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A study of' neutriaa' lasses and ;ixings in ttK 
- 

4 

- 
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 lasho or-~einber~-~alam (CWS) SU( 2) XU( 1) electrareak kheory with 

the addition of h e a e  lepton tri& . f i c ~ b  is made. The general 

fr-work of the extended model, @hich consists of F-f&li,es of 

new triplets and N-families of ddublets, is pre'aented. contraFy 

standard relation betwken the nuasses of the charged and neutral . 
L 

gauge bosons, and also give lepton-number-violating processes.- 

o1qnlrPCarrt p h m n a  - .  ch cannot occur in the minim1 GUS 

model, are fonsidered in detail: neutrino oscillations, 

neutrinoless double beta decays, radiative decays of massive 

neutrinos and charged leptons, a ~ d  their anomalous magnetic 

moments . 
Numerical results areprovided in vqrious cas~s- with 

X 
reasonable assumptions that. the mass of the light neutrino is 

lOOeV and that of the new lepton is 2OGeV, I t  is conclsl&d that 

no known experimental limif is violated with this 

triplet; and the new massive leptons are unstable 

a lifetisite between, that of the muon and tau. 
-*= 

iii 

newly-added -' 
B 

and decay with 
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I. Chapter 1 Introduction 
i- 

% .  

:. . 
The Neutrino, an elementary particle produced'in pets 

decay, has one fundamental and important property which has not 

been understood: namely, its mass. Not only are we unable to 

determine the neutrino mass exactJy, we cannot even conclude . . "2 , 
, - 

whether it has a mass or not; All the experimental evidence 
,' 

indicates that the rest mass of the -neutrino shouad be 

classical p-decay, it is justifiable td neglect its mass. But 
apart from the fundamental question, the mass of the neutrino 

has many important implications in modern theorieg of different 
'A 

Experimentally, some indications of a &-zero mass have 
, -- - - - - - - - - - - - - - -- - - - - 

been found by Lyubimov ' (1980 ) though not yet confirmed. 
Theoretically, Salam, Lee and Yang, and Landau (1957) considered 

-C 

the masslessness of the-neutrino as a consequence of global 16 

invariance. Recently, a greater understanding in the field of 

elementary particle physics has been made with the recognition 

of "Gauge theoriesn4. Local gauge invariance is now believed to 
- 1  

/' L 
be the underlying prince le for describing strong, weak and / * 
electromagnetic irzteractions. Unlike the case of the photon, for -- - -  --- - - 
which both the masslessn&s of the photon and charge 

- 

conservation are conssquence of local gauge invakiance of 

Maxwell's equations, there is.no corresponding gauge symmetry to, 
- - -- - - -- -- 



Cq 
- - - - -  - -- --- -- -- 

ensure the masslessness of the neutrino, similarly, the 

conservation- or lepton and baryon numbers is not supported by 
any local group symmetry, 

It has been experimentally demonstrated that there are 

different neutrinos associated with different charged leptons in 

weak decays. Naturally, we would like to find out2what 

properties and characteristics differptiate these neutral 

1-eptons. Could it be their masses? . - 
A non-vanishing mass for the neutrino may lead to the 

possibility of a Cabibbo-like mixing for neutrino decays or 
-- - --- -- - - - -  

--- - 
-- - - -  - - - - - - - - - - 

- 

oscillations. Neutrino oscillations, proposed long ago by 

Ponteco~vo ( 1967) and Plaki6 ( 1962) , if they exist, may provide 

a naturfll explanation for the solar neutrino npuzzlem1r7. 

The importance of the neutrino mass problem is not 

restricted to particle physics, If the neutrino is found to have 

implicgtions in both cosmology and astrophysics ; @r instance 

(i) the mean energy density of the universe, (ii) the 
b 

P constitution of galactic halos, and ('iii) the fohation of 

galaxies. 

In 1960's Weinberg, Salam and   lash ow ' (GWS) successfully 
constructed a renormalizable theory which unifies 

electromagnetic and weak interactions, The theory was based on I 
6 

- 
theinvariance u n d e r t h e g a @ G ~ u p  SU( ~)XU( 1). In their model, 

- all left-handed termions transform according to doublet 

representations, while right-handed charged fermions are ! 
4 



- 
- -  -- - -  

singlets. In the minil&l model, the existence of the right- 
- - - - - - - - - - - - - 

handed neutrino is not assumed because the right-handed current 

has not been observed yet; and only ~ i g g s  doublets are assumed, 

Consequently, only the charged leptons can acquire masses after 

spontaneous' symmetry breakdown ' ( SSB) but not the neutrino. Also 
lepton number' is conserved.. ~ssentiall~ experimehtal resulas w3 

in the low energy domain are known to be in approximate , 

agreement with'the minimal GWS model, but they do not rule out 

the possibilities that the neut'rino has a non-zero mass or that 

Recent1y.some theoriea which unify strong, weak and 

electromagnetic interactions have shown that,baryon and lepton 

numbers are generally not conserved, and the neutrino is likely 

to have a non-zero mass'4*'? For the grand-uni.fied- 

theory based on SO(10) constructed by H. Georgi (1974) can allow 

of2 16 the neutrino to acquire a 'reass ia t h e  range 44 - e%- -.- - - 

A lot of interest in the massive neutrino has been 

stimulated by grand-unified-theory considerations. We believe 
- - - 

that it is still very useful to investigate the possibility of 

having massive neutrinos in the &(Z)xU(l) model. Since all 

grand-unified models contain the electroweak theory, it will be 

easier to study extensions of the minimal SU(2)xU(l) model 

directly. 
- - - -- - ----- 

Obviously, the extensions would mean the addition of Higgs 

scaJar and/or fermion fields to the theory. In the past few 

years, some work has been done in generating a mass for the 



neutrino in the GWS electroweak the~ryl~'*~ . For instance, - 
- - - - - --- 

right-handed neutrinos in singlet representation, a Higgs 

triplet or both are added in,order to generate a neutrino mass. - 
The kxtra right-handed components can allow the neutrino to 

acquire Dirac and Majorana masses, but since there are no - 

right-handed charged currents in the minimal model, the lepton 

number is still conserved. On the other hand, the extra Higgs 

triplet can only allow the neutrino to acquire a Majorana mass 

gnd lepton-number-violating processes are possible1.   ow ever, the 

charges boson W and the neutral boson t , which has already 

been experimentally verified, must be altered (see chapter 3). 

From purely theortical considerations, we try to construct 
B 

-- an a l t e r n a t i ~ e ~ o r ~  which will retainf = 1 and also give 

lepton-number-violating processes. We find that if real lepton 

requirements will be satisfied. In this thesis, we present the 
I 

structure of this modified model and study the significant 

phenomena Which may arise from the theory. 

In Chapter 2, we review the difficulties with weak 

interaction phenomenology in its early period. We then briefly 

iitroduce the gauge theory and the Higgs mechanism which are the 

two main ingredients in constructing a successful electroweak 
-- 

- 

theory. The SU(2)xU(1) electroweak theory for leptons 
- - -  - 

t The parameter S T ~ &  describes the amount of mixing between 
the SU(2) and U(l) gauge boson (see Chapter2) 



constructed by GWS in 1967 is reviewed in some detailed, 
- 

Finally, the present.experimenta1 data for the weak interactions - - c-4 . * 
r 

are discussed briefly. 
. 

In Chapter 3 we discuss neutrino masses of' t $ Majorana S - 

type, the ~irac typi?&d the mixedttype . We also re~iew some 
modified GWS models which will allow neutrinos to acquire masses 

of various types. The generalized non-diagonal mass lnatrices for- - -  
J f  *r 

N-families of leptons are considered. The generalized - 
x 

Cabibbo-type mixing angles and' CP violating phases are discussed 

as well. --_ - --- - --- --- -- -- - -- - - - - - - --- - - - -- -- 
, 

- - 

In Chapter 4 we present our modified model. We restgte our 

motivation to construct such a model with more detail. The 

general frame-work, which consists of F-families of triplets and 

N-families of doublets, will be constructed. For simplicity, we 

restrict our calculations only to one triplet and the three 

- - we& 1-known f mi*+ =-of x3m1b3rets -:-eTecFr-n,rmron afia taUI 

The subseqyent Chapter 5-9 are devoted to various .phenomena 

which arise if the new triplet is added. 

Being massive particles, meutrinos of different families 

will mix through Cabibbo rotations. In Chapter 5 we study the 

most interesting phenomenon : neutrino oscillations. A beam of 

neutrinos produced through weak interactions can oscillate in 

vacuum into neutrinos of a different family, We also show that 
-- - - - - -- 

the Rurie plot for the @-decay of t r i ~ w i l l  also depend on 

the mixing angles,and masses of all the neutrino mass 

eigenstates which couple to the electron. In Chapter 6 we 



i n v e s t i g a t e  t h e  p o s s i b i l i t y  of n e u t $ i n o l d s ~  d o u b l e  @-decay i n  

o u r  model. I n  C h a p t e r  7 w e  c a l c u l a t e  t h e  d e c a y  rates o f  t h e  new 

l e p t o n s  i n  t h e  l o w e s t  o r d e r .  I n  C h a p t e r  8 w e  c a l c u l a t e  t h e  
d 

r a d i a t i v e  d e c a y s  of heayy n e u t r i n o s ;  w e  also c o n s i d e r  t h e  

'moments t h e  Ma j o r a n a  n e u t r i n o s .  
*- 4 -  

I c a l c u l a t e  t h e - r a d i a t i v e  d e c a y s  of .charged l e p t o n s  and  w e  a,lso 

cons i ' de r  t h e  c o n t r i b u t i o n s  o f  t h e  new heavy leptons t ~ _ t h e -  - - - A- 

- 
A - -  - 

anoma1ou.s magne t i c  moments of t h e  l i g h t  cha rged  l e p t o n s .  A l l  t h e  

c a l c u 6 1 a t i o n s  i n  C h a p t e r s  8 and 9  a r e  based on  t h e  e x i s t i n g  

f o r m u l a t i o n s  p r o v i d e d  by L e e  a n d , S h r o c k  (1977)  and t h e  summary 
- -- -- 

- -- 

of t h e  r e l e v a n t  r e s u l t s  c a n  be found i n . a p p e n d i x  P. 

_Numerical  r e s u l t s  w i l l  be p r o v i d e d  f o r  v a r i o u s  phenomena. 
k 

S i n c e  t h e s e  t r i p l e t  f i e l d s  have  not y e t  been o b s e r v e d  
2 

e x p e r i m e n t a l l y ,  w e  c o n c l u d e  t h a t  t h e  masses  o f  s u c h  l e p t o n s  must 

Y 

+ be heavy and a r e  l i k e l y  h e a v i e r  t h a n  20GeV 46 . T h e r e f o r e ,  a l l  

the - w = i - ~ a &  w i t f e e s  e e t ; t ~ a r e - e - o n - t - h - e e m u ~ ~ o n  t ha t  

t h e  masses  o f  s u c h  heavy l e p t o n s  are 20GeV. 
t 

F i n a l l y ,  C h a p t e r  10  c o n t a i n s  o u r  c o n c l u s i o n s .  8- > - - -  



i 
11. Chapter 2 Unification of'Electrmagnetic an8Weak 

Interactions 

The Weak Interaction -- 4 
\ 

The weak interaction, known f ~ m  the 

decay, was observed during the early 

process of nuclear 

period ofamclear beta 

physics. Haiever, little progress on its understanding was made 

until 1933. Pauli then proposed a new neutral particle called 

the neutrino, with spin-1/2 and very lowaor even zero mass. In > '  

1934, Fermi, based on the hypothetical existence of the 

neutrino,' postulated an effective four-fermion' point-like * 

interaction with effective coupling constant & at low energy. 
- - - - - - - - - - - - - -- 

 our-f ermion interaction for neutron -decay . 

But the point-like interactiop faced a great difficulty 

because the theory violated the unitarity bound for processes L 

*he material 

-- 

in this section can be found withedetails in 
~ e y ~ (  1982) Aitchison 



Later, thi massive Intermediate Vector Boson f IVB) W* w a s  
, .. + -  proposed in the hope that the unitarity disease.woold be cured. 

- '.Q - 
id? The exchange of an IVB in weak interaction jusf Iimitaie the 

exchange of a photon in Quantum Electrodynamic 

- 
- - - - - - - A ~ i ~ ~ - f ~ ~ i ? 7 h a n g e  in weak interaction 

But dif f e;ent uni tarity-violating processes appeared, such 

as those processes involving externalWparticles.  his 

violation is understwd fo be due to the longitudinal 

- ps.lariza't.ion states.) IVB theory simply puts the problems into 
- -- -I -- -- 

-- 

higher energy processes. 
f 

The four-fermion interaction and IVB mudels have a related 
. . 

+-a diseaie-: nonrenor~alizability. There is a simple criterion that 
T 

if the coupling constant has a--dimension of [massln where n<O, - 
the theory is nonreno&lfzable; whereds, if n>O, the theory has 

-i 

fewer divergence thandQED; and if-the coupling constant is 

dimensionless, further detailed investigation is necessary.   he 

1& 
IVB m d e i  which has? a dimensionless coupling constant as in QED? 

-0 

* 

It turns out that *dkmdpionless' alone is not eno 
- -  

ugh: The ,---- 



difficulty again comes from the longitudinal polarization states 

'which produce a .nQnrenormalizable ultraviolet divergence' as in 

unimAity-violating process. 
i. 

I 

Searching for a-clue to cure the problems, we further look 

at QED which has no such disease. The longitudinal states of 
. -. 1 

polarization for real photons can always be transformed away, . - .  

and there exist cancellat ion ~ ~ e c h a n i s m s _ K i _ t b i n - ~  -'=Fa- - - -- ,  , - - - m - u  - --- - -. - - -  - thatu tkie contribitlons-of the 'longitudinal states bf virtual 
4 

photons do not cause bad.high-energy behaviour. In fact, these 
- 

a 
are the properties of the assumption that QED is an abeljan -- 

- 

gauge invariant th$eory. Gauge invariance seems to play an 

important role in ensuring renormalizability. 
a 

The protslem now is to construct a gauge invariant weak 

interaction theoky in the hope that both unitarity violations , 

and nonrenormalizability m y  be cured, In 1954, Yang  an^ Mills _ I 
-- - eonskrtt&ed-a-ntathm&rca ' -a-genefallze an abelian 1 i 
, 

3 

'a gauge theory to a non-abelian one, For the case of SU(2), there 
I _  

0 -- 

exist three massless vector gauge bosons in the theory; while, , 1 
there is only one gauge boson in QED, the photon. At that time, 1 

* it was not known whether any of the interactions observed in ._ 1 1 
nature could be described by a non-abelian gauge theory. For I 

4 
instance, the weak interaction is mediated by the exchange of i a 
massive vector bosons, But if we want to retain the property of 3 

- - - - -- --- 4 
gauge +variance, the vector gauge bosons must remain massless, d 

T 

The dilemma was finally resolved after 10 years by 

introducing a new mechanism into the theory: spontaneous , 



. - 
that the theory is still gauge invariant. T k  invariance &s only . 

, hidden when the intermediate vector bosons acquire mass through 
J 

a -  

1 

the spontaneous breakdown of gauge symmetry. .-- 
L .I .( - 

We have t r i ed  to explain both electromagnetic and weak- 

interactions by the same kind of theory. It seems natural to try 
d 

to 'construct a uni,f ied theog for- t-hese tw forces, - - - - - - - - - A  a 
- 

. - - - - - >- i 
In 196~, ~ l a s h g ,  -~alG and ~ei-nberg (G&)  successfully 

\ 

constructed a simple model which unifies electromagnetic and ] 
weak interactions. The theory was based on invariance under*- -- -- ? 

4 8  gauge group SU(2)xU(l). In 1971-72, it was proved by 't Hooft 

that theories of thi$ type were renormalizable. In this model, 
* * besides the massless photon and two massive charged b o s o n s w  , 
there exists a neGtral intermediate boson 2. This implies -.. 
neutral currents, which were discovered at CEFtN in 1973, More 

- 

. . 
- r e f e n t f p . - , - t * e ~ ~ r ~  oxperunentally c x m i f t ~ ~ t h e ~ ~ ~ ~ - ~ ~ -  

-"predicted mas3 range. 
2 ** -? # 

" The discovery of unified renormalizable theorks of B a 
. 

electroweak interaktions is one of the-triumphs of modern 

particle physics. The understanding of gauge-theorieamay be the , .  . . 

key to understanding the interactions in nature. Hete, a brief 
1 

1 - 
review to gauge theories, the Higg mechanism and the electroweak 

model by GWS will be giveh, , 



2.2 Gauge Invariance 
6 

4 

Gauge symmetry is an internal symmetry which differs from 
% 

space-time symmetry. A gauge transformation of the first kind 

(also called a global gauge transformation) for the abe l ian  
* 

group U(1) is the transformation: &. 

where is a real constant. 

As an example, consider the U c k r o n f i r l d  &LFf-- 
--- - - - -- - - - - 

-- 

Lagrangian & (see appendix A) of this field is 
*. 

where m is the mass of the M r o n  and % s & ~ .  clearly (2.2) 
r 

is invariant wLith respect to the transforleation (2,1), 

quantities w h e n e v ~ ~ c e n t i n u c p s  trhnsformation of the - .  
- 4 -  0 - i 

coordinates and t& fields leavbs the Lagrangian invariant. 

~ a u ~ e -  invariance ( 2.1) gives rise to the conservation of a 

*chargea. 

It is c.lear that if a( is a space-time dependent fhction, - - 

the Lagrangian is not invariant under local gauge trans- 

formations or gaug'e transformations of the second kind: 
- 

J 

and 



Clearly, and'%yI~) transform differently. 

Local gauge invariance can be satisfied if a new 

which is called a gauge field, is introduced. - 
5 

First, let us consider the quantity (+-ieA# 
is any constant, (here e is the electric charqeof-an 

We have, \ 

field, 4 , 

, where e 

Hence, (%)I- ieAp) 

then, the Lagrangian & is invariant with respect to the gauge 
transformations (2.3) and (2.6). 8 

We should add a -kinetic inergy. term &L. for which is 

also gauge invariant, ( 4 here should 
electromagnetic vector field.) 

be identified as the 



Consequently, the complete ,gauge invariant Lagrangian 

densityA for electrons and photons takes the form -+ - ,  

As ir is clear'that the phbton mass term will - 2  
violate local gauge invariance, the requirement of local gauge 

Q- 
- -- 
- + 

- -fiaT@Fimplies the masslessness~of photons, d 

e 

.To construct a gauge invariant theory for the interactions - 
4 

different from electromagnetic interaction, we have to 

generalize to gauge invariance of a non-abelian type. Let us 

take the special case of SU(2) # 

in-weak interactions. 
- - - - 

because this grgup is- important . 

Consider two. fernion- fields gro"ped' in an SU( 2) doublet 

SSU( 2) is the group of $ 2 ~ 2  unitary matrices with determinant 
one. It has three generators y(a=1,2,3) which are referred to 
as the weak isospin generators. These enerators 7 'have 
cominutation relations C t a , p 3  = i&$ , where & b ~  are called 
structure constants; they are antisymmetric in all three indices 

- -- 
a - - -wFtL€*= 4 4 c  

,wher{~.sre F= 



where m is the common mass for , q2 . 
Again, & is inva;iant under the global 

transf orma tions: 
- - 

where Ct6 , a=1,2,3 aie three -Pauli matrices and ha are- real 
constants associated with each TQ . When ka are real functions - x 

of space and time, the transformation of ayq is different from 
9 .   he' requirement of gauge invariance leads to the 
introduction of three' fields & ( x )  (a=1,2,3), which are- called 

1 f 

~ang-  ills fields, such that the derivative of 'the fields 

becomes 
- - - - -- - -  p--ppp------ 

The interaction constant g is introduced. (Summation conventcon ' 
LI 

3 \ eG = CP$$,= 2 *b i; used. ) ' it can be shown that 
Q=I 9 

with 

I 

Then i 

C 



is invariant under the gauge transformations and (2.16). 
1 - - -- --- --  - -- - -- 

1n analogy with Air in U( 1) theory, we add the K.E. terms 

but with 

where Gbc are structure constants of the group; for SU(2), they 

The total Lagrangiande has the form L 

Again, no mass term for A; is possible without violating the 

&ge invariance. 

In concfusion, the-requirement ofgauge- ;nvariance is only 

satisfied if new interacting fields are introduced throubh the 
* 

substitution of the covariant derivative for the partial 

derivative 

2 . 3  Symmetry Breaking And The Higgs Mechanism * - -- 
a 

A symmetry of a system is said to be "spontaneously broken" 
- - - - - -- - - -- - --- 

if the lowest state (vacuum) of the system is not invariant 
- - - - 

under the operations-- of that symmetry. Let us consider a 

Lagrangian density-'for a complex scalar field which is 



invariant uaer U( 1) symmetry: 
h 

- - - 

(2.21 1 
% 

i 

where V(@) is the potential and has the form 

Obviously, V(# is invariant under local gauge transformation 

2 
The parameters 1 , can be any real constant. If 

choose h > O  and k2 > O ,  men the potential is - 

Fig.2.3 Non-symmetry-breaking scalar 
-- 

The vacuum expectation value of 

potential 

would be zero. 

Therefore, there is no spontaneous symmetry breaking . However, 
I 

if we choosg p2<0 and h > O r  the potential V@) is 

- - ---- - - -  

Fig.2.4 A symmetry-breaking scalar potential 



The vacuum expectation of would be nonzero, 
- - - - - - - - 

3 

By minimizing ~ ( 4 )  , we have 

We could choose the vacuum in some region to be 

Lagrangian density. Therefore, the syntmetry has been 

spontaneously broken (SSB). 

The theory should be developed in terms of 

small departures from the vacuum state. Consider the 
L 

parametrization of 4 with new real fields ( x  ) ' and ( x )  such that 

NOW, % is written 

+Cubic and hi&r order terms . 

1 a 
have concluded that the vector field has mass )31=e V and that 

I 

the F field is mas,less. To straighten this up, let 4 considzr 



a  local gauge transformation of the following type, i n  what is 
- 

cal led She unitary gauge, 

Since the Lagrang. an b is invariant under t h i s  transformation, ? 

- 

I n  t h i s  gauge there-are no terinKcoup1-ing different  

par t ic les ,  so that  the masses can be simply read off the 

quadratic terms. 

We notice rom (2.31) tha t  1 - 
( i )  & has acquired a  mass M= lei V . 

z - r  a)!& 
( i i )  the sdalar f i e ld  has acquired a  mass (31 v +p ) . 
( iii ) 5 -f ie ld has disappeared. 

We s tar ted  from a  system describing a  charged scalar  f i e ld  
- - - - -- - - - 

w i t h  two s t a t e s  and a  massless gauge f i e ld  w i t h  two polarization 

s ta tes .  After SSB, we have one rea l  scalar  f i e ld  and one massive 

vector f i e ld  w i t h  three polarization s ta tes .  The degrees of 



freedom h a m  been conserved, and the 5 -field has been transmuted -. 
- - - 

into the longitudinal polarization state of the vector field. 

This mechanism which gives mads to the gauge field is called the 

"Higgs Mechanism*. The massive scalar field is called the 

Higgs particle. 

The previous mechanism can be extended to a non 
' . 

gauge theory. For instance, consider a Lagrangian den - 

invariant under local gauge transformation of some grou 

dimension N.  her; are n-scalar fields which transform under an 

- 

A: , Suppose the symmetry breaking leaves the vacuum invariant 
P 

under an M dimensional subgroup H of G. Then, there are M 

a generators satisfying L &:=o. Goldstone's theorem states that 

in tke absence of the gauge fields, there exist (N-M) massless. 

(Goldstone) bosons and (n-(N-H)) massive scalars. Now under the 
6 

- - 

Higgs mehanisrn, these (N-#)-=l-ds~~ne-~o~onswil~ b-eco- the - 

longitudinal modes and give maqs to (N-M) vectorLbosons. The 

remaining M vector bosons will remain massless . 
With the Higgs mechanism understood, we can now discuss the 

GWS Model. 

- < 

2 . 4  The GWS SU(@&U( 1) Electroweak Theory For Leptons - -- 4.22 
- 

It is well-known that it is_ the left-handed states which 
$ - - - - -- - -- 

5 *-particgpate . A in the charged-current weak interaction. The GWS 
. - 

model is a chiral model in which parity violation is 



incorporated by assigning left- and right-handed fermions to 

different representations of SU(2). All left-haqded fermions 

transform according to doublet representations, while 

right-handed fermions are singlets; L and R fields transform 

nontrivially under U(1). The weak hypercharge (the U(1) charge . . 
0 

Y) is' chosen so that the electric charge Q is 

L 

'i 
where  is the third component of the weak isospin (SU(2) 

The minimal G W  model ibolves one complex doublet of 
I - 

scalar fields 

(from now on, @ is denoted- for - the Higgs doublet.) 
- 

+ 
where Y is chosen to be one, the 9 and q0 have charge +1 and 0. 

Let us first consider the left-handed electron CL and its 

associated neutrinos y, are grouped in an S w  2) doublet L(D) : 

I 
where eL= $ '- we (see appendix 'B) and Sipilarly 3' , while 

, '  

so that Q=T?++~ holds for all particles, Since all members of 

each irreducible wlrlLi+LeI WF sv~2t f iwe- the-ame- t rpper~e ,  - 

, f 



w e  have 
- 

a l l  a=1,2 ,3 .  

The group gene ra t ed  

f o r  

by T~ and SU( 2 )xU( l )  which is t h e  

symmetry group of  t h e  model. Under t h e  1 6 c a l  gauge t r a n s -  
- - 

format ion:  

As d i scussed  earl ier ,  i n  o r d e r  t o  make a gauge i n v a r i a n t  

Lagrangian,  w e  need t o 3 t r o d u c e  t h r e e  v e c t o r  gauge f i e l d s  $(x) 

- (a=1 ,2 ,3)  a s s o c i a t e d  wi th  t h e  t h r e e  g e n e r a t o r s  o f  SU(2).  and 

Bp ( x 1 mssoc i a  t e d  =i t h  the-generator&-Wl -- ---- 

The c o v a r i a n t  d e r i v a t i r e s  a p p l i e d  t o  t h e  f i e l d s  are t h e " .  
r- 

fo l lowing ,  

The t o t a l  Lagrangian & is 



'and - 

electrons We uannot put in by hand mass terms for the 
9 

because the gauge invariance would be bioken. The SU(Z)xU(l) 

invariant Yukawa couplings are introducedasuch that fermions 

acquire mass through SSB. In searching for these coupling terms, 
# 

we examine the  trams sf or mat ion properties of the lepton fields 
* 

and scalar field under SU( 2 ) . x U ( 1 )  : : A ,  
- 



1 

hypercharges.  
- - - - 

A b i l i n e a r  term - i n  gemtion fields is 
s .  

Therefore ,  w i t h  qw (2.1), t h e  o n l y  Yukawa c o u p l i n g s  a l lowed is 

of t h e  form 

where G is a c o n s t a n t .  

W e  - -  w i 11  - see soon h ~ w - _ t b e ~ e l e c f r o n a - ~ m a n n S e -  $h - - 
1 

n e u t r i n o  remains m a s s l e s s .  - 

Spontaneous Symmetry Breakinq And The X i q ~  Mechanism i n  -- - 

.l 

would choose  t h e  vacuum i n  some r e g i o n  to be- ~- 
- - - - - -- 

-- 

e a s y  

V E R  , 
- (2.45) 

to check t h a t  



b u t  

6 

P I  -T 

a s s o c i a t e d  with t h e  T h e r e f o r e ,  a f t e r  SSB, t h e  symmetr ies  
- -- -- 

g ~ ~ ~ ~ r s r . p  and ?-$ a r e  broken.  However, t h e  subgroup , 
- ,  - 

3 \ /  . -  uEM(l) g e n e r a t e d  by t h e  e l e c t ~ i c  c h a r g e  Q=T+f is unbroken.- - 
H e n c e .  S U ( 2 ) x U ( l )  i s  broken down t o  p(1) . From s e c t ' b n  (2 .3 ) .  

w e  expect t h a t a t h r e e  gauge bosons  a c q u i r e  masses w h i l e  one  gauge 

boson remains  massless. 

The c o m p ~ e x  H i g g s  d o u b l e t s  c a n  be w r i t t e n i n  
- - 

- - -- - - - 

% r e a l  ' f i e l d s  which a r e  t h r e e  t l ( x )  a s s o c i a t e d  w i t h  
'r 

o f  S U ( 2 ) ,  and q ( x ) :  

t h e  g e n e r a t o r s  

I n  t h e  u n i t a r y  gauge,  w e  have  

There  is o n l y  one  p h y s i c a l  Higgs p a r t i c l e  l e f t .  .The o t h e r  



are in the unitary gauge.) 
C 

The Lagrangian in (2.39b) can be written as, j. 

where 

and 

are charg* and neutral ma_s_silr_e gauge fieldsuithm.rrp.-- - -  - 

The 
. - 

weak (Weinberg)- angle is defined by 



, In the unitary gauge, the ~ u k a w a  interaction becomes 

4 L 2? 
Therefore,. the mass of the electroh is . 

and the associated neutrino remains massless. 

Interactions 

0 
The free Lagrangian & for the lepton fields is . 

The interacting Lagrangian Ant for the electromagnetic and weak * rC interactions can be written in terms of W , Z and A: - 

where 



The e lec tromagnet ic  current  is 
A -, 

. 
The charged weak current s  a r e  

The neutra l  current  is , 
I 

F o r  momentum t r a n s f e r s  smal l  compared to Mw* , l e a d s  

to an e f f e c t i v e  four-Fermi charged current  i n t e r a c t i o n  I 

where t h e  Fermi  constant  is g i v e n  by I 
f 

* T 
S i m i l a r l y ,  a t  smal l  momentum t r a n s f e r s ,  an e f f e c t i v c f o u r - F e r m i  



where @ 

I n  t h e  minimal. GWS model, t h e r e  is onLy o n e  complex doub-1-et - -  - 

of Higgs s c a l a r  f i e l d s .  The r e l a t i o n  between h a n d  ME & 

i n  ( 2 . 5 1 ) ,  a n d p  is e q u a l  t o  one  , I f  a  new Higgs s c a l a r  is 
z-- 

- - - 
- --- ~ - - 

added; f o r  i n s t a n c e ,  a Higgs t r i p l e t ? - w h i c h  has  a  nonzero vacuum 

e x p e c t a t i o n  v a l u e ,  t h e  relatick between *and Mt w i l l  be 

a l t e r e d  (see Chapter  3 ) -  

P 

I t  is e a s y  t o  g e n e r a l i z e  t h e  s i n g l e  l e p t o n  f ami ly  o f  GWS to  
- 

a n  N-family 'case,  l e t  

and -, 

where n= l ,2 ,3 , . ,  ..., N ,  Then, t h e  g e n e r a l i z e d  ~ a g r a n g i a n  d e n s i t y  

&(D) would be 



and the generalized Yukawa coupling would be 

dPyuk.= - C +Ban+ HL.) 
n, m= I 

where & are some m,n=1,2,3,. . . . . ,N. 
In general Gmn(#0) for m#n is the mixing term between + -&. 

* 5 

different families. Since the masses for the neutrinos are -.- t - 
1 

-2. 

degenerate, namely all are massless, we can always redefine the - 
- - - 

neutrino states as we wish. More details will be discussedlin 
i 

chapter 3. NOW, for simiplicity, we assume ~ r n n = & ~ , , ,  and then 
i - the masses for the leptons will be -- 

and the interactions for the electroweak currents will just be - - 2- 

the sum of the interactions of each lepton field with the gauge )'- . i- 
vector fields. 

2.5 The Success Of GWS Model - - -- <C - 
- 7  - 

-. 

The GWS model is hot only the electroweak model for 

leptons. It was shown that hadrons could be in corporated in the 
L 

- -- 

mdel by a mechanism due to Glxshow, Illbpoulas and Maiane- Y - -- 
( G M )  . The  GLlS a~&& wi* && M me- st~c?=essf-~+f~ - 

I 

predicted both the existence of flavour conserving neutral 

currents and the existence of the charmed quark, both of which - . - 



were d i s c o v e r e d * .  

One o f  t h e  m o s t  impo;tant p r e d i c t i o n s  o f  t h e  GWS model is 

t h e  e x i s t e n c e  o f  n e u t r a l  c u r r e n t s .  I n  1973 a t  CERN, b o t h  t h e  
> 

p r o c e s s e s  o f  n e u t r i n o  d e e p  i n e l a s t i c  s c a t t e r i n g  on  n u c l e o n s  

%(%)+N 4$rnp) + N , and t h e  p u r e  l e p t o n i c  p r o c e s s  

, which a r e  n o t  induced by charged  

c u r r e n t s ,  were f i r s t  o b s e r v e d .  The o b s e r v a t i o n  o f  t h e s e  

p r o c e s s e s  h a s  marked t h e  d i s c o v e r y  o f  n e u t r a l  c u r r e n t s .  
- % 

The p r o c e s s e s  +~-$(g+ 6 have. been s t u d i e d  i n  a  
- 

z , 

wide i n t e r v a l  o f  n e u t r i n o  e n e r g y  up t o  -200GeV. They a r e  t h e  

b e s t  i n v e s t i g a t e d  n e u t r i n o '  p r o c e s s e s  induced by n e u t r a l  

c u r r e n t s .  Exper imenta l  d a t a  which d e t e r m i n e s  t h e  s t r e n g t h  o f  t h e  

l e f t - h a n d e d  and r igh t -handed  c o u p l i n g s  o f  t h e  n e u t r a l  q u a r k  

c u r r e n t  ar ,e  w e l l  d e s c r i b e d  by t h e  s t a n d a r d  GWS model.  The b e s t  , 

e x p e r i m e n t a l  d a t a  o f  such  p r o c e s s e s  is ~ b t a i n e d b y  the CDHS 

(1979)  and CHARM ( 1 9 8 0 ) .  

P a r i t y  v i o l a t i n g  asymmet r i e s  a're p r e d i c t e d  from t h e  

i n t e r f e r e n c e  between t h e  weak ( t h e  2 -bosm exchange)  and 

e l e c t r o m a g n e t i c  ( 

a c c e s s i b l e  ene rgy  

t h e  photon exchange)  a m p l i t u d e s .  A t  t h e  p r e s e n t  

, t h e  e x p e c t e d  asymmetry is q u i t e  s m a l l  b e c a u s e y  
1 

o f  t h e  dominan t ly  p a r i t y  symmetr ic  e l e c t r o m a g n e t i c  i n t e r a c t i o n s .  

However, such  e f f e c t s  havP been o b s e r v e d  and t h e  m o s t  p r e c i s e  

I - ---- 

r e s u l t  is o b t a i n e d  from a  SLAC exper iment  (1978,1979) i n  t h e  
- - --- - 

, i n e l a s t i c  s c a t t e r i n g  of l o n g i t u d i n a l l y  p o l a r i z e d  e l e c t r o n s  from ------------------ C. 

%or t h e o r e t i c a l  and e x p e r i m e n t a l  r ev iew o f  t h e  weak n e u t r a l  
c u r r e n t ,  see rev iew a r t i c l e s  by J.E. Kim, P. Langacker ,  etc. ,  
(1981fq  and S.M. 3 i M k y  and 3,  ffosekLO f 1982) 



a n  u n p o l a r i z e d  d e u t e r r  

The e x p e r i m e n t a l  r e s u l t s  are c o n s i s t e n t  w i t h  t h e  e x p e c t e d  v a l u e  

o f  SS~% i n  t h e  Gys model. 

I t  h a s  been  C h e o r e t i c a l l y  shown t h a t  t h e  p r o c e s s  - 

e%&--$+~ i s  forward-backward a symmet r i c  d u e  to  t h e  n o n z e r o  

a x i a l - c u r r e n t s .  E x p e r i m e n t a l  measurements  ( a t  PETRA, 1980,1981)  
2 

o f  s u c h  e f f e c t s  a r e  s t i l l  p r e l i m i n a r y ,  b u t  t h e  p r e s e n t  d a t a  a r e  - - 

i n  ag reemen t  w i t h  t h e  GWS t h e o r y .  The v a l u e  o f  t h e  c o n t r i b u t i o n  

o f  n e u t r a l  c u r r e n t s  t o  t h e  cross s e c t i o n s  o f  t h e  p r o c e s s e s  

e+t e--it+f(n=e,p~) h a s  b e e n  measured  ( a t  PETRA, 

1 9 8 0 , 1 9 8 1 ) .  These  d a t a ,  which have  e n a b l e d  u s  t o  d e t e r m i n e  t h e  

v a l u e  o f  t h e  p a r a m e t e r  sin&, agree w i t h  a l l  o t h e r  

e x p e r i m e n t a l  d a t a .  

C o n c l u s i v e l y ,  t h e  p a r a m e t e r s  o f  t h e  model   ST^& a n d g  , 
have  been  i n t e n s i v e l y  i n v e s t i g a t e d  by m e a s u r i n g  v a r i o u s  n e u t r a l  

c u r r e n t  processes, are  found a p p r o x i m a t e l y  t o  have  t h e  same 
II 

e x p e r i m e n t a l  v a l u e s :  

2-f' sin % %a224 2 0.0 

p e d i d t h e  m a s s e s  M w a n d  MI by u s i n g  (2 .51)  : 



(Without radiative corrections). 

Recently ab CERN, the W and Z bosons have been successfully 
- 

created by the Proton-Antiproton Collider. The W boson then . 

decays to a charged lepton and a neutrino, and the Z boson 
12 13 

decays $0 a pair of charged leptons. The masses MW and M t  of 
the intermediate-bosons have been measured in this experiment: 

'which are in agreement with the theoretical values. 

Finally, one more important mass has to be determined: the 
! ,  
1 '% 

mass of the neutrino. Although tfie GWS model assumes the 

masslessness of the neutrinos, the'experimental limits on the 

neutrino masses are not very stringent. The limits "'are 

which are still in agreement 

is one positive .resul t'which 

with ,the GWS model. However, there 

has been reported for the mass of 

32 ' 



t h e  e l e c t r o n  n e u t r i n o  by Lyubimov e t ,  a 1  (1980)  : - - 

which i; s t i l l  unconf irmed by o t h e r  e x p e r i m e n t s .  , 
\ 

E s s e n t i a l l y  e x p e r i m e n t a l  r e s u l t s  a r e b o w n  t o  be  i n  
< 

agreement  w i t h  t h e  GWS model which is now t a k e n  a s  t h e  s t a n d a r d  

model f o r  e l e c t r o w e a k  t h e o r i e s .  Even i f  t h e  n e u t r i n o  h a s  nonzero  

mass, t h e  b a s i c  s t r u c t u r e s  o f  t h e  model f o r  t h e  known l e p t o n s  1 a 
nd q u a r k s  p r o b a b l y  w i l l  n o t  be altered, Lt  l w - t o  the- 'B 

4 -- 
- 7 

{ 
p o s s i b i l i t y  o f  e x t e n d i n g  - t h e  minimal  model when w e  c o n s i d e r  t h e  I 

n e u t r i n o  mass. 



111. Chapter 3 ~eutrino Mass Terms In SU(2)xU(1) Model 

3.1 Definition Of ,A Mass Term - -i-- 

I 

I 

A fermion mass term is any proper Lorentz invariant term 

which is formed by bilinearfermion fields in the Lagrangian. 
- - -- - - - - -  -- - - - -  - - - 

With this definition in mind, let us examine what possible types 
, 5 

of mass terms for a neutrino. 
d 

3.2 Dirac Mass Terms ' -  

Both left-handed neutrino fields YL and right-handed 
- - - -- - - - - - -- - - 

neutrino fields if( are needed to construct a mass term of the 

Dirac type. For instance, a neutrino field v has 

where m is called the mass of the neutrino)) . ' 

3 .  
It is easy to see that go is invariant under the global* 

28 3 
transformation 9-e y. This implies that conserves an 

be distinguished from its anti-particle by the value of the 
* .  

fermion number F. 



r - -- ---- - - -  

Due to the absence of a right-handed neutrino, in the 

minimal SU(2)xU(l) model, the neutrino can not acquire Dirac 
B, 19 

mass. But if the right-handed neutrino vR is introdLced as an 
SU(2) singlet, the Dirac neutrino mass term arises naturally. 

Now, let us consider 

x 
' , 

a h  L(D)=(=J- (2,-1) in (24.2a). then a new bilinear term can, 

t 
The charge-conjugate of the standard HiggS doublet 9 = ($) is 

3 Cb0 

Therefore, the Yukawa couplings which are invariant under 

SU(2)xU(1) can be formed as 

After SSB, the couplings give mass to the neutrino m= G,<@), 
\ 

,where <$fk is a nonzero vacuum expectation 'value. 
generalized case of N-families L~D)- (2,-1). 

--- - - --- 

3 % - (2 .0)  (n=1,2,3,. . . ,N), the Lagrangian &&. for the 
- -- - - - -  

Yukawa couplings * is - .  

TS ince we are only inkereated in b w  te ge- &sses*or 
I neutrinos, we neglect other Yukawa couplings here. 



w * r .  

where b m i s  an arbitrary complex constant matrix. After SSB, 

the Lagfangian for the mass t e ~ m s  is 

=C. + H . C .  * 

where 
. @  

is in general complex and non-8ermitian and may 
22 

by means of a transformation: , 

be diagonalized 

Mo i? real, and mn (n=l,2,3, ... . ,N) are the mass eigenvalues of 

almost uniquely by observing that MM+ and M'M are Hermitian nxn 

matrices such that 

and > - 



The r e l a t i v e  phakes (Qh-qnR) a r e  d e t e r m i n e d  from ( 3 . 9 )  . s u c h '  
L 

t h a t  MD i s  r e a l  and p o s i t i v e ,  b u t  t h e  a b s o l u t e  p h a s e s  a r e  
/ 

a r b i t r a r y .  T h a t  means i f  '49) = e((~) ,' t h e  form of t h e  mass 

@ 

L e t  t h e  f i e l d s  ( V, )L,R (n=1 ,2 ,3 , .  . . . ,N) i n  a  column v e c t o r  

form, . a , 

be t h e  mass e i g e n s t a t e s  which a r e  t h e  p h y s i c a l  o b s e r v a b l e .  . 
Cu yu C 

states.  Then. 9' , and vR a r e  o b t a i n e d  *by t h e  t r $ n s f o r m a t i o n s  a s .  
# 

f o l l o w s :  



Let us consider the effect of these matrices AC, AR in 
charged weak currents 

where 

is the generalized cabbibo matrix.* 

The presence of the-eralized chi-bbo~atrix -A= ?s due' to- - - - 

the mismatch between the weak and the mass eigenstates. For 

N-families, A c  is an NxN unitary matrix which can be expressed 

in N' real parameters. (2~-1) parameters are not observable 

because they correspond to the relative phases of the fermion 

fields. These phases, which corresponds to the undetermined 

matrices @(P) and tYccp) , can be eliminated from A c  by 

'notice that if the neutrinos are massless, they cannot be 
distinguished from each other except through their weak 
interactions. We can therefore simply define 5hb = (btt),fiR as 
the neutrino associated with hL. Therefore-, there is nomixing 

-- 

between different families. .d -- 



- . - &defining the phases of the f errnion fields * .   here fore, ' the 
2 unitary matrix AC can be expressed in terms of N -(2N-J)=(N-1) 2 

observab1.e parameters. 

3.3 ' Majorana Mass ~erms For Neutrinos - - 

Besides the Dirac mass terms, there exists a' different type 

of Lorentz invariant bilinear form for neutrinp: 

w&e m is a real constant and (ZC)~=@J~& (see appendix C) is 

a right-handed charge conjugate fieJd and transforms as under 
r v 

the proper Lorentz transformation. It is obvious that XM is not if 
invariant under the transformation in (2.1). 

Let us define 

then X is a self -conjugate field a 

Now, the Lagrangian fi can be written in terms of the field X : 

~~ 

~ence, m is the mass of the field % which satisfies (3.18) and 

*1n a theory with more interactions, some of these aas-es may be 
observable. 



-- - - - - 

is called a'~ajorana field. I 

I 

The Majorana mass term does not need a righ+-handed field 

in the theory. The main difference in the descriptions of the 

massive Dirac field and the ~ajorana' field is that the former - 
has four independent components and has a well-defined fermion 

_- h -or lepton charge number; whereas, the latter has only two 
." .. 

independent components, no charge carried by vL is conserved, 
.and the transition of a neutrino into an antineutrino at one 

space-time point -- becomes - --- possible. Obyioysly,_the Na2orana term, ,,- 

is only allowed for the neutrino because it has no charge. 

It is impossible to generate a Majorana mass for a neutrino 

in the minimal  model, since the bilinear field is . 

I 

which cannot form a -invariant term wTt6 t7iCWuKEggs doublet. 

However, it becomes possible if we introduce some new scalars 

which can couple-to this bilinear field to form an SU(2)xU(l) 

invariant terms: 

(i) Triplet . : (3.222 
,.% , " - 

(ii ) single-charged singlet * : h+- c 1,Z.J (3.2 3) 
~irst; let us -consider only a- Yiplet of scalers. Then the 

.. 
b 

Y ltkawa wpLi;rtgs-+mttld - - ' 
- - -- - 

A 



- re ttre t r iptetH-h=ra -nonzero vacuum e x p e c t a t i o n  v a l u e  . 
(H% $0, t h e n  a f te r  SSB, it l e a d s  t o  (3 .17)  w i t h  , 

a 

The i n t r o d u c t i o n  o f  t h e  c o u p l i n g ' o f  H t o  t h e  gauge f i e l d s  - 

changes  t h e  r e l a t i o n  between W and Z masses. Now w e  have  

- - - -  - - - 
- - -- - -- - -- - -- 

where <q>O is t h e  vacuum - v a l u e  o f  t h e  u s u a l  Higgs d o u b l e t .  

With t h e  a s s u m p t i o n  <B2 is ;mall,- w e  o b t a n  
4 v>: 

T h e r e f o r e ,  p - b& is less t h a n  one .  Because  t h e r e  i s  no 
--"$- - 2  - 

- -  - 

c o m p e l l i n g  r e a s o n  f o r  <H"lo ((1, t h i s  a d d i t i o n  i s  u n n a t u r a l .  < w>&= 
. For  t h e  g e n e r a l i z e d  cage of N - f a m i l i e s  o f  l e p t o n  a o u b l e t s  

c o u p l i n g ,  terms is 

t h e  Lagrang ian  f o r  t h e  Yukawa 

Then, t h e  Lagrang ian  f o r  t h e  n e u t r i n o  mass terms c a n  b e  w r i t t e n  

w h e r e  Mmn= GL~~LH')~ is t h e  mass m a t r i x  which i n  g e n e r a l  is 



- 3 - C O I K & L I L ~ ~ ~  i i v n a l  iz-t-1. " 

non-negative elements by'a transformation: 17,lq 

w h e r e M ~  is diagonal mass matrix and U is NxN unitary matrix 

The physical neutrino fields Xm with masses ( mm) can " 
t 

be found: 

where '*; 

the &satisfy the Hajorana condition 

rv 
Then the Lagrangian &+ can be written: in terms of these 

Ma jorana fields as follows: 
- -- -- - 

  gain, we will get the mixing matrix Ac (3.16) as in the Dirac " 

case. 



3.4 The CP Invariant Mass Matrix - -- 
* 

The interesting case is the one in which-the matrix Pi is a 

real syr&etric matrix which can be diagonalized by an orthogonal 
23 

matrix 0 : 

where --is a positive real number and 7 [ p  =*l. 
The ~ajorana mass eigenstates'would be defined as 

h= \ 
Obviously, we have 

and note that 

hence, X i s  an eigenstate of CP with the eigenvalue 'qm= 1. 
The Lagrangian for the mass term can be written in terms of 

as in ( 3.34). mm is the miss of the Majorana field which 

is always positive because of the factor G. 
If we use a unitary matrix U to diagonalize the real 

symmetric mass matrix M with real non-neqative masses, %is 

corresponds to the orthogonal matrix 0 as ~ ~ ~ L Q K s :  



With  U ,  %=& i n  ( 3 . 3 2 )  f o r  a l l  m=1,2,3 ,..... , N f  

t h e r e f o r e ,  t h e  Majorana  f i e l d s  a r e  a i l  ch-osen t o  h a v e  p o s i t i v e  

CP. However, t h o s e  f o r  which  pm=-1 now h a v e  p u r e  i m a g i n a r y  

c o u p l i n g s  f o r  t h e  i n t e r a c t i o n s .  Thus p e o p l e  h a v e  d i s c u s s e d  t h e s e  

a s  i f  t h e y  were C P - v i o l a t i n g  i n t e r a c t i o n s .  However, r e d e f i i i n g  

CP as i n  ( 3 . 3 7 ) ,  t h i s  CP v i o l a t i o n  c a n  s i m p l y  b e  removed. As 

23 
n o t i c e d  r e c e n t l y  by W o l f e n s t e i n  ( 1 9 8 1 ) ,  t h e  p r o d u c t  o f  t h e  

? - f a c t o r s  o f  t w o  n e u t r i n o s  i s  s i g n i f i c a n t .  W e  w i l l  d i s c u s s  t h e  

s i g n i f i c a n c e  i n  l a t e r  c h a p t e r s  w i t h  more d e t a i l s .  

3.5 D i r a c  And Majorana  Mass Terms - 
u 

I f  t h e  t h e o r y  c o n t a i n s  N two-component l e f t - h a n d e d  

n e u t r i n o s  b e l o n g i n g  to  SU( 2)  d o u b l e t s  a n d  F two-component) , 

r i g h t - h a n d e d  n e u t r i n o s  which a r e  s i n g l e t s  u n d e r  S U ( 2 ) x U ( 1 )  t h e  

m o s t  g e n e r a l  case f o r  t h e  n e u t r i n o  mass  L a g r a n g i a n  zY-may 

i n c l u d e  b o t h  &Dirac mass) a n d  d p i M a j o r a n a  mass) a n d  o t h e r  

Ma j o r a n a  mass terms formed by yR - * 

------------------ 
*1t is n o t  n e c e s s a r y  to  i d e n t i f y  t h e  s i n g l e t s  a s  t h e  
r i g h t - h a n d e d  n e u t r i n o s .  I n s t e a d ,  V .  B a r g e r ,  P. Langacke r  and  
J .P. L e v e i l l e  and  S.  Pakvasa  ( 1 9 8 0 p h a v e  p r o p o s e d  t h a t  t h e r e  
e x i s t  l e f t - h a n d e d  f i e l d s  which  a re  s i n g l e t s  i n  S U ( 2 ) x U ( l ) .  



where 

is a (N+F)x(N+F) mass matrix, and 

is a lx(N+F) column vector. 

M I  is the NxN Majorana mass matrix as in (3.29) and 0, is 

the FxN Dirac mass matrix as in (3.7). M a  is another FxF 

Majorana mass matrix which is already SU(2)xU(1) invariant 

without the need for any extra Higgs fields because - - 
f i  singlets under the group. Since &%: = %R)&,L , 

4= 0: 
7 Again M=M is a complex symmetric matrix which 

4 1 ~  are 

we have 

can be 

diagonalized with rea1,non-negative elements from the 

transfor- tion U~MU = . -e 8 is wfj*tmpj mi- 

matrrx. P h y s i c a l  ~ F n o  f ~ ~ t f f t - - r i ? , 3 , .  .. . ,-+ ,- 

defined as in (3.31). For N=F, there exists 2N sjorana fields. 

If N=F and 4 ,  = M 2 = 0 ,  we could g e t  back i - D i r a r  neutrinos. Thus 



actually decribes two Majorana particles withadistinct masses. 



IV. Chapter 4 The Modified FWS Model 

e 

As we have discussed in the last chapter, neutrinos are - 

massless in the minimal GWS S U ( ~ ~ X U ( ~ )  model. In order for a 

neutrino to acquire mass, whether it is a D i r a c  type or a 

Majorana type, something must be added to the theory. If 

additional new components vR are introduced, neutrinos cart 
acquire Dirac masses and also can acquire ~ajorana masses for 

the new components & . Since there is no right-handed charged 
' current, lepton number will remain conserved. Therefore, 

- 

lepton-number violating processes such 3s neutrinoless double 6 
-decays can not arise from such a theory. If a Higgs triplet is 

1 

added, left-handed neutrinos can acquire ~ajorana masses, and 

lepton number will not remain conserved. Processes involving 

, lepton-number violation now become possible, but we can no 

longe; predict the value for , which hak already been 
t 

experimental verified. 

Searching for a massive neutrino theory which wil1:retain - 
- - 

P =1 and also give lepton-number-violating processes, w e  
- - - -  - - -- 

introduce real ferrnion triplets Lm(T) (m=1.2, ....., F )  in SU(2). 
These triplets transform as 



4 

in the SU(2)xU(1) model and have the followina form: 

The subscript 'I,' denotes left-handed fields. & is a negatively 
charged lepton and N m  is its associated neutral lepton 

C 
(neutrino). Em is the charge conjugate of & . , 

Because of the presence of a lepton 6 and its anti-lepton 
in the same triplet, we are no longer~able to assign the 

lepton number for LrnR-1 . This signifies that 
lepton-number-violating processes are possible. It foZlows from 

(4.1) that 

ahd & has unit negative charge. 
The inclusion of these triplets does not create any axial 

anomaly problem because the anomalous, term in SU( 2)xU( 1) is 

weighted by the qua,ntity 45 

- 

At this point, the introduction of these new triplets into 

the theory is purely speculative. Nevertheless, it is 

theoretically interesting to investigate the effectsaof such new 



The F-Fami ly Triplets - 

We consider F-families of lepton triplets 
\ 

, (m=1,2,.. ..,F) as described in (4.1). Under the local gauge 

transformation SU( 2)xU( 11. each triplet L(T) transforms as 

follow: 

, 

where u(A~(x) )  = exp. i l & t ~ ) * T )  , 
2 

L Q 
&(x) is a function of space-time and are Pauli matrices. 

'It can be shown that the covariant derivative for such a ,  

triplet has an expression 

with 

We m%y now write the gauge invariant Lagrangian density - 

g o  L(-T) for the triplets L m ( ~ )  (excluding mass terms) : 
b 

* C 
can be expanded in terms of W in ( 2.5a 1. A3, EL, EL 

and NL as 



Furthermore, it may be simplified by using the identities (see 

appendix C )  for the anticomuting fermions & : 

,We also use 

Finally, the Lagrangian is 

F 



Vlk 
Add the usual N-f amiiies of doublets L *(Dl= (ln) and the 

associated right-handed charged lepton -hR which are singlets 
for each family, n=1,2,. . . . ,N. The total Lagrangian be we "have 

- where o&~(~)is described in (2.69).. 

The ~ a s s . ~ e r m s  -- ' 

In the standard model, 

are present 

only the Yukawa couplings 

as in (2.70). With the additional 

&arrt, for the possible-new - 

invariant Yukawa couplings or gauge invariant mass terns. ~irst. 

let us construct ak-1 possible independent bilinear fermion . 
fields with the triplets Lrnc~f: 

O b v i n u ~ - l ~ +  uith+ t-b Hi-blcts h ( 2 . 1 )  ill tlrr t m  - 
only the bilinear term (i) is possible to join with+ to form 



where &are the Yukava coupling constants. . . 

Also, t h e r e  e x i s t  gauge invariant mass t e r m  formed by the 
-r 

bilinear term LkT) : 

A B i n g  (4.x37, C4.161 a n a  (Z.m) t o g e t h e r ,  we have 

Then, the tagrangian x- for the mass terms would be 

------------------ 
t 7  * V LmmCnO+H-C.  i i a l s o  an invariant term but it is 

equivalent to ( 4 . 1 5 ) .  



where we have taken 

M m n  = -2Gt&n - 
Now, let us introduce column 

as  follows: 

(4.19 6)  
(4.19~) 

vectors for leptons and neutrinos 

where the superscript zero is introduced to denote that these 

+ fields are not mass oigenstates. Then -2-in 14.18) can be 

written as 

with 

(4.2 la) 

- - - 

MP, Mv are (N+F)x(H+F) mixing mass matrices for leptons and 

t~otice that we use a new set of notations which are different 
from chapter 3 to distinguish the fields whether they are the 
mass eigenstates or not. 



matrix, and M is a FkF matix, . 
0 

clearlyM ih '(4.21b) is the Majorana mass matrix for Nm . 
But what is DO which is the mass matrix for the bilinear terms - 

0 =- dc 
) ) ? In fact, we can always identify (N m)R as 
the right-handed components of the usual neutrinos in doublets, 

wPthen can interpret the matrix as the Dirac mass matrix for 

q0 . Hence, the neutrino mass matrix can be thought of as Dirac 
and Majorana types. 

h, 

Lag.rangian Density - 
0 

Now, the free Lagrangian density 4 for lepton fields can 
be writ ten 

And the Lagrangian for the electromagnetic and weak interactions 

can be written 

where 





Mass Eigenstates 

Since Mg, Mv are in general no diagonal, Q*> v are not k 
mass eigenstates and are not physical observable states. As 

discussed in Chapter 3, Mq andMv can always be diagonalized by- 

means of (N+F)x(N+F) unitary matrices AL, AR and U such thdt 

fl 

where b& and MvD are real diagonal matrices, MA and m% are 
the mass eigenvalues for the charged leptons and the neutrinos. 

The mass matrix in (4,21b) has an NxN zero matrix h the 

upper left corner. I,t is easy to verify that an arbitrary matrix 

of this type has an (N-F) dimensional null spaceJ7 . Since the 
rank of a matrix is preserved under the transformation (4.27), 

we conclude that the diagonal matrix for neutrinos has (N-F) - - 
zeros. This implies that in order for N-families of neutrinos in 

the usual doub1ets:to acquire nonzero masses, at least 

N-families of triplets are needed. We also notice that it is 
- - - 

- - -- - - - 

possible to make* a UtN-F) transformation without affecting the 
- - ---- - - 

Lagrangian; therefore, in general less parameters are needed to 

parametrize the unitary matrix U in (4.27). 



L a g r a n g i a n  D e n s i t y  -- I n  Mass E i g e n s t a t e s  

L e t  u s  t a k e  P , V  to  b e  t h e  c o l u m n  v e c t o r s  of mass 

e i g e n s t a t e s  fo r  l e p t o n s  a n d  n e u t r i n o s :  

Then, i s  w r i t t e n .  i n  terms o f  ;be mass e i g e n s t a t e s  1, L) : 

H.C.) . 

And t h e  c u r r e n t s  i n  ( 4 . 2 4 )  a r e  w r i t t e n  a s  f o l l o w s :  



4 . 4  T h r e e - F a m i l i e s  O f  L e p t o n  D o u b l e t s  And One T r i p l e t  - - -- 

I n s t e a d  o f  w o r k i n g  w i t h  t h e  most g e n e r a l  case,  f o r  
,- 

s i r n i p l i c i t y ,  w e  r e s t r i c t  t h e  c a l c u l a t i o n s  t o  t h e  t h r e e  known 

f a m i l i e s  o f  l e p t o n s  i n  SU( 2 )  d o u b l e t s  a n d  o n e  f a m i l y  o f  l e p t o n s  

i n  a n  SU(2) t r i p l e t s ;  t h a t  i s  N - 3  a n d  F=l. A l t h o u g h  t h i s  

r e s t r i c t e d  m o d e l  w i l l  h a v e  two  m a s s l e s s  n e u t r i n o s ,  i t  d o e s  

r e t a i n  a l l  t h e  m a i n  f e a t u r e s  o f  t h e  m o r ; r g e n e r a l i z e d  c a s e .  A g a i n  
i 

r e a l  m a t r i c e s .  S i n c e  t h e  mass of t h e s e  nkw t r i p l e t  f i e l d s  

p r o b a b l y  w i l l  b e  a  l o t  h e a v i e r  t h a n '  t h e  known l e p t o n s ,  w e  w i l l  

r e t a i n  o n l y  t h o s e  n o n z e r o  l e a d i n g  t e r m s  o f  o r d e r  ( b ( M )  is  

t h e  mass f o r  a  l i g h t  ( h e a v y )  l e p t o n )  i n  o u r  c a l c u l a t i o n s ,  

The t h r e e - f  ami l y  d o u b l e t s  i n  'SU( 2 )  a r e  

f' 
a n d  t h e  t ~ i p l e t  i s  

T h e  c o l u m n  vectors i n  f 4 . 2 0 a )  now become 



4 
N o w ,  t h e  m a t r i x  Nin 14.21a) i s  a 3 x 3  m a t r i x ,  M i n  ( 4 . 2 1 )  i s  

assume t5at M 1s  n u c h  l a r g e r  t h a n  a n y  o t h e r  e l e m e n t s  i n  t h e  mass 

m a t r i c e s  Me a n d  My , 1e. M>> di, m;j . 
a* 1 

4 s  1 2  sect ion 1 3 . 4 ) .  c a n  be d i a g o n a l i z e d  by an 

o r t h o g o n a l  natrix 0 .  I f  o n l y  the l e a d i n g  c o n t r i b u t i o n  w i l l  be 

r e t a i n e d ,  w e  h a v e  t h e  e ~ g e n v a l u e s  for- t h e  mass m a t r i x , b l p  a s  

folfows: 

T o  f i n d  t h e  4x4  o r t h o g o n a l  

the f o l l o w i n g  a n s a t z :  

- 

m a t r i x  0 w i t h  a g g . o x i r n a t i o n .  we u s e  

0 
v h e r e x  i s  3 x 3  o r t h o g o n a l  m a t r i x .  I t  i s  easy t o  s h o w  that t h e  - 

rr) 
m a t r i x  0 i s  o r t h o g o n a l  up t o  terms of order S;i t m 

a n y  m a t r i x  e l e m e n t s  o t h e r  t h a n  M )  : Q ~ O Z  1 , We a l s a  Atbin 



Hence, in order to satisfy ( 4 , 3 2 1 ,  the following relation 

m s k  be sa t~g f : t sd .  C l e a r l y ,  i r ts t+ad OF t h e  usual t h r ee  

-parameters, only two parameters are needed to parametrize the 

3 x 3  orthogonal matrix uO. It is becauqe there are two degenerate \ 

nasses for the neutrinos. 

The two mass-eigenstate ne"trinos , 92 with zero-mass 

e~genvalues will still remain as left-handed two-component 
/ 

massless fields: 

The other t w o  massive-eigenstate neutrinos $3,&. of the 
T 0 

Majorana type ds  in ( 3 . 3 6 )  with mass eigenvalues m x 3 ~ m  
2M 

and ??&+=M will be 



/ 

The Z P  eigenvalues of 1(3 and %,4 ate S=l and %=-1 ( s w  , - 

discussion r n  section 3 . 4 ) .  

T h e  mass m a t r l x  is also diagonalized by means of a 

transformation as in (319i..The mass eigenvalues for the charged 

leptons are: 

9 
Agaln, to find the 4 x 4  matr ices  AL,& ,we use the following 

where VL and VR are 3 x 3  orthogonal matrices. It is easy to show 

+ a that the AL and A& are orthogonal up to terms of order : 

A S  , . We also find 

T + r 
*( i ) S i n c e  all matrices are real, v:= V, , v R = v ~  , and ahiTT. 
(ii)The matrix 0 (4.33), A, and 4 (4.39) are also applicable 
for a general n-families of doublets and one triplet model. 



L 
H e n c e ,  from ( 4 . 3 8 1 ,  we obtain 

Now,  let ds define the c o l u m n  vec tors  f o r  t h e  mass 

e l g e n s t a t e s  3 f  neutrinos* and l e p t o n s :  

5 

l e 
, F l n a l l j r ,  t h e  weak c u r r e n t s  in ( 4 . 3 0 )  are 

wit? t h e  definitions 

------------------ * Notice t h a t  we h a v e  



and 

We have 

w h e r e  I is 3 x 3  identity matrix and %is in (4.41). Notice t h e  

the condition of the GTM mechan ism in the neutral currents for 

@a 63  



t h e  u s u a l  t h r e e  f a m i l i e s  of l e p t o n s  is s t i l l  s a t i s f i e d  i n  t h i s  
- 

order of a p p r o x i m a t o n .  That is, a l e p t o n  i n  o n e  f a m i l y  w i l l  n o t  

c h a n g e  t o  a n o t h e r  o n e  u p  t o  0rde.r %L M i n  a n e u t r a l  c u r r e n t  

p r o c e s s .  However ,  t h e r e  e x i s t  f a m i l y  v i o l a t i n g  n e u t r a l  
> 1 

i n t g r a c t i o n s  b e t w e e n  l i g h t  - l e p t o n s  a n d  t h e  new heavy l e p t o n s  
0' - 

w i t h  o r d e r  $f s u p p r e s s e d .  ~e a l s o  n o t i d e  from the m a t r i x  rr 
t h a t  t h e  n e w  l e p t o n - n u m b e r - v i o l a t i n g  i n t e r a c t i o n s ,  w h i c h  a r e  

i 

p o s s i b l e  i n  o u r  model, are n a t u r a l l y  much w e a k e r  t h a n  t h e  

s t a n d a r d  weak i n t e r a c t i o n s  f o r  the known f a m i l i e s  of l e p t o n s .  

w h e r e  3 c a n  be paramatrized w i t h  t w o  p a r a m e t e r s  0, and oz : 

w i t h  Ci,=&sei, s;= Sir)@;: @I and Q2 a r e  r e l e t e d  t o  d i , d , d l a n d  



(+48c) 
a 

i. 

and M ,  we have introduced four new 

undetermined parameters into the theory. 
( a  



V. Chapter 5 Neutrino Oscillations 

The concept of oscillations among different families of 

6 - 
neutrinos was first postulated by Pontecorvb ( 1967) and Maki 

(1962,). The first phenomenological theory of neutrino 
4 

oscillations was constructed by Gribov and ~ontecorvo'~(l968). 
- 

Neutrino oscillations are possible provided 

(i) th? neutrinos have non-degenerate masses, and 
- 

i i i i  the neutrino mass eigenstates % with mass ff?% differ from 
- 

the weak charged current eigenstates . 

5.1 ?he Formulation Of Ned-trino - -- 

Suppose that there e x i s t  N physical neutrinos (mass 
- 

elgenstates) 1%) with mass m,+, . The weak eigenstates (v:) are 
linear superpositions of the mass eigenstates - 

Now, let us discuss the behaviour of a beam of neutrinos 
7 - 

produced in some weak processes. The neutrino starts out with 

deflnite family index m a t  time t = O ,  x=O: IY (0 .0 ) )= \4 )  . Its 
wave function rill evolve in space-time as follows: 



W e  a s s u m e  e a c h  n e u t r i n o  h a s  momentum a n d  e n e r g y  6 . 
T h e s e  s h o u l d  be u n d e r s t o o d  h e r e  a s  t h e  average v a l u e s  f o r  a 

w a v e - p a c k e t f  . A s  w e  s h a l l  show i n  C h a p t e r  8 ,  t h e  r a d i a t i v e  

d e c a y  r a t e s  of t h e  h e a v i e r  n e u t r i n o s  i n t o  t h e  l i g h t  n e u t r i n o s  
- E 

a r e  v e r y  small'. Hence  w e  cad t r e a t  n e u t r i n o s  a s  s t a b l e  

0 w h i c h  is a s u p e r p o s i t i o n  of weak e i g e n s t a t e s  IYr)) . 
. 9 

Hence, ,  i f  w e  i n i t i a l l y  h a v e  & ,  t h e  t r a n s i t i o n  a m p l i t u d e  
0 A for  o b s e r v i n g  vn is 

T h e  t r a n s i t i o n  probability P is 

w h e r e  t h e  p h a s e  - 

t~orts tfapserYhas str- t h a t  t h e  g e n e r a 1  a n a l y s i s  for t h e  c a s e  
of  t h e  w a v e - p a c k e t  with smal l  momentum and e n e r g y  spreads w i l l ,  
lead !a the same  as &he -1ysi;s h. 

Sexce t t h e  d e c a y  r a t e  of t h e  heavy neutrino & , but no 
oscll f' a t l o n  for ~q is  c o n s i d e r e d .  

A 

6 7 



5 
The velocity o f  the combined wave packets for t h e  neutrinos 

VA a n d  Y i  i s  

A 

The i n t e r f e r e n c e  between t h e  t w o  neudp,nos b$ a n d  % c a n  o n l y  be 

observed when 

x = l lngf  

where '3C is the distance from t h e  source. Therefore, the first 

term in ( 5 . 6 )  v a n i s h e s ,  an?  t h e  phase i s  

27 
For m p , n ) j < < q >  L for a l l  P, a and G*q=P, we 

C 

Defining the oscillation length LJ& 
C1 

and s i l b s t i t u t i n g  the numerical values of* & c, we get the 

, - 
epnvenient f o r m u l a  



If we assume CP FnrrariancP, t h e ~  LI is a ze& mat=&.  W*Ck 
0 

the initial neutrino , the probability of finding a neutrino 

h0 at a distance X is 

Since CP is conserved, we have 

C 
.. 

It is clear that the oscillating terms in P($+qO)come 

from the interference between the different mass eigenstates,=in 

the neutrino wave function. It is purely a quantum mechanical 

effect. The oScillation length in (5.12) depends on the momenfum 

as well as the mass difference among neutrinos while the 

amplitude of the oscillations depends on the mixing matrix U. 

Needless to say, neutri-no 'oscillatiorts itre of great importance 

in finding the neutrino mass scales and mixing angles. 

Let us apply (5.13) to our model which consists of four 

weak eigenstates %*= (%,*,&,$) and four mass. eigenstates 

%=( M, ~ , X J . % )  . We will neglect the existence of the 
neutrino h a n d  the oscillations for N because $+ is too massive 

and unstable (see Chapter 7 & 8), and the couplings of the N 

with ( Vb .$A, ij) are of order . Now we can identify U= U in 

(4.47). We obtain 



w h e r e  

and the oscillation length L, 

. x 

, is, the same in all cases. This is due to the fact that only the f 

1 
neutrino x3 h a s  a nonzero mass mr3. Theoretically the mass - i 
can be determined by an oscillation experiment. f 

S 
Oscillation experiments can be done with various soucces, 

The oscillation e f y t  can in principle be.observed provided 

that the mixing are large, the neutrino source is 

localized much smaller than the oscillation 

length, and the coherence of neutrino beams is not absent"? The 
- -  - 

following table is listed with the typical observation lengths 

which can be achieved, and the typical mass to which they are 
& 

sensitive. 



 able - -  5.1 - Sensitivity For Various Neutrino Sources a 

* * * * * 
Source * Mean energy * L (m) * Lower l i m i t  on Am(eV) * 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
* * * * * 
* So la r  % * 100keV * 10" * * 

* * * * 
* Atmospheric * 0.5GeV * 10' * * 

* * * * 
* * * * 

, * Reactors Te * 3MeV * 10  * 10-I  - * 
* * * * * 
* Meson Factor ies  * 30 MeV *, 10-100 * 10-I  - * 
* * * * 
* ( y p ,  ye) * * * * 

* 

* Accelerators * 1 - 3 0  GeV * l 0 ~ - 1 0 ~  * 

If only the avera-ge value of the probability is observed at 

a sufficiently large distance, then(L(~)) =1/2, we obtain 
b .  

If the maximum mixings are assumed o,=&=z , then the 
4 

oscillations between %-& are suppressed by factor C1/2) 

relative to &-)lr and Ve--c& oscillations. If the mixing 

angle QL is small, then the oscillatins between GwyP.and 

$-Yr are supdressed with respect to &-A os~illations. 

No firm evidence for neutrino oscillations is found 

although several anomalous exberimental results have been 

reported. 2,28 



5.2 Neutrino-Antineutrino Oscillations - 
j 

0 
Besides the neutrino oscillations of the type )& -GO, 

there exists a different kind of neutrino oscillation: 

neutrino-antineutino oscillation. As we know, different 

weak-eigenstate neutrims are different linear superpositions of 

mass eigenstates. 6ifferent kinds of weak-eigenstate neutrinos 
- - 

can only be identified by their associated leptons. The neutrino 

oscillation experiments are being hone by identifying the kind 
+ 0 

of antilepton grn (associated'with~)~ ) created at t=O in a weak 

decay; and then what kind of leptons will be created by a -.- 
0 

Y 

neutrino beam h in a weak process at a later time. The 
0 

amplitude of finding is proportional to A(%+$) in ( 5 . 1 4 ) .  In 

our model, there exists a'mas'sive Majorana neutrino x3;  

therefore, the same neutrino beam whlch contains X 3  can ereate a 
t 

charged antilepton In . The dmpli-tude for such a process is . 
- --- 

30 
proportional to 

This is the amplitude for' the neutrino-antineutrino oscillation. 

With the -assumption that CP is conserved,~*=p , this implies 



m irie lepton-nunber violating process'es are suppressed in 

intensity by compared to the usual neutrino 

~scillations. 

T + s  p m c e s s  is proportional to !I!& E , the heavy neutrino 

xith mass M is still neglected because it needs energy E > >  M to ' 

create such a heavy neutrino. For present facilities, there is 

not  nou ugh energy to produce them; moreover, this heavy neutrino 

is very unstable. - 
+   he charged antilepton fnR can also be creaied from the 

weak lepton-number-violating currents. The amplitude for such a 

process is of order which is even weaker than the 

previous process. (see ( 4 . 4 5 a ) )  



f 

\ 
- 

\ - st' 

5 1 3  -Neutrino Masses From Beta Decay - -- * 

most sensitive way to determine theye mass is to 
\ 

observe the deviations from a straight line Kurie plot near the 

end-polnt o< trltlum &decay. The Kurie plot, in the presence of 
\ 

neutrrno mixi.%, depends on the m~xing anqfes and masses of a l l  

nedtrlno mass eihenst3tes whlch couple to t h e  electron, 

Let 0 s  consider a neutrino y) of mass mdemltted in p- 
decay. The K u r i e  funct~on K takes the form 

> 

2-ere d=Eb-Eg. Herr 1s the maximum allowed electron kinetic 

~ - n ~ l r ' ~ y  and Eg is tne klnetlc energy of the electron. F is the 

?;clear Zoulornb factor. 

W h ~ n  there is neutrino mixi~g, the weak-eigenstdte neutrino 

wkizh c o u p l ~ s  to the electron is a linear combination 6f 

m s s  rlgenstates % . The Kurie function then becomes 

h e r e  l?, is t h e  probability that the neutrino is emitted in 
-. 

B- decay. Since F4 is heavy, my+,, Eo ,only the three .C 

neutrinos ( V,,vz,x3 ) are present as in the neutrino 

oscillations. From (4.43a) and (4.47) we obtain 
-----------<------ 
*This section follows closely the analysis of J. W. F. Valle and 
M, Singer.31 



As we see the deviation from a straight line near the end 

point of the kurie plot is determined~by the masses of the 

ne~trinos; the end-point of the Kurie spectrum is determined by 

the lightest neutrinos. We also notice that (5.22) does not 

depend on e2. 



VI. Chapter 6 ~eutrinoless Double Beta Decay 

6 .  Possibilities Of Neutrinoless - - 

!c 

- 

Nuclear double beta decay is a 

processes accompanying a transition 

Double Beta Decay 

second-o#der semi leptonic 

from a. nucleus 2 to Z+2. 

9 

( 1 ) from standard second-order beta deday . 

( i i i  by the no neutrino process 

known as neutrinoless double $-decay. 

This second pmcess violates lepton-number conservation. If 

obseryed, it would'Signify two possibilities or both: 

(i) Neutrino h.as a finite ~ajorans mass. 

(ii) Lepton-nupber-violating currents exist. 
b 

T h  se two- cases' corkespond to two different mechanisms as shewn 4 In fig.6.1. 3 



F i g . 6 . 1  ( a )  n e u t r i n o l e s s  d o u b l e  b e t a  d e c a y  •’tom a  nfass ive  
'r 

Tajorana n e u t r i n o ,  { b )  f rom a lepton-number-violati-ng c u r r e n t s .  

Both c a s e s  d o  e x i s t  i n  o u r  mode l ;  h e r e  w e  w i l l  c a l c u l a t e  

t h e  r e l a t i v e  c o n t r i b u t i o n  t o  t h e  d e c a y  a m p l i t u d e  o f  t h e  

n e u t r i n o l e s s  d o u b l e  b e t a  d e c a y  f rom e a c h  c a s e .  

6 . 2  Double B e t a  Decay From a  Mass ive  Majorana  N e u t r i n o  - - -  
\ 

'The d e c a y  a m p l i t u d e  A o f  t h e  n e u t r i n o l e s s  d o u b l e - @  d e c a y  is 

e x p r e s s e d  a s  

w h e r e  Mj is  t h e  mass  b f  - 
e i g e n v a l u e ~  f o r  C? and 

a Majora-na n e u t r i n o  % j , Oj is t h e  

is t h e  m a t r i x  g i v e n  i n  ( 4 . 4 5 a ) .  

I n  ou*r m o d s ,  o n l y  t w o  n e u t r i n o s  X3,'& h a v e  n o n z e r o  m a s s e s  * 

m & , a n d M  . I t  i s  e a s y  t o  see from ( 6 . 3 )  t h a t  t h e  c o n t r i b u t i o n s  

f rom t h e s e  t w o  n e u t r i n o s  t o  t h e  d e c a y  a m p l i t u d e  w i l l  t e n d  to  

c a n c e l  e ach  other b e c a u s e  t h e y  h a v e  o p p o s i t e  CP e i g e n v a l u e s ;  

nameay, n3= \ ,7[+=-I . W e  f i n d  t h a t  i n  t h i s  model ,  t h e  

c a n c e l l a t i o n  is complete and  t h e  d o u b l e  b e t a  d e c a y  c a n n o t  a r i s e  



\ 

from such process. It can be understood I& noting, using ( 4 . 3 4 ) ,  

that ) i n  (4.21b) can be written as 

Using (4.45a), we then see that the decay amplitude is 

where yL is defined in (4.39a ) . Thus the decay amplitude is 
e 

directly proportional to the linear superposition of (mQ)il ( i  

. =1,2 ,3) .  However, these elements are zero in our model, and 

therefore the amplitude for this process vanishes identically 

similar feature was obtained in a model constructed by Zee.: 



The decay amp1itudeA frdm this process is 

Therefore, the neutrinoiess double beta decay arises naturally 

by lepton-number-violating currents. Again, we notice that ( 6 . 6 )  

does not depend on the mixing angle e2. 

Numerical Results 

3 * - - 
The decay amplitude A in (6.6) wi-11 vanish if 0, 

If we put the maximum values for Sk@,=l and @.j=100e~ and M= * 

20GeV, we have 

5 33 
The experimental upper limit for, such parameter is 2x10 . 

I Hence, our result is well within the upper limit. 



VII, Chapter 7 The Decay O f  Heavy , 
2 

7 . 1  The General  orm mu la ti on For The Decay Of A Lepton -- - -  
A 

- \ 
In this chapter, we consider t h e  decay rates of the new 

heavy lepton E and XL) to t h e  known leptons and quarks in their 

lowest-order diagrams. Since we only calculate the approximate 

decay rates in the low energy domain, we use the effective 

Laqrangian density zaH as in (2.64) or ( 2 . 6 6 )  for a 

: fourLfervion pointlike interactions. 

It is shown 

interactions has 

and if the masses 

sma 1 compared to f 

C 

in appendix D that if t h e  ~a~rangian for the 

t h e  following form 

of the fermions K, v3 and \tk , which are 
.- 

the diss M of the lepton yI , 'are neglected: 
the approximate decay rate r (D.24) for the lepton q1 

C - 
d e  aying into two different ferrnions , Y3 and antifermion y4 tht 
is 



where 

In1our approximation, this decay-rate formula is also applicable 

to the case if the aid y+ are identical neutrinos of the 
Majorana type (for example, see the final paragraph of appendix . 
D l .  

If the ferrnions qz and q3 a;e id~ntical, then the decay 

r a t e r  (D.33) is 
c 

If the 9, and 
rate r (D.36) is 

3: are Majorana neutrinos, then the decay 
, 

where q,=+l, qz=f 1 are the CP parity for the % and $!! . 
For the case \f one heavy Majorana -neutrino % decaying 

into three identical light Majorana neutrinos q., 4 ,  #+ , then 

the decay rate r (D.37) is 

J 

The generalized effective Lagrangian which is 



+ + PI' 
where & , a d  2 are given i n  ( 4 . 4 3 ) .  Then t h e  *,9& y3 
a n d  y+ a r e  now co lumn v e c t o r s  o f  f e r r n i o n  f i e l d s  a s  i n  ( 4 . 4 2 ) .  

a n d  gL,9q, f L  a n d  a are now m a t r i c e s ,  a l e p t o n  (%)i ( k = l , .  . , k )  

c a n  p o s s i b l y  d e c a y  i n t o  L f e r m i o n s  (9-)1 ( 1 , .  L , M f e r m i o n s  

C (v3Im ( m - 1 , .  . , M )  a n d  N a n t i f e r m i o n s  (Y;)n ( n = l . .  . . N )  . F o r  t h e  D c a s e  

qZ a n d  q3 a r e  d i f f e r e n t  f e r m i o n  f i e l d s ,  t h e  t o t a l  d e c a y  r a t e  

i n  ( 7 . 2 a )  c a n  be g e n e r a l i z e d  a s  f o l l o w :  - 

w h i c h  is j u s t  t h e  s u m m a t i o n '  o f  a l l  t h e  d e c a y  r a t e s  i n  

d i f f e r e n t = d e c a y  p r o c e s s e s  o f  t h e  l e p t o n  . 
F o r  t h e  case w h e r e  t h e  f e r m i o n  f i e l d  v e c t o r s  qz a n d  q3 a r e  

i d e n t i c a l ,  t h e  t o t a l  d e c a y  r a t e  i n  ( 7 . 2 b )  c a n  b e  g e n e r a l i z e d  t o  

' the  s u p e r s c r i b e ' A 1  is p u t  h e r e  i n  o r d e r  t o  d i s t i n g u i s h  t h e  weak 
c u r r e n t s  f o r  l e p t o n s  frcm the weak c u r r e n t s  f o r  quarks .  

I 
f n o t i c e  t h a t  t h e  s u m m a t i o n  o v e r  t h e  i n d i c e s  1,rn.n d o e s  n o t  

. . n e c e s s a r i l y  s t a r t  f r o m  o n e  a n d  e n d  w i t h  L,M,N; it d e p e n d s  o n  t h e  
p r o c e s s e s  k h i c h  w e  w a n t  t o  c a l c u l a t  t.' 



7 . 2  The Decay O F  Heavy Leptons To Charged Leptons And - - - 

Neutrinos 

First, let us consider the decay rate.of the charged lepton 
/ 
, 

E (which corresponds to k=4 in our representation). It is clear 
r' 

from the left-handed charged wrrents !4.43a) and the matrix 
1 ** - %  

j (9as =fi K?)pp 1, ('4.45a ) &at the lepton E cannot decay 

L through the lepton-number-conkerving charged currents because 

the couplings. (T?I~+ ( 1 =1;2,3 ) .,which couple to the neutrinos 
4 

VI, %, & are zero and there exists no right-handed charged 

current, However, t h e  charged lepton E can decay through the * lepton-number-violating charged currents and neutral currents. 

w i t h  only the leading contribution retained, the decay rates 

far the lepton E through different processes as shown in fig.7.1 

have been calculated. 

* We have not considered the decay rate for a beavy lepton 9, 
into antileptons qZC , ++ and a lepton y3 . In fact, with the 
same assumptions: m,=-=rn4=0, and the similar proceduces as in 
appendix D,+it can be shown that if we have the effective 
Lagrangian as follows: 

then for a process with two different outgoing antileptons, the 
decay rate for the Y: is the same as in (7.2a); while for a 
process with two identical outgoing antileptons, the decay rate 
is the same as in (7.2b). 



1 FEYNMAN DIAGRAMS COUPLING "STRENGTH 

Fig.7.1 Four-fermion point interactions for-the decays of lepton 

E 
-- 

.,,A 

The decay rates for the corresponding diagrams are 



where (7.5b) is used to calculate the rates for the diagrams in , 
% 

. * 
fig.7.lia) and f ig.7.l(d) because they have two identical 

- - - 

-*tg*particles while -5a) is used for the diagrams in 
b 

fig.7.5(b) and fig.7.5(c). The specific decay rates of E into 
' 

electrons+ muons and taus depends on specific values of the 

mixing parameters in (4.47). 

Notice that we do not consider the decay of the lepton E to 

the lepton x .  This is because the'mass for the lepton E is 
- -- 

- - - - -- -- - - - 

about the same as the lepton 5 even if the radiative 
corrections for the mass of the lepton E are taken. The rate of 

such a decay process will be small compared to other decay 

processes; -A 

Conparing (7.6a). (7.6b) with (7.6~) and (7.66). we can see 

that the lepton E will mostly decay through the 

lepton-number-violating charged currents rather than neutral 

- - 
(the Ma jorana neutrino) & to 'different leptons. The diagrams of 
the decay processes 

- 

*. 
are shown in the follow& fiqure: 
-- 

- -  



Pig.7.2.Foyr-fermion point interactions for the decays of the 



) d. 

.%. Continue Fig.7.2 Pour-femion po in t  i n t e r M t i  ns for the decay;s 
-. - p 

f 
- .  

T2 or the X+ --- '+ 

FEYNMAN DIAGRAMS 



i 
is the  ~ a j o k a  &butxino.' ClwrXy, the rate for this p#aretss 

I 
5 

is the same as the one in fig.q.l(a). R4.0tice t h a t  fig.7.2(c) and 

fig.7.2(d) correspond to the decay of the& through the earget3 

current ahd the.neutra1 cutrerit foe the same prckess, With the 

 heref fore, we can identity'the couplings for the process as 
, . 

follows: 

- 
Clearly, the process.vhich corresponds to fig,7.2(e) and ! - 

\ / 
'\ 

I .  

f ig.7.2( f has the s-*decay rate as tha process corrcspondi~ ,I 
/' 

to fige7.2(c) and fig.7.2(d), 
-d 

, 
Ye use (7.5a) to calculate the decay rates for the 1 

I ,  
--- --- -- ' / 

processes in fig.7.2Ca) to fige7.2(f), a ,  



Applying (7.2~) and (7.26) to calculate theldecay rates-for \t 
-L--~ --L- - --- -- .::- 

- the processes i n  f ig.-7-.2Tg)---and T~Q;,-. 2(b) resp&tively . we _ _ _  _ * _ , _ - _ _ I  , _ _ _  _ _  ._.I-L-_ - .  . . - - -.. - - - - . .. - ~ 

.~ .- ... -.-.,.--.l-A- r .------A-u.-------- -- 

obtain 
2 \ 

Notice that we do not consider the decay of thq %+ throuih . . 
the lepton~number-violating charged currents because the 

O 

- ? 

couplings I.& m=L,2,3-)-,-wh i c h cottg%&-to--~l------ 
4 

\\antileptons, are W M  weaker than the processes shown in fig. 7 -2. - - * -- - 

Again a s  in E decays, we see tTat the charg& current decay , 

- I 
Isodes of the 5 will predominate: 



- i n t o  a l e p t o n  and hadrons. Before ue c a l c u l a t e  t h e  decay rate - 

- 
: Sin i i l a r  t o  t h e  case of l e p t o n  f i e l d s ,  . t h e r e  e x i s t  t h r e e  'fadlies 

-& . I 
C 

of  qua rks  (up  and down quarks(u,dJ  , c h a m  and  s t r a n g e ( c , s ) ,  tap 

. and bof t o m (  t, b) ) -which cor respond  to  th ree . , f ami l%es  of l e p t o n s  ; 

the l e f t -handed  qua rk  f i e l d s  a r e  i n t o  t h r e e  SU(2) 
2 , 

1 ,  

d o u b l e t s  and t h e  r ight-handed quark f i e l d s  are i n  s.u;Z) 
t 

s i n g l e t s :  

- . . * u - 
i-- , - 

t \ 7- , -  - - - 

w h e r e  each  '&ark fs assrimed t o  e x i s ~ ; . h - ' ( € h r e e  state%;wl&h - ' I 

- 
d i f f e r  among themselves  o n l y  by a new quantum number c a l l e d  
9 

c o l o r ,  oC=1,2,3, Each u,c, t ' (d;s, b )  quark  is a6surned to  -have 

electric cha rge  2/3 (-1/3). of t h e  uni t . .charge.  

S ince  t h e ' m a s s e s  of t h e  t and b qua rks  are heavy, w e  s h a l l  
pr 

n o t  c o n s i d e r  t h e  decays of t h e  heavy l e p t o n s  t o  such quarks .  
-- 

i- 
- -.- - 

Hence, l e t  us  consider only ihe weak myrent interactions for 

u ,a ,d ,c  quarks .  Similar to t h e  case of lbpt0n8 i n  thk weak 

I 

i n t e r a c t i o n ,  w e  c a n  w r i t e  down t h e  charged c u r r e n t s  for 
Y - 

e. -- 0.  . 
- 

L 0 



(7- 11,) 
cos - 

t 

whire & is t h e  C a b i b e  ang le  which a r i s e s  from t h e  mismatch 
A f 

between t h e  weak e i g e n s t a t e s  -a_nd tha a ~ s s  e F g e a s ~ e s - & ~ -  .-- z- - * 
- - - -- - - I rma-atter--f). S i m i l a r l y ,  t h e  neutra l  c u r r e n t s  for quarks J$ 

a r e  

- N w ,  the  t o t a l  c h a r g e  and neutra l  currents for l w t o n s p n d  



, can ~ Q W  calculate the decays of the heavy leptana to light 
I d 

leptons and haarons (quark 

of the lepton decays to leptons 



. n ", 
* B 

using (7.5. ) .  we obtsin the decay rates for the. 4bQve 
- 

.t 

where the  f a c t o r  '3; is m u l t i p l i e d  to the  decay r a t e s  of t h e  
, 

correspondikg diagrams because each diagram consists of three 

QSf f eren t  p r o c e s s e s  (which correspond to t h r e e  d i f f e r e n t  color 

t h e  quarks.) with  t h e  saie decay rate. 
2 .i 

, * 

s t a t e s  



: ' Pinal ly ,  let  us  consider the decay of the lepton & to 
leptons and quarks. 

FEYNNIAN DIAGRAMS 
1 .  

COUPLING STREHGTY 

% 
* ~ s  of the lepton - $ t o  leptons and quarks 



, using ( f . 5 a )  and ( 7 . 2 ~ 1 ,  we obtain the 
I - 0 

a w e  Biagraas: - 

d&ay rates for the 

Numerical Resu l t s  
- - 

L . 
I 

The t o t a l  c3ecay r a t e  f o r  t h e  l e p t o n  E would be t h e  a d d i t i o n  

o f  the  decay. r a t e s  of t h e  proces se s  i n  f i g . 7 . 1  and f i g . 7 . 3 .  I t  

S i m i l a r l y ,  the  t o t a l  decay rate. for t h e  l e p t o n  %+' would be t h e  

a d d i t i o n  o f  t h e  decay r a t e s  o f  the  p r o c e s s e s  i n  f i g . 7 . 2  and 



=lO5.6MeV and t h e  l i f e t i m e  f o r  t h e  muon decayq= =2.2x10-' G 
t h e n  t h e  l i f e t i m e  f o r  c t h e  heavy l e p t o n  d e c a y s  ame 

* 2 
which a r e  u n s t a b l e  compared t o  muon b u t  more s t a b l e  t h a n  t a u  

- - -- - - - - - -- - 
-- - - - - - -- - -- 

T h e l e p t o n  E would n a i v e l y  be expec t ed  to be  s table because  

it seems t h a t  it c a n  o n l y  decay  to t h e  l e p t o n  N through t h e  

charged  c u r r e n t s ,  However, s i n c e  t h e  l e p t o n  E is i n .  t h e  t r i p l e t  
1 

r e p r e s e n t a t i o n ,  t h e  lepton-number-viola t ing charged  c u r r e n t s  
I" 

e x i s t .  Also  t h e  G I M  mechanism i n  t h q n e u t r a l  c u r r e n t s  h a s  been 

d e s t r o y e d ;  t h e r e  e x i s t  nonzero  coup l i&  which c o u p l e  t h e  lepton 
- - - - - - - - - - -- - - - - 

- E t o  t h e  l e p t o n s  err%. Although t h e  s t r e n g t h  o f  t h e  c o u p l i n g s  , 

w 
I .  7 

is p r o p o r t i o n a l  which is weak, t h e '  l e p t o n  E is u n s t a b l e  

' compared t o  t h e  muon because  it h a s  l a r g e  mass. 



V I I I .  chap& 8 R a d i a t i v e  Decay$ O f  Mass ive  N e u t r i n o s  And 
4 

8 . 1  The P o s s i b i l i t y  Of R a d i a t i v e  Decays O f  .Masg-iyb N e u t r i n o s  - - - - 

I f  n e u t r i n o s  are m a s s i v e  and i 5  t h e  mass e i g e n s t a t e s  a r e  
'r 

n o t  d e g e n e r a t e ,  t h e n  it is p o s s i b l e  t o  have  a  r a d i a t i v e  decay  
- - +-- -- -- - - - - 

-- 
7- -- 

- _ - - 
- -- 

' f r o m  a heavy n e u t k i n o  4 to  a l i g h t e r  o n e  % oE t h e  form q-~+'d* 
. I n  t h i s  c h a p t e r ,  w e  w i l l  c a l c u l a t e  t h e  d e c a y  rates o f  such 

p r o c e s s e s  i n  one-loop d iagrams .  W e  u s e  t h e  e x i s t i n g  f o r m u l a t i o n  

d u e  t o  Lee and ~ h r o c k ~ ~  which i s  v a l i d  f o r  &a  g e n e r a l  SU( 2)xu( 1) 
. . 

gauge* m&del. R e l e v a n t  r e s u l t s  have  been summarized i n  a p p e n d i x  

masses o f  t h e  heavy l e p t o n s  ( E  and%) are  l i g h t e r  t h a n  t h e  mass 
It 

of, t h e  i ' n t e rmedia te  bosons  )*(*, h e r e  and t h e  s u b s e q u e n t  c h a p t e r ,  

i . e .#J t~  1. 

Because o f  gauge i n v a r i a n c e ,  t h e  m o s t  g e n e r a l  form f o r  t h e  

, decay  a m p l i t u d e  V,-V,+b' is 

and t h e  d e c a y  rate y--r%+$ is 



-transition electric dipole -moment for 4 to , and they can be .' 

decomposed into two parts 

as indicated in the appendij F .. 
- - - - -- 

' FVHA comes from those 
--- - --- 

- - - 
-7- 

- ,- 
- - - - --- - -- -- 

1 %A 
processes without chirality being changgd; whereas ER,LL comes 

from those pocesses where chirality is changad. 
- 

t 

8 . 2  Radiative Decays Of Majorana Neutrinos - - 

Ma jorana neutrino G. Obviously, only one-loop diagrams 8 which 
- - 

involve charged currents will contribute to radiative decays. 

From ( 4 . 4 3 ) ,  the charged currents are 

*(8.1), (8.2) and (8.3) correspond (F.14), (F.15) and (F.6) in 
appendix F. 



' There are eight possible mechanisms by which a massive 

d ' neutrino or antineutrino will decay as i ustrated in fig.8.1: 
- - 

Pig.8.1 Diagrams - contributing to the p m c m $ w ~  

a and y are the initial and the final neutrinos. I- denotes f 3 



any charged leptons which can couple in these graphs, and the 

representing one-loop diagrams are as follows: 

w*, Y 

wf * 

( v ~ ~ - ( ~ ~ + ~  (see fig.e.l(a)), while the first term in (8.4~) 

give the decay ($&-(A$&+$ (see fig.8 .l(at i ) . Clearly, if 
neutrinos are of the Dirac type, we can divide those diagrams in 

-. 
I 

fig.8.i into several different kinds of processes. I•’ neutrinos 
4 

are of the Majorana type such as in this case, all these 

are self-conjugate as defined in previous chapters (~ee~appendix . - - li- 
E) . Using the formulation in .appendix F, the transition ldiignetic 

v A ' moment andyhe transit--electric dipole moment F for the . 
f r 

process Xi-x4+f viil be - 



where f 

with 

-* $i is the mass of virtual charged lepton and '(ltf are CP 

eigenvalues of the initial and the final Wajorana wa&rinos. The 

contributions to the F V a n d  F* in (8.5a,b) arise from the 
v A 

diagrams in fig.8.1(a),(b),(a1),(bt); while .the F and F in I 

(8.5c,d) arise -from the diagrams in fig.8.1(c),(d),(c1),(d'). 

Notice that equations (8.5) lead to two p~s~sibilities in 



hence FA =(I. 

These show that if the initial and the final neutrinos have the- 

same CP parity (eigenvalue) fl 'qi , - then there is no transition. . . 
f- . - 

+ -- -- - - 

magnetic moment; whereas, if they have opposite CP parity- 
- 

A -  - -- - A a - 

%=-qi,then there is no transitian electric dipple moment. 
I 

Although we have derived these results by calculating the 
. . - .  - a -- 

ulagrams in CI particolar mcwer,*This in fact be 
36-37 true in general for a CP-invariant theory. 

N o w ,  in our model, we have q ~ i ,  %=-I; therefore, no . 
transition electric dipole moment exist8. The contributions to 

v 
the transitibn magnetic moment F from She diagrams without 
 rime" in fig.8.1 will be the same as the contributions from 

- -- - - - - - - 4 

the diagrams with a~rimen.  or, $03 , M ~ = % ~ , M > ~ ~ ,  we .have 



- 

The .leading contribution for each type of o*-loop dtaprar  . 
1 '8 - - * 

has been calculatt&d-as follcrws: - -, 
d= 

- 

(a) - n=t2+~  

Pig .8 -2- Diagrams contributing -to the process x 4  --&+v. 

since the contribution of E-ig.8.2(~"). is ($ smaller than 
C 

the contributions from other diagrams, it will be neglected..' 

r f r m - f h e  diagra~ss in 
<* 

r / 

103 i 



U6in.g (8,2),- w e  obtatn the r a t e , .  . . \ 

8.3 Radiative - 
2 

~ e u  t r  i nos - t .  

/ .  
I t  is a l s o  poss ib le  for a me'sive Majorana neutrino decay 

, . 

radiat ive ly  to a massless ow. But nor, k-r%+Y and xi*@#&+$ 
- . -  ..- 

' .  
: ~ a j o r a n a  type. Hence, the processes. with a P r i a e m  i n  f ig .8 .1  ! w i l l  . 



,- - - -- -- - -- - --- - 

- - - - - -  + ' . *  
1 .  slotice t h a t  both t&? ttrql i t im l s g n e k i c  vuntF V and tbe . i- I - 

trdnsition - .  elact&&&po&c loli~ F* aA nonzero in general. 
I 

1.  
- - - 

' .  'T* leading contrikrtioi fur eacf type. 'of onalcmp diagrams . . 



coupling strength for the processes in fig.@.3(a) is stronger. 

- 

-- --- A " <._ -.. -- -- --- -dl-- - -  --L 0- - - I--- -- -- - 

-are cancelled by a 'leptonic G.I.U. mechanisma, We have 



H Comparing (8.12) uith (0.161, we notice that the decay rate 
- 4  

I for &.-&t '/ - w i l l  be(lq smaller than the decay .rate %&#I. . 

Hence, the total decay rate fXI for will be dominated by the 
'-. 

- - - - - - - - - - - - --- - 
- ' *  - fratter decay m6de. 'As for the d e  r a c e o f  X there exists a 

- - -  - - - - - - - 2 - - -  
. - -3 - -  - _ A _ - - - -  --A -- ---- - - 

C 
second decay node iC37q1+-7 witti the' same rate ds %$-& +Y . 

7 Therefore, the total decay rate for X3 would be twice the 
. . Xs 

(8.Lua) 81 ,n  r r  . 1 decay ra es~aor - ry and - 

5 would be 
1 . . 

It is inteiesting .to notice that the radiative decal rate 
* 

of 74 in (8.17b) differs the decay rate =of & in (7 .l6bl only by 
a factor proportional to the:eleetromagnetic coupling conhtant 

' d l .  * 

We assume the maximum dixing. angles q=&=g , Mjj =$OOeV 



1 the lifetime x3 and rq ior the neutrinos %CJ and' 5 : 

Magnetic Moments Of Neutrinos - 
&rx 

- # _  4 - - - -- - - - > .  
As it is well known, a massless neutrino cannot have a 

magneti'c moment. In fact, this is 'also true for a Wajorana 

is CP invariant, the zero magnetic moment for the ~ a j o r a n a  

neutrino immediately foIlows from (8.8b). Xf the theory'is CPT 
% 

invariant rather than CP invariant, the antiparticle must be 
L. - + 

operation, It. is well known that ~ P T  r : defined through the CPT 

.invariance implies that 
-- - - -- - -- - - - - -- 

magnetic moments, Since 

the same for a Majorana 

perticze and antiparthe have opposite 

the particle and the aptiparticle are 

neutrino, their magnetic manrent must be 
t 

invariance zero holds, - 



ZX. ckpt& 9 *he Rdiative Decays Of Charge Leptons 

Their Anomalous Magnetic Pl-nts 

The Radiative &cays Of Light Charqed Leptons .- - 

In the first part of this chapter, we consider the rare 

processes df + the type Q i d j t d  where k and 1- are charged J weak 
- -- - - - - - 

- - - 

- - - - - - - - -- 
-- 

leptons of different families. The occurrence of such processes . 

* > .  

would signify that the lepton'nu&ers defined in different . -IG 

families are-not conserved, Processes of this kind are forbidden 

in the minimal SU(2)xU(1) model, byt become possible if there 

exist neutrino nixings. In this chapter, the rate of the process 

- - - -  - 

p-4% is calculated for one-loop diagrams within the modified - - -  - - - 

- 

model. Before we present our calchlation, we report on s o w  

early work. 

(i) One possibility is that and $ are linear 
superpositions of two neutrinos 4 , Pz with finite masses 

.- (9. la) 

I 

where 0 is a mixing angle, 



, . 
Fig.9.1 Diagrams of t h e  p r o c e s s  p-ez w i t h  v i r t u a l  n e u t r i n o s  ~ 

r -  
- - - 

r a t i o %  & t h e  -P-e'd r a t e  to  ' t h e  p - 6 %  - r a t e  L a  

c a l c u l a t e d  i n  GUS model and is g i v e n '  - 
The 

h a s  beeh 

s 

where d =1/137 and Mw is t h e  mass o f  t h e  i n t e r m e d i a t e  c h a r g e d  
i 

boson. ~t is found t h a t R p  i n  t h y s  c a s e  t u r n s  b u t  t o  b e  s h a l l e r  

by many o r d e r s  o f  G c p i t u d e  t h a n  Che 
I I 

e x p e r i m e n t a l  upper-  1 i m i  t , 

which is 

( i i )  Heavy n e u t r a l  l e p t o n s  

The s i t u a t i o n  migh t  c h a n g e , ' r a d i c a l l y ' ~ W i f  t h e r e  e x i s t  heavy , . . 

l e p t o n s .  L e t  u s  assume t h a t  besides t h e  ?eft-handed doubl.ets i n  . 

t h e  GWS model, t h e r e  a r e  r igh t -handed  d o u b l e t s :  



- * 
I 

(M,,M,)M,, (YKbeing t h e  kaon m a s s ) ,  and  0 ib t h e  mix ing  a n g l e .  . 
b 

I n  t h i s  model t h e  c h a r g e  c u r r e n t  h a s  a n  a d d i t i o n a l '  
I 

t-handed c u r r e n t  Tp : 

Hence, t h e r e  e x i s t &  ext r -a  one- loop d iagrams  a s  f  011.0~s: - - - - - u - - - 

Fig.9.2 Diagrams o f  t h e  process r -ex  w i t h  v i r t u a l  n e u t r a l -  
- 

heavya l e p t o n s  HI and N - 

i -I 
N e g l e c t i n g  t h e  s m a l i  c o L t r i b u t i o G  f rom f i q . 9 . 1 ,  w e  f i n d  t h e  

r a t i o  

W e  now c a n  assume t h a t  t h e  mass d i f  f e r e k c e  [M,-MzI is a n  o r d e r  o f  

I -n GeV and t h e  mix ing  is malximum 0 -T . Thus, t h e  ~ 4 ' b  decay  
P ,.-. 

p r o b a b i l i t y ' w o u l d  t u r n  o u t  closer to  i ts  upper  exper imentaq  
s 
4 - 
.'- l i m i t .  

Ag i n  o t h e r  models ,  t h e  ra te  o f  t h e  p r o c e s s e s  fit$$ i n ,  

o u r  model c a n  a lso  be c a l c u l a t e d  i n  one- loop d iagrams.  As 

ment ioned b e f o r e ,  w e  use t h e  e x i s t i n g -  f o r m u l a t i o n  due  t o  Lee and 
- -- ---- - - - -- 

Shrock.  Although t h e i r  r e s u l t s  are based  on  t h e  t h e  assumpt ion  . 



t 
- -- -- - - - - -- -- - - - -- 

- - - 

that massive neutrinos are of the Dirac type*, their results arg 
+-- 

- -- - 

still applicable to our -calculations here because th'e propagator 

: for E Majorana. field X is ju t the same as the usual ~irac qase k -7 

(see appendix E) . -Now, let us' consider the process p-ex . It 
has 

found that the leading contribution to the degay *. 

F amp tude will come from the following one-loop diagrams: 

RILL ATI VE 
AMPLITUDE AMPL lTUDE 

Pig.9.3 Diagrams of the process p-e$ in our model and their = 

d 
-- 

reratiVG contributions to the amplitudk 



First, we notice that all leadinq contributions come from 
- - 

.diagrams in which the internal virtual fermions are the charged 

a 

hedvy leptons E or the, neutral heavy leptons &. . Notice that 
the diagrams as follows: 

. 

L 

* - - 

- 7 
L - 

CIL q,Va,Xa + e~ 
where the leading term vanishes by a leptonic G . 1  .I. mechanism. 

T k  #mtx-ibirt&_of -khese dh- is- kt;laL&~hp&ta*=i-m-= 
4 

other models but is negligible compared to the other 
- 

. contributions here, - * .  

The loops mediated. by. the neutral c;krents rather than by 

. the weak charged Currents are possible'be,cause the neutral 
a % .  

current matrix is not diagonal, and these contributions to the 
/ 

- - - - - - - - - - -- - --- - - - 

amplitude are important. Fig;9;3(b) and fig.9.3(c) are possible 

because of the existence of Flajorana neutrinos & and the 
lepton-number-violating currents within the model. 

The amplitudes of the diagrams in fig.9.3(b),(c),(e),(f) 
F4 

would be expected to be - times larger than those in 'm 
fig.9.3(a),(b) because they are proportional to the masses (M) 

* 
. . 

of the heavy virtual leptons..However, the amplitudes of the - 
.i=. 

diagrak in fig.9.3 are in the same-o_rder of magnitude because 
- -- + -  - - -  -- - - --- -- 

the right-handed couplings are 
- -- - 

times weaker* than the 
B 

left-handed one. I 



unimportant (see appendix F, eq(F,7)), hence 

which are the cont;ibutions from f ig.9..3(a) and (dl. - 
-. 

. Since the contribution o,f fig.9.3(b) is cancelled' . , 

completely by the contribution of fig.9.3(e), and the game for 

together, ye ohtain Finally, adding '(9.8) and 

Using (8.2), we obtain the rate 

. With the rate can be written 



- as in rig 
- .  - -  - e .Y  .j Wlll b 

, - 
,' a 

involved in the leading contribution for the amplitude of the 

* 
decays T+eY and T-rpX . Similarly, we obtain a 

- I - - - - - - -  
pp 

comparing (5.17) and (9.12), we, find that the neutrino 

.oscillations and the radiative decays of the known chargea 

- leptons are dependent on the same mixing paraheters. That is, - 

hence, the existence of oscillations between the electron atd 

muon neutrinos implies the existence of radiative decays for 

muon to electron. 

- 
9.2 The Radiative Decays Of Heavy Charged Leptons - - - 

7 
- --+?ow- &-corrsk&sr izh-rad&fativeeicays ot the heavy 

* 

to the decay amplitudeE+eYwill come from the folfowing . 



(dl 

Pig.9.4 Diagrams of the process E --a anb their relative 
contributions 



Fiha l ly  , w e  have 

Using ( 8 . 2 ) ,  we obtain the  decay rate 

. where 
- - - - - - 

2 - .  

Simi lar ly ,  w e  f ind  -3 8 

and - 

hence 



-Similar to&, the radiativedecay ratepf E differg.fro~..-- - 

1. 

the decay rate of E in (7.16a.1 only 'by a factor proportionai to - 

the electromagnetic' coupling. constant d r  .  his character of E 
is extremely different from the known leptons as di$irussed in 

C * 

9.3 The Anomalous Magnetic ~om&ts Of The Muon, Electron And - - -- - 
Tau - 

We consider here the iniplications of the heavy leptons to 
I D .  

the anomalous magnetic'moments of the electron, auon'and tau. ,. 
'The anomalous magnetic moment -of a ,lepton is defined ag (see 

I - 
appendix F) * .  

where g is the gyromagnetic ratio and Q is the charg,e of the 
- - 

lehton. - 

The calculation on the contribution of the minimal GWS 

;a model to the anomalous magnetic moment of the ptons has been 
9 * . 

done. Here, we just calculate contribution which may a*?se-' 

from the internal virtpl heavy leptons in the one-loop 
P 

diagrams. It is found h a t  the leading contribution to t h e  

anomalous magnetic of e,)r and /Z will be the diagrams in fig.9.5. 



ONE-LOOF 
Q C A G W  

ig.9.5 Diagrams contribute to the anomalous magnetic moments of F - 
(the, electron, morr and tau 



<- - - * - 
The contributions of the hCirvy leptons to thq bnoraloub 

npgnetic &mqnts- €kt of electron, u o n  and tku'aie 
. .. - 

that the corresponddng weak conkributions from the minimal GYS 

model, 
I , ' .  

. - 
. . . . 

.a - 
' ,  

Numerical Results 
< .  ~ . 

~ ~ 

. 

. p - 
. - 

-- ---- -------- - -- 
-- 

Let us first estimate the numerical value for the ratio + 

of the Rp rate to -the p-el rate. be expect Mat the *cay . - 

'-3 * 
.rate (9.12a) in our model would be many order, larger than the 

% , , me$ - -  -% *- &te - in (9.2) because M< & , (3y  (-) . 
+ - Mw 

rf:we assume the maximum mixings a=q=$ , ~ ; l O O c V  and 

.M=?OGeV, Qe obtain the ratio 

, . .  . 
gn ~t 1s still many order smaller than the experimental 

, . *upper limit, I it is greatly improved over the previous model (i 1. . ' 
a .  I * 



W e  a r e  a l so  interested in'the v@he  for t h e  anomalous 
a : I .  . - 

magnetic moment $ of duon because ie has been found with great 
, i- 
5'- X accu&cy e x p & i k n t a l l y .  With t e above assumptions, re f i n d  

P fl 

f ir which is n e g l i g i b l y  s-11 conpared to the  e_xp&imental uahe 'for 
- - d  b 

47 - -  - *zq'  - i 
_ _  -- _ -. - - - -1. - 

% 



X. Chapter 10 Conclusians  

. W e  have extended t h e  -GWS e l e c t r w e a k  t h e o r y  by t h e  a d d i t i o n  
b- 

of .heavy  , t r i p l e t  fields. I t  is found t h a t  t h e  n e u t r i n o  i n  t h i s  

model can a c q u i r e  a  nonzero m a s s  w i thou t  t h e  need f o r  any e x t r a  
. - 

aiggs s c a l a r  giem, a* lepton-nrtlaber-viotatinq prdcesses arc - 

-- - _ - . P-- 
'W- 

p o s s i b l e .  As d i s c i s s e d  i n  c h a p t e r  4. t h e s e  new l e p t o n  nt iabeiv;~.  - 
% -p - 

v i o l a t i n g  i n t e r a c t i o n s  a r e  n a t u r a l l y  much weaker t han  the 'B"x ."" 
* .*' 

l ep tons .  

A s  d i s c u s s e d  i n  c h a p t e r  3, t h i s  t r i p l e t  does n o t  c r e a t e  any 

anomaly problem, A l s o  it i s ' f o u n d  i n  c h a p t e r  9 t h a t  t h e  

c o n t r i b u t i o n s  of  t h e  heavy l e p t o n s  to  t h e  anomalous magnetic 

moments of t h e  electron, muon and tau are i n s i & i f i c a n t ,  and 
--- -- - - - 

- t h u s ' c o % i s F e n t  w i th  t h e  p r e s e n t  exper imenta l  d a t a ,  . - 

These new heavy l e p t o n s  are very u n s t a b l e  compared to  t h e  

decay o f  t h e  mon bu t  s t a b l e  compared ta t h e  decay of t h e  t a u  

( c h a p t e r  7 ) .  I t  is i n t p r e s t i n g . t o  n o t i c e  t h a t  tk decay r a t e s  of 
r 

heavy l e p t o n s  i n  four-ferraions p o i n t l i k e  i n t e r a c t i o n s " a n d  t h e  
' - t  

r a d i a t i v e  decays  are o n l y  d i f f e r e n t  by t h e  e l ec t romagne t i c  

coup l ing  c o n s t a n t .  However, t h e  d e c a y - r a t e s  f o r  t h e  known 

l e p t o n s  i n  t h e  l a t t e r  decay p r o c e s s e s  a r e - l ~ ~ ~ s l e a l l e r  tha* t h e  
- - - - - - - - - - 

- - -- 
former one. 

I t  is found t h a t  t h e  r a d i a t i v e  decays  of t h e  .known charged 

l e p t o n s  and t h e  n e u t r i n o  o s c i ~ l l a t i o n s  are dependent on t h e  same 



- - - -  - - --- - - -- - ---- - -- -- -*i- - 

. mixing  p a r a ~ t e r s .  T h i s  is also a n  i n t e r e s t i n 4  f e a t u r e  of ,ou< - ?  

'model. * ,... T .$ 

N e u t r i n o l e s s  d o u b l e  beta d e c a y s  are also possible, t h e i r L *  
, 

e x i s t e n c e  is a direct  c'onsequence o f  t h e  lepton-number- 

v i o l a t i n g  c u r r e n t s  and t h e  l e p t o n  mixings .  

A s  i l l u s ' t r g t e d  i n  t h i s  t h e s i s ,  t h e ,  e ~ i s t e n c e  o f  t h e s e  $"+ I - 
t r i p l e t  f @ ~ d s @ i l l  n o t  a l ter  t h e  b&si& structure af the Lnwn . 

heavy 

l e p t o n  and q u a r k  i n t e r a c t i o n s ;  n e v e r t h e l e s s ,  t h e y  p,rovide t h e  

. kssibilities for m a s s i v e  n e u t r i n o s  and some new phenomena. 

Numerical  r e s u l t s z p h a v e =  shah t h a t  n o  known e x p e r i m e n t a l  l i n i t  is ' 
- -- -- - --- - " - - -  -- -- -- -- -- - . 

v i o l a t e d  w i t h  the t h e  mass of l i g h t  n e u t r i n o  is 
a ' i 

IOOeV and t h a t  of t h e - n e w  2OGeV . F i n a l l y ,  ve kould  . - 
l i k e  t o  p e s t u I a t s  t h a t  t h e s e  new l e p t o n s  have  masses i n  t h e  

r a n g e  between 2 0 ~ e v  to se i f  t h e y  e x i s t ,  t h e y  s h o u l d  

be d e t e c t e d  soon w i t h  o u r  p r e s e n t  e x p e r i m e n t a l  f a c i l i t i e s .  



- 

APPENDIX A TBE DIRAC EQUATION ' 
- - -3 

. . 
. . The Dirac equation plays a fundamehtal role in relativistic' 

I C 

quantum theory because it naturally. describes the spin-1/2 

particies such as the electron. The derivations of it have been ' . 

given in4many standard relativistic quantum theory texts; for 

example, Relativistic ~ua%tum Mechanics by J. D. ~jorken and S. 
- 

39 
- 

D. Drell (1964). Here, we just want to provide some basic -- - - - 
"& - 

results and the notation used in this text. 

The Dirac equation for a particle of spin-1/2 and mass m is 

- where' the wave function coitains four components; dl , g are 
4x4 matrices which satisfy the anticommutation relations: ' 

/1; 0- One can introduce the notation 3 =(Y,Y): 

(Latin lettersSfor 1,2,3; Greek letters for 0,1,2,3) - 

and the Feynman -"slashn 
- 



. - 
T 

is introduced. Then the Dirac equation in covariant form is 

' 2  3 r4  

with %=(&,v),v=(& t a '9x3 2) where X,X, x are space coordinates. 
In the Dirac-Pauli representation: 

- 
L - - - -  -- - - - - - - - - - - - - - - - - - T-- - -- --- - w h e r e 1  and are the 2x2 unit matrix and the Pauli C matrices 

pr 

The positive- and negative-energy solutions 

covariant free-pazticle Dirac equation are given 

  or the positive-energy solution with momentum P, 
- 

(A*J 9 -  , of-the 



and momentum -P 

while for the negative-energy solution with energy -E ( € = A ' )  . 2 
2 

y-w = v c p >  

Substituting (A.9a) 

t 

- L 

and ( A . 9 b )  into'(A.8), we have, 3 

There are two linearly independent solutions for U and.v 

A 
f 

where q(6) are, the eigenstates of 'the helicity operat&r)t=s.P.. ,.- 8 3 
. 1 

 or .a spin-1/2 particle S=+C. ri are ~a"li..matrices and Q'( p) % 
f 

satisfies 

s 

The eigenvalues Bye for the corresponding helicity 
eo 

eigenstates. We now redefine 6=[0 b]; now Q is the four-component 
L .  

----------------- 
*Our normalizbt'ons of 'k and differ by 1 from those '- 4 defined in Bjor en and Drell. bml 

# 

- 

* f 
I . r 

i 

126 
, - 

' e 
-3 

9 -.. 



their relati.ons: . Some useful matrices.and 

The .anticommutation relations of 1 matrices: 

The chirality operator: 

- * - - - 

'- 
Commutation relations of 

~ermitian conjugates: 



The projection opera tors : 

Trace $heorems and 7 Identities: 
I .  

I C 

Trace of odd number- ci vanishes. 

(A.20d) 

(A* zoe) 
(A -2G) 

where %x5 is the Levi-Civita ps udotensor (&,={) : 
b - 



PARTICLES 

skates 

to a 

The representation-independence (Pauli-Good) theorem 

that all representations of $ -matrices are equivalent up 
- similarity transfomation u : * 

Let us c o n s i d e r ~ = A ( ~ - ~ ~ ~ o )  ( -n 1 I .-I) I 
<then we find a new set of 'l( matrices: 

This representatin was first introduced by H. 

withthe wave functiong. written as: 

. " '  . 

in which qR and dL are two-component spinors, Dirac equation 
s 

can be written as two coupled equations: 

\ 

two coupled the 



Substituting (be4a) intoe(b.3a), we have 

Let &,L be the eigenstates bf the helicity operator: 

whereas only the A=-1/2 state survives for 2 ( ~  . 
Similarly , for nega tive-energy solution f and momentum -p 

whereas only theX =1/2 state survives fdr'vi . 
L 

5 The chirality operator '7( in this representation is 

diagonized. One defines an operator ~=&'l~~which projects out 

// the left-handed spinor, whereas -6 =+(I+%) which pro jekts out the 

right-handed spinor: 



- 

One important point a'bout the set of equations ( b . 3 )  is , 

that they are not invariant under spatial reflection ($,R-f 4') 
. Due 

found 

there 

to this reason, they had been rejected for a long time 
. 

the parity violation 'expgriments in \Degk interactions were 

in 1957. It was Lee and Yang 4Q' who first pointed out that 

was no evidence for conservation of -parity in weak 
- 

that only 

. interactions. Nor, experiments have agreed with the assuiiiption A 

take part in charged weak interactions. 



A parity transfamation means X d  xG-x and t- &'.= t 
- 

parity, 9 transforms 

For the quantum Dirac field, we need a unitary operatof 
- 

satisifying 6 

. Under 

9 

where %ji=(t,-t;r). It is easy to show that 

- - 
Ch-arge- C ~ n j u g a l t F a n r  - -  -- - -  - -  -2 -- 

The charge conjugation operation converts particle to 

antiparticle: 

C is a Dirac matrix defined by 



. For the  quantum Dirac f i e l d ,  w e  need a uni tary  operator  6 

I t  is e a s y .  to show t h a t  , 

is  t h e  f i e l d  which a n n i h i l a t e s  a 

a n t i p a r t i c l e  or 'creates  a r i g h t  ( l e f t  )-handed l e f t  ( r i g h t  )-handed 

p a r t i c l e .  



d 
Let us now investigate the tranvormation properties of . 

/ bilinear forms: ,her& Q is a Dlrac matrix and 9 , 9 are 
the fermion field operators. However, in field theory, such a - 

form qw will lead toTdifficulties (see Bjorken and Drell), 

unless we antisymetrize3 (or, equivalently, normal-order) the - 
fermion field operators which is 

- 

Hence, under charge conjugation, the bilinear form transforms as 

where 

- -  



i 

  in all^, we list the transformation properties of bilinear 
forms in the Dirac field underParity and charge conjugation: 40. 

Fable - C.l 

The Transformation Properties Of Bilinear Forms Under Discrete ' - - 

Symmetries 



i 

I 
d 

- - - - 

APPENDIX D THE DECAY OF A LEPTON 1N.FOUR-FERIMON POINTLIKE 
7 

WEAK INTERACTIOHS - 3 

The lowest order calculations for the weak d&ay rate of a 

heavy leptons 41 , 

- 
to fermions y2, v3 and d3; is shown in this appendix for four 7 

B 
$ 

different cases 3 
3 

ti) the.-% , %J are two different fermions, 
4 

( iii ) the % , a;e M a  jorana neutrinos, z * 
- 1 -- '(iv) the , . % are all identical Majorana neutrinos. 4 4 ". 

In the low energy domain, the weak interaction can be 

approximated as a four-fermion paintlike interaction; the 

AH. - 
interaction Lagrangian density can be written P 

where i 



-- -- - -- - - 

a - Caseli)- 

In the lowest order calculations, only one Feynman tree 

diagram for such a decay process is possible. 

.D.1 Feynman diagram for four-fermion interation for heavy 

q&- - - - -  - - - -- - -- -- -- -- --- - -- - =  - - -  - 

The Lorentz invariant amplitudeM for the diagram in 

P physjcal momentum m and polarization sm , while v+ 

The differential decay rate for an unpolarized 

is u$ 

is for the 

ferrnion 9, 

- - - - - - - - - , - - ---- -- 

which we obtain from Bjorken and Drell. The factor 1/2 in front. 

ot(3.m-is due to the fact that we average over all possible - 

spins of the initial fermion y,. 



't ---- 
L e t  u s  f  irit & a i u i t e X f i ~ - ,  w i t h 4  g i v e n  i n  ( D . 5 ) ,  w e  have  

i n d i c e s :  

I 

With t h e  p r o j e c t i o n  o p e r a t o r  z~~~f!~)iid(~S)=Atff& i n  ( A - 1 8 ) ,  we 
S 

/ * 
S i m i  l a r l y  , w e  have  

With t h e  assumpt ion  --- t h a t  t h e  masses  of 
- - - - - - - 

and 

l i g h t e r  compared t o  

con 

t h e  mass'M o f  , and o n l y  t h e  l e a d i n g  -'-. 
i b u t i o n s  to  t h e  decay r a t e  o f  3; a r e  o f  i n t e r e s t ,  t h e  

masses  o f  t h e s e  f e r m i o n s  c a n  b e  n e g l e c t e d ,  hence  



P ' U s i n g  t h e  p r o p e r t i e s  Tr (odd  number of 7 3 

{ x ? $ ' ~ = o  ( A . 1 5 ) ,  we have 

IA.20)  and 

a 

oc #.cad b 5(~3) /@$)=4 iGq7sa  b and 

2 
Now, t h e  decay a m p l i t u d e , Z / ~ i ,  is  



F i n a l l y ,  a f t e r  a few s t e p s  o f  a l g e b r a ,  i t  is easy to  show- 
, ' ,  

where  w e  p u t  A = (  
. . 

, To p r o c e e d  f u r t h e r , ,  w e  i n t e g r a t e  o v e r  a l l  p o s s i b l e  inomentum 
, . 

PZ , o f  t h e '  f e r m i o n s  ~ ~ ' ~ n d  q3, t h e  d e c a y  r a t e  i n  (D.61 c a n  

b e  w r i t t e n  a s  

w h e r e  

I'"=JJ d3P. d3R $+(Q -f%-g)g P:=$(%~W+~Q'~) J 

2t2 2E3 
arid 

( ~ ~ 2 0  b) 

The r e s u l t s  of t h e  i n t e g r a l s  I0 and 1'' c a n  b e  ' found i n  ~ j o r k e n  

and D r e l l .  



- - 

Now, Iet us choose the'initial frame in which the heavy - - 

1 

. - 
. * lepton 9, is at rest,-hence; 

I t 

. , with the mass of $ is neglected, is 

- 
a - 

Therefore, we have 
<- .- - < *" 

C - 

is- (0.23). ,, . Integ-gating eve; the lepton % pngles and all p&sible egergies 

o; tfie q,b$b~*f we finally .bkainX the total decay rate r 
fw the '. 

, - 
'A? 

%be. maximum possible energy for the lepton $!! , &=*M, is 
taken when the other two leptons qz, Y3 are emitted in same 
direction and the lepton % in the opposite directiun. 



b 

I .  

B 
- - .  - ~ -  ~ ~ 

4h 

- - - - ~~  p-pppp--p 

Case (ii') , - 
i 

* ~f we have the identical fermions $. and. 9: in the final 

stat$s, we must antisymmetrize the product wave fun ions for 9 
\ti and V)3 ;. the amplitude must be antisymmetric under the 

'ex=hangk of the fekmions YL and% . In tekms of Feynman 
diagrams, we must have two diagrams as follows: 

two ,identical ferqtions y, and % . 

. The resultant amplitude& vQu&Pbe #e addition af the' 

amplitude oi the diagram in Fig.D.2(a) and the amplitude of the 

diagram in Pig.D.Z(b). Since it involves the interchange-of two 

fermions, the 'aklitudes for these two diagra'ms should be 

opposite in sign, hence 

where A', is given in (D. 3 )  and A2 is the same as HI with 
i 

- - -- - - - - - - - - 

subscripts 2 an63 interchanged. Again, let us first evaluete 



- 

Clearly, with the -low energy approximation, 
t- 

the contribution of 

rate is the same as the third term in (D.26) to the total decay 

the contribution of the first term which is found previousiy 

(D. 2 4 ) .  Hence, we only need to evaluate the contribution from 
* 

have the second term: the interference terms. We 

( D771 
Using the same tricks as before and'neglecting the masses 

for the leptons o/,, % and q+ , we obtain 

. 
therefore, 

Since Tr d5hf = 0, TrP$=4Q.bin ( A . ~ o , .  ire have 
\ 



F i n a l l y ,  t h e  a m p l i t u d e  i n  (D.26) c a n  be w r i t t e n  

I 
3 

Comparing t h e  f i r s t  t w o  terms w i t h  (D.18) .  t h e y  have  the $arsg 2 

- - - -  - 
- - - - -  - 3 

form e x c e p t  f o r  t h e  e i t r a  f a c t o r  ' 2 '  i n  t h e  f i r s t  term. ~ l e a r l y ,  
6 

a 
S 

t h e  o t h e r  t w o  terms which a r e  t h e  same a s  t h e  f i r s t  two terms il 
with s u b s c r i p t s  2 and 3 i n t e r c h a n g e d ,  w i l l  h a v e  t h e  same 4 

-. 9 

c o n t r i b u t i o n  to  t h e  t o t a l  d e c a y  r a te  a s  t h e  f i r s t  t w o  terms (see 3 

(D.20)). Using t h e  p r e v i o u s  r e s u l t ,  w e  o b t a i n  the t o t a l  d e c a y  

r a t e  

4 
where t h e  , f a c t o r  1/2 is  m u l t i p l i e d  t o  t h e  f i n a l  d e c a y  r a te  Y 

9 
# 

becaus,e  w e  have  n o t  a n t i s y r m n e t r i z e d  t h e  product wave f u n c t i o n s  2 
- 

f o r  th; yland l& . Comparing t h e  to;al d e c a y  r a t e s  of (D. 33)  and  , 
i 

( D . 2 4 ) ,  (D.24) h a s  e x t r a  terms which ar ise  f rom t h e  i n t e r f e r e n c e  - 

of t w o  a m p l i t u d e s ;  t h e y . c a n  o n l y  be n o n z e r o  whenever  b o t h  
- - -  --- - 

- 
1 

c u r r e n t s  a r e ' l e f t - h a n d e d  or  r i g h t - h a n d e d  i n  o u r  a p p r o x i m a t i o n .  A 

- - 

Case  ( i i i  ) 

L e t  u s  c o n s i d e r  t h e  case when t h e  l e p t o n s  %.and q2 are i - 
1 

Majoraqa n e u t r i n o s (  4, =K+q,(%L,f,~ = k + q d ~  2~ f J 9 -  1' k ', '7Za)a.d 9 % 

f 



- 

€ 2 ~  Ieptbni % afiddV&EF d i f f e r e n t  k i n d s  o f  f &nions. Clearly, 

the decay of a n e u t r i n o  t o  
I 

n e u t r a l  c u r r e n t  processes. 

n e u t r i n o s  $ and  (t; c a n  be 

a n o t h e r  n e u t r i n o  must go t h r o u g h  the 
, - 

The n e u t r a l  c u r r e n t s =  for t h e  

w r i t t e n  be 

. * 
Since %'=ql$ r ( C ! . + 2 v z  , we have 

Clearly,  if , there is no vector current; whereas,  i-f qtp4 
- - -  - -  - - 

-- -- - - - - -  - -  - - 

., t h e r e  is no a x i a l - v e c t o r  c u r r e n t .  

P u t t i n g  $%+$&, $A=gR-3L, w e  f i n a l l y  have  

- 

'( 0.35b) 
which h a s  t h e  same form o f  c u r r e n t s  i n  (D.3)with & r e p l a c e d  by 

- 
(s-q,~ %) and f5p r e p l a c e d  by (IR- q,qgL). Hence, t h e  d e c a y  r i t e  

r f o r  10, i n  t h i s  p r o c e s s  would be t h e  same as i n  Case( i )  w i t h  

and % r e p l a c e d .  Us ing  (D. 2 4 ) .  w e  o b t a i n  t h e  d e c a y  ra te  
- - -- - - - 



For the case where the letkn 3: , and (l* ?re all 
identical Majorana neutrinos, w e  muskantisyaetrize the product 

wave functions for I(: . LC3 and % because the particle and the 
A 

anti~adticle are the same- for the Majorana field. The @ can no 
longer be treated as a different from the and a . I 

' . 

Fig.D.3 The decay of into three identical Ma jorana neutrinos 

There are six Feynman diagrams which correspond to the - 
permutation of the neutrinos q ,  % and 9% )+. Because in our 

- 
------ - 

approximation, we neglectthe mass of the light neutrino, the 

right-handed components bfk of which participates in the 

interaction can be treated as an independent two-component 

spinor from the lei t-handed two component spinor VL of the % 
and . Hence, we get back $pproximatel; the two identical 

particle processes whose decay rates were found previously in 

Case ( ii) . Using ( D . 3 3 )  with 9~ and rgplaced . we obtain the 
decay rate f for this process: \ 

- - -  - - pp -- -- - - - - - - - 
-- 



. , 
Let us consider the Lagrangian for the left.-handed f i e ld  

. 3  
% --  

with a Majorana mass term: 

Lbt us define ' 

then we have 

and 

- 
where via*% Eil(%pk is used.  Hence , the Lagrangian in 

7 - 

(E.l) can be written as 

2 = $ ~ i P a ~ x  -- ? 

* 2 
6 5 )  

This shows that propagator for t h e x  field is just the usual 

Dirac case: 



=%ft - b n & d  u i f a  c Zield is just the left handed 

projection 

in terms of can be . Therefore, 

written: 

the weak charged currents 

The current &+can be written in terms of charge-con jugate 

fields as 

Therefore, x e  can produce e'or e'but with different chirality. 

In the zero-mass limit, chirality is the same as the 

helicity. Processes which involve different chiralities will not 

interfere with each other and the Majorana field is equivalent 
* 

to the Dirac field. 



e 

t' GENERAL PERHIOF3 ELECTROHAGHETIC VERTEX TO 

ONE-fiDOP ORDER * 
The general fermion electromagnetic vertex ko One-lwp- 

order for fermions within an SU(2)xU(l) framework has been 

calculated by usingf -limiting procedure as formulated for 

"42 spontanedusly broken non Abelian gauge theories by Fujikawa . 
In this formulation, there is no interaction tern of t k  type 

e h [ ~ ~ + + A p ~ p @ g ] ,  where 9' are unphysical scalar fields. in 

constrast to the regular Ry gkuge, in which this tern is ; 

T f 
. . 

are no diagrams involving+ w A vertjces, also the physical 
quantities which we calculate at the one-loop level, diagrams 

f such as those of Fig. F.1 (a) and (b), but with W replaced by 

qf both vanish in the firnit f ;-o . 
The gauge invariant awlit~d_e_ fo_r the-general - - 

Lorzentz and Dirac with R-=P 
* - 

J r i  

------------------ 
*~his appendix is just a straight summary part of the results 
which have been presented by B.W.tee and R.E. Sl~rocke. 



---- - -- -- -- 

q m i s  to be regarded as a tensor product of a Dirac 

four-spinor and an n-dimensional vector, where n denotes the 

number of leptonic flavors in mass eigenstates. The form factors 

F " ~  are n x n matrices in the- space of physical lepton fields. 

A I The matrices have been normalized so that the diagonal 

elements are equal to the anomalous.magnetic moment(times the 

charge f and electric dipole moment of the corresponding 

fermions, 

(dl 7 
2 'i Fig.F.l Diagrams contributing in a genera SU(2 xU(1) gauge 

model to the process f,4GL+d , where are external fermions. 

The symbol pi denotes any fermion which can contribute in these 

graphs. 

* 
Let us consid~~the~rocessed with real photon: % z = ~ .  

Electromagnetic current conservation requires '7-0 which 

implies F;lo)= 6tf, s ~ , ~ ~  and F%)=G, s e r e  f, and f2 '1abel the 



i n i t i a l  a n d  f i n a l  f e r m i o n s .  F o r  t h e  d e c a y s  p-ey or Y,- V, 7, 
~ % ) = o .  F u r t h e r m o r e ,  f o r  a real  p h o t o n ,  t h e  f u l l  a m l p l i t u d e  is 

u', A 
and  f $=o so t h a t  5 terms make n o  c o n t r i b u t i o n  t o  fj-r)i~$(f=~). 

lu,A Thus o n l y  Fz (01 is needed  t o  d e t e r m i n e  t h e  te r(ft--fif T' I 

For  c o n v e n i e n c e ,  l e t  u s  d e e i n e  

/++-A- - rm., 
%A 

B e f o r e  p r e s e n t i n g  t h e  r e s u l t s  f o r  c a l c u l a t i n g  F , we 
i n t r u d u c e  some n o t a t i o n s .  L e t  and  qK be t h e  mass e i g e n s t a t e s  

o f  t h e  l e f t -  and r i g h t - h a n d e d  l e p t o n  f i e l d s  w i t h  a d i a g o n a l  mass 

m a t r i x  M o  . The L a g r a n g i a n  d e n s i t y  f o r  t h e  charged c u r r e n t s  and 

- - - 

the n e u t r a l  curre~~ts  IS w r i t t e n  - 

where 

0 

W e  now p r e s e n t  t h e  r e s u l t s  f o r  e v a l u a t i n g  ~ i r s t  w e  . 

s e p a r a t e  t h e  form factos  i n t o  LL, RR aqd LR, RL parts w h i c h  

c o r r e s p o n d  t o  t h e  p r o c e s s e s  $'+ f4+$ , fiR,--cfi?Y and  fpfu+y , 



&-@I. Hence ,  we hatre 

form - .  

T h e  g e n e r a l  s t r u c t u r e  o f  LL, RR a n d - L R ,  RL pa r t s  of t h e  
0 .  

factors  a s  list b e l o w .  T h e  sum o v e r  t h e  i n d i c e s  
* f  

Q(~)=H-),-(+), t ( 2 )  is u n d e r s t o o d  c o r r e s p o n d i n g  t o  t h e  

3- c o n t r i b u t i o n s  of w' , W a n d  g r a p h s ,  r e s p e c t i v e l y :  i-a, 

The e"md c'R:re real  n x n d i a g o n a l  matrices. The  

v a l u e s  for C h a v e  b e e n  c a l c u l a t e d  w i t h  t h e  a p p r o x i m a t i o n :  a l l  

e x t e r n a l  m a s s e s  a n d  a l l  i n t e r n a l  masses a re  much smaller t h a n  

t h e  W-boson mass. 

L e t  u s  d e n o t e  



- 

The d iagram o f  f  i g , l ( c  ) y i e l d s  

-6 / where QI and 4. a r e  t h e  c h a r g e s  o f  t h e  i n i t i a l  and v i r t u a l  
L i 

fe rmion ,  and I 

-* MFL is t h e  mass o f  t h e  4- v i r t u a l  . fe rmion.  

L e t  u s  s e p a r a t e  t h e  D i r a c  and weak-gauge-group m a t r i x  

s t r u c t u r e s ,  d e f i n i n g  .-,- 

t h e n  t h e  i n v a r i a n t  m a t r i x  e l ement  f o r  t h e  r a d i a t i v e  decay  

*nore e x a c t  formula  for  f,-f +l t y p e  p r o c e s s e s  for 44 
LL. RR w a s  c~mputed by Ernest Ma and P. Pramudita . 

K t  "I 



The ra te  is then 
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