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ABSTRACT

A model for the evolution of the profile of a growing and
melting interface has been studied. The parameter of the model
is the average net growth velocity v of the interface which is
determined by the difference between the rates of deposition and
evaporation. For the case of reversible growth (v=0) the problem
is exactly solved by mapping the system onto a one-dimensional
kinetic Ising model. For the irreversible growth (v#0) Monte
Carlo methods were employed to calculate the dynamic structure
factor S(k,t) and the time correlation functions. It is found
that S(k,t) obeys the dynamic scaling form : S(k,t)~k"2%7f (k3t)
with n=0 for all v, For v=0, z=2 and for v#0 we obtained z=3/2
which is in excellent agreement with the previous numerical
simulations and analytical results. The gquestion of universality

of dynamic growth processes is also discussed.

iii



ACKNOWLEDGEMENTS

| I would like to‘express my sincere thanks to Dr. M. Plischke
for suggesting this topic and helping me go through the study to
its completion. He spent a lot of time helping me to understand
the subject and the theories related to it. He read through my
thesis many times and made many suggestions and corrections
which were extremely helpful to me. This work would not have

been possible without his endless support and encouragement.

I am very grateful to Dr. Zoltan RAcz for having taken time
to patiently explain to me things that I didn't understand. In
addition, I wish to thank my supervisory committee for its help

in my graduate studies.

The financial support provided by Simon Fraser University
and the Natural Sciences and Engineering Research Council is

also gratefully acknowledged.

iv



DEDICATION

To my grandmother



TABLE OF CONTENTS

_Aéproval P 8-
3 o 3 o o= U P O .1
Acknowledgements AP £
DEedicCation it eiiiersteeteoseesssoscssesssscnassasssnssasnssnse V
List Of FlQUIES tuteueeeceovocsososenseosonoenssanssscnnsnssess Vil
I. INtrodUCtion teieeeeeeeeeressosssesasssssasoesssssaosaanss |

To1 Model .t.iiieiereneneonesosssasosesssassssssossnnsancs 12

1.2 Quantities to be calculated .....ccveeeeeeereneenees 15
II. Analytical AnalySisS ..uoeeeceoceesosnsasaossssnssasanssees 24
III. Simulations and RESULLS .s.ivooosesasscrscsncnnoassncessss 42
IV, SUMMAIY tveeesesssssccsssvssoasosassssassssossssscscsssssses 99

Bibliography ® 8 5 2 6 6 6 0 2 0 0 00D OB OGO S 0SS S I3 S S D S 3G IS SO S0 s e e NI 63

vi



Figure

10

11

12

13

14

15

16

17

18

19

20

LIST OF FIGURES

Transmission electron micrograph of an iron aggregate ....

DLA aggregate of 3,000 particles on a square lattice .....

The Eden aggregate on a square lattice of L=96 ...........
The initial configuration of the model ........ . .
Analytical calculations of [£2(L,t)-£2(L,0)11/2/L1/2
Analytical calculations of k?S(k,t) c.evevecroneconccasns
Analytical calculations of function ¥(k,t) ...ceceoccaans

£(L,t)/L1/2 (L=12) for the full growth regime ...........

Steady state structure factor S(k,=) multiplied by k?
for full growth regime ...

k2S(k,t) for the equilibrium growth regime ......eeeeeec..

Relaxation function #(k,t) for the equilibrium growth
regime .eoeeececsroscscanosa. ceas

@ 9 3060632 430383030

The steady state time-correlation function ®(k,r) for
the equilibrium growth regime .....

Relaxation function #(k,t) for the full growth regime
with z=1,55

ooooooooooooo ® 9 a0 00 0

®(k,r) for the full growth regime with z=1.55 ....cvev...

Relaxation function #(k,t) with L=48 for the
intermediate growth regime .....c.eeeeceovseoocccencns

L=96 for the

Relaxation function ¥(k,t) with
intermediate growth regime ....cieevesecenssesonnonns
Relaxation function #(k,t) with
intermediate growth regime .....

Relaxation function ¥(k,t) with
intermediate growth regime ....eoceeesocesnovesonnnen
Relaxation function ¥(k,t) with
intermediate growth regime ..

M. Plischke and Z. RAcz's model of interface evolution

vii

Page

13
39
40
41

44

45

47

48

50

51
52

54

55
56
57

58
62



CHAPTER 1

INTRODUCTION

The physics of nonequilibrium processes is a rich branch of
physics. Among the nonequilibfium processes are the aggregation
of smoke particles (see Figure 1), colloid aggregation,
dielectric breakdown, fluid displacement in porous media,
crystal growth and many others.! an understanding of these
nonequilibrium phenomena is certaiﬂly important theoretically

and technologically.

Unfortunately our understanding of nonequilibrium phenomena
is relatively limited in comparison to equilibrium phenomena at
the present time. For example, the equilibrium properties of a
thermodynamic system can be obtained quite satisfactorily from
the basic assumptions of statistical mechanics. However,
nonequilibrium properties are beyond this simple tool. Consider
the processes we have mentioned above. Not only do we know
little about the microscopic interactiqns controlling some of
these processes, but also we are dealing with nonequilibrium
processes. Although the eguations describing these processes ﬁayv
be well defined, theoretical advance is hampered by the fact
that the surfaces are highly convoluted, display large
fluctuations and boundary conditions are changing with time.
Another difficulty is the lack of knowledge of their spatial
structures. Models have to be proposed to deal with these
processes. It is found! that some nonequilibrium phenomena can

be described in terms of models in which a single cluster grows






20 Lattice Constants

Figure 2: DLA aggregate of 3,000 particles on a sqguare lattice.
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Figure 3: The Eden aggregate on a square lattice of L=96. The
figure shows only the top rows, containing surface sites.
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through the addition of individual particles. Two elementary and
well studied growth models are the diffusion-limited aggregation
(DLA) mode12 and the Eden model.3 Several variants of these two

models have also been proposed.

The DLA process was proposed by T.A. Witten and
L.M. Sander.? The rules of the model are guite simple. One
starts with a seed particle at the origin of a lattice. Another
particle is allowed to walk at random (i.e. diffuse) from far
vaway until it arrives at one of the lattice sites adjacent to
the occupied site. There it is stopped and another particle is
launched and halted when adjacent to an occupied site, and so
forth. If a particle touches the boundaries of the lattice in
its random walk it is removed and another introduced. An
arbitrarily large cluster may be formed in this way. Figure 3
shows a 3,000-particle aégregate on a sqQuare lattice. One sees
immediately the striking similarity with the smoke particle

cluster of Figure 1.

The Eden model? is also very simple. The process is started
by placing a seed particle on a lattice site. The cluster is
then grown by adding particles at randomly selected unoccupied
sites adjacent to the existing cluster. Alternatively one can
consider the initial state to be a substrate of finite length or
area and confine the growing cluster to a strip or a column.
Figure 2 shows the surface configuration of particles

" accumulated on a strip of length L= 96 on a square lattice.



In both the DLA process and the Eden model, the algorithm is
.assumed vithout explicit reference to the details of the forces
betﬁeen the particles. The reason is that some features of
aggregation processes are rather insensitive to the details of
the particle-particle interaction. For example, very different

5 and smoke particle

processes such as dielectric breakdown
aggregation6 have strong similarity in their spatial structures.
It seems likely that at least the structures arising in
aggregation processes can be understood without considering the
details of the interaction. As we can see from Figure 2, the

clusters grown by DLA are fractals, while those from the Eden

algorithm are compact but have a rough surface.

The DLA process and its variants seem to describe very well
a wide variety of phenomena which at first sight are unrelated
such as the aggregation of smoke particles,6 colloid

7 and dielectric breakdown.® The DLA process is

aggregation
diffusion controlled. The exposed ends of the cluster grow more
rapidly than the interior because the added particles are
captured, with high probability, beforelthey reach the interior.
The fractal dimension D of the DLA model is less than d,2'4
where d is the Euclidean dimension of the space in which the
process takes place. In studying the DLA process, the
calculation or measurement of the fractal dimension D is
important, since the density-density correlation function, the
radius of gyration and the number of particles of the aggregate,

etc. are all associated with D. For instance, the

density-density correlation function of a fractal object is



described by the equation:

<p(T+E" ) p(E" )>~r A

where < > denotes an ensemble average and the exponent A is
related to D by D=d-A. A can be determined from the slope when
one plots log<p(TF+r’)p(T’)> vs log(r). In two dimensions, D is
found to be about 1.7.2 However, D is by no means the only
exponent needed to describe the DLA process completely. As
pointed by P. Meakin and T.A. Witten,Jr.,8 DLA clusters have a
éharacteristic scaling property besides their fractal dimension,
namely the mass of the interface. Various measurements of this
mass are consistent with each other. This mass in turn scales
with a well-defined power & of the)size of the cluster. It seems
likely that this power can not be expressed in a simple way in
terms of the fractal dimension D of the aggregate and the
dimension d of space. More recently Halsey, Meakin and

Procaccia9

have pointed out that an infinite number of exponents
may be necessary for a complete description of such clusters.
The fractal dimension is only the most pbvious of these. At the
present time the physical meaning and hence methods of

determining the hierarchy of exponents are still unclear.

Some nonequilibrium processes may be described particularly
well by the DLA model. The smoke particle aggregation process is
one of them. The aggregates studied by Forrest and Witten® were
formed when a.melted vapor produced by heating a plated filament
condensed. The particles--approximately 40A in radius--

accumulated in a thin spherical shell of roughly 1cm radius.



Then they drifted down to a transmission electron microscope
(TEM) slide'where a photo of the aggregate was taken (see Figure
1). The technique described above can of course be used and was
actually used to analyze the photograph of the aggregate. The
result D=1,7 is ih excellent égréement with that calculated from

the DLA model.

DLA clusters, and fractals in general, are scale invariant.
The criterion for scale invariance one may use is that in a
scale invariant object correlation functions are unchanged up to

a constant under rescaling of lengths by an arbitrary factor b:
<p(b?1)p(b?2)>=b-A<p(?1)p(?z)>

this is only another form of

<p(T+T*) p(T" )>~r A

which has been proven true. This means that each part of the

aggregate, statistically speaking, is similar to the whole. The

aggregate has no natural length scale.

Scale invariance is most familiar to us in the context of
critical phenomena in equilibrium thermodynamic systems. In
equilibrium thermodynamics the critical properties of many
seemingly different systems are determined only by the general
features of the systems such as the spatial dimensionality, the
symmetry of the Hamiltonian and the symmetries of the equation
of motion. This notion became known as the universality
hypothesis. The universality hypothesis has been verified

experimentally for fluids and magnetic systems. Since there is



empirical evidence that power law behavior is found even in
nonequilibriﬁm processes, one can ask whether the concept of
uniVersality applies in these situations and, if so, what the
important features of the dynamical processes are that determine

the universality class of a system.

If the DLA process obeys the universality hypothesis, its
properties should not depend on the lattice on which the cluster
grows and the details of growth rules. Indeed, simulations of
the DLA process on the square lattice, on the triangular lattice
on no lattice at all and that of a partly absorbing modified DLA
process show that the universality hypothesis holds for the DLA
model, 4

The Eden process is often used to simulate biological growth
processes and crystal growth. It is quite different from DLA and
one of the essential differences is the compactness of the
spatial structures. There is evidencg from simulations that the
process is space filling and its fractal dimension is the same

10,11 Therefore, in the Eden model

as the Euclidean dimension.
and its variants, the evolution of the surface of the aggregates
is probably the most interesting quantity since the resulting
clusters are compact. It is easily seen from Figure 3 that the
surface is rough. The roughness was first measured in spherical
geometry by M. Plischke and Z.Racz. ' '''2 The width of the
surface is found to behave as £N~ND where N is the number of

particles in the cluster, while the mean radius of the cluster

scales as EN~N”~N1/d in both two dimensional and three



dimensional cases. Here d is again the Euclidean dimension of
the space in which the process occurs. M, Plischke and Z. R4cz
foﬁnd that v<», indicating the presence of a second diverging
length in the Eden model. R. Jullien and R. Botet first studied
the Eden model in a strip geometry. Their result for /v in the
two dimensional case is 0.3+0.03, giving evidence to the
inequality ?<v. The evolution of the surface of two-dimensional
Eden deposits grown in a strip of width L was also studied by
M. Plischke and Z. Racz.'? The advantage of the strip geometry
is that it provides a cbnvenient separation of control
parameters. The width L of the strip and the average height h of
the surface, or, in appropriate units, the time of the growth
t~h can be varied independently. Therefore, one can study the
effects of changing L and h separately which is impossible in
spherical geometry where the cluster starts growing from a seed
particle and a single parameter N, the number of particles in
the cluster, controls both the "height", i.e. the mean radius
EN~N”~N1/d, and the strip "width". One expects that curvature

effects are negligible for N—=,

The scaling properties of Eden clusters in spherical
geometry can be obtained from those in strip geometry. For
example, in strip geometry the width of the surface is known to
have the scaling form £(L,t)~LXG(t/L?) with G(x)—>const as x—sw
and G(x)~x7‘/z as x—0, where x and z are constant exponents when
d is fixed. For a cluster growing in a spherical geometry with a

radius EN~E~t~L the width of the surface behaves as



E(ry,t) ~f§ G(t/?ﬁ). If EN~NV and z>1 we have fy~N" with
P=xv/2=x/dz. In the two dimensional model, x and z are found to

be 1/2 and 1.55+0.15, respectively. This also supports v<wv.

The question of whether the universality hypothesis holds
for the Eden process can also be asked although the Eden model
does not have very obvious scale invariance préperty. For
instance, one can ask: are x and z in ¢(L,t)~LXG(t/L%)
universal ? Besides computer simulations of the two dimensional
Eden model, analytical analysis of a model differential equation
was carried out15 which gave x=1/2 and z=3/2, in excellent
agreement with numerical results mentioned earlier in this

thesis.

The dynamic scaling form £(L,t)~LXG(t/L%?) and the value of ¥x
and z are also regained by studying the "ballistic deposition”
model. There are also a number of simulations confirming that
for a strip geometry the width scales as LX as t—>= with
x=1/2.12'13'14'16'17 These results coming from different models
seem to support the universality hypothesis. Within the Eden
model itself, it has been conjectured18 that x=1/2 and 2=3/2 may
apply even for d=3 and higher dimensions. This superuniversality

of the Eden model is still to be confirmed numerically or

analytically.

Besides the above universality class, x=1/2 and z=3/2,
another class with x=1/2 and z=2 was also found in Kardar
et al.'s renormalization group calculation,'® Long before this

work the same universality class was obtained by S.F. Edwards

10



and D.R. Wilkinson.'? Comparing these two theories we see that
Kardar et al;'s model is an improvement over the Edwards and
Wilkinson model which already contains the essential features of
the deposition process. Both groups started from the Langevin

equation for local growth of the‘profile:

ah(x t) = Vzh(x t)+—(Vh(X t))2+q9(x,t)

where h(X,t) is the height of the profile measured from an
appropriately chosen reference level and 7(X,t) represents the
noise. Edwards and Wilkinson studied the case in which A*=0. The

universality class x=1/2 and z=3/2 corresponds to the case in
*

which A*#0. The nonlinear term —A—(Vh(i,t))2 seems to play an

2
essential role in driving the system from one universality class

to the other.

It is important to understand what kind of features of t

o

system underlie the universality class change. For
noneqguilibrium processes, if the universality hypothesis holds,
one may classify simple growth processes according to general
features of the processes. To calculate critical exponents only
highly idealized models which contain the relevant features of

the growth processes are needed.

In this thesis, we study a simple two dimensional model of
interface dynamics which describes a surface tension biased
process of simultaneous deposition and evaporation of particles.
The model is so simple that it can be treated analytically, at

least in one special case, and large simulations can be carried

11



out. This model helps us to understand the role of the nonlinear
term and givés support to the universality hypothesis. This
model has two universality classes. The change from one class to
the other is controlled by the average translational velocity v
of the interface. In the equilibrium case (v=0), the growth
algorithm is microscopically time reversible and an exact
solution leads to the exponents x=1/2 and z=2. When v#0 and time
reversal symmetry is broken, an exact solution is no longer
possible. Monte Carlo simulations were carried out for both
reversible and irreversible processes of the model. For
irreversible cases, simulations yield x=1/2 and z=3/2 which are
consistent with results from other irreversible models, while
for the reversible case, simulations yield x=1/2 and z=2. The
change of z from 2 to 3/2, i.e. the change from one universality
class to the other, can thus be interpreted as being due to the

breaking of time reversal symmetry.
1.1 Model

We consider here the simple case of a square lattice with a
as the lattice constant (a=1 for convenience). The sites of the
lattice may be occupied by particles of radius y2. The motion of
the surface is restricted to an infinite strip in the (1,1)
direction of the square lattice. We assume periodic boundary
condition in the direction pérpendicular to the strip. The

initial configuration is chosen as shown in Figure 4.

12



column 1 column i column L

Figure 4: The initial configuration of the model. Circles

represent particles. Deposition occurs randomly at one of the
valleys, thus the sites marked by o are eligible deposition
sites., Particles marked by + are eligible to evaporate.

13



The dynamics is introduced into the model by depositing and
annihilatiné particles at eligible sites on the surface. Local
mihima of the surface are eligible sites for deposition and
local maxima of the surface are eligible sites for evaporation
(see Figure 4). The algorithm restricts the heights of
neighboring columns to differ only by +1 or -1, The constraint
that deposition and evaporation takes place only at valleys and

peaks is similar to a surface tension,

Particles are deposited or evaporated one at a time with a
time interval r between events. Time is measured from the
beginning of the process, thus t=t_ =nr, where n is the number of
particles deposited and evaporated from the start of the
process. At time nr either a new particle is added to an
eligible site on the surface or a particle at an eligible site
is evaporated. The probabilities of deposition and evaporation
are P, and P_ (P_+P_=1) respectively and the site where the
event takes place is selected randomly from all the eligible
sites. This model may simulate molecular exchange between solid

and vapor phases.

The model can be mapped onto a one dimensional kinetic Ising
model, Let's connect all the nearest neighbor surface sites with
bonds and denote the slope of the ith bond by ¢; (see Figure 4).
Obviously o; is either +1 or -t depending on whether the bond
goes up or down. To each surface configuration corresponds a set

of ¢; (i=1,2,......,L), denoted by {o;}. Hence we have converted

the surface configuration into a set of two state variables at

14



any given time ths and the system can then be treated as a

kinetic Ising model.

Note that for the periodic boundary condition to be valid at

all time, L has to be an even .integer and 05 (i=1,2,ce00000,L)

are not all independent of each other. It is always true that

oi(tn)=0 for all n (1.1.1)
1

nme

i
The rate of deposition or evaporation at time t at column i

can now be expressed as:

wi=_4_r(1—oi)(1+oi+1)+ E(1+0i)(1‘0i+1)

=[1-050;41 *Moj,4-0;)] (1.1.2)

where 7 is a constant which sets the time scale and

A=P,-P_=2P -1 (1.,1.3)

Although we shall be working with this model throughout this
thesis, generalization to other lattices and higher dimension
should be obvious from the construction. It is not, however,
possible to express the surface configuration in terms of Ising

spins in arbitrary dimension and on any given lattice.

1.2 Quantities to be calculated

Nonequilibrium processes reach a steady state in a long
period of time. We are interested in steady state properties as

well as dynamic properties of systems. Steady state properties

15



are usually easier to obtain analytically than dynémic
properties., We shall give an example of how an equilibrium
_modei——the two dimensional solid-on-solid (SOS) model--can be
treated analytically, but first we introduce a few
quantities--the width of the surface ¢§(L,t), the structure
factor S(k,t), the relaxation function ¥(k,t) and time

correlation function &(k,7).

A) The width of the surface ¢(L,t);

For compact models, one of the easiest and most interesting
quantities is probably the width ¢(L,t) of the surface zone. For

a particular configuration {h}={h;(t )}, £? is defined as

nmMe

£2({h}, L, ty) =

[h; ({h},t )-R({h},t )12
1=1

=h; ({h},t ) *-h({h},t )? (1.2.1)

where ( ) denotes the average of ( ) over L.

Let the distribution function be P({h},L,t,) and < > denote
the average over P({h},L,t ). The macroscopic quantity £? is
then defined as the average of ¢(2({h},L,t;) over all possible

configurations:

£2(L,t)=<£2({h},L,t )>
= Z EZ({h},L,t )P({h}lth )
{h} n n
= 1-1ih;n$5-171(t-_n)2 (1.2.2)

16



B) The structure factor S(k,t):

A more detailed characterization of the surface can be
obtained by decomposing the surface into Fourier modes and

investigating the static and dynamic properties of these modes.

Define

L e .
h(k, t)=—— = [hj(t)-ﬁ(t)]elkj
L j=1

for a particular configuration, with

k=2n7/L, n=0,+1,+2,......,%(L/2-1),L/2

Hence (1.2.2) can be rewritten as

£2(L,t)= —-{—z S(k,t) (1.2.3)
k

where

S{k,t)=< h(k,t)h(-k,t) > (1.2.4)

The gquantity S(k,t) is called the dynamic structure factor.

C) The relaxation function %(k,t) and the time correlation

function ®(k,7);

The evolution of the surface is expected to become
stationary and £¢?(L,t) and S(k,t) become time independent in the
long time limit. The behavior of §%(L,t) and S(k,t) must be
quite different for stationary state and far-from-stationary
state. The far-from-stationary state dynamics can be studied by

investigating the relaxation function

17



S(k,=)-S(k,t)

Bk, t) =—5Tx =T=S TR 0T (1.2.5)
The decay of fluctuations in the stationary state can be
characterized by the time correlation function
= 13 1 h h(-
@(k,?)— %_]:’Ig —(m < h(k,t+1’)h( k,t) > (1.2.6)

The Hamiltonian of the simplest two dimensional SOS model is

given by

(h
1

where e is a constant and h; is the height of column i of a

H=e¢
i

nhMe

strip of length L.

We assume periodic boundary conditions and Fourier transform

We thus have

H= ¢ Z (hy,q~h;)? = e(k)h(k)h(-k) (1.2.8)

i=1 k=0

M

where e(k)=2e(1-cosk).

From the law of equipartition of energy we obtain

18



e(k)<h(k)h(-k)>=RgT/2 (1.2.9)

where Kg is the Boltzmann constant and < > denotes the average

over the ensemble.

Thérefore, the square of the width of the surface is

(hy -h) 2> =—%— £ <h(k)h(-k)> (1.2.10)
] k#0

nmMpe

E2(L,T)=—r<
L

For large L and small k, e(k)~k?, hence (1.2.9) becomes

<h(k)h(-k)>~k~2%7 with =0
And (1.2.10) is
2 -~ 1 d_ > 4 ~ L
T s N P e A,

£(L,T)~L1/2

The surface is rough as L-—>» (or, equivalently, k—0 in

momentum space) and the limit L—>» may be considered a critical

point of the system.

Now suppose we assume that dynamics is modeled by
oH

— +7.

oh nl(t)

=Te(h:

1+1+hi—1—2hi)+ni(t)

where I' is a constant, n;(t) is noise with <n;(t)>=0 and

<ni(t)nj(t’)>= 2D6ij6(t-t'), and the average is the average over

the noise.

19



Fourier transforming ni(t) and hi(t), we obtain

h; (t)= —— £ h(k,t) elk]
1 V K
n;(t)= —— = p(k,t) elk3
. k :
Consequently, we have
Ei_hc‘i_‘:.;t_)_ = ~Te(k)A(k,t)+n(k,t)

where e(k)= 2e(k)(1~-cosk).

It is easy to obtain that <7(k,t)>=0 and <n(ky,t)n(k,y,ts)>=
2D6k1,_k25(t1't2).
We solve this equation and obtain
t

B(k,t) =f at” e Te(RIE-t50 v +h(k,0) eTTeliE
0

For simplicity, we assume that we start the process from a
flat substrate, thus ﬁ(k,0)=0. Therefore, we have, assuming

t,>t,
Bk, t)h(ks,ty)>= 2
<h(k,,t; 2,L2)>= F5k1r'kz'
(e-Fe(k1)(tz-t1) _e"re(k1)(t1+tz))/e(k1)
This yields that for small k (thus e(k)=k?),
S(k,t)=<h(k,t)h(-k,t)>
_e’zrkzt)/kz

D
= =(1

~ k™2f(k2t)

20



and

S(k,=)-S(k,t) _ e-Zszt

W(k't)=_§(k,m)-§xk,0)

and
- 13 1 Pk t+r)h(- -Tk?r
Q(k,f)—- %i&—m < h(k,t"‘f)h( k,t) >= e

Since there is no mechanism that restricts the long
wavelength fluctuations, one expects that the fluctuations
diverge as L approaches infinity. Thus L—»= can be regarded as a
critical point. This critical point should also be reflected in
the structure factor as a singular point. The small k-vector
long time limit of the structure factor may be analyzed in terms

prescribed by dynamic scaling theory for finite size systems:
S(k,t)~k™2*7E (k2t) | (1.2.11)
where the static (5) and dynamic (z) exponents determine the

universality class the model belongs to.

Therefore the calculation above gives us explicitly the

dynamic scaling forms and the dynamic exponent z=2,
We know that in the two dimensional Eden model on a strip of
length L the width of the surface of the cluster behaves as
£(L,t)~LXG(t/L%) (1.2.12)
where G(x)—>const as x—>» and G(x)~x¥'Z as x—0.
That is

£(L,t)~LX (t—>», steady state)

and
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£(L,t)~tX/2 (t—0,dynamic)

‘This power law behavior of dynamic and static states of the
process resembles the power law behavior in the critical

phenomena in equilibrium thermodynamics.

In the following chapters we shall be examining our model by
studying the width of the surface, the structure factor S(k,t)
the relaxation function ¥(k,t) for far-from-stationary state
dynamics and the time correlations ®(k,7) in the stationary
state. The Fourier decomposition method described in the example
is used. The analysis, in terms of a Fourier decomposition, is
not obvious. We are assuming that the system has normal modes
which can be indexed by k. This does not have to be true since
no Hamiltonian such as (1.2.7) describes this model. In any

case, this analysis turns out to be very helpful.

It is easily seen that overhangs are exclqded in our model.
Therefore when measured from a chosen reference level, the
height of the surface is single valued. Any configuration of the
aggregate can be uniquely expressed by the height hi(tn)'of all
the columns, where h;(t,) is given by

i

hy(en)= 2 op(tn)+ holty) (i=1,2,..0...,0) (1.2.13)

. where ho(tn) is a constant at time t, and where we have chosen

the average height of the initial state as the reference level.
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Once h;(t,) is measured in Monte Carlo simulations §r
calculated analytically, various properties of the surface can
be obtained. We present the results of our simulations of these
quantities in Chapter III and first discuss the exactly solvable

reversible case of the model.
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CHAPTER 11

ANALYTICAL ANALYSIS

In order to derive analytical results it is convenient to
work with the continuous time version of our model. In the
continuous time version, time t is taken as a continuous
variable. However, the time scale can be related to that of the
discrete case by equating the average number of particles
deposited or evaporated during period t to the number of those

during period t, in the discrete model:

t L
<n(t)>= § L <W;(t")>dt"= n(t )= t, /r (2.1)
0 i=1
The continuous time version can be described by the

probability distribution P({h},t) and is defined through the

master equation:

aP({n},t) L L
s i§1wi({h})1=({h},t) +i§1wi({h}i)P({h}i,t)

(2.2)
where {h}i is the configuration right before the deposition or
evaporation of a particle at column i (i=1,2,...,L). The profilé
{h} of the surface can be expressed in terms of Ising spins by
(1.2.13). The master equation (2.2) then becomes an equation for
the probability distribution P;({o}l,t) of the Ising states.

BPI({U},t)_
ot

B oo(D > (D)
-z Wil ({oD)Py ({0}, t) + = w;T) ({o})Pr({0}y,t)
i=1 i=1

(2.3)
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where {o}; and {o¢} differ by a flip at site i (if allowed), ang

Wél)'is given by (1.1.2)

W ({oh)= l1-0504 4+ (054 1-05) ] (2.4)

A deposition or evaporation at site i involves two "spins",
(05,0549)—=>(-03,-0;,,) since in our model a deposition or
evaporation of a particle requires so. Therefore, the allowed

spin flip processes conserve the magnetization.

Inserting (2.4) into (2.3), we thus obtain

aP; ({o},t)
ot

= ~Zgl[1-0;0;, 1+ 03, -0;) 1P ({0}, t)

1

(2.5)

where “”""'-oi"°i+1r"-r°L) is {o}i mentioned above.

We shall show later that the width of the surface region
¢(L,t) and the structure factor S(k,t) can be expreéSEd in terms
of spin-spin correlation functions and we therefore concentrate
on a derivation of these correlation funétions by solving the

master equation (2.5),.

The spin-spin correlation functions are defined as

{Z} 0j0j+mP({0},t) (2.6)
o

As above we denote the correlation functions by <0505+m> -
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Simply, we denote
gj’m(t)- <05044+m> for any j,m

95,0% <0405>= 1 (2.7)

Multiplying (2.5) by ajaj;m,'and summing over all possible
{0}, vwe get

agj’m(t) :
3 = —Z{ : 47 T [1-050;41*Moj4y-0;) IP({0},t) 0. 3%5+m
;?{0}47 [1 i+1-k(ai+1_ai)]P(a1’.-o,-ai 1+1,.--,0Lt)ajaj+m
(2.8)
It is easy to show that for m#1,L-1 (2.8) becomes
agj’m(t) 1 1
T3t = -ZgJ m(t) * 3<04541%54p> * 7<95954m+1>
1 1
+ §<0j_10j+m> + §<0j0j+m_1>
A A
+ 2<03054m0§-1> ¥ 3<0505400 j+m-1>
- 2.0, > - Aosos, oo > (2.%9a)
2°73%5+m%j+1 2°799%3+m% 5 +m+1 .
and for m=1
agj’1(t) : :
Tt = ~95,1(t) + 7904-10441> * 3<050545>
A A
+ §<0j_10j0j+1> + -2-<0j>
A
T 5<044y> T g<a]aj+1aj+2>
| (2.9b)

In the case of eguilibrium growth (A=0), equations (2.9a,b)

contain only two-spin correlation functions and this makes the
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problem solvable as we shall show below. For nonequilibrium
growth (k#d) the three-spin correlation functions appearing on
,the right hand side do not, in general, cancel with each other,
and equations (2.9a,b) are not exactly solvable. We shall return
to the nonequilibrium case, but the exactly solvable case of A=0

will be discussed first.
1) A=0 (v=0) equilibrium growth

We have used the term "equilibrium" in the text. By this we
mean that the average growth velocity is equal to zero. The
average velocity is defined by E(tn)/tn in our discrete model,
where h(t ) is the mean height of the surface at time t, and is
obtained through the following formula

L
E(tn)=—-r1:——i£.1 <hg (t,)>= 2(P,-P_)n(t, )= A2t /7)  (2.10)
where again we have chosen the average height of the initial
state as the reference level. In the continuum version the same

result is given since we have related the continuum version to

the discrete model by (2.1).

Because of (1.1.1) and (2.4), (2.1) becomes
t L :
S oglimeg (e ) ey, (£7)1at7= ¢y /7 (2.11)
0 i=1

while in the continuum model

t L :
B(tn)=fozi§1 [W(Ui,Ui+1)‘W(—Ui,‘0i+1)]dt’
t L A
=2 Z = (1-0;0: )yat”’
0 i=14T 171+1
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=27t /71 (2.12)

It is clear from (2.10) and (2.12) that unless P,=1/2 (and
consequently, A=0) the surface moves on the average with a

non-zero velocity.

Due to the periodic boundary conditions, we have
translational invariance of the correlation functions in the

equilibrium case. That is

<05054p>= <057 057 4> for all j,j” and m (2.13)

and obviously,

<0j0j>= 1 (2.14)

. Therefore we may simply denote gj m 2Y 9 Letting A be zero

and using translational invariance, we obtain from (2.9) and

(2.7) that
Taggét)= Ime1 (t)+gp-q (t)-2gp (t) v(m#l,L-I)
agq(t)
T ggt = gp(t)-g, (t) | (2.15)
agL_1(t)

TT= gL_z(t)'gL-l (t)

go(t)=1

Note that gp_;(t)=g;(t) due to periodic boundary conditions.

In particular, g,(t)=gp_,(t). Thus

Tagéé2l= g,(t)-gy(t)= gy(t)+gy_,(t)-2g,(t)
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TT= gL_z(t)-gL_1 (t)= gL_z(t)+g1 (t)'sz_1 (t)

(2.16)

With this substitution the L-1 equations (2.15) are now all

of the same form.

If we ignore the triwvial correlation function go(t), we can
consider the L-1 functions gqreess9p-q tO be periodic with
periodicity L-1 so that the left nearest neighbor and the right
nearest neighbor of g, are g;_, and g, respectively. Therefore

we may include (2.15) and (2.16) in one equation:

99, (t) _
5t m right neighbor ¥ 9m left neighbor 29n

(2.17a)
go(t)=1 (2.17b)
The set of g,, g5,...,9;-; can be Fourier transformed
according to the discrete Fourier transformation,
gn(t)= 11—1 £ g(qg,t)exp(-igL/2)exp(-igm) (2.18a)
q .

- L-1

glg,t)=Z gm(t)exp(iqL/Z)exp(iqm) (2.18b) -
m=1 :

(g=2n7/(L-1), n=0,+1,%22,...,+(L/2-1))
(m=1,2,-..,L_1)

" Thus (2.17a) becomes an equation for g(g,t):

-ra—g-z(%-'-ﬁ—)a glg,t)exp (ig)+exp(-ig)-2]

= -2(1-cosq) gl(q,t)
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= —kqg(q,t) (2.19)

where kq=2(1-cos(q)) (2.20)

Hence §(q,t)=§(q,0)exp(—kqt/7) (2.21)

Since for our initial configuration g_(0)=(-1)T, g(q,0) can

be derived from (2.18b)

L-1
g(qg,0)= £ (-1)™ exp(iqL/2)exp(iqm)
m=1

| eidb (2.22)
cos(qL/2)

The final result for g (t) is then

1 \ eiq(L/2-m)
=T L*1q§0 cos(gL/2)

gnlt)= - exp(-kqt/f) (2.23)

m=1'1'.l.'L—1

g=2n7/(L-1), n=0,%1,...,*(L/2-1)
It is easy to see that gr_5=95 is satisfied by (2.23).
As discussed above, the height of column i at time t is

i
hi(t)= I op(t)+ holt).
m=1

Therefore

L
£2({o},L,t)= —Z [hy({o},t ) -R({o},t)]7
i=1 :
=h; ({o,t)7-h({o},t,)?

1
(T o.(t)2)- (—m—
1m=1m Ll

o (£))? (2.24)
1

™M
M
™ -

——
L

1 im
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£2(L,t)=<£2({0},L,t)>

: L
=<1 .z

i
: §1 am(t)2)>f<(—%—

(
1 m=
(2.25)
(

1
Terml=s <=
Liz1m

o (t)?)>

[ o N
™M

i 1

<—%—[a?+(a1+02)2+(a1+02+a3)2+...+(a1+02+...+aL)2]>

y b2
1z
L oi=q

1

[igo*+2(i-1)g +2(i-2)g, +...+2g;_,]

L-1
L+1 1 2 2. -
=+ —i—m§1(L +L+m?-2mL-m) g, (2.26)

[ N
™

og(t))2>

_ 1
Term2-<(—Tr: 1

1=1m

1

= < Lz

[01+(01+02)+(01+02+03)+...+(01+02+...+0L)]2>

—5 <[Loy+(L-1)0p+(L-2)03+.. . +20; _ +oy 12>
, L

=(L+1) (2L+1) /6L + ET%] Z (2L3+3L2+L+1%-3L%i-3iL-i)g; (2.27)
i=1 ‘

Thus (2.25) becomes
2 - L+1 _
£2(L,t)= T

, L-1 oiq(L/2-m) s
—_— - P, - 2 2. -
=7 in m§1 cos(qL/2) {-m3*/3L%+m2?/L+(1/3L2%-1)m]exp( kqt/r)

=%;1 - ﬂ z ; exp(-kqt/r) (2.28)

q#0 q

In obtaining the simple expression for £2(L,t), we have used
the properties of even and odd functions and the following

formulas:
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Z mexp(-igm)= -(L-1)/[exp(ig)-1]
m?exp(-igm)= -(L-1)[Lexp(ig)-L+exp(iqg)+1]/[exp(iqg)-1]z2

Z mlexp(-igm)= (L-1)[(L-1)2-3(L%-L-1)exp(iq)

+3(L-1) (L+1)exp(2iqg) (L2+L+1)exp(3ig) 1 /[exp(ig)-1]*
(2.29)

The structure factor S(k,t) is related to ¢ through (1.2.3)

E2(L,t)= -E‘—z S(k,t)
k

where S(k,t)=< h(k,t)h(-k,t) >.

However, S(k,t) can not be read off from the comparison of
(1.2.3) and (2.28) because the sum in (1.2.3) is over k=2nw/L

while the values of q in (2.28) are shifted q=2n7/(L-1).

The simplest way of evaluating S(k,t) is to Fourier

transform the identity

9n(t)=0505,0= 2C0(£)=Cp_y (£)=Cpyy (£) (2.30)

where Cm(t)=<(hj-5)(hj+m-ﬁ)>. (2.31)

The right hand side then becomes A\ S(k,t) while the left
hand side is determined by using the solution (2.23). The result
is

L 1 T

1
S(k,t)= -

exp(-xqt/r) for k#0
(2.32)
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while S(0,t)=0, which follows from the identity Z(h;-h)=0. There
i

for any k or q.

are no singular terms in (2.32) since kk¢kq

We now examine (2.28) in more detail:

g2(n,t)=btt - 1z 1 exp(-a t/r)
12 L g0 g d
obviously,

E(L,=)=(231)1/2

and we see that E(L,==°)~L1/2 as L,

If the width of the surface is of the scaling form
£(L,t)~LXG(t/L%) where G(x)—>const as x—= and G(x)~x1/22 as
x—>0 as has been found for the Eden model, the plot of the
function £(L,t)/L1/2 versus t/LZ should be a single curve for
all L large enough if the exponent z is chosen appropriately.
Since in our case the surface of the initial configuration is
not flat (i.e. £(L,0)#0), £(L,0) must be subtracted from £(L,t)

in order to obtain the scaling form £(L,t)~LXG(t/L%).

It may not be obvious from (2.25) fhat £(L,t) has the
scaling form £(L,t)~LXG(t/L?). However we can convince ourselves
by plotting [EZ(L,t)-Ez(L,O)]VZ/LV2 against t/L?% for L=96,
192, 384 and 768 with z=2.0 (see Figure 5).

We can also show the scaling form of ¢ from equation (2.28):

T
£2(L,t)-£2(L,0)= dg — [1-exp(-q2t/r)]. (2.33)
27/L q

by g? since the dominant

where we have approximated kq
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contribution comes from small q.

Consider the formula above for two cases:

‘a) t—>= at fixed L

T : . T
£2(L,t)-£2(L,0)= L dq ~ [1/q) ~ L

27/L 9 27/L

b) L—= at fixed t
Let y=q(t/r)1/2. Then (2.33) becomes

1r(t/‘r)1/2

) dy (1-e7¥%)/y2
27(t/7) /2L

£2(L,t)-£2(L,0)= (t/r)"/2

If t/L?—>0 and t is relatively large, then the formula above

becomes

£2(L,t)-£2(L,0) ~tV/2 [ ay (1-e7¥*)/y2 ~ ¢1/2
0

Therefore we have shown that (2.33) has the scaling form

£E(L,t)~LXG(t/L%) with the exponents x=1/2 and z=2,

The scaling property of S(k,t) can be obtained in the same
way, of course. This function is more interesting since it
contains more detailed information about the relaxation process.
We now demonstrate the scaling form of this function
analytically. Consider (2.32) for small k and large L (L-»x).
Given k=2n#/L with n fixed, the sum in (2.32) is dominated by

the g=1q(n)=#2n7/(L-1) terms since

Ag(n) Mk (n)= 2[1-cos(q(n))]-2[1-cos(k(n))]

= k2(n)-g%(n)
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(2nm) 2[ (g15) 2= (=) 2]
~ 2(2nm) - =5

= 2k?/L ~L™3 . (2.34)

while kq—kk ~ L™2 for other values of g. Separate the g{(n)

terms, we obtain
S(k,t)~ -&? [1-exp(-X;t/r)] as L—> (2.35)
- which shows that S(k,t) has the scaling form

S(k,t)~k~2¥7£ (k2¢t)

with =0 and z=2.

A plot of k2?S(k,t) vs k*t is shown in Figure 6 and a plot of
the relaxation function ¥(k,t) vs k%t is shown in Figure 7. In
Figure 7, cases of L=48 and 96 are distinguished by different

types of symbols and show us the finite size effect.
2) Nonequilibrium growth (A#0)

For nonequilibrium growth the three-spin correlation
functions appearing on the right hand sides of (2.9a,b) do not
cancel, in general, with each other. The loss of time reversal
symmetry associated with the moving interface complicates the
equations. Even two-spin correlation functions get more
. complicated. Let's consider the term <o;(0;,.4-0;_,)>. In the
equilibrium case we have used the property <o;0;,(>=<0;0;_¢4>. BY
examining <oi(oi+1—oi_1)> we find that the property

<0:0:

194 > does not hold in the nonequilibrium case.

+127<03 044

35



Suppose we take the length of the lattice to be 6 and calculate
<0;(054970;-4)> at time t, =r. The initial configuration isg
represented by {¢}={1,-1,1,-1,1,-1} which has <030341>=<050;_,>.
At time t =7, a number of different configurations are possible.
For equilibrium growth, the éix'possible configurations are
{-111111_1111-1}1 {1111-11-1111-1}1 {11-11-111111-1}1
{1,-1,1,1,-1,-1}, {1,-1,1,-1,-1,1} and {-1,-1,1,-1,1,1}. They
appear at time t,=7 equiprobably. <o¢;(o;,,=0;_1)> can thus be

calculated . It has been verified that <o;(oj4,-05-1)> equals to

zero at time 7 for all i (i=1,2,...,L) for equilibrium growth.

The situation is different for nonequilibrium growth. At
time 7 the three possible configurations (if P,=1) are
{1,1,-1,-1,1,-1}, {1,-1,1,1,-1,-1} and {-1,-1,1,-1,1,1}. They
also appear equiprobably, which leads <o;(0;,;-0;_,)> non-zero,

in general. For instance, <05(05-a1>=(0+2+2)/3¢0.

It is unfortunate that we can not solve (2.9a,b) exactly.
However, one may still conjecture the properties of the
interface by relating the model, at least in an approximate way,

to the field theoretic model of Kardar et al.

The Langevin equation used by Kardar et al 1 is

ah(X, - Y (Vh(E %
LI IRR L ONERIE L (Vh(F,t))2+n(X,t) (2.36)

where h(xX,t) is the height of the profile. The first term on the
right describes relaxation of the interface by a surface tension
»". the second term is the lowest order nonlinear term which can

appear as a result of the uniform motion of the interface, and
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n(X,t) has a Gaussian distribution with <n(X,t)>=0, angd

<n(F, t)n(E’,t7)>= 2063 (F-F7)6(t-t").

In two dimensions, (2.36) becomes

% :
ahé%LEl=v*v2h(x,t)+—%—(Vh(X,t))2+n(x,t) (2.37)

The slope of the interface is denoted by f(x,t):
oh(x,t .
£(x,t)= 222 (2.38)

We differentiate (2.36) with respect to x and average it
over the noise to obtain

2
) 0<f> of
—=<f>=p” —— i >y (2.39)

We now show the average slope of the interface in our model

obeys a similar eguation,

An equation for the average slope can be obtained from the

master equation (2.5). Multiply (2.5) by o; and sum over all

possible configurations {o¢} and note that <o;>= L o;P({0},t). We

Y {0}

obtain

3
273E<ai>= <054q>* <05 4> <0;>+ A<oy (05,9~ 05.¢)> (2.40)

Replacing the finite differences by derivatives we obtain

0
3€<a(x,t)>= + —<g—> (2.41)

and one can see a term by term agreement between (2.39) and

(2.41).
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We further argue that our model has the distinguishing

features of the field theoretic model:

1) the particles are deposited in the valleys and evaporate
from the peaks which is essentially a surface tension driven

relaxation process producing the 32h/9x? term in (2.36);

. . . oh .
2) non-zero velocity is responsible for the (3;)2 in (2.36);

L %n
3) the property | iz dx=0 is reflected in our model by the
0 ,
conservation of total magnetization and no other obvious

conservation laws exist.

Since there is a close resemblance of these two models, we
expect that our model has the same scaling properties as that of
the field theoretic model. Kardar et a/. studied (2.36) using a
dynamic renormalization group technique. They found three
different universality classes (or three fixed points in the
parameter space). The fixed point x*so and v*=0 corresponds to
the random deposition model and obviously can not be reached in
the parameter space of our model. The fixed point (k*=0,v*¢0)
corresponds to our equilibrium growth, which gives the exponents
(x,2,7)=(1/2,2,0). The fixed point (v*¢0,k*¢0) determines the
universality class (x,z,7)=(1/2,3/2,0) which a moving interface
belongs to. This expectation is supported by the results of

~ Monte Carlo simulations presented in Chapter III.
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Figqure 5: Analytical calculations of [£2(L,t)-¢2(L,0)]11/2/L1/2
from (2.28) for the equilibrium growth (A=0) regime plotted as.
function of t/LZ with z=2. Systems with L=96 (A), 192 (+), 384
(x) and 768 (e) are included.
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Fiqure 6: Analytical calculations of k2s(k,t) from (2.32) for
the equilibrium growth (A=0) regime plotted as function of kZt
with z=2. Systems with L=192, 384 and 768 are included. The data
points are from the region k<wn/12 of the Brillouin zone.
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Figure 7: Analytical calculations
${k,t) (equation (1.2.5)) for the
regime plotted as function of k2t
(e), 96 (+), 192 (4), 384 (A) and
points are from the region k<wx/12

of the relaxation function
equilibrium growth (A=0)

with z=2, Systems with L=48
768 (A) are included. The data
of the Brillouin zone. Cases

of L=48 and 96 are distinguished by different types of symbols
and show us the finite size effect.

41



CHAPTER I11

SIMULATIONS AND RESULTS

The process of deposition and evaporation of particles in
our model can be simulated by computer. On a strip of length L,
with periodic boundary conditions applied, particles are
deposited or evaporated one by one with the probabilities P, and
P_, respectively. The procedure is that given the probability P,
(P,+P_=1) and the initial configuration of the cluster, the
computer generates a random number R between 0 and 1. If R<P,, a
particle is dropped, otherwise a particle is evaporated. Once it
has been decided whether to deposit or evaporate a particle, the
computer selects a random site from all the eligible deposition
sites or evaporation sites. These steps are repeated when more
particles are added or evaporated. A cluster, or a sample, is
formed by many particles. For each sample, one can determine
various macroscopic quantities, such as (({h},L,t) and
S({h},k,t). The average qQuantities of these simulated aggregates
are the corresponding quantities averaged over the possible
ensemble. This is reaiized by computer by forming enormous
number of samples and averaging the interesting quantities. The
more samples one generates, the more accurate the guantities

are. This is limited only by the available computer time.

In the previous chapter we conjectured that the evolution of
the interface could be described in terms of the dynamic
renormalization group equations of Kardar et al/.. They predicted

that for any non-zero A\, n=0 and z=3/2, whereas for A=0, 5=0 and
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z=2, We verify this for our model by first considering the

scaling form of the structure factor S(k,t).

Since in the long time limit the evolution of the surface is
expected to become a stationary process, we use the term "long
enough time" to denote the period it takes for the process to
get to stationary state. This "long enough time" is determined
by examining the behavior of £%(L,t) or S(k,t). For example,
(2(L,t) for L=12, P,=1.0 is plotted in Figure 8. Any time longer
than t; is long enough for the process to reach stationary

state. Of course, tg is dependent on L and P_.

We have investigated the behavior of S(k,t) for long times
(t—=>=)., In Figure 9 a plot of the function k2?S(k,«) is shown for
three values of the parameter A(0,0.5,1.0) (that is
P,(1/2,3/4,1)) and for various lengths L. In all three cases the
function k2?S(k,=) seems to approach a finite non-zero limit as k
approaches zero, indicating that # is zero or at least very

small. Therefore, if one assumes that 7=0, the following holds
S(k,=)~k™2*7
with =0 for all A.
Whether S(k,t) has the scaling form S(k,t)~k™2f(k%t) and, if

so, the value of the exponent z for various A, can be determined

by the following analysis.
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Figure 8: £(L,t) (L=12) for the full growth (A=1) regime plotted

as function of t, where the time scale is so chosen that t=h.
44



1.4

~~
8~ 1.2 -
~2
\(/)/ 1—AgA§AaﬁA2AzAiA§A§
N
~2
0.8-
{ ! I | ] |
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 9: Steady state structure factor S(k,=) multiplied by k?
for the equilibrium (A=0, denoted by +), full growth (A=1; A)
and the intermediate growth (A=0.5; x) regime. The data is
obtained by growing 3,000 deposits for each strip-width of L=24,

48 and 96 (L=192 has also been investigated for A=1) and all the
points with k<rn/6 are displayed.
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1) A=0 (P,=1/2)

This is the equilibrium case. We display k2S(k,t) as
function of the scaled variable k%t for several of the smallest
k's and for various lengths L in Figure 10, where the time scale
is so chosen that t=h=N/L where N is the number of total

deposited and evaporated particles.

The relaxation function ¥(k,t) and the stationary state
correlation function ®(k,r) are displayed in Figure 11 and
Figure 12, respectively. The time scale is the same as above. In
both figures the data have collapsed quite precisely onto a
single curve, with the exponent z=2. To compare with the
simulation results, the analytical solution of %¥(k,t) is also
plotted in Figure 11. The time scale of the simulation results
is appropriately set (see (2.1)) that it may be plotted in the
same plot of the analytical'solution which comes from the
continuum version of our model. Since our lengths of the strip
are relatively small, we expect, as discussed for the analytical
solution ¥(k,t) in Chapter II, quite strong finite size effect.
However, they are quite well collapsed onto a single curve. The
best estimate of z is judged by eye. By comparing the collapse
of the data of ¥(k,t) when plotting ¥(k,t) against k%t with
various z, we may determine the best estimate of z and

approximate error bars.

The computer simulations of the equilibrium case yield the
best estimate of z to be 2.0+0.1. Our analytical and simulation

results match each other quite well.
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Figure 10: k2S(k,t) for the equilibrium growth (A=0) regime as
function of the scaled variable kZt with z=2. Systems with L=24
(A), 48 (+) and 96 (x) are included and at least 3,000 clusters
have been grown for each L. The data points are from the region
k<w/6 of the Brilliouin zone.
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Fiqure 11: Relaxation function ¥(k,t) (equation (1.2.5)) for the

equllibrium growth (A=0) regime plotted as function of k2t with
z=2. Systems with L=24 (A), 48 (+) and 96 (x) are included and
at least 3,000 clusters have been grown for each L. The data
points are from the region k<n/6 of the Brilliouin zone. Also
included is the analytical calculation of ¥(k,t) (denoted by e).
The time scale of the simulation results is appropriately set
(see (2.1)) that it may be plotted in the same plot of the

analytical solution which comes from the continuum version of
our model.
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2) A=1 (P =1)

In Figure 13 and Figure 14 the relaxation function #(k,t)
and the stationary state correlation function &(k,r) are plotted
for maximum growth rate as function of the scaled variables k%t
and k?r with z=1.,55. This value of z produces the best collapse
of the daﬁa for all these functions. The effect that the steady
state correlation function separates into two universal branches
has been noticed in studying the Eden model.'4,The upper branch
corresponds to the smallest non-zero k=2#/L in the Brillouin
zone; the lower branch corresponds to the rest of the k's used
in the plot. Both branches are quite well collapsed for a single
value of z. One could also obtain the value of z by plotting
.E(L,t)/LV2 against the scaled variable t/L?. However the best
estimate of z comes from the relaxation function ¥(k,t) since
this function probes the scaling region directly. According to

our simulation data, the best estimate of z is 1.55+0.1.
3) x=0.5 (P_=3/4)

We last discuss the intermediate case between equilibrium
and maximum growth. Guided by what we have done successfully fo£
equilibrium and maximum growth cases and the expectation that
all cases with non-zero growth velocity belong to the same
universality class of 7=0 and z=3/2, we first plotted the
" relaxation function ¥(k,t) for small k's of various lengths of
the strip on which the process occurs, hoping that a single
value of z, expected to be about 1.5, would yield the collapse

of the data. Unexpectedly, when ¥(k,t) was plotted as a function
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Figure 12: The steady state time-correlation function ®(k,7)
(equation (1.2.6)) for the equilibrium growth (A=0) regime
plotted as function of kZr with z=2., Systems with L=24 (A), 48
(+) and 96 (x) are included and at least 3,000 clusters have
been grown for each L. The data points are from the region k<n/6
of the Brilliouin zone,.
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Figure 13: Relaxation function ¥(k,t) for the full growth (A=0)
regime plotted as function of k2%t with z=1.55, Systems with L=24
(a), 48 (+) and 96 (x) and 192 (e) are included and the data is
obtained from growing 6,000 clusters for each L=24, 48 and 96
and 3,000 deposits for L=192, The data points are from the
region k<wn/6 of the Brillouin zone.
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Figure 14: Same as Figure 13 but for &(k,7) for strips of width
L=24, 48 and 96. .
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of the variable k%t for L=24, 48 and 96, the data did not fall
on a single cﬁrve for any single value of z. However, when
plotﬁing ¥(k,t) vs k%t for each L separately, we found that
¥(k,t) did scale, with z dependent on L when L is relatively
small. This L dependence of z is s0 strong, in other words, the
finite size effect is so strong, that a single value of z for
all L simply does not exist. We expect that if L is large
enough, this finite size effect will vanish and a single value
of z will be universal for all large L. Simulations for L larger
than 96 were then carried out. In Figure 15,16,17,18 and 19,
¥(k,t) is plotted as function of k%t for L=48, 96, 192, 384 and
768 separately. For L=768 only 1,200 samples were generated
since the simulations were very time consuming. The best
collapse of the data occurred for z(48)=1.85, z(96)=1.75,
2(192)=1,70, z(384)=1.65 and z(768)=1.57. One can see that z
approaches 1.5 when L gets larger. The data for L=768 collapses
onto a single curve fairly well even for only 1,200 samples. The
curve is quite scattered but no systematic variation of the
relaxation function is observed. We expect that if more samples
are generated the curve will be less scattered and the larger L:

gets the closer z approaches 3/2.

These simulations are consistent with our analytical results
and give support to the universality classification of the zero
. growth velocity model and the non-zero growth velocity model.
Simulations yield that for zero growth velocity case the
exponents 7 and z are 0 and 2, respectively, while 7=0 and z=3/2

for non-zero growth velocity case.
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. Figure 15: Relaxation function %¥(k,t) with L=48 for the
intermediate growth (A=0.5) regime as function of k2t with
z=1.85. The 4 lowest values of k are included and the data is
obtained from growing 9,000 clusters.
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Figure 16: Relaxation function ¥(k,t) with L=96 for the
intermediate growth (A=0.5) regime as function of kZt with
z=1.75. The 5 lowest values of k are included and the data is
obtained from growing 9,000 clusters.
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Figure 17: Relaxation function ¥(k,t) with L=192 for the
intermediate growth (A=0.5) regime as function of k2t with
z=1,70. The 6 lowest values of k are included and the data is
obtained from growing 3,195 clusters.
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Figqure 18: Relaxation function ¥(k,t) with L=384 for the
intermediate growth (A=0.5) regime as function of k2t with
z=1.65. The 9 lowest values of k are included and the data is

obtained from growing 1,000 clusters.
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. Figure 19: Relaxation function #¥(k,t) with L=768 for the
intermediate growth (A=0.5) regime as function of k2t with
z=1.57. The 7 lowest values of k are included and the data is
obtained from growing 1,200 clusters.
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CHAPTER 1V

SUMMARY

In this thesis we study a model for the evolution of the
profile of a growing interface. The motivation was that this
model is so simple that it is possible to obtain an exact
solution and it closely resembles a field theoretic model which
has been studied by renormalization group methods. These two
models can be compared and the universality hypothesis could be

tested.

We classify the growth processes by zero average growth
velocity and non-zero average growth velocity. In Chapter II and
Chapter III, we investigated the model both analytically and
numerically. We conclude that our model may belong to two
different universality classes depending on the control
parameter. This is in agreement with the results by Kardar
et al.. One of the universality classes is (x,z,7n)=(1/2,2,0).
Another is (x,z,n)= (1/2,3/2,0). We have found that these two
classes correspond to zero average growth velocity process and

non-zero average growth velocity processes respectively.

According to the universality hypothesis in the study of
critical phenomena in equilibrium thermodynamics, the critical
properties of many seemingly different systems are determined by
the general features of the systems such as the spatial
dimensionality, the symmetry of the Hamiltonian and the

symmetries of the equation of motion. Our results support this
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hypothesis. Firstly, our model is different in détail from the
model of Kafdar et al.. Still they belong to the same
universality classes. Secondly, the change in z from 2 to 3/2 is
accompanied by the breaking of time reversal invariance. The
last statement needs more evidenée and M. Plischke and Z. Racz
have a modified model which gives support to it. The modified
model is shown in Figure 20. Particles are deposited with equal
probability P, at any site except at local maxima of the surface
at which deposition is forbidden. A particle which attempts to
deposit at a local maximum is discarded. Evaporation occurs with
probability P_=1-P, at any site on the surface except at local
minima. The growth rules are certainly not identical to the
rules of the model we have been studying in this thesis. However
Monte Carlo simulations show that the modified model has the
same two universality classes of our model. Again the class z=2
appears when P_=1/2, Thus we conélude that the breaking of time
reversal symmetry. is responsible for the change of the dynamic
critical exponent z. More work could be done to give further
evidence for or against our argument. For example, starting from
a bulk of gathered particles, applying the Eden growth rules and
allowing evaporation simultaneously, one might investigate an

equilibrium and nonequilibrium Eden model.

In conclusion, we have found two universality classes of our
model. The growth process for zero average growth velocity
belongs to the class of 5=0, x=1/2 and z=2. And the growth
processes of non-zero average growth velocity belong to the

class of =0, x=1/2 and z=3/2. The time reversal symmetry in the
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equilibrium growth process plays an important role. The change
in the dynamic exponent z is related to the breaking of time
reversal symmetry which occurs as the average growth velocity

becomes non-zero.
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Figure 20: M. Plischke and Z. Ricz's model of interface
evolution defined by deposition and evaporation events.
Deposition (evaporation) occurs randomly at any site except at
local maxima (minima) denoted by heavy dots (crosses) where
deposition (evaporation) is forbidden. The rate of deposition
and evaporation is proportional to P+ and P-=1-P+ respectively.
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