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+be order str~ctare of some B O ~ S  tanilurd miaber syst%rs 1s 

inrestiqated, especially IC order-properties a n d  c o n ~ e c . t i  ons 

between  =%zrtermul subsets srrch as i af iaitesf s a l s ,  iftf f a i  te 

numbers  asd g a l a x i e s *  

Standard f urc t ioa& are used' to  exhibit some s t t o c t n r e  of \ 
- - - - - - 

.ia&els of ( t u f f )  az i thsWc,  intruducing the c o n c e p t  af _sky  aad 

conste l lat ion.  Applicatioms to  intersect ion of models are uiren, 
., 

This al,so leads ' a s  to  ~Brracterizatioes af some well knoun 

ultrgf i l t e r s  o n '  L o  



7. 

& res p h k e n t s  &t aaas, E l i z a b e t h  e t  Itaymrmi tofft  



be p u b l i s h e d  d u r i ~ o  t h e  carrert veer i n  tbe Z e i t .  f u r  Loaik aod . 
4 ' -  - Gr~ad. der f f s t b .  f uualb f5k+ to e x p r e s s  +I silrcere ftrat i tode go * +- 

- - 
I- 

prai -  Hatcher. 

Spec ia l  t b i a k s  are  due  tm my p r e s e a t  r s u p e r v i s o r  dlan 

Belrler, u h a  accepted  t o  move a Xittle from his field of studies 
- -- ppppp 

-- - -  - -- -- 

t o  p r o v i d e  re f n r a l u a b l a  h e l p  is nonstandard t h e o r f .  1 mould 

a l s o  like to uck~ouledqe t b e  i n t e l l e c t u a l  a n d  persoenal  d e b t  1 

oue t o  prof .  Greg C h e r l f r .  

Sincere t b a ~ k s  t o  a t h e  p e o p l e  uho b e f p s d  me i n  t b e  

p r e p a r a t i o i  of t b t r  t h e s i s .  
- 



\ \ 

?be rigoroa~ troatmsot af iaf i n i t e s  f n s l s  has bees dewef oped 
t 

by Abraham ~tobiaaror i n  the 6 0 * 5 ,  Since tbea the theory has b e e r  

8s well a s  i n  other sciemtific tmterprfse.  

--- - 

b e l i e r e  i t  is i ~ t u r s r t i m q  am3 may be a s e f a l  to  Bate a p i c t u r e  of 
- -- -- --- -- 

- - - - - - -- - - -- -- - --- 

We have c o l l e c t e d  soma resrrlts s t a r t i a q  p r i n c i p a l l y  . u i t h  

Z i s k o a e s  paper  i r  1967,  as  wury l i t t le  was done earlier. We b a r e  

tried to  q i r e  a qood 8cconmt of what Bas been a c h i e + e d ,  hoverer 

a s e l e c t i o n  bas b e e n  made. f r  p a r t i c e l a s ,  topolopical  p r o p e r t i e s  

--of---* al-h t h i s  .is 

more to  t h e  l i m i t a t i o m s  o f  t h e  a u t h o r  than to  the l a c k  of 
L 

i m p o r t a n c e  of t b e  t o p i c .  

C h a p t e r  1 1 i n t r o d u c e  r o n s t a n d a r d  m o d e l s  of d i f f q r e n t  

aorber s ~ s t e m s  we s b a l l  b e  i n t e r e s t e d  i s ,  t h o s e  a r e  m a i n l y  t h e  

r e a l  numbers and the a. t a r 8 1  nambers. 

ID c h a p t e r  2 ,  re i n v e s t i g a t e  t h e  order s t r t s c t a r o  of m o d e l s .  

we answer  q o e s t i o n s  a b o u t  c o f f n a l i t i e s  a ~ d  c o i ~ i t f a l i t i e s  of 

certain e x t e r n a l  s o h s e t s ,  am& t r y  to  relate them by 

o r d e r - i s o m o r p h i s m  i f  p o s s i b l e  or by t h e i r  order s a t u r a t i o m .  

T h e  last c , h a p t e r  d 8 8 h  o n l y  uitb f u l l  aritbnetic. Pe will 



on 8 )  and u l t r a f i l t e r s  o t l l -  .' . 
Special notforrs r i l l  be . i e t r o d u c e d  and d e f i n e d  when 

rrecessary. Rorerer, t h e  a s s a l  &&el-thearetic and set-tbeoretkc 

concepts are assorod t o  be Laown- In particuiar, we assume 'the 

we brf ef 3 y recall the &sf iaabla  al trapauer coas troc t ion .  

50.6 goad f a t r a d o c t i o a s  t o  t h e  s u b j e c t  h a v e  b e e n  u r i t t e n ,  

r i i  
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We s b a l f  be f rrtemsted in some & i f  ferent n u m h r  s r s t e r s ; o n e  

is a seperstructure based os  t h e  real  n u m b e r s , c o n t a i s i n q  ' a l l  of 

u i t h  a l l  f a n c t i o a s  ' and r e l a t i o n s  on Y ; s i m i l a r l r  t h e  r a t i o n a l s  

a n d  t h e  r e a l s  w i t h  a functions. a n d .  r e l a t i o n s .  After 

i n t r o d u c i a q  t h e s e  mnber spstems,ue s b a l i  st.ue7 t h e i r  s t r u c t u r e  

quite i n d e p e n d e n t l y  i n  s o b s e q u e n t  c h a p t e r s .  

T h e  theor7 of i a f l a i t e s i 8 a l s  can be  a p p l i e d  t o  c e r t a i n  
J 

m a t h e m a t i c a l  t h a o r i  es s s c h  a s  real or c o m p l e x  

r a a l ~ s i s .  t o p o l a q ~ , e t c .  f r 'order to  do t b i s , w e  constract  a 

s u p e r s t r u c t u r e  t b a t  c o r t a i a s  a l l  m a t h e m a t i c a l  o b j e c t s  under  

s t u d 7  i n  t h e  a i v e n  theory. Y e  s h a l l  describe tbe p r o c e s s  

brief-lr.-- - - -- 

- - Ye s t a r t  w i t h  a set of i n d i r i d a a l s  ( % ~ ~ - s e t s - )  A r ~ l i c b  m a ~  

c o n t a i n  t h e  r e a l  a a m b e r s  or t b e  u n d e r l 7 i o q  p 0 i a . t  set of a 

P t o p o l o a i c a l  spaca,etc. T h e  s a p e r s t r u c t a r e  V ( A )  is thes  set: 
- - 



where 1 (0)=1 a n d  i ( n + l ) = P (  U' i  (i)) (where P i s  t h t  power s a t  
\=o - 

operation) . t o g e t h e r  w i t h  the n o t i o n s  of e q u a l 1  t v  "=* a n d  , "' 

- 
- 

membership uG* on e l e m e n t s  of V (a)  . 
t 

E l e a e n t s  of A(n) are said t o  b e  of sort  n, As n o t e d  df 3 
-u 

t h e  set elements of V ( A )  a s  e n t i t i e s . - -  

7 )  for each n , A ( n )  i s  in V (A) and irtcluded i n  V (A) , . 
I 

2 ) V ( h )  is  t r a n s i t i t e ; i f  7 i s  an e n t i t y  .and x i s  i a  y e t h e n  x 

in--% (a j  

4) i f  7 is an e n t i t y , P f y )  is an e n t i t 7  

'i 5 )  if x is a  finite s u b s e t  of V ( A ) ,  t h e n  

6 ) i f  x is  an e n t i t y o t h e n  s:= X I  

Briefly t h e  set t h e o r y  of e n t i t i  

x is a n  e n t i t y  

is a l s o  an e n t i t y  

es Is c o n t a i n e d  i n  

e n t i t i e s ,  If x and y are is? A ln) ,the ordered pair { f x , ~ ' f ,  { ~ f )  is - .  

i A 2 ; s i i r  for a-tuples. A set ofq such n - t u p l e s  - - 
- a t  r e l a t i o n * )  is  i a  1 f A )  if a l l  its t u p l e s  are of bounded $ 

9 

is in 
- -- 

and its ranqe E l *  ( r ) = ~ ( r - ' )  are i n  T (A) (f' = { t y e - x )  l i x . y ) i s  i n  r ] ) .  

H e  define r t x = f y t  l z . y )  I s  i n  r for  so#@ z f a  x) t b e  mr-$raue of 
- - 



- 

iS ealled a nod<tandard m o d e l  . o f  V / A )  i f  u is a n  elementary 

ex tens ion  o f  V ( A )  {as a, mul t i sorted  s t r u c t u r e ) .  I n  this 
C 

- 

s i t u a t i o n .  t h e n  for C i n  V ( A l .  me write QC for  i t s  

i n t e r p r e t a t i o n  i n  V [B), 

Eferents  o f  t h e  form *C for C i n  P f A f  are  c a l l e d  standard 
+ 

- 

- 
members of tt ( B )  , t h e i r  elements are'  c a l l e d  i n t e r n a l  elements of 

1 ? 8 )  ; in par t i cu lar  e l f a )  I s  standard and a l l  its elesents are  

i a t a r ~ a l , s o  a r e  a 1 1  c l e a e n t s  of v A :  8 t * ( n ) .  Other 
- #=€3 - - 

- 

elements of  V ( 0 )  are c a l l e d  external. T h e  d i s t ~ n c t i o n  is  . 
5 

important -as  we s h a l l  see because a l l  p r o p e r t i e s  of V(A) 

t r a n s f e r  on11 tc  internal elements of  V (E). 

4 

fcr an e n t i t y  I i n  V ( A ) ,  we have:  

This supers tructure  V [ A )  is r e a l l y  h u q e  a n d  ue s h a l l  

sometites o n l y  need some part of i t .  + 

c o n s i s t s  o f  A toqether w i t h  a l l  f u n c t i o n s  and r e l a t i o n s  on A .  B y  

- ( f u l l )  a r i t h r e t f c , b e  .Baa the elementary p a r t  of V (B) . Rote ' that  - 



- - - - - -- - -- 

arithmetic  has a l w a y s  u n c o u n t a b l y  many f u n c t i o n s  and relations. 
2 - 

S i . i l a r l y , u e  consider t h e  e l e m e n t a r y  p q r t  d f  v ' (Q)  a s  t h e  

ra t ios81  nuaber s y s t e m ~ a a d  t h e  e l e m e n t a r y  p a r t  cf V (R) as the 

real number 'systea.  ' 
,, . 



u o r k , u n l e s s  s p e c i f i e d . u i t b  models H e  s h a l l  V (*R) of 

V (3) ; b u t  a s  t h e  reader w i l l  n o t e , m o s t  of t h e  p r o p o s i t i o n s  c a r r y  

t o  t h e  e l e m e n t a r y  p a r t  of V ( R )  ,or V ( Q ) .  I n  f a c t , w e  u s u a l l v  o n l v  '. 
r e q u i r e  t h a t  t h e  base set is a ,  f i e l d .  

It is k n o u n ,  f Fit 1 , t h a t  t h e  o r d e r  t y p e  of t h e  n o n s t a n d a r d  
as 

n a t u r a l  n u m b e r s  G I  h a s  t b e  f o r m  u + ( f ; + w ) ~ , w h e r e  u is t h e  o r d e r  

tfpe uf the ~*tt+rai  a e e e r s  , &+s its fetsrse an& e 

is a dense o r d e r  t y p e .  Y e  s b a l l  i n r e s t i q a t e  f a r t h e r  v r o p e r t i e s  

of B , a n d  see t h a t  most of i ts o r d e r  p r o p e r t i e s  core d i r e c t l y  

fro. t h e  struct'ure of 3R. 

So ue s h a l l  b e  i h t e r g ~ t e d  m a i n l y  i n  the o n d e r l r i n q  s e t  *R 

' o f  a m o d e l  V ( * R ) .  l o r  t b i s  reason a n d  a l s o  b e c a u s e  ue w i l l  a f t e n  

d e a l  w i t h  .any m o d e l s  s i m u ~ t a n e o o s l ~ , u e  s h a l l  use the n o t a t i o n  

sRa,or j u s t  Ra,a an o r d i n a 1 , t o  d e n o t e  e i t h e r  t h e  u n d e r l y i n q  s e t  
- - - - - --- -- 

o f  a m o d e l  o r  t h e  whole s t r u c t u r e  based on that set. 
- - - - - - - - - - - 

%=- I n  this c h a p t e r , ' S m  means o r d e r - i s o m o r p h i s m .  . 



- - -  4 - 

We now give some s e t - t h e o r e t i c a l  d e f l a i t i d n s  a n d  n o t a t i o n s :  

1) L e t  h . 3  b & o b s e t r  of a n  ordered s e t  X . fie writ? A <  E 
k. 

t o  mean t h a t  ever,  e l e m e n t  of A Is les8' t b a n  e v e r y  e l e m e n t  of B e  

2 
R 4 

2)A i s  c o i n i t i a l  ( c o f i n a l )  i n  X i f  for a l l  x in X , t h e r e  i s  
\ 

an a in A u i t h  a*. ( acx ). A anAcX a r e  said to  b e  c o i n i t i a l  
p" 

f c o f i n a l )  ( u i t h  each other )  If I is c o i n f t i a f  f c o f i n a l j  i n  t a n d  

vice-versa. 

3 ) G i v e n  a set 1, I *  d e n o t e s  i ts  p o s i t i v e  elements,aad XI 

its p o s i t i v e  i n f i n i t e  elemtats ( w h e n e v e r  S t  makes s e n s e ) .  
- - 

Ye n o u  i n t r o d u c e  two u s e f u l  e q u i ~ a l e n c e  r e l a t i o n s  o n  C R .  

&)For x , ~  i n  *B,we write: 

1-1 i f f *  f x - j l < r  for some r in R+ 
I 

1'1 i f f  Ix-yl<r f o r  a l l  r i n  R+ - 

The relations-and = a r e  e q u i r a l e n c e  r e l a t i o n s  and 

r e s p e c t i v e l ~ .  b o t h  G x  pnd R x  are convex subsets of * R e  G o  i s  t b e  
' 1  

set o f  f i n i t e  H~perreals,ana no is t h e  set of i n f i n i t e s i m a l s ,  

Se d e f i n e  ( t o t a l )  order  r e l a t i p o n  ? o n  +R/Go by:  $ *- 
6.; 61 i f f  4 a d - is p o s i t i v e  i n f i n i t e  

t 

It is  e a s i l y  seea t h a t  t h e  order t l p e  of the p ~ s i t i t e  p a r t  

of + B / G o  coincides u i t h  0 ,  
- 

S i m i l a r l y  ue ma7 defiae am order  7 on W/Ro bv:- 
1 

- -  - - -- - 

E X ?  i f f  r c y  a n d  7-1 is posftlre ~ o t  i n f i n i t e s i m a l  
- -  - -  

w i t h  t h e s e  defiaitfoms i n  m i e d , w e  s b a l l  study i n  tbe n e x t  

s e c t i o n s  soee s e t - t h e o r e t i c a l  slmilarities,connections a n d  
. .  



- 
We write cof (X) ( c o i n  of I( ( c o i a i f i a l i t y  

. , 

of 1 ) .  ' ~ h g  first feu r e s a l t s  are folklore, aad t b e y  a l r e a d l  

appear I n  [ KS] . 

clear. Since Y a n d  R are cofinal, this is t r u ~  f o r  *B and* *R 

. a t f~ ich  inplies the second. Finally t h e  last one is  trivial bv the 

correspondence x c-> 1 / I ,  

2)Aqais  the f i r s t  equal it^ h o l d s  just by exanininq the o r d e b  

f :+Mi-+ *Rl as the i deatltf rappinq, 

tben t h e  range o f  f is c o i a i t i a l  i n  *Rim Also,the last e q u a l i t y  
I 

is clear by  XC->*I/X. - 1  

p ~ m s i t b g  L e t  A , B , C  be open intervals w i t h  endpoints in 

111  and % are order-iro.crpbic,A bar a f i r s t  sod l a s t  element 
rJ 

2 )  % and B are order-isonorphic,cof (8) =coin (0) =coin (8) 



- - 
t h e n  f is t h e  = u i r e h  f ' s o m o r p b i s e .  

2) Let B = ( G n , G m )  c, B.uhere s , m  qre i n  * m i .  Define: 

/u - 
~ h - .  f ' i b  . b . i ~  I ) . f  (no.) O n t o  (a8.) ~ f , * ) l l i  90 ' t h a t  f' - 

-r -i- 
- 

is t b e  r e q u i r e d  i s o m o r p h i s m .  T h e  l a s t  a s s e r t i o n  follows b y  - - 

t r a n s l a t i o n ,  I 

t * A- 

- 

3) EasJ 17 f o l f o u s  by- transfer p r l p c i p l e . s i n c e  R i b  - 

any f i n i t e  n u m b e r  o f  elements t, . t,, . . . .\ of its d o m a i n  D ( r )  , --. 
t h e r e  is a y i n  V f R )  'such t h a t  t i  ) i s  i n  r f o r  i = I , , , ,  .k. 

2)A n o n s t a n d a r d  model V ( * R )  of V ( R )  is c a l l e d  a n  u q g g m &  
3 - 

a i f  , for  'any c o n c u r r e n t  r e l a t i o n  r iin V (R) , t h e r e  is a 7 i n  v ( a ~ )  $ 

, ' f 

* 
** \. 4 

T h e  e x i s t e n c e  or e h l a r q n e n t s  f o l l o v s  i m m e d i a t e l y  i f  r~m 

c o m p a c t n e s s .  There a l s o  exist u l t r a p o u e r s  w h i c h  are e n l a r q m e n t s .  

It is clear t h a t  e l e m e n  t q r y  e x t e n s i o n  preserves tbe e n l a r q m e n t  . -  1 
Zt 
3 

p r o p e r t y .  E n l a r q m e n t s  are  f r e q u e n t l ~  used i n  ' a p p l i c a t i o n s ,  

Before t h e  aert result ,ue  d i s q r e s s  s l i q h t l y  and  recal l  t h e  a 

% 

i t e f i a a b l e  u l t r a p o w e r  c o n s t r e c t i o n  (reference is m a i n l y  / C  J ) . 3 
4 
4 
s G e n e r a l f y , c o n s i d e r  a s t r u c t u r e  A w i t h  a a e f i n a b l e  s u b s e t  I ' z4 . 
3 2  

, 4 
- -- - - 

11, and  let D be atr t11trafi)ter oa t h e  B a o l e a a  a l u e b r a  of s \ 8 
=zt 

T s 
A - d e f i n a b l e  s u b s e t s - o f  I; we le t  D e f  (la) be t h e  set  of d e f i n a b l e  $ 

Q 
functions f r o m  I t o  A. Ue o b t a i n  t h e  d e f i n a b l e  u l t r a p o v e r  . 3 "- - 



1 r 
- - - - -- -- -- --- - - -- - pp -- - - -- 

, b e f  (A ) / D  by f a 6 t o r i n q  t h e  e q u i r a l e n c e  r e l a t i o n :  

r Thos  to any f u n c t i o n  f i n  D e f  ( A  ) , t h e r e  2 6  a s s o c i a t e d  its 
d 

e q u i r ' a l e e c e  class f/D f a  t h e  d e f i n a b l e  u l t r a p o w e r .  To each a in 

/ 

'f t h i s  i n d o c e s  t h e  diapoasl embedd1.q-A :A--5  Dof (A )/D.uLich is 

e l e r e n  t a r y  i f  A possesses def ihablt?  S k o l e r  f u n c t i o n s .  
d 

Bere is a u e l l - l n o u n  fact as a f i r s t  application, - 

3_,4 P w ~ o s i t & o ~  Any model  8, hbs an e l e m e n t a r y  ( p r o p e r )  
3 

e l o n q a t i o n  R, ; we d e n o t e  t h i s  by ~ , ( f  e 3 XER, Y~GR, (x, y)  ) L 

n a m b e r s  of . Q .  S i n c o p  bas t h e  f i n i t e '  i n t e r s e c t i a n  ~ r ~ p e r t y , u e  

c a n  extend F t o  an  u l t r a f i l t e r  D on  d e f i n a b l e  subsets of ,&. 
P - 

4. Bow form R, :=f)ef (B, )/D. I t  is  clear t h a t  id/~,the : 

e q o i r a l e n c e  . class of  t h e  i d e n t i t y  mappinq w i t n e s s e s  t b e  
* 

3 would  l i k e  to  r e a a r k  t h a . t  - i n  t h e  case we carrv. t h e  w h o l e  

s n p e r s t r u c t u r e , u e  can e x t e n d  F to an i n t e r n a l  o l t r a f i f t e r  0 ,  and 
t 

t h e  c o n s t r u c t i o n  a b o v e  p r o v i d e s  a n ' e n d - e x t e n s i o n  n, of I,; _ 
-$t ion L e t  a b e  a n -  i n f i n i t e  r e q u l a r  c a r d i n a l .  Then 

t h e r e  is an enlargsest *R w i t h  cof (*R) = a .  

p s o o c : P i c k  an e n l a r q m e n t  R, . t h e n  b u i l d  a n  a-cbaia of e l e m e n t a r y  

e l o n g a t ' i o n s  - 1  6 

-- -- ----- 
B,b% a n y  n o n s t a n d a r d  mode1,thea there Is 

' l ) q S n t l ,  3 D*+ (m7n) ( h e n c e  % a n 6  R, are c o f i n a l )  



+ 
\ I n t e r s e c t i o n  p r o p e r t 7  a n d  t b a s  can b e  ' e x t e n d e d  to  an u l t r a f i l t e r  

-:By corollarf  1 , 5 , c b o o s e  R , w i t h  cof (R,) =a. Me-define b l  

transfinite i ~ ~ d u c t i o n  an p l e m e n t a r y  chain f R  I K C  b) of 

n o n s t a n d a r d  models a n d  a c o i n l t i a l  subset n b} of p o u e r  b 

s u c h  t h a t :  

/ T h e  c o u s t r u c t i o n  is as  followsm C b o o s t  a n y  n , c t i . S a p p o s e  t h a t  (R, 

3 l w,J ) an6 I n  1 hawe b e e n  d e f i n e d  s a t i s f q i n q  1 6 2,' vhsrercb .  f 

p r o p o s i t i o d  1 . 6  t o  get  $ ~ ~ ~ ~ . c o f i a a l  w i t h  e a c h  o t h e r . a * d  nfi.in E i  
1 

Finally p o t  *it= 4 . S i n c e  +H a n d  I, are c o f i n a l ,  
-1  -- 4 -- 

' , -coi (*B) = ~ o f  (R,) =a .am4 cois (*a&) = c o i n  (*I i)  = C O ~ B  ( ( n K l  u ~ h j )  =b. - I  

P r o p o s i t i o n  1.7 answers slerecal q u e s t i o n s  raised b v  Zakon 



a ~ c o u a t a b f e . t h e n  *If car o b r i o a s l y  n o t  b e  order-isomorphic with 

its monads Bx since cof i a a l i t i e s  do  n o t  m a t c h * .  

How i t  2s clear t b a t  i f  * a  i b  order-isoaorp&kc vitb ,lo, (or 

e q u i r a l e n t l y  any + Rrl. then cqf f * ~ ) ' = c o i n  (*It&) (or e q a i r a l e n t l ~  
- t 0 

cof ( 0 )  = c o i n  (0 )  (by 1 - 1  1 . l a m p [  6s 1 t h o a q h t  t h e  c o n r e r s e  t o  be 
- 

t r u e .  AIthough B e  q q r e  a proof u b i c b  remains t r u e  i n  tbe 

co~ntatle ' s i t u a t i o m  .an error1 Bas b e e n  f o a n d  for tbe oncoon t a b l e  

by U-Prod (A). 

F i r s t  r e c a l l  t h a t  $ means t h a t  is an e lemen-  

k e l o n g a t i o n  of RK . I n  t h i s  cuse.ve w r i t e  (4 .+) t o  d e n o t e  the 

Ue s p l i t  tee c o n s t r u c t i o n  in two s e p e r a t e  p u r t s . u p u a r d  and  
-- - - - - - - - - - - - - - - - -- -- -- - - -- 

1)- S t a r t  w i t h  a n y  n o n s t a a d a r d  sodel R, 

P 

w h a t e v e r  POP u a n t )  t o  produce an e X o n q a t i o r ,  8,s % makinq a l s o  '. 

see later t b a t  we cae fill qaps in a much ntcet uav) 

2 Rere a q a i n , ' ~  am v e r y  i n d e b t e d  to b o t h  Greq Cherlh and Alan 
8ekler - 

< 



-ward L e t  S,=Rm as  coastocted abore,aad I,=R*L L e t  U 

b e  aay n o a - p r i n c i p a l  a l t ra f ix ter  o n  1. 

a) Successor s t e p s :  

A t  
~f s p 8  p * ~ 6  1 are  ccmstrsctod. lort put  S ~ = P ~ + -  
l i a a l l y  j a s t .  p o t  *a:- -a,g+ LI ,we qet I= U 1. the i m f i a i t e  - 

..qc;)+ 
p o s i t i  re part of *El. 

construction; never fill qaps (1,B) of u m c o p ~ t a b l e  character (ie 

Kt 
c o o n t a b l a .  Homce for l i m i t  r c (a ) of onccmmtablo c o f i m a l i t y .  (1.4. 

1 b a q  character (b;sof ( r ) )  w h e t e  
.*I 

b S 2 .  (in f a c t  



Of co*rseo u s  h a v e  *R+= vC a n d  I=  B, 

BI t h e  c o r r e s p o e d e a c e  xc-b l / r  between Ho+ and I,we mar f u r t h e r  

assume that ue h a v e .  an i n v e r s e  o r d e r - i  s o m o r p h i s m :  \ 
y = r 7 

f :en+---> I 
L * 

Me s h a l l  deriwe a c o ~ t r a d i c t i o n , b u t  we need the f o l l o u i n a  lemma: 
yz m a  I R  t b f s  s i t u a t i o n  ie %f:*R+---> I an i n v e r s e  

cof (r)  =a and such t h a t :  

If we a s s u m e  t h e  lemma w i t h  a=bkue f i n d  a v with cof ( v ) = @ ~  
I=---- '/: % 

.and a n  inverse order-is~morphisn fr :$--- EI,, . Houever char(& - 

3 

'41t r e m a i n s  to provec tbe leema: 
- 
e 

f 

f l  4 f i z 4  be such t h a t  f ( A 3 S B r , .  . 3 



This completes t h e  c ~ m a t e r e x a m ~ l e .  

-:?or v b i c h  c a r d i n a l s  a d o e s , t b e r e  e x i s t  *B s n c b  t h a t  

. 
e v e r y  unc~oatable  r e q o l a r  c a r d i n a l s ,  T h e  proof' a b o v e  Gan b e  

modified to  show t h a t  if a is a r e q o l a r  u n c o u n t a b l e  c a r d i n a l  a n d  

t h e r e  is an ul tra f f f t er  O s u c h  t h a t  cof (0-Prod(Y)) f a; t h e n  

t h e r e  exists +R a s  above. I t  is c o n s i s t e n t  (see P r o p o s i t i s n  1 . 1 1  

b e l o w )  , t h a t  t h e  cosject.ore is trae, 

s i t u a t i o n  of B , c t %  

Lec.a Assume R,<c&. t h e n  t h e r e  is a n  e l e m e ~ t a r t  e x t e n s i o n  a, 

of  B , f i l l i n g  t h e  gap (B, .B,),asd such t h a t  B,and Rjare c o f i n a l .  

This allows t o  describe t h e  p o s s i b l e  c h a r a c t e r s  of t h e  q a p  

J -10 P r o ~ g s i t i q  For e v e r y  r e g u l a r  i n f i n i t e  c a r d i n a l  a , b :  t h e r e  

are m o d e l s  R,<<R,wi tB c h a r  (3, 83,) = fa .b)  

p r B f : S t a r t  w i t h  8 ,  of c o f i a a l i t ~  a (by 1 . 5 )  # a o v  form a n  

e l o n g a t i o n  R,C( R, (1 - 4 ) ;  f i s a l l y  i t e r a t e  1 . 9  b times, -4  

~ A h i s ~ ~ ~ L L e  t o  sy a t h =  

c a f i n a l i t v  o f  U - P r o d ( U )  for a npmf U on M. + 

i. 
Me r e c a l l  the d e f i n i t i o n  o f  a s c a l e  onb- . t h e  set of a l l  

tr 
f u n c t i o n s  from 1 to P, Ye f i r s t  d e f i l e  a partial  orderinu 4 o n  W 



*% 
t h e n  for  a l l  c a r d i n a l s  k (C r ) .a kAsca le  is  a set S = l f , l  act k) 

.such t h a t :  * 

l ) f , i  $ f o r  all I<& k 

2 ) for  e v e r y  q : Y - - > @ . t h e r e  e x i s t s  f ,  i n  S s u c h  t h a t  q<f, 

It is c lear  t h a t  for say apof  U on E, a &-scare i 3 t F t e r ~ i n e s  
- 

a cofinal sequence i~ U-Prod(B),so t h a t  its c o f i n a l i t y  i s  cof ( k )  

T h e  q u e s t i o n  i s  whether i t  i s  c o n s i s t e n t  t h a t  t h e  

c o f i n a l ' i t y  d e p e p d s  oa O m  M e  show t h a t  i t  ks c o n s i s t e n t  ( u i t h  
*** 

ZPG)  ,that -for a l l  regular u n c o u n t a b l e  c a r d i n a l s  a , b 5  1 . ther6 is  

an e l t r a f i l t e r  D SP* t h a t  cof(tJ-Prod(l))=b and the c o i n i t i a l i t y  -h t 

of the nonstandard part  is a.  The proof q i r e n  here comes from 
- - - - -- - -- - -- -- - - - -- - - - - - 

- -  ii 
- 

J ideas by A .  nekler; a d i f f e r e n t  proof a p p e a r s  i n  [CA 1 . b u t  t h e  - 

t h e o r e u  should b e  a t t r i  bated to f o l k l o r e .  
0 

4 
A 4 

F i r s t  ue note that it is s u f f i c i e n t  t o  sbov t h e r e  is a npuf  3 
- - t - z 

U ,  w i t h  c o f i a a l i t y  (of v - P r o d ( l ) )  e q a a l  to b. and a n v u f  U , u i t h  t9 
3- -e!.c d 2 

c o i a i t i a l i t y  (of t h e  n o n s t a N a r d  part)  e q u a l  to a ;  s i n c e  ue can . 3  
2 t 

form *)=I), -Prod (U , -Prod (l) ) , which is isomorphic t o  a ,  b a s i c  g - 

3 
c o i a i t i a l i  - - t y  - r e q u i r e m e n t .  - - 3 

d 
m g g  Let H l = Z ? C ,  a a n c o o a t a b l e  a n d  reqular i n  E , a n d  g 

a+k. C o n s i d e r  F=Pn  (kxu,u)  and G P - q e n e r i c  over rn T h e n  i n  

P 



*?  

groox: ~ e t  S = { b < k  l a ( b < k  ) . G I  t h e  r e s t r i c t i o n  of G to Sxw, Ga - 

t h e  r e s t r i c t i o n  of  G to  axw. Then ~ [ Q ] = I J [ G ' ] [ G ~ ] ;  hence w e  are 

reduced to  P = P n  (axu, w )  . Ga P I - q e a e r i c  over  HI G 1  I,apd cof (a)  
3 

a n c o o s t a b l e .  S o  i t  suff ices t o  p r o v e  t h e  proposition witb k = a ,  

r e g u l a r  u n c o u n t a b l e .  6 a  qires t h e  s e q u e n c e  { q, \ x c  a ). -- 

- - -  - 
Be work i n  B [ G ]  .and c o n s t r u c t  U a s  follows: - - 

M 
L e t  Ef, b e  any n o n p r i a c f p a l  u l t r a f i l t e r  i n  P(o). U, ,and i n .  

i 

fact  for alln,U, will n o t  need b e  i n  X [ G ,  1 .but t h e  i m p o r t a n t  - 

rnkl 
G i v e n  D,,an u l t r a f  iltes I n  P l u )  ,define: 

t 
Genericit? cf g,,olrer B [ q  s h o u s  t h a t  F:= U,u X u Y h a s  t h e  f, + 

- - - --------p 2 
J 

f i n i t e  i n t e r s e c t i a n  pro pert^. Hence e x t e n d  F to a n  u l t r a f i l t e r  U,,, 
3 

M L J  
in P (u) . i 

A t  limit s t a g e s . i f  Up .PC. I s  c o ~ s t r u c t e d ,  let  U: = U and 
M U  PU 

U, an u l t a f i l t e r  o n  P(w) e x t e n d i n g  0; . 
n3 

P i n a l l y ,  l e t  U =  [I, , $U, is an o l t r a f 2 l t e r  s iace a fs 
* K< L 

regular and  o n c o u n t a b l e .  So it suffices t o  sbov t h a t  { g , J r c  a 1 
f 
1 

Is c o i n i t i a f  i n  U-Prod fl)it If ffU is nonstarrdard,  then f is in 
4 

€ 1  f o r  sem&be&msea-is-t~e~arlssr umCoPPtabie una r is CCC] .  
* 
8 
si 

Batf2q;i-S 

T b e  r e a d e r  i n t e r e s t e d  i n  f o r t h e r  results on c o u n t a b l e  



I n  t h i s  section, ue i n v e s t i g a t e  properties of soae 

p a r t i c u l a r  r o d e l s  m o s t l y  r e la t ed  t o  7,  - s e t r .  T h e  results are  

' taken from ( H L )  . 

1 ) t e t  be a n  ord ina l .  An ordered set ( 1 , )  is  s a i d  t o  be 

,an ? , - se t  provided t h a t  w h e n e v e r  1 K B  are s u b s e t s  of X of power 

fess  t h a n  7 , .  t h e n  t h e r e  are x ,  , xz, xl i n  X such t h a t :  

-/- 07 a b a c k - a n d - f  r t h  aruQaent ,  Rausdorff  has s b o u n  tha t  an1 two 
t 

2csets of p o v e r  7, a r e  order-isomorphic.  Such s e t s  are  said t o  b e  

GB h a s  -an  i n t e r n a l  e x t e a s i o n  f 8 : * A - W B ,  where A d a d  0 a r e  a n t  

e lements  of V ( R )  (of t h e  salce t y p e ) .  

n 
i n  a n y  case A C - B  f o r  a o y  n in W and BIB C t h s t  is f o r  th'e  



If A has a l a s t  e l e m e n t  a a n d  0 has a first e l e m e n t  b, t h e n  

11 6 a < ( a + b )  / 2  < b B so t h a t  u e  f o u n d  a ' h e t u e e n W  element i n  t h a t  

case. 
> 

Suppose A h a s  n o  l a s t  e l e m e n t  b u t  6 h a s  a f i r s t  e l e m e n t  b .  

S i n c e  A h a s  c o u n t a b l e  c o f i n a l i t y ,  we can e x t r a c t  a n  i n c r e a s i n q  

s e q u e n c e  f :8- -7  A u b o s e  ranqe is  c o f i n a l  i n  A .  I f  we consider f 

a s  a f u n c t i o n  v i t b  c o d o m a i n  +R, we can a p i l y  s e q u e n t i a l  

c o m p r e h e n s i v e a e s s  t o  o b t a i n  a n  i n t e r n a l  e x t e n s i o n  fe:*i--?aR. 

Ye row def i f io  5 :  f n  t l l ~ k ; t ~ ( k c  n --)f ( k ) ( f e  (n)< b)). S 
1 

is internal (see i n t e r n a l  d e f i n i t i o n  p r i n c i p l e  i n  ~ t r o ~ a n [ ~ $ ) .  
'I. 

A l s o ,  c l e a r l y  S Z ~  B u t  I is  an e x t e r n a l  snbset of *N, h e n c e  

t h e r e  e x i s t s  a n  no i n  -"Pi u i t h  n $ S ; t h i s  i m p l i e s  t h a t  f '  ( k ) < f e  ( n , ) <  

b f o r  a l l  k i n  'N. S ~ n c e  t h e  r a n q e  of f i s  c o f i n a l  i n  A ,  u e  h a v e :  

A < f  ' (n,) CbSB - 

T h i s  is a q a i n  a Y b e t u e e n w  e l e m e n t .  

The case where 3 h a s  n o  f i r s t  e l e n e n t  while A has a l a s t  

e l e m e n t  i s  t r e a t e d  s i m i l a r l y .  

/ I f  A has no last e l e m e n t  and 0 h a s  no first, we d e f i n e  a 

cof i n a l  i n c r e a s i n g  sequence f : N - 4  1 and a c o i n i t i a l  d e c r e a s i n q  

s e q u e n c e  a:It--> B v i t h  respective i n t e r n a l  e x t e n c i o n s  f @ 

Ye d e f i n e  S as: 

m b e t ~ e e n *  e l e m e n t .  



C o n s i d e r  a n  incieasinq sequence f:U--> 3 R  w i t h  i n t e r n a l  e x t e n s i o n  

fg:*l-->cR. B y  a n  a r q u m e n t  s imilar  t o  the above, ue f i n d  a n,c*li 

w i t h  f g  (k)c f o  (n,) f o r  a l l  k i n  W ,  p r o v i n q  t h e  a s s e r t i o n .  - I  

B o w  s i n c e  a n y  d e n s e l y  o r d e r e d  se t  u i t h o u t  e n d p o i a t :  i s x ~  

- s a t u r a t e d  i f f  i t  is an 7 ,  -set, we deduce t b a t  t h e  o rder  

s t r u c t u r e  of a n y  s e q o e a t i a l l y  c o m p r e h e n s i v e  $3 is ?, - s a t u r a t e d .  

It is n o t  h a r d  t o  see t h a t  any u l t r a p o w e r  m o d e l  is  
/ 

comprehensive, hence s e q u e n t i a l l r  c o m p r e b e n s i v e ;  i n  f a c t  i t  i s  
- 

ubff  known t h a t  an, u l t r a p o u e r  is - s a t u r a t e d .  
-. 

L It f o l l o w s  from H a u s d o r f f g s  t h e o r e m  t h a t  t h e  o r d e r  

s t r n c t u r e  o f  t h e  h y p e r r e a l  l i n e  is d e t e r m i n e d  u p  t o  i s o m o r p h i s a  

i n  a n y  s e q u e n t i a l l y  c o m p r e h e n s i v e  m o d e l  o f  a n a l y s i s  3 R  o f  p o w e r  
I 

AssuminY! CH, t h i s  w i l l  be t h e  case f c r  a n y  b a s i c  u l t r a p o u e r  

m o d e l  =R=U-Prod ( E ) *  f o r  a n y  n o n p r i n c i p a l  u l t r a f i l t e r  0 o n  I. 
- 

F u r t h e r  ~ r d o s  e t  a l  h a v e  s h o w n  t h a t  f o r  a n ?  o r d i n a l  K , O ,  a n y  two 

r e a l  c l o s e d  fields u h o s e  o l d e r - s t r u c t u r e s  are ?,-sets of pouer?. 

a r e  i s o n o r p h i c  a s  o r d e r e d  f i e l d s .  I n  o u r  s i t u a t i o n ,  t h e  n e x t  
-. 

p r o p o s i t i o n  f o l ' l o w s  a l s o  from u n i q u e m e s s  of - s a t u r a t e 6  

s t r u c t u r e s ,  Ye t h u s  h a r e  t h e  f o l l o u i n q :  

a p r o ~ o s i t i ~ n  (CH) F o r  a n ,  . o n - p r i n c i p a l  ~ l t r a f i l t e r  U' o n  I .  

* R = O - P r o d ( B )  IS ~ n i q u e  up  to i s o m o r p h i s m  o f  o i d e r o d  f i e l d  

have seezt that 3%. %, a d  6 a r e  nr'e i n  

223 f r w t i o o  eR i s  an ?,set i f f  Eo (thus an7 R x )  is a n  7 ,  



jl& P r o E e s i t l o n  eR is a n  9,-set i f f  8 i s  a n  ,I,-set 
p f g g f : u e m t a k e  t h e  p o s i t i v e  p a r t  of = B / G o  a s  a t y p i c a l  set of  

order t y p e  8. I t  i s  s u f f i c i e n t  t o  show that  *El+ is an ?,-set i f f  

*R+/Go is a n  9,-set. 
t 

I t  i s  n o t  h a r d  t o  see t h a t  *R+/Go is a n  9,-set i f  eR* is; 

so we c o n c e n t r a t e  on the converse, 

Assame  *B+/Go i s  an ?K-set .  Consider tub subsets AcB of t 8+ 

of power less thaa ' . B e c a u s e  cof ( + a + )  = c o i n  (-"R+.) =cof (8)h $R 

It  r e 8 a Y n s  t o  f i n d  a * b e t w e e n w  e l e m e n t ,  we c o n s i d e r  t u o  

cases: 

? ) S u p p o s e  f i r s t  t h a t  0 - A : = { b - a I b E B  a n d  a e A )  c o n t a i n s  no 

some a i n  A ,  and d e f i n e :  

iL/ Ue n o w  j u i p  i n  +R+/60 by forminq: 

Clearly ue h a v e :  

t b , l s  shows t h a t  O<G*< G 6 .  B u t  +%+/Go is a n  14-set,  h e n c e  6 , ( G r  C G g  
4 

for some r .  Ue then have A < r / v c B ,  



2lsuppose bt-st is i~f inibs id?lm - a s  i n l a n d  +n, R .  A- 

<: 
7- 

P i c k  a nonzero positive i a f i a i t e s i n a l  i and define: 
d 

A - a  IaeA a n d  az,a8) \ 
b 

BB:=(b-a'+i /be0 a n d  bsb') 

Hence A' c Ro+ (tbis is uby  we added  i )  , BtSFlo+ and a l s o  0 ' - A ' =  

no+. F a r t h e r  1 A ' 1 S 1 A / <  5,. l B o I d l B l ~ ~ a n d  h e n c e  1 6 ' - A ' I  s I B t l  l A ' l < ? ~  
- . By p r o p o s i t i o n  I -1 ,  coin (Ho+) =cof (6)%,% by hypothesis, so ue 

c a l f i n &  j in lo+ u i t b  0'-Ae>j ( i e  b - a > i  for a l l  b i n  B* a n d  a 

i n  i t ) .  Pou to use +xi+/- ue d e f i n e :  

I t  is c l e a r  t h a t  %:, C since B9s?lo+. N O W  c o n s i d e r  a r A ' .  beB*; we 

have: 

l/ja - l / j b  = ( b - a ) / j b a  ) j / l b a  = l / b a  i s  i n f i n i t e  

a n d  the proof is c o m p l e t e .  - (  

S i n c e  Q is d e n s e  i n  R, ue qet fro8 2.5 : 

2+& &u&bu *Q is an ?,-set iff 0 is an ?@-set. - 1  



L e t  I d e n o t e  t h e  set o f ,  a l l  functions f : ~ - - - > l o  Ue s h a l l  be \ .  

i n t e r e s t e d  i n  Q El)= (3f ( f is i n  I ) .  t h e  set of a l l  s t a n d a r d  

f ~ n c t i o n s  for a m o a o m o r p b i a .  ). mote ybste@(?) =or. t h e  set  of 

i n t e r n a l  functions, p r o p e r l y  i n c l o d e s  $ i f  *n p r o p e r l y  

i n c l u d e s  Y ;  Ue f irst  i n r e s t i q a t e  the s t o c t u r e  of *H u s i n g  t h e  

o n  i n t e r s e c t i o n s  of s u b m o d e l s  of a q i r e a  mcdel  w i l l  be q i v e n  i n  

s e c t i o n  2. F i n a l l y .  i n  s e c t i o n  3 ue d e v e l o p  some c o m b i n a t o r i a l  

results a b o u t  u l t r a f i l t e r s  o n  I, \ 

4 

Ye d e n o t e  b l  t t h e  se t  of a l l  f u n c t i o n s  f:li--->W, b~ PO t h e  
- - - 

subset of ? c o n s i s  t i n q  of f i n i t e - t o - o n e  (hence u n b o m n d e d )  
-- ~ 

f u n c t i o n s ,  and b y  t 1  t h e  c lass  of f u n c t i o n s  w h i c h  are  b o t h  

f 1 n i t e - t o - o n e  and  m o n o t o n i c  ( e q u i r a l e n t l y  m o n o t  n i c  u n b o a a d e d )  . . 
I 9 - 

ue begin w i t h  sore d e f i n i t i o a s  , recal l  t h a t - * l i = + P \ Y .  



1 .t d e f i n i t i o n s  ( P v r i t z  f PC1 1) 

1 ) Y e  d e f i n e  t h e  exact ranqa of an i n f i n i t e  nomber a by: 

er(a) :=(*f_(a) If is in F)n 3 9 5  

2)Por a ,  b i n  * P i ,  we write a 7 b [b is accessible fro. a), i f  

*f (a);rb f o r  some f i n  I. If not a 7 b. we write w b  (fe gf (a )<  b 

for a l l  f i n  ?;aOb d e n o t e s  a b and b 7 a 

?or a i n  C O i ,  l e t  - - -  st (a) q - f x  f n *Miboa) , c a l l e d  t b e  s k r _ o L a ,  - -=--- 

3) ue def ine  a-+ b if *f (a )=b  f o r  some f i n  ?, and a c--b b i f  both 

a--?b and b-->a, a and b a r e  s a i d  t o  b e  l inked.  

P a t  con(a):={.b i n  W i t  a<--+ b ) ,  called t h e  c o a s t e l l a t i o n  of a. 

I n  t h e  s e q u e l  we write f f o r  *f;it  v i 3 1  be c l e a r  from t h e  

context  w h e t h e r  we 8eaa f o r  *f. / 

' p t o o g : R e f l e x i v i t ~  and s y m m e t r l  a r e  obvious. Suppose aob and b O c ,  

c o n s t r u c t  i f  aha q 1  i n  I1 dominatinq f  a n d  q f o r  all n. Hence we 

I )  -->is r e f l e x i v e  a s d  t r a n s i t i v e  % 

- -- -- - 

I )  a--> b i f f  ex ( a l 2 e r  ( ) ( s o  a<--> b i f f  er  (a)  =er (b)) 
- - - -- 4 -- 

3) a<--) b i f f  f ( a )  =b forborne 1-1 f u n c t i o n  f 

4)  is a n  equiialence r e l a t i o n  

~ s o o ~ : h 1 1  is obr ious  except  maybe first i a p l i c a t i o n  of 3) .  So 



w - a C - l , ~ - & -  - q(-.f, - q. L e t  S {a i=& - 
I f  gpf  ( a ) = n  1. Then a is in *S a n d  f is 1I1 on S. we may assume 

SZS1 u 52 are a l l  i n f i n i t e ,  St n ~ 2 = & ~  and - a is i n  * S t .  J u s t  

r e d e f i n e  f on & h S 1  so t h a t  f is 1-1 e v e r p h e r e .  - 1  

f (a) is i n f i a f t e  for all i n f i n i t e  s o m b e r  a i f f  f is f a  

prooft let  f b e  f i n i t e - t o - o n e ,  a be i n f i n i t e  and a be i n  U; ut? 

want to show t h a t  f (a)  is i a f  i a i t e  ie f (a)) n or e q o i v a l e a t l l  a e 

(k f n  +r 1 f (&)>a) . S i n c e  f is i a  ?O,2 m(k3m i m p l i e s  f (kj> a) is 

C o n v e r s e l y ,  suppose f i s  not f i n i t e - t o - o n e ,  ie c o n s t a n t  on some 

i n f  i ~ i t e  set 5 5 @ ;say f (S)  = n .  Ye h a v e  ~k (keS i n p l i e s  f ( k )  =n)  . - 

Since S i s  i n f i n i t e ,  45-conta iss  an infinite number a and  h e n c e  - 

\ -  

~ ~ : A s s u m e  f is f i n i t e - t o - o n e ,  we need  o n l y  show f {at ? a. 
D e f i n e  f1 a s  follo~usEl: 

for all n B ,  f1 (n)=larcyest for which f ( m ) + n  *. 

! 

fl is well defined since f r P O .  Roreorer f l - f ( a ) 3  a for  all n .  

Hence f 1 f ( a p  a a n d  f (a)  7 a. 

Coarersely, i f  f i s  n o t  f i n i t e - t o - o n e , ,  then  b r  1 4  p i c k  a 
L 

I&%a*-uM+++hrkt=, * c l m 1  f (*a. - 4 

2Llo c o t t l r t a b l e  set i s  e i t h e x  c ~ i a i t i a l  or c~f inal  i l r  s k b )  



; s k  ( a ) .  U e  . hare  t o  show t h a t  q i r e n  b i n  sk (a) .  t b e r e  are f 1 ,  01 
'* 

7 - 

i a  Il w i t h  f l ( a ) k b 5 c ~ l ( a ) .  S f a c e  s /7b, q ( a ) > b  for  soma a i n  I. 

I t  is easy t o  construct  ql i n  F1 t h a t  ctominates q  f o r  a l l  n ,  

hence q l  (a )3b .  O n  t h e  o t h e r  s i d e ,  b 7 a ,  so let f (b)> a and 

% assuae f is a l r e a d y  cboses from I?. Define f1 i n  PI as f o l l o u s ,  

r Lied of inverse ef f :  

?or a l l  n i n  ,It, f l  (&) :=smal les t  w i t h  f (m)?n - *. 

Then f l c F 1 ,  and f I (a) is t h e  * s m a l l e s t  b *  w i t h  f (b*)?  a;hence 

f 1 (a)$ L - -  - - - -  - - - - - - - - - - - - - - - - - - --- 

2 )  L e t  S be a coun tab le  subset of  s k  (a) and suppose S h a s  a 
f 

- sabset S I = { a ( n ) l  n tP) u i t h  a(0)2a(1)7a(2)7. . .  ( i f  no soch set  

e x i s t s ,  S i s  o b r i o u s l  \ not  c o i a l t i a l  i n  s k ( a ) ) L e t  qeF-1 s u c h  t h a t  - 
qJa(a) )+a  n=O, 1 ,  2 ,  ... and  d e f i n e  f i n  P I  as follous: 

in I ) ;  then since f(a4m))'lr (a(m))>a, we have f l ( a ) < a ( ; )  f o r  a 1 1  R 
8 .  f l ( a )  i s  i n  sk(a)  by 1.5, so S is not c o i e i t i a l  in s k ( a ) .  The 

r e s t  of the proof is s t r a i q h t f o r u a r d ,  - /  

&emma L e t  a be  i n f i n i t e  and A h s k ( a )  be a bopaded s u b s e t ' o f  

s k  (a) (ie xc A C T  for some x ,  r i n  s k ( a ) . )  Then there is a f u n c t i o n  

f i n  F1 a n d  boa such t h a t  f  {A)=gb) 

5emaa:By' p r o p o s i t i 0 ~ - 1 ~ 6 . .  any c o u n t a b l e  s u b s e t  of aey s f  y is , - - -- - - - --- - - -- -- 

bounded f 

- - - - - - - - - - - - 

-:Since A is boaaded i n  sk(a) ;  we ;an f i n d  f ,  q i n  I1 such 

t h a t  g (a)  ( A ( f (a)  Eesce q (a) OaOf ( a )  and  t h e r i e  is a n  r i n  P I ,  
- 



o h i c b  ue can s s s a a e  s t r i c t l y  f a c r e a s i n q  soch that r - q ( a f b f  ( a ) .  
- - - - - - - - -- - 

Bou d e f i e e * k ( 1 ) = 0 ,  k ( t ) = r ( k ( l ) ) ,  k ( 3 ) = r ( k ( Z ) ) ,  ... ; w e  h a r e  k ( 1 ) <  

LC31 <k(3)< ..'. L e t  R be  t h e  l a rues t  i n t e g e r  of *P such t h a t  k ( m ) s  
..1 

s(a) .  t h e n  k ( m + l ) ) q &  anP - 
I 

so ue d e f i n e :  

0 .  

and , in e i t h e r  case, 15 [k (a) . k ( . + I )  -4 =D (1) for  some 1. Idr re 
7 

c o n s t a n t .  Note t h a t  f i s  i n  ?I  so t h a t  f ( a ( n ) ) O a ( n )  b v  1.5. T b i s  

c o m p l e t e s  the p r o o f  - 1 

A n e g a t i v e  i n s t a n c e  of tbe above is w i t h  a m o d e l  *I , 

e q u i p p e d  w i t h  a h i q h e s t  sky s k ( a )  a n d  A =  a, , which is 

orrboueded i n  sk (a) . If a standard f umctioa is c o n s t a n t  o n  A ,  

. contains Skolem- func t ions  for a l l  f o r m u l a s ,  e v e r y  subfiodel  is an 

e l e m e a t e r y  s u b m o d e l .  Thus i f  a H e  t h e  set: 

is t h e  u n i v e r s e  of a n  e l e a e n t a r y  s u b m o d e l  o f  a. Such s a b m o d e l s ,  
f 

generated by a s i rqle  element will b e  ca l l ed  p r i n c i p a l .  I n  f a c t ,  

we s h a l l  see now t h a t  f o r  - a  i n f i n i t e  i n  A ,  t h i s  p r i n c i p a l  m o W  

is i s o m o r p 4 p i c  t o  a b a s i c  u l t r a p o w e r  Ua-Prod(B)  f o r  a s o i t a b l e  
-pp - - -- - 

m o m - p r i n c i p a l  u l t r a f i l t e r  (npaf  frum n o u  on) U a  



r I Lfi Let I) b e  a n y  ~ o ' n s t h n d b r d ' m o d ~ l  of ar i thmet ic  a n d  - .. 

a In O b e  i n f i n i t e .  P u t  u ~ = { - s  P f  a *S} .  Then Ua is a npaf .and 
N 

l u er (a)  = Da-Prod  ( l l )  

proof:It is s t r a i g b t f o r u a r d  t o  cbeck t h a t  Ua is a apuf o n  1 .  For 

example Ua is  n o n - p r i n c i p a l ,  for let S ( n ) = { n + l ,  n+2, . t h e n  

low we define: 

-j:Ua-Prod (I) ---> D u er  (a )  

1 is well - d e f i n e d  and 1  -$ for: 



By p r o p o s i t i o n  1.8, a model s e n e r a t e d  b~ a s i n q l e  element 

is j u s t  a basic  u l t r a p o u e r .  Remember t h a t  a s s a n i n g  CR, a l l  bas ic  

. altrapowers are i s o m o r p h i c  w i t h  8= 7 )  . 
,--' 

A m o d e l  311 q e n e r a t e d  by a s i n q l e  e l e m e n t  a of a qi'rem 

tronstanclard r o d e 3  I u l l f  be  d e m o t e d  by # ( a ) ,  B e c a l l  t h a t :  

Prom nou  o n ,  me f i x  a r o e s t a n d a r d  m a d e l  of arithmetic I. 
I 

Y(a) a n d  I l (b)  are c o f i a a l  i f f  aob 

erPPf:Suppose t h a t  i (a)  a n d  >U(b) are c o f i a a l ,  t h e n  tbere is  a c 

i n  i ( a )  w i t h  c*b;  b a t  c=f  fa)  f o r  som'e f i n  ? and hence d b. - P 
S i m i l a r l y  b 7 a 6b aObr . . 

Conversely, s u p p o s e  a o b  and c o n s i d e r  c=f (a) i n  R (a)  , U e  
- 

- -  - - -- - - - - - - - - - - - - -- - - - - 

search f o r  d i n  M(b) w i t h  d l c .  C o n s t r u c t  f l  m o n o t o a i c  d o m f n a t i r r q  

f for  all a.  Since b 7 a, p(b )>a  for some 4 and h e n c e  
C 

f l  -q (b)%f'l (a)a;.f (a)  =c 

b a t  f l  -q ( b ) f  ll ( b )  , heace U (b) is cof ina l  i n  I (a). S i m i l a r l y ,  I (a)  

is c o f i n a l  i n  li (b) and t h e  proof is'carpfete, - f  

P U i t h  the basic u l t r a p o u e r  p i c t u r e  a t  h a n d ,  t b e  last 

p r o p o s i t i o n  i s  q u i t e  natoral since f c r  e v e r 7  p r i n c i p a l  m o d e l  

i ~ x J ,  x corres~oedrs t c ~ i b % ~ n t 4 ~ - P q W ~ )  

seen, i n  t h e  h i g h e s t  s k y ,  - - -- 

Bere is  another c h a r a c t e r i z a t i o n  &f coff na l i t v :  

2t2 P I ~ O D O ~ ~  (Elass [Bq 7 ) Let crl  and it?, t b e a :  
* 



Il (c) and B (f ( c )  ) a r e  c o f i  a a l  i f f  there is a set ScR s u c b  t h a t  c~ 
v- - - - - - - - - - - - - - - -- 

*S a'nd f f S  is f i n i t e - t o - o n e .  

F u r t h e r  i f  tbese equivalent c o n d i t i o n s  h o l d ,  t h e r e ' .  e x i s t s  f *&PO 

w i t h  f (c )=f '  (c) 

proo_f:Sappose f i r s t  t h a t  w e  h a v e  a se t  S S Y  u i t h  fjS 

f i n i t e - t o - o n e  a n d  c @ S .  D e f i n e  f * in ?0 as  follows: 

Since b n f n e 5 - 3 f ( n ) = f e ( n ) )  is t r u e  i n  N, it is t r u e i n n ,  s o  

f (c) = f *  (c)  and  t h i s  proves t h e  last a s s e r t i o n .  B u t  n o u  cOf ( c )  

C o n v e r s e l y ,  s u p p o s e  I (c) 

an\ 
R ( f  (c)) a r e  c o f  i a a l .  T h e n  

Il (f ( c ) )  h a s  a n  e l e m e n t ,  sav h -f (c) w i t h  h - f  (c)> C .  P u t  S =  {nln r ha 
- 

f ( n ) )  , . t h e n  c&. Also for-n in S and a in I a r b i t r a r y .  f (.)=,a 
.tQ" 

- 7  ( s o  t h a t  f t5  t a k e s  t b e  v a l u e  a% most h (8) +I tiies: 

which c o m t e s  the proof. -1  

cOf (c) i f f  there is a set  S II such t h a t  c @ S  a n d  f t5 is 

f i n i t e - t o - o n e .  - 1  

P r o ~ o s i t i o n  L e t  { B i  i e I) be s u b m o d e l s  of a q i r e n  rode1 

E, S p p p o s e  there a re  i n f i n i t e  a o b  i n  0 such t h a t  3 Y ;  n t a ,  4 #0 

for a l l ; .  

Then n GB; is nons tasdard;  in f a c t  (? ; c o n t a i n s  a 
I I 

p r i n c i p a l  model. - - ---- 

-:Let qc*h[a, . By lemma 1.7,  there is a n  f in ? such that 
- -- - 

f (a.) =f ( a )  Oa f o r  a l l  i,j t I. If we let c=f ( a ) ,  t h e n :  
J 



The corollary appears i n  Blass [ B l  1 , but ue rep lace  t h e  

c o u n t a b i l i t y  o f  I. In f a c t  , if I is  c o u n t a b l e ,  c o n d i t i o n  1 

i m p l i e s  c o n d i t i o n  2. 

Zt5 c o r n l u  L e t  {*a; ( i t I) be  p a i r v i s e  c o f i n a l  s u b m o d e l s  of 

B and  s u p p o s e  t h a t :  .I 

I 

? f a t  f eas t  one of *t, t h e n c e  a l l  *ti) h a s  a h i q h e s t  s k y ,  sk ( c )  

2) there are  aob i n  sk ( c )  S P C ~  t h a t  $11; c\[ a,  b 1 #b for all i ,  

p r i n c i p a f  r o d e 1  cofinal w i t h  each $1; a 

F u r t h e r  i f  I i s  c o u n t a b l e ,  u e  may d r o p  c o n d i t i o n  2 ) .  
F 

s o o f : T h e  proof is s t r a i q b t f o r u a r d  by 2.4. I f  I i s  c o o n t a b l e ,  

then b~ 1 . 6  c o n d i t i o n  22 is a l u a y s  satisfied. - 1  

T h e  next f e ~ s a  is  aaa lopous  to  Corclfarr 1.3, t h e  proof is 
- - - - - - - - - - - - - - - - - - - - 

left as an exercise. 

2.8 @8ma L e t  ctR and fe?, t h e n :  

f (c) <-->c i f f  t h e r e  is a set  Skif  v i t h  c d S  a e d  f rS i s  o n e - o n e  - . I  

O f  c o u r s e ,  a<--) b i f f  Ii (a )  =l (b) . 
Ye c o n c l u d e  t h i s  sectioa u i t b  a proposition on d e s c e n d i n q  

c h a i n s  of p r i n c i p a l  r o d e l s ,  d ~ e  t o  C h e r l i a  a n d  ~ i r s c h f d d  ~ c R  J 

2,7 Pronesf t ioa S u p p o s e  1 Ia,)3r ( a ,  f3B (a. ) 7. -.. is a s t r i c t l y  

d e s c e n d i n q  c h a i n  uhere 411 a; are m a ;  ther-thern-i-snn- 

i n f i n i t e  b w i t h  -- 

=@:we first n o t t  t h a t  ue r a y  assume ak:aplfot. a l l  ; . I n d e e d ,  



s i n c e  f.,(a, ) = s f  or some f; . p u t :  

k;(x) : = e i n f y t f , f ~ ) = x ) ,  and 0 o t h e r w i s e .  

t h e n  k , ( x )  <--\x (use f e ~ a a  2 . 6  w i t h  S=f . , {E])  w h e n e v e r  •’.(r)=x f o r  

some 7 ;  h e n c e  I (k ; fa -J  ) =ll  (a,,) a n d  k ; ( 4 , , ) < 4 ;  s o  i u s t  r e p l a c e  q,, b y  

an:=f - f  o f -  * * *  f 
I 

i f n n-. b L  % 
4 

so t h a t  q (a,)=?+,, a n d  d e f i n e  
n, 

l i e  ue look a t  the  seqnenca i%lxll and take t h e  l a s t  e l e m e n t  up  

to u h ~ r e  the seQuence decreases o r  a t  t h e  last t h a t  i s  still 

b i q g e r  t h a n  i t s  index) 

T h e n  h la,) is i n f i n i t ? ,  for q fa,), a f o r  all neW a n d  jqn(a.)]  
h 

is d e c r e a s i n g  b y  a s s u m p t i o n .  So l e t  h ( a , ) = b .  Ve show t h a t  be 
0 

F i x  j and 2efine: 

h * f x )  : = a i r ,  (o ',(x) l q',(x)Wn a n d  ecksn q',(x)\q* ( x )  ) 
t 

S i n c e  t h e  t o l l o v i n q  i s  t r u e  i n  N :  

( ~ = Q - ( x )  a n 6  q . ( r ) > j  a n c  xy~,(x) a n d  ..a a n d  Q ( X ) ) U  f x )  ---) 
3 J J d*' 

I 

* a n d  t h e  l e f t  s i d e  is  true i n  U for a , we hare :  

. - b = h  (a ,  ) = h  (ul(a, ) ) = h *  (a, ) I (aj ) ; t h i s  completes t h e   roof. 

- I 



Ye know t h a t  an7 basic u l t r a p o w e r  U-Prod(N) h a s  a h i q h e s t  
k- 

s k y ,  the sky of  the i d e n t i t y  ~ a p p i n q  i d .  

R o u e r e r ,  t h e  number of skies may d e p e n d  on U. F u r t h e r  we 

may  ask a b o u t  t h e  structure of a c o n s t e l l a t i o n  inside a s k y .  I n  

f a c t ,  this q f v e s  u s  s o r e  c h a r a c t e r i z a t i o n  of u l t r a f i l t e r s .  T h e  

r e s u l t s  a r e  fro. Puri tz  [PC1 1 a n d  [ P C 2  1 . 
8 

&fiilifi= 

L e t  be any apftf oa 3 ,  .a&& a ,  C S S r  carhiaal  nrrsbers 

(possitly finite). Let P be a p a r t i t i o n  of u into c o u a t a b l r  m a n y  

d i s j o i n t  sets D,, h t  bi, some o f  w h i c h  may b e  empty. 

U is s a i d  t o  b e  b-sparse  w i t h  r e s p e c t  t o  P i f  t h e r e  is a 

set S i n  U such that )SOD,)C~ f o r  a l l  w . '  U is said t o  b e  

ab-sparse if for ewer7 p a r t i t i o n  P s a t i s f y i n g  ID,lca for a l -1% 

e i t b e r  D,tU f o r  some* o r  U is b-sparse w i t h  respect t o  P I  

Ye d e n o t e  S f a t )  t h e  s e t  of a l l  ab-sparse n p u f  o n  M e  

Eef initfon 

A n p u f  U on # i s  c a l f  ed b - s t a b l e ,  or  a  P - p o i n t .  i f  every 

f u n c t i o n  on Y is f i n i t e - t o - o n e  o r  constant on soue set  i n  U. 

2 - m  Let D b e  a n p u f  o n  R ,  T F A E :  

l ) U  is 5 - s t a b l e  

21 U is ,"i. j;, -sparse 

3) = R = C - P r c d ( R )  h a s  only o n e  sky 

2roof:I)--7 2 ) G i r e n  a p a r t i t i o n  P = { D , )  of  Y ,  c o n s i d e r  the 

f u a c t i o n  f f a )  = m  f o r  all neD,, m=O, I .  2 ,  ... T h e n  f i s  c o n s t a n t  



s 
on sore  set i n  U means t h a t  Dwell f o r  s o a e  I, a n / f i n i t € - t o - o n e  on 

some set S i n  U means t h a t  I S n D , I < : , f a r - a l l  m. Hence U is $15-  .. 

2 ) - - 7  3 ) c w  h a s  o n l y  one s k y  means t h a t  a 7 i d  for  everr i n f i n i t e  

a,  For each seN, l e t  D,:={n (a,=.) and p u t  P a = f D , ] .  Pa is a 
, 

part i t ion  o f  Z. I f  DeU f o r  same a,  t h e a  a i s  f i n i t e ,  O t h e r w i s e  

there  must te a set S U s u c h  t h a t  S m D , i s  f i n i t e  f o r  a l l  m e  

D e f i n e  : 

f ( B )  :=larqest n u m b e r  i n  snkik fP, and 1 otherwise.  

3 - - 7  L e t  f be a n 7  f u n c t i o n  on B e  If f / U  is finite, t h e n  f is 

constant on s o a e  U-set. I f  f / U  i s  i n f i n i t e ,  then u s i n o  3 ) ,  

4 ff /U)T/id for  so'me q , i n  F. Hence S = { n l  q- f ( n )  n) e U and f i s  

f i n i t e - t o - o n e  on 5 ,  - 1  

A n p u f  U on k is called r a r e ,  or a G - p o i n t ,  i f  every  

f i n i t e - t o - o n e  funct ion  on I i s  o n e - t o - o n e  o n  SOBE set  i n  U. 

p t o ~ o s i t i o n  Let 0 b e  a n p u f  o n  Y ,  TFAE:  

1 ) U  is rare 

3 ) T k e  h i q h k s t  s k y  of * l = U - P r o d ( l l )  is a sinqle c o n s t e l l a t i o n  
4 - tTPo.f:l)--7 2 )  L e t  P = { D ,  ] be a partition of W w i t b  D f i n i t e  for  

f ( a )  = m  f o r  a l l  neD, 
-- 

then f i s  f i n i t e - t o - o n e ' ,  h e n c e  o n e - t o - o n e  o n  some set S i n  U ;  

h e n c e 1 5 . C i C 2 f o r a i l m i n I .  



d 
2)--7 3 ) L e t  arsk ( i d )  and c o n s i d e r  a g a i n ,  f o r  each men, D,:={nJ a, 

= m ) .  S i n c e  f ( a ) % i d  f o r  some f i n  F ie S : = f n l  f ( a ,  ) %  n ) i ~  t h e n  
1 

D:=Snki s  f i n i t e  f o r  all B D  1f'we p a r t i t i o n  N L S  i n t o  s i n q l e t o n s ,  

u e  qet a p a r t i t i o n :  
9 L 

Pt:={D<)b { s i n q l e t o n s  o f  n\SJ 

which c o n s i s t s  o f  f i n i t e  se ts  o n l y *  

A s s u m i n g  2 ) .  therd is a U-set S '  which m e e t s s - . e v e r y  set i n  
/' 

P '  i n  a t  most one p o i n t .  L e t  SH:=S'nS and  define f1 i n  F by: 

f l  ( n )  : = t h e  aaaber  i n  S *  hD' i f  n o n e m p t ~ .  1 o t h e r w i s e  . 
t h e n  f o r  all n in S o .  (and for U-almost all n )  •’1 ( a , ) = n ,  so t h a t  

f1 ( a ) = i d .  B u t  a t e r  ( i d ) ,  so a<-& i d  f o r  a l l  a c s k ( i d ) .  

3) - * I )  C o n s i d e r  a f i n i t e - t o - o n e  f u n c t i o n  a ( n )  . a n d  form DM:= {n f 

a f n )  =m) . D e f i n e :  

91 t h e n  f (a)> i d  s o  a o i d .  By ass * o t i o h  q ( & ) = i d  fo r  soae a. flence 

{ n j q - a ( n ) = n f t f J ,  hence a is o n e -  o - o n e  o n  some U-set. - 1  

Ihz.thum 
I J 

/ 
I n p u f  U o n  N is c o i j s d  selective. m i n i m a l .  Ramsel or  

/ A absolute, i f  e v e r y  f u n c t i o n  o n  N is o n e - t o - o n e  or c o n s t a n t  o n  

some U-set.  

PtovosLtion L e t  U b e  a n y  n p u f  on Y ;  TFAE: 

1 )  U is select ive 

P 
3 )  G R i = U - P r o d  ( Y )  i i s  a sirrule c o n s t e l l a t i o n  

p r o o ~ : f o l l o u s  from 3.2 3.3 since s ( + ; ~ ) = s ( ~ , T , )  s ( T 2 )  - 1  



t\ t h e r e  -1s a U-set u h o s e  n -  e l e m e n t  is>, f ( n )  

3.5 ErQnosit iog Let U b e  a n y  n p n f  on #, TFAE: 

- l)U is r a p i d  

2) c o n  ( i d )  i s  ' c o i n i t i a l  i n  s k  ( i d )  

p r o o c : l ) - - >  2)  S u p p o s e  U is r a p i d .  C o n s i d e r  a/U i n  s k  ( i d )  a n d  f 

s u c h  t h a t  f ( & ) > i d ,  ie S:= f n  I f - a  ( n ) l n ) €  U. 8.1 a s s u m p t i o n  there is 

a U - s e t  t=(t ,  , t, , t,, ... ) s u c h  t h a t  t,,w f ( n )  *for all n. H e n c e  

f o r  a l l  n  i n  s: 

Since t ,  a s  a f u n c t i o  o n  R ,  i s  1-1 i n c r e a s i n g ,  we na7 d e f i n e :  
I 

F' ( B )  =n w h e r e  n is d e t e r m i n e d  by t (a )cm<t  ( n + l )  
-\ - 1 

then bn 2 - t  (n) =n, a n d - t  is m o n o t o n i c .  H e n c e  a (nh t ( n )  f o r  all n 
-I 

i n  S so t h a t  a / ~ > t / u .  
% 

B u t  f o r  a l l  n i n  t n S ,  n = t K f o r  some k a n d  : 
4 -\ 

- 

-I 

t - t ( n ) = t - t . t ( k ) = t ( k ) = n  ie  t ( t / ~ ) = i d ;  h e n c e  t d - 3  i d .  

. 2 )  - 7  C o n s i d e r  a n y  f i n  ?. I t  is  easy t o  ma jorize f b y  a 1-1 

s t r i c t l y  i n c r e a s i n g  f u n c t i o n  h .  Ue s h o u  1) holds f o r  h ,  h e n c e  

f o r  f .  
- \ 

First d e f i a e  h  as f o l l ous i  

h' { n )  :=m d e t e r m i n e d  by h (B)S n < h  (.+I), 0' for n 4 h  ( 0 )  
4 

Clear17 h O i d o h =  0 7  h y p o t h e s i s ,  t h e r e  are f u n c t i o n s  q and k with 
- t  

4 t h  , ie S:=fr t t  e f a t d i '  f n t ) t G :  ant Zz=(nf t -q*)=hm- ' ~ e t - - - -  

t h a t  r,>h ( n )  f o r  a l l  n, - I  



T h e  existence of t h e  previous n p u f  _is - proved - - - -  u s i n q  CH. 

Farther S. Shelah prored the existence o f  P - p o i n t s  i s  

independent of ZFC. 

I would l i k e  t o  s u ~ a a r i z e  soae pcssible s tructure  of t h e  - 'b 
set  of skies f o r  a , h a s i c '  ultrapower. - A s s u r i n q  CH, there are - 

t 

basic ultrapowers w i t h  n s k i e s  f o r  ever* n i n  N ,  and we ray 

prescribe w h i c h  s k i e s  v i f  1 cons t i tu te  a s i n q l e  conste l  a t i o n .  . .  J 
Irrespect ive  of CH, there ate basic ultrapouers with skies. 

3 
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