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ABSTRACT 

This thesis examines whether Canadian investors can still benefit from international 

diversification in the period from January 1996 to September 2006, using monthly nominal and 

real returns for different asset classes of Canada, US, UK, Japan, and Hong Kong. 

Under Markowitz's mean-variance analysis framework, we scrutinize the benefit of 

international diversification in terms of the improvement of expected return and the decrease in 

standard deviation. Comparing the optimization results from nominal returns and real returns, we 

find that while the magnitude of improving expected return and reducing risk is quite limited in 

this period, Canadian investors can still benefit from the international diversification by hedging 

domestic inflation risk, since the Canadian stock market does not represent their consumption 

basket well. Our empirical results also indicate that international bonds, compared with 

international stocks, have stronger power to improve the expected return and to reduce the risk 

level of portfolio. 
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INTRODUCTION 

1.1 International Diversification Debate 

Previous studies have discussed the benefits of international diversification. Many 

academics consider that such benefits are important to investors, while some researchers argue 

the diversification benefits are decreasing. Our thesis aims to scrutinize whether the benefits from 

global diversification still exist from a Canadian perspective. 

The outstanding performance of the Canadian stock market in recent years makes it a 

difficult task to convince Canadians to consider foreign investments. However, as of the end of 

2005, the Canadian domestic equity market capitalization only represents 3.62%' of the total 

world equity market capitalization. This shows the huge potential for Canadian investors to 

diversify their holdings internationally. 

Moreover, in terms of the distribution of market capitalization, the Canadian stock market 

primarily concentrates on energy, materials, and financial service industries. This characteristic 

implies that it is essential for Canadian investors to diversify risks by investing abroad. 

Otherwise, Canadian investors will inevitably experience business cyclical fluctuation due to the 

nature of world economy. 

Theoretically, the international investing practice is strongly supported by Markowitz's 

modern portfolio theory and Solnik's international portfolio diversification theory. By investing 

in foreign securities, Canadian investors can share the growth of global economy and hedge their 

consun~ption basket against inflation risk. Even if these advantages seem attractive, the risks of 

' The source is A-. I 1 Domestic Market Capitalization, 19/05/2006, World Federation of Exchange 
Statistics. 



and constraints for international portfolio diversification cannot be ignored. In a global capital 

market, investments are not only subject to currency risk, but there are many barriers like tax 

issues and inflation issues. These constraints, typically the currency risk and inflation risk will be 

taken into consicleration of our project 

1.2 Canadian Investors' Investing Preference 

The fact that Canadian investors can take advantage of increasing international portfolio 

diversification is one thing, but whether they intend to do so is another. In many countries the 

proportion of portfolio assets that investors allocate to foreign assets is consistently less than 

mean-variance analysis forecasts - a phenomenon called "home (asset) bias". Canada is not an 

exception when i t  comes to home bias. 

Canadian investors prefer to invest in the domestic capital market, even though the most 

diversified and efficient capital market - the US - is right next door. Table I displays Canadian 

investors' international portfolio investment position in the period 1996-2005. Compared with the 

substantial domestic investment, the amount that Canadian investors directly hold in foreign 

stocks and bonds is negligible. Nonetheless, it is notable that Canadian investors in general held 

much more foreign stocks than foreign bonds, especially between 1996 and 2000, and that the 

holding of foreign bonds significantly increased during the period of 2001 -2005 and the stock 

position gradually declined at the same time. The change in investing preference partly reflects 

the different moving of Canadian stock market and of some other foreign markets like US and 

UK. 



Table 1 Canada's International Portfolio Investment Position (CAD$ mil) 

Foreign Stocks Foreign Bonds Total 

2005 189175 82374 27 1549 

Source: CANSIM 11 Series. Table No. 3760037 

This investors' preference for domestic over foreign assets has been documented by 

many authors (including French and Poterba (199 I), Tesar and Werner (1994), and Cooper and 

Kaplanis (1994)). These researchers claim that investors who adopt such biased allocation 

strategies may suffer from a lower rate of return and higher risk. Many Canadian investors base 

their decision to diversify internationally on their potential to earn higher excess returns rather 

than on what the modern portfolio theory predicts. If Canadian investors start to consider 

diversifying into international markets, they may tend to choose more developed markets like the 

US, UK and Japan. This is the main reason why we examine 4 foreign developed markets-US, 

UK, Japan, and Hong Kong in this project, even though it is well known that these markets are 

highly correlated. 

1.3 The Measurement of International Diversification Benefits 

In our research. we use two methods to measure the international diversification benefits. 

The first measure estimates the additional return expected by Canadian investors when moving 

from an optimal domestic portfolio to the international investment portfolio, holding the risk or 

standard deviation of both portfolios constant. First, we construct the optimal domestic portfolio, 



which is composed of Canadian stock, Canadian bond and Canadian 91 day T-Bills, serving as a 

benchmark. Second, given the standard deviation of this optimal domestic portfolio, we test the 

extent of improving expected return by adding international assets, which include stocks and 

bonds from the markets of U.S, U.K. Japan and Hong Kong. 

The second measure of diversification benefits is the reduction in risk from international 

investments. Similarly, given the expected return of this optimal domestic portfolio, we examine 

the magnitude of decreasing the standard deviation for the portfolio including international stocks, 

bonds, or both. 

In the section of Data and Methodology, we will elaborate these two measures in the 

form of mathematics. 

1.4 Our Empirical Research 

The purpose of our research is to test whether Canadian investors could still benefit from 

international portfolio diversification in the last decade. Many empirical studies focusing on the 

potential for benefits from international equity diversification have examined the linkages among 

various national equity markets using correlation analysis. However, in this thesis we explore 

whether such benefits existed for Canadian investors in the last decade by comparing the 

empirical results in terms of nominal return and the Canadian inflation rate-adjusted real return. 

Abidin et al. (2004) conducted research on the topic of international diversification 

benefit from a Malaysian perspective. Their study considered currency risk in the portfolio 

construction; they also developed a computer programme to plot the efficient frontier for the 

purpose of their study. In their paper, besides comparing the internationally diversified portfolio 

to a locally diversified portfolio, countries are also grouped into those of developed and emerging 

nations to evaluate the benefits of diversifying into a group of countries. 



Our research is similar to their study in several respects. For example, we establish a pure 

domestic optimal portfolio as the benchmark to compare the results from those portfolios with 

different international assets. We also divide the sample period into sub-periods. 

However, our study differs from theirs in four ways. First, we examine the benefits of 

diversification from the Canadian perspective, where we take into account the impact of the 

fluctuation of foreign exchange rate on the portfolio returns and the domestic inflation risk. In 

other words, all the local-currency asset returns had been converted into CAD$ before being 

examined. This is derived from two basic behaviours of Canadian investors: the report of their 

foreign investment income calculated in CAD$ for their annual income taxation and the coverage 

of their domestic consumption. Second, we examine the impact of inflation risk on the 

international asset allocation in the sample period. This is driven by the relatively undiversified 

nature of the Canadian stock market. Unlike the US stock market, the Canadian stock market is 

less diversified and highly concentrates in financial, energy and mining industries, which cannot 

effectively represent the general consumption of Canadian households. One way to hedge 

inflation risk of their domestic portfolio is to diversify their investment in foreign developed 

markets, which cover more sectors related to their consumption. While sector research is not 

conducted in this thesis, we attempt to examine this benefit of international diversification by 

comparing the optimization results using nominal returns and real returns respectively. Third, our 

research includes the analysis of Canadian investors' investing preference, by which we select the 

sample markets. Finally, we adopt geographical diversification and asset-class diversification as 

well. A risk-free asset, stocks, and bonds are available for Canadian investors to optimize their 

portfolio. 

Our research provides two main contributions. First, we extend the literature on 

international portfolio diversification from the Canadian perspective rather than from the more 

traditional U.S. perspective. Second, we provide new evidence for the impact of inflation risk on 



international portfolio diversification by comparing results using nominal returns with real 

returns. 

The remainder of this project proceeds as the following: Section 2 reviews past literature 

on the topic of benefit of international portfolio diversification and modern portfolio theory. 

Section 3 describes the data sample and elaborates our research methodology. Section 4 presents 

the empirical results and the comprehensive analysis. Section 5 concludes. 



LITERATURE REVIEW 

2.1 Theoretical Basis 

Modern Portfolio Theory (MFT) by Harry Markowitz and theory of international 

portfolio diversification by Bruno Solnik constitute the theoretical foundation of our study. 

Modern Portfolio Theory (MFT) was first introduced by Harry Markowitz in 1952. MFT 

(commonly referred as mean variance analysis) became a norm among the investment industry. 

Gupta et ai. 2002 outline in their works that MFT has wide application in financial management. 

They also conclude that MPT is based on the premise that investors pursue high return and low 

risk. 

Markowitz is also the first one who started the study of international diversification 

within an MPT framework. Later on, with the development of international capital market, the 

theory of international portfolio diversification was generated. Grubel (1968), who proves that 

MFT can be applied to cross-border investments and there are benefits to be made through such 

diversification. Bruno Solnik (1974) put MFT under the international equity scenario and formed 

theory of international diversification. Solnik also clarifies the difference between global 

investing and international diversification and he initiates the discussion of the growing 

importance of industry factors as opposed to country factors in determining portfolio return and 

risk. 

2.2 Research Supporting International Diversification 

The existing empirical work on international portfolio diversification benefits usually 

looks at global diversification benefits from a US investor's perspective (See Huberman and 



Kandel ( 1987), Bekaert and Urias ( 1996), and DeRoon, Nijman, and Werker (200 1 )  and Li, 

Sarkar (200 1 )). 

The merits of international diversification were recognized by researchers as far back as 

the 1960s. Grubel ( l968), Lessard ( 1973). Solnik ( 1974) and Eun and Resnick ( 1988) have 

disclosed the benefits of international diversification by using the framework of mean-variance 

analysis. 

Many other researchers contributed to the support for international diversification among 

the major global markets. They found that investors would do better by holding a diversified 

portfolio in international major equity markets, rather than focusing on a single market. 

Recent studies on international diversification have included diversification into the 

emerging markets of Asia Pacific and South America. Bailey and Stulz ( 1990) researched the 

potential of international diversification from the perspective of an American investor by looking 

into the markets of nine Pacific Basin countries such as Australia and South Korea. They found 

that global diversification is possible when stock markets are not highly correlated and do not 

move in same trend with each other. Their conclusion is that a portfolio with international 

contents generates a higher return and reduces overall risk than that of only investing in the US 

stock market. 

Abidin et al. (2004) studied the international diversification benefit from a Malaysian 

perspective. They collected return data of weekly closing figures of 20 stock market indices over 

a 17-year period from January 1987 to December 2003. 'Their main concern of the study is to 

create a portfolio of stock market indices that maximises return at a given level of risk, or 

minimises risk at a given level of return. For the purpose of their study, a new computer 

programme called the Efficient Frontier Calculator has been developed. The programme is able to 

calculate the weights of assets in an optimal portfolio and plot the efficient frontiers. 



Their objectives of the study include evaluating the potential gains through international 

portfolio diversification from a Malaysian perspective and incorporating the effect of currency 

exchange rate uncertainty as well as price volatility on international equity investments. However, 

their findings are not in strong support of international diversification to Malaysian investors. 

2.3 Studies Questioning International Diversification 

Meanwhile, a number of related studies question the benefits of international 

diversification from a U.S. perspective. Britten-Jones (1999) demonstrates that the U.S. index is 

highly correlated to those of developed equity markets like UK, Japan, etc. Therefore the co- 

movement will diminish the benefit of global investing. Errunza et al. (1999) find that the gains 

of international diversification can be realized through investing in multinational companies, 

American depository receipts (ADRs) and country funds, thus the importance of international 

diversification is decreasing. De Roon et al. (2001) find that the diversification benefits in 

emerging markets are limited when short-sale constraints are imposed or transaction costs are 

considered. Ang and Chen (2002) and Ang and Bekaert (2002) point out that international stock 

market correlations are asymmetric, i.e. correlations are substantially higher in bear markets than 

during bull markets. This evidence for those who suspect the benefit of international 

diversification is very strong because investor need the diversification benefits from international 

investing the most when their domestic market is under a low-return period, if it is not available 

at this unfavourable time. the idea of international diversification will be in doubt. 

Nearly all these studies reach similar conclusion: international diversification benefits are 

possible for US investors but are often reduced if currency risk and inflation risk are included in 

the research. 



2.4 Research from Canadian Perspective 

Research on the benefits of international portfolio diversification from a Canadian 

perspective is rarely seen from the academic journals. Among the few articles, Kanas (1 998) 

provides evidence that there exist long-run benefits for a Canadian investor from diversifying in 

the equity markets of the US, Japan, and the six largest European stock markets including those 

of the UK, Germany, France, Switzerland, Italy and the Netherlands. The evidence Kanas 

identifies is based on tests for pairwise cointegration between the Canadian national equity index 

and the equity index for each of the other markets. His motivation for adopting a Canadian 

investor's viewpoint comes from the fact that a significant part of Canadian investors adopts 

diversification benefits as the primary criterion in investing outside Canada. Knnas finds that 

there is a considerable interest both by Canadian investors in foreign equities and by foreign 

investors in the Canadian equity market. 

Kanas' finding of no co-integration can be interpreted as evidence that there are no long- 

run linkages between the Canadian and each of the other markets, this implies there exist 

potential gains for a Canadian investor from diversifying in any of those markets. These findings 

are valuable to Canadian investors and financial institutions. 

While Kanas results indicate possible benefit of international diversification for Canadian 

investors, Marmer (2003) points out over the past I0 years the correlation between international 

and Canadian equities has increased dramatically. He calculates the correlation between Canadian 

and foreign Canadian equities using three-year monthly returns to be 0.34 in 1990,0.56 in 1995 

and 0.70 in 2002. Over the three years prior to 2003, non-Canadian equity markets have 

substantially underperformed Canadian equities, making the case for investing outside of Canada 

unfavourable. 



3 DATA DESCRIPTION AND METHODOLOGY 

3.1 Data Description 

The data consists of monthly closing price indices for Canada, US, UK, Japan, and Hong 

Kong from January 1996 to September 2006, giving 129 monthly returns. The selection of these 

international capital markets is based on Canadian investors' investing preference and 

geographical dispersion. The Canadian domestic equity po~lfolio is dominated by three asset 

classes --- stocks, bonds, and cash--- and is diversified by foreign stocks and bonds. Returns on 

the bond and stock indices are computed from the closing prices. Then, using the monthly returns, 

we calculate the sample mean and covariance for each asset and use these as input for the 

Quadratic Optimization system (QOS-15). 

The stock market indices, bond indices, foreign exchange rates, and Month-on-Month 

percentage change in the Consumer Price Index (CPI) are obtained from Bloomberg. The closing 

prices of S&P/TSX, S&P 500, FTSE 100, NIKKEI, and Hang Seng are utilized to calculate 

monthly return of stocks in local currency for Canada, US, UK, Japan, Hong Kong. The bond 

market proxy is the Merrill Lynch Global Government Index, which tracks the performance of 

public debt of investment grade sovereign issuers issued and dominated in their own domestic 

market and local currency. The monthly-end 10-year Merrill Lynch Government Index for 

Canada, US, UK, and Japan are used to calculate their monthly bond return in local currency. 

However, this index does not include Hong Kong. Canadian 91 days T-Bill is from the Bank of 

Canada and used as the domestic money market rate. 



3.2 Methodology 

The purpose of this paper is to utilize an optimal strategy to identify the potential gains 

for Canadian investors from international portfolio diversification by improving their expected 

return and by reducing the risk of portfolio. The nominal returns and real returns are optimized 

respectively to create efficient frontiers for Canadian domestic portfolio and the international 

portfolio as well. The optimization results using nominal returns and using real returns will be 

compared to explain their different diversification effects. 

3.2.1 Canadian Perspective 

In order to identify the diversification benefit from Canadian investors' perspective, all 

the local-currency returns of foreign stocks and bonds will be translated in CAD$ (Canadian 

dollar term) before being compared with the returns of the Canadian domestic portfolio. To do 

this, all the local-currency nominal and real returns of foreign stocks and bonds will be adjusted 

by the monthly foreign exchange rates. The difference in  the local-currency returns and the 

CAD$-dominated returns retlects the moving of the exchange rate between the local currency and 

CAD$. 

3.2.2 Consideration of Inflation Risk 

The impact of inflation on asset returns is a big issue for international asset allocation 

from a long-run perspective. For Canadian investors, it is a fact that the Canadian stock market is 

too concentrated on the sectors like financial service, energy, and materials to reflect the 

Canadian consumer behaviour. If the inflation rate went up, Canadian investors could not hedge 

the inflation risk, since they just had very limited choice for the domestic stocks i n  the sectors 

related to the consi~mption, such as retailing, foods, and health care. Thus, how Canadian 

investors hedge the inflation risk for their domestic portfolio investment has become an important 

issue. Accordingly, we take into account the inflation risk for Canadian investors and examine the 



impact of inflation on international diversification by comparing the empirical results using the 

nominal returns and using real returns. To calculate the real return of each asset for Canadian 

investors, the nominal returns will be deducted by the Canadian Month-on-Month percentage 

change of the Consumer Price Index. 

3.2.3 Inclusion of a Risk-Free Asset 

Our research includes a risk-free asset for Canadian investors. The main reason of 

incorporating a risk-free asset for Canadian investors is to create an optimal domestic portfolio 

that is more realistic, so that its optimal expected return and risk level can be used as the 

benchmark to measure the effect of international diversification. 

3.2.4 Short-Selling Constraint 

While a frictionless market is one of the assumptions in Markowitz's mean-variance 

framework, we set up the restriction of short-selling in our research. This is driven by two reasons. 

First, even though this constraint may limit the opportunities that enable Canadian investors to 

gain excessive returns from the international diversification, we intend to examine the potential 

benefit of international diversification under restricted conditions. If such potential benefit exists, 

i t  can be extrapolated to the results without constraints. Second, while we just examine several 

highly correlated foreign markets in our research, there are far more foreign markets available for 

Canadian investors. Even though short-selling is feasible in our sample markets, it may be not 

applicable to some other countries in reality, especially for some developing countries. 

3.2.5 Analytical Framework 

The framework of methodology in this paper is shown as the Figure 1 below. 



Figure 1 Optimization Steps and Analytical Framework 
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The optimization process in this paper includes the following steps: 

Setpl, given the risk aversion value, optimizes the Canadian domestic portfolio, which 

includes stock, bond, and cash, to generate the optimal expected return and standard deviation as 

the benchmark. This process is to maximize mean-variance utility for a given risk aversion 

coefficient. 

Where, 

E ( r , )  is the expected monthly return of the portfolio 



0; is the variance of return of the portfolio 

h is the coefficient of relative risk aversion 

Step2 tests the diversified effect by incorporating alone international stocks in two 

aspects: improving expected return and reducing risk 

I) Given the Canadian optimal portfolio's standard deviation, test the extent of 

maximizing expected return E ( r p )  by incorporating international stocks 

where, 

E(r, ,)  is the expected monthly return of the portfolio, which is the weighted average expected 

return of each asset 

R, is the expected return of asset i 

W; is the weight of asset i in the portfolio and 

n is the number of assets in the portfolio 

Since we have set the short sales constraint, the weight of asset i, Wi, can not be negative, i.e. 

0 I Wi 51, for all i = I , . . . ,  N 

2) Given the Canadian optimal portfolio's expected return, test the extent of minimizing 

2 

the risk O p  by incorporating international stocks. 

where, 

a: is the variance of portfolio return, which is the weighted average variance of the portfolio 

returns 



a,a, are the standard deviation of asset i and asset j respectively 

pq is the correlation coefficient of asset i and asset j 

WiWj are the weights of asset i and asset j respectively 

0 5 W, 5 l a n d z ~ ,  = I The constraint that short-selling is not allowed and that the portfolio 

is fully invested 

Step 3 examines the diversified benefits by independently incorporating international 

bonds in the same ways as shown in step 2. In addition to the geographical diversification, this 

paper is also concerned about the diversification with different asset classes. Comparison of the 

diversified effects with international stocks and that with international bonds can reflect the 

different roles that these two kind of assets play in the international diversification. 

Step 4 tests the integrative diversification effects with international stocks and bonds by 

repeating the ways of step 2 or step 3. The purpose of this step is to explore the potential largest 

extent of benefit for Canadian investors through both geographical diversification and asset-class 

diversification. 

Step 5 compares the diversification effects for the whole period of 1996 - 2006 and two 

sub-periods as well: 1996 - 2000 and 200 1 - 2006 

3.2.6 The Calculation Tool 

The optimization calculator is the QOS-15 software, which is a limited version of the 

Quadratic Optimization System (QOS) from Financiometrics Inc., San Francisco, U.S. The QOS 

constructs portfolios on the Markowitz mean-variance efficient frontier. It has quite a lot of 

features that enable to build the optimal portfolio with different objectives, such as optimize 

portfolio for a given risk aversion, maximize expected return for a given standard deviation, and 

minimize standard deviation for a given expected return. All the monthly returns with 

corresponding covariance matrix are as the input of the QOS. 



4 EMPIRICAL RESULTS AND ANALYSIS 

This section is composed by two parts. One is the results and analysis based on nominal 

return. Another is based on real return. 

4.1 Part One: The Results and Analysis Based on Nominal Return 

4.1.1 The Whole Period 1996-2006 

The summary statistics shown in Table 2 indicate that the monthly mean return of 

Canadian stocks and bonds outperformed other foreign assets in the period of 1996-2006. The 

mean returns here have been translated into the CAD$-dominated returns. Among the foreign 

assets, UK Bond's mean return is the highest and Japan stock's return is the lowest. The statistic 

summary to some extent explains why there is resistance among Canadian investors for the 

international diversification. 

Table 2 Statistic Summary 1996-2006 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 



The correlation matrix in Table 3 is consistent with other recent research in regard to the 

international diversification. There is no surprise that Canadian stock and the other developed 

stock markets are highly correlated. US stock has the highest correlation with Canadian stock 

with the coefficient 0.66 and Japan stock has the lowest with the coefficient 0.4. 

Table 3 Correlation Matrix 1996-2006 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK S rock 1 .OOOO 

UK Bond 0.1324 1 .0000 

Japan Stock 0.3283 -0.0677 1 .OOOO 

Japan Bond 0.1040 0.3624 0.2701 1 ,0000 

HK Stock 0.5094 -0.1401 0.4229 0.0857 1.0000 

Panel A of Table 4 shows the optimal domestic portfolio generated by QOS according to 

the nominal return data. The Expected Return of domestic portfolio ranges from 0.005015 to 

0.007922. The standard deviation of domestic portfolio ranges from 0.008 183 to 0.020 108. Panel 

B is the optimization result including international assets. When the domestic portfolio is added 

by international stocks only, the expected return range of the expanded portfolio is almost the 

same and the corresponding standard deviation range is slightly lower. When being added by the 



international bonds only, the new portfolio has a slight improvement on the lower bound of the 

expected return range with the upper bound unchanged, but its lower bound of the standard 

deviation range is significantly lower with the upper bound constant. Similarly, added by both 

international stocks and bonds, the result is the same as that of adding international bonds. 

In general, Table 4 illustrates the result that adding international assets to the optimal 

domestic portfolio will bring Canadian investors benefits of either lowering volatility in the given 

expected return level or increasing a little bit return level in the given standard deviation level. 

Table 4 The Optimization Results 1996-2006 

0 timization 4 
Panel A 

Domestic Portfolio 0.0050 15 - 0.007922 0.008 1 83 - 0.020 108 
Panel B 

International Stocks 0.0050 16 - 0.007922 0.008 180 - 0.0020 106 
International Bonds 0.005 134 - 0.007922 0.007724 - 0.0020 106 
International Stocks & Bonds 0.005 134 - 0.007922 0.007724 - 0.0020 106 

Note: We set the risk aversion range from 30 to I, with 30 points on the frontier. 

Table 5 shows the extent of reducing risk by the portfolio included international assets if 

we hold the expected return level of domestic portfolio at 0.00761 I. We see from the Table 5 that 

by adding any international content to the optimal domestic portfolio it can reduce the volatility 

to some extent, and the strongest effect is found in international bonds. 

The benchmark portfolio is the Canadian domestic optimal portfolio which has an 

expected return of 0.0076 1 I, a standard deviation of 0.0 18793, and a Sharpe Ratio of 0.244303, 

as shown in Panel A. The optimal weights for different asset classes are 1 1.49% for Canadian 

stock, 82.2% for Canadian bond and 6.29% for the cash position, as shown in Panel B. 

For the optimal domestic portfolio adding international stocks alone causes the standard 

deviation to drop a little from 0.01 8793 to 0.01 8789 and the Sharpe Ratio increases from 

0.244303 to 0.244333. The optimal weights for different asset classes are 1 1.09% for Canadian 



stocks, 82.34% for Canadian bonds, 5.54% for the cash position, and 1.03% for UK stocks. This 

portfolio only differs from the pure domestic portfolio by adding merely I % or so UK stock and 

the weight changes for the three Canadian assets compared with those of the pure domestic 

portfolio can be ignored 

For the optimal domestic portfolio adding international bonds only, the standard 

deviation drops a further bit from 0.0 18793 to 0.0 17738 and Sharpe Ratio increases a further bit 

from 0.244303 to 0.2588 17. The weights for different asset classes are 15.08% for Canadian 

stock, 58.69% for Canadian bond, 4.17% for cash position, and 2 1.34% for UK bond. This gives 

us an impression that adding UK bond brings more benefits for diversification compared with that 

of adding stock only 

For the optimal domestic portfolio including both international stocks and international 

bonds, the diversification effect keeps the same as that of domestic portfolio plus international 

bond only. The standard deviation drops to the same level of 0.017738 and the Sharpe Ratio 

keeps the same of 0.2588 17. All the asset class weights stay exactly the same, namely, 15.08% 

for Canadian stocks, 58.69% for Canadian bonds, 4.17% for the cash position, and 2 1.34% for 

UK bonds. 



Table 5 Minimize Risk Given Expected Return 1996-2006 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Standard Deviation 

Expected Return 0.0076 1 1 0.0076 1 1 0.0076 1 1 0.0076 1 1 

Standard 
Deviation 

Sharpe Ratio 0.244303 0.244333 0.2588 17 0.2588 17 
-- - - -  - 

Panel B: Optimal Weights 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the expected return 0.00761 lof the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 

Table 6 displays the results of improvement in expected return for the portfolio included 

foreign assets, given the standard deviation level of the domestic portfolio at 0.018793. We can 

see from the Table 6 that by adding whatever international content to the optimal domestic 

portfolio it can increase the return level to some degree. 

As shown in the Panel A, for the optimal domestic portfolio adding international stocks 

only, the expected return increases a little from 0.00761 1 to 0.007612 and the Sharpe Ratio 

increases from 0.244303 to 0.244333.The weights for different asset classes are 1 1.09% for 

Canadian stocks, 82.36% for Canadian bonds, 5.52% for the cash position, and 1.03% for UK 

stocks, as illustrated in Panel B. This portfolio only differs from the pure domestic portfolio by 



adding merely 1% or so UK stock and the weight changes for the three Canadian assets compared 

with those of the pure domestic portfolio are not significant 

For the optimal domestic portfolio adding international bonds only, the expected return 

increases further from 0.0076 1 1 to 0.007849 and the Sharpe Ratio increases from 0.244303 to 

0.244333.The weights for different asset classes are 14.65% for Canadian stocks, 70.64% for 

Canadian bonds, and 14.7 1% for UK bonds. This suggests that adding UK bonds gives more 

benefits for diversification benefits compared with that of adding stock only 

For the optimal domestic portfolio including both international stocks and international 

bonds, the diversification effect keeps the same as that of domestic portfolio plus international 

bond only. The expected return increases to the same level of 0.007849 and the Sharpe Ratio 

drops from 0.24303 to 0.089808. All the asset class weights stay exactly the same, namely 

14.65% for the Canadian stocks, 70.64% for the Canadian bonds, and 14.71% for the UK bonds. 



Table 6 Maximize Expected Return Given Standard Deviation 1996-2006 

Optimal Portfolio Canadian +Interna tional +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Expected Return 

Expected Return 0.0076 1 1 0.0076 1 2 0.007849 0.007849 

Standard 
Deviation 

0.0 1 8793 0.0 18793 0.0 1 8793 0.0 18793 

Sharpe Ratio 0.244303 0.244333 0.243333 0.089808 

Panel B: Optimal Weights 
- - - -  - - -- -- - 

Canada Stock 1 1.49% 1 1.09% 14.65% 14.65% 

Canada Bond 82.22% 82.36% 70.64% 70.64% 

Canada Cash 6.29% 5.52% 

US Stock 0 

US Bond 0 

UK Stock 1.03% 0 

UK Bond 14.71% 14.71% 

Japan Stock 0 0 

Japan Bond 0 0 

HK Stock 0 0 

Note: Given the standard deviation 0.018793 of the Canadian domestic optimal portfolio, we test the 
expected return of the portfolio including international assets and the corresponding weights. 

Combining the effects shown in Table 5 and Table 6, the portfolio included international 

bond is apparently stronger than that included international stocks in both minimizing risk and 

maximizing expected return aspects. 

4.1.2 The Sub-period 1996-2000 

In order to further look into the diversification benefits in different time periods, we 

divide the sample period into two sub-periods, one is from 1996 to 2000 and another is from 2001 

to 2006. The statistic summary in Table 7 suggests that in the period of 1996-2000, prior the 

crash of internet bubble, there were strong bullish markets in our sample countries or regions. 

except for Japan. All the mean returns are higher than their 10-year average level, as are their 



standard deviation values. And i t  is notable that foreign markets, especially US stock and UK 

bond outperformed Canadian stock and bond respectively. 

Table 7 Statistic Summary 1996-2000 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

The correlation matrix in Table 8 indicates that the coefficients are slightly lower than the 

I 0-year average level 



Table 8 Correlation Matrix 1996-2000 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK Stock 1 .0000 

UK Bond 0.1324 I .OooO 

Japan Stock 0.3283 -0.0677 1.0000 

Japan Bond 0.1040 0.3624 0.2701 1 .0000 

HK Stock 0.5094 -0.140 1 0.4229 0.0857 1 .OOW 

Table 9 shows the optimal domestic portfolio generated by QOS according to the 

nominal return data. The Expected Return of domestic portfolio ranges from 0.005437 to 

0.0 1 1447, the standard deviation of domestic portfolio ranges from 0.007677 to 0.053644, as 

displayed in Panel A. When the domestic portfolio is added by international stocks, the whole 

expected range of the expanded portfolio significantly improves, but its lower bound of standard 

deviation is correspondingly higher and its upper bound of standard deviation, however, is lower. 

The result of adding international bonds is more significant with a dramatically lower standard 

deviation range. Its lower bound of expected return range is even higher than the result of adding 

international stocks, but its upper bound is slightly higher the result of domestic portfolio. 

Combining both of international stocks and bonds, the optimization result is the best in this 

period, with a significantly improved expected return range and a lower standard deviation range. 



Table 9 suggests that investing international assets will bring Canadian investors 

significant benefits by either lowering volatility at the given expected return level or increasing 

expected return at the given standard deviation level in the period 1996-2000. 

Table 9 The Optimization Results 1996-2000 

0 timization s e  
Panel A 

Domestic Portfolio 0.005437- 0.0 1 1447 0.007677- 0.053644 
Panel B 

International Stocks 0.006908 -0.0 14'786 0.0 10326-0.040866 
International Bonds 0.007638 -0.0 1 1622 0.0 11444 4.02330 1 
International Stocks & Bonds 0.008486 -0.014786 0.0 1 2592 -0.040866 
Note: We set the risk aversion range from 30, with 30 points on the frontier. 

Panel A of Table I0 presents the degrees of decreasing risk by adding international assets, 

if we hold the expected return level of the domestic portfolio at 0.008946. Compared with the 

effect of the whole period, the result of 1996-2000 suggests that the portfolio including 

international assets can significantly reduce the risk level. 



Table 10 Minimize Risk Given Expected Return 1996-2000 

Optimal Canadian +International +International +International 
Portfolio Domestic Stocks Bonds Stocks& Bonds - 

Panel A: Standard Deviation 

Expected Return 0.008946 0.008946 0.008946 0.008946 

Standard 
Deviation 

0.022952 0.01691 1 0.0 15255 0.0 13809 

Sharpe Ratio 0.229522 0.30942 1 0.343062 0.377664 

Panel B: Optimal Weights 

Canada stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the expected return 0.008946 of the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 

Panel A of Table I I illustrates the extent of improving expected return by holding foreign 

assets if we hold the standard deviation level of the domestic portfolio at 0.022952. Similarly, 

there is an apparent advantage for holding foreign assets to improve the expected return. 



Table 11 Maximize Expected Return Given Standard Deviation 1996-2000 

Optimal Canadian +International +International +International 
Portfolio Domestic Stocks Bonds Stocks& Bonds 

Panel A: Expected Return 

Expected Return 0.008946 0.010815 0.01 1563 0.0 12393 

Standard 
Deviation 

Sharpe Ratio 0.229522 0.030932 1 0.297748 0.358997 

Panel B: Optimal Weights 

Canada Stock 15.65% 0 30.25% 6.87% 

Canada Bond 8 1.67% 49.46% 1.75% 8.25% 

Canada Cash 2.68% 3.28% 0 

US Stock 34.26% 34.10% 

US Bond 0 0 

UK Stock 13.00% 0 

UK Bond 68% 49.19% 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the standard deviation 0.022952 of the Canadian domestic optimal portfolio, we test the 
expected return of the portfolio including international assets and the corresponding weights. 

From the tables and analysis above, we can conclude that in this period, Canadian 

investors can significantly benefit from the international diversification by improving expected 

return and by reducing risks. We also notice that international bonds have stronger power to 

improve expected return and decrease risks and Canadian portfolio can be well diversified by US 

stock and UK bond. 

4.1.3 The Sub-period 2001-2006 

As shown in Table 12, all the mean returns in this period are largely lower than those of 

the period of 1996-2000. And clearly, the returns of Canadian stocks and bonds dominate the 

international counterparts. 



Table 12 Statistic Summary 2001-2006 
- -  - 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

The correlation matrix in Table 13 illustrates the changes in correlation between 

Canadian stocks and other assets. Unlike those in 1996-2000, the correlation coefficients of UK 

stocks, Japan stocks, and Hong Kong stocks increase and the US'S correlation is slightly lower 

during this period. This result is similar to other research results that indicate the increasingly 

high correlation among the developed stock markets over the last decade. 



Table 13 Correlation Matrix 2001-2006 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK Stock 1 .0000 

UK Bond 0.0355 1 .0000 

Japan Stock 0.3505 -0.1204 1 .0000 

Japan Bond 0.027 1 0.5033 0.01 19 1 .00W 

HK Stock 0.6383 -0.1073 0.4594 -0.0475 1 .0000 

Table 14 shows the optimal domestic portfolio generated by QOS according to the 

nominal return data. As illustrated in Panel A, the Expected Return of domestic portfolio ranges 

from 0.004890 to 0.007325, the standard deviation of domestic portfolio ranges from 0.008990 to 

0.01 8946. The optimization results shown in Panel B suggest that there is no diversification 

benefit in this period, no matter on lowering volatility or improving expected return. This 

outcome can be explained by the return-risk profile of each foreign asset shown in Table 13. 



Table 14 Optimization Result 2001-2006 

Optimization -Range Standard Deviation Range 

Domestic Portfolio 0.004890 - 0.007325 0.008990 - 0.0 18946 
Panel B 

International Stocks 0.004890 - 0.007325 0.008990 - 0.0 18946 
International Bonds 0.004890 - 0.007325 0.008990- 0.0 1 8946 
International Stocks & Bonds 0.004890 - 0.007325 0.008990 - 0.0 18946 
Note: We set the risk aversion range from 30 to 1, with 30 points on the frontier. 

Table 15 and Table 16 further prove that there is no international diversification benefit 

in terms of nominal return for Canadian investors during this period. The foreign assets weights 

are all zero. 

Table 15 Minimize Risk Given Expected Return 2001-2006 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Standard Deviation 

Expected Return 0.007 107 0.007 107 0.007 107 0.007 107 

Standard 
Deviation 

Sharpe Ratio 0.173482 0.17362 1 0.17362 1 0.17362 1 

Panel B: Optimal Weights 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the expected return 0.007107 of the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 



Table 16 Maximize Expected Return Given Standard Deviation 2001-2006 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds -- 

Panel A: Expected Return 

Expected Return 0.007 107 0.007 107 0.007 107 0.007 107 

Standard 
Deviation 0.0 17348 0.0 17348 0.0 17348 0.0 17348 

Sharpe Ratio 0.173482 0.17350 1 0.17350 1 0.17350 1 

Panel B: Optimal Weights 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the standard deviation 0.017348 of the Canadian domestic optimal portfolio. we test the 
expected return of the portfolio including international assets and the corresponding weights. 

Summarizing the nominal return analysis, we find that Canadian investors in general can 

benefit from international portfolio diversification in the whole period 1996-2006. However, for 

different sub-periods, the diversification effect is varied. In the period 1996-2000, Canadian 

investors can significantly improve expected return and reduce risk level by investing 

international stocks and bonds, due to the outstanding performance of foreign capital markets. In 

contrast, in the period 2001-2006, the empirical result suggests that Canadian investors can gain 

nothing from the international capital markets. This is derived from two critical factors. One is 

the outstanding performance of Canadian equity market. From the third quarter of 2002 to the 

second quarter of 2006, the S&PtTSX Composite Index soared by 88%. becoming the second 

best performance across the industrialized countries. Another important factor is the remarkable 

appreciation of Canadian dollar against most of the international currencies, noticeably in the last 



three years. With that being said, the Canadian economy has been experiencing a very sweet 

moment in its history thanks to the booming world economy in recent years, especially the more 

eye-catching emerging giants like China and India, which bid up the commodity price and help 

the Canadian equity market, which is highly dominated by its natural resource industry. 

4.2 Part Two: The Results and Analysis Based on Real Return 

4.2.1 The Whole Period 1996-2006 

This part examines the impact of inflation risk on asset returns and thus on the asset 

allocation strategy by comparing with the empirical results using nominal returns. In order to 

analyze the in~pact of inflation for Canadian investors, the nominal returns dominated in CAD$ 

have been reduced by the Canadian inflation rates. As illustrated in Figure2, the correlation of 

Canadian stocks with the Canadian inflation rate is close to zero, so that it cannot be clearly 

shown in the figure (the actual position is supposed to be at the left side of Canadian bond). This 

is strong evidence indicating that the Canadian stock market cannot reflect the consumer 

purchasing patterns, since the Canadian stock market primarily concentrates on three sectors, 

financial service, energy, and resource, which are not directly related to the public consumers. It 

is hard for Canadian investors to hedge inflation risk via domestic stock market. 



Figure 2 Correlation of Nominal Returns to Canadian Idlation Rate 

Correlation of nominal returns to Candian Inflation Rate 

Canada Stock Canada Bond Canada Cash US Stock 

US Bond UK Stock UK Bond Japan Stock 

~ a ~ a n  Bond HK Stock 

Compared with the nominal returns, all the real returns of the assets in the sample are 

relatively lower with various extents, as displayed in Table 17. 

Table 17 Statistic Summary 1996-2006 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

The correlation coefficients in Table 18 are slightly higher than those of nominal returns 

during the period 1996-2006. 



Table 18 Correlation Matrix 1996-2006 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK Stock 1 .OOW 

UK Bond 0.1570 1 .OOOO 

Japan Stock 0.3255 -0.0683 1 .OOOO 

Japan Bond 0.1094 0.3642 0.2608 1 .OOOO 

HK Stock 0.5 124 -0.1264 0.4223 0.0863 1 .OOW 

Table 19 shows the optimal domestic portfolio generated by QOS according to the real 

return data. As shown in Panel A, the Expected Return of domestic portfolio ranges from 

0.003222 to 0.006219, the standard deviation of domestic portfolio ranges from 0.008760 to 

0.0207 14. 

In Panel B, the optimization results suggest that investing in international stocks can not 

improve the expected return range and lower the standard deviation range. However, investing in 

foreign bonds inlproves the lower limit of the expected return with keeping the upper bound of 

expected return unchanged. This result is similar to the result based on nominal return. For the 

standard deviation range, similarly, including international stocks cannot change the range, but 



investing in the foreign bonds narrows the standard deviation range with a higher lower bound of 

standard deviation. 

Table 19 Optimization Result 1996-2006 

Panel A 
Domestic Portfolio 0.003222 - 0.0062 19 0.008760 - 0.0207 14 

Panel B 
International Stocks 0.003222- 0.0062 19 0.008760 - 0.00207 14 
International Bonds 0.003450 - 0.0062 19 0.009208 - 0.00207 14 
International Stocks & Bonds 0.003450 - 0.0062 19 0.009208 - 0.00207 14 
Note: We set the risk aversion range from 30 to I, with 30 points on the frontier. 

Table 20 provides the extent of minimizing risk, if we hold the expected return level of 

domestic portfolio at 0.0058 17. The optimization result demonstrates that the portfolio including 

international bonds has a lower standard deviation value versus the benchmark portfolio. The 

extent that risk is reduced is very close to that calculated for nominal return, with I % 

improvement of weights for domestic assets. 



Table 20 Minimize Risk Given Expected Return 1996-2006 

Optimal Canadian +International +International +International 
Portfolio Domestic Stocks Bonds Stocks& Bonds 

Panel A: Standard Deviation 

Expected Return 0.0058 17 0.0058 17 0.0058 17 0.0058 17 

Standard 
Deviation 

Sharpe Ratio 0.247663 0.247664 0.262769 0.262769 

Panel B: Optimal Weights 

Canada Stock 1 1.63% 1 1.63% 15.82% 15.82% 

Canada Bond 80.24% 80.23% 57.36% 57.36% 

Canada Cash 8.13% 8.14% 6.08% 6.08% 

US Stock 0 

US Bond 0 0 

UK Stock 0 0 

UK Bond 20.74% 20.74% 

Japan Stock 0 0 

Japan Bond 0 0 

HK Stock 0 0 

Note: Given the expected return 0.005817 of the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 

Panel A of Table 21 provides the results of improving expected return by adding various 

international assets, if we hold the standard deviation level of the domestic portfolio at 0.01905 1. 

We can tell from Table 21 that only including international bonds to the domestic portfolio can 

moderately increase the expected return. The extent that expected return is improved is almost the 

same as that derived from nominal return. However, as shown in Panel B, the optimal weight 

changes significantly, with the UK Bond increasing by approximately 50% in terms of the real 

return, compared with the weights in nominal return. 



Table 21 Maximize Expected Return Given Standard Deviation 1996-2006 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Expected Return 

Expected Return 0.0058 17 0.0058 17 0.006075 0.006075 

Standard 
Deviation 

0.0 1905 1 0.0 1905 1 0.0 1905 1 0.0 1905 1 

Sharpe Ratio 0.247663 0.247663 0.262330 0.262330 

Panel B: Optimal Weights 

Canada Stock 1 1.63% 1 1.64% 16.70% 16.70% 

Canada Bond 80.24% 80.24% 60.67% 60.67% 

Canada Cash 8.13% 8.12% 0.7 1 % 0.7 1 C / o  

US Stock 0 0 

US Bond 0 0 

UK Stock 0 0 

UK Bond 2 1.94% 2 1.94% 

Japan Stock 0 0 

Japan Bond 0 0 

HK Stock 0 0 

Note: Given the standard deviation 0.01905 1 of the Canadian domestic optimal portfolio, we test the 
expected return of the portfolio including international assets and the corresponding weights. 

Compared with the empirical results using nominal return, the optimization results based 

on real returns indicate the approximate extent of improving expected return and of lowering risk 

level. However, the foreign assets account for a larger proportion in the optimal weight for 

improving expected return in the real return scenario. 



Figure 3 1996-2006 Efficient Frontiers 
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The efficient frontiers plotted in Figure I summarize the whole period analysis with real 

return. In most of time, the frontier including international stocks and bonds dominates the 

frontier of Canadian domestic assets. At the same expected return level, the portfolio that includes 

international stocks and bonds has less risk than Canadian domestic portfolio does. At the same 

risk level, the portfolio investing in international stocks and bonds can gain higher return. 

However, the expected return of the portfolio including international stocks and bonds cannot 

overpass the upper limit of the expected return of Canadian domestic portfolio. 

4.2.2 The Sub-period 1996-2000 

As we did in the Part One, we divide the sample period into two sub-periods, one is from 

1996 to 2000 and another is from 2001 to 2006. As shown in Table 22, all the mean returns are 

higher than their IO-year average level, except for that of Japan stocks. Compared with the 

nominal returns in the same period, the real returns of all the assets are lower. 



Table 22 Statistic Summary 1996-2000 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Table 23 provides summary statistics of the correlation structure among different asset 

classes during the period 1996-2000. Compared with those of nominal return, the correlation of 

foreign stock real return with the Canadian stock real return and the correlation of foreign bond 

real returns to Canadian bond real returns almost did not change. 



Table 23 Correlation Matrix 1996-2000 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK Stock 1 .OOOO 

UK Bond 0.2 197 1.0000 

Japan Stock 0.3 174 -0.0376 1 .OOOO 

Japan Bond 0.1244 0.2278 0.4 157 1 .OOOO 

HK Stock 0.4537 -0.193 1 0.4 104 0.1242 1 .0000 

Table 24 shows the optimization result for the pure Canadian domestic portfolio and the 

portfolio incorporated with foreign assets. As shown in Panel A, the Expected Return of the 

domestic portfolio ranges from 0.003859 to 0.009850 and the standard deviation of the domestic 

portfolio ranges from 0.007985 to 0.053400. The investment in foreign stocks, bonds, or both, 

can significantly improve the lower bound of expected return, but just the investment in foreign 

stocks and in both foreign stock and bond can greatly improve the upper bound of the expected 

return, as displayed in Panel B. This suggests that stock markets, compared with bond markets, in 

general pelformed outstandingly in this period. For the moving of standard deviation range, 

investing in foreign securities can narrow down the risk range by improving the lower bound of 

standard deviation and significantly decreasing the upper bound of risk level. The standard 

deviation range is narrowed, partly due to the relatively higher level of return and volatility for 



each asset in this period. Compared with the empirical result based on the nominal return in this 

period, the moving of expected return range and standard deviation range is almost the same. In 

general, the empirical result in Table 24 demonstrates that Canadian investors significantly gain 

the benefits from international diversification on both improving expected return and decreasing 

risk level. 

Table 24 Optimization Results 1996-2000 

Optimization Expected Return Range Standard Deviation Range 
Panel A 

Domestic Portfolio 0.003859 -- 0.009850 0.007985 -- 0.053400 
Panel B 

International Stocks 0.005290 - 0.0 13 159 0.0 10555 - 0.04 1027 
International Bonds 0.006024 - 0.009994 0.0 I163 1 - 0.023403 
International Stocks & Bonds 0.0068 19 - 0.01 3 159 0.0 1276 1 - 0.04 1027 
Note: We set the risk aversion range from 30 to I ,  with 30 points on the frontier. 

Panel A of Table 25 presents the magnitude of minimizing risk by investing in foreign 

assets, given the expected return level of the optimal domestic portfolio at 0.007368. There is no 

doubt that investing in overseas stocks and bonds can effectively decrease the risk level. 

Compared with the result of nominal return, the extent of minimizing risk is very close, however, 

the foreign assets account for a little bit larger weight in the optimal portfolio, as shown in the 

Panel B. For example, for the portfolio including international stocks and bonds, the foreign 

assets totally account for 5 1.22% in terms of real return but 50.87% in nominal return analysis. 



Table 25 Minimize Risk Given Expected Return 1996-2000 

Canadian +International +International +International Optimal Portfolio Domestic Stocks Bonds Stocks& Bonds - 
Panel A: Standard Deviation 

Expected Return 0.007368 0.007368 0.007368 0.007368 

Standard 
Deviation 

Sharpe Ratio 0.230570 0.3 1 1953 0.346 187 0.38 1739 

Panel B: Optimal Weights 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Note: Given the expected return 0.007368 of the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 

Panel A of Table 26 provides the extent of improving expected return, if we hold the 

standard deviation level of the domestic portfolio at 0.023057. Similarly, there is no doubt that 

international diversification can significantly improve the expected return for Canadian investors. 

And it is notable that the optimal weight of this period is significantly different from that of the 

whole period between 1996 and 2006. For instance, for the portfolio including international stock 

and bond, compared with the weights of the period 1996-2006, the weight of foreign assets is 

approximately 85%, much more than the weight of 21.94% for foreign assets in 1996-2006. In 

addition, as we discussed above, compared with the nominal return scenario, foreign assets 

account for 84.9 1 G/o in real return, almost the same as 84.88% in nominal return. 



Table 26 Maximize Expected Return Given Standard Deviation 1996-2000 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Expected Return 

Expected Return 0.007368 0.009 197 0.009936 0.0 1072 1 

Standard 
Deviation 

Sharpe Ratio 0.230570 0.3 10720 0.0294588 0.349699 

Panel B: Optimal Weights 

Canada Stock 16.16% 0 30.76% 7.7% 

Canada Bond 8 1.87% 50.38% I .49% 7.39% 

Canada Cash 1.97% 2.31% 0 0 

US Stock 33.35% 33.60% 

US Bond 0 0 

UK Stock 13.96% 0 

UK Bond 67.6 1 % 48.66% 

Japan Stock 0 0 

Japan Bond 0.14% 2.66% 

HK Stock 0 0 

Note: Given the standard deviation 0.023057 of the Canadian domestic optimal portfolio, we test the 
expected return o f  the portfolio including international assets and the corresponding weights. 

From the tables and analysis above, we can find that in this period, Canadian investors 

can significantly benefit from the international diversification by improving expected return and 

by reducing risks, as shown in the efficient frontiers in Figure 4. We also notice that international 

bonds have stronger power to improve expected return and decrease risks. 



Figure 4 1996-2000 Efficient Frontiers 

Standard Deviat ion 

- Intsrriational stock and bond with real return 

Canadian ponfolio with n'al return 

Intcrnatior~al stock and bond with liorninal return 

Canadian dollustic ponlblio with liolninal return 
-- 

4.2.3 The Sub-period 2001-2006 

Table 27 presents the statistic summary of the monthly real returns dominated in 

Canadian dollars for each asset during the period of 200 1-2006. The mean return of each asset is 

in general lower than their 10-year average level. The summary statistics suggest that Canadian 

stock and Canadian bond absolutely dominated all the other assets in this period, after being 

deflated by the Canadian inflation rate. 



Table 27 Statistic Summary 2001-2006 

Mean Return Median Standard Deviation 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

Table 28 provides summary of the correlation structure among different asset classes 

during the period 2001-2006. It indicates that the correlation between Canadian stock and other 

foreign stocks is slightly higher than that in terms of nominal return, as are the bond markets. 



Table 28 Correlation Matrix 2001-2006 

Canada Stock Canada Bond Canada Cash US Stock US Bond 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 

UK Stock UK Bond Japan Stock Japan Bond HK Stock 

UK Stock 1 .0000 

UK Bond 0.0793 1 .OOOO 

Japan Stock 0.3635 1 -0.1001 1 .OOOO 

Japan Bond 0.0598 0.5 154 0.0 195 1 .OOOO 

HK Stock 0.65 1 1 -0.0694 0.4687 -0.02 1 1 1 .OOOO 

Table 29 shows the optimal domestic portfolio generated by QOS according to the real 

return data. The Expected Return of domestic portfolio ranges from 0.002839 to 0.005557, the 

standard deviation of domestic portfolio ranges from 0.009687 to 0.020243, as illustrated in Panel 

A. The empirical result shown in Panel B indicates that the investment in foreign assets can not 

change the expected return range and the standard deviation range at all. We cannot find any 

benefit from the international portfolio investment. 



Table 29 Optimization Results 2001-2006 

0 timization ( 
Panel A 

Domestic Portfolio 0.002839 - 0.005557 0.009687 - 0.020243 
Panel B ~ - 

International Stocks 0.002839 - 0.005557 0.009687 - 0.020243 
International Bonds 0.002839 - 0.005557 0.009687 - 0.020243 
International Stocks & Bonds 0.002839 - 0.005557 0.009687 - 0.020243 
Note: We set the risk aversion range from 30 to I, with 30 points on the frontier. 

Panel A of Table 30  provides the degree of risk reduction by investing overseas, if we 

hold the expected return level of the domestic optimal portfolio at 0.005332. It turns out that the 

foreign assets cannot reduce risk for Canadian investors. This result is the same as that based on 

nominal returns. 

Table 30 Minimize Risk Given Expected Return 2001-2006 

Optimal Portfolio Canadian +International +International +Inter. Stocks& 
Domestic Stocks Bonds Bonds 

Panel A: Standard Deviation 

Expected Return 0.005332 0.005332 0.005332 0.005332 

Standard 
Deviation 

Sharpe Ratio 0.186944 0.187080 0.187080 0.187080 

Panel B: Optimal Weights 

Canada Stock 

Canada Bond 

Canada Cash 

US Stock 

US Bond 

UK Stock 

UK Bond 

Japan Stock 

Japan Bond 

HK Stock 
- -  - -- - 

Note: Given the expected return 0.00532 of the Canadian domestic optimal portfolio, we test the standard 
deviation of the portfolio including international assets and the corresponding weights. 



Panel A of Table 3 1 shows the extent of maximizing expected return by foreign portfolio 

investment, given the standard deviation level of the domestic portfolio at 0.01 8694. Similarly, 

the optimization result suggests that no foreign asset can improve the expected return in this 

period, as shown in Panel B. 

Table 31  maximize Expected Return Given Standard Deviation 2001-2006 

Optimal Portfolio Canadian +International +International +International 
Domestic Stocks Bonds Stocks& Bonds 

Panel A: Expected Return 

Expected Return 0.005332 0.005332 0.005332 0.005332 

Standard 
Deviation 

Sharpe Ratio 0.186944 0.140952 0.186758 0.140952 

Panel B: Optimal Weights 

Canada Stock 8.77% 8.77% 8.77% 8.77% 

Canada Bond 9 1.23% 9 1.23% 91.23% 9 1.23% 

Canada Cash 0 0 0 0 

US Stock 0 0 

US Bond 0 0 

UK Stock 0 0 

UK Bond 0 0 

Japan Stock 0 0 

Japan Bond 0 0 

HK Stock 0 0 -- 
Note: Given the standard deviation 0.018694 of the Canadian domestic portfolio, we test the expected 
return of the portfolio including international assets and the corresponding weights. 

From the tables and analysis above, like the result in terms of nominal return analysis, no 

diversification effect could be found, since Canadian stock and bond outperformed all the other 

foreign assets. 

In summary for the real return analysis, the optimization results for the whole period 

imply that Canadian investors obtain moderate benefits from intelnational diversification. 



However, the magnitudes of the diversification benefits of are various in different sub-periods. In 

the period of 1996-2000, the power of international diversification is much stronger than that of 

the period 2001-2006. While the magnitude of the diversification effect from the real return is 

similar to that from nominal return, the Canadian CPI adjustment changes the weights of the 

optimal portfolio. As Table 21 illustrates, in order to maximize the expected return given the 

same standard deviation level of the domestic optimal portfolio, it turns out that UK bond needs 

to account for 2 1.94% of the optimal weight, much higher than 14.7 1 % in the form of nominal 

return. This suggests that in order to offset the negative impact of inflation on the domestic 

portfolio return, Canadian investors need more foreign assets. This difference can definitely 

provide evidence to demonstrate the impact of inflation risk on international asset allocation. 



CONCLUSION 

Based on the nominal return and real return analysis for the whole period 1996-2006 and 

two sub-periods, we conclude that Canadian investors still can benefit from international 

diversification. While different country selection and specific time period may lead to various 

empirical results, our empirical research is conducted under restricted conditions that will largely 

limit the opportunities to improve expected return. For example, the sample consists of highly 

correlated foreign markets. The period examined is in the time horizon that Canadian stock 

market in general outperformed its international counterparts. Short-selling transaction is not 

allowed. 

While the extent of improving expected return and reducing standard deviation in general 

is moderate in our sample period, we find an important merit of international diversification for 

Canadian investors, that is, hedging the domestic inflation risk. Since the Canadian stock market 

does not reflect consumption patterns well. Canadian investors can gain from international 

diversification to offset the negative impact of inflation on the return of the domestic portfolio. In 

our optimization results for real returns, given the same standard deviation value of the domestic 

optimal portfolio, international assets account for a much larger weight in the optimal portfolio 

compared with those based on nominal returns. 

This empirical result is consistent with the inherent needs of the Canadian stock market to 

disperse risk. Over the past four years, energy has contributed for half the increase in the 

S&P/TSX Composite Index, while financials have accounted for one-third of the gain, leaving the 

other 8 major industry groups to contribute the remaining 20%. Currently, financial service, 

energy, and resources sectors account for over 70% of market capitalization of Canadian stock 



market, but the sectors that directly relate to consumers, such as consuming products and health 

care, just have much lower weights. Thus, Canadian investors can not hedge some inflation risk 

through domestic stock market and will have to do so via foreign capital markets. 

Another important finding is that international bonds have a stronger power than 

international stocks to improve expected return and to reduce risk for Canadian investors. In our 

empirical results, the magnitude of maximizing expected return and of minimizing risk by 

investing in foreign bonds is stronger than that of investing in international stocks. As we 

discussed in the nominal return analysis for the whole period, compared with domestic optimal 

portfolio, the portfolio including international stocks almost does not change anything. However, 

the portfolio including international bonds can reduce risk and improve return as well. In real 

return results, similarly, international stocks do not change anything, but international bonds help 

to improve expected return as well as to reduce risk. 

One possible reason is that the outstanding performance of Canadian equity market 

during the sample period, especially in the most recent four year, results in that all the rest sample 

stock markets can not establish an optin~al portfolio to compete with Canadian stocks. However, 

with the relatively lower volatility, foreign bonds are definitely possible to reduce the risk level of 

Canadian investors' portfolio. A positive sign is shown in Table I ,  where the investment in 

foreign bonds has been increasingly growing since 2002 up to date. 

There is no doubt that Canada is an attractive place to invest due to its healthy economy. 

Canadian investors have benefited from a bull market in commodities since 2002, and we believe 

prices for energy products and base metals will generally continue to keep stay at relatively high 

levels over the next few years. But this does not detract From the recommendation that investors 

hold a more diversified portfolio into international markets. 
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Appendix B Important Output of QOS 

1 .  1996-2006 Nominal Return . 
Efficient Frontier 

I Canadian domestic portfolio I International Stock 

Frontier Point 

1 

2 

Expected Return 
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Expected 
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Deviation 

0.0081 836 

0.0084626 

Sharpe 
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0.24541 40 



(continued) 
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(continued) 
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0.2365007 

0.2359534 

0.2354273 

0.2349225 

0.2344391 

0.2339772 

0.2335371 

0.2331 187 

0.2327223 

0.2323478 

0.231 9956 

0.231 6655 

0.231 3579 

0.231 0726 

0.2308098 

0.2305697 

0.21 2861 7 

0.1909261 

0.1692261 

0.1478656 

0.1270158 

0.1 069759 

0.0882989 

0.0720527 

0.0534001 



fcontinuedl 

Frontier 
Point 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

2 1 

22 

23 

24 

25 

26 

27 

28 

29 

30 

Efficient Frontier 

Sharpe 
Ratio 

0.348931 0 

0.3485288 

0.3481398 

0.3477641 

0.347401 6 

0.3470524 

0.3467166 

0.3463943 

0.3460853 

0.3457898 

0.3455079 

0.3452394 

0.3449846 

0.3447433 

0.34451 57 

0.3294060 

0.31 35390 

0.2980077 

0.2787876 

0.2555579 

0.2323283 

0.2090991 

0.1 858704 

0.1 626424 

0.13941 54 

0.1 161 901 

0.0929677 

0.069751 0 

0.0465486 

0.0234035 

International 
Expected 
Return 

0.0060240 

0.0061591 

0.0063037 

0.0064591 

0.0066265 

0.0068072 

0.0070030 

0.00721 58 

0.0074480 

0,0077022 

0.007981 9 

0.008291 1 

0.0086346 

0.00901 85 

0.0094504 

0.0095952 

0.0097350 

0,0098963 

0.0099870 

0.0099870 

0.0099871 

0.0099872 

0.0099873 

0.0099874 

0,0099876 

0.0099879 

0.0099883 

0.0099890 

0.0099903 

0.0099943 

bond 
Standard 
Deviation 

0.01 1631 0 

0.01 201 82 

0.01 24336 

0.01 28802 

0.01 3361 6 

0.0138821 

0.01 44465 

0.0150606 

0.01 5731 2 

0.01 64662 

0.01 72754 

0.01 81705 

0.0191658 

0.0202790 

0.021 5322 

0.021 9604 

0.0223956 

0.0229237 

0.0232323 

0.0232325 

0.0232328 

0.0232332 

0.0232338 

0.0232346 

0.0232359 

0.0232380 

0.023241 9 

0.0232503 

0.0232743 

0.0234035 

Expected 
Return 

0.0074943 

0.0076782 

0.0078751 

0.0080694 

0.0081 007 

0.0081 345 

0.0081644 

0.0081 91 4 

0.0082208 

0.0082530 

0.0082884 

0.0083275 

0.008371 0 

0.00841 96 

0.0084743 

0.0085363 

0.0086071 

0.0086888 

0.0087842 

0.0088969 

0.0090321 

0.0091 973 

0.0093067 

0.0093743 

0.0094570 

0.0095427 

0.0096712 

0.0098854 

0.01 03137 

0.01 1 1772 

International stock and 
Standard 
Deviation 

0.0135004 

0.0139546 

0.01 4441 5 

0.01 49221 

0.01 5001 0 

0.0150892 

0.0151699 

0.0152453 

0.0153308 

0.01 54282 

0.01 55398 

0.01 56686 

0.01 581 80 

0.0159928 

0.0161 988 

0.01 64441 

0.01 67388 

0.01 70971 

0.01 75383 

0.01 80893 

0.01 87893 

0.01 96959 

0.0203283 

0.0207689 

0.021 3736 

0.0220963 

0.0233682 

0.0259039 

0.0320622 

0.0467069 

bond 
Sharpe 
Ratio 

0.40501 25 

0.4046820 

0.4043624 

0.4028954 

0.3900269 

0.3772299 

0.3640769 

0.350641 9 

0.3372775 

0.3239924 

0.31 07969 

0.2977027 

0.2847238 

0.2718769 

0.259181 5 

0.246661 0 

0.2343435 

0.2222627 

0.21 04593 

0.1 989828 

0.1 878931 

0.1 772627 

0.1 626268 

0.1 453826 

0.1282417 

0.1 104813 

0.0934729 

0.07771 18 

0.0641 244 

0.0467069 



5.2001 -2006 Nominal Return 
Efficient Frontier 

1 Canadian domestic portfolio 
Frontier 

Point 

International stock 
Expected 

Return 
Expected 

Return 
Standard 
Deviation Standard I Sharpe Ratio Deviation 

Sharpe 
Ratio 



1 91018S1'0 

EZ8PELCa0 

90E068 1'0 

160LPOZa0 

106POZZ'O 

OL9SL 10'0 

Z8PEL 10'0 

9P8 LL 10'0 

puoq pue y3ois leuo!ieu~alul 

16SOL 10'0 

80969 10'0 

puoq leuo!ieu~aiul 

SEP LLOO'O 

EL0 LLOO'O 

LLLOLOO'O 

la!iuolj iuapyj3 

OESOL00'0 

ZZEOL00'0 

910 18s 1'0 

EZ8PEL 1'0 

90E068 1'0 

16OLPOZ'O 

106POZZ'O 

OL9SL 10'0 

Z8PEL 10'0 

9P8 LL 10'0 

16SOL 10'0 

80969 10'0 

SEP 1L00'0 

EL0 LLOO'O 

LLLOLOO ' 0 

ZZ 

1 Z 

OZ 

OESOLOO'O 

ZZEOL00'0 

6 1 

8 1 



6. 2001 -2006 Real Return 
Efficient Frontier 

Frontier 
Point 

1 

2 

International stock Canadian domestic portfolio 
Expected 

Return 
0.0028389 

0.0029221 

Expected 
Return 

0.0028389 

0.0029221 

Standard 
Deviation 

0.0096870 

0.0099740 

Standard 
Deviation 

0.0096870 

0.0099740 

Sharpe 
Ratio 

0.29061 09 

0.2892468 

Sharpe 
Ratio 

0.29061 09 

0.2892468 
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Efficient Frontier 

International bond I International stock and bond 
L 

Frontier 
Point 

Expected 
Return I Standard I Sharpe Ratio Deviation 

Expected 
Return 

Standard 
Deviation 

Sharpe 
Ratio 
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