
A SURVEY OF RESULTS OF KELLY'S 

CONJECTURE ON GRAPH ISOMORPHISMS 

b y  

L a w r e n c e  Donald K i t t  

B .  S c . ,  U n i v e r s i t y  of  A l b e r t a ,  1963 

A T H E S I S  SUBMITTED I N  PARTIAL FULFILLMENT OF 

THE REQUIREMENTS FOR THE DEGREE OF 

MASTER OF SCIENCE 

i n  t h e  D e p a r t m e n t  

of 

M a t h e m a t i c s  

@ LAWRENCE DONALD KITT 1969 

SIMON FRASER UNIVERSITY 

O c t o b e r ,  1969 



APPROVAL 

Name: Lawrence Donald Kitt 

Degree: Master of Science 

Title of Thesis: A Survey of Results 

of Kelly's Conjecture 

on Graph Isomorphisms 

Examining Committee: 

(B. R. d s p a c h )  

Senior Supervisor 

Examining Committee 

- 

( 6 .  K. Thomason) 

Examining Committee 

,- -- 2 T ~ ,  

Date Approved: ( I *  .:%L I <- . c 
/ /I 

ii 



ABSTRACT 

T h i s  i s  - a n  e x p o s i t o r y  p a p e r  s u r v e y i n g  t h e  r e s u l t s  o f  

K e l l y ' s  C o n j e c t u r e  ( R e c o n s t r u c t i o n  Problem o r  V e r t e x  Prob-  

l e m )  and  r e l a t e d  r e s u l t s  i n  Graph Theory .  C h a p t e r  1 sum- 

m a r i z e s  t h e  p r e s e n t  s t a t e  o f  t h e  c o n j e c t u r e ,  i . e . ,  a  

g r a p h  G i s  r e c o n s t r u c t e d  u n i q u e l y  f rom i t s  s u b g r a p h s  G v  

( o b t a i n e d  by d e l e t i n g  one v e r t e x  a t  a  t i m e  from G ) ,  f o r  

g r a p h s  w i t h  n o  m u l t i p l e  e d g e s  and  l o o p s .  T h a t  i s ,  we 

p r e s e n t  t h e  c l a s s e s  o f  g r a p h s  f o r  which t h e  c o n j e c t u r e  i s  

t r u e .  I n  p a r t i c u l a r ,  t r e e s ,  d i s c o n n e c t e d  g r a p h s ,  s e p a r -  

a b l e  g r a p h s  w i t h o u t  p e n d a n t  v e r t i c e s  and  some s p e c i a l  

g r a p h s ,  e.g., r e g u l a r  graphs,  c a c t i ,  and  E u l e r i a n  g r a p h s .  

I t  i s  shown i n  C h a p t e r  2 t h a t  t h e  p rob lem o f  r e c o n -  

s t r u c t i n g  a  g r a p h  G g i v e n  t h e  s u b g r a p h s  G~ ( o b t a i n e d  by 

d e l e t i n g  one  edge  a t  a  t i m e  f rom G )  i s  e q u i v e l e n t  t o  t h a t  

o f  r e c o n s t r u c t i n g  i t s  l i n e  g r a p h  L ( G )  f rom i t s  s u b g r a p h s  

( L ( G ) ) ,  Tha t  i s ,  t h e  Edge Problem i s  a s p e c i a l  c a s e  o f  

t h e  V e r t e x  P rob lem.  

C h a p t e r  3 summar izes  t h e  r e s u l t s  o f  t h e  c o n j e c t u r e  

f o r  Tournamen t s .  

I n  C h a p t e r  4 we s i m p l i f y  t h e  c o n j e c t u r e  by l a b e l i n g  

some o f  t h e  v e r t i c e s  i n  t h e  g r a p h  and  p r e s e n t  t h e s e  

r e s u l t s .  

Throughout  t h e  p a p e r  we p r e s e n t  some new c o n j e c t u r e s  

r e l a t e d  t o  K e l l y ' s  C o n j e c t u r e ,  b u t  a s  y e t  u n s o l v e d .  
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INTRODUCTION 

The f o l l o w i n g  v e r y  i n t e r e s t i n g  c o n J e c t u r e  was p roposed  

by P. K e l l y  i n  1942  and p r e s e n t e d  i n  S .  Ulam's problem book 

I l 8 1 .  

Suppose t h a t  i n  two s e t s  A and B ,  e a c h  o f  n  e l e m e n t s ,  

t h e r e  i s  d e f i n e d  a  d i s t a n c e  f u c t i o n  p  s u c h  t h a t  f o r  two 

e l e m e n t s  x , y ,  p ( x , y )  e q u a l s  e i t h e r  1 o r  2 ,  and p ( x , x )  = 0 .  

Assume t h a t  f o r  e v e r y  s u b s e t  o f  n  - 1 e l e m e n t s  o f  A ,  t h e r e  

e x i s t s  a n  i s o m e t r i c  s y s t e m  o f  n - 1 e l e m e n t s  of B ,  and  t h a t  

t h e  number o f  d i s t i n c t  s u b s e t s  i s o m e t r i c  t o  any g i v e n  s u b s e t  

o f  n  - 1 e l e m e n t s  i s  t h e  same i n  A a s  i n  B.  Then f o r  n  2 3 ,  

A and  B a r e  i s o m e t r i c .  

T h i s  c o n J e c t u r e  c a n  b e  r e s t a t e d  i n  g r a p h  t h e o r y  t e r m s  

b u t  f i r s t  we g i v e  some d e f i n i t i o n s .  

D e f i n i t i o n  0 . 1  - A g r a p h  i s  a  t r i p l e  G = ( v , E , ~ )  where  

f :  E + V  ( * )  and  V ( 2 )  = { [ u , ~ ] :  U , V  D v } ,  t h e  s e t  of  u n o r d a r -  

e d  p a i r s  on V and  f D ' [ u , v ]  c o n t a i n s  1 o r  0  e l e m e n t s ,  

f - ' [ u , u ]  c o n t a i n s  0 e l e m e n t s  and V i s  a nonempty f i n i t e  s e t .  

Definition 0 . 2  - The e l e m e n t s  o f  V a r e  c a l l e d  v e r t i c e s  

( n o d e s ,  p o i n t s )  o f  G and  V i s  c a l l e d  t h e  v e r t e x  s e t  o f  G and  

we d e n o t e  it by  V ( G ) .  

D e f i n i t i o n  0 . 3  - An e l e m e n t  e  o f  E i s  c a l l e d  an edge  

(2) ( l i n e ,  j o i n )  o f G .  If f ( e ) =  [ u , v ]  E V  w e s a y e i s  

i n c i d e n t  w i t h  u and v ,  and two v e r t i c e s  ( e d g e s )  a r e  s a i d  t o  



b e  a d j a c e n t  i f  t h e y  a r e  i n c i d e n t  w i t h  a common edge  ( v e r t e x ) .  

We d e n o t e  s u c h  a n  edge by < u , v >  e G .  We d e n o t e  an  edge  s e t  

o f  G by E ( G ) .  

D e f i n i t i o n  0 . 4  - The o r d e r  o f  a g r a p h  G i s  t h e  number 

o f  v e r t i c e s  i n  v ( G ) .  

D e f i n i t i o n  0 . 5  - I f  G = ( v , E , f )  and H = ( v ' , E ' , ~ ' )  a r e  

g r a p h s  t h e n  H i s  an  i n d u c e d  s u b g r a p h  o f  G i f  V '  C - V ,  

f '  = f / ~ '  and  f l - ' [ u , v ]  = f " [ u , v ] .  

D e f i n i t i o n  0 . 6  - Two g r a p h s  G and G '  a r e  s a i d  t o  b e  

i s o m o r p h i c  i f  t h e r e  e x i s t s  a  one- to-one  mapping u f rom t h e  

v e r t i c e s  o f  G o n t o  t h e  v e r t i c e s  o f  G' s u c h  t h a t < u , v >  c G if 

and  o n l y  i f < b ( u ) , b ( v ) >  E G f .  

F o r  any v e r t e x  v  & V l e t  Gv d e n o t e  t h e  i n d u c e d  subgraph  

o f  G w i t h  v e r t e x  s e t  V ( G )  - { v }  = v ( G ~ ) .  Thus t h e  c o n j e c t u r e  

p roposed  by K e l l y  which we s h a l l  Q a l l  t h e  v e r t e x  problem i s  

a s  f o l l o w s  i n  g r a p h  t h e o r y  t e r m s .  

C o n j e c t u r e  A - ( ~ e l l y ' s  c o n j e c t u r e )  I The V e r t e x  Problem 

If G and  H a r e  g r a p h s ,  I v ( G )  1 > 2 ,  and  Q :  v(G) + V ( H )  i s  a  

one- to-one o n t o  f u n c t i o n  s u c h  t h a t  G v  = " ( v )  for all 

v  tz v ( G ) ,  t h e n  G 2 H .  

An e q u i v a l e n t  f o r m u l a t i o n  o f  t h i s  p roblem i s  a s  

f o l l o w s  : 



C o n j e c t u r e  A '  - An a r b i t r a r y  g raph  G ,  I v ( G ) ~  = n ,  n  > 2 ,  
I 

can b e  u n i q u e l y  r e c o n s t r u c t e d ,  up t o  isomorphism, from i t s  n  

subgraphs  Gv , i = l , * * * , n .  
i 

I f  n  = 2 ,  s a y  V(G) = { u , v ) ,  t h e n  GU = v  and Gv = U. G 

canno t  be  r e c o n s t r u c t e d  u n i q u e l y  from GU and Gv a s  G may 

c o n t a i n  an edge o r  may n o t  a s  i n  F i g u r e  1. However, t h e r e  

a r e  no o t h e r  known coun te rexamples .  

v O  u o r  v-u 

F i g u r e  1 

I t  i s  t h e  purpose  o f  t h i s  p a p e r  t o  summarize most o f  

t h e  known r e s u l t s  abou t  t h i s  c o n d e c t u r e  and any o t h e r  re- 

s u l t s  r e l a t e d  t o  t h i s  c o n j e c t u r e  i n  g raph  t h e o r y .  

K e l l y  (131 h a s  v e r i f i e d  by e x h a u s t i o n  t h a t  C o n j e c t u r e  A 

h o l d s  f o r  a l l  g r a p h s  w i t h  a t  most s i x  v e r t i c e s ,  Harary  and 

Palmer ( 9 1  found t h e  same t o  b e  t r u e  of  t h e  s e v e n  v e r t e x  

g r a p h s .  The c o n d e c t u r e  h a s  been  v e r i f i e d  f o r  d i s c o n n e c t e d  

g r a p h s .  P. K e l l y  1131 h a s  a l s o  v e r i f i e d  t h e  c o n j e c t u r e  t r u e  

f o r  t r e e s .  T h e r e  have  been  a  number o f  improvements o f  



K e l l y ' s  r e s u l t  f o r  t r e e s .  O t h e r s  h a v e  t r i e d  t o  p r o v e  t h e  
I 

v e r t e x  prob lem w i t h o u t  s u c c e s s ,  a l t h o u g h  some c o n v i n c e d  

t h e m s e l v e s  t h a t  t h e y  had  p roduced  a  v a l i d  p r o o f .  C h a p t e r  1 

w i l l  d i s c u s s  a l l  t h e  above  r e s u l t s  i n c l u d i n g  t h e  l a t e s t  

p a r t i a l  r e s u l t s  on t h e  v e r t e x  prob lem.  The d e f i n i t i o n s  o f  

t r e e  and d i s c o n n e c t e d  g r a p h  w i l l  b e  s t a t e d  i n  C h a p t e r  1. 

For  any e l e m e n t  e  o f  E(G) l e t  Ge  d e n o t e  t h e  i n d u c e d  

s u b g r a p h  o f  G w i t h  v ( G ~ )  = V ( G )  and E ( G ~ )  = E ( G )  - {el.' 
F. Hara ry  [ 6 ]  h a s  s u g g e s t e d  t h e  f o l l o w i n g  i n t u i t i v e l y  

s i m p l e r  b u t  a l s o  as y e t  u n s o l v e d  c o n j e c t u r e  r e l a t e d  t o  

C o n j e c t u r e  A .  

C o n j e c t u r e  B - The Edge Problem - If G and H a r e  

g r a p h s ,  J E ( G ) J  > 3 ,  and a :  E(G)  + E(H)  i s  a  one- to-one  o n t o  

f u n c t i o n  s u c h  t h a t  G~ 3 H f o r  a l l  e  i n  E ( G ) ,  t h e n  G + H .  

O r  e q u i v a l e n t l y :  

C o n j e c t u r e  B '  - An a r b i t r a r y  g r a p h  G ,  1 ~ 1 ~ )  I = m ,  

rn > 3 ,  c a n  b e  u n i q u e l y  r e c o n s t r u c t e d ,  up  t o  i somorph i sm,  

f rom i t s  m s u b g r a p h s  G e e  

c d If m = 3 ,  s a y  E ( G )  = { c , d , e )  and G , G and G~ a r e  t h e  

t h r e e  s u b g r a p h s  i n  F i g u r e  2 ,  t h e n  G c a n n o t  b e  u n i q u e l y  r e -  

c o n s t r u c t e d ,  a s  G c a n  b e  t h e  two g r a p h s  i n  F i g u r e  3 .  

If m = 2 ,  s a y  E ( G )  = { d , e }  and  Gd and  G~ a r e  t h e  two 

g r a p h s  i n  F i g u r e  4 ,  t h e n  G c a n n o t  be  u n i q u e l y  r e c o n s t r u c t e d ,  

a s  G c a n  b e  t h e  two g r a p h s  i n  F i g u r e  5. 



Figure 2 

Figure 3 

Figure 5 

However, as yet, for any graph G such that ~ E ( G ) I  > 3 

there are no known counterexamples. 



G r e e n w e l l  and Hemminger i n  [ 5 ]  show t h a t  t h e  edge  
I 

problem i s  a s p e c i a l  c a s e  o f  t h e  v e r t e x  problem.  C h a p t e r  2 

w i l l  p r e s e n t  t h i s  r e s u l t .  

C h a p t e r  3 w i l l  d i v e r g e  s l i g h l y  and  c o n s i d e r  t h e  v e r t e x  

problem and edge  problem f o r  a s p e c i a l  s u b c l a s s  o f  d i r e c t e d  

g r a p h s .  

D e f i n i t i o n  0 . 7  - A d i r e c t e d  g r a p h  i s  a  g r a p h  G s u c h  

t h a t  V (2) t { [ u , v ] :  u , v  a V )  i n  D e f i n i t i o n  0 . 1  i s  t h e  s e t  o f  

o r d e r e d  p a i r s  on V .  

I n  p a r t i c u l a r  we w i l l  p r e s e n t  H a r a r y  and P a l m e r ' s  [ l l ]  

r e s u l t s  t h a t  t h e  edge  problem holds f o r  a l l  t o u r n a m e n t s ,  a  

s p e c i a l  s u b c l a s s  o f  d i r e c t e d  g r a p h s ,  and t h e  v e r t e x  problem 

h o l d s  f o r  some t o u r n a m e n t s .  We a l s o  show t h a t  t h e  v e r t e x  

problem does n o t  h o l d  f o r  a l l  t o u r n a m e n t s .  We defer t h e  

d e f i n i t i o n  o f  t ou rnamen t  t o  C h a p t e r  3. 

H a r a r y  and  Manvel 181 s i m p l i f i e d  t h e  v e r t e x  problem by 

l a b e l i n g  some o f  t h e  v e r t i c e s  i n  a g r a p h  G. Using t h e  l a b e l s ,  

t h e y  t r i e d  t o  f i n d  e x a c t l y  how many maximal s u b g r a p h s  may b e  

needed  t o  d e t e r m i n e  p a r t i a l l y  l a b e l e d  g r a p h s .  Thus i n  

C h a p t e r  4 we c o n c l u d e  t h i s  p a p e r  by c o n s i d e r i n g  t h e  v e r t e x  

problem f o r  l a b e l e d  g r a p h s .  



CHAPTER 1 - THE VERTEX PROBLEM 
, 

The c u r r e n t  a p p r o a c h  t o  t h e  v e r t e x  problem i s  t o  s o l v e  

i t  f o r  a  c l a s s  o f  g r a p h s ,  h o p i n g  t o  e v e n t u a l l y  i n c l u d e  e v e r y  

g r a p h  i n  one  of t h e  s o l v e d  c l a s s e s ,  

D e f i n i t i o n  1.1 - G i s  a g r a p h .  A walk  i s  a  s equence  o f  

v e r t i c e s  and edges  o f  t h e  form v ~ , ~ v ~ , v ~ ~ , v ~ , < v ~ , v ~ ~ , ~ * @  9 

v  v  > ,v  where  v i e v ( ~ )  and <vi , v ~ + ~  k - l ' c v k - l '  k k  >&E(G) and  i s  

c a l l e d  a walk  o f  l e n g t h  k-1 f rom vl t o  v  A 3 8 t h  of l e n g t h  
k' 

k  from u  t o  v ,  u , v c V ( ~ ) ,  i s  a wa lk  o f  l e n g t h  k  f rom u  t o  v  

i n  which a l l  v e r t i c e s  a r e  d i s t i n c t .  A c y c l e  o f  l e n g t h  k  i s  a  

walk  o f  l e n g t h  k  i n  which a l l  t h e  v e r t i c e s  a r e  d i s t i n c t  ex- 

c e p t  V ~ = V ~ + ~ .  A s p a n n i n q  p a t h  i s  a  p a t h  which c o n t a i n s  a l l  

t h e  v e r t i c e s  o f  G .  

D e f i n i t i o n  1 . 2  - Two v e r t i c e s  u , v  o f  a  g r a p h  G a r e  s a i d  

t o  b e  c o n n e c t e d  i f  t h e r e  i s  a  p a t h  f rom u  t o  v .  A g r a p h  G i s  

c o n n e c t e d  i f  e v e r y  p a i r  of  d i s t i n c t  v e r t i c e s  i n  G i s  J o i n e d  

by a  p a t h .  

We p r e s e n t  t h e  r e s u l t s  on t h e  v e r t e x  problem i n  t h r e e  

p a r t s .  F i r s t ,  we l o o k  a t  t h e  s o l u t i o n  o f  t h e  v e r t o x  problem 

f o r  d i s c o n n e c t e d  g r a p h s  and t h e  c l a s s  o f  g r a p h s  f o r  which t h e  

v e r t e x  problem h o l d s  due t o  t h e  r e s u l t .  P a r t  two w i l l  p r e -  

s e n t  t h e  r e s u l t s  o f  t h e  v e r t e x  problem f o r  g r a p h s  t h a t  a r e  

c o n n e c t e d  b u t  w i t h o u t  c y c l e s .  A t  t h e  t i m e  o f  w r i t i n g  o f  t h i s  

p a p e r  t h e r e  i s  no known s o l u t i o n  o f  t h e  v e r t e x  problem f o r  



c o n n e c t e d  g r a p h s  w i t h  c y c l e s .  The t h i r d  p a r t  w i l l  g i v e  some 

p a r t i a l  r e s u l t s  f o r  t h i s  c l a s s  o f  g r a p h s .  

5 1 . 1  D i s c o n n e c t e d  Graphs 

The f i r s t  q u e s t i o n  we answer  i s  how we know i f  a  g r a p h  

G i s  c o n n e c t e d  o r  d i s c o n n e c t e d  from i t s  s u b g r a p h s  G v .  

D e f i n i t i o n  1 . 3  - A v e r t e x  v  i s  s a i d  t o  b e  a  c u t - v e r t e x  

of a  c o n n e c t e d  g r a p h  C i f  Gy i s  n o t  c o n n e c t e d .  

D e f i n i t i o n  1 . 4  - A g r a p h  G w i t h  no c y c l e s  i s  a c y c l i c .  A 

t r e e  i s  a c o n n e c t e d  a c y c l i c  g r a p h ,  A s p a n n i n g  t r e e  o f  a  - 
g r a p h  G i s  a  t r e e  which c o n t a i n s  a l l  t h e  v e r t i c e s  of G. 

Theorem 1.1 - The g r a p h  G ,  I v ( G ) I  2 3 ,  i s  c o n n e c t e d  i f  

and o n l y  i f  a t  l e a s t  two o f  t h e  s u b g r a p h s  G v  a r e  c o n n e c t e d .  

P roo f  - Every  c o n n e c t e d  g r a p h  G h a s  a  s p a n n i n g  t r e e  

none o f  whose e n d - v e r t i c e s  c a n  b e  c u t - v e r t i c e s  o f  G .  S i n c e  a  

n o n t r t v i a l  t r e e  h a s  a t  l e a s t  two e n d - v e r t i c e s ,  G h a s  a t  

l e a s t  two v e r t i c e s  v  f o r  which Gv i s  c o n n e c t e d .  

To p r o v e  s u f f i c i e n c y ,  we assume w i t h o u t  l o s s  o f  g e n e r -  

a l i t y  t h a t  G v  a n d  G v  a r e  c o n n e c t e d .  I n  G v  and t h u s  i n  G ,  
1 2 1 

t h e r e  i s  a  p a t h  j o i n i n g  v2 and v  f o r  e a c h  i 2 3. S i m i l a r -  i '  - 

i l y ,  i n  G v  t h e r e  i s  a  p a t h  j o i n i n g  vl  and v  T h e r e f o r e  G 
2 3' 

h a s  e v e r y  p a i r  of d i s t i n c t  v e r t i c e s  j o i n e d  by a p a t h .  

I n  [ 1 3 1  K e l l y  h a s  s t a t e d  t h a t  t h e  v e r t e x  problem h o l d s  

f o r  d i s c o n n e c t e d  g r a p h s .  A p r o o f  o f  t h i s  r e s u l t  u s i n g  Lemma 



1 . 6  [ K e l l y ' s  ~ e m m a l ,  which i s  p r e s e n t e d  i n  t h e  n e x t  c h a p t e r ,  
t 

i s  g i v e n  by Greenwel l  and Hemminger [ 5 ] .  F. Harary  [ 6 ]  and 

171 h a s  p r e s e n t e d  a n o t h e r  p roof  o f  t h e  v e r t e x  problem f o r  

d i s c o n n e c t e d  g r a p h s ,  b u t  we have  found a coun te rexample  f o r  

h i s  method o f  p r o o f .  

We now g i v e  a p r o o f  of  a  s t a t e m e n t  Hara ry  used  i n  h i s  

p r o o f ,  p r e s e n t  H a r a r y ' s  p r o o f  and g i v e  t h e  counterexample  t o  

h i s  p r o o f .  

D e f i n i t i o n  1 . 5  - The degree d ( v )  o f  a  v e r t e x  v  i s  t h e  

number of  edges  i n c i d e n t  w i t h  i t .  A v e r t e x  o f  d e g r e e  z e r o  i s  

s a i d  t o  be  i s o l a t e d .  

D e f i n i t i o n  1 . 6  - A component o f  a  graph G i s  a maximal 

connec ted  induced  subgraph .  

Lemma 1 . 2  - The g raph  G h a s  e x a c t l y  s ( s > l )  - i s o l a t e d  

v e r t i c e s  i f  and o n l y  i f  e x a c t l y  s of  t h e  subgraphs  Gv have  

e x a c t l y  s-1 i s o l a t e d  v e r t i c e s  and t h e  r ema in ing  subgraphs  G v  

each  have  a t  l e a s t  s i s o l a t e d  v e r t i c e s .  

P roof  - For  a  graph G w i t h  e x a c t l y  s i s o l a t e d  v e r t i c e s  

we have  t h e  f o l l o w i n g :  If v  i s  an  i s o l a t e d  v e r t e x  t h e n  Gv 

w i l l  have  e x a c t l y  s-1 i s o l a t e d  v e r t i c e s ;  i f  v  i s  n o t  an i s o -  

l a t e d  v e r t e x  t h e n  Gv w i l l  have  a t  l e a s t  s i s o l a t e d  v e r t i c e s .  

Thus e x a c t l y  s o f  t h e  s u b g r a p h s  Gv have e x a c t l y  s-1 i s o l a t e d  

v e r t i c e s  and t h e  r ema in ing  Gv have  a t  l e a s t  s i s o l a t e d  v e r -  

t i c e s  each .  

To p r o v e  s u f f i c i e n c y  we assume G h a s  more t h a n  s i s o -  



l a t e d  v e r t i c e s .  Then each  o f  t h e  subgraphs  Gv w i l l  have  more 
, 

t h a n  s-1 i s o l a t e d  v e r t i c e s ,  t h u s  c o n t r a d i c t i n g  t h a t  we have  

e x a c t l y  s subgraphs  Gv w i t h  s-1 i s o l a t e d  v e r t i c e s .  

Assume G h a s  l e s s  t h a n  s i s o l a t e d  v e r t i c e s  and has  ex- 

a c t l y  z e r o  i s o l a t e d  v e r t i c e s .  Now any component o f  G h a s  a  

s p a n n i n g  t r e e .  I f  t h e  component h a s  3 o r  more v e r t i c e s ,  t h e n  

we o b t a i n  a t  l e a s t  two subgraphs  Gv f o r  t h e  e n d - v e r t i c e s  o f  

t h e  s p a n n i n g  t r e e  such  t h a t  t h e y  have  z e r o  i s o l a t e d  v e r t i c e s .  

For  s > l ,  - t h i s  c o n t r a d i c t s  t h a t  we have  1 o r  l e s s  subgraphs  

w i t h  z e r o  i s o l a t e d  v e r t i c e s .  Thus e v e r y  component o f  G must 

c o n t a i n  e x a c t l y  two v e r t i c e s  and a l l  subgraphs  Gv have  one 

i s o l a t e d  v e r t e x  each .  If s = l ,  t h i s  c o n t r a d i c t s  t h a t  we have  

e x a c t l y  one subgraph w i t h  z e r o  i s o l a t e d  v e r t i c e s .  I f  s > 2 ,  - 
t h i s  c o n t r a d i c t s  t h a t  we have  two o r  l e s s  subgraphs  w i t h  one 

i s o l a t e d  v e r t e x ,  Thus G c a n n o t  have  z e r o  i s o l a t e d  v e r t i c e s .  

Assume G h a s  l e s s  t h a n  s i s o l a t e d  v e r t i c e s ,  b u t  more 

t h a n  z e r o .  Then t h e r e  e x i s t s  a subgraph  t h a t  w i l l  c o n t a i n  

9-2 o r  l e s s  i s o l a t e d  v e r t i c e s .  T h i s  c o n t r a d i c t s  t h e  f a c t  

t h a t  a l l  s u b g r a p h s  G v  have  s-1 o r  more i s o l a t e d  v e r t i c e s .  

T h e r e f o r e  G h a s  e x a c t l y  s i s o l a t e d  v e r t i c e s .  

From Lemma 1 . 2  we o b t a i n  t h e  f o l l o w i n g  c o r o l l a r y .  

C o r o l l a r y  1 . 3  - The g raph  G h a s  e x a c t l y  z e r o  i s o l a t e d  

v e r t i c e s  i f  and o n l y  i f  e i t h e r  

(i) each Gv has  e x a c t l y  one  i s o l a t e d  v e r t e x .  

o r  ( i i )  a t  l e a s t  two Gv have  no i s o l a t e d  v e r t i c e s .  



P r o o f  - By c o n s i d e r i n g  t h e  components o f , G  a s  i n  t h e  , 

p r o o f  of Lemma 1 . 2  we i m m e d i a t e l y  s e e  t h a t  e i t h e r  ( i )  o r  

( i i )  must  h o l d .  

I f  ( i i ) ,  t h e n  by  Theorem 1.1 G i s  c o n n e c t e d  and t h u s  

h a s  no i s o l a t e d  v e r t i c e s .  If ( i ) ,  t h e n  by  Lemma 1 . 2  G must 

c o n t a i n  z e r o  i s o l a t e d  v e r t i c e s .  

Thecrem 1 . 4  - ( K e l l y  [131) - If a g r a p h  G i s  d i s c o n -  

n e c t e d ,  t h e n  it i s  r e c o n s t r u c t i b l e .  

H a r a r y ' s  P roo f  o f  Theorem 1 . 4  f 7 1  - I n  p r o v i n g  t h i s ,  

one  c a n  e x p l o i t  e i t h e r  t h e  components w i t h  t h e  f e w e s t  o r  t h e  

most  v e r t i c e s .  We choose  t h e  f o r m e r ,  and  f i r s t  d e t e r m i n e  i f  

G h a s  any i s o l a t e d  v e r t i c e s  by Lemma 1 .2 .  If G h a s  s > l  i s -  - 
o l a t e d  v e r t i c e s ,  it i s  r e c o n t r u c t e d  by a d d i n g  s u c h  a  v e r t e x  

t o  one  o f  t h e  s u b g r a p h s  Gv h a v i n g  s-1 i s o l a t e d  v e r t i c e s .  

We assume G h a s  no i s o l a t e d  v e r t i c e s  and k components .  

S i n c e  e a c h  component h a s  a  s p a n n i n g  t r e e ,  G w i l l  c o n t a i n  a t  

l e a s t  two s u b g r a p h s  Gv w i t h  k components  each .  The r e m a i n i n g  

s u b g r a p h s  Gv w i l l  c o n t a i n  k o r  more components depend ing  on 

w h e t h e r  o r  n o t  v  i s  a  c u t - v e r t e x .  Thus t h e  number k o f  com- 

p o n e n t s  o f  G i s  t h e  minimum number o f  components i n  any of  

t h e  s u b g r a p h s  Gv. 

C o n s i d e r  t h e s e  s u b g r a p h s  Gv w i t h  k components and 

choose  o n e ,  s a y  Gv , i n  which t h e  number o f  v e r t i c e s  i n  t h e  
3 

s m a l l e s t  component i s  min imal .  Bow a l l  t h e  components o f  GV 
,I 

w i l l  b e  t h e  same a s  t h e  components of G e x c e p t  t h e  component 



w i t h  t h e  min imal  number o f  v e r t i c e s .  Thus w e  d e t e r m i n e  k-1 
I 

components o f  G. Mow, among t h e s e  k-1 components ,  we s e l e c t  

one  and remove a v e r t e x  which i s  n o t  a  c u t - v e r t e x  o f  t h e  

component,  t h u s  f o r m i n g  a new component s a y  H .  Among t h e  

s u b g r a p h s  Gv w i t h  k  components ,  we f i n d  o n e ,  s a y  Gv , h a v i n g  
i 

k-1 components i s o m o r p h i c  t o  t h e  k-2 known components and H .  

t h  The k- component i n  t h i s  s u b g r a p h  mus t  be t h e  h e r e t o f o r e  

unknown o n e ,  t h e r e b y  r e c o n s t r u c t i n g  G .  

The c o u n t e r e x a m p l e  t o  t h i s  p r o o f  i s  i l l u s t r a t e d  i n  

F i g u r e  6. I f  we choose  Gv as Gv and Gv 88 G v  W e  o b t a i n  a  

t h  1 j 3 i 
t r i a n g l e  a s  o u r  k- component ,  w h i l e  we a c t u a l l y  want  a  p a t h  

o f  l e n g t h  two. 

T h i s  i s  n o t  t h e  o n l y  c o u n t e r e x a m p l e  t o  H a r a r y ' s  p r o o f .  

I t  i s  j u s t  o n e  o f  many. 

We now p r e s e n t  a p r o o f  of Theorem 1 . 4  f o l l o w i n g  H a r a r y ' s  

a p p r o a c h  i n  h i s  a t t e m p t  t o  p r o v e  t h e  t heo rem.  

P r o o f  o f  Theorem 1 . 4  - If G h a s  i s o l a t e d  v e r t i c e s ,  t h e n  

H a r a r y ' s  p r o o f  h o l d s .  We assume G h a s  no i s o l a t e d  v e r t i c e s .  

As w e  saw i n  H a r a r y ' s  p r o o f ,  t h e  number k o f  components o f  G 

i s  t h e  minimum number i n  any o f  t h e  s u b g r a p h s  Gv.  

C o n s i d e r  t h e s e  s u b g r a p h s  GV w i t h  k components and 

choose  o n e ,  s a y  Gv , i n  which t h e  number o f  v e r t i c e s ,  s a y  n ,  
3 

i n  t h e  s m a l l e s t  component i s  min ima l .  Thus we d e t e r m i n e  k-1  

t h  components  o f  G and must  d e t e r m i n e  t h e  u n i q u e  k- unknown 

component.  We c o n s i d e r  t h r e e  c a s e s .  



Figure 6 



Case ( a )  - Among t h e  k components of Gv , k-1 components 
I 3 

have g r e a t e r  t h a n  n+2 v e r t i c e s  each and one component has  n 

v e r t i c e s .  H a r a r y ' s  proof  h o l d s  f o r  t h i s  c a s e .  

Case ( b )  - Among t h e  k components o f  Gv , one component 
3 

h a s  n v e r t i c e s ,  a t  l e a s t  one component h a s  n+2 v e r t i c e s  and 

t h e  remaining components each have g r e a t e r  t h a n  n+2 v e r t i c e s .  

Consider  a l l  t h e  subgraphs  Gv w i t h  k components such 

t h a t  two components i n  each subgraph c o n t a i n  n + l  v e r t i c e s .  

I f  i n  one o f  t h e s e  subgraphs  Gv, t h e  two components w i t h  n + l  
I 

t h  v e r t i c e s  a r e  i somorphic  t h e n  t h e  k- unknown component i s  

one of t h e  components w i t h  n + l  v e r t i c e s .  If no such subgraph 

e x i s t s ,  t h e n  choose one of  t h e s e  s u b g r a p h s ,  and check which 

component o f  t h e  two components w i t h  n + l  v e r t i c e s  i s  n o t  a 

subgraph of t h e  components w i t h  n+2 v e r t i c e s  i n  Gv . T h i s  
j 

component t h e n  w i l l  b e  t h e  kth unknown component. 

Case ( c )  - Among t h e  k components o f  Gv , one component 
j 

has  n v e r t i c e s ,  a t  l e a s t  one component h a s  n + l  v e r t i c e s  and 

t h e  remain ing  components each have g r e a t e r  t h a n  n + l  v e r t i c e s .  

Consider  a l l  t h e  subgraphs  G y  w i t h  k components such 

t h a t  one component i n  each subgraph c o n t a i n s  n v e r t i c e s .  I f  

G c o n t a i n s  d i f f e r e n t  t y p e s  o f  components,  s a y  kl of t y p e  
v3 

A ,  k 2  o f  t y p e  B ,  e t c . ,  each w i t h  n + l  v e r t i c e s  and if t h e  

number of  one t y p e  of  component w i t h  n + l  v e r t i c e s  i n c r e a s e s  

i n  any one o f  t h e  subgraphs  GV c o n s i d e r e d  h e r e ,  t h e n  t h i s  

t h  t y p e  of  component i s  t h e  k- unknown component; o r  i f  a new 

t y p e  o f  component w i t h  n + l  v e r t i c e s  a p p e a r s  i n  t h e  cons id -  



t h  e r e d  s u b g r a p h s  G v ,  t h e n  t h i s  ,component i s  t h e  k- unknown 

component.  O t h e r w i s e  i f  t h e  above  does  n o t  happen ,  t h e n  a l l  

t h e  components w i t h  n + l  v e r t i c e s  i n  Gv a r e  i s o m o r p h i c ,  

t h  3 
i . e . ,  all o f  one  t y p e ,  and  t h e  k- unknown component i s  any 

one  o f  t h e s e  components w i t h  n + l  v e r t i c e s ,  

Thus we h a v e  r e c o n s t r u c t e d  G .  

D e f i n i t i o n  1 . 7  - The complement C ( G )  o f  a  g r a p h  G h a s  

t h e  same v e r t i c e s  a s  G ,  and  two v e r t i c e s  a r e  a d j a c e n t  i n  

C(G)  i f  and  o n l y  i f  t h e y  a r e  n o t  a d J a c e n t  i n  G .  

We c o n c l u d e  t h i s  s e c t i o n  w i t h  t h e  f o l l o w i n g  c o r o l l a r y  

t o  Theorem 1 . 4 .  

C o r o l l a r y  1.5 - I f  t h e  complement C ( G )  o f  a  g r a p h  G i s  

d i s c o n n e c t e d ,  t h e n  t h e  v e r t e x  problem i s  t r u e  f o r  G.  

P roo f  - Suppose  t h e r e  i s  a one- to-one  o n t o  f u n c t i o n  

u:V(G)+v(H) s u c h  t h a t  Gv'Hu(v) f o r  a l l  V & V ( G )  where  G and H 

a r e  n  o r d e r  g r a p h s .  Then c ( G ~ ) = C ( H ~ ( ~ )  ) f o r  a l l  V E V ( G ) =  

v ( c ( G ) ) .  But ( C ( G )  ) v = ~ ( ~  v ) and  ( c ( H )  )o(V)=C(Hu(V)  ) and  

t h e r e f o r e  ( c ( G )  ) V z ( C ( ~ )  ) O ( V )  f o r  a l l  V E V ( C ( G ) ) .  S i n c e  C ( G )  

i s  d i s c o n n e c t e d  by  Theorem 1 . 4  c ( G ) ~ c ( H ) .  T h e r e f o r e  G a H .  

51.2 Connected  Graphs Wi thou t  C y c l e s  

I n  D e f i n i t i o n  1 . 4  we d e f i n e  a t r e e  a s  a  c o n n e c t e d  g r a p h  

w i t h o u t  c y c l e s .  Thus we w i l l  b e  c o n c e r n e d  w i t h  t h e  v e r t e x  

problem f o r  t r e e s  i n  t h i s  s e c t i o n .  K e l l y  [13] was the f i r s t  



p e r s o n  t o  p r o v e  t h e  v e r t e x  problem f o r  t r e e s  by p r o v i n g  t h e  

f o l l o w i n g  theorem.  

K e l l y ' s  Theorem. [ 1 3 ]  1 . 6  - A t r e e  T w i t h  a t  l e a s t  t h r e e  

v e r t i c e s  i s  u n i q u e l y  r e c o n s t r u c t i b l e  by t h e  s u b g r a p h s  Tv.  

The p r o o f  o f  K e l l y ' s  Theorem u s e d  two v e r y  i m p o r t a n t  

lemmas. The c o n d i t i o n s  f o r  t h e  v e r t e x  problem a r e  s a t i s f i e d  

f o r  b o t h  lemmas. 

K e l l y ' s  Lemma [ 1 3 ]  1 . 7  - Every  t y p e  of  v e r t e x  P r o p e r  

i n d u c e d  subgraph  which o c c u r s  i n  G o r  H o c c u r s  t h e  same num- 

b e r  o f  t i m e s  i n  b o t h ,  and  v  and  u ( v )  a r e  v e r t i c e s  i n  t h e  

same number o f  t h e s e  i n d u c e d  s u b g r a p h s  f o r  a l l  v  i n  V(G).  

P r o o f  - L e t  T  d e n o t e  a  c e r t a t n  t y p e  o f  g r a p h  on j v e r -  - 
t i c e s ,  where  ~ < ~ < I v ( G ) I ,  which  o c c u r s  a s  an i n d u c e d  subgraph  - 
a t i m e s  i n  G and  f3 t i m e s  i n  A .  A l s o  l e t  ~ ( ~ ) = ~ v ~ : i = l , * ~ ~ , n )  

and  ai b e  t h e  number o f  T- type  i n d u c e d  s u b g r a p h s  which have  

vi  a s  a  v e r t e x .  Then 

n  n  
a= Z a i / j  and 6= 1 B i / j  

i=l i=l 

where  Bi  i s  t h e  number of T - type  i n d u c e d  s u b g r a p h s  h a v i n g  

o ( v i )  as a  v e r t e x .  S i n c e  GV =Ho(vi) ,  t h e  number of  T- type  
i 

i n d u c e d  s u b g r a p h s  which do n o t  have  vi  a s  a  v e r t e x  i s  t h e  

same a s  t h e  number which do n o t  h a v e  o ( v  ) as a  v e r t e x .  Thus i 

a-ui=8-Bi, i= l ,ao* ,n. T h e r e f o r e ,  

n  n  
Z(a-8). Z (a i -Bi)  and  h e n c e  

i=l i-1 



from (1). But s i n c e  n#,j we have a-B=O and hence a=B. S i n c e  

a=B we a l s o  know a =B i = l , * * * , n  and t h e  lemma i s  proved. i i s  

Lemma 1 . 8  - ( ~ e l l y  [131)  - The v e r t i c e s  vi and a ( v i )  

have t h e  same d e g r e e ,  i . e . ,  d ( v i )  = d ( o ( v i ) )  f o r  1=1,**0 9 n *  

Proof - I n  Lemma 1 . 7  l e t  j = 2 and we have d ( v i ) = a i =  

Harary  and Palmer 1101 showed t h a t  no t  a l l  o f  t h e  Tv 

a r e  needed i n  K e l l y ' s  Theorem by p rov ing  t h e  f o l l o w i n g  

theorem. 

Theorem 1 .9  - (Hara ry  and Palmer [ G I )  - A t r e e  T w i t h  

a t  l e a s t  t h r e e  v e r t i c e s  i s  u n i q u e l y  r e c o n s t r u c t i b l e  by t h e  

subgraphs  { ~ ~ l ~ ~ ~  where S = { v s ~ ( ~ ) : d ( v ) = l ) .  

J . A .  Bondy 121 h a s  improved t h i s  r e s u l t  even f u r t h e r ,  

t h e  proof  o f  which we p r e s e n t .  

D e f i n i t i o n  1 .8  - We s h a l l  d e n o t e  t h e  l e n g t h  of  t h e  

s h o r t e s t  path between v e r t i c e s  u , v  by d ( u , v ) .  The r a d i u s  o f  

t h e  graph G i s  

Any v e r t e x  c f o r  which max.d(c ,v)  = r i s  c a l l e d  a  c e n t e r  of  
veG 

G .  A p e r i p h e r a l  v e r t e x  i s  a  v e r t e x  p f o r  which 



and f o r  c o n v i e n c e  we s h a l l  c a l l  it a p - v e r t e x  f rom now on .  

Theorem 1 . 1 0  - (Bondy f2]) - L e t  G and H b e  t v o  t r e e s ,  

each  c o n t a i n i n g  I p - v e r t i c e s .  If t h e  p - v e r t i c e s  { u ~ } ~ ~ ~  o f  G 

* bf H may b e  p a i r e d  s o  t h a t  G U  HV , l < i < B ,  and { ~ ~ 1 ~ ~ ~  
i i - -  

t h e n  G = H. 

B e f o r e  p r e s e n t i n g  t h e  p r o o f  o f  Theorem 1 . 1 0  we p r e s e n t  

some p r e l i m i n a r y  r e s u l t s .  

Theorem 1.11 - A t r e e  h a s  e i t h e r  one c e n t e r  o r  two 

c e n t e r s .  

A p r o o f  o f  Theorem 1.11 may b e  found  i n  [ 1 4 ] ,  

D e f i n i t i o n  1 .9  - We c a l l  a  t r e e  c e n t r a l  o r  b i c e n t r a l  

a c c o r d i n g  a s  it has  one  o r  two c e n t e r s .  

We l e t  t h e  p a i r s  ( u i , v I )  w i t h  t h e  same i n d e x  d e n o t e  t h e  

c o r r e s p o n d i n g  p - v e r t i c e s  i n  t h e  s e n s e  o f  Theorem 1 .10 .  We 

a l s o  assume,  u n t i l  t h e  c o m p l e t i o n  o f  t h e  p r o o f  o f  Theorem 

1 . 1 0 ,  t h a t  G and  H s a t i s f y  t h e  h y p o t h e s i s  o f  Theorem 1 . 1 0 .  

Theorem 1 . 1 2  - G and  H have  t h e  same r a d i u s  and  a r e  

e i t h e r  b o t h  c e n t r a l  o r  b o t h  b i c e n t r a l .  

P r o o f  - I f  T i s  a  c e n t r a l  t r e e  of r a d i u s  r ,  l o n g e s t  

p a t h s  i n  T h a v e  l e n g t h  2 r ;  i f  T  i s  a  b i c e n t r a l  t r e e  o f  r a d i u s  

r ,  l o n g e s t  p a t h s  i n  T have  l e n g t h  2r -1 .  Hence i t  s u f f i c e s  t o  



show t h a t  l o n g e s t  p a t h s  i n  G and H have  t h e  same l e n g t h .  Now 
I 

l e t  dG,dH b e  t h e  l e n g t h 8  of  t h e  l o n g e s t  p a t h s  i n  G , H  r e s ;  

p e c t i v e l y  and l e t  C G , C H  b e  two such  p a t h s .  

(a) 8.2. I f  u  i s  a p - v e r t e x i n  G ,  l o n g e s t  p a t h s  i n  G U  

have  l e n g t h  dG-1 and l o n g e s t  p a t h s  i n  Hv (where  v  c o r r e s -  

ponds t o  u )  h a v e  l e n g t h  dH-1. S i n c e  GU n HV we must have  

dG-1 = d  1. T h e r e f o r e  dG = H- d ~ '  

( b )  B > 2 .  T h e r e  e x i s t s  a  p - v e r t e x  ucG s u c h  t h a t  uiCG: 

Then CG r- G U  Hv c- H and t h e r e f o r e  dG < dH. S i m i l i a r l y  - 
t h e r e  e x i s t s  a p - v e r t e x  v l c H  s u c h  t h a t  vl$CH. Then 

C H C H  I G U l  v '  c G and s o d  < d  T h e r e f o r e  dG = dr 
H - G ' 

We now assume t h a t  G and  H a r e  c e n t r a l  t r e e s  of r a d i u s  

r .  P r o o f s  f o r  t h e  c a s e  when G and H are b i c e n t r a l  t r e e s  w i l l  

f o l l o w  l a t e r .  

Lemma 1 .13  - L e t  T and U be  c e n t r a l  t r e e s  of r a d i u s  r .  

Then ,  whenever  T i s  i s o m o r p h i c  t o  a  subgraph  o f  U ,  p - v e r t i c e s  

i n  T c o r r e s p o n d  u n d e r  t h e  i somorphism t o  p - v e r t i c e s  i n  U. 

P r o o f  - Suppose  T = T1 C U .  We must  show t h a t  e v e r y  p- 

v e r t e x  o f  T' i s  a  p - v e r t e x  o f  U .  L e t  u  b e  t h e  c e n t e r  o f  U.  

Then d ( u , v )  C ' r  f o r  a l l  v E V ,  t h u s  d ( u , v )  C r f o r  a11 V E T '  - - 
and  t h e r e f o r e  u  i s  t h e  c e n t e r  o f  T ' .  If v '  i s  a p - v e r t e x  of 

T1 t h e n  d ( u , v l )  = r and h e n c e  v '  i s  a p - v e r t e x  of U .  

Theorem 1.14 - L e t  T  b e  any c e n t r a l  t r e e  o f  r a d i u s  r 

w i t h  n  p - v e r t i c e s  ( n  <N). Suppose  t h e r e  a r e  b d i s t i n c t  sub-  

g r a p h s  o f  G which a r e  i s o m o r p h i c  t o  T ,  and  t h a t  t h e  p - v e r t e x  



u  of G i s  i n  ui o f  t h e e e  s u b g r a p h s ;  t h a t  t h e r e  a r e  B d i s -  i 

t i n c t  subgraphs  of  H which a r e  i somorph ic  t o  T and t h a t  t h e  

p - v e r t e x  vi of H i s  i n  B i  o f  t h e s e  subgraphs .  Then a = 8  and 

a = Bi  ( l < i <  a ) .  i - - 
Proof  - From Lemma 1.13 and by an  argument ana logus  t o  

t h e  p roof  o f  Lemma 1 . 7  t h e  theorem f o l l o w s .  

D e f i n i t i o n  1 .10  - A pendan t  v e r t e x  i s  a v e r t e x  o f  de- 

g r e e  one.  A l imb o f  5 c e n t r a l  t r e e  T  i s  a  s u b t r e e  which con- -- 
t a i n s  t h e  c e n t e r  o f  T as a pendan t  v e r t e x  and i s  J o i n e d  t o  

t h e  r e s t  of  T a t  t h e  c e n t e r .  A l imb which c o n t a i n s  a p- 

v e r t e x  o f  T i s  c a l l e d  a  r a d i a l  l i m b .  - 
We s h a l l  d e n o t e  t h e  s e t s  o f  r a d i a l  l i m b s  {CiI,{fliI o f  

G , H  by r , T  r e s p e c t i v e l y ;  t h e  s e t s  o f  n o n - r a d i a l  l i m b s  { K i 3 ,  

{c i I  of  G , H  by Q , A  r e s p e c t i v e l y .  I n  a d d i t i o n ,  we w r i t e  

Theorem 1 . 1 5  - Let  N> 2.  Then i f  t h e  p - v e r t e x  u i s  on i 

a  l imb c o n t a i n i n g  yi p - v e r t i c e s ,  v  i s  a l s o  on a  l imb con- 
i 

t a i n i n g  yi p - v e r t i c e s .  

P roof  - S i n c e  a  t r e e  i s  c o n n e c t e d  and c o n t a i n s  no 

c y c l e s ,  t h e r e  i s  one and o n l y  one  p a t h  between any p a i r  u ,v 

o f  i t s  v e r t i c e s .  We d e n o t e  t h i s  p a t h  by c ( u , v ) .  If ui i s  on 

a  l imb c o n t a i n i n g  yi p - v e r t i c e s  t h e n  u l i e s  on e x a c t l y  i 

N-y p a t h s  o f  l e n g t h  2r i n  G ,  namely,  { C(ui ,g )VC(g,u j )  IU EI i 3 

where  I i s  t h e  s e t  of  p - v e r t i c e s  o f  G n o t  t h e  l imb  c o n t a i n -  



i n g  ui and  g i s  t h e  c e n t e r  o f  G .  Now a p a t h  of l e n g t h  2 r  i s  
I 

a  c e n t r a l  t r e e  w i t h  two p - v e r t i c e s ,  and t h e r e f o r e  by Theorem 

1 . 1 4 ,  t h e  p - v e r t e x  v  of H l i e s  on N - yi p a t h s  of  l e n g t h  2r 
i 

i n  H .  Hence v  i s  on  a l i m b  c o n t a i n i n g  y  p - v e r t i c e s .  
i i 

C o r o l l a r y  1 . 1 6  - If G h a s  M r a d i a l  l i m b s  {bi}: where Ci 

M c o n t a i n s  y p - v e r t i c e s ,  t h e n  H a l s o  h a s  M r a d i a l  l i m b s  { B i l l  
i 

and t h e s e  may b e  o r d e r e d  s o  t h a t  Bi c o n t a i n s  yi p - v e r t i c e s .  

P r o o f  - If N = 2 ,  t h e n  b o t h  G and H have  J u s t  two r a d -  

i a l  l i m b s  w i t h  one  p - v e r t e x  on each  l i m b .  

If N > 2,  d e n o t e  by u  
13  ' 1 c- j 5 y i ,  t h e  p - v e r t i c e s  on 

Ei. Then u  l i e s  on a  l i m b  c o n t a i d i n g  y i  p - v e r t i c e s .  There- 
13 

fore, by Theorem 1 .15 ,  
vi J 

l i e s  on a  l i m b  c o n t a i n i n g  yi p- 

v e r t i c e s ,  1 < ' j 5 y i ,  1 c i 5 M ,  and t h i s  i m p l i e s  t h e  t r u t h  - - 
o f  t h e  c o r o l l a r y .  

P roo f  of Theorem 1.10 - C e n t r a l  Case  - By C o r o l l a r y  

1 .16 ,  G and  H have  t h e  same number o f  r a d i a l  l i m b s ;  say M .  

For  1 C  i C  M we may s u p p o s e  t h a t  E and  Bi each c o n t a i n  y - - i i 

p - v e r t i c e s  , where  yl C- y2 c- * I yMg 

8 ,  $, and  # '  r e s p e c t i v e l y  w i l l  d e n o t e  i somorphisms  o f  

GU o n t o  Hv , of  G Onto H v  , and  of G U  , o n t o  Hy , , where 
1 1 u2 2  2  2 

The n o t a t i o n  ( u , u )  ( w , v )  w i l l  mesa t h a t  t h e  graphs U,W 

a r e  i s o m o r p h i c  u n d e r  an i somorphism mapping v e r t e x  u  e U 

i n t o  v e r t e x  V E W. If u i s  such  Bn 2somorphism we s h a l l  w r i t e  



U(U,U) = ( w , v ) .  Two s e t s  9 = s (1 = ( T ~ }  o f  g r a p h s  a r e  i s -  

- 
cmorphtc  ( 3  = n )  i f  t h e r e  i s  a  one- to-one f u n c t i o n  from r: 

o n t o  •÷ which  maps e a c h  g r a p h  i n  2 o n t o  an  i s o m o r p h i c  g r a p h  

(f = , t h a t  u  c S i ,  v  c Ti f o r  a l l  i ,  and t h a t  f o r  each  

p a i r  o f  i s o m o r p h i c  g r a p h s  t h e r e  i s  a n  i somorphism ( a )  map- 

p i n g  v e r t e x  u i n t o  v e r t e x  v.  

The p roo f  w i l l  b e  a c h i e v e d  by showing  ( l ' ,g)  = ( T , h )  and 

( k g )  = ( A , h ) .  

Case 1. M > 2. If u  i s  a p - v e r t e x  i n  G ,  t h e n  M > 2 im- i 

p l i e s  GU and Hv a r e  c e n t r a l  t r e e s  o f  r a d i u s  r .  I n  any i s -  
i i 

omorphism o f  G u  o n t o  Hv t h e  c e n t e r s  must  c o r r e s p o n d .  Hence 
i i 

% 3 )  = h ,  $ 4 8 )  = h ,  V ( g )  = h  ( 1 )  

where g and h a r e ,  r e s p e c t i v e l y ,  t h e  c e n t e r s  o f  6 and H .  I t  

i s  a l s o  c l e a r  t h a t  t h e s e  i somorphisms  map r a d i a l  l i m b s  o n t o  

r a d i a l  l i m b s .  L e t  uI ,u2 b e  p - v e r t i c e s  i n  E1,E2, r e s p e c t i v e l y .  

We may assume vl E ill. L e t  ( q i ) u  d e n o t e  t h e  i n d u c e d  s u b g r s p h  

of  Ei w i t h  t h e  v e r t e x  s e t  o f  Ei minus u. S i n c e  ( E  ) , ( 8  
u1 

each  c o n t a i n  y1 - 1 p - v e r t i c e s ,  8 ( 6  ) = 8 i m p l i e s  
1 v 1  

and there i s  no l o s s  o f  g e n e r a l i t y  i n  assuming  t h a t  

e ( E i , d  = ( f l i , h )  ( 2 5  ~ c M ) .  - (2) 

We now c o n s i d e r  t h r e e  s u b c a s e s .  

( a )  Y:, > y1 + 1. Then $ ( G ~  ) = H v  i m p l i e s  
2 2 



s i n c e  ( E  ) ,(R ) , f o r  i 2 2 ,  each  c o n t a i n  more t h a n  yl p- 
i U2 v2  

v e r t i c e s .  

A l s o  $(G ) = H v  i m p l i e s  e i t h e r  $ (E l )  = fll o r  4((G ) ) = R1 
u2 2 u2 

and $'(G , )  = H , i m p l i e s  e i t h e r  
'=2 v2 

T h e r e f o r e ,  a t  l e a s t  one  o f  4 ,  $ ' ,  + 8 - ' 1 $ ~  ( p r o d u c t  o f  i somor-  

p h i s m s )  maps El o n t o  B1. 

( c )  Yp = Y1. Suppose  v2  € f fh .  Then $ ( G ~  ) = HV i m p l i e s  
2  2 

$({ Ci l i#2 '9 )  = ( ( R i l i t k , h ) .  

P u t  $r = $(8-'@)'. We s h a l l  show t h a t ,  f o r  some r ,  e i t h e r  

$,(El) = R1 OF $ r (E l )  = f12* (3) 

F o r  assume o t h e r w i s e .  Then Or(C1) is w e l l  d e f i n e d  f o r  a l l  r 

a s  t h e  c a s e s  +(E2) and  0- ' ( f i l l  do n o t  o c c u r  by o u r  assump- 

t i o n .  Thus we may p u t  Or(ol)  = fl where  jr > 2. Thus 
J r 

S i n c e  M i s  f i n i t e  t h e r e  a r e  i n t e g e r s  m,n (m c n )  s u c h  t h a t  



Thus c o n t r a d i c t i n g  ( 4 ) .  

Hence ( 3 )  f o l l o w s .  

From ( 2 )  v; E R2. Then $'(GU , )  = H v 2 ,  implies 
2  

and  by a n  a rgument  a n a l o g o u s  t o  t h e  above  t h a t ,  f o r  some s ,  

e i t h e r  $ J ~ ( A , )  = C1 o r  qs(R1) = G 2 .  Thus f o r  some s ,  e i t h e r  

T h e r e f o r e ,  f o r  some r , s  a t  l e a s t  one  o f  $ r ' +:, @;e-l$, maps 

( a ) ,  (b), ( c )  and  ( 1 )  t o g e t h e r  imp ly  t h a t  an  i somor-  

phism el e x i s t s  such t h a t  e l (E l ,g )  = ( f l l ,h )  





assume t h a t  vl c f f l .  Then G and H a r e  b i c e n t r a l  t r e e s  o f  
u; v  , 

r a d i u s  r .  I n  t h e  i somorphism 0 :  G U  + Bv t h e  b i c e n t e r s  g , g 2  
1 1 

o f  GU and h , h p  of  HV must c o r r e s p o n d  i n  some o r d e r .  Hence 
1 1 

e i t h e r  

( a , ) :  9 ( g )  = h 2  and 0 ( g 2 )  = h 

We f i r s t  make t w o  p o i n t s .  

s i n c e  yl = 1, u  and  v  must  c o r r e s p o n d  u n d e r  any such  
1 1 

isomorphism.  

( ( E i I g , g i )  = ( ( R i I h , h i )  i m p l i e s  

s i n c e  g i s  j o i n e d  t o  g and  h  i s  j o i n e d  t o  h i .  i 

We now c o n s i d e r  t h r e e  s u b c a s e s .  

( a )  Y 2  > 2. L e t  u2 b e  a p - v e r t e x  i n  E p .  Then v p  e 82 s i n c e  v 
1 

i s  t h e  p - v e r t e x  i n  fl G and  H v  a r e  c e n t r a l  t r e e s  o f  1' U2 2  



radius r and 4 ( G ~  ) = H y  imglies  
2  2  

If ( a l )  h o l d s ,  t h e n  from ( 6 )  0 ( E 2 , g )  = ( R 2 , h ) .  

Hence by ( 7 ) ,  0$- 'e  maps (Galg o n t o  (R2 lh .  Thus 

( ( D 2 ) g , ~ 2 )  " ( ( f i 2 ) h , h 2 )  

and by ( 9 )  (G2,g)  = ( H 2 , h ) -  

Hence i n  both caaes ( C a Y g )  " ( R 2 , h )  and t h i s  w i t h  (10) shows 

I 

G r H. 

( b )  y2 = 2 .  b e t  u2 b e  a p-ver tex  i n  C2.  Then 



Now ( 1 1 )  t h r o u g h  ( 1 6 )  imp ly  t h a t  at l e a s t  one  of  $, $ ' ,  and  

I 90- '0 '  maps El o n t o  R1. Hence (Gl ,g)  I ( B l , h )  and w i t h  ( 6 )  

and by ( 7 ) ,  ( 8 ) ,  ( 1 1 )  and ( 1 2 ) ,  9$-'B maps ( E 2 l g  o n t o  ( R 2 l h .  

T h e r e f o r e  ((6 ) , g 2 )  ' ( ( 8 2 ) h , h 2 )  and  by ( 9 )  
2 8 

(G2,t3) (H2,h) .  

Hence G n H. 

If (a2) and ( B 2 )  h o l d ,  t h e n  from (7) 

IE(f i2)  l - IE(C,)(  + J E ( K )  I 



T h e r e f o r e  K h a s  j u s t  one  edge .  By means o f  (7) and ( 1 3 )  one  

c a n  C o n s t r u c t  C1 and FI2 and show t h a t  t h e y  must  b e  t h e  f o l -  

l o w i n g  g r a p h s .  

el i s  a p a t h  o f  l e n g t h  r w i t h  a n  edge  a t t a c h e d  t o  each  

v e r t e x  e x c e p t  t h e  v e r t e x  a t  t h e  c e n t r a l  end and two v e r t i c e s  

a t  t h e  o t h e r  end.  R2 i s  a p a t h  o f  l e n g t h  r w i t h  an  edge a t -  

t a c h e d  t o  each  v e r t e x  e x c e p t  t h e  v e r t i c e s  a t  e i t h e r  end.  An 

example o f  t h e  two g r a p h s  i s  p r e s e n t e d  i n  F i g u r e  7 .  

F i g u r e  7 



By a  s i m i l i a r  argument  one  may p r o v e  t h a t  L h a s  j u s t  

one e d g e ,  t h a t  R1 i s  a g r a p h  i s o m o r p h i c  t o  El and t h a t  E2 i s  

a  g r a p h  i s o m o r p h i c  t o  R 2 .  Examples o f  t h e s e  two g r a p h s  a g a i n  

are p r e s e n t e d  i n  F i g u r e  7 .  Thus ( C l , g )  (R1,h) 

Hence G = H .  

( c )  y2 = 1. Under t h e  i somorphism $:  G + Hv2 e i t h e r  
u2  

and  ( a 2 , B 2 ) .  As Eal,B2) and (a2,B1) a r e  symmet r i c  c a s e s ,  i t  

s u f f i c e s  t o  c o n s i d e r  j u s t  one  of  t h e s e  two. 

( q , B 1 )  h o l d s :  From ( 6 )  6 ( E 2 , g )  = ( R 2 , h ) .  

From (17) O(C1,g) = ( f l l , h ) .  

ment s i m i l a r  t o  t h a t  u s e d  i n  Case l ( c )  f o r  yl = 1. 

T h e r e f o r e  G H .  



s i n c e  y 2  = 1, 

If ( Q , ~ )  5 ( h , h )  t h e n  ( ~ , g )  = ( ~ , h )  and t h u s  f rom ( 1 9 )  

Thus G 3 H. 

If ( Q , g )  # ( h , h ) ,  then by ( 6 )  

T h e r e f o r e ,  (G ) i s  i s o m o r p h i c  t o  a n o n - r a d i a l  l i m b  i n  H, 
u1 

s a y  ((0 ,g )  = ( L l , h ) .  S i m i l a r l y  we may put 

T h e r e f o r e  S i n c e  and A a r e  b o t h  

c o n t r a d i c t i n g  t h e  s u p p o s i t i o n  ( Q , g )  # ( h , h ) .  

Hence G = H .  

and  from ( 1 8 )  ( ~ ( 8 ~ 1 1  + (E(L) I = ( E ( C ~ )  1 .  

T h e r e f o r e  I E ( K )  I + I E ( L )  1 = 0 and s o  $2 and  A are b o t h  empty. 



Hence by (7) and  ( 1 8 )  
I 

Using  t h e s e  two e q u a t i o n s  one  c a n  c o n s t r u c t  C1 and f12 and 

show t h a t  t h e y  must  b o t h  b e  p a t h s  o f  l e n g t h  r .  S i m i l a r l y  E 2  

and  H1 are p a t h s  o f  l e n g t h  r. T h e r e f o r e  G and H a r e  b o t h  

p a t h s  o f  l e n g t h  2r and  h e n c e  G = H .  

T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  c e n t r a l  c a s e  o f  Theorem 

1 .10 .  B e f o r e  p r e s e n t i n g  t h e  p r o o f  o f  t h e  b i c e n t r a l  c a s e ,  we 

a g a i n  p r e s e n t  some p r e l i m i n a r y  r e s u l t s .  

The f o l l o w i n g  i s  t h e  a n a l o g u e  o f  Theorem 1 . 1 4  f o r  b i -  

c e n t r a l  t r e e s ,  and  may b e  p roved  in a s i m i l a r  way. 

Theorem 1 . 1 4 ~  - L e t  T b e  any b i c e n t r a l  t r e e  o f  r a d i u s  r 

With n p - v e r t i c e s  ( n <  'N). Suppose  t h e r e  a r e  a d i s t i n c t  sub-  

g r a p h s  o f  G which a r e  i s o m o r p h i c  t o  T ,  and  t h a t  t h e  p - v e r t e x  

u  o f  G is in ai o f  t h e s e  s u b g r a p h s ;  t h a t  t h e r e  a r e  8 d i s -  
i 

t i n c t  s u b g r a p h s  o f  H which  a r e  i s o m o r p h i c  t o  T ,  and  t h a t  t h e  

p - v e r t e x  v  o f  H i s  i n  Bi o f  t h e s e  s u b g r a p h s .  Then 
i 

a = B and ai = 'i (1 & i <,'N). 

D e f i n i t i o n  1.11 - The c e n t r a l  edge  o f  a  b i c e n t r a l  t r e e  

i s  t h e  edge  j o i n i n g  i t s  b i c e n t e r s .  A l i m b  o f  a  b i c e n t r a l  t r e e  

T i s  a  s u b t r e e  which c o n t a i n s  t h e  c e n t r a l  edge  and b o t h  b i -  

c e n t e r s  of T ,  one  c e n t e r  a s  a  p e n d a n t  v e r t e x  and t h e  o t h e r  

as a  v e r t e x  o f  d e g r e e  two and which i s  J o i n e d  t o  t h e  r e s t  o f  



T a t  t h e  b i c e n t e r s .  , 

Le t  G lave b i c e n t e r s  g and and r a d i u s  r ;  l e t  H have  

b i c e n t e r s  h and h and r a d i u s  r .  Denote by l' = { C i }  and 

i' * f a i l ,  r e s p e c t i v e l y ,  t h e  s e t s  o f  r a d i a l  l imbs  of  G h a v i n g  
- 
g and g  a s  pendant  v e r t i c e s  and by T = { f i i}  and T = { B 1 i ' 

r e s p e c t i v e l y ,  t h e  s e t s  o f  r a d i a l  l imbs  o f  H h a v i n g  and h  

a s  pendant  v e r t i c e s ;  by 0 = {Ki} and n = {Ri} ,  r e s p e c t i v e l y ,  

t h e  s e t s  o f  n o n - r a d i a l  l i m b s  o f  G h a v i n g  and g a s  pendant  

v e r t i c e s  and by A = { t i ? ,  = { E i ) ,  r e s p e c t i v e l y ,  t h e  s e t s  

of  n o n - r a d i a l  l imbs  of  H h a v i n g  5 and h a s  pendant  v e r t i c e s .  

A s  b e f o r e  v e  w r i t e  K = C) Ri, R = U  ti, L =u ti, and 
i i i 

c = L J E  
i i *  

9, @, and $, r e s p e c t i v e l y ,  w i l l  d e n o t e  isomorphisms of  

GU o n t o  HV , o f  GU o n t o  Hv and o f  GU o n t o  Hv . We e x t e n d  
1 1 2 2 3 3 

t h e  n o t a t i o n  of  t h e  c e n t r a l  c a s e  by w r i t i n g  

( E , u , u l )  = ( • ÷ , v , v l )  ( o r  a ( ?  , u , u t )  = ( • ÷ , v , v 8 )  

i f  t h e r e  i s  an isomorphism a such  t h a t  a(2 , u )  = ( q , v )  

and a(: , u t  ) = ( • ÷ , v l  ) .  

Theorem 1.15A - Suppose t h e r e  a r e  Y and 7 p - v e r t i c e s  G G 

o f  G i n  r and P, r e s p e c t i u e l y ,  and yH and PH p - v e r t i c e s  o f  H 

i n  'I' and T, r e s p e c t i v e l y .  We may assume t h a t  g  and g, and h  
- 

and ii a r e  o r d e r e d  s o  t h a t  yG 2 TO and YB <- YH. Then 



Proof  - G and  H e a c h  have  N p - v e r t i c e s .  

- - - - If N = 2 ,  t h e n  yG = yG - yH - yg = 1. 

I f  N > 2 ,  l e t  ui b e  a  p - v e r t e x  i n  I' t h e n  ui l i e s  on 
G 

p a t h s  o f  l e n g t h  2 r  - 1 i n  G .  Hence by Theorem 1.13A, vi l i e s  

- 
on TG p a t h s  of l e n g t h  2 r  - 1 i n  H .  If vi E T t h e n  TG = yH 

- - 
a n d y  = N 0 y G = N -  G yH = yH.  I f  vi  E T t h e n  TO = YH 

and 7 = yG. T h e r e f o r e  yG = y a &  yH = y and s i n c e  y G ( - ' ~ G  -. G 

- - 
by a s s u m p t i o n  w e  have  yG = yH = yG = yg. 

I n  view o f  Theorem 1.15A we w r i t e  yG = yH = y  

- - 
and yG = yH = ? w h e r e  y 2 . Y .  

Proof  o f  Theorem 1 . 1 0  - B i c e n t r a l  Case - 
Case 1 - y  > 1. For  any p - v e r t e x  u i n  G ,  G U  and Hv 

i i 

a r e  b i c e n t r a l  t r e e s  o f  r a d i u s  r .  If X i s  a b i c e n t r a l  t r e e ,  

d e n o t e  by X f  t h e  c e n t r a l  t r e e  o b t a i n e d  from X by a d d i n g  a  

v e r t e x  on i t s  c e n t r a l  edge.  GU H v  ( 1  <_'i  (_ N) i m p l i e s  - - 
i i 

i m p l i e s  

s i n c e  (GU ) '  = ( G ' ) ~  and  (Hv = . T h i s  i m p l i e s  
i i i i 

G f  = H' 

s i n c e  Theorem 1 . 1 0  h a s  b e e n  p roved  f o r  c e n t r a l  t r e e s .  Thus 

G = H. 



Case 2  - y = 1, The p roq f  w i l l  b e  b a s e d  on showing t h a t  

( r s i )  = ( T , ~ I ,  mg) ( ~ , g ) ,  ( s I , ~ , ~  = ( A , ~ , E )  

and ( n , g , g )  = ( K , h , E ) .  

L e t  ul b e  a p - v e r t e x  i n  Cl and l e t  u2 b e  a  p - v e r t e x  i n  

. We may assume t h a t  v  
1 E R1; t h e n  v2  i s  i n  a  l imb  o f  T, 

which we may t a k e  t o  be R1. S i n c e  GU and HV a r e  c e n t r e 1  
1 1 

t r e e s  w i t h  c e n t e r s  and  r e s p e c t i v e l y  B(G ) = H i m p l i e s  
u 1 v  1 

Now we c o n s i d e r  t h r e e  s u b c a s e s .  

( a )  > 2 .  GU and Hv a r e  b i c e n t r a l  t r e e s  and t h e r e f o r e  
2 2 

T h e r e f o r e ,  ( f  ,g) = ( T , h )  s i n c e  g i s  j o i n e d  t o  and h  i s  

j o i n e d  t o  5 .   his i s  a n  a rgument  a n a l o g u s  t o  t h a t  u s e d  i n  

( 9 ) ) .  Hence,  w i t h  ( 2 2 )  and ( 2 3 )  t h i s  shows t h a t  G = H .  

(b) = 2. L e t  u b e  t h e  o t h e r  p - v e r t e x  i n  F, s a y  3  

u3 L E t h e n  v3  i s  i n  a  l imb  A of T. $ ( G ~  ) = HV i m p l i e s  3 '  k  2 2 



$(GU ) H i m p l i e s  e i t h e r  
3 v 3  

If (a1) h o l d s ,  t h e n  s i n c e  y = 1 and from ( 2 4 1 ,  

So f rom ( 2 2 )  and by a n  a rgument  a n a l o g u s  t o  t h a t  u s e d  i n  

c a s e  2 ( a ) ,  U , g )  ( T , h ) .  

Combining t h i s  w i t h  r e s u l t s  from ( 2 2 )  and  ( 2 4 )  g i v e s  G " H .  

If (Bl) h o l d s  a  s i m i l a r  a rgument  t o  (a1) h o l d i n g  shows 



have  t h e  same number o f  r a d i a l  l i m b s .  S i n c e  7 = 2  e i t h e r  

7 = 1 , 2  and T = (R1,R2) 

i f  t h e  p - v e r t i c e s  are i n  d i f f e r e n t  l i m b s  o r  

i f  b o t h  p - v e r t i c e s  a r e  i n  t h e  same l i m b .  

If F = {Gl ,c2)  and = {R n 1, t h e n  f rom (25) 
1' 2 

and from ( 2 2 )  one  o f  t h e  f o l l o w i n g  mus t  h o l d  s i n c e  = 2 :  

Now ( 3 0 )  and ( 3 1 )  imp ly  e i t h e r  



which i n  t u r n  i m p l i e s  t h a t  , 

s i n c e  c o n t a i n s  one  p - v e r t e x .  

({EiIiZ1 (J ( E  LJ P.S,g) 
l *2 

s i n c e  g  = T i m p l i e s  ( I ' y g , g )  = (T ,h , f i )  

and , = T i m p l i e s  ( i ' , g ,g )  (T ,h , f i ) .  

From ( 2 5 )  and (35) (C1iJ  Q , g , g )  = ( f l l C )  A,h,E).  ( 3 6 )  

Thus f rom ( 3 6 )  a n d  ( 3 3 )  ( f i ,g ,Z)  = (A,h,f i ) .  ( 3 7 )  

Us ing  ( 3 3 )  which i m p l i e s  a l l  t h e  r a d i a l  l i m b s  a r e  i somorph ic  

and  ( 2 2 )  and ( 3 7 )  we a r r i v e  a t  G r H .  

If T = , T = t h e n  from ( 2 5 )  and ( 2 7 )  

4 ,  = h  and  4 ( n y g , k )  = ( A , E , h )  ( 3 8 )  

s i n c e  u 29u3 E E l -  

A l s o  from ( 2 5 )  and ( 2 7 )  

$ ,G,h)  = (C1.g.i) = Q - ~ ( ( R ~ ) ~  , h , h )  
v 2  3 



I f  ( ( C l ) g , g )  3 ( ( B l ) h , E )  t h e n  ( E l , g )  % ( f f l , h )  and unde r  

t h i s  i somorphism u2 c o r r e s p o n d s  t o  v o r  t o  v T h e r e f o r e  2  3 ' 

I n  b o t h  c a s e s  ( 3 9 )  shows t h a t  (C1 , i )  - ( B  ,E ) .  Hence G H. 1 

~ u t  f rom ( 3 9 )  I E ( E ~ ) ~  = J E ( R ~ )  1 + 1. 

T h e r e f o r e  I E ( L )  ( = 2 and s o  L h a s  j u s t  two edges, one  be-  

i n g  t h e  c e n t r a l  edge .  By (40) t h e  same i s  t r u e  o f  K ,  K, and 
- 
L. A s  i n  t h e  p r o o f  o f  t h e  c e n t r a l  c a s e  2 ( b )  we may c o n s t r u c t  

t h e  g r a p h s  and A1, and t h e  g r a p h s  El and  El and show t h a t  

G 1 H .  I n  f a c t  G and H a r e  p a t h s  o f  l e n g t h  2 r  - 1 w i t h  a n  

edge  a t t a c h e d  t o  each  v e r t e x  e x c e p t  two v e r t i c e s  a t  one  end 

and one v e r t e x  a t  t h e  o t h e r  end.  

( c )  7 = 1: From ( 2 2 )  8 (n ,g ,g )  = ( x , h , E )  and 



Thus by  ( 9 )  (E l ,g )  = (fi l ,h). ,  Hence G H .  

S i m i l a r l y ,  i f  ( F l , g )  = ( R l , h ) ,  t h e n  ( 8 1 ,  ( 2 2 )  and ( 4 2 )  

imply  t h a t  (C1,E) = (fl l ,E) and G = H .  

O t h e r w i s e  f rom ( 4 1 )  and  ( 4 2 )  

( ( a  ) J L )  1 , )  and 

and ((G ) U K , S )  ( ( B l ) h , & )  and 
u1 

T h e r e f o r e ,  ( E ( L )  1 + IE(R) I = 2. 

S i n c e  I E ( L )  I 1 1 and IE(R)  I > 1 t h e n  I E ( L )  I = J E ( R )  I = 1 
3C 

and L , R  each  c o n s i s t  s o l e l y  o f  t h e  c e n t r a l  edge ,  which i s  

common t o  a l l  l i m b s .  Hence A and  n a r e  empty. By ( 4 3 1 ,  C1 

and R1 a r e  p a t h s  o f  l e n g t h  r .  S i m i l a r l y ,  by ( 4 4 ) ,  C1 and  A l  

a r e  p a t h s  o f  l e n g t h  r .  T h e r e f o r e  G and H a r e  b o t h  p a t h s  o f  

l e n g t h  2 r  - 1. Hence (3 H .  

T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  b i c e n t r a l  c a s e  o f  

Theorem 1 . 1 0  and t h u s  t h e  p r o o f  o f  Theorem 1 . 1 0 .  

Theorem 1 . 1 0  h a s  a s  a  c o r o l l a r y  Theorem 1 . 9  s i n c e  p-ver-  

t i c e s  a r e  mapped o n t o  p - v e r t i c e s  i n  Theorem 1 . 9  a l s o .  

Theorem 1 . 9  i n  t u r n  y i e l d s  t h e  s o l u t i o n  t o  t h e  edge problem 



i n  t h e  c a s e  when G and H a r e  t , r ees ,  s i n c e  i n  t h e  edge prob-  

lem an edge j o i n e d  t o  a pendant  v e r t e x  must b e  mapped o n t o  

an edge w i t h  a  pendant  v e r t e x .  Thus pendant  v e r t i c e s  a r e  

mapped Onto pendan t  v e r t i c e s  s a t i s f y i n g  t h e  h y p o t h e s i s  o f  

Theorem 1 . 9 .  

B.  Manvel [ l l ]  h a s  also g i v e n  a  p roof  of  Theorem 1 . 9  

t h a t  h e  was a b l e  t o  modify t o  p r o v e  t h e  f o l l o w i n g  which i s  

t h e  o n l y  r e s u l t  o f  t h i s  t y p e  f o r  t r e e s .  

L e t  X(G) d e n o t e  a  s u b s e t  d f  v(G). D e f i n e  a n  equivalence 

r e l a t i o n  'R' on t h e  s e t  X(G) b y :  

u  'R' v f o r  u , v  E X ( G )  i f  and o n l y  i f  GU 
GV. 

L e t  any e lement  i n  a p a r t i c u l a r  e q u i v a l e n c e  c l a s s  r e p r e s e n t  

t h a t  e q u i v a l e n c e  c l a s s  and l e t  M(x) d e n o t e  t h e  s e t  of  

r e p r e s e n t a t i v e s  o f  t h e  e q u i v a l e n c e  c l a s s e s  o f  t h e  s e t  x(G). 

Theorem 1 .17  - Except i n  t h e  two c a s e s  i l l u s t r a t e d  i n  

F i g u r e  8 ,  a t r e e  T w i t h  a t  l e a s t  t h r e e  v e r t i c e s  i s  u n i q u e l y  

r e c o n s t r u c t i b l e  by t h e  subgraphs  { T ~ ) ~ ~ ~ ( ~ )  where 

F i g u r e  8 



51.3 Connected Graphs W i t h  Cyc les  

A s  s t a t e d  e a r l i e r ,  a t  t h e  t i m e  o f  w r i t i n g  o f  t h i s  pape r  

t h e r e  i s  no known s o l u t i o n  of  t h e  v e r t e x  problem f o r  con- 

n e c t e d  g r a p h s  w i t h  c y c l e s .  However, i n  t h i s  s e c t i o n  we p r e -  

s e n t  r e s u l t s  f o r  s u b c l a s s e s  o f  c o n n e c t e d  g r a p h s  w i t h  c y c l e s .  

D e f i n i t i o n  1 .12  - I n  a  r e g u l a r  g raph  G a l l  v e r t i c e s  

have  t h e  same d e g r e e .  The comple te  g raph  K of  o r d e r  p h a s  
P 

e v e r y  p a i r  of  i t s  v e r t i c e s  a d 3 a c e n t  and so  i s  r e g u l a r  of  

d e g r e e  p - 1. 

Theorem 1.18 - A r e g u l a r  g raph  G can  b e  r e c o n s t r u c t e d  

from t h e  c o l l e c t i o n  f GV}vSv(G). 

Proof  - The f i r s t  s t e p  i s  t o  f i n d  a  method o f  de te rmin-  

i n g  from t h e  c o l l e c t i o n  f ~ ~ ~ ~ ~ ~ ( ~ )  whe the r  o r  n o t  G i s  a 

r e g u l a r  g raph .  

From t h e  subgraphs  G v ,  w e  know t h e  number o f  v e r t i c e s ,  

say n ,  i n  G .  The number m o f  edges  i s  a l s o  e a s i l y  de te rmined .  

With mV d e n o t i n g  t h e  number o f  edges  i n  G V ,  t h e  d e g r e e  of v  

i n  G i s  d ( v )  = m - mv' Adding t h e s e  n  e q u a t i o n s  we o b t a i n  

s i n c e  each  edge i s  i n c i d e n t  w i t h  two v e r t i c e s .  



Thus from ( 1 )  and ( 2 )  

S i n c e  d ( v )  = m - mv, we o b t a i n  t h e  d e g r e e s  o f  t h e  v e r t i c e s  

of G .  Thus we d e t e r m i n e  whe the r  o r  n o t  G i s  r e g u l a r .  

If G i s  r e g u l a r  of d e g r e e  k ,  t h e n  we r e c o n s t r u c t  G by 

t a k i n g  any G,, add ing  t h e  v e r t e x  v  and a d a i n g  k e d g e s ,  one 

edge from each  v e r t e x  w i t h  d e g r e e  k - 1 i n  Gv t o  v.  

D e f i n i t i o n  1 . 1 3  - A connec ted  g raph  G i s  s e p a r a b l e  i f  

it  c o n t a i n s  a c u t - v e r t e x .  A b l o c k  i s  a  maximal connec ted  

subgraph t h a t  i s  n o t  s e p a r a b l e .  A pendan t  b l o c k  o f  G i s  a 

b l o c k  of  G t h a t  c o n t a i n s  e x a c t l y  one  c u t - v e r t e x  o f  G.  

We now p r e s e n t  Bondy's f 3 1  r e s u l t  t h a t  t h e  v e r t e x  

problem h o l d s  f o r  s e p a r a b l e  g r a p h s  w i t h  no pendant  v e r t i c e s .  

Thus we assume G and H a r e  s e p a r a b l e  g r a p h s  of o r d e r  n  w i t h  

no  pendant  v e r t i c e s  f o r  t h e  f o l l o w i n g  lemma and theorem. 

Lemma 1.19  - Suppose G has b l o c k s  B 1 , B 2 , 0 * * , B S  (where  

s > 1) and A has b l o c k s  C 1 , C 2 , 0 0 e , C t .  Then s = t and t h e  

b l o c k s  can  b e  r e l a b e l e d  s o  t h a t  Bi 2 C i  (1 < i L ' s ) .  - 

Proof - Let  Bi have o r d e r  b  and Ci have o r d e r  c  - i i ' 

Moreover,  we s a y  t h e  o r d e r  of I3 i s  l e s s  t h a n  t h e  o r d e r  of C 

if : v ( B ) I  < I v ( c )  I o r  if I v ( B )  I = I v ( c )  J and I E ( B )  1 c , J E ( c )  1 .  



> * e e >  bs  and c1 2 c > g e e >  C We may assume t h a t  bl 2 b2 
P 2 = - t *  

The p r o o f  w i l l  be by i n d u c t i o n .  Suppose  we have  a l r e a d y  

shown t h a t  B1 = C l ,  B2 - C2,*** , Bk z C k .  We may s u p p o s e  

> C tha t  b k + l  - k + l '  Take Y 2 Bk+l .  I f  Y o c c u r s  y t i m e s  i n  

k  k 
B i ,  t h e n  Y a l s o  o c c u r s  y t i m e s  i n  Ci s i n c e  Y c a n n o t  b e  

i-1 i=1 

i s o m o r p h i c  t o  a  subgraph  t h a t  c o n t a i n s  v e r t i c e s  i n  more than 

one  b l o c k .  Mow Y o c c u r s  a t  l e a s t  y + 1 t i m e s  i n  G s i n c e  

Y 2 Bk+l .  Hence by K e l l y ' s  Lemma (l.?), Y o c c u r s  a t  l e a s t  

t 
once  i n  U c i .  T h e r e f o r e  Y i s  i s o m o r p h i c  t o  a  subgraph  o f  

i = k + l  

C f o r  some j > k ,  i.e., t h e  o r d e r  o f  Y <='order of  C But 3 3 ' 

o r d e r  o f  Y = o r d e r  o f  Bk+l  - > c = o r d e r  - b k + l  1: ' k+ l  = j 

Hence B 
k + l  = C k + l *  I n d u c t i o n  i s  s t a r t e d  by t h e  same argument  

w i t h  k  = 0 .  T h e r e f o r e  s = t and  Bi C i  f o r  a l l  i .  

Theorem 1 . 2 0  - I f  G and H a r e  s e p a r a b l e  g r a p h s  w i t h o u t  

pendan t  v e r t i c e s  t h e n  t h e  v e r t e x  problem h o l d s .  

P roo f  - L e t  B1, B2 e C e ,  Bt be t h e  pendan t  b l o c k s  of  G 

(t 2 2 )  and l e t  Bi have  o r d e r  b i .  Suppose  b l L  bi  ( 2 1 . i  < = t )  

and l e t  u  b e  t h e  c u t - v e r t e x  j o i n i n g  BL t o  t h e  rest o f  G .  

wr i te  '1 = G ( ~ ( ~ l ) - { ~ } )  and d e n o t e  by G; t h e  g r a p h  o b t a i n e d  

Prom G by a d d i n g  s i s o l a t e d  v e r t i c e s  and  j o i n i n g  each  t o  u  
1 



by one  edge .  Then G: i s  a  p r o p e r  subgraph  o f  G a n d ,  h e n c e ,  

1 
by K e l l y ' s  Lemma (I.?), H h a s  a subgraph  H: G1, i . e . ,  

1 1 $(GI) = H1 and @ ( u )  = v  s a y .  (No te :  u  and  v  a r e  n o t  neces -  

s a r i l y  c o r r e s p o n d i n g  v e r t i c e s ) .  L e t  p  b e  t h e  pendan t  v e r t e x  

o f  H: and l e t  Hl b e  t h e  s u b g r a p h  o f  H o b t a i n e d  by d e l e t i n g  p 

f rom H:. Then i t  i s  c l e a r  t h a t  H = @ ( G ~ )  and  by  Lemma 1 . 1 9  1 

H h a s  one b l o c k  f e w e r  t h a n  8. If we c a l l  t h a t  b l o c k  C1 t h e n  
1 

C1 B1. Now H i s  o b t a i n e d  from H: by a d d i n g  bl - 2 v e r t i c e s  

and some edges .  S i n c e  no pendan t  b l o c k  o f  H h a s  o r d e r  l e s s  

t h a n  B1 it i s  easy t o  s e e  t h a t  t h o s e  e d g e s  c a n  o n l y  b e  i n -  

1 c i d e n t  w i t h  v , p  and t h e  bl  - 2 v e r t i c e s  added  t o  HI. Thus v  

i s  a  c u t - v e r t e x  o f  H and  i t  f o l l o w s  t h a t  t h e  subgr sph  o f  H 

on v , p  and  t h e  bl  - 2 v e r t i c e s  added  t o  H; i s  i s o m o r p h i c  t o  

C1. I t  now rema ins  t o  show t h a t  t h e r e  i s  a n  isomorphism o f  

B1 and C mapping u  o n t o  v .  Denote  by  B: t h e  g r a p h  o b t a i n e d  
1 

from B1 by  a d d i n g  an i s o l a t e d  v e r t e x  and  j o i n i n g  it t o  u  by 

one edge .  D e f i n e  C: a n a l o g o u s l y .  I t  w i l l  s u f f i c e  t o  p r o v e  

1 1 t h a t  B1 = C1. 

Obv ious ly  GU 2 H v ,  so u  and v  have  t h e  same d e g r e e  by 

Lemma 1 . 8 .  L e t  d ( u )  = r + s where  t h e  d e g r e e  o f  u  in G1 i s  r 

and i n  B1 i s  s .  Hence r , s  > 1. By t h e  d e f i n i t i o n  o f  HI it i s  

c l e a r  t h a t  t h e  d e g r e e  o f  v i n  H1 i s  r ;  h e n c e  t h e  d e g r e e  o f  v  



i n  C i s  s. If G; h a s  a s u b g r a p h s  i s o m o r p h i c  t o  B' t h e n  G 1 1 

1 h a s  a + r s u b g r a p h s  i s o m o r p h i c  t o  B1 s i n c e  B1 i s  a  b l o c k  of  

G .  Thus H h a s  a + r s u b g r a p h s  i s o m o r p h i c  t o  B: by K e l l y ' s  

Lemma ( 1 . 7 )  and  H: h a s  s s u b g r a p h s  i s o m o r p h i c  t o  33: s i n c e  

S S 1 
H1 G1. It f o l l o w s  t h a t  ~f h a s  r s u b g r a p h s  i s o m o r p h i c  t o  Bl 

1 1 and hence  t h a t  B1 C s i n c e  B1 = C1. 
1 

Zn t h e  l i g h t  o f  Theorems 1 . 4 ,  1 . 6  and 1 .20  t h e  g r a p h s  

for which t h e  v e r t e x  problem h a s n ' t  been s o 3 t e d  can  b e  b r o k e n  

i n t o  two m a j o r  c l a s s e s :  (1) c o n n e c t e d  g r a p h s  w i t h  c y c l e s  and 

pendan t  v e r t i c e s  and  ( 2 )  c o n n e c t e d  g r a p h s  w i t h  c y c l e s  and  

w i t h o u t  c u t - v e r t i c e s ,  i . e . ,  b l o c k s .  A t  t h e  t i m e  of w r i t i n g  

t h i s  p a p e r  we know o f  no work h a v i n g  b e e n  done on t h e  v e r t e x  

problem f o r  c l a s s  (2) g r a p h s .  

D e f i n i t i o n  1 . 1 4  - A c a c t u s  i s  a c o n n e c t e d  g r a p h  G such  

t h a t  e a c h  b l o c k  of  G i s  e i t h e r  a n  edge  o r  a c y c l e .  

The f o l l o w i n g  r e s u l t  p roved  by G e l l e r  and Manvel [ 4 ]  

and  i n d e p e n d e n t l y  by Greenwe l l  and Hemminger 1 5 1  p r e s e n t s  u s  

a  s o l u t i o n  o f  t h e  v e r t e x  problem f o r  a  s u b c l a s s  of c l a s s  ( 1 )  

g r a p h s .  

Theorem 1 . 2 1  - If G and H a r e  c a c t i ,  t h e n  t h e  v e r t e x  

problem h o l d s  f o r  G and  H .  



Greenwe l l  and Hemminger [ 5 ] ,  and Bondy [ 3 ]  i n  t h e i r  

a t t e m p t  t o  s o l v e  t h e  v e r t e x  problem f o r  c l a s s  ( 1 )  g r a p h s  

p roposed  t h e  f o l l o w i n g  c o n j e c t u r e .  

C o n j e c t u r e  C - The P e n d a n t  V e r t e x  Problem - If G and H 

a r e  c o n n e c t e d  g r a p h s  w i t h  pendan t  v e r t i c e s  S(G)  and S ( H ) ,  

r e s p e c t i v e l y ,  I s ( G ) ~  2 1, and 0: S ( G )  + s ( H )  i s  a one- to-one 

o n t o  f u n c t i o n  s u c h  t h a t  Gv f o r  a l l  v  E s ( G ) ,  t h e n  

For  t h i s  c o n j e c t u r e  t o  be  t r u e  we must  o b v i o u s l y  have  

Is(G) I > 2 .  P.  Meumann p o i n t e d  o u t  a c o u n t e r e x a m p l e  f o r  t h e  

c o n j e c t u r e  when J S ( G ) ~  = 3 .  We i l l u s t r a t e  t h e  c o u n t e r e x a m p l e  

i n  F i g u r e  9 .  Neumann a l s o  c l a i m s  t h a t  h e  h a s  found  a 

c o u n t e r e x a m p l e  when I s (G)  I = 4 .  

F i g u r e  9 



Greenwe l l  and Hemminger,[51 p roved  t h e  f o l l o w i n g  

Theorem 1 . 2 2  - If G and H a r e  c a c t i  w i t h  pendan t  v e r -  

t i c e s ,  t h e n  t h e  pendan t  v e r t e x  problem h o l d s  f o r  G and  H.  

D e f i n i t i o n  1.15 - A v e r t e x  o f , G ,  h a v i n g  d e g r e e  d ,  w i l l  

b e  c a l l e d  a l e f t  e n d - v e r t e x  i f  no  v e r t e x  o f  G h a s  d e g r e e  

d  - 1. We d e n o t e  t h e  s e t  o f  d e g r e e s  o f  t h e  v e r t i c e s  o f  G by 

D(G). i . e . ,  t h e  d e g r e e  s e t .  

P. Zve ig  [20] g i v e s  some o t h e r  c l a s s e s  o f  g r a p h s  f o r  

which t h e  v e r t e x  problem h o l d s  by p r o v i n g  t h e  f o l l o w i n g  

theo rem which g i v e s  t h e  c o n d i t i o n s  u n d e r  which Gy ' Ho(Vi) i 

f o r  any  v a l u e  o f  i and c o u p l e d  w i t h  D ( G )  = D(H) i m p l i e s  t h a t  

G " H. 

Theorem 1 . 2 3  - L e t  G and H d e n o t e  g r a p h s  t h a t  b o t h  h a v e  

t h e  d e g r e e  s e t  D.  Assume t h a t  t h e r e  i s  a  v e r t e x  ul o f  G t h a t  

i s  a d j a c e n t  o n l y  t o  l e f t  e n d - v e r t i c e s .  If t h e r e  i s  a v e r t e x  

v  o f  H w i t h  t h e  same d e g r e e ,  s a y  d ,  as ul ,  and  i f  a i s  a n  1 

i somorphism o f  G o n t o  H t h e n  t h e r e  i s  an i somorphism 5 
IJ 9 v, 

o f  G o n t o  H d e f i n e d  b y  6(u1) = v1 and  i ( u i )  = a ( u i ) ,  i + 1. 

Proof  - L e t  u d e n o t e  a  v e r t e x  o f  G t o  which ul i s  ad- 

j a c e n t .  I n  GU , u  h a s  d e g r e e  k  - 1 f o r  some k ,  a s  does  i t s  
1 

image ,  s a y  v ,  i n  Hy . But no v e r t e x  i n  H h a s  d e g r e e  k - 1, 
1 



E u l e r  p roved  t h a t  a  g r a p h  G i s  E u l e r i a n  i f  and o n l y  i f  

s i n c e  (k - 1) 6 D ,  and  G and  H have  t h e  same d e g r e e  se ts .  

Hence vl i s  a d j a c e n t  t o  v i n  H. T h i s  method g i v e s  d  v e r t i c e s  

o f  H t o  which vl i s  a d j a c e n t ,  one  c o r r e s p o n d i n g  t o  e a c h  v e r -  

t e x  t o  which ul i s  a d j a c e n t .  S i n c e  by  h y p o t h e s i s  d  = d ( v l ) ,  

t h e r e  a r e  no o t h e r  v e r t i c e s  i n  H t o  which vl i s  a d j a c e n t .  

Thus u  n o t  a d j a c e n t  t o  ui i m p l i e s  t h a t  vl i s  n o t  a d j a c e n t  
1 

t o  t h e  a- image of  u i ,  and t h e  e x t e n s i o n  o f  a t o  5 i s  a n  

i somorphism o f  G o n t o  H. 

The co r r e spond in , : :  t h e o r e m  f o r  t h e  r e c o n s t r u c t i o n  

problem s t a t e s  t h a t  a  g r a p h  i s  r e c o n s t r u c t i b l e  f rom i t s  

d e g r e e  s e t  D(G) and a  s u b g r a p h  GU, u  E V(G), i f  t h e  d e g r e e  

o f  u i s  d  and G U  c o n t a i n s  d  v e r t i c e s  w i t h  d e g r e e s  ~ c t  i n  

D(G). G i s  t h e n  r e c o n s t r u c t e d  by a d d i n g  a v e r t e x  t o  Gu and  

j o i n i n g  it t o  e a c h  v e r t e x  h a v i n g  a d e g r e e  tst i n  D ( G ) .  

C o r o l l a r y  1 . 2 4  - Any r e g u l a r  g r a p h  G o f  o r d e r  n  i s  r e -  

c o n s t r u c t i b l e  f rom any  one  o f  i t s  ( n  - 1 )  o r d e r  subgraphs .  

P r o o f  - Each v e r t e x  i s  a  l e f t  e n d - v e r t e x  s i n c e  D(G) 

c o n t a i n s  o n l y  one  e l e m e n t .  

D e f i n i t i o n  1 . 1 6  - A t r a i l  i s  a walk  i n  which a l l  edges  

a r e  d i s t i n c t .  A g r a p h  G i s  c a l l e d  E w l e r i a n  i f  it h a s  a span-  

n i n g  c l o s e d  t r a i l  t h a t  c o n t a i n s  a l l  of  i t s  e d g e s .  



I 
E every  v e r t e x  o f  G h a s  even d9gree .  Thus every  v e r t e x  of a n  

E u l e r i a n  graph G i s  a  l e f t  end-ver tex  and we o b t a i n  t h e  f o l -  

lowing c o r o l l a r y .  

C o r o l l a r y  1 .25  - Any E u l e r i a n  g raph  G of  o r d e r  n  i s  r e -  

c o n s t r u c t i b l e  from any o f  i t s  (n - 1) o r d e r  subgraphs .  

D e f i n i t i o n  1.17 - Psuedo r e g u l a r  graph G o f  d e g r e e  n  i s  

one whose degree  s e t  i s  (: 1 ,n). 

C o r o l l a r y  1.26 - A psuedo r e g u l a r  graph G of  d e g r e e  n 

i s  r e c o n s t r u c t i b l e .  

Proof - If n 4 2 ,  e v e r y  v e r t e x  of G i s  a l e f t  end-ver- 

t e x .  If n  = 2 t h e  graph i s  a  p a t h .  

We conc lude  t h i s  c h a p t e r  w i t h  some r e s u l t s  from f a l s e  

i p r o o f s  t h a t  t h e  v e r t e x  problem h o l d s .  

D .  Netherwood p r e s e n t e d  an e r r o n e o u s  proof  of  a  s t r o n g -  

e r  c o n j e c t u r e  r e l a t e d  t o  C o n j e c t u r e  A .  The c o n j e c t u r e  he 

c la imed t o  have proved i s  t h e  f o l l o w i n g .  

C o n j e c t u r e  D - I f  G and H a r e  g r a p h s ,  I v ( G ) I  > 3, and 

a :  V(G) + V(H) i s  a  one-to-one o n t o  f u n c t i o n  such t h a t  

Ov = % ( v )  f o r  a l l  v E M ( v ) ,  t h e n  G - H .  

Manvel [ l l ]  proved t h i s  c o n j e c t u ~ e  h o l d s  f o r  t r e e s ,  

w i t h  t h e  e x c e p t i o n  of two t r e e s ,  by p r o v i n g  Theorem 1 . 1 7  

f o r  v c M ( s ) .  



D e f i n i t i o n  1 .18  - Two v e r t i c e s  of  a g raph  G a r e  

s i m i l a r  if t h e r e  i s  a n  automorphism of t h e  graph G mapping 

one o n t o  t h e  o t h e r .  

Theorem 1 .27  - If u and v a r e  s i m i l a r  v e r t i c e s  o f  G ,  

t h e n  GU * Gv.  

Proof  w L e t  a: G 4 G b e  an automorphism such t h a t  u i s  - 
mapped o n t o  v.  Mow if we r e s t r i c e  o t o  v c r t i c e s  of  GU,  t h e n  a 

i s  a n  isomorphism of  G U  o n t o  GV.  T h e r e f o r e  GU = Gv.  

An i n c o r r e c t  proof o f  t h e  v e r t e x  problem used t h e  con- 

v e r s e  of  Theorem 1 . 2 7 ,  namely, t h a t  i f  GU G v ,  t h e n  u and v 

a r e  s i m i l a r  v e r t i c e s .  That  t h e  l a t t e r  i s  n o t  t r u e  i s  shown 

by t h e  two counterexamples  G and G '  i n  F i g u r e  10 .  The two 

v e r t i c e s  c v i n  F i g u r e  1 0  a r e  v e r t i c e s  t h a t  a r e  cat i? ! r i la r  

b u t  n r e  such t h a t  GU 2 G y  and G: 0:. 

F i g u r e  1 0  



The Graph G i n  F i g u r e  1 0  w i t h  8 v e r t i c e s  and 9 edges i s  
I 

t h e  s m a r l e s t  p o s s i b l e  counterexample  i n  te rms o f  t h e  number 

of  v e r t i c e s  and t h e n  of edges i n  a  graph.  An i n s p e c t i o n  of 

t h e  diagrams of  a l l  g raphs  w i t h  7 o r  l e s s  v e r t i c e s  does n o t  

y i e l d  a  counterexample ,  and t h e  same methods of  e x h a u s t i o n  

s e r v e  t o  prove  t h a t  t h e r e  does  n o t  e x i s t  any counterexample  

w i t h  8 v e r t i c e s  and fewer t h a n  9 edges .  

T h i s  conf i rms  t h e  r e s u l t  t h a t  t h e  v e r t e x  problem h o l d s  

f o r  a l l  g raphs  w i t h  a t  most 7 v e r t i c e s .  



CHAPTER 2 - THE EDGE PROBLEM 

The purpose  o f  t h i s  c h a p t e r  i s  t o  show t h a t  t h e  edge 

problem i s  a s p e c i a l  c a s e  o f  t h e  v e r t e x  problem. The f i r s t  

r e s u l t s  we p r e s e n t  s u g g e s t  t h a t  t h e r e  might  be  some con- 

n e c t i o n  between t h e  edge problem and t h e  v e r t e x  problem. 

Lemma 2 . 1  - I f  t h e  c o n d i t i o n s  o f  t h e  edge problem a r e  

s a t i s f i e d ,  t h e n  e v e r y  t y p e  o f  edge p r o p e r  subgraph which 

o c c u r s  i n  G o r  H o c c u r s  t h e  same number o f  t i m e s  i n  b o t h ,  

and e  and a ( e )  a r e  edges  i n  t h e  same number o f  t h e s e  sub- 

g r a p h s  f o r  a l l  e  E E(G). 

To i l l u s t r a t e  t h e  f o r m u l a t i o n  o f  t h e s e  problems i n  r e -  

c o n s t r u c t i o n  t e r m s  we g i v e  t h a t  v e r s i o n  ( w i t h  p r o o f )  of 

Lemma 2 . 1  

e  Lemma 2 .1 '  - L e t  t h e  f a m i l y  o f  g r a p h s  1 0  } e E E ( G )  be  

g i v e n .  Then t h e  number o f  edge p r o p e r  subgraphs  o f  G isomor- 

p h i c  t o  a  g i v e n  g raph  i s  d e t e r m i n e d  by t h e  { G ~ } ~ ~ ~ ( ~ )  a s  

w e l l  a s  t h e  number o f  t h e s e  t h a t  c o n t a i n  a g i v e n  edge o f  G. 

Proof  - L e t  T be  a g r a p h  w i t h  j e d g e s ,  1 5 j < I E ( G )  1 .  
L e t  a be t h e  number of subgraphs  o f  G t h a t  a r e  i somorph ic  t o  

T and ai t h e  number o f  subgraphs  o f  G t h a t  a r e  i somorphic  t o  

T  and t h a t  c o n t a i n  t h e  e lement  ei  o f  E ( G ) ,  where 

E ( G )  = f e  i = l , a u , m ) .  Then a - a i s  known s i n c e  it i s  
i ' i 

t h e  number of subgraphs  of  G e i  t h a t  a r e  i somorphic  t o  T. 



e  Thus from t h e  c a l l e c t i o n  {G }ecE(G) and T  we know m ,  j and  

a - ai f o r  each  i = l , * * * , m .  T h e r e f o r e ,  we know M where 

m 
But Z ai = ja s o  M = (m - j ) a .  But m # j s o  a = ~ / ( m  - J )  

i=1 

i s  known and hence  ai = u - ( a  - a i )  i s  known f o r  e a c h  

f = l t O * *  r m  . 

D e f i n i t i o n  2 . 1  - A g r a p h  S  i s  a  k - s t a r  i f  I v ( s )  1 = k + 1 

and f o r  some v  c v ( s ) ,  E ( S )  = { < t , w > :  w i s  an  e l e m e n t  o f  

V ( S )  and w # v). A g r a p h  i s  a f o r e s t  i f  it h a s  no c i r c u i t s ,  

s o  t h a t  e a c h  component i s  a t r e e .  

e Theorem 2 . 2  - The c o l l e c t i o n  { G  IesE(,.,) d e t e r m i n e s  

w h e t h e r  o r  n o t  G i s  c o n n e c t e d  i f  ] E ( G ) ~  > 3 .  

P r o o f  - If G e  i s  a  s t a r  p l u s  one  i s o l a t e d  v e r t e x  f o r  

e a c h  e  i n  E ( G ) ,  t h e n  G i s  a  s t a r  and  hence  i s  c o n n e c t e d .  

If G e  i s  a  f o r e s t  w i t h  e x a c t l y  two t r e e s  f o r  a l l  e  i n  

E(G) and f o r  some e  n e i t h e r  component i s  an i s o l a t e d  v e r t e x ,  

t h e n  G i s  a  t r e e  and  n o t  a s t a r .  

I f  G~ i s  c o n n e c t e d  f o r  some e i n  E ( G ) ,  t h e n  G i s  con- 

n e c t e d  and  n o t  a  t r e e .  

S i n c e  t h e  c o n v e r s e  o f  t h e s e  s t a t e m e n t s  a l s o  h ~ l d s ,  we 

have  t h e  t heo rem.  



Theorem 2 . 3  - The edge  p,roblem i s  t r u e  f o r  d i s c o n n e c t e d  

g r a p h s  h a v i n g  a t  l e a s t  two non t r i v i a l  c o n n e c t e d  components .  

P roo f  - The method o f  d e t e r m i n i n g  t h e  c o n n e c t e d  com- 

p o n e n t s  on two o r  more v e r t i c e s  i s  s i m i l a r  t o  t h e  t e c h n i q u e  

u s e d  i n  t h e  p r o o f  o f  Lemma 1 .19  e x c e p t  P h a t  Lemma 2 . 1  i s  

u s e d  i n s t e a d  o f  Lemma 1 . 7 .  The theo rem f o l l o w s  i m m e d i a t e l y .  

D e f i n i t i o n  2 .2  - I f  G i s  a  g r a p h ,  t h e n  t h e  l i n e  ~ r a p h  

o f  G ,  d e n o t e d  by  L ( G ) ,  i s  t h e  g r a p h  v ( L ( G ) )  = E ( G )  and  w i t h  

< e l , e 2 >  i n  E ( L ( G ) )  i f  and  o n l y  if el  and  e 2  a r e  a d j a c e n t  i n  

Hemminger i n  [ 5 ]  and (123  p r o v e s  t h a t  t h e  edge  problem 

i s  t r u e  f o r  G if and o n l y  if t h e  v e r t e x  problem i s  t r u e  f o r  

L ( G ) .  Thus p r o v i n g  t h a t  t h e  edge  problem i s  a  s p e c i a l  c a s e  

o f  t h e  v e r t e x  problem.  Hence we p r e s e n t  some r e s u l t s  f o r  

l i n e  g r a p h s  and  t h e n  p r e s e n t  Hemmingerts  p r o o f .  

Theorem 2 .4  - ( ~ h i t n e y  [ l g j o r  s e e  page  248 o f  [ 1 7 ] ] )  - 
I f  G and  H a r e  c o n n e c t e d  g r a p h s  o t h e r  t h a n  t r i a n g l e s ,  t h e n  

G n H i f  and  o n l y  i f  L(G) = L ( H ) .  

Lemma 2 . 5  - L e t  G b e  a  g r a p h .  Then L ( G ~ )  = ( L ( G ) )  f o r  e  

a l l  e  i n  G .  

P roo f  - We h a v e  v ( L ( G ~ ) )  = E(G) - e  = v ( ( L ( G ) ) ~ )  and - 
< el,e2> i s  i n  E ( L ( G ~ ) )  i f  and  o n l y  i f  e l s e 2  # e and el  and 

e 2  a r e  a d j a c e n t  i n  G ,  t h a t  i s  i f  and o n l y  i f < e l , e 2 >  i s . f n  



Theorem 2 .6  - ( ~ e m m i n g e r )  - The edge  problem i s  t r u e  

f o r  G i f  and o n l y  i f  t h e  v e r t e x  problem i s  t r u e  f o r  L(G). 

Proof  - Suppose t h e  v e r t e x  problem i s  t r u e  f o r  l i n e  

g r a p h s .  Let G and  H be g r a p h s ,  ~ E ( G )  I > 3 and  l e t  

a:  E(G) + E(H)  b e  a  one- to-one o n t o  f u n c t i o n  s u c h  t h a t  

G~ % H o ( e )  f o r  a l l  e  i n  E ( G ) .  By Theorem 2 . 3  i f  G i s  d i s c o n -  

n e c t e d  t h e n  G 2 H .  So s u p p o s e  G i s  c o n n e c t e d .  By Lemma 2 . 5  

we have  ( L ( G ) ) ,  = L(Ge) L ( H  = ( L ( H ) ) ~ ( ~ )  f o r  a l l  e i n  

E(G). But t h e n  a:  v ( L ( G ) )  + V(L($)) i s  a  one- to-one o n t o  

f u n c t i o n  such  t h a t  ( L ( G ) ) ~  I ( L ( H ) ) ~ ( , )  f o r  a l l  e  i n  v ( L ( G ) )  

and  I V ( L ( G ) ) ~  > 2 .  So by  o u r  assumpton  L ( G )  = L ( H ) .  S i n c e  

G and  H a r e  c o n n e c t e d  L ( G )  and  L ( H )  a r e  c o n n e c t e d .  Hence by 

Thearem 2 . 4 ,  s i n c e  I E ( G ) ~  > 3 ,  w e  have G H. 

C o n v e r s e l y ,  suppose  t h e  edge  problem i s  t r u e  f o r  g r a p h s .  

L e t  G and  H b e  g r a p h s  w i t h  I v ( L ( G )  ) I > 2 ,  and  l e t  

a :  v ( L ( G ) )  + v ( L ( H ) )  b e  a  one- to-one  o n t o  f u n c t i o n  such  t h a t  

L ( G ) ,  I L ( H ) ~ ( ~ )  f o r  a l l  e  i n  V ( L ( G ) ) .  I f  L ( G )  i s  d i s c o n -  

n e c t e d ,  t h e n  by Theorem 1 . 4  L(G) " L ( H ) .  So suppose  that 

L ( G )  and  L(H) a r e  c o n n e c t e d .  

If I v ( L ( G ) )  1 > 5 ,  t h e n  ( ~ ( 0 ) ) ~  " ( L ( H ) ) ~ ( ~ )  and Lemma 

2 . 5  imp ly  L(Ge) L ( H ' ( ~ ) )  f o r  a l l  e i n  v ( L ( G ) ) .  F r l n  

W h i t n e y l s  Theorem ( 2 . 4 )  we have  D~ 3 H ' ( ~ )  f o r  a l l  e  i n  



v ( L ( G ) ) .  S i n c e  t h e  edge problem h o l d s  G = H .  

If I V ( L ( G ) ) ~  = 4 ,  i t  i s  easy t o  check  by  e x h a u s t i o n  

t h a t  t h e r e  a r e  n o t  two c o n n e c t e d  g r a p h s  G and  H s u c h  t h a t  

I E ( G ) ~  = I E ( H ) I  = 4 ,  G ?! H and ( L ( G ) ) ,  = ~ L ( H ) ) ~ ( ~ )  f o r  a l l  

which i n  t u r n  implies L ( G )  1 L ( H ) .  

I f  ( v ( L ( G ) )  I = 3 and  G f H ,  t h e n  t h e  o n l y  p o s s i b l e  

c o n n e c t e d  g r a p h s  G and H can b e ,  such  t h a t  

( L ( G )  I e  ' ( L ( H ) ) ~ ( ~ )  f o r  a l l  e i n  V ( L ( G ) ) ,  a r e  a t r i a n g l e  

and a 3 - s t a r .  But b o t h  o f  t h e s e  g r a p h s  have  a t r i a n g l e  a s  

l i n e  g r a p h s .  Thus L(G) L(H). If G 2 H t h e n  L(G) 3 L(H). 

~ h u s  L ( G )  = L ( H )  f o r  I v ( L ( G ) ) (  > 2. 



CHAPTER 3 - TOURNAMENTS 

I n  [ l l ] ,  Harary  and P a l s e r  p rove  t h a t  t h e  edge problem 

h o l d s  f o r  a l l  t ou rnamen t s  and t h e  v e r t e x  problem h o l d s  f o r  

tou rnamen t s  t h a t  a r e  no t  s t r o n g .  Befo re  p r e s e n t i n g  t h e s e  

r e s u l t s  we g i v e  t h e  d e f i n i t i o n s  o f  tournament  and s t r o n g  

tou rnamen t .  

D e f i n f t i o n  3 . 1  - Let  G b e  a  d i r e c t e d  g raph .  I f  

e  = <u ,v>  E E(G) we s a y  u  d e f e a t s  v  o r  v  i s  d e f e a t e d  by u.  

An e lement  e of E ( G )  i s  c a l l e d  a d i r e c t e d  edge o f  G .  

D e f i n i t i o n  3.2 - A tou rnamen t  T i s  a  d i r e c t e d  g raph  

such  t h a t  each  p a i r  o f  d i s t i n c t  v e r t i c e s ,  s a y  u  and v ,  i s  

j o i n e d  by one and o n l y  one o f  t h e  d i r e c t e d  edges  < u , v >  o r  

<v,u>. 

D e f i n i t i o n  3 . 3  - Two v e r t i c e s  u  and v o f  a  d i r e c t e d  

g raph  a r e  s a i d  t o  b e  s t r o n g l y  c o n n e c t e d  i f  t h e r e  i s  a p a t h  

from u  t o  v  and 8 p a t h  from v  t o  u .  A tournament  T  i s  a  

s t r o n g  tou rnamen t  i f  each  p a i r  o f  d i s t i n c t  v e r t i c e s  of T  i s  

s t r o n g l y  connec ted .  

D e f i n i t i o n  3 . 4  - The s c o r e  o f  a v e r t e x  vi i n  T i s  t h e  

number of v e r t i c e s  v  d e f e a t s  i n  T o r  t h e  o u t d e g r e e  of v i .  i 

We d e n o t e  t h e  s c o r e  o f  vi by e i t h e r  s i  o r  o d ( v i ) .  A v e r t e x  

which d e f e a t s  e v e r y  v e r t e x  i n  T i s  c a l l e d  a t r a n s m i t t e r .  A 



v e r t e x  which i s  d e f e a t e d  by eve ry  v e r t e x  i n  T  i s  c a l l e d  a  

r e c e i v e r .  The i n d e g r e e  o f  a v e r t e x  v  i s  t h e  number o f  v e r -  

t i c e s  it i s  d e f e a t e d  by i n  T  which we d e n o t e  by i d ( v ) .  

Theorem 3 .1  - ( H a r a r y  and Palmer [ l l ] )  - Let  T b e  a  

tournament  w i t h  ~ v ( T ) /  = n ,  t h e n  T can  b e  r e c o n s t r u c t e d  from 

t h e  c o l l e c t i o n  o f  subgraphs  { T ~ ) ~ ~ ~ ( ~ )  f o r  n  2 3 .  

Proof  - C l e a r l y  T h a s  a  r e c e i v e r  i f  and o n l y  i f  some 

T~ h a s  a v e r t e x  v  w i t h  i d ( v )  = n  - 1. I f  T does  n o t  have a  

r e c e i v e r ,  t h e n  sl  2 1 where we o r d e r  t h e  v e r t i c e s  v  s o  t h e  

s c o r e s  s a t i s f y  sl 5 s 2 =  = s . Choose Te such  t h a t  t h e r e  n  

e x i s t s  a  v e r t e x  u  E Te w i t h  o d ( u )  = sl - 1. Le t  v  b e  t h e  

o t h e r  v e r t e x  o f  Te  w i t h  t o t a l  d e g r e e  n - 2. Then T i s  ob- 

t a i n e d  by add ing  t h e  d i r e c t e d  edge < u , v > ,  I f  T  does  have a  

r e c e i v e r ,  choose  Te w i t h  no v e r t i c e s  w such  t h a t  

i d ( w )  = n  - 1. Then T~ was o b t a i n e d  from T by  d e l e t i n g  an 

edge which i s  i n c i d e n t  w i t h  t h e  r e c e i v e r .  L e t  v  b e  a  v e r t e x  

o f  T~ w i t h  i d ( v )  = n  - 2 and o d ( v )  = 0. Let  u b e  t h e  o t h e r  

v e r t e x  o f  T~ w i t h  t o t a l  d e g r e e  n  - 2 .  Without  l o s s  o f  gen- 

e r a l i t y  we can  assume t h a t  v  was t h e  r e c e i v e r  o f  T and s o  T 

i s  o b t a i n e d  by a d a i n g  t h e  d i r e c t e d  edge < u , v >  t o  T ~ .  

D e f i n i t i o n  3 .5  - A tou rnamen t  T i s  s a i d  t o  b e  

t r a n s i t i v e  if < u , v >  € E ( T )  and <v,w> E E ( T )  imply 

<u,w> E E ( T )  where u ,  v  and w a r e  d i s t i n c t .  

The v e r t e x  problem does  n o t  h o l d  f o r  a l l  t ou rnamen t s .  



If ( v ( T )  I = 3 and T i s  e i t h e r ,  a c y c l i c  t r i p l e  o r  a  t r a n -  

s i t i v e  t r i p l e ,  t h e n  t h e  c o l l e c t i o n  { T ~ } ~ ~ ~ ( ~ )  i s  t h e  same i n  

b o t h  c a s e s .  Hence T  i s  n o t  d e t e r m i n e d  by t h e  Tv. 

I f  I v ( T )  1 = 4 ,  t h e r e  a r e  f o u r  t o u r n a m e n t s ,  see  F i g u r e  

I( 11, and o n l y  two of them can  b e  r e c o n s t r u c t e d .  Cne i s  s t r o n g ,  

s e e  F i g u r e  l l ( a ) ,  and h a s  s c o r e  sequence  ( 1 , 1 , 2 , 2 )  and 

' T v ' v ~ ~ (  T )  h a s  e x a c t l y  two c y c l i c  t r i p l e s .  One i s  t r a n s i t i v e ,  

s e e  F i g u r e  l l ( b ) ,  and h a s  s c o r e  sequence  ( 0 , 1 , 2 , 3 )  and o f  

c o u r s e  {Tvlvev(T)  h a s  no c y c l i c  t r i p l e s .  The o t h e r  two have 

s c o r e  sequence  ( 0 , 2 , 2 , 2 )  and ( 1 , 1 , 1 , 3 )  and each  c o l l e c t i o n  

' T v ' v s ~ ( T )  h a s  e x a c t l y  one c y c l i c  t r i p l e .  Hence i n  t h e  

l a t t e r  two c a s e s  T  i s  n o t  de te rmined  by t h e  Tv. 

F i g u r e  11 



e  v e r t e x ,  p r o b l  em h o l d s  f 

n o t  a s t r o n g  t o u r n a m e n t .  B e f o r e  p r e s e n t i n g  Hara ry  and  

P a l m e r ' s  [ l l ]  p r o o f  o f  t h i s  we s t a t e  some r e s u l t s  t h a t  w i l l  

b e  r e q u i r e d  i n  t h e  p r o o f .  

The f o l l o w i n g  theo rem due  t o  Moon and Moser i s  p r o v e d  

in [ 1 6 ,  page  61.  

Theorem 3 .2  - Each v e r t e x  o f  a  s t r o n g  tou rnamen t  T  

w i t h  Iv(T) I = n  i s  c o n t a i n e d  i n  some c y c l e  o f  l e n g t h  k ,  f o r  

k = 3 , 4 , 0 0 e , n .  

The f o l l o w i n g  r e s u l t s  a r e  p roved  i n  [ll]. 

Theorem 3 . 3  - A t o u r n a m e n t  T w i t h  a t  l e a s t  f o u r  v e r -  

t i c e s  i s  s t r o n g  i f  and o n l y  i f  it h a s  n e i t h e r  a  t r a n s m i t t e r  

n o r  a  r e c e i v e r  and  f o r  some v e r t e x  v ,  Tv i s  s t r o n g  where  

Theorem 3 . 4  - A t ou rnamen t  T  w i t h  a t  l e a s *  f i v e  v e r -  

t i c e s  h a s  a  t r a n s m i t t e r  i f  a n d  o n l y  i f  a t  l e a s t  f o u r  o f  t h e  

Tv have  a  t r a n s m i t t e r  where  v E V(T). 

I f  G and  H a r e  two g r a p h s  w i t h  no  v e r t i c e s  i n  common, 

t h e  new g r a p h  G * H i s  o b t a i n e d  by J o i n i n g  e a c h  v e r t e x  of G 

w i t h  each  v e r t e x  o f  H by  an  edge .  When t h e s e  a d d i t i o n a l  

edges  a r e  t o  b e  d i r e c t e d  from G t o  H w e  i n d i c a t e  t h i s  by 

w r i t i n g  G + + H. 



Theorem 3.5 - I f  T  i s  a  Fournament w i t h  a t  l e a s t  f i v e  

v e r t i c e s  s u c h  t h a t  one o f  t h e  TV, s a y  TV , where  v  E v ( T ) ,  
1 

does  n o t  have  s t r a n s m i t t e r  and  a t  l e a s t  f o u r  o f  t h e  Tv have  

a  t r a n s m i t t e r ,  t h e n  T  = vl + + T . v  
1 

Proof  - By Theorem 3 . 4 ,  T  h a s  a t r a n s m i t t e r ,  s a y  v .  

Then TU h a s  a  t r a n s m i t t e r  whenever  u  # v .  Hence v  = vl and  

Theorem 3 . 6  - I f  T  i s  a  t ou rnamen t  w i t h  a t  l e a s t  f i v e  

v e r t i c e s  and  e a c h  TV h a s  a  t r a n s m i t t e r ,  t h e n  T c a n  b e  r econ-  

s t r u c t e d  from t h e  Tv where  v  E V ( T )  and / v ( T ) /  = n. 

P roo f  - We s h a l l  show t h a t  t h e r e  i s  a l a r g e s t  i n t e g e r  m 

w i t h  2  m < n  s u c h  t h a t  f o r  a  s u i t a b l e  l a b e l i n g  o f  t h e  Tv 
e: 

t h e  f o l l o w i n g  c o n d i t i o n s  h o l d :  

( 1 )  each  Tv h a s  v e r t i c e s  o f  s c o r e  n  - 2 ,  n  - 3 , * 0 *  , n  - m .  

(2) Tv 3 TV , D o *  , Tv do n o t  h a v e  a  v e r t e x  o f  s c o r e  
1 2  m 

n - (m + 1 )  b u t  Tv , TV , O O O ,  T  d o n o t  have  
m+l m+2 v  n  

s u c h  a v e r t e x .  

( 3 )  Ty I Tv 9 a 0 , Tv a r e  a l l  i s o m o r p h i c  and 
1 2 m 

By Theorem 3 . 4 ,  T  h a s  a  t r a n s m i t t e r ,  s a y  v  S i n c e  e a c h  
1 ' 

Tv has  a  t r a n s m i t t e r ,  T  must h a v e  a v e r t e x ,  s a y  v 2 ,  o f  s c o r e  



v  1 

T : n  - 2  v e r t i c e s  

v  2 

F i g u r e  1 2  

Now t h e r e  a r e  two p o s s i b i l i t i e s :  

Case 1 - None of  t h e  o t h e r  v e r t i c e s  vi  w i t h  i 2 3  h a s  - 

s c o r e  n  - 3 .  Then Tv and  TV do n o t  have  v e r t i c e s  o f  s c o r e  
1 2 

n  - 3 b u t  f o r  e a c h  i > 3 ,  - Tv d o e s  (namely v 2 ) .  Each Tv h a s  
i 

a v e r t e x  o f  s c o r e  n  - 2. C l e a r l y  Tv and Tv a r e  i s o m o r p h i c ,  
1 2  

Case 2 - Some v e r t e x ,  s a y  v  h a s  s c o r e  n  - 3 .  Then 
3 ' 

m 2 3 and  a g a i n  t h e r e  a r e  two p o s s i b i l i t i e s .  If none o f  t h e  

v  w i t h  i 2 4 h a s  s c o r e  n  - h ,  t h e n  Tv , Tv and TV do n o t  
i - 1 2 3 

have  v e r t i c e s  of s c o r e  n - 4 b u t  f o r  i 2 4 each  Tv does  
i 

(namely  v  1. Each Tv h a s  v e r t i c e s  o f  s c o r e  n  - 2 and n - 3 .  3 

C l e a r l y  Tv , Tv and  Ty a r e  i s o m o r p h i c ,  T = vl + + TV and 
1 2  3 1 

m = 3 .  O t h e r w i s e  some v e r t e x ,  s a y  v h ,  h a s  s c o r e  n  - h and 

n  - 2 ( s e e  F i g u r e  1 2 ) .  , 



and m = > 4 .  C o n t i n u i n g  i n  t h i s ' w a y  we o b t a i n  ( 1 1 ,  ( 2 )  and ( 3 )  

and  h e n c e  T  c a n  be r e c o n s t r u c t e d .  

I: 
r Each o f  t h e  Theorems 3 . 4 ,  3.5 and 3.6 h a s  a  d i r e c t i o n a l  

d u a l .  The d u a l  t heo rems  a r e  o b t a i n e d  by r e p l a c i n g  t h e  word 

t r a n s m i t t e r  by r e c e i v e r .  

D e f i n i t i o n  3 . 6  - Given a d i r e c t e d  g r a p h  G d e f i n e  a new 

d i r e c t e d  g r a p h  G O ,  c a l l e d  t h e  c o n d e n s a t i o n  o f  G ,  whose v e r -  

t i c e s  a r e  t h e  s t r o n g l y  c o n n e c t e d  components o f  G ,  s a y  

S 1 , , S 2 , e e o ,  Sr and f o r  which <S S > E E ( G ' )  i f  t h e r e  i s  a n  
i '  3 

edge  i n  G f rom a v e r t e x  o f  Si t o  a  v e r t e x  o f  S . 
3 

Theorem 3 . 7  - ( H a r a r y  and  Palmer  [ 1 1 1 )  - Le t  T  b e  a  

t ou rnamen t  t h a t  i s  n o t  s t r o n g  and  ~ v ( T ) I  = n ,  t h e n  T c a n  b e  

r e c o n s t r u c t e d  from t h e  c o l l e c t i o n  o f  s u b g r a p h s  { T ~ } ~ ~ ~ ( ~ )  

i f  n  2 5. 

P r o o f  - Using  Theorem 3 . 4  and  i t s  d u a l ,  we c a n  t e l l  

from t h e  T  w h e t h e r  o r  n o t  T  h a s  a t r a n s m i t t e r  o r  a  r e -  v  

c e i v e r .  Then u s i n g  Theorem 3 . 3  we c a n  t e l l  f rom t h e  Ty 

w h e t h e r  o r  n o t  T i s  s t r o n g .  If T i s  n o t  s t r o n g  and h a s  a 

t r a n s m i t t e r  o r  a  r e c e i v e r ,  T c a n  b e  r e c o n s t r u c t e d  by 

Theorems 3 .5  and  3 . 6  o r  t h e i r  d i r e c t i o n a l  d u a l s .  

Assume T i s  n o t  s t r o n g  and  h a s  n e i t h e r  a  t r a n s m i t t e r  

n o r  a  r e c e i v e r .  Thus T  must  c o n t a i n  a t  l e a s t  s i x  v e r t i c e s .  

L e t  t h e  s t r o n g  components  o f  T b e  S1, S 2 ,  o o a ,  Sr w i t h  S1 t h e  



t r a n s m i t t e r  and  Sp  t h e  r e c e i v p r  i n  T O .  The number o f  v e r -  

t i c e s  t h e  component d e n o t e d  S i n c e  T  d o e s  

n o t  have  a  t r a n s m i t t e r ,  lsll 1 3  and  s i n c e  T  d o e s  n o t  h a v e  a  

i i r e c e i v e r  Is21 2 - 3 .  For  e a c h  i = l , o o 9 , n  l e t  S1,"*,Sr b e  t h e  

s t r o n g  components  o f  Tv w i t h  S: and  S: t h e  t r a n s m i t t e r  and  
i 

r e c e i v e r  r e s p e c t i v e l y  o f  T O  . 
vi 

1 i 2 i Choose t h e  n o t a t i o n  s o  t h a t  lsll 2 lsll and ( ~ ~ 1  I, Is21 

2 
f o r  a l l  i .  Then S1 and  S: a r e  i s o m o r p h i c  and S  and  S2 a r e  2  

1 2 i s o m o r p h i c .  I f  lsll + Is2] = n ,  t h e n  T = S: + + s2 Othe r -  2' 

w i s e ,  t h e  number of  components  o f  T i s  g r e a t e r  t h a n  two.  

I f  2 4 t h e n  by Theorem 3 . 2  t h e r e  i s  a c y c l e  o f  

l ength  Is1) - 1 i n  SL .  T h e r e f o r e  t h e r e  i s  a  v e r t e x  v  i n  S1 

s u c h  t h a t  ( s ~ ) ~  i s  a  s t r o n g  t o u r n a m e n t .  Then we c a n  c h o o s e  

3 w i t h  lsll = lsll - 1. Now d e l e t e  a l l  o f  t h e  v e r t i c e s  o f  

3 S1 f rom Tv t o  o b t a i n  ( T ~  ) s ~ ,  a  s u b t o u r n a m e n t  o f  T  . It i s  
3 3 1 

V 
3 

c l e a r  t h a t  T = S1 + + ( T ~  ) s ' .  S i m i l a r l y  T  c a n  b e  r econ -  
3 1 

a t r u c t e d  i f  Is2/ 2 4. 

If Isl! = I S 2 /  = 3 t h e n  b o t h  S1 and S a r e  c y c l i c  3 

t r i p l e s .  T h e r e f o r e  if v  i s  a v e r t e x  o f  S  t h e n  Tv h a s  a  1 

t r a n s m i t t e r .  Choose Tv s o  t h a t  i t  h a s  a  t r a n s m i t t e r .  L e t  u  
3 



b e  t h e  t r a n s m i t t e r  of  Tv an$ l e t  v  b e  t h e  v e r t e x  o f  Tv 
3 3 

which i s  a d j a c e n t  t o  e v e r y  v e r t e x  o f  TV e x c e p t  u ,  (see  
3  

F i g u r e  1 3 ( a ) ) .  Then T  i s  o b t a i n e d  by add ing  a v e r t e x  v3  t o  

Tv3 
w i t h  v3  a d j a c e n t  from v and v  a d j a c e n t  t o  a l l  o t h e r  3  

v e r t i c e s  o f  Tv ( s e e  F i g u r e  1 3 ( b ) ) ,  
3 

F i g u r e  1 3  

I n  [ l l ]  Harary  and Palmer s t a t e  t h a t  t h e y  b e l i e v e  t h e  

v e r t e x  problem w i l l  h o l d  f o r  s t r o n g  t o u r n a m e n t s .  For  t h i s  t o  

b e  t r u e  t h e  o r d e r  o f  %he tou rnamen t s  w i l l  have t o  b e  g r e a t e r  

t h a n  s i x  a s  a coun te rexample  f o r  s t r o n g  tou rnamen t s  o f  o r d e r  

5 h a s  b e e n  found ( ~ i g u r e  1 4 )  and  we have  found by e x h a u s t i o n  

two coun te rexamples  f o r  o r d e r  6 s t r o n g  tou rnamen t s .  We p re -  



sent the counterexamples in Figure 15. We believe that 
I 

Beineke and Parker [l] have also found the same two counter- 

examples. 

Figure 14 

Counterexample (1) 

Counterexample (2) 

Figure 15 



D e f i n i t i o n  3 . 7  - Given  a, d i r e c t e d  g r a p h  G w i t h  v e r t i c e s  

u  0 0 0  

1 ' , u n ,  t h e  c o n v e r s e  G* o f  G i s  t h e  d i r e c t e d  g r a p h  w i t h  

t h e  same v e r t i c e s  s a t i s f y i n g  < u i , u  > E E ( G * )  i f  and o n l y  i f  
3  

eu u > E E ( G ) .  3 '  i 

We o b s e r v e  i n  F i g u r e  15 t h a t  t h e  two g r a p h s  i n  c o u n t e r -  

example ( 1 )  a r e  t h e  c o n v e r s e s  o f  e a c h  o t h e r  and a l s o  t h e  two 

g r a p h s  i n  c o u n t e r e x a m p l e  ( 2 )  a r e  t h e  c o n v e r s e s  o f  e a c h  o t h e r .  

Thus t h i s  l e a d s  t o  t h e  f o l l o w i n g  c o n j e c t u r e .  

C o n j e c t u r e  E - L e t  S  and  T  b e  t o u r n a m e n t s  o f  o r d e r  n ,  

n  # 5 ,  s u c h  t h a t  SU Tv , f o r  i = 1, o o ,n and some l a b e l -  
i i 

i n g s  o f  t h e  v e r t i c e s  o f  S and T ,  t h e n  e i t h e r  T  = S o r  

T* ' S .  

F o r  o r d e r  4 t o u r n a m e n t s  t h i s  i s  o b v i o u s l y  t r u e  a s  t h e r e  

i s  o n l y  o n e  s t r o n g  t o u r n a m e n t  o f  o r d e r  4 .  The c o n j e c t u r e  i s  

f a l s e  f o r  o r d e r  5 t o u r n a m e n t s  a s  t h e  two t o u r n a m e n t s  i n  

F i g u r e  1 4  a r e  n o t  c o n v e r s e s  o f  e a c h  o t h e r .  A s  s t a t e d  above  

t h e  c o n j e c t u r e  h o l d s  f o r  o r d e r  6 t o u r n a m e n t s .  To check  t h e  

c o n j e c t u r e  f o r  o r d e r  7 t o u r n a m e n t s  by  e x h a u s t i o n  becomes 

v e r y  l o n g  and t e d i o u s .  I t  would b e  v e r y  i n t e r e s t i n g  t o  c h e c k  

t h i s  c a s e  w i t h  a computer  i f  p o s s i b l e .  

J, Moon c l a i m s  t h e  f o l l o w i n g  t h e o r e m ,  r e l a t e d  t o  

C o n J e c t u r e  E ,  h a s  b e e n  p roved .  We b e l i e v e  a  p r o o f  o f  t h e  

t heo rem i s  t o  a p p e a r  i n  R .  G o l d b e r g ' s  D o c t o r  o f  P h i l o s o p h y  

D i s s e r t a t i o n .  



Theorem 3 . 8  - If  S and T , a r e  two order n  tournaments 

such t h a t  t h e r e  e x i s t s  a  mapping from t h e  edges  o f  S onto  

edges  o f  T f o r  which 3 - c y c l e s  and 4 - c y c l e s  a r e  mapped t o  

3 - c y c l e s  and 4 - c y c l e s ,  r e s p e c t i v e l y ,  ( a n d  preimages o f  

3 - c y c l e s  and 4 - c y c l e s  a r e  3 - c y c l e s  and 4 - c y c l e s ,  re spec -  

t i v e l y )  t h e n  e i t h e r  S = T or S = T*. 



CHAPTER 4 - LABELED GRAPHS 

S i n c e  t h e  g e n e r a l  v e r t e x  problem a p p e a r s  t o  b e  v e r y  

d i f f i c u l t  i t  seems d e s i r a b l e  t o  modi fy  it i n  some way. One 

p o s s i b i l i t y  i s  t o  t r y  t o  p r o v e  some weakened,  but s t i l l  

g e n e r a l ,  form.  A way t o  do t h i s  i s  t o  c o n s i d e r  g r a p h s  w i t h  

d i s t i n c t  l a b e l s  on some o f  t h e  v e r t i c e s .  

D e f i n i t i o n  4 . 1  - A g r a p h  G w i t h  d i s t i n c t  l a b e l s  on some 

o f  t h e  v e r t i c e s  i s  c a l l e d  a p a r t i a l l y  l a b e l e d  g r a p h .  I f  zll 

t h e  v e r t i c e s  o f  G have  d i s t i n c t  l a b e l s  we have  a  l a b e l e d  

g r a p h .  

If we l o o k  a t  p a r t i a l l y  l a b e l e d  g r a p h s ,  we c a n  u s u a l l y  

f i n d  p a i r s  o f  g r a p h s  o f  o r d e r  n  which  do n o t  s h a r e  k sub-  

g r a p h s ,  and  o t h e r  p a i r s  which do n o t  have  k common s u b g r a p h s .  

We t h e r e f o r e  d e f i n e  r ( n , p )  as t h e  number o f  s u b g r a p h s  G v  r e -  

q u i r e d  t o  d i s t i n g u i s h  o r d e r  n  g r a p h s  w i t h  p  v e r t i c e s  un- 

I l a b e l e d .  

Hara ry  and Manvel [8] have  e s t a b l i s h e d  t h e  e x a c t  v a l u e s  

o f  r ( n , p )  f o r  a l l  n l  - 7 and  a l s o  f o r  p 5 4 .  We now p r e s e n t  

some o f  t h e i r  r e s u l t s .  

C o n s i d e r i n g  t h e  s i m p l e  c l a s s  o f  g r a p h s  i n  F i g u r e  1 6 ,  

H a r a r y  and  Manvel found  a r e m a r k a b l y  good lower  bound f o r  

r ( n , p ) *  We l e t  [ ] d e n o t e  t h e  g r e a t e s t  i n t e g e r  f u n c t i o n .  

G and  H i n  F i g u r e  1 6  have  [n/2] + 1 isomorph ic  maximal 

s u b g r a p h s  a s  f o l l o w s  : 



F i g u r e  1 6  

T h i s  g i v e s  u s  t h e  bound f o r  u n l a b e l e d  g r a p h s .  

r ( n , n )  2 [ n / 2 1  + 2 ( 1 )  

To o b t a i n  bounds f o r  more l a b e l e d  v e r t i c e s ,  we need  

o n l y  n o t e  t h a t  when we add  k l a b e l e d ,  i s o l a t e d  v e r t i c e s  t o  G 

and H and l a b e l  t h e  v e r t i c e s  ul and v  we o b t a i n  non isomor-  
1 

p h i c  g r a p h s  o f  o r d e r  n  + k w i t h  n  - 1 u n l a b e l e d  v e r t i c e s  

h a v i n g  [ n / 2 ]  + 1 common s u b g r a p h s .  Hence we s e e  t h a t  

r ( n  + k , n  - 1) 2 [ n / 2 ]  + 2  - 

o r  more c o n v e n i e n t l y  ' 

The bounds ( 1 )  and (2) a r e  v e r y  o f t e n  b e s t  p o s s i b l e .  



The known c a s e s  i n  which t h e y  can  b e  improved a r e  d i s c u s s e d  

now. 

The v a l u e  r ( 5 , 5 )  2 4 may b e  improved t o  5 by t h e  p a i r  

o f  o r d e r  5 g r a p h s  i n  F i g u r e  1 7 .  T h e r e  a r e  t h r e e  o t h e r  such  

p a i r s  o f  o r d e r  5 g r a p h s .  
1 

F i g u r e  1 7  

A computer  s e a r c h  o f  o r d e r  6 g r a p h s  p roduced  a  u n i q u e  

p a i r  o f  o r d e r  6 g r a p h s  w i t h  f i v e  common s u b g r a p h s  shown i n  

F i g u r e  18. T h i s  example shows t h a t  r ( 6 , 6 )  2 6.  

F i g u r e  18 

A s i m i l a r  computer  s e a r c h  o f  o r d e r  7  g r a p h s  produced  

s e v e r a l  p a i r s  o f  g r a p h s  w i t h  f i v e  common s u b g r a p h s ,  

i n c l u d i n g  t h e  one shown i n  F i g u r e  1 9 .  Thus we s e e  t h a t  

r ( 7 , 7 )  i s  a t  l e a s t  6 .  



If a  l a b e l e d  i s o l a t e d  v e r t e x  i s  added t o  each graph of 

F i g u r e  1 8 ,  we o b t a i n  an  example which shows t h a t  r ( 7 , 6 )  2 6. 

We now o b t a i n  upper  bounds f o r  r ( n . p )  when n  > 7  and 

p f ' 4 .  K e l l y  1131 and Harary [91 v e r i f i e d  by e x h a u s t i o n  t h a t  

r ( n , n )  $ n ,  3 & n 7 .  

Fur the rmore ,  s i n c e  no v e r t e x  of  t h e  two g r a p h s  of  

F i g u r e  1 8  can b e  l a b e l e d  w i t h o u t  r e d u c i n g  t h e  number of  i s -  

omorphic p a i r s  o f  subgraphs  below f i v e ,  we s e e  t h a t  

r ( 6 , 5 )  1 5. For  o r d e r  7 g raphs  t h e  computer found no p a i r  

w i t h  s i x  common subgraphs  s o  r ( 7 , 7 )  2 6.  S i n c e  r ( 7 , 6 )  i s  a t  

most r ( 7 , 7 )  we s e e  t h a t  r ( 7 , 6 )  ~ ' 6 .  F i n a l l y ,  by examining 

a l l  l a b e l i n g s  o f  two v e r t i c e s  o f  all t h e  p a i r s  o f  o r d e r  7 

g r a p h s  w i t h  f i v e  common s u b g r a p h s ,  we n o t i c e  t h a t  t h e  number 

o f  common subgraphs  i s  reduced  t o  below f i v e ;  t h u s ,  

r ( 7 , 5 )  <5 5 .  

A l l  o t h e r  c a s e s  f o r  n  & 7 i n v o l v e  a t  most f o u r  u n l a b e l -  

ed v e r t i c e s  and a r e  s e t t l e d  by t h e  f o l l o w i n g  theorems.  We 

f i r s t  i n t r o d u c e  some s p e c i a l  n o t a t  i o n .  

Let  U and L b e  t h e  subgraphs  o f  G induced by i t s  un- 

l a b e l e d  and l a b e l e d  v e r t i c e s  r e s p e c t i v e l y .  We deno te  t h e  s e t  

of  l a b e l e d  v e r t i c e s  addacent  t o  an u n l a b e l e d  v e r t e x  u  by ~ ( u ) .  



Lemma 4 . 1  - If u ,  v  and w a r e  l a b e l e d  v e r t i c e s  and u  i s  
I 

a d j a c e n t  t o  a l l  ( o r  none)  of t h e  v e r t i c e s  o f  U t h e n  G i s  

r e c o n s t r u c t i b l e  from G U ,  Gv and G w .  

Proof  - From Gv and Gw we can  s e e  which l a b e l e d  v e r t i c e s  

- a r e  a d j a c e n t  t o  u .  F u r t h e r m o r e ,  Gv shows K Q  t h a t  u  i s  ad- 

j a c e n t  t o  a l l  ( o r  none)  u n l a b e l e d  v e r t i c e s .  Thus G i s  recon-  

s t r u c t e d  from GU by i n s e r t i n g  u ,  j o i n i n g  u  t o  t h e  a p p r o p i a t e  

l a b e l e d  v e r t i c e s  and j o i n i n g  ( o r  n o t  j o i n i n g )  u  t o  t h e  

v e r t i c e s  o f  U. 

Theorem 4 .2  - ( ~ a r a r y  and Manvel 181) - A g raph  G w i t h  

a t  most two u n l a b e l e d  v e r t i c e s  i s  r e c o n s t r u c t i b l e  from any 

t h r e e  o f  i t s  subgraphs  G v ,  v  t V(G), t h a t  i s ,  r ( n , O )  L ' 3 ,  

r ( n , l )  (9 3 and r ( n , 2 )  < P 3 .  

V r c o Q  - Suppose f i r s t  t h a t  a l l  v e r t i c e s  o f  G a r e  - 
l a b e l e d  and we have  d e l e t e d  u ,  t and w .  From GU we can  r e a d  

o f f  a l l  edges  n o t  a d j a c e n t  t o  u ,  from G t  t h o s e  n o t  a d j a c e n t  

t o  t and from Gw t h o s e  n o t  a d j a c e n t  t o  w.  S i n c e  no edge i s  

a d j a c e n t  t o  u ,  t and w we have  a l l  edges  and s o  have G .  

I f  j u s t  one  ver t -ex  i s  u n l a b e l e d  t h a t  v e r t e x  i s  t h e r e b y  

d i s t i n g u i s h e d  and we a r e  t h u s  d e a l i n g  a g a i n  w i t h  a  g raph  

which i s  l a b e l e d  f o r  a l l  p r a c t i c a l  p u r p o s e s .  

F i n a l l y ,  if t h e r e  a r e  two u n l a b e l e d  vertices r and s we 

must d i s t i n g u i s h  t h r e e  c a s e s .  I f  r and s a r e  b o t h  d e l e t e d  we 

have  L f r n m  G r ,  N ( r )  from Gs and A ( s )  from G1. S i n c e  G U ,  u  a  

l a b e l e d  v e r t e x  i n  G ,  shows w h e t h e r  o r  n o t  r and s a r e  ad- 



j a c e n t  we have 0 .  If r i s  del 'e ted  a l o n g  w i t h  two l a b e l e d  

v e r t i c e s ,  s a y  u  and t ,  t h e n  we f i n d  L and N ( s )  from Gr and 

d e t e r m i n e  N ( r )  and t h e  p r e s e n c e  o r  absence  of t h e  edge 

c r ,s> from G U  and G t .  If t h e  l a b e l e d  v e r t i c e s  u ,  t and w a r e  - 

d e l e t e d  t h e n  w e  have  U and by t h e  f i rs t  p a r t  of  t h i s  

theorem L.  I f  any one o f  t h e  t h r e e  l a b e l e d  v e r t i c e s  u ,  t ,  o r  

w i s  addacen t  t o  n e i t h e r  o r  b o t h  of  r and s we a r e  done by 

Lemma 4.1.  Hence assume t h a t  each o f  u ,  t and w i s  a d j a c e n t  

t o  e x a c t l y  one u n l a b e l e d  v e r t e x .  But t h e n ,  fn any c a s e ,  r 

and s can b e  d i s t i n g u i s h e d  i n  G U ,  Gt  and Ow,  so we a r c  a g a i n  

done by t h e  f i rs t  p a r t  of  t h i s  theorem. 

Lemma 4.3 - Any graph G w i t h  3 o r  4 u n l a b e l e d  v e r t i c e s  

i s  r e c o n a t r u c t i b l e  from t h e  subgraphs  Ov where v  i s  an 

u n l a b e l e d  v e r t e x .  

Proof - From t h e  subgraphs  Gy we can e a s i l y  f i n d  t h e  - 
subgraph L and a l s o  t h e  l a b e l e d  neighborhoods ( s e t s  u f  addacen t  

l a b e l e d  v e r t i c e s )  o f  a l l  t h e  u n l a b e l e d  v e r t i c e s .  I n  o r d e r  t o  

r e c o n s t r u c t  G we must f i n d  t h e  subgraph U w i t h  t h e  ne ighbor-  

hoods a s s i g n e d  t o  t b e  proper  v e r t i c e s .  Thus t h e  proof r e -  

duces  t o  showing t h a t  a graph on 3 o r  4 v e r t i c e s ,  pe rhaps  

w i t h  a  p a r t i a l  l a b e l i n g ,  can  b e  r e c o n s t r u c t e d  from i t s  sub- 

g raphs  G v  so a s  t o  d i s p l a y  t h e  l a b e l i n g .  But t h i s  f s  a  

s t r a i g h t f o r w a r d  e x e r c i s e  s i n c e  t h e r e  a r e  o n l y  14 graphs  w i t h  

3 o r  4 v e r t i c e s .  



Theorem 4 .4  - ( ~ a r a r y  ahd Manvel [ 8 ] )  - A graph G w i t h  

a t  most 4 u n l a b e l e d  v e r t i c e s  i s  r e c o n s t r u c t i b l e  from any 4 

of  i t s  subgraphs  G v ,  v  E V(G), t h a t  i s ,  r ( n , 3 )  2 ' 4  and 

r ( n , 4 ) <  P 4  f o r  n  2 4 .  

Proof - If two o r  fewer  v e r t i c e s  a r e  c o l a b e l e d  any 3 
7 

Gv w i l l  do a s  shown i n  Theorem 4 .2 .  Thus we proceed t o  d e a l  

w i t h  g raphs  w i t h  t h r e e  o r  f o u r  u n l a b e l e d  v e r t i c e s .  I n  a lmost  

eve ry  c a s e ,  we can  e a s i l y  r e c o n s t r u c t  t h e  l a b e l e d  subgraph L 

and t h e  l a b e l e d  neighborhoods o f  t h e  u n l a b e l e d  v e r t i c e s .  The 

d i f f i c u l t  s t e p  i s  t o  r e c o n s t r u c t  U and d i s t i n g u i s h  which 

v e r t e x  r e c e i v e s  which neighborhood.  

Consider  a  graph w i t h  t h r e e  u n l a b e l e d  v e r t i c e s  r ,  s and 

t and d e l e t e  t h e  v e r t i c e s  v l ,  v p ,  v3 and v4. There  a r e  f o u r  

c a s e s  t o  c o n s i d e r  which cor respond  t o  one ,  two, t h r e e  o r  

f o u r  l a b e l e d  v e r t i c e s  b e i n g  d e l e t e d .  

Case 1 - vl = r ,  vg  = s ,  and v  = t. That  i s  a l l  un- 3 
l a b e l e d  v e r t i c e s  a r e  among t h e  d e l e t e d  v e r t i c e s .  Then Lemma 

4 .3  shows t h a t  G can b e  r e c o n s t r u c t e d .  

Case 2 - v1 r ,  v2 - s, b u t  t i s  n o t  d e l e t e d .  Prom Gr 

and G s  we can  f i n d  L and t h e  s e t s  ~ ( r ) ,  N ( s )  and ~ ( t )  of 

l a b e l e d  v e r t i c e s  a d j a c e n t  t o  r ,  s and t r e s p e c t i v e l y .  We can 

a l s o  d e c i d e  whether  b o t h  ( o r  n e i t h e r )  of  r and s a r e  ad- 

j a c e n t  t o  t .  If s o  w e  can  r e c o n s t r u c t  G s i n c e  GV g i v e s  u s  
3 

t h e  number of  edges i n  U and hence  shows whether  o r  no t  r 



and s themse lves  a r e  a d j a c e n ~ .  If e x a c t l y  one of  r and s i s  

a d j a c e n t  t o  t ( s a y  r )  and t h e r e  a r e  two edges i n  U ,  t h e n  Gr  

can b e  completed t o  G by i n s e r t i n g  r a d j a c e n t  t o  b o t h  un- 

l a b e l e d  v e r t i c e s  and t h e  a p p r o p r i a t e  l a b e l e d  ones .  But i f  
- 

t h e r e  i s  o n l y  one edge i n  U ,  t h e n  Gs  can b e  s i m i l a r l y  com- 

p l e t e d  t o  G by i n s e r t i n g  s a d j a c e n t  on ly  t o  t h e  l a b e l e d  v e r -  

t i c e s  i n  ~ ( s ) .  

Case 3 - vl = r b u t  s and t a r e  n o t  d e l e t e d .  By Lemma 

4 . 1  if v 2 ,  v3 o r  v 4  i s  a d j a c e n t  t o  a l l  o r  none of r ,  s and t 

we a r e  done. So suppose  each of  v 2 ,  v3 and v b  i s  a d j a c e n t  t o  

e i t h e r  one o r  two oP r ,  s, and t .  T f  v s  f s a d j a c e n t  t o  s ,  

b u t  not  t o  r o r  t t h e n  s i s  e s s e n t i a l l y  l a b e l e d  ( r e c o g n i z e d )  

i n  G r ,  G and G s o  we can  u s e  Theorem 4.2.  T h i s  i s  a l s o  
v3  v4  

t r u e  i f  v2 i s  a d j a c e n t  t o  r and t b u t  n o t  t o  s .  S i n c e  

s i m i l a r  arguments  work f o r  t ,  we may assume t h a t  v  i s  ad- 2 

j a c e n t  ( n o n - a d j a c e n t )  t o  s and t i f  and o n l y  i f  it i s  non- 

a d j a c e n t  ( a d j a c e n t )  t o  r and s i m i l a r l y  f o r  v3 and v q .  S i n c e  

we know which of  v 2 ,  v3 and v  a r e  a d j a c e n t  t o  s and t we 4 

can  immedia te ly  r e c o n s t r u c t  G from Gv s i n c e  we o b t a i n  L 
2 

from Gr and s and t a r e  d i s t i n g u i s h e d  from r i n  Gv by t h e i r  
2 

r e l a t i o n s h i p  t o  v g .  

Case 4 - r ,  s and t a r e  no t  d e l e t e d .  Again by Lemma 4 . 1  



we may assume t h a t  each  v l ,  Y 2 ,  v and v i s  a d j a c e n t  t o  3 4 

j u s t  one c r  two of r ,  s and t .  I f  vl i s  a d j a c e n t  t o  r and 

n o t  t o  s o r  t ,  t h e n  r i s  e s s e n t i a l l y  l a b e l e d  i n  Gv , Gv and 
2 3 

G s o  we can  a p p l y  Theorem 4 . 2 .  On t h e  o t h e r  hand i f  vl i s  , v4. 
a d j a c e n t  t o  r and s and n o t  t o  t ,  t h e n  t i s  e s s e n t i a l l y  

l a b e l e d  i n  Gv , G and Gv , s o  Theorem 4 .2  works i n  t h i s  
2 v3 4 

c a s e  a l s o .  

T h i s  comple te s  t h e  proof  f o r  g r a p h s  w i t h  t h r e e  u n l a b e l -  

ed v e r t i c e s .  The p roof  of  g r a p h s  w i t h  f o u r  u n l a b e l e d  v e r t i c e s  

i s  s i m i l a r  b u t  more t e d i o u s  and t h u s  we omit  it. The p roof  

i s  g i v e n  i n  181. 

We summarize t h e  known v a l u e s  of r ( n , p )  i n  T a b l e  1. 

Note: An a r row C d e n o t e s  v a l u e s  a r e  known. 

Table 1 - Known v a l u e s  of r ( n , p ) .  



So f a r  t h e  v e r t e x  proble'm h a s  been Qshr%dered  f o r  

g r a p h s  w i t h  s m a l l  numbers of u n l a b e l e d  v e r t i c e s .  A more i n -  

t e r e s t i n g  b u t  a l s o  more d i f f i c u l t  problem i s  t h e  r e c o n s t r u c -  

t i o n  of  g r a p h s  w i t h  o n l y  a few l a b e l e d  v e r t i c e s .  The recon-  

s t r u c t i o n  o f  a r b i t r a r y  g raphs  w i t h  one o r  two l a b e l e d  ve r -  

t i c e s  would c e r t a i n l y  b e  a  major  b r e d t h r o u g h .  

Harary  and Manvel concluded a n o t h e r  c o n j e c t u r e  s u g g e s t -  

ed by  T a b l e  1, which d i s p l a y s  t h e  f a c t  f o r  n = ? ( b u t  no t  

f o r  n <  '7) t h e r e  i s  no g raph  which a c t u a l l y  r e q u i r e s  a l l  

seven  subgraphs  Gy f o r  r e c o n s t r u c t i o n  purposes .  

Sharp  R e c o n s t r u c t i o n  C o n j e c t u r e  - For  ~ v ( G ) I  2 7 every  

g raph  G w i t h  n  v e r t i c e s  r e q u i r e s  fewer t h a n  n  of i t s  sub- 

g raphs  GI,  v o v ( G ) ,  i . e . ,  r ( n , n )  < n whenever n  1; ?. 

Fur the rmore ,  f o r  a l l  p > 0 ,  t h e r e  e x i s t s  an i n t e g e r  n  = n ( p )  

such  t h a t  r ( n , n )  < 'n - p. 
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