i s t ance  between the hypotheses can be 
- - 

b e f i n e d  i n  terms of - the parameters ' values.  However, in tbe non-nested models 

case ,  t h i s  i s  not pos l ib le  because, by d e f i n i t i o n ,  the re  can be  no connection 

between them i n  terms of the  parameters of the models. I n  t h e  non-nested 
- -- - 

model t e s t i n g  l i t e r a t u r e ,  t h i s  d i s t a n c e  i s  usua l ly  not e x p l i c i t l y  defined,  

and not even mentioned i n  some papers. Only Pesaran (1982) has  attempted t o  

define t h i s  concept of distance.  I n  the case of two n o n a e s t e d  models with 

one independent va r iab le  f o r  each model, the d i s t a n c e  between the  two i s  

defined in  terms of 'the c o r r e l a t i o n  c o e f f i c i e n t  between the  two var iab les .  
I 

Where the re  a r e  more than one independent va r iab le  for  the competing models, 
- -- --- - - - -- -- ---- - ---- 

the ~ l t i c o l l i n e a r i t y  of the  columns of the  two matrices i s  used a s  a measure 

of d i s t ance  Instead.  This nult i c o l l i n e a r  i t y  measure i s  poss ib le  because he 

assumes that the re  is a s p e c i f i c  r e l a t i o n s h i p  between the two matrices.  

Apart from t h i s  d i s t ance  problem, there  i s  a l s o  another problem. The 

t h e o r e t i c a l  power functions of a l l  the  TS a r e  unknown i n  f i n i t e  samples 

because t h e i r  f i n i t e  -sample d i s t r i b u t i o n s  a r e  un?jGkn. Furthermore, even 
* 

though these  t e s t s  a r e  c o n s i s t e n t  and have cor rec t  s i z e s  asymptotical ly , 

their power converges t o  one as the saupfe s h e  increases .  Thus, t h i s  f s n o t  

u s e f u l  for-ouranalysi~ Zhensare  t w - ~ k t ,  a m  - t h i s  

problem. One i s  t o  use s i i u l a t i o n  t o  g e t  an approximate paver func t ion  of the  

28 



- - - - -- - -- - - 

- - - - - - - - 

test ,  and the  o ther  i s  t o  f i r s t  impose c e r t a i n  r e s t r i c t i o n s  t o  the effect.  

t3a t t h e  asympt o t  ie power of these tests ifo- n o t c o n v e r g e  t o  one, and then - 
compare t h e i r  asymptotic power. I n  the l i t e r a t u r e ,  the l a t t e r  is  analysed i n  

terms of l o c a l  a l t e r n a t i v e s .  

2.4.2,Local a l t e r n a t i v e s .  

Pesaran (1982) h a s  defined a sequence of a l t e r n a t i v e  hypotheses which 
- - - - - 

approaches the n u l l  hypothes is  i n  some well-defined manner. This  sequence of 

a l t e r n a t i v e  hypotheses, which approaches the n u l l  a s  the sample s i z e  

inc reases ,  i s  c a l l e d  a s e t  of l o c a l  a l t e r n a t i v e s .  I t  is  used t o  compare the  
* 

- - 

asymptotic e f f i c i ency  of the  t e s t s  a s  sample s i z e  increases .  

Pesaran c o n s t r u c t s  the  set  of l o c a l  a l t e r n a t i v e s  i n  terms of the 
\ 

regressor  matrices.  O n e  r e s t r i c t i o n 1 4  i s  t h a t  the  regressor  matrix of the 

n u l l  model, M(l),' must be a t  l e a s t  a s  l a r g e  a s  t h a t  of the a l t e r n a t i v e  model, 

M(2). It i s  a l s o  assumed t h a t  the  two exogenous matrices a r e  r e l a t e d  i n  such 

a way t h a t  the  regressor  matrix of M(2) i s  a combination of th ree  matrices. 
-- -- --- - - - - -- 

The f i r s t  of these  i s  l i n e a r l y  dependent on the regressors  of M(1), and the  

o ther  two a r e  matr ices  of constants ,  one of which is  of order O(T , and 

t h e  o the r  i s  of order  o(T-~"). I n  addi t ion ,  he assumes some regu la r i ty  J 
condit ions t o  keep t h e  power bound away from uhi ty  a s  the a l t e r n a t i v e  

hypothesis  approache; the n u l l ,  and t o  keep the  two asynqtot ic  moment 

=trices of the  regressors  from exploding a s  the  sample s i z e  tends t o  , 

in.•’ Lnity . 
- - -  - - 

reversed f o r  a second round t e s t i n g .  



- - - -  -- 

Pesaran has  app l i edp th i s  meghod t o  the CTS, J-test and t h e  LM- t e s t ,  

am& i t  fs ehoan €%at the Cox test and the  J - t e s t  have t h e  same l i m i t i n g  l o c a l  

paver. The square of the CTS and the LES test  both have non-centra l  

chi-square d i s t r i b u t i o n ,  with one and K* degrees of freedom respec t ive ly ,  'and 

they have the  same non-centra l i ty  parameter. K* i s  the number of regressors  

in  the a l t e r n a t i v e  &el t h a t  a r e  not found among the  regressors  of the  n u l l  . 

model. This d i f f e r e n c e  i n  the degrees of freedom suggests  t h a t  the  two 
- - - -- 

- 

nonnes ted  t e s t s  have m r e  l o c a l  p&er than the  L W  test, s i n c e  t h e  l a r g e r  

the degrees of freedom, the higher i s  t h e  s i g n i f i c a n c e  l e v e l  f o r  the same 

c r i t i c a l  point .  Notice t h a t ,  because of the way Pesaran designed h i s  l o c a l  
- - --- - - 

a l t e r n a t i v e s ,  the &&nested tests have g rea te r  power than the orthodox t e s t  

only when the number of regressors  i n  the n u l l  model i s  a t  l e a s t  a s  l a rge  a s  

the number of regressors  i n  the a l t e r n a t i v e  model. 

I n  p a r t  111, we w i l l  apply the  same l o c a l  a l t e r n a t i v e s  a n a l y s i s  t o  the 

ATS. I t  i s  shown that the  ATS i s  asymptotical ly equivalent  t o  the  CTS. 

1, Davidson and MacKinnon .(1982) say t h a t  t h e r e  a r e  two ways t o  design 

l o c a l  a l t e r n a t i v e s .  O n e  way i s  t o  assume t h a t  El is f ixed ,  while H2 

approach<s E in some well-defined manner. This  i s  the  way suggested-by 
1 

Pesaran a s  discussed above. The other way i s  t o  a s s m e  t h a t  both  M(1) 

w 
and H(2) a r e  f ixed,  but the  t r u e  naodel i s  known t o  l i e  "between" M(l) 

and H(2), and t h i s  t r u e  model approaches M(1) i n  some well-defined 

manner. They argue t h a t  tMs f a t t e r  approach has  an advantage over tKe 

f+r- 

be t rue .  They thus used t h i s  approach i n  t h e i r  analys is .  In t h e i r  



invest igat ion of the l o c a l  power.of the P-, "PA-" , '~  and the Cox t e s t s ,  
I 

-- 

under their  de f in i t ion  of l o c a l  a l ternat ives ,  i t  i s  found that the three 

tests are asymptotically eq6ivalent. 

st i s  the r- test which uses all estimators evaluated under the null 

hypothesis. It is based on the same idea as the JA- t e s t .  . 



I n  t h i s  Par t  111, f i v e  aspec t s  of GTS a r e  examined. 

1 )  An a l t e r n a t i v e  de r fva t ion  of the CTS (and ATS) when the  
- - - - - -- -- - 

- ---- --- -- - -- ------ 
- 

- competing arodeXs are c l a s s i c a l  normal I i n e a r  regYessfon- model s  - 

is provided, - 
L 

2) The a s p p t o t i c  p r o p e r t i e s  of CTS a r e  derived,  and i t  is found 
-- - - 

- -- - - -- 

- -  

t h a t  a more s u i t a b l e  var iance  f o r  the  tZTS i n  f i n i t e  sample t e s t  
c. 

should have a l a r g e r  magnitude than t h a t  usua l ly  employed. 

3) The ATS is  shown t o  be an incons i s t en t  test, i n  c o n t r a s t  t o  

current  b e l i e f .  

4) The concept of the  "di rec t iont t  of a model defined i Par t  I is 
8 .  r 

-- -to i t  it  - that i i a  s-C 

d i r e c t f o n  of t h e  t r u e  model can be i n f e r r e d  from t h e  sign of . 

the CFS. 

- ,  

5 )  A n  a l t e r n a t i v e  mthod f o r  der iv ing t h e  asymptotic d i s t r i b u t i o n  

of the  CTS under l o c a l  a l t e r n a t i v e s  is provided. The 

a s y q t o t i c  p r o p e r t i e s  of t h e  ATS under l o c a l  a l t e r n a t i v e s  is  

a l s o  provided, 



- 
- - -  - -- --- - - - -  -- -- - __ , - -- - 

- 
--  - - -  - - - -  - - - - - - -- - - - - - -- - - -- 

Suppose &ere a r e  rue competing s e p a r a t e  fami1ie.s of k t a t i s t i c a l  

- 
&CLS : 

w b r e  far i = 1 or 2,  Hi denotes  hypo thes i s  i ,  pi is  the p r o b a b i l i t y  dens i ty  

of model i, y is  a v e c t o r  r e p r e s e n t i n g  an  . independent ly d i s t r i b u t e d  dependent 

varlabfe,  and 8% i s  a v e c t o r  of parameters  of model 

where for i =  1 ,  2, pi A is p(y,8 1 ( h e r e  y r e p r e s e n t s  t h e  
i 

The CTS and ATS f o r  

sample value of t h e  

pmbabfl i ty  l i m i t  of G2 under HI, and GZ1 is i t s  c o n s i s t e n t  

& n o ~ e s  expectarion u&r Hi. {. . .}& means eva lua t ed  a t  
i 

ln ( i l  ii2) is asymptotically e q u i v a l e n t  t o  l n ( p l  /pZl ), 17 

formulae f o r  t h e  CTS and ATS can a l s o  be used. 

e s t ima te .  Ei(.) 

* 

'i 
= e1. Since 

t h e  fo l lowing  

Sfwe tkse tuo star is t ics  are asyr iqpto tka l ly  equ iva l en t  under t h e  n u l l ,  

t h e i t a s p n i p t o t i c  v a r i a n c e s  a re  thus  equal .  It is u s u a l l y  computed by us ing  

the fallowing gene ra l  formula : l8 

l8 S e e  Walker (19671. 



where, V (S)  is the  var iance  of S under H I ,  S is  i n  (p /p , and (1) i s  the  
1 1 2  

information matr ix  of 8 l9 1  

When n o n n e s t e d  c l a s s i c a l  normal l i n e a r  regress ion  

t e s t e d ,  the  above two test s t a t i s t i c s  can be specia l ized .  

two competing models, for i = 1, 2: 

2 
Hi : ymN(Xibi,  s ix ) ,  given Xi ,  

=> Hi : y = X.b + €*, 
x i  - - 

- 

2 
Ei--N(O, si1) 

* 

models a r e  t o  be 

Suppose t h e r e  a r e  

where Xi is a 'matr ix of independent v a r i a b l e s ,  b. is a vec to r  of parameters 
1 

of model i ,  8 is a vector  of random dis turbances  of m d e l  i, and s2 is  thp 
- - -  I - - -- - - - - -- - - - f --- 

variance of € I t  is  assumed t h a t  the  columns of X and X a r e  independent 
i ' 1 2 

but not orthogonal t o  each ocher. The TS a r e :  20 

t hese  TS can be shown t o  bez1 

A cons i s t en t  es t imate  of t h i s  asymptotic var iance  involves the  replacement of 

a f l  unknown parameters i n  the  formula by t h e i r  r e spec t ive  cons i s t en t  

------ 
I' This ( I ) - ~  is  -{El [$(In P ~ ) / @ B ~ ~ B ; ) ] }  . 
20 See Pesaran (1974) f o r  equation (8); and Fisher  and HcAleer (1981) f o r  

eqwtion (91, f r w  +i& &€ex seine a lgebra ic  manipulation one c a n  g e t  -, 

eqnatf on ( 10). 

21 See Pesaran (1974). 



3.l.An alternative derivation of the CTS. 

In the literature, the CTS is derived by using Pesaran's method, which 

requires knowledge of large sample asymptotic distribution theory.22 When the 

competing models are classical normal (linear) regression models, the CTS can 

be derived without this knowledge,23 This-alternative derivation makes use of 

the information that each of the p 's is normal pdf. So, i 

On substituting (12) and (13) into (2), we get equation ( 8 ) .  

Assume that the limits of- the products of the regressor matrices 

exist, and are finite; i.e. (see equation (6 ) )  l i m  Xi0X./T = 
J 

ci j' 
for i,j=1,2. 

Replace all unknown expected values of any function by the 

probability li~its ( p l i ~ )  of the function, 

Replace the. plin: of the estimates by their consistent estimates; 

and 

Use maximm likelihood estimates as the required consistent 

9 estimate. 

23 This 
- - -- - 

specialization is useful since econometricians deal mostly with the 

classical normal regression model. 



I t  i s  worthwhile t o  no te  t h a t  t he  ATS i n  equat ion  (10)  can a l s o  be 
- - 

der ived  i n  t he  same manner a s  above by s T b t i t u t i n g  ( 1 2 ) ,  (13) and 

i n t o  (3). 

* 

3.2.Asyetptotic properties of the CTS. 

I n  t h f s  s e c t i o n ,  the a s y q t o t i c  p r o p e r t i e s  of t h e  GTS w i l l  be der ived .  
- 

T h e  r e s u l t s  ob ta ined  h e r e  are d i f f e r e n t  from those  f m n d  i n  the  l i t e r a t u r e  i n  4 - 

two r e s p e c t s :  the  asymptot ic  mean i s  not ze ro  under the  n u l l  hypo thes i s ,  and 

the asymptot ic  v a r i a n c e  Is l a r g e r  by an e x t r a  term, which i s  p o s i t i v e  i n  

value.  The reason f o r  t h e s e  d i f f e r e n c e s  is  t h a t  the  TS used i n  t h e  l i t e r a t u r e  

is t r unca t ed  up t o  p r o b a b i l i t y  order o (T"'). Any term of o rde r  l e s s  than 
P  

t h a t  is ignored (Cox, 1962, p.409) .  I f  only the terms of p r o b a b i l i t y  order  

a (TI/*) a r e  cons idered ,  the r e s u l t s  ob ta ined  h e r e  w i l l  be e x a c t l y  t h e  same 
P 

a s  t hose  i n  the  l i t e r a t u r e .  

p r o p e r t i e s  $ t h e  CTS is t h a t  i t  y i e l d s  a  b e t t e r  e s t i m a t e  of t h e  asymptot ic  
3 

variance of t h e  C T S .  F u r t h e m r e ,  it a l lows  us t o  s e e  the  r e l a t i o n s h i p  

between the  CTS and t h e  W- TS, and hence enable u s  t o  e x p l a i n  the  improved 

performance of the  U- TS and t h e  a d j u s t e d  CTS over t h e  convent iona l  CTS. 

Equation (8), upon linearizing t o  t h e  f i r s t  o rde r  ,24 becomes 
--------- 
24 Another form of l i n e a r i z e d  CFS is 

Under HI, t h i s  l i n e a r i z e d  - iorm i s  a sympto t i ca l ly  - - equ iva l en t  t o  t he  form i n  . 

e q ~ a z i o n  (14). Bence, e i ther  form can be used. However, equat ion  (14) i s  used 
P 

t r i  b e c a u s e  ~=moreconveniexz%$or our analysis i n  t h i s  s e c t i o n .  Equation 

(15) i s  used i n  a  l a t e r  s e c t i o n .  



- - -- - 2 - 2  -2 
a s  2 - ( T / ~ ) U S ~ ~  - s ~ ) / s ~ ~  1 ( 1 4 )  

= -yr(M1 + P H P 
-2  

1 2 1  - M2&/(2s21). (16)  

Under H equat ion  (16) 1 ' - 2 (3's = (b'X'P M 8 - ElS(P2  - P1P2P1)61/2)/s21 1 1 ' 2 1  1 (17)  

The two terms i n  t he  n u w r a t o r  a r e  of p r o b a b i l i t y  order  0 (T 
P 

' I2 )  and 0 ( 1 )  

t_ 
P 

r e s p e c t i v e l y ,  whi le  the denominator converges i n  p r o b a b i l i t y  to s2 The CTS 
21' 

thus  has  t h e  same asympto t ic  d i s t r i b u t i o n  a s  i ts  numkrator under  H Equat ion 1 ' 

(17) shows t h a t  i t  has  a mean of 

where q = (K2 - t r ( P  P )), and va r i ance  1 2  

Th i s  va r i ance  i s  l a r g e r  than  t h e  one i n  (11)  by i t s  second term. Th i s  second 

term is important  because i t  has a p o s i t i v e  non-zero va lue  even 

a sympto t i ca l l y .  I ts  omission w i l l  i n c r e a s e  t h e  type  I e r r o r  of t h e  ( f i n i t e  

sa mpTe3 t t H e n c e  , -TCsilIluEt i on s tuare-i o x - F j e c t i o n o f h  e t ru  e 

n u l l  hypo thes i s  by t h e  CTS and t h e  r educ t ion  of t h i s  f requency of 

where A1 = (1 - P P P ). The f i r s t  term i n  t he  numerator is of o rde r  O(T), 
1 2  1 . ,.-. 

whi l e  t h e  o t h e r  two terms a r e  of p r o b a b i l i t y  o r d e r  O~(T"')  and 0 (1 )  
- 2 P 

r e s p e c t i v e l y .  I n  t h i s  c a s e ,  s21 converges i n  p r o b a b i l i t y  t o  s S o u n d e r H  
212 - 2 

CTS has t h e  same asympto t ic  d i s t r i b u t i o n  a s  i t s  numerator w i th  mean 

and v a r i a n c e  



cwer-rejection by the ad jus ted  CTS, which is  used with a l a r g e r  var iance ,  a r e  
- 

m t  s u r p r i s i n g  r e s u l t s  . 
Since the  asymptotic  mean of CTS i s  not  zero ,  it is poss ib le  t o  c o r r e c t  

for  t h i s  "bias" in  the t e s t  by us ing a "centered" CTS. Th i s  centered CTS is:  

ccrs = crs - tE,(crS)} - . (19) 

This TS obviously has an  a s y ~ p t o t i c  z e r o  mean and f i n i t e  variance.  This  TS, 

'if s tandardized,  can b e  used a s  the usua l  - CTS. 

On s u b s t i t u t i n g  equat ion  (14) and (18) i n t o  (19), w e  g e t  

- 2 
= -Iy'(M1 + Pl%Pl - M2 - 4 q / T ) y } / ( 2 ~ ~ ~ ) .  

-2 2 
Since s21 converges t o  s21 and s212 with probabl i tg  one under H1 and H2 

respect ive ly ,  and s i n c e  t h e  rumerator is of p robab i l i ty  order  0 ( ~ ~ ' ~ 1 ,  only 
P 

the numerator need t o  be considered i f  the  purpose i s  t o  find t h e  asymptotic 

p roper t i e s  of the  TS. Let  

where B = -{c.M1 + P1l$P1 - 51, and c = 1 - q/T. Th i s  v a r i a t e ,  n, under H 
1 ' 

obviously has an a s y q t o t i c  zero  mean and i t  can be  w r i t t e n  a s  

Thus under El ,- it 

While under 

has a va r i ance  of 

Hz, n can b e  w r i t t e n  a s  

This  shows that, under El2, it has a mean of 

and va r i ance  



P* 2 
Thus the  CCTS has an asymptotic  z e r o  mean, and a var iance  of ~ ~ ( n ) / ( 4 s ~ ~ )  

under H1; while under H2, it has  an  asymptotic mean of 

and va r i ance  of 

If a l l .  unknowns in  the CCIS (equation (20)) a r e  replaced by unbiased 

es t imators  and i t  i s  appropr ia t e ly  s tandardized,  the W- TS of Godfrey and 

Pesaran (1983) i s  produced. I n  o the r  words, t h i s  CCTS without the  denominator 

is the mmerator  of rhe U- TS. G d f r e y  and Pesaran have c a l l e d  t h i s  W- TS a 

cor rec t ion  f o r  the small sample b i a s  of the  CTS,'since i t  i s  assumed t h a t  the  

asymptotic mean of the  CTS is zero. However, a s  mentioned e a r l i e r ,  the 

asymptotic mean of the  CTS is not  ze ro  (even asympto t i ca l ly ) ;  the co r rec t ion  

f o r  the b i a s  i s  thus not  on ly  f o r  the small  sample b i a s  but a l s o  f o r  ' the 

"non-zero bias". 
-- - - - - - - - - 

I n  essence,  t h F a d j G d  CTS of Godfrey and Pesaran i s  the  CTS t h a t  

uses a l l  unbiased es t imates .  The W- TS is  the standardized CCTS of equation 

(20) when a l l  t h e  unknown es t ima tes  a r e  replaced by unbiased estimates. 

*3.3.Consistency of t h  Atkinson test  s t a t i s t i c .  

P e r e i r a  (1977) has  proved t h e  inconsistency of the  test, when 

i t  w a s  app l i ed  t o  s e l e c t  sepa ra te  f a d l i e s  af 

t h a t  t h e  Atkinson test s t a t i s t i c  i s  indeterminate i n  s i g n  under the  
- -- - - - - --- - -  - - - 

a l t e r n a t i v e  hypothesis.  Hcrwever , r ecen t ly ,  Fisher  and McAleer (1981) "proved" 

t h a t  the  Atkinson test Is s t i l l  a c o n s i s t e n t  test h n  appl ied  t o  test 



n o n a e s t e d  c l a s s i c a l  normal r eg ress ion  models ; they a l s o  argued t h a t  Pe re i r  a  
- - - - 

is  incor rec t  in h i s  conclusion because of h i s  i n a b i l i t y  t o  show t h a t  the'ATS 

h a s  a  negative mean under the a l t e r n a t i v e  hypothesis.  

This s e c t i o n  a t tempts  t o  show t h a t  F isher  and McAleer a r e  i n  e r r o r  and 

t h a t  f o r  non-nested model t e s t i n g  the2Atkinson t e s t  i s  an  incons i s t en t  t e s t .  

i 
' 

ly a c o n s i s t e n t  test we mean a test t h a t  has i t s  power26 (evaluated  a t  

a  given f ixed a l t e r n a t i v e  hypothes is )  converging t o  one a s  the  sample s i z e  

tends t o  i n f i n i t y .  Th i s  means t h a t  a  c o n s i s t e n t  t e s t  w i l l  be one which has 

and 

' T.plim2 {ATSIT) P 0. 

where plimi, i = 1 o r  2 ,  denotes p robab i l i ty  limit assuming M(i)  i s  t rue .  

On taking t h e  pl im o f -  ATS we get: 27 

and 

----------- 
26 T h t  is,  the p robab i l i ty  of r e j e c t i n g  a f a l s e  hypothesis.  

2 7 ~ h e  fo l lov ing  is u s e f u l  f o r  the  de r iva t ions  of the  pl im of the  two 

s t a t i s t i c s .  - 2 2 
pliml s21 = p l i m  s^2 = s21 1 2  (by d e f i n i t i o n )  

pUm1 ( 8 1 ' 3 ~ 1 6 1 / ~ )  = o 
plim2 ( 8 1 ' ~ 2 ~ l c l / ~ )  = ;b12'Glb12 - 2 

pula2 s = 'G b  + b;G2b2 
1 522 + b12 1 12 

pl im* s2 = s 2' 
where b12 = c ; : c ~ ~ ~ ~ ,  and 



with the equa l i ty  sign holding when - -- 

' G b  = O  
b12 1 12 (21) 

Consider equation (21). I f  r(C12)= K2 5 K1, then b12 t 0 because b 0 under 
2 

H2, and a l l  columns of C a r e  However, i f  r(c12) = Kl < K2, 
12 

then i t  i s  ;poss ib le  f o r  b12 t o  be z e r o  because the  columns of C a r e  not 
12 

independent, meaning t h a t  i t  i s  poss ib le '  t o  have a ncn-zero vec to r  h such 

t h a t  C12h = 0. s i n c e  t h e r e  i s  a non-zero chance f o r  equat ion  (21) t o  hold,  

i t  is  thus poss ib le  t h a t  the  Atkinson t e s t  i s  an i n c o n s i s t e n t  t e s t .  This 

s h o d  that the conclusien of f i s h e r  and McAleer i s  ineerrrt. Their e r r o r  

l i e s  i n  the  l a s t  equat ion  of t h e i r  1981 paper (p.118), where they argue t h a t  

( in  . their symbols): 

(which i s  equivalent  t o  ~ ; c ~ ~ c ; ~ G ~ c ; ~ c ~ ~ ~ ~  i n .  t h e  symbols of t h i s  paper)  i s  

negative. As d e m n s t r a t e d ,  t h i s  i s  not  necessa r i ly  t rue .  
- - - - -- - 

3.4.Interpreting tbe d i r e c t i o n  of the t m e  d e l  when neither of the  tested 

Ever s i n c e  Pesaran (1974) s p e c i a l i z e d  the  Cox s t a t i s t i c  t o  the t e s t i n g  

of non-nested c l a s s i c a l  normal l i n e a r  r eg ress ion  models, econometricians have 

discussed non-ested models a s  i f  there were a d i r e c t i o n  f o r  each 

C, ; i s  the  mment matr ix  ( l im Xi 'x,/T), i, j-1,2. Since a l l  t h e  columns of 
* J J - - 

)(1 a d  5 are linearly indep&ndent r(C ) = Ki < K te l ls  us t h a t  the  plder 
ij 3 

b 
29 For examples, Pesaran (l974), and F a  (1981). 



Dastmr ('1981) was the f i r s t  t o  po in t  out t h a t  t h i s  concept of d i r e c t i o n  of a 
- - -  - - - 

- 

model h a s  never been expounded, and i t  i s  not  c l e a r  exac t ly  what it means. 
I 

For e x a q l e ,  in Pesaran ( 1 9 7 4 1 ~ ~  it i s  not c l e a r  what is meant by "...a 

s i g n i f i c a n t  p o s i t i v e  va lue  f o r  No can be i n t e r p r e t e d  as s t rong  evidence 
6 

agains t  Ho in favour of an a l t e r n a t i v e  which d i f f e r s  from Eo in some sense 

opposite t o  tha t  i n  w h i c h  H1 d i f f e r s  from Ho." (The term No r e f e r s  t o  the 

What fol lows i s  an attempt t o  show t h a t ,  us ing t h e  concept of the 

d i r e c t i o n  of the m d e l  defined i n  the Pre l iminar ies ,  i t  is poss ib le  t o  i n f e r  

the d i r e c t  id of the  t r u e  model from the  s ign  of the  C o x  s t a t i s t i c .  The - - 

following r e s u l t s  a r e  needed f o r  t h i s  ana lys i s .  Suppose the t r u e  model i s :  

., I n  t h i s  case equation (8) can be  w r i t t e n  a s :  
- '3 

where A1 = M1 + PIM2P1 = I - P1P2P1* This shows t h a t  CTS is s t i l l  a 

consis tent  t e s t  even when both of t h e  hypotheses under test are f a l s e .  (As i t  

i s  obvious t h a t  p l i a j  (CTS/T) k 0.) - . -, - 

We can now proceed t o  show our case. The fo l lov ing  example i s  given by 

Dastoor (1981) but  the  nota t ion f o l l a u s  t h a t  used i n  t h i s  paper. 

T t e  th ree  m d e l s  used a r e  as given in (6) and (22). H 3  is assumed t o  be 

the t r u e  ntodel, w h i l e  H1 and Hz a r e  used a s  the  n u l l  and a l t e r n a t i v e  
- - - -- 

- 

hypotheses. l a  the f i r s t  test, El is assumed t d  be the m l l  hypothes is  and H2 

-- - - -- 

--- 
30 Walker (1967) has  a l s o  w r i t t e n  a s t a t e e n t  t o  the  same e f f e c t .  



9 
the a l t e r n a t i v e  hypothesis.  Tbeir  r o l e s  a r e  reversed i n  thg second test. Thus 

Since H is assumed t r u e ,  they can be  rewr i t t en  as :  
3 

1M2P1 = I - P P P and 1 2 1' 
where A1 = M1 + P 

M X b  /T+s; p 3 % '  1 3 3 .  

(23) and (24), one can see t h a t  the  signs of CTSl and CTS2 depend on 

of (aO-bO)/T and (al-bl) /T respect ively ,  where 

1P2. From 
A 

the sign 

and u = %b3. 

u reflects the t r u e  model (i.e. equation (22)). It i s  a vector  in the vector 

space spanned by the coluum vectors  af X It can be  shawn e a s i l y  that31 3' 

a&bO > 0 -> C T S 1 < o 4  
t 

6+- - n 
31 N o t e  that t h i s  analysis is s&ceed ly  based on the l i m i t  of CaO-bnfT -ad 

* (al-ba)/T. However, s i n c e  these  limits a r e  continuous f u ~ l c t i o n s  of (aD-bO)/T 
-- - - -- - - 

and (al-bl) /T yesp&tively,  and s i n c e  the l a t t e r  set of fo-lae are e a s i e r  

to vork with, they are thlrs used i n  this analykis .  



a l - b l  > 0 => CrSz<O 

a l -b l  < 0 => CfS2 > 0 

Given t h a t  the  Cox t e s t  i$ a c o n s i s t e n t  test ,  and given the assumption t h a t  

H ( 3 )  i s  the t r u e  model, ne i the r  (aCbbO) qor  (al-bl) can be expected t o  be 

zero, even though i n  f i n i t e  samples, i t  is  poss ib le  f o r  it  t o  be zero. 

The above shows that t h e r e  a r e  f o y r  e s i b l e  combinations of the  signs 

of the CTS, i f  the f i v e  cases wbere e i t h e r  o r  both of the CTS is zero a r e  

ruled out. These are shown in  Table 4 below. A l l  f ou r  e n t r i e s  in the t a b l e  

r e f e r  t o  cases i n  which the absolute  - v a l u  - of the CTS is la rge  enough t h a t  
- - - - -  

-- --- - 

both of the  models under t e s t  a r e  re jec ted .  Houever, d i f f e r e n t  e n t r i e s  i n  the 

t ab le  impart d i f f e r e n t  messages regarding the  d i r e c t i o n  of the  t r u e  model. 

The purpose here  i s  to  determine i f  these  messages a r e  obta inable  from 

knowledge of the occurrence of a p a r t i c u l a r  case. I n  o ther  words, we wish t o  
- 

see i f  w e  can determine the s i z e s  of the  cos ine  of the  smal les t  angle between 

and CTS2. 

The cases  i n  the Table 4 are mnbered 1 t o  4. Cases 1 t o  3 a r e  mmbered 

a s  Dastoor has numbered them. Case 4 is  a n a l y t i c a l l y  equivalent  t o  case 2 ,  

hence i t  i s  not discussed. These cases  correspond t o  cases  c ,  i, g and a i n  

Table 1 above. 

To begin, let us mould aD-bO and al-bl  t o  same forms u s e f u l  f o r  our 

analys is .  F i r s t ,  w e  need the i f o l ( ~ ~ i n g .  Imagine that X1 and 5 a r e  both 

hyperplanes, and u i s  a vector. Le t  the s p a l l e s t  angle between u and Xi 
- - - - - - - 

be r i==1,2. Le t  the smmllest angle between the vector  projection of u onto 
i ' - 

5 and i t s  clceest vector kn X be r and l e t  the smallest angle between the 2 3 ' 



( Positive. ( Negative. 
egative) 

I 
I (Posi t ive)  t 
I I 

( Posit ive ( Case 4. ( Case 1. I 
( (Negative) 4 Lwk elsewhere. / t. M(1). ' 1  

1 Negative ( Case 3. I Case 2. 
/ (Pos i t ive)  I t. H(2). 

I 
( A combination ) 

I I I of both. t 

- 
Table 4. C o x  t e s t .  

* "a. M ( i ) .  " denotes "the t rue  model i s  away from M(i )". 

* "t. M(i)." denotes "the t rue&odel  i s  towards M(i)". 

vector project ion of u onto X and its c l m e s t  vector in X be r4. Notice 2 1 

tha t  when XI and X2 are both vectors,  r3 equals r4. - 
Using these and equation ( I )  i n  the Preliminaries, w e  ge t  t - 

I ;  

> 



al-bl = u'P u -u'P P P u 
1 2 1 2  

We can now p r o c e e d - t o  consider the three cases. 

- 

Case f *  

Equation (25) confirlli that rl < r2, while equation (26) does not t e l l  us  

2 2 anything. (Note: eos (rg) and coa (r4) both have values between zero and 

one.) This shows t b t  H(3) i s  closer to H(1) than to  H ( 2 )  by our definition 

of direct ion. 

Neither equation (27) nor equation(28) reveals the re lat ive  s i ze s  of r and 1 
r2, and consequently, n, indication is given abait tbe direction of H ( 3 )  

relative t o  that of H(l) and X(2). 

4' 
Eqwtion (29 )  says mthing abart the relative s i z e s  of rl ~d r2, but 



equation (30) ind ica tes  tha t  r < r,. This means that H(3) is, closer t o  M(22 1 L 

b f 1  of the cases discussed above refer t o  cases vbere both models under 

teat  are rejected.  By loolcfng a t  the signs of the CTS under the two tests, i n  

vftfeh the  roles a f a t k  two d e b  are reversed, the above ana lys i s  has shown 
L r - -- - - - - - - - - - - -- - - - - - - - - - - -- - - - - - -- --- - - 

- that -for cases 1 a-nd 3 t k  signs - of the CTSl and CfSp can indicate - the - 

d i r ec t ion  of the t r u e  Plodel r e l a t i ve  t o  the d e l s  specif ied under the nu l l  

and the  af t e rna t  toe hypmkscs - 

In thfs  sect ion,  a s iq fer  method of deriving asymptotic proper t ies ,  in 
* 

che context of the  CTS under Iocal a l te rna t ives ,  is suggested. After t ha t ,  , 

the &-totic proper t ies  a€ the  ATS under local* a l t e rna t ives  a r e  derived. 

Peaarm's (1982) coestructioe of his local altematlves reguires h 

\ 
e r e ,  B and 

matrices, X1 5, t o  be re la ted  i n  the fo l l a r ing  manner: 

( t )  are K X K and T X K matrices of non-zero constants, and 1 2 2 

(I) is so& a t  tbe t e r m  ( ( t ) ' l l l ( t ) /T)  converges t o  a f i n i t e  mn-zero matrix . 

as T rends t o  in f in i ty .  Tke edsteace of the lilit of ( ( t ) ' ? f l ( t ) /~ )  i s  

sltm osmugb rate to keep tbe parer b ~ n d  away from unity,  w h i l e  i t s  non-z&o 

m' to be M lust as lar* as 5, otherwise, C22 would possibly be 
t 



1. Local a l t e rna t ives  for (3s. 

Pesaran (1982) bas derived the CTS under l oca l  a l te rna t ives  in a 
% 

ra ther  lengthy way. H e  f i r s t  rewri tes  CTS in equation (8) as:  

= -(T/2)ln (vl/;:) - (T/2)ln (wZ/wl) - (T/2)1n (;i1/w3), - 

- - 
- - 

- - 

w k r e  wl , w2, and w are some functions of y. He then t r i e s  t o  show that  3 

the f i r s t  two terns  i n  the l a s t  equation a r e  of probabil i ty order 

op(T -ll2), while the l a s t  term is  of probabili ty order o ( T - ~ ~ ~ ) .  Thus 
- - -- - - - - - - - -- -- -- - - - - - - - - - -- -- 

- -- - -- 
-- - 

p - - - - 
- 

asynptotically,  this t h i rd  term can be dropped, leaving the f i r s t  two 

t e r m ,  which a r e  then l inear ized ta the f i r s t  order. The resu l t ing  

equation i s  the CTS under l o c a l  a l te rna t ives ,  i.e.: 

where (W) = (t)'Ml(t). The f i r s t  term i s  of (big) order un i ty ,  while the 

second t e r m  i s  of probabil i ty order ~ ~ ( l ) . ~  
1 

A shorter and simpler method t o  derive the CTS under l oca l  

a l te rna t ives  is t o  f i r s t  l i nea r i ze  the (X'S to ' the  f i r s t  order,  and then 

derive the asynptotic TS. I n  other words, one can use the l inear ized  CTS 

of equation (15). On subs t i tu t ing  equation (31) i n t o  i t ,  and a f t e r  some 

algebraic manipulations, equation (32) above can be obtained. 

32 This is because 

C22 - l i m  (x&/T) , 
= B'c B + ( r ) ' ( i ) / ~ ~  

- - - - -1g-- -- -- - --* - - - - - -- - - - 

and r[C22) < r(C ) i f  tbe second term above converges t o  zkro. I f  K2 > K1, 
- - ... . 

and ir (tl-( t)D eonverges to a non-zero constant, then C22 is possibly 

non-singular. Hffever i f  K2 < 5 h s t e a d ,  then C2* is non-singular. 



If i n  the  above d e r i v a t i o n  equation (14) i s  used instead,  the 
- - - - - - - - - - 

2 
r e s u l t i n g  CTS under l o c a l  a l t e r n a t i v e s  w i l l  be one with s2 h equation 

- 2 
(32) being replaced by (si + 2bt(w)b2/T). This  i s  because sll converges 2 

t o  ( s 2  + 2b;(W)b2/T) under l o c a l  a l t e r n a t i v e s .  So, the  TS is: 
2 

2. Local a l t e r n a t i v e s  for ATS. 

/- 

\ Since no one has derived the  ATS under l o c a l  a l t e r n a t i v e s ,  it w i l l  

be derived here .  Using (31) i n  (10) we can wri te  ATS as:  
F -- - -- - - - - - - - - 

b 
- 

k 

i 
Comparing t h i s  with equation (33),  i t  shows t h a t  the ATS is 

asymptotical ly equivalent  t o  the  CTS under l o c a l  a l t e r n a t i v e s .  
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