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to other extended GWS nodel£' _this model w111 retain_the _

A study of neutxino masses,and mxxxngs in the : ;~ :;—~
Glashow—We1nberg—Salam (GWS) SU(Z)xdil) electroweak theory with
the addition of heavy lepton trlplet flelds is made. The general
franework of the extended nodel which con31sts of F—famil1es of

new trlplets and N-fam111es of doublets, is presented ,Contrary»

e

-

- standard relathn between the masses of the charged and neutral

gauge bosensq‘ana also'give'lepton-nnnber—violating prqcessee.“

bignititdﬂtﬁphEHUmEﬁH} which cannot occur inithe minimal GWS
model, ate considered in detail: neutrino oscillatione,
neutrinoless double beta decays, radiative decafs of massive
neuttinos and charged 1eptons,rand their anomalous magnetic
moments. ...» o - ‘ oy

Numerical results are provided in'varioﬁé Cas?S'vith

- £
reasonable assumptlons that the mass of the llght neutrino is

100eV and that of the new lepton is 20GeV., It is concluded that

no known exper1menta1 limit is v1olated with this newly-added

"triplet; and the new massive leptons are unstable and decay w1th

a lifetiye between that of the muon and tau.
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I. Chaﬁter 1 " Introduction

The Neutrino, an elémentary p;rtrcle-prsduceg‘in beta
decay, has one fundamental ahd important property which has not
. been understood: namély{ ifs mass. Not on1y are we unable to |
determine the neutrino mass exactly, we canﬁot”even éonclude" “:jﬁ'.
whethef it hés é massror not; All the éxpérimen£a1 e#idence D |

- , 4
indicates that the rest mass of the neutrino should be

r

o

,,,,,,,,,,,,, - —--vanishingly small even-if it is-nonzero.-In—-calculating

classical B-decay, it isijustifiable to neglect its mass. But
apart from the fundamental question, the mass of the neutrino

+ has many'important implications in modern theorieg of different

fields"? .

Experimentally, some indications of a non-zero mass. have

~ " been found by Lyubimov 2 (1980) though not yet confirmed.

Theoretically, Salam, Lee and Yang, and Landau (1957) considered

-——

the masslessness of the neutrino as a consequence of global 35’
invariance. Recently, a greater understanding in the field of

elementary particle physics has been made with the recognition

"4

of "Gauge theories"™ ., Local gauge invariance is now believed to 4 '

Pl

be the underlying ?jiggiple for describing_strong'vweaE and

~ electromagnetic interactions. Unlike the case of the photon, for

| which both the masslessness of the photon and charge

conservation are consequence of local gauge invariance of

Maxwell's equations, there is.no corresponding gauge symmetry. to. - -

—
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ensure the masslessness of the neutrlno. Slmllarly, the

‘conservation of lepton and baryon numbers is mot supported by

o

any local group symmetry. o ' o i
It‘has been experipentall& demonstrateé-that there are
different neutrinos associated with different charged leptons in
weak decays. Naturally, we woﬁld like to‘find‘outﬁwhat |
properties and characteristics differentiete these qegtgal
leptons. Could it be their masses? - I |

A non-vanishing mass for ‘the neutrino may lead to the -

p0551b111ty of a Cablbbo like m1x1ng for neutrlno decays or'

osc1llat10ns. Neutrlno osc1llat10ns, proposed long ago by

Pontecopw35(1367)rand Maki® (1962), if they exist, may provide
a natural explanation for the solar neutrino "puzzle®!7,

The importance of the neutrino mass problem is not

restricted to particle physics. If the neutrino is found to have

~a mass of Qr,dér;,l,OeSL,k,thi,s may have very significant ..

imélications in both cosmology and astrophysics2 ;aﬁgi instance
(i) the mean energy density of the'uhiverSe,’(ii) ther
constitution of galaetic halos, and (iii) the formation of
galaxies. -

In 1960's Weinberg, Salam and Glashowe (GWS} successfully'
constructed a renormalizable theory which unifies

electromagnetic and weak interactions. The theory was based on o

L it

"the invariance under the gauge group SU(2)xU(1l). In their model,

all left-handed fermions transform according to doublet

representations, while right-handed charged fermions are

¢
’_ﬁr .
3%

i o A iR /e 1

P PR



lepton_number‘is conserved.-Essentially experimehtal results

-

sinolets. in the minimai model the existence of the right—

'handed neutrlno is not assumed because the rlght-handed current

has not been observed yet; and only H1ggs doublets are assumed

Consequently, only the charged leptons can acquire masses after

spontaneOus’symmetryfbreakdOWn"(SSB)‘but not the neutrino. Also

g3
in the low energy domain are known to be in approximater

agreement with the m1n1ma1 ‘GWS model, but they do not rule out

the pos51b111t1es that the neutrino has a non—zero ‘mass or that-

lepton number—v1olat1ng proceSses do exlst

Recently, some theorles which unlfy strong, weak and
electromagnetic interactions have shown that baryon and lepton
numbers are generally not conserved, and the neutrino is ‘likeély .
to have a non-zero mas§4d? For'instan‘e, the grand- unlfled—

theory based on SO(10) constructed by H. Georgi (1974) can allow
o2 1o

_ the_ neutrlno to acquire a mass . in the range~40~-wevém/ﬂﬂ -

A lot of interest in the massive neutrino has been

stimulated by grand-unified-theory considerations. We believe.

that it is still very useful to investigate the possibility of

-

having massive neutrinos in the Sﬁ(zxxU(l) model. Since all
grand—unified models oontain the electroweak theory, it will be
easier to study extensions of the minimal SU(2)xU(1l) model

directly.

Obv1ously, “the extens1ons would mean the addition of Higgs

~scalar and/or fermion fields to the theory. In the past few

years, some work has been done in generating a mass for the

1



neutrino in the GWS electroweak theory'1‘2° . For .instance,

‘r1ght—handed neutrinos in singlet representation, afﬁiggs

triplet or both are added in order to generate a neutr1no mass.

The extra rlght-handed components can allow the neutrino to

acqu1re D1rac and Majorana masses, but since there-are no I -
right-handed - charged currents in the minimal model, the lepton

number is still conserved On the other hand, the,extra nggs

triplet can only allow the’ neutrlno to acqu1re a Majorana mass

and lepton- number—v1olat1ng processes are poss1ble. However, the
predicted relation CP —-4!——1:__IY¢between the masses of the

N MztoS6n —
charges boson W and the neutral boson Z , which has already

been experimentally verified, must be altered (see Chapter 3).
. -~ From purely theortical considerations, we try to construct
— an alternativeq!beory which will retain_P = 1 and also give

lepton—number—violating processes. We find that if real lepton

- triplets are added to the minimal Sﬂﬁm(ﬁ—tﬁeory, these
requirements will be sat1sf1ed In this the51s, we presentpthe
structure of thls modified model and study the s1gn1f1cant
‘phenomena which may arise from the theory.

In Chapter 2, we review the d1ff1cult1es with weak
1nteract1on phenomenology in its early period. We then briefly
introduce the gauge theory and the Higgs mechan1sm which are the

two main 1ngred1ents in constructlng a successful electroweak

theory. The SU(Z)xU(l) electroweak “theory for leptons

¥ The parameter S\Y\eh describes. the amount of m1x1ng between
the SU(2) and U(1l) gauge boson (see Chapter2)
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3

constructed by GWS in 1967 is reviewed in some detailed.

Es‘well-

—well-known-families of doublet:

mFlnally, the present experlmental data for the weak 1nteract10ns o

':6
i

‘are d1scussed briefly.

In Chapter 3 we discuss neutrlno masses of’ tge Majorana‘

type, the Dirac typefand the mixedrtype We also review some

-modified GWS models which will allow neutrinos to acquire masses

of various types. The generalized non-diagonal mass matrices for

N-families of leptons are con51dered " The generalized - ”wis

Cablbbo—type mixing angles and CP v1olat1ng phases are dlscussed

' In Chapier 4 we present:bur modified model. We restate our
motivatienﬁto construct such a model with more detail. The
general frane—work, which consists of F—families-of triplets and
N-families Qf doublets, will be constructed. For simplicity, we

restrict our calculations only to one triplet and the three

electron, muon and tau.
The sudseqqent Chapter 5-9 are devoted to various phenomena
swhich arise if the new triplet is added. | R
Being massive particles, 'neutrinos of different families
willlnix through Cabibbo rotatiens. In Chapter 5 we study the
most interesting phenomenon : neutrfho oscillations, A beam of
neutfinos prodnced through weak interactions can oscillate in

vacuum into neutrinos of a different family. We also show that'

Wthe Kurle plot for thep-decay of trimw1ll also depend on

the mixing angles .and masses of all the neutrino mass

eigenstates which Ebuple to the electron. In Chapter 6 we




1nvestlgate the poss1b111ty of neutrlnoléss double @-decay in

IS
u

our model. In Chapter 7 we calculate the decay rates of the new
1eptons in the lowest order. In Chapter 8 we calculate the ' 1 ‘%
radiative decays of heayy neutrinos; we also consider the»r ;
magnehéz moments of the Hajorana neutrlnos. In Chapter”Q we
o __calc%ltate the radiative decays of charged leptons and we also
rcon51der the contr;putlons of the new._ heayy _leptons toJ:he SR
N

anomalous magnet1c moments of the llght charged leptons. Allvthekfm

calculations in Chapters 8 and 9 are based on the existing

—

formulatlons prov1ded by Lee and, Shrock (1977) and the su%
of the relevant results can be found in .appendix F. '
Numerlcal results will be prov1ded for various phenomena. 3

Since these triplet fields have not yet been observed

experimentally, we conclude that the masses of such leptons must

be heavy and are likely heavier than 20Gev 4'6 . Therefore, all

R theunu'meriealrvalaes»calcu%atedarrbasedﬂm—thefaﬁﬁmption that
the masses of such heavy leptons are 20GeV.

Finally, Chapter 10 contains our conclusions. - R ‘{

5 5
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II. Chapter 2 Unification of 'Electromagnetic and Weak"

.

Interactions

2.1' The Weak Interaction*.

The weak'intetéction, known fngnlthe process of nuclear

beta decay, was observed during the early period;bfgnuC1eaf

physics. However, litile progreSS on its understanding was made
until 1933. Pauli thenvproposed a new neutral particle called
the neutrino, with sp1n-1/2 and very low or even zZero mass. In
1934, Fermi, based on the hypothetical existence of the

neutrino, postulated an effective four—fermion'point-like'

1nteract10n w1th effective coupling constant G#-at low energy.

\

Fig.Z.l Four-fermion interaction for neutron p-decay'

.

But the point-like interaccion faced a great difficulty

" because the theory violated the unitarity bound for processes

—— A ———— — - Vh B —

¥The material in thls section can be found w1th details 1n
Aitchison and Hey (1982)
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. such asve,C—.mée . . S N ) ,,é

Later, the massive Intermediate Vector Boson (IVB)‘%thas-

propoaed in the hope that the un1tar1ty d1seasefwould be cured

”_é:vi’? The exchange of an IVB in weak interaction jus imltate the-

Lexchange of a photon in Quantum Electrodynamic (QED) .

~

——==—————Fig.2.2 IVB exchange in weak interaction
,Bnt different unitarity-#iolating processes appeared, such
as those processes involving external W particles. (This
- violation is understood to be due to the longitudinal-
polarlzat1on states, ) IVB theory 31mply puts the problems 1nto o

—_——e

higher energy processes. . -

The four-fermion intere’otion,and IV,B,,mod,els: hasfe,,e, r,elated,,, B
ﬁg * disease: nonrenormal'izability. There isla simple criterion that

i.f the coupllng constant has a. d1mens:.on of [mass] where n<0v,

the theory is ,nonrenormliza»b_le; whereas, if n>0, the theory has
fewer divergence than QED; and if~the coupling constant 1s

dimensionless‘, further detailed investigation is neoessary. The

I — ,,immplwomtﬂ%grm—ﬂirhmmoﬁm

. therefore, the theory 1mmenomal1zablea—3ut4;o%abeut—the/—

L

IVB model which,has’;‘ga dlmensionless ooupllng constant as in QED?

=

It turns out that 'dimeénsionless' alone is not enough. The.

x = . -

-
- -



dlfflculty agaln comes from the longltudlnal polarlzatlon states

'whlch‘produce aﬁndnrenormallzable ultraviolet dlvergence as in
uni@&iltyeviolating'process.
Sedrching for a clue to cure the problems, we further look. (

at QED which has ‘no such dlsease. The 1ong1tud1na1 states of

=

polarization for real photons can always be transformed away, N

~and there exist. cancellatlon mechanlsmslnlthlnrthe, > soswﬂw~v—:f;;ff

. that the contrlbutlons of the longltudlnal states of v1rtual
i

d photons do not cause bad. high-energy behavlour. In fact! these

are the properties of the assumption that QED is an'abe%ian

gauge 1nvar1ant theory. ‘Gauge 1nvar1ance seems to play an
~important role in ensuring. renormallzablllty. |
The probiem now is to construct a gauge invariant weak
interaction theory in the hope that both unitarity violations .

and nonrenormalizability may,he,cured,,ln”1954,uYang~andrMills.:,f

EY
3

~Q:ff;~~eenstfueted~aﬂmathematicalLframework‘to“géﬁéralize am abelian

5§é» gauge theory to a non-abelian one. For the case of SU(2), there
exist three massless vector gaug; bosons 1n the theory, whlle,lijw
there is only one gauge boson in QED the photon. At that tlme,

it was not known whether any of the irnteractions observed in
nature could be described by a’non—abelian gauge theory. For

‘instance, the weak interaction is mediated by the exchange of

massive vector bosons. But if we want to retain the property of

gauge dnvariance, the vector gauge bosons must remain massless.

o

The dilemma was finally resolved after 10 years by

introducing a new mechanism into the theory: spontaneous

A o




symmetry breakdown -— the nggs mechanism. The main feature is

that the theory is still gauge 1nvariant. The invarlance is only | B :

1 h1dden when the 1ntermed1ate vector bosons acqulre mass through
the spontaneous breakdown of gauge symmetry.
- We have tried to explaln both electromagnetlc and weak
interactions by the same kind of theory. It seems natural to try
AdtofCOnstruct a uni}ied ‘theory for these two;ﬁorces;,tm,tﬁm,”tﬂm,efﬁee;m;
In 1967, Glashow, Salam ‘and Weinberg (GSW) succeaefully o
‘constructed a simple model whlchrunifles electromagnet;c and

weak interactions. The theory was based on invariance under the : _ 3

48

. gauge group SU(2)xU(1l). In 1971-72, it was proved by ‘'t Hooft

that theories of this type were'renormalizable. In this model,

r'a

besides the massless photon and two massive charged bosons"VVt,
there exists a neutral 1ntermed1ate boson 2. ThlS implies ~

neutral currents, whlch were dlscovered at CERN in. 1973.,More

“*W”“ﬁ”fQCEﬂt1Y7*the¥q;:2‘haVe’been‘expertmentaiij‘éaﬁf*rmed in thelr —— T

e et

electroweak 1nterdtt10ns is one of the trxumphs of modern

predlcted mass. range. ; ' o %
e g

&j’u "3 <
= The dlscovery of un1f1ed renormallzable theorzes of : , ?
z T
1

partlcle physics. The. understand1ng of gauge theor1eswmay be the
key to understandlng the 1nteract10ns in nature. Here, a brief
\\ 1 - : 1

review to'gaugé theories, the ngg‘mechan1sm and the electroweak ;

model by GWS will be giveh. ‘ ' o




2,2 Gauge Invariance4’

| Gauge symmetfy is an internal symmetry which 'c‘iiffer_:s from
space~time symmetry. A gauge transf_ormation of the first kind
{also called a glq-bal'gauge At’ransfo'rmati’on)' folr’!tpe‘, abelian .
gfoup U(l) is‘the transformatiOn. L |

;;k \Pu) ——-»me = @ LPUL) U(a)‘P(x) ( 2 H

where O( is a real constant.

As an example, consider the electron f1e1d ‘*‘P{ﬂ mmi

| Lagrangian fo (see appendix A) of this field is

Lo=W*Hp-m¥ . . @22
where m is the mass of the eieeefon ané a'f-’ %,..

is invariant with respect to the transformatton (2 l),

Clearly (2.2) ¢

e “"Noether's theorem assures the exlstence of conserved B
quantities whenever; r'cgntlnuqus transformatlon of the ‘L '
S i '

coordinates and t;k;e fields leaves theﬁL'a’g;'arngriah inﬂvarriant.”
Gauge' invariance (2.'1) gives rise to the conservation of a
*charge®™. B B ) 0

It is clear that if 0( is a space tlme dependent functlon,
the Lagranglan is not invariant under 1oca1 gauge trans— . .

formatlons or gauge transformations of the second kind:

Z
~ N\
Yoo — Yoy =ty P (23)
and
11



'} Clearly, \P(x.) and 9,,‘{’(1) transform dlfferently.

Local gauge 1nvar1ance ‘can be satisfied 1f a new field, A‘

which is called a gauge - fleld, is introduced.
First, let us consider the quantity (aﬁ—neAPN’ ’ where e
is any constant, (here e is the elggt,r;c,,,c,:,bar,,qe,9,f,,,,anf,,e,l,e,c,t:oenl.f,,,,,:,,,

" We have . \\ oo T e o i T \V‘l ‘ ‘7‘1

(Qp- l eA,,J \P(x)- U (o((x))(ap— |GAP(1))\P ( 1) | (2.5)

"-A'FLX) = Apcx‘)'-!'"é—“%;o((i‘); IR (20

| Hence, (9‘;— TEAP.) transforms like LP(I) if AP(I) transforms as in
N E N PN - B
. Therefore, if we changé Op into the covariant derivative

' DP.. , ~. » ’ t-\
p—=Du = (Bu—ieAw). 27

then, the Lagranglan io 1s 1nvar1ant with respect to the gauge

transformatlons (2.3) and (2.6). ’

We should add a -kinetic energy term ofKE for A}l. whxch is

also gauge invariant, Ap here should be- 1dent1f1ed as the

7 electromagnetic vector field.)

‘ ; -
Lig.= =~ Fuf® ‘ (28) \




B I

/\ 2=y ieAp-m)¥ - ;FWE"/ o)

Consequent:ly, the complete gauge invariant Lagrangian‘

densu:yx for electrons and photons takes the formi

[}

‘As 1t is clear that the photon mass term —-—LMAPA“ will

violate local gauge invariance, the requ1rement of local gauge
L=

oe-with €3 = +1.

“invariance implies the masslessness of photons.

]
¢

»To construct a gauge invariant theory fot' the interactions -

¢

4
different from electromagnetic interaction, we have to

' generalize to gauge invariance of a nori'—abelian type. Let us

take the special case of SU(Z)* because _this group is 1mportant

- in. weak 1nteract1ons.

Consider two fermion fields 'grof.iped‘ in an SU(2) doublet

¥

R

-

*SU(Z) is the group of 2x2 unitary matrlces with determinant
one. It has three generators T® (a=1,2,3) which are referred to
as the weak isospin generators. These generators T2 ‘have
commutation relations [T%, T"]-lE.qbch , where €anC are called

structure constants; they are antisymmetric in all three indices

,wherf/’t‘. are Pauli matrices:

O -L 1V o
, 3 s "C'5: ' .
L o -l | -
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L= PEFEp-mY o \\ (2.42)
where m is the common mass for ¢, ¥, . ' o :

Again, Lo is invariant under the global SU(2)

transformations:

LP(’Q — LPM- exp. {L— z x} (x)= UmﬂP(x) 2By

where 'ta ’ a=1,g,3 are three'Pauli matrices and )\u are real

" constants associated with each Ta . When Aa are real functions

. of space and time, the transformation of 'QPLP ’i’s different from

LP . The requirement ef gauge invariance leads to the
introduction of three fields Ap,(x) (a-l 2,3), whlch are-called
Yang—Mllls flelds,bsuch that the derlvatlve of the flelds o

becomes S

. ° - ) a ) ' ] | - .
D= (9P—7‘9»W’>4’u>‘-; e

The 1nteract10n constant g is 1ntroduced (Summatlon conventlon ’

ft'aA“ Z’T_GAP_ T- AP 1s used.) It can be shown that »\ ) }
(9;; mlgL“)\P(x) U(x)(})p— '3 ———#)LPUL) (2’5) “/

‘with - — t S

o . - . 77;‘ "’_; ,. 7. - : : ’. —
1'24‘\2_-__.. Iz_Aa:»_ -%-[5{[] (x)]Uiag), (2.16)

. Then " | o | . T

=00 T Dp—r)¥ - @m

14



(

is invariant under the gauge transformations and (2. 16)

p) - e

In analogy with Ap in U(1) theory, we add the K.E. terms
far Pp(x),
' ‘ o pv

r | a ' | . |
Ko =_4'—vaF (2.18)

but with

R N S I T
F;AV—QFAV—'QVAN+3QbCApAv | 219 -
where Cbbcﬁare structure constants of the group; for SU(2), they

are €gbt . U

The total LagranglanéC has the form .

o | )
L = LPUXMDP*' m)k\J 4_ F“ g (2.20)
Again, no mass term for u is p0551b1e w1thout violating the

gé%ge invariance.
In conclusion, the requirement of gauge invariance is only
satisfied if new interacting flelds are 1ntroduced through the

substitution of the covariant derivative 'Dp ' for the partial

derivative 'ap"

2.3 Symmetry Breaking And The Higgs Mechanism =

Y
-

A symmetry of a system is sald to be "spontaneously broken"

if the lowest state (vacuum) of the system . is not invariant

under the operatlons of that symmetry. Let us consider a

Lagrangian den51ty for a complex scalar field wh1ch is

15



- _ el .

invariant uﬂer U(l) symmetry S _ o

Dﬂ) DAY ~V(4) - 4F,WF 22

where V(CP) is the potentlal and has the form

v<d>)—p<1>¢+ A(Cb*cb) L (221
Obv1ously, V(<P) is invariant under local gauge transformation-

b=c"%

7_ X
" The parameters )\b, '.L can be any real constant. If we

2 .
- choose A >0 and " >0, then the potential is ... ..~ ...

‘V@) A>0, p*>o

-

Fig.2.3 Non-symmetry-breaking scalar potential

The vacuum expectation value of (p would be zero.

Therefore, there is no spontaneovus‘symmetry breaking . However,

2
if we choose P. <0 and A >0, the potential V(‘P) is

V(P)

Fig.2. 4 A symmetry-breaklng scalar potential

16
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The vacuum expectatlon of 4) would be nonzero,
e

<¢z:“ﬁ__ S e»

By minimizing Y (®) , we have

2

z — .
v = == | (224) .
We c'kould choose r-thé vacuum»rinr some region to be L o

'qf)yac.——"r’%‘ ’ UG[R . ' (225)"

The vacuum is not invariant under the U{1)- s¥me£eye -of-the————==
Lagrangian density. Therefore, the. symetry has been
spontaneously broken (SSB).

The pertuibation theoiy should be developéd in terms of
small departures from the vacuum state. Consider the |

\

parametrization ofd’with new real fieldsg (x)’ande(x) éubch that

oEWpEwep[Soop] . a0
\ o .

Now, ofls written )
L= —-—F,NF“" 7eque +—'—9p59 5
ey A»A“ —AZ7 eVALS + pewo
+ Cubic and higher order terms . (2.27)

The € (x) field has mass —2}1. but the fields Apahd E have
mixed together.

have concluded that the vector field has mass }.l -e U and that

L ¥

,E.'C‘J’Ap?ug in (2.27), we would

the ? field is massless. To straighten this up, let 1;% consider

(

17



a local gauge transformatlon of the follow1ng type, in what is

called the unltary gauge,

,E'cx)/v- - "U’J-,e(x) | '(2_28; .
d—=¢ = =17 .
and .

: ’ | i - - 'v r

Apr—Au=Au—g5 S . - (2.29)
§ -

Since the Lagrang;andfris inVariant under this transformatibn,»

L= 7 FwF™+ Db D"d? V(¢) BCECE

whlch can be expanded as follows:

r

Ed

= — R F % —apea“e+ SUAY NG
+ J—e A,,e(zv-r €)— =€ (3>\v‘+p )

— )\vez—;,r—xe"f : @. 31)

In this gauge there are no terms coupling different
parricles, so that the masses can be simply read off the
quadratic terms. - |

We notlce ﬂrom (2.31) that
(i) /\lhas acqulred a mass M=ie|lU .
(ii) the scalar field has acquired a mass (3" +P—")y" .

(iii) g-fleld has disappeared.

We started from a system descrlblng a charged scalar field

with two states and a massless gauge field with two polarlzation

B

states. After SSB, we have one real scalar field and one massive

vector field with three polarization states. The degrees of

[,/’ 18 .



’ g‘\" ‘ﬂv 'Hr‘&

v ]

- - —— S

freedom hawve been conserved, and theg-dﬁeld'has been transmuted

into the longitudinal polarization state of the vector field.

This mechanism which gives mass to the gauge field is called the
"Higgs Mechanism". The massive scalar field € is called the
Higgs particle.

The previous mechanism can be extended to a non

dimension N. There are n-scalar fields which transform under an

n-dimensiqqg} reprg§entation and there are N gauge vector bosons

AQ
l\p . Suppose the symmetry breaking leaves the vacuum invariant

under an M dimensional subgroup H of G.‘Theﬁ, there are M

generators satisfying Lf‘%;=0. Goldstone's theorem states that

‘in the absence of the gauge fields, there exist (N-M) massless

(Goldstone) bosons and (n-(N-M)) massiye}scalars. Now under the

Higgs mechanism;, these (N-M) Goldstone Bosons will become the

longitudinal modes and give mass to (N-M) vectorsbosons; The

-

remaining M vector bosons will remain massless .
With the Higgs mechanism understood, we can now discuss the

GWS Model. -

LS
3
A

R | 412
2,4 The GWS SU(ZY%U(1l) Electroweak Theory For Leptons4: .

oo 7 ol ;,,,:ﬁ},,, - ; 7 -
It is well-known that it is the left-handed states which

'i;gaftiC¥§éteiin the charged-current weak interaction. The GWS

model is a chiral model in which parity violation is



e it b A Eo e LR Chrie: S

o 'sl

Incorporated by assigning left- and right-handed femioné to'

different representat1ons of SU(2). All lgftfhéndéd frerxj‘mionsr
transform according, vto doubiet representari:ions, while o

right-handed fermions are singlets. L and R fields transform
nontrivially under U(i). The weak hypercharge (the U(1l) chargé

Y) is chosén so that the electric charge ‘Q is
a=T+f  em

where T is the th1rd component of the weak 1sosp1n (SU(2)

.. charge), - . S : -
The minimal GWS model involves one complex doublet of
scalar fields ,
o (p-t' . : o
Cp —( cpo , (233) |
(from now on, § is denoted for the Higgs doublet.) -
. v + v
where Y is chosen to be one, the 13 and ¢° have charge +1 and 0.
Let us first consider the left-handed ‘electron €. and its
associated neutrinos )),_ are grouped in an SU{2) doublet L(D):
Vv , ) o |
LO)={ * | ~ , (2.34)
where G= _( 75)6 (see appendix SB)' and similarly 1)‘_ , while
~Cg is a SU(2) singlet: Og= l+‘65)6 . _ { ]

R 4——we—assign'to'thE‘doubiet'Y‘”i‘Eﬁa’tO tne s1nglet,ﬂn,Y— 2,

so that Q—T',_+-LY holds for all particles. Since all members of )

each irreducible multiplet- o%SUHHave{heﬂsame ﬁypﬂm’%’*;'*‘f

%
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> .

we have

[Ty] =

for all a=1}2,3.

, a
The group generated by T and

(235

Y is SU(2)xU(1) which is the

symmetry group of the model. Under the lécal gauge trans-

formation: ‘ U
U =exp {tR0E — Lo, - (36
Cb - =exp. | L(A- f% é% ,,_‘Jrs,_ (2 o
R— & =¢xp. {-1000je (z.acc) |

‘As discussed earlier, in order to make a gauge ihva;tiant :
Lagrangian, lwe need to‘ﬂtrc})duce three vector gaugé fields A::(x)
(a=l',2,3) asSOCiAated with the three 'g_enerators of sU(2), é_md 7 /

- ,B'u,,;(,x,) a S§Qg,i§,tgg,, 11'.,1:11,,ﬁhef,ggmam;ﬁ,m%k,ﬁ,,-,, B —

- The covariant derivatives éppliéd to the fields are the .

e

follow1ng,
Dy Ltx) —(9p+ i —”—— j -% B).(N)L(x) E
Du®e0) =(3 + ig _%__ _+ n%_ Buto)P0) 5
D,le,zm = (G~ TQ'BP(")) eg

u(l). , | - | _ -

. (2318)
(2."37&) e

The total JLagrangian xf is
t= & et Ee

21




& =—kERF - £B,8Y . @3
= (DD -V - . (23
T Q.Lo + &P Dyte .39

Rog
W

A4 e S, FE O TR VPP IRy R P

vah.d" T o T T Tt T

o ~ FMV —apAv Q\JAP 'f'geabcApAv ; o (2.40a)

Ba Ty |
pr—QpB -»Bu , T T I (2.40b)

V)= p<1>"d>+x(¢*¢) ,A70, P10, (2400

.
i Ytﬂeavﬁa 4:e»;ggtxrﬂgs e - St v
We cannot put in by hand mass terms for the electrons
\\\ because the gauge invariance would be broken The SU(2)xU(1)

invariant kaawa coupllngs are 1ntroduced such that fermions
acquire mass through SSB. In searchlng for these coupl1ng terms,
we examine the tramsformat1on propert1es of the lepton f1eldS‘

and scalar field under SU(2)xU(1): IR

um_( ) ~ @2, 4

- 22




R e i R e i - YV um Uy

and _ 7 ,‘/(f , : ' e

hypercharges. , } : . : - o | 7 WL¥NW7”7§;Wk_WWW

A blllnear term-in-: fermron—flelds xs -

—E( D)€R~'(l,l)@(_l_,—2) ::(_z_?i) , - (243)

.’
]

Therefore, with ¢~ (_2 1), the only Yukawa coup11ngs allowed 1s

of the form o .
Lyt = —G(LiyPGe) + H.C. - (Z-H)

where G is a constant.

We will see soon_how the ele;t:on,acqu;resga/massfwhlieftiny

neutrino remains massless.

Spontaneousﬁgymmetry'Breaking And The Higgs Mechanism in

SU(2)xU(1)

Let the vacuum expectat10nk¢2| F H}""F . Again, we
yould choose the vacuum 1n some reglon to be»‘ . - | )

- .
. >
[ <
\

04

<o

b=

u'etR o “.(7.45)

It is easy to check that

.23



L {0 P et
- , q ¢ .u-"ft
- 3T vac.F O (2464q)
) ' | / 5
- Y P, — sV#*0 , (246b).
2 -

‘ put - T

( T + ‘Y‘)cbmc—- . s (24¢6)- |
Therefore,} after SSB, the symet':"r’vi.es associated ~wi/;t'.t'i the ' ’

o ffjiﬁfffgéneratorsﬁ T, sz and ‘TJ‘% are broken. However, the subgroup
UM ger;erated by the electric c-havrge Q=T3+yi' is u,riubr_oken.. .

o

Hence, SU(2)xU(1l) is broken down to U (1) . From section (2.3),
we expect that three gauge bosons acquire masses while one gauge |
‘boson’ remalns massless. |

7 The compIex ‘Higgs doublets can be wrltten in termmﬁ f,ouL,,/,,,,ﬁ

»real fJ.elds which are three ; (x) associated with the generators

»

of SU(2), and M (x):

49—[-1_- ( %% )(O o @4n

In the un;tery gauge, we have

RV B A T N
=g vl - - (248

There is only one phy31cal nggs particle left. The other

~ three fmld&hax&beemgauqedﬂaway%eﬂfve masses to three of —

24



the gauge bosons. (From now on, /&t is understood that AP and CP

are in the un1tary gauge. )

[P .

. ‘frhe Lagrang1an SfQ in (2.39b) can bei wr'i'ttg.n’ as, .
. | 2 O |
itb = MWW*'HWP + ngzﬂzp | |
| o ae 3, A +) | 24
- fi R+ AT+

where ol
+ . A2 ]
o . WP’ = Jii' T 2.5040)
_ 2 . 4
and - - — - %

5 _ $Ba-9A -
Zy = (31“3'2)7” | (2.508)

. are charged and neutral massive gauge fields with masses =~

'ML;—_-'SJ%L*‘, T (250

2 ,
= (q%+q72) | (2.51b)

Mz (3 T ) cos |
The weak (We1nberg) angle is def1ned by ‘

‘hm@w _3_ E | o (252)

" The mass of the H1ggs bbson is given by

- 2

My= -2 >0 ~ (253)

The massless gauge boson-is— = AT

‘ ) 25
y 7
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"In the unltary gauge, the Yukawa 1nteract10n becomes

\,j a?“ﬁ - G( VL)EL) +n( .) 7{

= ’GU"GL:@R Ge._ Yux)eg\+ H C (255)
( 1z +/ = ] |

Therefore, the mass of the electron is

- mE—ﬁ , . . / | | (2.56)

and the associated neutrino remains massless.

£

- Interactions

_ ’ . o T .
- The free Lagrangian ngnfor the lepton fields is B 7 7
ﬁ__ Ny ° ’1 -~ p —_ » —_—
Z, = Y, iY QPVL+e 1 Jut (Aﬁ_l_ie\_en-i- H.C,) (257)
: 2
The interacting Lagrangian /jat for the electromagnetic and weak

interactions can be written in terms of Wt, %z -and A:

| 2 12 F). M 5Q)
+ 7 (397 T EnteJauAy 2%
where f




- e— l:‘31;1: 95m8w . - |
2+ 31 - ’ , _ ' 4 )

The electromagnetlc current 1s 7 A : 5 |
I—:M =eyre . . o (2.60) é

fhe éharéed weak currehts are S ]
2.cla) | l

(2.61Y) |

g

The neutral current is | i

\
Iz _w*“ o i )u+ ——ev“(gv 3«75)6 2. 62)

B where - e 7 B L .
) . %

-2 . . ;

qv —| + 4 sin ew | gA:: -L. (2,.33).

For momentum transfers small compared to V|‘* Bﬁht leads ﬁ

to an effective four-Fermi charged current 1nteractlon o

e ' ‘ ;

AL ‘-‘r—G-FTwJ;V,L | 6 |

_where the Fermi constant is given by ° _7 i
ey ll s - - - \

1’14 —OMw V] :
Slm1larly, at small momentum transfers, an effectiver four-Fermi §
Fone 1vo propagaror “Jtbibubl n U cor PecML . |
. £*-Mw  — Mw Ikl A 1
, - v é
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- — —neutral current interaction is
. u .7 )
L= 2T T (2.66)
where i '
" MetoSOw el

o In the minimal GWS. model-,,f..thevrer- is only one complex-doublet -~ -
of Higgs scalar fields. The relation between Mwand Mi is given

in (2.51), and,p is equal to one '.J}Z'If a new Higgs scalar is

' added; for instance, a Higgs triplet which has a nonzero vacuum

expectation value, the relation between MWand Mi-wi'll be -

altered (see Chapter 3).

Generalized EQVN-Family Leptons — . ;. T - ——

L

It is eagy to generalize the single lepton family of GWS to

an N-family case, let

. o - | (2.68b)

where n=1 ,2‘,3 re+o.«,N. Then, the generalized Lagrangian density

GQL(D) would be

e I —g—
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o&ytb) =§rn(D)T]PDan(D)+IRn‘| X‘PDP.JQRn (2‘69)

and the generalized Yukawd coupling would be

. N - , B

of‘jui. = - Z (GranLm(® P Loy + H.C.) (270) 7.
' n,m=| -

yhere Gwmn are some constants' for m,n=1,2,3,.....,N. ’

In Qeneral Grnm(#O) forrm#n is the mixing term between
different families. Since the masses for therneutrinos are T . =
degenera;e, namely all are maésless, wé can always redefihé the
neutrino states as we wish. More details will be diScussed;in

Chapter 3. Now, for simiplicity, we assume Gwnn==SNmGhv and then.

the masses for the leptons will be . : 7 S

My = UGn 70 e

and the interactions for the ele?trpwgak”ggppeptsrwilleugtﬂbéwﬁ

-

at

the sum of the interactions of each lepton field with the gauge ﬂf‘-E

vector fields.

2.5 The Success Of GWS Model ' » in

The GWS model is not only the electroweak model for

leptons. It was shown that hadrons could be in corporated in the

model by a mechanism due to Glashow, Iliopoulas and Maiane ~ _ =
(GIM). The GWS model with the GIM mechanism successfully
prediéted both the existence of flavour conserving neutral

currents and the existence of the charmeé quark, both of which T 5

29
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were diSCOVéred*”,
One of the most impoftant predictions of the GWS model is
the existeﬁcemof neutral currents; In 1973 at CERN, both the

-

processes of neutrino deep inelastic scattering on nucleons
W(E)*N—‘ww}‘)_\- N , and the pqre leptonic pi‘ocesS - ETS
y}.u—)"“.i-e'_,)p(vp‘)-t- e - 4which are nqt' induced by charged | C o
currents, were first observed. The observation of these

processes has marked the discovery of meutral currents.,

- The processes W(VP)+N—>){,())’J+N ’ h;\’;e‘been studied in a

-
1

wide interval of neutrino energy up to ﬁ'200GeV They are the

best investigated neutrino processes induced by neutral

currents. Experimental data which determines the strength of the
left-handed and right-handed couplings éf the neutral quark
current are well aescribed by the standard GWS medel. The best -
experimental data of such processes,isﬂobtainearbywrhe;CDHS e

{1979) and CHARM (1980).
Parity violating asymmetries are predicted from the

interference between the weak (the Z-boson exchange) and

electromagnetic (the photon exchange) amplitudes. At the present
accessible energy, the expected asymmefry is quite small because ™
of the dominantly parity symmetric e!eétromagnetic interactions.

However, such effects havé been observed and the'mbst precise

result is obtained from a SLAC exper}ment (1978 1979) in the

jinelastic scattering of longitudinally polarized electrons from -
N

*For theoretical and experimental review of the weak neutral
current, see review articles by J.E. Klm, P. Langacker, etc.,
(1981) and S.M., Bilenky and J. Hosek'© (1982)

/
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an unpolarized deuteruim target,
e(Polar"Tzed) +D(u.npo|arized)—"€'+x . | ('2.72)" |

The experimental results are consisteht with the expected value
of STH°Q,4 in the GWS model.

It has been _t'heoreti‘calvly, shown that the process , =
e++e'—.p*+p'is; forward-backward asymmetric due to the nonzero -
axial-currents, Experimental measuremerits (at PETRA, 1980,1981)
of sﬁch effects are still preliminary_, but the present data are
in agreement with the GWS theory. The value of the contributién
of neutral currents to the cross sections of t;he processes
e++_€_‘—-—,Qf+l.(£:e,}LfC) has been measured (at PETRA,

1980,1981). These data, which have enabled us to determine the

value of the parameter STnIaN, agree with all other

experimental data.
Conclusively, the parameters of the model STnzaN andvp ‘

have been intensively investigatéd by measuring various neutral

current processes, are found épproximately to have the same

. : "\
experimental values:

SIen =:0.224 1 0.019 - (@273a)

Where .P‘x?.is in agree,ment, with the theoretical value of 1., — - ————

jg the above experimental value for STanN , We can

predigt/the masses Mw and Mz by using (2.51):

O



4

= (B Vi, =78 GeV/c . @ma)

M, — Mw —74.6 GeV/cz ~ 8q GeV[2  (2.74b)

Z, —— —_— T - g C ]
C0SBy  STN26w

(Without radiative corrections).

Recently at CERN, the W and Z bosons have been successfully
created by the ProtonQAntiproton Collider. The W boson then x
decays to a charged lepton and a neutrino, and the % boson
decays to a pair of charged leptons. The masses r4v4and Nﬂz of

the intermediate-bosons have been measured in this experiment:

MaP— (81%5) %, |  75a)

M= @sotes) @ @7y

"which are in agreement with the theoreticel values,

Finally, one more important mass has to be determlned thef
mass of the neutrino. Although the GWS model assumes the
messlessness of the neutrinos, the’ experlmental l}mlts on the

. » . i
neutrino masses are not very stringent. The limits are

Mye < 46 €V . (276

My < o052MeV, T (@276h)

My < 250MeV (2760

whlch are still in agreement with the GWS model However, there

is one p051t1ve result which has been reported for the mass of
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the electron neutrino by Lyubimov EEJ gg:3 (1980) : §

|4ev £ My, < 46V | (277)

which is still unconfirmed by other experiments. . .
Essentially experimental results are Ramown to be in

agreement with the GWS model which is now taken asltheVStahdard
model for electroweak theories. Even if the neutrino has nonzero
mass, the basic structures of thelmodel for the known leptons

/i?d qguarks probably will not be altered. It leads to the . - .

W'uv&slu\-’..&a‘»‘*“Muaﬂliummmwmun‘4 S

possibilify of extending ‘the minimal model when we consider the

neutrino mass.

i L T S E N R
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III. Chapter 3 Neutrino Mass' Terms In 'SU(2)xU(’1‘) Model
\
3.1 Definition Of A Mass Term
A fermion mass term is any proper Lorentz invariant term :

which is formed by bilinear fermion fields in the Lagrangian.,
of mass terms for a neutrino.

3.2 Dirac Mass Terms

neutrino fields lﬁ are needed to construct a mass term of the

I

SR b 4 b

Dirac type. For instance, a neutrino field VY has ’-
R v . — — ! -—- —— : . I ;
~&y = MV + V) = myy (3.1 ]
where m is called the mass of the neutrino)/ . 3
. . v_ ) . ) i:r
It is easy to see that ;to is invariant under the global® H
. 70 o Y
transformation ))—ve )) This implies that,.‘fn conserves an
additive quantum number which is referred to as a lepton charge 7

2
i
i

be distinguished from its énti—particle by the value of the

fermion number F,
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Due to the absence of a right-handed neutrino, in the

minimal SU(2)xU(1l) model, the neh‘trino can not acquire Dirac
- ' 7 lB,lS - .

mass. But if the right-handed neutrino V is introduced as an

‘ SU(2) singlet, the Dirac neutrino mass term arises naturally.

Now, let us consider

| _éna L('ll)v)r ( L)~ (2,-1) in (24 2a), then a new bilinear term can

DD)VR~(z,t)@(L,0)=(2,\) , . (3.3)

+ o
The charge-conjugate of the standard Higgs doublet CP = (q)) is
)

F=1Tf=(F) ~ 20 es

' Thetefér_é__f'; the Yukawa couplings which are invaria'ntrunder

’SU(2')xU(1) can be formed as

ofyui G (L(D)CPC'UR) + H. C S —— (35)

After SSB, the couplings give mass to the neutrino m= G,-<4f7,
\ : ,

Where <43>° is a nonzero vacuum expectation ‘'value.

_ /;Qhe generallzed case of N- famllles Ln(D)~(_2, -1},
)4'9. ~ (1,0) (n=1,2 3,...,N), the Lagrangian ;fy“& for the

Yukawa coupllngs* 1s

4:Slnce we are only interested in how to- gene;a%emasses%or S
neutrinos, we neglect other Yukawa couplings here.
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o‘f\/uk Z( Lm(D) G,,,MCP ))"R) +H C. | | (36)
=1 :

where Gbmls an arb1trary" complex constant matrlx. After SSB,
the Lagranglan ;(D “for the mass terms is

Munn = .G”Mn<¢°’>°, | ? o _(3.8)

is in general complex and non-Hermitian and may be diagonalized

22
by means of a transformatlon

AL MAQ-—W Dmg[m,)...,mN] 3‘“

MD is Vreal, and Mgy (n=1,2,3,...,N) are the mass eigenvalues of
M. Af aﬂdﬂAz are -NxN-unitary matrices and can be ‘determiped
almost uniquely by observing that MMt and Mtm érg Hermitian nxn
matric'es- such that | ‘ | '
' 1'%
AU+MM Al_ v+M*M AR' 2 o
= MD —Dnag [m., . -.,m:] o (3.10)

- Clearly, AL and AQ c,an only bé" determlned up to N arbitrary

: v ' , .
phases. That -is, if Ar—amdﬁA:fsat’rsfyﬂﬁﬁJ)T*su do

A =AR@ @l
Ag = AR @ _ | | (3.\'15)1
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‘QXP(T(RL,R)O .... 0

c XPRue) |
ArThe'relative pha‘ses (qJn—cp;m) are determlned from 7( 39)such N
“that MD is real and positive, but the absolute phases are

. arbltrary. “That means if P(q’) = R(Cp) , the form of the mass

ESErms 1s Ieft’l varian

S

Let the fields ( )LR ({n=1,2 3,....,N) in a column vector

form, T s

LR : o | (312)
be the mass eirgensta‘tes which are the phySical,,observable R
—~ ~ * ‘ )
states. Then, ))L , and VR are obtained by the transformations as ‘-

Eal

follows:
~ + B .
L — A‘|)_ VL (3.\3&)

~ 1 . '
=AsVs . | (3l3b)

similar unitary matrlces AL Ag exist for the charged

leptons]( ) such' that o .
AN



/QL :‘YA[_ ,QL' ) S | L ) (3‘4'0)
Lt >

o . ) o
Le = AR Lr . N - (B14b
Let us consider the effect of these matricesﬁAL«;AR in

charged Qeak currents : . 7 o : i
- “,QLX‘*A“A"V,_' , o

where 7 : . ' .,,,3 L
t v : ‘ S o
Ac = A{ AL | - (3}!@)'

is the generalized cabbibo matrix.*

The presence of the- generahzed carbrbbomatrrx LY 1s “due to

the mismatch between the weak and the mass elgenstates. For
N-families, A¢ is an NxN unitary matrix which can be expressed
in N? real parameters., (iu—l) parameters are not observeble
because they eorrespond to the relative pheses of the fermion
fields. These phases, which corresponds to the undetermined

matrices F,’_(CP) and E_(CP)_, can be eliminated from A, by

——— i —— — ——— — —— — - —— ———

" Fnotice that if the neutrinos are massless, they cannot be
distinguished from each other except through their weak

interactions. We can therefore simply define Vm (A.,*)mn)fn.n as
the neutrino associated with ,Qm .- Therefore, 7there is no mlxlng, L

. between different families. . N
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iredeflnlng the phases of the fermlon f1elds4: . Therefore, the
unltary matrix AC can be expressed 1n terms of N —(2N l)-(N—l)

observable parameters.

3.3 Majorana Mass Terms For Neutrinos

Besides the Dirac mass terms, there exists a' dlfferent ‘type

of Lorentz 1nvar1ant bilinear form for neutr17o

~M

whére m is a real constant -and (){)Cs=l;Jsza (see appendixVEB is

a rlght—handed charge conjugate: fleld and transforms as)Jh under

~ 20 =2 VL_}"— 1)+ HC — S

s, oty

the proper Lorentz transformatlon. It is obv1ous that J&W is not QW '

’

invariant under the transformatlon in (2.1).

Let us define -~ - e

A=YAVR @8

then X is a self-conjugate field

xé=x W

Y S o -
Now, the Lagrangian 1:* can be written in terms of the field X :

r) ' | - :
P LB ;7 S (3.20

4‘\/

Hence, m is the mass of the field x wh1ch satisfies (3. 18) and

*ﬁn a theory with more interactions, some of these‘phases,may be
observable.
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is called a Majorana f1eld B Y
The Majorana mass term does not need a rlght—handed f1eld
in the theory. The main d1fference in the descriptions of the

massive Dirac field and the Majqrana'field is that the former

‘has four inaependeht components and'haéfa wéiiédefined fermion
§222br”lepton‘cﬂarge,humber; whereas, the iatterﬂhquOnly”€WOrf

independent‘COmpOnenfg: no charge carried by ){,isrcénserVéd}i

-and the traﬁsitidn of a neuétino into an antineutrino at one

space-time point becomes possible. Obviously, the Majorana term . ___ -

is only allowed for the neutrino'because it has no charge.
It is impossible to generate a Majorana mass for a neutrino

in the minimal GWS”model, since the bilinear field is

(LT»)‘-L<D>~< 2,-)@(2- )= (1,-2)®(3 ~2) 321

However, it becomes pos51ble 1f we introduce some new scalars

which can couple "to this bilinear field to form anVSU(Z)xU(l)

invariant terms: -
(1) Tripl'etr?":s H= H+ ﬂH ' ~(§, 9_)_ ’ (322)
i o ; ,J-Z-Ho _,H+ .
(ii) Sing;l.e;ché;ggd sﬁinglet,* : h+~,(_l,'2_§) ’ (3.23)
First; let us?céhgide%,énlywa<t;iplg§:gf scalars. Then the

- P

Yukawa couplings-would /be S

fHQ §_._ LFco)HLCD)) +H.C.  (324)

o ———— ——— o — — ——— = —

*this case ‘'has been considered by Zee(1980).
\
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- Ifthe mﬁebﬁ—hafamonzero vacuum expectatlon value o

<H°>° #0, then after SSB, it leads to (3.17) with -

m = G,,,r<H Yo . . (329

<

.The introductioh of the couplti'n”g"'of'Hv to the gauge fi‘elds
changes the relatlon between W and 7 masses. Now we have
ME o L[4 gae
= = o - (326)
2 2 ,
Ma — CoSBw\ 2<HY +<& S

where <¢Q> is the vacuum«value of the usuai nggs doublet.

' Wlth the assumptlon <H is small,. we obtan

< 43')0 e
Mz ~ 7 +-2—<—H—°ZZ. - 327
M3 COS’&v(/ 7 “”<¢°>:) . - ( )

2

Mw

‘Therefore, 'P::*F—?G is less than one. Because there is no

2 _

compelling reason for %;}2: <<1l, this addition is unnatural.
, ' o °
. For the generalized case of N-families of lepton doublets

L(D)= (ln)L (n=1,2,3,.....,N), the Lagranglan for the Yukawa

coupllng terms is

—Of‘;u& —_-Z-‘G;mn Li®HL o)+ H.C. . (3.28)

Then, the Lagrangian for the neutrino mass terms can be'written'

as:

—gf;‘ Z_; ())m) Mmn Vm_ + H C (32(?)

mm . .
. ' P » ‘ 7‘ :
where an: var\"z(H'Z» is the mass matrix which in general is
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' where "*7 means compIex conjugaEe. It is clear from (3 31) that

T s s =

_a-complex symeuieﬂa%mi—%rlfhm%diagvnﬂrzeﬂﬂtm o

non-n’e’ga@tive elements byf a transformation::n"q

S U™U =Mp=Diag.(My,.....,Ma) (330)
where MD is diagonal mass matrix and U is NxN uhitary matrix -

U"‘U =1, The phy51ca1 neutrino flelds xm w1th masses. (mm) can '

be found- . S I

%m Z Umnan_ + (Umn) ())nL ' '(3,31_)

L

"the x,nsatlsfy the Majorana condltlon

C ’ .
c(rn’:: 7(r\ J '¥Or Ot‘ P~ \) ..... )hl . G&EBZ)
Then therLagrangian BCM can be written: in terms of these /

Ma]orana flelds as follows-'

__fu _ —i’ﬁ _ Z‘m_n_%h (339

Again, we will get the mixing matrix A. (3.16) as in the Dirac

case,

-
|
|

ig;g;;--(.l-;)-—);n—:-@c&%L ;. see ap,pendix,c;,,mwmf, L D
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3.4 The CP Invariant Mass Matrix k C , A

v

The interesting case is the one in which the matrix M is a
real symﬁetric matrix which can be diagonalized by an orthogonal

. 23 : . )
matrix O : :

N T ‘
sz OteMem Omn = MgMy Skn (5.35)
=t : ,

where W\&,isr a -positive real number and Yla=:l:l. |

N - T
X = Omdhe + NinOmn (V)T . (336)

Nn=1 . ‘
Obviously, we have

jx;; — qun;(rn s m = , j ...... ‘,PJ ‘ (3-3{7)

"and note that

(CP)Am(CP)™ = ()C > (3.38)

The Majorana mass eigenstates would be defined as

hence, Xmis an eigenstate of CP with the eigenvalue ‘»71,,‘:11.

The Lagrangian for the mass term can be written in terms of
%h\as in (3.34).7nn,iS'thg méss of the Majorana field ?anhich
is always positive because of the factor qLﬁ.

If we use a unitary“matrix U to-diagonaiize the real -
symmetric mass matrix M-with,real non—negative masses, thié

corresponds to the orthogonal matrix C}ag follows:

43
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M MNm= 1.7 Usnn=0mn - (3F)
v Mm=-\ , Umn= I.Omn . (33({5}
With U, X5 =Xm in (3.32) for all m=1,2,3,......N,

therefore, the Majorana fields are all chosen to have positive
.CP. Howevgf, those for which 7Lh=—l now have pure imaginary
couplings for the interactions. Thus people have_dispussed these
as if they were CP-violating interactions. Howéver, redefiding 
CP as 1in (3.37), this CP viblétion can simply be removed. As
noticed reéently by Wolfenstein23(1981), the}product of the

MN-factors of two neutrinos is significant. We will discuss the

significance in later chapters with more details.

3.5 Dirac And Majorana Mass Terms

——

If the theory contains N two-component left-handedv
neutrinos W belonging to SU(2) doublets and F two—component# )
right-handed neutrinos which are singlets under SU(Z)xU(l) the
most general case for the neutrino mass Lagranglan ;fnymsmay
include both J?QDlrac mass) and 25 (Majorana mass) and other

Majorana mass terms formed by }&“
»

1t is not necessary to identify the singlets as the
right-handed neutrinos. Instead, V. Barger, P. Langacker and
J.P. Leveille and S. Pakvasa (1980*have proposed that there
exist left-handed fields which are singlets in SU(2)xU(1l).
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: ¥ .
The generalized Lagrangian J(nngsis written:

~ Tmss = 2~ OMY, + H.e

whefe
M. §
M = |
D, M.

is a (N+F)X(N+F) mass matrix,
Vi
Vi
YV, = VN
L Lﬁc

is a 1x(N+F) column vector.

h4' is the NxN Majorana mass matrix as in (3.29) and CL is
the FxN Dirac mass matrix as in (3.7). M2 is another FxF

Majorana mass matrix which is already SU(2)xU(1)

and

(342)

invariant

without the need for any extra Higgs fields because th_are

singlets under the group. Since lhk14‘ lﬁ l+n

=D -

, we have

. T . ‘ . . ) :
Agaln M=M 1is a complex symmetric matrix which can be

diagonalized with real non-negative elements from the

.
transformation LJPﬂlJ—= My , where U is (N+F)x(N+F) unitary

matrix. Physical neutrino fields ¥m{m=1,2

defined as in {(3.31). For N=F,

,....fN+F+ are

there exists 2N Majorana fields.

If N=F and M, =M_, =0, we could get back N-Dirac neutrinos. Thus

i
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the most general mass-term for a four-component fermion field -

actually decribes two Majorana particles with_ distinct masses.

IR
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IV. Chapter 4 The Modified .GWS Model

4.1 Motivations

-

As we have discdssed in the last chaptef,»neutfinos are
massléés in the minimal GWS SU(2)xU(l) model. In order for a
neutrino to acquire mass, whether it is a Diréc type or a =
'Majorana type, something ﬁust be added to the theory. If
additional new components )h are introduced, neutrinos ca@
acquire Dirac masses and also can acquire Majorana masses for
the néw components Lh . Sinpe there is no right-handed charged
current, lepton number will remain conservéd. Therefore,
lepton-number violating processes such as neutrinoless Wdc}hblé ﬁ :
-decays ;an not arise from such a theory. If a Higgé triplet is
added, léftéhanded neutrinos can acquiré Masorana mésSes, and
lepton number.will not remain conserved. Processes.involvingf
lepton-number violation now become possible, but we can nor
longef predict thekvalue forJP , which has already been

-

experimental verified.

Searching for a massive neutrinortheorzwyhith!};;;;ggg;gh,/,,,'

)D =1 and also give lepton-number-violating processes, we

introduce real fermion triplets Lm(T) (m=1,2,.....,F) in 5U(2).

These tripleté transform as : .
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Lem(T) ~ (2,0) f N

o . .
in the SU(2)xU(1l) model and have the following form;

| N smES] .
| Lm(m = <« | 4.2)

A_E "'Nm -L_'

The subscript 'L' denotes left—handed f1elds. Em is a negatlvely

charged lepton and Nm is its assoc1ated neutral lepton

(neutrino). Em is the charge conjugate of Em

Because of the preséence of a lepton Emand its anti-lepton

C : -
Em in the same triplet, we are no longer:able to assign the
lepton number for Lm{T) . This signifies that
lepton-number-violating processes are possible. It follows from

"(4.1) that

Gr=Ts ,  forall meteF @3

and Em has unit negative charge. .
1

The inclusion of these triplets does not create any axial
anomaly problem because the anomalous term in SU(2)xU(1l) is

weighted by the quantity 45

Asuu)x vy — TY’ ( QM)

= Q Y. o | o ,(4'4)7

At this point, the introduction of these new triplets into
the theory is purely speculative. Nevertheless, it is |

theoretically interesting to investigate the effects’of such new

ES
»
-
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added triplets. S .

4.2 The F-Family Triplets

We consider F-families of lepton tripleté
(m=1,2,....,F) as described in (4.1). Under ‘the local gauge
transformatlon SU(2)xU(1), each trlplet L,#T) transforms as

follow

L) == L) = WA LU Ay 5
where U(Am(X)) = €XP. L {7\;\(1)7_2_.)

i . . - . a . .
M(x) is a function of space-time andT are Pauli matrices.
‘It can be shown that the covariant derivative for such a .

trlplet has an expre551on 7 7
D Lmm) = ap.ercw)”-r i9[Ap, Lmm] _ 4c)

with | ’ - | '

Ap=3> AT , | 4:7)

We may now write the gauge invariant Lagrangian density

fo{_(-r) for the triplets Lm(T) (excluding mass terms ) :

Loy = _Z Trace (me 17" DL (T)) 43

‘Of"l.('r) can be expanded in terms ofW in (2. 53):A3,EL,EL

and NL as

gt ¥



5§U77* :E:{F#nriﬂ%ffﬁﬁ'4f4§;gfgﬂ3hfin +-f§;LT?*%iLE§;L -

= 9 (Nm ¥"Em_+ ES ?f”'NmL)WF

— 9 (Nm ¥ ES, + B New) Wit .

SYEEL - EPEAL) G0
Furthermore, it may be simplified by using the identities (see

. appendlx C) for the antlcommutlng fermions Ein L _
) (BRY* u (B = E’.;,ﬁ“«?’;ﬁmg , “ (ﬁﬁﬁ‘
(1) (Em) ™ (En )., = _—E—mn,X“Emg . (411)

© We also use

A = - ) '1 e C‘osa" 2
* j( q¥+9* A 3‘2+ 9* o Agt+ 02

Finally, the Lagrangian ;c,w, is
,o?fmn:mZ:{ (N, 73" 9 Nm, + Emi 49 Em)
~ G (N B*Em, +EST*Nm) wi
~ 9 ( Nm¥*(Em) + En* Nm) Wit
+ e E,,\Y"‘Ej,mlg‘;L (%+ 2P 05 Bw Em Y™ Emw

1 9
S - 4.12)
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4.3  The N-Family Doublets And F-Family Triplets

Y

. | o [ Ym
Add the usual N-families of doublets Ln(D)- An _and the

<
associated'right-handed charged lepton In! which are singlets
for each family, n=1,2,....,N. The total Lagrangian L we have

is | |
o= oz:u_h-) + JCoLLp) | ) I (4--{3‘)

“where ,ﬁuo) is described in (2.69)..

The Héss . Terms

‘

In the standard model, only the Yukawa»'coupyling_s
[n(p)¢1ng are present as in (2.70). With the addit'ional
triplets introduced, we now- s’éarctg*jforthe”pUss'rbl’é'Tre’w”' A
invariant Yuka_wa couplings or gau.ge invariant mass ’terms. Fi?s't'
let us ‘construct all'l possible independent bilinéar fermion

fields with the triplets Lm(T);

() Gadlam ~(2,-)@(3.0 =4 N (2, (4-'40)

» (1) E\m:_nn) (3 0) @(3 o)_(go)@ca 0)®(4,0),

| (4.14b)
(i) me#rr %iﬂ}@ff -2)=(3,-2) (4.14¢)

Obvmsly mj:llaulap ﬁn&ﬂ%ggshdoub}e%sﬁéwﬂ—lﬂ%theﬁtheory—

only the bilinear term (i) is possible to join w1th<P to form
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'—Zyul-“zz (;m,, m(o)L,,(-r)cb)+HC - (4.15)

m={ n=1|

" where 'Gﬁ.,are the Yukawa coupling constants.

Also, there exist gauge invariant mass terms formed by the

bilinear term ET) Ln(T)
. o~ C A
- mmzz Gian Tr ( LmMLn(T) + H.C. 4.16)
‘ m'ln'-’-‘\ v ;
adding (4.135), (3.16) and (i.Tﬁ) together, we have

(5&,1—,,”..5 ‘f' o'(mass L.LT))

= i (G T D)qbﬂa,,ﬁ ZZ (G L mcp)

mmzt m“

+ 7 Gron Tr (L,,m L,,Ct)) LHC LNy @

m.n= |

Then, the 'Lagrangian fm‘s for the mass terms would be

- —— —— — v ————— -

*1 . .'»‘ . .
¥ LmtMLn®D)+H.C. is alsc an invariant term but it is
equivalent to (4.15). :
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where we have taken

M

D'en
Memn

as fqllows:

- Gy L
= Gm L
—G’Ian-/

= “ZG‘Imh -

(4.19a)

@49y

(419¢c)

Now, let us introduce column vectors for leptons and neutrinos

where the superscript zero is introduced to demote that these

fields are not mass eigenstates

written as

no o
= ofmssz A Mg *QR' +

with

Me =

My =

hAQ,hAv are (N+F)x(R+F) mixing mass matrices for leptons and

L

-
O

-m‘”D
O

-

M
r :££’~
°© =
pdbil

ﬁ*M

nad -l

—— . ——— ————

¥Notice that we use a new set of notations which are differgntv
from chapter 3 to distinguish the fields whether they are the
mass eigenstates or not.

#
/

/

/o
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Then “Jﬁnkﬁin {4.18) can bé.

L ODMAL+HC. - (420b)




their associated negtziagsiﬁﬂlisﬁa,Hxﬂ_matrixrguuifihu;ékimﬂ—%umr—l—

matfix, and M is a FXF matix.p« ‘ 7 o
Clearly'w in (4.21b) is the Majorana mass matrix for N; .

But what is Dowhich is the mass matrix for the bilineé;’terms

ﬁ"‘o..( N:QC:—\Z;L( N:\C)R ? In factv, we cah always ide<ntify .r ("\lo,':‘)R as

the right-handed componehts 6f the usual heutfihos'in‘doublets,'

 we then can intérpret theﬂmattix[f’as’the Dirac mass matrix fér:

© .. . -
1%;>. Hence, the neutrino mass matrix can be thought of as Dirac

and Majorana types.- -

e~

Lagrangian Density R <L .

y ) . ,
Now, the free Lagrangian density'ih for lepton fields can

be written . |
0= MRV IR
(Mot + M+ He) (22

And the Lagrangian for the electromagnetic and weak interactions

can be written

Lt = =9 T Wp — 9 TawW

+ c31+9ﬂ)*"]'§zg teTemAs (423)

where
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“ﬁ=fﬂTW+WVEWHJ',‘mw*

o LT TR TF e <N*F>‘§<N+F‘>/ws
T T T

Ti=dug [ &g P il
TF chag.[ Opovivey Oy L, 51T, (4455

2 dsag [..J_+5m29w g —l+5m ew)—cosew, ~COSQJ
(4.459)

= Q‘_’X“T. 22+ WYYAT 0, 4y
Té‘ = PP TRV TS+ Y T e (4
Th= yeae, /;;a, CLY I

Tzzd:ag-[‘%"““"%’O’ ..... 07, (4454
T3 diag [, STBu, —asBw, - 700
- (445¢)
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Mass Eigenstates

Since Mg, My are in general no}dlagonal ,Q V are not
mass eigenstates and are not “physical observable states. As-
discussed in Chapter 3,'WQ andf“v-can always be diagonalized by-

means of (N+F)x (N+F) unitary matrices Av, AR and U s.u't:'h" that
A:Mg Aq == Dmg. (Me5 - - - -,"‘Qqnw = MRD | (4.20)
and o o
U MU = Diq%' (Moys oy va—F) = N/‘,VD | (42-')

where Mgp'and Myp are reavl diagonal matrices, QO and m%'are
the mass elgenvalues for the charged leptons and the neutrlnos.
The mass matrlx 1n'(4,21b)~hasranmeN—zerowmatrtxfrn~the ****** B
upper left corner. It is easy to verify that an arbitrary matrix
of this type has an (ﬁ-F) dimensional null space'7 . Since the
rank of a matrix ie preserved'under the transformation (4.27),
we conclude that the diagonal matrix for neutrinos P%ﬁ has (N-F)
zeros. This implies that in order for N-families of neutrinos in

the usual doublets‘to acquire nonzero masses,  at least

N-families of triplets are needed. We also notice that it is

possible to make. a U(N—F) transformatlon w1thout affectlng the

Lagrangian; therefore, in general less parameters are needed to

parametrize the unitary matrix U in (4.27).
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Lagrangian Density In Mass Eigenstates

Let us take 2,)) to be the column vectorvs of mass
eigenstates for leptons and neutrinos: /
o _ S
jL - AL ﬂl._, > (428(1)
° ) _
1},__ = U VL. »

(4.280)

Then, JC; is writtemn in térms Qf';:he mass eigenstates ﬂ, Y
A =D+ 1Pl |
—(TMey B + LMY+ HLC) L (@29)

And the currents in (4.24) are written as follows:

T = T (AT UMW T U T A RS, (4300
Tf =V ¥ (U T AL fﬁ(ﬁ)ﬂ“ (AZ:T1 U)v; s (4.30b)
: = LY ALTEAM Vo (UT AU W '
+ T (AL Ty A Le (4.300)

Jem= 1" 1 . (4.30d)
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4.4 Three-Families Of Lepton Ddublets And One Triplet

Instead of working with thevmost'general case, for
’simiplicity,-we rest;ict the.calculations,to the three known
families of leptons in SU(2) doublets and one family of leptons
in an SU(2) triplets; that is N=3 and F=1. Although this |
;estricted model will have two massless neutrinos, it ddes
‘retain all the main features of the more, generalized case. Again
for simipiicxity; we assume P invariance; i.e, Mvaﬁd M'Q are
reél matrices. Since the mass of these new triplet fields
probably will be a lot heavier than the known leptons, we will
retain only those nonzero leading terms of order E&g (rnqcnn is
the mass for a light.(heavy) lepton) in our calculations.
The three~family doublets in'éU(2) are
Ve Vo - Yol . 0 o o
ei , (,::: ’ (TE) ) Sk, le, Te
[ L L

and the triplet is

—

NS —dZET ] s
AZE°  —NC

. o du

o

The column vectors in (4.20a) now become
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=], Vi= %) o (a3n
° : 7T ’
E N°

Now,gthe matrix M in (4.21a) is -a 3x3 matrix, M in (4.21) is
just a scalar; Do is 1x3 rﬁatrix and will denoted by.b' the column
vector D°=(§‘1:> }and DDT is {:he row vector (d::d:, &;) Wé'shali
assuhe that Mais much largfer than any other elements in the mass
matrices Me and‘My , ie.M>> di, '.j

As in section [3.4), My can be diagonvalized by an
orthogonal ﬁatrix O. 1f only tﬁe’leading contribution will be

retained, we have the eigenvaluesf for- the mass matrix_Mp as

follows:

o7 o . |
O'M0 =My, = DTag. [0,0, %#‘2 >‘-—Ml _ (4.32) g

To find the 4x4 orthogonal matrix O witn aggoximation, we use
the following ansatz:

O = 1AM @33
N '

o, : . '
where W is 3x3 orthogonal matrix. It is easy to show that the

m
matrix O is orthogonal up to terms of order "ﬁ ( M is jusk-

any matrix elements other than M): 00z 1|, We also obtain
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b

%
gj .
o
A

(4.34)

O'™™M,0 = M\JO‘:Y ™M

O

---
X
[

Hence, in order to satisfy (4.32), the followinyg relation

(0]

wp’=| © T (4.35)
TioD° | | |

. must be satisfied. Clearly, instead of the usual three
" parameters, only two parameters are néeded to parametrize the
3x3 orthogonal matrix U°. It is be__caué,e there are two degenerate
masses for the neutrinos.
The two mass-~eigenstate neutrinos V, y V2 with zero-mass

eigenvalues will still remain as left-handed'two—component!

-

massless fields:

4

4 o 7 , ‘
Vm,_z 2 O-:r-m v"_\z_ R -F‘Or m=1,62 (4 36)
=1

The other two massive-eigenstate neutrinos X—3,x_+ of the
To

2M

Majorana type as in (3.36) with mass eigenvalues mzs‘:

and sz will be |
o= 2 OV, + Ty Oon R :

=i

= Yo+ NpOh)" o for m=3.4 (431
N 4 o ’
where l{',:ng‘lo’:nynt. . ! )
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The CP elgenvalues of )(ﬁand 764 are ’Q; 1 and m -1 (see i’.hﬁ

discussion in section 3.4).
‘The mass matrix M1 is also diagonalized by means of a
transformation as in (3.9). The mass eigenvalues for the charged

leptons are:

ALMyAg = Mo, = Diag [me, My me M] . 438

£

again, to find the 4x4 matrices AL,AQ rwe use the following

angatze: R
- , ] - .
v B
L= | ey T
N ‘D VL i i
L M | B
and B}
B 7 ,

M* (4 39b)

where V;_ and \/g are 3x3 orthogonal matrices. It is easy to show

that the A_ and Aé‘*are orthogonal up to terms of order %l
T T —~ . V
ALALS | AQAGZ .. We also find

o —— ————— — ———n — o —

r_T
¥(i)Since all matrices are real, A t=v', Ve =VL , and "IIL*=mT.
(ii)The matrix O (4.33), AL and Aa (4.39) are also applicable
for a general n- famllxes of doublets and one triplet model.
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o | T
\ ’YTLVa o

A:MLA& = : -
o M| . (4..40‘)

L

Hence, from (4.38), we obtain

=

) V:CWLVQ - MD:&Iag,Eme) mP,!“ m.c] o | (4.4”)

Now, let us define the column vectors for the mass

zigenstates of neutrinos# and leptons:

e - . ‘
g = f}; _,, S = ;& ) | (442
' E N Xy A

Finally, the weak currents in (4.30) are

Th =T8TV + VL TGUES (443a)
T = VT A + QOB (+43b)

T2 = T THA VT + I The . (4430

with the definitions

D=v.D° o (4440)
F notice that we have V-C\'
Y v e .
iv‘L"—‘(%):Qg;) , ) = | %L
| X3 3 , n
el e
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and

(u: V,_T'u°_ ' | . o (4'.4'4'5)
we haye
- N . _ _D__ B #
TFAITLO: A2 M (£450)
- DT u'o |
. G=0TRA=|/ZM> AZM - st
—D Mo 1 |
LT MT -0

'(4.45 c) |

: DT _
B o
: owe |1 XD |
- T =0T0= U ZZM ) | (4:453)
=2 ]YD
..Q,IiM 4M7' . )
C 2 1 N
2 sinBy1 oD :
Ty =AliAc= | M* (445¢)

Dimy
i

where I is 3x3 identity matrix amﬂqngﬁs in (4.41). Notice that

the condition of the GIM mechanism in the neutral currents for
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the usual threé'families of leptons is stil;'gg;igfied‘igﬂLhii,,ﬂ",
order of approximaton. That is, a lebton'in one family will not
change to another‘one up/to order M in a neutral current
process. However, there exist faﬁ&ly violating nedtral

. . , . .
intéractions between light leptons and the new heavy leptons
wiﬁh order - s& suppressed. We aiso notiée‘ffom the m;f;ix't&
that the new lepton-number?violating irnrteractions, whiéh are
possible in-our model, are naturally mﬁéh weaker than the

standard weak interactions for the known families of leptons.

It follows from (4.35) and {(4.44) that

o ¥

S wD =uwD=| g - (440)
o . \ATD

where U can be paramatrized with two pa:rarrr/xeter:sﬁ 9' and 92 T

- -

C; O h‘S"
U =i-ss, G fC!Skz \, (447)
L sG S GG |

with CL:CU.SG;,, Si=SmB;. 6, and 92 are related to dnd;,d;and

d =i DD as follows:

5wé take the positive sign.

-

e
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=-S5, | - (414'8&)
-GS, R - (448b)
= ¢ | - (4-48¢)

Wwith © 8 ,m’. :_-_é_’: and M, we have rintroduced four new
) R 3 2M

olgolpoje
"

undetermined parameters into the theory.
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V. Chapter 5 Neutrino Oscillations

The concept éf oscillations among different families of
neutrinos was first postulated by 1='ontecorvtrf5 (1967) and Makiex
(1962?. Th? first pﬁenqmenological theory of neutrino
oscillations was constructed by Gribov and Pontecorvoqs(1968).

Neutrino oscillations are possible provided

(1) the neutrinos have non-degenerate masses, and

1

5

tiij the neutrino mass eigenstates Ph with mass ﬁ%* differ from

the weak charged current eigenstates )f .

5.1 The Formulation Of Neutrino Oscillations

Suppose that there exist N physical neutrinos (mass

‘eigenstates) |My) with mass h\¥;. The weak eigénstates lLﬁ? are

Y

linear superpositions of the mass eigenstates

(5D

N , .
lvr:\? ';:Z Umn1 Vn7 y MoN=ls... » N
n=i B . '

Now, let us discuss the behaviour of a beam of neutrinos

-

=

produced in some weak processes. The neutrino starts out with
definite family index M at time t=0, x=0: IV(0.0)=|Uny . Its
wave function will evolve in space-time as follows: .

N (R —E':Jc)
Vot =D Unn® 7 ey (5.2)
. n=\

<
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~

We assume each neutrino has momentum F% and energy E% .

These should be understood here as the average values for a

%

'wave—packet . As we shall show in Chapter 8, the radiative

decay rates of the heavier neutrinos into the light neutrinos

y R
¢ .

are very small”®. Hence we can treat neutrinos as stable

particles. By using U= zumhh)o\l we have

3 ( E
‘V(th)> Z\UMQ UnQ T Rx- ,Q‘Ulv > (53)

which is a superposition of weak eigenstates iM:>'.

Hence, if we initially have Yy , the transition amplitude

. o .
A for observing Vp is

A"( m———vn) ZU.MUM 'c%x E") '(5.4)

=1

The transition probability P is

PO —u) = | AR—V0)|*

&>

= ZIZ‘ UM,Q UnQ Umg_ Unl ”PRQ' ‘ ‘ | (65)
‘ o .

where the phase
C?zux,ﬂ-*(% P) x - (Ex-Egt

= (R-P PetPy ] (mi-mt oo,
_________________ = _Q &)L En Eg Eo+Ey -

¥roris Kayser “has shown that the general analysis for the case
of the wave-packet with small momentum and energy spreads will
ledd to the same results as the analysis here.

§except the decay rate of the heavy neutrino Xa but no
‘ oscillation for X4 is considered.

-
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The velocity of the combined wave packets for the neutrinos

Vﬂ, and )}‘. is |
Ve Pth (5.7)
' 1€ — Eo+ E{_ \ R 7

The interference between the two neutrinos: )/"? and VQ can only be

observed when

x = Vg t (5.8)

where X is the distance from the source. Thet‘efore, the first
“term in (5.6) vanishes, and the phase is

~(mi-mp)t o |
Po + Pp . . (5.9)

Pog =

: ' 21
For mg,ml«& Pi)m-’i { for all ,Q,& , and Pg_ﬁ'-&_:P,' we

obhtain

| Y, <. A
wi’& ~ (Me¢—~mg) | | | (
2P L . B0

Defining the oscillation length L,Q&

4P
ME~ My,

and substituting the numérical values of 44 & ¢, we get the

Lsg = _ (5

s

convenlient formula

Leg = 2%'?/?:42&[ 'meters (5.12) o
| me—mgl fev)* ' | |
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If we assume CP invariance, then U is a real matrix. With =
‘ c S
the initial neutrino )4” , the probability of finding a neutrino

° .
)&\ at a dlstancel is

P(v,,,-—-uf) smn-24 umunmu,,ﬁs.n(ﬁﬂi) (5.30)

Since CP is conserved we have
P( vm———-v,,) P( Vm-—>Vn) - (53h)

It is clear that the osc1llat1ng terms in P(LG';"" )come
from the 1nterference between the dlffe_rent mass elgenstetesﬁsi{ﬁv
the neutrino wave function. It is purely a quantum mechar;ical:ﬂ
effect. The oscillation length in (5.12) depends on the momentum
as well as the mass difference among neutrinos while the
amplitude of the oscillations depends on the mixing matrix U,
Needless to say, neutrino'oscillations are of great importance-
in finding the ne‘utL:r‘ino mass scales and mixing angles.

_,et us -apply (5.13) to our model which con51sts of four
weak eigenstates \ah—()é U’AVC N) and four mass. elgenstates
Vi =( Vi Vh, X3, Xs) . We will neglect the existence of the
neutrino X« and theroscil&lations for N because’x... is too massive
and unstable (see Chapter 7 & 8), and the couplings of the N
with ( V-,\)z, x—;) are of order/j_.g;j .‘ Now we can identify u=W in

(4.47). We obtain

p(,eL_.veg =] —4Ciilw , ~ (5140)

kY
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PO ) = =SB Lo, (s

Plr—Y)= 1-4(8:c+SHCCILw),  (5.40)
POb— %)= 4 (SCSD Ly , s
POy —)=4 (GS,C)*" Lx) » |
P (V,;'L———)JQ): 4 (CrS,G) Lo - (5.14f)

¥

(5.14€)

where
Lix) = 5,-&(3%&_) - | "~ (5.5)
and the oscillation length L,

L =25 f—!ﬂd o 5.106)
My, /ev? - o

is, the same in all cases. This is due to thé fact that only the
neutrinofXa has a nonzero massfﬁxj. Theoretically the mass
can be determined by an oscillation experiment,

Oscillation experiments can be done with various sources.,
The oscillation efﬂsct can in érinciéle be .observed provided
that the mixing ang %s are large, the neutrino source is
localized within a région much smaller'than the oscillation

. . L2 -
length, and the coherence of neutrino beams is not absent’, The

following table is listed with the typical observétion”iengths .

which can be achieved, and the typical mass to which they are

sensitive,

B R N e

, .
.,:g«‘.‘ma,mﬂet‘nsawwus B T o

e it Ut SRl TRk A e oM b
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»

*
Tk
»

Table 5.1 - Sensitivity For Various Neutrino Sources

* " * *
Source * Mean energy * L{m) * Lower limit on Am(eV) *
********************************************************************************
* * * *

| ‘ -6
Solar Yp * 100 keV * 10 * 10 *
. " * * - * *
Atmospheric * 0.5 GeV * 107 * 1073 *
* * *‘_ *
(4)"}1" 24"’3\ . * * *
Reactors Vg * 3 MeV * 10 * 1071 *
* * * *
Meson Factories * 30 MeV * 10-100 * 1071 *
y , * * * *
( o Ve) * ) * * *
Accelerators *  1-30 GeV + 10%-10% + 107} *
* * * *
(V) \ X X .

*
*
*
*
*
*
*
*
¥
*
*
*

*******************"‘k***********************************************************

If only the average value of the probability is observed at

a sufficiently large distance, then< L(X)) =1/2, we obtain

5,

LPOVe 1)) =2(5,(,5,)" (5:17a)
<P (Ver—=Vr)y = 2(05G)° (5.17b)

< POV =) = 2(C7S.0,) (5.17C)

If the maximum mixings are assumed 9,:91“-'-'1;‘_—(- , then the

oscillations between VP‘_’V‘C are suppressed by factor (1/2)
relative to lbe=s)Mu and Ve+ed oscillations. If the mixing
angle 9.2 is small, then the oscillatins between %“Vpnand
LL»\)?__ are suppressed with respect to ),{p_.-)lc oscillations.
No firm evidence for neutrino oscillatiqns is found
although several anomalous experimental results have been

2,28

reported.
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5.2 Neutrino-Antineutrino Oscillations
J;

. . . . o
Besides the neutrino oscillations of the type )h,—vlh,
there exists a different kind of neutrino oscillation:
neutrino-antineutino oscillatiOn; As we know, different

weak-eigenstate neutrinos are different linear superpositions of

mass eigenséates. Different kinds of weak-eigenstate neutrinos

can only be identified by their assoc;ated leptons. The neutrino
oscillation experiments are being done by identifying the kind
of ant}lepton f:)(associatéd’with\Ag ) created at t=0 1in a weak
decay; and then what kind of leptons will be cgeated by a
neutrino beam )ﬁ in a weak process at a later time. The
4amplitude of findipg 2; is proportional tc>A(”%‘ﬁg) in (5.14). In
our model, there exists a’'massive Majorana neutrino 713;
therefore, the same neutrino beam which contains X3 can create a
charged antilépton Q; . The dmplitude for such a process is
—— 2o _

proportional to.

3
l(.PQI Egt)
A () Z%‘— melne € (5.18)

This is the amplitude for the neutrino-antineutrino oscillation.

) T . . ) e .
With the assumption that CP is conserved,U =Q% , this implies

POR— R R=PORI—%,)  and



.(5-1%);
P(%L_’VPR):(%S:QS: | . (5.19b)

(5~I°I_c)
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= (5.194)
- 2 o »
POop =3 = (st  (5.19¢)

(5.196)

The lepton-number violating processes are suppressed in

: L
intensity by (Egéé)as compared to the usual neutrino
oscillations.

Mx

The process 1s proportional to ig

;, the heavy neutfino
with mass M 1s still neglected because it needs energy E >> M to '’
create such a heavy neutrino. For present facilities, there is
not enough energy to produce them; moreover, this heavy neutrino
is very unstable,

Thé charged antilépton Q:; can also be creaéed from the
weak lepton-number-violating currents. The amplituée for such a

process 1is of order/%%%.%gf which is even weaker than the

previous process., (see (4.45a))



5\3 ~Neutrino Masses From Beta Decayf*

er most sensitive way to determine the')b<mas$ is to
N\ -
observe the deviations fromlarstraight line Kurie plot near the
end-point d(\tritium B~decay. The gurié plot, in th; presence of
neutrino mixiﬁg, depénds on the mixing anglés and masses of all
\
neutrinoc mass @léenstates which couple to the electron.
Let us cons: derla nputrlno lﬁ of mass nhﬁemlttpd in @"
decay. The Kurie fun&t{on K takes the form
2 2 2 2 \/7-9 - m (5.20)
= Fi4ﬁ‘(£3 —‘Tnyh) (A =My,) ’
where ZX=E$‘EB. Here Eo is tﬁeamaximum allowed electron kinetic
energy énd Eﬂ is the xinetic enefgyrof the electron. Fis thé
nqcleaf Zoulomb factor.
When there ié neutrino mixing, ﬁhe weak-eigenstate neutrino
Ue which couples to the electron is a iinear-combination of

mass =lg3enstates 1% . The Kurie function then beccmes

Al

ZPnKn ZPA(A mun)hG(A mu,,)P (521)

n=y n={
where F% is the probability that the neutrino‘»% is emitted in
B—decay. Since x;;. is heavy, mx4>> Eo ,lonly the three
neutrinos { \%zijia ) are present as in the neptriﬁo
osciliations. From (4.43a) and (4.47) we ébtain |

This section follows closely the analysis of J. W. F Valle and
M. Singer,3!
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z 2 r 2 A2, 2 .
K, = s’a —mp)+ ca (5.22)
As we see the deviation from a straight line near the end
point of the kurie plot is determinéd,gby the masses of the
neutrinos; the end-point of the Kurie'spectrum is determined by

the lightest neutrinos. We also notice that (5.22) does not

depend on 8_7_ .
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VI. Chapter 6 Neutrinoless Double Beta Decay

1
|3
5

6.1 Possibilities Of Neutrinoless Double Beta Decay

! -

Huclear double beta decay 1s a second-ofder semileptonic

processes accompanying a transition from a nucleus Z to Z+2.

ey

Theoretically the process can proceed in two ways:

(1) from standard second-order heta decay

F—(Z2+2)+ 9 +V +1,+V,, (6.1

{11) by the no neutrino process

F— (2+2)+ 27 +4, o (¢.2)

known as neutrinoless double B -decay.

This second process violates lepton-number conservation. If
observed, it would“signify two possibilities or both:

(1) Neutrino hés a‘finite Majorané‘mass.

(11} Lepton—nubber-violating currents exist.‘

These two- cases corgespond to two different mechanisms as shown

=

in fig.6.1.
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. (a ST L N )
Fig.6.1 (a) neutrinoless do'ub‘le beta decay ftom a massive
Majorana neutrino, {b). frgm a lepton—number-violatiﬁg currents.

Both cases do exist in our model; here we will calculate
the relative contribution to the decay amplitude of the

neutrinoless double beta decay from each case.

6.2 Double Beta Decay From a Massive Majorana Neutrino

—

‘The decay amplitudeA of the neutrinoless double-B decay ig

expressed as

. : ra
AT(AZ)—(A, Z+2) +€+e7] xz_ ;M5 (Te; (6.3)
| | , J o
where mj is the mass "o:_f a Majorana neutrino ’)(.j r’)j is the
eigenvaluegAfor'CP ané’t, is the matrix given in (4.45a).
In ou'z; _modgl, only f&o neutrinos 'X,3)’X.4 have no;'lzero massésr'
mx,jandM . It is easy to see from (6.3) that thie'contri,bUtions
from tiuese two neutrinos £o the decay amplitude will tend to

cancel each other because they have opposite CP eigenvalues;

nameiy, Ny=1 » N¢==1. We find that in this model, the

cancellation is complete and the double beta decay cannot arise
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«
from such process It can be understood % notlng, using (4. 34),

that (rnv)tg in (4.21b) can be wrltten as
4. \ <
.y R T .
11 My; O OQJ : - (64

J

-

© Using (4.45a), we then see that the.decay amplitude is
(T;)ej

nym ( J)e,; ot.)((_\,/;)eg Qlj)

-“1 L;Q J

ll

2 Z A )eL(VL)ezin W)v O‘J Olj}

2 Z (Y._ CADY: (m\J)u } k ©.5)

Ard=)

N

where\Q_is defined in (4.39a). Thus thetdecay amplitude is
dlrectly proportional to the linear superposition of (Ynu)L((l
’ 2 =1,2,3). However, these elements are zero in our model, and
therefore the amplitude for this process vanishes 1dént1cally

similar feature was obtained in a model constructed by Zee.:
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6.3 Double Beta Decay From A Lepton-Number-Violating current

The decay amplitudeA fréom this p\rocess is

A[CA, ) — (A, Z+2) +E +€7]

dZ(T;k)(ﬁCIT))e = ZMX,;,\V;\S STY)%GI . (66)

Therefore, the neutrinoless double beta decay arises naturally
by lepton-number-violating currents. Again, we notice that (6.6)

does not depend on the mixing angle 62 .

Numerical Results

a - -
The decay amplitudeh' in (6.6) will vanish if. 9,
or m;(,3van~ishés. <
If we put the maximum values for STn9,=l and mx,j:lOOeV and M=

20GeV, we have . .

AMuMe = 754107 . e
MQ. :

The experimental upper limit for, such parameter is 2x10

5 33

Hence, our result is well within the upper limit.
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511. Chapter 7 The Decay Of Heavy Qgggggs,

o

7.1 The General Formulation For The Decay‘gé A Lepton

In thi; Ch;;;er, we conéider the decay rates of the-new
heavy\lepton E and ?u$to the known leptons and gquarks in their
lowest-order diagrams., Since we only calculate the apprbximéte
Adecay rates in the low energy domain, we Qse the effective
qurangian density ;(zggas in (2.64) or (2.66) for,a:

;‘fourlfermion pointlike interactions.

£ .

It is shown in appendix D that if the Lagrangian for the

interactions has the following form

fai j_@_;{ﬁn( 91 xs) %l r+7fs)‘P Y ?L( 91917‘2)1“ 3‘&%)% <7 )

and if the masses of the fermions 43, q% and 4% , which are

small compared to the mass M of the lepton %ﬁ , are neglected;

th the approxtmate decay ratefﬂ (D.24) for the lepton 4%
de¢aying into two dlfferent fermions 43_, 13 and antifermion qﬁ

is

l?p:,:q, (1, —-“Pz“\’a“&) (3L+9a) 9..+€}n)
= [(p—eY ve) (9,_+3R)(g %) (729
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where

- ‘ _ . m v N .f'

In-our approxlmatlon, this decay-rate formula is also appllcable
to the case if the ‘{)3 and \{"4. are 1dent1ca1 neutrinos of the
Majorana type (for example, see the f1na1 paragraph of appendix'.
D). , |

If the fermions \P,_ and \‘P3 are iantical, then the decay

rate F' {D.33) ‘is

ey, = l‘g;‘ %(gwgg)g +’§2)+(3i§’f+’32§2)}, (7.2 )

If the ‘+‘, and Y, are Majorana neutrinos, then the decay

‘rate [ (D.36) is
{% NN 9;2) 4'(3& 727113” +fg“:) 672C)

where Yl,:‘-i’_l,le‘:il are the CP pa;ity for' the ‘h and (-P?_ .
For the case \f one heavy Maijorana neutrino ‘P, decaying

into three identical light Majorana neutrinos L,b21¢31l7['4, then

the decay rate/_’(D.37) is
F - Cmn %((gL ’?;’?z +(gﬂ"'?nrzzg‘_)2)(§f+’g:)
(18- 90°F7 +(9e~ 1190 G )} - (7.2d)

The genera\liged effective Lagrangian which is
off 46 Ap ot | T g
LT = ——E/JT (2 Tw Tup T ]—;L LP) (74)
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where :Rv ]J# and ]ﬂ *are Vqlven in (4.43). Then the 4“,,4‘ ‘4‘3 v
and 44 are now column vectors of fermlon fields as in. (4, 42),
_and gL)gf;gl and gk are now matrices, a lepton Uk)g(k=l,..,k)
" can possibly decay into L fermions(ﬂQh-(P.=l,..,L), M fermions

L . c ' ’
Oﬂom (m=1,..,M) and N antifermions (44)n(n=1,..,u). For the case
4& and 43 are different fermion fields, the total decay rate

in {7.2a) can be generalized as follow:

[y ( () — 2k +:z<q»3)m +ZW0,)
= &M

]qln-BZ (gt_)j‘_‘\'(ga)xﬁ Zz((g\m“-f(%k)m) (7.551)

which is just the summation§ of all the decay rates in

different decay processes of the lepton (qi)&_.

For the case where the fermion field vectors 43 and'wg are

identical, the total decay rate in (7.2b) Can be generalized to

rﬂ = 2 . | —~ 2 ;4 1?‘
e M:uﬁ Z(<8 +<9n),&)22<<qomn+<qom)

RPN CANCARETAAG A ST

Y
i : . ot )

the superscribe & is put here in order to. distinguish thé'weak
currents for leptons from the weak currents for guarks.
: ’
§notlce that the summation over the indices 1,m,n does not

‘necessarily start from one and end with L,M,N; it depends on the
processes which we want to calculati
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7.2 The Decay Of Heavy Leptons To Charged Leptons And

Neutrinos

First, let us consider the decay rate of the charged lepton

E (which corresponds to k=4 in our representation). It is clear

»

from the left-handed charged qurrents {4.43a) and the matrix

(3L»&..J Ct})gﬁ in (4.45a) that the lepton E cannot decéy

through the719pton—number-con5erv1ng charged currents because

thg couplings 1 /g4 (X =1,2,3),qwhich couple to the neutrinos
: . ,

L&)p&)xj are zero and there exists\no right-handed charged

current. However, the charged lepton‘E can decay through the
lepton-number-violating charged currents and neutra} currents.
With only the leading contribution retained, the decéy rates

for the lepton E through different processes as Shbwn in fig.7.1

have been calculated.

- - — —

*’We have not con51dered the decay rate for a heavy lepton ¢.
into antileptons W,°© qk and a lepton Y¥s . In fact, with the
same assumptions: rn,_nh-wq-o and the similar proceduces as in
appendix D,- it can be shown that if we have the effectlve
Lagrangian as follows:

£ = _ngq,c,n(gm zs)+qﬁmxs)) me(g,_u %) 3,(l+‘65)kl)4,

then for a process with two different outgoing antileptons, the
decay rate for the ¥, is the same as in (7.2a); while for a
process with two identical outgoing antileptons, the decay rate
is the same as in (7.2b}).
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FEYNMAN DIAGRAMS COUPLING -STRENGTH

% d
E G | =M rR=0
e, T gL::Jivt‘ ’ .g;::()
(@) 7‘3 .

e
) B

g4
T

d

- Fig.7.1 Four-fermion point interactions for the decays of lepton

E

Fa 2
xS

The decay rates for the correéponding diagrams are

(7.1 ()

— G*M°

1213

|

4}5Fx%) ,

84

(7:6)



5 T 4 TR TR T T e RS AT e i b b 1 e ES PO Y S 0V O S Y e RS AL B

"H

’Pﬁ.lcb)) &M AL Co (760

1427(3 S
r'(")-l(c)) = ?QTT?( %T/\h y | | (7 6C)

f’(7|(d))..?w"";3 6%&( L+smzbw)+srn6,) (76&)

where (7.5b) is used to calculater the rates for the diagrams;in |

-

fig.7. l(a) and fig. 7. 1(d) because they have two 1dent1cal

;"“* ‘ﬁﬂtgOiﬁQZPaffféIES’thTE‘il 3a) is used for the d1agrams in o -
LI :

f1g 7. S(b) and fig.7.5(c). The spec1f1c decay rates of E into

electrons, ‘muons and taus depends on specific values: of ther

m1x1ng parameters in (4 47). _
Notice that we do not consider&the decay of the‘lepton E to

the lepton'X4.. Th1s is because the mass for the lepton E 1s

N a about the same as the 1epton‘X4 even if the rad1at1ve
corrections for the mass of the lepton E are taken. The rate of
such a decay process will be small compared to other decay
processes. — ~ " | |
Cdmparing (7.6a), (7.6b) with (7.6c) and (7.6d), ﬁevcan’see"
that the lepton E will mostly decay throﬁgh the
lepton—number-violating charged currehts rather than neutral -

____currents.,

- Now, let us calculate the decav rares of the qgutpa] lepton
(the Majorana neutrlno) X4 to d1fferent leptons. The diagrams of.

“the decaydgrocesses are shown in the follow1ng fiqure: _— | N
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COUPLING jéTfRE'NGT M

3\. "'/{_ T] ,
=T

‘j&
‘Za

4)

vv 'qu =T ; 

40 w0
’g}t:o,’, ~

| =, §=0
| ?3:- =2 (mf’ﬂ , ®= O

e, T
VRS

-%—,I' (s, =0
*?‘ZETI T

'%Ts

~ Fig.7.2:Foyr-fermion point 1nteract1ons for the decays of the '
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-~ Continue Fig.7.2. Fout-fernuon point 1nteta,¢u;ns for the decayls '

of the 'X,+

T
ey .

Y

T

FEYNMAN DIAGRAMS

COUPLING STREN-GT&" y

et, ut, v

kl’

| 9,"-—-[2-(’11)13, 9&7

g=0 , gt—ret%f =

\ §.= 7T , qg_,rfg

: 9L=/f2" (Tzz)%: 9:*—0‘

9-.- 0 92-71—(71)3&,

e, =0 |
G, Qs

'_qL =17 (T2})33' ), 'g'&: o)
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7L;is the’ Hajoranawséutrino. Clearly, the tate—for this ptocess o
is the same as the one in fig.7 l(a) Rotice that fig 7. 2(c) and
fig.7. 2(d) correspond to the decay of the'X4 through the charged
current and the -neutral currert fot»the same process. With the

help of d/F1ertz transforuatxon, the total Lagrangian

:11nterac€10n for these ‘two diagrams in low. energy can. beujm:j:'e«%en-«~~—~-~w -

P w_'-_&)y,,[ﬁm,.{(zcc) m:.z, 5 2('1:1)34("6.*):,) f

___.af )+ 2R, Lls-’}

l N
Therefore, we can identity the ccuplings'for,the processvas

folloﬁs:

qL: ‘ ‘:’ ) qﬂ - »l s o . i " ”,\vigi “

(‘JL\.J = 2(T)z4 (TT):H + Z(Tt)%(ri)u 4 ,
(Gong = 2('t§)3.,('t:3)IJ D

-

Clearly, the process. wh1ch corresponds to £ig.7.2(e) and - ;/*;

A

f1g 7. 2(f) has the same: decay rate as the process correaponding / .

to fig 7.2(c) and fig.7.2(4d). o ;“

We use (7.5a) to calculate the decay rates for the

processes in fig.7.2(a) to fig.7.2(f),

P(‘/ zca))-\-r'(-r.z(b)) = 271 Z(a))
= G*M° {4 mh\}
ST '_lqan3

a

«

~4
S
Nt

+



R
3 :

Fop

F‘(726c)+7zw))1-F(‘fz(c)+72c,c)) N
- 5 my, N em : s e
—M-{ g\lx ' 4ﬂ->( f %J'Sf”.a”)fc',?\{’_(('%”'“za‘)*«“ma«b

192703 Sy TIN T
. 707
" Applylng (7 2c) and (7 2d) to calculate the decay rates for \‘

N e

the processes “in flg 7 2(9) and flg 7 2(h) respectlvely, we -

obtaln . A _" © '
P(??.Z(_g)) = 9"”5 {"0x3\ ‘ , (77 )

M _

‘~2 : 7 ; B . : . o
F (7 2(h)) —Ci'—ﬂ—;(% m"’) : (7).
T 9ax I AR A

Notice that we do not consider the 'dec.ay of the ’Xq‘. thrOué'h

‘the 1epton-number-v1olat1ng charged currents because the
_.couplings_ Lﬁ;)‘# LL=Lr2r34fm<;tkeeuple—%rt& thrchargeﬂfkif,r

\antlleptons, are WH weaker than the processes shovm 1n fig 7 27.'

- Again as in E decays, we see that the charge current ‘decay

modes of the H w1ll predominate.
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7.3 ‘The Decay Of Heavy'Leptons-To Hadrons =~ -

It is aIso ‘*wydble for a heavy lepton E or ﬂQ;toedecey

s
4

'1nto a lepton and hadrons. Before we calculate the decay rate

f for such a process, let us briefly describe the weak .,

hex-1~thnteractrons*for“quarks“whfch'aré”fﬁe-consfftueﬁfgmbf hadrons.
i S1m1lar to the}case of lepton f1elds, there exist three families

of: quarks (up and down quarks(u, dJ, charm and strange(c s), top

and bottom(t b))- which correspond to three families of leptons ;

Ehe left—handed quark fields are grouped into three SU(2)

doublets and the right-handed quark f;elds are in SU(2)

c .8 - . B . . )
* s1nglets. - : ' S , . o j

- (u”‘) (€] () 4

. [y X
- S T S v
N \! - .' N : - - -- - I N oL

where each quark IS‘assumed to ex1sﬁ in &hree states wh1ch~;?f'i_;"tmfj

dlffer among themselves only by ‘a new quantum number called
,f
color, X= 1,2,3, Each u, c,t (d,s b) quark is assumed to have

electr1c charge 2/3 (= l/3) of the un1t charge.:'
Since the masses of the t and’ b quarks are heavy, we shalI ;

not consider the decays of the heavy leptons to such quarks.

Hence, let us consider only the weak current rnteractionS*for"” S

u,ﬁid,c quarks. Similar to the case‘ogjleptons in the weak

- interaction, ‘we can write down:the charged currenta |wu for

— "quarks: - :




,.;._M‘ " . SRS
(7.9ay .
(7:96)
(7.10)
and the Cabibbo mattix_.;Al_: is ~
A‘ _| o8O -sinb.| E R
where ec is the Cab1bbo angle which atises from the m1smtch ’
) ,
7 between the weak elgenstates and the mass. eigensta.tesunﬁ qua;rks: =

: '1-4’1
e serehapter*ﬁgslmi larIy, the neutral currents for quarks J3 { ’

= ;ﬁp i{(_.L+-‘-5sn9.,)(%, xﬂg,‘_)Jriﬁ'"'Qv(‘i*J ‘ﬂm)
'Ii §S.m9*)(gnxﬂ%1‘-)+(~§$1 Owy?;g"‘”g;)} (7 76)

Now, the total chargede and" neuttal currents for leiptons éand .
quarks are: '

= P g P 7.024)
Jw = I, + Ta * ¢ VAL
A 2 | ‘ ) ' Y . n’\
:‘;ar — -Ti’ : i T:P - : (_7.’2



- 77,77 . N "‘_ mnwa-wm

T

f‘“ 4&5(27“3'*#*?"!1) |
: "3.@1%3(]&“]f-t'ﬁ’%+ﬁ‘1::+ﬁ’ﬁ,)
SR 00

;Wifh the Lagnhngian " for the lepton-quark xnteractions, wé

; can now calculate the decays of the heavy leptons to light

. /
- leptons and hadrons (quarks@

| FEYNM__{\N; DIAGRAMS | COUPLING STRENGTH|

o=t %O
G=Ac, G=0 |

(3 ’7r~(t} ’ 3g~yr-'t3 .
G=l(-T+ESHAL|
9;;- ( %an 9w)1

‘e M gL-—r't‘, gu“ﬁ’ts

TNwe | GeE(E-dee)

©  Nme | GeE(-FsWear |

e decays of the lepton E to‘iébtonsAandréQ;;i;:ﬁ»
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‘ where the factor '3' is multiplied to the decay rates of the
| _ corresponding d1agrams because each d1agram con31sts of three
A41fferent processes (which correspond to three dlfferent color |
states of the quarks) with the same decay rate »
—a -
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Pinally, let us consider the decay of the lepton & to

- _'.1eptons and quarks.

_

FEYNMAN DlAGRAMS

' COUPLING STRENGTH

. ) . .
JE S ‘ —
N S wwmwm“""“@ﬁ

'ga- E(" stnlen)l | .

G =7( 4 -LSm"ew)I

(3!. "'ﬁ ('cl};u 9&
| gg—ﬁ( 4 - gSTﬂsz)I

Qe =47 _,%smm)l

4

<

—Fi"g.—-fﬂ_?he_dfcays—df—th_e lepton "hto leptons and qi.larks, '

9s f g
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»>

T e e R s = B A “::T."”",“" “*‘\ d " '?:s . M e
. ~ . . - .. T Toe . PN
. I — I - © ——
7
» T

T4 )=

. stng (7 5a) and (7.2c), we obtain the decay rates for the -

s e

aboge dlagrans v "';, -v, ST ' ~_

r(7 4(a))+ F(74Cb)) ZP(74COJ) | | co
‘ — %ﬁs (:mes) - Y.7 ’5—4)
fzrrkg((.l+.l.5}'f:5w) +(—L5.f:6vaﬁ (7 f55)

- gt

4= SHE 2y 3 a3 ). 05

Numerical Results

",’f ,

The total decay rate for the lepton E wbuld'be the addition -

;"//,of the decay_rates of the §roces§és'in‘fig.7.1vénd fig}?;3ﬁ‘1t,;,
. is : S —— L - | ] T
— G—zM mx - 24 sm 9w+ fL_s ) (7./_6a)
F(E) 3 |
19278° M SIS
—P(p~e1ey, (5_ -24 STn9w+ Q45m ew) .
Similarly, the‘total decay rateffor the 1¢pton‘Xk‘wou1d b; ;he |
addition‘bflfhe,decay’rateé'of thevpréce$ses'in fig,7;2Vand_f‘
pﬁg‘;;rfig 7.4. It is L_ .
Py =S Mes (109 T (Heb)
o neMm ( 4

oot | \
L_18smEy +-325m 6&57
4
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If we assume M=20GeV, vms =100eV, and take szQ,,-o 224, mu
=105.6MeV and the lifetime for the muon decay 'I'“" V,” =2.2x10" -6
sec, then the lifetime for ‘the heavy lepton decays are ' L
,’[’E =68 x(0  sec- , - Z.17a)

Tu _.7 8 x lo \39_0 e (1/714,?‘}

whxch are unstable compared to muon but more stable than tau

1 .
( ’C’t~10 sec). , N

" The lepton E would naively be ‘expecftied Vto be éta’blebhecailvs‘.e_
it seems that it can ohly decay to the lepton'N through the-
charged ,icurrents. ,However, since the lepton E is in' the tripiet
representation, the leptonv-nUmb'er-violating charéed currenté ‘

exist. Also the GIM mechanism in the, neutra'l currents has been

destroyed there exxst nonzero coupllngs whlch couple the lepton

- E to the leptons e;}-‘-ﬂ: . Although the strength of the couplings
is proportional to '%13 which is 'weak",wthe‘ lepton -E- is- unstable.

:“f'-éo;npared to the muon because it has large mass.




—_ : - _— .- - . - -
e . o e e e e R e e AR B e SN i S T £ s S T v S e A m i e S Sk; B it L i

3

VIII. éhapter 8 ' Radiative‘ De‘cayfs of Massi“ve Neutrinos And
. . Magnetic Mbmentf Of Neutrinos |
. . L » N

8.1 The Possibility Of Radiative Decays Of Masgive Neutrinos

5 . ‘ . -
If neutrinos are massive and if the mass eigenstates are

not degenerate, then 1t is posslble to have a radiative decay

e = —

from a heavy neutr1no V, to a lighter one V of the form V-—'){-PA}‘

. In this chapter, we will ealculate the decay rates of such
processes in one- loop dlagrams. We use the existing- formulatlon '
due to Lee and Shrocl{‘1"5 whlch is va11d for a general SU(Z)xU(l)
gauge médel Relevant results have been summar1zed in appendlx
,,,,,, -~ F..In. ordermtofuseetheir—rfermu?ratron,ﬂweshaifassumeﬁthaffhe*/””
masses Qf the heavy leptons (E and'x.q) are l_ighter,thénlthe xﬁass
of" the intermediate bosons Mw here and the subseqkuent chapter,
i.e._% 7'44 1 k A
. B_’ecause of gauge i’nvariaﬁce, the most g’enerel form for the

» decay amplitude Y —=)t¥ is
| im (v,,(P)———»vz(PzH Vig) T
W) l_y_z_e_( T AL N CAAR

\ !'I‘T 'll’,’

and the decay rate Y, —=)+Y is ' o o ;




TV —n+y) T o
e |
= I - m) |+u-t;~ | (82)
B1 m, m? ' ,
where F‘,F:, are - the l:ran51tlon magnetlc moment and the '
transition electric dlpole moment for V to V& , and- they can be .

decomposed into two parts

Vv, A

v, A ;“'*v,”A L YA ag
FT | Fi_L RR - *"}aln RL ‘ ' (E%)
: N VA
as 1ndlcated in the apge§§£§m§74wumfi} ggcome§ﬂ§gomfthogg, 77777 S -
processes w1thout>ch19§11ty belpg changeg; wheteas Fi‘ comes

from those- pocesses where chirality is changéd;

8.2 Radiative Decays Of Majorana Neutrinoe
- Let us first consider the case— of‘the*’deoays*of*’a"'tie*a’vy”*’*”””f S

Majorana neutrino 2&;. Obvidule}”oniy one-=1lo0p diegrams§ which
involve charged currents will contribute to radiative decays.

From (4.43), the charged currents are . ‘ . o
]ﬂi , Q0 T )) + 14_2&;7? CQC)L r f(ﬁkédﬂ; .
Ta =Y % Ta + GGV b s

¥(8.1), (8.2) and (8.3) correspond (F.14), (F 15) and (F.6) in
appendix F.

$5ce Fig.F.1(a) and fig.F.1(b) in appendix F
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| IN - )Jp’t"'w)a ﬂa LT - (8a9)
_:(’:*-—ucw,ﬁ V=09 Tuke - (8%d)

There are elght p0551b1e mechanisms by which a massive

neqtrlno or antlneutrl‘no will decay as 1l‘iustrated in flg 8.1:

Fig.8.1 Diagrams contributing to the processes V) -slM+¥ where .

Vi and ), aré the initial and the final neutrinos. £: denotes
‘ £ - . , x|
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_fig.B.vl into several different kinds of processes. If neutrihos

any charged leptons which can couple in these graphs, and the

symbolsand represent1ng one loop d1agrams are as follows-

wt. E

. T IR

_For instance, the first term in (8.4b) will give the decay -

(V;J:.(\{F)L-\-X (see fig.8. l(a)), while the first term in (8. 4c)

- give the decay (V‘}‘-—-(V*)R-\-‘( (see fig.8.1(a")). Clearly,.lf

neutrinos are of the Dirac type, we can divide those diagrams in
3 - ' '

are of the Majorana type such as in this case, all these

~processes correspond’ to the same decay processTecause neutrinos

are self-conjugate as defined in previous chapters (see}‘;ﬁappendlx'
E). Using the formulation in 'appendix F the trafnsitionA rﬁ%gnetic
moment F{_. andj:he tran51tLgn* electric dlpole moment F;:;A for the

process x—-x;+*( will be _ S . -
"’"’)F Z(m + m{)l[”—x [(TlTl;iSTi)jif‘n{—ni’(’t’—rjﬂm)jir___ |
=(T), (”c\ LM (Tl);.m).J ¢, (859

-—-A\

(F "’“‘1& ~ L( m~—m;)[ ,J ( T'T)H(T')J i+ "lm.,(’t. i (Tu

A~ LLRR

T. for et
._(Tz j('tl)jis fl,n(T))(,(T) A (5.5

‘ .

u\
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and

Fu;u)-h , me +m4>[4m][n (T);,m( (T )_Hm),‘-
- n;c’ta)ﬂrt,)- + N (Y )h(’c’)j,_] m,EJ M , (850)
(F ,gL) L Zlm -m*{_ﬁln‘(rz);}’t)"k nL(TT)fJ(T ) :

B n,c('tz)ﬂ('r)ﬁ nfm)ﬂ ), ]m. e 5d>

 where

«g?'m- =3 . -3- €& , (8,@&1)
(:j “‘( 4'*'72-65;)‘ E:L(T£¥!nésl'+'ca : ani;b)
with 7 . - - . S
€ = 4 1 | (8
L Mw o S | \9-1)

"} is the mass of |ﬂ‘v1rtual charged leptcn and nlf are CP

‘elgenvalues of the initial and the final Majorana neutrinos. The
v ) o,

contributions to the F and FA in (8.5a,b) arise from the

. . L ' .=V A = o I
diagrams in fig.8.1(a),(b),(a'),(b'); while the F{ and.F in
(8.5c,d) arise from the diagrams in fig.8.1(c),(d),(c'),(d").

Notice that equations (8.5) lead to two possibilities in .

" "general:

Fler = E_\;,RL': o o (8_.8a)-

T~

oo

©
C o

,juunniLEme=o.

~,
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(8%)

hence FA

(89h)

'These show that 1f the 1n1t1a1 and the final neutrlnos have the""”

same CP parlty (»elgenvalue) n+~ﬂ,_, -then t_here is no ttjansit'lon- )

magnetic moment; whereas, if they have opposite CP parity =

Y\€_=~V]i,then there is no transition electric dipole moment.

Although we have derived these results by calculatlng the

— —i*:**%wm—dﬁqrmns—rrrmxﬁel, this in fact be

»-7

true in general for a CP—1nvar1ant theory. _
Now, in our model, we have 7]3-1 m—-\- therefore, no

transxtlon electric dlpole moment exists. The contrlbutlons to

the transition magnetic moment F from ~t;he diagrams withqut

"Prime” in fig 8.1 will be the same as" the'cbri’ti‘ibﬁt'irbhs‘""kf;fdﬁi':'* i

‘the dlagrams with "Prime”. For,m._-M M3—m; M))Ws, we have

(FL X M)% ‘ZM“L,FT[ ][ Z((’t. )SJ("C.)Jo, (Tz)aJ ('l':.)p)]

CLL,Rk

“ | Fuz m_)“: ZMT——E,][ (’tl )si (Tz)f._(T‘)Sj (G 14)]

(8.10a)

J E

— LR,RL 1O VALY
- My ™ (BJob)t s

J Py . ‘ ?
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The 1ead1ng contributlon for each type of one-loop diagram
" has been calcula@d as follows: I -
L 2,1" M
TYY
i
Z(tl )3_| (Tz. J4C M
S _ 4 St GG +C] ik <
— > \v : Y M
o JV] N )
T LR,RL
Y (Tl (T C5FR- Mg,
) A2M
. . . 3 7 U . A
Fig.8.2 Diagrams contributing-to the process 'X,.4"""’X3+X .
Since thé contribution of‘ fig.8. 2,({;:7) is (-’1“!‘) smaller than
the contributlons from other dlagrams, it will be neglected

-~



- Uélng (8.2), we obtain the rate

P {AX{_"J&‘F@_M“T :tf% |

' where o(":n_ is the electromagnetu: coupling constant.

A+

8.3 Radiative Decays Of Majorana Neutrinos To Massless .

Neutrinos .

- 1/-;
It is also possible for a m;ﬁsive Majorana neutrino decay S
radlatlvelg to a massless one. But ‘now, }_‘_—- .p( andx "'D&*i

. _are tm_d_lstinct

Majorana type. 'Heni:e, the procésseé with "Prime" in fig.8, 'llk'ﬁ‘il“lv -

‘be drfferent from the. ‘processes w1th0ut "primer For the pq}cess

7&—- 1-1 /wfhave F and FA as follows
(F—hl‘&)f; u.,gg)ﬂ_ . “ R

~=m;[4,,-,[,.]2[('c. )f,('t,)y-m)ﬂ (fcz),] ENCT N

(8|3b)




T

Hotice that both thg traniltinn magnetic mn:F and the

transition electrw dipole ment FA are nanzero in gemr&l.

7 Tbe leading eontribution for eacﬁ type of one-loop diaqrans

has been calculated as follous.

'PROCESSES. ﬁ(’c‘);,('t.),tc ®

'X.,a""‘i"‘x

-g{-g§&+c,3$”“p“¥ﬁ Jn““"i)

3

1

-c.s,m. +c,s.s: mﬁc;c,s. oy

f=euT 7
@ -

| 3/ ¢85 (m=m2N
oy |p( S

X(.—.vz"'x (C,.

?JT' )ﬂ Tt }ic""“' Lur

' 763-—-14%.? Q(*C[&me%sm@mL cic;s.mgv) S
X _’ ‘-1’;."1 A__(—c,slrﬂﬂc.s.slmﬁc,c,,s.mt)d |
T
b | G| 5
Fig.8,3 Diagrams contributing to the process X f=Vt Y
-



. o I e e - s
) .
® _ - _ . I S A _
- - 7 T T T

The other two types of one-loop- &iagrm fig.ﬁ 1(bf amd

fig 8. l(c) have no contributicm for ‘the given matrices ’t| and

T,, . Since we have assumed( A }((‘ + the cont:ibuuons from
S
«%19 8 3(a) will be emall compareﬁ to the contriﬁutions from

. fig. 8. 3(b), -and hence will be neglected Rotice that the
' coupllng strength for the processes in flg 8 3(a) is stronger S
3 - than those in- fig.8. HM*Beweveﬁth&r&ea&tngﬁcontrfbunm e
o w,‘are cancelled Ab;( a 'leptom:‘émf“ﬁmA;e;hamwsﬁ;'“. We have
eGe |[ 8 csma+cs +C\GhS, 154
FJ'F‘(mx,) GFLE( . .&m G mt)] 85)
PefraM [_J - Cnsﬂu&s,sm +c.czs.rat).d_ (8155) o
W UST 4 . I , |
R S r. s
| v i ecr ]l 8¢ m (8 '5C)
= B u_zimx »9
23 Fra"(s)wazjgﬁ( Yra— | .
B= u:ﬁ&ﬁﬁé—'% 1 4,( aGsyme=manl- . @isdy

Since Me m“<< m;.; ,r We finaIly obtain the rates '

Ws*vww-ﬂ#—“éﬁ"&(@"-'ﬁMr) _:.2;;(8-?6» »

1927 | s
Py ty)= 26 GEMS _Q.széL_ L. (816b)
T W= mn ( | —JA BT

. epg& 1-.“ = | , ..

e

P ( 7(“'*’4”) 35—"‘&—( Q&%&)’g}a Co@nd

I‘iur’ MZ
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Niune'rical Results

L - B -
e . 7

@

e Cmarlng (8. 12) with (8 1§). we notlce that the decay rate R
for X‘,—vl)u_‘ty will be mt) smaller than the decay rate 'X‘_—ox_gt-x - |
Hence, the total decay rate I"h for X4 will be dominated by the '

\

© 7 latter decay mode. Ks for the decay rate’ of 'xa , there exists a_ o

second decay mode 13——\{,_'!'? with the same rate as 7‘-3 ){,1‘*’1’

. Therefore, the total decay rate r‘x for )’.3 would be ‘twice the

— rates—of—(8- amd—(8.16C ). The total cecay rmw

, :krlwould Ee ', -, ) ' ’ _ C .
N

- R:ﬁ ( 217 ( m’sgmxs)m - ;_ ,' o | ;,'5(85 by

where 7
It is 1nterest1ng to not1ce that the rad1at1ve decay rate v

of 7(4 in (8. 17b) dlffers the decay rate -of 'Xq. in (7 16h) only by .

a factor proportional to- the eleetromagnetlc conplrng constant |

o('., 7 I 5 -

J We assume ‘the maximum mixing. ahglres 9.‘:91:&( ’ mxs =100eV

and the heavy neutrino ha

Vbe

W
N
.
&
A

o

q

*




A i e Ao b R e e e S Tt £ T

Putnng the lifetime ’t"!!-.-:z T{OSCC for the muon decavm

: .‘sr the lifetime fC;(s and TX,.. for the neutrinos 'Xs and’ 764 L
’txb_,, Box 102 years R (8,1‘?9)‘; |
’&4_. 6.0x lo sec . o (8MB

‘8.4 Magnetlc Homents Of Neutrinos

STttt ot T CocoLe T oo - ST e e ST Tt T o T - o N K

[, e ‘, e B T T
As 1t is well known, a massless neutrino cannot have a '

. ;,’, o o

magnetlc moment. In fact, this is ‘also true for a HajOra'na

t,ikeffe/
153 CP invariant, the. zero magnetlc moment for. the Ma;orana
neutrirno im:media_tely follows from '(B.Bb) If the theory is CPT -
invariant rether than éP ir{var.jiarit, the ant@i:ar't-icle must be 7 s
. : defined through the CPT opera_ti'on. It is _we“‘ll‘ know; that CPT Y

.invariance implies that partficie ‘and '*antiparti\‘:le have oppoS"it‘e" B

B magnet1c moments. Since the partlcle and the aptlpartlcle are

the same for a Majorana neutrlno, the1r magnet1c moment must be

L. . —

zero if CPT invariance holds.
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9.1 The Radiative necays Of Light Charged'Leptons_ B

IX. Chapter 9 -~ The Radiative Decays of Charged Leptons And

Their Anomalous Hagnetic Honents

-

»

' In the £1rst part of this chapter, we cons1der the rare v

weak processes of the type ,Q..-O.Q 1'1 where ﬂ; and ‘QJ are charged ,

-

leptons of d1fferent families, The occurrence of such processes
‘ - L
would signify that the lepton numbers deflned 1n different Lo

PENE

families are not conserved. Processes of th;s klnd ,are forbidden

in the minimal SU(2)xU(1l) model, but become possible if there
exist neutrino mixings. In tl'us chapter, the rate of the process

}L——EU is calculated for one-loop dlagrams w1th1n the modifled

e o

model. Before we present our calculet1on, vwe report on some
early work. ..

(i) One poss1b111ty is that )é and \‘L are linear
superp051t1ons of two neutrlnos v. )),_ ‘with f1n1te masses
MyMa ;o ie.’ o S

Ve =VC0$0 +%,s1n® , . (Qda)

Vy =-Visin@+Vycos0 (9:1b)

¢

where 8 is a mixing angle. -
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Fig.9.1 Dlagrams of the process N-eex w1th v1rtua1 neutrlnos

~The’ ratxog,; of -the- ’.k—-eX rate to the }t_..eyew Yate U

has been calculated in GWS model and 1s glvemI

P

a Mp—ey) _ 3 ol 1m}—;“\"_ - an
%_ Tip —eRy) 32 MR /T

where 0( 1/137 and Mw is the mass of the 1ntermed1ate charged

0

~boson. It is found that Rp in this case turns out to be smaller

"W
by many orders of magnltude than the experunental upper- limit ,

which is

R < 1axc™® . . @43

(ii) Heavy neutral leptons
The situation mlght change radlcally “if there exiét heavy
leptons, Let us assume that be51des the left handed doublets in B

the GWS model, there are rlght—handed doublets-

" Ne=Niosd'+Nasme' ,  (Asw)
| NP::NVsmHNTeeLs&.‘ . @5bh
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(Msz)MK, MKbe1ng the kaon: mass), and e is the m1x1ng angle.—w |
In th1s model the charge current has an addltlonal

-handed currentTp - s Co "‘, | . o e

j"’“ #‘Ne X*‘eg + MRX“AR (Cmf

Hence,rthere ex1st/ extra one loop dlagrams as follovts.,,.

v

Hf; Nv,Nz e’ :
Flg 9 2 Diagrams of the process P.-.eT w1th v1rtual neutral

' heavy leptons N| and N;_

@k@ﬁ - - . | o ".";ajb ,

Neglectlng the small contr1but1on from flg 9. 1 we f1nd the

rat1o

R ——(—————IM i’ - @n

» cae

We - now can assume that the mass d1fferencelM. le 1s an order of

GeVv and the m1x1ng is maximum 9 z_- Thus, the P—-ﬁ)’ decay

probab111ty would turn out closer to its upper exper1menta‘1

limit. o £

» As in other models, the rate of the processes -ﬁ—-f-%—f in

our model can also be. calculated in one-—loop diagrams. As

mentloned before, we use: the ex1st1ng formulat1on due to Lee and

Shrock Although the1r results areibased on the the assumptlon

L4
_,;
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. for a Majorananield'K isj’uit the same as the usual D"irac case-

<

that massive neutrinos are of the Dirac type, their results are,

'still applicable to our calculations here because tt{é.ip‘ropagator

{see appendix E). ‘_wa,' let us consider the process ’J,—»QX . It

has beep found that the leading contribution to the degay

tude will come fro’mr; the following Qne—looppdiagrams:

| ONE—LOOP | RELATIVE | ONE-LOOP| RELATIVE |
' DIAGRAMS | AMPLITUDE | _DIAGRAMS | AMPLITUDE

-28¢5 T

«Me My,
Me+Mp M-

_25|C|Sz o
D My |

- i

He x, € Mgtmy, M , Me i+, M

©) ' ) | é

o - . , I

B E"Vféﬁ.g:gﬂbiégrams of the process p—--eX in our model and their 1

: : % ) ] 3
" relative contributions to the amplitude
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F1rst, we notlce that all leadlng contrlbutlons cgmehﬁromr,eg,f

,d1agrams in wh1ch the 1nternal v1rtual fermlons are the charged
hedVy leptons E or the neutral heavy leptons )L+ Notlce that

the dlagrams as follows-

Mo Vi,Va,Xs - €,

where the leadlng term vanlshes by a leptonlc G.I.M, mechanlsm.
ThemcontrLbutLonioiAthese diagramszis,usuaLiy;rmgertant—rwaaxm}:**'*

other models but is negllglble compared to the other
- , o

contrlbutlons here.
The loops medlated by the neutral currents rather than by

the weak charged currents are p0551ble bepause the neutral

‘ 5

current matrlx 1s not dlagonal and these contrlbutlons to the‘”

- e

amplitude are xmportant Flg 9 3(b)'and f1g 9 3(c) are poss1ble

because of the existence of Majorana neutrinos )&.and the -
- lepton-number-violating currents within the model.
The amplitudes of the diagrams in fig.9.3(b),(c),(e),(£)

would be expected to be;ﬁi times larger than those in
'fig.9.3(a),(bi?because they are proportional to the masses (M)
of the heavj4v1rtua1 leptons.-However, the amplitudes of the

d1agrams in_ flg 9.3 are in the same_ order of magnitude because

T T

the right-handed couplings are r—,&‘ times weakera than the

left-handed one. ' ¢ : , -

- i ) 113




u'nimportarit (see ai),pendix’F',' eq(F.7)), hence |

=Y A
"-.FLL;RR = EL,RR

 1 s M (48)
o= -Eses et ysan iy (40

which are the_cdnt‘:,fl,bu/thns from fig.9.3(a) éfud @- i

. Since the contribution of £ig.9.3(b) is cancelled'

completely by the contrlbutlon of flg 9. 3(e), and the game for

R,RL
Finally, adding '(9.8) and (9.9) together, we obtain

F:/A ‘= O .- , 7 T | ' (?-q) B

YA R
E= GG'FmE— { S 5;“’%] A (A1) B
4877 T ml .

Using (8.2), we obtain the rate

- | m 2
F(p-»‘ezr)z?'%f;—n-se GT:(SC;SQ( Xs) @y

A 2 - N 3 > ‘ ' ’
, With A= c P 6‘ m ,.the rate can be written

4’ P gy

F(}A——ev) =~ (f‘ﬁ()( mxs) S, C|SL) r‘ - (9-'20)

i 7 “ . 9
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——7—7»~———r——f—r——f—/—4e—fmdéthat+theﬂamrdragm in fig. 9 3 w111 be - -

1nvolved ‘in the leadlng contrlbutlon for the amphtude of the

decays T—’CV and C—p¥ . Slmllarly, we obtain

™(T— m)~(2 W)( mXa)( |m'c)(c:.s,cz) T, , (‘7.125)

. and B

e 0

Comparlng (5 ,17) and (9 12), we, f1nd that the neutrlno

‘osc1llat10ns and thev radiative decays of the known charged

. leptons are dependent on the ‘same m1x1ng parameters. That 1s,

P(ve——-vp)ocr“m—-—ev) PN
PO W) LT(T—€¥) , . @i3p

P(Vp——— V,:) L T(T—py) . @30)

hence, the existence of osc1llatlons between the electron and

muon neutrinos implies the exlstence of radiative decays for

muon to electron.

9.2 The Radiative Decays Of Heavy Charged Leptons

- - —~r—f——ff——f‘—~f—Neshf~*'fleﬁu§tonsiderfftheﬂdfatiVe*decays of the heavy
ﬁweetrwwmﬁmmﬁmw
‘ ‘to the decay amplitude E~eY will come from the folf‘owing '

one-loop diagrams:
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~ ONE=LOOP DIAGRAMS | RELATIVE AMPLITUDE |

2z2mM

m¢7+ YQ&M -

reog-soig|

L3

m d
COS E LI
za” mE me ™M

-
3

: / contrlbutlons

With ME M >>ﬂb”®% m"c e obta1n :

VF:.aR F:‘m_cG‘fMjs _‘J L Sin’au-cos‘e,v\i e
K O | )M T
(q 1401)

L2
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.F&RL = FLR»RL = 47—':—1- ( cos‘ew-ﬁt)

F1ha11y we have'

PR E%‘”‘M ("E* ScosBu)d (015,

\"‘(E——»ex)’* KSmG P,* | B Ql?a)A

| ‘where %oe ( TOSJQZF ,,,i,;,i;,
Tﬂp |

S1m11ar1y, we find

| r(E—*-mr) K(cos&sm@ﬂ PI‘* K 7“7").}-! |

and , -

| r‘( E—Ty) = K(cose COSG,) noo@n

| P(E-—-— ,pfc)) KF (948

7
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. . _ V\‘ _ x R - . . . . R o o _ ~ R = R . o o o . . N . -
A U e e L e . - e e e et i iR

Similar to A4, the radiative decay rate of E differs from
the éécayAraté of E in (7.16a) only by a ?acfpt‘ptbpogiionai'fd
the electrbmAghetic‘cbhplihg;cqnstant”"di'; Tﬁis'éharacter bflE,f
ié.extremeiy different from the known leptbns as‘dihéuésed in o
" the eafly Seciions. |

e - - e e — e - [ P e = .- - - P ,,_"’77 -

9.3 The Anomalous Magnetic Moments Of The Muon, Electron And

. « Tau

i
——— .

-

— 5

We consider here the iﬁpliqations,ofrthe-heavy leptons to

® #

the anomalous magnetic ‘moments of the electron, muon and tau. .
‘The anomalous magnetic moment QL of a lepton is defined as (see

*

appendix F)

o= Q;—”—:—Qﬂ- G ) E—

where g is the gyromagnetic ratio and QQ is the charge of the

&

lépton. C

 The célculation oﬁ the contribution of the minimal GWS
model tobthg énoﬁélous,magnetic moment of the,fkptons has peén
done. Heré) we just calculate tﬂﬁ contribution which may&érise;

from the internal virtual heavy leptons in the one-loop

©. diagrams. It is found tba£ the leading contribution to the

'i‘;'anomélous magnetic of e,pfand’t ﬁill bé the diagrams in fig.9.5.
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The contrlbutl.ons of the heavy leptons to the amomalous ’

Qagnetlc moments Q of electron. muon and tau are I

G aneGemE My g

. Q %y Ty ) ’zaa)
B l'lrr-']'[z M o C el ( | -.

I

P

QE_A
2 L(C\ S (q zob)

m&
Q’fc:“ -,(c.cz)-g. L (onc)

that the cor‘respondi.{hg weak contributions from the minimal GﬁS :

model. ' AP
Numerical Results : ‘ - o

Let us first estimate the numerical value for the ratio
of the err rate tO—~the~p——rQ7‘ ,,,fate,‘,,he,,exmt,,,tm the’decay
rate (9. lZa) in our model would be ‘many order larger than the

_ & rate in (9 2) because M< M , (_’ﬂ!") ))( g m;) .

PR Mw

- ,zgﬁ__

If we assume the maximum mixings -—61_[4(._ l'ﬂ,t 100ev and
‘_'H=,20Gev, we obtain the ;'at1o ,

-R..%' 3ox|o | | (q-2')

’/Pr]:ttrcugh—rt—rs—srtlll many order smaller than the experuaental

. ‘upper limit, it is greatly 1mproved over the previous model (i). -

T
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We are also 1nterested 1n the v&iue for the anomalous

: magnetic moment(}p of muon because it has been found with great
: pc
accuracy experlmentally. Wlth the above assumptions, we flnd B
_ | | v f%ff"
' = Q5x107" B (922) »
.\ ’ V R -

“h1°h is negllglbly small Compared to the experlmental value for . R
"f o

”c ' : 4'7 S B A_”,.,,,,w.,M‘,M,_.cm_;..rc,,,_;, .

L3
. -
[N

fo'"5(:%5(124:8.5)‘1-10’* L ap)

-
/
- >
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. Higgs- scalar fields, and—lepton-numberHVIOlatth’processes are'"t
“ 90551b1e. As dlscussed in chapter 4, these new lepton numbei”ﬁﬁﬁj

"v1olat1ng 1nteractlons are naturally much weaker than:the

X. Chapter 10 Conclusions - B

» - 8 .

, , R : , ,
o We have extended the ‘GWS electroweak theory by the addition
of heavy triplet fields. It is found that the neutrino in this

model can acquire a nonzero mass without the need for any extra'

=

h

s;andardlweak interactions for the three known—families—o

leptons. |

" As discussed in chapter 3, this triplet does not create eny'
anomaly”problem. Also it is found in chapterVS that’the
contributions of the heavy leptons to the anomelous maghetic'

moments of the electron, muion and tau are insiéﬁificant,'and

thus ‘consistent with the present experimental data. -~
These new ﬁeaﬁy leptons ere,very unSgable‘compared to the
decay of the muon but stable compared te the decay of the tau

(chapter 7). It is interesting to notice that the decay rates of

"heavy leptons in four-fermions pointlike interactions-and the

-

radiative decays are ohly different;by the electromagnetic
coupling constdnt However, the«decay'rates for’the known

leptons 1n the latter decay processes are~10 smaller than the

' former one.

It is found that the rad1at1ve decays of the known charged

leptons and the neutrino oscillations are dependent on the same

Y}
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Neutrlnoless double beta decays are also p0551b1e,‘thei

ex1stence is a direct consequence of the lepton-number-v.r W
v1olat1ng currents and therlepton mlxlngs.'
As 111ustngted in this the51s, the exlstence of these heavy

structure of the known

triplet fiélﬁsgfllant alter the basic

- . © °  lepton and QUafK”ihteréctiohs}'neverthelessf%they provide the

(//”; pOSSlbllltleS for massive neutrlnos and ‘some new phenomena.'

Numer1cal results*have shown that no. known experlmental limit is’

~

v1olated w1th the assumptlon that the mass of 1ight neutrino is-

5 b

lOOeV and that of the new Jepfon is 20GevV . Finally} weiwould
like to postulate that these new leptons have masses in~the
range between 2OGeV to 3OGeV becayse if they ex1st, they should

be detected soon with our present experlmental fac111t1es,

R S ——— -




APPENDIX A THE DIRAC EQUATION

The Dirac equation plays a fundamehtal role in relativistic’
o ,7 '/ - - - ‘ ] ) T . i - - e T
. . quantum theory because it naturally. describes the spin-1/2
particles such as the electron. The derivations of it have b‘e’en'” s
given in“many standard relat»ivistirc quantum theory texts; for
example, Relativistic Quantum Mechanics by J. D. Bjorken and S.
D. Drell (1964). Here, we just want to provide some-basic - .~ -
‘results and the notation used in this text.
- The Dirac equation for a pértic]:e of spin-1/2 ‘and méss mis.
1 P T G P =
i%% = uoc-v+@m)‘P =HY - A
;.,,wAhere' the wave function LP conotains' four iéomponents: d(l' ’ 5"are
4x4 matrices which satisfy the anticommutation relations:
fxiLxg} =0, for t#k,i k=123 o
{o(,, , B } =0 |
) 2 - N z —_ » 7 o 7 o . ('A . o 7 | | A(2 ‘ *
. - L3
One can introduce the notation X}x:(X?T)
o — '
=8 )
. . . i' 7 . . . 7 . V )
¥t = @O( ) (.1 —-‘;2-,3) o , N
- ~Y y - — 2 R A 2Y
SRR *{3“,}}*: nY . (,’v'vaH; =) (AD)
o (Latin letters’ﬁor 1,2,3; Greek let;ters for 0,1,2;3) :
and the Feynman -"slash" w | |
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L ,,:{, "04
_— . *
-

& = X"Op v o ('sulmrlnqt'\ohc,cj);\ven'tio,nused)v |
apvxp N | S o ‘
o-¥a Y

i

|

is 1ntroduced Then the Dirac equatlon in covariant form is _

(d"a m)kP =(id-mY¥ =0 (AS)%

with =(9tiv) N= ,3. , 2\ where -'X,JL, X>are space coordinates.
gp P 1 a). axs > : :

In the Dirac-Pauli representatlon

“on 'I .QO ':: rIfo B
O -.IJ : ’ L—o —I_J

7’,,gz,'C)“(J"-?~ , o{:wO’O"’T‘ : (A-G)_
.-o-*O : |

| 07 ©
= - - -
’ whereI and U' are the 2x2 un?t?flﬁa;i:ifi; énd theVf;;;izidxirggt;iéieisﬁ -
2 - o a- | | O | .
o R e Rl PR :
e x O o -\ |
| R (A
The positive- and negative-energy solutions, ‘"P:t , of the -
'covarri'ant free-particle Dirac‘equation arye‘give'n'by ) 7
(id—-mie = . S - (A.8)
For the positive-energy solurtionr with momentum P, ,
lPX Et '
k\q, u(P)e , . (Ada)
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o -

whlle for the negatlve-energy solutlon w1th energy —E(E IP"'-I- )
and momentum -P ' 27

Y = U(P—)eip'%e“t. o EZE R

Substituting (A.%a) and (A.9b) into ‘(‘A.B),' wne héye, o » '
(F-mwp) =0 > - Aoy
(F+muvpm =0 . o (Al0y - T

There are two linearly independent‘ solutirons for W and U
with the rformalizaticmg; ﬁu’“%f%m, ;{}- U"*—"“ﬁsz: T e i
,UA(P_____EJL“_ QMP) . .
P) = I(E+m) o 1 . (A o) f}
, m o8 ‘ i
v (P) = %( X_A)) (A-11b)
. X (p) E CP Py - 3
' where CPX(P) are the eigenstates.qf ‘the helicity operator A=S-P-, %
' For-a spin-1/2 particle‘sﬁ%ﬁl O'i' are Pauli-matrices and ¢,‘( ﬁ) 3
satlsfles ' * o ;
— o 12)
1o P@PI= MP(P) o wan e
The elgenvalues )\"i'z are for the correspondlng helicity

_ 0 © .
eigenstates. We now redeflne 0= orw nowUJ.s the four-component

Dirac spin matrlx . Slnceﬂto;P,P] .0 W '(P) and Da (P) satisify - i
*Our normallzatkons of'U- and V differ by (il'-n)y" from those
defined 1n Bjorken and Drell. : 3
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"‘“2‘ U"PU (P :f ?,x,,;l)’ (p)-. o '

Some useful matrices and their relations:

;o Thé .antic'omniuté'tion‘ rrelations of Y matrices:. o S
Arwlovrerrmagr. e

The chlrallty operator

| ~  ’55:5,— YR = “L%X 3273 L S

1%.¥%) = O . . (AIs0)
7 Cdmmutation réiélions of X matrices: 7

] f_;.,O*-' —-—[_"6" V]

- " Hermitian conjugates; . S . an

' *° XAXO , Fa‘l’ | ” | A_’”‘O .

Il,

CTHY =T e
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P MY = (o)t

fwswm —clfsx")* g

(A17d)
. The progectlon operators ) ‘ o .
ZU(P SHU(P.S) = ,F’+m ;o A8

! Z"UP@V(PS) =pf-m, | ‘A »'(A.'IBAB) S

Trace theore‘ms an'dv Identities: o ) o : '

gE=ab-imedy . AR

Trace of odd number b/ S vanlshes

WI=0, . . (A2od)
THL=4, (A200)
Trgp=4a b, B S "?*(A‘zoq"v'
‘Trﬂ Mfam—drl:a. 0 O3 Qs = O a3az 0

+ Q\ (14- Q‘L Q5} (A Q.Od)
Tr 775,“,5 O, . (A209)
A SsX L =41 Expvs a prxd 5, (A.20F)

gt =240, - (A-209)

Y XY =F4ob Y T (Azok)

ijﬁrﬁ)é?—'f“ "2,25)5}1 ‘; | (Azoq

where 6,#,35 is the Lev1—C1v1ta psZudotensor(eolzs-l)
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APPENDIX B THE TWO-COMPONENT THEORY OF MASSLESS SPIN=1/2
PARTICLES

The repre'sentation—independence (Pauli-Good) theorem states
that all representatlons of b/—matrlces are equlvalent up to a

E similarity transfomatlon U: o - ,
peupyt . - @
Let us ‘;:on,vréider U=’J'%(\"(SKO) :/‘-TL( I -I) y

~then we £ind a new set of ¥ matri'Ces:_

o — . p—

[ e S e B S
r=p=|9 E)‘ iz ,?_21 , 1=1,2,3
| T S
| vl B 7 o
y=| O 9" | |1 O | £=1.23 (B2)
‘. s o )
[-° O_J . Lo -1 |

Wléh~ the wave functlonq) 7wr1tten asr- ‘ .
P = T (- )
(WL J B Ll T S

in which *R and ‘?{_ are two-component splnors, "the Dirac equatlon

&

can be wrltten as ‘two coupled equations:

g{’“ + LO‘V*PR =—m*H_, o i (B.B_a)

o~ L‘L"’"’ — h — Ay | S
. e — O Y Y. =—M YR - ' BSB)
91:‘ NG o -
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— — — — —_— — 7: —_— e A_L:Lf/ —
~*kéﬁﬁk’ﬂﬁfﬁtﬂ:ﬁsitive—enefgy solutions are’ '
| = . iP-x i, —LE® o o
&PR,L' = ug,L(P)C € Lo - (B4a)
Substituting (b.4a) intot(b.3a), we have ‘ .
(EFTPU,L=0 . -, (BB
Létwug’L be ,the,eigenstates -of the helicity operator: ,
Lg.Bp- - A= - (B
6.P'MRL")\'uR, ) )\-—iz y - (Be)
Since E tPf ’ clearly only i:t;eixkil/z state ;\;rivilivkesfa)r ug - :
whereas only the )s-—l/2 state surv1ves for'un_ .
) Similarly, for negative-energy solution —‘E="|P' and momen’tum;P"
LPXEEt" |
A = Ve (py € P XEIEE L (B4b)
‘One flnds ‘that only the)\ —1/2 stag;ez surv1ves er %*,,, ,,,f*,*j

‘whereas only the). =1/2 state surv1ve§ for» UL .

The chirality ope‘réto'r. ¥’ in this representation is o
diagonized. One defin'es an operator ’Q""‘%‘“‘xs)whlch projects out
" the Ieft{anded splnor, whereas a“L(H‘Xg) which pro:]ects out the

right-handed splnor- ’ ' S 7
-L(l~ 5)([} (&P) = _(PL. ) . (B-“"lo.)
L’ '

— - ', - R JE— ! — 5 I i - { o~ - . . (BT,’ - ;

i
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«

S ~ One important point a/bout the set of eq’uatio‘ns.(b 3) is

that they are not 1nvar1ant under spatial reflectlon(q{_,g—- ‘Pn,n.)

.. Due to this reason, they had been rejected for a long time

unti\l the parlty v101at10n experiments in wegk 1nteract10ns were
found in 1957. It was Lee and Yang - 494 who first . pointed out that

~there was no ev1denee for conservation of 'parlty in weak e
1nteractions. Now, experlments have agreed with' the assumptlon o

- that only ¢[_ take part in charged weak interactions.
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APPENDIX C. DISCRETE SYMMETRIES
Parity: o

A parlty transfomatlon means X—+ x=-—x and 't_-’l: t . Und,ér

parlty, kP transforms - A
A‘P(r' Y.)——-... nPXD{P(t x) » l'naplz1, (C') g

For the quantum Dirac f1eld, ‘we need aunltaryogeratorfq) S

satlslfylng '

P‘P(wc)PT "’n 25 "P(x) y . (c.z)

s

where 'X,'-:(t,"X). It is easy to show thatr

‘PL,é(t,x)—é—- Yo APR,L(t:{"X-) | y | - (C.3a9)

'\PL,R.('t;,x) —P—" $‘R,L(-t)-x) T . - | (Cf&3b) v.

Charge Conju}aj:ion;,,,,,,,,f,,, _ T : : S
The charge conjugatlon operatlon converts partlcle to

ant1part1c1e ' ' 7 : ' :

«p—c_;k’F‘:—n*c‘Wc;‘l. C(cab)

C is a Dirac matrix defined by

oye=-y (€.50)
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Ak B 5 - SLE D oo

C%WC'=¥ (5
CoC' =-&n (€.50) o
- C(?f;?fpc*‘:(xsxp) Y (-7 W
C(:’r = C*C 1 ==, (5§

. . For the quantum Dirac field, we need a unitary operator t%

B ’”T'séfxs1fy1ng o . | - ;:::”(
,@wmfg’f NeC g c.e)
It is easy to show that . IR R : ,
SoWle=CYe, T
H IE.«’E‘"( C)L..R = %L ' (C L b)

~ where (LP‘),_((A{)"jQ is the field which annihilates a B

left(rlght)-handed ant1part1c1e or creates a right(left)—hénded

- particle.
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‘ Let us now 1nvestigate the tran ormatlon properties of |
bil1near forms: \PO‘-\’ where 0 is a D1rac matrlx and ':P "P are

the fermion f1e1d operators. However, in fiela theory,,such a

- form l'POQJ will lead to’ d1ff1cu1t1es (see Bjorken and Drell) v =

unless we ant1symmetrlze (or,. equ1valent1y, normal-order) the

fermlon fleld operators whlch 1s

- Fow — 47, oﬂ e

Hence, under charge con]ugation, the bilinear form transforms as

where

6L %, 0916 =04l0h6", 6%e]
-*CLP[HP Dy (9]

= Q-(p[ q’vC\.u ’ CH&*P;A-] |

= Ou[Couth, G ] '

=C‘QO¢C¢#[%"“P 1

=0l %]

[w 0 w] (c 9) -

\

v

b b A LGyt o T e 0
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Flnally, we list the transformatlon propertles of b111near ,

forms in the Dirac fleld under Parlty and charge con3ugat10n

Table C.1

The Transformation Properties Of Bilinear Forms Under Discrete

A0

,§¥mme§;iesﬁirwr¥ e

VP | TR | AP

P(x)

.
-

VG | Tt | ~AuD

=P

1=V —T’l | AP

I

pibadics bl s

(t,=x) T
; Sw=: Ty, |
Vi = Pt W ©
T”"cx)‘:. P (0 OM \ch). , i
Ao = Pyt Yuw @,
Py =1 9oy %m0 @ . ]

- 135
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AppENDxx b THE DECAY OF A LEPTON iIN. Foun—vznmon POIN’I‘LIKE
WEAK INTERACTIONS '

S g s e et |

The lowest order cal_culatlons for the weak ,de{é:a‘y' rate of a

heavy leptons q)l ’

4, 4y +% P

to fermions \'Pz kPa -and- ‘-P4 is shown in this appendlx for four :
dlfferent cases ' | J
(i) the \\%_ ' "Pa are two different fermJ.ons, - il
777(11) the \P,_,\Ps are 1dent1ca;lr7fierm;ons,’ o ]
(111) the ‘-P. \Pa_ are . Majorana neutrinos, o : | o 5

)(1v) the ‘-P\ K \|)1_ . \Ps are all identical Majorana neutrlnos.- » i

In the low energy domaln, the weak 1nteract10n can be ﬁ
approxlmated as a four—fermlon,pointlike int’eracfion,; the e -
Vef,f,ectlve Vector and. AnaL-mecmrJrv—ALment -current — — — ————————
1nteract1on Lagranglan den51tyx»ﬁcan be wr1tten R ' 7

er—gma |

JL—:LWK (gv1-9.7@)*{),\1—37;“(9&3;69“}4 e (D.Z)
where } | | . . -
Ty = EA(G+gam)y, ., (03
5= \")375"( %\f“' Gty . (D4
and (Qv+9a¥s)=9.0- 85)+9elTs) (?ﬁ'@dfs) ZLU-'T5)+51(I+ %) ;
ﬂv 9a.Gv. Q'A are some real constants. .
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Case (i) .
In the lowest order calculations, only one Féynmah tree

diagram‘for such a decay process.is possfb1ea
B
TR
Qy+Ga¥s ™ q;4..p4)

' F1 .D.1 Feynman dlagram for four-fermion interation for heavy

’SPF*‘&%#?"* T ST T T e s S **'f*f—fi T L*,f R

The Lorentz invariant amplitude4*1for the diagram in

Fig.D.1 is

M [um‘(gﬁgﬁg)u.] [uﬂ (3v+ Wg)?f] (ns)

where um-um(P,sn)ls a Dlrra'éisplnor for the fermlon LPm of
phys;cal momentum F,,gnd polarlzatlon Sh\,‘wh11e1f’rls for the
éntiferdion EEQ.

The differential decay rate for an unpoiarized fermion qﬂ

is , B

o) RS R RTIAL 0

au.n.balandjhanSpns

‘which we obtain from Bjorken and Drell The ‘factor 1/2 in front .

of (D;ET 1s due to the fact that we averagé over all possible

spins of the initial fermion 4ﬁ.
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" Let us f1rst evaluate Z HI ' w1thM glven in (D. 5), we have

ZIME =< z (uﬁ("gu.uﬂpgm)(u{d’ }u uﬂyg v;)

spms :
=£s (umgu.u.x Y1) uﬂpgv mwygus)
A SPI’"‘.'I _7) :
~ . (e
where we denote 3_(35+?Vy5)and '3=(9A+9Y7j;) and 3 o .
R 3%, G55 wgm S X D
. ns - : o
To eviuate T“, , we first write it exphc:tly with
indices: | : ,
ETH V
-1—‘;»’ 2 (uz)i gatm(fu ul)mn\(ogaf?uzf" |
= SPms | | |
- S%nsculul}pﬁ\fkl qﬂm S uLlu )hm ano qOP o '7(0175)7'” -

With the prOJectlon operator Zud(.PS)ud(PS)"/ +m, in (A 18),. we

= TT[(?““M“%(YJMM 3] . (Daa)

® -
Slmllarly, we have _

Tap= Tr[u?‘ + M3)Y, G (- mm{,,ﬁ] (Db P

Wlth the assumptlon that the masses of “k ’ w and LP4. -are much

lighter compared to the mass M of FH ,. and only the leading
contributions to the decay rate of \‘P‘ are of interest, the

masses of these fermions can be neglected, hence
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TH=T A g cR+MYq] , . ©uza)

Tap=T[AWTLWG] .  (puzb)

Using the properties Tr(odd number of 7 5 )=0 (A.20) and o
Xs.}”} =0 (A.15), we have

T” T (Pavey”) L T
..:zTr[(gdgﬁcga g:)xg)mw] (D13)

Applying the Trace . therom in (A.20), R

TR BE L) =4 1 €agrs aREC vy
Tr(ﬂ'%?fzf) =4 (a-bc.d acbd+adb-c)'we have |

= 8{(g+ g (AR R.RG% PP +i (Go-gi)¢ o P}

Slmllarly we have = L (D H’Q) -
] \) ~ oL —2 ~2

"[;}1: i 8 +3e (gPEw E B,Quﬁﬁpﬁw)w‘- 1(63,{ 3L)63Fquf>3§ﬁ

Now, the decay amplitude, 2“’” is _ | (D ,4 b)

ZJIM\ & T““Tz,“, ' -

—(gk z)(qrz_ g._)e {p egprluonlP@ P;Pq. 1} (D_]5)77

=336 {fﬁﬁy)cg¢gm)czrnng+zr PR B : N
2GR AR R-RRRR) (PO
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where we have used

Y . ,. . » : -
o GFPW 2[% 96 Qn (3;] . (a1
Finaliy after a few steps of algebra, it is easy to: Show .
z IMF= 128C* (ARBRR+ BRRRR) = (D18)

where we put A—(g‘_gl_+g&9& ), B#( q:'q’; -j-g;q:' f’f '"

, To proceed further, we integrate over all possible }‘noment,ﬁm
: P:_, % of the fermions “Pq_'énd ‘-Ps ‘the d'ecay' rate in (D.6) can

- be written as

3 3 ' .
dr'— ( )( )dB‘ﬂdKA%S‘VP*BL—F;&)UZ%)

2F4 ZEy_ 2E3

“(ARRRR+BRABOA) .
=5 SR(ARRT+BRATY) (1)
whére: )
o ___ d Pd P 4 — . JC | 3 \
=) 55 8 (A-R-RIRA = ;,;cz , (0200
= (| LB ¢ -p-B)RP "z%‘—@“ 6+20"q),
72E, 2F, L ,

and - DZOb)

G=f-fp . (G

) 1% . . .
The results of the integrals 1° and I“ can be found in Bjorken

and Drell.
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Now, Iet us choose the’ 1n1t1al frame in- whlch the heavy ' -

lepton \P, lS at rest, hence,k
.- ;-]

P (M 0, 0; o) c - (D.21a)
Wlth the mass of LBr is neglected P,,'_ is B |

R -(54- Tl ) baw)

,’.Ehezge £ ore, we have

"r»«r 1

'f;-._‘ﬁ R-R) = R=2Rft P =M * ME, ©22)

\ whferepa ME4 and E‘__O, \ -
- Flnally d[® becomes - ’ '

S e GR 4R Am~1 g Brm 3_45]
SRR ()D'm

. Integratlng over the lepton t& angles and all p0551b1e energles

_ ‘of the %,O(&<‘LM, we flnally obtain: ‘the total decay rate [

i'@for the Y -

r-,;;g;g [ema —5>+83a—‘15'f)]da
= G*M? M (A + B)
AT ‘e

(D24)

*he” maximum possible energy for the lepton ‘-P4 E4m"' z_M, is
taken when the other two leptons ¥, , are emltted in same
direction and the lepton tﬁ‘_ in the opposite direction.
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Case (ii)

4

LY

' If we have the identical fermions qa and\q% in the final
" states, we must antisymmetrize the product wave fgggtidns for
'q{'andl*é;,the amplitude must be'antisymmetric under the
_‘exéhangé‘of the fermions 4L andqé[;.1n1té%ms pf FeYﬁman

diagrams, we must have two diagrams as follows:

M / g - _ "

@ Hirect amplitude By (b) exchange. amplitude Pa
Fig.D.2 The Feynman diagramsvfor-the heavy. lepton 4%‘decay intd
two ‘identical fermions qg;and 4§, B "

The resu;tant,amplitude;‘%fyguidébeﬂthé,add;tionmo{—thel~5,w~
amplitude of the diagram in Fié.D.Z(a) and the amplitude of the
diagram in Fig.D.2(b). Since it involves ﬁhe ipterdhaﬁge-o%.two
fermions, the hﬁplitudes for these two diégrdms should be

opposite in sign, hence

My =M~-M.     (1.225>'

where,)4\is given}in*(D.B) and.)41is the same as.)4lwith

subscripts 2 and 3 interchanged. Again, let us first evaluate

§Et*h%? ié‘ﬁévé : . AU uﬁ,mf
> - ‘ . ‘ | ‘

T ZIMI-TIMM AT 020
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Cleafiy,' witlh the 'iow érieféy apéfékixﬁ;gion; the coriti:ibutiori of
the third term in »(>D.267) to the total d‘ecay'raite is the same as
the contribution of the filrst'térm»‘which is found! pfeviéhsiy
(D.24). Hence, we_qnly need to e\"rai‘ua“‘te the contribution from

-

the secoh’d term: the 1ntefference terms. We have

ZlMM +MM ,— mt
_Gz’

- {[(uﬂpgu u; ¥ gm)][u3!uguo(u11 31{@‘1\(2.._.3)} ‘

Z%fZ{EuJ gu)(u 4G UsX st QVX V¥ 9“1)”2"'3’}
- (D.27)

Us1ng the same tr1cks as before and neglectlng the masses

for the leptons \k_, ‘% and 41 we obtain

Mt = ST [E Y gR m)vygm“gi 1G]+ (2 =3)
-~ =& [g‘"zci AN AT X")+(z~33 (0.28) |
Usin-g KP“M":’ 40"'7)?‘#%_}‘#1:‘2### in (A.ZQ) , we have

BLRLEYGY = 28R RRRY
§ — .—QIFZ/FS;P)'P4 > (_qu)

therefore, :

Ming = 326 ﬁ[gi'g:igwgzg:—g:gb,sl -
L URRPE)H (25=3) . (P30)
Sincé TY 3/54%=O, Trﬂy:ﬂ-a[pn (A,ZO), lu're have -
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M = =32 NG ST AR Blva—n
=28 ggIIRBR Rl 0 a3)

Fieally, the amplitude in (D 26) can be wrltten
M= 1286{2(9,_g +9JIRRRE.
" GG GEIRRR A +63--4> 032)

‘ Comparlng the f1rst two terms with (D 18), ﬁhey have the same ‘

4

form»except for the extra factor FR in the f1rst term. Clearly,

K]

the other two terms which are the same as the first two terms

with subscripts 2 and 3 interchanged, will have the same

contribution to the total decay rate as the first two terms (see

Bssaide) sl Rk g el sesen i b

(D.20)). Using the previous result, we obtain the total decay
rate

__GZMS" 2 z_~z"~1'( 2, G A (VDSBv‘ ";f?
M= o g O+ (g gg . e

 where the ‘factor 1/2 is multiplied to the final decay rate

' because we have not antisymmetrized the product wave functions

[

for the‘k_and‘{g. Comparing the total decay rates of (D.33) and

ol R e e

(D.24), (D.24) has extra terms which arise from the interference

of two amplitudes; they can only be ‘nonzero whenever both

currents are’left—handed or rlght—handedr1n our approxlmatlon.

- Case(iii)
Let .us consider the case when the leptons 4’and q&lare

Majorana neutrinos( 4 =4 +Y[’(‘PJ}&Pz ‘P,_L'i'ﬂ,_(qri‘_j Yl' :tl Q;i’.l)and
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s ‘\' ) _ . ;i}'. . ) - )
" “the leptons % ‘and ‘Y“_ are different kinds of fermions. Clearly,
the decay of a neutrino to another neutrino must go through the
: neutral current processes. The neutral cuttents Ia‘ for the -

. neutrlnos q-’l and ‘P can be written be |
, j-l ‘P Up (gv"’gﬁfs)“l”l +¢IX}1( €v+8ds) LPz _ (D;%)
; VVVSlnce \P Q'-P q)—ﬂlkp , we have |
q; Up(%ﬁ'%ﬂ%’yﬂ*q rh"Pu 3}4 (gv%-gﬁs)lp | -
‘*Pa?fp o+ 9+, Y (=4 ﬁf@ ﬁF‘T*’* T
= Tafu- g + O TG, (@3%)
where we use (PCU qf— ‘P’J’H’ and "!’cqlfs-\" ‘g.x}‘l‘q) (see append\

c).

Clearly, if chr" . there is. no wvector current' whereas, 1f Q,Qf“l

-, there 1s no axlal—vector current

Puttlng gy-g,_-}»gg,gh_g“ 3,_, we finally have |
74 = Bf(g- g EGRER mga(mg)}‘P

(D. as‘b)

which has the same form of currents in (D.3)with 8L replaced by '
(gu-' :"lzﬁn) andgl replaced by (ﬂn-fl q,_g,_) Hence, the decay rate
I for LP, in this process would be the same as in Case(i) with

gl. and ,,&,Egg}i‘??@' Usingw(D.24), we obtain the decay rate

T

o mabaongfaip, G0

145



For the case where the letpon ‘P,., *P, and 4'4 ’are all
~identical Hajorana neutrlnos, we must; antlsymetrlze the product
~wave functlons for q"; ’ LP; and \P{. because the particle and the
antlpactlcle are the same for the Majorana fleld The % can no

longer be treated as a d1fferent partlcle from the Lk_ and 4’3

Fig.D. 3 The decay of l‘h 1nto three 1dent1ca1 Majorana neutrinos

There are six Feynman dlagrams which correspond to the .

permutatlon of the neutrinos \R_ *‘Ps and \P“_ . Because in our

approxlmatlon, we neglect ‘the mass of the liqht neutr1no, the

right- -handed components (\f). of 'X,q.whlch partlclpates in the
,1nteractlon can be treated as an 1ndependent two-—component \
spinor from the left-handed two component spinor v,_ of the.'Pz
and ,LP3 . Hence, we get Back 'alt)proxi'mat’el)} the two identical
particle processes whose decay rates were found} pre\riously in

Case. (ii). 51ng {D.33) wlth gg_ and gll ré’placed , we obtain the

! - -

’* “‘ﬁa;&aiﬁ - "'hﬁa+<9~-mzsaﬂa..+m -
T{(gu- n.nzgg)*gfa—cgn-rz.‘ngj:g@} . '(ﬂ?’rf* o |

decay rate r' for thls process:
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- APPENDI ; FIELD

Let us con51der the Lagrangian for the 1eft—handed fleld ‘
v : L '
with a Ma]orana mass term: i

£ =Ty w..ww ), @

Let us define

X=@r+¥ , o En

’ then we have

'xxﬁ—N{\H+%ﬂP - (ng
”JPX = ((‘PJ +q) Tyt 9#@"0 )
=R T vk

~2¢?ﬁ$ ***** - E4
‘where k‘.)clmq)e (Ph']tﬂg \P is used. Hence , the Lagranglan in

(E. 1) can be wrltten as

_%=%zw%$—%ﬁm '*ﬂmb

This shows that propagator for thejx field is just the usual

Dirac case:

(*& eTﬁ

j (27()4 ﬁ-—mhe o

Lol T(Xmxwloy =
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Wmc tleld is just the left handed

pro;ectlon of y ST L , S A : : :
(*) -l-( l‘—:ﬁs):}i L - | . '(EEfT)F'_ T
Therefore, the weak charged currents in terms of x can be

written:

;TP - e UP 2 “"'WS)VE — éUp 2 ( |-75-) Xe, | (E-S‘Q) -

T =Veyy (u e =Rt Litge. @ B

The current 3;1 can be writtep in terms of charge—conjugate '

fields as . . | Lo «
F=-Ehgt-T
~ e Ng (1+%) XS 2
:——8-‘75; —7}_-( I+l Xe . - (E9)

Therefore, Xe ca_n» praduce e“or e*but with different chirality. "
In th.e zero-mass limit, chirali‘ty is t'hé samé ’:as the

he’licity. Processes ;vhi,ch involve different chiralities will not

interfere with each other and the Majorana fiﬂeld is _equi’valent‘

to the Dirac field.




e o mm FERHION BLECTROHAGNETIC VERTEX TO
ONE-LOOP ORDERY N
The general fermion electromagnetic vertex ::ft:o oue-:-loOp';_ '
""', v order for fermions within an SU(Z)xU(l) framework has been

‘ Calculated by u31ng§-—llm1t1ng procedure as formulated for

spontanedusly broken non Abellan gauge theorles by l=‘uj1kamra4'2

, In this formulat1on, there 1s no 1nteractlon term of- the type

emw[A“W +MW+"¢] where @ ‘are unphy51cal scalar f1elds, in

L.

- constrast to the regular Ry gauge, in wh1ch this term 1s

7present The advantages of us1ng7 thlS procedure are that there
are no diagrams 1nvolv1ngq w A vert;ices,’ also the physical

qu‘antities' which we calcu_late. at the one-l'ooprlevel, diagrarﬁs
such as those of Fig. F.1 (a) and (b), but with’wt r‘eglaced(by

) ¢i ’ both vanish in the ﬁmitf—.o',

" The gauge 1nvar1ant an@lltude for ’El—?*f}'lrh’ the,l_c‘;':eneral o

Lorzentz and Dirac with P'= B_-i-%

'm’x(":(f))——*‘?-, ,_).-}-X(%))
=’-~Lu1(ﬁ)[?fp Y c%) + FA(%‘)Z )

+ —A% (R ca;)+ Ug‘)?fg)

""%‘L(E&(‘L’H 2 Q‘WJMP.)., D .

e - — —— ——— —— e > ———

tThls appendlx is just a straight summary part of the results
which have been presented by B.W.Lee and R.E. Shrock4d
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kmmm to be regarded as a tensor product of a Dirac
four-spinor and an n-dimensional vector, where n denotes the
number of leptcnicw flavcr‘s'in‘ maes eigenstate-s.' Tﬁe‘ form factors
FV'A are n x n matrices in the.space of physical Iepton fielde.
The FV'A matrices have been normallzed so that the dlegonal |
elements are equal to the anomalous. magnetlc moment(tlmes the

" charge) and electric dipole momien't of the correspohdlng .

fermions.

@ T~ @
Frig.F.‘l Diagrams 'ccntributing in a genera:} SU(}xU(l) gauge
model to the process ‘F\"_‘f‘d‘b’ , where -th_, are external fermions.
- The symbcl FL denotes any fermion whicp’lcan contribute in these

graphs.

" Let us consider the processed with real photon: %,7'20.
Electromagnetic current conservatlon requires %"7";1‘0 which-

implies F(o) @{_ S‘Y' {,1 and FAtU) -0, where *F andf ‘label the
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'1n1t1a1 and f1nal fermlons. For the decays P-’CXor V-,_'—-)J, 7,_

F,-(O)~ . Furthermore, for a real photon, the full amlplltude is

ﬁ _ 6“.(%;.)‘"1'}1- - .~ ‘ . (FZ)

vA

and. e‘%’-O»so ‘that Fs terms make no contrlbutlon to -ﬁ—'f ‘((%-0) ‘

Thus - only Fz (o) is needed to determlne the %ate r'(ft -f.l'{-ﬂz o» ,

For convenience, let us define

A = E¥*(0) - Fy

~ | L VA
Before presenting the results for calculating F , we

introduce some notations. Let t and "Pg be ‘the mass eigenétates

of the left- and right-handed lepton fields with  a diagonal mass

_ matrix Mo . The Lagrangian density for the charged currents and.

>the neutral fcnfrentswisivfi,tten' B o
e 6Cmt=(<3TﬁW,I +HC)+ ((39-.;, g'z)ﬁj:z.# (FA)

where

T“-—LW"”QLH_HPR?J ’C“Pg - <F-sb>

Vo ad

where Y. and qlg are column vecters ’and*’E;_" ’?_’:, & ,'E* are im

Tu= TW*TM«L% ’tf% R

general nQn-—dJ.aanaL nxn

& . .
, . v, .
We now present the resultsffozj evaluating F A . Flrst we

separate the form factos into LL, RR and LR, RL parts which .

correspond to the processes 'F"fu+1 -ﬁR-.fiL-l-‘( and ‘FIL"F:.R"‘Y ,
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fu~ £+Y. Hence, we have L S - | S
- — VLLRR LR,RL ’ o
The general structure of LL, RR and LR, RL parts of the
- form factors as list below. The sum: ov%; the 1nd1ces

Q(a.):'H");"("'); Z(2) 1is understood corresponding to the

T

T

contributions of W~ , W7 and # graphs, respectively: o
'E:Rg=‘(m‘+mlf[ftac§““'(a+’t§‘ ’ ’Ca] (FTa)
R e e IR 1)
Fote =+ T Mt + B Mo Ts] (R T

F =l [T M T - MT] - 19

The and Cll are real n x n diagonal matrices., The
’values for C have been calculated with the approxlmatlon. all
external masses énd all internal‘masses.are much smallerﬁthan
the w-bOSOn‘maSS.

Let us denote

Ci = 86 ity F8)
‘ 4mTr S e

—~—

~_
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The dlagrams of fig.l(a) and fig. lﬂﬂ Yref&* s irr i -

( :>+(b>)le,RR- (Qu &F) #6 +CQ ("%Pé‘&t) (F.qa')-"

( Cl)+(b))|.R )RL

._(Q QF)( 2+~€)+®r(2+€ (‘4&1 "'.G). |
' = (R

E] I ) VORI o

e RS 5 g i 13 e gh o er

The diagram of fig.1l(c) yields

e -LRR | o
(R =ar (3418 « (F.100)

(_C;))LRRL &F ( 2’+ 51_(—41),,\—8[‘_— +G)) . (Flob) .

. -ﬁ .
where Ql and QFI'. are the charges of the initial and ( virtual

fermion, and

eiz-rﬁm—ff J (F. 11a)

: o e e e o

§; = ME, : - |
my 7 o (F 11b)

m&is the mass of the L“ virtual ‘fermion.

W g b T L B e

Let us separate the Dirac and w‘eak—gauge—group matrix

structures, deflnlng e

24 ._<¥|FV’A\1%, EEENGIC]

then the invariant matrix elernent for the radlatlve decay

‘F -FL'\'X is given by

—— . ——— i ——— ——

¥

More exact formula for f,—=f+Y type processes for 7 . 4
( C_t(a)-uh\) LL,RR was computed 1l:zy Ernest Ma and P, Pramudita™ . T
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=T LPER (B LA W) . (R4
ulc?z) '-(mzﬁm\)( 2o 5) LeR)-
‘The rate is then

Ed

Df—f+v)

= - 2= R e ErL )
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