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ABSTRACT 
, 

The n o t i o n  of a r e l a t i o n a l  frame i s  extended t o  i nc lude  s t r u c t u r e s  w i t h  .I 

r e l a t i o n s  o f  any f i n i t e  a r i t y .  For  each na tu ra l  number n, the c lass  of n + l -  % 
4, 

d 
a r y  r e l a t i o n a l  frames i s  shown t o  determine the  l o g i c  Gn, which i s  def ined -4 

5 
4 

us ing  an w a r y  modal opera tor .  For each n, a t r u t h  c o n d i t i o n  f o r  the unary P T 
4 

* 2 
modal operator  i s  def ined on n-ary  frames. Two ways o f  s y n t a c t i c a l l y  d e f i n -  9 
i n g  the r e s u l t i n g  unary l o g i c  are presented. Several extensions of the  Gn Y 

.4 

d = 

l o g i c s ,  us ing  bo th  formulae w i t h  n -ary  operators and formulae w i t h  the  unary 
i 

opera tor ,  a re  presented. Soundness and completeness w i t h  respect  t o  classes 7 ++ 

o f  n -ary  r e l a t i o n a l  frames i s  proved f o r  each extension. I t  i s  proved t h a t  ' 

the formula op -+ op i s  n o t  determined by any c lass o f  n -ary  r e l a t i o n a l  frames 

whew n i s  g rea ter  than two. 

( i i i )  . 
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INTRODUCTION 

In the l a s t  two decades the use of binary relational frames to pro- 

vide a semantics fo r  modal logic has received a great deal of a t tent ion,  

and th i s  has produced a multitude of interesting formal resu l t s .  This 
' 

essay will present the basic theory of a generalized re1 ational semanti-cs ' 

fo r  modal logic. The  generalization is. achieved in a very simple way: the 

notion of a relational frame i s  extended to include structures with re- 

lations. of any f i n i t e  a r i ty .  Since th i s  requires only a modest i n t e l l ec t -  
- - 

ual leap, i t  i s  surprising that i t  has not ,been done before. A possible 

explanation of th i s  puzzle i s  that  such a simple generalization does not 

seem to  promise many interest ing formal resul ts .  1t-might be thought tha t  

i t  would yiel d only rather tedious general i zations of resul t s  a1 ready 

obtained fo r  binary frames. One of the purposes of th i s  essay i s  t o  show 

that this  i s  not the case. 

The generalized notion of a re1 ational frame described in section, I1 

i s  due t o  R . E .  Jennings of Siman Fraser University and P . K .  Schotch of 

Dalhousie University, and was f i r s t  formulated in 1975. When the search 

began for  the logic determined by these frames i t  was immediately ap- 

parent tha t  this  generalization was non-trivial .  In f a c t ,  several of 

the completeness resul ts  included in section IV were obtained before i t  

was known which logic was 

Jennings and Schotch obta 

cribed in section 111. 

The endeavours descr 

being extended,. I t  was not until 1977 that  - - -  

ined a completeness theorem for  the logic des- 

ibed above were concerned only with the unary 



--  
modal operator B u t  these generalized relational frames a1 so a1 low fo r  

the definition' of a truth condition f o r  ann-ary modal operator (where the 

ari ty  of the frame i s  n + 1 . ) The completeness theorem fo r  the n-ary oper- 

a tor  was simple by comparison with tha t  for  t h e  unary operator, and was 
' made even simpler by the contribution of R.I. Goldblatt. Gol-dblatt had 

investigated a binary modal operator w i t h  i t s  truth condition defined on 

ternary frames. This binary operator turned out to be our 02. Theorem 3 

below i s  essent ial ly  a generalization of the completeness theorem that  

Goldblatt provides in [ I ] .  

In 

several 

formul a 

such as 

section IV the character is t ic  general ized frame conditions for  

traditional 'formul ae are presented. In the binary case, these 

e distinguish themselves by having rather simple 

t r ans i t iv i ty  or symmetry. In the n-ary case some 

frame conditions, 

ulae retain th,is dis t inct ion,  in that  they are character 

of these form- 

ized by a s t ra ight -  

forward n-ary frame condition for  each n .  B u t  fo r  other formulae t h i s  

distinction vanishes. For example, in section V i t  i s  shown tha t  [Dl has 

no character is t ic  n-ary frame condition where n i s  greater than two. 

Section IV daes contain some suvprises, despite the fac t  that  i t  exam- 
& 

ines only some of the well-known formulae (and none of the more exotic 

formulae) that  are in the l i t e ra tu re .  This should indicate tha t  more sur- 

prises are t o  be expected as research in t h i s  area continues. 

Above we contrasted' the- simp1 i  ci ty of the re1-ational semantics of 

the n-ary modal operator w i t h  the complexities involved with the unary 

operator. This s i tuat ion i s  reversed in the case of neiqhbourhood seman- 

t i c s .  In [4] Segerberg gives a neighbourhood semantics fo r  E, C ,  and K. 



Each o f  these l o g i c s  has a  c o r r e l a t e d  l o g i c  de f ined  w i t h  t h e  n -a ry  oper-  . 
' 

a t o r .  These can be conven ien t l y  des ignated as En, - 'n' and Gn. (The s i g n i f -  

i cance  o f  t h i s  l a s t  name i s  exp la i ned  i n  s e c t i o n  11.) The g e n e r a l i z a t i o n  

o f  t h e  n o t i o n  o f  a  neighbourhood frame t h a t  i s  r e q u i r e d  t o  deal w i t h  t h e  

n -a ry  ope ra to r  i s  as s i m ~ l e  as t h a t  r e q u i r e d  f o r  r e l a t i o n a l  frames: t h e  

neighbourhood f u n c t i o n  maps p o i n t s  o n t o  se t s  of o rde red  n - t u p l e s  o f  ' se t s ,  

r a t h e r  than  on to  s e t s  o f  se t s .  Completeness r e s u l t s  a r e  e a s i l y  o b t a i n e d  

f o r  En and Cn, which i n d i c a t e s  t h a t  t he  g e n e r a l i z a t i o n  i s  c o r r e c t .  How- 

ever ,  no completeness r e s u l t  has been fo r thcoming  f o r  Gn ( t h e  c o r r e l a t e  o f  
- 

K ) .  By c o n t r a s t ,  t h e  neighbourhood semant ics f o r  t he  unary o p e r a t o r  i s  

q u i t e  t r i v i a l ,  whether one uses gene ra l i zed  neighbourhood frames o r  the 

s tandard  frames found i n  [4] . '  Segerberg a1 so p rov ides  a  d e f i n i t i o n  o f  

- b i n a r y  re1  a t i o n a l  frames on n e i  ghbourhood f r a w s .  Attempts t o  dupl i ca te  

t h i s  achievment f o r  n -a r y  r e l a t i o n a l  frames have so f a r  f a i l e d ,  b o t h  w i t h  
- 

the  gene ra l i zed  and t h e  s tandard  n e i  ghbourhood f rames. Once again,  p ro -  

cedures which aye s t r a i g h t f o r w a r d  i n  t h e  b i n a r y  case prove t o  be q u i t e  t h e  

oppos i t e  i n  t h e  n -a ry  case. 

The problems descr ibed.above,  and t h e  ones descr ibed  i n  t h e  sec t i ons  

t h a t  f o l l o w ,  shou ld  be enough t o  prove t h a t  gene ra l i zed  r e l a t i o n a l  frames 

a re  o b j e c t s  wor thy  o f  d e t a i l e d  s tudy .  It i s  hoped t h a t  t h i s  essay w i l l  p l a y  

a  p a r t  i n  i n ~ p i r i n g ~ s u c h  research.  
a 



( I ) SYNTAX 

t 

An n-adic  modal lanquage Ln i s  a  t r i p l e  <At,k,Fn) where 

A t  = {pi: i C Nat) 

7 
; 

k = {L, ,+, on3 
1 

., and where Fn i's d e f i n e d  as f o l l ows :  f 

- ( i )  A t  c - Fn 

( i i )  1 f Fn 

( i i i )  Va,p, a  f Fn & p C Fn - a -+ p \Fn 
, 

( i v )  Val 
e 

. . .an, al f Fn & ... & an C Fn =+ on(a l...an) C Fn 

* Each .on, and any o p e r a t o r  d e f i n e d  w i t h  them, i s  a  m d a l  ope ra to r .  Here t h e  

f a m i l i a r  q ope ra to r  i s  the  modal o p e r a t o r  ol o f  L1. 

The a b b r e v i a t i n g  convent ions f o r  PC opera to rs  are as usua l .  The n -a ry  

diamond i s  de f ined :  

We a l s b  d e f i n e  the u n a r y  q i n  each Ln: 

Where t h e  a r i t y  o f  a  modal o p e r a t o r  i s  apparent f r om the  con tex t ,  the  sub: 

s c r i p t  I n '  i s  o f t e n - o m i t t e d .  For example, ' o n ( a  an) ' w i  11 o f t e n  be - 
+ - . 

w r i t t e n  as 'o(a l  . . .an) I .  

We ma in ta i n  t h e  t r a d i t i o n a l  d i s t i n c t i o n  between a  system and a  l o g i c .  

Many - l og i cs  bea r  ~ t h e  -. s a w  names as p a r t i c u l a r  f o h u l a e .  To a v o i d  con fus ion  

we enc lose  the name o f  a  formula i n  square b racke t s .  For  example, [ D l  de- 
b 

notes  t he  formul a  op + op. Where [ X I  i s  t h e  name o f  a, [ X '  ] i s  t he  name of 

sa. Where L i s  a l o g i c  and [ X I  i s -  t h e  name o f  a  formula,  LX o r  L[X] denotes 



the l o g i c  generated by  t h e  system L  w i t h  t he  a d d i t i o n  o  [ X I  as an axiom. 9 
We a l s o  make use o f  t h e  n o t i o n  o f  a  s e c t o r .  ~ k r e  0  i s  'an n -a ry  modal 2 

( 
operator , -we d e f i n e  the s e t  o f  formulae Fo as f o l l ows  :j 

( i )  A t  5 Fo 

( i i 4 )  Va,p, a  c Fo & P F F o = , a - P  f Fo 

( i v )  Val .. .a,, al f Fo & ... & a  C Fo = O(a l...a .) C Fo n n  

Where L  i s  a  l o g i c ,  t h e  0 - s e c t o r  -- o f  L (L/O) i s  d e f i n e d  as L fl Fo. Thus 
t 



( I I ) RELATIONAL FRAMES 

A r e l a t i o n a l  frame i s  a t r i p l e  ( D , ~ , R )  , where D i s  a non-emptys;et, ' - <  

f i s  a func t ion  mapping each element of D on to  a n a t u r a l  number, and R i s  

a func t ion  f rom D such t h a t  f o r  a l l  x  in 'd ' ,  R(x) c p ( ~ f ( x ) ) .  A r e l a t i o n a l  

frame may be szid'  toz be -- f i r s t  o rde r  ( f o r  t+w-restri;ted purposes of t h i s  
r 

essay) j u s t  when f ( x )  = f ( y )  f o r  a l l  x, y, i n  D. Suppose F i s  a f i r h ; o r d e r  
,' . 

r e l a t i o n a l  frame %here f ( x )  = R f o r  a l l  x i n  D. Then F can be represented 
3 

ds a p a i r   where R i s  a subset o f  D"'. A l l  r e l a t i o n a l  frames which 
4 

w i l l  be considered i n  t h i s  work are f i r s t  o rde r  frames, and so they' w i l l  
8L 

' ,  
b-e cor js t ructed as p a i r s .  Ins tead of <x ,y, . . .,yn > c R we w i l l .  o f ten w r i t e  

xRyl.. .yn. ? F w i l l  be s a i d  t o  be an n t l - a r y  r e l a t i o n a l  frame i f  f(x).  = n 

f o r  a l l  x i n  D, t h a t  i s ,  i f  R i s  an n+ l -a ry  r e l a t i o n .  

A model M on an n t l - a r y  r e l a t i o n a l  frame*F i s  a p a i r  (F,v) where V 
4 

i P  a  func t ion :  A t  -+ p (D) .  V i s  s a i d  t o  be an assignment. The appropr ia te  
\ .  

modal language f o r  an n+ l -a ry  r e l a t i o n a l  model i s  Ln. The t r u t h  c o n d i t i o  s  

f o r  PC formulae are as usual.  The t r u t h  cond i t i on  f o r  t he  on opera tor  i s  
* 

as fo-11 ows : ,. b 
MFx n(al.. .an) i ff Vyl.. .yn: xRyl.. .yn = l k ( l s k 5 n )  : MI.Yk ak 

The not ions  of  t r u t h  on a model, v a l i d i t y ,  on a frame, and v a l i d i t y  on a 

c lass  o f  frames, as w e l l  as soundness and completeness w i t h  respect  t o  

classes o f  frames, aye those which are i n  comnsn usage. 

Both [RR] a -t $ -. I- oa + and [RN] I- a = 1- oa preserve val  i d i  t y  

on r e l a t i o n a l  frames o f  ar?ty g rea te r  than one. However, i t  i s  e a s i l y  

shown t h a t  [ K ]  q noq - o(pnq) 'w i l  1  f a i  1  on any c l  ass o f  re1  a t i o n a l  f r a w p  -& 1 



with a r i t y  g rea te r  than one. Thus the generalized notion of a p l a t i o n a l  

frame y ie lds  'a f i r s t  order semantics f o r  logics weaker than K. We will  now 
-- - .  

see what these 1 ogics are .  

For each natural number n ;we define the  log ic  Gn as  the s e t  of form- - 

ulae including PC and each of the n instances of t h e  schema: 
f , 

C G n l  o (p l . .  .P,) A d p l  . .pk- ,  . ~ Y P ~ + ~ .  P,) - 
and closed under modus ponens, uniform subs t i t u t i on ,  and each of the n in-  " 

1 
d 

stances of the  following two schemata: - 
:\ W n I  F a  + $ = 4 

. z 

i 

9 

E R N n ]  1-a I - o ( @ ~ .  . .pk- l  y a . P k + l + . .  *$,I - b 

(The 'GI i s  used 'in recognition of Rob Goldbl a t t ,  who provi-des i n -  [ I ]  what I, 

amounts t o  a compJeteness theorem f o r  G 2 .  ) - _  

We will  f i r s t  prove a theorem-which reveals some of the syn tac t ic  

propert ies of the Gn logics .  Consider the  fol  lowing ru l e :  

Lemma 1 . l :  I f  PC - c L ,  then L i s  closed under [RR,] o n l y q i f  i i s  closed 

P under [RRI;]: .. , 

1 - ,  
Proof: (1 ) k k l  - pT Hypothesis . . 

I i  - .. 
B /. 4 * ~ '  

. . 
( n )  I--:an - B n  Hypothesis - . " -  A 

' (n+l) I-o(a l . . . an )  + O ( @ , ~ U ~ .  . . a n )  from (1 ) by [RRn] ,  



f r om ( n ) . b y  [RR,] A 

f r om (n+l') - .  . . ;(2n) by- * 

Lemna 1.2: If PC c L then  L i s  c l gsed  under  [RRI;] o n l y  i f  L i s  c l osed  - 
.- 

under [RR,]. 

P roo f :  (1  ) t a + p HypotheSis 

, Lemma 1.3:  If PC 5 L then  L i s  cl.osed under [RR,] o n l y  i f  L i s  c l osed  

under  [RR]  . . F 

Proof:  ( 1 )  k a  + p Hypothesis 

( 2 )  1- o n ( a  .a) - on(p.o.. .a) f rom ( 1 )  by  [RR,] 

f r om (1  ) by [RRn] 

f rom ( 2 )  . . . ( n + l )  

. . , by  t r a n s i t i v i t y  o f  + 



(n+3) I- oa -+ op f rom (n+2) by d e f i n i t i o n  

Lemma 1.4: L  i s  c losed under [RN,] on l y  i f  L  i s  c losed under [RN]. 

P roof :  (1)  I- a Hypothesis 

(2 )  1- on(a.. .a) from (1  ) by  [RN,] 

( 3 ) ,  1- oa from (2 )  by d e f i n i t i o n  

o f  n i n  L n  J 
Lema 1.5: I f  L i nc ludes  PC and i s  c losed under ERR;], then 

e e 

( i )  li on(a l...an) -+ n ( a l v .  .van) 

( i i )  I-L D(U,A.. .nun) -+ n(al. .a,,) 

Proof  of  (i): 

(n)  I- a, -+ alv.. .va n 

( ~ 2 )  I- an (a,. . .a;) -+ o (a  v.. .van) 1  
from -(n+l ) by d e f i n i t i o n  

Proof o f , ( i i ) : '  

(1 ) 1- al A .  . ."an - aly, PC 

b 

, . - 
(n )  t aln.. .nan - a-  n  ~ 

PC 

( n + l )  1- on((aln ... A ~ ~ ) . . . ( U ~ A . . . A U ~ ) . )  -+ -a  - 

f rom (1 )  ... (n )  by [RR;] 



(n+2) 1- o(aln.. ."an) -+ $al.. . an ) .  f r o m  ( n + l )  by d e f i n i t i o n  

o f  i n  Ln  

Thus we have the f o l l o w i n g  theorem: 

THEOREM 1  : I f  PC - c L, then  : 

( i )  L i s  c l o s e d  under-[RRn] i f f  L  i s  c l o s e d  under [RRI;] 

( i i )  L i s  c l o s e d  under [RR] i f  L  i s  c l osed  under [RR,] 

( i i i )  L  i s  c l osed  under [RN] i f  L  i s  c l osed  under [RN,] . 

( i v )  II on(al.. .an) + u(alv.. :van) i f  L  i s  c l o s e d  under  [RRI;] 

f'- ( 4  IT o(ccln.. . n e  n  ) - on(al.. .an) i f  L  i s  c l o s e d  under [RRA] 

It fo l lows  from Theorem 1  t h a t  t h e  U -sec to r  o f  Gn i s  c l osed  under 

[RR]  and [RN]. The f a l l o w i n g  theorem shows t h a t  [ K ]  i s  n o t  a  member o f  t he  
- 

, o - sec to r  o f  Gn where n > 1. 

THEOREM 2: Gn i s  sound w i t h  r espec t  t o  t he  c l ass  o f  n+ l -a r y  r e l a t i o n a l  
- 

f r a w s .  
s L. 

Proo f :  tri v i  a1 

Thus where n  > 1  , [ K ]  1 Gn/o s i nce  [K ]  w i l l '  f a i l  on some n+l - a r y  re- I 

. 1  a t i  onal  f raw,. 

The canonica l  domain DL and t h e  canonica l  assignment VL a r e  d e f i n e d  

as usual .  The canon ica l  r e l a t i o n  q i s  de f i ned :  

xRLyl . . .yn i f f  Val . . .an, o(-al.. .a ) c x = l k ( l 5 k s l ) :  ak C yk  
XI 

Where L  = Gn, t h e  f o l l o w i n g  theorem shows t h a t  a l l  and o n l y  Gn theorems 
"f 

a re  t r u e  on t he  canonica l  model ML = < D ~ , R ~ , v ~ )  , and t h e r e f o r e  c o n s t i -  

t u t e s  t h e  Fundamental Theorem f o r  re1 a t i o n a l  semanti cs . 
THEOREM 3: MLkx a i f f  a € x ( L  = Gn) 



Proof :  The proof  i s  b y  i n d u c t i o n  on t h e  l e n g t h  o f  a. The p r o o f  i s  t r i v i a l  
4 

. r 
. b. <*- 

f o r  PC formulae, and t h e  "if" d i r e c t i o n  f o r  t h e  j n d u c t i o n  s t e ' k h e r e  

a = o(P l...pn) f o l l o w s  from the  d e f i n i t i o n  o f  RL. 
- - 2 > b 

(3) assume t h a t  u(pl. . .Pn)  { x.  L e t  A. ... AkL ... be an enumerat ion 
. .r 

o f  Fn. Cons t ruc t  y ... yn as f o l l o w s :  1 
P 

b 

L e t  yi = {'pi} 
0 .  

- 
i 

- 
Y i k  U {Ak}  iff V Y , ~ ~ .  ..6 i - 1 '  y .  ik 1 1 A k + Y Y &  

k + l  
~ ( 6 1 .  . .6 , ~ , p ~ + ~ . .  .pn) e x = 3 j ( l z j z i - l ) :  6 .  c y i - 1  J j 

, - - 
"ik othe rw i se  

L e t  yi = U{yi . . .yi . . . } 
0 k 

Lemma 3.1 : V i  { l ~ i ~ n ) ,  yil-L 1 
P r o o f :  The p r o o f  i s  b y  i n d u c t i o n  on i. 

-'. D ( T ~ ~ ~ . .  .pn) + ~ ( p ~ .  - .pn )  Bu t  ~(T,P~-...$,) c X (CRNnI) 

- .'. o(pl.. .pn) c x, c o n t r a r y  t o  hypo thes is  

' . Y l k  = Y1 U ( A . )  f o r  some j r k - 1  
J .k-1 

. ' . ~ 1  I I A j + L  
k -  1 



.'. 0(T,p2.. .pn) x by  c o n s t r u c t i o n  o f  yl , c o n t r a r y  t o  [RN;] 

( i n d u c t i o n  s t e p )  Assum t h a t  yi /I .'. IY~ 5 yi: y I 1 
k  I 

b u t  yi = 
7 

U {A . }  f o r  some j z k - 1  
k  Yik-l J .  

( f o r  yi = {-p . }  we argue as above) 
1 0 ,  k  - 

k 

a'.  Yi l1 Aj ' 1 -. 
k-1 - .'. Y€j1 . . . 6 - 1  Y + € X 

61 C yl 0'. . . . O r  6i-1 € yi-l (by  c o n s t r u c t i o n  o f  y . )  
1 

Bu t  d p l . .  . p i - l ' ~ y ~ i + l  .pn) C X (CRN,I) 

.'. 3 j ( l z j ~ i - l ) :  p . ~ - p .  c y  
J J  j 

.'. y .  i s  i n c o n s i s t e n t ,  c o n t r a r y  t o  t h e  induc-Jion hypo thes i s  
J j ,  

Lemma 3.2: V Y , ~ ~  ...6i-l , yi -y & 161 c yl & ... & 76i-1 c yiml = A  

~ ( 6 1  - 6 i - 1  Y Y Y P ~ + ~ .  .pn) 1 X 

~ C o o f :  The p r o o f  i s  by i n d u c t i  ori on i . 

( i - 1 )  Assume t h a t  yl ly Y  : Y 1  b -y  - 

- 3 Y l k  1  k  
Bu t  yl = 

Y l k - l  
U {A:} f o r  s o w  j z k -1  o r  y  = {,pl } 

k  J ' k  
If Y1 = Y1 u {A . }  then  yl - {I A j  -+ -y 

k  k-1  J k-1 
.'. o(y ,p2. .  .pn) 1 x by c o n s t r u c t i o n  o f  y  

1  

-'- 3Yi 5 Yi: Yik$ TyAssume yi = y i  u { A . }  f o r  some j 2 k - 1  
k  k  k-1  J 

But  61 4 yl & ... & 6i-I l y i - l  (Lemma 3.1) 

0 ( 6 ~ . . .  6i-l , ~ , p ~ + ~ .  . .pn) 1 x by c o n s t r u c t i o n  o f  yi 

Assume t h a t  yi = {-pi} .'. -pi - l y  .'. I-L ; - Pi 
k  



.*. ~ ( 6 ~ .  . .6 i -1  'pi.. . p i )  1 x (induction hypothesis) 

Proof: The proof i s  by induction on i .  

( i = l )  Assume 3y: y 1 yl & ~y 1 yl i 
L t 

Let y = A. and -y = Ak in the ordering of Fn 
J 

:. Y C.yl o r  -y c yl 
- 

(induction s t ep )  Assuw 3y: y 1 yi & -y / yi - 
Let y = A .  and -y = A i  in the ordering of F 

J n 

.'- ( ( P ~ v $ ~  ) 1 Yl . & i , i l  / Y ~ - ~  (induction hypothesis 

and Lemma 3.1) 



. D ( ' P ~ v + ~ .  . .qi-lv$i-l '""8 >pi+1 . . .pn) 1 x ( c o n s t r u c t i o n  o f  y .  ) , 
1 - 

Bu t  ~ g ( l 5 g r i - l ) ,  II + qgWg & Ii qg + vgWg 

. ~ ( P ~ v i ~  ...'Pi-1VJii-1 •÷%Pitl.. .P,) A d q W 1  . . . q - l v $ i - l  3 8 3  * 4 

* 

p i t 1  . F x  ( i - 1  a p p l i c a t i o n s  o f  [RR,]) 

. o 1 v 1  . . i l v $ i l  A 3 i t 1 . .  . F x  b y  [G,]. which i s  absurd 

... y F y.  O r  1y t yi 
1 

- 

Lemma 3.4: xR y L l " .Yn 

P r o o f :  By Lemmas 3.1 and 3.3, yl...yn a re  L-maximal c o n s i s t e n t  

A s s u w  ~ ( y ,  .,. .yn)  F x and yn 1 yn .'. lyn c yn 

.'. n(y l . .  . yn )  c x = y1 F y o r  . . . o r  yn 
8 

1  Yn 

xRLyl .yn 

Thus we have shown l y l . .  .yn: xRLyl.. .yn & p1 1 y i  & ... & p, 1 yn 

MLPx O(pl...pn) 
- .'. MLbx q. . Pn) - d p l  .. .Pn) .s x 

C o r o l l a r y  3.1 : Gn i s  complete w i t h  r espec t  t o  t h e  c l a s s  o f  n t l  - a r y  

r e1  a t i o n a l  frames. 

P r o o f :  The p r o o f  i s  f r om  Theorem 3  by t h e  usual  argument. 
/ 



(111) THE o-SECTOR OF Gn 

By the def in i t ion of ol in Ln, a t ru th  condition f o r  the unary oper- 
.A 

a t o r  on n+l-ary re1 a t ional  models i s  e a s i l y  derived: 
.. 

Mkx oa i f f  Vyl.. .yn ,  xRyl.. 3k( lzksn) :  M k  a 
' Y n  Yk 

- 

Thus each c lass  of f i r s t  order re la t iona l  frames of a p a r t i c u l a r  a r i  ty  - 

will  determine a logic  which i s  a  subset of F1 .  Where the  a r i t y  of. the  
* 

frames i s  n+ l ,  t h i s  l og i c  wi l l  be ident ica l  with Gn/m 

The logic  Kn i s  defined as the  smallest  s e t  including PC and each 

instance o f  the following schema: 

(where i  = i s  the number of conjuncts in each d i s j unc t )  and closed n 

under [ R R ]  and [ R N ] .  This log ic  was a t  f i r s t  thought "to be complete with 

- respect  to  the c lass  of n+l-ary re la t iona l  frames. The s t ra tegy  of the 
- 

completeness proof was t o  pi-ove the Fundawntal Theorem by showing, o; 

the assumption t h a t  oa 1 x, t h a t  the s e t  { p :  op C x )  can b-e pa r t j t ioned  

i n to  n s e t s ,  each consis tent  with ,a. When apparent counter-examples 

were found, Jennings and Schotch produced an expanded axiom s e t  by 

defining several i n f i n i t e  s e r i e s  of axioms, a l l  s im i l a r  t o  the  [KnIm 

se r i e s  given above. This axiom s e t  i s  given in [3] and wil l  not be 

reproduced here. 

These axioms have been ca l l  ed aggregation pr inciples  . The strong- 

e s t  aggregation p r inc ip le  i s  [ K ] ,  where CI co l lec t s  a l l  of i t s  propo- 

s i t i ona l  l e t t e r s  in to  a s ing le  conjunction. As n ' increases ,  these aggre- 

gation pr inciples  becow weaker. Where n > 1 ,  Kn i s  sa id  t o  be quasi- 



' agg rega t i  ve. 

Jennings and Schotch have succeeded i n  showing t h a t  t h e i r  ax i oma t i -  
A 

z a t i o n  i s  complete.  However, i t  i s  s t i l l  n o t  known whether  Gn/o i s  

f i n i t e l y  ax i oma t i zab le .  Some a t tempts  have been made t o  prove complete- 

ness by  methods s i m i l a r  t o  those used i n  Theorem 3, b u t  so  f a r  these  have 
' *% 

n o t  been successful  . 
, . 

We now presen t  ano the r  way o f  c h a r a c t e r i z i n g  Gn/o s y n t a c t i c a l l y  us i ng  

o n l y  t he  m n a d i c  modal language ll. The f u n c t i o n  T:  F1 + F1 i s  de f ined  

as f o l l ows :  

The range and domain o f  T i s  extended t o  subsets  o f  F1 i n  t h e  obv ious 

way : 

- T ( L )  = { p  c F1: 3a c L :  T (a )  = p }  ( f o r  L 5 F1) 

I n  Segerberg [v] we f i n d  t h e  f o l l o w i n g  fo rmu la :  

[ A l t n l  0P1 V 0(p1 ' P*)  V - a -  V o ( P ~ A . . . A P ~  ' Pn+l) 

The d e s i r e d  s y f l t a c t i c  c h a r a c t e r i z a t i o n  o f  Gn/o i s  p r o v i d e d  by  t h e  

f o l l o w i n g  f a c t :  

THEOREM 4 :  T(Gn/o) = KDtAl tl;/oo. 

P r o o f :  L e t  C be t h e  c l a s s  o f  b i n a r y  r e l a t i o n a l  frames such t q a t :  

' Vx ,y ,  xRy = 1 5 cardR(y)  5 n 

I t  can be shown t h a t  C determines KDtA l tA .  

L e t  C* be the c l a s s  o f  a1 1 n + l - a r y  r e l a t i o n a l  frames. 



Lemma 4.1:  Va c F1, C*l= a - CI= T ( a ) .  - 
P roo f :  F o r  t h e  " o n l y  i f "  d i r e c t i o n ,  a s s u m  t h a t  Cb T (a )  

.'. I F  C C :  F l  T (a )  

. the re  i s  an h ron  F, x  i n  D o f  

n+ l  - L e t  R' - c D - t<x,yl.. .yn>:3w: 

L e t  F '  = <D,R') and* hi' = ( F '  ,v) 

Then: Vp, M '  kx p = Mkx T (p )  

Proof :  The p r o o f  i s  by i n d u c t i o n  

t h e  i n d u c t i o n  s t e p  f o r  p = oy._ 

& 

- 
p 

hi such t h a t  M I x  T ( a )  -* 'p 

i" 

xRw & wRyi f o r  each i s n }  -- 
7 - 

Obvious ly  F '  E C* 
d 

on t h e  l e n g t h  o f  p.  We g i v e  o n l y  - - 

f 
* 

Assume t h a t  Alpx T ( p )  .'. Mkx CIOT(~) 

.'. 3y : .xRy & M I  o T ( ~ )  
Y  

.'. V Z ,  yRz - hipz T (y )  B U ~  cardR(y)  2 1  s i n c e  F  c C 

. 3z:  yRz & hipz T ( y )  

. xRtz . .  . z  & M '  pz y by t h e  i n d u c t i o n  hypo thes is  and d e f i n i t i o n  o f  R '  

. I pX y .'. V p ,  A!' bx p - Mkx T (p )  

.'. F' 1 a But F '  E C* .'. C*P  a 

.'. C * k  a - C k  T (a )  

For  t h e  "if" d i r e c t i o n ,  assume t h a t  C * p  a 

:. 3 F c  C*: F p  a  

.'. t h e r e  i s  an hi on F, an x i n  D o f  M such t h a t  M I  a 
X 

L e t  D'  = D  U R 

De f i ne  R '  - c D ' X D '  as f o l l o w s :  

( i )  <x,y l...yn> c R xRt<x,y  ...y ,>R1yi f o r  each i c n  1  

( i i )  cx,yl.. .yn>R1z - zR'z 

Then F '  = ( D ' , R ' \  c C. L e t  h i '  = ( F ' , V \  



P r o o f :  The p r o o f  i s  b y  i n d u c t i o n  on t he  l e n g t h  o f  p. We g i v e  o n l y  

t h e  i n d u c t i o n  s t e p  f o r  p = uy. . - 
f 

Assume M lfx p .'. I I  kx oy 
.'. 3y  l...yn: X R y  l...y, & Mk y-& ... & M I  y 

YI Y n  F 
.:. xRt<x,yl.. .yn >R1yi & M '  y T(y )  ( f o r  each i a )  b y  t h e  i n d u c t i o n  - 

J' i t 

hypo thes is  and d e f i n i t i o n  o f  R '  

. . But F' E C .'. cardR1(<x,y1. .  .yn>) 5 n 

.'. F' 1 T ( a )  But  F '  E C .'. C lf T ( a )  

.'. C k  T ( a )  =, C * k  a 

Th i s  proves t he  lemma. To prove t h e  theorem, f i r s t  suppose t h a t  a F T(Gn/o). 

... a = T ( p )  f o r  some P C Gn/o . d 

- 
1'. C * k  p s i n c e  Gn i s  sound w i t h  r espec t  t o  C*. 

.'. C/.  T ( p )  by  t he  lemma. But T (p )  = a -- 

. a c K D ' A I ~ ;  s i nce  KDIAlt;l i s  complete w i t h  r espec t  t o  C. 

. ~ ( 6 ~ 1 0 )  - c K D ' A ~ ~ ; / I I ~  

Next  suppose t h a t  a  ; KD'Altl;/oo .'.Ck% s i nce  KD'Al t l ;  i s  sound w i t h  r espec t  

t o  C. 
: 

*. 
But  a = T ( p )  f o r  some p E F1. .'. c*F p b y  t he  lemma. 

.'. p F Gn/d s i n c e  G i s  eomplete w i t h  r espec t  t o  C*.. n 



( I V )  SOME EXTENSFIONS OFb THE Gn AND Kn LOGICS 

I n  sec t ion  I 1 1  i t  was mentioned t h a t  Jennings and Schotch had suc-' 
I 

.I 
ceeded i n  ax iomqt iz ing  the o-sec tor  of Gn by  producing a completeness - 

theorem f o r  Kn. But i t  i s  obvious t h a t  n o t  every formuia v a l i d  on the  c l a s i  

of n+ l -a ry  r e l a t i o n a l  frames i s  a theorem of Kn, s ince  s o m  merrbers. o f  Fn 

w i l l  be v a l i d  on t h i s  c lass ,  >and Kn - c F1. I n  t h i s  s e c t i o n  we w i l l  need t o  

make e x p l i c i t  the weaker n o t i o n  o f  completeness used i m p l i c i t l y  i n  the  re- 

marks m e n t i o w d  above. Where C i s  a c lass  o f  b e l a t i o n a l  frames and L i s  

a l o g i c ,  we say t h a t  L i s  complete mod F w i t h  respect  t o  C iff every mem- 

b e r  of Fn which i s  v a l i d  on C i s  a theorem of  L. Thus ' i n  [3] i t  i s  shown 

t h a t  Kn i s  complete mod F1 w i t h  respect  t o  the c lass  o f  n+ l -a ry  r e l a t i o n a l  
L 

frames.  held L and C are as above, we say t h a t  - C determines C mod F,, iff 

L i s  sound and complete mod Fn w i t h  respect  t o  C. 

,The classes o f  frames t o  be examined i n  t h i s  sec t i on  are de f ined by the 

f o l  low ing cond i t ions  on n+l  -a ry  re1 a t ions  : 

'R i s  r e f l e x i v e  i f f  Vx; xRx.. .x . 
R i s  s y m m t r i c  i f f  x ,  xRy l...yn 3 k ( l * a ) :  ykRx ...x 

1 1 n R i s  q u a s i - t r a n s i t i v e  i f f  Vx,yl .; .y,,zl.. . Z  n.. .zl... n 
zn ' 

R i s  e u c l i d i a n  i f f  Vx,y1...ynYz1... 'n ' xRyl.. .y & xRzl . . .z * n n 

C l  asses o f  n+ l  -a ry  f r a m s  s a t i  s f y i n g  these condi t i o n s  determine exten- 

sions o f  the  Gn l o g i c s  which are given.-by the f o l l o w i n g  formulae: 

CTnl dpl...pn) 'PIV...YPn 



f r a m s .  ~ j ,  e - - 
\ 

Proof: The proof  i s  t r i v i a l  and i s  omi t ted .  

THEOREM6: G n B n i s d e t e r m i n e d b y t h e c l a s s a f s y m n e t r i c n + l - a r y r e l a t i o n a l  , 

f rames. 
c 

Proof :  Soundness i s  t r i v i a l .  For completeness, we show t h a t  the  canon ica l  

r e l a t i o n  R,- (L = G BL) i s  s y m m t r i c .  "'-' FA' 
Assume 3x.y l...yn: xRLyl.. .yn & V k ( l ~ k Z n ) ,  y kRLx...x 

- 

.'. V k ( l ~ k s n ) ,  3a . . .a : n (ak  . . .a ) c yk & akl 
1 n 1 n n 

# x &...& ak 1 x 

But  xRLyI . .yn .'. o ( d a l  . . :al ) .  . .o(an . ..a ) )  c x ' 

1 n 1 n n 

v.. .va v.  . . va v. . .va € x ([Bn]) 
" all n I nn 

, .'. x i s  i n c o n s i s t e n t ,  which i s  absurd 

THEOREM 7: Gn4, i s  determined by t h e  c l a s s  o f  q u a s i - t r a n s i t i v e  n+ l -p r y  

r e l a t i o n a l  frames. - 
Proof :  Soundness i s  t r i v i a l .  For  completeness, we show t h a t  t he  canon ica l  

> 
2- ,. 
-4 

r e l a t i o n  RL (L  = Gn4,) I s  q u a s i - t r a n s i t i v e .  

1 1 n n Assume 3x,y l...yn,zl...zn...zl...z : 
n 



.'. ~ k ( l s k n ) ,  ... a : o (ak  ... a ) c x & ak 1 z1 k &...& ak # zh k 
kn 1 n 1 n 

.'. o(o(a l  
' ' a l n  

) . . . o (an  ... a 1) 6 x ([4n1) 
1 1 n n  

B u t  xRLyl .yn .'. 3k ( l rk sn ) :  o ( a k l . .  .a c Yk 
k k .  n 

ak A W  c zk which i s  absurd B u t  y k Y z l . .  .zn . . 3 j ( l s j s n ) :  
j k j  j '- 

. R,- i s  quas i - t rans i t ive  t 
THEOREM-8: Gn5, i s  determined by the c lass  of eucl id ian n+l-ary re la t iona l  

Q 

f r a w s .  %2 

i 

Proof: Soundness i s  t r i v i a l .  For completeness, we show t h a t  t he  canonical 

Assume 3x,y1.. .y,: xR,-yl .. .y & xRLzl. .  . z  & ~ k ( l s k s n ) ,  -ykYzl . .  . z .  n n n 

" l u l l  
h . .  . A-a C z1 & . . . & lal A . .  . h a  'n 1 n n 

B u t  xRLzl. . . z .'. ( (-al A .  . . A-a ) ( a  A A ) ) c x n 1 n n n  
... o(o(-a, ... 4 . ( a  ... ya ) )  c x ([5,]) 

1 n 1 'n 
B u t  x q y  ] . . .yn .'. 3k( lzksn)  : O(-IU . ..-a ) c bk 

1 kn 
.'. 70(ak . . .a ) c yk :. yk i s  incons i s ten t ,  which i s  absurd 

1 n 
. q i s  eucl idian 

The following formulae wil l  be famil.iar: 

[C&I -01 - 4  

1 

[TI  oP + P 
C 

CB1 OOP + P k, 



The n e x t  two lemmas revea l  some n o t a b l e  p r o p e r t i e s  of  [ T I  and [B]. 

Lenma 9.1: GnT i s  determined b y  t he  c l ass  o f  r e f l e x i v e  n + l - a r y  r e l a t i o n a l  

f rames. 

Proo f :  We show t h a t  RL ( L  = GnT) i s  r e f l e x i v e .  P 
r'" 

Assum t h a t  on(~ l . . .~n ' )  c x  .'. o(alv...van) c x  (Theorem l ( i v ) )  

.'. alv ... Va, C X ( [ T I )  .*. 3 k ( l c k z n ) :  ak C X e-T 

c 

.. X X...X i * 

Lemma 9.2: GnB i s  determined by  t h e  c l a s s  o f ~ s y m n e t r i c  n + l - a r y  r e l a t i o n a l  
- - 

f rames. 

P r o o f :  We show t h a t  R,- ( L  = GnB) i s  symnet r i c .  

Assum t h a t  xRLyl .. .yn & v k ( l s k s n ) ,  -ykRLx.. . x  

.'. o o ( - ~ a ~  A . .  . AVC, A. .  .A-a A. .  .AW ) c x ( [B])  
1  n  1  n  n  

Bu t  xRLyl .: .yn 

i .'. 3 k ( l s k g )  : -o(al v.. .val v . .  .va v.. .va ) c yk 
1  

0 

n  nl nn 
But  ( h  . . .ak ) c yk .'. o(ak  v.. .va ) c yk (Theorem 1  ( i  v ) )  

k~ n  1  n  .s 

... o(al v.. .va v. .  . va  v.. .va v.. .va v. .  . va  ) c yk ([RR] and PC) 
1  I n  1  kn 1  n  

.*. yk i s  i n c o n s i s t e n t ,  which i s  absurd 

. RL i s  s y m t r i  c  

Thus we have, t he  f o l l o w i n g  r e s u l t :  

THEOREM 9 : 1 f  Gn 5 L, then , 

(Here, and i n  ttTe f o l l o w i n g ,  we use t h e  name o f '  a  fo rmu la  t o  abb rev ia te  t he  



formula; f o r  example, ' [ T I 1  means ~p -+ p 1  . )  

Before moving on t o  extensions of  the K systems, we w i l l  examine one n - 

more extension o f  t h e  Gn systems, the, s i g n i f i c a n c e  o f  which w i l l  become ap- 

parent  l a t e r .  I t i s  obvious how s e r i a l  i t y  should be def ined f o r  an n-ary 

re1 a t ion .  

THEOREM 10: GnCon i s  determined by t h e  c lass  o f  s e r i a l  n+ l -a ry  r e l a t i o n a l  

frames. 
P 

Proo f :  We show t h a t  RL (L  = GnCon) i s  ser ioa l .  
* 

n 
a By d e f i n i t i o n  o f  R L ,  o(al .... a ) C x iff Vy l...yn, XR~Y~...Y,- 

al c y1 o r  .. . o r  an t Y, 

. 01 + x iff 3yl ...y n :  xRLy1...yn. 11 yl & ... & 1 Y, > 

But 7 0 1  C X .'. 3y1.. .Yn: xRLy1.. .Yn - 
a . RL i s  s e r i  a1 

(This  e legant  p r o o f  i s  due t o  B.F. Chel las. It replaces a much longer  p roof ,  

conta ined i n  an e a r l i e r  d r a f t  o f  t h i s  essay, which p a r a l l e l s  the proof of  
a 

Theorem 3. ) 

Our completeness r e s u l t s  f o r  the Kn extensions are  obta ined i n  the  usual 

mnner ;  i t  i s  shown t h a t  the canonical frame i s  a member of t he  c lass of 

frames i n  quest ion.  Since these Kn extensions are  i n c l  uded i n  F1 , canoni ca l  

frames d i f f e r e n t  from those used f o r  t he  Gn extensions are a v a i l  able. L e t  

M i  = (D~,R;,vL) . As usual ,  DL i s  t he  s e t  of  L-maximal cons i s ten t  se ts  and VL 

i s  an assignment such t h a t  x c VL(p) i f f  p c x. R; i s  def ined as f o l l o w s :  
-5 

xR;yl.;.yn iff Va, w c x = a  c yl o r  ... o r  a t yn 

Where Kn 5 L, i t  can be shown t h a t  

M i k x a  iff a c x 



f o r  a1 1 a c F1. The p r o o f  o f  t h i s  theorem i s  i n c l  uded i n  [3] and w i  11 n o t  

be reproduced here. 

. We can-now g i ve  completeness r e s u l r s  f o r  some extensions o f  t h e  Kn 

1 ogi  cs. 

THEOREM 11: KnT,js determined ( k d  F1) by the  c lass  o f  r e f l e x i v e  n+ l -a ry  

re1 a t i o n a l  frames. 

Proof :  The proof  i s  t r i v i a l .  

THEOREM 12: KnB i s  determined (mod F1) by the  c lass  o f  symmetric n+ l -a ry  

r e l a t i o n a l  frames. 

Proof :  We show t h a t  t h e  canonical r e l a t i o n  R; (L = KnB) i s  symmetric. 

Assume t h a t  3x,y1.. .yn: x yI . .  .y & Y k ( l z k s ~ ) ,  -y R'x.. .x Y n k L 

. 3al ... a : ~ k ( l c k s n ) ,  oak C n 

- .'. ,(a 1 v.. .van) c x .'. opT(a 

But xR;yl. ..yn .'. 3k (1 5 k m  ) : 

. y k  i s  i n c o n s i s t e n t ,  which i s  absurd 

. R; i s  symmetri c 

THEOREM 13: Kn5 i s  determined (mod F1 ) by the  c lass  o f  e u c l i d i a n  n+ l -a ry  

re1 a t i o n a l  frames. 

Proof :  We show t h a t  the canonical r e l a t i o n  R; (L = Kn5) i s  e u c l i d i a n .  

Assume t h a t  3x,yl . . .yn , zl . . . zn : xRiyl,. . .yn & xR;zl . . . z and n 

' d k ( l z k n ) ,  -ykR;zl.. .zn - 

. 3a l...an: Y k ( l ~ k s n ) ,  oak F Yk & ak 1 Z1 & ... & ak 1 Zn 

. 7 (alv.. .van) F z1 & . . . & 1 (al v.. .va ) C' zn n 

But xRjzl . . .zn .*. o-t(a,v.. .van) f x 



.'. bo-(alv.. .van) *C x ( [5])  Bu t  x R ~ Y ~ .  . .yn 

.'. 3 k ( l ~ k n )  : -o(alv.. .van) c yk But  oak c yk 

.'. o(alv. . .vakv* .  .van) c Y (PC and ERR]) 

.'. yk i s  incons is tent ,  which i s  absurd 

.'. R i  i s  e u c l i d i a n  
- 

The s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n s  o f  r e l a t i o n a l  frame c o n d i t i o n s  

t h a t  can be made f o r  [T I ,  [B], and [5 ]  a re  not ,so e a s i l y  d b t a i n e d  f o r  [D l  

and [4]. I n  f ac t ,  i t  can be shown t h a t  [D l  i s  n o t  determined by any c l ass  
- 

of f i r s t - o r d e r  n - a r y  r e l a t i o n a l  frames where n  > 2. (See s e c t i o n  V . )  Thus, 

a l though [D l  and [Con] are e q u i v a l e n t  i n  K ( i . e .  GI o r  K1) Theorem 10 shows 

t h a t  they  are n o t  e q u i v a l e n t  i n  Gn where n  > 1 ,  and hence t h a t  they a re  n o t  

e q u i v a l e n t  i n  Kn where n  > 1. One shou ld  suspect,  then, t h a t  [Con] ought  t o  

be regarded as t he  s y n t a c t i c  r e p r e s e n t a t i v e  of  s e r i a l  i ty  i n '  re1  a t i o n a l  frame 
h 

theory.  Such a view i s  suppor ted  f u r t h e r  by the n e x t  r e s u l t :  

THEOREM 14: KnCon i s  determined (mod F1) by  t h e  c l a s s  of  s e r i a l  n + l - a r y  

r e l a t i o n a l  frames. 

P roo f :  Th i s  i s  e a s i l y  shown by  a  s imp le  adap ta t i on  o f  t h e  p r o o f  o f  Theorem 

10. ' 

It i s  s t i l T  n o t  known whether  Kn4 i s  determined by a  c l ass  o f  n -a ry  

r e l a t i o n a l  frames where n  > 2. However, an i n t e r e s t i n g  r e s u l t  i s  a v a i l a b l e .  

Where m = 1, the  fo l  1  owing schema y i e l  ds the t r a d i t i o n a l  [4] axiom: 
4 

[4 Im up1 A . . . A upm -+ q (opl A.. . AOP,) 

The r e s u l t  i s  t h i s :  

THEOREM 15: Kn[4In i s  determined (mod F1) by  the c l a s s  o f  q u a s i - t r a n s i t i v e  

n+ l  - a r y  re1 a t i o n a l  frames. 



Proof: (Soundness) 
i 

Assume t h a t  M i s  a model on a q u a s i - t r a n s i t i v e  n+ l -a ry  frame and t h a t  

MFx o(opl A * .  . AOP,) 
z 

. 3y l...Yn. Mbl oPIA...~oPn & . . . 
M)$ 

up1 A. . . A O P ~  & xRyl . . .yn 
n 

.'. ~ k , 3 j :  MP up j  ( l s k s n )  
Yk k k  

.'. ~ k ( l s k s n ) ,  3z l...zk: ykRz k l . . . ~ n  k & M Y  p n k j k &  ...  MY^ pjk 
k z 

But 3k ( l zksn ) :  xRz l...zk (frame cond i t f bn )  n 
n 

Mpx upj ... MFx O P ~ A . .  . 
k 9 

(Cornpl eteness ) 

We show t h a t  the  canonical r e l a t i o n  R; (L  = Kn[4Irn) i s  quasi -  

t r a n s i  ti ve. 

1 1 n n .  Ass u m  3x ,yl . . . yn , zl . . . zn . . . z1 . . . z . 
n 

k k  xR;yl.. .y, & V k ( l s k n ) ,  y R ' z ~ .  . .z: 6 ~k ( l s k z n ) ,  -.xR;zl.. . z k L 1  n 
k k .'. 3a1.. .a : k oak c x & ak z1 & ... & ak zn n 

- 

.'. o a l h .  .man c x .'. o(oaln.. .noan) c x ( [ 4 In )  

.'. 3j ( l c j z n )  : a A-a c zk, which i s  absurd 
1\ k k  j i 

. i s  q u a s i - t r a n s i t i v e  

I t  i s  e a s i l y  seen t h a t  

li [41m' tL Dln (PC c L )  

f o r  any n, rn such t h a t  m > n; one merely s u b s t i t u t e s  pn f o r  pn+l . . . p,. I t  

can a lso  be shown t h a t  - 

kL [41m iff li [41  j (Kn c L )  

f o r  any j, mr n by the f o l l o w i n g  r e s u l t :  



C o r o l l a r y  15.1 : I f  m e n, then Kn[4], i s  determined (mod F1) by  t he  c l a s s  

o f  q u a s i - t r a n s i  t i v e  n+T-ary r e l a t i o n a l  frames. 

Proof:  This- i s  e a s i l y  shown by an adapta t ion  o f  t h e  p r o o f  o f  Theorem 15. 

Thus [4] i s  e q u i v a l e n t  t o  each [4], i n  K. However, o u r  n e x t  r e s u l t  

shows t h a t  t h i s  i s  n o t  t r u e  f o r  any weaker Kn l o g i c .  

THEOREM 16: IfK [4], where n > 1. 
n 

P roo f :  , F i r s t  we no te  t h a t  any n -a ry  f r a m ' f s  e q u i v a l e n t  mod F, t o  an n + l - a r y  

frame. L e t  F = (D,R) be an n -a ry  frame. Def ine  R* as f o l l o w s  : 

RC = {<x  ]... x 3 xn> : <X l...~n> c R)  

L e t  F* = (DyR* ) .  I t i s  e a s i l y  shown t h a t  F and F* a r e  e q u i v a l e n t  

m d  F1. 

P roo f :  L e t  F = (D,R) be a t e r n a r y  frame where 

D = { X Y Y ~  3Y2 •÷zl 3z2 3z3} - 

R = t ' x . ~ ~  .YZ>. <Y1'Z1'Z2>' <y 2 .z 2 ,z 3 Y <x,zl J3'} 

The s t r u c t u r e  o f  F can be i l l u s t r a t e d  as i n  F igure  1. 

Since oa w i l l  be t r u e  a t  each I. f o r  any a, 0.a cannot  f a i l  a t  any 
1 

zi o r  y Thue [4 ]  ho lds  i ' 

' a t  x. Then op f a i  1 s a t  y 

xRzl , z 3  Therefore op fa  

and V(q) = ~ Y ~ . Z ~ ) • ÷  C412 

1 and y2, and thus p f a i l s  a t  zl 

i l s  a t  x. Bu t  on a model where V 

a t  each yi and z Suppose t h a t  nap f a i l s  i ' 

and z3. But 

( P I  = tyl YZ,} 

w i l l  f a i l  a t  x. Thus (fKq4 [412 
L 

It fo l l ows  from Lemma 16.1 and the  p reced ing  remarks t h a t  (iK [412 where 
n 

n > 1. But  li [4], - 1% [412 f o r  any n > 2. Thus ifK [4],. Th i s  proves 
n 

t h e  theorem. 
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( V )  FIRST ORDER DEFINABILITY 

I n  G o l d b l a t t  [Z]  we f i n d  t h e  f o l l o w i n g  d e f i n i t i o n  o f  f i r s t  0rde.r 

d e f i n a b i  1  i ty:  

A modal sentence a i s  f i r s t  o r d e r  de f i nab le  i f f  t h e r e  i s  a  f i r s t  -- 
A 

o r d e r  sentence a* such t h a t ,  f o r  any frame F, F b  a i f f  F i s  a  

model f o r  a* i n  t h e  f i r s t  o r d e r  sense. 

Here a* i s  a  sentence o f  a  f i r s t  o r d e r  language c o n t a i n i n g  a s i n g l e  dyad ic  

p r e d i c a t e ,  and F  i s  a  b i n a r y  r e l a t i o n a l  frame. Our g e n e r a l i z e d  n o t i o n  of 

a  r e l a t i o n a l  frame r e q u i r e s  a  more genera l  n o t i o n  o f  f i r s t  o r d e r  de f i na -  

b i l i t y :  

a i s  n - a d i c a l l y  -- f i r s t  o r d e r  d e f i n a b l e  ( f .0 .d)  i f f  t h e r e  i s  a  

f i r s t  o r d e r  sentence a* such t h a t  f o r  any n - a r y  frame F, FI= a I 

- 

i f f  F i s  a model f o r  a* i n  t h e  f i r s t  o r d e r  sense 

where a* i s  a  sentence o f  a  f i r s t  o r d e r  language c o n t a i n i n g  a  s i n g l e  n - a d i c  

p r e d i  cate .  

a i s  u n i v e r s a l l y  f .0 .d .  i f f  a i s  n - a d i c a l l y  f.0.d. f o r  each n.  

We w i l l  now show t h a t  [ D l  i s  n o t  t r i a d i c a l l y  f.0.d. For  each i € Nat ,  

we de f ine  t h e  t e r n a r y  frame F = ( D ~  , R ~ )  as f o l l o w s :  
, i 

Di = h y l  .. .Y2i+l 1 

x R i ~ j  ,Yk where j = k-1 

xR .y 
I z i t 1  'YI 

y.R.y ,y f o r  each y ' 
J ~ J  j j 

The f i r s t  two franes a re  i l l u s t r a t e d  i n  F i gu re  2. 

To have [ D l  f a i l  on one o f  these  frames, we must have up  and o-p 
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h o l d i n g  a t  some p o i n t .  Ob,viously t h i s  cannot occur  a t  any o f  t he  yi I s .  

Suppose t h a t  up and a-p h o l d  a t  x  i n  F Then p  must h o l d  a t  yl o r y 2 .  - .  
1  ' + 

4 

Suppose p  ho lds  a t  yl. Then ~p  must h o l d  a t  yp.  There fo re  p  must h o l d  a t  b 

-, 
* - 

y j  s i n c e  xR y  y But  xR1y3,yl. so we have a  r e l a t e d  p a i r  where -p f a i l s  1 2 ' 3 '  i 

a t  bo th  coord ina tes .  Thus U-p f a i l s  a t  x. I n  genera l ,  i f  we make p  t r u e  - f. 

a t  y1 , we must make i t  a t  a1 1  odd-numbered yi ' s  if we want o-p t o  h o l d  - 
a t  A .  But  y2i+l w i  11 always have an odd index ,  and x  wi 11 always be r e -  

l a t e d  t o  y2i+l, yl. Thus up and o-tp cannot b o t h  h o l d  a t  x i n  any o f  t h e  
- - 

Fi I s .  It i s  c l e a r  t h a t  t h e  same cons ide ra t i ons  a r i s e  when ~p  i s  t r u e  a t  

Now l e t  G be a  n o n - p r i n c i p a l  u l t r a f i l t e r  on Nat.  The u l t r a p r o d u c t  o f  

t h e  Fi ts ove r  G (FG) i s  de f ined  as i n  G o l d b l a t t  [2 ]  except  f o r  t h e  r e l a t i o n  

The s t r u c t u r e  of FG i s  i l l u s t r a t e d  i n  F igu re  3. Since DG w i l l  be non-den- 

umerable t h i s  d i a g r a n  does n o t  f u l l y  i l l u s t r a t e  t he  s t r u c t u r e .  Bu t  t h i s  

i s  n o t  impo r tan t .  What i s  impo r tan t  i s  t h a t  we can d e f i n e  a  v a l u a t i o n  

where [ D l  w i l l  f a i l  a t  ?: 
e 

O j  c V(p) if j i s  odd 

A 
g j ,  F V(p) if j '  i s  even 

Thus each p a i r  w i l l  have a  coo rd ina te  where p  ho lds  and a  coo rd ina te  where 

-p ho lds ,  and so op A 0-p w i l l  h o l d  a t  ?. 

It i s  e a s i l y  seen why FG has t he  s t r u c t u r e  i l l u s t r a t e d .  The e x i s t -  

ence of  p a r t i c u l a r  se t s  i n  t h e  u l t r a f i l  t e r  guarantees t he  ex i s tence  o f  

p a r t i c u l a r  p o i n t s  i n  t he  u l t r a p r o d u c t  domain. To g e t  9, one chooses a  
/ 
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D. such t h a t  f ( i )  = x  f o r  a l l  i. Since Nat < G, ? i s  f u n c t i o n  f i n n i  Nat , h 

j u s t  the s e t  con ta in ing  t h i s  f unc t i on .  Nat a lso  guarantees t h e  exisltence i 
4 

* A &  P h o f  the po in t s  "shared" by a l l  the  Fils; t h a t  i s ,  ply g2, g3, gll . g2,, g3' % + 
2 

. ( the fi r s t ,  second, t h i  rd,  l a s t ,  second-to- last ,  and t h i  rd - to -1  a s t  po in t s ) .  - 9 
1 

By examining the d e f i n i t i o n  o f  RG i t  can be seen t h a t  t he  r e l a t i o n - d i a -  

g r a m d  does h o l d  between these po in t s .  

To get  the p o i n t s  n o t  "shared" by a1 1 the Fi ' s  (e. g. 34 and s4, ) we 

appeal t o  the  f a c t  t h a t  G i s  a  non-pr inc ipa l  u l t r a f i l t e r .  Since G w ' i l l  

con ta in  a l l  c o f i n i t e  se ts ,  i t  w i l l  con ta in  Nat - 1 .  To get  p4, we choose 

those funct ions which map i onto y4 f o r  i > 1. There w i l l  be four  d i s t i n c t  

func t ions  o f  t h i s  type, nan-ely those which map 1  on to  x, yl , y2, and y3. 

6 

94' i s  formed i n  a  s i m i l a r  way, as are fJ5 and fj5, , these be ing  p o i n t s  

which are  "shared" by a1 1  t h e  Fi I s  except for F1. 

We know from Los'  Theorem t t fa t  every c lass o f  f i r s t  o rde r  models i s .  - 7 . 
'closed under u l t rap roduc ts .  Thus every f irs;t o rde r  sentence t r u e  on a l l  

o f  the Fils w i l l  be t r u e  on FG. Now suppose t h a t  [ D l  i s  f.0.d. by  a  

t r i a d i c  f i r s t  o rde r  sentence a*. Then by the  d e f i n i t i o n  a* holds on a l l  

o f  the  Fi I s  s ince  [Dl holds on a l l  of them. But  then a* holds on FG by 

Los'  Theorem, and so [ D l  must h,old on FGy cont rary  t o  what we have shown. 

Thus we have proved the  fo l l ow ing :  

Lemma 17.1: [Dl  i s  n o t  t r i a d i c a l l y  f.0.d. 

THEOREM 17: [ D l  i s  n o t  n - a d i c a l l y  f.0.d. i f  n  -> 2. 

Proof :  This f o l l ows  f rom Lemma 17.1 and the f a c t  t h a t  every n-ary r e l a t i o n a l  
t 

frame has an equ iva len t  n+ l -a ry  r e l a t i o n a l  frame. 



i 

a, [ I ]  Goldblat t ,  R.I. 
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